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Abstract

Collaborative tracking control involves two or more subsystems working together to perform a global objective, and is increasingly
used within a diverse range of applications. Decentralised iterative learning control schemes have demonstrated highly accurate
collaborative tracking by using past experience gained over repeated attempts at the task. However they impose highly restrictive
constraints on the system dynamics, and their reliance on inverse dynamics has degraded their robustness to model uncertainty.

This paper proposes the first general decentralised iterative learning framework to address this problem, thereby enabling a wide
range of existing iterative learning control methodologies to be applied in a decentralised manner to collaborative subsystems. This
framework is illustrated through the derivation of a variety of new decentralised iterative learning control algorithms which balance
collaborative tracking performance with optimisation of a general objective function. The framework is illustrated by application to
wearable stroke rehabilitation technology in which each subsystem is a muscle artificially activated by electrical stimulation. These
verify the framework’s simplified design and reduced hardware and communication overheads.
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1. Introduction

A multi-agent system (MAS) consists of two or more au-
tonomous agents interacting in a networked environment us-
ing distributed sensors, wireless communication protocols and
a control architecture in order to achieve a global goal. A va-5

riety of control strategies exist that govern the cooperative be-
haviour of groups of agents, with the most common being con-
sensus and formation control. These primarily focus on the
agent state/output tracking a specified reference trajectory in a
finite time, subject to a wide variety of communication topolo-10

gies which govern allowable data exchange between agents.
Collaborative control is an alternative strategy in which the

global objective is for the output/state of each agent (typically
termed a ‘subsystem’) to combine together to track a specified
reference trajectory in a finite time. This methodology is re-15

quired for applications such as (i) active orthoses to assist el-
derly or impaired people to perform day-to-day tasks such as
eating or walking, e.g. [1], (ii) human-robot teams for search
and rescue operations, construction, and space exploration, e.g.,
[2], (iii) dual-stage positioners which combine multiple actua-20

tors which each operate over a different frequency band, e.g.
[3], and (iv) groups of robotic manipulators grasping a com-
mon object on a production line, e.g. [4]. Collaborative control
typically assumes each subsystem has access to the overall col-
laborative output signal, rather than individual outputs, which25

thereby minimises communication and sensor overheads.
As the task is typically repeated, there is a strong motiva-
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tion to employ learning to maximise collaborative tracking pre-
cision. This has led to the recent development of iterative learn-
ing control (ILC) algorithms for collaborative tracking, inspired30

by their successful application to both formation and consen-
sus tracking (see [5] for an overview). ILC is a method that
uses experimental input and output data from previous attempts
at the task to update the control input on the current attempt,
with the objective of successively improving the tracking per-35

formance [6, 7, 8]. In [9] an ‘inverse-based’ ILC algorithm was
applied to solve the collaborative tracking problem, in which
the input update for each subsystem was computed by inverting
the model of that subsystem. This achieved rapid convergence,
but is highly sensitive to modelling uncertainty [10, 11, 12], i.e.40

robustness margins tend to zero at high frequencies. Similarly,
[13] developed a ILC update for human-robot collaborative out-
put tracking with two subsystems. It proposed a frequency-
domain ILC inverse update for each subsystem and applied it to
human-robot tracking task. In [14] a further inverse-based ILC45

update was considered, establishing asymptotic convergence to
zero error.

The above ILC updates are decentralised in the sense that
the lLC update for the ith subsystem uses only the dynamic
model of that subsystem, thereby simplifying design. While50

these approaches can all provide convergence to zero error, they
have limitations: (i) their choice of objective constrains the sys-
tem to have zero relative degree, (ii) they consider only single-
input, single-output linear subsystem dynamics, (iii) they as-
sume the task is achievable, (iv) the solutions are not optimal55

(i.e. no criteria is used to select inputs from the infinite number
that solve the collaboration problem), (v) they all use inverse-
based ILC updates, so are not robust to modelling uncertainty.

Existing ILC methods are not able to solve these limitations,
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e.g. neither existing formation/consensus ILC updates, nor ILC60

approaches that decouple general multiple-input, multiple-output
(MIMO) systems (see e.g. [15] and references therein) are com-
patible with the collaborative structure which (1) amalgamates
all subsystem dynamics to generate the output, and (2) requires
a decentralised structure in which the update for each subsys-65

tem only uses local model information. Moreover, the vast
majority of ILC algorithms consider only zero error tracking,
rather than error minimisation. Exceptions, such as the multi-
sensor system approach of [16] do minimise a cost function, but
fail to satisfy the above structural requirements and, like almost70

all formation/concensus ILC methods, provide only asymptotic
convergence. They also consider purely SISO subsystem dy-
namics. The aim of this paper is to address these limitations,
and in particular derive a decentralised ILC framework that:

• establishes a broad class of ILC algorithms that optimise75

control performance and energy costs simultaneously,
• allows subsystems to be added or removed arbitrarily,
• can be used for general classes of MIMO subsystems

without restrictive constraints, e.g. non-fully functional,
rank deficient, input-output delay or non-communicable80

dynamics, and
• demonstrates robustness which can be transparently traded

for convergence by the designer.

Initial results were given in [17] which proposed a single ILC
update and did not contain experimental results.85

The control structure is demonstrated through experimen-
tal application to rehabilitation engineering. Here each subsys-
tem corresponds to an electrically stimulated muscle with the
global goal of assisting movement. By employing the decen-
tralised ILC framework, three different types of ILC algorithm90

are successfully applied to overcome long-standing problems
in the field of rehabilitation [18]. Results confirm accurate as-
sistance of human movement and illustrate the utility of decen-
tralised control to substantially reduce hardware and communi-
cation overheads, as well as simplifying design.95

This paper is organised as follows: Section 2 defines the
MAS collaborative problem and Section 3 sets out the general
framework for decentralised collaborative ILC. Specific exam-
ple designs are proposed in Section 4, and Section 5 provides
robustness properties. In Section 6 experimental results are pre-100

sented, with conclusions and future work in Section 7.
Denote the set of real numbers as R, and the set of inte-

gers as N. The symbol k denotes the trial number and k ∈ N≥0.
For any vector x ∈ Rn, ||x|| =

√
x>x. For any matrix A ∈ Rn×n,

||A|| is the induced norm of the vector norm, λi(A) denotes the ith105

eigenvalue of A, λ(A) is the minimal eigenvalue of A, λ(A) is the
maximum eigenvalue of A, and ρ(A) = maxi |λi(A)| is the spec-
tral radius of A, and σ(A), σ(A) are respectively the minimal
and maximum singular value of A. The notation A† denotes the
Moore-Penrose inverse of any matrix A, with A† = (A>A)−1A>110

in the special case when A has linearly independent columns,
and A† = A>(AA>)−1 when A has linearly independent rows.
Also PA denotes the orthogonal projection onto the range of A,
and P⊥A = I−PA is the orthogonal projection onto the null space

of A. Where necessary for clarification, the n × n identity and115

zero matrices are denoted by In and 0n, respectively. The null-
space and column space of any matrix A are denoted N (A) and
C (A) respectively.

