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Large water tanks known as towing tanks, wave basins and cavitation tunnels, are used to determine the 

performance of ships, boats and submarines at model-scale. They may also be used for noise 

measurements but suffer from the effects of reverberation, which makes it difficult to capture the free 

field conditions necessary for complete characterisation of the noise. This paper describes an adapted 

Image Source Model and its use to understand these reverberation effects. It extends the conventional 

Image Source Model by the use of spherical wave reflection coefficients at the tank boundaries, in 

addition to the inclusion of volumetric absorption. Validation of the Image Source Model is undertaken 

by comparison with published transfer function measurements made in the depressurized wave basin at 

the Maritime Research Institute Netherlands (MARIN). The relative contribution to the tank response 

from the direct field and free surface is examined. The tank response is found to vary with three 

frequency-scales (periodicities) resulting from interactions with the free surface and axial modes.  

 

1. Introduction 

Towing tanks are commonly used to measure the hydrodynamic performance of ships at model scale. 

Acoustic performance can also be measured by introducing hydrophones to measure acoustic radiation 

from the model being towed. However, the tank, which is typically more than 100 m in length, and is 

constructed from concrete, can significantly modify the acoustic field compared with the radiation that 

would occur in a free field environment in the absence of reflections.    

 

The acoustic behaviour of a towing tank lies somewhere between a long duct and a room. Their 

acoustic response is complicated by the presence of acoustic modes across the duct cross-section and 

along the length of the towing tank, the presence of head waves for waves incident at low grazing 

angles to the concrete walls, and high levels of destructive interference at the water – air upper surface 

(Lloyd’s mirror effect). 

 

This paper describes an analytic model to predict the acoustic response of towing tanks. The model is a 

combination of a classical image model with the use of a plane-wave decomposition for the images 

closes to the receiver, where spherical wave effects are most significant. This model will allow the 

influence of the tank on acoustic measurements to be predicted and hence aid the development of 

techniques for removing the effects of reverberation on acoustic measurements in towing tanks.  
 

Acoustic measurements made in water tanks suffer from the effects of reverberation. Many measurement 

facilities exist to make these measurements, which are primarily large water tanks known as towing tanks, 

wave basins or cavitation tunnels. Reverberation modifies the pressure level measured by a simple 

hydrophone and results in a highly biased estimate of the acoustic source strength. To correct for the 

effect of reverberation in the measurement facility, and obtain an equivalent free field result, a detailed 



understanding of the underwater acoustic properties of the facility used for experimentation is needed. 

Previous literature has corrected for reverberation by taking measurements within the reverberation 

radius of the source, where the direct field is dominant over the reverberant field. This inevitably requires 

the measurements to be made in the source near field, which introduces its own sources of error. The 

effect of the pressure release free surface is also corrected for by removing the interference pattern of a 

simple point source under a free surface, from the measured pressure levels [1][2]. 

 

This paper presents a numerical method for predicting the acoustic response of water tanks, with special 

emphasis on long towing tanks. The basis of the model is a modification of the classical Image Source 

Model, performed in the frequency domain.  This paper demonstrates that the contribution to the sound 

field from image sources well away from the measurement point is adequately represented by the plane 

wave reflection at the appropriate angle. However, image sources relatively close to the receiver, whose 

contribution to the sound field is greatest, require a plane wave decomposition of the spherical wave field 

over all angles to include the effects of wavefront curvature and its interaction with the plane boundaries.  

 

This paper begins with a general discussion of the acoustical physics of a water tank. Section 2 is an 

outline of the Image Source Model, which is able to capture the essential behaviour of the sound field in 

the water tank. Section 3 is a validation of the Image Source Model, through comparison between the 

analytical solutions and published measurements from [2]. Section 4 compares the simulated transfer 

functions between reference and receiver hydrophones for 4 different sized towing tanks. Section 5 

provides a brief overview of the use of the Image Source Model to obtain free field conditions from 

measurements inside a reverberant underwater environment. Sections 6 and 7 provide an outline of future 

work and conclusions. 

1.1. The Acoustic Environment of a Water Tank 

A water tank consists of a volume of fluid enclosed by five solid walls and a free upper surface 

representing the water – air interface. When an acoustic disturbance radiates acoustic energy 

continuously into the tank, an energy balance occurs. All of the acoustical energy radiated by the source 

is either transmitted into the tank walls or is transferred into heat energy through volumetric absorption 

of the water. 

 

The impedance difference between the fluid and the solid walls leads to a partially reflected acoustic 

wave, with some of the wave’s energy transmitted into the wall. The specular acoustic reflection 

coefficient of a fluid-solid interface has been outlined  by Brekhovskikh [3], in which the effects of 

longitudinal and shear (transverse) waves in the solid are taken into account. At the free surface a pressure 

release boundary condition applies and the reflected wave undergoes total internal reflection with a phase 

change of 180 degrees. The interference pattern due to the interaction between the direct field of a source 

and the reflection from the free surface is known as the Lloyd’s mirror effect and leads to strong 

interference effects.  

1.2. Numerical Methods 

A number of numerical methods are available for predicting the acoustic pressure field of a room due to 

an acoustic source. The Image Source Method is a conceptually simple method, which can be adapted to 

include irregular geometry, energy loss to the walls and in the fluid through volumetric absorption. Allen 



and Berkley [4] showed that the Green's function for a rectangular room with rigid walls is equivalent to 

a time or frequency domain solution based on the image method.  

