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Zel’dovich proposed that electromagnetic (EM) waves with angular momentum reflected from a
rotating metallic, lossy cylinder will be amplified. However, we are still lacking a direct experimental
EM-wave verification of this fifty-year old prediction due to the challenging conditions in which the
phenomenon manifests itself: the mechanical rotation frequency of the cylinder must be comparable
with the EM oscillation frequency. Here we propose an approach to meet this condition and perform
the first experiment of Zel’dovich amplification with existing superconducting circuit technology.
We design a superconducting circuit with low frequency EM modes that couple through free-space
to a magnetically levitated and spinning micro-sphere placed at the center of the circuit. We
theoretically estimate the circuit EM mode gain and show that rotation of the micro-sphere can lead
to experimentally observable amplification, thus paving the way for the first EM-field experimental
demonstration of Zel’dovich amplification.

In 1971, Zel’dovich predicted the amplification of elec-
tromagnetic (EM) waves scattering off a spinning metal-
lic cylinder [1, 2], showing that the rotational energy of
a spinning body can be transferred to the EM modes if
the body spins rapidly enough, i.e. when

ω < qΩ, (1)

where Ω is the cylinder rotation frequency and ω and q
are the frequency and the order of the angular momen-
tum of the incident EM radiation.
The importance of this effect, aside from its own intrinsic
interest, lies in the tight connection to other phenomena,
from super-radiant scattering, i.e. amplification of waves
from a rotating black hole as predicted by Penrose in
1969 [3] to Hawking radiation i.e. evaporation of energy
from a static black hole due to the interaction with quan-
tum fluctuations [4]. Whereas laboratory analogues for
these latter effects have been shown [5–8], we are still
lacking experimental verification of Zel’dovich’s idea, as
originally proposed with EM waves. This appears to be
simply due to a technological difficulty in satisfying the
condition in Eq. (1), which nevertheless forces one to
go back to carefully re-examine the underlying physical
principals in order to propose a feasible experimental re-
alisation.
Beyond Zel’dovich’s original proposal, Bekenstein sug-
gested to confine the EM mode in a cavity surrounding
the metallic cylinder [9] so as to resonantly increase the
amplification effect. More recently Gooding et al. [10]
proposed to impinge on the rotating disk from the di-
rection of the rotation axis, therefore harnessing the ge-
ometrical advantage of the dragging forces due to the
penetration depth of the field inside the spinning body,
as also suggested for acoustic experiments [11, 12]. How-
ever, this proposal also remains challenging [10], requir-
ing a macroscopic body to spin at tens of GHz.
In this paper we describe a method to perform the origi-
nal Zel’dovich experiment aimed at observing amplifica-

tion of EM waves from a metallic rotating body.
In more detail, we study the scattering from a rotat-
ing, levitated sphere of an EM mode that has angular
momentum, i.e. in particular orbital angular momen-
tum (OAM). We show how the amount of gain measured
in the reflected EM mode depends on the choice of the
sphere material. We consider both a metallic particle
and a purely magnetic particle, showing that the pre-
dicted gain should be observable in a real experiment.
The proposed system consists of a levitated metallic
micro-sphere stably spinning at frequency Ω and a rotat-
ing EM mode used to probe the Zel’dovich effect.
Our proposed experimental set-up is schematically shown
in Fig. S3. The EM field is the EM mode of a supercon-
ducting circuit that is composed of 4 micro-coils of equal
inductance L. These micro-coils are near-field coupled
to the spinning, free-space (i.e. not in physical contact
with the circuit) micro-sphere. The micro-coils are joined
by transmissions lines of equal length `/4 in a closed
loop thus forming a closed circuit (see Fig. S3). The
chosen geometry, and in particular the length of wire
between each coil, is such that adjacent micro-coils are
phase-shifted by π/2 allowing propagating and counter-
propagating normal modes of EM frequency ω = ckq,
where kq = 2πq/`, and non-zero OAM q = 1 inside the
circuit.
The whole system is placed in a cryogenic vacuum cham-
ber in order to enable low temperature measurements at
T ∼ 4.2 K or less and at pressures of ∼ 10−5 mbar.
The initial driving to set the sphere in rotation is per-
formed by switching the coil to an external circuit (not
shown in Fig. S3). This driving magnetic field is gener-
ated by 4 waveform-generators, each synchronised with
a π/2 phase shift, thus following the procedure demon-
strated in [3, 4]. The driving field oscillates at a fre-
quency ωd and induces the micro-sphere to rotate at a
frequency Ω . ωd. Ω can also be tuned by changing the
intensity of the driving field [3, 4]. The maximum spin-
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ning frequency achievable with such a technique is only
limited by the centrifugal forces overcoming the material
stress limit and increases for decreasing sphere radius.
For example, MHz rotation rates have been achieved by
Schuck et al. with metallic spheres with a diameter of
0.5 mm [3, 4].
Once the sphere reaches the desired rotation frequency
the driving circuit and function generators are electron-
ically switched off and probing is performed using the
closed superconducting circuit shown in Fig. S3. In a
vacuum of ∼ 10−5 mbar, we estimate that the levitated
sphere will spin freely for more than one hour [1, 2, 4]
(See Supplementary Material [17]), thus providing time
to perform measurements with the superconducting cir-
cuit EM modes, under the assumption that these are sig-
nificantly weaker than the driving EM field.
Analysis of the proposed system. The probe EM

