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Abstract: Renormalized entanglement entropy can be defined using the replica trick for
any choice of renormalization scheme; renormalized entanglement entropy in holographic
settings is expressed in terms of renormalized areas of extremal surfaces. In this paper
we show how holographic renormalized entanglement entropy can be expressed in terms of
the Euler invariant of the surface and renormalized curvature invariants. For a spherical
entangling region in an odd-dimensional CFT, the renormalized entanglement entropy is
proportional to the Euler invariant of the holographic entangling surface, with the coeffi-
cient of proportionality capturing the (renormalized) F quantity. Variations of the entan-
glement entropy can be expressed elegantly in terms of renormalized curvature invariants,
facilitating general proofs of the first law of entanglement.
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1 Introduction and summary

Viewed from the perspective of quantum field theory, entanglement entropy is an unusual
quantity. Entanglement entropy is usually expressed as a regulated quantity, with the
regulator being a short distance cutoff but the regulated power law divergences depend
on the details of the regulation scheme. Accordingly the main focus is on the so-called
universal terms, the coefficients of logarithmic divergences, as these are related to the
coefficients of the Weyl anomaly of the stress energy tensor.

For condensed matter and quantum information applications, quantum field theory is
used as an intermediate tool to describe a system with an inherent lattice cutoff. In such
contexts the short distance regulator has a physical interpretation as the lattice spacing. If
quantum field theory is used to describe a continuum system, there is no inherent physical
cutoff: in quantum field theory we work with renormalized quantities, rather than regulated
quantities. Renormalized entanglement entropy has been developed in [1–7].
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The focus in this paper will be on the holographic definition of renormalized entan-
glement entropy in terms of the renormalized area of entangling surfaces, as shown in
(2.1) and (3.2). Renormalized entanglement entropy can however be defined in generality
using the replica approach, which is in practice almost always used for explicit computa-
tions of entanglement entropy in quantum field theory, see for example [8–10]. The bare
entanglement entropy is expressed as

S = −Limn→1 (∂n [Tr(ρn)]) (1.1)

where ρ is the density matrix of the (reduced) state. This expression can be written in
terms of partition functions as

S = −Limn→1 (∂n [Z(n)− nZ(1)]) (1.2)

where Z(1) denotes the partition function and Z(n) denotes the partition function on the
replica space (n copies of the original space joined together cyclically). The renormalized
entanglement entropy can then be defined as

Sren = −Limn→1 (∂n [Zren(n)− nZren(1)]) . (1.3)

Here the partition function Zren(1) is renormalized using any method of renormalization.
The partition function on the replica space inherits the same UV divergence structure
and thus the renormalized Zren(n) can be defined without ambiguities from the original
renormalization scheme.

In [11] Page characterised information recovery from black holes in terms of the time
dependence of the entanglement entropy of the Hawking radiation. A number of recent
works, such as [12–14], have discussed how the Page curve for Hawking radiation can
be recovered from semiclassical geometry. It is interesting to note that these discussions
inherently rely on a finite (renormalized) notion of entanglement entropy, as defined above.

The UV divergences in the bare entanglement entropy are associated physically with
local entanglement at the boundary of the entangling region. The renormalized entan-
glement entropy is instead associated with non-local entanglement between the entangling
region and its complement. The behaviour of renormalized entanglement entropy in various
phases of holographically realised quantum field theories was explored in [2].

Renormalized entanglement entropy is computed holographically in terms of the renor-
malized area of minimal surfaces. The latter topics has been explored right from the very
early days of the AdS/CFT correspondence [15, 16], as it is also relevant to the holo-
graphic computation of Wilson loops. Within the mathematics community, there has been
considerable study of renormalized areas of surfaces, see for example [17–22]. Connections
between renormalized areas, entanglement and the Willmore functional have been explored
within both the mathematics and the physics communities [23, 24].

The main goal of this paper is to demonstrate how the renormalized entanglement
entropy can be expressed in terms of the Euler characteristic and other conformal invari-
ants in odd-dimensional UV conformal field theories dual to gravity in even dimensions.
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The restriction to even dimensions is for the usual reason: conformal field theories in even
dimensions have conformal anomalies, and accordingly the renormalized entanglement en-
tropy is not a conformal invariant. For AdS4/CFT3, the required geometric analysis is
already contained in [17]; here we interpret these mathematics results physically, particu-
larly in terms of the F quantity. We then generalize the approach of [17] to AdS6/CFT5
dualities.

We show that the renormalized entropy S(Σ) for a static entangling surface Σ in an
asymptotically AdS2n spacetime has the following structure:

S(Σ) ∼ (−1)n+1Fn χ(Σ)−
∑
r

Wr(Σ)−
∑
p

Hp(Σ). (1.4)

In this and all subsequent expressions S refers to the renormalized entanglement entropy
i.e. for notational brevity we drop the subscript. The Euler invariant of the entangling
surface is denoted χ(Σ) and Fn is a numerical coefficient. In everything that follows we
implicitly work with spacetimes with constant negative Ricci curvature, i.e. no matter
or gauge fields, but the generalization of our results to include bulk stress energy tensors
would be straightforward.

The contributions Wr are expressed in terms of the pullback of the Weyl curvature
to the surface. Each such contribution is individually finite and conformally invariant;
finiteness generically requires that appropriate boundary terms are included. For n = 2
there is one single such contribution, linear in the Weyl tensor while for n = 3, there are
two terms, linear and quadratic in the Weyl tensor. For general n terms up to and including
order (n− 1) arise.

The contributionsHp are expressed in terms of scalar invariants built from the extrinsic
curvature. Again, each such contribution is individually finite and conformally invariant,
with boundary terms generically being required. For AdS2n there are contributions up to
and including order 2(n − 1) in the extrinsic curvature; all such contributions involve an
even number of extrinsic curvatures.

We note that relations between a renormalized entanglement entropy, the Euler in-
variant and curvature invariants has been considered in earlier works [3–7]. However, the
underlying approach of these works is somewhat different: the renormalized entanglement
entropy is not defined by using the boundary terms induced by the variational problem at
the conformal boundary [25] as in [1, 2], following the standard approach to holographic
renormalization [26, 27], but instead by adding Chern forms as boundary terms.

The expression (1.4) has several immediate physical applications. Firstly, for entan-
gling surfaces in AdS2n all Wr contributions are zero, due to the vanishing of the Weyl
tensor. Umbilic minimal surfaces have zero extrinsic curvature, and thus the renormalized
entanglement entropy reduces to the Euler invariant term. Entangling surfaces associated
with spherical entangling regions (discussed extensively in [28]) are indeed umbilic and
thus their renormalized entanglement entropies are proportional to their Euler invariants
(which are one for all n).

In [28] it was shown that the finite contributions to the entanglement entropy of spher-
ical regions compute the F quantities [29] in odd dimensional conformal field theories.
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Renormalized entanglement entropy enables these finite contributions to be extracted ele-
gantly, in a manifestly scheme independent manner [1, 30]. By expressing the renormalized
entanglement entropy in the form (1.4), it is manifest that the coefficients of proportionality
Fn of the Euler invariants directly compute the F quantities.

The second immediate application of (1.4) is to variations of the entanglement entropy
under changes in the background geometry (state of quantum field theory) and changes in
the shape of the entangling region. The expression (1.4) can be used to give an elegant
proof of the first law of entanglement entropy, generalizing the work of [31] as one no longer
needs to restrict to normalizable metric perturbations.

The first variation of the entanglement entropy around spherical entangling regions in
AdS takes a particularly simple and elegant form. Since such variations do not change the
topology of the entangling surface, the Euler invariant contribution does not change. All
contributions from the extrinsic curvature are quadratic or higher order; since the extrinsic
curvature vanishes to leading order, this means the contributions Hp do not contribute to
first variations (but do contribute to the second variations). By analogous reasoning, the
only contribution from the Weyl terms Wr comes from the term that is linear in the Weyl
tensor. Thus we arrive at

δS ∝ −1
4G2n

δW (1.5)

where G2n is the Newton constant and

δW =
∫

Σ
d2(n−1)x

√
g δW̃1212 −

∫
∂Σ
d2n−3x

√
hδW1212 + · · · (1.6)

where δW̃1212 is the pullback of the normal components of the bulk linearized Weyl cur-
vature in an orthonormal frame and δW1212 is the pullback of the normal components of
the boundary linearized Weyl curvature in an orthonormal frame. The boundary terms
are such that δW is a finite conformal invariant for a generic non-normalizable metric per-
turbation. Note that the boundary term vanishes for AdS4. The ellipses denote additional
boundary terms expressed in terms of higher powers of the boundary Weyl curvature that
are required for n > 3.

In a future work [32] we will show in detail how δW can be related to the renormalized
stress tensor defined in [26] and hence to the variation in the energy; this gives a generalized
proof of the first law [31] in a simple and elegant way.

