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Abstract

This paper is concerned with the acoustic source distribution on aerofoils interacting with a turbulent
flow. The source distribution is usually taken to be equal to the pressure jump across the aerofoil, whose
behaviour is well understood from classical unsteady aerofoil theory. However, much of this source does not
radiate to the far-field. This paper deals with the application of Fourier methods to extract the equivalent
source distribution on the aerofoil that radiates perfectly to the far-field. This paper shows that, whilst
the actual pressure jump across a flat plate tends to infinity at the leading edge while dropping to zero at
the trailing edge (due to the Kutta condition), the equivalent source distribution is more uniform across
the aerofoil chord, which explains why the radiation spectrum and single-frequency directivity both exhibit
strong oscillations due to interference from coherent sources across the chord. A method for extracting this
far-field equivalent source distribution from an array of far-field measurements is proposed in this paper.

Keywords: Aeroacoustics, Aerofoil interaction noise, Microphone arrays, Source reconstruction

1. Introduction

Aerofoils situated in a turbulent flow radiate broadband noise by scattering its vorticity into sound at the
leading edge. This interaction leads to the generation of an unsteady pressure jump across the aerofoil, which
may be interpreted as a distribution of dipoles acting in the direction normal to the aerofoil surface [1]. For
an idealised flat plate, the form of the solution for the pressure jump across the chord is characterised by the
leading edge singularity of the form X ~'/2 with the leading edge located at X = 0, dropping to zero at the
trailing edge, where the Kutta condition is applied. The sound field radiated from this source distribution
can then be readily computed using the Green’s function solution, since the singularity is readily integrable.

The far-field noise frequency spectrum and single-frequency directivity have distinct oscillatory behaviour
[2, 3], implying strong interference from sources along the aerofoil chord. This behaviour cannot be readily

explained by the dipole distribution described above, whose source strength is highly localized towards
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the leading edge. The effective source distribution responsible for the far-field radiation must therefore be
significantly different from that predicted using classical flat plate theory. One of the objectives of this
paper is to quantify this equivalent far-field-radiating source distribution, in order to gain a fundamental
understanding into the noise generation process and also to indicate the regions of greatest source strength
to assist with the development of noise control treatments. A second objective of this paper is to devise
a measurement technique that allows this effective far-field source distribution to be reconstructed from
far-field acoustic measurements.

Estimation of the source strength distribution in aerofoils responsible for far-field noise is often made using
conventional beamforming and associated phased array measurement techniques, such as deconvolution and
source power integration [4-9]. Conventional beamforming traditionally assumes a distribution of incoherent
point sources, and is therefore potentially inaccurate for distributed, partially-coherent sources. Source
power integration approaches [10] can mitigate some of these limitations by representing all sources within a
region of interest by a single synthetic equivalent source - for example, in the form of a linear distribution of
incoherent point sources of equal amplitude. As the array main lobe width is generally wider than the actual
source coherence length, the original assumption of an incoherent distribution of point sources is considered
valid for source integration purposes [10]. However, source integration techniques aim to estimate the overall
noise radiated from an extended source, and not to characterise the source distribution itself.

An approach which circumvents some of these difficulties for distributed, partially-coherent sources
involves inverting for the cross spectral matrix of a distribution of discrete sources, assuming that the
matrix of transfer functions between each assumed point source and observer is known [11-14]. However,
the matrix inversion step is computationally intensive and potentially ill-conditioned, which might lead to
inaccurate source estimates. A potentially more detailed source estimate can be obtained from near-field
acoustic holography [15-17], which focuses on measuring the acoustic field very close to the source, and thus
considers both radiating and non-radiating acoustic fields in order to improve the reconstruction resolution
and accuracy. As holographic approaches demand a large number of sensors positioned very close to the
source, this potentially exposes the microphones to large levels of hydrodynamic flow noise, which can
contaminate the measurements and lead to excessive noise amplification in the reconstruction step.

A fundamentally different approach has been proposed by Williams [18, 19], who advocated the use of
far-field sensors to determine the equivalent far-field-radiating sources on vibrating surfaces and identify
“hot spots” (i.e. strong radiators of far-field sound). This method involves back-propagating the far-field
pressure to the radiator surface using a Fourier-based representation of the sound radiation in a medium at
rest [20]. A variation of this approach for cylindrical sources has been proposed under the name “far-field
acoustic holography” [21], in contrast to the above mentioned near-field acoustic holography method [15].

A modification of this Fourier-based far-field method has been proposed by the authors of this paper [22]
to include flow convection effects in the propagation and backpropagation steps, and estimate the equivalent
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far-field-radiating source distribution of a deterministic, narrowband planar radiator immersed in a uniformly
moving medium. This convection-corrected method was then extended to include the dipole-type radiation
and the stochastic behaviour of an aerofoil interacting with a turbulent flow, and used to estimate the
equivalent far-field-radiating surface pressure jump over the aerofoil surface [23].

The present paper discusses in detail the surface pressure distribution and cross-spectral density predicted
analytically from Amiet’s model of the noise radiation due to the interaction of a flat plate with turbulent
flow [1], and links this source to its radiated far-field via a Spatial Fourier Transform for both single-gust
interaction and stochastic turbulence models containing a continuum of harmonic gust components. This
relationship is then inverted to estimate the equivalent far-field-radiating source cross-spectral density, where
it is shown that the equivalent sources are more uniformly distributed over the aerofoil chord compared
with the actual source distribution and spread beyond the aerofoil surface, which explains the presence
of oscillations in the directivity and frequency spectrum. The actual and equivalent source cross-spectral
densities are then used to evaluate the size of the coherent source region responsible for far-field radiation.
It will be shown that the equivalent source distributions tends towards the actual distributions as frequency
increases.

Note that an early version of this paper by the authors can be found in the conference papers [23] and
[24]. The current paper is an amalgamation and integration of these two papers, with the discussion of the
measurement philosophy greatly expanded. Additional figures have also been added to illustrate more clearly
the aerofoil surface pressure distribution and wavenumber spectrum in response to a single-gust excitation,
and to compare the original surface pressure PSD magnitude and the equivalent far-field-radiating PSD

magnitude in response to an isotropic turbulent flow.