field is generated by a sinusoidal current passing through
the inductors. The current in the j-th lumped inductor,
corresponding to a propagating mode in the supercon-
ducting circuit, can be expressed as:

Ij (t) = Īei(kqξj−ωt−φ0), (2)

where ξj = j`/4 denotes the coordinate of the position of
each coil along the line and j = (0, 1, 2, 3). φ0 is an initial
random phase and Ī is the peak current flowing in the
coils due to the propagating wave. The current flowing in
the circuit can be measured by a SQUID, weakly coupled
through a small inductance in series with the circuit (not
shown in Fig. S3).
In the chosen configuration, the total probe magnetic
field induced by the coils can be written by means of
the Biot-Savart formula for a circular loop as [18]:

B0 = 2βĪb0, β =
Nµ0

8
√

2

1

R
, (3)

where b0 = (1, i, 0)
T
eiωt, R is the radius of the micro-

sphere, N is the number of loops of each coil and the
factor 2 accounts for the contribution of the two opposite-
facing coils. We observe that B0 is complex. In Eq. (3),
we chose an arrangement of 4 micro-coils with radius 2R
placed at a distance 2R from the center of the sphere (see
Fig. S3b). This geometrical configuration has been cho-
sen to maximise the coupling between the sphere and the
coils. These parameters are also compatible with current
technology: superconducting Niobium planar coils with
R ∼ 100 µm and high N , i.e. N ∼ 50, can be fabricated
using standard lithographic techniques and are typically
used as input coils in conventional SQUIDs [19].
For simplicity the magnetic flux density B0 produced by
the coils is assumed to be uniform over the microsphere
volume, and the factor β in Eq. (3) is obtained by ne-
glecting the thickness of each inductor. For an extended
coil it should be replaced by an effective β averaged over
different loops.

We assume the spinning sphere axis is oriented along
z, with the origin of the transverse (x, y) plane set in
the center of the sphere (see Fig. S3b). In the refer-
ence frame co-rotating with the micro-sphere, the mag-
netic flux density can be written as Br = 2βĪbr with
br = (1, i, 0)

T
eiωrt and where ωr = ω−Ω is the frequency

of the field in the co-rotating reference frame. From the
definition of ωr we can see that a negative co-rotating
frequency will satisfy the Zel’dovich condition Eq. (1) for
q = 1 that can be expressed as ωr = ω − Ω < 0: we will
show that when ωr < 0, the effective dissipation becomes
negative, implying a conversion of rotational mechanical
energy into energy of the circuit electromagnetic mode.
The interaction between the magnetic probe field and
the rotating sphere induces a magnetic dipole moment
m0 on the sphere, which in the laboratory frame can be
written as

m0 = χB0 = (χ′ + iχ′′)B0, (4)

where χ(ωr) is the complex response function of the
sphere to the presence of the field in the co-rotating ref-
erence frame. The two vectors m0 and B0 rotate at the
same EM frequency ω with an angular phase lag θ(ωr)
determined by the imaginary part of the response func-
tion χ′′(ωr) (see Fig. S3b), which gives rise to dissipation.
If the sphere is metallic, χ depends on the electric con-
ductivity σ(ωr) whereas for a purely magnetic (σ = 0)
sphere, χ is proportional to the complex relative perme-
ability µr(ωr) (see details in the Supplementary Material
[17]).
The EM power dissipated by the sphere can be calculated
as:

