SUPPLEMENTARY MATERIALS: FISHER INFORMATION MATRIX
FOR SINGLE MOLECULES WITH STOCHASTIC TRAJECTORIES *

MILAD R. VAHID Tif BERNARD HANZON$, AND RAIMUND J. OBER 1l

SM1. Proof of Theorem 2.2. 1. According to [SM6, SM7] and Lemma SM14.1
(see Section SM14.1), the probability P(D[t] =0,N(t) = O) is given by

P(Dyy = 0,N(t) =0) = P(N(t) =0) = ¢ Ju 27"

Also, the probability density function py of Dy and N(t) is given by
(SM1.1)
20 (dK7K> = Putg | Toe N (1) (Tl,”' TR aTKvK)pTK|N(t) (7'17"' aTK|K)P(N(t) = K),

where d; € C' x th] and K = 1,2,---. According to Lemma SM14.1 (see Section
SM14.1),
1 g ¢ K
(SM1.2) P(N(t) = K) = e Jig AT (/ A(T)dT) . K=01,,
! to
and
KT A(r,
(SMI:‘}) pTK\N(t)(Tla"' aTK|K) :1_[]67—1(]27 K:1,2, ’
(ft A(’T)d’l’)
to
and using the assumption of Definition 2.1 (it is assumed that U;,l = 1,--- | K, is only
dependent of the previous and current time points 77, - - - , 77, and is independent of the
future time points Tj41,- -+ , Tk and the total number N(t) of the detected photons),
Pty | Tic N (t) (Tl,‘“ S TE|TL, ,TK»K)
= Dy |Tx (le'- TR ITL, 77'K)
= PUk|Tw ,Dr 1 (TK|7'K7 dKﬂ)PUK_l\TK_l,TK,DK_Q (TK—1|7'K—1= TK, dK72)
X o X DUy | T <T‘1|T1,--- ,TK>
= PUk|Ti D1 (TK|TK, dKfl)pUK,l\TK,l,DK,Q (TK71|TK71, dK72)
X o X pyy Ty (7‘1\7'1>
K
(SM1.4) =[[rvm.0 . (Tz|Tz,dl—1),
=1
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where py, |7, D, <r1|71, d0> = puy |1, <T1|7'1>. By substituting Eqs. (SM1.2)-(SM1.4)
into Eq. (SM1.1), we have

K K
Pl (dK, K) — e~ Ji A(rydr I};[lA(Tk) [EPU,TL,'DZI (7‘1|Tl, dl_1>:| .

2. The probability density function pyr, of Dy, is given by

pe(d2) = pugir, (rase - radr oo 7Y (e )

(SM1.5) |:HpUl|Tl Dy (m|n,dz 1):| PTL (7'1, .. ’TL),

1=1

where d; € C! x Rfoo] and whereby Lemma SM14.1 (see Section SM14.1),

L
(SM]'G) P12 <7—17 t aTL) =e ftoL Alr)dr H A(’Tk)
By substituting Eq. (SM1.6) into Eq. (SM1.5), we have

pL(dL) B A(T)dTHA (%) |:HpUlTl D, 1(7“1\7'1,031 1)],

= 1=1
and it completes the proof.

SM2. Proof of Corollary 2.4. The conditional probability density function
pu T, p, in Egs. (2.1) and (2.2) of Theorem 2.2 can be written as, for z :=

('1:07 Yo, ZO) S RS,
Puy T, D11 (Tl|7'z7 dl71>

=/ PU,,X(TZ)|T1,DZ,1(Tz,l'\Tl,dzq)dw
R3

:/ Pu,|x(T}),T;,D; 1 (rl|='17»Tlvdl—l)pX(TlﬂTl,Dl,l (x|7'l7dl—1)dl’

/ (r1) ppry x\n,dl 1)da:

|det§ M) W‘?ZU(M_IW—(wo,yo))pm(m\n,dl,l)m

(SM2.1)
where d; € C! fot] for Gy (or d; € c! XRl[OO] for Gr), ppr, == Pxm) T D11l = 1,2, -,
denotes the distribution of the prediction of the object location, and py., (x|7'1, do) =

Dpry <x|7'1), in which we have used the assumption of Definition 2.3.

