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SM1. Proof of Theorem 2.2. 1. According to [SM6, SM7] and Lemma SM14.1

(see Section SM14.1), the probability P
(

D[t] = ∅, N(t) = 0
)

is given by

P
(

D[t] = ∅, N(t) = 0
)

= P
(

N(t) = 0
)

= e
−
∫

t

t0
Λ(τ)dτ

.

Also, the probability density function p[t] of D[t] and N(t) is given by

p[t]

(

dK ,K
)

= pUK |TK ,N(t)

(

r1, · · · , rK |τ1, · · · , τK ,K
)

pTK |N(t)

(

τ1, · · · , τK |K
)

P
(

N(t) = K
)

,

(SM1.1)

where dl ∈ Cl × R
l
[t] and K = 1, 2, · · · . According to Lemma SM14.1 (see Section

SM14.1),

P
(

N(t) = K
)

=
1

K!
e
−
∫

t

t0
Λ(τ)dτ

(
∫ t

t0

Λ(τ)dτ

)K

, K = 0, 1, · · · ,(SM1.2)

and

pTK |N(t)

(

τ1, · · · , τK |K
)

=
K!
∏K
k=1 Λ(τk)

(

∫ t

t0
Λ(τ)dτ

)K
, K = 1, 2, · · · ,(SM1.3)

and using the assumption of Definition 2.1 (it is assumed that Ul, l = 1, · · · ,K, is only
dependent of the previous and current time points T1, · · · , Tl, and is independent of the
future time points Tl+1, · · · , TK and the total number N(t) of the detected photons),

pUK |TK ,N(t)

(

r1, · · · , rK |τ1, · · · , τK ,K
)

= pUK |TK

(

r1, · · · , rK |τ1, · · · , τK

)

= pUK |TK ,DK−1

(

rK |τK , dK−1

)

pUK−1|TK−1,TK ,DK−2

(

rK−1|τK−1, τK , dK−2

)

× · · · × pU1|TK

(

r1|τ1, · · · , τK

)

= pUK |TK ,DK−1

(

rK |τK , dK−1

)

pUK−1|TK−1,DK−2

(

rK−1|τK−1, dK−2

)

× · · · × pU1|T1

(

r1|τ1
)

=
K∏

l=1

pUl|Tl,Dl−1

(

rl|τl, dl−1

)

,(SM1.4)
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where pU1|T1,D0

(

r1|τ1, d0
)

:= pU1|T1

(

r1|τ1
)

. By substituting Eqs. (SM1.2)-(SM1.4)

into Eq. (SM1.1), we have

p[t]

(

dK ,K
)

= e
−
∫
t
t0

Λ(τ)dτ
K
∏

k=1

Λ(τk)

[

K
∏

l=1

pUl|Tl,Dl−1

(

rl|τl, dl−1

)

]

.

2. The probability density function pL of DL is given by

pL

(

dL

)

= pUL|TL

(

r1, · · · , rL|τ1, · · · , τL
)

pTL

(

τ1, · · · , τL
)

=

[

L
∏

l=1

pUl|Tl,Dl−1

(

rl|τl, dl−1

)

]

pTL

(

τ1, · · · , τL
)

,(SM1.5)

where dl ∈ Cl × R
l
[∞] and whereby Lemma SM14.1 (see Section SM14.1),

pTL

(

τ1, · · · , τL
)

= e−
∫ τL
t0

Λ(τ)dτ
L
∏

k=1

Λ(τk).(SM1.6)

By substituting Eq. (SM1.6) into Eq. (SM1.5), we have

pL

(

dL

)

= e
−
∫ τL
t0

Λ(τ)dτ
L
∏

k=1

Λ(τk)

[

L
∏

l=1

pUl|Tl,Dl−1

(

rl|τl, dl−1

)

]

,

and it completes the proof.

SM2. Proof of Corollary 2.4. The conditional probability density function
pUl|Tl,Dl−1

in Eqs. (2.1) and (2.2) of Theorem 2.2 can be written as, for x :=

(x0, y0, z0) ∈ R
3,

pUl|Tl,Dl−1

(

rl|τl, dl−1

)

=

∫

R3

pUl,X(Tl)|Tl,Dl−1

(

rl, x|τl, dl−1

)

dx

=

∫

R3

pUl|X(Tl),Tl,Dl−1

(

rl|x, τl, dl−1

)

pX(Tl)|Tl,Dl−1

(

x|τl, dl−1

)

dx

=

∫

R3

fx (rl) pprl

(

x|τl, dl−1

)

dx

=
1

|det(M)|

∫

R3

qz0

(

M
−1

rl − (x0, y0)
)

pprl

(

x|τl, dl−1

)

dx,(SM2.1)

where dl ∈ Cl×R
l
[t] for G[t] (or dl ∈ Cl×R

l
[∞] for GL), pprl := pX(Tl)|Tl,Dl−1

, l = 1, 2, · · · ,
denotes the distribution of the prediction of the object location, and ppr1

(

x|τ1, d0
)

:=

ppr1

(

x|τ1
)

, in which we have used the assumption of Definition 2.3.

SM3. Proof of Theorem 3.2. Let G[t]

((

X̃,H, W̃ , Z
)

,
(

U[t], T[t]
)

, Φ̃, C,Θ
)

(or

GL
((

X̃,H, W̃ , Z
)

, (UL, TL) , Φ̃, C,Θ
)

) be an image detection process with expanded

state space X̃ for a time interval [t0, t] (or for a fixed number L of photons). Let
Dk := (Uk, Tk) , k = 0, 1, · · · , and

p̃prl

(

x̄|τl, dl−1

)

:= pX̃(Tl)|Tl,Dl−1

(

x̄|τl, dl−1

)

, x̄ ∈ R
k,
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where dl ∈ Cl × R
l
[t] (or dl ∈ Cl × R

l
[∞]), be the distribution of the prediction of the

object location, and p̃pr1

(

x̄|τ1, d0
)

:= p̃pr1

(

x̄|τ1
)

.

1. If H =
[

I3×3 03×(k−3)

]

, then, for x = Hx̄, x := (x1, x2, x3)
T ∈ R

3, x̄ :=
(x̄1, · · · , x̄k)T ∈ R

k, we have x̄ = (x1, x2, x3, x̄4, · · · , x̄k)T and the probability density
function pprl := pX(Tl)|Tl,Dl−1

is given by

pprl

(

x|τl, dl−1

)

=

∫

Rk−3

p̃prl

(

x̄|τl, dl−1

)

dx̄4 · · · dx̄k.(SM3.1)

Next, we extend the results obtained in the previous part to more general matrices
H. Assume that there exists non-singular matrix H1 ∈ R

3×3 and matrix H2 ∈
R

3×(k−3) such that H =
[

H1 H2

]

. Let Ẋ(τ) = SX̃(τ), τ ≥ t0, where

S :=

[

H1 H2

0(k−3)×3 I(k−3)×(k−3)

]

∈ R
k×k.

Hence, S is a non-singular matrix with determinant det (S) = det (H1) 6= 0 and S−1

exists. Then, for ẋ = Sx̄, x̄ := (x̄1, · · · , x̄k)T ∈ R
k, ẋ := (ẋ1, · · · , ẋk)T ∈ R

k, we have

ẋ = Sx̄ = (Hx̄, x̄4, · · · , x̄k)T = (x1, x2, x3, ẋ4, · · · , ẋk)T ,

and, according to Eq. (SM3.1),

pprl

(

x|τl, dl−1

)

=

∫

Rk−3

ṗprl

(

ẋ|τl, dl−1

)

dẋ4 · · · dẋk

=

∫

Rk−3

p̃prl

(

S−1x̄|τl, dl−1

)

|H1|−1
dx̄4 · · · dx̄k,

where ṗprl := pẊ(Tl)|Tl,Dl−1
and S−1 is given by

S−1 =

[

H−1
1 −H−1

1 H2

0(k−3)×3 I(k−3)×(k−3)

]

.

2. Then, p̃prl can be calculated through the following steps:
Step 1. For l = 0, Eq. (3.5) becomes

X̃(T1) = φ̃(t0, T1)X̃(t0) + W̃ (t0, T1).

Then, by conditioning the both sides of the above equation on T1 = τ1, the conditional
probability density function pX̃(T1)|T1

is given by

pX̃(T1)|T1

(

x̄|τ1
)

=
(

pφ̃(t0,τ1)X̃(t0)
∗ pW̃ (t0,τ1)

)

(x̄) ,

where x̄ ∈ R
k, and ∗ denotes the convolution operator. Then,

p̃pr1

(

x̄|τ1
)

: = pX̃(T1)|T1

(

x̄|τ1
)

=

∫

Rk

pφ̃(t0,τ1)X̃(t0)

(

x̄o

)

pW̃ (t0,τ1)

(

x̄− x̄o

)

dx̄o

=
1

∣

∣

∣
det
(

φ̃(t0, τ1)
)∣

∣

∣

∫

Rk

pX̃(t0)

(

φ̃−1(t0, τ1)x̄o

)

pW̃ (t0,τ1)

(

x̄− x̄o

)

dx̄o.
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Step 2l. For l = 1, 2, · · · , let

Al :=
{

X̃(Tl) = x̄
}

, Bl := {Ul = rl} , and Cl := {Tl = τl} ∩ {Dl−1 = dl−1} .

