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Abstract

This paper proposes a novel methodology to detect Granger causality in mean in
vector autoregressive settings using feedforward neural networks. The approach ac-
commodates unknown dependence structures between the elements of high-dimensional
multivariate time series with weak and strong persistence. To do this, we propose a
two-stage procedure. First, we maximize the transfer of information between input
and output variables in the network to obtain an optimal number of nodes in the
intermediate hidden layers. Second, we apply a novel sparse double group lasso
penalty function to identify the variables that have predictive ability and, hence,
Granger cause the others. The penalty function inducing sparsity is applied to the
weights characterizing the nodes of the neural network. We show the correct iden-
tification of these weights for increasing sample sizes. We apply this method to the
recently created Tobalaba network of renewable energy companies and show the
increase in connectivity between companies after the creation of the network using
Granger causality measures to map the connections.
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1 Introduction

The concept of causality introduced by Wiener (1956) and Granger (1969) constitutes a
basic notion for analyzing dynamic relationships between time series. In studying this
type of statistical causality, predictability is the central issue, which is of great importance
to economists, policymakers, and investors. A broad definition of Granger causality is
based on detecting whether a variable or group of variables helps reducing the mean
square forecast error of a univariate or multivariate prediction, see Geweke (1982, 1984),
Dufour and Taamouti (2010), and more recently, Song and Taamouti (2018) in a high-
dimensional setting.

A natural parametric setting to assess for the presence of predictive ability in a mul-
tivariate setting is the family of Vector Autoregressive (VAR) models introduced by Sims
(1980) in a seminal paper. The choice of this parametric approach has two inherent
problems. The occurrence of overparametrization in large dimensions and the incorrect
specification of the relationship between the variables in the linear VAR model if the
true data generating process determining the interactions between the variables is non-
linear or, more generally, unknown. The different procedures suggested by the literature
to overcome the "profligate parametrization" that can affect high-dimensional VARs are
classified as dimensionality reduction and sparsity induction via convex regularizers. In
the first group the literature tries to solve the overparametrization that may affect VARs
by reducing the dimensionality of vector time series models such as canonical correlation
analysis (Box & Tiao 1977), factor models (Pena & Box 1987), Bayesian models (e.g.,
Banbura et al. 2010; Koop 2013), principal component analysis (Stock & Watson 2002),
and generalized dynamic factor models (Forni et al. 2000), among many other statistical
techniques. The main limitation of these approaches lies on the loss of interpretability
due to the transformations involved under most of the methods that make impossible
to track the Granger causal interactions between the "original" multivariate time series
(Géron, 2017).

Recently, the statistical and machine learning literatures have instead focused on im-
posing sparsity in the estimated model coefficients through the use of convex loss functions
such as the least absolute shrinkage and selector operator (or Lasso hereafter; Tibshirani,
1996). The primitive version of this approach reduces the dimension of the problem
by deleting individual regressors. More sophisticated versions such as the Group Lasso
penalty (Yuan and Lin, 2006) reduce the dimension of the problem by jointly deleting
groups of variables. None of these approaches takes, however, explicit consideration of

the structure of the dependence in multivariate time series processes. In particular, these



methods do not consider the pivotal role that the correct specification of the order of
the VARs plays in detecting Granger causal interactions. To overcome this limitation
and accommodate penalty functions that explicitly consider the appropriate number of
lags in the system Nicholson et al. (2014) suggest a Hierarchical Group Lasso approach
that allows not only for automatic variable selection but also for automatic lag selection.
Another noteworthy example of Granger causality discovery in high-dimensional linear
VARs is the paper by Skripnikov and Michailidis (2019) where the authors propose a
generalized sparse fused lasso optimization criterion for jointly estimating multivariate
VARs. The novel lasso-based optimization procedure developed by these authors allows
not only to introduce sparsity but also to encourage similarities between transition ma-
trices - ultimately allowing for both joint estimation and Granger causality detection in
multiple VARs. The current literature has proposed robust procedures for the estimation
of Granger causality in high-dimensional linear VARs by sparsity induction via convex
regularizers, however, the identification of correct inferential procedures based on Granger
causality testing remains not fully untangled] A first step towards correct inferential pro-
cedures is proposed by Hecq et al. (2019) that extend the post-double selection approach
of Belloni et al. (2014) to Granger causality testing in linear sparse high-dimensional
VAR This procedure allows retaining the correct size after the variable selection of the
lasso and is shown to perform well for different data generating processes.

The presence of nonlinearities in the dynamic relationship between the variables is
another problem not properly studied yet in the analysis of Granger causality. Taamouti,
Bouezmarni and El Ghouch (2014) propose nonparametric estimation and inference for
conditional density based Granger causality measures that quantify linear and nonlinear
Granger causalities. These authors transform the Granger causality measures in terms of
copula densities. More recently, Song and Taamouti (2018) propose model-free measures
for Granger causality in mean between random variables. Unlike the existing measures,
these methods are able to detect and quantify nonlinear causal effects. The new measures
are based on nonparametric regressions and are consistently estimated by replacing the
unknown mean square forecast errors by their nonparametric kernel estimates.

Granger causality is a prediction problem. A powerful methodology for prediction
in regression models and, more specifically, forecasting multivariate time series is neural

networks. Empirical researches show that Artificial Neural Networks are characterized

'Wilms et al. (2016) propose a bootstrap based Granger causality test which, however, ignores the
uncertainty regarding the selection step and thus, does not account for post-selection issues.

2 Another important example that can be found in the literature is the research conducted by Song
and Taamouti (2019). The authors propose correct inferential procedures for Granger causality testing
in high dimensional systems modeled by factor models as opposed to high dimensional VARs.



by high accuracy when used to forecast nonlinear multivariate time series (Charkraborty
et al., 1990; Kaastra and Boyd, 1996)@. More generally, deep learning methods based
on training large neural networks have proved very successful in many high-dimensional
problems such as pattern recognition, biomedical diagnosis, and others, see Schmidhuber
(2015) and LeCun, Bengio, and Hinton (2015) for overviews of the topic. Athey and
Imbens (2019) provide a recent literature review of applications and contributions, to
and from economics and econometrics.

The main impediment for neural network models to be considered as a standard tool
for time series analysis is the lack of interpretation. This is due to the fact that the effects
of inputs are difficult to quantify exactly due to the tangled web of interacting nodes
between and across hidden layers. There is, however, some recent progress in this area.
In particular, Scardapane et al. (2017) propose a methodology that adds interpretability
to neural network structures by imposing a mapping between the "original" variables
and the nodes of the first hidden layer of the neural network. An "original" variable in a
model is considered as irrelevant if the corresponding nodes carrying information from the
variable to the neural network are pruned. Pruning nodes in the first layer of the neural
network is equivalent to deleting variables from a regression model. Tank et al. (2018)
are the first authors to apply this strategy to the specific time series problem of detecting
Granger causality. These authors use a hierarchical group lasso penalty function (see
Yuan and Lin, 2006) to the weights of the neural network; but their work remains silent
on the impact of the architecture of the network on Granger causality discovery.

The aim of the current paper is to propose a methodology based on neural networks to
detect Granger causality in mean for vectors of variables in which the dynamic dependence
structure is unknown and can take very general forms accommodating, in turn, linear and
nonlinear VAR models with a potentially high-dimensional number of variables and lags.
In contrast to most of the literature on neural networks, we add interpretability to the
neural network by applying Scardapane et al. (2017)’s strategy to a time series setting.
More specifically, we construct a neural network with input layer given by the vector of
regressors and output layer given by the vector of dependent variables. The magnitude of
the weights associated to the nodes in the first layer determines the presence of Granger
causality between input and output variables. More formally, the interpretability of the
network is given by the existence of a mapping between the regressors and the nodes
in the first hidden layer. A particular input variable will be relevant for predicting an
output variable if there are connections from the corresponding input node to any node in

the first hidden layer. Granger causality of a variable involves checking the connections

3 Universal Approzimation Theorem by Cybenko (1989) analyzed by Hornik (1991).
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between all possible lags and all possible nodes in the first hidden layer, such that a
variable will not Granger cause another variable if there are no connections leaving from
any of the input variables to any of the nodes in the first hidden layer. In contrast,
the number of nodes in the intermediate hidden layers is not directly related to the
definition and interpretation of Granger causality. The relevant intermediate nodes are
obtained from optimizing the flow of information from the input variables to the output
variables in the neural network - maximizing the mutual information transfer/minimizing
the information loss. More formally, we show that the optimal choice of the number of
nodes in the intermediate hidden layers improves model selection - reduces type I and II
errors in the Granger causality detection methods.

Our method allows for a large number of variables and lags. In this setting, the
number of input nodes can be very large rendering standard estimation and model selec-
tion methods unfeasible. We propose instead a novel sparse double group lasso penalty
function that allows for the estimation of the weights characterizing the transfer of in-
formation through the neural network and model selection - Granger causality and lag
selection. Our double group lasso penalty function considers all possible lags of a specific
regressor and all possible nodes of the first hidden layer connecting to such regressor as a
first group. The second group considers separately all possible nodes of the first hidden
layer connecting to a specific lag of a specific regressor. This is the proposed approach
to detect the optimal number of lags of a given input variable influencing each output
variable.

Our sparse double group lasso penalty function extends the penalty functions pro-
posed in Simon et al. (2013) for multivariate regression models and Scardapane et al.
(2017) for neural networks. Both hierarchical and sparse group lasso procedures for de-
tecting Granger causality allow specifying a different number of lags across variables in
the vector. However, in contrast to the hierarchical group lasso, our novel objective func-
tion imposes a lower penalty function on the parameters of the model at the same time
as guaranteeing model selection consistency. By doing so, we make sure we exclude those
variables without ability to predict the response variables, without excluding important
interactions between the variables once a group is not deleted, that is, once a variable is
shown to Granger cause another variable.

To the best of our knowledge, this - together with Tank et al. (2018) - is the first study
that considers Granger causality in a very general setting - unknown dependence structure
between the variables - using neural networks. Our method differentiates from Tank et
al. (2018) study in two main aspects. First, we propose an optimal network structure,

obtained from applying Montgomery and Eledath (1995)’s algorithm, and second, we



consider a different lasso penalty function that operates differently from the hierarchical
group lasso. That is, we only use in each hidden layer those nodes that carry information
from the input layer to the output layer removing unnecessary nodes. The optimality of
the neural network has a direct effect on the properties of our Granger causality procedure.
In particular, we reduce the type I error, interpreted in this context as spurious Granger
causality. An excessive number of nodes can lead to lasso type penalty functions that
identify spuriously non-existing interactions among the input nodes.

The paper also discusses results on parameter identification and model selection con-
sistency as the sample size increases. We derive the conditions that determine the in-
clusion or not of a parameter or group of parameters in the model. Our conditions for
model selection coincide with those found in the literature for model selection consistency
when the number of variables and the number of lags are fixed, in particular, we obtain
A = 0(1/T) with T the sample size, see Fan and 1i (2001). Nevertheless, our procedure
also achieves model selection consistency when the number of lags k increases with the
sample size. In order to guarantee this, we impose A = o (ﬁ), with k7 the number of
lags of the input variables.

In appendix A, we report a comprehensive Monte-Carlo simulation exercise that shows
the performance of our methodology to detect Granger causality. First, we assess the type
[ and type II errors of our detection procedure in finite samples and compare it against a
method that does not optimize the structure of the neural network. Second, we compare
the performance of our proposed sparse double group lasso against the hierarchical group
lasso. Both sets of results provide clear evidence of the outstanding performance of our
methodology for detecting Granger causality in terms of probability of type I and type 11
errors. This result holds for short and long range dependence and for linear and nonlinear
VAR specifications. We also show the consistency of our approach for model selection for
increasing sample sizes.