SM3. Proof of Theorem 3.2. Let G ( (f(, H,W, Z) , (U[t],T[t]) ,®.C, @) (or
QL( (X, H,W, Z) UL, T, ®,C, @)) be an image detection process with expanded
state space X for a time interval [to,t] (or for a fixed number L of photons). Let

Dk = (Z/[k,n),k‘zo,l,"', and

ﬁprl (j|7_la dl—l) = pf((TzﬂTla'szl (i'|7—l7 dl—l)a T e Rka
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where d; € C! x th] (or d; € C! x Rfoo]), be the distribution of the prediction of the
object location, and Py, <af|717 do) = Ppry (:E|Tl).

1. If H = [ngg ng(k_g)], then, for v = Hz,z = (21,70,23)7 € R®, % :=

(1, ,2,)T € R¥, we have T = (21, 72,23, 24, -+ ,Zx)" and the probability density
function pyr, := px(1)|13,p,_, IS given by
(SM3.1) Ppry <$|Tl, dl—l) = /}c ﬁprl (.i‘|7’g, dl_l)di‘4 oo dTy.

Rk—3

Next, we extend the results obtained in the previous part to more general matrices
H. Assume that there exists non—singular matrix H, € R3®*% and matrix Hy €
R3*(k=3) such that H = [Hy Ha]. Let X(r) = SX(7),T > to, where

S = [ H > } € RF>F,
Ok—3)x3  L(k—3)x (k—3)

Hence, S is a non-singular matrix with determinant det (S) = det (H;) # 0 and S~*
exists. Then, for & = SZ,7 := (Z1,--- ,71)T € RF & := (i1,---,2)T € R¥, we have

. _ i \T . L \T
x:S;v:(Hx7x4,-~-,xk) :($1,$27x3,$4,"',xk) 9

and, according to Eq. (SM3.1),
Ppry ($|Tl;dl71> :/ Ppr (isz,dzﬂ)dm-“dik
Rk—3
= / Ppry (S_lfﬂﬂ,dzq) \Hy | dzy - - diy,
Rk—3

where Py, = Py (p)1,p,, and S~ is given by

S‘l—[ H! —H;'H, ]
Ok—3)x3  Tr—3)yx(k—3)]

2. Then, p,y, can be calculated through the following steps:
Step 1. For I =0, Eq. (3.5) becomes

X(T) = (to, T1) X (to) + W (to, T1)-

Then, by conditioning the both sides of the above equation on T7 = 71, the conditional
probability density function p X (T)|Ty is given by

Px ()T ("E‘ﬁ) = (%(to,n)ff(to) *pv*mo,ﬁ)) (@),
where Z € R*, and * denotes the convolution operator. Then,
Ppr: (ﬂﬁ) FEDPx(m) I (f|7'1>
= /Rk P (to,m) X (to) (E‘J)pVV(to,n) (f - fo) dZ,
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Step 2I. For Il =1,2,---, let
A= {X(Tl) = Ii‘}, B; := {Ul = 7’[}, and Cp = {Tl = Tl} N {Dl—l = dl—1}~

Then, according to Bayes’ rule, we have the relation between the conditional proba-
bility densities of A;, By, and C as follows

p(Bl|Al7Cz)p(Az|Cl)
J(51)

p(Al\Bl,Cl) =

ie.,
Py, | X (1), 1, D11 (Tl|'fa us dl—l)pf((Tz)lTl,Dl,_l (53|Tl, dl—l)

PU|T,, Di_s (7”1|Tz, dzq)

Px(1)|D, (f\dl) =

Pu X (1), 11,011 <7"l|33a T, dl—l)p_f((TmTl,DFl <x|Tla dl—l)
ka Py, X(1y)|Ty, D11 (Tla To|m, dl—l)di'o
Py, | % (1), 1.1 (Tl‘f’ i, dlfl)pX(Tz)sz,lel (‘E‘Tl’ dH)

ka Py % (1), 11,0121 (Tl|j0’ Uz dl—1>pX(TL)|Tl,DL,1 (jo|7-la dl—l)dfo

Since initial location of the object, observation noise, and process noise are mutually
independent, according to Eq. (3.6) and Theorem 2.7 of [SM3], we have

(SM3.2) =

(SM3.3) Py %(1), 11,014 (7"1|9_3,Tz,dz—1) :PU”;((TZ)(?U@) = pzs) (1), z€RF

Therefore, by substituting Eq. (SM3.3) into Eq. (SM3.2) (note that we calculated
Dpr, in the previous step),

