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Abstract

This paper is concerned with the acoustic source distribution on aerofoils interacting with a turbulent

flow. The source distribution is usually taken to be equal to the pressure jump across the aerofoil, whose

behaviour is well understood from classical unsteady aerofoil theory. However, much of this source does not

radiate to the far-field. This paper deals with the application of Fourier methods to extract the equivalent

source distribution on the aerofoil that radiates perfectly to the far-field. This paper shows that, whilst

the actual pressure jump across a flat plate tends to infinity at the leading edge while dropping to zero at

the trailing edge (due to the Kutta condition), the equivalent source distribution is more uniform across

the aerofoil chord, which explains why the radiation spectrum and single-frequency directivity both exhibit

strong oscillations due to interference from coherent sources across the chord. A method for extracting this

far-field equivalent source distribution from an array of far-field measurements is proposed in this paper.
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1. Introduction

Aerofoils situated in a turbulent flow radiate broadband noise by scattering its vorticity into sound at the

leading edge. This interaction leads to the generation of an unsteady pressure jump across the aerofoil, which

may be interpreted as a distribution of dipoles acting in the direction normal to the aerofoil surface [1]. For

an idealised flat plate, the form of the solution for the pressure jump across the chord is characterised by the5

leading edge singularity of the form X−1/2 with the leading edge located at X = 0, dropping to zero at the

trailing edge, where the Kutta condition is applied. The sound field radiated from this source distribution

can then be readily computed using the Green’s function solution, since the singularity is readily integrable.

The far-field noise frequency spectrum and single-frequency directivity have distinct oscillatory behaviour

[2, 3], implying strong interference from sources along the aerofoil chord. This behaviour cannot be readily10

explained by the dipole distribution described above, whose source strength is highly localized towards
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the leading edge. The effective source distribution responsible for the far-field radiation must therefore be

significantly different from that predicted using classical flat plate theory. One of the objectives of this

paper is to quantify this equivalent far-field-radiating source distribution, in order to gain a fundamental

understanding into the noise generation process and also to indicate the regions of greatest source strength15

to assist with the development of noise control treatments. A second objective of this paper is to devise

a measurement technique that allows this effective far-field source distribution to be reconstructed from

far-field acoustic measurements.

Estimation of the source strength distribution in aerofoils responsible for far-field noise is often made using

conventional beamforming and associated phased array measurement techniques, such as deconvolution and20

source power integration [4–9]. Conventional beamforming traditionally assumes a distribution of incoherent

point sources, and is therefore potentially inaccurate for distributed, partially-coherent sources. Source

power integration approaches [10] can mitigate some of these limitations by representing all sources within a

region of interest by a single synthetic equivalent source - for example, in the form of a linear distribution of

incoherent point sources of equal amplitude. As the array main lobe width is generally wider than the actual25

source coherence length, the original assumption of an incoherent distribution of point sources is considered

valid for source integration purposes [10]. However, source integration techniques aim to estimate the overall

noise radiated from an extended source, and not to characterise the source distribution itself.

An approach which circumvents some of these difficulties for distributed, partially-coherent sources

involves inverting for the cross spectral matrix of a distribution of discrete sources, assuming that the30

matrix of transfer functions between each assumed point source and observer is known [11–14]. However,

the matrix inversion step is computationally intensive and potentially ill-conditioned, which might lead to

inaccurate source estimates. A potentially more detailed source estimate can be obtained from near-field

acoustic holography [15–17], which focuses on measuring the acoustic field very close to the source, and thus

considers both radiating and non-radiating acoustic fields in order to improve the reconstruction resolution35

and accuracy. As holographic approaches demand a large number of sensors positioned very close to the

source, this potentially exposes the microphones to large levels of hydrodynamic flow noise, which can

contaminate the measurements and lead to excessive noise amplification in the reconstruction step.

A fundamentally different approach has been proposed by Williams [18, 19], who advocated the use of

far-field sensors to determine the equivalent far-field-radiating sources on vibrating surfaces and identify40

“hot spots” (i.e. strong radiators of far-field sound). This method involves back-propagating the far-field

pressure to the radiator surface using a Fourier-based representation of the sound radiation in a medium at

rest [20]. A variation of this approach for cylindrical sources has been proposed under the name “far -field

acoustic holography” [21], in contrast to the above mentioned near -field acoustic holography method [15].

A modification of this Fourier-based far-field method has been proposed by the authors of this paper [22]45

to include flow convection effects in the propagation and backpropagation steps, and estimate the equivalent
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far-field-radiating source distribution of a deterministic, narrowband planar radiator immersed in a uniformly

moving medium. This convection-corrected method was then extended to include the dipole-type radiation

and the stochastic behaviour of an aerofoil interacting with a turbulent flow, and used to estimate the

equivalent far-field-radiating surface pressure jump over the aerofoil surface [23].50

The present paper discusses in detail the surface pressure distribution and cross-spectral density predicted

analytically from Amiet’s model of the noise radiation due to the interaction of a flat plate with turbulent

flow [1], and links this source to its radiated far-field via a Spatial Fourier Transform for both single-gust

interaction and stochastic turbulence models containing a continuum of harmonic gust components. This

relationship is then inverted to estimate the equivalent far-field-radiating source cross-spectral density, where55

it is shown that the equivalent sources are more uniformly distributed over the aerofoil chord compared

with the actual source distribution and spread beyond the aerofoil surface, which explains the presence

of oscillations in the directivity and frequency spectrum. The actual and equivalent source cross-spectral

densities are then used to evaluate the size of the coherent source region responsible for far-field radiation.

It will be shown that the equivalent source distributions tends towards the actual distributions as frequency60

increases.

Note that an early version of this paper by the authors can be found in the conference papers [23] and

[24]. The current paper is an amalgamation and integration of these two papers, with the discussion of the

measurement philosophy greatly expanded. Additional figures have also been added to illustrate more clearly

the aerofoil surface pressure distribution and wavenumber spectrum in response to a single-gust excitation,65

and to compare the original surface pressure PSD magnitude and the equivalent far-field-radiating PSD

magnitude in response to an isotropic turbulent flow.

2. Fourier approach to acoustic far-field radiation due to an aerofoil in turbulent flow

A flat plate interacting with a turbulent flow has been shown to be acoustically identical to dipole sources

distributed over the flat plate normal to its surface [1, 25], whose strength equals the unsteady pressure jump70

across the flat plate. Whilst the variation in dipole strength across the chord is well understood from classical

theory, not all of this source distribution radiates to the far-field, with the remainder radiating to the near-

field only. This paper is a fundamental investigation into the equivalent source distribution over the aerofoil

that radiates with perfect efficiency to the far-field.