The suggested methodology is then applied to detect the interconnections between
energy companies trading in the recently created Tobalaba network. The Tobalaba net-
work is a test-net provided by the energy Web foundation (2018) that connects renewable
energy companies via a blockchain platform. More specifically, we exploit recent work
on social and financial networks that identifies the presence of connections in a network
through the presence of Granger causality between their nodes, see Billio et al (2012) and
Hecq et al. (2019). In our setting, we propose our two-stage neural network approach
for detecting Granger causal relationships between the financial returns of the energy
companies trading in the Tobalaba network.

The World Bank Group (2018) argues that the decentralization, disintermediation, in-



crease in information symmetry, and cost reduction via smart contracts will allow smaller
participants entering the market, increasing the number of bilateral transactions and ul-
timately diversifying the market structure. The objective of our application is to cor-
roborate the World Bank Group’s hypotheses by gauging the interconnectivity between
energy firms before and after the introduction of Tobalaba. To do this, we construct two
Granger causal networks (before and after the introduction of Tobalaba) applying to each
vertex the proposed algorithm. The empirical study reveals an increase in the number
of connections among the members of the Tobalaba network after the introduction of
the blockchain platform. We explore the implications of our methodology for forecasting
purposes. To do this, we implement Diebold-Mariano (1995) predictive ability test and
find overwhelming empirical evidence supporting the outperformance in predictive ability
of our approach compared to VAR models of different dimension.

The rest of the paper is organized as follows: Section 2 presents the structure of the
neural network and formulates the Granger causality detection procedure in this setting.
Section 3 discusses estimation and model selection using a two-stage procedure, based on
a novel sparse double group lasso penalty function. Section 4 discusses parameter identi-
fication and model selection consistency when the number of lags is fixed and also when
it increases with the sample size. In Section 5, we apply our novel procedure for detecting
Granger causality to the financial returns of the set of renewable energy firms trading
in the recently created Tobalaba network. Section 6 concludes. Appendix A presents
a Monte-Carlo simulation exercise that provides empirical evidence in finite samples of
the performance of our method to detect Granger causality and model selection consis-
tency for increasing sample sizes. Appendix B provides a formal parametric definition of

Granger causality in a fully connected neural network framework.

2 Granger causality in neural networks

Let {x; € RP}L, denote a p-dimensional vector time series of length 7. Our goal is to
study Granger causality in mean. For this, the relevant loss function is the mean square
forecast error. The vector of random variables x; evolves according to the following

dynamics, that are defined componentwise. Thus, for each x;:
Tt :gi(xt—17”'7xt—k)+€’it7 for i = 17---719» (1)

where g;(+) is a function that captures the dependence structure between the dependent
variable x; and the lags of the vector x;,. The quantity €; is a martingale difference

sequence satisfying that Ele; | S;_1] = 0, with 81 denoting the sigma-algebra containing



all the information available to the individual at time t. We further assume that the
sigma-algebra ;1 can be approximated by the finite set X; 1, with X; 1 = [x;_1...X;_4]
a matrix of dimension (p x k) containing the relevant information set. Then, ;1 = X;_;
such that Elry | Si-1] = ¢:(Xy—1). In addition, it is also implicit that k = k; as we
investigate the possibility to use different lags for different components.

There are different approaches to model the function g;(X;_ 1) for ¢ = 1,...,p. This
paper builds on the recent literature introducing techniques for adding interpretability
to neural networks and proposes a feedforward neural network to model each function
g:(+) separately. Each feedforward neural network has N hidden layers, and the vector h,,
denotes the values of the hidden layers obtained from z, hidden nodes in the n!* hidden
layer. Abusing of notation, we use g;(X;_1;"W,z) to denote the function g;(X;_;). By
doing so, we incorporate as additional arguments of the function the matrix ‘W that
contains all the weights with the information carried through the nodes in the hidden
layers for predicting the output variable x;;, and the vector z = (21, .. ., ZN)T that contains
the number of nodes in each hidden layer.

In this framework, we propose ¢+ = 1, ..., p different neural networks to measure the
relationship between each variable x;; and the matrix of input variables X;_;. Further-
more, each submatrix ‘W' contains the weights associated to the nodes in the first hidden
layer. These weights connect the vector of input variables to the first hidden layer with
z1 nodes. To fix ideas, let us focus on the output variable x;;. In this case, the matrix of

weights relevant for gauging Granger causality and characterizing the first hidden layer

is
| Wl il 09
"Wl =
(z1xkp) . . . .
' Zwil(i) ’wil(lf) Zwil(,l,) ‘wil(];)
For the intermediate hidden layers the matrices ‘W™, with n = 2,..., N, are constructed

similarly, however, in this case the connections are between a layer of 2, ; nodes and a
layer of z, nodes such that the dimensions of the matrix ‘W™ need to be adapted. In
what follows, we drop the superscript ¢ and denote the matrix with the weights of the
neural network as W = [W1 ..., W/

The information in a neural network flows across layers by means of activation func-
tions 6. Let X;_; be a vector of dimension kp x 1 that stacks all the elements of the
matrix X;_; from the input variables. For a given bias parameter b; € R* and activa-

tion vector-valued function 6(-) : R** — R*', the values at the first hidden layer h; € R*



are

hy = 6(W'x_i +by)

=0 j=1 Zf:l wi§l)xj’t_l + b1z (2)

The values of the activation functions at the intermediate hidden layers, h,, € R** are
given by
h,=0(W"h,,_;+b,),n=2...N, (3)

where b, € R** . h, ; € R*1 and hence W™ € R** x R*-! is the matrix of weights
in hidden layer n with z, rows and z,_; columns. Since the vector-valued activation
function 6(-) proceeds element-wise, we denote by 6,(-) : R — R with z =1,..., z,, each
component of it corresponding to each node in hidden layer n. Therefore, the one-period

ahead forecast of the time series x;; is
9i(Xi-1; W, 2) = wohy + bo, (4)

where bg is a constant; wo € R*V is the vector of weights connecting the last hidden layer
N to the output node, and hy € R*¥ is the vector of values at the last hidden layer,

which can be expressed in terms of the input data as

where WV € RV x R*-1 and 6(-) : R*¥ — R*¥. Hence,

gi(XetiW,z) =wif | WN0 | S0 S wlPa, y+b. | +by | +bo. (6)

Equation @ expresses the function g;(+) in terms of a vector-valued activation function
0(-) applied to a linear combination of the input nodes. This equation adds interpretabil-
ity to the neural network through the connections between the input variables and the
nodes in the first hidden layer. A variable x;; does not Granger-cause the variable x;, if all
the weights connecting all the lags of z;; in the model and all the nodes in the first hidden
layer are zero. Appendix B provides a formal parametric definition of Granger causal-
ity in a fully connected neural network framework. The null hypothesis of no Granger

causality of z; to x; is

J-Cozwi;l) =...=wu® :...wil(;) :...:wil(?) =0, (7)

1j



Input Hidden Output
layer layer layer

Figure 1: Neural Granger Causality

and the alternative is
H 4 : some w,llg-l) #£0, form=1,...,z7and [ =1,... k. (8)

Figure [1| provides a visual representation of the intuition behind the test for Granger
causality based on feedforward neural networks for a multivariate time series with one
hidden layer. If the Group Lasso penalty penalizes to zero the weights highlighted in red,
the variable x1; does not Granger cause series x;. Thus, Granger causality is inferred

from the sparsity introduced in the first layer by the Group lasso penalty.

3 Estimation and model selection

We propose a methodology to detect Granger causality using a neural network for each
element of the vector x;. Our procedure is done in two stages. For a given sample, we
obtain first the optimal number of nodes in the feedforward neural network by minimizing
the information loss across layers. We focus on the first hidden layer z; given that in the
second stage, we plug-in the optimal quantity z; in a lasso type function penalizing the
weights of the neural network. Minimization of the corresponding regularization problem
has two objectives. First, it uncovers the input variables that are relevant for forecasting
the output variables (Granger causality) and, second, it allows us to establish the optimal
number of lags affecting the mean square forecast error.

Our approach differentiates from the recent literature on interpretable neural net-
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works, see Hastie et al. (2017), Scardapane et al. (2017) or Tank et al. (2018), in two
main aspects. First, in our case, concretely, as per Algorithm 1, we choose the optimal
number of nodes in all hidden layers that minimize the information loss through the
neural network deep architecture. This has been done in the literature by maximizing
the mutual information transfer between input and output nodes, see (Schreiber, 2000)
or, similarly, by minimizing the loss of information through the neural network, see de
Veciana and Zakhor (1992), Montgomery and Eledath (1995), Reed et al. (1995), or
more recently, Urban (2017). In order to fully exploit these theories and construct an
optimal architecture for the neural network that minimizes the information loss we need
to introduce uncertainty into the neural network. This is done by injecting noise into the
model. In this case, the optimal neural network is constructed through noise jittering.
Second, we propose a regularization function that extends the mean square error loss
function for fitting a neural network by penalizing the weights associated to the nodes
in the first hidden layer. In contrast to the literature, we propose a double group lasso
regularization that penalizes Granger causal relations separately across groups and lag

selection within groups.

3.1 Stage 1: Choosing the optimal neural network

In the first stage, we optimize the neural network by choosing the number of nodes per
hidden layer that maximize the transfer of information/minimize the information loss.
To do this, we follow the above literature and inject noise into the neural network. In
what follows, we adapt these methods to our setting. Our base loss function is the sample

mean square error, that is defined as

1
T |z — g:(Xum1; W, 2)|[5. (9)

In order to be able to apply the different information criteria above, we introduce
noise into the system by constructing noisy replicas of our sample, as in de Veciana and
Zakhor (1992), Montgomery and Eledath (1995), Reed et al. (1995) or Urban (2017).
This approach can be interpreted as a procedure to regularize the neural network applied
to a population and not only to a given sample. Let 7, = x; + vj, with vy an did
realization of a N(0,0?) random variable, and let X; ; be the corresponding matrix.
The objective function @D applied to these iid random copies of the original observations

becomes
1 r 2
fz (ifz't - gi(Xi_; W, Z)) - (10)
t=1

In what follows, we decompose the mean square error into two components: a first

component given by the mean square error of the original data and a second component
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given by introducing noise into the model. To do this, we consider first the case of a
single hidden layer W = W', Let the objective function be g; (X;‘_l; W, z) = whhi +bo
with

hi = 0 i w0 T b+ S S wl v | (11)

For simplicity, we work with the activation function element-wise, such that
. A 1(1)
9i (th1§ W, Z) = > wo.b. ( Zl 1 w2j xjt 1+ b1+ Z] 1 Zl 1 w2j( Uj,t— l) +bo. Ap-
z=1
plying a Taylor expansion of first order to each activation function 6,(-) around the de-

(1)

terministic component Z§:1 Doy w,; ' Tj1 + bz, We obtain

p k p k p k
" (zzwz%jﬂ oot zz@vié”w’) ~ 6 (ZZwiﬁ”w + b“) -
Jj=11=1 Jj=11=1

j=1 =1

P k
(zzw l+blz> Y 0l

j=1 i=1 j=1 1=1

with 0, (-) the first derivative of 0. (-). Note that for standard activation functions proposed
in the related literature, the second derivative of 6(-) is close to zero along the support of
the function, therefore, a first order expansion is sufficient to approximate very accurately

the activation function. Then, the objective function becomes

k

Z P
g (Xi_1; W, z) m wihy +bo + Y _wobs (Z wa Tjp—1 blz> > w, v,

z=1 j=1 1=1 j=1 1=1

and the loss function can be decomposed as

1 T
_Z Tit — Gi Xt 1?W Z))
t=1

~

hS]

T 2 k p k 2
+%Z <Z°"0292 (Z Y wie i+ b1z> > 1 wiﬁ”%‘,t—z)

Jj=1 =1 Jj=l 1=

T 21 P k p k
25 X W) S (z S 0yt blz> Yl

t=1 z=1 j=1 i=1 j=1 1=1

Note that the elements inside the outer sum over ¢ are independent but not identically
distributed. The randomness is introduced through v, in all cases so the mean is zero

but the variance varies for each observation depending on the value of 4(-) and the
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weights wp. In this case, we can apply the law of large numbers for independent but
not identically distributed random variables, and write the preceding function as the sum
of the population mean square error and an additional regularization component. More
specifically, as T — oo, the previous expression converges in probability to the following

population quantity:

21 Pk p
E[(zi — g:(Xe—1; W, Z))Q] + Ungozég (Z Z wi§l)xj7t_l + b12> Z (wi§l)>2
2=1 j=1 I=1 j=1 I1=1
(13)
The variance of the innovation term, o2, can be interpreted as the tuning parameter of a
regularization component given by the first derivative of the activation function and the
the magnitude of the weights.