Dri, (53|dl) =P (jldl)

pz(Hz) (1) Dpr) (E|Tz, dl*l)

ka PzHz,) (r1) Dpry (i'o|7_l7 dl—1>djo

Step 20 + 1. By conditioning the both sides of Eq. (3.5) on Tjy; = 741 and
D; = d;, we have , for [ =1,2,-- -,

PR (T 1) T4, Dy <53|Tl+1, dl)
= Py(1y,1111) X (1) | T 41,1 (i‘|7—l+1’ dl) * PW (Ty, Tyg1) | Thgr, D <j|7'l+1a dl)7
which, according to the independence of W(Tl, Ti+1) and U, T;—1, becomes
PR (Ty 1) Ti41,D; (:E|Tl+17 dl)
= Pé(rmy )X (1), (ﬂdl) *PW (ri1mis) (i’)
- /Rk Pg(ry,mi ) X (T Dy (fo|dl)1’v“v(n,n+1) (f - fo)dffo

1 - i N
= 7/ Pxcrpio (37 (1 T4 )Toldo ) D (7,1 (2 = 0 ) do
‘det (@(7'177'14—1))’ RK
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or equivalently (note that we calculated py;, in the previous step),

(SM3.4)

Dpry 41 (50|Tl+17 dl) = W /]Rk Dfi, ((;3*1(7—17 Tl+1)£o|dl)pw(n’n+l) (f — fo)dfo-
1y Ti+1

3.1. See Theorem 7.2 of [SM3].
3.2. Setting C := M'H, Eq. (3.7) becomes

(SM3.5) Uy =ZHX(n)=0CX(n)+Zgs, 1=1,2,---,
where
pz, () 1 exp ( 1TTE_1T> recC
2, (1) = —————exp| —= , :
o 2 [det ()] 2

Since Z,,; is independent of D;_y, T} and X, then, according to Eq. (SM3.5),
Z(HX (7)) is the sum of two independent Gaussian random variables and its proba-
bility density function is given by

Pu, |1, D; 1 (Tl|7'l7 dl—l) =PzHX(1)|Ty,Di—1 (Tl‘Tla dl—l)

- ex —lr—folr—f
(SM3.6) = oot (R p( 2(1 1) Ry (m l)>,

where R; := CP/7'CT + %, and #; := C&/ "

SM4. Example of maximum likelihood estimation. Let the 3D (or 2D)
motion of an object be given by the following continuous-time stochastic differential
equation

(SM4.1) dX (1) = (V + FX(r))dr +V2DdB(1), T >t

where V € R? (or R?), F € R3*3 (or R?*2?) and D > 0 denote the zero order drift,
first order drift and diffusion coefficients, respectively, and {B(7),7 > to} is a 3 (or
2)-vector Brownian motion process with

E {dB(T)dB(T)T} = I3><3 (OI‘ IQ><2).

As an example, next, for the case that the first order drift is a diagonal matrix, i.e.,
FIy.o, F € R, and there is no zero order drift, we derive expressions for the likelihood
function and its derivative with respect to the drift and diffusion coefficients for 2D
trajectories. Let X(to) be Gaussian distributed with mean zo € R? and diagonal
covariance matrix Py := polax2,po > 0, which is assumed to be independent of
B(7). Assume that the photon detection rate A, the magnification matrix M =
mlax2,m > 0, and the covariance matrix ¥, = vlax2,v > 0, of the measurement
noise are independent of the parameter vector § € ©. Also, for the corresponding
discrete system at time points 79 ==t < < To < --- < T < ---, let the transition
matrix be given by ¢(r—1,7) = ¢*(11—1, 7)) Lox2, ¢°(T1—1,71) € R, and the process
noise covariance matrix be given by Qq(m—1,7) = ¢*(1i—1, 71)I2x2,¢°*(11—1,7) > 0.
Then, the covariances of the states, which can be calculated through the Kalman
filter formulae recursively, are also scalar matrices, i.e., can be defined as Pé;l =

p‘lg_llfgxg, pé,_l1 >0,l=1,2,---. Also, let :%le_ll denote the means of the states.
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Then, the maximum likelihood estimate 0y, of 6 = (61, ,0,) is the solution
of the following equation, according to Eq. (SM11.6), for the acquired data denoted
by dx € CK xRE |, K =1,2,---,

[oo

Olog L (0|dk)