2.1. Acoustic far-field generated by an aerofoil in flow75

In the analysis that follows we assume a Cartesian coordinate system whose origin is located at the

centre of the aerofoil. Consider a flat plate aerofoil in the plane zs = 0, with chord c = 2b and span L = 2d,

assumed to interact with a turbulent flow in the +x direction and Mach number Mx = Ux/c0. The unsteady

response at a single frequency ω can be represented as a continuous distribution of dipole sources over the
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surface of the flat plate with strength ∆p(rs, ω), where ∆p is the difference in pressures between the top80

and bottom surfaces, or pressure “jump”, at a point rs = (xs, ys, 0) on the aerofoil [1]. Assuming a e+ jωt

time dependence, the acoustic field at an observer location r = (x, y, z) can be calculated as

p(r, ω) =

∫ +d

−d

∫ +b

−b
∆p(rs, ω)

∂

∂zs
GUx(r|rs, ω) dxs dys, (1)

where GUx(r|rs, ω) is the convected Green’s function, such that ∂GUx(r|rs, ω)/∂zs may be interpreted as

the acoustic transfer function between a point dipole source located at rs and an observer located at r in

free-field in the presence of a mean flow:85

∂

∂zs
GUx(r|rs, ω) =

(
jk +

1

r

)
(z − zs)
βr

e− jk0r

4πβ2r
e jk0Mx(x−xs), (2)

where the overline represents flow-transformed variables [26]:

r =
(
x, y, z

)
=

(
x

β2
,
y

β
,
z

β

)
, r = ‖r− rs‖ , β =

√
1−M2

x . (3)

Of particular interest in this paper are observer locations in the geometric far-field, in which case we can

make the Fraunhofer approximation,

r = ‖r− rs‖ ≈ ‖r‖ −
r · rs
‖r‖ . (4)

Errors related to this approximation in the context of the far-field radiation due to a flat plate interacting

with a single vortical gust were investigated by the authors in previous work [24]. Errors were found at high90

frequencies for observers sufficiently close to the flat plate between the far-field approximation and the

exact numerical solution in which near-field effects were included. When the observers were moved further

away, both solutions tended to converge. These errors are further elaborated in Appendix A, where it is

demonstrated that, for a fixed source-observer distance, the error in the Fraunhofer far-field approximation

increases with frequency.95

In the geometric far-field, Eq. (2) is approximated as

∂

∂zs
GUx(r|rs, ω) ≈ ∂

∂zs
GFF (r|rs, ω) = jk0

z

σr

e− jk̂·(r−rs)

4πσr
, (5)

where σr is the flow-corrected distance from the observer to the origin given by

σr =
√
x2 + β2 (y2 + z2) = β2 ‖r‖ , (6)

and k̂ is the acoustic wavenumber vector:
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k̂(r,Mx) =
(
k̂x, k̂y, k̂z

)
(7)

=

(
k0

(
x−Mxσr
β2σr

)
, k0

y

σr
, k0

z

σr

)
. (8)

The wavenumber vector k̂(r,Mx), herein called the observer wavenumber, is in the direction of propaga-

tion of the wavefronts at the observer location, which in the presence of mean flow differs from the direction100

of the observer vector r and instead points from the retarded source location. The far-field approximation

allows the effects of convection on the phase of the acoustic wave to be readily expressed in the wavenumber

domain, thereby avoiding the use of flow-transformed spatial variables.

In the far-field, Eq. (2) can be replaced by Eq. (5) and the radiation integral of Eq. (1) becomes

p(r, ω) ≈ jk0
z

σr

e− jk̂·r

4πσr

[
(2π)2∆̃p

(
k̂, ω

)]
. (9)

which is in the form of a Fourier Transform relationship between the far-field pressure and the spatial Fourier105

Transform of the aerofoil surface pressure (defined in the next Section) evaluated at the observer wavenumber

k̂ = (k̂x, k̂y). The acoustic far-field at a particular observer location r is therefore directly related to the

surface pressure at the corresponding observer wavenumber k̂(r). This relationship essentially diagonalizes

the radiation integral, and establishes a one-to-one relationship between a single Fourier component of

surface pressure and the radiated field at a particular direction.110

2.2. The spatial Fourier Transform and plane waves

The diagonalization of the radiation integral described in the previous section is described by the Fourier

Transform of the pressure jump ∆p(xs, ys, ω), defined over the plane zs = 0 as [20, 27]

∆̃p(kx, ky, ω) =
1

(2π)2

∫ +∞

−∞

∫ +∞

−∞
∆p(xs, ys, ω) e jkxxs e jkyys dxs dys. (10)

From the dispersion relation for a convected medium [16, 17], the wavenumber component kz normal to

the source surface is related to its trace components kx, ky on the source plane by115

kz =
√

(k0 −Mxkx)
2 − k2

x − k2
y. (11)

For real and positive values of kz, Eq. (11) describes half the surface of an ellipsoid, shown in Figure

1, and denote waves that propagate to the far-field. The intersection of the ellipsoid with the kz = 0 plane

defines an ellipse [16, 17], shown in Figure 1 as a dashed-dotted line. The ellipse and ellipsoid dimensions

are proportional to k0, and thus to frequency. In the absence of mean flow, the ellipse becomes a circle and

the ellipsoid becomes a hemisphere, both of radius k0.120
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kzk = (kx, ky, kz)

kx

ky(kx, ky)

Figure 1: Three-dimensional diagram of the radiation ellipsoid in wavenumber domain. The vector k =
(kx, ky, kz) is located on the surface of the ellipsoid, and represents a propagating plane wave. The dash-
dotted line represents the radiation ellipse, located on the kz = 0 plane.

Wavenumber components (kx, ky) located inside the ellipse correspond to real values of kz, and define

acoustic plane waves propagating away from the source and towards a single unique point r in the far-

field, according to Eq. (8). This region is therefore called the “acoustic domain” [28] of the wavenumber

spectrum, or “radiation ellipse”, and is associated with the main diagonal of the far-field radiation integral

operator. Conversely, wavenumber components outside of the ellipse correspond to imaginary values of kz,125

and describe decaying evanescent waves that do not reach the far-field. These evanescent components are

thus associated with the off-diagonal terms of the far-field radiation integral operator.

3. Turbulence-aerofoil interaction noise radiation

The previous section has established the relationship between far-field noise radiation and the source

wavenumber spectrum. We now review the classical flat plate model of Amiet [1] for the prediction of130

aerofoil-turbulence interaction noise, with emphasis on its wavenumber spectrum to identify the equivalent

far-field-radiating source distribution following the principles discussed above.