The plan of this paper is as follows. In section 2 we consider static entangling surfaces
in asymptotically locally AdS4 spacetimes; the relevant mathematical results were derived
in [17]. In section 3 we analyse static entangling surfaces in asymptotically locally AdS6
spacetimes; the main result of this section is the explicit form of the renormalized area in
terms of finite conformal invariants (3.50). Details of the asymptotic analysis are contained
within the appendix. In section 4 we express the renormalized entanglement entropy for
spherical entangling regions in terms of the Euler invariant and show that linearized varia-
tions can be expressed in terms of the conformal invariant that is linear in the Weyl tensor.
We conclude in section 5.
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2 Asymptotically AdS4

Consider a codimension two static minimal surface Σ with boundary ∂Σ in an asymptot-
ically locally AdS4 spacetime. The renormalized entanglement entropy S(Σ) is expressed
in terms of the renormalized area A(Σ) as

S(Σ) = A(Σ)
4G4

(2.1)

where G4 is the four-dimensional Newton constant. The renormalized area is [1]

A(Σ) =
∫

Σ
d2x
√
g −

∫
∂Σ
dx
√
h. (2.2)

Here g is the metric on the minimal surface and h is the metric at the boundary of the
minimal surface.

It was shown in [17] that the renormalized area can be expressed in terms of the Euler
characteristic of the surface and an integral of local invariants. The analysis of [17] was for
two dimensional minimal surfaces in (d+ 1)-dimensional asymptotically locally hyperbolic
Einstein spaces i.e. Euclidean signature. This analysis demonstrated that

A(Σ) = −2πχ(Σ)− 1
2

∫
Σ
d2x
√
g|Ks|2 +

∫
Σ
d2x
√
gW̃3434 (2.3)

where W̃3434 is the Weyl curvature of the bulk metric evaluated on any orthonormal basis
for the tangent space of the entangling surface and the bulk curvature is normalised to
satisfy Rµν = −dGµν . Here Ks

ij are the components of the second fundamental form; the
index s runs over the directions orthogonal to the surface i.e. s = 1, 2 in the case of a
four-dimensional bulk geometry. Note that the minimal condition implies that Ks is trace
free. Each term in (2.3) is individually finite: the integrands in the last two terms fall off
sufficiently quickly near the conformal boundary that the integrals do not have divergent
contributions [17].

In the case of a static Ryu-Takayanagi entangling surface, the extrinsic curvature in
the time direction is zero and by tracelessness of the Weyl curvature the renormalized area
reduces to

A(Σ) = −2πχ(Σ)− 1
2

∫
Σ
d2x
√
g|K|2 −

∫
Σ
d2x
√
gW̃1212 (2.4)

where Kij is the extrinsic curvature of the surface along a spatial section and W̃1212 is the
Weyl curvature evaluated on an orthonormal basis for the normal space of Σ. Writing the
Weyl tensor in this way is to match with our higher dimensional result shown in the later
section.

2.1 Disk entangling region

Let us now consider the renormalized entanglement entropy in particular contexts. In pure
AdS4 the Weyl tensor vanishes and therefore

S(Σ) = − π

2G4
χ(Σ)− 1

8G4

∫
Σ
d2x
√
g|K|2 (2.5)
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Consider a single entangling region in the boundary, which is topologically a disk. The
corresponding Ryu-Takayanagi surface has the same topology and accordingly its Euler
characteristic χ(Σ) = 1. The renormalized entanglement entropy for such surfaces therefore
satisfies

S(Σ) ≤ − π

2G4
(2.6)

with equality in the case of Kij = 0. Minimal surfaces satisfy K = 0; surfaces that
in addition satisfy Kij = 0, i.e. the traceless part of the extrinsic curvature vanishes, are
called umbilic. Umbilic surfaces are locally spherical; the normal curvatures in all directions
are equal.

In the specific case of a disk entangling region, the entangling surface indeed has zero
extrinsic curvature and is umbilic. This can be seen by changing from Poincaré coordinates:

ds2 = 1
ρ2

(
−dt2 + dρ2 + dr2 + r2dφ2

)
(2.7)

to new coordinates adapted to the entangling surface:

ρ = R sin θ r = R cos θ (2.8)

so that
ds2 = 1

R2 sin2 θ

(
−dt2 + dR2 +R2(dθ2 + cos2 θdφ2)

)
. (2.9)

The induced metric on an entangling surface of constant t and R can thus be written as

ds2 = 1
sin2 θ

(
dθ2 + cos2 θdφ2

)
, (2.10)

which is independent of both t and R, demonstrating that the extrinsic curvatures are zero.
For a disk entangling regionD, the renormalized entropy is thus directly proportional to

the Euler characteristic of the entangling surface. As discussed in [1, 30], the renormalized
entropy is also related to the F quantity of the corresponding 3d CFT and hence

F = −S(D) = π

2G4
χ(D) (2.11)

and the representation of the entanglement entropy in terms of a topological invariant
emphasises that this quantity does not depend on any choice of renormalization scheme.

Now let us consider linearized perturbations around the disk entangling surface in
AdS4. Linear and quadratic perturbations around generic minimal surfaces in asymptot-
ically hyperbolic manifolds were discussed in detail in [17]. The analysis of [17] however
simplifies considerably for perturbations around the disk entangling surface as both the
Weyl and extrinsic curvatures vanish at leading order. Accordingly the only term in the
linearized variation is

δS = −1
4G4

∫
d2x
√
g δW̃1212 (2.12)

In a subsequent work [32] we will show how δW̃1212 can be related to the renormalized stress
tensor constructed in [26] and hence to the variation in the energy; this gives a generalized
proof of the first law [31].
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2.2 Strip entangling region

Consider now a strip entangling region S in pure AdS4. Using the following Poincaré
coordinates

ds2 = 1
ρ2

(
−dt2 + dρ2 + dx2 + dy2

)
, (2.13)

the entangling surface for a strip entangling region along the y direction can be expressed
as

dρ

dx
= ∓

√
ρ4
c − ρ4

ρ2 (2.14)

where ρc is the turning point of the surface and − for 0 ≤ x ≤ Lx
2 and + for −Lx

2 ≤ x ≤ 0.
The width of the strip Lx along the x direction is related to ρc as

Lx = 2
∫ ρc

0

ρ2√
ρ4
c − ρ4dρ = 2

√
π

Γ(3
4)

Γ(1
4)
ρc. (2.15)

Here implicitly we assume that Lx � Ly, where Ly is the length of the strip, so that
contributions from the corners and short sides are negligible. The renormalized area A(S)
is then given by

A(S) = −2Ly
ρc

√
π

Γ(3
4)

Γ(1
4)

= −LyLx
ρ2
c

. (2.16)

Since for large Ly the Euler characteristic is negligible and in the limit of the infinite strip
χ(S) = 0, and the Weyl curvature vanishes for pure AdS, the renormalized area (2.4) is
given in terms of the integral of the extrinsic curvature over the surface.

Using (2.14) we can pullback the AdS4 metric onto S to give:

ds2 = 1
ρ(x)2

(
ρ4
c

ρ(x)4dx
2 + dy2

)
, (2.17)

where implicitly ρ is expressed in terms of x. The push forward of the unit spatial normal
vector is

n2 = ρ3

ρ2
c

(
∂

∂ρ
±
√
ρ4
c − ρ4

ρ4
∂

∂x

)
. (2.18)

The interpretation of the two signs is as follows. Let the strip extend from x = −1
2Lx

to x = 1
2Lx. For x > 0, the normal to the entangling surface points in the direction of

increasing x (positive sign) while for x < 0 the normal points in the direction of decreasing
x (negative sign). Accordingly the induced metric can be written as

GSµνdx
µdxν =

(
Gµν − n2µn2ν

)
dxµdxν (2.19)

= 1
ρ2

(
ρ4
c − ρ4

ρ4
c

dρ2 − 2ρ
2√ρ4

c − ρ4

ρ4
c

dρdx+ ρ4

ρ4
c

dx2 + dy2
)
.

The temporal extrinsic curvature vanishes and the spatial extrinsic curvature is given by

Kµνdx
µdxν = ρ4

c − ρ4

ρ4
c

dρ2 ∓ 2ρ
2√ρ4

c − ρ4

ρ6
c

dρdx+ ρ4

ρ6
c

dx2 − 1
ρ2
c

dy2, (2.20)
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The trace of the extrinsic curvature can be easily read off and satisfies the required mini-
mality condition, K = 0. From (2.4), the only non vanishing term of the renormalized area
is

A(S) = −1
2

∫
S
d2x
√
gKµνKµν = −1

2

∫ Ly
2

−Ly2
dy

∫ Lx
2

−Lx2
dx
ρ2
c

ρ4

(
2ρ4

ρ4
c

)
= −LyLx

ρ2
c

. (2.21)

Note that KµνKµν takes the same value for either sign in (2.20). This matches with the
explicit result for the renormalized area of the minimal surface extends from the strip
entangling region in (2.16).

