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ABSTRACT

The configuration of the magnetic field in the interior of a neutron star is mostly unknown from
observations. Theoretical models of the interior magnetic field geometry tend to be oversimplified
to avoid mathematical complexity and tend to be based on axisymmetric barotropic fluid systems.
These static magnetic equilibrium configurations have been shown to be unstable on a shert time
scale against an infinitesimal perturbation. Given this instability, it is relevant to consider/how more
realistic neutron star physics affects the outcome. In particular, it makes sense to asktif‘elasticity,
which provides an additional restoring force on the perturbations, may stabilise the system. It is
well-known that the matter in the neutron star crust forms an ionic crystal. The interactions between
the crystallized nuclei can generate shear stress against any applied strain. To incerporate the effect
of the crust on the dynamical evolution of the perturbed equilibrium structure, we study the effect of
elasticity on the instability of an axisymmetric magnetic star. In particularSverdetermine the critical
shear modulus required to prevent magnetic instability and consider the corresponding astrophysical

consequences.
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1 INTRODUCTION

Axisymmetric magnetic field configurations in a barotropic
star are prone to the so-called Tayler instability (Tayler
1973; Markey & Tayler 1973). Starting from a static equilib-
rium, a perturbation with pure poloidal/toroidal magnetic
field grows on the characteristic Alfvén time scale, asithese
equilibrium states are not at the minimum energy/configura~
tion (Kruskal & Schwarzschild 1954; Shafranow(1956; Tayler
1957; Flowers & Ruderman 1977). Numerical time evelution
studies of magneto-hydrodynamic equatienssshow that a sta-
ble magnetic field configuration in a radiativeystar requires
mixed poloidal and toroidal magnétie, energy components
with comparable strength (Braithwaite & Nordlund 2006),
following the hypothesis by Prendergast (1956). This may
resolve the problem for main-sequence stars, as a region of
radiative convection may be present in their interior. How-
ever, a neutron star, formed following a supernova, does not
satisfy the conditionste have a convective region due to the
rapid cooling just,after formation.

Braithwaite (2009) suggested the possibility of stabil-
ity of a mixed field configuration within a neutron star
with stratified _matter based on simulations where mixed
field /configurations are imposed at the beginning of the
tinie‘evolution. The feature of stable stratification has been
identified” as an essential criterion of a magnetic star with
a mixed field to exhibit long-duration stability in the nu-
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nterical, evolution (Mitchell et al. 2015) as well as in ana-
Iytical\(Akgiin et al. 2013) and semi-analytical formulations
(Hexbrik & Kokkotas 2017). However, it appears that a self-
consistent calculation of axisymmetric barotropic configu-
rations in static equilibrium can not achieve the required
mixed field ratio (Armaza et al. 2014). Instead, the self-
consistent field technique generates configurations having
either pure toroidal field or a poloidal field with a subdom-
inant (< 10%) toroidal component (Tomimura & Eriguchi
2005; Lander & Jones 2009). These axisymmetric config-
urations remain unstable against a small perturbation
and the instability grows on the characteristic Alfvén
time scale (Lander & Jones 2011a,b; Bera & Bhattacharya
2017a). The problem of an unstable magnetic field remains,
but one should keep in mind that these studies are based
on an ideal fluid model with no dissipation, e.g. viscos-
ity or resistivity, This makes sense as the instability time
scale is much shorter than the dissipation time scales, but
it seems relevant to ask if the problem may be resolved by
adding more realistic physics, e.g. a non-uniform thermonu-
clear reaction rate, electrostatic interaction between matter
elements, local turbulent velocity etc. to list a few possibili-
ties. In this paper we take a step in this direction by assessing
the impact of elasticity on the magnetic instability.

An elastic crust is formed in the outer region of a neu-
tron star as it cools rapidly after its birth (Ruderman 1968).
Although the crust contains only a few per cent of the to-
tal mass of a star, the conductivity of the crust plays a
crucial role in the thermal evolution of the neutron star
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(Lorenz et al. 1993; Page et al. 2000). In addition, a crust
fracture may cause a sudden change in the rotation speed of
an isolated neutron star, known as a pulsar star-quake (Jones
2003). The presence and evolution of the electric current in
the crust influences the magnetosphere of the neutron star.
It may cause observable features like soft gamma-ray bursts
from a strongly magnetized system (Thompson & Duncan
1995, 1996; Thompson et al. 2017; Karageorgopoulos et al.
2019). The elastic properties of the crustal element can be
obtained from studies of electrostatic interaction in the crys-
talline matter (Carter et al. 2006; Chamel & Haensel 2008;
Baiko 2015). Molecular studies of the neutron star crust mat-
ter indicate that the crust is adequate to maintain consid-
erable stress (Horowitz & Kadau 2009). This stress may be
due to an elastic “mountain”, or any internal magnetic field
(Chugunov & Horowitz 2010).