 

The Image Source Model assumes specular reflection at the walls and therefore cannot capture diffuse 

reflections. For a rectangular room, the Image Source Model is a simple analysis tool. However, for room 

shapes that are not perfectly rectangular, some of the images can have an invalid ray-path, i.e. the ray 

would not physically reach the measurement location. Ray-tracing techniques can be used to find invalid 

paths and remove them. Towing tanks have very regular geometry and can be closely approximated as a 

perfectly rectangular room, hence in this paper, there are no invalid image paths to be removed.  

 

Reflection coefficients can be used in the Image Source Model to simulate rooms with non-acoustically 

rigid walls. Volumetric absorption can be included in the Image Source Model, through the addition of 

a frequency dependent absorption coefficient in the exponential term of the monopole equation. The 

Image Source Model described in this paper, will include angle and frequency dependent reflection 

coefficients, as well as including further energy loss through volumetric absorption.  

 

Normal-mode theory is another numerical method which may be useful for simulating a water tank’s 

acoustical behaviour. This method assumes rigid walls and a frequency-dependent damping term. 

However, as will be shown in Section 2.1, the concrete walls of a towing tank do not provide a hard wall 

boundary condition. Normal-mode theory can give an approximation for the modal frequencies of the 

tank, 𝑓𝑙,𝑚,𝑛, assuming hard walls and a free surface, given by 
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where 𝐿𝑥, 𝐿𝑦, 𝐿𝑧 are the tanks dimensions and 𝑙, 𝑚, 𝑛 are real integers between 0 and ∞ and 𝑐 is the speed 

of sound in 𝑚𝑠−1.  This paper will show that although a towing tank does not have a hard wall boundary 

condition, there exist modes at frequencies close to those given by the normal-mode theory 

approximation.  

 

2. Adapted Image Source Model 

The adapted Image Source Model, is able to predict the acoustic frequency response due to a point 

monopole source, for an arbitrary source and receiver location inside a towing tank. Dipole and multi-

pole fields can be modelled by the principle of linear superposition of monopoles. Propeller noise, can 

typically be represented by monopole and dipole sources for cavitation noise and the noise due to 

fluctuating forces over the propeller blade, respectively. The model in this paper is therefore able to 

calculate a towing tank’s response to propeller cavitation noise source, under the following source 

assumptions: 

 

1. The source is stationary (not rotating or translating); 

2. The walls of the tank are smooth relative to the wavelength emitted, such that reflections are 

specular and not diffuse; 

3. There is no scattering or diffraction from other obstacles in the tank; 

4. The tank’s geometry is rectangular; 



The adapted Image Source Model is also useful for calculating the transfer the function between a 

reference and receiver hydrophone, so that the source’s response in free-field conditions can be predicted.  

 

Consider a rectangular water tank of dimensions 𝐿𝑥, 𝐿𝑦 and 𝐿𝑧, with the origin located in the bottom left 

of the tank, as seen in Figure 1. The tank has an open free surface on the plane 𝑧 = 𝐿𝑧, and hard walls on 

the planes: 𝑥 = 0, 𝐿𝑥  𝑦 = 0,  𝐿𝑦 and 𝑧 = 0. It is assumed that each wall is infinitely thick, such that 

sound does not re-enter the tank via reflections from secondary interfaces.  

 
Figure 1- A Towing Tank with dimensions 𝐿𝑥, 𝐿𝑦  ,𝐿𝑧 with source 𝑋𝑆 and receiver  𝑋𝑅 

The acoustic pressure 𝑃(𝑋𝑅, 𝜔) at the receiver location 𝑿𝑹= (𝑥𝑟 , 𝑦𝑟 , 𝑧𝑟) due to a point source at location 

𝑿𝑺 = (𝑥𝑠, 𝑦𝑠, 𝑧𝑠) is given by a summation of the pressures due to a lattice of image sources which 

represent reflections from the tank walls and the free surface. By simple geometry the images are placed 

symmetrically about each wall and free surface, forming a lattice of images out to infinity, so  
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where 𝐴𝑈[𝑎],𝐿[𝑏] is the pressure amplitude of the (a,b)th image, 𝜔 is frequency (𝑟𝑎𝑑 𝑠−1), 𝜌 is the water 

density, 𝑞 is the source volume velocity (set equal to 1 for simplicity), 𝑘 is wavenumber and 𝑗 = √−1. 

Here, 𝛼(𝜔) is the frequency-dependent volumetric absorption coefficient in nepers/m, which can be 

calculated from an empirical formula, e.g. [5]. 

 

The location of an image source within the image lattice, is controlled through vectors 𝒖 and 𝒍 , ( [4], [6], 

[7]), which are a given row (a,b) of matrices 𝑼 and 𝐿 respectively. Figure 2 shows how 𝒖 and 𝒍 control 

the position of an image source. The vector 𝑈[𝑎] in Equation 2.1 is a row of matrix 𝑼, indexed between 

0 and 7, where the entire matrix is  

 

 

𝐔  =

[
 
 
 
 
 
 
 
 
𝑢 𝑣 𝑤
0 0 0
0 0 1
0 1 0
1 0 0
1 1 0
0 1 1
1 0 1
1 1 1]

 
 
 
 
 
 
 
 

=  

[
 
 
 
 
 
 
 
 
 
 𝐔[0]

 𝐔[1]

 𝐔[2]

 𝐔[3]

 𝐔[4]

 𝐔[5]

 𝐔[6]

 𝐔[7]]
 
 
 
 
 
 
 
 
 

  2.2 

 



and 𝐿 is a much larger matrix of dimensions (∞, 3), similar to [4]: 

 

 

 𝑳 = [𝑙,𝑚, 𝑛] = [ 𝑳[𝑏] ]  2.3 

 

where 𝑙, 𝑚, 𝑛 each take a value between -∞ and ∞. 