3 Asymptotically AdS6

Consider a codimension two static minimal surface Σ with boundary ∂Σ in an asymptot-
ically locally AdS6 spacetime. The renormalized entanglement entropy S(Σ) is expressed
in terms of the renormalized area A(Σ) as

S(Σ) = A(Σ)
4G6

(3.1)

where G6 is the six-dimensional Newton constant. The renormalized area is [1]

A(Σ) =
∫

Σ
d4x
√
g − 1

3

∫
∂Σ
d3x
√
h (3.2)

−1
9

∫
∂Σ
d3x
√
h

(
R̂aa −

1
2k

2 − 5
8R̂
)
.

Here g is the metric on the minimal surface and h is the metric at the boundary of the
minimal surface. R̂aa is the curvature of the metric on the boundary of the asymptotically
locally AdS6 spacetime, projected to the subspace orthogonal to ∂Σ. R̂ is the Ricci scalar
of the boundary curvature and k2 is the square of the extrinsic curvature of ∂Σ embedded
into ∂M , the boundary of the asymptotically locally AdS6 spacetimeM . The counterterms
are sufficient for bulk dimension less than or equal to six; additional divergences arise in
higher dimensions [1].

Using the Chern-Gauss-Bonnet theorem, the Euler invariant for a four-dimensional
manifold with boundary consists of a bulk contribution

χ(Σ) = 1
32π2

∫
Σ
d4x
√
g
(
RijklRijkl − 4RijRij +R2

)
(3.3)

(where R refers to the intrinsic curvature of the manifold) with boundary contributions
that may be expressed as in [33]:

+ 1
4π2

∫
∂Σ
d3x
√
h

(
RijklKiknjnk −RijKij −KRijninj + 1

2KR (3.4)

+ 1
3K

3 −KTr(K2) + 2
3Tr(K3)

)
.
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z = 0

z = ε

m, n3

n̄, n2

n3

n2

n̄

m

Figure 1: In this diagram the temporal direction, n1, is suppressed. We can identify two
distinct sets of normal directions: n2 is the normal of the Σ and n3 is the normal of ∂Σ
within Σ, while n̄ is the normal of ∂Σ on ∂M and m is the normal of ∂M in M . On the
regulated boundary ∂M |z=ε, n2 and n3 are not equal to n̄ and m respectively. However
the normal space is manifestly spanned by both {ns, s = 1, 2, 3} and {n1, n̄,m}.

The above formulae used different sign convention to [33] and are further explained in the
appendix. Note that this form for the boundary contributions was derived in the context
of analysing conformal anomalies on manifolds with boundary.

By construction both functionals (3.2) and (3.3) are finite. However, there are clear
conceptual differences between the boundary terms. In the case of the renormalised area,
the boundary terms are counterterms, expressed covariantly in terms of Dirichlet data at
the conformal boundary. This implies that the boundary terms have to be expressed only
in terms of the intrinsic curvature of the conformal boundary, and the extrinsic curvature
of the boundary of the entangling surface, embedded into the conformal boundary.

By contrast, the Euler invariant is expressed entirely in terms of quantities that are
intrinsic to the entangling surface itself, with no reference to the embedding of the surface
into the six-dimensional bulk manifold. Here the boundary terms are not expressed in
terms of Dirichlet data at the boundary of the surface, but involve the extrinsic curvature
of the boundary.

The goal of this section is to relate the renormalised area to the Euler invariant,
through the use of Gauss-Codazzi relations and asymptotic analysis. Related analysis was
carried out in the mathematics literature in [20, 23] but these works did not use explicit
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counterterms to define the renormalized area.

3.1 Geometric preliminaries

The extrinsic curvatures of the entangling surface Σ are defined by

Ks
µν = gρµg

σ
ν∇ρnsσ (3.5)

where the normals to Σ are ns with s = 1, 2; we will denote by n1 the normal in the
time direction. Similarly, the extrinsic curvature of the boundary entangling surface ∂Σ
embedded into Σ is defined by

Kij = −hki hlj∇kn3
l (3.6)

where n3 is the associated inward pointing normal, as shown in Figure 1.
We can define a second set of normals to ∂Σ, (n1, n̄,m), where n̄ is the normal of ∂Σ

lying within ∂M and m is the normal of ∂M inM . The extrinsic curvatures corresponding
to this second set of normals are defined as

kij = hki h
l
j∇kn̄l k⊥ij = hki h

l
j∇kml (3.7)

The two sets of normal vectors (n1, n2, n3) and (n1, n̄,m) can be related by coordinate
transformations.

n2 = An̄+A⊥m (3.8)
n3 = −A⊥n̄+Am

where A2 +A⊥
2 = 1 and A,A⊥ ∈ R. The induced metric on ∂Σ can also be obtained from

either set of normal

hµν = Gµν + n1
µn

1
ν − n2

µn
2
ν − n3

µn
3
ν = Gµν + n1

µn
1
ν − n̄µn̄ν −mµmν. (3.9)

Note that it is often convenient to work in an orthonormal basis, Gµνe µMe νN = ηMN ,
such that the induced metric on Σ is eAeA = n3n3 + eaea = gµνdx

µdxν and on ∂Σ is
eaea = hijdx

idxj .

As in [17], we will work in Fefferman-Graham coordinate systems for asymptotically
locally AdS metrics:

ds2 = Gµνdx
µdxν = dz2

z2 + γαβdx
αdxβ (3.10)

and the metric γ admits the expansion

γαβ = z−2
(
γ̄

(0)
αβ + z2γ̄

(2)
αβ + · · ·

)
(3.11)

Note that this implicitly assumes that the entangling surface is contained within the
Fefferman-Graham coordinate patch.
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For static manifolds Σ and ∂Σ in AdS we can then express the normals as

n1 = dt

z
, m = dz

z
, n̄ = ᾱdf̄

z
. (3.12)

(For non-static surfaces one would need to parameterise the timelike normal as n1 = ατdτ̄
z .)

The corresponding normal vector fields are

n1 = e1 = z
∂

∂t
, em = z

∂

∂z
, en̄ = z

ᾱ

∂

∂f̄
(3.13)

where ᾱ is a function of (z, f̄) only. Using these relations one can decompose bulk curvatures
into quantities that are intrinsic and extrinsic to the surface. For example, the Lie bracket
for the normal vector fields has structure constant FPMN such that [eM , eN ] = FPMNeP .
Only the following components are non-vanishing

F 1
m1 = −F 1

1m = 1, F n̄mn̄ = −F n̄n̄m = 1− β̄ (3.14)

where β̄ = z∂zᾱ
ᾱ . From these expressions we can then work out the connections and

curvature tensors in terms of quantities defined on Σ.

3.2 Gauss-Codazzi relations

In this section we collect together identities relating the bulk curvature with the intrinsic
and and extrinsic curvatures of the entangling surface. First let us note the following
relation for the bulk curvature: since the manifold is Einstein with negative cosmological
constant, we can express the Riemann curvature in terms of the Weyl curvature as

Wµνρσ = Rµνρσ +GµρGνσ −GµσGνρ (3.15)

where Gµν is the metric onM. In particular, the Weyl curvature vanishes for anti-de Sitter
spacetime itself.

In this section we will implement Gauss-Codazzi relations for the codimension two
surface, taking into account both (unit) normals to the entangling surface by nsµ with
s = 1, 2. In the context of Ryu-Takayanagi surfaces the extrinsic curvatures in time
directions are trivial, but the analysis carried out in this section is more general and does
not pick out a distinguished coordinate system for the normal directions.

The Gauss-Codazzi relations then state that:

gκµg
λ
ν g

τ
ρg

η
σ Rκλτη = Rµνρσ +

2∑
s=1

(−1)s(Ks
µσK

s
νρ −Ks

µρK
s
νσ) (3.16)

where the extrinsic curvatures are defined above in (3.5). (Note that it is often convenient
to choose adapted coordinates for the hypersurface.)

