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ABSTRACT
This work explores whether gravitational waves (GWs) from neutron star (NS) mountains can be
detected with current 2nd-generation and future 3rd-generation GW detectors. In particular, we
focus on a scenario where transient mountains are formed immediately after a NS glitch. In a glitch,
a NS’s spin frequency abruptly increases and then often exponentially recovers back to, but never
quite reaches, the spin frequency prior to the glitch. If the recovery is ascribed to an additional torque
due to a transient mountain, we find that GWs from that mountain are marginally-detectable with
Advanced LIGO at design sensitivity and is very likely to be detectable for 3rd-generation detectors
such as the Einstein Telescope. Using this model, we are able to find analytical expressions for the
GW amplitude and its duration in terms of observables.

Key words: gravitational waves – pulsars: individual: PSR B0531+21 (Crab) –
pulsars: individual: PSR B0833-45 (Vela) – stars: neutron

1 INTRODUCTION

Traditionally, searches for GWs have been directed towards
detecting compact binary coalescences (CBCs), continuous
GWs (CWs), burst GWs and stochastic GWs. Of most rel-
evance here are CWs which are GWs with long durations
compared to the time spent observing them and are quasi-
monochromatic in nature. CBC GWs and CWs have mod-
elled waveforms meaning the method of matched-filtering
can be used to detect them. Both burst and stochastic GWs
are generally unmodelled making them particularly difficult
to detect. Out of these four GW groups, only CBC GWs
have been detected so far (Abbott et al. 2019a).

In this work, we will be focusing on transient CWs from
individual NSs (e.g. Prix et al. 2011). Transient CWs, a type
of long-duration transient GW, are CWs which have du-
rations between the time-scales of CBCs and conventional
CWs. Roughly speaking, this means they have durations on
the order of hours to weeks, well within the duration of any
Advanced Virgo or Advanced LIGO (aLIGO) observation
run which is on the order of several months (Acernese et al.
2015; Aasi et al. 2015).

So far, two types of complementary long-duration
transient GW searches have been developed. One from
Thrane et al. (2011), who took a burst search (looking for
unmodelled GWs on the duration of O(seconds)) and ex-
tended it to include GWs in our time-scales of interest. The
other type came from the creators of the term “transient
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CWs”, Prix et al. (2011), who took a conventional (mod-
elled) CW search and shortened the CW duration instead.
There are other examples of the latter in Abbott et al.
(2019d).

There have been a couple of attempts to use these
searches to detect long-duration transient GWs. Most re-
cently, Keitel et al. (2019) tried to find transient CWs in the
post-glitch recoveries of the Crab and Vela pulsars but un-
fortunately, no transient CWs were detected. Abbott et al.
(2019d) did a similar search but for unmodelled transient
GWs after the binary NS merger GW170817, for durations
of up to 8.5 days. Again, no transient GWs were detected.

There have been many other searches conducted by
aLIGO, but these were for transient GWs with durations
shorter than the time-scales we are interested in here, which
includes burst searches. These include transient GWs after
magnetar bursts (Abbott et al. 2019c), during the ringdown
(up to 500 s after) of GW170817 (Abbott et al. 2017), af-
ter long gamma-ray bursts (Abbott et al. 2019e) and those
due to NS oscillations after the Vela pulsar glitched in
2006 (Abadie et al. 2011a). There was also an all-sky search
within O2 data for transient GWs which were 2 – 500 s in
duration but besides from recovering GW170817, no other
transients were detected (Abbott et al. 2019b).

On the other end of the GW spectrum, the CW spin-
down limit for the Crab and Vela pulsars were beaten in 2008
and 2011 respectively (Abbott et al. 2008; Abadie et al.
2011b) with recently updated GW strain upper limits of
hCrab

0 . 2 × 10−26 and hVela
0 . 2 × 10−25 (Abbott et al.

2020). These upper limits were calculated assuming a co-
herent CW signal for the duration of the observing time. It
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is perfectly acceptable for transient CWs to have values of h0
larger than these upper limits due to their shorter duration.

It is evident that there are searches being conducted
for transient CWs but thus far, there has been little theo-
retical modelling of how these transient CWs come about.
Pulsar glitches, spontaneous step-like increases in a NS’s
spin frequency, have often been explored as possible trig-
gers. The idea of Ekman pumping after pulsar glitches,
which is the bulk movement of fluids due to a tangential
force (in the case of a glitching two-component NS, it is
the viscous shear force between the crust and core), has
been suggested (van Eysden & Melatos 2008; Bennett et al.
2010; Singh 2017) as well as polar Alfvén waves from magne-
tar flares (Kashiyama & Ioka 2011). Additionally, Prix et al.
(2011) created a toy model proposing the excess superfluid
energy from a pulsar glitch could seed a non-axisymmetric
deformation leading to transient CW emission. One obsta-
cle for this model is it depends on knowing the lag between
the superfluid core and the crust or the superfluid angular
velocity, both of which we cannot currently observe.

Here, we propose another transient CW model which
is simple and makes precise and falsifiable predictions. Like
other models, it uses pulsar glitches as the trigger and with
our model, we are able to naturally explain the post-glitch
recovery found immediately after a pulsar glitch. We con-
cern ourselves with only the post-glitch recovery and not
the cause of the glitch.

Fig. 1 shows the usual picture of a pulsar glitch. Trac-
ing from the left, we see the NS’s spin frequency, ν, de-
creases on a secular time-scale until the point of the glitch
which occurs at time tg. The glitch is defined as an instan-
taneous increase in a NS’s spin frequency (∆ν(tg) > 0) whilst
the time derivative of the spin frequency simultaneously de-
creases (∆ Ûν(tg) < 0). Then, immediately after the glitch is the
post-glitch recovery where the spin frequency and its time
derivative are observed to be well-modelled by an exponen-
tial recovery (e.g. Lyne et al. 2000; Espinoza et al. 2011).
Both these parameters generally do not fully recover to pre-
glitch values (e.g. Haskell & Melatos 2015).

In our model, we propose the decrease in Ûν (i.e. an in-
crease in the spin-down rate, ∆| Ûν | > 0) during the post-glitch
recovery is due to an external braking torque caused by a
NS “mountain”. This corresponds to a change to the shape
of the NS into a tri-axial ellipsoid (a l = 2, m = 2 defor-
mation in the language of spherical harmonics). Along with
rotation, there is enough within the model to give the time-
varying mass quadrupole moment required for GW emis-
sion. The rest of the post-glitch recovery is explained by
the mountain slowly dissipating away, on a similar time-
scale as the glitch recovery time-scale, τ, leading to a re-
duction in the braking torque until the spin-down rate re-
covers. The dissipation could be caused by plastic flow (e.g.
Baiko & Chugunov 2018) of the NS crust or magnetic diffu-
sion (e.g. Pons & Viganò 2019) but we do not focus on any
particular mechanism here. Similarly, we do not focus on the
formation mechanism of transient mountains. We only ex-
plore the consequences of such mountains. These transient
mountains would give rise to transient CWs.

It should be noted that our model is not the usual
explanation for the post-glitch recovery which is normally
attributed to the model of vortex creep, pioneered by
Alpar et al. (1984). The vortex creep model builds on the

Figure 1. The graph shows how the spin frequency of a NS

changes as a function of time when there is a glitch. There are
two parts, one being the secular spin-down (shown by the lower

dashed line) and the other being the glitch. ∆ν(tg) is the total

change in spin frequency at the time of the glitch, which is made
up of a permanent part, ∆νp, and a transient part, ∆νt. ∆νt expo-

nentially decays away with a time-scale of τ. Also, the permanent

change to the time derivative of the spin frequency, ∆ Ûνp, has been
set to ∆ Ûνp = 0 in the above graph, which has been assumed for

most of our analysis.

vortex unpinning glitch model of Anderson & Itoh (1975)
which relies on there being two components to a NS, a nor-
mal component and a superfluid component (Baym et al.
1969). It is generally accepted that large glitches require
some superfluid contribution (Alpar et al. 1993) but in our
simple model, we choose to ignore any internal effects.

In this paper, we take our transient mountain model
and calculate whether the post-glitch transient CWs given
off would be detectable with current and future GW detec-
tors. Our model is largely motivated by the fact we have
observations of pulsar glitches at radio wavelengths, and so
we have a set of observables to shape our model. This is par-
ticularly topical with the rapid developments seen recently
within multi-messenger astronomy. We also aim to inter-
pret and provide physical context to why searches such as
Keitel et al. (2019) should continue in the future.

In Section 2, we introduce and develop relevant equa-
tions from radio pulsar astronomy that describe glitches and
the subsequent recovery. In Section 3, we look at the dynam-
ics of the system which allows us to calculate the ellipticity
required to cause the post-glitch recovery. This, in turn, tells
us the GW strain achievable. In Section 4, we find an expres-
sion for the total GW energy radiated away by a transient
mountain. In Section 5, we relate this GW energy to the
signal-to-noise ratio (SNR) achievable in a GW detector. In
Section 6, we apply our model to radio data and give a table
of results including the SNRs for Crab and Vela glitches for
both aLIGO and the Einstein Telescope (ET). In Section 7,
we discuss the predictions and limitations of our model. Fi-
nally, Section 8 summarises all the results of this work and
concludes with some final remarks on future prospects of
this research.
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Gravitational waves from transient mountains 3

2 THE GLITCH MODEL FROM RADIO
ASTRONOMY

Timing a pulsar requires accurate modelling of the rota-
tional dynamics of a NS. One well-known property of NSs
is that they spin-down on long (secular) time-scales. This
is thought to be primarily due to magnetic dipole radia-
tion (e.g. Lyne & Graham-Smith 2012) though searches are
being performed to see if CWs could also play a role (e.g.
Abbott et al. 2020). This secular spin-down is represented
by the lower dashed line in Fig. 1. Since we are only inter-
ested in glitches (which have much shorter time-scales), we
can subtract the secular spin-down to leave the change in
the spin frequency due to the glitch, ∆ν(t), represented by

∆ν(t) =
{

0 , if t < tg
∆νp + ∆ Ûνp · ∆t + ∆νte−

∆t
τ , if t ≥ tg

(1)

where ∆t = t − tg is the time elapsed after the glitch with
tg being the time of the glitch. ∆νp refers to the change in
spin frequency which is permanent due to the glitch and
∆νt is the same but refers to the transient part, i.e. the
change in the spin frequency which fully recovers on time-
scales much larger than the recovery time-scale of the glitch,
τ. The product ∆ Ûνp · ∆t represents the contribution to ∆ν(t)
due to a permanent change in the spin-down rate caused by
the glitch, ∆ Ûνp. From this formulation, it is seen at t = tg,
we get the relation

∆ν(tg) = ∆νp + ∆νt . (2)

We can then differentiate Equation (1) to get the time
derivative of the spin frequency, ∆ Ûν(t), and in the regime of
t ≥ tg, we have

∆ Ûν(t) = ∆ Ûνp −
∆νt
τ

e−
∆t
τ . (3)

From this, we associate the coefficient of the time-
dependent term to be equal to the transient change in the
spin-down rate, ∆ Ûνt, which is given by

∆ Ûνt ≡ −
∆νt
τ

, (4)

such that ∆ Ûν(t) = ∆ Ûνp + ∆ Ûνte−
∆t
τ = ∆ Ûνp + ∆ Ûνt(t). There is a

slight subtlety in the notation here since we have explicitly
used parentheses to represent a time-dependence, e.g. ∆ Ûνt(t)
depends on time but ∆ Ûνt is a constant. The phenomenologi-
cal glitch model above (or slight variants of it) have been es-
tablished for a long time, having been used to model the first
few glitches of the Crab pulsar (Boynton et al. 1972) and the
Vela pulsar (Downs 1981). Even now, it is still being used
in pulsar timing softwares such as TEMPO2 (Edwards et al.
2006).