2. Fourier approach to acoustic far-field radiation due to an aerofoil in turbulent flow

A flat plate interacting with a turbulent flow has been shown to be acoustically identical to dipole sources
distributed over the flat plate normal to its surface [1, 25], whose strength equals the unsteady pressure jump
across the flat plate. Whilst the variation in dipole strength across the chord is well understood from classical
theory, not all of this source distribution radiates to the far-field, with the remainder radiating to the near-
field only. This paper is a fundamental investigation into the equivalent source distribution over the aerofoil

that radiates with perfect efficiency to the far-field.

2.1. Acoustic far-field generated by an aerofoil in flow

In the analysis that follows we assume a Cartesian coordinate system whose origin is located at the
centre of the aerofoil. Consider a flat plate aerofoil in the plane z; = 0, with chord ¢ = 2b and span L = 2d,
assumed to interact with a turbulent flow in the +2 direction and Mach number M, = U, /cy. The unsteady

response at a single frequency w can be represented as a continuous distribution of dipole sources over the
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surface of the flat plate with strength Ap(rs,w), where Ap is the difference in pressures between the top
and bottom surfaces, or pressure “jump”, at a point ry = (z,¥s,0) on the aerofoil [1]. Assuming a eTI¥!

time dependence, the acoustic field at an observer location r = (z,y, z) can be calculated as

+d —+b a
p(r,w) :/ Ap(rs,w)=—Gy, (r|rs,w) dasdys, (1)
—d J—b 0%z

where Gy, (r|rs,w) is the convected Green’s function, such that 0Gy, (r|rs,w)/0zs may be interpreted as
the acoustic transfer function between a point dipole source located at ry and an observer located at r in

free-field in the presence of a mean flow:
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where the overline represents flow-transformed variables [26]:

r-@52) = (5 52), rolr-nl, p-VIoIE ®

Of particular interest in this paper are observer locations in the geometric far-field, in which case we can
make the Fraunhofer approximation,

_ o _ r-Tr
7= v Tl ~ |z - W (4)

Errors related to this approximation in the context of the far-field radiation due to a flat plate interacting
with a single vortical gust were investigated by the authors in previous work [24]. Errors were found at high
frequencies for observers sufficiently close to the flat plate between the far-field approximation and the
exact numerical solution in which near-field effects were included. When the observers were moved further
away, both solutions tended to converge. These errors are further elaborated in Appendix A, where it is
demonstrated that, for a fixed source-observer distance, the error in the Fraunhofer far-field approximation
increases with frequency.

In the geometric far-field, Eq. (2) is approximated as
» e—ik(r—rs)

0 .
Gu, (rlrs,w) ~ P Grr(rrs,w) = Jko; o
S r r

0z,

where o, is the flow-corrected distance from the observer to the origin given by

or =22+ B2 (y? + 22) = B2 |7, (6)

and k is the acoustic wavenumber vector:
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k(r, M,) = (kx oy k) (7)

z— Mo, y z
= (ko <ﬂ20_r) 5 ko;r, kogr) . (8)

The wavenumber vector lAc(r7 M,,), herein called the observer wavenumber, is in the direction of propaga-
tion of the wavefronts at the observer location, which in the presence of mean flow differs from the direction
of the observer vector r and instead points from the retarded source location. The far-field approximation
allows the effects of convection on the phase of the acoustic wave to be readily expressed in the wavenumber
domain, thereby avoiding the use of flow-transformed spatial variables.

In the far-field, Eq. (2) can be replaced by Eq. (5) and the radiation integral of Eq. (1) becomes

z e_jf”
) ~ k -
p(r,w) = ] oU]r Ao

[(2%)2&) (f{, w)} . (9)
which is in the form of a Fourier Transform relationship between the far-field pressure and the spatial Fourier
Transform of the aerofoil surface pressure (defined in the next Section) evaluated at the observer wavenumber
k = (ky, k,). The acoustic far-field at a particular observer location r is therefore directly related to the
surface pressure at the corresponding observer wavenumber k(r). This relationship essentially diagonalizes
the radiation integral, and establishes a one-to-one relationship between a single Fourier component of

surface pressure and the radiated field at a particular direction.

2.2. The spatial Fourier Transform and plane waves

The diagonalization of the radiation integral described in the previous section is described by the Fourier

Transform of the pressure jump Ap(xs,ys,w), defined over the plane z; = 0 as [20, 27]

—~ 1 +o00 +oo ) .
Ap(ke, ky,w) = W/ Ap(xs, ys,w) edka®s okuYs g dy,. (10)

From the dispersion relation for a convected medium [16, 17], the wavenumber component &, normal to

— 00 — 00

the source surface is related to its trace components k,, k, on the source plane by

ke = (ko — Mk,)? — k2 — 2. (11)

For real and positive values of k., Eq. (11) describes half the surface of an ellipsoid, shown in Figure
1, and denote waves that propagate to the far-field. The intersection of the ellipsoid with the k, = 0 plane
defines an ellipse [16, 17], shown in Figure 1 as a dashed-dotted line. The ellipse and ellipsoid dimensions
are proportional to kg, and thus to frequency. In the absence of mean flow, the ellipse becomes a circle and

the ellipsoid becomes a hemisphere, both of radius k.
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Figure 1: Three-dimensional diagram of the radiation ellipsoid in wavenumber domain. The vector k =
(ks ky, k) is located on the surface of the ellipsoid, and represents a propagating plane wave. The dash-
dotted line represents the radiation ellipse, located on the k, = 0 plane.

Wavenumber components (k, ky) located inside the ellipse correspond to real values of k., and define
acoustic plane waves propagating away from the source and towards a single unique point r in the far-
field, according to Eq. (8). This region is therefore called the “acoustic domain” [28] of the wavenumber
spectrum, or “radiation ellipse”, and is associated with the main diagonal of the far-field radiation integral
operator. Conversely, wavenumber components outside of the ellipse correspond to imaginary values of k,,
and describe decaying evanescent waves that do not reach the far-field. These evanescent components are

thus associated with the off-diagonal terms of the far-field radiation integral operator.

3. Turbulence-aerofoil interaction noise radiation

The previous section has established the relationship between far-field noise radiation and the source
wavenumber spectrum. We now review the classical flat plate model of Amiet [1] for the prediction of
aerofoil-turbulence interaction noise, with emphasis on its wavenumber spectrum to identify the equivalent

far-field-radiating source distribution following the principles discussed above.

