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Abstract
This paper is concerned with a theoretical and experimental investigation into the pressure spectrum in a pressurised fluid-filled pipe containing a leak. A general theoretical framework for predicting the leak noise spectrum is derived. A simple relationship is developed between the leak noise pressure spectrum in the pipe and the velocity spectrum at the leak orifice. Measurements of the leak noise spectrum are also presented from a pipe rig with air under pressure. The variation in noise spectrum is investigated for various leak orifice diameters and pipe pressures and compared against predictions from the theoretical model. The model is shown to predict the general shape of the pressure spectrum when the turbulence quantities are appropriately chosen. The variation in overall noise with leak orifice radius and exit velocity are also well-captured by the theoretical model. 
Keywords: Leak noise; Pressure spectrum; Leak detection; Gas pipelines.

1. Introduction

1.1. OverviewG
Aas pipelines are an essential part of modern infrastructure for distributing gas to many homes and commercial buildings. However, as a result of corrosion, construction defects and mechanical or material failure, ground movement, natural hazards, pipeline leakage frequently occurs causing significant economic and energy loss [1]. Leak detection for natural gas pipelines has therefore become one of the main concerns for pipeline operators and researchers over the past decades [2,3].
A number of technologies have been investigated to detect pipe leakage. They can be divided into two categories: internal methods such as real-time transient models [4] and acoustic methods [3,5], external methods such as the use of fiber-optic leak detection [6] and tracer gas [7]. Of the various detection strategies, acoustic methods have been proven to be particularly effective for its high sensitivity, efficiency, accuracy and low false alarm rate [8–10]. However, the effectiveness of acoustic methods depends critically on the magnitude and shape of the pressure spectrum generated within the pipe. This is the subject of the current paper.
[bookmark: OLE_LINK21][bookmark: OLE_LINK22][bookmark: OLE_LINK23]A number of experimental investigations have been performed aimed at the characterisation of leak noise. Hunaidi investigated the characterization of the frequency spectrum of sound or vibration signals as a function of leak type, flow rate, pipe pressure, season, etc [5]. Meng et al. [8] constructed a pipeline test loop to measure the characteristics of the leak noise. Their studies concluded that most acoustic energy concentrated in the low frequency range up to about 100 Hz and was strongly affected by the leak size and pipe pressure. Khulief et al. [11] conducted an experimental study to characterize leak noise in pipelines and found that the noise generated by the leak was broadband in character and the frequency bandwidth and leak-signature strength of leak noise varied for the same pipe setup depending on the leak size and pipe pressure. In all these studies no model was proposed to predict the noise spectrum in the pipe due to the leak.

1.2. Mechanisms of leak noise generation
When a fluid (gas or liquid) escapes from a small orifice under pressure, unsteady pressure fluctuations are created in the pipe system which propagate along the pipe away from the leak. Measurements of the correlation function of the acoustic pressure either side of the leak suggest the disturbance is localised on the leak and hence we can be certain that the source of the leak is highly localised at the leak orifice. 
A number of authors have investigated the physical mechanisms of leak noise generation in gas distribution systems [12–14]. Liu et al. [12] have undertaken both measurements and numerical predictions of leak noise. Xu et al. [13] and Jin et al [14]  have also explored the leak noise generation mechanism. All three papers argue that the principal noise producing mechanism arises from the generation of aerodynamic quadrupole sources generated in the jet mixing region outside of the pipeline. However, this hypothesis contradicts the experimental results presented by Papastefanou et al [15] in water and the current paper in air (see Section 6) in which leak noise found to vary as U2 rather than U8 that would be predicted from classical aeroacoustics theory [16] if aerodynamic quadrupoles were the dominant source terms, where U is the leak exit mean flow speed.  
Papastefanou et al [15] have explicitly investigated the leak noise power (what about the rest term? Change all of them?) spectrum for water distribution pipes and its dependence on leak size and flow speed.  They derived a semi-analytic expression for the leak noise spectrum. The leak noise spectrum was shown to vary as U2, which they suggest is due to aeroacoustic sources of monopole order. However they accept that “the precise mechanism of noise generation remains to be determined.” Papastefanou et al also generalised their predict to arbitrary duct radius based on the assumption that the sound power generated by the leak is independent of the pipe diameter, which we show in this paper to be incorrect. The exact mechanism of leak noise generation remains to be determined. In this paper we propose a mechanism for leak noise generation and derive an expression for the leak noise spectrum terms of fundamental turbulence quantities.