Our analysis uses publicly available glitch data from the
JBCA Glitch Catalogue (Espinoza et al. 2011). Within this

catalogue are values for
∆ν(tg)
ν0

and
∆ Ûν(tg)
Ûν0

for each glitch of
a given pulsar. Respectively, ν0 and Ûν0 are the measured
values of the spin frequency and the time derivative of the
spin frequency immediately before the glitch. However, there
is an issue using this data since we are not told exactly how
much of ∆ν(tg) and ∆ Ûν(tg) is due to a transient part and how
much of it is due to a permanent part. We therefore require
more data and for us, it will be in the form of the healing
parameter, Q.

By definition, Q is defined as

Q ≡ ∆νt
∆ν(tg)

, (5)

where the numerator represents the change in spin frequency
which will “heal” at t � tg and the denominator represents
the total change in spin frequency at t = tg which is the sum
of permanent and transient parts, as seen in Equation (2).
Therefore, a glitch which recovers completely has Q = 1 and
a glitch showing no recovery whatsoever has Q = 0.

We can substitute Equation (5) into Equation (4) to
relate our unknowns (∆ Ûνt, ∆νt) to our observables (Q, ∆ν(tg))
to get the relations

∆ Ûνtτ = −∆νt = −Q∆ν(tg) . (6)

τ makes an appearance in Equation (6) and it can either
be treated as known or unknown. It is known when radio
observations are frequent enough to acquire τ directly from
the data. However, this is not the case for most glitches
as the exponential recovery is sometimes missed, or if too
few observations are made during the post-glitch recovery
to allow a reliable fit. If it is unknown, then we can use
Equation (6) to approximate τ, see Section 7. Throughout
this analysis, we will treat τ as unknown but if it is known
in reality, then our model provides an independent value
of τ which can be checked for consistency and guide future
transient CW searches.

3 ELLIPTICITY AND GRAVITATIONAL
WAVE STRAIN

In this section, we focus on calculating the ellipticity and
GW strain obtainable from transient mountains in terms
of our observables. It will help at this point if we remind
ourselves of the steps of the model: 1) a NS glitches, 2) a
transient mountain immediately forms, 3) transient CWs are
emitted whilst the transient mountain dissipates at a similar
rate as the post-glitch recovery. We do not specify the cause
of the glitch (e.g. superfluid unpinning (Anderson & Itoh
1975), starquakes (Ruderman 1969)) and we do not attempt
to explain the mechanism behind how the mountain forms
or dissipates, but for a recent review on possible mechanisms
for the formation of mountains, see Sieniawska & Bejger
(2019).

It is well-known that a NS mountain will emit
CWs at twice the NS’s spin frequency, f = 2ν (e.g.
Shapiro & Teukolsky 1983). A mountain also creates an ex-
tra braking torque on the system which we assume will ex-
plain the post-glitch recovery. Basic mechanics tells us that
the torque, N , is related to power (or in our case GW lu-
minosity) by the equation L = −NΩ (for L > 0) where Ω is
the angular velocity of the NS. It can also be shown (e.g.
Shapiro & Teukolsky 1983) that the GW luminosity due to
a mountain is

LGW(t) =
(2π)6

10
G
c5 I2 f 6ε2(t) , (7)

where I represents the moment of inertia about the rotation
axis, f is the GW frequency of the emitted CWs and ε(t) is
the dimensionless equatorial ellipticity of the NS (see Equa-
tion (B5) for the definition in terms of moment of inertias
about the principal axes).
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By taking out a factor of Ω = 2πν = π f from Equa-
tion (7), multiplying throughout by −1 and using f ≈ 2ν0,
we get the torque due to a NS mountain

Nmountain(t) = −
32(2π)5

5
G
c5 I2ν5

0ε
2(t) . (8)

Also from mechanics, we know N = ÛIΩ + I ÛΩ in general.
However, as we show in Appendix A, during the post-glitch
recovery we can associate the change in torque solely to a
change in the spin-down rate caused by a transient mountain
which means

∆N(t) = 2πI∆ Ûνt(t) , (9)

where we have ignored the effect of ∆ ÛI, ∆Ω and ∆I and spe-
cialised to transient mountains only. It is worth noting that
the internal superfluid is important during glitches and can
cause changes to the NS’s moment of inertia (e.g. Link et al.
1999; Andersson et al. 2012). However, our model only con-
cerns the change of the shape of the NS during the post-
glitch recovery and omits details about the interior, as the
change in shape is what we ascribe to the post-glitch recov-
ery.

Since our model associates the change in torque purely
to a transient mountain, we equate the left hand sides of
Equations (8) and (9). This allows us to find an expression
for the ellipticity for t ≥ tg which is

ε(t) =
√√
− 5

32(2π)4
c5

G
1
I
∆ Ûνt(t)
ν5

0
. (10)

Note that this means our model will only apply to pul-
sars rotating fast enough, as slow rotators will give a value
of ε(t) which would be problematically large in terms of the
physics. Since ∆ Ûνt(t) is in the expression for ε(t) and ∆ Ûνt(t)
is unknown, we will set ∆ Ûνt(t) = ∆ Ûν(t) to give us an approx-
imation for the ellipticity from a transient mountain. This
means we assume the entire change in the spin-down rate
is purely transient, i.e. no permanent mountains are formed
which would be associated with ∆ Ûνp within the framework
of our model. As mentioned later in a footnote of Section 7,
this is true for most glitches besides the largest glitches from
the Crab where there appears to be a linear relationship be-
tween ∆ Ûνp and ∆ν (Lyne et al. 2015). We can then rearrange
in terms of how the JBCA Glitch Catalogue reports glitch
values, as well as setting t = tg, to get the ellipticity at the
moment of the glitch which is

εapprox(tg) =
√√
− 5

32(2π)4
c5

G
1
I
Ûν0
ν5

0

(
∆ Ûν(tg)
Ûν0

)
. (11)

Now that we have the ellipticity, we can calculate the
GW strain, h0(t). In general, a given ε(t) sources a GW strain
of

h0(t) = (2π)2
G
c4

I f 2

d
ε(t) , (12)

where d is the distance to the source (e.g. Jaranowski et al.
1998). We can then substitute the ellipticity, Equation (10),
into Equation (12) to find the corresponding GW strain at
t ≥ tg which is

h0(t) =

√
−5

2
G
c3

I
d2
∆ Ûνt
ν0

e−
∆t
2τ , (13)

where we have used ∆ Ûνt(t) = ∆ Ûνte−
∆t
τ . Note that h0(t) ∝

e−
∆t
2τ and not h0(t) ∝ e−

∆t
τ as one might originally think.

This implies τGW = 2τradio, see Section 7. This is due to
∆ Ûνt(t) being square-rooted in the expression for ε(t), as per
Equation (10). Finally, we can get an approximation for the
GW strain at the moment of the glitch by using ∆ Ûνt = ∆ Ûν(tg)
which gives

h0,approx(tg) =

√
−5

2
G
c3

I
d2
Ûν0
ν0

(
∆ Ûν(tg)
Ûν0

)
. (14)

4 TOTAL GRAVITATIONAL WAVE ENERGY
FROM THE POST-GLITCH RECOVERY

We now proceed on to calculating how much energy is avail-
able for the emission of GWs due to the loss of kinetic energy
during the post-glitch recovery. We do not include in our
calculation any energy which might be liberated during the
glitch or required for the formation of transient mountains
since these values are uncertain. We begin with the simple
expression for the rotational kinetic energy, Erot =

1
2 IΩ2.

Any instantaneous loss (hence minus sign) of rotational ki-
netic energy we can write as a luminosity L(> 0) by differ-
entiating with respect to time leading to

L = −4π2Iν Ûν . (15)

In particular, we are interested in the GW luminosity
achievable due to a mountain which we attribute to having
a negative ∆ Ûν. We can also get a change in the luminosity if
there is a change in I or ν. However, as demonstrated in Ap-
pendices A and B, we are allowed to ignore the contributions
due to ∆I and ∆ν as these will be negligible.

The change in luminosity due to the glitch, ∆L, can
therefore be written as

∆L(t) = −4π2Iν0∆ Ûνt(t) , (16)

where we have put time-dependence into the equation and
specialised to transient mountains only. This means we are
only tracking the GWs due to transient mountains and not
from any permanent mountains which arise due to a perma-
nent change in the spin-down rate (these would give conven-
tional CWs).

We can now integrate Equation (16) across all time to
get the GW energy due to a transient mountain and using

∆ Ûνt(t) = ∆ Ûνte−
∆t
τ , we get

EGW = −4π2Iν0∆ Ûνtτ = 4π2Iν0∆νt , (17)

and using Equation (6) we can relate the unknowns to our
observables giving the final result of

EGW = 4π2Iν0Q∆ν(tg) , (18)

or when put in terms of how the JBCA Glitch Catalogue
reports measurements, we get

EGW = 4π2Iν2
0Q

(
∆ν(tg)
ν0

)
. (19)

Note that Equation (18) can be seen as the answer you
would get if you were to näıvely find the change in the rota-
tional kinetic energy, but with an additional factor of Q to
account for the partial recovery of the glitch.
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5 SIGNAL-TO-NOISE RATIO

Next, we relate the GW energy to the optimal1 SNR achiev-
able. We follow the steps of Prix et al. (2011) but apply it
to our transient mountain model instead of their superfluid
excess energy model. Additionally, we account for the effects
of having multiple detectors and non-perpendicular interfer-
ometer arms which were not considered previously.

For a CW with a time-varying GW amplitude, h0(t),
the geometrical-average of the optimal SNR squared, 〈ρ2

0〉,
is commonly written as

〈ρ2
0〉 =

4
25

1
Sn( f )

∫ Tobs

0
h2

0(t)dt , (20)

where the angled brackets represents an average over ge-
ometrical parameters which are the right ascension, dec-
lination, polarisation angle and inclination of the source.
This is what is responsible for the factor of 4

25 which oth-
erwise would not be there if the SNR was not averaged
(Jaranowski et al. 1998; Prix et al. 2011). Sn( f ) is the GW
detector’s noise power spectral density which is a measure
of how much noise the detector picks up at a given GW
frequency, f . Tobs is the duration for which we observe the
source. We eventually set Tobs → ∞ to ensure we capture
the entire transient CW.