Then, according to Bayes’ rule, we have the relation between the conditional proba-
bility densities of Al, Bl, and Cl as follows

p
(

Al|Bl, Cl
)

=
p
(

Bl|Al, Cl
)

p
(

Al|Cl
)

p
(

Bl|Cl
) ,

i.e.,

pX̃(Tl)|Dl

(

x̄|dl
)

=
pUl|X̃(Tl),Tl,Dl−1

(

rl|x̄, τl, dl−1

)

pX̃(Tl)|Tl,Dl−1

(

x̄|τl, dl−1

)

pUl|Tl,Dl−1

(

rl|τl, dl−1

)

=
pUl|X̃(Tl),Tl,Dl−1

(

rl|x̄, τl, dl−1

)

pX̃(Tl)|Tl,Dl−1

(

x̄|τl, dl−1

)

∫

Rk pUl,X̃(Tl)|Tl,Dl−1

(

rl, x̄o|τl, dl−1

)

dx̄o

=
pUl|X̃(Tl),Tl,Dl−1

(

rl|x̄, τl, dl−1

)

pX̃(Tl)|Tl,Dl−1

(

x̄|τl, dl−1

)

∫

Rk pUl|X̃(Tl),Tl,Dl−1

(

rl|x̄o, τl, dl−1

)

pX̃(Tl)|Tl,Dl−1

(

x̄o|τl, dl−1

)

dx̄o

.(SM3.2)

Since initial location of the object, observation noise, and process noise are mutually
independent, according to Eq. (3.6) and Theorem 2.7 of [SM3], we have

pUl|X̃(Tl),Tl,Dl−1

(

rl|x̄, τl, dl−1

)

= pUl|X̃(τl)

(

rl|x̄
)

= pZ(Hx̄) (rl) , x̄ ∈ R
k.(SM3.3)

Therefore, by substituting Eq. (SM3.3) into Eq. (SM3.2) (note that we calculated
p̃prl in the previous step),

pfil

(

x̄|dl
)

: = pX̃(Tl)|Dl

(

x̄|dl
)

=
pZ(Hx̄) (rl) p̃prl

(

x̄|τl, dl−1

)

∫

Rk pZ(Hx̄o) (rl) p̃prl

(

x̄o|τl, dl−1

)

dx̄o

.

Step 2l + 1. By conditioning the both sides of Eq. (3.5) on Tl+1 = τl+1 and
Dl = dl, we have , for l = 1, 2, · · · ,

pX̃(Tl+1)|Tl+1,Dl

(

x̄|τl+1, dl

)

= pφ̃(Tl,Tl+1)X̃(Tl)|Tl+1,Dl

(

x̄|τl+1, dl

)

∗ pW̃ (Tl,Tl+1)|Tl+1,Dl

(

x̄|τl+1, dl

)

,

which, according to the independence of W̃ (Tl, Tl+1) and Ul, Tl−1, becomes

pX̃(Tl+1)|Tl+1,Dl

(

x̄|τl+1, dl

)

= pφ̃(τl,τl+1)X̃(Tl)|Dl

(

x̄|dl
)

∗ pW̃ (τl,τl+1)

(

x̄
)

=

∫

Rk

pφ̃(τl,τl+1)X̃(Tl)|Dl

(

x̄o|dl
)

pW̃ (τl,τl+1)

(

x̄− x̄o

)

dx̄o

=
1

∣

∣

∣det
(

φ̃(τl, τl+1)
)∣

∣

∣

∫

Rk

pX̃(Tl)|Dl

(

φ̃
−1(τl, τl+1)x̄o|dl

)

pW̃ (τl,τl+1)

(

x̄− x̄o

)

dx̄o,
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or equivalently (note that we calculated p̃fil in the previous step),

p̃prl+1

(

x̄|τl+1, dl

)

=
1

∣
∣
∣det

(

φ̃(τl, τl+1)
)∣
∣
∣

∫

Rk
p̃fil

(

φ̃−1(τl, τl+1)x̄o|dl

)

pW̃ (τl,τl+1)

(

x̄− x̄o

)

dx̄o.

(SM3.4)

3.1. See Theorem 7.2 of [SM3].
3.2. Setting C :=M ′H, Eq. (3.7) becomes

Ul = Z(HX̃(τl)) = CX̃(τl) + Zg,l, l = 1, 2, · · · ,(SM3.5)

where

pZg,l
(r) :=

1

2π [det(Σg)]
1/2

exp

(

−1

2
rTΣ−1

g r

)

, r ∈ C.

Since Zg,l is independent of Dl−1, Tl and X̃, then, according to Eq. (SM3.5),

Z(HX̃(τl)) is the sum of two independent Gaussian random variables and its proba-
bility density function is given by

pUl|Tl,Dl−1

(

rl|τl, dl−1

)

= pZ(HX̃(τl))|Tl,Dl−1

(

rl|τl, dl−1

)

=
1

2π [det (Rl)]
1/2

exp

(

− 1

2
(rl − r̂l)

TR−1
l (rl − r̂l)

)

,(SM3.6)

where Rl := CP l−1
l CT +Σg and r̂l := Cx̂l−1

l .

SM4. Example of maximum likelihood estimation. Let the 3D (or 2D)
motion of an object be given by the following continuous-time stochastic differential
equation

dX(τ) = (V + FX(τ)) dτ +
√
2DdB(τ), τ ≥ t0,(SM4.1)

where V ∈ R
3 (or R

2), F ∈ R
3×3 (or R

2×2) and D > 0 denote the zero order drift,
first order drift and diffusion coefficients, respectively, and {B(τ), τ ≥ t0} is a 3 (or
2)-vector Brownian motion process with
E
{

dB(τ)dB(τ)T
}

= I3×3 (or I2×2).
As an example, next, for the case that the first order drift is a diagonal matrix, i.e.,

FI2×2, F ∈ R, and there is no zero order drift, we derive expressions for the likelihood
function and its derivative with respect to the drift and diffusion coefficients for 2D
trajectories. Let X(t0) be Gaussian distributed with mean x0 ∈ R

2 and diagonal
covariance matrix P0 := ρ0I2×2, ρ0 > 0, which is assumed to be independent of
B(τ). Assume that the photon detection rate Λ, the magnification matrix M =
mI2×2,m > 0, and the covariance matrix Σg = vI2×2, v > 0, of the measurement
noise are independent of the parameter vector θ ∈ Θ. Also, for the corresponding
discrete system at time points τ0 := t0 ≤ τ1 < τ2 < · · · < τK < · · · , let the transition
matrix be given by φ(τl−1, τl) := φs(τl−1, τl)I2×2, φ

s(τl−1, τl) ∈ R, and the process
noise covariance matrix be given by Qg(τl−1, τl) := qs(τl−1, τl)I2×2, q

s(τl−1, τl) > 0.
Then, the covariances of the states, which can be calculated through the Kalman
filter formulae recursively, are also scalar matrices, i.e., can be defined as P l−1

θ,l :=

ρl−1
θ,l I2×2, ρ

l−1
θ,l > 0, l = 1, 2, · · · . Also, let x̂l−1

θ,l denote the means of the states.
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Then, the maximum likelihood estimate θ̂mle of θ = (θ1, · · · , θn) is the solution
of the following equation, according to Eq. (SM11.6), for the acquired data denoted
by dK ∈ CK × R

K
[∞],K = 1, 2, · · · ,

∂ logL (θ|dK)

∂θi

=

K∑

l=1

−
1

2
trace









m2dρ

l−1,i
θ,l

m2ρl−1
θ,l + v








I2×2 −

(

rl −mx̂l−1
θ,l

)(

rl −mx̂l−1
θ,l

)T

m2ρl−1
θ,l + v











−
mdx̂

l−1,i
θ,l

(

rl −mx̂l−1
θ,l

)

m2ρl−1
θ,l + v

=

K∑

l=1

−
1

2




m2dρ

l−1,i
θ,l

m2ρl−1
θ,l + v








2−

∥
∥
∥rl −mx̂l−1

θ,l

∥
∥
∥
2

m2ρl−1
θ,l + v




−

mdx̂
l−1,i
θ,l

(

rl −mx̂l−1
θ,l

)

m2ρl−1
θ,l + v

= 0,

(SM4.2)

where i = 1, · · · , n, ‖.‖ denotes the Euclidean norm, and for l = 1, 2, · · · , X̂(i)
θ,l :=

[

x̂l−1
θ,l dx̂

l−1,i
θ,l

]T

, dx̂
l−1,i
θ,l :=

∂x̂l−1
θ,l

∂θi
, P

(i)
θ,l :=

[

ρl−1
θ,l dρ

l−1,i
θ,l

]T

, and dρ
l−1,i
θ,l :=

∂ρl−1
θ,l

∂θi
can be calculated

through the following recursive formulas, by combining the Kalman filtering equations
(Eqs. (3.11) and (3.12)) and their derivatives, and using Lemma SM14.2 (see Section
SM14.2),

X̂
(i)
θ,l+1 = A

(i)
θ,l+1X̂

(i)
θ,l +B

(i)
θ,l+1

(

rl −mx̂l−1
θ,l

)

,

P
(i)
θ,l+1 = C

(i)
θ,l+1P

(i)
θ,l +

[

qsθ (τl, τl+1)
∂qsθ(τl,τl+1)

∂θi

]

,(SM4.3)

where X̂
(i)
θ,1 =

[

φθ (t0, τ1)xθ,0
∂φθ(t0,τ1)

∂θi
xθ,0 + φθ (t0, τ1)

∂xθ,0

∂θi

]

, P
(i)
θ,1 =

[

(φsθ (t0, τ1))
2
ρ0 + qsθ(t0, τ1)

∂(φs
θ(t0,τ1))

2

∂θi
ρ0 +

∂qsθ(t0,τ1)
∂θi

]

,

and

A
(i)
θ,l+1 :=

[
φθ(τl, τl+1) 02×2
∂φθ(τl,τl+1)

∂θi
φθ(τl, τl+1)

(
I2×2 −Kθ,lM

)

]

,

B
(i)
θ,l+1 :=

[
φθ(τl, τl+1)Kθ,l

φθ(τl, τl+1)
∂Kθ,l

∂θi
+

∂φθ(τl,τl+1)

∂θi
Kθ,l

]

,

C
(i)
θ,l+1 :=





(

1−mksθ,l

) (
φs
θ(τl, τl+1)

)2
0

(

1−mksθ,l

)
∂(φs

θ(τl,τl+1))
2

∂θi
−m

∂ks
θ,l

∂θi

(
φs
θ(τl, τl+1)

)2
(

1−mksθ,l

) (
φs
θ(τl, τl+1)

)2



 ,

(SM4.4)

where the Kalman gain and its derivative are given by

Kθ,l = ksθ,lI2×2, ksθ,l :=
mρl−1

θ,l

m2ρl−1
θ,l + v

,
∂ksθ,l

∂θi
=

mvdρ
l−1,i
θ,l

(

m2ρl−1
θ,l + v

)2 .(SM4.5)

1. If F 6= 0, then, for l = 1, 2, · · · ,

φs(τl−1, τl) = eF (τl−τl−1), qs(τl−1, τl) =
D

F

(

e2F (τl−τl−1) − 1
)

.
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(a) If the only unknown parameter is the first order drift coefficient F , i.e., θ = F ,
then, for ∆τl+1 := τl+1 − τl,

Aθ,l+1 =

[
eF∆τl+1I2×2 02×2

∆τl+1e
F∆τl+1I2×2 eF∆τl+1

(
I2×2 −mKθ,l

)

]

,

Bθ,l+1 =

[
eF∆τl+1Kθ,l

eF∆τl+1

(
∂Kθ,l

∂θ
+∆τl+1Kθ,l

)

]

,

Cθ,l+1 =





(

1−mksθ,l

)

e2F∆τl+1 0
(

1−mksθ,l

)

2∆τl+1e
2F∆τl+1 −m

∂ks
θ,l

∂θ
e2F∆τl+1

(

1−mksθ,l

)

e2F∆τl+1



 ,

and

X̂θ,1 =

[

eF∆τ1x0

∆τ1e
F∆τ1x0

]

, Pθ,1 =

[

e2F∆τ1ρ0 +
D
F

(

e2F∆τ1 − 1
)

2∆τ1e
2F∆τ1ρ0 +

D
F
e2F∆τ1

(

− 1
F
+ 2∆τ1

)

+ D
F2

]

.