2. PROBLEM FORMULATION

This section first defines the standard collaborative track-120

ing control problem, and the corresponding ILC objective em-
ployed in [9, 14, 13]. We then show this generally leads to
a centralised ILC algorithm, and also places unnecessary con-
straints on the system dynamics.

2.1. Standard ILC Statement125

Consider a MAS system, consisting of n MIMO linear time
invariant (LTI) subsystems, collaborating to perform a repeated
tracking task of duration N samples. Subsystem i has pi inputs
and q outputs, and on the kth trial is modelled by the system

xi,k(t + 1) = Aixi,k(t) + Biui,k(t), xi,k(0) = xi,0 (1)
yi,k(t) = Cixi,k(t) + Diui,k(t), i = 1, 2, · · · , n.

The time step is t = 0, 1, · · · ,N − 1, xi,k(t) ∈ Rni is the state
variable, yi,k(t) ∈ Rq the output variable, ui,k(t) ∈ Rpi the control
input variable, Ai ∈ Rni×ni , Bi ∈ Rni×pi and Ci ∈ Rq×ni and
Di ∈ Rq×pi .

At the end of every trial, subsystem i is reset to initial con-
dition xi,0 which is fixed for all trials. The system output over
the kth trial is the combined sum of all subsystem contributions,
i.e.

yk(t) =

n∑
i=1

Qiyi,k(t), (2)

where Qi ∈ (0, 1] is a scalar weight and yk(t) is assumed to be
measured directly and accessible to all subsystems. The stan-
dard collaborative tracking aim (see [9, 13, 14]) is for yk(t) to
follow a reference yd(t) ∈ Rq with minimal tracking error ek(t),
i.e.

lim
k→∞

ek(t) = yd(t) − lim
k→∞

yk(t) = 0. (3)

While this is the standard task description in ILC, it places con-
straints on the system properties. To demonstrate this, let each
trial be represented as a single sample of a high dimensional
‘lifted’ system. Accordingly, the signals in (1)-(3) become the
super-vectors (for i = 1, . . . , n)

ui,k = [ui,k(0)> ui,k(1)> · · · ui,k(N − 1)>]> ∈ RpiN ,

yi,k = [yi,k(0)> yi,k(1)> · · · yi,k(N − 1)>]> ∈ RqN ,

yk = [yk(0)> yk(1)> · · · yk(N − 1)>]> ∈ RqN ,

yd = [yd(0)> yd(1)> · · · yd(N − 1)>]> ∈ RqN .

Each subsystem (1) can then be written in the equivalent form

yi,k = Giui,k + di, i = 1, 2, · · · , n, (4)
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where Gi ∈ RqN×piN is the Toeplitz matrix

Gi =


gi(0) 0 · · · 0 0
gi(1) gi(0)

. . . 0 0
...

...
. . . gi(0) 0

gi(N − 1) . . . . . . gi(1) gi(0)


in which the impulse response function

gi( j) =

Di , j = 0

CiA
j−1
i Bi , j > 0

,

and di is the response to initial conditions, i.e.

di = [Cixi,0 CiAixi,0 · · · CiAN−1
i xi,0]> ∈ RqN .

Without loss of generality, di can be omitted from (4) and the
reference redefined as yd −

∑n
i=1 di. The collaborative tracking

output (2) is then

yk =

n∑
i=1

QiGiui,k = QGuk, (5)

where G = diag(G1, · · · ,Gn), uk = [u>1,k u>2,k · · · u>n,k]>, Q =130

[Q1 Q2 · · · Qn] ⊗ IqN with ⊗ the Kronecker product.
The standard ILC implementation to solve (3) has form

uk+1 = uk + γL(yd − yk),

which corresponds to the individual update for subsystem i

ui,k+1 = ui,k + γLi(yd − yk)

with ILC operator L = [L>1 L>2 · · · L>n ]> and scalar γ selected
by the user. It is well-known in ILC that L must satisfy

‖I − γQGL‖ < 1. (6)

This shows the limitation of general ILC updates: (1) for a so-
lution L to exist, G must have full rank which means at least
one subsystem must have relative degree 0, and (2) a decen-
tralised structure also requires that each Li is selected with only135

knowledge of Gi. However, few ILC approaches have such a
structure: the existing ILC application of [9] solved this using
Li = G−1

i . Another approach is ‘gradient ILC’ (see [19, 20])
where Li = G>i , which was applied to collaborative control in
our preliminary work [17]. To satisfy (6), both updates re-140

quire every subsystem to have zero relative degree, the for-
mer is extremely sensitive to model uncertainty and disturbance
[10, 11, 12], and the latter can be slow to converge. Neverthe-
less, these approaches will be used to inspire new ILC updates
within the extended collaborative framework derived next.145

2.2. Decentralised Collaborative ILC
To solve the limitations in ILC design for MAS, the new

framework must first embed the required decentralised ILC up-
date structure, i.e. subsystem i can only access the overall sys-
tem output, yk, and system model, Gi. Secondly, it must expand150

the collaborative tracking requirement so that it can be achieved

by more general classes of MAS, e.g. non-fully functional, rank
deficient or non-communicable dynamics. This generalisation
must satisfy the original tracking requirement, while also ensur-
ing other practical objectives are met, e.g. energy minimisation.155

This is achieved by introducing the following comprehensive
decentralised ILC framework:

Definition 1. A decentralised ILC update for the ith subsystem
must have the form

ui,k+1 = fi(ui,k, ek), i = 1, 2, · · · , n, (7)

where function fi(·) depends only on the subsystem dynamics
{Ai, Bi, Ci,Di}. When applied to each subsystem (1), output (2)
must satisfy

lim
k→∞

yk = y∗ (8)

and the input uk = [u>1,k, u
>
2,k, · · · , u

>
n,k]> must converge as

lim
k→∞

uk = u∗ (9)

with the optimal limiting signals given by

y∗=arg min{J(yk)|J(yk)=‖yd − yk‖
2}, (10)

u∗=arg min{J(uk)|J(uk)=

n∑
i=1

‖ui,k‖
2
Wi
, yk =y∗}, (11)

where Wi is a symmetric positive definite weighting matrix.