Equation (20) is used frequently within the literature
though it does not fully capture the effects which apply to
us here in this analysis. The ET is a 3rd-generation GW de-
tector which will consist of three identical interferometers,
each with a pair of arms with an opening angle of 60°, ar-
ranged in a triangle such that two arms share the same side
of the triangle (Freise et al. 2009). The fact that we have
multiple detectors increases the SNR and an opening an-
gle less than 90° decreases the SNR. Combining both these
effects changes Equation (20) into

〈ρ2
0〉 =

4
25

N sin2 ζ

Sn( f )

∫ Tobs

0
h2

0(t)dt , (21)

where N is the number of independent interferometers and
ζ is the opening angle between the arms of the interferome-
ter. The sin2 ζ factor can also be found in Jaranowski et al.
(1998). It is important we account for this as the Sn( f ) data
for the ET is for a single 90° interferometer2, even though
in reality the ET is made up of three 60° interferometers
(Hild et al. 2011).

We now need to evaluate the integral in Equation (21).
To do this, we directly substitute for h0(t) using Equa-
tion (13) followed by Equation (6) to get

〈ρ2
0〉 =

2
5

G
c3

N sin2 ζ

Sn(2ν0)
I

d2 Q
(
∆ν(tg)
ν0

)
, (22)

which is the SNR (squared) in terms of the observables
within our model.

Alternatively, we can utilise the GW energy we calcu-
lated in Section 4. Equation (7) gives the GW luminosity as

1 The SNR is optimal when the matched-filter exactly describes
the data. Whenever there is a mismatch, the SNR becomes sub-

optimal. See Fig. 1 of Prix et al. (2011).
2 The ET-D sensitivity curve was taken from http://www.et-gw.

eu/index.php/etsensitivities.

a function of ε(t), but ε(t) is related to h0(t) through Equa-
tion (12). We can therefore write the GW luminosity as a
function of h0(t) and integrate to get an expression for the
GW energy. This gives

EGW =
2π2

5
c3

G
f 2d2

∫ Tobs

0
h2

0(t)dt . (23)

We rearrange for the integral and substitute the integral
into Equation (21) to get

〈ρ2
0〉 =

2
5π2

G
c3

N sin2 ζ

Sn( f )
EGW

f 2d2 , (24)

Finally, we substitute in the GW energy calculated in
Equation (18) and we get the same answer as Equation (22).
This alternative method is perhaps more powerful than the
first as Equations (23) and (24) are completely agnostic with
regard to the time-dependence of h0(t) (since we substituted
the entire integral). For the same reason, Equation (24) is
valid even if we integrate over a short period of time. In other
words, it means that we accumulate more SNR the longer
the observation is. Equation (24) agrees with Equation (4)
in Prix et al. (2011) besides the factor of N sin2 ζ which we
added in here.

To bring familiarity to all this, we can also express our
results in terms of a measure of the GW strain used in burst
searches, since after all, transient CWs are essentially just a
long burst. The measure used is called the root-sum-squared
of the GW amplitude, h0,rss, which is defined as

h2
0,rss ≡

∫ Tobs

0
h2

0(t)dt . (25)

Similarly, we can define the geometrically-averaged
h2

0,rss as

〈h2
0,rss〉 ≡

4
25

∫ Tobs

0
h2

0(t)dt =
4

25
h2

0(tg)τ , (26)

such that

〈ρ2
0〉 ≡ N sin2 ζ

〈h2
0,rss〉

Sn( f )
=

4
25

N sin2 ζ
h2

0(tg)τ
Sn( f )

. (27)

where the last equalities in Equations (26) and (27) come
from using our transient mountain model and setting Tobs →
∞. The first equality in Equation (27) can be seen from com-
bining Equation (21) and the definition in Equation (26).

We can check for consistency by substituting our ex-
pression for h0(tg) from Equation (12) and then using Equa-
tion (6) to get the SNR in terms of observables. After doing
that, we find that the right hand side of Equation (27) gives
the same answer as Equation (22). In terms of our observ-
ables, 〈h2

0,rss〉 can explicitly be written as

〈h2
0,rss〉 =

2
5

G
c3

I
d2 Q

(
∆ν(tg)
ν0

)
. (28)

The benefit of calculating 〈h2
0,rss〉 is that it has the same

units as Sn( f ) which are units of Hz−1. This then allows us
to plot both quantities on the same set of axes allowing a
visual comparison between the two terms. In fact, if we plot√
〈h2

0,rss〉 and

√
Sn( f )
N sin2 ζ

on the same axes, then the ratio of

the two gives exactly the SNR.
In reality, there is some SNR threshold, ρthres, which
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6 G. Yim & D. I. Jones

we must exceed before confidently accepting a detection. It
varies depending on what search method is used, whether
the data is stacked coherently and how large the search
parameter space is (Walsh et al. 2016; Dreissigacker et al.
2018). For a targeted coherent CW search, this threshold3

is ρthres ≈ 11.4 (Abbott et al. 2004). Therefore, if we plot√
〈h2

0,rss〉 and

√
Sn( f )ρ2

thres

N sin2 ζ
on the same axes, any signal

which lies above the modified sensitivity curve will be con-
fidently detectable, with a SNR greater than 11.4.

6 APPLYING THE TRANSIENT MOUNTAIN
MODEL TO DATA

We will now take our model and apply it to observed radio
data. First we need to select which pulsars to use in our
model. Obviously the pulsar must glitch so that constrains
us to 190 pulsars4. However, the most limiting factor requires
us to resolve the recovery of the glitch which requires a high
cadence of observations, i.e. pulsars which are observed fre-
quently enough to see changes due to the glitch recovery.
There are two outstanding candidates which satisfy these
constraints and they are the Crab pulsar (B0531+21) and
the Vela pulsar (B0833-45). These two pulsars are observed
daily at the Jodrell Bank Observatory (Lyne et al. 2015) and
at the Mount Pleasant Radio Observatory (Dodson et al.
2007) respectively. Therefore, our analysis will focus on the
Crab and Vela pulsars, though the model is applicable to
any glitching pulsar where Q can be obtained and is rotat-
ing fast enough to prevent unphysically large mountains, see
Equation (10).

We used radio data from three main sources: JBCA
Glitch Catalogue for

∆ν(tg)
ν0

and
∆ Ûν(tg)
Ûν0

(Espinoza et al. 2011),
Crawford & Demiański (2003) for Q and the ATNF Pul-
sar Database for ν0, Ûν0 and d (Manchester et al. 2005). The
value for ν0 needed to be modified to account for the secular
spin-down of the NS5, but Ûν0 and d were taken as what was
reported in the ATNF Pulsar Catalogue. The secular spin-
down model we used included the first time derivative of the
frequency only, namely

ν0(tg) = ν0,ATNF + Ûν0,ATNF · (tg − tATNF) , (29)

where the subscript“ATNF”represents the value taken from
the ATNF Pulsar Catalogue. tATNF is the epoch correspond-
ing to when the ATNF values were calculated. This was mid-
1991 for the Crab and early-2000 for Vela (Manchester et al.
2005). The left hand side of Equation (29) is what was used
for ν0 in all calculations.

tg was set as the date of the glitch when calculating
EGW, εapprox(tg) and h0,approx(tg). However, when calcu-
lating SNRs for the different detectors, tg = MJD 57856 for

3 This particular SNR threshold gives a single trial false alarm

rate of 1% and a false dismissal rate of 10%.
4 Value taken from http://www.jb.man.ac.uk/pulsar/

glitches/gTable.html on 17th August 2020.
5 We found that if one used the value of ν0 for the Crab from
the ATNF Pulsar Catalogue without accounting for secular spin-
down, then the GW frequency fell within the 60 Hz mains power

line spike in the sensitivity curves of the O2 detectors.

Table 1. The values for the spin frequency, its time derivative
and the distance to the Crab and Vela pulsars. These values were

calculated in mid-1991 and early-2000 for the Crab and Vela pul-

sars respectively. Data taken from the ATNF Pulsar Database
(Manchester et al. 2005).

Crab Vela

ν0 = 29.947 Hz ν0 = 11.195 Hz

Ûν0 = −3.77 × 10−10 Hz s−1 Ûν0 = −1.567 × 10−11 Hz s−1

d = 2.00 kpc d = 0.28 kpc

O2 detectors, tg =MJD 59761 for aLIGO at design sensitiv-
ity and tg =MJD 64693 for the ET. These correspond to the
middle of the O2 run, the middle of 2022 and the middle of
the 2030s respectively, which are the approximate times for
when these detectors may be operational. This step is re-
quired since we have Sn(2ν0) in the denominator of the SNR
and ν0 depends on the epoch you observe it.

The values for ν0, Ûν0 and d from the ATNF Pulsar Cat-
alogue are found in Table 1 and the remaining data from the
other two data sources can be found in Tables 2 and 3. Any
unknown Q’s were set to the average Q from existing known
values. For the Crab, this was Q ≈ 0.84 and for Vela, it was
Q ≈ 0.17.

Crawford & Demiański (2003) provides a comprehen-
sive list of Q’s compiled from a large collection of literature.
Each glitch has a Q value and for some glitches, there are
several Q’s, each from a different research group. Whenever
there was more than one Q for a single glitch, we used the
average which is the value we report in Tables 2 and 3.

As for the GW side of the analysis, we will look at the
SNRs achievable in the Hanford and Livingston detectors
(during the O2 observation run), aLIGO at its design sen-
sitivity and the ET in its ‘D’ configuration6. Like the sensi-
tivity curve of the ET, the aLIGO design sensitivity curve is
for a single interferometer (Aasi et al. 2015) and since two
90° interferometers make up aLIGO, we set NaLIGO = 2 and
ζ = 90°. As established in Section 5, NET = 3 and ζ = 60° for
the ET. We will treat each of the Hanford and Livingston
detectors in O2 as individual interferometers since they have
slightly different sensitivity curves, hence, N = 1 and ζ = 90°
for both. One can simply multiply the SNR of either Hanford
or Livingston by

√
2 to get an approximate combined SNR

(or add in quadrature for a more accurate value), but as we
will see, this makes little difference in detecting transient
CWs outlined in our model for these two detectors.

Together, this data was used to calculate EGW,
√
〈ρ2

0〉,

εapprox(tg), h0,approx(tg) and
√
〈h2

0,rss〉. The results are

shown in Tables 2 and 3.
Finally, Fig. 2 shows the detectability of the different

glitch-induced transient mountains superimposed on modi-
fied sensitivity curves of the GW detectors of interest. The
data-points (grey filled circles and light red crosses) repre-
sent the square root of the root-sum-squared GW ampli-

6 The sensitivity curves of Hanford, Livingston
and aLIGO at design sensitivity were taken

from https://dcc.ligo.org/LIGO-G1701570/public,
https://dcc.ligo.org/LIGO-G1701571/public and https://

dcc.ligo.org/LIGO-T1800044/public respectively.
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Gravitational waves from transient mountains 7

Table 2. Summary of results for the Crab pulsar. Columns 1 - 3 are taken from the JBCA Glitch Catalogue (Espinoza et al. 2011) and

Column 4 is the average Q per glitch from Crawford & Demiański (2003). Columns 5 - 10 are calculated from Equations (19), (22) using

ζ = 90°, (22) using ζ = 60°, (11), (14) and (28) respectively. The 3 values for the SNR for aLIGO represent Hanford (in O2), Livingston
(in O2) and aLIGO at design sensitivity from left to right. O2This glitch occurred during the O2 run of aLIGO. O3This glitch occurred

during the O3 run of aLIGO. ∗These values of Q were not found in the literature so the average value of the observed Q’s was used.
†Calculated from data in Shaw et al. (in prep).