(SM4.6)

(b) If the only unknown parameter is the diffusion coefficient D, i.e., θ = D,
then,

Aθ,l+1 =

[
eF∆τl+1I2×2 02×2

02×2 eF∆τl+1
(
I2×2 −mKθ,l

)

]

, Bθ,l+1 =

[

eF∆τl+1Kθ,l

eF∆τl+1
∂Kθ,l

∂θ

]

,

Cθ,l+1 =





(

1−mksθ,l

)

e2F∆τl+1 0

−m
∂ks

θ,l

∂θ
e2F∆τl+1

(

1−mksθ,l

)

e2F∆τl+1



 ,

and

X̂θ,1 =

[

eF∆τ1x0

02×1

]

, Pθ,1 =

[

e2F∆τ1ρ0 +
D
F

(

e2F∆τ1 − 1
)

2∆τ1e
2F∆τ1ρ0 +

1
F

(

e2F∆τ1 − 1
)

]

.(SM4.7)

2. If F = 0, then, for l = 1, 2, · · · ,

φs(τl−1, τl) = 1, qs(τl−1, τl) = 2D (τl − τl−1) .

If the only unknown parameter is the diffusion coefficient D, i.e., θ = D, then,

Aθ,l+1 =

[
I2×2 02×2

02×2 I2×2 −mKθ,l

]

, Bθ,l+1 =

[

Kθ,l
∂Kθ,l

∂θ

]

, Cθ,l+1 =

[
1−mksθ,l 0

−m
∂ks

θ,l

∂θ
1−mksθ,l

]

,

and

X̂θ,1 =

[

x0

02×1

]

, Pθ,1 =

[

ρ0 + 2D∆τ1
2∆τ1

]

.(SM4.8)

SM5. More estimation results for Gaussian measurements.

SM6. Sequential Monte Carlo method. Here, for the acquired data denoted
by dl ∈ Cl × R

l
[∞] (or dl ∈ Cl × R

l
[t]), l = 1, 2, · · · , we approximate the distribution

pprl+1

(

xl+1|τl+1, dl

)

through the sequential Monte Carlo method provided in [SM5].

Note that

pprl+1

(

xl+1|τl+1, dl

)

= pX(Tl+1)|Tl+1,Dl

(

xl+1|τl+1, dl

)

=

∫

R3

pX(Tl+1),X(Tl)|Tl+1,Dl

(

xl+1, x|τl+1, dl

)

dx

=

∫

R3

pX(Tl+1)|X(Tl),Tl+1,Dl

(

xl+1|x, τl+1, dl

)

pX(Tl)|Tl+1,Dl

(

x|τl+1, dl

)

dx

=

∫

R3

pX(Tl+1)|X(Tl),Tl+1,Dl

(

xl+1|x, τl+1, dl

)

pfil

(

x|dl
)

dx,(SM6.1)
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Fig. SM1. Analysis of the error of the first order drift matrix estimates produced by the
maximum likelihood estimation method for the Gaussian measurement model. Differences between
the estimates of the first order drift coefficients in x and y directions and their true values for the
data sets of 2D trajectory of an in-focus molecule in the object space simulated using Eq. (SM4.1)
where the time points are drawn from a Poisson process with mean 500 in the time interval [0, 100]
ms with the first order drift matrix F = [Fij ] , i, j = 1, 2, F12 = F21 = 0, F11 = Fx = −10/s,
F22 = Fy = −5/s and the diffusion coefficient D = 1 µm2/s. Also, we assume that there is no zero
order drift and the initial location of the molecule is Gaussian distributed with mean x0 = (4.4, 4.4)T

µm and covariance P0 = 10I2×2 nm2.

where pfil
(

x|dl
)

:= pX(Tl)|Dl

(

x|dl
)

, x ∈ R
3, and for the linear stochastic system with

state X(τ) ∈ R
3, τ ≥ t0, zero-mean Gaussian process noise with covariance matrix

Qg(τl, τl+1) ∈ R
3×3, Qg(τl, τl+1) > 0, and state-transition matrix φ(τl, τl+1) ∈ R

3×3,
we have, for xl ∈ R

3,

pX(Tl+1)|X(Tl),Tl+1,Dl

(

xl+1|xl, τl+1, dl

)

= pX(Tl+1)|X(Tl) (xl+1|xl)

=
1

(2π)3/2 [det (Qg(τl, τl+1))]
1/2

× exp

(

−
1

2
(xl+1 − φ(τl, τl+1)xl)

T
Q

−1
g (τl, τl+1)(xl+1 − φ(τl, τl+1)xl)

)

.(SM6.2)

The distribution pfil of the filtered object location can be approximated as [SM5]

pfil

(

xl|dl
)

≈
N
∑

i=1

wil(rl)δ
(

xl − ẋil
)

,(SM6.3)

where δ is the Dirac delta function, and the samples ẋil and their corresponding
weights wil(rl), i = 1, · · · , N , are given through the following sequential Monte Carlo
algorithm. Finally, by substituting Eqs. (SM6.2) and (SM6.3) into Eq. (SM6.1), the
distribution pprl+1

can be approximated as

pprl+1

(

xl+1|τl+1, dl

)

≈

N
∑

i=1

w
i
l(rl)pX(Tl+1)|X(Tl)

(

xl+1|ẋ
i
l

)

=
N
∑

i=1

wi
l(rl)

(2π)3/2 [det (Qg(τl, τl+1))]
1/2

exp

(

−
1

2
(xl+1 − φ(τl, τl+1)ẋ

i
l)

T

×Q
−1
g (τl, τl+1)(xl+1 − φ(τl, τl+1)ẋ

i
l)

)

.

Sequential Monte Carlo (particle filter) algorithm: [SM5]
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1. Draw initial samples
{

xi0
}N

i=1
according to pX(t0)(x0), i.e.,

xi0 ∼ pX(t0)(x0), i = 1, · · · , N , and set l = 1.

2. Draw independent and identically distributed samples
{

ẋil
}N

i=1
according to

pX(Tl)|X(Tl−1)

(

ẋl|xil−1

)

, i.e., ẋil ∼ pX(Tl)|X(Tl−1)

(

ẋl|xil−1

)

, i = 1, · · · , N .

3. Compute the weights sequence
{

wil(rl)
}N

i=1
as

wil(rl) =
fẋi

l
(rl)

∑N
i=1 fẋi

l
(rl)

, i = 1, · · · , N.

4. Resample new particles xjl , j = 1, · · · , N , from the set
{

ẋil
}N

i=1
according to

the importance weights wil(rl), i.e., according to

P
(

x
j
l = ẋil

)

= wil(rl), i = 1, · · · , N,

where P
(

x
j
l = ẋil

)

denotes the probability of xjl = ẋil.

5. Increment l 7→ l + 1 and return to step 2.
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Fig. SM2. Analysis of the error of diffusion coefficient and first order drift coefficient estimates
produced by the maximum likelihood estimation method for the Airy measurement model. (a) The
two-dimensional single molecule trajectory simulated in Fig. 3(a). (b) Detected locations of the
photons emitted from the molecule trajectory of part (a) in the image space which are simulated
using Eq. (3.6) with the Airy profile (Eq. (2.4)) and α := 2πna

λ
= 2.59. (c) Differences between

the diffusion coefficient estimates and the true diffusion coefficient value for 100 data sets, each
containing a trajectory of a molecule simulated using Eqs. (SM4.1) and (3.6) with the Airy profile,
and the parameters given in parts (a) and (b). (d) Differences between the first order drift coefficient
estimates and its true value for the data sets of part (c).

SM7. Estimation results for Airy measurements. Here, we analyze the
error of the diffusion and first order drift coefficient estimates for simulated data sets
with the Airy measurement profile, with the same standard deviation as the Born and
Wolf and Gaussian data presented in Figs. 3-8, and obtain similar results (see Figs.
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SM2 and SM3). We also show the differences between the means of the distributions
of the prediction of the molecule locations and the true locations of the molecule in
Fig. SM5 (see Section SM14.6).
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Fig. SM3. Predicted locations of the molecule for the Airy measurement model. (a) and (b)
Means of the distributions of the prediction of the molecule x- and y-locations and the true x- and y-
locations of the molecule for the same data set as in Figs. SM2(a) and SM2(b). The measurements
transformed from the image space to the object space are also shown. (c) and (d) Means of the
distributions of the prediction of the molecule x- and y-locations and the true x- and y-locations of
the molecule over the time interval [0, 27.5] ms.

SM8. Proof of Theorem 5.2. Let G[t]

(

(

U[t], T[t]
)

, C,Θ
)

and GL
(

(UL, TL) , C,
Θ
)

be image detection processes for a time interval [t0, t] and for a fixed number L

of photons, respectively. Let D[t] :=
(

U[t], T[t]
)

,Dk := (Uk, Tk) , k = 0, 1, · · · . Assume

that the conditional probability density functions pθUl|Tl,Dl−1
, l = 1, 2, · · · , of Ul, given

Tl and Dl−1, satisfy the following regularity conditions, for θ = (θ1, · · · , θn) ∈ Θ,

(a)
∂pθUl|Tl,Dl−1

(

rl|τl,dl−1

)

∂θi
exists for i = 1, · · · , n,

(b)

∫

C

∣

∣

∣

∣

∣

∣

∂pθUl|Tl,Dl−1

(

r|τl,dl−1

)

∂θi

∣

∣

∣

∣

∣

∣

dr <∞ for i = 1, · · · , n,

where dl ∈ Cl×R
l
[t] for G[t], dl ∈ Cl×R

l
[∞] for GL, and pθ

(

r1|τ1, d0
)

:= pθ
(

r1|τ1
)

.