The pullback of the bulk curvature can be expressed as

gκµg
λ
ν g

τ
ρg

η
σ Rκλτη = gκµg

λ
ν g

τ
ρg

η
σ Wκλτη + gµσgνρ − gµρgνσ, (3.17)
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using gµνnsµ = 0. In what follows it is convenient to use a compressed notation to denote
the pulled back Weyl curvature as

W̃µνρσ ≡ gκµgλν gτρgησ Wκλτη. (3.18)

Contraction of the Gauss-Codazzi relations gives

gκµg
λ
νRκλ + gκµg

λ
νRκτλη

2∑
s=1

(−1)s−1nτsn
η
s = Rµν +

2∑
s=1

(−1)sKs
µρK

s ρ
ν , (3.19)

where here and in the rest of this sectoin we show the normal index s as a subscript to
improve the clarity of equations. Contracting further gives

R+ 2gκµgλνRκλ
2∑
s=1

(−1)s−1nµsn
ν
s − 2Rµνρσnµ1nν2n

ρ
1n

σ
2 = R+

2∑
s=1

(−1)sKs
µρK

s µρ (3.20)

where we use the fact that the surface is minimal so Ks = 0. In our case, the background
manifold is Einstein, for which the Ricci curvature can conveniently be normalised as

Rµν = −dGµν (3.21)

for asymptotically locally AdS(d+1) spacetimes. Using the fact that gµνnνs = 0, we can thus
write

Rµν +
2∑
s=1

(−1)sKs
µρK

s ρ
ν = −(d− 2)gµν − gλµgτνWλρτσ

2∑
s=1

(−1)snρsnσs , (3.22)

and

R+
2∑
s=1

(−1)sKs
µνK

sµν = −(d− 2)(d− 1)− 2Wµνρσn
µ
1n

ν
2n

ρ
1n

σ
2 , (3.23)

where we use the fact that the dimension of the entangling surface is (d− 1).
For notational convenience we will define the combinations

Hµνρσ =
2∑
s=1

(−1)s(Ks
µσK

s
νρ −Ks

µρK
s
νσ), (3.24)

as well as

W̃µnνn = gλµg
τ
νWλρτσ

2∑
s=1

(−1)snµsnνs (3.25)

and
W̃1212 = Wµνρσn

µ
1n

ν
2n

ρ
1n

σ
2 . (3.26)

The Gauss-Codazzi relations can then be used to rewrite the bulk term in the Euler in-
variant as follows. The Riemann curvature terms give

RµνρσRµνρσ = 2(d− 1)(d− 2) + 4H +HµνρσH
µνρσ (3.27)

−4W̃ + W̃µνρσW̃
µνρσ − 2W̃µνρσH

µνρσ.
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The Ricci curvature terms give

RµνRµν = (d− 2)2(d− 1) + 2(d− 2)H +HµνH
µν (3.28)

+2(d− 2)W̃nn + W̃µnνnW̃
µnνn + 2W̃µnνnH

µν

while the Ricci scalar terms give

R2 = (d− 2)2(d− 1)2 + 2(d− 2)(d− 1)H +H2 (3.29)
+4(d− 2)(d− 1)W̃1212 + 4W̃ 2

1212 + 4HW̃1212.

Here H and Hµν can be expressed as

Hµν =
2∑
s=1

(−1)sKs
µσK

s σ
ν H =

2∑
s=1

(−1)sKs
µνK

sµν . (3.30)

Combining these terms for the case of d = 5 (AdS6), we obtain an expression for the Euler
invariant of the form:

χ(Σ) = 1
32π2

∫
Σ
d4x
√
g
(
24 + ∆χ(Ks, W̃ )

)
+ 1

4π2

∫
∂Σ
d3x
√
h∂E4 (3.31)

where the functional appearing in the volume term takes the form

∆χ =4H + 8W̃1212 +H2 − 4HµνH
µν +HµνρσH

µνρσ (3.32)

+ 4W̃ 2
1212 − 4W̃µnνnW̃

µnνn + W̃µνρσW̃
µνρσ

+ 4HW̃1212 − 8HµνW̃µnνn − 2HµνρσW̃µνρσ

The notation chosen for the volume term reflects the fact that ∆χ vanishes for spherical
entangling surfaces (Ks

µν = 0) in pure AdS (Wµνρσ), as we discuss in the next section.
To simplify this expression we have used the following expressions for the projected

and contracted Weyl tensor

W̃ = W̃AB
AB = WAB

AB W̃22 = WA
2A2 (3.33)

W̃1212 = W1212 W̃11 = WA
1A1.

Since Weyl tensor is traceless, we can write the curvatures in (3.33) in terms of each other
as

WAB
AB = WMN

MN − 2
(
WA1

A1 +WA2
A2 +W 12

12

)
(3.34)

W̃ = 2W̃11 − 2W̃22 + 2W̃1212

and thus
W̃ = −W̃nn = −2W̃1212 (3.35)

Therefore the contributions linear in the Weyl tensor can be written in terms of the pro-
jection of the Weyl tensor onto NΣ, W̃1212.
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We now need to express the boundary contributions to the Euler density integral in
terms of extrinsic curvatures and the Weyl tensor. We first define the extrinsic curvature,
K , of ∂M embedded into M ,

Kµν = (δρµ −mρ
µ)(δσν −mσ

ν )∇ρmσ. (3.36)

Using the definition of the extrinsic curvature of ∂Σ pointing out of the boundary k⊥µν :=
hρµh

σ
ν∇ρmσ, one can show that

Kµν = k⊥µν − (1− β̄)n̄µn̄ν + n1
µn

1
ν . (3.37)

The trace of K is

K = k⊥ − 2 + β̄ (3.38)

and the trace of the product is

KµνK
µν = k⊥µνk

⊥ µν + 2− 2β̄ + β̄2 (3.39)

The intrinsic curvature of the boundary ∂M , R̂µνρσ, is related to the projection and contrac-
tion of Weyl tensor and K by the Gauss-Codazzi equation, giving the following relations

R̂1n̄1n̄ = 1 +W1n̄1n̄ −K1n̄Kn̄1 + K11Kn̄n̄

R̂11 = d− 1−W1m1m −K ρ
1 Kρ1 + K11K

R̂n̄n̄ = −d+ 1−Wn̄mn̄m −K ρ
n̄ Kρn̄ + Kn̄n̄K

R̂ = −d(d− 1)−KµνK
µν + K 2 (3.40)

R̂ij = −(d− 1)hij −Wimjm −K ρ
i Kρj + KijK

R̂in̄jn̄ = −hij +Win̄jn̄ −Kin̄Kn̄j + KijKn̄n̄

R̂i1j1 = hij +Wi1j1 −Ki1K1j + KijK11.

Substituting K terms using (3.37), (3.38) and (3.39) we obtain

R̂1n̄1n̄ = W1n̄1n̄ + β̄

R̂11 = d− 2 + k⊥ −W1m1m + β̄

R̂n̄n̄ = −d+ 2− k⊥ −Wn̄mn̄m + (k⊥ − 1)β̄

R̂ = −d(d− 1) + 2− 4k⊥ + k⊥
2 − k⊥ijk⊥ ij + 2(k⊥ − 1)β̄ (3.41)

R̂ij = −(d− 1)hij − 2k⊥ij − k⊥ ki k⊥kj + k⊥ijk
⊥ −Wimjm + k⊥ij β̄

R̂in̄jn̄ = −hij − k⊥ij +Win̄jn̄ + k⊥ij β̄

R̂i1j1 = hij + k⊥ij +Wi1j1.

The intrinsic curvature R terms on the surface given in (3.4) are related to the cur-
vatures of the boundary of the entangling surface ∂Σ, R, by additional Gauss-Codazzi
relations:

K
(1

2R−Rµνn
3 µn3 ν

)
= 1

2K
(
R−K2 +KijKij

)
(3.42)
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and

−KijRµiνj(gµν − n3 µn3 ν) = −Kij
(
Rij +KikKkj −KijK

)
. (3.43)

We can again use Gauss-Codazzi relations to transform relate quantities on ∂Σ to quantities
in ∂M :

R = R̂+ 2R̂11 − 2R̂n̄n̄ − 2R̂1n̄1n̄ + k2 − kijkij (3.44)
Rij = R̂ij − R̂in̄jn̄ + R̂i1j1 + kijk − k ki kkj .

Expressing Riemann tensors in terms of Weyl tensors gives

R = −(d− 1)(d− 4) + k2 − kijkij + k⊥ijk
⊥ ij − 2 (W1m1m +W1n̄1n̄ −Wn̄mn̄m) (3.45)

Rij = −(d− 1)hij + kijk − kki kkj + k⊥ijk − k⊥ ki k⊥kj +Wi1j1 −Win̄jn̄ −Wimjm.

Specialising to d = 5 these expressions reduce to:

R = −4 + k2 − kijkij + k⊥ijk
⊥ ij − 2 (W1m1m +W1n̄1n̄ −Wn̄mn̄m) (3.46)

Rij = −4hij + kijk − kki kkj + k⊥ijk − k⊥ ki k⊥kj +Wi1j1 −Win̄jn̄ −Wimjm.