Crab

MJD
∆ν(tg)
ν0

∆ Ûν(tg)
Ûν0

Q EGW [erg]
√
〈ρ2

0 〉aLIGO

√
〈ρ2

0 〉ET
εapprox(tg) h0,approx(tg)

√
〈h2

0,rss 〉 [Hz−
1
2 ]

40491.8 7.2 × 10−9 4.4 × 10−4 0.84 2.2 × 1041 1.1, 1.5, 3.4 36 1.6 × 10−5 3.0 × 10−26 1.3 × 10−23

41161.98 1.9 × 10−9 1.7 × 10−4 0.92 6.3 × 1040 0.6, 0.8, 1.8 20 9.7 × 10−6 1.9 × 10−26 6.7 × 10−24

41250.32 2.1 × 10−9 1.1 × 10−4 0.84 6.3 × 1040 0.6, 0.8, 1.8 20 7.8 × 10−6 1.5 × 10−26 6.8 × 10−24

42447.26 3.57 × 10−8 1.6 × 10−3 0.81 1.0 × 1042 2.4, 3.2, 7.4 80 3.0 × 10−5 5.7 × 10−26 2.7 × 10−23

46663.69 6 × 10−9 5 × 10−4 1.00 2 × 1041 1, 2, 3 40 2 × 10−5 3 × 10−26 1 × 10−23

47767.504 8.10 × 10−8 3.4 × 10−3 0.89 2.6 × 1042 3.8, 5.1, 11.6 130 4.4 × 10−5 8.3 × 10−26 4.3 × 10−23

48945.6 4.2 × 10−9 3.2 × 10−4 0.87 1.3 × 1041 0.8, 1.2, 2.6 28 1.4 × 10−5 2.6 × 10−26 9.7 × 10−24

50020.04 2.1 × 10−9 2 × 10−4 0.80 5.9 × 1040 0.6, 0.8, 1.8 19 1 × 10−5 2 × 10−26 6.6 × 10−24

50260.031 3.19 × 10−8 1.73 × 10−3 0.68 7.7 × 1041 2.1, 2.8, 6.4 69 3.2 × 10−5 6.0 × 10−26 2.4 × 10−23

50458.94 6.1 × 10−9 1.1 × 10−3 0.87 1.9 × 1041 1.0, 1.4, 3.2 34 2.5 × 10−5 4.8 × 10−26 1.2 × 10−23

50489.7 8 × 10−10 −2 × 10−4 . . . . . . . . . . . . . . . . . . . . .

50812.59 6.2 × 10−9 6.2 × 10−4 0.92 2.0 × 1041 1.1, 1.4, 3.3 35 1.9 × 10−5 3.6 × 10−26 1.2 × 10−23

51452.02 6.8 × 10−9 7 × 10−4 0.83 2.0 × 1041 1.0, 1.4, 3.3 35 2 × 10−5 4 × 10−26 1.2 × 10−23

51740.656 2.51 × 10−8 2.9 × 10−3 0.80 7.1 × 1041 2.0, 2.7, 6.1 66 4.1 × 10−5 7.7 × 10−26 2.3 × 10−23

51804.75 3.5 × 10−9 5.3 × 10−4 0.84∗ 1.0 × 1041 0.8, 1.0, 2.4 25 1.8 × 10−5 3.3 × 10−26 8.7 × 10−24

52084.072 2.26 × 10−8 2.07 × 10−3 0.84∗ 6.7 × 1041 1.9, 2.6, 6.0 64 3.5 × 10−5 6.5 × 10−26 2.2 × 10−23

52146.758 8.9 × 10−9 5.7 × 10−4 0.84∗ 2.6 × 1041 1.2, 1.6, 3.7 40 1.8 × 10−5 3.4 × 10−26 1.4 × 10−23

52498.257 3.4 × 10−9 7.0 × 10−4 0.84∗ 1.0 × 1041 0.7, 1.0, 2.3 25 2.0 × 10−5 3.8 × 10−26 8.6 × 10−24

52587.2 1.7 × 10−9 5 × 10−4 0.84∗ 5.0 × 1040 0.5, 0.7, 1.6 18 2 × 10−5 3 × 10−26 6.1 × 10−24

53067.078 2.14 × 10−7 6.2 × 10−3 0.84∗ 6.3 × 1042 5.9, 8.1, 18.4 200 6.0 × 10−5 1.1 × 10−25 6.8 × 10−23

53254.109 4.9 × 10−9 2 × 10−4 0.84∗ 1.4 × 1041 0.9, 1.2, 2.8 30 1 × 10−5 2 × 10−26 1.0 × 10−23

53331.17 2.8 × 10−9 7 × 10−4 0.84∗ 8.2 × 1040 0.7, 0.9, 2.1 23 2 × 10−5 4 × 10−26 7.8 × 10−24

53970.19 2.18 × 10−8 3.1 × 10−3 0.84∗ 6.4 × 1041 1.9, 2.6, 5.9 63 4.3 × 10−5 8.0 × 10−26 2.2 × 10−23

54580.38 4.7 × 10−9 2 × 10−4 0.84∗ 1.4 × 1041 0.9, 1.2, 2.7 29 1 × 10−5 2 × 10−26 1.0 × 10−23

55875.5 4.92 × 10−8 . . . 0.84∗ 1.4 × 1042 2.8, 3.9, 8.8 95 . . . . . . 3.3 × 10−23

57839.92O2 2.14 × 10−9 2.7 × 10−4 0.70† 5.2 × 1040 0.5, 0.7, 1.7 18 1.3 × 10−5 2.4 × 10−26 6.2 × 10−24

58064.555 5.1637 × 10−7 6.969 × 10−3 0.84∗ 1.5 × 1043 9.2, 12.5, 28.6 310 6.5 × 10−5 1.2 × 10−25 1.1 × 10−22

58237.357 4.08 × 10−9 4.6 × 10−4 0.84∗ 1.2 × 1041 0.8, 1.1, 2.5 27 1.7 × 10−5 3.1 × 10−26 9.4 × 10−24

58470.939 2.36 × 10−9 3.60 × 10−4 0.84∗ 6.9 × 1040 0.6, 0.8, 1.9 21 1.5 × 10−5 2.7 × 10−26 7.2 × 10−24

58687.59O3 3.60 × 10−8 . . . 0.84∗ 1.1 × 1042 2.4, 3.3, 7.5 81 . . . . . . 2.8 × 10−23

tude,
√
〈h2

0,rss〉, and the modified sensitivity curve is given

by

√
Sn( f )ρ2

thres

N sin2 ζ
. The grey filled circles correspond to glitches

we had Q for, and the light red crosses refer to glitches where
we did not have Q and so the average Q for that pulsar
was used. If a data-point lies above the modified sensitivity
curve, then the SNR would be greater than our threshold
of 11.4 and would be classified as detectable. In reality, this
detection threshold is only a guide and will differ depending
on the confidence which you assign to the detection. The left
bunch of data-points represents glitches from Vela and the
right bunch belongs to the Crab.

From this visual representation of the detectability, we
can see immediately that the Hanford detector would not
have detected transient CWs from glitch-induced transient
mountains from the Crab and Vela pulsars, irrespective of
whether the glitches occurred during the O2 run or not.
To be clear, all but 2 glitches did not happen in O2. This
corresponds as expected with the numerical values of the
SNR in Tables 2 and 3.

For the other detectors, we see that some data-points
are situated higher than the detector’s sensitivity curve so
we will look at the tabulated SNR values to identify these.

For Livingston (O2), the Crab had 1 glitch and Vela had
10 glitches which exceeded the threshold SNR. These would
have been detectable if they occurred in the O2 run, but
again, those 11 glitches did not occur in during the O2 run.

There were only 2 glitches which did occur during the
O2 run, MJD 57839 (Crab) and MJD 57734 (Vela), and
both had SNRs smaller than the 11.4 threshold in both the
Hanford and Livingston detectors. This is consistent with
the null findings of Keitel et al. (2019).

Furthermore, there was a glitch from the Crab (MJD
58687) which did occur during the O3 observation run. Al-
though the change in the spin-down rate due to the glitch
has not yet been published, using our model and assuming
the value of Q ≈ 0.84, we predict transient CWs from this

glitch should not be detectable, as
√
〈ρ2

0〉 = 7.5 < ρthres for

the optimistic case of the O3 detectors having aLIGO’s de-
sign sensitivity.

Moving onto aLIGO at design sensitivity, our calcula-
tions have shown that 3 Crab glitches would be detectable
if these glitches were to occur when aLIGO is operational at
design sensitivity. For Vela, 17 out of its 20 glitches would be
detectable. This is indeed promising for upcoming transient
CW searches. However, in general it seems like transient
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8 G. Yim & D. I. Jones

Table 3. This contains the same results as Table 2 but for the Vela pulsar. O2This glitch occurred during the O2 run of aLIGO. 1The
data for this glitch was taken from Xu et al. (2019). ∗These values of Q were not found in the literature so the average value of the

observed Q’s was used.

Vela

MJD
∆ν(tg)
ν0

∆ Ûν(tg)
Ûν0

Q EGW [erg]
√
〈ρ2

0 〉aLIGO

√
〈ρ2

0 〉ET
εapprox(tg) h0,approx(tg)

√
〈h2

0,rss 〉 [Hz−
1
2 ]

40280 2.34 × 10−6 1.0 × 10−2 0.034 3.9 × 1041 2.1, 6.1, 24.8 570 1.8 × 10−4 3.4 × 10−25 3.2 × 10−22

41192 2.05 × 10−6 1.5 × 10−2 0.035 3.6 × 1041 2.0, 5.8, 23.6 540 2.2 × 10−4 4.2 × 10−25 3.1 × 10−22

41312 1.2 × 10−8 3 × 10−3 0.55 3.3 × 1040 0.6, 1.8, 7.1 160 1 × 10−4 2 × 10−25 9.4 × 10−23

42683 1.99 × 10−6 1.1 × 10−2 0.21 2.0 × 1042 4.8, 13.8, 56.2 1300 1.9 × 10−4 3.6 × 10−25 7.4 × 10−22

43693 3.06 × 10−6 1.8 × 10−2 0.12 1.9 × 1042 4.5, 13.2, 53.7 1200 2.4 × 10−4 4.6 × 10−25 7.0 × 10−22

44888.4 1.145 × 10−6 4.9 × 10−2 0.177 1.0 × 1042 3.3, 9.7, 39.6 910 4.0 × 10−4 7.5 × 10−25 5.2 × 10−22

45192 2.05 × 10−6 2.3 × 10−2 0.044 4.5 × 1041 2.2, 6.5, 26.4 610 2.7 × 10−4 5.2 × 10−25 3.5 × 10−22

46257.228 1.601 × 10−6 1.7 × 10−2 0.158 1.3 × 1042 3.7, 10.9, 44.2 1000 2.3 × 10−4 4.4 × 10−25 5.8 × 10−22