3.1. Interaction noise prediction model

An isotropic turbulent flow is decomposed via Fourier transform in a continuum of streamwise and

spanwise vortical (i.e. non-acoustic) wavenumbers kχ, kψ, and each pair (kχ, kψ) of real-valued wavenumbers135

represent a single harmonic vortical gust with velocity amplitude ŵ(kχ, kψ). Each gust induces a pressure

difference ∆p between the aerofoil surfaces, and all gusts are assumed mutually incoherent. For further

details, see, for example, Amiet [1] and Roger [3]. Assuming frozen turbulence, it may be shown that the
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streamwise gust component is κχ = ω/Ux, while the spanwise gust component kψ takes all real values.

Defining g(xs, κχ, kψ) as the non-dimensional pressure jump at any position along the chord xs due to a140

single velocity gust component ŵ(κχ, kψ), the pressure jump due to the continuum of velocity components

is given by

∆p(xs, ys, ω) = 2πρ0

∫ +∞

−∞
ŵ(κχ, kψ) g(xs, κχ, kψ) e− jkψys dkψ. (12)

The interaction of an aerofoil with a turbulent in-flow is a stochastic phenomenon. To determine the

radiated noise Power Spectral Density therefore the pressure distribution on the surface of the aerofoil must

be expressed as the cross-power spectral density145

S∆p∆p′(rs, r
′
s, ω) = lim

T→∞

[ π
T

E {∆p(rs, ω)∆p∗(r′s, ω)}
]
. (13)

Assuming that the incoming turbulence is homogeneous with wavenumber spectral density Φww(κχ, kψ),

we may write [1]

Uxδ(kψ − kψ′)Φww(κχ, kψ) = lim
T→∞

[ π
T

E
{
ŵ(κχ, kψ)ŵ∗(κχ, k

′
ψ)
}]
. (14)

Substituting Eq. (12) into Eq. (13) and integrating over k′ψ, the surface pressure cross spectrum is of

the form

S∆p∆p′(rs, r
′
s, ω) = (2πρ0)2Ux

∫ +∞

−∞
Φww(κχ, kψ)g(xs, κχ, kψ)g∗(x′s, κχ, kψ) e− jkψ(ys−y′s) dkψ. (15)

Finally, combining Eqs. (1) and (15) allows the cross-power spectral density of the radiated pressure150

field to be expressed as

Spp′(r, r
′, ω) = lim

T→∞

[ π
T

E {p(r, ω)p∗(r′, ω)}
]

=

∫ +d

−d

∫ +b

−b

∫ +d

−d

∫ +b

−b
S∆p∆p′(rs, r

′
s, ω)

∂

∂zs
GUx(r|rs, ω)

∂

∂z′s
G∗Ux(r′|r′s, ω) dxs dys dx′s dy′s. (16)

Equation (16) is completely general and includes near-field effects and the effects of super-critical and sub-

critical gust components discussed further below. However, it provides no insight into which characteristics

of S∆p∆p′(rs, r
′
s, ω) are responsible for far-field radiation.

This relationship is made explicit by writing S∆p∆p′(rs, r
′
s, ω) in terms of its wavenumber cross-spectrum155

S̃∆p∆p′(k,k
′, ω), which can be obtained by taking a double Spatial Fourier Transform of Eq. (15):

S̃∆p∆p′(k,k
′, ω) =

1

(2π)4

∫
r′s

∫
rs

S∆p∆p′(rs, r
′
s, ω) e j(k·rs−k′·r′s) drs dr′s. (17)
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Using this Fourier transform relationship and noting the far-field approximation of Eq. (5), the far-field

noise cross-power spectral density Spp′(r, r
′, ω) is given by

Spp′(r, r
′, ω) = k2

0

(
z

σr

)(
z′

σr′

)
e− j(k̂·r−k̂′·r′)

(4π)2σrσr′
(2π)4S̃∆p∆p′(k̂, k̂

′, ω). (18)

The pressure PSD, or far-field directivity, Spp(r, ω) is a special case for r = r′ (and hence k̂ = k̂′) and is

given by160

Spp(r, ω) =

(
k0

z

σr

1

4πσr

)2

(2π)4 S̃∆p∆p(k̂, ω). (19)

This result generalises Eq. (9) to broadband noise, and establishes the unique mapping between a single

wavenumber component of pressure on the surface to the radiation at a single far-field observer.

3.2. Wavenumber analysis of single-gust response functions

Equation (16) relates the cross spectrum of the far-field acoustic pressure to the cross spectrum of the

surface pressure, and thus to the single-gust surface pressure response function g. Turbulent gust components165

can be categorized as either supercritical gusts (|kψ| < kcritψ ), for which the flat plate response is an efficient

radiator of sound, or subcritical gusts (|kψ| > kcritψ ), for which the flat plate response is an inefficient radiator

of sound [29]. The span-wise vortical wavenumber kcritψ defines the boundary between these two regimes

[29]:

kcritψ =
κχMx

β
. (20)

Before proceeding to determine the effective far-field-radiating source distribution, we first investigate170

the flat plate surface pressure distribution due to the interaction with the turbulent in-flow, as specified

by Eq. (15). The basis for this calculation is the single frequency-wavenumber response function g, which

assumes different forms for super-critical and sub-critical vortical gust components, discussed below. These

classical functions have a linearly-varying phase along the chord which, together with the spanwise variation

imposed by the gust, are shown to describe a purely acoustic wavenumber in response to a supercritical gust,175

and a purely evanescent wavenumber in response to a subcritical gust. However, due to spatial windowing

effects, a finite aerofoil is shown to respond to either type of gust with a combination of radiating and

evanescent behaviour.

Amiet uses Schwarzschild’s technique to calculate the surface pressure on the aerofoil [1, 30]. This method

consists of first computing the analytical solution for a gust impinging at the leading edge of a semi-infinite180

aerofoil - that is, with the trailing edge at infinity. This is followed by calculating the second-order back-

scattering at the trailing edge of another semi-infinite aerofoil, this time with the leading edge at infinity,

to correct for the finite aerofoil chord and ensure the Kutta condition applies. Further iterations could in
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principle be included, but in practice the first two terms are usually sufficient for most cases [2]. For brevity,

this section discusses only the first-order leading edge responses for super- and subcritical gusts. However,185

all results shown in Figures are calculated using both first- and second-order solutions, and thus include the

Kutta condition.