Any perturbation of the system, which leads to the dis-
placement of the matter from its equilibrium position, gen-
erates strain within the crystalline structure, and induces
stress opposing the applied strain. The volumetric isotropic
component of stress is the pressure. In the equilibrium state,
the force due to the pressure balances the gravitational force
and the Lorentz force (in a magnetic configuration). The
trace-free symmetric part of the stress tensor is shear. The
modified electromagnetic interactions between the displaced
nuclei in the stellar crust generate shear stress. This may act
as a restoring force against the perturbation. Here we con-
sider the effect of shear on the evolution of the perturbation
of a magnetic star. In this study, the main assumptions are:
i) the star is barotropic and non-rotating, ii) the equilibrium
structure is axisymmetric, iii) the Cowling approximation is
assumed to be valid, i.e. the perturbed state has a fixed grav-
itational potential. The basic equations used for the study,
are provided in section 2. A brief description of the formal-
ism used to solve these equations is provided in section 3.
The results and conclusions are summarized in section 4 and
section 5, respectively.

2 BASIC EQUATIONS

Because of the compactness of a neutron star, ayprecise
model requires a general relativistic formalism.for.both grav-
ity and the magnetic field. However, as"we are providing a
proof of principle, we simplify the calculation’ by consider-
ing the neutron star as a fluid system in,Newtonian gravity.
We use a spherical polar coordinate system (r, 0, ¢) with its
origin at the centre of the star.

2.1 Magneto-hydrodynamic (MHD) equations

The dynamical behaviour of the fluid are described by the
continuity and“Euler equations corresponding to the mass
and momentum cénservation:

op”
) W
(g—?+(v~V)v>:—%VH—VCD_(A—%(JXB). (2)

Here/p, &4, J and B are the matter density, gravitational

potential, electric current density and magnetic field, respec-

tively. % and V represent time and space derivatives. From

the perturbed displacement &, the matter velocity (v) fol-
lows as,

€ _

The stress tensor IT is a combination of a symmetric pressure
(isotropic) term p and the anisotropic tensor T, i.e.

II=pI+T, (4)

with I as the unit rank-three tensor. The gravitational po-
tential @, is related to the matter density by Poisson’s equa-
tion,

V0, = 4nGp, ®)

where G is the gravitational constant. The magnetictfield
components satisfy the divergence-free condition V B/= 0
and V X B = uod, po being the free space permeability.-In
the ideal MHD limit we neglect the effect oftesistivity and
the evolution equation for the magnetic field becomes

%—? =V x (v x B) (6)
To solve the set of equations, we need to/provide a relation
between matter pressure and{density, 1.e. p(p), which de-
scribes the equation of staté (EoS). Here we consider a poly-
tropic EoS p « p1+%, withsn.the polytropic index. We con-
sider the presence of elasticity by including the anisotropic
tensor T due to the stress as discussed in 2.3.

2.2 Perturbed equations

To study, the)dynamics of a magnetic neutron star,
we ~consider perturbations of the MHD equations. Ini-
tially, “we’ find equilibrium configuration assuming a
static system employing the self-consistent field technique
(Haghisu 1986; Jones et al. 2002; Tomimura & Eriguchi
2005; Lander & Jones 2009; Bera & Bhattacharya 2014,
2016). The total magnetic energy (M) and gravitational en-
ergy (W) of the configuration are obtained from the volume
integrals M = de% and W = 1 [dV®yp, dV being
volume element. We then consider the linear evolution of
the perturbed components with respect to the static equi-
librium star. Restricting the analysis to linear order is nu-
merically less expensive and the evolution of the entire star
can be done without introducing an artificial atmosphere.
This method comes with some limitations, too. For exam-
ple, we can not infer the final outcome if the perturbations
grow by a significant amount, such that non-linear terms
become important. However, we can accurately identify the
onset of instability in different environments and establish
the characteristics as long as the linear terms dominate the
evolution.

All variables are expressed as a sum of the equilib-
rium part (with subscript ‘0’) and the perturbation, i.e,
p = po+6p, p = po+ dp, B = Bo + 6B. The equi-
librium components remain time independent whereas the
perturbed components depend on time. Being restricted to
small perturbation, we use the Cowling approximation, ne-
glecting the change in the gravitational potential over time
i.e. @, = ®,,. The linear expansion of time-dependent equa-
tions takes the following form (Lander & Jones 2011a,b;
Bera & Bhattacharya 2017a,b),
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dop _
Se=-V-f )
%—f:VX(fXBo)—%X(fXBO) (10)
op = % op (11)
0

Here, f = pov and B = podB. Each of these perturbed
quantities is further decomposed in azimuthal angle ¢ with
index m, e.g. the perturbed pressure

5p(t,r,0,) =
m=-o0

Z [6pT (t,r,0) cosme + op~ (L, r, ) sin me]. (12)

m=0
Hence a specific azimuthal mode, corresponding to the value
of m, can be evolved in the two-dimensional r — 6 plane
considering the axisymetric background star.

The force term due to shear in equation 8 is obtained

from the anisotropic stress tensor

fshea'r‘ =-V.T. (13)

2.3 Shear Terms

We assume that a perturbation is applied at the location.&
and the deformation displaces it to & — x+&(x). The spatial
gradient of the displacement vector measures the strain i.e.

S=V¢ or, Sik = V& =&k = 6§

+ Lijuéi (14)
In a curvilinear coordinate system the unitiveetors (e.g. e;)
are not fixed and the directional derivatives, come with a
scaling factor. The connection parameters I'ijx = e; - (Vie;)
are used to find the gradients in a curvilinear geometry.