Definition 1 states that the output and input must both con-
verge to optimal solutions. This is more general than the stan-160

dard ILC formulation (3), which stipulates only zero error. More-
over, weight Wi can be used to address additional practical re-
quirements.

3. DESIGN FRAMEWORK

3.1. Decentralised Algorithm165

We introduce a general class of decentralised ILC algo-
rithms to solve the problem of Definition 1 as follows.

Algorithm 1. Define the decentralised ILC update algorithm

ui,k+1 = ui,k + γLiek, i = 1, 2, · · · , n (12)

where Li is any matrix such that GiLi is symmetric positive
semi-definite with ri := rank(QiGi) = rank(QiGiLi), and γ > 0
is a scalar learning gain.170

The next theorem establishes conditions for Algorithm 1 to
solve the decentralised control problem.

Theorem 1. Application of Algorithm 1 to subsystem (1) and
(2) with an initial input for each subsystem given by ui,0 = 0,
i = 1, 2, · · · , n and a gain γ satisfying

0 < γ <
2

ρ
(∑n

i=1 QiGiLi

) (13)
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or more conservatively

0 < γ <
2∑n

i=1 Qiρ (GiLi)
(14)

achieves monotonic reduction in tracking error norm, i.e.

‖ek+1‖
2 ≤ ‖ek‖

2 (15)

and satisfies output convergence condition (8), (10) with

y∗ = PQGyd. (16)

It also satisfies input convergence condition (9), (11) with

u∗i = LiO>(OO>)−1(U>U)−1U>yd, (17)

where the qN × r matrix U, r × piN matrix O are the full rank
decomposition of

∑n
i=1(QiGiLi) and r := rank(QG). The corre-

sponding optimal weight in (11) satisfies Li = QiW−1
i G>i .175

Proof. The proof is given in Appendix A.
Converged output (16) is the orthogonal projection onto the

range of composite system QG. Therefore convergence to zero
error is only possible if either the reference is chosen to belong
to the range of QG, or if PQG = I. The latter is equivalent to the180

requirement that r = r f = min{qN,
∑

i piN} (e.g. the composite
system QG is full rank). Neither requirement can be guaranteed
in practice since both yd and Gi are likely to be pre-specified.
Convergence condition (14) confirms that there always exists a
suitably small γ > 0 which can be selected without knowledge185

of other subsystems.
The relation between the co-domains of individual subsys-

tems QiGi and that of the overall system QG, is illustrated in
Figure 1. It can be seen that the restrictive full rank condition

Figure 1: Individual and combined subsystem mapping relations.

on
∑n

i=1(QiGiLi) can be expressed purely in terms of the union190

of the achievable range of each subsystem.

3.2. Convergence properties

Theorem 1 defines a whole class of ILC updates, each con-
verging to an optimal solution u∗, y∗. Each ILC update differs,
however, in its convergence properties, as shown in the follow-195

ing result.

Theorem 2. Application of Algorithm 1 under the conditions
of Theorem 1, results in the error convergence relation

ek+1 = (V1(I − γ∆r)V>1 + P⊥QG)ek, e0 = yd, (18)

where ∆r is the non-zero singular value matrix of
∑

i QiGiLi,
and V1 is the right singular vector corresponding to the non-
zero singular values. It follows that the error on trial k satisfies

ek =
(
V1(I − γ∆r)kV>1

)
yd + P⊥QGyd, (19)

whose trial to trial evolution can also be expressed as

V>1 ek = (I − γ∆r)kV>1 yd. (20)

Proof. This follows from the proof of Theorem 1.
Equation (19) shows that no convergence occurs in direc-

tions corresponding to zero singular values of
∑

i QiGiLi, re-
flecting the fact that final output (16) is not equal to yd if r , r f .200

The designer has no control over the number of zero singular
values as the column space of QGL is equal to the column space
of QG, which is dictated by individual subsystems via Figure
1. However, the designer can choose Li to result in fast con-
vergence by reducing (I − γ∆r) in (20). In principle, this term205

could be reduced to zero for all non-zero singular values result-
ing in convergence in one ILC trial. However, this will affect
robustness properties, as examined in Section VI.

Theorem 3. Application of Algorithm 1 under the conditions
of Theorem 1, yields an error norm sequence in the interval

(1 − γσ(∆r))k ≤
||V>1 ek ||

||V>1 e0||
≤ (1 − γσ(∆r))k (21)

where σ(∆r) and σ(∆r) are respectively the upper and lower
non-zero singular values of QGL. If ∆r = σIr and ∆r = σIr,210

the equality on the left and right are obtained respectively.

Proof. Follows from bounding of the equality (20).

4. APPLICATION OF FRAMEWORK

Theorem 1 can be used to design a wide variety of new
decentralised ILC algorithms to solve the collaborative control215

problem. In addition, it can also be used:

1. to successfully implement standard ILC algorithms de-
signed with only knowledge of each individual subsys-
tem, and

2. to modify a standard ILC algorithm designed for the whole220

n-subsystem so that it assumes the required decentralised
form, and can be applied to the case r < r f .

Its utility is illustrated in the following examples, which each
derive a new ILC update for MAS.

4



4.1. Gradient ILC225

Gradient, or adjoint, ILC has received significant attention
in the non-collaborative setting [19, 20], although it has only
previously been considered in the full rank case, i.e. both the
total system and all subsystems must be full rank (r = r f , ri =

r f
i = min{qN, piN}).The most general form of gradient algo-

rithm uses operator
Li = QiG>i .

This satisfies the conditions of Algorithm 1 and therefore the
update can be applied to the non-full rank case. Theorem 1
then holds with a convergence condition (13) of

0 < γ <
2

ρ
(∑n

i=1 Q2
i GiG>i

) (22)

or a sufficient condition from (14) of

0 < γ <
2∑n

i=1 Q2
i ρ

(
GiG>i

) . (23)

In particular, the resulting optimal weight is Wi = I.
A gain γ can be estimated in a transparent way as follows:

Remark 1. Condition (23) is equivalent to

0 < γ ≤
2

Q2
1‖G1(z)‖2∞ + Q2

2‖G2(z)‖2∞ + · · · + Q2
n‖Gn(z)‖2∞

,

(24)
where the (along-the-trial) transfer-function of subsystem i is
Gi(z) = Ci(zI − Ai)−1Bi + Di. Each ‖Gi(z)‖2∞ can readily be
obtained from frequency response data as the peak magnitude.230

Therefore γ can be chosen as the reciprocal of the summed sub-
system squared peak magnitudes.