 

 

In practice the summation over b in Equation 2.1 is truncated according to a particular maximum image 

distance, and hence maximum impulse response time, chosen to achieve convergence of the tank 

response. 

 

 

  

 
Figure 2 - Lattice of image sources in the x-y plane for the Boldrewood Towing Tank. Dimensions 138 x 

6 x 3.5 m. Position of the image sources are controlled through matrices 𝑼  and 𝑳. Groups of image 

sources are highlighted in red dotted ovals. Not to scale.  

The distance between a source (real or image) and the receiver is given by: 

 

 
𝑑𝑈[𝑎],𝐿[𝑏] =  ‖[

1 − 2𝑢 0 0
0 1 − 2𝑣 0
0 0 1 − 2𝑤

]𝑿𝒔 + [
2𝑙 0 0
0 2𝑚 0
0 0 2𝑛

]𝑳𝒓 − 𝑿𝑹‖ , 2.4 

 

where 
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The pressure amplitude 𝐴𝑈[𝑎],𝐿[𝑏] of an arbitrary image source is a function of the geometrical distance 

𝑑𝑈[𝑖],𝐿[𝑘] between it and the receiver, and the number of interactions with each boundary, and is given by 

Group 0  Group 1  Group 2  Group -1  Group -2  Group -3  



 

 

𝐴𝑈[𝑎],𝐿[𝑏] = 
𝛽𝑥1,𝑈[𝑎],𝐿[𝑏]
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|𝑛|

𝑑𝑈[𝑎],𝐿[𝑏]
 , 
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where, 𝛽𝑥1, 𝛽𝑥2, 𝛽𝑦1, 𝛽𝑦2, 𝛽𝑧1are the complex, angle-dependent plane wave reflection coefficients at the 

interfaces at 𝑥 = 0, 𝐿𝑥  𝑦 = 0,  𝐿𝑦  and 𝑧 = 0 respectively, while 𝛽𝑧2 = −1  is the reflection coefficient 

of the free surface.  

 

2.1.  Plane Wave Reflection Coefficient of a Fluid-Solid Interface 

When an acoustic wave of speed 𝑐, is reflected at the fluid-solid interface of the tank walls, energy is lost 

to the solid through wave transmission into the solid, as longitudinal and shear waves, with wave speeds 

𝑐1 and 𝑏1 respectively. The acoustic pressure reflected into the tank due to the interaction with each 

surface can be represented by a plane wave reflection coefficient that is a function of the incidence angle 

providing the images are sufficiently far from the boundary such that their wave fronts at the boundaries 

closely approximate to plane waves.  

 

Assuming plane wave interaction the complex angle-dependent reflection coefficient of an arbitrary 

image source is given by, 

 

𝛽𝑈[𝑎],𝐿[𝑏](𝜃) =  
𝑍𝑖𝑛 − 𝑍

𝑍𝑖𝑛 + 𝑍
  2.7 

 

where 𝑍𝑖𝑛 is the input impedance for the solid-half space given by 

 

𝑍𝑖𝑛 = 𝑍1cos
2(2𝛾1) + 𝑍𝑡sin

2(2𝛾1)   
2.8 

where the angle of incidence to the normal 𝜃,  and corresponding refraction angles for compressional 

and shear waves, 𝜃1 and   𝛾1  respectively, are related by the matching condition, 

 

𝑘sin(𝜃) =  𝑘1sin(𝜃1) = 𝑘2sin(𝛾1) 2.9 

 

where 𝑘, 𝑘1 and 𝑘2 are their respective wavenumbers, 

 
𝑘 =  𝜔 𝑐⁄ , 𝑘1 = 𝜔

𝑐1⁄ and 𝑘2 = 𝜔
𝑏1

⁄ . 2.10 

 

The impedance of the fluid half-space, Z, and the longitudinal 𝑍1and shear wave impedances of the solid 

half-space, 𝑍1 and 𝑍𝑡, are given by 

 

 𝑍 =  
𝜌𝑐

cos(𝜃)
 ,  

 

𝑍1 =  
𝜌1𝑐1

cos(𝜃1)
  

 

and  Zt = 
𝜌1𝑏1

cos(γ1)
 . 2.11 a-c 

 



 

Note that for sin(𝜃) > 𝑐/𝑐1, it is necessary for cos(𝜃1) to be a positive imaginary quantity, making  𝑍1 

a negative imaginary quantity [8], and hence Equation 2.7 becomes, 

 

 

𝛽[𝑎],𝐿[𝑏](𝜃) =  
𝑍𝑡sin

2(2𝛾1)−𝑍−𝑗|𝑍1|𝑍1cos2(2𝛾1)

𝑍𝑡sin2(2𝛾1)+𝑍−𝑗|𝑍1|𝑍1cos2(2𝛾1)
 . 2.12 

 

Similarly, for sin(𝜃) > 𝑐/𝑏1, Equation 2.7 becomes: 

 

 

𝛽𝑈[𝑎],𝐿[𝑏](𝜃) =  
|𝑍𝑡|cos2(2𝛾1)+ |𝑍1|sin2(2𝛾1)−𝑗𝑍

|𝑍𝑡|cos2(2𝛾1)+ |𝑍1|sin2(2𝛾1)+𝑗𝑍
 . 2.13 

 