3.2.1. Super-critical gusts

The non-dimensional pressure jump g due to a super-critical vortical gust impinging upon the flat plate

leading edge has been derived by Graham [29] and Adamczyk [31] from the solution of the acoustic wave190

equation and appropriate boundary conditions. Adopting the notation due to Reboul [32], the leading-edge

scattering term g is given by

g(xs, kχ, kψ) =
1

π
√
π(xs/b+ 1)(kχb+ β2κ)

e− jksupx (xs+b) e− jπ/4, (21)

where µa = kχMxb/β
2 and κ is given by

κ2 = µ2
a −

(
kψb

β

)2

, (22)

and ksupx is the surface pressure response chord-wise acoustic wavenumber

ksupx =
1

b
(κ− µaM) (23)

=
1

β2

(√
k2

0 − (kψβ)
2 − k0Mx

)
, (24)

which is purely real for supercritical gusts.195

The response function in Eq. (21) for super-critical gusts can be seen as a travelling wave of the form

exp(− jksupx xs), whose amplitude tends to infinity as (xs+b)−1/2 as the leading edge xs = −b is approached,

and decays downstream towards the trailing edge xs = b. Note that, by itself, this first-order solution is not

identically zero at the trailing edge, and requires a second order correction (not discussed here) to ensure

the Kutta condition is satisfied [2].200

The span-wise acoustic wavenumber component ky of the flat plate response must equal the span-wise

vortical wavenumber component kψ of the impinging gust to ensure continuity of the solution across the

span. Each gust with span-wise vortical wavenumber kψ will therefore induce a response with span-wise

phase variation exp(− jkψys) over the aerofoil span, as indicated in Eqs. (12) and (15).

A single super-critical gust will therefore induce a travelling wave of the form exp(− j [ksupx xs + kψys])205

with chordwise-varying amplitude that is zero upstream and downstream of the aerofoil. This wave compo-

nent travelling over an infinite plane has an acoustic wavenumber spectrum corresponding to the Dirac Delta

function δ(kx − ksupx , ky − kψ). Its components (ksupx , kψ) are solutions to the acoustic dispersion relation in

a convected medium [16, 17], confirming that the flat plate response is an acoustic wave travelling parallel
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to the surface and is therefore situated on the radiation ellipse, as indicated by the circles in Figure 2. This210

plane wave solution may be shown to be travelling at the sound speed c0 relative to the moving fluid.

For a normally incident gust, kψ = 0, which when substituted into Eq. (24) predicts wavenumber

components of the travelling wave given by (kx, ky) = (ksupx , 0), which is situated at the right-most point on

the ellipse. In this case, the travelling wave is propagating downstream with phase speed equal to c0 + Ux,

and its span-wise phase speed is infinitely large (i.e. there is no span-wise variation). As |kψ| increases and215

the gust becomes more oblique, the span-wise phase velocity becomes slower and Eq. (24) predicts that

ksupx reduces. At the critical span-wise gust wavenumber, kψ = kcritψ , Eq. (24) indicates that the acoustic

wavenumber components (ksupx , kψ) are now situated at the uppermost (or lowermost when kψ = −kcritψ )

point on the radiation ellipse, shown by the square markers in Figure 2. At this critical wavenumber, the

travelling wave span-wise phase velocity relative to the fluid is equal to the speed of sound c0.220

As discussed previously, the amplitude of the acoustic travelling wave exp(− j [ksupx xs + kψys]) varies

significantly across the chord, tending to infinity and zero at the leading edge and trailing edge, respectively.

Upstream and downstream of the aerofoil the amplitude is zero, as there is no solid boundary to support

the surface pressure jump, and the physical source distribution is therefore bounded by the aerofoil chord

and span. Its corresponding wavenumber pressure spectrum must therefore be unbounded, with non-zero225

values both inside and outside the radiation ellipse. There is therefore a fundamental difference between

the physical source distribution and the far-field-radiating source distribution, which was pointed out to be

bounded in wavenumber domain and hence must be unbounded in spatial domain.

Representative examples of single-gust surface pressure spatial distributions and their corresponding

wavenumber distributions for a normalised frequency of k0c = 5 and Mach numberMx ≈ 0.17 were calculated230

using Eqs. (12) and (10), respectively, and are shown in Figures 3a and 3b. Wavenumber components with

largest pressure can be seen to be mostly centred around (ksupx , kψ), with contributions occurring in sidelobes

situated both within and beyond the acoustic region, leading to both radiating and evanescent behaviour.

3.2.2. Sub-critical gusts

Vortical gust wavenumber components exceeding the critical value, |kψ| > kcritψ , whose span-wise phase235

velocities along the leading edge are subsonic in the reference frame moving with the fluid, are referred as

sub-critical gusts. In an idealised aerofoil of infinite span these gusts components are perfectly non-radiating,

but radiate weakly for real aerofoils with finite span [2, 3, 33]. The form of the surface pressure response for

these components will now be investigated. The leading-edge scattering term g′ in response to a sub-critical

gust is given by240

g′(xs, kχ, kψ) =
1

π
√
π(xs/b+ 1)(kχb− jβ2κ′)

e− jksubx (xs+b) e− jπ/4, (25)

where κ′ is given by

10



kψ = 0.00 kcritψ

kψ = 0.35 kcritψ

kψ = 0.75 kcritψ

kψ = −0.35 kcritψ

kψ = −0.75 kcritψ

kψ = kcritψ

kψ = −kcritψ

kψ = 1.30 kcritψ

kψ = 1.60 kcritψ

kψ = −1.30 kcritψ

kψ = −1.60 kcritψ

Increasing ksupψ

Increasing ksubψ

kx

ky

Figure 2: Diagram displaying in acoustic wavenumber space (kx, ky) the location of the main wavenumber
component of the aerofoil response function g(xs, kχ, kψ) for different hydrodynamic spanwise wavenumbers
kψ: supercritical gusts responses are indicated with circles, critical gusts responses are indicated with squares,
and subcritical gusts responses are indicated with pentagons.
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κ′2 = −κ2 (26)

=

(
kψb

β

)2

− µ2
a, (27)

As for super-critical gusts, the flat plate response to a sub-critical gust also exhibits a (xs + b)−1/2 type

singularity at the leading edge. This first-order leading-edge scattering term also does not satisfy the Kutta

condition by itself.

The acoustic chord-wise wavenumber ksubx can be written as a sum of real and imaginary parts, as245

ksubx =
1

b
(−µaMx − jκ′) (28)

=

(
−k0Mx

β2

)
+ j

(
− 1

β2

√
(kψβ)

2 − k2
0

)
, (29)

where the real part corresponds to a travelling wave in the downstream direction, and the imaginary part

is always negative and corresponds to an exponential decay of the surface pressure jump in the downstream

direction. The surface pressure response to sub-critical gusts is therefore mostly concentrated at the leading

edge, and rapidly decays towards the trailing edge, as seen on the rightmost entry of Figure 3a. Note that

the real component Re(ksubx ) = −k0Mx/β
2 is independent of kψ, and hence so is the chordwise phase speed.250

The decay rate is determined from the imaginary component Im(ksubx ) and increases with increasing kψ (i.e.

increasing gust obliqueness).