47519.8036 1.805 × 10−6 7.7 × 10−2 0.17∗ 1.5 × 1042 4.1, 12.0, 48.7 1100 5.0 × 10−4 9.5 × 10−25 6.4 × 10−22

48457.382 2.715 × 10−6 6.0 × 10−1 0.17∗ 2.3 × 1042 5.1, 14.7, 59.7 1400 1.4 × 10−3 2.6 × 10−24 7.8 × 10−22

49559 8.35 × 10−7 0 0.17∗ 7.0 × 1041 2.8, 8.2, 33.1 760 . . . . . . 4.3 × 10−22

49591.2 1.99 × 10−7 1.2 × 10−1 0.17∗ 1.7 × 1041 1.4, 4.0, 16.2 370 6.2 × 10−4 1.2 × 10−24 2.1 × 10−22

50369.345 2.11 × 10−6 5.95 × 10−3 0.38 4.0 × 1042 6.7, 19.4, 78.7 1800 1.4 × 10−4 2.6 × 10−25 1.0 × 10−21

51559.319 3.086 × 10−6 6.736 × 10−3 0.17∗ 2.6 × 1042 5.4, 15.7, 63.7 1500 1.5 × 10−4 2.8 × 10−25 8.3 × 10−22

53193 2.1 × 10−6 . . . 0.17∗ 1.8 × 1042 4.4, 12.9, 52.5 1200 . . . . . . 6.9 × 10−22

53960 2.62 × 10−6 2.3 × 10−1 0.17∗ 2.2 × 1042 5.0, 14.4, 58.7 1300 8.6 × 10−4 1.6 × 10−24 7.7 × 10−22

55408.8 1.94 × 10−6 7.5 × 10−2 0.17∗ 1.6 × 1042 4.3, 12.4, 50.5 1200 4.9 × 10−4 9.3 × 10−25 6.6 × 10−22

56556 3.1 × 10−6 1.48 × 10−1 0.17∗ 2.6 × 1042 5.4, 15.7, 63.8 1500 6.9 × 10−4 1.3 × 10−24 8.4 × 10−22

56922 4 × 10−10 1 × 10−4 0.17∗ 3 × 1038 0.1, 0.2, 0.7 20 2 × 10−5 3 × 10−26 1 × 10−23

57734.485O2,1 1.431 × 10−6 7.335 × 10−2 0.0085 6.0 × 1040 0.8, 2.4, 9.7 220 4.9 × 10−4 9.2 × 10−25 1.3 × 10−22

CWs from the Crab are unlikely to be detected, except for
the very largest of glitches. Looking into the near future, we
should focus on finding transient CWs from Vela’s glitches,
or any other sufficiently rapidly-rotating pulsar which is

near, has a large glitch size
(
∆ν(tg)
ν0

)
, has a large glitch recov-

ery (Q) or ideally some combination of all three.
Finally, for 3rd-generation detectors like the ET, we

should almost certainly see transient CWs from both the
Crab and Vela if glitch recoveries are even partly explained
by our transient mountain model. If we do not see transient
CWs with the next generation of GW detectors, one could
put an upper limit on how much a glitch’s recovery is due
to a transient mountain.

7 DISCUSSION

It is interesting to point out that the total GW energy in
our transient mountain model (Equation (17)) depends on
∆νt, but ∆νt can be written either as a product of ∆ν(tg)
and Q or ∆ Ûνt and τ, by Equation (6). This highlights two
different degeneracies within our model. The first is that the
same GW energy, and hence SNR, can be obtained during
the post-glitch recovery whether it be a large glitch with a
small recovery, or a small glitch with a large recovery. This
means that we should not neglect searching for transient
CWs even if a pulsar has had a small glitch. There could
very well be a significant transient CW signal, given the
small glitch recovers by a large enough amount.

Secondly, there is a degeneracy between the transient
change in the spin-down rate and the recovery time scale.
Since ε2(tg) ∝ ∆ Ûνt by Equation (10), the same SNR can be
achieved with either a large transient mountain that decays
away on a short time-scale, or a small transient mountain
that decays on a long time-scale. Taken to the extreme, this

statement is how conventional CW searches keep decreasing
the upper limit on ε or h0 for a given pulsar, because not
seeing a CW signal for a longer amount of time means the
ellipticity must be smaller.

In previous sections, we briefly mentioned the idea of
permanent mountains created at the moment of the glitch.
They can exist from having a negative ∆ Ûνp, but with the
exception of a few large glitches of the Crab7, many glitches
do not normally show a non-zero ∆ Ûνp. The only place where
we needed to use ∆ Ûν(tg) instead of ∆ Ûνt was in calculating
εapprox(tg) and h0,approx(tg), where use of this approxima-
tion is clear from the subscript. If one had a value for ∆ Ûνt,
then using that to calculate ε(tg) or h0(tg) would yield a
more accurate result. The same can be said for including
the effects of ∆ Ûνp in the total GW energy emitted. Perma-
nent mountains would give off conventional CWs which con-
tribute to a constant GW luminosity.

Link et al. (1992) argued that a negative ∆ Ûνp could not
be explained with the vortex creep model8 and concluded
that there must be either a time-dependent torque during
the glitch recovery (e.g. Allen & Horvath 1997) or the glitch
causes a change to the external torque. They preferred the

7 It is well-known that large glitches of the Crab exhibit a perma-
nent change to the spin-down rate (Lyne et al. 1993) but this is
seemingly the only pulsar which shows this behaviour (Lyne et al.
2000). The Crab had large glitches in the years 1975, 1989, 2011

and 2017 (MJD 42447.26, 47767.504, 55875.5 and 58064.555 re-
spectively) with the first 3 showing a permanent change to Ûν
(Lyne et al. 2015), and the last one too recent to confidently say

whether there has been a permanent change to Ûν (Shaw et al.
2018).
8 Alpar and collaborators soon added a ”vortex depletion region”
into their model to explain a negative ∆ Ûνp (Alpar & Pines 1993;

Alpar et al. 1996).
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Figure 2. The above graph shows modified sensitivity curves of ET in its ‘D’ configuration (purple), aLIGO (green), Livingston in O2

(yellow) and Hanford in O2 (orange). The square root of the root-sum-squared GW amplitude of each transient CW is plotted as a grey

filled circle. The light red crosses are the same but for the glitches we estimated Q for. If a data-point lies above the modified sensitivity
curve, then that transient CW signal would give a SNR greater than our threshold which is set to ρthres = 11.4, meaning it would be

confidently detectable. The x-axis refers to the GW frequency which is twice the pulsar’s spin frequency for a NS mountain.

idea of changing the external torque through a rearrange-
ment of the magnetic field (Link et al. 1998; Franco et al.
2000), but our model, if one allows also for the forma-
tion of a permanent mountain, provides both the time-
dependent torque from transient mountains and the (perma-
nent) change to the external torque from permanent moun-
tains.

In our model, we can also make a prediction for the
recovery time-scale by rearranging Equation (6) and using
the approximation ∆ Ûνt ≈ ∆ Ûν(tg) to give

τapprox ≈ −
Q∆ν(tg)
∆ Ûν(tg)

= − ∆νt
∆ Ûν(tg)

. (30)

If we were to include the effect of ∆ Ûνp, then the recovery
time-scale would be just a rearrangement of Equation (4)

τ = −∆νt
∆ Ûνt
= − ∆νt

Q′∆ Ûν(tg)
=

1
Q′

τapprox , (31)

where we follow Weltevrede et al. (2011) in defining

Q′ =
∆ Ûνt
∆ Ûν(tg)

=
∆ Ûνt

∆ Ûνt + ∆ Ûνp
, (32)

which is analogous to Q but for the spin-down rate. We can
then look at Q′ as ∆ Ûνp varies, with ∆ Ûνt held as a negative
constant. At ∆ Ûνp = 0, we get Q′ = 1 leading to τ = τapprox
as expected. For the case of permanent mountains, ∆ Ûνp . 0
so Q′ . 1 and τ & τapprox. If there happens to be ∆ Ûνp & 0,
then Q′ & 1 and τ . τapprox.

It is important to note that τapprox is the approximate
recovery time-scale of the post-glitch recovery which we see

in radio. As mentioned in Section 3, the GW recovery time-

scale from a glitch, τGW, defined by h0(t) ∝ e−
∆t

τGW , is twice
the recovery time-scale observed in the radio. Hence, for
transient CW searches, one should use

τGW =
2

Q′
τapprox = −

2
Q′

ν0
Ûν0

Q
(
∆ν(tg)
ν0

) (
∆ Ûν(tg)
Ûν0

)−1
, (33)

or half of this if you are predicting the radio post-glitch re-
covery time-scale. Of course, if we already know τ from ra-
dio observations then τGW would simply be twice the value
of τ. This information should certainly help conduct tran-
sient CW searches and if, in the future, we detect transient
CWs frequently, it could be that GW observations end up
aiding radio astronomers in their discoveries instead of the
other way around. Generally, GW searches are performed
over some plausible range of damping times and not just at
this single value (e.g. Keitel et al. 2019).

In both disciplines, it would be insightful to use typical
values of Q and Q′ when a pulsar glitches, so one could imme-
diately predict how the GW waveform/radio timing residu-
als would appear in data under this model. For instance, we
already calculated the average Q for our two pulsars of in-
terest, QCrab ≈ 0.84 and QVela ≈ 0.17. We can try to do the
same for Q′. Observationally, it appears that ∆ Ûνp < 0.2∆ Ûν(tg)
for the Crab with the caveat that the glitch is not affected
by the previous one (Espinoza et al. 2011; Lyne et al. 2015).
This results in 0.8 < Q′

Crab
< 1.0 with larger Crab glitches

taking values closer to the lower bound. It is harder to say
for Vela as glitches tend to occur before the spin-down rate
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10 G. Yim & D. I. Jones

has had a chance to fully recover from the previous glitch
(Lyne et al. 1996).

When we do calculate τGW using Q′ = 1, we get average
values of 〈τGW, Crab〉 ≈ 24 days and 〈τGW, Vela〉 ≈ 298 days.
Keitel et al. (2019) searched for transient CWs of up to 4
months in duration. One can see 〈τGW, Vela〉 is longer than
4 months so if a typical glitch from Vela occurred, and it
was uninterrupted by another glitch, then it would require
a search longer than 4 months to track the first e-fold of its
recovery.

In a few cases, there were SNRs greater than our SNR
threshold, ρthres. If these glitches occurred during a GW
observation run (which they did not), then we could have
had a detection if only a fraction of the total signal was
detected. With an exponential recovery model, most of the
GW energy is emitted within the first few e-folds of the
signal, hence, we can reduce how long we need to integrate
for. By using Equations (21) and (13), we get

Tdetect = −τ ln

(
1 −

ρ2
thres

〈ρ2
0〉

)
, (34)

where Tdetect is the time it takes to confidently detect a sig-
nal and 〈ρ2

0〉 is given by Equation (22), which is the SNR
(squared) you would get if you could capture the entire tran-
sient CW uninterrupted. 〈ρ2

0〉 can be predicted at the glitch

if we use an approximate value of Q. One should note 〈ρ2
0〉

is different for every glitch, pulsar and GW detector so con-
sequently Tdetect will be different in each case too. If a tran-
sient CW was detected confidently before ∆t = Tdetect was
reached, then our model would not be a viable explanation
for that particular transient CW. In practical terms, if an-
other glitch occurred before ∆t = Tdetect, but we were still
able to confidently detect a transient CW signal from the
first glitch, then this model fails to explain that transient
CW. A reason for this to happen is if more GW energy
is emitted immediately after the glitch and so an exponen-
tial form for the GW amplitude is not representative of the
physics which cause the GWs.