The objective of this procedure is to minimize the noise transmitted through the
neural network. This can be done in two ways: (i) minimizing the nodes operating in
the linear region of the activation function and (i7) minimizing the weight values in the
network. If a node is operating in the saturation region then its output will not be affected
as much by the noise. Figure [2| illustrates the different regions. It is also clear that large
weights, W, will also amplify the noise of the output. Also, as noted by Montgomery
and Eledath (1995), small weight values in the first hidden layer tend to keep nodes in
the linear region so we may only want to minimize the outgoing weights from each node.
Furthermore, the choice of the activation function is another factor to consider. The

choice of the tanh function, defined as:

e —1
e 4]

0(x) (14)

guarantees that a node operating in the middle of the linear region has an average acti-

vation close to zero. Removing a hidden node in this case does not affect the training as

much as under other activation functions.
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Figure 2: Linear and Saturated Regions for a Genetic tanh Activation Function 6

We use these arguments and focus on the significance of each node in each hidden
layer rather than on minimizing formally expression ([13). In the second stage of our
procedure, we will formally minimize the mean square error under Lasso regularization
when a VAR structure is considered. In this stage, we assess, indirectly, the contribution
of each node to the noise in the neural network by applying a version of the pruning
algorithm called Dynamic Node Removal developed in Montgomery and Eledah (1995).
This method removes hidden units as training progresses. The idea is to keep those nodes
that contribute to transmitting information and delete those that transmit noise. The
algorithm penalizes the nodes operating in the linear region (low confidence) of 6,(-),
while accounting for the magnitude of the outgoing weights of the hidden nodes. In
our setting, at each Epoch (defined as the pass that the machine learning algorithm has

completed), the objective function is

o T Pk 2
o
S, = k:UTZ (/ftanh2 (bu + Z Z wi]('l)l'jt—l> +u Z (W§,5)2> 5 (15)
PRI j=1 I=1 z=1
with wig denoting a vector of weights of dimension (1 X z5) connecting nodes z = 1,..., 2
in hidden layer 1 to nodes zZ =1, ..., 25 in hidden layer 2; x and p are tuning parameters.

The objective function is standardized by dividing by the number of observations and
the number of nodes in the input layer.

This function measures the quality of the nodes in the neural network with regards
to information transfer. Thus, if the magnitude of this function is lower than a given
threshold x, then the hidden node is pruned. The choice of the tanh activation function

over other activation functions such as the ReLu, Exponential ReLu, or sigmoidal ensures
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satisfying the principle of minimum information loss. As we are considering a supervised
neural network, the minimization of the entropy must ensure the minimization of the
output error. Penalizing nodes that operate in the linear region of §(.) (element-wise) is
equivalent to penalizing nodes the output of which is approximately zero and, thus, nodes
that have little impact on the final output of the feedforward neural network. However,
as highlighted by Goodfellow et al. (2016) and by Géron (2017), sigmoidal activation
functions saturate for high or low values of h,, incurring in the possible problem of
exploding gradient and limiting the training of the neural network (Glorot and Bengio,
2010)[1]

Unfortunately, for neural networks comprised of more than one hidden layer, mini-
mizing the mutual information transfer by minimizing the mean square error of the noisy
version of the data is even more challenging. In this case, we extend the Dynamic Node

Removal of Montgomery and Eledah (1995) to higher layers:

2 Zn+1
o
Sy, = —2 </<atanh2 (bz + Wohy, 1) + 1 ) (wg;1)2) (16)
“n—1 = '
z=1
with w1 a row vector of dimension (1 X 2,1) of matrix W"*! connecting the node

z=1,..., 2, in hidden layer n to node z = 1...z,,1 in hidden layer n + 1E] The algorithm
that we propose for pruning the neural network is detailed in Algorithm

3.2 Stage 2: Model selection

In this section, we adapt the sparse group lasso proposed by Simon et al. (2013) to
neural networks. Our penalty function extends Simon et al. (2013) by considering a
double group lasso penalty function. In our case the groups are defined not only by the

nodes in the first hidden layer but also by the number of lags of each input variable.

4For saturated values of 6 at 0 or 1 the derivative is extremely close to 0, leaving no gradient to
propagate trough the neural network (Géron, 2017).

5We should note that the time index is implicit in the objective function S,,,. All observations
{x;}1_, are used to compute the objective function.
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Algorithm 1 Optimal neural network - pruning method

INPUT: Vector of all input variables, Gaussian noise v ~ N(0, 02)
OUTPUT: Pruned Feed Forward Neural Network that maximizes the mutual
information transfer.

1: procedure N HIDDEN LAYER EXERCISE

2:
3: Set x = 0.001 (see Montgomery and Eledath, 1995)
4: For each epoch E, calculate the significance of the function h,, , as:
0_2 T P k z2 9
S, = —% (m tanh? (blz + Z Z wi](-l)xjt_l) + Z (Wig) ) , (17)
L j=1 i=1 z=1
if the feedforward neural network contains one hidden layer, and
0_2 Zn+1
Spz = — | wtanh® (bn: + Wih,_y) 4+ p Y _(with)? ] (18)
Zn—1 =1 ’

for multilayer neural networks.

5: ItS,, <xforn=1,...,N, remove h,,
6: x = x *0.0001

7: Repeat 4 — 6 until £ = Maximum Epochs

3.2.1 Sparse double group lasso penalty

The regularization component of our objective function is divided into two components.
The first component is comprised by groups of size kz;, with k£ the number of lagsﬁ and z;
the number of nodes in the first hidden layer. This component is specific to the Granger
causality detection problem. This function penalizes as a group those weights that are
associated to a specific input variable and all its lags. To do this, we use the Frobenius
norm that extends the L, norm to matrices. The penalty function for a specific input

variable takes a value of zero if the Frobenius norm is zero:

p P 2k ) 1/2
SIwll, -3 ()] )

j=1 Lz=1 1=1

The second component is comprised by groups of size z;. This component is used for
detecting the optimal number of lags. This function penalizes as a group those weights

that are associated to a specific lag [ of a given input variable. To do this, we use the Lo

#We allow for different number of lags across input variables ;.
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norm penalizing jointly all the nodes in the first hidden layer corresponding to that lag:
] e [ 0y
1(1 1(1
S [w], -3 (3 (w2 )
j=1 1=1 j=1 I=1 Lz=1

It is possible to illustrate the groupings determined by the first (in blue) and second

component (in black) :

N | I | I | " I " ! I 1
1(1 1(k) "o 1(1 k) v 11 1(k) !
i:l 1§)1 }’wlg);: lelé)l }Zwlg)ll l;lwh(?)} lzwl;l(y)::
|
O O R A |
| | | | | | | | " ! | [
Do 1(1) Lo o 1(k) 1 g (1) Lo (k)1 g 1(1) i (k)
(2 K3 [ 2 K] 1 K3 3
:: W1 | W, :: W0 ! W49 'y :‘L z21p | ' Wzp ::
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In this setting, for a given output variable z;;, we propose the following regularization

function:

p p k
P(W', 253\, a) = A(1 — a)v/k W+ A H 1.“)” 21
Wesiha) =M= VE LW, a3 w0, en
with z; being the optimal number of nodes. Based on the above penalty function, we

propose the following objective function:

: 1 2
i {7 1Y, X W)+ POW, 20,0 2

where Y; = [x;1...x; 7]. Expression has a ’sparse double group lasso’ penalty because
it contains features of both sparse lasso and group lasso penalty functions. The above
discussion clearly shows that both penalty terms differently penalise different groups of
variables. The second component introduces sparsity in the first component by adding
shrinkage in each of the vectors comprising the matrices ijl H » before checking if all the
parameters in the matrices are zero.

The level of sparsity induced by the group lasso depends on the level of \; the higher
the A, the lower the number of groups selected. The parameter o € [0,1] is a tuning
parameter that, similarly to A, defines the level of sparsity induced into the system.
When o = 0, the sparse double group lasso reduces to the group lasso. It is also possible
to notice the relation that subsists between the adapted sparse group lasso and the
hierarchical group lasso when the number of lags is one and there is no lag selection. In
particular, imposing o = 0 suggests that no lag selection should be performed and thus
that k£ = 1, implying equivalence between the objective function (22]) and the hierarchical
group lasso proposed by Nicholson et al. (2014) and Tank et al. (2018), as conveyed by
the function below.
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In our context, it is important to note that the dimension of the groups, when the
group lasso is applied in a feedforward neural network, is a quantity that is determined
within the model. More specifically, the number of groups in the first hidden layer
is established in stage 1 through the mutual information optimization procedure. The
quantity z; is obtained from this stage. Given the soft thresholding of the group lasso,
a higher number of nodes will lead to a lower level of sparsity for a fixed level of A. In
this setting it is important to choose a suitable number of groups in the first hidden
layer. Otherwise, a suboptimal choice 2z, different from z; introduces two effects. First,
if z; > 2, there are more nodes than needed and some of them do not carry information
between the input variables and the output variables. In this case, the Granger causality
procedures based on neural networks, see Tank et al. (2018), will lead to spurious Granger
causality as a result of the activation of more nodes than necessary, increasing the type
[ error. A second effect is due to introducing additional terms in the regularization
component of the objective function P(W?, z,; X, a) given by the difference between z,
and z;. This effect can increase the severity of the penalty and lead to delete weights that
are indeed relevant in forecasting the output variable x;,. In this case, the suboptimal
choice of the number of nodes in the first hidden layer can lead to an increase in type II
error; spuriously rejecting that a given variable Granger-cause another one, when in fact
it does. These effects will be analyzed in a simulation study in Appendix A.

Before introducing the algorithm for the detection of Granger causality we discuss the
role of deeper layers on the correct detection of Granger causality. As the group lasso
depends on the size of z; and not on the width of deeper architectures, it is expected
that the layer wise widths of zy - for V. > 1 - will not impact on the correct detection
of Granger causality. Intuitively, when fitting a deep neural network, an increase in the
number of hidden nodes in the first hidden layer leads to an increase in the assumed
interactions among the different input nodes (and thus in the group sizes); conversely,
an increase in depth leads to an improvement in the fit of the network by increasing
the number of nonlinearities captured by the network, without affecting the assumed
interactions among input nodes. Therefore, the weights in the first layer take care of the
potential relationships (Granger Causal interactions) between the variables in the system
and the weights in higher layers introduce further flexibility into the model and improve

the goodness of fit.

3.2.2 Algorithm for the Detection of Granger Causality

In what follows, we present the algorithm that implements the methodology above for

the detection of Granger causality when a feedforward neural network is fitted.
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By applying Algorithm [2 this paper extends the current literature about Granger
causality discovery via neural networks by defining a new objective function that allows
not only the discovery of the Granger causal interactions but also of the optimal lag
length. The combination of these two aspects should ensure low type I and type II errors
when testing for Granger causality[|

The following subsection reviews two alternative penalty functions recently proposed

in the neural network literature introducing lasso penalty functions for model selection.

Algorithm 2 Algorithm for the Detection of Granger Causality

INPUT: Dependent and Independent variables.
OUTPUT: Predicted dependent variable, and Granger causal relations.

1: procedure BASED ON ALGORITHM

2:
3: Initialize an over-specified Deep Neural Network.
Definition of the Optimal /2.
5: Divide the dataset in training and test set.
6: Given the structure of the network, cross-validate the optimal v/2.

Definition Optimal Structure of the Network
: x = 0.001.
9: Set E = Maximum Epochs.
10: while (Epoch < E) do

11: Generate v ~ N(0, 02)

12: Calculate node significance applying Equation [I§|
13: Remove insignificant nodes.