3.1. Interaction noise prediction model

An isotropic turbulent flow is decomposed via Fourier transform in a continuum of streamwise and
spanwise vortical (i.e. non-acoustic) wavenumbers k,, ky, and each pair (k,, ky) of real-valued wavenumbers
represent a single harmonic vortical gust with velocity amplitude w(ky, ky). Each gust induces a pressure
difference Ap between the aerofoil surfaces, and all gusts are assumed mutually incoherent. For further
details, see, for example, Amiet [1] and Roger [3]. Assuming frozen turbulence, it may be shown that the
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streamwise gust component is K, = w/U,, while the spanwise gust component k, takes all real values.

wo  Defining g(zs, Ky, ky) as the non-dimensional pressure jump at any position along the chord zs due to a
single velocity gust component w(ky, ky ), the pressure jump due to the continuum of velocity components
is given by

“+oo
Ap(zs,ys,w) = 27Tpo/ (ks k) g5, by, by ) €700 dhy. (12)

— 00

The interaction of an aerofoil with a turbulent in-flow is a stochastic phenomenon. To determine the
radiated noise Power Spectral Density therefore the pressure distribution on the surface of the aerofoil must
us  be expressed as the cross-power spectral density

Sapap (v thw) = lim | ZE{Ap(r,,w)Ap" (xh,w)}] . (13)

im
T—00
Assuming that the incoming turbulence is homogeneous with wavenumber spectral density @y, (ky, ky),

we may write [1]

Upb (ki — kg )®opuo (i, ko) = lim [%E{w(ﬁx,kwm*(ﬂx,k;)}} . (14)

T—o0

Substituting Eq. (12) into Eq. (13) and integrating over k/,, the surface pressure cross spectrum is of

the form
+oo . ,
SApAp’(rsargaw) = (27Tp0)2Uz/ (I)ww("{kalll)g(xsa/ixvkw)g*(:rlsv"{Xvkw)e_']kw(ys_ys) dk¢ (15)
150 Finally, combining Eqs. (1) and (15) allows the cross-power spectral density of the radiated pressure

field to be expressed as

Sppr (v, ¥/, w) = lim [%E{p(r,w)p*(r',w)}]

T— o0
+d p+b ptd  ptb 9 5

:/ / / / Sapap (s, 15, w) 5 —Gu, (r|rs, w) 7~ Gy, (v'[r}, w) das dy, o dy,. (16)
-d J-b J—d J-b 0z dz, e

Equation (16) is completely general and includes near-field effects and the effects of super-critical and sub-
critical gust components discussed further below. However, it provides no insight into which characteristics
of Sapay (rs, ¥}, w) are responsible for far-field radiation.

155 This relationship is made explicit by writing Sapa, (rs, r%,w) in terms of its wavenumber cross-spectrum

§APA,,/(k, k', w), which can be obtained by taking a double Spatial Fourier Transform of Eq. (15):

~ 1 . o
SApAp'(k7 k',w) _ W/ / SApAp/(rS,r’S,w) eiller.—k 'rs)drs dr;. (17)
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Using this Fourier transform relationship and noting the far-field approximation of Eq. (5), the far-field

noise cross-power spectral density Sy, (r,r’,w) is given by

/ N N D B o
Sppr (r, 1", w) = kg (Ur> <W> W@w) Sapap (k, k' w). (18)
The pressure PSD, or far-field directivity, Sp,(r,w) is a special case for r = r’ (and hence k=K ) and is
given by
Spp(r,w) = (koz : >2 (2m)* Sapap(k,w). (19)
oy 470,

This result generalises Eq. (9) to broadband noise, and establishes the unique mapping between a single

wavenumber component of pressure on the surface to the radiation at a single far-field observer.

3.2. Wavenumber analysis of single-gust response functions

Equation (16) relates the cross spectrum of the far-field acoustic pressure to the cross spectrum of the
surface pressure, and thus to the single-gust surface pressure response function g. Turbulent gust components
can be categorized as either supercritical gusts (|ky| < kf[“), for which the flat plate response is an efficient
radiator of sound, or subcritical gusts (|ky| > k™), for which the flat plate response is an inefficient radiator

of sound [29]. The span-wise vortical wavenumber kf[“ defines the boundary between these two regimes

[29]:

Ko My
—5

Before proceeding to determine the effective far-field-radiating source distribution, we first investigate

kfbrit — (20)

the flat plate surface pressure distribution due to the interaction with the turbulent in-flow, as specified
by Eq. (15). The basis for this calculation is the single frequency-wavenumber response function g, which
assumes different forms for super-critical and sub-critical vortical gust components, discussed below. These
classical functions have a linearly-varying phase along the chord which, together with the spanwise variation
imposed by the gust, are shown to describe a purely acoustic wavenumber in response to a supercritical gust,
and a purely evanescent wavenumber in response to a subcritical gust. However, due to spatial windowing
effects, a finite aerofoil is shown to respond to either type of gust with a combination of radiating and
evanescent behaviour.

Amiet uses Schwarzschild’s technique to calculate the surface pressure on the aerofoil [1, 30]. This method
consists of first computing the analytical solution for a gust impinging at the leading edge of a semi-infinite
aerofoil - that is, with the trailing edge at infinity. This is followed by calculating the second-order back-
scattering at the trailing edge of another semi-infinite aerofoil, this time with the leading edge at infinity,

to correct for the finite aerofoil chord and ensure the Kutta condition applies. Further iterations could in
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principle be included, but in practice the first two terms are usually sufficient for most cases [2]. For brevity,
this section discusses only the first-order leading edge responses for super- and subcritical gusts. However,
all results shown in Figures are calculated using both first- and second-order solutions, and thus include the

Kutta condition.