2. Leak noise spectrum model
Figure 1 shows a sketch of an infinite circular hard-walled circular duct of radius R containing a circular orifice of diameter 2a. Flow is assumed to exit the pipe at a velocity U with axial component U1 and normal component U2, and therefore exits the pipe at an angle to the duct axis of cos-1U1/U [17].


Figure 1 Schematic diagram of the fluctuating velocity around the leak orifice.

Turbulence is generated at the leak orifice due to three possible mechanisms:

i. Turbulence generated locally at the leak orifice by the edge discontinuities.

ii. Residual turbulence in the pipe upstream of the orifice being accelerated toward the orifice, which will have the effect of stretching of the turbulent eddies as they arrive at the orifice location.

iii. Turbulence generated in the highly sheared flow across the highly accelerated flow in the close vicinity of the orifice.

In every case, turbulent flow exists locally at the orifice location. We therefore speculate that the principal noise generation mechanism is through the fluctuating mass flux through the orifice, thereby generating aerodynamic monopole sources. This conclusion is consistent with the U2 power law observed by Papastefanou [15] in water and confirmed again in Section 7 below in air but contrary to the jet noise quadrupole source hypothesis proposed in refs [16,18]. 




The starting point of our analysis is the Green function solution for the acoustic pressure  due to an arbitrary unsteady velocity field  distributed over a stationary rigid surface S. We assume that the pressure radiated into the pipe is due to the fluctuating mass flux at the leak orifice. We further assume that quadrupole source due to Reynold stresses uiuj and fluctuating forces pij acting on the duct walls can be neglected. In this case the linearised solution for the time varying acoustic pressure  at any observer location x=(x1,x2, x3) is of the form, 


		



where  and nj is the jth component of the unit vector normal to the surface and where the coordinate system, where y=(y1,y2, y3) refers to the coordinates of the source location, as shown in figure 1. . Noting that nj = n2 in the direction normal to the pipe wall and taking the Fourier Transform to obtain the pressure frequency spectrum and , the expression for the acoustic pressure Power Spectral density density (PSD) is of the form,


		



where  is the cross spectral density of the turbulence velocity u normal to the duct wall, 

		


where T is the measurement duration, where it is assumed that . 	



 
Figure 2 Schematic illustration of the mass flow through the leak orifice.

3.1. Greens function 



The Greens function solution for an infinite cylinder hard-walled duct may be expressed as the sum of a finite number of propagating and an infinite number of cutoff modes [19]. In small gas pipe distribution pipes kR < 1.84 over most of the important frequency range, in which case only the plane wave mode can propagate will with all other modes being cutoff. At the very low Mach numbers of interest in gas pipe distribution systems, M < 0.1, and at many acoustic wavelengths  from the leak orifice ,  is of the form,


		



where in which  and c are angular frequency and wave speed respectively, and S = πR2 the duct cross sectional surface area.	Comment by Xiao rui: We have defined R above.

2.1. 
Velocity cross spectrum 



All the turbulence information required to predict the acoustic pressure transmitted along the pipe is contained in the velocity cross spectrum  evaluated over the surface area  of the leak orifice. In order to make predictions of the leak noise spectrum, we propose the simple separable expression for  of the form,


		








where  is the PSD distribution of the normal velocity component u2 over the area of the orifice . We make the frozen-turbulence assumption in which the turbulence is unchanged as it convects past the leak orifice and hence . Here, F is a non-dimensional, normalised function which specifies the variation of the cross spectrum in the direction transverse to the flow such that , assumed here to be homogeneous, i.e., a function of  only. Substituting Eq. (4), (5) into Eq. (2), the acoustic pressure PSD inside the pipe is given by,


		


where the in-pipe pressure spectrum is predicted to be independent of measurement position in the pipe. We now make the assumption that the velocity spectrum is constant over the area of the orifice and hence   and we assume a particular form for F of the form,


		





where  is the frequency-dependent coherence length , where  is the velocity coherence function and . Integrating over the circular orifice, the expression for the pressure PSD therefore becomes,