00;
K 2, 1-1,i a1 _a-n\T
1 m=dp, L= mTyg T — My,
=2 —gtrace | | — | | Lax2 — T 1
=1 mepy - +v mepy s +v
=1, -1
md:ce’l g <rl —mig, >
B o I—1
mopg - +v
(SM4.2)
2 .
1 L1 -1, -1
L (e () )
- D) -1 - -1 - —1 -
i 2\ mPrg v m2pg - + v m2pg, +v
where ¢ = 1,--- ,n, ||| denotes the Euclidean norm, and for [ = 1,2,---, Xé(fl) =
. :
A1 gal—1yi
[xe,z dwa,z }
Al—1 ozl ! ; _ 1T L Aplt
’dxé,ll,z = 5 Pﬂ(,ll) = [Ple,ll dple,ll’l} , and dpéyll’l i= —5g— can be calculated

through the following recursive formulas, by combining the Kalman filtering equations
(Egs. (3.11) and (3.12)) and their derivatives, and using Lemma SM14.2 (see Section
SM14.2),

5 (i D) o i L
XG(,Z)+1 = A4(9,3+1Xog,l) + Bé,?ﬂ (m - mxeﬁll) )

S
(@  _ @) (i) a5 (11, 7141)
(SM4.3) Pﬁ,l+1 = C@,l+1P0,l + | Bairiman) | »
2
where X0 — 9 o (to: 1) 0,0 o } pli) _ (05 (t0771))2 po + qj(to, 1)
= o, | _ ( ]
9,1 %‘1“)%9,0 + ¢ (to, 1) ggio » Fo.1 a(%(g;i,n)) 0+ aqgéteoi,-rl) )
and
A9 _go(ﬂ,ﬂﬂ) 02x2
0,141 = _¢9(+:L+1> do(r1,m141) (Inxa — Ko M) |
BW . ¢%glle+1gK9,l
G o (11 i) 5 + ‘b@(g&;iﬂﬂ)K&l ,
(SM4.4)
C(i) _ (1 - mkz,l) (j’f} (Tlv Tl+1))2 0
0,141 = D5 (ryor ks 7
(1 mkg,) We(éiw % ) (1 mkg,) (55m )’

where the Kalman gain and its derivative are given by
-1 s 1—1,i
; ‘ MPy,1 kg, mudpy
(SM4.5) Koy = kg loxa, Ky, = PN ' Be = 5
mepy, U ¢ (mele)_ll + v)

1. If FF #0, then, for Il =1,2,---,

1!

¢*(ri-1,m) = "D gt (g, m) = (eQF(”_”*“ - 1) :
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(af) If the only unknown parameter is the first order drift coefficient F', i.e., 8 = F,

then, for Aty =741 — 77,
A _ e1"A‘Fl+112><2 022
G = A AT g P AT (Inygo — mKg )]’
. r eFATL+1 K@,l
- oK
0,1+1 = | FAT (% + Aﬂ+1Ke,z)
- <1—mk; l) eQFATL+1 0
Coagp1 = Lk ) oA 2F ATy _ o OF8L 2FAT 1 — mks 2F AT,
I mkg Ti+1€ Mm—5g ¢ ")
and
(SM4.6)
o [ e ] g 1 B (70 1)
71 - ,1 o
ATleF‘Aﬂ o ? 2AT1€2FA71 po + %62FA7-1 (_% + QATl) + %

(b) If the only unknown parameter is the diffusion coefficient D, i.e., § = D,
then,

FA
AG l _ 6FAT1+1[2><2 O2x2 Bg ey = e TL+1BI<I{GJ
S O2x2 ef'ATi4 (12><2 - ’ng,l) ’ It eF AT ag’l ’
(1 — mkj l) e2FATI41 0
Coi+1 = s’
Las 7m8ke,l 62FAT[+1 1 — mks €2FATl+1
00 0,1
and
FA 2FA D 2FA
(SM4.7) Xpi— € Tao) g o g (€70 1)
s 02><1 ) 5 QATleQFATlpO =+ % (eQFA‘rl _ 1)

2. If F =0, then, for [ =1,2,---,
o*(n—1,m) =1, ¢ (mn-1,m)=2D (1 —71-1).

If the only unknown parameter is the diffusion coefficient D, i.e., 8 = D, then,

A _ |I2x2 O2x2 B | Kou C _ 1_mk§,l 0
041 = N0yy  Ioxz —mKgy|” 0,1+1 = 616(3,1 ) 0,141 = ma’“e,l ,

and

5 ) _ |po+ 2DAT
(SM4.8) Kot = {OM} . Pyi= { ban |-

SM5. More estimation results for Gaussian measurements.