The decomposition of K into k, k⊥ is straightforward:

Kij = +A⊥kij −Ak⊥ij . (3.47)

Our final expression for the boundary contributions to the Euler density can be written in
terms of projections of the Weyl tensor and extrinsic curvatures of ∂Σ tangent and normal
to ∂M ,

∂E4 = −(A⊥k −Ak⊥) (W1n̄1n̄ +W1m1m −Wn̄mn̄m)
+ (A⊥kij −Ak⊥ ij) (−Wi1j1 +Wimjm +Win̄jn̄)

+Ak⊥ −
(
A

2 −
A3

6

)
k⊥

3 −
(
A− A3

3

)
k⊥ijk

⊥ jkk⊥ ik −
(
−3A

2 + A3

2

)
k⊥k⊥ijk

⊥ ij

−A⊥k −
(
−A

⊥

2 −
A2A⊥

2

)
kk⊥

2 −
(
A⊥

2 −
A2A⊥

2

)
kk⊥ijk

⊥ ij

−
(
−A⊥ +A2A⊥

)
kijk

⊥ jkk⊥ ik −
(
A⊥ −A2A⊥

)
k⊥kijk

⊥ ij (3.48)

−
(
A

2 −
AA⊥

2

2

)
k2k⊥ −

(
−A2 + AA⊥

2

2

)
kijk

ijk⊥

−
(
A−AA⊥2)

kijk
jkk⊥ ik −

(
−A+AA⊥

2)
kkijk

⊥ ij

−
(
−A

⊥

2 + A⊥
3

6

)
k3 −

(
−A⊥ + A⊥

3

3

)
kijk

jkk ik −
(

3A⊥

2 − A⊥
3

2

)
kkijk

ij .

We will use this expression in what follows, comparing the boundary terms in the Euler
characteristic with those in the renormalized area.
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3.3 Asymptotic analysis

The ultimate goal is to express the Euler characteristic as a linear combination of the
renormalized area A(Σ) and other finite contributions i.e.

χ(Σ) = 3
4π2A(Σ) + · · · (3.49)

where the ellipses denote contributions that are finite term by term. In this section we will
show that the finite contributions are such that

A(Σ) = 4π2

3 χ(Σ)− 1
6H(Σ)− 1

3W(Σ) (3.50)

− 1
24

∫
Σ
d4x
√
g
(
H2 − 4HµνH

µν +HµνρσH
µνρσ

+4W̃ 2
1212 − 4W̃µnνnW̃

µnνn + W̃µνρσW̃
µνρσ

)
,

where the finite terms H(Σ) and W(Σ) are defined in (3.68) and (3.69), respectively, This
formula is the direct generalisation of the corresponding expression for two-dimensional
surfaces given in (2.3).

To determine the terms arising in this expression, we need to consider the asymptotic
analysis of the bulk and boundary terms in the Euler characteristic and the renormalized
area. To compare terms between the Euler characteristic and the renormalized area, it
is convenient to convert quantities written with respect to quantities intrinsic to Σ into
quantities expressed with respect to ∂M and ∂Σ. Intuitively, it is apparent that the
extrinsic curvature K(2) of Σ and K of ∂Σ can be expressed in terms of the two extrinsic
curvatures k, k⊥. Indeed, by decomposing the metric and normal of Σ into boundary
components we can write K(2) as a combination of k, k⊥ plus additional terms.

The integration in the M is regulated by restricting integration up to the regulated
boundary ∂Mε := M |z=ε. The regulated divergences in Euler characteristic integral

χ(Σε) = 1
32π2

∫
Σε
d4x
√
g (24 + ∆χ) + 1

4π2

∫
∂Σε

d3x
√
h ∂E4 (3.51)

come from the bulk terms up to order z4 and boundary terms up to order z3. Clearly by
construction all such divergences cancel, as the Euler characteristic is finite, but to compare
with the renormalized area we need to identify which terms are finite and which include
regulated divergences. In what follows we will show that each term in∫

Σε
d4x
√
g
(
H2 − 4HµνH

µν +HµνρσH
µνρσ + 4W̃ 2

1212 (3.52)

−4W̃µnνnW̃
µnνn + W̃µνρσW̃

µνρσ
)

is individually finite, while the other bulk contributions

1
32π2

∫
Σε
d4x
√
g
(
24 + 4H + 8W̃1212

)
(3.53)
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each have regulated divergences. As we will be comparing regulated divergences of the
Euler characteristic with those in the renormalised area, and the latter assumes static
embedding, we will set K(1)

µν = 0 for the rest of this section.

We need to calculate the asymptotic expansions of the geometric quantities appearing
in the Euler characteristic. We begin with the normal vectors defined in (3.8). If we expand
A⊥ in z and apply the boundary condition of A⊥(z = 0) = 0 we obtain the leading term in
the z power series to be A⊥ = zA⊥(0) + · · · . Similarly, the leading term in the A asymptotic
series is A = 1 + · · · . From the relation A2 + A⊥

2 = 1 we can thus conclude that the
asymptotic expansion for A and A⊥ is

A = 1− 1
2z

2A⊥(0)
2 +O(z4)

A⊥ = zA⊥(0) + z3A⊥(2) +O(z5)
(3.54)

Hence A,A⊥ have even and odd power series of z respectively.
The asymptotic analysis for extrinsic curvatures is worked out in the appendix. The

trace of the extrinsic curvature behaves as

K(2) ∼ O(z) (3.55)

while the trace of the product of extrinsic curvature

K(2)
µν K

(2)µν ∼ O(z2). (3.56)

Accordingly H is of order z2 but terms quadratic in H are of order z4 so do not contribute
to the regulated divergences. We can write explicit expansions

(K(2))2 = z2
(
k̄2

(0) + 9A⊥(0)
2 − 6A⊥(0)k̄(0)

)
+O(z4) (3.57)

and

K
(2)
ij K

(2)ij = z2
(
k̄(0)ij k̄

ij
(0) + 3A⊥(0)

2 − 2A⊥(0)k̄(0)
)

+O(z6) (3.58)

where
k = k̄(0)z + · · · , (3.59)

and
kijk

ij = z2k̄(0)ij k̄
ij
(0) + · · · (3.60)

According the regulated divergences from the term linear in H gives∫
Σε
d4x
√
gH →

∫
∂Σε

d3x
√
h
(
ε2
(
k̄(0)ij k̄

ij
(0) − k̄

2
(0) + 4A⊥(0)k̄(0) − 6A⊥(0)

2)+ · · ·
)

(3.61)

where the ellipses denote terms that do not contribute in the limit ε→ 0.
Let us now consider the asymptotic behaviour of the projections and contractions of

the Weyl tensors. In our gauge choice W̃ , W̃11, W̃22 and W̃1212 are of order O(z2) and hence
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only terms linear in the Weyl tensor contribute to the regulated divergences. If the Weyl
tensor admits an expansion

W̃1212 = z2W 1212 + · · · , (3.62)

leading to regulated divergences∫
Σε
d4x
√
gW̃1212 →

∫
∂Σε

d3x
√
h ε2W 1212 (3.63)

The regulated divergences (3.53) are obtained from combining (3.61) and (3.63)

2
3π2

∫
Σε
d4x
√
g (3.64)

+ 1
8π2

∫
∂Σε

d3x
√
hε2

([
k̄(0)ij k̄

ij
(0) − k̄

2
(0) + 4A⊥(0)k̄(0) − 6A⊥(0)

2]+ 2W 1212
)
.

Here we do not explicitly analyse the regulated divergences of the first (area) term, as this
was already done in [1], as we will use below. The expression above can be simplified using
the minimal condition for the surface: as explained in the appendix, K(2) = 0 implies that

A⊥(0) = 1
3 k̄(0) (3.65)

and therefore A⊥(0) can be eliminated.
Let us now consider the regulated divergences of the boundary terms in the Euler

characteristic. As mentioned in the beginning of the section, only terms of order O(z3) in
∂E4 contribute to divergences. These terms are analysed in the appendix; the regulated
divergences take the form∫

∂Σε
d3x
√
h∂E4 → −

∫
∂Σε

d3x
√
h

(
1 + ε2(W 1212 −

1
3 k̄

2
(0) + 1

2 k̄(0)ij k̄
ij
(0))
)
. (3.66)

By construction the regulated divergences of the boundary terms in the Euler characteristic
cancel those from the bulk terms.

We can now express the regulated contributions in (3.64) and (3.66) in terms of the
renormalized area

A(Σε) =
∫

Σε
d4x
√
g + 1

3

∫
∂Σε

d3x
√
h

(
− 1 + 1

6k
2
)
, (3.67)

and two other integrals that are finite in the limit of ε→ 0:

H(Σε) :=
∫

Σε
d4x
√
gH −

∫
∂Σε

d3x
√
h

(
kijk

ij − 1
3k

2
)

; (3.68)

and
W(Σε) :=

∫
Σε
d4x
√
gW̃1212 −

∫
∂Σε

d3x
√
hW1212. (3.69)

The regulated terms in the Euler characteristic then combine to give

3
4π2A(Σε) + 1

8π2H(Σε) + 1
4π2W(Σε), (3.70)
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and thus, reinstating the bulk contributions to the Euler characteristic that are individually
finite, we obtain the final expression for the renormalized area (3.50).