14: Update y.

15: Algorithm [1| will return the pruned Neural Network

16: Granger Causality x
17: Define the number of hidden nodes and layers from previous steps.
18: Fit the feedforward neural network with objective function

"Another important factor that could impact on the interpretation of Granger causality from a
neural network relies on the correct combination of activation function and weight initialization. The
exploding gradient problem can reduce the efficacy of the group lasso detection of Granger causality
by limiting the training of W1. Similarly, if the rectified linear unit activation function is used, the
"dying ReLu" problem could lead to spurious node selection. The impact of the correct engineering of
the feedforward neural network in terms of the combination of activation function and weight initial-
ization is beyond the scope of this article.
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3.3 Interpretable neural networks

Advances in neural networks allow us to propose a feedforward neural network for the
detection of Granger causality in large systems. The main difference with previous models
based on neural networks is the possibility of interpreting the intermediate steps in the
making of the model predictions. To do this in a Granger causality setting, we interpret
the connections between the nodes in the first hidden layer and the input variables. The
interpretability of the neural network is made formal by adapting lasso type regularization
functions to a neural network setting. Rather than penalizing the parameters of standard
regression models, we propose a model that penalizes the weights in the nodes of the first
hidden layer of the neural network. The absence of Granger causality is interpreted as a
lack of connections between a given input variable and the set of nodes in the first hidden
layer.

Interpretable neural networks are briefly discussed in Hastie et al. (2017), in more
detail in Scardapane et al. (2017) and adapted to the detection of Granger causality
using a hierarchical lasso penalty function in Tank et al. (2018). To provide a suitable
background to our proposed regularization function above, we discuss in this section the
regulation functions proposed in these pioneering studies adapted to our VAR setting. In

this way, we can compare our novel objective function to the related literature.

Scardapane et al. (2017): These authors propose the following penalty function:

p p p N zn-
POAW) = A VEn Y [[WiHL+AD 33 vz we, +
=1 =1 i=1 n=2 z=1
. J
S VE bally + A W (23)

n=1

This penalty term weights ’equally’ each component of the penalty by A > 0F] The first
component:
» P , 1/2

> Iwil, =323 ()] o1

j=1 j=1 Lz=1 1=1
is identical to the first component of the penalty function , penalizing the coefficients
of the input layer (n = 1) across lags and nodes for each time series j. In our framework,
there are two 'groups’ of size kz; and z, respectively.

The second and third components penalize the ’adaptable features’ of the neural net-

work, {W", bn}fj:l . The second function penalizes the vector of all outgoing connections

8Scardapane et al. (2017) argue that after experimenting with simulation results, weighting the
components differently does not make a difference.
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from each node z,_; in each hidden layer n # 1 such that

N 2zZp—1 N zZp-—1 Zn 1/2
zzmwm§§y{z Q )

n=2 z=1 n=2 z=1

for each time series ¢. Intuitively, this corresponds to column-wise penalization of column

vectors of matrix W, n # 1. The third term penalizes the biases {bn where N+1 =

nl’

O (output node), of the neural network across layers n:

N N n 1/2
INCTINED ST oy 26)
n=1 n=1 z=1
Finally, the fourth term penalises the absolute value of the coefficients of the matrix
W = [. W . WN] ] for all time series 4, i.e:

N zn—1 P

W1, =

n(l ‘ (27)
i=1 n=1 z=1 j=1 =1
Importantly, it is this last constraint that does not allow Scardapane et al.’s (2017)
optimization problem to ’decouple’ across the rows of the output variable x;, and be
solved ’'in parallel’. That is, we propose a different neural network for each of the p
output variables in the system. For given network architectures, Farrell et al. (2018)
obtain conditions for valid inference over (W,b) in non-regularized feedforward neural

networks.

Hierarchical group lasso in neural networks: Tank et al. (2018) also base their
definition of Granger causality on the invariance of the neural network to z ;. In particu-
lar, these authors adapt a hierarchical group lasso objective function previously proposed
for high-dimensional linear VAR models by Nicholson et al. (2014). Tank et al. (2018)
propose a hierarchical group lasso function that allows for Granger causality detection

and also for automatic lag selection. The objective function is

.1 2 1(lk
rglvnﬁym—gi<xt_1;w>|r§+xz;l§;nwf e, (28)
Jj= =
k) o 10 1(k) o . . : .
where w;"" = [w;;"...w;;"’]. This is a hierarchical group penalty in the sense that if
wilj(l *) — 0 then for all I > I, Wl(l *) — 0. We use 9:(Xi—1; W) in (28)) to differentiate from

our multilayer perceptron function ¢;(X;_1; W, z) that chooses the number of nodes z,
strategically. In the hierarchical group lasso setting, the quantity z is a vector of nuisance

parameters that is taken as given in the optimization problem.
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Therefore, the methodology proposed by Tank et al. (2018) differs from the method-
ology introduced in our paper not only in terms of the regularization considered, but
also in terms of the identification of the parameters affecting Granger causality via a
feedforward neural network. In particular, as discussed previously, the underestimation
or overestimation of the number of hidden nodes in the first hidden layer, due to the
exogenous dimension of h;, can lead to an increase in either aggregate type I or type Il
errors. Also, expression (22)) allows performing a lag selection strategy similar to Tank et
al. (2018) but with a lower level of penalty given by not using the hierarchical structure.
For each group, the optimal lag will be identified by the highest non-zero lag length I'.
Lag lengths higher than [' will have the L, norms equal to zero and can be considered

jointly non-significant.

4 Parameter identification and model selection

The aim of this section is to assess the correct identification of the parameters character-
izing the objective function under the null hypothesis of no Granger causality. To
do this, we explore the conditions obtained from our objective function that leads us to
delete irrelevant weights (nodes and input variables). We consider these conditions and,
in particular, the role of A and « in introducing sparsity into the regularization problem.

There are kz;p parameters in the objective function indexed by wiél), with z =
1,...,21,7=1,....,pand [ = 1,... k. These parameters constitute a group, denoted by
the matrix le-, of size kz;. The objective function is convex implying that the solution
\/7\\7; to the minimization problem is characterized by the first order conditions of the

problem. These conditions are given by:

lagi(Xt—l; W, Z)
T GW}

(Y; — 9:(Xi-1: W, 2)) = A(1 — )/ zikuy + Aay/Z1us, (29)

0gi(X¢—1; W,z

where S ) is the first derivative of the function 9i(X¢—1; W, z) with respect to
J

—

the parameters in matrix W;; u; = if le # 0, and u; is a matrix inside a unit

W

=

ball such that [|u;, < 1, if W} = 0. The definition of uj is similar but replacing the
10

matrix le by the vector w; ) and the Frobenius norm by the Ls norm.

The null hypothesis Hy of no Granger causality of x;; to z;; corresponds to le =0.
The corresponding estimate from the objective function must be zero in order for

the lasso penalty to delete the parameter. The first order conditions with V/le = 0 must

satisfy the condition
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(Yi — g:(X;-1; W, 2))

1 ||0g:;(X¢—1; W, z)
T oW!

<A1 — )2k + day/z. (30)

This inequality shows the contribution of A and a to the condition that keeps a group
inactive, that is, the condition that allows us to assume le = 0, and hence, not rejecting
the null hypothesis that the variable x;; does not Granger cause ;.

For problems in which the number of lags £ is fixed, it is sufficient to impose A =
o(1/T) in order for this condition to be satisfied for increasing sample sizes, see Fan
and Li (2001). In this scenario, our model selection strategy is consistent, that is, it
deletes those weights that do not influence the output variables. For high-dimensional
problems in which the number of lags also grows to infinity with the sample size, k = kr,
we must impose a tighter convergence of the tuning parameter A\. In our problem it is
sufficient to have A = o <ﬁ), with k7/T — 0. Alternatively, we can assume that «
also converges to zero such that for high-dimensional problems, we have A = o(1/T") and
1 —a = o(1/V/T). These two conditions are sufficient to guarantee the correct selection
of the parameters as T" — oo. In practice, for a given sample size, these parameters are
optimized by cross-validation.

The first order conditions of the objective function can also give some insight

into the sparsity of the vector wjl.(l)

within the matrix le when some of the elements of
the matrix are nonzero. In this case, the group corresponding to the input variable x;; is
not rejected and the question of interest is to select those lags influencing the forecast of
xi and, by doing so, the optimal number of lags that should be included in the model.
Sparsity in this case is given by subsets of parameters in the matrix le that are actually
zero. The aim of our objective function is to be able to delete these parameters.

More formally, if le # 0, the corresponding first order conditions of the objective

function (22)) if x;;; does not influence x;; must satisfy, for vAvjl.(l) = 0, the following
condition:
0 i ), ,W,
3 X W) (v X, i Wa2)| < Thaya (31)
ow; )
In this case it is sufficient to assume A = o(1/7) and « constant for the model to

delete those parameters that are zero within a larger group and achieve model selection
consistency.
In this setting there is another source of sparsity within groups. Thus, we can consider

parameters that are zero within the group of parameters that determine the relevance
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of a lag. More specifically, we can have le»(l) # 0 but some parameters of this vector
being equal to zero. To address this case, a possibility is to extend the objective function
to include a further penalty function ||W!||; inducing sparsity at the individual level.
Although this additional penalty would allow us to correctly detect those weights that are

D is at least partially nonzero, this would increase the computational

zero if the vector wjl»
complexity of the method. More importantly, the marginal benefit of including those
terms would be negligible from the point of view of model selection since the parameters
that would be rightly identified as zero would correspond to connections between input
nodes and specific nodes in the first hidden layer. The interpretation of these connections
is not important once we accept that for some nodes in the first hidden layer the weights
are different from zero, W;(l) # 0, and, therefore, carry information relevant for Granger
causality and lag selection. For this reason, we do not pursue identification of these
parameters further.

Finally, we should mention that in contrast to lasso penalty functions expanding
least squares procedures and well-behaved likelihood functions, see Yuan and Lin (2006),
Zhou and Zhu (2010), Simon et al. (2013), Nicholson et al. (2014), among other leading
examples, the objective function (22)) is highly nonlinear due to the presence of nonlinear
activation functions 6 in each hidden layer that characterize the function g;(X;_1; W, z).
This implies that it is not possible to derive in closed form the estimates of the weights

different from zero characterizing the objective function (22)).

5 Empirical Analysis: Tobalaba Network

The Energy Web Foundation provides the Energy sector a blockchain-based test network
with Proof—of—Authorityﬂ consensus mechanism: the Tobalaba test network (Energy Web
Foundation, 2018). The World Bank Group (2018) highlights the benefit of a distributed
ledger technology over the traditional centralized ledgers: it allows decentralization and
disintermediation, it guarantees information symmetry due to the verifiable audit of trans-
actions of both physical and digital assets, and it ensures cost reduction and associated
increase in the speed for the stipulation of contracts via the smart contracts. J.P. Morgan
(2018) argues that the automation and the disintermediation arising from the application
of blockchain technologies will automate functions necessary to participate in the market,
expanding the access also to smaller participants. The Energy Web Foundation (2018)
states that smart contracts, by automating bilateral transactions, will allow for a greater

diversity of market structure. The resulting information symmetry will allow tracing in

9Transactions are validated through validators, reducing the energy impact.
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the carbon and renewable energy market, credit ownership with lower costs and higher
accuracy (Energy Web foundation, 2018).

Using these arguments, one should expect an increase in the stipulation of contracts,
and thus in the interactions among the members of the Tobalaba network. The increase of
the connections (unilateral or bilateral) is justified by a higher transparency of credit and
asset ownership, by the automation of the execution of smart contracts (not feasible for
centralized ledgers), and by the reduction of transaction costs due to disintermediation.
The aim of this section is to explore this empirically. To do this, we use recent work
on social and financial networks, see Billio et al. (2012) and Hecq et al. (2019), that
establish connections in a network through the presence of Granger causality between
the variables characterizing the nodes. These authors explore Granger causality between
pairs of variables. In this application, we broaden the analysis of Granger causality

defining a network, and consider equation , reproduced here again:

Tyt = gi(Xt—l;sz) + €t fOI' 1= 17 Y 2

where ¢;(X;_1; W, z) captures the multivariate dynamic structure between the percentage
cumulative log-returns over a 30-minute-time window for the firms below. We model
the multivariate dependence component-wise using a neural network for each company

1=1,...,p.