SM6. Sequential Monte Carlo method. Here, for the acquired data denoted
by d; € C' x Rfoo] (or d; € C! x Rl[t]), [ =1,2,---, we approximate the distribution

Ppris (xl+1|n+1, dl) through the sequential Monte Carlo method provided in [SM5].
Note that

Pprig (:Ez+1|Tz+1,dl) = DX (T )| Tis1. Dy ($z+1|Tz+1,dz)
= /3 DX (Ty41),X (T))|Ty41,Dy (-’El+1,$\7'l+1,dz)d$
R
= /3 PX(T141)IX(T}), Ty 41,Dy (Il-"l‘m’Tl+17dl)pX(Tz)\T1,+1,Dz (x|7-l+17dl)da7
R

(SM6'1) :/ PX(Ty41)1X(T)),T41,D; ($l+1‘$77'l+1,dl)pfil (x‘dl)dxv
R3
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o
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&

0 20 40 60 80 100 20 40 60 80 100
Data set Data set

o

Fic. SM1. Analysis of the error of the first order drift matriz estimates produced by the
maximum likelihood estimation method for the Gaussian measurement model. Differences between
the estimates of the first order drift coefficients in x and y directions and their true values for the
data sets of 2D trajectory of an in-focus molecule in the object space simulated using Eq. (SMJ.1)
where the time points are drawn from a Poisson process with mean 500 in the time interval [0,100]
ms with the first order drift matric F = [Fy;],4,j = 1,2,F12 = Fo1 = 0,F11 = Fp = —10/s,
Fyy = Fy = —5/s and the diffusion coefficient D =1 um? /s. Also, we assume that there is no zero
order drift and the initial location of the molecule is Gaussian distributed with mean zo = (4.4,4.4)T

um and covariance Py = 101252 nm?.

where pg;, (x|dl) ‘= Dx(1)|D, <m|dl> ,x € R3, and for the linear stochastic system with
state X (1) € R3,7 > tg, zero-mean Gaussian process noise with covariance matrix
Qy(T1,1i41) € R¥3,Qy(7,7141) > 0, and state-transition matrix ¢(7, 741) € R3*3,
we have, for z; € R3,

PX(Ty11)IX(T)),Ti41,D: (mm |z1, T, dl)

=Dx (101X (1) (T1g1|z0)

1
(2m)3/2 [det (Qy (i, 1))
(SM6.2) X exp (—%(mlﬂ — ¢, 141) 1) T Qy (71, i) (s — ¢(Tz,ﬂ+1)ml)) .

The distribution py;, of the filtered object location can be approximated as [SM5]

N
(SM6.3) Pri (xz\dz) ~ Y wi(r)d (z — &),
=1

where 4 is the Dirac delta function, and the samples 4 and their corresponding

weights wli (r1),i=1,---, N, are given through the following sequential Monte Carlo
algorithm. Finally, by substituting Eqs. (SM6.2) and (SM6.3) into Eq. (SM6.1), the
distribution pyp,, can be approximated as

Dpriga ($z+1|n+1, dz) ~

wi (1)
i=1 2m)3/2 [det (Qg (71, Ti41

)T

N
wi (T0)PX (Ty41)1X (Ty) ($l+1 |~”Cz)

i=1

N

= (

7 exp <— %(ful — &(71, 7141

X Qg (71, mi41) (w41 — ¢(Tzﬁz+1)ﬂ'??)>-

Sequential Monte Carlo (particle filter) algorithm: [SM5]
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1. Draw initial samples {xa}jvzl
Yi=1,---
2. Draw independent and identically distributed samples {xf}j\il
N.

906 ~ PX(to) (960

PX(T)|X(Ty 1) (¢z|x?_1)» e, &) ~ Px (@)X (1) ($z|x?_1),i =1,
3. Compute the weights sequence {w; (rl)}N

,N, and set [ = 1.

wi(r) = fai (re)

4. Resample new particles x{,j =1,
the importance weights w(r;), i.e., according to

where P (xl = ZL’l)

P (:c{ =}

27];\;1 fac; (Tl) ’

) = wit).