		









Since the transverse coherence must be a decaying function of  we restrict the integral to  and introduce a factor of 2 since, by the symmetry of Eq. (8) between  and , the contribution to the integral form  must be identical to that from . Evaluating the integral over  and  gives,

		


Finally, making the substitution ,  gives,


		
where,


		





No simple closed form solution exists for , which must be computed numerically. It is solely a function of the two non-dimensional parameters of leak radius compared to the transverse length-scale  and non-dimensional frequency K1a. A plot of  against K1a for a range of values of  between 0 and 2 is given in figure 3. 
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Figure 3. Variation of  with frequency non-dimensional K1a for values of a/l3 between 0.01 and 2. 


The results for different values of a/l3 almost overlay and hence the leak noise spectrum is predicted to have a weak dependence on the turbulence length-scale l3, while it varies strongly with non-dimensional frequency K1a. as ~ (K1a)2. A good approximation to  may therefore be obtained by putting a/l3 = 0 in Eq (11), which may then be evaluated in terms standard functions, 

		

where H0(K1a) is the Struve function of order 0 [20]. 


The dependence of  on a/l3, although weak, may be estimated by making the assumption of separability, i.e., 


		

which is plotted in figure 4 below against a/l3
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Figure 4. Variation of  with frequency K1a for values of a/l3 between 0.01 and 2. 

Finally, we note that K1a < 1 for most of the important range of interest (corresponding to a maximum frequency of 25kHz for a leak radius of 1cm) and therefore to leading order term [21], 

		

Combining the above and neglecting the dependence on a/l3 leads to a good approximation to the pressure spectrum within the pipe of the form,


		

The leak noise spectrum is therefore predicted to be directly related to the velocity spectrum at the orifice location. 

3. 
Characteristics of the leak velocity spectrum 
4.1. Velocity spectrum

The analysis above demonstrates that predicting the acoustic pressure spectrum in the pipe essentially involves predicting the velocity spectrum at the location of the orifice. For the reasons discussed in Section 3 the behaviour of the turbulent flow in the vicinity of the leak orifice is likely to be highly complex since it is the result of highly accelerating flow as the fluid travels from well upstream of the leak orifice to the orifice itself where its flow speed is much higher. The behaviour of the velocity spectrum  is therefore expected to be complex and have a complicated dependence on flow speed and leak orifice size. 
In this paper we adopt the expression for the velocity spectrum that is consistent with the measured pressure frequency spectra presented in Section 6 below. We now make the simplifying assumption that the turbulence at the orifice location is isotropic. We emphasise that there is no justification for this assumption since the turbulence length-scale in the streamwise direction is likely to be much longer than in the transverse directions owing to the stretching of the turbulent eddies as they accelerate towards to leak orifice. However, we will demonstrate that the isotropic assumption provides a satisfactory agreement with the measured data once the turbulence intensity and integral length-scales are appropriately chosen.  






We now make the assumption that U2~U and hence ,  where  is the spectrum of the velocity in the streamwise direction. One of the most widely used models of  for isotropic turbulence is the Liepman spectrum [22]. The PSD of the streamwise velocity fluctuations for isotropic turbulence convecting at a flow speed of U with mean square velocity  and integral length-scale  is given by,


		

The expression for the pressure spectrum  in the pipe is therefore given by,


		





The velocity spectrum  of Eq. (17) is predicted to have the high frequency  asymptotic behaviour of . We note that the spectral shape is determined only by ratio , which is the time taken for the largest eddy to convect past a fixed point in the pipe.


 

3.1. Overall noise transmission


Very often we are interested in the overall noise radiation  and the sound power W and its  spectrum transmitted along the pipe. The mean square pressure may be obtained by integrating Eq. (17) over all frequencies,


		

Note that the overall noise radiation into the pipe is independent of the turbulence length scale, which only affects the shape of the pressure spectrum. 