5.1 Data

Intra-day prices in 30-minute intervals for the companies reported in Table [1| over the
period 09/05/2016 to 10/05/2019 are collected from Bloomberg. Of the 70 companies
belonging to the Tobalaba Network, only those reported in Table [1| are consideredﬁ. We
exclude companies listed in different time zones and nonlisted companies. Our dataset is
divided in two periods - before the introduction of Tobalaba (09/05/2016 - 29/03/2018)
- and after the creation of Tobalaba (26/10/2018 - 10/05/2019). A time interval between
the two subsets is left in order to allow the creation of the connections between the
members of the Energy Web blockchain.

The missing values in the dataset are completed using the MissForest algorithm
(Stekhoven, 2013). The maximum number of trees to be grown in each forest is set
equal to 500, the maximum number of nodes for each tree is equal to 100, and the maxi-

mum number of iterations is 50. The MissForest algorithm does not make any assumption

10The rest of the companies are excluded for two main reasons: they are either not public, or due to
the high number of missing at random observations.
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about the distribution of the variables as it involves estimating the missing values by fit-
ting a random forest trained on the observed values. The Out-Of-Bag (OOB) estimates
of the imputation error in terms of Normalized Root Mean Squared Error (NRMSE) for
the two subsamples is 0.01438 and 0.012984, respectively. The returns are then computed

from the intra-day prices.

[Table [1] Here |

Table 2| reports the exploratory data analysis conducted for both subsamples for each
individual series considered. There is a general increase in the mean and standard de-
viation of the returns for each company. In all cases, the Dickey-Fuller test rejects at
0.05 significance level the null hypothesis of unit root, and we fail to reject at 0.05 signif-
icance level the null hypothesis of stationarity of the KPSS test, showing that for both

subsamples all series considered are stationary.

[Table [2| Here |

5.2 Empirical Results

Figure |3 shows the network topologies induced by fitting model to detect Granger
causality between the p = 17 firms considered in our sample before and after the in-
troduction of Tobalaba. The method to detect Granger causality is based on using an
optimized neural network and the objective function (22)). Thus, the network is con-
structed by fitting 17 feedforward neural networks with a double group lasso penalty
function to the weights that connect input nodes to the nodes in the first hidden layer.
Each component-wise feedforward neural network has company z; in the output layer
and the lagged values of companies x;; with j # ¢ in the input layer. The edges for each
vertex are identified by the Granger causal interactions defined by the sparsity induced
in the objective function (22)).

To train the component-wise feedforward neural networks, we apply the Adam opti-
mizer with constant learning rate. Different learning rates (0.0001, 0.001, 0.01, and 0.1)
are tuned and the optimal learning rate for both before and after the introduction of
Tobalaba is 0.1. The initial number of hidden nodes is set equal to z; = 30 and z, = 35.
Following Montgomery and Eledath (1995), the tuning parameters of the algorithm are
k=1, u=20.2, x =0.000001 and the number of epochs is 7000. The same parameters
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are adopted for both subsamples. The optimal combination of a and A is obtained by
cross-validation. The domain of the two hyper-parameters was discussed earlier. As in
the simulation exercise (see Appendix A), we consider 75% of the dataset to train the
network and 25% of the sample to obtain the out-of-sample RMSE associated with each

combination.

Tobalaba Network (09/05/2016 - 29/03/2018) Tobalaba Network (26/10/2018 - 10/05/2019)

Number of vertices: 17 Number of vertices: 17
Number of edges: 63 Number of edges: 165

Figure 3: Granger causal networks before and after the introduction of Tobalaba. The out-
of-sample RMSE is reported for each company.

Figure [3|shows an increase in the number of edges in the network after the introduction
of Tobalaba (from 63 to 165) and, in particular, there is an increase in bi-directional
edges. This finding clearly reveals the increase in connections after the introduction
of the platform and can be justified by the introduction of the distributed ledgers and
smart contracts that allow stipulating significantly more contracts due to the reduction

of transaction costs, increase on information, and absence of intermediaries.

5.2.1 Centrality Measures

In this section, we study different centrality measures to interpret the results with respect
to the importance of the firms in the Tobalaba platform. Table [3|reports for each network
different measures of the degree centrality, the betweeness centrality, the eigen centrality,
the page rank, the in-degree and out-degree centrality reported below. The different

measures reported in Table [3| are used to identify the central nodes in the two uncovered
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networks; the different centrality measures allow overcoming the absence of a general

definition of centrality (Rodrigues, 2019).

[Table 3] Here |

Looking at degree centrality, defined as the number of connections relative to each
node, we observe an increase in the number of links for each vertex after the introduction
of Tobalaba. Before the introduction of Tobalaba, the companies AES, EQNR, ITRI,
and SIE were the central nodes, while after the introduction of Tobalaba the number of
central nodes increases drastically to 1@ However, as pointed out by Rodrigues (2019),
degree centrality should be considered as a local centrality measure that does not take
into account the density of the links among different nodes. In Table [3| we also report the
in-degree and out-degree centrality statistics relevant in directed networks. The in-degree
centrality defines how prominent a node is and the out-degree centrality measures the
centrality of a node in the network. The reported out-degree centrality measures confirm
the conclusions drawn from the other centrality measures analyzed: the introduction of
the new blockchain platform increases the number of central nodes from 4 to 12. More
interestingly, the directed measures of degree centrality provide useful insights regarding
the interactions among the members of the network. After the introduction of Tobalaba
all nodes become more receptive given by an increase in the in-degree centrality for all
the analyzed companies. However, the out-degree centrality for EXC, FLUVIU, GF,
and F'P is still zero, in contrast to all the other members of the network that increase
the out-degree statistic after the introduction of Tobalaba. Looking at the core activities
of the members of the network, we note that EXC and FLUV IU are retail distributors
of energy and as such, are expected to receive a high number of incoming transactions
from companies that are either producers of energy or of the infrastructures used for
distribution.

The betweenness centrality (unweighted) quantifies the importance of a node in con-
necting to other vertexes (Bloch et al., 2017). Table |3| also shows that the degree of
centrality, with the exception of EXC, FLUVIU, GFE, and FP, changes after the intro-
duction of Tobalaba. Before the introduction of Tobalaba, the betweenness centrality
identifies ITRI as the primary central node, implying that a removal of ITRI from the
network would have implied a disruption of the overall network activity. Conversely, after

the introduction of Tobalaba the primary central node is PCG. It is also interesting to

UDegree centrality higher than 20.
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see how, after the introduction of Tobalaba, the number of nodes that influence the flow
of information circulating through the network increases. The betweenness centrality for
the majority of the vertexes in the network is zero before the introduction of Tobalaba
and increases, in most cases, after the introduction of the blockchain platform.

Eigenvector centrality (Bonacich, 1987) takes into account not only the connections
of the particular node but also how many links the connected neighbors have. In other
words, it measures the "prestige" (Bloch et al., 2017) of a node. Before the introduction of
Tobalaba, the eigenvector centrality confirms the conclusions drawn from the betweenness
centrality. After the introduction of Tobalaba, DUK is identified as the primary central
node. Also in this case, it is possible to note how the degree of centrality increases for
all the members of the network, with the companies ANA, AES, CNA, IBE, IGY, ITRI,
PCG, SIE, and WPRO characterised by an eigenvalue of centrality close to unity.

Last but not least, the page rank is also analyzed. The page rank is a variant of the
eigenvector centrality that takes into account also the directions of the different links.
Before the introduction of Tobalaba, the page rank identifies PCG and EXC' as central
nodes; after the introduction of Tobalaba, the degree of centrality of the different nodes
becomes more uniform reducing the spread in page rank across the different members.

To summarize, the different centrality measures confirm an increase in the degree of
centrality associated to each vertex of the Granger causal network after the introduction of
Tobalaba. The increase in the number of central nodes can be associated with an increase
in the number of bilateral transactions due to the newly adopted blockchain technology,
thereby reducing the overall network reliance on a single central vertex, increasing its

activity, robustness and reliability"%}

5.2.2 Structure of neural network

Table [4| reports the optimal «, A, and structure of the component-wise feedforward neural
networks fitted to construct the networks reported in Figure |3l These results highlight
the sensitivity of the structure of the neural network to the amount of information trans-
mitted through it, and hence, the importance of constructing an optimal neural network
prior to uncovering the presence of predictive ability between the variables. Before the in-
troduction of Tobalaba the optimal number of nodes in the first and second hidden layers
is sensibly lower than the number of hidden nodes after the introduction of Tobalaba. Af-

ter the introduction of Tobalaba, the larger number of hidden nodes captures the higher

2Tt is worth noting that the increase in the number of central nodes, and thus in the number of
critical companies and connections, may have a significant impact on the study of cascading failures
based on the dependency risk methodology of Kotzanikolaou et al. (2013). The study of cascade fail-
ure and risk transmission will be object of future research.
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number of interactions that arise between firms due to the increase in the number of
bilateral (decentralized) transactions, that increases the interdependencies between oper-
ating firms, which naturally lead to a 'more dense’ network architecture to capture them.
The optimal construction of the neural network obtained from applying the algorithm of
Montgomery and Eledath (1995) guarantees that the network does not propagate noise
through the neural network and only meaningful information for the analysis of Granger

causality and the predictive ability of the variables.

[Table [4] Here |

To add robustness to the results of this exercise, we also consider a reduced dataset.
In particular, both subsamples are reduced to the first 25% of the observations. In these
cases, the number of edges observed before the introduction of Tobalaba is 63 and after
the introduction of Tobalaba is 143. These results corroborate previous findings: there
is no change in the number of connections and interactions between the firms before the
introduction of Tobalaba; conversely, after the introduction of Tobalaba, when the first
25% of the dataset is used, we observe a reduction in the number of edges compared to
Figure |3} showing that the number of interactions between the firms has increased over

time.

5.2.3 Forecast Accuracy

The original definition of lagged causality (Granger, 1969), z,;—; = z;, involves an in-
crease in forecast accuracy of time series x;; given the lagged values of the time series z ;.
The edges of the Granger causal network reported above are identified by the Granger
causal interactions discovered by the objective function . Once the parameters are
estimated and the weights penalized, it is possible to forecast out of sample. Consequen-
tially, the Granger causal network that we have uncovered in this empirical exercise can
be justified as a framework for improving the forecasts of a multivariate time series of log
returns of 17 firms.

We formalize this claim by comparing the component-wise forecast accuracy of the
feedforward neural network against several benchmark models. To obtain the one-step
ahead forecasts, a rolling window approach is implemented. We compare the predictive
ability of the constructed Tobalaba network against the different benchmark models by
applying a one-sided Diebold-Mariano test (1995). The hypothesis of predictive ability

can be written in terms of the mean square forecast error (MSFE) between both predictive
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models. For each 7, we have
Ho: MSFE! > MSFE}, 4, (32)

and the alternative is
Ha: MSFE! < MSFE}, 4p, (33)

with MSFE!  denoting the mean square forecast error for the prediction obtained from
neural networks and M SFE}, ,, the corresponding quantity obtained from the alternative
models. Table [5| reports the test-statistics and the p-value of the one-sided Diebold-
Mariano test (1995) for different benchmark models.

[Table [5| Here]

In the absence of a relevant model for an unknown data generating process, the
linear VAR(K) is chosen as the first benchmark as it can be considered the best linear
approximation of a process that may be nonlinear. Moreover, Plagborg-Mgller and Wolf
(2019) show how, for a large number of lags, a VAR(K) is as robust to nonlinearities as
the linear projection. The maximum lag-length allowed in the VAR(K) is 10; the optimal
lag is selected using the AIC scores. The top panel in Table [5] corresponds to the period
before the introduction of the Tobalaba network and the bottom panel corresponds to
the period afterwards. For the first period we fail to reject the null hypothesis of equal
forecast ability in six cases, at a 0.05 significance level. However, after the introduction of
Tobalaba, the null hypothesis is rejected in all cases. The higher forecast accuracy of the
feedforward neural network for each vertex is a result of including nonlinear interactions
between the variables and also a potentially larger persistence compared to the VAR(10)
model.