1.1. Then, the Fisher information matrix I[t](θ) of G[t] is given by

I[t](θ) = E

[

(

∂ logL(θ|dK)

∂θ

)T (
∂ logL(θ|dK)

∂θ

)

]

,(SM8.1)

where dK ∈ CK × R
K
[t], K = 1, 2, · · · , and L denotes the likelihood function. By

substituting the expression of the likelihood function L[t] of G[t] (Eq. (4.1)) into Eq.
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(SM8.1), according to [SM6, SM7], we have

I[t](θ) = Pθ

(

N(t) = 0
)




∂ logPθ

(

N(t) = 0
)

∂θ





T 


∂ logPθ

(

N(t) = 0
)

∂θ





+
∞∑

K=1

∫ t

t0

· · ·

∫ τ3

t0

∫ τ2

t0

∫

C
· · ·

∫

C
pθ[t]

(

dK ,K
)




∂ log pθ

[t]

(

dK ,K
)

∂θ





T 


∂ log pθ

[t]

(

dK ,K
)

∂θ





× dr1 · · · drKdτ1dτ2 · · · dτK

=
1

Pθ

(

N(t) = 0
)




∂Pθ

(

N(t) = 0
)

∂θ





T 


∂Pθ

(

N(t) = 0
)

∂θ





+

∞∑

K=1

∫ t

t0

· · ·

∫ τ3

t0

∫ τ2

t0

∫

C
· · ·

∫

C

1

pθ
[t]

(

dK ,K
)




∂pθ

[t]

(

dK ,K
)

∂θ





T 


∂pθ

[t]

(

dK ,K
)

∂θ





× dr1 · · · drKdτ1dτ2 · · · dτK ,

(SM8.2)

where Pθ

(

N(t) = 0
)

is the probability of N(t) = 0 and pθ[t] denotes the probability

density function of D[t] and N(t).
1.2. Assume that the photon detection rate Λ is independent of θ. By substituting

Eqs. (SM1.1)-(SM1.3) into Eq. (SM8.2), we have

I[t](θ) =

∞∑

K=1

P
(

N(t) = K
)∫ t

t0

· · ·

∫
τ3

t0

∫
τ2

t0

[∫

C

· · ·

∫

C

1

pθ
UK |TK

(

r1, · · · , rK |τ1, · · · , τK
)

×




∂pθUK |TK

(

r1, · · · , rK |τ1, · · · , τK
)

∂θ





T 


∂pθUK |TK

(

r1, · · · , rK |τ1, · · · , τK
)

∂θ



 dr1 · · · drK

]

× pTK |N(t)

(

τ1, · · · , τK |K
)

dτ1dτ2 · · · dτK

= e
−
∫ t
t0

Λ(τ)dτ
∞∑

K=1

{∫
t

t0

· · ·

∫
τ3

t0

∫
τ2

t0

Iτ1,··· ,τK
(θ)

K∏

k=1

Λ(τk)dτ1dτ2 · · · dτK

}

,

(SM8.3)

where, for t0 ≤ τ1 < · · · < τK ≤ t, Iτ1,··· ,τK is given by

Iτ1,··· ,τK (θ)

= EUK |TK=τ1:K










∂ log pθ

UK |TK

(

r1:K |τ1:K

)

∂θ





T 


∂ log pθ

UK |TK

(

r1:K |τ1:K

)

∂θ











=

∫

C
· · ·

∫

C
pθUK |TK

(

r1:K |τ1:K

)




∂ log pθ

UK |TK

(

r1:K |τ1:K

)

∂θ





T 


∂ log pθ

UK |TK

(

r1:K |τ1:K

)

∂θ





× drK · · · dr1

=

∫

C
· · ·

∫

C

1

pθ
UK |TK

(

r1:K |τ1:K

)




∂pθ

UK |TK

(

r1:K |τ1:K

)

∂θ





T 


∂pθ

UK |TK

(

r1:K |τ1:K

)

∂θ





× drK · · · dr1,
(SM8.4)

where r1:K := (r1, · · · , rK) , τ1:K := (τ1, · · · , τK) ,K = 1, 2, · · · . Since
pθUK |TK

(

r1:K |τ1:K
)

=
∏K
l=1 p

θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

, according to Lemma 1 (chain rule
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for the Fisher information matrix) of [SM8], we have

Iτ1,··· ,τK (θ) =

{∑K
l=1 I

τ1,··· ,τl
Ul|Tl,Dl−1

(θ), t0 ≤ τ1 < · · · < τK ≤ t,

0, otherwise,

where the Fisher information matrix Iτ1,··· ,τlUl|Tl,Dl−1
of Ul, l = 1, · · · ,K, calculated with

respect to the conditional probability density function pθUl|Tl,Dl−1
at fixed time points

Tl = τ1:l, is given by

I
τ1,··· ,τl
Ul|Tl,Dl−1

(θ) = EUl|Tl=τ1:l









∂ log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ





T 


∂ log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ










=

∫

C

· · ·

∫

C

p
θ
Ul|Tl

(

r1:l|τ1:l

)



∂ log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ





T

×




∂ log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ



 drl · · · dr1

=

∫

C

· · ·

∫

C

p
θ
Ul−1|Tl−1

(

r1:l−1|τ1:l−1

)
[∫

C

1

pθ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

×




∂pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ





T 


∂pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ



 drl

]

drl−1 · · · dr1.(SM8.5)

2.1. Moreover, by substituting the expression for the likelihood function LL of
GL (Eq. (4.2)) into Eq. (SM8.1), the Fisher information matrix IL(θ) of GL can be
obtained as

IL(θ) =

∫ ∞

t0

· · ·

∫ τ3

t0

∫ τ2

t0

∫

C
· · ·

∫

C
pθL

(

dL

)




∂ log pθL

(

dL

)

∂θ





T 


∂ log pθL

(

dL

)

∂θ



 dr1 · · · drL

× dτ1dτ2 · · · dτL

=

∫ ∞

t0

· · ·

∫ τ3

t0

∫ τ2

t0

∫

C
· · ·

∫

C

1

pθL

(

dL

)




∂pθL

(

dL

)

∂θ





T 


∂pθL

(

dL

)

∂θ



 dr1 · · · drLdτ1dτ2 · · · dτL,

(SM8.6)

where dL ∈ CL × R
L
[∞], and p

θ
L denotes the probability density function of DL.

2.2. Assume that the photon detection rate Λ is independent of θ. By substituting
Eq. (2.2) into Eq. (SM8.6), we have, according to Eq. (SM1.6) and using the similar
procedure used in the previous part,

IL(θ) =

∫ ∞

t0

· · ·

∫ τ3

t0

∫ τ2

t0

[∫

C
· · ·

∫

C

1

pθ
UL|TL

(

r1:L|τ1:L

)




∂pθ

UL|TL

(

r1:L|τ1:L

)

∂θ





T

×




∂pθ

UL|TL

(

r1:L|τ1:L

)

∂θ



 dr1 · · · drL

]

pTL

(

τ1:L

)

dτ1dτ2 · · · dτL

=

∫ ∞

t0

· · ·

∫ τ3

t0

∫ τ2

t0

Iτ1,··· ,τL (θ)e
−
∫ τL
t0

Λ(τ)dτ
L∏

k=1

Λ(τk)dτ1dτ2 · · · dτL.

SM9. Proof of Corollary 5.4. Let G[t]

(

X,
(

U[t], T[t]
)

, q, C,Θ
)

(or GL
(

X, (UL,
TL) , q, C,Θ

)

) be an image detection process driven by the stochastic trajectoryX and

image function q for a time interval [t0, t] (or a fixed number L of photons). Assume
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that the photon detection rate Λ is independent of θ. The Fisher information matrix
Iτ1,··· ,τK in Eq. (5.2) (or Eq. (5.6)) of Theorem 5.2 is given by

Iτ1,··· ,τK (θ) =

{∑K
l=1 I

τ1,··· ,τl
Ul|Tl,Dl−1

(θ), t0 ≤ τ1 < · · · < τK ≤ t,

0, otherwise,

where, for r1:l := (r1, · · · , rl) , τ1:l := (τ1, · · · , τl) , l = 1, · · · ,K,

I
τ1,··· ,τl
Ul|Tl,Dl−1

(θ) =

∫

C

· · ·

∫

C

p
θ
Ul−1|Tl−1

(

r1:l−1|τ1:l−1

)
[∫

C

1

pθ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

×




∂pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ





T 


∂pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ



 drl

]

drl−1 · · · dr1,(SM9.1)

and Iτ1U1|T1
is given by Eq. (5.5). According to Eq. (SM2.1), we can express the condi-

tional probability density functions pθUl|Dl−1,Tl
in terms of the image profile fx, x ∈ R

3,
as

pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

=

∫

R3

fθxo
(rl) p

θ
prl

(

xo|τl, dl−1

)

dxo,(SM9.2)

where pθprl := pθX(Tl)|Tl,Dl−1
denotes the distribution of the prediction of the object

location, pθpr1

(

xo|τ1, d0
)

:= pθpr1

(

xo|τ1
)

, and xo ∈ R
3 denotes a running variable

in the object space. By substituting Eq. (SM9.2) into Eq. (SM9.1), we have, for

dpθprl :=
∂pθprl
∂θ and dfθx :=

∂fθ
x

∂θ ,

I
τ1,··· ,τl
Ul|Tl,Dl−1

(θ)

=

∫

C

· · ·

∫

C

p
θ
Ul−1|Tl−1

(

r1:l−1|τ1:l−1

)
{∫

C

1

pθ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

×

(∫

R3

[
(

df
θ
x1

(rl)
)T

p
θ
prl

(

x1|τl, dl−1

)

+ f
θ
x1

(rl)
(

dp
θ
prl

(

x1|τl, dl−1

))T

]

dx1

)

×

(∫

R3

[

df
θ
x2

(rl) p
θ
prl

(

x2|τl, dl−1

)

+ f
θ
x2

(rl) dp
θ
prl

(

x2|τl, dl−1

)
]

dx2

)

drl

}

drl−1 · · · dr1

=

∫

C

· · ·

∫

C

p
θ
Ul−1|Tl−1

(

r1:l−1|τ1:l−1

)
{∫

C

∫

R3

∫

R3

1

pθ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

×
[(

dfθ
x1

(rl)
)T (

dpθprl

(

x1|τl, dl−1

))T
]
[

pθprl

(

x1|τl, dl−1

)

fθ
x1

(rl)