3.2. Sound power transimsson
For kR < 1.84 where sound is transmitted in the form of plane waves, the total radiated acoustic power spectrum is given by,


[bookmark: _GoBack]		
where the factor of 2 is introduced to include upstream and downstream propagating energy, while the total overall transmission sound power W is given by,


		
The important feature of Eq. (20) is that the total sound power radiated by the leak into the pipe depends on the pipe surface area. The leak sound power is therefore not identical for all pipe diameters, which is the assumption made by Papastefanou [15] to generalise her leak spectral data to all pipe diameter, but is inversely proportional to the pipe cross-section area S. More sound power is therefore generated in a pipe with small diameter than large diameter. This is a consequence of the strong filtering properties of the pipe in which sound is restricted to propagate as plane waves for the frequency range kR<1.84 for which the theory above is valid. The sound power of the leak will approach that radiated into free field as the pipe diameter is increased and an increasing number of higher order modes become cuton. In this case the theory in this section is no longer valid.  

4. [bookmark: OLE_LINK90][bookmark: OLE_LINK94]Experimental Setup
[bookmark: OLE_LINK63][bookmark: OLE_LINK64][bookmark: OLE_LINK65][bookmark: OLE_LINK103][bookmark: OLE_LINK104][bookmark: OLE_LINK106][bookmark: OLE_LINK110][bookmark: OLE_LINK111][bookmark: OLE_LINK118][bookmark: OLE_LINK119][bookmark: OLE_LINK120]Validation of the leak spectrum model presented above were carried out using the experimental pipeline shown schematically in figures 4 and in figure 5. An air compressor was used to supply air to the pipeline via a gas tank to ensure that air flows into the test pipeline smoothly. The test pipeline was made up of three sections of which Section 1 and Section 3 were 30 m long and Section 2 was 3 m long. Section 1 and Section 3 were composed of steel wire hose of internal diameter 50mm. Section 1 was placed between the gas tank and Section 2 to reduce the compressor noise at the monitoring points due to the high attenuation of the soft plastic hose. Moreover, the end of Section 3 was placed far away from monitoring locations to reduce the influence reflections which would attenuate significantly after propagating to the monitoring locations over a long distance. Section 2 was a steel pipeline with an external diameter of 108 mm and a thickness of 4 mm which was used for monitoring leak acoustic signals, a pressure gauge was mounted on the start of Section 2 to measure the line pressure. The pipe pressure ranged from 0.1 MPa ~ 0.5 MPa. Artificial leaks were created by mounting screws penetrated through with orifices of radiusdiameter 1 0.5 mm, 3 1 mm, 1.5mm, 2mm and 2.5 mm, which located in the middle of Section 2. The test conditions of this experiment are summarized in Table 2. Two acoustic sensors were inserted into the pipe on each side of the leak point at a distance of 300 mm and 700 mm from the leak location. Connectors used to connect the different pipe sections are shown schematically as black rectangular boxes in figure 5. 
PCB 105B50 acoustic sensors with a frequency range of 0.5 Hz ~ 40 kHz were used to measure the acoustic pressure within the pipeline. Signals were acquired using a data acquisition card and a personal computer. Signals were acquired for 60s at a rate of 4kHz, and a personal computer (PC) was used to process the data. 



Figure 5 Schematic diagram of the experimental setup.


[image: ]
Figure 6 Experimental pipeline set up

	Quantity
	Values

	Leak radius a (mm)
	0.5, 1, 1.5, 2, 2.5

	Pipe pressure P2 (MPa(G))
	0.1, 0.15, 0.2, 0.25, 0.3



Table 1. Leak radii and pipe pressure investigated experimentally

5. Comparison of measured and predicted in-pipe pressure spectrum
6.1. Leak exit velocity U

The simple analytic model for the leak spectrum proposed in Section 4 requires the speed U with which the leak exits the orifice. The exit velocity U can be estimated from a simple mathematical model of the mass flow rate Q of gas through a leak orifice of radius a, and velocity U, , derived by Wang et al [23][22] and Montiel et al [24][23]. Two different expressions are derived depending on whether the pressure in the pipe P2 is below or above the critical pressure Pcr at which the flow is sonic, given by,

		


where C0 is the leakage coefficient of gas,  is the area of pipeline leakage point, M is the molar mass of gas, R is the gas constant, T2 is the temperatures in the pipe,  is the adiabatic exponent of gas, Pa is the atmospheric pressure, and  is the critical pressure. The exit velocities under different pressure calculated by the model are as follows

	Pipe pressure (MpaMPa(G))
	0.1
	0.15
	0.2
	0.25
	0.3

	Exit velocity U(m/s)
	175.51
	219.39
	263.27
	307.15
	351.03


Table 2. Predicted relationship between exit velocity U and pipe pressure

The exit flow speed is therefore predicted to be close to sonic at the highest pressure under investigation in this paper. 