according to px (,)(%o), i.e.,

i=1 as

, N, from the set {x}}j\il

i=1,---,N,

denotes the probability of xl = ml

5. Increment | — [ + 1 and return to step 2.

according to

according to

(a) (b)
4.5 1000
3 r| 2
g 4 $F
g a5 3 2 500
- =3 - 0 *
g g 3 2 5 k% *
g g2 of <
g 25 g=
; 2 > -500
1.5 2 25 3 3.5 4 4.5 -400 -200 0 200 400 600 800
(c) X-location of molecule (zm) (d) X-location of detected photons (;:m)
c 1 2
.§ @ T;‘f jm % f jT F%‘ %" ] ﬁ ™ T I ﬂé*\ Tt
2o | |
5 13 0.5 ‘%‘ Ht‘u \ ‘H | ﬂi“ “ “‘ W ®£1 \“ ‘T H H ‘ I i 1“‘
0 3 \m\ﬁ\ L X HIEL N \’ﬁ*ﬂ“ | 2= ‘* J “ ‘\\ ﬂ \ i H i
2% QJ\ \Pﬁ”‘ ‘ \“‘ ‘\*“Hﬁ | J* ‘U “\‘W\ ‘ H\ ' _5 0 “Bf I \l M“MM Q‘U ‘*\TH *H ‘TH \i
I LU 1, o il \‘ e ]\M*J‘j A | U‘L‘\ ‘”H\Mﬂm”‘f“\ﬁ\
- 8 [ 4 T 4 [ s E | T *
E5osf | W41 \\H\\N‘i HLM ETap kit | Iy lhuﬁ I ;q Iy
ES AT AR i A Y AR
I Ll woa . x
0 20 40 60 80 100 0 20 40 60 80 100
Data set Data set

Fic. SM2. Analysis of the error of diffusion coefficient and first order drift coefficient estimates
produced by the mazimum likelihood estimation method for the Airy measurement model. (a) The
two-dimensional single molecule trajectory simulated in Fig. 3(a). (b) Detected locations of the
photons emitted from the molecule trajectory of part (a) in the image space which are simulated
using Eq. (3.6) with the Airy profile (Eq. (2.4)) and o := 2”% = 2.59. (c) Differences between
the diffusion coefficient estimates and the true diffusion coefficient value for 100 data sets, each
containing a trajectory of a molecule simulated using Eqs. (SM4.1) and (3.6) with the Airy profile,
and the parameters given in parts (a) and (b). (d) Differences between the first order drift coefficient
estimates and its true value for the data sets of part (c).

SMT7. Estimation results for Airy measurements. Here, we analyze the
error of the diffusion and first order drift coefficient estimates for simulated data sets
with the Airy measurement profile, with the same standard deviation as the Born and
Wolf and Gaussian data presented in Figs. 3-8, and obtain similar results (see Figs.
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SM2 and SM3). We also show the differences between the means of the distributions
of the prediction of the molecule locations and the true locations of the molecule in
Fig. SM5 (see Section SM14.6).
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Fic. SM3. Predicted locations of the molecule for the Airy measurement model. (a) and (b)
Means of the distributions of the prediction of the molecule x- and y-locations and the true x- and y-
locations of the molecule for the same data set as in Figs. SM2(a) and SM2(b). The measurements
transformed from the image space to the object space are also shown. (c) and (d) Means of the
distributions of the prediction of the molecule - and y-locations and the true xz- and y-locations of
the molecule over the time interval [0,27.5] ms.

SMS8. Proof of Theorem 5.2. Let Gy ( (U[t],T[t]) ,C, @) and QL<(Z/{L,TL) ,C

@) be image detection processes for a time interval [t,t] and for a fixed number L
of photons, respectively. Let D) := (L{[t], T[t}) , D := Up, ),k =0,1,---. Assume
that the conditional probability density functions pOUL|Tl Dy JA=1,2,--- of Uy, given
T, and D;_4, satisfy the following regularity conditions, for § = (61,--- ,6,) € O,

apeUllTlszf1 (Tlln’d"l . .
T exists fori =1,--- ,n,

(a
81)%1\7'1:73171 (7‘|T1,dz—1) )
(b) dr<oofori=1,--- n,
c

90,

where d; € C XR for G, di € ct XRI for Gr, and p? (7"1|7'1,d0) =p’ <r1|71>.
1.1. Then, the Flsher information matrlx I1(0) of Gy is given by

(SM8.1) Iy(6) = E

<810g§é€|dK)>T (moggg)dl{)ﬂ |

where dg € CK x R[It{], K = 1,2,---, and £ denotes the likelihood function. By
substituting the expression of the likelihood function Ly of Gy (Eq. (4.1)) into Eq.
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(SM8.1), according to [SM6, SM7], we have