The phase variation over the aerofoil surface is therefore given by exp(− j[Re(ksubx )xs+kψys]), which on an

infinite plane has a wavenumber spectrum corresponding to the Dirac Delta function δ(kx −Re(ksubx ), ky −
kψ). The Dirac Delta function for critical spanwise wavenumber |kψ| = kcritψ is situated at the upper-255

most/lowermost points of the radiation ellipse. As |kψ| increases above this, the position of the Delta

function moves vertically away from the radiation ellipse, as indicated by pentagons in Figure 2. The travel-

ling wave component of the surface pressure described above with unit amplitude everywhere radiates as an

evanescent wave in the spanwise direction by virtue of its subsonic spanwise velocity in the moving reference

frame.260

However, the amplitude of this wave component varies along the chord, as indicated in Eq. (25), and is

zero upstream and downstream of the aerofoil. The wavenumber spectrum of the response of a finite aerofoil

to a subcritical gust will be unbounded, as seen on the rightmost entry of Figure 3b. As some sidelobes will

fall within the radiation ellipse, sub-critical gusts will therefore excite some acoustic wave components that

are able to radiate to the far-field. For more oblique gusts, the travelling wave component moves further265

away from the radiation ellipse, and the contribution to the pressure within the radiation ellipse becomes

significantly weaker. Both super-critical and sub-critical gust components in the incoming turbulent flow

therefore contribute, to different degrees, to the acoustic far- and near-fields.
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(a)

(b)

Figure 3: Typical single-gust aerofoil surface pressure jump for different range of super- and sub-critical
gusts (k0c = 5, Mx ≈ 0.17): (a) real part of surface pressure jump Re (∆p(xs, ys)) (leading edge at the left);

(b) pressure jump wavenumber transform magnitude |∆̃p(kx, ky)|.

3.3. Surface pressure wavenumber power spectra

The previous section has investigated the flat plate response and its wavenumber spectrum at a single270

frequency to different discrete vortical gust components above and below their critical value. However,

turbulent flows comprise a continuum of mutually uncorrelated gust wavenumber components, characterized

by its wavenumber spectral density Φww(kχ, kψ). The surface pressure response to an incoming turbulent

flow may be obtained by integrating, incoherently, the single-gust response function appropriately weighted

by Φww(kχ, kψ). The surface pressure wavenumber auto-spectrum S∆p∆p(k) is then obtained from Eq.275

(17) by setting k = k′. For idealised isotropic, homegeneous turbulence with mean square velocity w2 and

integral length-scale Λ, the von Karman model for Φww(kχ, kψ) is given by [1]

Φww(kχ, kψ) =
4

9π

w2

k2
e

ǩ2
χ + ǩ2

ψ(
1 + ǩ2

χ + ǩ2
ψ

)7/3
, (30)

ke =

√
π

Λ

Γ(5/6)

Γ(1/3)
, (31)
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where ǩi = ki/ke and Γ(·) is the Gamma function.

The mean square velocity w2 and integral length-scale Λ were quantified by adjusting a theoretical model

to give best fit to the velocity spectrum measured on the ISVR’s open jet wind tunnel. A turbulence grid was280

positioned inside the contraction nozzle, thus generating a good approximation to homogeneous, isotropic

turbulent flows, and the best fit to the spectrum was obtained for Ti =
√
w2/U2

x = 0.025 and Λ = 0.007

m. The wavenumber power spectral density S̃∆p∆p(k) of the surface pressure response of a flat plate with

dimensions of c = 0.15 m and d = 0.45 m due to interaction with isotropic turbulence using the above

mentioned values was calculated using Eq. (17) and is shown in dB in the left-hand side of Figure 4, at the285

three normalized frequencies of k0c ∈ [0.5, 5, 20].

At the lowest frequency, k0c = 0.5, the surface pressure is uniformly distributed over the range of

wavenumbers investigated and is almost identical inside and outside the radiation ellipse. It is worth noting

that the radiation ellipse dimensions, and hence its area, are comparatively small at such low frequency,

and thus only a small portion of the total pressure can be inside the radiation ellipse and hence radiate290

to the far-field. As most of the surface pressure has wavenumber components outside of the radiation

ellipse, the difference between the actual surface pressure distribution across the aerofoil and the equivalent

far-field-radiating source distribution is therefore greatest at lower frequencies.

At the higher frequency of k0c = 5, the surface pressure PSD is more concentrated around the right hand

side of the radiation ellipse, forming a crescent shape. To the left of this region is a similar shape of relatively295

low pressure. More of the surface pressure has wavenumber components within the radiation ellipse and

there is now a smaller difference between the actual surface pressure distribution and the equivalent radiating

source distribution.

Finally at the highest frequency of interest, k0c = 20, the surface pressure is even more concentrated

around the right hand side of the radiation ellipse, with a number of alternating high and low pressure bands300

of near-identical profile. The surface pressure is increasingly concentrated around the right hand side of the

ellipse as the frequency is increased, suggesting that the equivalent radiating source distribution tends to

the physical source distribution in the high frequency limit.

The surface pressure PSD distribution inside the radiation ellipse is linked directly to the far-field direc-

tivity Spp(r) via Eq. (19). Each wavenumber pair (kx, ky) within the acoustic domain only contributes to the305

far-field pressure at a single observer and makes zero contribution in all other directions. This relationship

is indicated in Fig. 1 in which a single surface pressure component with wavenumbers (kx, ky) maps to a

unique propagating plane wave with components (kx, ky, kz).

To the right of the surface pressure wavenumber spectra in Figure 4 are their corresponding far-field

radiation patterns, computed from Eq. (19) for the observer distance of R = 10L2/λ to ensure far-field310

conditions (see Appendix A). These directivity patterns are presented over a hemisphere projected onto

the z = 0 plane. The polar angle θ is shown along the radius, while the azimuthal angle φ is measured
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anti-clockwise from (x/R, y/R) = (1, 0). The surface pressure wavenumber spectrum within the radiation

ellipse is simply a mapping of the far-field directivity to within the dipole directivity factor z/σr, as indicated

in Eq. (19). The surface pressure wavenumber spectrum along the right hand side of the ellipse is therefore315

much greater than its corresponding directivity along the right hand side of the figures, where θ ≈ 90◦ and

the dipole directivity is close to zero.

At the lowest frequency k0c = 0.5, the radiation is omni-directional (to within the factor z/σr), which

is entirely consistent with the uniform distribution of surface pressure wavenumber components within the

radiation ellipse. The aerofoil therefore radiates as a compact dipole in the low frequency limit. At the320

higher frequency k0c = 5, the radiation pattern can be seen to comprise a main radiation lobe at about

θ ≈ 34◦, with a single minor lobe. Finally, at the highest frequency of interest, k0c = 20, the main radiation

lobe now occurs at a larger polar angle of θ ≈ 62◦ and the number of minor lobes has increased.