The simple update structure of Li = QiG>i means that the
lifted update form of (12) can be further simplified in an along-
the-trial form as follows:235

Theorem 4. Update (12) with Li = QiG>i can be implemented
for samples j = 0, · · · ,N − 1 as:

ui,k+1( j) = ui,k( j) + γQi

N−1−i∑
j=0

gi( j)e(i + j), (25)

where for causality we require CiA
j−1
i Bi = 0, for j ≥ N.

4.2. Generalised Inverse ILC

First recall the inverse ILC algorithm used by the existing
collaborative approach of [9]. This is given by

Li = QiG−1
i , (26)

where Qi = 1 was assumed in [9]. This fits in the frame-
work of Algorithm 1, but is only defined for the full rank case
(r = r f ). Even more restrictive, it requires every subsystem to
be full rank (ri = r f

i ). However, we can transparently extend

this algorithm so that it satisfies the conditions of Algorithm 1.
Accordingly, introduce

Li = Q−1
i G†i = (UiOi)† = O>i (OiO>i )−1(U>i Ui)−1U>i , (27)

where Ui,Oi comprises a full rank decomposition of QiGi. To
see this satisfies the conditions of Algorithm 1, we note that

GiLi = (UiOi)
(
O>i (OiO>i )−1(U>i Ui)−1U>i

)
= Ui(U>i Ui)−1U>i

is symmetric positive semi-definite.
Moreover, rank(QiGiLi) = ri which also satisfies the rank

condition rank(QiGiLi) = rank(QiGi) = ri. It can be shown240

that the optimal weight in (11) is Wi = Q2
i G>i Gi for ri = r f

i ,
and Wi =

(
(QiGi)†((QiGi)†)> + Vi,0xiV>i,0

)−1
, xi ∈ Rr f

i −ri , xi , 0
for ri < r f

i , where Vi,0 is the right singular vector of QiPiGi

corresponding to zero singular vectors.
Note that if Gi is full rank, equation (27) collapses to (26),

since we can select Ui = I,Oi = QiGi. Moreover, in all cases
ρ(QiGiLi) = 1, and therefore convergence condition (14) is

0 < γ <
2∑n

i=1 Qiρ (GiLi)
=

2∑n
i=1 1

=
2
n
, (28)

which also satisfies (13). To examine convergence, we employ
Theorem 2, in which the singular value matrix D = diag(∆r, 0r f−r)
is equal to

D = n
[
Ir 0
0 0r f−r

]
. (29)

It follows that error evolution expression (20) gives

V>1 ek = (I − γnIr)kV>1 yd = ((1 − γn)kIr)V>1 yd. (30)

Therefore choosing γ = 1
n gives the fastest convergence speed245

with the error converging to its minimal level in one trial.

Remark 2. In practice, the designer may not accurately know
the number of subsystems, n, (e.g. in large or varying subsystem
groups). In this situation, the designer must estimate an upper
bound, n∗, which satisfies n

2 < n∗. Then setting γ = 1
n∗ guaran-

tees convergence. In particular, error evolution (20) gives

V>1 ek = (I −
n
n∗

Ir)kV>1 yd = (1 −
n
n∗

)kIrV>1 yd, (31)

so that convergence in one trial is achieved when n = n∗, and
an over estimation n∗ decreases the convergence rate.

4.3. Norm Optimal ILC
The NOILC algorithm of [21, 22] has received significant250

attention due to its attractive performance properties. It is cen-
tralised, and until now it has not been formulated for the case
of rank deficient systems. In this section, we first recall the
standard centralised NOILC algorithm. We extend the existing
analysis to the case of non-full rank systems, to show the result-255

ing convergence properties. Then a new decentralised NOILC
algorithm is derived using the framework of Algorithm 1 and
Theorem 1.
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4.3.1. Centralised NOILC
Between every trial, the standard centralised NOILC update

is computed as the solution to the optimisation

arg min
uk+1

J(uk+1) = ‖ek+1‖ +

n∑
i=1

‖ui,k+1 − ui,k‖
2
Ri

 . (32)

The resulting update for each subsystem

ui,k+1 = ui,k + R−1
i G>i (I + GR−1G>)−1ek (33)

is clearly of a centralised structure and its properties have pre-260

viously been analysed assuming Gi is full rank and Qi = 1. In
this case, it was shown that the tracking task is achieved since
limk→∞ ek = 0.

Theorem 5. Let ILC update (33) be applied to system (1) and
(2), where no rank condition and arbitrary Qi are assumed.
Then the total system input and output converge as

lim
k→∞

uk = R−1G>Q>(QGR−1G>Q>)†y∗,

lim
k→∞

yk = PQGyd,

where R = diag(R1, · · · ,Rn). This hence satisfies (10), (11) with
u∞ = u∗, y∞ = y∗ and Wi = Q−1

i Ri.265

Proof. Let X = QGR−1G>Q>, we note that

GiLi = QiR−1
i GiG>i (I + X)−1

is symmetric positive semi-definite. Hence we can apply sin-
gular value decomposition to QiGiLi and, following a similar
proof to that of Appendix A, the convergence condition is

|ρ((I + X)−1)| < 1⇔ ρ (X) > 0,

which holds for all rank conditions. Therefore, the system out-
put converges to y∞ = PQGyd and the input converges to ui,∞ =

QiR−1
i G>i (I + X)−1(X(I + X)−1)†yd. As (I + X)−1 is full rank

square matrix, we have

ui,∞ = QiR−1
i G>i X†yd = QiR−1

i G>i X†y∗

and it follows that Wi = Q−1
i Ri.

Theorem 5 shows for the first time that the standard cen-
tralised NOILC update can be applied to non-full rank systems,
in which case it will still achieve minimum error (i.e. solve
(10)) and will converge to an optimal input (i.e. solve (11)).270

4.3.2. Sequential decentralised NOILC
A naive way to employ the existing NOILC update in a

decentralised manner is to apply it to each subsystem in turn,
while keeping the input of the other subsystems constant. It
can be shown that such a strategy converges to the minimum275

error norm solution given by condition (10). However, this se-
quential form does not satisfy (7) in Definition 1, since not all
subsystems are updated in the same trial. This makes it slow,
and it also fails to achieve an optimal input energy norm since
it does not fit the framework of Algorithm 1. It does, however,280

motivate a form of Li that satisfies the decentralised framework,
as defined next.

4.3.3. Decentralised NOILC
Inspired by the centralised form (33), we introduce the new

decentralised ILC update form

Li = QiR−1
i G>i (I + Q2

i GiR−1
i G>i )−1

= Qi(Q2
i G>i Gi + Ri)−1G>i . (34)

It then follows that

GiLi = QiGi(Q2
i G>i Gi + Ri)−1G>i (35)

is symmetric positive semi-definite with rank r, so that the con-
ditions of Algorithm 1 are satisfied.285

Theorem 1 then holds, and in particular the optimal weight
in (11) is Wi = (Ri + Q2

i G>i Gi). Therefore like its centralised
counterpart, the new decentralised NOILC form (34) solves op-
timisations (10), (11) but using a different weight.