11(6) = Po (N (t) = 0) (alogpg(N(t)()))T <3logP9(N(t)0)>

00 00

[ s o1ogp? (dic, K)\ [ 0logp?, (dic, K
BT o) (M) ()

X d7‘1 .. ~d'rKd7'1d7’2 . ~~d7’K

1 aP, (N(t) - 0) T (op, (N(t) - 0)
"R (N(t) - o) ( 00 ) ( 90 )
oo s o 1 8p[9](dK,K) ’ apf](dK,K)
+;<Z::1/tom/to /to /C”'/Cp?t](dK,K) ( t 90 : 96

X dry---drgdrmdre - -drg,

(SM8.2)

where Py (N (t) = O) is the probability of N(¢) = 0 and p[et] denotes the probability

density function of Dy and N (1).
1.2. Assume that the photon detection rate A is independent of #. By substituting
Egs. (SM1.1)-(SM1.3) into Eq. (SM8.2), we have

= (0= ) [l [7 0 o f S

p“K\TK(Tl’
aple,{K‘TK<T1,"' ,?”K\Th"',TK)
X dr1~-~drK

,TK|T1,"',‘FK) BPZK\TK(”*'“
o0

a6

X PTx IN() (7'17 T 7TK|K>dT1dT2 codTR
(SM8.3)

ot A(r)dr t T3 [T2 i
= Jip A Z {/ / / 171,-.-,7K(9)HA(Tk)dTlde"'dTK}x
K=1 to to Jto k=1

where, for to <7 <--- <7g <t, I ... 1 is given by

I e (0)

T
alngZK‘TK (Tl:K‘TI:K> ) <8longK|TK (rl:K|7—l:K) )

= EUK\TKZTLK ( 90 90

T
7// 0 (r r ) 810gPZZK|TK (7'1:K|7'1:K) 8logpg{K‘TK (TLK\TLK>
- c CpuK‘TK L:KI|IT1: K 90 90

XdTK---dTl

T
7 / / 1 3132,“7—[{ (TLK\TLK) 3PZ,K|7—K (7"1:K|7'1:K)
e cpf a0 00

puK‘TK (leK‘Tl:K>

(SM8.4)
Xdrg--- dT‘l,

where 1.5 = (11, , k), 7.k = (11, , Tk ), K =1,2,---. Since

K . .
pzkm( (7’1:K|7'1;K) =TI, p?]l‘Tl7'Dl—1 (mn, dl_l), according to Lemma 1 (chain rule
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for the Fisher information matrix) of [SMS8], we have

K T1, 05Tl < . <
Iry e rc (0) = iz Iyjn,)p,,0) tosm<- <7 S
T 0, otherwise,
where the Fisher information matrix IITle\Tz ’gld of Uj,l =1,---, K, calculated with

respect to the conditional probability density function p%llTl p,_, at fixed time points
Ti = 71.1, is given by

T
- 310gpfajl|rl,73171 (n\'rl,d,_1> 810%??4\@,131,1 (Tl\ledl—1)
It p (0) = Eyy 1=
U IT), D4 11 Ti=712 90 90

0 T
0 810ngl|Tl,Dl_1(Tl""lydl—l)
f/c"'/cpulm—l <T1:z|7’1;l> EY:
Blogp%l‘Tl,Dl71 (7‘1|n,dz_1)
X dry -« -dry

a0

1
0

= P, Tl:l—l""l:l—l /

/c /c “lflmfl( ){ c

0
r|7T, di—
pUl‘Tlv‘Dl—l( 1T, di 1)

T
ap%L\TL~D171 (Tl“f‘ly dl—1) Bp%”TLYDLil (rl\'rl, dl—l)
(SMSS) X d’rl d’l‘171 e drl‘

a6 a6

2.1. Moreover, by substituting the expression for the likelihood function L of
Gr, (Eq. (4.2)) into Eq. (SM8.1), the Fisher information matrix I, (0) of G, can be
obtained as

oo s 2 , alogpg(dL) g Blogp%(d,;)
IL(G):/m /to /to /cm/ch(dL) 90 09 dry---drg

X dridrg -+ - dTp,

(SM8.6)