3.2.1. Super-critical gusts
The non-dimensional pressure jump g due to a super-critical vortical gust impinging upon the flat plate
leading edge has been derived by Graham [29] and Adamczyk [31] from the solution of the acoustic wave
equation and appropriate boundary conditions. Adopting the notation due to Reboul [32], the leading-edge
scattering term g is given by
9(@e, o by) = my/m(xs/b+ 11)(kxb + %K) e e, (21)
where p1, = ky, M,b/% and & is given by

2

and kJ"P is the surface pressure response chord-wise acoustic wavenumber

sup _
k2'P =

(k= pa M) (23)

—_ o=

: ( kg — (kyB)* — koMz) : (24)

which is purely real for supercritical gusts.

The response function in Eq. (21) for super-critical gusts can be seen as a travelling wave of the form
exp(— jk5*Px,), whose amplitude tends to infinity as (x, +b)~ /2 as the leading edge =, = —b is approached,
and decays downstream towards the trailing edge zs = b. Note that, by itself, this first-order solution is not
identically zero at the trailing edge, and requires a second order correction (not discussed here) to ensure
the Kutta condition is satisfied [2].

The span-wise acoustic wavenumber component k, of the flat plate response must equal the span-wise
vortical wavenumber component £, of the impinging gust to ensure continuity of the solution across the
span. Each gust with span-wise vortical wavenumber k, will therefore induce a response with span-wise
phase variation exp(— jkyys) over the aerofoil span, as indicated in Egs. (12) and (15).

A single super-critical gust will therefore induce a travelling wave of the form exp(—j [k3"Pxs + kyys])
with chordwise-varying amplitude that is zero upstream and downstream of the aerofoil. This wave compo-
nent travelling over an infinite plane has an acoustic wavenumber spectrum corresponding to the Dirac Delta
function 6(k, — k3", ky — ky ). Its components (k3“P, k) are solutions to the acoustic dispersion relation in
a convected medium [16, 17], confirming that the flat plate response is an acoustic wave travelling parallel
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to the surface and is therefore situated on the radiation ellipse, as indicated by the circles in Figure 2. This
plane wave solution may be shown to be travelling at the sound speed c¢( relative to the moving fluid.

For a normally incident gust, ky, = 0, which when substituted into Eq. (24) predicts wavenumber
components of the travelling wave given by (kg, ky) = (k3"?,0), which is situated at the right-most point on
the ellipse. In this case, the travelling wave is propagating downstream with phase speed equal to ¢y + Uy,
and its span-wise phase speed is infinitely large (i.e. there is no span-wise variation). As |ky| increases and
the gust becomes more oblique, the span-wise phase velocity becomes slower and Eq. (24) predicts that
k3“P reduces. At the critical span-wise gust wavenumber, £k, = kf/f“7 Eq. (24) indicates that the acoustic
wavenumber components (k3%P, k) are now situated at the uppermost (or lowermost when ky = —k‘fj“)
point on the radiation ellipse, shown by the square markers in Figure 2. At this critical wavenumber, the
travelling wave span-wise phase velocity relative to the fluid is equal to the speed of sound cy.

As discussed previously, the amplitude of the acoustic travelling wave exp(—j[k3*Pxs + kyys]) varies
significantly across the chord, tending to infinity and zero at the leading edge and trailing edge, respectively.
Upstream and downstream of the aerofoil the amplitude is zero, as there is no solid boundary to support
the surface pressure jump, and the physical source distribution is therefore bounded by the aerofoil chord
and span. Its corresponding wavenumber pressure spectrum must therefore be unbounded, with non-zero
values both inside and outside the radiation ellipse. There is therefore a fundamental difference between
the physical source distribution and the far-field-radiating source distribution, which was pointed out to be
bounded in wavenumber domain and hence must be unbounded in spatial domain.

Representative examples of single-gust surface pressure spatial distributions and their corresponding
wavenumber distributions for a normalised frequency of kyc = 5 and Mach number M, ~ 0.17 were calculated
using Eqgs. (12) and (10), respectively, and are shown in Figures 3a and 3b. Wavenumber components with
largest pressure can be seen to be mostly centred around (k5"P, k), with contributions occurring in sidelobes

situated both within and beyond the acoustic region, leading to both radiating and evanescent behaviour.

3.2.2. Sub-critical gusts

Vortical gust wavenumber components exceeding the critical value, |ky| > k:f/}”t, whose span-wise phase
velocities along the leading edge are subsonic in the reference frame moving with the fluid, are referred as
sub-critical gusts. In an idealised aerofoil of infinite span these gusts components are perfectly non-radiating,
but radiate weakly for real aerofoils with finite span [2, 3, 33]. The form of the surface pressure response for
these components will now be investigated. The leading-edge scattering term ¢’ in response to a sub-critical

gust is given by

1 sub .
! .’I;S,k 7I€ = e_-]kw (ws+b) e_Jﬂ'/47 25
g ( X ’lp) 7T\/7T(1:s/b+ 1)(kxb—]52/’i/) ( )

where x’ is given by

10
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Figure 2: Diagram displaying in acoustic wavenumber space (kz, ky) the location of the main wavenumber
component of the aerofoil response function g(xs, ky, ky) for different hydrodynamic spanwise wavenumbers
ky: supercritical gusts responses are indicated with circles, critical gusts responses are indicated with squares,
and subcritical gusts responses are indicated with pentagons.
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K% = —K? (26)

- (5 (27)

As for super-critical gusts, the flat plate response to a sub-critical gust also exhibits a (s 4+ b)~'/? type
singularity at the leading edge. This first-order leading-edge scattering term also does not satisfy the Kutta
condition by itself.

The acoustic chord-wise wavenumber k5%® can be written as a sum of real and imaginary parts, as

B = (Mo — ) (28)
koM., . 1
( = )+J(62 <kw>2k3), (20)

where the real part corresponds to a travelling wave in the downstream direction, and the imaginary part
is always negative and corresponds to an exponential decay of the surface pressure jump in the downstream
direction. The surface pressure response to sub-critical gusts is therefore mostly concentrated at the leading
edge, and rapidly decays towards the trailing edge, as seen on the rightmost entry of Figure 3a. Note that
the real component Re(k$“?) = —koM, /3% is independent of &y, and hence so is the chordwise phase speed.
The decay rate is determined from the imaginary component Im(k5%?) and increases with increasing ky (ie.
increasing gust obliqueness).