Note that the extra counterterms for the renormalized area integral (3.2) vanishes in
the limit z → 0. It can be seen from (3.41). As W1m1m,Wn̄mn̄m ∼ O(z4) the individual
Ricci terms are

R̂ = −8β̄ +O(z4)
R̂11 = β̄ +O(z4)
R̂n̄n̄ = −4β̄ +O(z4)

(3.71)

Since the definition of the projected Ricci curvature R̂aa is

R̂aa := −R̂11 + R̂n̄n̄ (3.72)
R̂aa := −5β̄ +O(z4),

the Ricci counterterms R̂aa − 5
8R̂ is

−R̂11 + R̂n̄n̄ −
5
8R̂ = 0 +O(z4). (3.73)

The order of this term is great than z3 therefore it vanishes in the boundary integral as
z → 0.

4 Spherical entangling surface in AdS6 and linear perturbations

Consider AdS6 written in Poincaré coordinates as:

ds2 = 1
ρ2

(
−dt2 + dρ2 + dr2 + r2dΩ2

)
(4.1)

We can introduce new coordinates adapted to the entangling surface S associated with a
spherical entangling region

ρ = R sin θ r = R cos θ (4.2)

so that
ds2 = 1

R2 sin2 θ

(
−dt2 + dR2 +R2(dθ2 + cos2 θdΩ2)

)
. (4.3)

The induced metric on the entangling surface S of constant t and R can thus be written as

ds2 = 1
sin2 θ

(
dθ2 + cos2 θdΩ2

)
. (4.4)

This parameterisation makes manifest that the extrinsic curvatures of S within M are
zero: the induced metric is independent of the coordinates t and R. One can then change
coordinates as u = − log(tan(θ/2)) to write the induced metric as

ds2 = du2 + sinh2 udΩ2, (4.5)
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i.e. making manifest that the metric on the entangling surface is global AdS with unit
radius.

The bulk contribution to the Euler invariant is thus
Ω3

32π2

(
16 + e3ū − 9eū + · · ·

)
(4.6)

where we have regulated the boundary at u = ū � 1, and dropped terms that are zero
when ū→∞. Here Ω3 = 2π2 is the volume of a three sphere of unit radius.

Calculation of the boundary contributions to the Euler invariant (3.4) is more compli-
cated. We need the following expressions:

RijklKjlnink = −3cosh(u)
sinh(u) ; K = 3cosh(u)

sinh(u) ; (4.7)

RijKij = −9cosh(u)
sinh(u) ; Rijninj = −3;

Tr(K2) = 3cosh2(u)
sinh2(u)

; Tr(K3) = 3cosh3(u)
sinh3(u)

.

Combining these we obtain the following contribution from (3.4)

− Ω3
4π2

(
cosh3(ū)− 3 cosh(ū)

)
= − Ω3

32π2

(
e3ū − 9eū + · · ·

)
(4.8)

where in the second expression we have dropped all terms that go to zero as ū→∞.
Combining bulk and boundary terms we obtain

χ(S) = 1, (4.9)

which is indeed the Euler invariant for a half ball.

Let us now turn to the computation of the renormalized entanglement entropy. The
regulated bulk contribution is proportional to the regulated volume of the entangling sur-
face

Ω3
4G6

(2
3 + 1

24e
3ū − 3

8e
ū + · · ·

)
(4.10)

where the ellipses denote terms that vanish as ū→∞. The first counterterm gives

− Ω3
4G6

( 1
24e

3ū − 1
8e

ū + · · ·
)

(4.11)

while the second counterterm gives

Ω3
4G6

(1
4e

ū + · · ·
)
. (4.12)

The counterterms, as expected, remove divergent contributions while not adding further
finite contributions and thus

S(S) = π2

3G6
≡ π2

3G6
χ(Σ), (4.13)
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i.e. the renormalized entanglement entropy is proportional to the Euler invariant, as shown
in (1.4), with the coefficient of proportionality being the F quantity in the dual CFT5.

Next let us consider the variation of the entanglement entropy under linear pertur-
bations around the spherical entangling surface in AdS. Since the Weyl curvature and
the extrinsic curvatures are zero at leading order, only terms linear in the curvatures can
contribute to the first variation of the entropy. From (3.50) we obtain

δS = − 1
12G6

δW (4.14)

where W is linear in the Weyl curvature and is defined in (3.69).
As we will show in a future work [32], this expression allows for an elegant derivation

of the first law of entanglement entropy, generalizing the discussions in [31]. Since we
work with renormalized quantities, we do not need to assume specific fall off conditions for
metric perturbations; the perturbations can be non-normalizable as well as normalizable.
It is straightforward to relate δW to the renormalized stress tensor defined in [26] and
hence to the variation in the energy.

5 Conclusions and outlook

In this paper we have shown that the renormalized area of static minimal surfaces in
asymptotically locally AdS2n spacetimes can be expressed in terms of the Euler invari-
ant and renormalized curvature invariants. It is perhaps unsurprising that renormalized
integrals of extrinsic and intrinsic curvature invariants arise. Indeed, renormalized curva-
ture integrals on asymptotically locally hyperbolic manifolds have been considered in the
mathematics literature; see for example [34].

There is however a key difference between our definitions of renormalized curvature in-
variants and those in the mathematics literature. Here we follow the standard holographic
renormalization approach, identifying explicit boundary counterterms. By contrast, the
mathematics literature identifies the “renormalized” integrals as the finite terms in a regu-
lated expansion around the conformal boundary. While the latter gives equivalent results
when counterterms do not make finite contributions, there will generically be finite contri-
butions from counterterms (for example, if we add matter or gauge fields in the bulk).

Our results can be used to infer certain bounds on the renormalized entanglement
entropy for given topology. Earlier discussions on bounds on renormalized entanglement
entropy in asymptotically locally AdS4 spacetimes using inverse mean curvature flow tech-
niques can be found in [35]. For entangling surfaces of disk topology in AdS4, the bound
is given in (2.5): the entanglement entropy is negative and the absolute value of the renor-
malized entanglement entropy is minimised for the disk, which has zero extrinsic curvature.

Note that the expression (2.5) is closely analogous to the Willmore energy Ew, which
measures how much a closed two surface Σ embedded into R3 deviates from the round two
sphere:

Ew =
∫

Σ
d2x|K|2 − 2πχ(Σ) (5.1)
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The Willmore energy is positive semi-definite and zero for a round two sphere.
For entangling surfaces that are topologically disks in asymptotically locally AdS4

manifolds (cf pure AdS4), there is no such bound: from (2.4), the Weyl curvature term is
not negative definite. Indeed, if one considers linearized perturbations around AdS4, one
can show that this term is positive for all metric perturbations that give rise to positive
energy [32].

Now let us turn to the renormalized entanglement entropy for asymptotically locally
AdS6 spacetimes. From (3.50), this reduces in AdS6 to

S(Σ) = π2

3G6
χ(Σ)− 1

24G6
H(Σ) (5.2)

− 1
96G6

∫
Σ
d4x
√
g
(
H2 − 4HµνH

µν +HµνρσH
µνρσ

)
.

Even restricting to entangling surfaces of fixed topology, this expression does not seem to
have bounds, in accordance with the discussions of higher dimensional Willmore functionals
in [20, 23].

For example, consider perturbations around a spherical entangling surface in AdS6;
the change in the renormalized entanglement entropy is

δS = − 1
24G6

δH = − 1
24G6

∫
Σ
d4x
√
gδH + 1

24G6

∫
∂Σ
d3x
√
h

(
δkijδk

ij − 1
3(δk)2

)
, (5.3)

i.e. it is quadratic in the extrinsic curvature. The bulk curvature integrand is non-positive
but the renormalized curvature invariant does not manifestly have any negativity bounds.
Hence, in 3d holographic CFTs, disk regions minimise the magnitude of the renormalized
entanglement entropy in the conformal vacuum while in 5d holographic CFTs spherical
regions do not necessarily do so. It would be interesting to understand the implications of
this directly from field theory.

Throughout this paper we have been considering static RT entangling surfaces [36] al-
though our analysis of the Chern-Gauss-Bonnet integrals is applicable to generic asymptot-
ically locally AdS manifolds. It would be interesting to extend our analysis of renormalized
entanglement entropy to HRT surfaces [37].