As a robustness exercise, we also propose three different benchmark models that
compete against our neural network specification. First, we select the optimal lag of our
VAR(K) model using the BIC score instead of the AIC scord™| In addition to the model
obtained from the BIC score, we also consider two alternative benchmarks given by a
linear VAR(K') model estimated using component-wise hierarchical group lasso, as in
Nicholson et al. (2014). This benchmark defines the best linear VAR alternative that can
be considered in such high-dimensional multivariate time series. This model is, therefore,

a suitable alternative strategy in large dimensions for our feedforward neural network.

13Liitkepohl (1985) shows - in his simulation study with VAR models - that the BIC outperforms
other model selection criteria by choosing the correct autoregressive order and by returning the small-
est mean squared forecast error from one-step ahead forecasts
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Finally, we also consider an ARIMA (p, d, q) process; this model does not acccommodate
any feedback effect from other input variables and, hence, fails to incorporate Granger
causal interactions. The predictive ability of these models is compared, as before, using
Diebold and Mariano (1995) tests in Table [f] The choice of these benchmarks allows us
to understand different aspects regarding the performance of the proposed methodology
in uncovering Granger causal relations.

The results show that the forecasts of the VAR(K') model obtained using the BIC
score have similar predictive ability to the VAR(K) model using the AIC score. Both
models fare poorly with respect to the feedforward neural network in terms of predictive
ability. The second benchmark is given by a high-dimensional VAR - optimized over
one-step ahead forecasts - with the component-wise hierarchical group lasso proposed
by Nicholson et al. (2014). Being both procedures - Nicholson et al. (2014)’s VAR
benchmark and our methodology - able to accommodate high-dimensional systems, the
results in Table [5| report statistically significant differences in one-step ahead forecasts
between the two models. These results provide evidence that the neural network is able
to outperform state-of-the-art high-dimensional linear VARs with induced sparsity via
convex regularizers. The main reason for this is the ability of feedforward neural network
models to capture the nonlinearities in the underlying data generating process. Finally,
an ARIMA(p, d, q) is used to further validate the Granger causal network discovered with
our novel methodology against a time series linear model exhibiting no Granger causality.
The results reported in the bottom panels of Table [5| provide further empirical support

to the feedforward neural network model.

6 Conclusions

This paper has proposed a new methodology for the detection of Granger causality in
a vector autoregressive setting using feedforward neural networks. To do this, we have
constructed an optimal neural network that maximizes the mutual information transfer
between input and output nodes. In a second stage, we propose a novel objective function
that introduces sparsity in high-dimensional systems and controls for the number of
connections between the input variables and the nodes in the first hidden layer. The
newly proposed objective function detects the Granger causal interactions between the
variables and also the optimal lag length associated to each input variable, allowing
different lag orders for each endogenous time series.

The simulation study shows in finite samples the importance of using an optimal

network structure to reduce type I and type II errors. In particular, we show that
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the number of nodes in the first hidden layer has a significant impact on the correct
detection of Granger causal interactions. Our simulations also show the consistency of
the algorithm used to detect the optimal number of nodes in each hidden layer as the
sample size increases. We compare the performance of our approach against a hierarchical
group lasso penalty function. The results show clear evidence of the outperformance of
our method to detect Granger causality.

The empirical application shows that after the introduction of the Tobalaba network
there is an increase in the number of edges among the 17 companies studied. Moreover,
the centrality measures obtained show an increase in the number of central nodes in the
network after the introduction of the new platform. Our results demonstrate how the
introduction of the blockchain platform has changed the structure of the connections
between the firms trading in the platform due to the introduction of smart contracts
and disintermediation. The application of the Diebold-Mariano test (1995) shows that
the Granger causal network constructed using the algorithm proposed in this paper out-
performs, in terms of forecast accuracy, several linear VAR(K') models in low and high
dimensions, and provide empirical evidence on the importance of our nonlinear method
for forecasting.

Being the paper focused on Granger causality and thus forecasting, estimation and
inference within regularized neural networks was not analyzed. The recent contribution
by Hecq et al. (2019) develops an LM test for Granger causality in high-dimensional
VAR models based on penalized least squares estimations. To obtain a test retaining
the appropriate size after the variable selection done by the lasso, these authors pro-
pose a post-double selection procedure to partial out effects of nuisance variables and
establish its uniform asymptotic validity. Although the method performs very well in
high-dimensional settings, it is devised for linear parametric settings. In contrast, the
method presented in this paper based on detecting Granger causality through sparsity
induction presents a nice alternative that works in more general settings. Future research
will extend the current work to the derivation of nonasymptotic bounds for regularized
and non-regularized neural networks (Farrell et al., 2018), as well as the limiting distri-
butions for the two-step estimator proposed in this paper.

Another potential extension of the current research is to couple our methodology to
detect Granger causality with graphic theory introduced by Eichler (2007, 2012). The
main advantages of the analysis of Granger causality in graph theory is the possibility
of visualizing the complex dependence structures that may underline multivariate time
series, and a definition of Granger causality that can be applied to multivariate time series

with nonlinear dependencies. Therefore, by analyzing the matrix of the weights and error
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terms of a VAR defined by our feedforward neural networks approach, it may be possible

to define the directed and undirected edges in a mixed path diagram in high-dimensional

and potentially nonlinear time series.
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A Simulation Study

This section is divided into three blocks. First, we assess the probability of type I and
type II errors of our procedure for detecting Granger causality in finite samples and
compare it against a detection method that does not optimize the structure of the neural
network. More specifically, we aim to report the fraction of times the null hypothesis of
no Granger causality is rejected when there is no Granger causality in the data generating
process (type I error). For the power analysis, we aim to report the fraction of times the
null hypothesis is rejected when there is indeed Granger causality in the data generating
process (1 - prob. type II error)ﬂ To assess the impact of the structure of the network
on the type I and type Il error probabilities we impose o = 0 in our objective function
. By doing so, we restrict to a single group lasso penalty function that only focuses on
detecting Granger causality without considering the optimal number of lags. Second, we
relax the assumption of @ = 0, and we compare the performance of the newly proposed
two step procedure with sparse group lasso against the hierarchical group lasso that does
not optimize the structure of neural network (Tank et al., 2018). Last but not least, we
assess the consistency of our approach for model selection when the sample size increases.

In this simulation experiment we focus on testing hypothesis , that is, Granger
causality of variable x; on variable z;. Our method develops a feedforward neural
network for each output variable separately. For simplicity, we consider one output
variable, z1¢, that is assumed to be endogenous and the remaining variables zy, . .., x, are
exogenous variables exhibiting different levels of persistence. The hypothesis of Granger
causality on zy,; is tested for each of the p variables in the system. By doing so, we
are able to control for the structure of the neural network and simplify the simulation

design.

A.1 Simulation design

The simulation experiment is conducted for three different data generating processes:
a linear process exhibiting short-range persistence, a nonlinear VAR model exhibiting
short-range persistence and a linear process exhibiting long-range persistence. The three
models are

21 = a9 +aMx, | + ey (A.1)

Tt = a(lo) + a(ll)Xt,1 * Ty_1 + €1¢; (AQ)

14The main difference with standard size and power exercises is that our method does not rely
on a critical value provided by an asymptotic or simulated distribution but by an sparsity induction
method. Hence, in contrast to standard testing methods, the simulated probability of type I error of
our method may be close to zero.
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and

r; = a9 +aWx, |+ ..a™x, ; + e (A.3)

The remaining variables x;; for ¢ = 2,... p are exogenous and exhibit autoregressive
dynamics modeled as:

Tyt = CL(iO) + Cl(ﬂ)l’l'7t_1 + €it- (A4)

with the error terms €; being cross-sectionally, serially uncorrelated, and distributed as
N(0,1).

The vector x,_; is of dimension p = 39; each a"Y is a 1 x p vector for { = 1,. ..,k that
captures the dependence structure in the linear model. The model that reflects short-
range dependence corresponds to £ = 1 and long-range dependence corresponds to £ = 10.

_ (1,10

For simplicity, in the latter case, we consider al!) = - .. ). Our proposed approach

allows us to simultaneously assess the type I and type II error probabilities of the Granger
causality detection method. The first element of at"!), denoted as agl’l), captures the per-
sistence of x1; over time; the elements a§1’1) for j = 2,...,20 are associated to the variables
that exhibit Granger causality on x1;. The coefficients are defined as follows; agl’l) = 0.80
and aél’l) = {0.70, —0.30, —0.50, 0.87,0.97, —0.65, 0.40, 0.23, —0.85,0.76, —0.12, 0.54, 0.69,
—0.79,0.90, —0.90, 0.63,0.88,0.50} for j = 2,...,20. These coefficients are obtained ran-
domly from a uniform U(—1, 1) distribution and guarantee the stationarity of the output
variable x1;. The remaining 19 parameters corresponding to agl’l) for j = 21,...,39 are
zero and are associated to the variables that do not Granger cause ;. In this way, our
testing procedure for the hypothesis test assesses the type II error of the test when
it is applied to each of the first 19 variables, plus z;;_1, and assesses the type I error of
the test when it is applied to the remaining 19 input variables.

We consider four different scenarios for modeling the dynamics of the exogenous vari-

ables. These scenarios are given by i) no persistence (white noise for all input vari-

ables), ii) autoregressive persistence for j = 2,...,20 (Granger causal variables) and
no persistence for j = 21,...,39 (no Granger causal variables), iii) no persistence for
Jj = 2,...,20 and autoregressive persistence for j = 21,...,39, and iv) autoregressive

persistence for both sets of variables indexed by 7 = 2,...,20 and 7 = 21,...,39. In
what follows, we report the results for scenarios i) and iv); the other two scenarios are
very similar and are available from the authors upon request. The autoregressive param-
eters of the input variables {xjt}§z§0 exhibiting Granger causality are randomly drawn
from a Uniform distribution U ~ (0,1) such that for each variable z;; we have a'!) =
{0.63,0.67,0.65,0.60,0.71,0.54,0.63,0.61, 0.85, 0.69, 0.68, 0.88, 0.78, 0.59, 0.58,0.89, 0.71,

0.66,0.69}. Case ii) above assumes that the last 19 variables are random noise processes
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generated from a N(0, 1) random variable. Case iv) considers, instead, the same autore-
gressive dynamics for the last 19 variables as for the first 19 variables. By doing so,
this case allows us to compare the size and power of the testing procedures for a given
persistence parameter, and repeat this exercise for 19 different input variables.

For the nonlinear case we consider the VAR(1) model (A.3). The dependence structure
in this scenario is completed by including the interaction between the lags of x; and a
random variable 7;. We assume this variable to be id, following a normal distribution
N(0.5,1), and independent of the error term in Equation [A.2] As in the linear case, we
will entertain separately the case of white noise input variables (scenario i) above) and
autoregressive input variables (scenario iv) above). By doing so, we can assess the ability
of our testing procedure to detect Granger causality under nonlinearity and different
dynamics in the data.

The choice of parameters above ensures the stationarity of the variable xq; across data

generating processes. Figure reports an example of the different simulated processes.
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Figure A.1: Dynamics of x1; for one random sample of each of the three data generating
processes considered. Top row for model (A.1]), middle row for model (A.2)) and bottom row

for model (A.3]).

A.2 Empirical type I and type II error probabilities

We study first the impact of the correct specification of the structure of the neural network
on the probability of the type I error and the corresponding power analysis (1-prob. type

IT error) of the testing procedures, by focusing on linear and nonlinear processes with

short persistence (k = 1).
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From the data generating process described by Equation




and (A.2), it is possible to see that no interaction subsists between the z; for
1= 2,...,p. From Equation , one could notice that this particular data generating
process is correctly represented by the input of the vector-valued activation function 6(-)
when W1 is a vector of dimension (1 x p) and thus, when z; = 1.