The phase variation over the aerofoil surface is therefore given by exp(— j[Re(k5*?)zs+kyys]), which on an
infinite plane has a wavenumber spectrum corresponding to the Dirac Delta function 6 (k, — Re(k34?), ky —
ky). The Dirac Delta function for critical spanwise wavenumber |ky| = kff” is situated at the upper-
most/lowermost points of the radiation ellipse. As |ky| increases above this, the position of the Delta
function moves vertically away from the radiation ellipse, as indicated by pentagons in Figure 2. The travel-
ling wave component of the surface pressure described above with unit amplitude everywhere radiates as an
evanescent wave in the spanwise direction by virtue of its subsonic spanwise velocity in the moving reference
frame.

However, the amplitude of this wave component varies along the chord, as indicated in Eq. (25), and is
zero upstream and downstream of the aerofoil. The wavenumber spectrum of the response of a finite aerofoil
to a subcritical gust will be unbounded, as seen on the rightmost entry of Figure 3b. As some sidelobes will
fall within the radiation ellipse, sub-critical gusts will therefore excite some acoustic wave components that
are able to radiate to the far-field. For more oblique gusts, the travelling wave component moves further
away from the radiation ellipse, and the contribution to the pressure within the radiation ellipse becomes
significantly weaker. Both super-critical and sub-critical gust components in the incoming turbulent flow
therefore contribute, to different degrees, to the acoustic far- and near-fields.
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Figure 3: Typical single-gust aerofoil surface pressure jump for different range of super- and sub-critical
gusts (koc = 5, M,, ~ 0.17): (a) real part of surface pressure jump Re (Ap(zs,ys)) (leading edge at the left);
(b) pressure jump wavenumber transform magnitude |Ap(kg, ky)|.

3.8. Surface pressure wavenumber power spectra

The previous section has investigated the flat plate response and its wavenumber spectrum at a single
frequency to different discrete vortical gust components above and below their critical value. However,
turbulent flows comprise a continuum of mutually uncorrelated gust wavenumber components, characterized
by its wavenumber spectral density ®q.,(ky,ky). The surface pressure response to an incoming turbulent
flow may be obtained by integrating, incoherently, the single-gust response function appropriately weighted
by @y (ky, ky). The surface pressure wavenumber auto-spectrum Sapap(k) is then obtained from Eq.
(17) by setting k = k’. For idealised isotropic, homegeneous turbulence with mean square velocity w? and

integral length-scale A, the von Karman model for ®,,,,(ky, ky) is given by [1]
4w KAk
~or N RNZE
¢ (1 + k2 + ki)

L _ VAL(5/6)
© A T(1/3)
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where k; = k;/k. and T'() is the Gamma function.

The mean square velocity w? and integral length-scale A were quantified by adjusting a theoretical model
to give best fit to the velocity spectrum measured on the ISVR’s open jet wind tunnel. A turbulence grid was
positioned inside the contraction nozzle, thus generating a good approximation to homogeneous, isotropic
turbulent flows, and the best fit to the spectrum was obtained for T; = \/w?/U2 = 0.025 and A = 0.007
m. The wavenumber power spectral density gApAp(k) of the surface pressure response of a flat plate with
dimensions of ¢ = 0.15 m and d = 0.45 m due to interaction with isotropic turbulence using the above
mentioned values was calculated using Eq. (17) and is shown in dB in the left-hand side of Figure 4, at the
three normalized frequencies of koc € [0.5, 5, 20].

At the lowest frequency, koc = 0.5, the surface pressure is uniformly distributed over the range of
wavenumbers investigated and is almost identical inside and outside the radiation ellipse. It is worth noting
that the radiation ellipse dimensions, and hence its area, are comparatively small at such low frequency,
and thus only a small portion of the total pressure can be inside the radiation ellipse and hence radiate
to the far-field. As most of the surface pressure has wavenumber components outside of the radiation
ellipse, the difference between the actual surface pressure distribution across the aerofoil and the equivalent
far-field-radiating source distribution is therefore greatest at lower frequencies.

At the higher frequency of kgc = 5, the surface pressure PSD is more concentrated around the right hand
side of the radiation ellipse, forming a crescent shape. To the left of this region is a similar shape of relatively
low pressure. More of the surface pressure has wavenumber components within the radiation ellipse and
there is now a smaller difference between the actual surface pressure distribution and the equivalent radiating
source distribution.

Finally at the highest frequency of interest, kgc = 20, the surface pressure is even more concentrated
around the right hand side of the radiation ellipse, with a number of alternating high and low pressure bands
of near-identical profile. The surface pressure is increasingly concentrated around the right hand side of the
ellipse as the frequency is increased, suggesting that the equivalent radiating source distribution tends to
the physical source distribution in the high frequency limit.

The surface pressure PSD distribution inside the radiation ellipse is linked directly to the far-field direc-
tivity Spp(r) via Eq. (19). Each wavenumber pair (k,, k,) within the acoustic domain only contributes to the
far-field pressure at a single observer and makes zero contribution in all other directions. This relationship
is indicated in Fig. 1 in which a single surface pressure component with wavenumbers (k,, k,) maps to a
unique propagating plane wave with components (k,, k., k.).

To the right of the surface pressure wavenumber spectra in Figure 4 are their corresponding far-field
radiation patterns, computed from Eq. (19) for the observer distance of R = 10L?/\ to ensure far-field
conditions (see Appendix A). These directivity patterns are presented over a hemisphere projected onto
the z = 0 plane. The polar angle € is shown along the radius, while the azimuthal angle ¢ is measured
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anti-clockwise from (z/R,y/R) = (1,0). The surface pressure wavenumber spectrum within the radiation
ellipse is simply a mapping of the far-field directivity to within the dipole directivity factor z/o,, as indicated
in Eq. (19). The surface pressure wavenumber spectrum along the right hand side of the ellipse is therefore
much greater than its corresponding directivity along the right hand side of the figures, where 6 ~ 90° and
the dipole directivity is close to zero.

At the lowest frequency koc = 0.5, the radiation is omni-directional (to within the factor z/oy), which
is entirely consistent with the uniform distribution of surface pressure wavenumber components within the
radiation ellipse. The aerofoil therefore radiates as a compact dipole in the low frequency limit. At the
higher frequency kgc = 5, the radiation pattern can be seen to comprise a main radiation lobe at about
0 ~ 34°, with a single minor lobe. Finally, at the highest frequency of interest, kgc = 20, the main radiation
lobe now occurs at a larger polar angle of 6 ~ 62° and the number of minor lobes has increased.