From Theorem 1 the convergence condition of decentralised
NOILC is given by

0 < γ < 2
/
ρ

 n∑
i=1

Q2
i Gi(Q2

i G>i Gi + Ri)−1G>i

 (36)

with a sufficient condition from (14) of

0 < γ < 2
/ n∑

i=1

Q2
i ρ

(
Gi(Q2

i G>i Gi + Ri)−1G>i
)
. (37)

5. Robustness Analysis290

Theorem 2 provides conditions for rapid convergence, how-
ever there always exists a trade-off with robustness. In practice,
there exists model uncertainty, non-repeated noise/disturbances
and imprecise initial resetting. In this section robustness of ILC
for MAS with model uncertainties and subsystem break down295

will be analysed. This facilitates comparison between the vari-
ous algorithms proposed.

5.1. Robustness for Model Uncertainties
Previous ILC robustness has focused on SISO systems [23],

but cannot be related transparently to MAS. Moreover, those300

assumptions limit the system dynamics, e.g. full-rank and/or
no input-output delay, do not consider practical setup, and are
also conservative. In this section, the generalised robustness
analysis for MIMO MAS is given:

Theorem 6. Let the true subsystem dynamics Ĝi be described
by the multiplicative uncertainty model

Ĝi = UiGi, (38)

where positive definite uncertainty Ui is a matrix of consistent305

dimension and Gi is the nominal model of the subsystem.
Application of Algorithm 1 to subsystem dynamics (38) achieves

monotonic reduction in tracking error norm, i.e. relation (15),
if the learning gain γ satisfies

ρ

I − γ
n∑

i=1

QiUiGiLi

 < 1. (39)
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Proof. From (4), (5), (12) and (38) it follows that

ek+1 =

I − γ
n∑

i=1

QiĜiLi

 ek. (40)

Let
∑n

i=1 QiĜiLi = P, then we have

‖ek+1‖
2 = ((I − γP)ek)> (I − γP)ek

= ‖ek‖
2 − γe>k (P> + P)ek + γ2e>k (P>P)ek.

This yields the difference ‖ek+1‖
2 − ‖ek‖

2 given by

‖ek+1‖
2 − ‖ek‖

2 = −γe>k (P> + P)ek + γ2e>k (P>P)ek.

Since Ui is positive-definite and γ > 0, so are the terms
γe>k (P> + P)ek and γe>k (P> + P)ek. For any non-zero ek, the
necessary and sufficient condition for ‖ek+1‖

2 < ‖ek‖
2 is

−γe>k (P> + P)ek + γ2e>k (P>P)ek < 0. (41)

Note that this inequality always holds for all sufficiently
small γ > 0, since γ has a slower convergence rate to zero
than term γ2 when γ is sufficiently small. This proves the exis-
tence of γ∗ > 0 and independence of ek that ensures monotonic
convergence. It then follows from (40), that

ρ

I − γ
n∑

i=1

QiĜiLi

 < 1⇔ ρ

I − γ
n∑

i=1

QiUiGiLi

 < 1, (42)

so that (42) yields the proposed inequality (39).
Theorem 6 shows that Algorithm 1 is robust to the model

uncertainty. Note that (38) is a common uncertainty form [21],
but similar analysis can be performed using an additive form.310

Although Ui is undeterminable in general, it can often be bound-
ed and these bounds used to ensure convergence.

Theorem 7. Application of Algorithm 1 under the conditions
of Theorem 6, results in error norm convergence to P⊥QGyd.

Proof. Introduce the singular value decomposition
∑

i(QiĜiLi) =

ÛD̂V̂> where the columns of Û and V̂ are the (orthogonal) uni-
tary left and right singular vectors of

∑
i(QiĜiLi) and D̂ contains

its singular values, given by∑
i

(QiĜiLi) = ÛD̂V̂>

=
[
Û1 Û0

] ∆̂r 0
0 0r f−r

 V̂>1
V̂>0


= Û1∆̂rV̂>1 . (43)

Hence, we have(
I − γ

n∑
i=1

QiĜiLi

)
= I − γÛ1∆̂rV̂>1 = V̂1V̂>1 − γÛ1∆̂rV̂>1 + V̂0V̂>0

= (V̂1 − γÛ1∆̂r)V̂>1 + V̂0V̂>0 (44)

and based on (40), it follows that

ek =
(
(V̂1 − γÛ1∆̂r)V̂>1

)k
yd + V̂0V̂>0 yd. (45)

The first part of (45) converges to zero with increasing tri-315

als under the conditions of Theorem 6. But the second part,
V̂0V̂>0 yd, which appears while

∑n
i=1 QiĜiLi is not full rank, will

not change with increasing iterations. Hence, the tracking error
will converge to V̂0V̂>0 yd, which equals P⊥

QĜ
yd. Based on the

analysis of Theorem 1, this also equals P⊥QGyd as rank(QĜ) =320

rank(QG).
Theorem 7 shows that Algorithm 1 maintains the desired

convergence despite model uncertainty.

5.2. Robustness to subsystem break down
In practice, any subsystem in the system may fail. The sud-325

den removal of its contribution to collaborative output then af-
fects the ILC updates of all other subsystems, potentially desta-
bilising the system. In this section, the robustness for the total
system after any subsystem break down is examined.

Theorem 8. Let Algorithm 1 be applied to system (1) and (2)
with an initial input for each subsystem given by ui,0 = 0, i =

1, 2, · · · , n. If a subset, S ⊂ {1, 2, · · · , n}, of subsystems break
down, then the learning gain must satisfy

0 < γ <
2

ρ
(∑n

i=1,i,S QiGiLi

) (46)

or more conservatively

0 < γ <
2∑n

i=1,i,S Qiρ (GiLi)
(47)

in order to achieve monotonic reduction in tracking error norm330

for the remaining system.

Proof. Follows the proof of Theorem 1.

Theorem 9. Let γ be designed to satisfy (14) and therefore
achieve monotonic reduction in tracking error norm within Al-
gorithm 1. If any subset, S, of subsystems subsequently breaks335

down, this γ will still ensure the remaining system achieves
monotonic reduction in tracking error norm after the point of
failure.