The incidence angles of an image source wave approaching a given tank wall on the planes 𝑥 = 0, 𝐿𝑥  𝑦 =
0,  𝐿𝑦  and 𝑧 = 0  are given by 

 

 
𝜃𝑥 = arcos (

|𝑥𝑖𝑠 − 𝑥𝑟|

𝑑𝑈[𝑎],𝐿[𝑏]
) ,  

 

𝜃𝑦 = arcos (
|𝑦𝑖𝑠 − 𝑦𝑟|

𝑑𝑈[𝑎],𝐿[𝑏]
)  

 

and 𝜃𝑧 = arcos (
|𝑧𝑖𝑠−𝑧𝑟|

𝑑𝑈[𝑎],𝐿[𝑏]
). 2.14 a-c 

 

 

where 𝑥𝑖𝑠, 𝑦𝑖𝑠 , 𝑧𝑖𝑠 is the position of the image source relative to the tank’s origin given by 

 

 

𝐗U[i],L[j] = ([

xi

yi

zi

]) = [
1 − 2u 0 0

0 1 − 2v 0
0 0 1 − 2w

]𝐗𝐬 + [
2l 0 0
0 2m 0
0 0 2n

] 𝐋𝐫  . 
2.15 

 

The magnitude and phase of the reflection coefficients defined by Equation 2.8 at a fluid-solid interface 

for a typical concrete wall with density’s and wave speeds of 𝜌 = 1000 𝑘𝑔𝑚−3, 𝜌1 = 2400 𝑘𝑔𝑚−3,𝑐 =
1482 𝑚𝑠−1,𝑐1 = 3500 𝑚𝑠−1 and 𝑏1 = 1800 𝑚𝑠−1 , can be seen in Figure 3. 

 



The reflection coefficient shown in Figure 3 is characterised by two critical angles 𝑠𝑖𝑛(𝜃𝑐1) = 𝑐/𝑐1 and 

𝑠𝑖𝑛(𝜃𝑏1) = 𝑐/𝑏1 associated with the compressional and shear wave speeds in the solid respectively. 

Total internal reflection is predicted at 𝜃 = 𝜃𝑐1 and for 𝜃 > 𝜃𝑏1 at which sound is reflected back into the 

tank with unit reflection coefficient.   

 

At the first critical angle, 𝜃 = 𝜃𝑐1 , transmitted longitudinal waves propagate along the solid – fluid 

interface (lateral waves). Above the first critical angle, the transmitted longitudinal wave is evanescent. 

Once the second (shear) critical angle has been reached, 𝜃 = 𝜃𝑏1, total internal reflection occurs for a 

range of incidence angles. Although the incidence angle for reflections between two parallel walls 

remains constant, the angle of incidence from subsequent interactions with other perpendicular walls are 

likely to be less than this critical angle, leading to energy loss from the water.  

 

One of the potential limitations of the Image Source Model presented above is the use of plane wave 

reflection coefficients to predict the contribution of the various image sources. Clearly this approximation 

is accurate for the image sources many wavelengths from the receiver whose wave fronts at the tank 

boundaries closely approximate plane waves. However, this approximation may lead to significant errors 

for those images that are closest to the receiver which require allowance for the interaction of the curved 

wave fronts with the plane boundaries. Furthermore, the inclusion of spherical wave fonts also allows 

the effect of head waves to be predicted, which propagate along the fluid – solid interface and re-radiate 

into the tank at the critical angle. The next section is concerned with the exact computation of the acoustic 

field due to the first order image sources, taking into account the interaction of the spherical wave fronts 

with the tank boundaries. By comparing these predictions with those obtained using the plane wave 

reflection the effects of wave  front curvature may be assessed.   

 
Figure 3 - Magnitude (left) and phase (right) of the reflection coefficient for waves incident on a water-

concrete interface.  =1000 kgm-3  =2400 kgm-3, c =1482 ms-1, c1 = 3500 ms-1 and b1 = 1800 ms-1. 

𝜃𝑐1 ≈ 25°, 𝜃𝑏1 ≈ 55°. 

 



 

2.2. Reflection of a Spherical Wave at a Fluid-Solid Interface 

 

An incident spherical wave of the form exp(𝑗𝑘𝑅)/𝑅  can be represented by the integration over a 

continuum of plane wave components in the wavenumber domain, where the reflection of each plane 

wave can be calculated from the plane wave reflection at their respective interaction angles with the plane 

boundary, as can be seen in Figure 4. Here, we present only the final expression for the reflected acoustic 

pressure 𝑃 at, due to a spherical wave reflecting from a plane boundary which has an angle dependent 

plane wave reflection coefficient 𝛽(𝜃). The geometry for the derivation of this equation is seen in Figure 

5. 

 

 
Figure 4 - A spherical wave front of an image source, represented as an infinite number of plane 

waves in the wavenumber domain. 

 

The reflected acoustic pressure P at an observer location 𝑧𝑟  of unit amplitude at height 𝑧𝑠 above the 

boundary and horizontal distance 𝑟 from the observer above a plane boundary with plane wave reflection 

coefficient 𝛽(𝜃) is ([8], [9])  

 

 

𝑃(𝑘𝑟, 𝑘𝑧𝑟) = 𝑗𝑘 ∮ 𝐽0(𝑘𝑟𝑠𝑖𝑛(𝜃))𝑒𝑗𝑘(𝑧𝑠+𝑧𝑟 )cos(𝜃)𝛽(𝜃) sin(𝜃) 𝑑𝜃

𝜋
2−𝑗∞

0

  
2.16 

 

where 𝐽0 is the Bessel function of zero order, 𝑘 is the wave number and 𝑟 = √𝑥2 + 𝑦2. Equation 2.16 

makes explicit that the reflection pressure is only a function of non-dimensional distances 𝑘𝑟 and 𝑘𝑧𝑟(i.e., 

distance compared to the acoustic wavelength). Equation 2.16 specifies a path of integration shown in 

Figure 6, where the range of  between 0 and  /2 correspond to the continuum of propagating wave 

components while imaginary contribution between /2 and /2-j∞ represent inhomogeneous decaying 

components of the acoustic field, which constitute the source near field. 