][

pθprl

(

x2|τl, dl−1

)

fθ
x2

(rl)

]T [
dfθ

x2
(rl)

dpθprl

(

x2|τl, dl−1

)

]

× dx1dx2drl

}

drl−1 · · · dr1

=

∫

C

· · ·

∫

C

p
θ
Ul−1|Tl−1

(

r1:l−1|τ1:l−1

)






∫

R3

∫

R3






∫

C

F θ
l

(

x1, dl

) [

F θ
l

(

x2, dl

)]T

pθ
Ul|Tl,Dl−1

(

rl|τl, dl−1

) drl




 dx1dx2






× drl−1 · · · dr1,
(SM9.3)
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where for l = 1, 2, · · · ,

F θl

(

x, dl

)

:=

[

(

dfθx (rl)
)T

(

dpθprl

(

x|τl, dl−1

))T
]

[

pθprl

(

x|τl, dl−1

)

fθx (rl)

]

, x ∈ R
3,

pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

=

∫

R3

fθxo
(rl) p

θ
prl

(

xo|τl, dl−1

)

dxo,

pθUl−1|Tl−1

(

r1:l−1|τ1:l−1

)

=
l−1
∏

i=1

∫

R3

fθxo
(ri) p

θ
pri

(

xo|τi, di−1

)

dxo,

with Iτ1U1|T1
given by

I
τ1
U1|T1

(θ) =

∫

C

∫

R3

∫

R3

1

pθU1|T1

(

r|τ1
)

[

(

dfθ
x1

(r)
)T

(

dpθpr1

(

x1|τ1
))T ]

[

pθpr1

(

x1|τ1
)

fθ
x1

(r)

]

×

[

pθpr1

(

x2|τ1
)

fθ
x2

(r)

]T [
dfθ

x2
(r)

dpθpr1

(

x2|τ1
)

]

dx1dx2dr.

SM10. Proof of Corollary 5.6. For t0 ≤ τ1 < · · · < τK , let Gτ1,··· ,τK
(

(UK , TK) , C,Θ
)

be an image detection process at fixed time points τ1, · · · , τK . Assume that

pUl|Tl,Dl−1

(

rl|τl, dl−1

)

= pUl|Tl

(

rl|τl
)

, dl ∈ Cl × R
l
[∞], l = 1, 2, · · · .

1. According to Eq. (2.8), we have, for rl ∈ R
2, l = 1, 2, · · · ,

pUK |TK

(

r1, · · · , rK |τ1, · · · , τK
)

=

K
∏

l=1

pθUl|Tl

(

rl|τl
)

.(SM10.1)

By substituting Eq. (SM10.1) into Eq. (5.4), we have

Iτ1,··· ,τK (θ) =

{

∑K
l=1 I

τl
Ul|Tl

(θ), t0 ≤ τ1 < · · · < τK ,

0, otherwise,

where for l = 1, · · · ,K,

I
τl
Ul|Tl

(θ) =

∫

R2

(∫

R2

p
θ
U1|T1

(

r1|τ1
)

dr1

)

· · ·

(∫

R2

p
θ
Ul−1|Tl−1

(

rl−1|τl−1

)

drl−1

)

×
1

pθUl|Tl

(

rl|τl
)





∂pθUl|Tl

(

rl|τl
)

∂θ





T 



∂pθUl|Tl

(

rl|τl
)

∂θ



 drl

=

∫

R2

1

pθUl|Tl

(

r|τl
)





∂pθUl|Tl

(

r|τl
)

∂θ





T 



∂pθUl|Tl

(

r|τl
)

∂θ



 dr.(SM10.2)

2.1. For an object with deterministic trajectory Xτ (θ) := (xτ (θ), yτ (θ)) ∈ R
2, τ ≥

t0, assume that there exists an image function q: R2 7→ R, which is assumed to be
independent of the parameter vector θ, such that for r = (x, y) ∈ R

2, t0 ≤ τ ≤ t, and
a magnification factor M > 1,

pθUl|Tl

(

r|τ
)

= fXτ (θ) (r) =
1

M2
q

(

x

M
− xτ (θ),

y

M
− yτ (θ)

)

.(SM10.3)
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Then, by substituting Eq. (SM10.3) into Eq. (SM10.2), Iτl := IτlUl|Tl
is obtained as,

for θ = (θ1, · · · , θn) ∈ Θ,

Iτl
(θ) =

1

M2

∫

R2

1

q

(

x
M

− xτl
(θ),

y
M

− yτl
(θ)

)







∂q

(

x
M

− xτl
(θ),

y
M

− yτl
(θ)

)

∂θ







T

×







∂q

(

x
M

− xτl
(θ),

y
M

− yτl
(θ)

)

∂θ







dxdy

=
1

M2

∫

R2

1

q
(

x
M

− xτl
(θ),

y
M

− yτl
(θ)
)













∂q
(

x
M

−xτl
(θ),

y
M

−yτl
(θ)
)

∂θ1

.

.

.

∂q
(

x
M

−xτl
(θ),

y
M

−yτl
(θ)
)

∂θn

























∂q
(

x
M

−xτl
(θ),

y
M

−yτl
(θ)
)

∂θ1

.

.

.

∂q
(

x
M

−xτl
(θ),

y
M

−yτl
(θ)
)

∂θn













T

dxdy.

(SM10.4)

For each (x, y) ∈ R
2, let hx,y = (hx, hy): R

2 7→ R
2, such that, for θ ∈ Θ, (xτl(θ), yτl(θ))

∈ R
2,

hx(xτl(θ), yτl(θ)) =
x

M
− xτl(θ), hy(xτl(θ), yτl(θ)) =

y

M
− yτl(θ).

Then, for dτl = (xτl , yτl): Θ 7→ R
2, the composite function (q ◦ hx,y ◦ dτl)(θ) is given

by

(q ◦ hx,y ◦ dτl)(θ) = q(hx,y(dτl(θ))) = q
( x

M
− xτl(θ),

y

M
− yτl(θ)

)

,

and therefore, using the formal definition of partial derivatives, we can rewrite Eq.
(SM10.4) as

Iτl
(θ) =

1

M2

∫

R2

1

(q ◦ hx,y ◦ dτl
)(θ)









(D1(q ◦ hx,y ◦ dτl
))(θ1, · · · , θn)

.

.

.
(Dn(q ◦ hx,y ◦ dτl

))(θ1, · · · , θn)

















(D1(q ◦ hx,y ◦ dτl
))(θ1, · · · , θn)

.

.

.
(Dn(q ◦ hx,y ◦ dτl

))(θ1, · · · , θn)









T

× dxdy.(SM10.5)

Assume that dτl is continuously differentiable on all of Θ, and hx,y is differentiable
at dτl(θ). Also, suppose that q is differentiable at hx,y (dτl(θ)) . Then, according to
Theorem SM14.3 (see Section SM14.3), for i =, 1 · · · , n,
(Di(q ◦ hx,y ◦ dτl))(θ) = (D1q)(hx,y(dτl(θ)))(D1hx)(dτl(θ))(Dixτl)(θ)

+ (D1q)(hx,y(dτl(θ)))(D2hx)(dτl(θ))(Diyτl)(θ)

+ (D2q)(hx,y(dτl(θ)))(D1hy)(dτl(θ))(Dixτl)(θ)

+ (D2q)(hx,y(dτl(θ)))(D2hy)(dτl(θ))(Diyτl)(θ)

= −(D1q)(hx,y(dτl(θ)))(Dixτl)(θ)− (D2q)(hx,y(dτl(θ)))(Diyτl)(θ)

= −
[

(Dixτl)(θ) (Diyτl)(θ)
]

[

(D1q)(hx,y(dτl(θ)))
(D2q)(hx,y(dτl(θ)))

]

.(SM10.6)

By substituting Eq. (SM10.6) into Eq. (SM10.5), we have, for θ = (θ1, · · · , θn) ∈ Θ,

Iτl (θ) =
1

M2
V

T
θ (τl)

[ ∫

R2

1

q(hx,y(dτl (θ)))

[
(D1q)(hx,y(dτl (θ)))
(D2q)(hx,y(dτl (θ)))

] [
(D1q)(hx,y(dτl (θ)))
(D2q)(hx,y(dτl (θ)))

]T

dxdy

]

Vθ(τl)

=
1

M2
V

T
θ (τl)

[ ∫

R2
1

q(hx,y(dτl
(θ)))

[
(D1q)(hx,y(dτl (θ)))

]2 dxdy
∫

R2
1

q(hx,y(dτl
(θ)))

(D1q)(hx,y(dτl (θ)))(D2q)(hx,y(dτl (θ)))dxdy

∫

R2
1

q(hx,y(dτl
(θ)))

(D1q)(hx,y(dτl (θ)))(D2q)(hx,y(dτl (θ)))dxdy
∫

R2
1

q(hx,y(dτl
(θ)))

[
(D2q)(hx,y(dτl (θ)))

]2 dxdy

]

Vθ(τl),

(SM10.7)
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where

Vθ(τl) :=

[

(D1xτl)(θ) · · · (Dnxτl)(θ)
(D1yτl)(θ) · · · (Dnyτl)(θ)

]

∈ R
2×n.

Let w1: R
2 7→ R, such that

w1(u, v) =
1

q(u, v)
[(D1q)(u, v)]

2
, (u, v) ∈ R

2,

be an integrable function. Also, for each θ = (θ1, · · · , θn) ∈ Θ, (xτl(θ), yτl(θ)) ∈ R
2,

let gθ,τl = (g1θ,τl , g
2
θ,τl

): R2 7→ R
2, such that

gθ,τl(x, y) = (g1θ,τl(x, y), g
2
θ,τl

(x, y)) =
( x

M
− xτl(θ),

y

M
− yτl(θ)

)

= (u, v).

Then, we have for the Jacobian J(gθ,τl) of gθ,τl ,

J(gθ,τl) =





∂g1θ,τl
(x,y)

∂x

∂g1θ,τl
(x,y)

∂y
∂g2θ,τl

(x,y)

∂x

∂g2θ,τl
(x,y)

∂y



 =

[

1
M 0
0 1

M

]

,

and the modulus of its determinant is given by
∣

∣

∣

∣

det

(

1
M 0
0 1

M

)∣

∣

∣

∣

=

∣

∣

∣

∣

1

M2

∣

∣

∣

∣

=
1

M2
.