Proof. Note that
n∑

i=1,i,S

Qiρ (GiLi) <
n∑

i=1

Qiρ (GiLi)

⇔
2∑n

i=1 Qiρ (GiLi)
<

2∑n
i=1,i,S Qiρ (GiLi)

. (48)

Recall from Theorem 1 and Theorem 8, the γ satisfies

0 < γ <
2∑n

i=1 Qiρ (GiLi)
<

2∑n
i=1,i,S Qiρ (GiLi)

(49)

and achieves monotonic reduction in tracking error norm.
Theorem (9) shows that a system using the proposed decen-340

tralised ILC has a high robustness to subsystem break down.
With a pre-defined learning gain γ satisfying Theorem 1, when
an subsystem breaks down, the remaining system still converges

7



thereby avoiding any danger. Whether the system can obtain
zero tracking error, depends on the rank condition of the re-345

maining system
∑n

i=1,i,S QiGiLi. Following the proof of Theo-
rem 1, if

∑n
i=1,i,S QiGiLi is full rank, zero error tracking can be

achieved. If not, the tracking error converges to P∑n
i=1,i,S QiGiLi yd.

6. EXPERIMENTAL EVALUATION

The decentralised control framework is now applied to a key350

problem in upper limb stroke rehabilitation. Functional elec-
trical stimulation (FES) involves artificially activating muscles
and is often used to assist people with stroke in performing arm
movements. FES involves placing electrodes over the muscle
and applying a train of electrical pulses which innervate the un-355

derling nerves. When used to control the pulsewidth of the FES
signal, ILC has successfully achieved precise motion during re-
peated attempts at movement tasks required for rehabilitation.
This accuracy has translated into significantly improved out-
come measures in several clinical trials [24, 18, 25].360

To improve rehabilitation outcomes, FES must be applied to
multiple muscles to enable natural, coordinated gestures. Com-
fort and safety are also increased by applying FES to more than
one muscle actuating a given joint, since it reduces fatigue. To
achieve this goal, there has been a recent drive in creating wear-365

able FES devices that are incorporated in clothing to maximise
convenient and usability. However, hardware constraints mean
that an effective, affordable wearable system is only feasible if
wiring and communication overheads between stimulation sites
are minimised. This scenario exactly fits the collaborative set-370

up in this paper: each FES device is an subsystem, their inputs
are the applied FES, and the collaborative output comprises the
joint angle actuated by the muscles as they work together.

Wrist extension is a key problem in stroke rehabilitation and
can be assisted by stimulating many of the 20 muscles in the375

forearm. To evaluate the system, four sites on the wrist will be
stimulated to collaboratively extend the wrist joint. This corre-
sponds to n = 4 subsystems. For ease of set-up, these sites will
be selected from a 24-element electrode array, with each site
taking the form of 2 adjoining electrodes in the array. The hard-380

ware used is described in [26], and consists of a tracking sensor,
user interface software running on a laptop, a control unit, a 24
channel FES electrode array sleeve and FES electronics. The
components are shown in Figure 2. The sensor (Kinect V2, Mi-
crosoft) is a wide-angle time-of-flight camera, which collects385

the positional data of the wrist, which is then processed by the
user interface to generate angle data. This is sent to the con-
trol unit (Raspberry Pi 3 Model B+) via wireless transmission,
which runs the real-time controller (at 40 Hz). The controller
computes the voltage pulse train applied to each element of the390

24 channel electrode array. Here, the frequency and amplitude
of each pulse train are fixed, and the pulse width of each pulse
train is the controlled variable (0 - 300 µs).

A wide variety of models exist of the moment generated by
stimulated muscle dynamics, with the most popular structure

Figure 2: Upper limb stroke rehabilitation hardware

comprising a critically damped form [27, 28],

Gi =
w2

i

s2 + 2ζiwis + w2
i

. (50)

These moments then sum up to generate movement about the
wrist, so that the arm dynamics takes the overall form of (1),395

(2), as verified in [29]. Each subsystem therefore takes the
form (50), but with differing wi, ζi. Elbow angle reference yd

is selected to mimic a natural wrist extension motion including
extension (0-3s) and ‘holding’ (3-6s) phases.

Tests were conducted in a study with 4 unimpaired partic-400

ipants (Ethics No. 23824.A7). The electrode array was first
positioned on their forearm, and the voltage amplitude was set
by applying a 300 µs FES signal to the two adjoining elements
and increasing the amplitude until the comfortable limit was
reached. Ramp profiles were then applied to each pair of el-405

ements in turn, and the resulting joint angles recorded. The
4 subsystems were selected as those elements which produced
maximum wrist extension. The model of each subsystem was
fitted using input-output data.

The design framework of Section 3 was evaluated by ap-410

plying Algorithm 1 for the three ILC update types introduced
in Section 4. First the gradient ILC update was applied, with
a value of γ = 0.000025 chosen to satisfy (23). The track-
ing results for all participants (P1,· · · ,P4) are shown in Table 1
including error norm and input energy values. Representative415

tracking outputs are shown in Figure 3. The figure shows that
the system output converges to the reference output gradually.
The gap between system output and the reference is quite large
for the first iteration, but reduces to a small level after several
trials.420

Then inverse ILC was applied with γ = 0.1 chosen to satisfy
(28). The tracking results for all participants are shown in Table
1. Representative tracking outputs are shown in Figure 4. The
figure shows that the convergence speed of the system output is
very fast, however, some oscillations appear in tracking output,425

especially in the extension phase.
Then decentralised NOILC was applied, as discussed in Sec-

tion 4.3. A weight of Ri = 50, i = 1, · · · , 4 was chosen to sat-
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Figure 3: Tracking output using gradient ILC framework for P1
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Figure 4: Tracking output using inverse ILC framework for P4

isfy (37) with γ values of between 0.34 and 0.42. The tracking
error results for all participants are shown in Table 1. Represen-430

tative tracking outputs with γ = 0.39 are shown in Figure 5. The
figure shows that system output tracks the reference smoothly
and converges rapidly, providing natural wrist extension.
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Figure 5: Tracking output using decentralised NOILC framework for P2

The convergence results and system total input energy of
these three different decentralised control frameworks are shown435

in Figure 6 and 7 for P3. The results for other participants are
shown in Table 1. Figure 6 shows that the three decentralised
ILC updates each achieve a low error for wrist extension. They
also show that the fastest convergence rate is obtained by the

decentralised inverse ILC method and the slowest rate is ob-440

tained by the decentralised gradient ILC method. This verifies
the results of Theorem 3. The algorithm converges to similar
converged input signals and error values, thereby verifying The-
orem 1 and Theorem 7. Zero error is not possible due to sensor
error, output and input restriction, system nonlinearity, mus-445

cle fatigue and spasticity, modeling error, etc. Figure 7 shows
the total input energy of systems using the three different de-
centralised control frameworks. The input norm closely match
theoretical values given by (11). Note that, since each update
has a different weight Wi, these are not the same, however they450

only vary by a small range (0.5%) from one another. The simi-
larity in weighted input norm is due to the dynamics Gi which
are relatively flat over the system bandwidth.
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Figure 6: Convergence results using three different ILC methods for P3
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Figure 7: Convergence results using three different ILC methods for P3

To compare the framework to traditional ILC, we have im-
plemented sequential NOILC which was proposed in Section455

C.2. Results for P3 with Ri = 50 are shown in Figure 6 and
7. It is clear that the sequential framework consumes more en-
ergy than the optimal decentralised frameworks. In practice this
manifests in discomfort for the participant.