 



Although the contour of integration in Equation 2.16 on the complex 𝜃 plane is to infinity, convergence 

to 0 is achieved at an upper limit of 𝑎 given by, 

 

𝑎𝑙𝑖𝑚 = arcsinh (
200

𝑘𝑧𝑡
) 2.17 

 

as the exponential term in Equation 2.16 decays to 0 at 𝑎𝑙𝑖𝑚. 

 

Using Cauchy’s integral theorem, the contour of integration Γ can be split into the two paths Γ𝐴 and Γ𝐵 

where for the integration over Γ𝐴, 𝜃 is purely real up to 
𝜋

2
  and over Γ𝐵 , 

𝜋

2
+ 0𝑗 ≤ 𝜃 ≤

𝜋

2
− 𝑎𝑗. Equation 

2.16 can now be rewritten as  

 

𝑃(𝑘𝑟, 𝑘𝑧𝑡) =  𝑘 [𝑗 ∫ 𝐴(𝜃)𝑑𝜃

𝜋
2

0

+ ∫ 𝐵(𝑎)𝑑𝑎
𝑎𝑙𝑖𝑚

0

]  2.18 

 

where 

 

𝐴(𝜃) = 𝐽0(𝑘𝑟𝑠𝑖𝑛(𝜃))𝑒𝑗𝑘𝑧𝑡 cos(𝜃)sin(𝜃)𝛽(𝜃)  2.19 

 

and 

 

𝐵(𝑎) = 𝐽0(𝑘𝑟𝑐𝑜𝑠ℎ(𝑎))𝑒−𝑘𝑧𝑡 sinh(a)𝛽 (
𝜋

2
− 𝑗𝑎) cosh(𝑎), 2.20 

 

 

 
Figure 5 - Geometry for the plane wave 

integration in the z-r plane, where, 𝑑𝑧 = 𝑧𝑟 +
 𝑧𝑠 = 𝑧𝑡 . 

 
Figure 6- Contour of integration in the complex 

𝜃-plane for the reflected field. 



which is now in a form more suitable for numerical integration.  Note that the integrands are highly 

oscillatory functions and therefore adaptive routines, such as Scipy’s quad function [10], must be used 

to obtain accurate solutions.  

 

At a given complex normal incidence angle along integration path Γ𝐵, the reflection coefficient of 

Equation 2.7, can become infinite as the denominator becomes 0. This is known as the Stonely pole 

[11], and causes a singularity in the integral of Equation 2.17. To push the Stonely pole away from the 

integration path, a small negative imaginary part can be added to the shear wave speed 𝑏1. 

 

2.3. Effective spherical wave reflection coefficient 

The image source formulation of Equation 2.1 for the acoustic field can be used directly to include the 

effects of spherical wave interaction with the boundaries for first order images, by the use of an effective 

spherical wave reflection coefficient 𝛽𝑆(𝑘𝑟, 𝑘𝑧𝑡) defined by 

 

 

𝑃(𝑘𝑟, 𝑘𝑧𝑡) = 𝛽𝑆(𝜃0, 𝑘𝑧𝑡)
𝑒−𝑗𝑘𝑅1

𝑅1
 , 2.21 

 

where 𝑃(𝑘𝑟, 𝑘𝑧𝑡)  is computed from Equation 2.18, and 𝑅1 = √𝑟2 + 𝑧𝑡
2 . The spherical wave reflection 

coefficient is now a function of normal incidence angle 𝜃0 = arctan 𝑟/𝑧𝑡 and frequency. First order 

images are those which reflect once off a single wall, defined through 𝑈[𝑖], 𝐿[𝑘]  by Table 1. The 

geometry of Figure 5, is simply re-orientated appropriately for the x and y plane walls. The inclusion of 

spherical wave reflection coefficients for first order images is now a first order correction to the Image 

Source Model. The first order image above the free surface remains as a plane wave image, as the 

pressure release boundary condition is independent of angle. 

 

Table 1- First order images of each tank wall defined by vectors (l,m,n) and (u,v,w) 

 

By way of example, 𝛽𝑆,𝑧(𝜃0, 𝑘𝑧𝑡) is calculated for four different values of kzt (where zt=zs+zr) for the 

bottom parameters used to compute Figure 3. The magnitude and phase of 𝛽𝑆 are plotted in Figure 7 

versus incidence angle and compared against the plane wave reflection coefficient, plotted as a solid line. 

Naturally, spherical wave effects deviate most from plane wave behaviour for small values of kzt. 