Then, according to Theorem SM14.4 (see Section SM14.4),
∫

R2

w1(u, v)dudv =
1

M2

∫

R2

w1 (gθ,τl(x, y)) dxdy

=
1

M2

∫

R2

w1

( x

M
− xτl(θ),

y

M
− yτl(θ)

)

dxdy.(SM10.8)

Also, let w2, w3: R
2 7→ R, such that

w2(u, v) =
1

q(u, v)
(D1q)(u, v)(D2q)(u, v), (u, v) ∈ R

2
,

and

w3(u, v) =
1

q(u, v)
[(D2q)(u, v)]

2
, (u, v) ∈ R

2
,

be integrable functions. Similarly, according to Theorem SM14.4 (see Section SM14.4),

∫

R2

wi(u, v)dudv =
1

M2

∫

R2

wi

( x

M
− xτl(θ),

y

M
− yτl(θ)

)

dxdy, i = 2, 3.

(SM10.9)

Then, by substituting Eqs. (SM10.8) and (SM10.9) into Eq. (SM10.7),

Iτl (θ) = V
T
θ (τl)

[ ∫

R2
1

q(u,v)
[(D1q)(u, v)]

2 dudv
∫

R2
1

q(u,v)
(D1q)(u, v)(D2q)(u, v)dudv

∫

R2
1

q(u,v)
(D1q)(u, v)(D2q)(u, v)dudv

∫

R2
1

q(u,v)
[(D2q)(u, v)]

2 dudv

]

Vθ(τl)

= V
T
θ (τl)

[∫

R2

1

q(u, v)

[
(D1q)(u, v)
(D2q)(u, v)

] [
(D1q)(u, v)
(D2q)(u, v)

]T

dudv

]

Vθ(τl).

2.2. The results follow by using the similar procedure used in the previous part.
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SM11. Proof of Corollary 5.7. According to Theorem 5.2, the Fisher infor-
mation matrix Iτ1,··· ,τK in Eq. (5.2) (or Eq. (5.6)) can be calculated as

Iτ1,··· ,τK (θ) =

{∑K
l=1 I

τ1,··· ,τl
Ul|Tl,Dl−1

(θ), t0 ≤ τ1 < · · · < τK ≤ t,

0, otherwise,

where

I
τ1,··· ,τl
Ul|Tl,Dl−1

(θ) =

∫

C

· · ·

∫

C

p
θ
Ul−1|Tl−1

(

r1:l−1|τ1:l−1

)
[∫

C

p
θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

×




∂ log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ





T 


∂ log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θ



 drl

]

drl−1 · · · dr1,

with dl ∈ Cl ∈ R
l
[t] (or dl ∈ Cl ∈ R

l
[∞]), and r1:l := (r1, · · · , rl) , τ1:l := (τ1, · · · , τl) , l =

1, 2, · · · . Under the certain regularity conditions, for θ = (θ1, · · · , θn) ∈ Θ, i, j =

1, · · · , n, the i, jth entry
[

I
τ1,··· ,τl
Ul|Tl,Dl−1

]

i,j
of Iτ1,··· ,τlUl|Tl,Dl−1

can be calculated as

[

I
τ1,··· ,τl
Ul|Tl,Dl−1

(θ)

]

i,j

=

∫

C

· · ·

∫

C

p
θ
Ul−1|Tl−1

(

r1:l−1|τ1:l−1

)

×

[

−

∫

C

p
θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)∂2 log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θiθj
drl

]

drl−1 · · · dr1.(SM11.1)

According to Eq. (SM3.6),

pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

=
1

2π
[
det
(
Rθ,l

)]1/2
exp

(

−
1

2
eTθ,lR

−1
θ,l eθ,l

)

,(SM11.2)

where eθ,l := rl − Cx̂l−1
θ,l , Rl := CP l−1

θ,l C
T +Σg, and for l = 0, 1, · · · ,

x̂
l
θ,l+1 = φ̃θ(τl, τl+1)x̂

l
θ,l + ãθ(τl, τl+1),

P
l
θ,l+1 = φ̃θ(τl, τl+1)P

l
θ,lφ̃

T
θ (τl, τl+1) + Q̃θ(τl, τl+1),(SM11.3)

and for l = 1, 2, · · · ,

x̂
l
θ,l = x̂

l−1
θ,l +Kθ,l(rl − Cx̂

l−1
θ,l ),

P
l
θ,l = P

l−1
θ,l −Kθ,lCP

l−1
θ,l ,

Kθ,l = P
l−1
θ,l C

T
(

CP
l−1
θ,l C

T +Σg

)−1

,(SM11.4)

where x̂0θ,0 := x̄θ,0, P
0
θ,0 := P̃θ,0. In order to calculate

[

I
τ1,··· ,τl
Ul|Tl,Dl−1

]

i,j
, i, j = 1, · · · , n,

in Eq. (SM11.1), we first calculate, for θ = (θ1, · · · , θn) ∈ Θ and i = 1, · · · , n, the
derivative of log pθUl|Tl,Dl−1

with respect to θi as below

∂ log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θi
= −

1

2
trace

(

Rθ,l

∂Rθ,l

∂θi

)

−
1

2

(
∂eTθ,l

∂θi
R

−1
θ,leθ,l − e

T
θ,lR

−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,leθ,l + e

T
θ,lR

−1
θ,l

∂eθ,l

∂θi

)

.(SM11.5)

Since the covariance matrix Rθ,l is symmetric, then,
∂eTθ,l
∂θi

R−1
θ,l eθ,l = eTθ,lR

−1
θ,l

∂eθ,l
∂θi

,

and therefore, according to Eq. (SM11.5),(note that trace
(

eTθ,lR
−1
θ,l

∂Rθ,l

∂θi
R−1
θ,l eθ,l

)

=
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eTθ,lR
−1
θ,l

∂Rθ,l

∂θi
R−1
θ,l eθ,l),

∂ log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θi
= −

1

2
trace

(

R
−1
θ,l

∂Rθ,l

∂θi

)

+
1

2
trace

(

e
T
θ,lR

−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,leθ,l

)

−
1

2

(
∂eTθ,l

∂θi
R

−1
θ,leθ,l + e

T
θ,lR

−1
θ,l

∂eθ,l

∂θi

)

= −
1

2
trace

(

R
−1
θ,l

∂Rθ,l

∂θi
− R

−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,leθ,le

T
θ,l

)

−
∂eTθ,l

∂θi
R

−1
θ,leθ,l

= −
1

2
trace

[(

R
−1
θ,l

∂Rθ,l

∂θi

)

(I − R
−1
θ,leθ,le

T
θ,l)

]

−
∂eTθ,l

∂θi
R

−1
θ,leθ,l,(SM11.6)

where I denotes the identity matrix with the corresponding size. Differentiating Eq.
(SM11.6) with respect to θj , gives [SM2]

∂2 log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θi∂θj
=

−
1

2
trace








∂R−1

θ,l

∂Rθ,l
∂θi

∂θj




(

I − R
−1
θ,leθ,le

T
θ,l

)


−
1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

∂Rθ,l

∂θj
R

−1
θ,leθ,le

T
θ,l

]

+
1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

(

∂eθ,l

∂θj
e
T
θ,l + eθ,l

∂eTθ,l

∂θj

)]

−
∂2eθ,l

∂θiθj
R

−1
θ,leθ,l −

∂eTθ,l

∂θi

∂R−1
θ,l

∂θj
eθ,l

−
∂eTθ,l

∂θi
R

−1
θ,l

∂eθ,l

∂θj
.

Therefore, the inner integral in Eq. (SM11.1) can be calculated as

∫

C

p
θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)∂2 log pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂θiθj
drl =

−
1

2
trace

[



∂R−1

θ,l

∂Rθ,l
∂θi

∂θj





(

I − R
−1
θ,l

∫

C

p
θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

eθ,le
T
θ,ldrl

)

︸ ︷︷ ︸

Term1

]

−
1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

∂Rθ,l

∂θj
R

−1
θ,l

∫

C

p
θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

eθ,le
T
θ,ldrl

]

+
1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

∫

C

p
θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)(∂eθ,l

∂θj
e
T
θ,l + eθ,l

∂eTθ,l

∂θj

)

drl

︸ ︷︷ ︸

Term2

]

−

∫

C

p
θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)∂2eTθ,l

∂θiθj
R

−1
θ,leθ,ldrl

︸ ︷︷ ︸

Term3

+

∫

C

p
θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)∂eTθ,l

∂θi

∂R−1
θ,l

∂θj
eθ,ldrl

︸ ︷︷ ︸

Term4

−

∫

C

p
θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)∂eTθ,l

∂θi
R

−1
θ,l

∂eθ,l

∂θj
drl.

(SM11.7)
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Note that for j = 1, · · · , n,
∫

C
pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

eθ,l
∂eTθ,l

∂θj
drl

=

∫

C
pθUl|Tl,Dl−1

(

rl|τl, dl−1

)(

rl − Cx̂l−1
θ,l

)∂
(

x̂l−1
θ,l

)T

∂θj
CT drl

=

[∫

C
pθUl|Tl,Dl−1

(

rl|τl, dl−1

)(

rl − Cx̂l−1
θ,l

)

drl

] ∂
(

x̂l−1
θ,l

)T

∂θj
CT

=

[∫

C
rlp

θ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

drl − Cx̂l−1
θ,l

∫

C
pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

drl

] ∂
(

x̂l−1
θ,l

)T

∂θj
CT

=
[

Cx̂l−1
θ,l − Cx̂l−1

θ,l

] ∂
(

x̂l−1
θ,l

)T

∂θj
CT = 0.