The trace-less body-shear ¢omponents of the strain ten-
sor (X) are defined as,

1 1

Dij = 5 (8ij + 851) — £gis Sk (15)
where g;; is the flat.metricrassociated with the coordinates
(Thorne & Blandferd2017). Now applying the Hooke’s law
of elasticity,/we obtain the stress tensor:

T = —24%. (16)

Here, v is thé shear modulus. Hence, the shear force term
takes the form:

fshea'r:_v'TZQ,U/V'z—FQV/J/'E. (17)

Some of the relevant shear terms in spherical polar co-
ordinates are listed in appendix A.
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2.4 Instability and shear modulus

It is known that the Tayler instability is intrinsic to the
magnetic field geometry and the temporal characteristics
of the instability depend on the effective Alfvén time
scale or magnetic field strength (Lander & Jones 2011a;
Bera & Bhattacharya 2017a). To compare different config-
urations, we use the total magnetic energy M for a specific
magnetic field geometry!. Here we plan to study the effects
of the shear modulus on the magnetic instability. The elas-
ticity of the medium prevents a significant perturbation from
its equilibrium. Hence, we desire to find a threshold crite-
rion relating to the presence of stability in a medium with
volume integrated shear energy term:

gshear > KM: (18)

with k a parameter depending on the field geemetry,and
elastic properties. Here we have introduced Egear (= f dV )
as a measure of shear energy corresponding, towa,-System
with unit strain. Therefore, for a uniformd’ shear medulus (1)
within the spherical volume of radius-R; Eshear = 47rR3,u/3
It may be noted that the total shearsenergy of a system
under strain is [ dV pXi; 2.

3 STARS WITH NO“ELASTIC COMPONENTS

Before considering theseffect”of including an elastic compo-
nent in our magnetised star, we will first consider purely
magnetic configurations, i.e. no elastic component. The aim
is to exhibitithe magnetic instabilities described previously,
as these will provide a point of comparison for the results of
sectioh 4, where an elastic component is included.

To this end, in Section 3.1 we describe our method for
computing equilibrium magnetic field configurations, and in
section’ 3.2 we describe numerical time evolutions of small
perturbations of these configurations.

3.1 Equilibrium configurations

We construct equilibrium axisymmetric configurations of
polytropic neutron stars with magnetic fields. We assume
that the equilibrium configurations are elastically relaxed,
so there are no elastic forces acting. For a fixed central
density and magnetic energy, we iteratively solve the stel-
lar structure equations using the self-consistent field tech-
nique (Hachisu 1986; Tomimura & Eriguchi 2005). As noted
above, a mixed poloidal-toroidal configuration with signifi-
cant contribution from both components with these assump-
tions remains unachievable. We therefore choose to consider
only purely toroidal and purely poloidal magnetic field con-
figurations. The matter and magnetic field distributions we
compute satisfy the stellar virial criteria.

For example, we configure a polytropic (n = 1) neutron
star with mass 1.23 M and equatorial radius 11 km having
a pure toroidal magnetic field such that the magnetic to
gravitational energy ratio |M/W)| = 0.008 (Figure 1a). The

1 In a general situation with different magnetic configurations
and/or stellar structures, the ratio between magnetic to gravi-
tational energy (M /W) can be a useful measure of instability
strength.
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Figure 1. a) An axisymmetric pure toroidal magnetic field is confined within the stellar surface (white line) of a 1.23 M neutron star
with magnetic to gravitational energy ratio |M/W| = 0.008. The magnitude of the toroidal field strength normalised:to the maximum,
i.e. |Bol/|Bo|max (left half) and the growth of perturbed magnetic energy (|0.M|) in some arbitrary unit (right half) from the'l =m =1
linear order time evolution are shown in the colour scale. The toroidal magnetic field lines are perpendicular te the meridian plane. In
the perturbed state, the instability arises close to the azimuthal axis. b) The axisymmetric poloidal magnetic!fields:linés in the meridian
plane (in white lines) extend beyond the stellar surface (in thicker white line) of a polytropic star. In this case the average magnetic field
strength is about 10'3 T and |M/W)| = 0.008. The colour scale in the left-half indicates the equilibrium field ‘stréngth normalised with
maximum strength (i.e. |Bo|/|Bo|maz) occurring at the stellar core. The minimum magnetic field strengthyis found in the central region
with concentric poloidal field lines at a finite radius from the stellar core in the equatorial plane. Thevother half (right) indicates the
perturbed magnetic energy (o< [0M| in some arbitrary unit) at the onset of instability for an | = m = 2 perturbation. The most significant
perturbed magnetic energy occurs near the half-way region between the magnetic null region and the'stellar core on the equatorial plane.

star has a very little non-spherical deformation with polar
to equatorial radius ratio R,/Req = 1.01. Here the toroidal
magnetic field is confined within the star. The field vanishes
at the stellar surface and along the axis of symmetry. The
magnitude of the field gradually increases from the centre
and reaches a maximum value of about 2 x 10'3 T. The
region with a strong magnetic field is at an intermediate
radial distance towards the surface on the equatorial planel

Similarly, we construct a poloidal field configuratien
with mass 1.27 Mg, radius 11 km (Rp,/Req = 0.96) and
|IM/W| = 0.008 (Figure 1b). Here the magnetié field is
extended beyond the stellar surface. The maximum field
strength is about 3 x 10*® T at the core of the star{ and
it vanishes at the centre of the concentricifieldslines on the
equatorial plane. Hence, for a pure poloidal'magnetic field
geometry, the magnetic “null-points” form ating in the equa-
torial plane.