Oscillations in the spherical wave reflection coefficients can be observed that are not apparent in the 

plane wave reflection coefficient and are caused by interference between the totally reflected field and 

the two lateral (head) wave fields [9] which travel along the fluid-solid interface and then re-radiate back 

to the fluid. This is visually shown in Figure 8, as the grey zone where the re-radiated lateral wave field 

Wall l m n u v w 
x1 0 0 0 1 0 0 

x2 1 0 0 1 0 0 

y1 0 0 0 0 1 0 

y2 0 1 0 0 1 0 

z1 0 0 0 0 0 1 

z2 (free surface) 0 0 1 0 0 1 



is shown propagating away from the interface at the critical angle (𝜃𝑐𝑟,𝑐1 or 𝜃𝑐𝑟,𝑏1). Note that for high 

grazing angles, when the receiver is not located inside the lateral wave field zone (receiver 1), only a 

partially reflected wave exists. At receiver position 2, however there are interference contributions to the 

acoustic field by both total internally reflected waves and lateral waves. 

 

Figure 7 Magnitude (left) and phase (right) of the reflection coefficient for plane and spherical waves 

incident on a plane interface. The interface has properties =1000 kgm-3  =2400 kgm-3, c =1482 ms-

1 c1 = 3500 ms-1 , and b1 = 1800-1j ms-1 (imaginary part to shear wave added to remove the Stonely 

pole from contour of integration). 𝜆 is the wavelength emitted by the source in m, 𝑧𝑡 is the vertical 

distance between image source and receiver as defined in Figure 5.  



 
Figure 8 - Reflected field from a fluid-solid interface, indicating the existence of totally internally 

reflected waves and head waves. Adapted from [9]. 

The difference between the Sound Pressure Level, due to a reflected spherical wave (𝑆𝑃𝐿𝑆) and reflected 

plane wave (𝑆𝑃𝐿𝑃) at a receiver, is given by the ratio between the spherical (𝛽𝑆) and plane wave (𝛽𝑆) 

reflection coefficients: 

 

 𝑆𝑃𝐿𝑆 − 𝑆𝑃𝐿𝑃 = 20 log 
𝛽𝑆(𝜃0,𝑘𝑧𝑡)

𝛽(𝜃0)
 dB . 2.22 

 

The ratio of the spherical to plane wave reflection coefficients (Equation 2.22) for increasing 𝑘𝑧𝑡 and 𝜃0, 

for the wall parameters used in Figure 7, can be seen in Figure 9. For small 𝜃0 (low 𝑟), the spherical wave 

reflection coefficient converges to the plane wave result with increasing 𝑘𝑧𝑡, as at this 𝑟 there exists only 

a partially reflected wave, with the effects of wave curvature decreasing with large 𝑘𝑧𝑡. Convergence is 

also seen at high incidence angles, beyond the shear wave critical angle, for high 𝑘𝑧𝑡, as the surface wave 

propagating along the interface is strongly attenuated, relative to the total internally reflected waves. 

Convergence, however is not achieved for ranges 𝑟, at which 𝜃0 is close to the critical angles 𝜃𝑐𝑟,𝑐1 and 

𝜃𝑐𝑟,𝑏1, due to the development of a caustic, where total internally reflected and lateral waves coalesce 

into one [9].  

 

It is therefore recommended that the first order images in the Image Source Model use the spherical wave 

reflection coefficient for frequencies where 𝑧𝑡 < 240𝜆 (𝑘𝑧𝑡<1500), and additionally when the receiver 

is located at ranges close to the lateral wave field (𝑟 =  𝑧𝑡tan𝜃𝑐1,𝑏1). 

 



Figure 9 Ratio of spherical to plane wave reflection coefficients with increasing 𝑘𝑧𝑡  for various 

normal incidence angles 𝜃0. Note that an increase in 𝜃0 is an increase in horizontal range r, as defined 

in Figure 5. 𝜃𝑐1 ≈ 25°, 𝜃𝑏1 ≈ 55°. 
 

 

2.4. Spherical wave effects on the tank acoustic field  

To illustrate clearly the spherical wave effects on the acoustic response of a towing tank, the acoustic 

field was computed using the image model formulation of Equation 2.1, for the 1st order images described 

in Table 1, using the plane wave approximation and with the spherical wave correction. The correction 

was applied for each of the first order images at each interface for frequencies where 𝑘𝑧𝑡 < 1500, where 

𝑧𝑡 is the perpendicular distance, relative to the interface orientation, between image source and receiver. 

 

The tank, assumed at be similar to that of the tank at Boldrewood at the University of Southampton, has 

dimensions of Lx, Ly and Lz =138 m, 6 m and 3.5 m and concrete walls with  = 3500 kg/m- , c1= 3500 m/s 

and b1=1800 m/s. The source was located at 𝐗𝐬 = (69, 2.76, 3.14) with receiver at 𝐗𝐫 = (69 + 𝑟,
2.76,3.14). 
 

The difference in predicted Sound Pressure Level between the spherical wave correction (𝑆𝑃𝐿𝑆) and the 

plane wave approximation (𝑆𝑃𝐿𝑃) is shown in Figure 10, for ranges 𝑟 = 0.5, 2.0, 4.0 𝑎𝑛𝑑 6.0 𝑚. Large 

differences (> ±5𝑑𝐵) at modal and antimodel frequencies are observed at high frequencies, whereas at 

low frequencies, there is a large frequency range with a positive 𝑆𝑃𝐿 difference greater than 5𝑑𝐵. The 

differences vary significantly with increasing range as the receiver transverses into the lateral wave field 

for the y and z plane walls.  For the x plane walls, there are a relatively low number of frequencies which 

need the spherical wave correction as "𝑘𝑧𝑡" (𝑘𝑥𝑡 relative to tank origin) is large and r is small, which 

means the wave front has very little curvature and is well approximated by a plane wave.  



 
Figure 10 Difference between total sound pressure levels 𝑆𝑃𝐿𝑆 and 𝑆𝑃𝐿𝑃  in the Boldrewood towing 

tank, due to the 1st order images, predicted with spherical and plane wave reflection coefficients.  