W =
1

2
<{−m0

dB∗0
dt
} = 4β2ωχ′′(ωr)I

2
0 , (5)

where the factor 1/2 accounts for the average over one cy-
cle, <{·} is the real part of the quantity in bracket, while
B∗0 denotes the complex conjugate of the field [20]. The
susceptibility χ(ωr) is the Fourier transform of the real-
valued linear response function χ(t), which implies that
χ′′(−ωr) = −χ′′(ωr) [6]. A direct and key consequence
of this is that when the Zel’dovich condition Eq. (1) is
fulfilled, the power dissipated by the sphere becomes neg-
ative, i.e. power is radiated from the sphere into the EM
circuit, leading to EM amplification.
The EM amplification can also be viewed as a result
of the vector m0 preceding the vector B0, when ωr <
0 (rather than following it as usually happens when
ωr > 0), as seen in the change of sign of rotation of
the vector mr in the co-rotating frame. Under these
conditions the torque applied by the EM field, given by
T = <{m0} × <{B0} = −|B0||m0|sin(θ)ẑ, also be-
comes negative so that the EM field is extracting mechan-
ical energy from the spinning sphere. An equivalent pic-
ture is obtained by looking at the process from the point
of view of the coils. Here we set for simplicity Ij = I. The
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FIG. 1. (a) 3D Experimental set-up. (b) top view: the superconducting circuit is divided in 4 sections of length `/4, connected
by 4 inductors with inductance L to form a closed ring configuration. The 4 coils have diameter equal to 4R, where R is the
radius of the central sphere, rotating at frequency Ω. The distance between each coil and the center of the sphere is 2R. The
arrows denote the magnetic field B0 generated by the 4 coils and the momentum m0 induced on the sphere. Both vectors
rotate at frequency ω. θ is the angle between B0 and m0 and is related to the EM power dissipated in the sphere.

rotating magnetic moment will couple a magnetic flux
back into each coil with peak value Φ = β|m0|. We can
thus write a relation Φ = αI, with α = α′+ iα′′: the flux
response function is given by α = 2β2χ. The imaginary
part α′′(ωr) = 2β2χ′′(ωr) describes a flux in quadrature
with the current I, or equivalently a voltage V = −iωΦ
in phase with I, corresponding to a resistance with mean
dissipation Wc = <{V I}/2 = ωα′′I20/2 = ωβ2χ′′I20 ,
where the factor 1/2 comes from averaging over one cy-
cle. Summing over the 4 coils leads to Eq. (5). The factor
ωα′′ can be seen as a resistanceR induced by the rotating
sphere into the coil, hence amplification corresponds to a
negative resistance that leads to power emission into the
EM mode as opposed to the expected (for a non-rotating
or slowly rotating sphere) power absorbed from the EM
mode.

The total energy stored in the EM mode is E =
1/2 (L0`+ 4L) I20 , where the first term is the energy
stored in the transmission line and the second term is
the energy stored in the 4 inductors. L0 =

√
εrZ2

0/c
2 is

the transmission line inductance per unit length, where
εr is the transmission line permittivity. The dissipation
A, which is the key quantity we are interested in, can be
finally expressed as the inverse of a quality factor, Q:

A = Q−1 =
W

ωE
=

8β2χ′′

(L0`+ 4L)
. (6)

Under frequency inversion due to the Zel’dovich condi-
tion, χ′′ and hence also A changes sign, so positive fre-
quencies imply A > 0 while negative frequencies imply
A < 0, i.e. gain.
We consider a rotating metallic micro-sphere with radius
a = 50 µm and conductivity σ ∼ 5 × 109 Ohm−1m−1,
i.e. similar to that of common copper (residual resis-
tance ratio ≈ 100) at T = 4− 10 K [22]. Figure 2 shows
the predicted dissipation A induced by the micro-sphere