These characteristics for aerofoil leading edge noise far-field radiation are well documented in the litera-
ture [3, 34, 35], which provides direct confirmation of the validity of Eq. (19) for linking the surface pressure
wavenumber spectrum within the radiation ellipse to the far-field directivity and the dipole directivity factor
z/oy. Note that the wavenumber components of greatest pressure on the radiation ellipse are also the most
significantly affected by the dipole directivity factor. This effect can be made explicit by representing z /oy

in the wavenumber domain, which from Eq. (8) has the form

z k.
e (32)

As k, = 0 is on the radiation ellipse, the region of maximum surface pressure situated on, and close to,

the radiation ellipse is weakly radiating.
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Figure 4: Left column: surface pressure PSD magnitude |§ApAp(k)| (in dB re (1 Pa)?) in wavenumber

domain; right column: far-field directivity |Sp,(r)| (in dB re (20 pPa)?). (a) and (b): low frequency
(koc = 0.5); (c) and (d) medium frequency (koc = 5); (e) and (f): high frequency (koc = 20).
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4. Far-field source estimation
4.1. Inverse equation for source amplitude

The previous sections have studied in detail the characteristics of the surface pressure distribution over a
flat plate interacting with a turbulent flow. This surface pressure response was represented in the wavenum-
ber domain to allow the separation of propagating wave components within the radiation ellipse from
non-propagating (evanescent) pressure components outside the ellipse. A unique and simple mapping was
established between surface pressure wavenumber components within the radiation ellipse and the far-field
directivity. This relationship is now exploited to develop a measurement procedure by which far-field acoustic
measurements from an aerofoil can be used to reconstruct the equivalent far-field-radiating surface pressure
distribution.

The starting point of the measurement method is to obtain an estimate of the source wavenumber
spectrum Avpequw(fcgj, lAcy) within the radiation ellipse, which can be determined from far-field acoustic mea-

surements by rearranging Eq. (9):

—~ . 1 oz e’jf"r -
Apequiv (kv W) = W (JkOUr47TUr> p(r,w). (33)

The Inverse Fourier Transform of the surface pressure wavenumber spectrum within the radiation ellipse
can then be used to estimate the surface pressure distribution Apequiv(rs) that radiates over the far-field

hemisphere, which is completely absent of a near field, and has the form

APeguiv(Ts,w) = /k&)eqmv <1A<, w) e kT dk, k e Rad. Ellipse. (34)

The source strength distribution recovered from Eq. (34) therefore precludes high spatial frequencies
(i.e. high magnitude wavenumbers) associated with the evanescent field, and lacks the fine spatial detail
of the actual source distribution. More fundamentally, the mapping relationship between a single radiating
wavenumber component on the flat plate surface and a point on the far-field hemisphere suggests that the
wavenumber distribution of surface pressure determined from the measurements must be bounded within
the radiation ellipse. The corresponding equivalent spatial surface pressure distribution must therefore
be unbounded and extend beyond the physical limits of the aerofoil. By contrast, source reconstructions
obtained from Nearfield Acoustic Holography [15], using pressure measurements very close to the source,
include these evanescent components in order to increase the spatial resolution.

The main result of this paper is obtained by combining Egs. (33) and (34) to allow the equivalent
far-field-radiating surface pressure distribution Apeguiv(rs) to be deduced via an integration of the acoustic
pressure p(r) over the entire far-field hemisphere, here represented by a wavenumber-domain integration

over the radiation ellipse:
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1 2 e ikr - ks 1L - .
Apequiv(rs,w):W kp( w) ‘]koar Tron e dk, k € Rad. Ellipse. (35)

In practice, however, the far-field acoustic pressure is sampled by an array of discrete sensors at M
locations r,, m € [1...M]. The two-dimensional integration over the radiation ellipse in Eq. (35) becomes
a weighted sum of the microphone pressures p(r,,) given by

—1
Ap, (36)

Zm e*jkm'(rmer)

Apequw(rey ~ 2 Z rmv [Jko

Amoy,,

T'm

where the term A,, is the area in the wavenumber domain centred around the m-th observer wavenumber
w Ky, = (kz,ms ky,m), where R,,L(rm) is a function of the m-th microphone position due to the unique mapping
relationship of Eq. (8). This formulation allows for arbitrary array sampling of the far-field hemisphere,
and can be computed using a modified Voronoi diagram of the wavenumber sampling inside the radiation
ellipse [23]. Note that the term in square brackets in Eq. (36) corresponds to the far-field convected dipole

transfer function G pp(r,,|rs)/0zs previously shown in Eq. (5).

s 4.2. Inverse equation for source cross-spectrum

The noise radiated from aerofoils in a turbulent stream is a stochastic phenomenon, whose equivalent
source strength and radiated acoustic field must be expressed in terms of their cross-spectra, previously de-
fined in Egs. (13) and (16). Combining these Equations with Eq. (35) provides an estimate of the equivalent
far-field-radiating surface pressure cross-spectral density Sapap equiv(Ls, %) from the cross-spectrum of the

s far-field pressure S, (r,1r'):

/
SApAp/,equiv (rsa ry, OJ)

X R wq —1
L e ik(ror,) S e i) o
. s . - k k/
///Spp r,r,w l(ﬂcoar o > <_]]€00r, Trow dk dk/, (37)

~ et
lA{ k' € Rad. Ellipse.

As for the corresponding single-frequency relation of Eq. (35), the terms in parenthesis are identical to
the far-field-approximated convected dipole transfer function from Eq. (5), and the cross-spectrum of the
far-field pressure is defined for observers located over the entire hemisphere.

When expressing the integration in Eq. (37) in discrete form, we obtain the cross-spectrum version of

0 Eq. (36), given by
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[Am A (38)

Equation (38) is the main result of this paper and allows the estimation of the equivalent far-field-
radiating surface pressure cross-power spectral density Sapap’ est(rs, ;) from the far-field microphone array
cross-power spectral density Spp (T, Trnr).