Similarly,
∫

C
pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

∂eθ,l
∂θj

eTθ,ldrl = 0, and therefore, Term2, Term3,

and Term4 in Eq. (SM11.7) are equal to zero. Then, noting that
∫

C

pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

eθ,le
T
θ,ldrl = Rθ,l,

we have Term1 = 0, and Eq. (SM11.7) becomes

∫

C
pθUl|Tl,Dl−1

(

rl|τl, dl−1

)∂2 log pθ
Ul|Tl,Dl−1

(

rl|τl, dl−1

)

∂θiθj
drl

= −
1

2
trace

[

R−1
θ,l

∂Rθ,l

∂θi
R−1

θ,l

∂Rθ,l

∂θj

]

−

[∫

R2
pθUl|Tl,Dl−1

(

rl|τl, dl−1

)

drl

]





∂
(

x̂l−1
θ,l

)T

∂θi
CTR−1

θ,lC
∂x̂l−1

θ,l

∂θj






= −
1

2
trace

[

R−1
θ,l

∂Rθ,l

∂θi
R−1

θ,l

∂Rθ,l

∂θj

]

−
∂
(

x̂l−1
θ,l

)T

∂θi
CTR−1

θ,lC
∂x̂l−1

θ,l

∂θj
.(SM11.8)

By substituting the above equation in Eq. (SM11.1), we have

[

I
τ1,··· ,τl
Ul|Tl,Dl−1

(θ)

]

i,j

=
1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

∂Rθ,l

∂θj

]

+

∫

C

· · ·

∫

C

p
θ
Ul−1|Tl−1

(

r1:l−1|τ1:l−1

)∂
(

x̂l−1
θ,l

)T

∂θi
C

T
R

−1
θ,lC

∂x̂l−1
θ,l

∂θj
drl−1 · · · dr1

=
1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

∂Rθ,l

∂θj

]

+ E






∂
(

x̂l−1
θ,l

)T

∂θi
C

T
R

−1
θ,lC

∂x̂l−1
θ,l

∂θj






=
1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

∂Rθ,l

∂θj

]

+ trace






R
−1
θ,lE




C

∂x̂l−1
θ,l

∂θj

∂
(

x̂l−1
θ,l

)T

∂θi
C

T











=
1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

∂Rθ,l

∂θj

]

+ trace






R
−1
θ,lCE






∂x̂l−1
θ,l

∂θj

∂
(

x̂l−1
θ,l

)T

∂θi




C

T






.(SM11.9)

According to Eqs. (SM11.3) and (SM11.4),

x̂
l
θ,l+1 = φ̃θ(τl, τl+1)

(

x̂
l−1
θ,l +Kθ,l(rl − Cx̂

l−1
θ,l )

)

, l = 1, 2, · · · .(SM11.10)
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Then, according to Lemma SM14.2 (see Section SM14.2), by differentiating Eq.
(SM11.10) with respect to θi, i = 1, · · · , n, after some straightforward calculations,

for X
(i)
θ,l :=

[

x̂l−1
θ,l

∂x̂l−1
θ,l

∂θi

]

, we have the following recursive formulation:

X
(i)
θ,l+1 = A

(i)
θ,l+1X

(i)
θ,l +B

(i)
θ,l+1eθ,l, θ = (θ1, · · · , θn) ∈ Θ, i = 1, · · · , n,(SM11.11)

and

A
(i)
θ,l+1 :=

[
φ̃θ(τl, τl+1) 0k×k
∂φ̃θ(τl,τl+1)

∂θi
φ̃θ(τl, τl+1)

(

Ĩk×k −Kθ,lC
)

]

, B
(i)
θ,l+1 :=

[
φ̃θ(τl, τl+1)Kθ,l
∂(φ̃θ(τl,τl+1)Kθ,l)

∂θi

]

.

According to Lemma SM14.5 (see Section SM14.5) and using Eq. (SM11.11), we have,
for l = 1, 2, · · · ,

E

{

X
(j)
θ,l+1

(

X
(i)
θ,l+1

)T
}

= E

{

A
(j)
θ,l+1X

(j)
θ,l

(

X
(i)
θ,l

)T (

A
(i)
θ,l+1

)T
+A

(j)
θ,l+1X

(j)
θ,l e

T
θ,l

(

B
(i)
θ,l+1

)T

+B
(j)
θ,l+1eθ,l

(

X
(i)
θ,l

)T (

A
(i)
θ,l+1

)T
+B

(j)
θ,l+1eθ,le

T
θ,l

(

B
(j)
θ,l+1

)T
}

= A
(j)
θ,l+1E

{

X
(j)
θ,l

(

X
(i)
θ,l

)T
}(

A
(i)
θ,l+1

)T
+A

(j)
θ,l+1 E

{

X
(j)
θ,l e

T
θ,l

}

︸ ︷︷ ︸

0

(

B
(i)
θ,l+1

)T

+B
(j)
θ,l+1 E

{

eθ,l

(

X
(i)
θ,l

)T
}

︸ ︷︷ ︸

0

(

A
(i)
θ,l+1

)T
+B

(j)
θ,l+1E

{

eθ,le
T
θ,l

}(

B
(j)
θ,l+1

)T

= A
(j)
θ,l+1E

{

X
(j)
θ,l

(

X
(i)
θ,l

)T
}(

A
(i)
θ,l+1

)T

+B
(j)
θ,l+1

(

CE
[

(Xθ(τl)− x̂l−1
θ,l )(Xθ(τl)− x̂l−1

θ,l )T
]

CT +Σg

)
(

B
(j)
θ,l+1

)T

= A
(j)
θ,l+1E

{

X
(j)
θ,l

(

X
(i)
θ,l

)T
}(

A
(i)
θ,l+1

)T
+B

(j)
θ,l+1Rθ,l

(

B
(j)
θ,l+1

)T
.(SM11.12)

Finally, by rewriting the Fisher information expression (Eq. (SM11.9)) as (let C̃ :=
[

02×k C
]

, where 02×k denotes the 2× k zero matrix)

[

I
τ1,··· ,τl
Ul|Tl,Dl−1

(θ)
]

i,j
=

1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

∂Rθ,l

∂θj

]

+ trace

{

R
−1
θ,l C̃E

[

X
(j)
θ,l

(

X
(i)
θ,l

)T
]

C̃
T

}

,

(SM11.13)

and substituting Eq. (SM11.12) into Eq. (SM11.13), we have

[

I
τ1,··· ,τl
Ul|Tl,Dl−1

(θ)
]

i,j
=

1

2
trace

[

R
−1
θ,l

∂Rθ,l

∂θi
R

−1
θ,l

∂Rθ,l

∂θj

]

+ trace
{

R
−1
θ,l C̃S

(ji)
θ,l C̃

T
}

,

where S
(ji)
θ,l := E

{

X
(j)
θ,l

(

X
(i)
θ,l

)T
}

, l = 1, 2, · · · , can be calculated recursively as

S
(ji)
θ,l+1 −A

(j)
θ,l+1S

(ji)
θ,l

(

A
(i)
θ,l+1

)T

= B
(j)
θ,l+1Rθ,l

(

B
(j)
θ,l+1

)T

, l = 2, 3, · · · ,

S
(ji)
θ,1 =

[

φ̃θ(τ0, τ1)x̄θ,0 + ãθ(τ0, τ1)
∂(φ̃θ(τ0,τ1)x̄θ,0+ãθ(τ0,τ1))

∂θj

]







(

φ̃θ(τ0, τ1)x̄θ,0 + ãθ(τ0, τ1)
)

(

∂(φ̃θ(τ0,τ1)x̄θ,0+ãθ(τ0,τ1))
∂θi

)







T

,(SM11.14)

and it completes the proof.
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SM12. Example for Fisher information calculation. For the data model
described in the example provided in Section SM4, the Fisher information matrix is
given by Eqs. (5.13) and (5.14), where Sθ,l, l = 1, 2, · · · , is given recursively by, for
θ = (θ1, · · · , θn) ∈ Θ and i, j = 1, · · · , n,

S
(ji)
θ,l −A

(j)
θ,lS

(ji)
θ,l−1

(

A
(i)
θ,l

)T

= B
(j)
θ,lRθ,l−1

(

B
(j)
θ,l

)T

, l = 2, 3, · · · ,

and

S
(ji)
θ,1 =

[

φθ(τ0, τ1)xθ,0

∂(φθ(τ0,τ1)xθ,0)
∂θj

]

[

(φθ(τ0, τ1)xθ,0)
T

(

∂(φθ(τ0,τ1)xθ,0)
∂θi

)T ]

,

with coefficient matrices given through Eqs. (SM4.3)-(SM4.5). In Section SM4, we
calculated these coefficient matrices for the first order drift and diffusion coefficients
estimation problem in different scenarios.

SM13. Computation of general Fisher information matrix. We calculate
the Fisher information matrix numerically, for the case that we have one photon,
through the following algorithm (here, it is assumed that θ = D, where D is the
diffusion coefficient).

1. For a, b ∈ R, a < b, let xi := a + ih, yi := a + ih, i = 0, · · · , n, and h := b−a
n .

Approximate pX(τ1) as

pX(τ1)(x1) =

∫

R2

pX(τ1)|X(t0) (x1|x) pX(t0) (x) dx

≈ h2
n
∑

i=0

n
∑

j=0

pX(τ1)|X(t0) (x1|(xi, yj)) pX(t0) (xi, yj) , x1 ∈ R
2.

2. Approximate dpX(τ1) :=
∂pX(τ1)

∂D as

dpX(τ1)(x1) =

∫

R2

dpX(τ1)|X(t0) (x1|x) pX(t0) (x) dx

≈ h2
n
∑

i=0

n
∑

j=0

dpX(τ1)|X(t0) (x1|(xi, yj)) pX(t0) (xi, yj) , x1 ∈ R
2.(SM13.1)

3. Approximate pU1|T1
as

pU1|T1
(r|τ1) =

∫

R2

pX(τ1) (x) pU1|X(τ1) (r|x) dx

=

∫

R2

pX(τ1) (x) fx (r) dx

=
1

|det (M)|

∫

R2

pX(τ1) (x) q
(

M−1r − x
)

dx

≈ h2

|det (M)|

n
∑

i=0

n
∑

j=0

pX(τ1) (xi, yj) q
(

M−1r − (xi, yj)
)

, r ∈ C.

4. Approximate dpU1|T1
:=

∂pU1|T1

∂D as



SM22 M. R. VAHID, B. HANZON, R. J. OBER

dpU1|T1
(r|τ1) =

∫

R2

dpX(τ1) (x) fx (r) dx

=
1

|det (M)|

∫

R2

dpX(τ1) (x) q
(

M−1r − x
)

dx

≈ h2

|det (M)|

n
∑

i=0

n
∑

j=0

dpX(τ1) (xi, yj) q
(

M−1r − (xi, yj)
)

, r ∈ C.