We calculate characteristi¢ time scales, Alfvén crossing
time (74) and sound crossing time (7s) of these configura-
tions using volume-averagedwariables:

74 = RYEOLO (19)
By
[
re=R, | AL 20
()2 >

Heré, go, By and po are volume averaged matter density,
magnetic field strength and pressure respectively. The char-
acteristic Alfvén crossing time of these configurations are
about 1 ms whereas the sound crossing time is about two
orders of magnitude smaller than that. We consider these
configurations with rather strong magnetic fields as the re-

duced T4 requires aigshorter computation time to exhibit the
phenomenontconnected to the magnetic field.

Noteythat the general characteristics are similar for the
configurations with different field strengths (i.e. different
|M/W)). A configuration with a stronger magnetic field has
aylarger deformation (e.g. a pure poloidal configuration with
|[MYW)| = 0.016 has a R,/Req = 0.92).

3.2 Time evolution

An equilibrium configuration can be perturbed in various
ways by changing stellar variables (Lockitch & Friedman
1999). Here we consider an axial velocity perturbation in
the form:

v =f(r)? x VYin(0, ) (21)

where, Y}, (0, ¢) is the spherical harmonic and f(r) is a func-
tion dependent on r. We will specialise to the case of | = m,
as was done in several previous studies, e.g. Lander & Jones
(2011a,b).

We evolve the linear order perturbation equations for-
ward in time maintaining the suitable boundary conditions
(Lander & Jones 2011a). To achieve a long term evolution
avoiding spurious small-scale oscillations, we add a fourth-
order Kreiss-Oliger dissipation to the dynamic evolutionary
equations (7-11). We also implement a hyperbolic divergence
cleaning method to ensure the minimum effects from nu-
merical error in calculating the magnetic field components
(Dedner et al. 2002). In the following, we present a summary
of the relevant characteristics (Figure 1) obtained from the
time evolution of the perturbed variables where the shear
modulus does not make an impact, i.e. p = 0.

The time evolution of the perturbed variables on the
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static background of the equilibrium magnetic configuration
shows the growth of the kinetic and magnetic energy com-
ponents. At t = 0, the initial velocity perturbation drives
the flow of the matter, which in turn perturbs the magnetic
field, generating additional Lorentz forces. The presence of
exponential growth in the time evolution of the perturbed
magnetic energy shows instability. The characteristics are
similar in both field geometries (Figure 1).

These axisymmetric magnetic field geometries were al-
ready known to exhibit magnetic Tayler instability. Different
earlier studies indicate that the m = 1 mode of a star with
a toroidal magnetic field configuration is strongly unstable
(Tayler 1973; Lander & Jones 2011a), which motivates our
choice of focusing on the m = 1 mode in the toroidal case.
For a pure poloidal field geometry, the linear order time evo-
lution studies of the perturbed variables with m =1, 2, 4
indicate that as the m value increases, the instability growth
rate increases (Lander & Jones 2011b). The higher m modes
would suffer from the effect of dissipation, which we do not
explicitly model in our study. We therefore choose to evolve
the m = 2 mode for a purely poloidal field geometry.

The perturbations in the matter and magnetic field in-
fluence the characteristics of time evolution via the sound
and Alfven waves. In this linear-order approximation study,
the speed of these waves depends on the background equilib-
rium values. The sound wave propagates maximally at the
core of the star. On the other hand, the speed of the Alfvén
wave is maximum where the field strength dominates over
the matter density. The combined effect of these waves cre-
ates a significant perturbation near the most unstable re-
gion. We define the (global) growth rate of instability as a
logarithmic time derivative of the perturbed component of
magnetic energy:

_ 9ln(0M/M)

¢ ot

: (22)

The average growth rate of the instabilities in Figure 1 a. &b
are about 5 x 10% s™!. The m = 1 perturbation mdde in
toroidal magnetic field configuration has a slightly higher
growth rate compared to the m = 2 mode in péloidal .field
configuration (Figures 2, 3, 4).

This linear order time evolution capturessthe character-
istics as long as the magnitude of the pérturbation is small
compared to the background structure. So,'\we can consider
the results with certainty close to the omset/ of instability.