As a proof of concept on how to use Equation (34), we
can set Tdetect = 4 months and τ to the average we would
expect from Vela, so τ = 〈τ〉 = 1

2 〈τGW, Vela〉 = 149 days
to find what a 4 month search would be sensitive to if a
typical Vela glitch with τ = 149 days were to occur. For
ρthres = 11.4, the calculation shows that a 4 month search on
a typical Vela glitch would only be detectable if the emitted

transient CW had
√
〈ρ2

0〉 ≥ 15.3. Explicitly, this means a

typical Vela glitch with 11.4 <
√
〈ρ2

0〉 < 15.3 would not be

detected with a 4 month search, though it would be if we
could integrate for longer. Every glitch is different and so if
τ was smaller, then the upper limit of the SNR range we are
not sensitive to would reduce. It is clear that restricting the
length of time searched over limits how many transient CWs
we can detect. Therefore, appropriate modelling of transient
CWs becomes important in selecting the upper temporal
boundary for GW searches.

For the time it takes for a confident detection, the frac-
tion of energy emitted is given by

Edetect

EGW
=
ρ2
thres

〈ρ2
0〉

, (35)

where Edetect is the accumulated GW energy emitted up to
the detection time Tdetect and EGW is the total GW en-
ergy emitted if the glitch fully recovered. For the Vela case
above, a confident detection within a 4 month observation
corresponds to detecting at least 55% of EGW for a Vela
glitch. Any remaining kinetic energy lost during the post-
glitch recovery could be attributed to elsewhere.

For the ellipticities which we have calculated, it might
be natural to want to see how they compare with the spin-
down ellipticity of the pulsar. The spin-down ellipticity, εsd,
is the ellipticity a pulsar would have if all of its secular
spin-down were due to conventional CW emission. Math-
ematically, it is found from equating Equations (7) and (15)
and solving for ε(t) = εsd, leading to ε2

sd
∝ Ûν0. Also, from

Equation (10), we know ε2(tg) ∝ ∆ Ûνt. Both the constants of
proportionality are the same and so we find the relation

ε2(tg) =
(
∆ Ûνt
Ûν0

)
ε2
sd , (36)

or

ε2
approx(tg) =

(
∆ Ûν(tg)
Ûν0

)
ε2
sd , (37)

when we use the approximation ∆ Ûνt ≈ ∆ Ûν(tg). Since(
∆ Ûν(tg)
Ûν0

)
< 1, we can conclude εapprox(tg) < εsd is always

true. Therefore, the ellipticities of our transient mountains
should never exceed the spin-down ellipticity. This is shown
visually in Fig. 3 using data from the Crab and Vela. Also
within Fig. 3 is a horizontal dashed line which represents the
current upper limit on the spin-down ellipticity of the Crab
and Vela pulsars, taken from Abbott et al. (2020). It can be
seen that many transient mountains have ellipticities which
exceed this upper limit. However, this does not disprove our
model, as the upper limit is calculated for a conventional CW
with a duration on the order of years, whereas our shorter
transient CWs may only have ε > εupper for only some small
fraction of time. There would not be enough signal emitted
during this short time to accumulate enough SNR to be
classified as a detection. This point just highlights the de-
generacy between the size of the transient mountain and the
time it takes to decay away.

There is nothing in our model to suggest that we can-
not have values of Q > 1. This is in contrast to the vortex
creep model where Link et al. (1992) showed only Q < 1 was
possible. Ultimately though, Q < 1 is what is observed for
most pulsars including the Crab and Vela pulsars. Looking
at the definition of Q in Equation (5), Q > 1 is mathemati-
cally equivalent to having ∆νp < 0 given ∆νt > 0. This would
appear as an “over-recovery” and has in fact been seen be-
fore in x-ray glitches of magnetars (Livingstone et al. 2010;
Gavriil et al. 2011) and the high-magnetic-field radio pul-
sar J1119-6127 (Weltevrede et al. 2011; Antonopoulou et al.
2015). However, it should be noted that magnetars gener-
ally rotate too slowly for our model to apply. Although a
SNR could be calculated, any ellipticities would end up un-
physically large. Additionally, J1119-6127 is one of the very
few pulsars which have ∆ Ûνp > 0. This feature cannot be
explained by our model.

For glitches with Q > 1, the spin frequency after fully
recovering is lower than the pre-glitch frequency. There-
fore, if the recovery time-scale of such a glitch were to be
shorter than the time between observations, then this over-
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Figure 3. εapprox(tg) at various MJDs for glitches of the Crab
(top) and Vela (bottom). The horizontal solid grey line represents

the spin-down ellipticity required to explain the secular spin-down

for that given pulsar. For the Crab, εsd = 7.6× 10−4 and for Vela,
εsd = 1.8 × 10−3. The horizontal dashed grey line represents the

latest upper limit on the secular spin-down ellipticity as given in
Abbott et al. (2020). These upper limits are εupper = 8.6 × 10−6

and εupper = 1.2×10−4 for the Crab and Vela pulsars respectively.

recovery would be appear as an “anti-glitch”. Such an anti-
glitch was seen in Archibald et al. (2013), but it was for a
magnetar. One explanation for this was an enhanced electro-
magnetic outflow at the glitch, causing an increase on the
external braking torque (e.g. Tong 2014). If such an anti-
glitch were to happen for a rapidly-rotating NS, then our
model would associate the anti-glitch with a period of ex-
cess braking torque caused by the emission of GWs from a
transient mountain. From Equation (6), an arbitrarily large
Q can be achieved from having a transient mountain which
is large enough, and/or lasts long enough.

Recently, Ashton et al. (2019) looked at the rota-
tional evolution of Vela during its most recent glitch in
2016 (MJD 57734). What was special about this glitch
was that radio astronomers were observing the source at
the moment it glitched, which had never been done be-
fore (Palfreyman et al. 2018). In the frequency domain,
Ashton et al. (2019) found a fast ∼100 s recovery after the
glitch and also a ∼100 s spin-down prior to the glitch. To
emphasize, these time-scales are much shorter than those
considered in earlier sections.

One interesting extension of our model would be to sug-
gest the spin-down prior to the glitch is caused by the pres-
ence of a NS mountain. This mountain could either grow
in size until some critical ellipticity which cracks the crust
and triggers the glitch, or, it could be the instantaneous
formation of a constant-sized (or growing) mountain which

spins-down the normal component of the NS causing the
lag between the normal and superfluid components to be-
come critical, triggering vortex unpinning (Anderson & Itoh
1975). The post-glitch recovery would be associated with
the mountain decaying away as previously established. Like
before, we do not propose a formation mechanism for the
mountain, rather, we only consider the consequences of such
a mountain. Further analysis of Üν would be required to dis-
tinguish if it was a growing mountain or a constant-sized
mountain.

This extension of the model implies that there would
be GWs emitted at twice the NS’s spin frequency prior to
the glitch, as well as after the glitch. If the crust-cracking
idea is correct, it could also explain the symmetry of the
situation since the crust would crack at the halfway point
between it growing and decaying away, at the mountain’s
maximum size. Another symmetry is that the spin-down rate
before and after the glitch appear to be the same magnitude.
This would correspond to the mountain surviving the glitch
event before decaying away. However, after putting in ap-
proximate values of the relevant observables into our model,
we find that the ellipticity for this glitch would be around
ε = O(10−1) at the time of the glitch which is large enough to
crack the crust, but is too large for our model to be plausible.

Unfortunately, Livingston was not operational at the
moment of the glitch9 and after calculating the SNR for
Hanford, the transient mountains would not have been de-
tectable. Still, the shortest time-scale Keitel et al. (2019)
searched for was 0.5 days, which does not include the ∼400 s
GW duration this extended model would predict. Also, the
all-sky search for 2 – 500 s transients by Abbott et al.
(2019b) only looked at GW frequencies between 24 –
2048 Hz, which does not include the ∼22 Hz GWs we would
expect from Vela. It would certainly be interesting to see
whether short transient CWs from the 2016 Vela glitch are
still left undiscovered within O2 data.

Finally, our model is limited to glitches which have
∆ν(tg) > 0 and ∆ Ûν(tg) < 0. This is true for most glitches but
there are a handful of other glitches which have ∆ν(tg) > 0
and ∆ Ûν(tg) > 0. So far, there is nothing in our model to
explain such a glitch and would require more thought.

8 CONCLUSION

To summarise, we have created a simple model whereby pul-
sar post-glitch recoveries seen in radio observations are at-
tributed to the instantaneous formation of a transient moun-
tain at the moment of the glitch. This mountain would create
a braking torque on the NS spinning it back down, but not
exclusively, to near pre-glitch spin frequencies via the emis-
sion of transient CWs. We calculated various quantities like
the energy which could go into GW emission, the values for
the SNR in different GW detectors as well as the ellipticity
and GW strain which could be achieved from our model. All
these quantities were expressed in terms of observable pa-
rameters from radio astronomy. We found that the greatest
chance of detecting a transient CW required a large glitch

9 https://www.gw-openscience.org/detector_status/day/

20161212/
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size, a large glitch recovery and that the pulsar needed to
be near to us in distance.

In general, we found that O2-era detectors would not
have detected the majority of the Crab’s or Vela’s glitches,
irrelevant of whether they actually occurred during the O2
run. There were however 2 glitches which did occur in O2 but
both of these were not detectable according to our model.
This is consistent with the recent findings of Keitel et al.
(2019). Also, our model predicts that the Crab glitch which
occurred in O3 will not be seen when the data from O3 is
processed. One disappointing finding is that unless the Crab
has a large glitch, it is unlikely we will see transient CWs
from the Crab at aLIGO’s design sensitivity. Fortunately
though, most of Vela’s glitches will be detectable at aLIGO’s
design sensitivity if our model is correct. Finally, with 3rd-
generation detectors such as the ET, our results suggests we
will see transient CWs from the glitches of both the Crab
and Vela pulsars with the caveat that our model is correct,
even if partially. If we do not see transient CWs from pulsar
glitches at that point, then one could put an upper limit on
how much transient mountains actually contribute to the
post-glitch recovery.

A consequence of our model is that large transient
mountains which decay away quickly emit the same GW en-
ergy as smaller mountains which take longer to decay. This
emphasises why it is important to search the uncharted terri-
tory between burst GWs and conventional CWs. To this end,
we reported an estimate of the recovery time-scale for which
transient CWs emitted via mountains would have. It was
found that the GW recovery time-scale is exactly twice the
post-glitch recovery time-scale found in radio observations,
i.e. τGW = 2τradio. We provided an expression for τGW de-
pendent only on observables and could be quickly calculated
either with or without the assumption of a permanent moun-
tain being formed at the glitch. This will help guide future
transient CW searches, not least, to give a theoretical ex-
planation of a detection, if we are ever successful.