obtained as a function of the EM frequency, ω, and ro-
tation frequency, Ω. Figure 2 clearly shows a transition
from absorption to amplification when ω approaches the
sphere rotation frequency Ω, thus showing evidence of a
relatively strong Zel’dovich amplification that should be
readily observable. Indeed, for ω > Ω, A > 0, i.e. the
particle absorbs the magnetic radiation impinging on it
as expected. On the other hand, for ω < Ω, A becomes
negative, and hence the B field is amplified when scat-
tered from the rotating sphere.
Fixing a feasible micro-sphere rotation frequency at
Ω/2π = 2.5 MHz, we predict a maximum negative dissi-
pation (i.e. gain) of Amax ' −2×10−3 (see Fig. 2b show-
ing a line-out from Fig. 2a along the white dashed line
at Ω/2π = 2.5 MHz). We note that the chosen frequency
is below the fundamental limit to the maximum rotation
frequency Ωmax that is determined by the sphere break-
ing apart. The breaking frequency scales with the inverse
of radius and for R = 50 µm we estimate Ωmax/2π ≈ 3.5
MHz [4].
Figure 2c shows the dissipation A trend for a fixed cir-
cuit frequency ω/2π = 2.5 MHz as function of the micro-
sphere rotation frequency Ω/2π.
Experiment design details. In an experiment, the EM
mode frequency of 2.5 MHz can be obtained with a trans-
mission line (see Fig. S3) formed by a compact coplanar
waveguide of total length ` = |2πc/(ω√εr)| ∼ 74.8 m,
where c is the speed of light and εr = 6.38 for a sili-
con substrate. Each section of the circuit will need to
be `/4 = 18.7 m long. 2-m long coplanar waveguides are
routinely fabricated in superconducting Kinetic Induc-
tance Traveling Amplifiers (KIT), on a typical chip area
of 20× 20 mm2 [23, 24]. A length of 18 m would require
an area that is ∼ 10× larger, which appears entirely fea-
sible and would easily fit in a cryostat.
In order to evaluate the experimental observability of the
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FIG. 2. (a) Rotational dissipation A as function of the mag-
netic field and sphere frequencies ω/2π and Ω/2π. (b) A vs
ω/2π for a fixed sphere rotation frequency Ω/2π = 2.5 MHz
of the particle (white dashed line in Fig. 2a). (c) A vs Ω/2π,
fixing the field frequency ω/2π = 2.5 MHz of the particle
(green dot-dashed line in Fig. 2a).The parameters used are:
σ = 5 × 109 Ohm−1 m−1, µr = 1, N = 40, Z0 = 50 Ohm,
R = 50 µ m, ` = 74.8 m, εr = 6.34.

amplification, we need to also compare Amax with all
the other sources of dissipation, A0, in the electromag-
netic modes, such as circuit losses. Meander-like super-
conductive coplanar waveguides (i.e. the KITs proposed
above) or micro-coaxial niobium cables can be assumed
to have Awg0 ∼ 10−5 [25–27]. Furthermore, micro-coils in
LC circuits show an intrinsic dissipation upper limit of
Acoils0 ∼ 10−4 [28]. These contributions are all more than
one order of magnitude smaller than the gain predicted
in Fig. 2 and are not expected to therefore contribute
appreciably.
Other materials for the sphere may also be considered.
For example, in the Supplementary Material [17] we show
that a smaller amplification, of the order of 10−5, can
be achieved by magnetic particles of ferrite with moder-

ate permeability µr ≈ 900. In the dielectric case, also
reported in the Supplementary Material [17], A is 5 or-
ders of magnitude smaller due to limitations in the elec-
tric field amplitude that can be generated by capacitors
(which now substitute the magnetic field and inductors,
respectively).
We further observe that the particle does not need to
be fully metallic. It can be a composite with a ferro-
magnetic core which allows an easier levitation [29] and
a highly conductive coating such that the coating thick-
ness is comparable to the penetration depth of the EM
field (see Ref. [17]).
Conclusions. We propose a superconducting circuit
combined with a free-space, rotating sphere that is cou-
pled to the circuit: this provides efficient EM-sphere cou-
pling at low EM frequencies which in turn allow to ac-
cess experimentally feasible rotational frequencies for the
sphere, as required by the Zel’dovich condition.
Our calculations show that the proposed set-up exhibits
measurable amplification of EM waves from mechani-
cal rotation of both metallic and magnetic particles. It
is worth noting that if GHz rotation frequencies could
be reached with a similar scheme, then the circuit can
be cooled to milli-kelvin temperatures where the ther-
mal population is negligible, i.e. kbT < ~ω, a condition
which has enabled superconducting quantum electrody-
namics (QED) [30] and the study of fundamental phys-
ical effects such as dynamical Casimir emission [31, 32].
GHz rotation frequencies have been obtained with opti-
cal trapping of sub-micron sized spheres [33, 34]. This
would require to arrange 4 nano-coils at distance ∼ 100
nm from the particle, which is incompatible with a re-
alistic trapping laser waist. Moreover, the combination
of a high power laser beam with a milli-Kelvin environ-
ment would require careful control of heat dissipation
aspects. However, if these technological issues can be
solved, spontaneous Zel’dovich emission could then also
be observed i.e. rotational generation of photons out of
the quantum vacuum [1] in a superconducting QED ex-
periment. In addition, the system proposed here relies
on a new generation of superconducting circuits coupled
to rapidly moving elements, thus allowing the study of
further fundamental physics problems such as the detec-
tion of rotational quantum friction [35–37] and quantum
vacuum friction [38].
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[32] Pasi Lähteenmäki, G. S. Paraoanu, Juha Hassel, and
Pertti J. Hakonen. Dynamical casimir effect in a josephson
metamaterial. PNAS, 110:4234–4238, 2013.
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METALLIC MICRO-SPHERE

Levitated micro-sphere gas damping.