4 RESULTS

Applying the formalism mentioned in section 3, we now
study the evelution of perturbed stellar variables of the ax-
isymmetricimagnetic configurations, including the effects of
shear modulus. In the beginning, we start with £& = 0 every-
where within the star. At a later time, the time integration
of the equation 3 gives the value of €. The components of the
strain tensor (X;;) are calculated following equation 15. We
assume that the components of the strain tensor vanishes at
the boundary points.
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4.1 Evolution of stellar magnetic field for a
uniform shear modulus

In the previous section (section 3), we demonstrated that
an axisymmetric fluid star, without any shear modulus,
shows magnetic Tayler instability for a purely poloidal or
toroidal magnetic field geometry. The linear order time
evolution shows exponential growth in the perturbed val-
ues as characteristic of the Tayler instability. The growth
rate is related to the corresponding Alfvén-crossing time
as reported in other papers (Lander & Jones 2011la,b;
Bera & Bhattacharya 2017a). In this section, we assume a
star with a uniform shear modulus throughout the interior.
This may not be a realistic assumption but it is a natutal
starting point.

A forward time evolution with a different valueiof/uni-
form shear modulus all over the star indicates that as,the
strength of shear modulus increases, it reduces the growth
of the instability (Figure 2). For a very highyvalue of the
shear modulus, the configurations only/oscillaterabout the
equilibrium. Both the poloidal and tereidal magnetic field
geometries show similar behaviour. Wesevolve the equations
with different grid resolutions to test the accurate implica-
tion of the numerical setup., From the Figure 2 we find the
results are almost independent ofwthe grid resolutions used
for the calculation.

The instability ;growth\rate gradually decreases as the
strength of shear modulus-increases (Figure 3 & 4). After
the initial settling time of about 74, the instability growth-
rate attends a steady value when the value of shear modu-
lus is low. An inereased shear modulus weakens the insta-
bility. The time”evolution shows oscillatory features when
thesshear modulus is very large. The configuration oscil-
lates about the equilibrium and hence, the instantaneous
growth rate changes as time passes. To capture this time-
dependent growth rate feature, we calculate an arithmetic
mean of the growth rate (") over the period [274, 674].
The enhancement of the oscillation amplitude increases the
standard deviation of the growth rate (¢°) about the mean
¢™ (Figure 3a,4a). The average growth rate of instability
over the Alfvén time is ( = (™, whereas the instantaneous
growth rate at any moment is most probable to lie within the
shaded region (¢ £¢7). The value of critical shear modulus
(ferit) is estimated from the condition when the instability
growth rate tends to vanish (i.e. (™ — 0). We find that
the value of pcrit is about 2 x 103! Joule - m~2 for both pure
toroidal and pure poloidal magnetic field configurations with
|M/W| = 8x1073. Similarly, we have found the characteris-
tics of the instability growth rate for the configurations with
different magnetic energy |M/W| =4 x 1073 & 16 x 1073.
Figures 3a & 4a show that as the magnetic energy of the
star increases the required shear modulus becomes larger to
prevent the magnetic instability, i.e. picrit is higher for a star
with larger M.

In a fluid star, as the magnetic field strength increases
the instability growth rate increases. The shear modulus de-
pendent instability growth rates follow a similar trend for
different magnetic energies. If the growth rate and shear
modulus are scaled using 74 and |M/W)| respectively, the
different curves relating magnetic energy display a form of
self-similarity, as shown in Figure 3b and 4b. In addition to
the similarity feature, we can get some idea about the value
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Figure 2. Left: The time evolution of perturbed magnetic energy (§M) corresponding to an m = 1 mode in a polytropic star with
different values of uniform shear modulus throughout its interior. The neutron star has a pure toroidal magnetic field and the energy
ratio between magnetic to gravitational is |[M/W| = 8 x 1073. As the strength of the shear modulus (p in unit Jéule - m~2Y increases,
the characteristic growth of the instability reduces. The consistency of the numerical solution for different grid resolutions/is also shown.
Right: A similar characteristic is shown in the time evolution of perturbed magnetic energy with an m = 2 mode.where the equilibrium

star has a pure poloidal magnetic field.
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Figure 3. a): Shear modulus (u) dependent instability growth rate () in neutron stars with pure toroidal magnetic field for three
different magnetic energies. The instability growth rate reduces for a higher value of the shear modulus. The shaded regions connected to
each curve represent the standard deviation.of the growth rate about the arithmetic mean (i.e. ("™ 4 () of time series data in the period
[274,674]. The temporal behaviour of the perturbed components captures oscillatory phenomena and the standard deviation increases
when the oscillation amplitude grows. For, fixed imagnetic energy, the minimum value p.r;; suppress the magnetic instability is obtained
from the condition ("™ — 0. b) Different magnetic energy configurations exhibit a self-similar feature when the instability growth rate
(¢) and the corresponding shear énergy (Espeqr) are scaled using magnetic parameters Tgl and M, respectively. A small mismatch in
the vertical scale may be due to theysimplified expression of 74, obtained from the global average values.

of k (see equation (18))\required to have a stable oscilla-
tion. Figure 3b and'4b indicate the value of x are about 0.5
and 0.4 for pure toroidal and pure poloidal magnetic field
geometries réspectively.

As<barotropic star with axisymmetric mixed poloidal and
toreidal field; obtained from self-consistent field studies, also
exhibits, Tayler instability as the configurations are mainly
dominated with a poloidal fraction (Lander & Jones 2012;
Bera/& Bhattacharya 2017a). Hence, we expect a similar ef-
fect due to the shear modulus on magnetic field evolution in
such field geometries.