5. Let rxi
= Mxi, ryi = Myi, i = 0, · · · , n, and hr = Mh. Approximate the

Fisher information matrix I(D) of diffusion coefficient D as

I(D) =

∫

C

1

pU1|T1
(r|τ1)

dp2U1|T1
(r|τ1) dr

≈ h2r

n
∑

i=0

n
∑

j=0

1

pU1|T1

(

(rxi
, ryj )|τ1

)dp2U1|T1

(

(rxi
, ryj )|τ1

)

.

SM14. Appendix.

SM14.1. Joint probability distribution of arrival time points for a Pois-

son process.

Lemma SM14.1. For t0 ∈ R, let {N(τ), τ ≥ t0} be a Poisson process with inten-

sity function Λ(τ), τ ≥ t0. Let Tl := (T1, · · · , Tl)T , l = 1, · · · , N(τ), τ ≥ t0, where the
1D random variable Tl describes the lth arrival time points of {N(τ), τ ≥ t0}.

1. Then, N(τ), τ ≥ t0, is Poisson distributed with mean
∫ τ

t0
Λ(ψ)dψ, i.e., for

L = 0, 1, · · · , the probability P
(

N(τ) = L
)

is given by

P (N(τ) = L) =
1

L!

(
∫ τ

t0

Λ(ψ)dψ

)L

e
−
∫

τ

t0
Λ(ψ)dψ

, τ ≥ t0.

2. For t0 ≤ τ1 < · · · < τL, L = 1, 2, · · · , the probability density function pTL
of TL

is given by

pTL

(

τ1, · · · , τL
)

=

(

L
∏

l=1

Λ(τl)

)

e−
∫ τL
t0

Λ(τ)dτ .

3. For t0 ≤ τ1 < · · · < τL ≤ t, L = 1, 2, · · · , the conditional probability density
function pTL|N(t) is given by

pTL|N(t)(τ1, · · · , τL|L) =
L!
(

∏L
l=1 Λ(τl)

)

(

∫ t

t0
Λ(τ)dτ

)L
.

Proof. See Section 2 of [SM6].

SM14.2. Derivative of state estimates.

Lemma SM14.2. Let Θ denote a parameter space that is an open subset of Rn,
and let τ1 ∈ R. For θ = (θ1, · · · , θn) ∈ Θ, rl ∈ C, l = 1, 2, · · · , and τ1 < τ2 < · · · , let

x̂
l
θ,l+1 = φ̃θ(τl, τl+1)

(

x̂
l−1
θ,l +Kθ,l(rl − Cx̂

l−1
θ,l )

)

, x̂
l
θ,l+1 ∈ R

k
,(SM14.1)
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where φ̃θ(τl, τl+1) ∈ R
k×k, C ∈ R

2×k,Kθ,l ∈ R
k×2, and their derivatives with respect

to θi, i = 1, · · · , n, exist. Let X
(i)
θ,l :=

[

x̂l−1
θ,l

∂x̂l−1
θ,l

∂θi

]

and eθ,l := rl − Cx̂l−1
θ,l . Then,

X
(i)
θ,l+1 = A

(i)
θ,l+1X

(i)
θ,l +B

(i)
θ,l+1eθ,l, l = 1, 2, · · · ,

where

A
(i)
θ,l+1 :=

[
φ̃θ(τl, τl+1) 0k×k
∂φ̃θ(τl,τl+1)

∂θi
φ̃θ(τl, τl+1)

(
Ik×k −Kθ,lM

)

]

,

B
(i)
θ,l+1 :=

[
φ̃θ(τl, τl+1)Kθ,l

φ̃θ(τl, τl+1)
∂Kθ,l

∂θi
+

∂φ̃θ(τl,τl+1)

∂θi
Kθ,l

]

.

Proof. By differentiating Eq. (SM14.1) (Kalman state estimate update formula)
with respect to θi, i = 1, · · · , n, we have, for l = 1, 2, · · · ,

∂x̂l
θ,l+1

∂θi
=
[

∂φ̃θ(τl,τl+1)

∂θi
φ̃θ(τl, τl+1) (Ik×k −Kθ,lC)

]

[

x̂l−1
θ,l

∂x̂l−1
θ,l

∂θi

]

+

(

φ̃θ(τl, τl+1)
∂Kθ,l

∂θi
+

∂φ̃θ(τl, τl+1)

∂θi
Kθ,l

)

eθ,l,(SM14.2)

Then, by combining Eqs. (SM14.1) and (SM14.2), for X
(i)
θ,l =

[

x̂l−1
θ,l

∂x̂l−1
θ,l

∂θi

]

, we have the

following recursive formulation

X
(i)
θ,l+1 = A

(i)
θ,l+1X

(i)
θ,l +B

(i)
θ,l+1eθ,l,

where

A
(i)
θ,l+1 :=

[
φ̃θ(τl, τl+1) 0k×k
∂φ̃θ(τl,τl+1)

∂θi
φ̃θ(τl, τl+1)

(
Ik×k −Kθ,lC

)

]

,

B
(i)
θ,l+1 :=

[
φ̃θ(τl, τl+1)Kθ,l

φ̃θ(τl, τl+1)
∂Kθ,l

∂θi
+

∂φ̃θ(τl,τl+1)

∂θi
Kθ,l

]

.

SM14.3. Chain rule.

Theorem SM14.3. Let S be an open set in R
K and let c be a point of S. Let

d = (d1, · · · , dM ) be a function mapping S into an open set H in R
M , i.e., d: S 7→ H,

that is differentiable at c. Let h = (h1, · · · , hN ) be a function mapping H into an
open set Q in R

N , i.e., h: H 7→ Q, that is differentiable at d(c). Let q be a real-valued
function defined on Q that is differentiable at h(d(c)). Then,

(Dk(q ◦ h ◦ d))(c) =
N
∑

i=1

M
∑

j=1

(Diq)(h(d(c)))(Djhi)(d(c))(Dkdj)(c), k = 1, · · · ,K.

Proof. See the proof of Corollary 8.4.3 of [SM1].

SM14.4. Integral transformation theorem.

Theorem SM14.4. Let g = (g1, g2, · · · , gn): B ⊆ R
n 7→ R

n be an injective and
continuously differentiable function. Let w: R

n 7→ R be an integral function and
A ⊆ R

n, then the integral transformation theorem is given by
∫

g(A)

w(y1, y2, · · · , yn)dy1dy2 · · · dyn =

∫

A

w(g(x1, x2, · · · , xn))

× |det(J(g)(x1, x2, · · · , xn))| dx1dx2 · · · dxn,
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where the Jacobian matrix is given by

J(g) :=













∂g1(x1,x2,··· ,xn)
∂x1

∂g1(x1,x2,··· ,xn)
∂x2

· · · ∂g1(x1,x2,··· ,xn)
∂xn

∂g2(x1,x2,··· ,xn)
∂x1

∂g2(x1,x2,··· ,xn)
∂x2

· · · ∂g2(x1,x2,··· ,xn)
∂xn

...
...

. . .
...

∂gn(x1,x2,··· ,xn)
∂x1

∂gn(x1,x2,··· ,xn)
∂x2

· · · ∂gn(x1,x2,··· ,xn)
∂xn













.

Proof. See Section 10.3 of [SM1].

SM14.5. Innovation representation of the state space model.

Lemma SM14.5. Let Gg[t]
((

X̃,H, W̃g, Zg

)

,
(

U[t], T[t]
)

, Φ̃,M ′, C,Θ
)

(or

GgL
((

X̃,H, W̃g, Zg

)

, (UL, TL) , Φ̃,M ′, C,Θ
)

) be an image detection process with ex-

panded state space X̃ and Gaussian process and measurement noise models for a time
interval [t0, t] (or for a fixed number L of photons). Let C := M ′H. Assume that
C and Zg are independent of the parameter vector θ ∈ Θ. For θ = (θ1, · · · , θn) and

x̂l−1
θ,l := E

[

X̃θ(τl)|rl−1, · · · , r1
]

, let X
(i)
θ,l :=

[

x̂l−1
θ,l

∂x̂l−1
θ,l

∂θi

]

, i = 1, · · · , n, be the extended

state vector and eθ,l := rl−Cx̂l−1
θ,l be the prediction error. Then, E

[

eθ,lX
(i)
θ,l

]

= 0, i =

1, · · · , n.
Proof. Since the measurement noise Zg, the process noise W̃g, and the initial

condition of the state vector X̃ are independent, the prediction error eθ,l and the

extended state vector X
(i)
θ,l , i = 1, · · · , n, are independent (see the proof of Theorem 5

of [SM4]), and we have

E
[

X
(i)
θ,leθ,l

]

= E
[

X
(i)
θ,l

]

E [eθ,l]

= E
[

X
(i)
θ,l

]

E
[

C(X̃θ(τl)− x̂
l−1
θ,l ) + Zg,l

]

= E
[

X
(i)
θ,l

]

{

C

(

E
[

X̃θ(τl)
]

− E
[

E
[

X̃θ(τl)|rl−1, · · · , r1
]]

)

+ E [Zg,l]

}

.

According to the law of total expectation, E
[

E
[

X̃θ(τl)|rl−1, · · · , r1
]]

= E
[

X̃θ(τl)
]

,

and therefore, we have

E
[

X
(i)
θ,leθ,l

]

= E
[

X
(i)
θ,l

]

{

C

(

E
[

X̃θ(τl)
]

− E
[

X̃θ(τl)
]

)

+ 0

}

= 0.

SM14.6. Analysis of the error of the predicted locations of the molecule.

In this section, the errors between the means of the distributions of the prediction of
the molecule locations and the true locations of the molecule for Born and Wolf, Airy
and Gaussian measurements are shown in Figs. SM4, SM5 and SM6, respectively.
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Fig. SM4. Analysis of the error of the predicted locations of the molecule for the Born and
Wolf measurement model. Shown in the left and right plots are the differences between the means of
the distributions of the prediction of the molecule x-locations and the true x-values, and the means
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for the data sets of Fig. 5.
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surement model. Shown in the left and right plots are the differences between the means of the
distributions of the prediction of the molecule x-locations and the true x-values, and the means of
the distributions of the prediction of the molecule y-locations and the true y-values, respectively, for
the data sets of Fig. SM3.
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Fig. SM6. Analysis of the error of the predicted locations of the molecule for the Gaussian
measurement noise case. Shown in the left and right plots are the differences between the means of
the distributions of the prediction of the molecule x-locations and the true x-values, and the means
of the distributions of the prediction of the molecule y-locations and the true y-values, respectively,
for the data sets of Fig. 8.
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