Once the structure of the neural network is identified, to study the impact of the
correct specification of the structure of the network on Granger causality discovery, it
is necessary to isolate the group discovery from lag discovery. Knowledge of the data
generating process allows us using the correct regularization function that only pe-
nalizes for Granger causality and not for the number of lags. This is possible in (22))
by considering o = 0. In this case our proposed objective function is a single group
lasso penalty function. This restriction allows isolating the impact of the structure of the
network on the performance of the group lasso applied on the weights that connect the
input layer to the first hidden layer. In order to study the impact of the structure of the
neural network, the different structures reported in Table will be analyzed.

[ Table Here |

The parameters in Table determine the data generating processes but also the ar-
chitecture of the neural network. We fix the number of intermediate hidden layers equal
to tWOE] and give different starting values z; and z, to the number of nodes in each hid-
den layer. In order to assess the performance of our methodology for detecting Granger
causal interactions, we propose a Monte Carlo simulation exercise to compute the em-
pirical probability of the type I error and the corresponding power analysis for different
sample sizes (T' = 500, 1000). We should note that considering small samples such as
T = 100 is not feasible in our simulation exercise due to the large number of regressors
entertained in the data generating processes and the choice of a lasso penalty function.
To obtain the finite-sample probability of the type I error and the corresponding empir-
ical power of our testing procedure, we simulate B = 100 iterations of the above data
generating processes with the parameters introduced in Table [A.T] For each iteration,
we compute a neural network and decide whether there is Granger causality from the
variables xj; for j = 1,...,p on the output random variable x;,. This simulation proce-
dure is repeated B times to obtain the fraction of times the null hypothesis H; in is

rejected. We construct the variable Dy, that takes a value of zero if the variable xj; does

5Unreported simulations show that the results are very similar for different numbers of hidden
layers. In this paper we do not explore further the possibility of considering more than two hidden
layers in the construction of the feedforward neural network.
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not Granger cause the random variable z;, and one otherwise. The variable D; is the
fraction of time out of B simulations that the null hypothesis is rejected.

Table shows that our data generating processes are characterized by 20 variables
exhibiting Granger causality, with the first one being an autoregressive component, and
the remaining 19 variables being exogenous. By doing so, our experiment studies simul-
taneously 19 exercises, given by 19 variables with different persistence parameters, for
assessing the probability of type I error and 19 exercises for assessing the empirical power
(1- probability of type IT error). There is an additional exercise that tests the ability of
our testing framework for capturing serial dependence of the output variable. The choice
of different values for the quantities a?) and U, for different values of j, allow us to
gauge the ability of the test to detect Granger causality depending on the magnitude of
the relationship between z;; and x;, and the time series persistence of each x;;, respec-
tively. We choose this scenario to assess the performance of the model in large systems
given by many variables and many lags. A suitable testing procedure should have values
of Dj close to one if the variable z;; Granger causes the variable x;; - one minus the
probability of type II error - and a value close to zero if the variable z;; does not Granger

cause xy; - probability of type I error.

Linear VAR(1) model:

The following bar chart reports the fraction of rejections out of B times of the null
hypothesis for each of the input variables in the system. The data generating process
in this case is model with a set of exogenous regressors that are persistent (case iv)

above).
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Figure A.2: Simulated rejection probabilities for the linear VAR(1) when the sample size is
T = 500 and the input variables exhibit autoregressive persistence. Subfigures a and e con-
sider the structure (z; = 1; zo = 1); subfigures b and f (z; = 1; z, = 2); subfigures ¢ and
g (z; = 2; zy = 1); and subfigures d and h (z; = 5; zo = 10). Top row figures correspond
to the optimized two-stage procedure and bottom figures to the corresponding non-optimized
procedure.

Top row figures correspond to the optimized two-stage procedure and bottom figures
to the corresponding non-optimized procedure. Both procedures start with the same
initial structure for the feedforward neural network. Subfigures ¢ and e consider the
structure z; = 1; z, = 1; subfigures b and f consider the structure z; = 1 and z, = 2;
subfigures ¢ and ¢ correspond to z; = 2 and z, = 1; and subfigures d and h correspond
to z; = 5 and z, = 10.

The x-axis in Figure indexes the input variables between 1 and 39, with the first
20 variables exhibiting Granger causality on x;; and the last 19 variables being those
variables that do not affect x,. The bar chart for each value in the x-axis denotes a re-
jection probability that denotes the power of the detection procedure (1-type II error) for
the first 20 variables and estimates of the probability of type I error for the remaining 19
variables. Interestingly, both optimized and non-optimized network structures initialized
with the pairs (1,1) and (1,2) for the number of nodes in the hidden layers provide a
perfect cut-off point between input variables. This means that the probability of the type

[ and type II errors is zero or close to zero. This result shows an outstanding performance
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of the test in classifying Granger causality since not only the ability to reject the null hy-
pothesis when the alternative holds is high but also the test hardly exhibits type I error.
Variation in the probability of type I and type II errors across variables is due to the effect
of the magnitude of the parameters (' defining the dependence structure. The lowest
proportion is associated to j = 12 that corresponds to an input variable with coefficient
closer to 0. This result is shared by both types of feedforward network structures and
does not depend on whether the first hidden layer is optimized or not. The robustness
of the result in this case is because the initial value of the number of hidden nodes is the
optimal one.

This result changes abruptly when the initializing parameters are not optimal. This
case is shown in subfigures (c) and (g) for z; = 2 and 2z, = 1, and (d) and (h) for z, =5
and z, = 10. In this scenario there are important differences between the optimized
two-stage testing procedure (in the top row) and the non-optimized testing procedure
(bottom row). The effect of the first-stage in the optimized testing procedure is clear.
More specifically, the implementation of the algorithm in Montgomery and Eledath (1995)
allows us to reduce the number of relevant nodes in the first hidden layer. In this case
the testing procedure has considerable probability of type I and type II errors, although
different from zero for some variables, it is still close to zero in many cases. The success
of the testing procedure in identifying no Granger causality depends on the persistence
of the autoregressive parameters for the exogenous variables and also the success of the
algorithm to reduce the number of superfluous nodes. Thus the optimized method works
better when the initial number of nodes is closer to the optimal coefficient than when it is
far (see subfigure (d)). We include this case as an illustration of cases where the number
of initial nodes in the first hidden layer is far from the target. We also note the complete
failure of the non-optimized testing procedure in the latter case (subfigure (h)) when the
number of initial nodes is not optimized.

Figure repeats the same exercise for the case when the set of input variables not
Granger causing z1; are white noises (case ii) above). The sample size is T = 500 as
before. The results are very similar across different choices of the number of nodes in the
hidden layers and confirm the strong performance of our two-stage testing procedure and
the poor performance of the non-optimized method that chooses an arbitrary number of
nodes in the first layer when the initial number is not optimal, that is, it is different from
one. The comparison of Figures and shows no effect of the persistence of the

exogenous variables on the Granger causality tests.
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Figure A.3: Simulated rejection probabilities for the linear VAR(1) when the sample size

is T = 500 and the last 19 input variables are a white noise. Subfigures ¢ and e consider the
structure (z; = 1; zo = 1); subfigures b and f (z; = 1; zo = 2); subfigures ¢ and ¢ (z; = 2;
29 = 1); and subfigures d and h (z; = 5; zo = 10). Top row figures correspond to the opti-

mized two-stage procedure and bottom figures to the corresponding non-optimized procedure.

Figure [A.4 shows the same qualitative results for the case of persistence in the regres-
sors when the sample size increases to T' = 100@ In this case the probability of type
IT error of the test is closer to zero for most input variables and the probability of type I
error of the test is smaller than for 7" = 500. It is interesting to note that the probability
of type I error of the test depends more on the distance of the initial number of nodes in
the first hidden layer from the optimal number than in the number of observations used

for training the network. Nevertheless, we observe a considerable improvement in case

(d) for T'= 1000 compared to case (d) for 7" = 500.

L6Unreported results available from the authors upon request illustrate the case for white noise
input variables and 7" = 1000. The results are qualitatively very similar to the rejection probabilities in

Figure [A.4]
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Figure A.4: Simulated rejection probabilities for the Linear VAR(1) when the sample size
is T = 1000 and the input variables exhibit autoregressive persistence. Subfigures a and e
consider the structure (z; = 1; zo = 1); subfigures b and f (z; = 1; z, = 2); subfigures ¢ and
g (z; = 2; zy = 1); and subfigures d and h (z; = 5; zo = 10). Top row figures correspond
to the optimized two-stage procedure and bottom figures to the corresponding non-optimized
procedure.

Non-Linear VAR(1) model:

This block analyzes the type I error probability and the corresponding power analysis
of the Granger causality tests when the data generating process is . Figurestud—
ies the nonlinear VAR(1) model when 7; is a random error with no persistence following
a N(0.5,1) distribution, and the variables without Granger Causality are assumed to be
white noise (case ii) above). The figure shows similar patterns to the previous exercises.
The testing procedure is able to identify Granger causality when there exists. Both op-
timized and non-optimized feedforward neural networks work very well when the initial
value of the number of nodes in the first hidden layer is close to the optimal one. The
optimized method also performs very well in case (c), reporting values of the probability
of type I error close to zero. In case (d), the performance of the test is not as reliable
as in the first cases, however, it still represents a massive improvement compared to the
non-optimized testing procedure. We should note that the initial number of nodes in

the latter example is far from the target. This phenomenon seems to have an important

35



effect on the size of the testing procedures.
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Figure A.5: Simulated rejection probabilities for the nonlinear VAR(1) when the sample
size is T = 500 and the last 19 input variables are a white noise. Subfigures a and e consider
the structure (z; = 1; zo = 1); subfigures b and f (z; = 1; z9 = 2); subfigures ¢ and ¢
(21 = 2; z9 = 1); and subfigures d and h (z; = 5; zy = 10). Top row figures correspond
to the optimized two-stage procedure and bottom figures to the corresponding non-optimized
procedure.

Figure[A.Greports the probability of type I error and the corresponding power analysis
for the nonlinear VAR(1) exercise for 7 = 1000. In this case there is an improvement
(decrease) in both probabilities of type I and type II errors, however, as mentioned above,
the improvement depends more on the correct choice of nodes in the first hidden layer
than in the amount of available information offered by an increasing sample size.

In both exercises we should stress that the data generating process is very nonlinear
and the dependence between variables leading to Granger causality is masked to a large
extent by the interaction with the random variable 7;. Standard testing procedures based
on Wald type tests or likelihood ratio tests would fail completely in this setting unless
the data generating process is known to the econometrician. In contrast, our approach is

very general and does not rely on the specific parametric form of the VAR model.
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Figure A.6: Simulated rejection probabilities for the Non-Linear VAR(1) when the sample
size is T = 1000 and the last 19 input variables are a white noise. Subfigures ¢ and e consider
the structure (z; = 1; z9 = 1); subfigures b and f (z; = 1; zo = 2); subfigures ¢ and ¢

(z; = 2; 29 = 1); and subfigures d and h (z; = 5; zy = 10). Top row figures correspond

to the optimized two-stage procedure and bottom figures to the corresponding non-optimized
procedure.

The next exercise studies the performance of the probability of type I and type II
errors when the variables that do not Granger cause xy; exhibit persistence (case iv)
above). Figure shows similar patterns to previous exercises. The testing procedure
is able to identify Granger causality when there exists, however, the probability of type I
error of the test is considerably larger than in the linear case and the nonlinear case with
white noise variables. There are also important differences between the optimized and
non-optimized methods when the initial number of hidden nodes is different from one, see
subfigures (¢) and (g), and (d) and (h). In particular, the non-optimized method reports
values of probability of type I error close to one across input variables invalidating any

conclusion obtained from the test.
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Figure A.7: Simulated rejection probabilities for the Non-Linear VAR(1) when the sample
size is T = 500 and the input variables exhibit autoregressive persistence. Subfigures a and e
consider the structure (z; = 1; zo = 1); subfigures b and f (z; = 1; z, = 2); subfigures ¢ and
g (z; = 2; zy = 1); and subfigures d and h (z; = 5; zo = 10). Top row figures correspond
to the optimized two-stage procedure and bottom figures to the corresponding non-optimized
procedure.