The source estimation method presented above is closely related to frequency-domain conventional
beamforming [4], with the important difference that the transfer functions are assumed to be the far-field-
approximated dipole from Eq. (5). This relationship has been previously studied in relation to the source

distribution of monopole sources in a moving medium [23].

5. Simulation results

We now examine the equivalent far-field-radiating source distribution on a flat plate interacting with
turbulent flow using the source reconstruction method described above. We consider a setup identical to
the experimental conditions typically investigated in the ISVR’s open-jet wind tunnel. The flow speed is
U, =60 m/s (M, ~ 0.17), and the wavenumber spectral density of the turbulent velocity field is calculated
using the von Karman model (Eq. (30)) with the turbulence intensity and integral length-scale presented
previously (T; = 0.025 and A = 0.007 m).

By way of illustration of the method, 350 microphones were arranged over the far-field hemisphere as
shown in Figure 5. A similar array was used in Ref. [23] to beamform the source distribution of a number
of coherent monopoles in a uniform mean flow.

The wavenumber-domain areas A,, are calculated using a modified Voronoi diagram of the wavenumber-
domain samples, and are indicated with the dotted lines on the right hand side of Figure 5. The Voronoi
diagram is obtained using the Python package scipy.spatial. Voronoi [36], where the seeds are the wavenumber

samples of the microphone array, and the cell areas are numerically calculated from the resulting diagram.

5.1. Surface pressure PSD

Figure 6a shows the distribution of the actual surface pressure PSD magnitude |Sapap(zs,ys)| (left
hand side), obtained from flat plate theory in Section 3.1, alongside the equivalent far-field-radiating surface
pressure PSD magnitude [Sapap,equiv(Zs,ys)| (right hand side), estimated from the far-field measurements
using Eq. (38), at the three frequencies of koc € [0.5,5,20]. A more detailed comparison between the original

and the estimated PSD is shown in Figure 7 of the chordwise PSD magnitude distribution, obtained from the
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Wavenumber Sampling
Hemspherical Array

Figure 5: Hemispherical microphone array (left) and corresponding wavenumber-domain sampling (right),

with Voronoi cells marked as dotted lines. The m-th cell is centred around lA{m = (km,m, ky.m ) and has area
A,

same data. Both the leading edge singularity and zero-pressure Kutta conditions are present in the actual
surface pressure distribution, plotted as the solid line, and absent in the equivalent source distribution,
indicated as a dashed line.

The equivalent far-field-radiating PSDs can be observed to be consistently lower than the actual surface
pressure PSDs and extends beyond the physical aerofoil dimensions in both the span and chordwise directions
by approximately half of an acoustic wavelength. Similar behaviour has been observed by Williams [19] for
radiation problems in a quiescent medium.

In general, the equivalent source varies across the chord much more uniformly than the actual surface
pressure, which explains why aerofoil radiation exhibits large oscillations in both the directivity and fre-
quency spectrum due to interference across the chord. Both the leading edge singularity and zero-pressure
Kutta conditions are absent in the equivalent source distribution. At low frequencies, the equivalent far-
field-radiating source distribution is almost uniform over the aerofoil surface and beyond. As the frequency
is increased, the equivalent source distribution becomes concentrated around the aerofoil physical limits. As
the frequency is increased further the equivalent and actual source distributions converge, as their radiating
wavenumber components become increasingly concentrated within the radiation ellipse. One may therefore
argue that aerofoil radiation becomes increasingly efficient as frequency is increased.

In the low frequency case, the estimated source strength is significantly lower than the original by more
than 20 dB at mid-chord. As previously discussed in Section 3.3, this is due to the wavenumber-domain

radiating region being comparatively small at this frequency and therefore containing only a small portion of
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the total pressure. Note in Figure 4a the relatively large pressure amplitudes of the evanescent wavenumber
components at this frequency.

At higher frequencies the actual and estimated source distributions are in closer agreement in the aft
sections of the aerofoil, indicating these regions are significant contributors to the aerofoil far-field sound.

The leading edge singularity is again not prominent in the estimated source.

5.2. Surface pressure coherence

Finally, we compare the behaviour of the coherence function v2(rs, r.cf) of the equivalent far-field-
radiating surface pressure against the actual surface pressure, which includes non-radiating hydrodynamic
components. The coherence function is defined as

‘SApAp’ (r37 Tref, UJ) |2

B SA;DAP<I'S7 w) SApAp(rrefa w) .

72(r37rrefaw) (39)

Sources with large coherent regions (i.e. 72 ~ 1) compared to the acoustic wavelength Ao tend to
generate strongly interfering sound fields, characterised by strong oscillations in the frequency spectrum and
directivity, and are also more efficient radiators of sound.

Figure 8 shows the surface pressure coherence function v2(r, ry. ) at the three frequencies investigated at
all points on the flat plate relative to a single reference point at mid-span and 10% of the chord downstream
of the leading edge. The Figure shows both the original (left) and the equivalent far-field-radiating (right)
source. The actual source distribution is observed to have a short coherence length in both directions,
which potentially indicates a relatively inefficient radiation of sound to the far-field. On the other hand, the
equivalent far-field-radiating sources have a much larger coherence length in both directions (proportional
to o). This difference is explained by the contribution of sub-critical gusts to the original surface pressure,
as these tend to de-correlate the surface pressure while simultaneously being inefficient sound radiators.
Note that at the highest frequency investigated the coherence lengths are comparable on both sources, once
again indicating that at these frequencies the original and the equivalent far-field-radiating surface pressure

distributions are in closer agreement.

6. Conclusions

This paper is an investigation into the equivalent (dipole) source distribution due to an aerofoil interacting
with a turbulent flow that radiates perfectly to the far-field. This source distribution is fundamentally
different from the actual distribution predicted from classical unsteady aerodynamic theory, in which the
pressure jump across the aerofoil exhibits a X ~1/2 type singularity at the leading edge (X =0) and zero
pressure jump at the trailing edge due to the Kutta condition. The equivalent source distribution is shown

to vary much more uniformly across the chord and extend beyond the physical limits of the aerofoil. The
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equivalent and actual pressure jump across the aerofoil are demonstrated to deviate significantly at low
frequencies, but approach each other in both magnitude and coherence as frequency is increased.