We analyse in detail the damping, i.e. slowing down of a levitated spinning micro-sphere due to friction originating
from gas in the surrounding environment.

When the electromagnetic driving system (that puts the micro-sphere in rotation) is switched off, the micro-sphere
rotation frequency Ω decreases over time due to the scattering with gas molecules, according to the law [1, 2]

dΩ

dt
= −Ω

τ
with τ =

π

10

ρva

P
, (S1)

where τ is the rate of attenuation. In eq. (S1) ρ is the micro-sphere density, P is the gas pressure and v =
√

8kbT
πm is

the average speed of the gas molecules with mass m at temperature T , kb is the Boltzmann constant.
Figure S3 shows the attenuation rate τ trend with pressure P for a Copper micro-sphere (ρ = 8960 Kg/m3) of
radius a = 50 µm, as considered in the manuscript, levitated in a helium gas (mass m = 6.68× 10−27 Kg) at

temperature T ' 4.2 K. We observe that for pressures of the order of 10−5 mbar, the rate of decrease of the rotation
frequency is τ̄ ' 2× 104 s. We conclude that the these conditions will provide a time window of order of 1 hour at a

time to perform measurements. For example, in 36 minutes the micro-sphere slows down by only 10%, thus
providing a sufficiently constant rotation rate.

5
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0.5 1 105 50 100

τ 
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]
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FIG. S3. Rate of attenuation τ as a function of the gas pressure P . At P = 10−5 mbar, the attenuation rate is τ̄ = 2 × 104 s,
meaning that the micro-sphere frequency Ω is attenuated of a factor 1/e after more than 5.5 hours.

Dipole moment m0 and dissipation A

Here, we compute the magnetic dipole moment m0 induced by the magnetic field on the metallic micro-sphere from
which we can then compute the dissipation A. As in the manuscript and following [3, 4], we consider the spinning
sphere axis oriented along z and the magnetic flux density B0 produced by the coils to be uniform (see Eq. (3) of

the manuscript).



7

All the following calculations are carried out in the reference frame co-rotating with the micro-sphere. In this frame,
the field generated by the coils is Br = 2βbrIj , where Ij is the current in the j-th lumped inductor,

br = (1, i, 0)T eiωrt with ωr = ω − Ω, where ω and Ω are the frequency of the field B0 and the rotation frequency of
the micro-sphere in the lab frame, respectively. Note that the x and y components of br are phase shifted by π/2 in

order to provide a magnetic field with angular momentum (OAM q = 1).
Our purpose is to find the form of the vector potential A, which allows us to compute the magnetic dipole moment

and the dissipation A. To this aim, we solve Maxwell’s equations, which describe the interaction of the magnetic
field Br generated by the circuit and the conductive micro-sphere. Solutions to the Maxwell’s equations with

appropriate boundary conditions for this system can be derived analytically as shown in [3].
We choose the Coulomb gauge (∇ ·A = 0) where we have

∇×E = −∂B
∂t

(S2)

∇×B = µ0µrJ (S3)

where E and B are the electric and magnetic fields in the whole space respectively, while µ0 and µr are the vacuum
and relative permeability. J is the current density given by the conduction current and the displacement current.

We consider only the conductor current, with J = σE, where σ is the micro-sphere conductivity as the displacement
contribution to the current is negligible for metals at the frequencies we are considering in the manuscript. From Eq.

(S2) and the vector potential definition ∇×A = B we find

E = −∂A
∂t

. (S4)

Manipulating equations (S2) and (S3) and using the relation ∇× (∇×A) = ∇(∇ ·A)−∆A, we find the equation
for the vector potential

−∆A + µ0µrσ
∂A
∂t

= 0. (S5)

In order to solve this last equation for A, we divide the space in two regions: one inside the micro-sphere with
radius R and one outside it. At the interface of the two areas, we consider the following three boundary conditions:

Bin⊥ = Bout⊥ (S6)

Hin
‖ = Hout

‖ (S7)