These characteristics for aerofoil leading edge noise far-field radiation are well documented in the litera-

ture [3, 34, 35], which provides direct confirmation of the validity of Eq. (19) for linking the surface pressure325

wavenumber spectrum within the radiation ellipse to the far-field directivity and the dipole directivity factor

z/σr. Note that the wavenumber components of greatest pressure on the radiation ellipse are also the most

significantly affected by the dipole directivity factor. This effect can be made explicit by representing z/σr

in the wavenumber domain, which from Eq. (8) has the form

z

σr
=
k̂z
k0
. (32)

As k̂z = 0 is on the radiation ellipse, the region of maximum surface pressure situated on, and close to,330

the radiation ellipse is weakly radiating.
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Figure 4: Left column: surface pressure PSD magnitude |S̃∆p∆p(k)| (in dB re (1 Pa)2) in wavenumber
domain; right column: far-field directivity |Spp(r)| (in dB re (20 µPa)2). (a) and (b): low frequency
(k0c = 0.5); (c) and (d) medium frequency (k0c = 5); (e) and (f): high frequency (k0c = 20).
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4. Far-field source estimation

4.1. Inverse equation for source amplitude

The previous sections have studied in detail the characteristics of the surface pressure distribution over a

flat plate interacting with a turbulent flow. This surface pressure response was represented in the wavenum-335

ber domain to allow the separation of propagating wave components within the radiation ellipse from

non-propagating (evanescent) pressure components outside the ellipse. A unique and simple mapping was

established between surface pressure wavenumber components within the radiation ellipse and the far-field

directivity. This relationship is now exploited to develop a measurement procedure by which far-field acoustic

measurements from an aerofoil can be used to reconstruct the equivalent far-field-radiating surface pressure340

distribution.

The starting point of the measurement method is to obtain an estimate of the source wavenumber

spectrum ∆̃pequiv(k̂x, k̂y) within the radiation ellipse, which can be determined from far-field acoustic mea-

surements by rearranging Eq. (9):

∆̃pequiv

(
k̂, ω

)
=

1

(2π)2

(
jk0

z

σr

e− jk̂·r

4πσr

)−1

p(r, ω). (33)

The Inverse Fourier Transform of the surface pressure wavenumber spectrum within the radiation ellipse345

can then be used to estimate the surface pressure distribution ∆pequiv(rs) that radiates over the far-field

hemisphere, which is completely absent of a near field, and has the form

∆pequiv(rs, ω) =

∫
k

∆̃pequiv

(
k̂, ω

)
e− jk̂·rs dk̂, k̂ ∈ Rad. Ellipse. (34)

The source strength distribution recovered from Eq. (34) therefore precludes high spatial frequencies

(i.e. high magnitude wavenumbers) associated with the evanescent field, and lacks the fine spatial detail

of the actual source distribution. More fundamentally, the mapping relationship between a single radiating350

wavenumber component on the flat plate surface and a point on the far-field hemisphere suggests that the

wavenumber distribution of surface pressure determined from the measurements must be bounded within

the radiation ellipse. The corresponding equivalent spatial surface pressure distribution must therefore

be unbounded and extend beyond the physical limits of the aerofoil. By contrast, source reconstructions

obtained from Nearfield Acoustic Holography [15], using pressure measurements very close to the source,355

include these evanescent components in order to increase the spatial resolution.

The main result of this paper is obtained by combining Eqs. (33) and (34) to allow the equivalent

far-field-radiating surface pressure distribution ∆pequiv(rs) to be deduced via an integration of the acoustic

pressure p(r) over the entire far-field hemisphere, here represented by a wavenumber-domain integration

over the radiation ellipse:360

17



∆pequiv(rs, ω) =
1

(2π)2

∫
k

p(r, ω)

(
jk0

z

σr

e− jk̂·r

4πσr

)−1

e− jk̂·rs dk̂, k̂ ∈ Rad. Ellipse. (35)

In practice, however, the far-field acoustic pressure is sampled by an array of discrete sensors at M

locations rm, m ∈ [1 . . .M ]. The two-dimensional integration over the radiation ellipse in Eq. (35) becomes

a weighted sum of the microphone pressures p(rm) given by

∆pequiv(rs, ω) ≈ 1

(2π)2

M∑
m=1

p(rm, ω)

[
jk0

zm
σrm

e− jk̂m·(rm−rs)

4πσrm

]−1

Am, (36)

where the term Am is the area in the wavenumber domain centred around the m-th observer wavenumber

k̂m = (kx,m, ky,m), where k̂m(rm) is a function of the m-th microphone position due to the unique mapping365

relationship of Eq. (8). This formulation allows for arbitrary array sampling of the far-field hemisphere,

and can be computed using a modified Voronoi diagram of the wavenumber sampling inside the radiation

ellipse [23]. Note that the term in square brackets in Eq. (36) corresponds to the far-field convected dipole

transfer function ∂GFF (rm|rs)/∂zs previously shown in Eq. (5).

4.2. Inverse equation for source cross-spectrum370

The noise radiated from aerofoils in a turbulent stream is a stochastic phenomenon, whose equivalent

source strength and radiated acoustic field must be expressed in terms of their cross-spectra, previously de-

fined in Eqs. (13) and (16). Combining these Equations with Eq. (35) provides an estimate of the equivalent

far-field-radiating surface pressure cross-spectral density S∆p∆p′,equiv(rs, r
′
s) from the cross-spectrum of the

far-field pressure Spp′(r, r
′):375

S∆p∆p′,equiv(rs, r
′
s, ω)

=
1

(2π)4

∫
k′

∫
k

Spp′(r, r
′, ω)

[(
jk0

z

σr

e− jk̂·(r−rs)

4πσr

)(
jk0

z′

σr′

e− jk̂′·(r′−r′s)

4πσr′

)∗]−1

dk̂ dk̂′, (37)

k̂, k̂′ ∈ Rad. Ellipse.

As for the corresponding single-frequency relation of Eq. (35), the terms in parenthesis are identical to

the far-field-approximated convected dipole transfer function from Eq. (5), and the cross-spectrum of the

far-field pressure is defined for observers located over the entire hemisphere.