6.2. Comparison of spectra
The measured sound pressure level spectrum is plotted in figures 7a to e for the 5 pipe pressures of 0.1Mpa1MPa, 0.15MPa, 0.2MPa, 0.25MPa and 0.3MPa respectively for the sensor 300mm from the leak location. Each figure shows the spectra for the five leak orifice radii a of 0.5, 1.0, 1.5, 2.0 and 2.5mm. Whilst the spectra were measured up to 4kHz 2kHz they are plotted up to 200Hz. Above this frequency the spectra generally fall into the background noise and are therefore not plotted. Each spectrum can be observed to exhibit a number of oscillations whose peaks are independent of leak orifice radius of pipe pressure and are therefore associated with axial acoustic resonances in the pipe system. Nevertheless, the general shape of the pressure frequency spectrum is clearly seen. 


Also shown in these figures is their corresponding predicted pressure spectra obtained from Eq. (17), shown as dashed curves. Note that to allow comparison with the measured data we have converted the theoretical spectrum from radian frequency to Hertz using the identity . The turbulence parameters of turbulence intensity and integral length-scale  are unknown and were therefore chosen to provide the best fit to the measured data. Values of 0.5% turbulence intensity (i.e., ) and a length-scale of  = 100R were chosen for all the predictions presented in this paper. This value of turbulence integral length-scale is rather large and suggests that, assuming the correctness of the isotropic turbulence assumption,  the source of turbulence at the leak orifice is due to stretching of large turbulent eddies upstream of the leak orifice. However, we also acknowledge that this assumption may be incorrect in which case more work is needed to establish the source of turbulence at the leak orifice to determine the leak velocity spectrum.  
Using these values of turbulence intensity and integral length-scale the measured spectral shapes can be observed to be well captured by the theoretical model of Eq. (17).  
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	Figure 7a. Comparison of sound pressure level spectrum for five different leak orifice radii of 0.5, 1, 1.5, 2 and 2.5mm at a pressure of 0.1MPa. 
	Figure 7b. Comparison of sound pressure level spectrum for five different leak orifice radii of 0.5, 1, 1.5, 2 and 2.5mm at a pressure of 0.15MPa.
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	Figure 7c. Comparison of sound pressure level spectrum for five different leak orifice radii of 0.5, 1, 1.5, 2 and 2.5mm at a pressure of 0.2MPa. 
	Figure 7d. Comparison of sound pressure level spectrum for five different leak orifice radii of 0.5, 1, 1.5, 2 and 2.5mm at a pressure of 0.25MPa.
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Figure 7. Comparison of sound pressure level spectrum for five different leak orifice radii of 0.5, 1, 1.5, 2 and 2.5mm at a pressure of (a) 0.1MPa, (b) 0.15MPa (c) 0.20MPa (d) 0.25MPa (e) 0.3MPa.
Figure 7e. Comparison of sound pressure level spectrum for five different leak orifice radii of 0.5, 1, 1.5, 2 and 2.5mm at a pressure of 0.30MPa.
	
6. Overall sound pressure levels
7.1. Effect of leak orifice radius a. 

The theoretical analysis in Section 4 predicts that the overall mean square pressure varies as the leak orifice radius to the fourth power. This is an important result as it suggests that small leaks are disproportionately much more difficult to detect than larger ones. In order to validate this prediction the experimental spectra plotted in figures 7a to 7e were integrated over all frequency to determine  and the results compared against the theoretical expression of Eq. (18). The comparison is shown separately below in figures 8a, b and c plotted against leak radius a for the three pressures of 0.1, 0.2 and 0.3MPa.
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	Figure 8a. Comparison of measured Overall Sound Pressure Level versus leak orifice radii with predictions obtained from Eq. (18) at a pressure of 0.1MPa. 
	Figure 8b. Comparison of measured Overall Sound Pressure Level versus leak orifice radii with predictions obtained from Eq. (18) at a pressure of 0.2MPa.
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	(a)
	(b)
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	(c)
	(d)
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	（e）