A −→
r→∞

A∞=
1

2
Br × r (S8)

where B = µ0µrH and r is the position vector in the co-rotating reference frame centred at the center of the
micro-sphere. The magnetic field outside the micro-sphere Bout = Br + Brefl is composed of two components: the
incident magnetic field generated by the circuit Br plus the magnetic field reflected from the micro-sphere Brefl.
The magnetic field inside the micro-sphere Bin is given by the component of the incident field transmitted in the

scattering.
Considering the last boundary condition, the complex vector potential A can be generally written as

A =
1

2
[F (r)Br × r] (S9)

where the function F (r), such that F (r)→∞ = 1, is as yet unknown. By replacing the vector potential ansatz (S9)
in eq. (S5), we find two equations for F (r), one for the space inside the sphere of radius R and one for the

surrounding space, which are:

∂2F (r)

∂r2
+

4

r

∂F (r)

∂r
− iµ0µrσωrF (r) = 0 for R ≤ r (S10)

∂2F (r)

∂r2
+

4

r

∂F (r)

∂r
= 0 for R > r (S11)

with solutions,

F (r) = c1

(
sin(cECr)

(cECr)3
− cos(cECr)

(cECr)2

)
= c1f(cECr) for R ≤ r (S12)

F (r) = c2 +
c3
r3

for R > r (S13)
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where cEC =
√
−iµ0µrσωr. In order to determine the unknown constants c1, c2 and c3, we observe that the

boundary conditions for B and H translate in conditions for the function F (r):

F out(r → R) = F in(r → R) (S14)

µr

[
r
∂F out(r)

∂r
+ 2F out(r)

]
r→R

=

[
r
∂F in(r)

∂r
+ 2F in(r)

]
r→R

(S15)

F (r)→ 1 for r � R (S16)

which lead to

F (r) = 1 +D(cECR)

(
R

r

)3

for R ≤ r (S17)

F (r) = [1 +D(cECR)]
f(cECr)

f(cECR)
for R > r. (S18)

The function D is

D(cECR) =
(2µr + 1)g(cECR)− 1

(µr − 1)g(cECR) + 1
(S19)

g(cECR) = f(cECR)
cECR

sin(cECR)
=

1− (cECR) cot(cECR)

(cECR)2
. (S20)

These last equations define the explicit form of the vector potential A in the whole space.
It is now possible to compute the form of the magnetic dipole moment mr on the micro-sphere in the reference
frame co-rotating with the micro-sphere. From the relation between mr and the the reflected component of the

vector potential A

A =
µ0

4π

mr × r

r3
(S21)

we find

mr =
2π

µ0
IjR

3β[F (R)− 1]

1
i
0

 eiωrt = (χ′ + iχ′′)Br. (S22)

where χ = χ′ + iχ′′ is the complex response function of the sphere in the presence of the field in the co-rotating
reference frame. It is worth noting that in order to compute the amount of reflected flux into the coil, we subtracted

a factor 1 from F (R) corresponding to the contribution of the incident field Br.
The torque exerted on the particle is given by the cross product T = <{m0} × <{B0} = −2Ijβ<{m⊥}ẑ, where m⊥

is the component of m0 perpendicular to B0 which gives the back-reflection on the circuit:

m⊥ = βIj
2R3π

µ0
[i(F (R)− 1)] eiωt = (S23)

= βIj
2R3π

µ0

[
i
(2µr + 1) (1−RcEC cot [RcEC ])−R2c2EC
(µr − 1) (1−RcEC cot [RcEC ])−R2c2EC

]
eiωt. (S24)

From this last equation we can compute the field dissipation (Eq. (6) in the manuscript) caused by the presence of
the micro-sphere in the system. The dissipation A is given by

A =
4α′′

L0l + 4L
=

4

L0l + 4L

2πβ2R3

µ0
<
[
i
(2µr + 1) (1−RcEC cot [RcEC ])−R2c2EC
(µr − 1) (1−RcEC cot [RcEC ])−R2c2EC

]
(S25)

where we used the relation α′′ = 2β2χ′′, derived in the manuscript.

Penetration depth

When a metal is immersed in a magnetic field, the electromagnetic (EM) radiation can penetrate inside the
material. From the Beer-Lambert law, the intensity of the EM radiation inside the material falls as I(r) = I0e

−r/δp ,
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where r is the the coordinate orthogonal to the metal surface of the micro-sphere and I0 is the intensity of the field
outside it. The “penetration depth” δp defines the radiation attenuation length at which radiation is damped by a

factor 1/e and depends on the properties of the material as δ =
√

2/(σµ0µrω) [5].
We can conclude that there is no need to have a micro-sphere that is fully conductive since the field will only

penetrate up to δp ' 11 µm in the considered system with radius R = 50µm, conductivity σ = 5× 109 Ohm−1 m−1,
µr = 1 and ω = 2.5 MHz. Moreover, Refs. [3, 4] show that the penetration depth is further reduced with increasing

spinning frequency ωr, i.e. the frequency of the field with respect to the micro-sphere.