4.2 Evolution of stellar magnetic field with
crustal shear

The results presented in the previous section are obtained
for a star with a uniform shear modulus throughout the inte-
rior. To restrict the effect to the region of the stellar crust, we
consider a radial profile of the shear modulus which grad-
ually increases from the centre. For simplicity, we assume
a smoothly varying radial profile of the shear modulus to
model the localised effects of the elastic crust. This avoids
complexities related to a sharp gradient of elasticity and re-
lated issues associated with the implementation of an inner
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Figure 4. Same as Figure 3 but for a perturbed pure poloidal magnetic field configuration. Here the instability growth rateyalsoireduces

as the shear modulus (u) increases.

boundary within the computational domain. This model is
not particularly realistic but provides qualitative insight.

We consider a radial profile of shear modulus with the
following functional form:

wu(r) = % <1 + tanh T/];iRth) . (23)
This form ensures p >~ pfimaz as 7 — R, and the value of u
gradually decreases from the surface towards the core. Here,
R is the equatorial radius of neutron star and R; represents
the radial location (in unit of R) where p = fmax/2. IRy
is a parameter which decides the effective radial width over
which the gradual transition of shear modulus happens near
R:. We keep a fixed value of §R; = 0.125. A set of radial
profiles of shear modulus are shown in the inset of Figure 5a.
The radial profiles corresponds to R, = 0, Ry = 1/4 and
R: = 1/2. A uniform radial function is also shown for the
comparison. Very close to the stellar surface r = Rythe
shear modulus is expected to drop sharply as the.matter
density vanishes. This is not captured in equation 23.The
instability features for some other radial profilesiare given
in Appendix B.

For a poloidal magnetic field configuration with
|M/W]| = 0.008 (Figure 1b), we choose Hma%, 2, ferit, and
find the instability characteristics for‘different radial profiles
of shear modulus. This pure poloidal magunetic field config-
uration with a uniform sheardmodulus suggests a critical
value near about i = 1.9 x 103! Joule - m™3 as ¢ tends
to vanish (Figure 4). The stars with a uniform shear mod-
ulus throughout its interior(such that pimaes > pferit show
stable oscillation when it\is/perturbed (Figure 2b). How-
ever, a reduced shear modulus in the core region causes
the system to-exhibit magnetic instability (Figure 5a). The
configurations with .an insignificant shear modulus at the
core alsofshow a similar behaviour even for a higher value
of pmaw (Figure 5b,c). The radial profile of shear modulus
withyR; = 0:5 shows maximum instability growth even for
thewcase when fmaz =~ 10 - picrie. The time evolution charac-
teristics of Figure 5a,b,c are summarised by calculating the
instability growth rate and presented in Figure 5d with their
Eshear value. It shows the presence of instability is dependent
on the radial profile of shear modulus within the star, and

almost independent of the volume integrated.shear modulus.
Therefore, the value of x in equation*18 does depend on the
profile of shear modulus and the magnetic field geometry.
For a pure toroidal magnetic field geometry, the radial pro-
file of the shear modulus exhibits similar instability features
(Figure 6). Hence, it suggests the magnetic Tayler instabil-
ity is intrinsic to thesfield geometry and local environment
near the magnetic null’region.

5 DISCUSSION AND CONCLUSION

We _ have investigated the impact of elasticity on the mag-
netic Tayler instability in an idealised polytropic star. We
did jthis by performing time evolutions of the perturbed
magneto-hydrodynamic equations, starting from an axisym-
metric equilibrium configuration. We found that the growth
rate of the instability in a magnetic star reduces when the
shear modulus is large enough to make an impact based on
its strength and spatial distribution. We now discuss a few
points relevant to applying our results to real neutron stars:

Magnetic field geometry: Observational properties of a
neutron star indicate the presence of a strong multi-polar
surface magnetic field components (Bilous et al. 2019). But
there is no prior direct evidence on the interior field geom-
etry. To make the calculation simple we considered axisym-
metric stellar configurations with pure poloidal and pure
toroidal magnetic fields which cover almost the entire star
(Figure 1). Our results demonstrate that the presence of an
elastic environment suppresses the Tayler instability of these
configurations. In an overall scenario, the dynamical prop-
erties of a localised magnetic field might follow qualitatively
the characteristics of the extended field geometries (e.g. the
threshold criteria of equation 18).

Tayler instability and crustal shear: The electrostatic
interactions between crystallized ions in the crust of a neu-
tron star generate the elastic properties. The value of shear
modulus and its non-isotropic nature depends on the crys-
tal parameters and the local environment, e.g. tempera-
ture, magnetic field (Sato 1979). A typical value of the
shear modulus at the neutron star crust is about pess ~
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Figure 5. The time evolution of perturbed magnetic energy of an equilibrium neutron star with a poloidal magnetic field and energy
ratio |M/W| = 0.008 for different radial profiles (inset figure) of the shéar modulus. a) The perturbed magnetic energy in the m = 2

mode grows as time passes and indicates the presence of ingtability for a radially uniform shear modulus ( 1.9 x 1