Figure 8. Comparison of measured Overall Sound Pressure Level versus leak orifice radii with predictions obtained from Eq. (18) at a pressure of (a) 0.1MPa, (b) 0.15MPa (c) 0.20MPa (d) 0.25MPa (e) 0.3MPa.
Figure 8c. Comparison of measured Overall Sound Pressure Level versus leak orifice radii with predictions obtained from Eq. (18) at a pressure of 0.3MPa.
Agreement at the smallest leak radius of 0.5mm is generally the worst with discrepancies of up to 10dB being observed. However, the experimental and theoretical values can be seen to converge as the leak radius is increased with the a4 dependence being clearly observed in the experimental data. A smaller gradient closer to a3 is apparent in the experimental data for the smallest values of a. A a3–scaling law was also observed in the leak noise measurements of Papastefanou [15]. The reason for this discrepancy at small a values is currently not known but may be related to viscosity effects and the breakdown of the validity of Eq. (16) for the leak velocity spectrum. High fidelity, eddy-resolving CFD simulations are needed to verify this hypothesis. 


Whilst the model is able to capture the general trends in the measured noise spectra, particularly in relation to the scaling with leak velocity U, radius a, and spectral shape, there appears to be a systematic bias in the predicted spectra at very small leak radii. For a < 2mm, predictions are observed to be up to 10dB lower than measured values. We speculate that the main reason for this under prediction is an incorrect choice of mean square velocity  , which we obtain by assuming a constant 0.5% turbulence intensity, i.e. . The data would therefore suggest that the turbulence intensity increases for small leak radius and we note that excellent agreement for the smallest leak radius a = 0.5mm could have been obtained by assuming .
6.1. Velocity scaling law
Finally, overall noise is now plotted against velocity to confirm the theoretical U2 velocity power-law predicted by the theoretical model in Section 4.  Figure 9 shows a comparison of the overall Sound Pressure Level versus estimated convection speed for the five leak orifice radii. 
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Figure 9. Comparison of Overall Sound Pressure Level versus estimated exit speed at leak radii of a =0.5, 1.0, 1.5, 2.0 and 2.5mm compared with predictions obtained from Eq. Comparison of Overall Sound Pressure Level versus estimated exit speed at a pressure of leak orifice radius a =0.5, 1.0, 1.5, 2.0 and 2.5mm compared with predictions obtained from Eq. (18). 
In general the measured overall noise variation with estimated U is well represented by the predicted U2 power-law, thereby validating the principal assumption made in this paper that leak noise is generated by the fluctuating velocity at the leak orifice, which are aerodynamic sources of monopole order. The agreement between measured and predicted overall noise is also a validation of the assumption that the turbulence intensity remains roughly constant so that there is proportionality between the rms and mean velocities. 

7. Conclusion
This paper has presented a general theoretical framework for predicting the leak noise spectrum in fluid-filled pipes. Central to the model is the assumption that the source of leak noise is the distribution of the fluctuating normal component of velocity over the leak orifice. A simple relationship has been derived between the leak noise pressure spectrum in the pipe and the velocity spectrum at the leak orifice. Measurements of the leak noise spectrum are also presented from a pipe rig with air under pressure. The variation in noise spectrum was investigated for various orifice diameters and pipe pressures. 
A highly idealised velocity spectrum was proposed to fit the measured pressure spectrum based on the assumption that the leak turbulence at the orifice is isotropic and can be fully described by a single value of the turbulence intensity and integral length-scale. This paper has shown that, through appropriate choice of turbulence intensity and length-scale, that the theory can provide acceptable agreement to the measured spectral shape and its variation with leak radius and exit velocity.  
The main findings of this paper are that leak noise is predicted to vary as the fourth power of the leak orifice radius. Leak noise varies as the square of the flow speed, which is indicative of the fluctuating velocity at the leak orifice as the principal source of leak noise, which contradicts a number of previous studies which propose fluctuating quadrupole sources as the dominant mechanism. The sound power radiating by the leak varies in inverse proportion to the pipe surface area. This result suggests that the leak source is not power-conserving but is affected by the diameter of the pipe.  
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