When expressing the integration in Eq. (37) in discrete form, we obtain the cross-spectrum version of

Eq. (36), given by380
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S∆p∆p′,equiv(rs, r
′
s, ω)

≈ 1

(2π)4

M∑
m=1

M∑
m′=1

Spp′(rm, rm′ , ω)

[(
jk0

zm
σrm

e− jk̂m·(rm−rs)

4πσrm

)(
jk0

zm′

σrm′

e− jk̂m′ ·(rm′−r
′
s)

4πσrm′

)∗]−1

· [Am Am′ ] . (38)

Equation (38) is the main result of this paper and allows the estimation of the equivalent far-field-

radiating surface pressure cross-power spectral density S∆p∆p′,est(rs, r
′
s) from the far-field microphone array

cross-power spectral density Spp′(rm, rm′).

The source estimation method presented above is closely related to frequency-domain conventional

beamforming [4], with the important difference that the transfer functions are assumed to be the far-field-385

approximated dipole from Eq. (5). This relationship has been previously studied in relation to the source

distribution of monopole sources in a moving medium [23].

5. Simulation results

We now examine the equivalent far-field-radiating source distribution on a flat plate interacting with

turbulent flow using the source reconstruction method described above. We consider a setup identical to390

the experimental conditions typically investigated in the ISVR’s open-jet wind tunnel. The flow speed is

Ux = 60 m/s (Mx ≈ 0.17), and the wavenumber spectral density of the turbulent velocity field is calculated

using the von Karman model (Eq. (30)) with the turbulence intensity and integral length-scale presented

previously (Ti = 0.025 and Λ = 0.007 m).

By way of illustration of the method, 350 microphones were arranged over the far-field hemisphere as395

shown in Figure 5. A similar array was used in Ref. [23] to beamform the source distribution of a number

of coherent monopoles in a uniform mean flow.

The wavenumber-domain areas Am are calculated using a modified Voronoi diagram of the wavenumber-

domain samples, and are indicated with the dotted lines on the right hand side of Figure 5. The Voronoi

diagram is obtained using the Python package scipy.spatial.Voronoi [36], where the seeds are the wavenumber400

samples of the microphone array, and the cell areas are numerically calculated from the resulting diagram.

5.1. Surface pressure PSD

Figure 6a shows the distribution of the actual surface pressure PSD magnitude |S∆p∆p(xs, ys)| (left

hand side), obtained from flat plate theory in Section 3.1, alongside the equivalent far-field-radiating surface

pressure PSD magnitude |S∆p∆p,equiv(xs, ys)| (right hand side), estimated from the far-field measurements405

using Eq. (38), at the three frequencies of k0c ∈ [0.5, 5, 20]. A more detailed comparison between the original

and the estimated PSD is shown in Figure 7 of the chordwise PSD magnitude distribution, obtained from the
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same data. Both the leading edge singularity and zero-pressure Kutta conditions are present in the actual

surface pressure distribution, plotted as the solid line, and absent in the equivalent source distribution,

indicated as a dashed line.410

The equivalent far-field-radiating PSDs can be observed to be consistently lower than the actual surface

pressure PSDs and extends beyond the physical aerofoil dimensions in both the span and chordwise directions

by approximately half of an acoustic wavelength. Similar behaviour has been observed by Williams [19] for

radiation problems in a quiescent medium.

In general, the equivalent source varies across the chord much more uniformly than the actual surface415

pressure, which explains why aerofoil radiation exhibits large oscillations in both the directivity and fre-

quency spectrum due to interference across the chord. Both the leading edge singularity and zero-pressure

Kutta conditions are absent in the equivalent source distribution. At low frequencies, the equivalent far-

field-radiating source distribution is almost uniform over the aerofoil surface and beyond. As the frequency

is increased, the equivalent source distribution becomes concentrated around the aerofoil physical limits. As420

the frequency is increased further the equivalent and actual source distributions converge, as their radiating

wavenumber components become increasingly concentrated within the radiation ellipse. One may therefore

argue that aerofoil radiation becomes increasingly efficient as frequency is increased.

In the low frequency case, the estimated source strength is significantly lower than the original by more

than 20 dB at mid-chord. As previously discussed in Section 3.3, this is due to the wavenumber-domain425

radiating region being comparatively small at this frequency and therefore containing only a small portion of
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the total pressure. Note in Figure 4a the relatively large pressure amplitudes of the evanescent wavenumber

components at this frequency.

At higher frequencies the actual and estimated source distributions are in closer agreement in the aft

sections of the aerofoil, indicating these regions are significant contributors to the aerofoil far-field sound.430

The leading edge singularity is again not prominent in the estimated source.

5.2. Surface pressure coherence

Finally, we compare the behaviour of the coherence function γ2(rs, rref ) of the equivalent far-field-

radiating surface pressure against the actual surface pressure, which includes non-radiating hydrodynamic

components. The coherence function is defined as435

γ2(rs, rref , ω) =
|S∆p∆p′(rs, rref , ω)|2

S∆p∆p(rs, ω) S∆p∆p(rref , ω)
. (39)

Sources with large coherent regions (i.e. γ2 ≈ 1) compared to the acoustic wavelength λ0 tend to

generate strongly interfering sound fields, characterised by strong oscillations in the frequency spectrum and

directivity, and are also more efficient radiators of sound.

Figure 8 shows the surface pressure coherence function γ2(rs, rref ) at the three frequencies investigated at

all points on the flat plate relative to a single reference point at mid-span and 10% of the chord downstream440

of the leading edge. The Figure shows both the original (left) and the equivalent far-field-radiating (right)

source. The actual source distribution is observed to have a short coherence length in both directions,

which potentially indicates a relatively inefficient radiation of sound to the far-field. On the other hand, the

equivalent far-field-radiating sources have a much larger coherence length in both directions (proportional

to λ0). This difference is explained by the contribution of sub-critical gusts to the original surface pressure,445

as these tend to de-correlate the surface pressure while simultaneously being inefficient sound radiators.

Note that at the highest frequency investigated the coherence lengths are comparable on both sources, once

again indicating that at these frequencies the original and the equivalent far-field-radiating surface pressure

distributions are in closer agreement.

6. Conclusions450

This paper is an investigation into the equivalent (dipole) source distribution due to an aerofoil interacting

with a turbulent flow that radiates perfectly to the far-field. This source distribution is fundamentally

different from the actual distribution predicted from classical unsteady aerodynamic theory, in which the

pressure jump across the aerofoil exhibits a X−1/2 type singularity at the leading edge (X = 0) and zero

pressure jump at the trailing edge due to the Kutta condition. The equivalent source distribution is shown455

to vary much more uniformly across the chord and extend beyond the physical limits of the aerofoil. The
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equivalent and actual pressure jump across the aerofoil are demonstrated to deviate significantly at low

frequencies, but approach each other in both magnitude and coherence as frequency is increased.