 

3. Comparison with experiment 

Here we validate predictions obtained from the adapted Image Source Model by comparison with 

published measurements of the transfer function between acoustic pressure measurements at two 

positions in the Depressurized Wave Basin [2] at the Maritime Research Institute Netherlands (MARIN). 

The results are also compared to the analytical solutions in free field and beneath a free surface to 

establish the relative importance of the free field radiation and the Lloyd’s mirror effect. The simulation 

was undertaken with a frequency interval ∆𝑓 = 1 Hz up to 65 kHz. The measurements from [2] were 

undertaken with 𝑓𝑠 = 130 kHz , using a repeating log-chirp excitation signal between 

710 Hz 𝑡𝑜 22.72 kHz.  

 

The tank is approximated to have perfectly rectangular geometry with concrete walls. However, the 

Depressurized Wave Basin has chamfered corners between the bottom and side walls, as well as 200 

aluminium wave paddles, running along 120m of a side wall.  

 

The simulated transfer function, between the pressure at a reference (𝑃𝑟𝑒𝑓(𝜔)) and receiver (𝑃𝑟𝑒𝑐(𝜔)) 

hydrophone, was calculated from Equation 3.1, using the Image Source model describe in section 2, with 

1st order spherical wave corrections. The measured transfer function was calculated using the auto 

correlation 𝑆𝑃𝑟𝑒𝑐𝑃𝑟𝑒𝑐
(𝜔)  and cross correlation 𝑆𝑃𝑟𝑒𝑐𝑃𝑟𝑒𝑓

(𝜔)  of the measured time domain signal. 

𝑆𝑃𝑟𝑒𝑐𝑃𝑟𝑒𝑐
(𝜔) and 𝑆𝑃𝑟𝑒𝑐𝑃𝑟𝑒𝑓

(𝜔) are calculated using the Welch’s method [12] with a window length equal 

to the duration of 1 log chirp. See configuration D of [2] for the details of the experimental setup. A 

summary of the setup can be seen in Table 2. 



 

Table 2 Locations of Source, reference and receiver hydrophones for measurements in the Depressurized 

Wave Basin from [2] 

Source Location Reference Hydrophone Receiver Hydrophone 

 𝒙𝒔 𝒚𝒔 m 𝑳𝒛 − 𝒛𝒔 

m 

 𝒙𝒓 m 𝒚𝒓 m 𝑳𝒛 − 𝒛𝒓 

m 

 𝒙𝒓 m 𝒚𝒓 m 𝑳𝒛 − 𝒛𝒓  
𝒎 

120 6.512 0.36 118.8 6.512 0.36 118 6.512 1.5 

 

Further validation was undertaken in the time domain through calculating the Impulse Response 

(Equation 3.2) from the Transfer Function:   

 
𝐻(𝜔) =

𝑃𝑟𝑒𝑐(𝜔)

𝑃𝑟𝑒𝑓(𝜔)
 =

𝑆𝑃𝑟𝑒𝑐𝑃𝑟𝑒𝑐
(𝜔)

𝑆𝑃𝑟𝑒𝑐𝑃𝑟𝑒𝑓
(𝜔)

 3.1 

 

and h(t) = ifft[H(ω)] . 3.2 

 

3.1. Transfer Function and Impulse Response 

It is well known that the dominant response to a shallow-water acoustic source is governed by the Lloyd’s 

Mirror effect, which is clearly observed in Figure 11 for both simulated (bottom) and measured (top) 

transfer functions. However, these high frequency-resolution transfer functions reveal high levels of 

fluctuation arising from interference due to axial resonances.  The frequency variability in Figure 11 can 

be seen to fluctuate on three different scales; large scale due to Lloyd’s mirror interference (∆𝑓1), medium 

scale (∆𝑓2) due to transverse (y, z-directions) modes and small scale ∆𝑓3 due to longitudinal (x-direction) 

modes. These three scales have been labelled 1, 2 and 3 consecutively on Figure 11, and can be 

approximated by: 

 
∆𝑓1~ 

𝑐

𝑟2 − 𝑟1
 3.3 

where 𝑟2 and 𝑟1 are the distances between the first order image above the free surface to receiver and 

direct field distance, respectively. The medium scale interval is given by 

 
∆𝑓2~ 

𝑐

𝐿𝑦
 ~ 

𝑐

2𝐿𝑧
 3.4 

where 𝐿𝑦 and 𝐿𝑧 are the width and depth of the tank respectively.  And the fine scale by 

 
∆𝑓3~ 

𝑐

𝐿𝑥
 , 3.5 

where 𝐿𝑥 is the length of the tank and c is the speed of sound. 



Additionally, from Figure 11, it can be seen that the measured transfer function is not perfectly aligned 

with the dominating Lloyd’s Mirror transfer function. This is possibly due to uncertainty in the 

measurement of the hydrophone and source locations in the tank from [2]. This is further evident in the 

Impulse Response shown Figure 12, where a consistent time-shift between measured and simulated 

arrival times is observed.  

Figure 11 A comparison between measured (top) and simulated (bottom) transfer functions between 

reference and receiver hydrophones. The locations are given in Table 2. Overlaid are the analytical 

free field and Lloyd’s mirror transfer functions in white. 

1 

2 3 

1 

2 3 



Figure 12 Normalised impulse response calculated from the ifft of the transfer functions in Figure 11. 

Solid line is from measurements and dotted line from Simulated Image Source Model (ISM). 