031 Joule - m~3). For a

different radial profile of the shear modulus within the star, the perturbation grows at a higher rate when the shear modulus is smaller
close to the unstable region (r/R ~ 0.6, Figure 1b). The radial profiles of the shear modulus are shown in the figure inset. b) and c¢) are
same as figure a) but for pmaez = 9.4 x 103! Joule .mT3/and 1.9 x 1032 Joule - m 3 respectively. The instability reduces significantly for
the uniform cases but the growth rate depends on Ry, i.e: the radial profile of shear modulus. d) The calculated growth rates (™ 4 ()
in the time range [274, 674] of Figures 5 a, be&sesand, the corresponding volume integrated shear energy (Espeqr) are shown here. The
instability growth rate almost achieves the‘maximum, corresponding to the no-shear condition (u = 0), for the radial profile Ry = 0.5,

irrespective of the value of Egpeqr-

10%° Joule - m3.2 The presenceyof a magnetic field may in-
fluence the crust structureyin a neutron star (Chamel et al.
2012; Franzon et al. 2017)y It™may also introduce a lo-
cal magnetic field dependent non-isotropic shear modulus
(Baiko & Kozhberey=2017): Assuming these as higher-order
corrections, we neglect, these details in our study to keep the
calculation simple.

In section 4.1, we considered stars with a uniform shear

2 Theyéffective shear modulus in the neutron star crust can be
estimated-as perp ~ 0.1 xn(Ze)?/a (Horowitz & Hughto 2008).
Here, n ~ (4/3ma3)~! is the ion number density and a is the ra-
dius-of a Wigner-Seitz cell containing one single ion of charge Ze.
For the crust with 56Fesg ion in a crystal with a > 2.2x 10716 cm

effective shear modulus becomes piefy ~ 3.7 X 1029 Joule - m~3.

modulus throughout the entire stellar volume. We found
that a shear modulus of about 2 x 103! Joule - m~3 can pre-
vent magnetic Tayler instability originating from an average
magnetic field strength about 10'® T (Figure 2). The evo-
lution of the perturbed stellar variables is observable in the
sound crossing time (75), but the appearance of the Tayler
instability can be identifiable after a few Alfveri crossing time
(Ta). The presence of a strong magnetic field in these con-
figurations ensured a shorter evolution time (as 74 o B%)) to
exhibit the magnetic field strength dependent characteris-
tics. The short evolution time (of duration a few 74) helped
in the numerical computation in two ways: i) smaller errors
even for lower grid resolution, and ii) reduced computation
hours where the minimum time step is connected to the grid
size and 75. We can utilize the general characteristics of Fig-
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Figure 6. Same as Figure 5, but the perturbation characteristics are due to‘an m = 1 mode for the equilibrium configuration of Figure la
with pure toroidal magnetic field.
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Figure 7. a)iSame as Figure 2, but for a equilibrium star with a volume-averaged toroidal magnetic field 3 x 10! T (JM/W| = 1075).
In this casepthe Alfvén time (74 ~ 0.03 s) is about 28 times of the configuration presented in Figure la (and hence it leads to a very
longhcomputation time). A uniform shear modulus of strength above 102° Joule - m™2 within the star can exhibit stable oscillation.
b) The linear extrapolation of the critical shear modulus (pcri¢) values from Figures 3 & 4 indicates that the uniform shear modulus
A ='2.3 x 1028 Joule - m~—3 is close to the critical value (pherit) of this configuration to exhibit stability against perturbation.
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ures 3 & 4 to estimate the critical value of the shear mod-
ulus at a lower magnetic field strength, assuming a linear
extrapolation. It suggests a star with a uniform shear mod-
ulus equal to a typical crustal value (~ 10%° Joule - m™?)
can sustain a magnetic field of strength up to about 10** T
(Figure 7). This field strength is higher than the inferred
maximum magnetic field values (~ 10871 T) at the surface
of neutron stars (Konar 2017; Pétri 2019). We can therefore
say that a star with a non-zero shear modulus throughout
its entire volume, equal to the typically estimated crustal
value, would be capable of stabilising a neutron star with a
realistic magnetic field strength.

However, the elastic component of a realistic neutron
star will probably be confined to the crust. In this case our
findings of section 4.2 indicate that the elastic crust may
not be able to stabilise the star, even if its shear modulus is
increased beyond the values normally considered for crusts.
Here we can conclude that the axisymmetric barotropic mag-
netic neutron stars with an elastic crust at the outer surface
and interior magnetic field are unstable.

In summary, we have studied the instability characteris-
tics of axisymmetric magnetic field configurations. In a fluid
star, the instability growth rate is directly dependent on the
Alfvén crossing time. The main conclusions are:

i) The inclusion of elasticity with uniform shear modulus,
present throughout the entire stellar volume, reduces the
instability growth rate. The instability may even disappear
if the shear modulus exceeds a critical value.

ii) An axisymmetric magnetic star with an extended mag-
netic field and an effective shear modulus confined to an
outer shell does show a Tayler instability. Therefore a lo-
calised shear modulus may not always have a global impact
on the magnetic Tayler instability.