While we have focussed on connected entangling regions, our expressions for renormal-
ized entanglement entropy are equally applicable to disconnected regions. If we consider n
widely separated disk/spherical entangling regions in pure AdS then from (2.5) and (5.2)
the entanglement entropy is proportional to n/G. It would be interesting to explore how
the renormalized entanglement entropy changes as these regions approach each other and
intersect. In AdS4 the extremum once all regions intersect would be a single disk region
with entropy proportional to 1/G and the renormalized entanglement entropy may satisfy
monotonicity properties under deformations of disconnected regions into a single connected
region.
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A Appendix: Notation and terminology

In this appendix we collect together notation and terminology.
We denote the curvature of the asymptotically locally AdS manifoldM (metric Gµν)

with boundary ∂M (metric γαβ) as Rµνρσ. The intrinsic curvature of the boundary of ∂M
is denoted by R̂αβγδ. The entangling surface Σ with metric g has boundary ∂Σ with metric
h. The intrinsic curvature of the surface Σ is denoted Rijkl. The intrinsic curvature of the
surface ∂Σ is denoted R̄ijkl.

We also need to distinguish between four distinct extrinsic curvatures: the extrinsic
curvatures of Σ embedded into M (Ks), of ∂Σ embedded into Σ (K), of ∂Σ embedded
into ∂M (ks), of ∂Σ embedded into M (k⊥) orthogonal to ∂M and of ∂M embedded into
M (K ), where s = 1, 2 denote the normals to the entangling surface with the boundary
condition Ks = ks on ∂Σ. Note that we write k(2) = k and in the static case K(1) = k(1) =
0.

B Appendix: Asymptotic analysis

The boundary metric γ has a Fefferman-Graham expansion therefore the metrics g and h
on Σ and ∂Σ have their own Fefferman-Graham expansion,

gij = 1
z2 ḡij = 1

z2

(
ḡ

(0)
ij + z2ḡ

(2)
ij + · · ·

)
(B.1)

and

hij = 1
z2 h̄ij = 1

z2

(
h̄

(0)
ij + z2h̄

(2)
ij + · · ·

)
. (B.2)

Hence ᾱ has an even power series of z,

ᾱ = ᾱ(0) + z2ᾱ(2) +O(z4). (B.3)

Then

β̄ = 2z2ᾱ(2)

ᾱ(0) +O(z4). (B.4)

Similarly, for eai has an even power series of z,

eai = 1
z
ēai = 1

z

(
ē

(0)a
i + z2ē

(2)a
i + · · ·

)
(B.5)
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The extrinsic curvature k⊥ of ∂Σ pointing out of ∂M ,

k⊥ab = (∇m)ab
= −Γmab
= e k

(b m · ∂ea)k

= z∂z

(1
z

)
e k

(b ēa)k + e k
(b ∂z ēa)k

= −δab + 2ē(0) k
(b ē

(2)
a)k +O(z4)

k⊥ab = −δab +O(z4) (B.6)

where we used the fact ē k(bēa)k = δab which implies ē(0) k
b ē

(2)
ak+ ē(2) k

b ē
(0)
ak = 0. Transforming

back to coordinate basis,

k⊥ij = −hij +O(z2) (B.7)

The other extrinsic curvature k of ∂Σ lying within ∂M ,

kab = e k
(b n̄ · ∂ea)k ∼ O(z). (B.8)

In coordinate basis,

kij ∼ O(z−1) (B.9)

B.1 Asymptotic analysis for bulk Euler density

Starting from the definition of the extrinsic curvature

K(2)
µν = (hρµ + n3

µn
3 ρ)(hσν + n3

νn
3 σ)∇ρ(An̄σ +A⊥mσ). (B.10)

Expanding the bracket and grouping the terms tangent and normal to ∂Σ

K(2)
µν = Akµν +A⊥k⊥µν + hρµn

3
ν

(
−A⊥∂ρA+A∂ρA

⊥ +mσ∇ρn̄σ (B.11)

−AA⊥(n̄σ∇σn̄ρ −mσ∇σmρ)−A⊥
2[n̄,m]ρ

)
+ n3

µn
3
νn

3
σ[n3, n2]σ.

As mentioned before, ∂iA = 0 and [n̄,m] ∈ N∂Σ so the terms with one index tangent and
one index normal to ∂Σ vanish. Then expand the Lie bracket of n2, n3 and use the relation
∂ρA

⊥ = − A
A⊥
∂ρA, the expression simplifies to

K(2)
µν = Ak(2)

µν +A⊥k⊥µν + n3
µn

3
ν

[
∂ρA

(
n̄ρ +mρ(− A

A⊥
+A2 −AA⊥)

)
−
(
1− β̄

)
A⊥
]
.

(B.12)

Finally defining the coefficient in the n3
µn

3
ν component in K(2)

µν

L := ∂ρA
(
n̄ρ +mρ(− A

A⊥
+A2 −AA⊥)

)
−
(
1− β̄

)
A⊥, (B.13)
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the extrinsic curvature has tangent components,

K
(2)
ij = Akij +A⊥k⊥ij (B.14)

and normal components,

K
(2)
n̄m = −AA⊥L, K

(2)
n̄n̄ = −A⊥2

L, K(2)
mm = −A2L. (B.15)

Using (3.54), expanding L in z,

L = −
z3A⊥(0)∂f̄A

⊥
(0)

ᾱ0
− z2A⊥(0)

2
− 1

zA⊥(0)
+ z

1 +
A⊥(2)

A⊥(0)
2 −

A⊥(0)
2

2

 (B.16)

− zA⊥(0) − z
3A⊥(2) +

2z3ᾱ2A
⊥
(0)

ᾱ0
+O(z5)

L = −z3

A⊥(0)∂f̄A
⊥
(0)

ᾱ0
+A⊥(0)

2 + 2A⊥(2) −
A⊥(0)

4

2 −
2ᾱ2A

⊥
(0)

ᾱ0

+O(z5).

Therefore trace of the extrinsic curvature,

K(2) = Ak +A⊥k⊥ + L ∼ O(z) (B.17)

and trace of the product of extrinsic curvature,

K(2)
µν K

(2)µν = A2kµνk
µν +A⊥

2
k⊥µνk

⊥µν + 2AA⊥kµνk⊥µν + L2 (B.18)

K(2)
µν K

(2)µν = kµνk
µν + 3A⊥2 − 2A⊥k +O(z4) ∼ O(z2).

From (B.17) and (B.18) we observed that up to O(z4) only H contains divergent integrals.
Further expanding in z,

K(2)2 = k2 + 9z2A⊥(0)
2 − 6zA⊥(0)k +O(z4) (B.19)

K(2)2 = z2
(
k̄2

0 + 9A⊥(0)
2 − 6A⊥(0)k̄0

)
+O(z4)

and

K
(2)
ij K

(2)ij = kijk
ij + 3z2A⊥(0)

2 − 2zA⊥(0)k +O(z6) (B.20)

K
(2)
ij K

(2)ij = z2
(
k̄0ij k̄

ij
0 + 3A⊥(0)

2 − 2A⊥(0)k̄0
)

+O(z6).

The leading order term in the Taylor expansion of the extrinsic curvature k̄(0) can be written
in terms of the leading order term in the Fefferman-Graham expansion of boundary induced
metric h̄(0)

ij

k̄(0) =
[
z−1k

]
z=0

= 1
ᾱ(0)2 h̄

(0)ij∂f̄ h̄
(0)
ij (B.21)

and

k̄(0)ij k̄
ij
(0) =

[
z−2kijk

ij
]
z=0

= 1
ᾱ(0)2 h̄

(0)ik∂f̄ h̄
(0)
ij h̄

(0)jl∂f̄ h̄
(0)
kl . (B.22)
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B.2 Asymptotic analysis for boundary Euler density

Now consider the regulated divergences in the boundary terms in the Euler characteristic.
From power counting the dominant order of each term in (3.48), only the following terms
contain divergent integral

∂E4 = Ak⊥ (W1n̄1n̄ +W1m1m −Wn̄mn̄m) (B.23)
−Ak⊥ ij (−Wi1j1 +Wimjm +Win̄jn̄)

+Ak⊥ −
(
A

2 −
A3

6

)
k⊥

3 −
(
A− A3

3

)
k⊥ijk

⊥ jkk⊥ ik

−
(
−3A

2 + A3

2

)
k⊥k⊥ijk

⊥ ij

−A⊥k −
(
−A

⊥

2 + A2A⊥

2

)
kk⊥

2 −
(
A⊥

2 −
A2A⊥

2

)
kk⊥ijk

⊥ ij

−
(
−A⊥ +A2A⊥

)
kijk

⊥ jkk⊥ ik −
(
A⊥ −A2A⊥

)
k⊥kijk

⊥ ij

− A

2 k
2k⊥ + A

2 kijk
ijk⊥ +Akijk

jkk⊥ ik +Akkijk
⊥ ij .

Simplifying by substituting the leading order term of k⊥ij = −hij ,

∂Ediv4 = −3 (W1n̄1n̄ +W1m1m −Wn̄mn̄m) (B.24)
+ hij (−Wi1j1 +Wimjm +Win̄jn̄)

− 3A+ 27A
2 − 9A3

2 + 3A−A3 + 27A
2 + 9A3

2

−A⊥k + 9A⊥

2 k − 9A2A⊥

2 k − 3A⊥

2 k + 3A2A⊥

2 k

+A⊥k −A2A⊥k − 3A⊥k + 3A2A⊥k

+ 3
2k

2 − 3
2kijk

ij + kijk
ij −Ak2.