As the first application of ILC to FES wrist extension dy-460

namics, these results confirm the high accuracy that is possible.
They also confirm the properties of the decentralised frame-
work. The merits of each algorithm enable the designer to select
the most appropriate for an application, while benefitting from
the shared properties of the decentralised framework.465
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Table 1: Testing results for 4 participants

No. Method Parameters Results
‖e1‖

1 ‖e‖m2 ‖e‖H3 ‖u‖T 4

P1
Gradient γ =2.5e-05 507.3 47.2 11.9 141.3
Inverse γ =0.1 314.1 56.8 9.6 224.4
NOILC γ =0.34 Ri = 50 117.9 20.4 3.5 183.7

P2
Gradient γ =2.5e-05 636.6 66.4 30.5 251.2
Inverse γ =0.1 125.0 33.2 2.8 227.5
NOILC γ =0.39 Ri = 50 92.5 32.6 9.4 241.7

P3
Gradient γ =2.5e-05 612.6 43.3 15.4 213.4
Inverse γ =0.1 66.3 26.6 9.3 217.8
NOILC γ =0.36 Ri = 50 297.9 50.4 7.7 208.6

P4
Gradient γ =2.5e-05 301.0 65.4 13.4 261.3
Inverse γ =0.1 70.2 41.3 4.5 274.1
NOILC γ =0.42 Ri = 50 271.9 40.6 11.8 280.3

1 ‖e1‖: Tracking error norm for trial 1.
2 ‖e‖m : Minimum tracking error norm of task.
3 ‖e‖H : Minimum error norm in holding phase of task.
4 ‖u‖T : Total input energy on the final iteration.

7. CONCLUSIONS AND FUTURE WORK

This paper developed a general decentralised ILC design
framework for the collaborative tracking problem in which an
arbitrary number of subsystems work together to achieve a global
objective. The proposed design framework enables a wide range470

of new ILC algorithms to be formulated for MAS. These per-
mit convergence speed to be traded with robustness to model
uncertainty for the first time. To exemplify the proposed design
framework, three novel decentralised ILC algorithm are devel-
oped. The proposed algorithm achieves optimal convergence of475

both input and output signals in a transparent manner.
The performance of the proposed algorithm is verified via

application to stroke rehabilitation. Results illustrate decen-
tralised control design in the first application to the wrist. This
also constitutes the first application of ILC to a non-full rank480

MAS. The use of subsystems is particularly valuable in this
application since they allow muscles to be stimulated without
sharing information. It is therefore an important step for devel-
opment of distributed wearable rehabilitation technology.

As well as providing a new framework for decentralised485

ILC, the results also extend ILC research for use with rank de-
ficient dynamics. Future work will embed system constraints,
e.g. input saturation, which exist widely in practice.

Appendix A. Proof of Theorem 1

To prove Theorem 1 we require the following results:490

Proposition 1. For any set of symmetric matrices {Ai} of equal
dimension

λ(
∑

Ai) = ‖
∑

Ai‖2 ≤
∑

i

‖Ai‖2 =
∑

i

λ(Ai) . (A.1)

Proof. For a symmetric A we have A> = A, and λ(A>A) =

λ(A2) = (λ(A))2. Hence ‖A‖2 =

√
λ(A>A) =

√
λ(AH A) = λ(A).

For symmetrical matrices A, C, λ(A + C) = ‖A + C‖2 ≤ ‖A‖2 +

‖C‖2 = λ(A) + λ(C) which extends to (A.1).

Proposition 2. For positive semi-definite matrix A, B, X, have:

1).C (AB) ⊆ C (A), 2).C (XX>) = C (X).

Proof. 1). Since the ith column of AB, denoted as (AB)i, is495

equal to A(B)i. Thus, each column of AB is just a linear combi-
nation of columns of A. So, C (AB) ⊆ C (A) holds.

2). First, we prove that C (XX>) ⊆ C (X). Since the ith
column of XX>, denoted as (XX>)i equals X(X>)i. Thus, each
column of XX> is just a linear combination of columns of X.500

So, C (XX>) ⊆ C (X) holds.
Now, we prove that C (X) ⊆ C (XX>). Let X = UDV ′ be

the singular value decomposition of X. It follows that

XX> = UDV ′V ′>DU> = UD2U>, (A.2)

note that

XX>UD−1V ′ = UD2U>UD−1V ′ = UDV ′ = X. (A.3)

Therefore, the ith column of X, denoted as (X)i, satisfies:

(X)i = XX>(UD−1V ′)i. (A.4)

We know each column of X is still a linear combination of
columns of XX>, which shows C (X) ⊆ C (XX>).

Both C (XX>) ⊆ C (X) and C (X) ⊆ C (XX>) hold, and
hence C (XX>) = C (X) holds. Equivalently, we have N (XX>) =505

N (X>) .

Proposition 3. For i = 1, · · · n, let Gi be a positive semi-definite
square matrix, and let Ci be any symmetric positive definite
matrix of consistent dimension. Then every x ∈ N

(
GCG>

)
satisfies CiG>i xi = 0, where G = [G1,G2, · · · ,Gn] and C =510

diag(C1,C2, · · · ,Cn).

Proof. Since C is symmetric positive semi-definite, then it has
a spectral decomposition:

C =
∑

i

λixix>i . (A.5)

Define yi =
√
λixi. This definition is possible because λi are

non-negative. Then,

C =
∑

i

λiyiy>i . (A.6)

Define L to be the matrix whose columns are yi. It follows that
there exists a matrix L satisfying C = LL>. From this construc-
tion, columns of L are orthogonal. Then based on Proposition
2, we have

C (GCG>) = C (GLL>G>) ⊆ C (GLL>) (A.7)

and we know rank(GL) = rank(GL(GL)>), it follows that

C (GCG>) = C (GL(GL)>) = C (GL) ⊇ C (GLL>). (A.8)

Hence, with (A.7) and (A.8) we have

C (GCG>) = C (GLL>) = C (GC)⇔ N (GCG>) = N (CG>).
(A.9)
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We know for any matrices of form CG> that

N (CG>) = N (C1G>1 ) ∩ · · · ∩N (CnG>n ).