PURELY MAGNETIC MICRO-SPHERE (σ = 0)

Dipole moment m0 and dissipation A

We consider a purely magnetic micro-sphere. The calculations follow those derived in the previous section. The only
difference is in the form of the F (r) function. With σ = 0 for a purely magnetic and non-conductive material, Eqs.

(S10) become the same inside and outside the micro-particle, i.e.,

∂2F (r)

∂r2
+

4

r

∂F (r)

∂r
= 0 for R ≤ r (S26)

∂2F (r)

∂r2
+

4

r

∂F (r)

∂r
= 0 for R > r. (S27)

Their solution is

F (r) = d1 +
d2
r3

for R ≤ r (S28)

F (r) = d3 +
d4
r3

for R > r. (S29)

From the boundary conditions (S6-S8) for B and H we find

d1 = 1 +
2(µr − 1)

2 + µr
, d2 = 0, d3 = 1, d4 =

2(µr − 1)

2 + µr
. (S30)

From this we can write

F in(r) = 1 +
2µr − 2

2 + µr

(
R

r

)3

for R ≤ r (S31)

F out(r) =
3µr

2 + µr
for R > r. (S32)

With the same the relation Eq. (S21) between mr and the vector potential A, we find

mr =
4π

µ0

[
(µr(ωr)− 1)

2 + µr(ωr)
R3

]
Br = χBr, (S33)

whose perpendicular component m⊥ ∝ sin(θ(ωr)) where θ ∝ arg
[(

(µr(ωr)−1)
2+µr(ωr)

)
R3β

]
. In this case the torque is

T ∝ −|B0| sin(θ), which changes sign for negative ωr, allowing Zel’dovich amplification, due to the property
µr(−ωr) = µ∗r(ωr) [6]. The permeability µr(ωr) can be often written as a one-pole response function

µr(ω) =
µi

1 + iωr/ωµ
, (S34)

where µi and ωµ are the initial permeability and the maximum usable frequency, respectively. The dissipation A
results to be

A =
4α′′

L0l + 4L
=

4

L0l + 4L
β2 4π

µ0
<
[
i(µr − 1)

2 + µr
R3

]
. (S35)

Figure S4 shows the dissipation A as function of EM field frequency and of the micro-sphere rotation frequency in
the magnetic sphere case. The material chosen is a commercial MnZn ferrite [7] with µi = 900 and ωµ = 6 MHz at
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room temperature (T = 300 K). The amplification factor is of the order of 10−5 which is 2 orders of magnitude
smaller than that obtained with a metallic micro-sphere, which was 10−3. It is worth noticing that the properties of

ferrites change significantly with temperature and at cryogenic temperatures µi decreases significantly, i.e. the
micro-sphere becomes more absorptive [8] with an increase of the dissipation A. The effect could be increased if

magnetic materials with lower initial permeability and/or lower cut-off frequency ωµ were available.
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FIG. S4. Rotational dissipation A as a function of the magnetic field oscillation and micro-sphere rotation frequencies, ω and
Ω. The parameters used are: σ = 0 Ohm−1m−1, µi = 900, ωµ = 6 MHz, N = 40, Z0 = 50 Ohm, R = 50 µm, ` = 74.8 m,
εr = 6.34.

DIELECTRIC CASE.

In the case of a dielectric particle an electric probe field plays the role of the magnetic field analysed in the previous
cases. Figure S5 shows the experimental setup proposed to generate a rotating electric field E0. Inductors are

substituted by 4 electrodes forming a ring around the spinning micro-sphere. The following calculation is carried out
in the reference frame co-rotating with the micro-sphere. In analogy with the previous cases, in the reference frame
co-rotating with the micro-sphere the electric field inside the cavity can be written as Er = V

2Rbr, where V is the
electric potential applied to each electrode. Each electrode face is 2R apart from the center of the micro-sphere. The

calculation is analogue to that of the magnetic case however the vector potential is replaced by the scalar electric
potential φ. The starting equation is the Laplace equation

∇2φ = 0. (S36)

whose solutions in spherical coordinates are

φ =

∞∑
n=1

(
Anr

n +
βn
rn+1

)
Pn(cos(θ)). (S37)
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Insulating material

Capacitor

Connections

Micro-Sphere

R

FIG. S5. Experimental set-up: the circuit is divided in 4 sections of length `/4, connected by 4 electrodes with capacity C to
form a closed ring configuration. The distance between each capacitor and the center of the sphere is 2R.

with r the radial coordinate and θ the azimuthal coordinate. An and βn are coefficients which depend on the
boundary conditions and Pn are the Legendre polynomials.