Expanding the induced metric and using tracelessness of the Weyl tensor,

∂Ediv4 = −
(
W1n̄1n̄ +W1m1m −Wn̄mn̄m +A3 +A⊥k − 1

2k
2 + 1

2kijk
ij
)
. (B.25)

To look at the detail asymptotic behaviour of the Weyl tensor we need the expression
of Riemann tensor in Fefferman-Graham gauge. Particularly for W1n̄1n̄,W1m1m,Wn̄mn̄m

Rtztz = − 1
z4 γ̄tt + 1

4z2

(
−2γ̄′′tt + γ̄′tµγ̄

µν γ̄′νt

)
+ 1

2z3 γ̄
′
tt (B.26)

Rf̄zf̄z = − 1
z4 γ̄f̄ f̄ + 1

4z2

(
−2γ̄′′

f̄ f̄
+ γ̄′

f̄µ
γ̄µν γ̄′

νf̄

)
+ 1

2z3 γ̄
′
f̄ f̄

(B.27)

Rtf̄ tf̄ = 1
z4

(
γ̄2
tf̄
− γ̄ttγ̄f̄ f̄

)
+ R̂tf̄ tf̄ [γ] + 1

4z2

(
γ̄′2
tf̄
− γ̄′ttγ̄′f̄ f̄

)
(B.28)

+ 1
2z3

(
γ̄′ttγ̄f̄ f̄ + γ̄ttγ̄

′
f̄ f̄
− 2γ̄tf̄ γ̄

′
tf̄

)
Rtf̄ tz = 1

2z2

(
Dtγ̄

′
tf̄
−Df̄ γ̄

′
tt

)
(B.29)
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where ′ = ∂z and D is the covariant derivative on ∂M . Note in Fefferman-Graham gauge,
the derivatives of the metric scale as γ̄′µν ∼ O(z) and γ̄′′µν ∼ O(1). In our gauge

W1212 = z4A⊥
2
Rtztz + z4A2

ᾱ2 Rtf̄ tf̄ + 2AA⊥

ᾱ
Rtf̄ tz (B.30)

W1212 = z2
(
z2

ᾱ2
0
R̂tf̄ tf̄ −

2ᾱ2
ᾱ0

)
+O(z4)

and

W1n̄1n̄ = z4

ᾱ2Rtf̄ tf̄ − 1 (B.31)

W1n̄1n̄ = z2
(
z2

ᾱ2
0
R̂tf̄ tf̄ −

2ᾱ2
ᾱ0

)
+O(z4)

W1n̄1n̄ ∼W1212

where the equivalence is up to order O(z4). Similarly,

Wn̄mn̄m = z4

ᾱ2Rf̄zf̄z + 1 (B.32)

Wn̄mn̄m = 1 + z4

ᾱ2
0

(
− ᾱ

2
0
z4 −

2ᾱ0ᾱ2
2z2 + 2ᾱ0ᾱ2

z3

)
+O(z4)

Wn̄mn̄m ∼ 0

and

W1m1m = z4Rtztz − 1 (B.33)
W1m1m ∼ 0.

Although for our gauge γ̄′tt = 0, in non-static boundary one can replace the normaliza-
tion constant of the spacelike unit normal, ᾱ, to the normalization constant of timelike
orthonormal basis, ατ , and W1m1m should also vanish up to O(z4).

The minimal condition for Σ is equivalent to having a vanishing trace for the extrinsic
curvature K(2) = 0; the vanishing of Lie derivative of the volume form of Σ with respect
to the normal n2, (B.17) implies

A⊥ = −Ak − L
k⊥

(B.34)

A⊥(0) =
k̄(0)
3 .

C Chern Gauss Bonnet Formula

The construction of the Chern Gauss Bonnet Formula follows from [33, 38, 39]. The
connection 1-form ωab is defined by

ωab = Γabcec, dea = −ωab ∧ eb, deb = ωabea (C.1)
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and the curvature 2-form Ωab is defined by

Ωa
b = 1

2R
a
bcde

c ∧ ed, Ωa
b = dωab + ωac ∧ ωcb. (C.2)

Consider a vector field X of a d dimensional manifold M with zeros of the vector field
I ⊂M . For a d−1 sphere bundle π : SM →M , one can identify a map, by the normalized
vector field, from theM \I to SM such that X̂ ∈ Γ (M \ I, SM). The d form Ωp ∈ ∧dT ∗pM ,

Ωp = 1
2dπ

d
2
(
d
2

)
!
εa1···adΩ

a1a2 ∧ · · · ∧ Ωad−1ad , (C.3)

is exact when pullback to SM

π∗Ω = −dΠ. (C.4)

The exact form on SM is

Π = 1
π
d
2

d
2−1∑
k=0

1
1 · 3 · · · (d− 2k − 1)k!2

d
2 +k

Φk (C.5)

The Φk are d− 1 forms on SM

Φk = εa1···adu
a1θa2 ∧ · · · ∧ θad−2k ∧ π∗Ωad−2k+1ad−2k+2 ∧ · · · ∧ π∗Ωad−1ad (C.6)

where u is an unit tangent vector of M pullback to SM and the 1-form θ is defined by

θa = dua + ubπ∗ωab. (C.7)

Then using Stoke’s theorem and the fact X̂∗π∗ = idM∫
M

Ω =
∫
X̂(M)

π∗Ω = −
∫
X̂(M)

dΠ (C.8)

= −
∫
X̂(M\∪x∈IBx)

dΠ−
∫
X̂(∪x∈IBx)

dΠ

= −
∫
X̂(∂M)

Π +
∫
X̂(∪x∈I∂B̄x)

Π−
∫
∪x∈IBx

Ω

lim
r→0= −

∫
X̂(∂M)

Π +
∫
X̂(∪x∈I∂B̄x)

Π

= −
∫
∂M

X̂∗Π +
∫
∪x∈I∂B̄x

X̂∗Π

= −
∫
∂M

X̂∗Π +
∑
x∈I

degx(X̂)
∫
∂B̄x

Π

= −
∫
∂M

X̂∗Π +
∑
x∈I

indexx(X̂),

rearranging the above equation and apply the Poincare-Hopf theorem we get the Chern-
Gauss-Bonnet formula ∫

M
Ω +

∫
∂M

X̂∗Π = χ(M). (C.9)
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C.1 d=4 Euclidean manifold with boundary

Our entangling surface is a 4 dimensional Euclidean manifold.

Ω = 1
32π2 εabcdΩ

ab ∧ Ωcd (C.10)

Ω = 1
128π2 εabcdR

ab
efRcdgheeefegeh

Ω = 1
128π2 εabcdε

efghRabefRcdghe1e2e3e4

Ω = 1
32π2

(
RabcdRcdab − 4RabRba +R2

)
dV (C.11)

We can choose the vector field X̂ to be the inward pointing unit normal of the boundary
n = e4 then

n∗Π = 1
π2

( 1
12n

∗Φ0 + 1
8n
∗Φ1

)
. (C.12)

The 3-form Φ0 is explicitly written in terms of extrinsic curvature of the boundary ∂M as,

n∗Φ0 = ε4ijkω
i
4 ∧ ω

j
4 ∧ ω

k
4 (C.13)

n∗Φ0 = εijkε
lpqKilKjpKkqe1e2e3

n∗Φ0 =
(
K3 − 3KTr(K2) + 2Tr(K3)

)
dS (C.14)

to get to the second line we used ωi4 on the boundary is related to the extrinsic curvature

ωi4 = −Kijej . (C.15)

Similarly the 3-form Φ1 is written in terms of the intrinsic curvature ofM and the extrinsic
curvature of ∂M ,

n∗Φ1 = ε4ijkω
i
4 ∧ Ωjk (C.16)

n∗Φ1 = 1
2εijkε

lpqKilRjkpqe1e2e3

n∗Φ1 = KR− 2KRabnanb − 2KabRab + 2RabcdKacnbnd (C.17)

Combining the (C.14) and (C.17) and using the coordinate on Σ, xi, i = 1, 2, 3, 4, we
recover (3.3) ∫

Σ
Ω = 1

32π2

∫
Σ
d4x

(
RijklRijkl − 4RijRij +R2

)
(C.18)

and (3.4)∫
∂Σ
n∗Π = 1

4π2

∫
∂Σ
d3x
√
h

(
RijklKiknjnk −RijKij −KRijninj + 1

2KR (C.19)

+ 1
3K

3 −KTr(K2) + 2
3Tr(K3)

)
.

Note that (3.4) is independent of the orientation of the normal n because the extrinsic
curvature is only defined by the outward pointing normal.
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