 

4. Comparison of Towing Tanks 

Now that the Image Source Model has been validated, it is used to calculate the reverberation time and 

reverberation distance of three different sized tanks.  The dimensions of the three towing tanks are shown 

in Table 3, together with the three scales of expected frequency periodicity predicted by Equations 3.3 

to 3.5. 

 

To isolate the effect of tank size, the positions of the source, reference and receiver hydrophones were 

selected for each tank, to be a scaled position relative to the measurements in the Depressurized Wave 

Basin, however the depth under the free surface was kept at 0.36 m.  

 

Table 3 Tank Dimensions and fundamental mode frequencies assuming rigid walls 

Tank Name Dimensions 

 𝑳𝒙, 𝑳𝒚,   𝑳𝒛 

[m] 

Small Scale 

∆𝑓3 

[Hz]  

Medium Scale 

∆𝑓2  

[Hz].  

Large Scale 

∆𝑓1 

[Hz] 

Depressurized 

Wave Basin 
240, 15.7, 7.85 3.0 45.6, 45.8 3350 

Boldrewood 

Towing Tank 
138, 6.0, 3.5 5.2 120, 103 2019 

Solent Towing 

Tank 
60, 3.7, 1.8 12 195, 200 3690 

 

Table 4 Source, Reference and Receiver Hydrophone locations 

Tank Name Source Location x,y,z [m] Reference Location x,y,z 

[m] 

Receiver Location x,y,z 

[m] 

Depressurized 

Wave Basin 
120 7.21 7.49 119.8 7.21 7.49 118 7.21 6.35 



Boldrewood 

Towing Tank 
69 2.76 3.14 68.9 2.76 3.14 68.89 2.76 2.64 

Solent Towing 

Tank 
30 1.7 1.4 29.95 1.70 1.40 29.50 1.70 1.46 

 

4.1. Predicted Tank Transfer Functions with First Order Corrections 

The simulated transfer functions between reference and receiver hydrophones, of the three towing tanks 

described in Table 4,  can be seen in Figure 13. For all of the Tanks, the three scales of periodicity are 

observable, which again can be approximated using Equations 3.3 to 3.5. The medium and small period 

oscillations in the frequency response function fluctuate around the slow frequency variation due to 

Lloyd’s mirror interference at high frequencies. At low frequencies, there is a bias above the dominant 

Lloyd’s mirror interference level, due to wave curvature effects at small 𝑘𝑧𝑡.  

 

Modal peaks below the cut-on frequency approximated by using Equation 1.1 are visible for all tanks in 

Figure 13. This suggest that the lossy boundary conditions of the water-solid interface allow modes to 

propagate below the cut-on frequency predicted using a hard wall boundary condition. As the range 𝑟, is 

small for each wall of each tank, the pressure at the reference and receiver hydrophone, will not be 

influenced by the lateral wave field.  



Figure 13 Transfer functions between reference and receiver hydrophones for three towing tanks. 

Hydrophone locations are as given in Table 4. Overlaid are the analytical free field and Lloyd’s mirror 

transfer functions in white.  

 

5. Conclusions 

This paper describes an image model for the prediction of the acoustic field in a long towing tank. 

Interactions with the solid walls of the tank are included by the use of plane wave reflection coefficients, 

taking into account the excitation of compressional and shear waves in the tank walls. It is shown that an 

1 

1 

1 

2 

2 

2 3 

3 

3 



incident plane and spherical wave can excite compressional and shear surface waves, which propagate 

along the fluid-solid interface of a towing tank’s concrete walls. These surface waves then excite lateral 

waves in the fluid, which radiate into the fluid at the critical angles of the interface. 

 

The plane wave description is shown to be inaccurate for the 1st order images, where wave curvature 

means that the incident wave cannot be approximated as a plane wave, and interference from the excited 

lateral wave field must be considered. Significant differences (> 10dB) between the two formulations are 

found when image sources are within 240 wavelengths of the receiver, with greatest difference when the 

receiver is placed inside the lateral wave field of each interface. A derived frequency dependent effective-

spherical-wave reflection coefficient is therefore used in the adapted Image Source Model, for the first 

order images which represent a single reflection from each of the 5 reflecting boundaries. 

 

Predictions from the image model are compared against published acoustic measurements and excellent 

qualitative agreement is obtained. Acoustic predictions are also presented for two smaller towing tanks 

in Southampton. 

 

The frequency variation of the transfer function between a reference and receiver hydrophone, is shown 

to exhibit three periodicities. The slowest is due to the Lloyd’s mirror effect arising from interference 

between the direct acoustic field and reflections from the free surface. The next fastest variability arises 

from the cut on of transverse modes between the sides of the tank and between the tank floor and free 

surface. The fastest oscillations in the frequency spectrum is due to interference between axial standing 

waves that occur between the two end walls of the tank.  

 

This understanding and characterisation of the acoustic field of a towing tank should lead to methods for 

removing the tank response to recover the free field behaviour of the source, such as its sound power 

radiation and free field directivity. The developed image source model can be used to find the best 

position of a hydrophone, such that the pressure measurements are not influenced by the lateral wave 

field, with further reverberation removed by averaging out the three scales of frequency variability. This 

computational method allows high resolution pressure distributions in the towing tank to be calculated, 

leading to a method of calculating acoustic particle velocity using finite differences in pressure. With 

particle velocity calculated, acoustic intensity of the source can be predicted, and used to show the 

directivity of the acoustic energy loss, over an enclosing volume around the source. This knowledge can 

lead to a free field prediction of acoustic power. 
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