Finally, we provided a prediction for the minimum time
required to accumulate enough SNR to warrant a detec-
tion, Tdetect. If future searches do find transient CWs within
a time shorter than Tdetect, then this simple model, as it
stands, will not be able to explain the newly-discovered phe-
nomenon.
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APPENDIX A: SIMPLIFYING THE CHANGE
IN TORQUE DURING THE POST-GLITCH
RECOVERY

This Appendix aims to show that we can simplify the gen-
eral expression for the change in torque on a NS due to a
transient mountain during the post-glitch recovery. We will
exploit the size differences between the fractional changes of
several variables to allow us, to some approximation, ignore
all effects on the torque besides the change in the spin-down
rate.

Firstly, the torque N on the NS is given as

N(t) = d
dt
(I(t)Ω(t)) = ÛI(t)Ω(t) + I(t) ÛΩ(t) , (A1)

where I is the moment of inertia about the rotation axis,
Ω is the angular velocity of the NS and the dot represents
a time derivative. Then, the change in the torque due to a
glitch is

∆N(t) = 2π
[
ν0∆ ÛI(t) + ÛI0∆ν(t) + Ûν0∆I(t) + I0∆ Ûν(t)

]
, (A2)

for t > tg and where the subscript ‘0’ represents the pre-glitch
value. This is a general expression for the torque during the
post-glitch recovery and each change of a variable is time-
dependent. This means a change in ÛI, ν, I or Ûν will have
an effect on the torque. Our model associates the change in

torque purely to a change in Ûν so therefore we want to show
that the first 3 terms are much smaller than the last in order
for our assumption to be justified. The relevant ratios are

Term 1

Term 4
=
ν0∆ ÛI(t)
I0∆ Ûν(t)

, (A3)

Term 2

Term 4
=
ÛI0∆ν(t)
I0∆ Ûν(t)

, (A4)

Term 3

Term 4
=
Ûν0∆I(t)
I0∆ Ûν(t)

. (A5)

These ratios are not trivial and so we will need explore
further. In all ratios, the moment of inertia plays an impor-
tant role so we will start with that. One can imagine that
before a NS glitches, it has a stable, but still time-varying,
moment of inertia, denoted by Isec(t) where the subscript is
short for “secular”. Then, immediately after the glitch it has
a moment of inertia of I(tg). The change of moment of inertia
at the glitch is therefore ∆I(tg) = I(tg) − Isec(tg) = I(tg) − I0.
If the moment of inertia exponentially recovers at a rate τ

(this can be verified by looking at Equations (B6), (B13)
and (10) but with the time-dependence kept in), then the
moment of inertia of the NS goes as

I(t) = Isec(t) + ∆I(tg)e−
∆t
τ = Isec(t) + ∆I(t) , (A6)

for t > tg, and when we differentiate with respect to time we
get

ÛI(t) = ÛIsec(t) −
∆I(t)
τ

. (A7)

We can therefore write

∆ ÛI(t) ≡ ÛI(t) − ÛIsec(t) = −
∆I(t)
τ

, (A8)

which is the difference to the rate of change of the moment
of inertia caused by the glitch.

We also need to find an expression for ÛI0 to allow us
to simplify Equation (A4). To do this, we need to look at
the secular evolution of the NS’s moment of inertia which
is attributed to the slowing down of the NS over time. We
can write the secular moment of inertia in terms of a small
parameter, εΩ, which parametrises how rotation causes a
departure from the moment of inertia of a non-rotating NS.
Mathematically, it is

Isec(t) = INR(1 + εΩ(t)) , (A9)

where INR is the moment of inertia if the NS was not rotat-
ing. We immediately see that

ÛIsec(t) = INR ÛεΩ(t) . (A10)

In general, εΩ has the form

εΩ(t) = kΩ2(t) , (A11)

where k is some constant of proportionality which depends
on the detailed model of the NS. To get an idea of the size
of εΩ, we can take the simple case of a completely fluid and
incompressible NS which Baym & Pines (1971) found has

εΩ(t) =
5
6

R3

GM
Ω

2(t) , (A12)

which results in εΩ = 1.58 × 10−4 for the Crab and εΩ =

2.21× 10−5 for Vela for values of the spin frequency as given
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14 G. Yim & D. I. Jones

in Table 1 and using M = 1.4 M� and R = 10 km. Differenti-
ating Equation (A11) with respect to time and substituting
into Equation (A10), we find that

ÛIsec(t) = 2INRεΩ(t)
ÛΩ(t)
Ω(t) . (A13)

From Equation (A9), we can see that there is only a
small correction between using INR and say the moment of
inertia just before the glitch, I0 (= Isec(tg)), and so we can
let INR ≈ I0. This then allows us to evaluate Equation (A13)
at the moment just before the glitch which gives

ÛI0
I0
= 2εΩ,0

Ûν0
ν0

. (A14)

We now have enough to re-write our ratios without the
ÛI0 and ∆ ÛI terms, and we want all our ratios to be much less
than 1. This results in

∆I(t)
I0
� − τ∆ Ûν(t)

ν0
, (A15)

2εΩ,0
∆ν(t)
ν0
� ∆ Ûν(t)Ûν0

, (A16)

∆I(t)
I0
� ∆ Ûν(t)Ûν0

, (A17)

where each line represents the ratios in Equations (A3), (A4)
and (A5) respectively. Note that these conditions are all still
time-dependent. We can remove this by taking the conser-
vative case of ∆I(t) = ∆I(tg) and ∆ν(t) = ∆ν(tg) as both these
quantities are always smaller or equal to the value at the
time of the glitch. On the right hand side, we can say that
during the post-glitch recovery, ∆ Ûν(t) ∼ ∆ Ûνt. Then, using
Equation (6) in Equation (A15), and Equation (32) in Equa-
tions (A16) and (A17), we finally get

∆I(tg)
I0

� Q
(
∆ν(tg)
ν0

)
, (A18)

2εΩ,0
∆ν(tg)
ν0

� Q′
(
∆ Ûν(tg)
Ûν0

)
, (A19)

∆I(tg)
I0

� Q′
(
∆ Ûν(tg)
Ûν0

)
, (A20)

where Q is the healing parameter of the spin frequency and
Q′ is the same but for the time derivative of the spin fre-
quency. They are defined in Equations (5) and (32) respec-
tively.

Typically, Q and Q′ are on the order of unity and since
the spin frequency of NSs vary by a small amount over secu-
lar time-scales, we can say εΩ varies by little too, meaning we
are able to use the values of εΩ which we calculated earlier
for εΩ,0.

From Appendix B, it was found empirically that
∆I (tg)
I0
� ∆ν(tg)

ν0
for both the Crab and Vela. This means

Equation (A18) is satisfied. Then, looking at the JBCA

Glitch Catalogue, we find that
∆ν(tg)
ν0

is about 4 - 6 orders of

magnitude smaller than
∆ Ûν(tg)
Ûν0

for both pulsars. Along with

εΩ,0 ∼ 10−5 – 10−4, Equation (A19) is comfortably satisfied.

Finally, by simple logic it must be that
∆I (tg)
I0
� ∆ Ûν(tg)

Ûν0
so

Equation (A20) is also satisfied.
To summarise, we have shown Equations (A18) – (A20)

to be true. This allows us to ignore the small effects of ∆ ÛI,
∆ν and ∆I on the torque. As a result, the main contributor

to the change in torque for our transient mountain model is
due to a change in the spin-down rate, ∆ Ûν.

APPENDIX B: THE CHANGE IN THE
MOMENT OF INERTIA DUE TO THE
FORMATION OF A MOUNTAIN

This Appendix addresses the question on whether the
change in the moment of inertia about the rotation axis,
due to the formation of a transient mountain, can be ignored
when: 1) a NS rapidly spins-up during a glitch, and 2) when
the NS recovers from a glitch. For a uniformly-dense and in-
compressible NS, the sudden formation of a mountain causes
an increase to the moment of inertia about the rotation axis.
This has the effect of decreasing the NS’s spin frequency and
the subsequent dissipation of the mountain during the recov-
ery causes the NS to spin faster. We show empirically that
these effects due to changes in the moment of inertia are
negligible compared to the frequency changes caused intrin-
sically by glitches for the Crab and Vela pulsars. We use the
results from this Appendix to simplify the calculation of the
GW luminosity and torque during the post-glitch recovery.

For the sake of simplicity, we will assume the NS is of
uniform density and is incompressible. This allows for simple
analytic results to be calculated. Under the model described
in Section 1, when a NS glitches, the NS forms a transient
mountain turning it into a tri-axial (ellipsoidal) NS. This
tri-axial NS will have a volume of

V =
4
3
πa1a2a3 , (B1)

where a1, a2 and a3 are the semi-major axis lengths along
the x, y and z axes respectively, with the z-axis defined such
that it is aligned with the rotation axis. The initial pre-
glitch configuration, shown by a subscript ‘0’, is generally
axisymmetric with an initial volume of

V0 =
4
3
πa2

1,0a3,0 , (B2)

where we have used a1,0 = a2,0 for an axisymmetric NS.
Keeping all generality, the perturbed semi-major axis length
can be written as the sum of the unperturbed semi-major
axis length, ai,0, and a small perturbation, δai , giving

ai = ai,0 + δai , (B3)

for i = 1, 2, 3. We are interested in spherical harmonic per-
turbations of the form l = 2, m = 2 which have the property
δa2 = −δa1. When enforced with volume conservation, we
find a 1-parameter family of solutions, with δa3 easily cal-
culable if required.

Let the moment of inertia about the rotation axis be Izz .
We have similar expressions along the x and y axes which
lie along the remaining axes of symmetry. For a uniformly-
dense ellipsoid of density ρ̄, the moment of inertia about
each of the axes can be written analytically as

Ixx =
1
5

M(a2
2 + a2

3) ,

Iyy =
1
5

M(a2
1 + a2

3) , (B4)

Izz =
1
5

M(a2
1 + a2

2) ,
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Gravitational waves from transient mountains 15

where M = ρ̄V . Here, when we talk about NS mountains we
refer to a non-axisymmetric deformation which leads to an
equatorial ellipticity, εeq. It is defined as

εeq ≡
Ixx − Iyy

Izz
, (B5)

which is a small dimensionless number parametrising how
much the NS differs in length between its x and y axes within
the equatorial plane (for a NS with a non-zero Izz).

There is another dimensionless parameter we can talk
about which is the oblateness parameter, εob, defined as

εob ≡
Izz − Izz,0

Izz,0
, (B6)

where Izz,0 = 2
5 Ma2

1,0. This is, again, a small parameter but
this time it measures the change in oblateness due to the
sudden formation of a mountain. Oblateness can be seen
as how elliptical the NS is in a plane perpendicular to the
equatorial plane, i.e. within a meridional plane.