Figure reports the nonlinear case for T = 1000. In contrast to previous
scenarios, we observe a significant improvement of the test when the sample size increases.
The probability of type I error is considerably lower and guarantees that the empirical
power obtained under the alternative hypothesis is not spurious. Surprisingly, one minus
the probability of type II error is not as high as before, and yields low values when the
parameters associated to the input variables exhibiting Granger causality are close to
zZ€ero.

The empirical findings observed in the nonlinear case show an important effect of the
persistence of the exogenous variables on the probabilities of type I and type II errors. The
optimized two-stage testing procedure performs better under the absence of persistence
in the variables that do not Granger cause x1;.

We should also note the sensitivity of the type I and type Il error probabilities to
variations in the expected value, p, of the random variable 7;. For » > 0.8 the probabilities

of type T and type II errors in the nonlinear case with persistence (worst case scenario)
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decrease significantly, performing as well as for the linear case. This behavior can be
justified by the level of noise in the data generating process; an increase in the difference
between the stochastic behaviors of 7, and of the regressors z;; will reduce the nuisance
in the system, and it will ensure an easier identification of the separate effects of 7,_; and
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Figure A.8: Simulated rejection probabilities for the Non-Linear VAR(1) when the sample
size is T = 1000 and the input variables exhibit autoregressive persistence. Subfigures ¢ and
e consider the structure (z; = 1; z, = 1); subfigures b and f (z; = 1; zo = 2); subfigures ¢
and g (z; = 2; z9 = 1); and subfigures d and h (z; = 5; zo = 10). Top row figures correspond
to the optimized two-stage procedure and bottom figures to the corresponding non-optimized
procedure.

Linear VAR(10) model:

Once the impact of the correct structure of the neural network on Granger causal-
ity discovery is analysed, we relax the assumption of a = 0 and extend the previous
simulation scheme by considering an endogenous variable xy; driven by ten lags.

The following exercise extends the previous simulation scheme by considering an en-
dogenous variable x1; driven by ten lags. In particular, we generate process and

1,10)

impose the same parameter structure al™! = ... = af across lags. This simulation

exercise is richer than for the VAR(1) case as it allows us exploring the performance of

29



the Granger causality tests when there is more than one lag Granger causing the output
variable zy;. In this setting, we consider two competing models: our two-stage testing
procedure proposed in expression in the main paper that is based on a double group
lasso penalty function and the hierarchical group lasso penalty function discussed above.
In contrast to previous cases, the success of feedforward neural network procedures is
measured by their performance in terms of the probabilities of type I and type II errors
and also on their ability to detect the correct number of lags, given by k£ = 10 in this
simulation exercise.

The results of the simulations for cases i) and iv) above are reported in Figure[A.9|for
T = 500 and Figure for T' = 1000, respectively. In particular, the last 19 variables
in subfigures a-b are exogenous variables following independent white noise processes
such that the reported proportions correspond to the probability of type I error when
the input variables follow independent white noise processes. In contrast, the last 19
variables in subfigures c-d are exogenous variables that exhibit stationary autoregressive
persistence. In these cases, the reported proportions correspond to the probability of
type I error under different degrees of persistence of the exogenous variables. In both sets
of experiments, the first 19 variables for assessing the power of the detection procedure
are stationary variables with different degrees of persistence. More specifically, subfigure
a and a.1 consider the case of the double group lasso penalty function and white noise
exogenous variables. Subfigures b and 0.1 consider the hierarchical group lasso penalty
function with white noise exogenous variables. Subfigures ¢ and c.I present the double
group lasso when the exogenous variables are persistent. Subfigures d and d.1 consider

the hierarchical group lasso under persistence of the exogenous variables.
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Figure A.9: Simulated rejection probabilities for the linear VAR(10) for a sample size of T =
500 when the last 19 input variables are a white noise. For each process and each penalty, the
proportions of the group identification (top row), and correct lag detection (bottom row) are
reported. Subfigure a and a.1 consider the case of double group lasso and white noise exoge-
nous variables; subfigures b and 6.1 hierarchical group lasso and white noise exogenous vari-
ables; Subfigures ¢ and ¢.1 double group lasso and persistent exogenous variables; Subfigures
d and d.1 hierarchical group lasso and persistent exogenous variables.

The top row in Figure reports the rejection probabilities for the null hypothesis
(7). The bottom row reports the fraction of times the correct number of lags (k = 10) is
estimated for each input variable. For each process and penalty function, the proportions

of the group identification (top row), and correct lag detection (bottom row) are reported.
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Figure A.10: Simulated rejection probabilities for the Linear VAR(10) when a sample size of
T = 1000 and the last 19 input variables are a white noise. For each process and each penalty,
the proportions of the group identification (top row), and correct lag detection (bottom row)
are reported. Subfigure ¢ and a.! consider the case of double group lasso and white noise ex-
ogenous variables; subfigures b and 6.1 hierarchical group lasso and white noise exogenous
variables; Subfigures ¢ and c¢.1 double group lasso and persistent exogenous variables; Subfig-
ures d and d.1 hierarchical group lasso and persistent exogenous variables.

The results from both experiments show overwhelming evidence on the outperfor-
mance of the double group lasso regularization function for both scenarios (white noise
and persistent regressors) in terms of type I and type II error probabilities. It is worth
noting the good performance of the double group lasso procedure with regards to the
probability of type I error of the test in subfigure c¢. The type I error probability takes on
low values even under the presence of persistence in the non Granger causal regressors.

The results in the bottom row also suggest a very good performance of the double
group lasso function compared to the hierarchical lasso. The accuracy of the method
decreases for those input variables that are characterized by a small persistence parameter.
The hierarchical lasso penalty function underestimates the correct number of lags across
the set of input variables, in contrast, the double group lasso penalty function provides

robust results for the correct number of lags in most cases.
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A.3 Model Selection Consistency

The simulation study also verifies that the the oracle property of consistent variable
selection is satisfied (Fan and Li, 2001). Let My be the set of parameter estimates that
satisfy \/7\\7(5) = 0, and M, the set of corresponding model parameters that are actually
equal to zero. More formally, Leeb and Potscher (2005) assert that a procedure ¢ is
consistent if i) limp_, P(MT = M) = 1, and ) limp_, P(MT # My) = 0, with P(+)
denoting the probability function. Section 4 studies these properties theoretically from
the first order conditions of the objective function . In particular, we show that the
tuning parameter A needs to satisfy the condition A = o(1/T) in order to guarantee model
selection consistency if the number of lags k is fixed. Alternatively, if the number of lags

is allowed to increase with the sample size, then, the condition A = o ( ) is sufficient

Vi
to guarantee model selection consistency.

To add further empirical evidence to the above findings on the consistency of the ob-
jective function for the detection of Granger causal relationships and the number of
relevant lags, we carry out a second simulation experiment. Following Fan and Li (2001)
and Leeb and Pétscher (2005), a Monte Carlo simulation is adopted to assess empirically
model selection consistency. Our simulation experiment considers a system of p variables
in the data generating processes, hence, an oracle procedure will correctly identify, as
the sample size increases, the number of variables that satisfy the null hypothesis and
the number of variables that are significant, that is, Granger cause the output variable.
Hence, if our Granger causality test satisfies the oracle property, it will correctly identify,
as the sample size increases, 19 null coefficients for those variables that are not significant
and zero null coefficients for those variables that are significant. For the purpose of the
simulation, we consider 100 simulated linear and nonlinear VAR(1) processes with autore-
gressive persistence in all of the input variables - case iv) above - and different sample
sizes T' = 500, 1000, 2000, 3000. The oracle property of consistent variable selection is
tested for two settings: when the number of nodes in the first hidden layer corresponds
to the optimal value - z; = 1 - and when 2z, = 2. In the latter case, the two-stage method
for Granger causality detection improves the properties of the test with respect to the
naive approach, that is shown to perform very poorly in the above exercises. For each
sample size considered, the average number of correctly and incorrectly identified zero
coefficients is reported, see also Fan and Li (2006) for a similar procedure, in Table

[ Table [A.2] Here |
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The results show that for the linear VAR(1) and z; = 1 the correct number of zeros
reaches its maximum - 19 - for 7" = 2000, and the incorrect number of zeros decreases as
the sample size increases to a minimum of 3 for 7" = 3000. Also, when the initial number
of nodes in the first hidden layer is z; = 2, the correct number of zeros increases as the
sample size increases to a maximum that reaches 19 for 7' = 3000, and the incorrect
number of zeros decreases to a minimum near 4. These results show that the oracle
property of consistency holds for our group lasso regularization function when the correct
number of nodes is specified and, also, for our two-stage approach that optimizes the
architecture of the neural network.

To assess this property in more challenging settings, we repeat the experiment for
the nonlinear VAR(1) process. In this case the number of correctly classified variables
increases to a maximum of approximately 18 when 7" = 3000, and the incorrect number
of zero coefficients decreases to a minimum of around 9 when 7" = 3000. As the incorrect
number of zero coefficients decreases to zero at a slower rate, one could conclude that
the penalty is over-conservative. Overall, these results are also supportive of the good
performance of the two-stage Granger causality tests proposed in this study. Nevertheless,
these simulations provide some evidence of the challenges involved in determining the
variables with predictive ability under very general nonlinear settings characterized by

unknown forms of Granger causality.
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B Fully Connected Neural Network

In extreme cases, it is possible that rejecting the null hypothesis in a sparse connected
deep feedforward neural network does not imply causality in the sense of Granger. To rule
out this possibility, the null hypothesis is assessed in fully connected neural networks.

The following extreme case is reported as an explanatory example of the failure of
our null hypothesis to capture Granger causal relationships between a set of variables.

Given three random variables defined as Y; € R, X; € R"*, and Z; € R"*, we define §;_,

as the information set containing Y, 1, -+, Yy g, Xp1, -+, Xyp, and Zy_q, -+, Zy_y,
and the restricted information set S_x;_; as the one consisting of Y, 4, -, Y, and
Zi 1, -, 2y . Xy does not Granger cause Y, is and only if

E{[Y: — E(Y:[S-0)"} < E{[Y: — E(Y:S-x-1)]} (B.1)

For simplicity, we will consider a neural network with a single hidden layer defined as:

Y = u}g |:0 (Wiit—l + Wiit_l + bl)] + bO (BQ)

where X;_; is a vector of dimension kn, x 1, z;_; of dimension kn, x 1, Wl € R* x Rkne
W! e R* x RM= and wp € R™.

Assuming that the network is modelled with the sparse representation (reported also
in Figure where the input X,_; is loaded only to h;:

Y = wal [9 (Wiit—l + Wi/it—l + bl)} + wgam [6 (W;th_l + bl)} + bo (B3)

where wo1 € R, and wpa.., € RE17Y,

Being this the case, if wp; = 0, X; does not
Granger cause Y, even if W # 0. Therefore, one may presume that rejecting the null
hypothesis (7)) does not imply causality.

However, it is important to specify that this extreme case scenario can occur only
in the case of sparse connected neural network, and that it is extremely unlikely that
wo,1 = 0 without imposing a lasso regularization on W" for n > 1. This is still true even
when the vanishing gradient problem affecting deep learning is not properly accounted
for, as the weight initialisation is different from zero. To avoid this possibility, we embed

our testing methodology in fully connected feedforward neural networks.
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Input Hidden Output
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Figure B.1: Sparse connected Neural Network, in blue the missing connections are reported

As the depth of the network increases, the conditions that have to occur in a sparse
connected neural network, become even more unlikely. To conclude, even if in extreme
and rare conditions, the authors acknowledge this eventuality, and for this reason only

fully connected neural networks will be considered.
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