This paper has provided a new interpretation of the radiation from aerofoils in a turbulent flow using

a Fourier approach adapted to include the effects of a uniform mean flow. In this formulation, a single460

wavenumber component of the pressure jump situated within the radiation ellipse is purely acoustic, and

is shown to radiate to a single far-field observer. This is the basis for a measurement technique proposed

in this paper, in which an array of pressure sensors distributed over a far-field hemisphere can be used to

determine the complete radiating wavenumber spectrum, which by Fourier Transformation can be used to

determine the equivalent far-field-radiating source distribution. Identifying the source distribution may be465

useful in the design of low-noise aerofoils.
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Appendix A. The Fraunhofer far-field approximation

This Appendix presents how to derive the Fraunhofer far-field approximation, describes the far-field-

approximated forms for monopole and dipole sources in a mean flow, and discusses the errors committed in

this approximation. The derivations herein have been previously presented in Refs. [24, 37].

Extended sources, such as aerofoils, are often modelled using distributions of point sources. As a pre-475

liminary step, consider one such point monopole source in a convected medium, with its location rs close to

but not exactly at the origin. The convected Green’s function GUx(r|rs, ω), denoting the transfer function

between this point monopole and an observer at r, at frequency ω, is written as

GUx(r|rs, ω) =
e− jk0r

4πβ2r
e jk0Mx(x−xs), (A.1)

where the overline denotes the flow-transformed variables described in Eq. (3). Setting Mx = 0 yields the

conventional Green’s function in a steady medium. Similarly, taking the spatial derivative ∂GUx/∂zs results480

in the transfer function between a point dipole source at rs, with its acoustic axis in the +zs direction, and

an observer at r, presented in Eq. (2).

The convected monopole transfer function in Eq. (A.1) has dependencies on the exact flow-transformed

source-to-observer distance r = ‖r− rs‖ that we would like to approximate for a distant observer. The

term in the denominator describes an amplitude decay as a function of distance, and can be reasonably485

approximated as
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1

β2r
≈ 1

σr
, (A.2)

where σr denotes a convection-corrected observer distance introduced in Eq. (6).

However, the complex exponential e− jk0r is an oscillating function with range r, and requires a more

accurate approximation. The range r is rewritten as

r = ‖r‖
(

1− 2
r · rs
‖r‖2

+
‖rs‖2

‖r‖2

)1/2

. (A.3)

It is now assumed that the observer is many source lengths away from the origin, which allows one to490

approximate ‖rs‖2 / ‖r‖2 ≈ 0. The resulting expression is written as

r ≈ ‖r‖ (1− α)1/2, α = 2
r · rs
‖r‖2

. (A.4)

The square root term can be expanded using the binomial series [38, 39] as

(1− α)1/2 = 1− α

2
− α2

8
− . . . , (A.5)

where the first two terms of the series are retained to become the far-field-approximated distance:

r ≈ ‖r‖
(

1− α

2

)
= ‖r‖ − r · rs

‖r‖ (A.6)

Equation A.6 is widely used in acoustics [20, 39, 40] and electromagnetics [38, 41], but is not often given

a name. In the optics community, however, it is known as the Fraunhofer far-field approximation [42].495

The far-field-approximated version of the convected Green’s function (Eq. (A.1)) is

GFF (r|rs, ω) =
e− jk0‖r‖ e jk0

r·rs
‖r‖

4πσr
e jk0Mx(x−xs) (A.7)

=
e− jk̂·(r−rs)

4πσr
, (A.8)

where k̂ is the observer wavenumber vector introduced in Eq. (8).

When compared to the convected monopole, the extra terms in the convected dipole transfer function

(Eq. (2)) can be approximated in the far-field as

(
jk0 +

1

r

)
(z − zs)
βr

≈ jk0
z

σr
, (A.9)

where the dipole near-field term 1/r is ignored and the far-field directivity is expressed as z/σr. The500

remaining terms in the dipole transfer function are approximated as for the convected monopole, and the

final convected dipole far-field transfer function is
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∂

∂zs
GFF (r|rs, ω) = jk0

(
z

σr

)
e− jk̂·(r−rs)

4πσr
, (A.10)

as previously expressed in Eq. (5).

The third term of the binomial series in Eq. (A.5) can be interpreted as an estimate of the error

committed when making the Fraunhofer approximation. Its absolute value is505

|rerror| = ‖r‖
(
α2

8

)
=
‖r‖
8

(
2
r · rs
‖r‖2

)2

(A.11)

=
1

2 ‖r‖ ‖rs‖
2

cos2(ζ), (A.12)

where ζ is the angle between r and rs.

For low Mach number flow (Mx ≈ 0), it can be assumed that ‖r‖ ≈ ‖r‖ = R and ‖rs‖ ≈ ‖rs‖. The error

magnitude |rerror| is maximized when ‖rs‖ is half of the largest source dimension L (i.e. ‖rs‖max = L/2)

and cos2(ζ) = 1, leading to

|rerror|max =
L2

8R
. (A.13)

In the electromagnetics literature [38, 41], the Fraunhofer approximation is assumed to be accurate for510

|rerror|max < λ/16, resulting in the well-known expression for the geometrical far-field:

R >
2L2

λ
. (A.14)

Note that the inequality in Equation (A.14) does not denote a hard transition between the near- and far-

fields, and must be interpreted only as an indication of when the Fraunhofer geometric far-field approximation

might be appropriate. Indeed, for a fixed observer distance R, the error committed in the Fraunhofer

approximation is frequency-dependent, and will be within the suggested tolerance of λ/16 for frequencies f515

such that

f <
Rc0
2L2

. (A.15)

Hence, the Fraunhofer approximation for a fixed observer distance becomes less accurate as frequency

increases.
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Figure 6: Original surface pressure PSD magnitude |S∆p∆p(xs, ys)| (left), and equivalent far-field-radiating
surface pressure PSD magnitude |S∆p∆p,equiv(xs, ys)| (right), in dB: (a) low frequency (k0c = 0.5); (b)
medium frequency (k0c = 5); (c) high frequency (k0c = 20). The aerofoil dimensions are indicated with
dashed lines, and the dynamic range is 30 dB.
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Figure 7: Chordwise original surface pressure PSD magnitude |S∆p∆p(xs)| (continuous line) and equivalent
far-field-radiating surface pressure PSD magnitude |S∆p∆p,equiv(xs)| (dashed line), evaluated at mid-span
(ys = 0): (a) low frequency (k0c = 0.5); (b) medium frequency (k0c = 5); (c) high frequency (k0c = 20).
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Figure 8: Coherence function γ2(rs, rref ) for original (left) and equivalent far-field-radiating (right) surface
pressure, reference point rref indicated with an “x” marker: (a) low frequency (k0c = 0.5); (b) medium
frequency (k0c = 5); (c) high frequency (k0c = 20).
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