As in the previous case we have to account for the boundary conditions in order to find the values of the coefficients
An and βn. We solve the Laplace Eq. (S36) by considering the following boundary conditions:

φout(r →∞) = |Er|r cos(θ) (S38)

φin(r = 0) has not to diverge (S39)

φout(a) = φin(R) (S40)

εr∂rφ
in(R) = ∂rφ

out(R). (S41)

From the first and second equations, we find Aout1 = −|Er|, Aoutn 6=1 = 0 and βinn = 0, which substituted in Eq. (S40)
gives

−|E0|r cos(θ) +

∞∑
n=1

βoutn

rn+1
Pn(cos(θ)) =

∞∑
n=1

Ainn r
nPn(cos(θ)). (S42)

Comparing this last equation order by order, we obtain

βout1 = (Ain1 + |Er|)R3 (S43)

Aoutn 6=1R
2n+1 = βoutn 6=1. (S44)

Substituting this last equation in Eq. (S41) we obtain

εr

∞∑
n=1

(
Ainn nR

n−1)Pn(cos(θ)) =

∞∑
n=1

(
Aoutn nRn−1 + (n+ 1)

−βoutn

Rn+2

)
Pn(cos(θ)) (S45)

where we took into account that βinn = 0. Comparing order by order we obtain

Ain1 = − 3|Er|
εr + 2

(S46)

βoutn 6=1 = 0 (S47)

βout1 =
εr − 1

εr + 2
|Er|R3. (S48)

From this we can write the scalar field φ inside and outside the sphere as

φin =
−3|Er|
εr + 2

r cos(θ) (S49)

φout = −|Er|r cos(θ) + |Er|
(
εr − 1

εr + 2

)
R3

r2
cos(θ). (S50)
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FIG. S6. Dielectric rotational dissipation A as function of the electric field oscillation and micro-sphere rotation frequencies, ω
and Ω. The parameters used are: R = 50 µm, ε∞ = 4.6, εi = 73.9 and ωε = 0.1 MHz, Z0 = 50 Ohm, C = ε02R, ` = 74.8 m,
εr = 6.34.

The interaction between the electric probe field and the rotating sphere induces a complex electric dipole moment d
on the sphere given by

d = 4πε0

[(
εr − 1

εr + 2

)
R3

]
Er = χEr, (S51)

where ε0 = 8.854× 10−12 F/m is the permittivity of vacuum and whose component perpendicular to the electric

field is proportional to the d⊥ ∝ sin(θ) with θ ∝ arg
[(

εr−1
2+εr

)
R3E

]
. As in the previous case the torque on the sphere

is T ∝ −|E0| sin(θ), which changes sign for negative ωr, allowing Zel’dovich amplification, due to the property
εr(−ωr) = ε∗r(ωr) [6]. The dielectric constant varies with frequency as [9]

εr(ωr) = ε∞ +
εi

1 + 2iωr/ωε
. (S52)

where ε∞ is the high-frequency dielectric constant while εi and ωε are the initial permittivity and the loss peak
frequency respectively which vary among different materials.

The charge reflected from the micro-sphere is hence given by Qb = −d⊥E0/V = (α′+ iα′′)V which gives a dissipation

A =
4α′′

C0`+ 4C
=

4

C0`+ 4C

E2
0

V
4πε0

(
εr − 1

εr + 2

)
R3. (S53)

where C0 is the capacity of the transmission line. Figure S6 shows the dielectric dissipation A as function of the
oscillation frequency of the field ω and of the micro-sphere rotation Ω in the dielectric case. In order to maximize the
effect we choose to levitate a particle of water which has a high absorption at T = 22 ◦C in the MHz frequency range

with ε∞ = 4.6, εi = 73.9 and ωε = 0.1 MHz [9]. The resulting amplification factor is of the order of 10−8, several
orders of magnitudes below the magnetic and metallic cases. As explained in the manuscript this huge difference is
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due to the fact that inductors are more efficient in the creation of magnetic fields compared to capacitors as a result
of the fact that the intensity of the magnetic field increases with the number of loops in inductors.
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