This paper has provided a new interpretation of the radiation from aerofoils in a turbulent flow using
a Fourier approach adapted to include the effects of a uniform mean flow. In this formulation, a single
wavenumber component of the pressure jump situated within the radiation ellipse is purely acoustic, and
is shown to radiate to a single far-field observer. This is the basis for a measurement technique proposed
in this paper, in which an array of pressure sensors distributed over a far-field hemisphere can be used to
determine the complete radiating wavenumber spectrum, which by Fourier Transformation can be used to
determine the equivalent far-field-radiating source distribution. Identifying the source distribution may be

useful in the design of low-noise aerofoils.
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Appendix A. The Fraunhofer far-field approximation

This Appendix presents how to derive the Fraunhofer far-field approximation, describes the far-field-
approximated forms for monopole and dipole sources in a mean flow, and discusses the errors committed in
this approximation. The derivations herein have been previously presented in Refs. [24, 37].

Extended sources, such as aerofoils, are often modelled using distributions of point sources. As a pre-
liminary step, consider one such point monopole source in a convected medium, with its location rs close to
but not exactly at the origin. The convected Green’s function Gy, (r|rs,w), denoting the transfer function

between this point monopole and an observer at r, at frequency w, is written as

o ikoT

— 4/”—/82? ejkOMz(E_is)’ (Al)

Gy, (r|rs,w)

where the overline denotes the flow-transformed variables described in Eq. (3). Setting M, = 0 yields the
conventional Green’s function in a steady medium. Similarly, taking the spatial derivative 0Gy, /0zs results
in the transfer function between a point dipole source at ry, with its acoustic axis in the 4z, direction, and
an observer at r, presented in Eq. (2).

The convected monopole transfer function in Eq. (A.1) has dependencies on the exact flow-transformed
source-to-observer distance T = ||T — T|| that we would like to approximate for a distant observer. The
term in the denominator describes an amplitude decay as a function of distance, and can be reasonably

approximated as

22



1 1
~ A2
B2F Oy ’ ( )
where o, denotes a convection-corrected observer distance introduced in Eq. (6).
However, the complex exponential e~ 307 is an oscillating function with range 7, and requires a more

accurate approximation. The range 7 is rewritten as
rr o EP)
T-T T
r=||r|<1—2§+ 32> : (A.3)
==zl

490 It is now assumed that the observer is many source lengths away from the origin, which allows one to

approximate ||T,|° / |[E||* &~ 0. The resulting expression is written as

_ — r-r,
rRlEl Q- a=2 g o

The square root term can be expanded using the binomial series [38, 39] as

where the first two terms of the series are retained to become the far-field-approximated distance:
_ _ o _ r-r
ralEl (1-5) = IFl - T

Equation A.6 is widely used in acoustics [20, 39, 40] and electromagnetics [38, 41], but is not often given

(A.6)

Il

w5 a name. In the optics community, however, it is known as the Fraunhofer far-field approximation [42].

The far-field-approximated version of the convected Green’s function (Eq. (A.1)) is

T-Ts

e dkollT]| ejko =

Grr(rlrs,w) = TejkOMz(iii) (A7)
r
efjf"(rfrs)
= A.
4oy (A-8)

where k is the observer wavenumber vector introduced in Eq. (8).
When compared to the convected monopole, the extra terms in the convected dipole transfer function

(Eq. (2)) can be approximated in the far-field as

) N\ (Z-zs) ., =z
<Jk0 + r> TE ]koa, (A.9)

s0  where the dipole near-field term 1/7 is ignored and the far-field directivity is expressed as z/o.. The
remaining terms in the dipole transfer function are approximated as for the convected monopole, and the
final convected dipole far-field transfer function is
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as previously expressed in Eq. (5).

(A.10)

4oy

The third term of the binomial series in Eq. (A.5) can be interpreted as an estimate of the error

s committed when making the Fraunhofer approximation. Its absolute value is

2
o2\ wl (,F 7
|Ferrm‘| = ||f|| <> =—12 —2 (A].].)
s)7 s Uil

_ L = 112 2
- 2Hf” HrSH Ccos (C)7 (A12)

where ( is the angle between T and T,.

For low Mach number flow (M, ~ 0), it can be assumed that ||F|| = ||r|| = R and ||Ts|| = ||rs||. The error

magnitude |Fepror| is maximized when ||, is half of the largest source dimension L (i.e. ||T||,,0. = L£/2)
and cos?(¢) = 1, leading to
_ L?
|Terror‘max = @ (A13)
510 In the electromagnetics literature [38, 41], the Fraunhofer approximation is assumed to be accurate for
Terror|mae < A/16, resulting in the well-known expression for the geometrical far-field:
212
R> BN (A.14)

Note that the inequality in Equation (A.14) does not denote a hard transition between the near- and far-
fields, and must be interpreted only as an indication of when the Fraunhofer geometric far-field approximation
might be appropriate. Indeed, for a fixed observer distance R, the error committed in the Fraunhofer

sis  approximation is frequency-dependent, and will be within the suggested tolerance of A\/16 for frequencies f

such that

RCO

<55 (A.15)

Hence, the Fraunhofer approximation for a fixed observer distance becomes less accurate as frequency

increases.
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Figure 6: Original surface pressure PSD magnitude |Sapap(zs,ys)| (left), and equivalent far-field-radiating
surface pressure PSD magnitude [Sapap,equiv(Ts,ys)| (right), in dB: (a) low frequency (koc = 0.5); (b)
medium frequency (kgc = 5); (¢) high frequency (koc = 20). The aerofoil dimensions are indicated with
dashed lines, and the dynamic range is 30 dB.
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Figure 7: Chordwise original surface pressure PSD magnitude |Sapap(2s)| (continuous line) and equivalent
far-field-radiating surface pressure PSD magnitude |Sapap equiv(s)| (dashed line), evaluated at mid-span
(ys = 0): (a) low frequency (koc = 0.5); (b) medium frequency (koc = 5); (c) high frequency (koc = 20).
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Figure 8: Coherence function v?(rs, r,cs) for original (left) and equivalent far-field-radiating (right) surface

pressure, reference point r,.s indicated with an “x” marker: (a) low frequency (koc = 0.5); (b) medium
frequency (koc = 5); (c) high frequency (koc = 20).
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