We want to show that we can ignore the effects of the
change in the moment of inertia about the z-axis whilst still
obeying the conservation of angular momentum at the mo-
ment of the glitch. The change in the angular momentum at
the moment of the glitch, ∆J(tg), is the sum of

∆J(tg) = 2π∆Izz (tg)ν0 + 2πIzz,0∆ν(tg) , (B7)

where the parentheses show the quantity is evaluated at the
time of the glitch, immediately after the transient mountain
has been created. If we can show the first term is smaller
than the second, then we can conclude that the change in
the moment of inertia can be ignored at the glitch without
considerably affecting the “usual” change in angular momen-
tum due to a change in the spin frequency. In other words,
we want to show

∆Izz (tg)
Izz,0

�
∆ν(tg)
ν0

, (B8)

where ∆Izz (tg) = Izz (tg) − Izz,0. The left hand side of Equa-
tion (B8) is the same as εob(tg) and the right hand side we
know from the JBCA Glitch Catalogue. However, we do not
immediately have a numerical value for εob(tg) but what we
can get is a value for εeq(tg). εeq(tg) can be approximated
using Equation (11) from Section 3. Therefore, we proceed
by relating εob to εeq which would give us a numerical value
to the left hand side of Equation (B8).

After substituting Equations (B4) and (B3) into Equa-
tion (B6), we get

εob =
−

(
a2

1,0 − a2
2,0

)
+

(
2a1,0δa1 + 2a2,0δa2

)
+

(
δa2

1 + δa2
2

)
2a2

1,0
,

(B9)

and doing the same substitutions but for Equation (B5) gives

εeq =

(
a2

2,0 − a2
1,0

)
+ 2

(
a2,0δa2 − a1,0δa1

)
+

(
δa2

2 − δa2
1

)(
a2

1,0 + a2
2,0

)
+ 2

(
a1,0δa1 + a2,0δa2

)
+

(
δa2

1 + δa2
2

) .

(B10)

Both Equations (B9) and (B10) are general results.
Then, we specialise to δa2 = −δa1 perturbations and ac-
count for the axisymmetric initial configuration, a1,0 = a2,0,

so that Equation (B9) becomes

εob =

(
δa1
a1,0

)2
, (B11)

which is an exact result, and (the square of) Equation (B10)
becomes

ε2
eq = 4

(
δa1
a1,0

)2
+ O

[(
δa1
a1,0

)4
]
, (B12)

where the O notation represents higher order terms we can

ignore, coming from a Taylor expansion in
(
δa1
a1,0

)
. Therefore

to a very good approximation, we can say that

εob ≈
1
4
ε2
eq , (B13)

at all times during and after the glitch. We can now numeri-
cally evaluate Equation (B8) to see if it is satisfied. We take
εeq(tg) = εapprox(tg) from Tables 2 and 3 to calculate εob(tg)
and we compare εob(tg) as a percentage of

∆ν(tg)
ν0

. The results
are shown in Table B1.

We can see from Table B1 that εob(tg) is typically ∼1%

of
∆ν(tg)
ν0

for the Crab, and typically 1 – 4% for Vela with the
odd glitch hitting 20% or even 50%. Therefore, we find that
for most glitches, the assumption of ∆Izz being negligible
holds at the moment of the glitch, as its contribution to
the angular momentum has a relative size of < 5% when
compared to the contribution due to ∆ν.

We can extend this calculation to include the post-glitch
recovery too. If we wanted to show that the change in the
moment of inertia is negligible during the post-glitch recov-
ery, we would need to show

∆Izz (t)
Izz,0

� ∆ν(t)
ν0

, (B14)

for all t > tg. However, ∆Izz (t) at most has a value of ∆Izz (tg)
and the change in the spin frequency during the glitch re-
covery is typically ∆ν(t) ∼ ∆νt. Therefore, we have

∆Izz (tg)
Izz,0

� ∆νt
ν0
= Q

(
∆ν(tg)
ν0

)
, (B15)

where we used Equation (6) in the equality. This condition
is simply Equation (B8) but with an extra factor of Q. If
Q ∼ 1, then Equations (B15) and (B8) are the same and
since we have already shown Equation (B8) to be true, then
Equation (B15) must also be true.

We do however, have values of Q so we shall use them
to calculate the ratio of the left hand side and the right hand
side of Equation (B15). This ratio, expressed as a percent-
age, is presented in Table B1. We see that the contribution
from the moment of inertia is higher during the post-glitch
recovery, though it is still small enough to allow us to jus-
tify neglecting it. There are a few Vela glitches which have
a large contribution from the moment of inertia, but for the
majority, it seems the inequality in Equation (B15) holds.
Therefore, we can and we will ignore the change in the mo-
ment of inertia during the post-glitch recovery.

Our assumption of the change in the angular momen-
tum being solely due to a change in spin frequency breaks
down whenever the percentages in Table B1 get larger, like
in a few of Vela’s glitches. Nonetheless, we could still use the
assumption but we would need to proceed with caution as
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Table B1. This table has values of εob(tg) calculated from Equation (B13), the glitch sizes from the JCBA Glitch Catalogue

(Espinoza et al. 2011) and the final two columns have the fraction of these two quantities expressed as a percentage, one without

being divided by Q and the other one with the division by Q. The 4th column represents the contribution that the change in the moment
of inertia has on the angular momentum at moment of the glitch and 5th column represents the same but for the post-glitch recovery.
O2This glitch happened during the O2 run of aLIGO. O3This glitch occurred during the O3 run of aLIGO. 1The data for this glitch was

taken from Xu et al. (2019).

Crab

MJD εob(tg)
∆ν(tg)
ν0

εob(tg)ν0
∆ν(tg) [%]

εob(tg)ν0
Q∆ν(tg) [%]

40491.8 6.3×10−11 7.2 × 10−9 0.87 1.0

41161.98 2.4×10−11 1.9 × 10−9 1.3 1.4

41250.32 1.6×10−11 2.1 × 10−9 0.75 0.89

42447.26 2.3×10−10 3.57 × 10−8 0.64 0.79

46663.69 7 × 10−11 6 × 10−9 1 1

47767.504 4.9×10−10 8.10 × 10−8 0.60 0.67

48945.6 4.6×10−11 4.2 × 10−9 1.1 1.3

50020.04 3 × 10−11 2.1 × 10−9 1 2

50260.031 2.5×10−10 3.19 × 10−8 0.77 1.1

50458.94 1.6×10−10 6.1 × 10−9 2.6 3.0

50489.7 . . . 8 × 10−10 . . . . . .

50812.59 8.8×10−11 6.2 × 10−9 1.4 1.6

51452.02 1 × 10−10 6.8 × 10−9 1 2

51740.656 4.1×10−10 2.51 × 10−8 1.7 2.1

51804.75 7.6×10−11 3.5 × 10−9 2.2 2.6

52084.072 3.0×10−10 2.26 × 10−8 1.3 1.6

52146.758 8.1×10−11 8.9 × 10−9 0.91 1.1

52498.257 1.0×10−10 3.4 × 10−9 2.9 3.5

52587.2 7 × 10−11 1.7 × 10−9 4 5

53067.078 8.8×10−10 2.14 × 10−7 0.41 0.49

53254.109 3 × 10−11 4.9 × 10−9 0.6 0.7

53331.17 1 × 10−10 2.8 × 10−9 4 4

53970.19 4.4×10−10 2.18 × 10−8 2.0 2.4

54580.38 3 × 10−11 4.7 × 10−9 1 1

55875.5 . . . 4.92 × 10−8 . . . . . .

57839.92O2 3.9×10−11 2.14 × 10−9 1.8 2.6

58064.555 9.9×10−10 5.164×10−7 0.19 0.23

58237.357 6.6×10−11 4.08 × 10−9 1.6 1.9

58470.939 5.1×10−11 2.36 × 10−9 2.2 2.6

58687.59O3 . . . 3.60 × 10−8 . . . . . .

Vela

MJD εob(tg)
∆ν(tg)
ν0

εob(tg)ν0
∆ν(tg) [%]

εob(tg)ν0
Q∆ν(tg) [%]

40280 8.1 × 10−9 2.34 × 10−6 0.35 10

41192 1.2 × 10−8 2.05 × 10−6 0.59 17

41312 2 × 10−9 1.2 × 10−8 20 40

42683 8.9 × 10−9 1.99 × 10−6 0.45 2.1

43693 1.5 × 10−8 3.06 × 10−6 0.48 4.0

44888.4 4.0 × 10−8 1.145×10−6 3.5 20

45192 1.9 × 10−8 2.05 × 10−6 0.91 21

46257.228 1.4 × 10−8 1.601×10−6 0.86 5.5

47519.8036 6.2 × 10−8 1.805×10−6 3.5 20

48457.382 4.9 × 10−7 2.715×10−6 18 110

49559 0 8.35 × 10−7 0 0

49591.2 9.7 × 10−8 1.99 × 10−7 49 290

50369.345 4.8 × 10−9 2.11 × 10−6 0.23 0.60

51559.319 5.5 × 10−9 3.086×10−6 0.18 1.0

53193 . . . 2.1 × 10−6 . . . . . .

53960 1.9 × 10−7 2.62 × 10−6 7.1 42

55408.8 6.1 × 10−8 1.94 × 10−6 3.1 18

56556 1.2 × 10−7 3.1 × 10−6 3.9 23

56922 8 × 10−11 4 × 10−10 20 100

57734.485O2,15.9 × 10−8 1.431×10−6 4.2 24

a change in the moment of inertia about the rotation axis
would contribute to a change in the NS’s angular momen-
tum. A quick way to parametrise how much the moment
of inertia contributes to the change in angular momentum
would be to look at the following parameters

η1 ≡
εob(tg)ν0
∆ν(tg)

= − 5
32(2π)4

c5

G
1
I
Ûν0
ν5

0

(
∆ Ûν(tg)
Ûν0

) (
∆ν(tg)
ν0

)−1
,

(B16)

η2 ≡
εob(tg)ν0
Q∆ν(tg)

= − 5
32(2π)4

c5

G
1
I
Ûν0
ν5

0

1
Q

(
∆ Ûν(tg)
Ûν0

) (
∆ν(tg)
ν0

)−1
,

(B17)

where η1 represents the fractional contribution to the angu-
lar momentum due to a change in the moment of inertia at
the glitch and η2 represents the same but for the post-glitch
recovery. If both these parameter are much less than 1, then
we can ignore the change in the moment of inertia at the
moment of the glitch and during the post-glitch recovery. If
η1 is considerably large, then it would mean there was a sud-
den increase in ∆Izz at the glitch which would slow down the

NS. This would mean whatever mechanism was producing
the spin-up would have to be correspondingly larger than
would otherwise be inferred, e.g. a larger starquake, a larger
unpinning event. Similarly, a large η2 would mean ∆Izz is
considerable during the recovery, i.e. the decaying mountain
would spin-up the NS. To counteract the effect of includ-
ing ∆Izz , the resultant transient mountain would need to be
larger in size during the recovery.

The ratios η1 and η2 can be easily evaluated since the
JBCA Glitch Catalogue and the ATNF Pulsar Catalogue
provides all the information required. All in all, these two
parameters are useful tools to assess whether the change in
the moment of inertia about the rotation axis is an impor-
tant factor when calculating a NS’s dynamics at the moment
of a glitch and during its subsequent recovery.
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