As it appears that the inclusion of elasticity does not
resolve the stability issues associated with a generic neu-
tron star magnetic field, we need to consider alternative ex=
planations for the simple fact that real neutron stars.sup-
port strong—obviously long-term stable—fields. Inevitably,
we need to make the stellar model more compléx. Inyor?
der to focus on the elastic properties, we simplified many
aspects of the problem. We explored liner-order perturba-
tions of an axisymmetric magnetic and baretropiestar close
to equilibrium. A more realistic description ‘would include
the expected composition and state“ef matter and should
account for evolutionary aspects. Aftervall; a neutron star
is a dynamical system, the préoperties of which evolves as
it matures on time scales ranging from a fraction of sec-
ond to giga-years. A realistiésevolution involves changes in
temperature, nuclear eémposition, magnetic field geometry
(Goldreich & Reiseneggern1992; Gourgouliatos & Cumming
2014), rotation speed (Pons & Vigano 2019) etc. The dif-
ferent aspectstarejynotyindependent and their impact on
the magnetic field configuration, which may appear sub-
tle, may.be'erucial. Therefore, to address the nature of the
neutron, star magnetic field one ought to consider a wider
range. of physical conditions, e.g. i) stable (composition)
stragification, ii) multipolar magnetic fields, iii) a gradually
evolving system, iv) the presence of matter in the super-
fluid/superconductor state (Sauls 2019; Glampedakis et al.
2011; Graber et al. 2015) etc. These are all interesting as-
pects which we hope to consider in future work.
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APPENDIX A: SHEAR TERMS

In a spherical polar coordinate system, the directional dif-
ferentiation and the connection coefficients I'; ) are:

0% 108 . 1 96
Sir = ar’él’g_raé’gl’(Z)_rsinG o
(A1)
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1
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r’ r
(A2)
Now, Sik = &i;x = &,k + L'ije€;. Hence, the shear terms)in a
spherical polar coordinate appear in the following fori:

s, 206 2, oot 1084 N1 0%,
T30 3> 3¢ ' T 3000  Brsind 0¢’
(A3)
208 & 10¢ gotd. 1 0%
B0 =250 Y3 T3 B P rsmoao0 Y
_y, 106 & \BG
ro = Zor 20r 2c 2r 8o’ (A5)
Sy = — 2 PoguOb0, & 106 1 9%
* 7 3rsind 0@ 3 °T3 T 39r 3r o0’
(A6)
vy, L Mo 108 1,
o = % N6 06 T2 0r 2t (A7)
10 1 2 t0
Ee¢=z¢9=fﬁ Co_ <o &s- (A8)

2r 00 2rsind ¢ S or

Theé stress due to trace-less strain is obtained using the
shear modulus p,

T = -2, (A9)

I
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Hence, the force term due to shear (equation 13) can be

expressed as,
Fshear :_VTIQMVE+2VN2 (Alo)

In a medium with a uniform shear modulus (Vi = 0), the
spherical polar components of Fspcqr appear in the following
form:

]:¢|shear/2ﬂ - E¢k;k = Eqﬁr;r + 2¢9;9 + Z¢¢§¢
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For a r-dependent shear modulus u(r), the compo-
nents Fg|shear and Fy|sheqr remain as these are in equa-
tions A1l & A12 respectively but Fr|shear includes extra
terms with the factor g—‘j in its expression:

o

fr‘shear = 2,U/Z'rk;k + 2
or

(Err + Zre + Zr¢)~ (A14)

APPENDIX B: SHEAR MODULUS IN THE
INTERIOR

In section 4.2, we consider a gradually increasing radial pro-
file of shear modulus (equation 23) with a maximum near
the stellar surface to connect it with the crustal shear within
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Figure B1. a) Time evolution of the perturbed variables for a poloidal magnetic field configuration of Figure 1b with different Gaussian

2
radial profile of shear modulus u(r) = pmaz exp [—%] . b) The instability growth rates (¢ + (?) depends on thesradial profile

of the shear modulus.
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Figure B2. Same as Figure B1 but for a pure toroidal magnetic field configuration of Figure la with different Gaussian radial profile of

shear modulus.

neutron star. Another kind of star, suppose with_ a‘erys-
tallised matter in its interior, e.g. a white dwarf,anight have
a different radial profile of shear modulus. To“explore these
possibilities, here we also study some radial profiles of the
shear modulus with a significant strength within the stellar
interior compared to the surface value. This condition is not
relevant in case of a neutron star withya crust but this ex-
ploration can be used to understand the local effects in the
action of instability. As an example,ywe assume the shear
modulus in the Gaussian form:

A,

IR? (B

p(r) = pmaz €xp {—
Here, R, degcidesithejradial distance (in the unit of the
stellar radius R) of the maximum shear modulus pmae from
the centré and Rs/is a measure of effective radial width.
IngFigures B1 & B2, we consider the values of pimae
suchithat the uniform radial p-profiles do not exhibit mag-
netie instability in pure poloidal and pure toroidal magnetic
field configurations respectively. The time evolution of lin-
ear order perturbation in the different shear profiles of Fig-
ures Bl & B2 indicates that the value of shear modulus
near the stellar core (r = 0) influences the global growth

of the magnetic instability. Reason the core region plays a
significant role may be due to its very fast sound speed that
transports pressure-density perturbation in the other parts
of the fluid system.
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