So we have

N (GCG>) ⊆ N (CiG>i ), i = 1, · · · n.

Proposition 4. Let C be any symmetric positive definite matrix
of consistent dimension. When rank(GCG>) = rank(G), then
for matrix GCG> we have C (GCG>) = C (G).515

Proof. Based on Proposition 2, we have

C (GCG>) ⊆ C (G).

Let rank(GCG>) = r and {a1, a2, · · · , ar} be a basis for C (GCG>),
so for some bi we have

ai = GCG>bi = G(CG>bi), i = 1, 2, · · · , n. (A.10)

So {a1, a2, · · · , ar} ⊆ rank(G). As we have

rank(G) = rank(GCG>) = r,

this means these vectors also must be a basis for C (G). Hence,
this shows C (GCG>) = C (G).

Using Propositions 1 - 4, Theorem 1 can now be proved.
Proof. From (5), (4), (12) we have

ek+1 =

I − γ
n∑

i=1

qiGiLi

 ek = (I − γQGL) ek (A.11)

and since each GiLi is symmetric positive semi-definite, so is
QGL. Introduce the singular value decomposition QGL = UDV>,
where the columns of U and V are the (orthogonal) unitary left
and right singular vectors of QGL and D contains its singular
value λ1, · · · , λN . When no rank condition is assumed, we can
expand QGL as

QGL =
[
U1 U0

] [∆r 0
0 0r f−r

] [
V>1
V>0

]
= U1∆rV>1 , (A.12)

where ∆r = diag(λ1, · · · , λr). As QGL is symmetric positive
semi-definite, we have U1 = V1, so (A.12) can be rewritten as

QGL = V1∆rV>1 . (A.13)

Therefore(
I − γQGL

)
= V1(I − γ∆r)V>1 + V0V>0 . (A.14)

Then (A.11) can be expressed as

ek+1 = (V1(I − γ∆r)V>1 + V0V>0 )ek. (A.15)

We note that

(V1(I − γ∆r)V>1 + V0V>0 )2 =

V1(I − γ∆r)2V>1 + V0V>0 + V1(I − γ∆r)>V>1 V0V>0
+ V0V>0 V1(I − γ∆r)V>1 . (A.16)

As V are a set of orthonormal eigenvectors, so V>0 V1 = 0(r f−r)×r
and V>1 V0 = 0r×(r f−r) , then we can write

(V1(I − γ∆r)V>1 + V0V>0 )2 = V1(I − γ∆r)2V>1 + V0V>0 .

Similarly,

(V1(I − γ∆r)V>1 + V0V>0 )k = V1(I − γ∆r)kV>1 + V0V>0 .

Hence the error converges to

e∞ = lim
k→∞

ek = lim
k→∞

V1(I − γ∆r)kV>1 yd + V0V>0 yd. (A.17)

We also note that, as V are a set of orthonormal eigenvec-
tors, hence we have V>1 V1 = Ir×r. Left multiply V>1 on both
sides of (A.17), to produce

V>1 e∞ = lim
k→∞

(I − γ∆r)kV>1 yd. (A.18)

Hence a necessary and sufficient condition for convergence to
the limit V0V>0 yd is

|ρ(I − γ∆r)| < 1⇔ 0 < λ(γ∆r) < 2⇔ 0 < γ <
2

λ(∆r)
. (A.19)

Note that λ(∆r) = σ(∆r) = ρ
(∑n

i=1 QiGiLi

)
. Applying Proposi-

tion 1 means ρ
(∑n

i=1 QiGiLi

)
≤

∑n
i=1 ρ (QiGiLi), and a sufficient

condition for (A.19) is

0 < γ <
2∑n

i=1 Qiρ (GiLi)
. (A.20)

With γ satisfying (A.20), the final error is

e∞ = V0V>0 yd = (I − PQGL)yd. (A.21)

Since
∑

i(QiGiLi) is symmetric semi-positive definite with
rank(QGL) = rank(QG), then it has form QGCG>Q> where
C is positive definite. Hence by Proposition 4, the eigenvec-
tors of QGCG>Q> corresponding to zero diagonal entries of
D also form an orthogonal basis for N ((QG)>) = C (QG)⊥.
Therefore, the column space of QGL is equal to that of QG, i.e.
PQGL = PQG. Then (A.21) can be simplified as

e∞ = (I − PQG)yd = P⊥QGyd (A.22)

and therefore the system output converges to

y∞ = yd − e∞ = yd − P⊥QGyd = PQGyd. (A.23)

This means that the system output y∞ is always a unique min-
imiser, which is independent of the learning algorithm under
the conditions of Theorem 1. Different learning algorithms,520

however, affect the output convergence speed. Hence y∗ = y∞,
which satisfies (10).

Now consider the system input, starting from the expression
(A.15). Repeated application of (12) and (14) gives

ui,k+1 = ui,k + γLi
(
(V1(I − γ∆r)kV>1 ) + V0V>0

)
yd

= γLi
(
V1

k∑
p=0

(I − γ∆r)kV>1
)
yd + γkLi(I − PQGL)yd.

11



So that applying Proposition 3 we obtain Li(I−PQGL) = LiP⊥QGL =

LiP⊥QiLi
= 0, then

ui,∞ = lim
k→∞

γLi
(
V1

k∑
p=0

(I − γ∆r)kV>1
)
yd

= γLiV1
(
I − (I − γ∆r)

)−1V>1 yd

= LiV1∆−1
r V>1 yd = LiV1∆−1

r U>1 yd. (A.24)

Then, we can obtain relation

ui,∞ = Li(
∑

i

(QiGiLi))†yd (A.25)

or, equivalently,

u∞ = L(QGL)†yd. (A.26)

We next show this is the solution to (11). From Theorem
1 conditions, with no loss of generality, introduce Li with form
Li = QiW−1

i G>i , so that

L = W−1G>Q> (A.27)

where W = diag(W1, · · · ,Wn). Then (A.26) can be written as

u∞ = W−1G>Q>(QGW−1G>Q>)†yd. (A.28)

The term W−1G>Q>(QGW−1G>Q>)† is a generalised inverse
(QG)† of QG, with the property (QG)†PQG = (QG)†. It follows
that

u∞ = W−1G>Q>(QGW−1G>Q>)†yd

= W−1G>Q>(QGW−1G>Q>)†y∗. (A.29)

This is the solution u∗ to

min
u
‖u‖W , s.t QGu = y∗ (A.30)

which hence solves (11).
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