0 T3 T2 1 8170 (dL) ’ 82?0 (dL)
:/to /to /to /C/Cp%(dL) ( LBG ) ( L@G dry:--drpdndr---dr,

where dj, € C* x ]R[LOO » and pY denotes the probability density function of Dy

2.2. Assume that the photon detection rate A is independent of . By substituting
Eq. (2.2) into Eq. (SM8.6), we have, according to Eq. (SM1.6) and using the similar
procedure used in the previous part,

oo T T2 1 8PZ,L‘TL (T1:L|7’1:L> ’
IL(Q):/tO /fo /to [/c/c ( - )

(4
pML|7—L <TI:L‘T1:L>

op? riLl|TiL
% ( UrlTe ((99 ) d'r1~-~d7’L:|pTL (TI:L)dTld7'2"'d7'L

L
oo T3 T2 7L
=/ / / Iy, 7 (0)e Jig Mmydr HA(Tk)dTldT2"-dTL.
to to Jto

k=1
SM9. Proof of Corollary 5.4. Let Gy (X, (L{M,ﬂt]) ,q,C, 9) (or Gp, (X, Uy,

TL),4q,C, @)) be an image detection process driven by the stochastic trajectory X and

image function ¢ for a time interval [tg, ] (or a fixed number L of photons). Assume
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that the photon detection rate A is independent of 6. The Fisher information matrix
I ... 1 in Eq. (5.2) (or Eq. (5.6)) of Theorem 5.2 is given by

leU‘T'g 0), to<m <---<7r <,
Loy (0) = (7D .
0, otherwise,

Where? for T1:1 = (rla"' arl)aTl:l = (Tla"' 7Tl)7l: 17 7K7

. 1
Ul\TlDl1 )_/ /p“l 1|7—11T“1|T“1){/C P

ri|T, di—
pULsz»Dz—l( 17, di 1)
T

617?] T D Ty, di—a 817?] T D T, di—1
(SM9.1) X ( U7 1’1( ) T l’1< ) drl:|drl,1...dr1,

00 00

and I}} Uy, 1S given by Eq. (5.5). According to Eq. (SM2.1), we can express the condi-

tional probability density functions peUl DT in terms of the image profile f,,z € R3,
as

(SM9.2) U7 D (7“1|Tz,dzf1> = /3 fa, (r) oy, (%|Tz,dz—1)d$o,

R
where pfm = pg{(TlﬂTl D, denotes the distribution of the prediction of the object
location, pzrl (a:0|71,d0) = pgrl (’JIO|T1), and z, € R? denotes a running variable

in the object space. By bubstituting Eq. (SM9.2) into Eq. (SM9.1), we have, for
appr
dpgn = L and df? := 69 ,

T1 7'
IUL|TZ Dz 1(9)

/ / s | / 1
= p (T1:1,—1 Tl:l—l)
c e Hi-1lTi—1 c o

ri|T, di—
pUl|Tlle—1( 1T, d 1)

o . \\T o 0 0 T )
x (/Rs [(dle )" Py (w1lm dima) + 12, (r0) (dppy, (211mdios)) }dh)
0 0 0
X (/}RS [dfmz (1) Ppr, (fclez,dzq) + fay (T’L)dpf)rl (fcleudzq)}drz)flm}dmA -eedry
= f [t e Lo Lo
= Pu,_ 117 7“1 d—1]T1:—1
o &3 JR3 p . (""llTl,dl—l)

HTLD
T 0
o) (ot )] [P G ) [ G L, )

X dwldwzdrl }d’l‘l_l s dTl

R A {/Rs /Rs(/c “"“>[Ff<“’df>];dm)dmdm]

PU”TL D, (rll"'hdl—l

(SM9.3)
X dryj_q---dry,
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where for [ =1,2,-- -,

FY (x,dz) = [(dfg (Tz))T (dpfm (m|n,dl_1)>T} [pzam (Jﬂz:l;ill)l 2 eRS,

p9UL|Tl7Dl—1 (rl|7—l’ dlfl) = \/]R3 fa‘?o (rl)pzrl <x0|7—lvdl71)d1’o;

-1
pzklmfl (7“1:1—1|7'1:l—1) = 1_[/]RS £ (ri)ph,, ($o|7'i7di—1)d%7
i=1

with I{}lm given by
0= [, s o ot ern)) | [iof)]

O
X [pm}g(j(ﬂ) )] [dpgm (x2TI)] da1 daodr.

SM10. Proof of Corollary 5.6. Forto <m < --- < 7g,let G- ... 7 ( Uk, Tk),C,0

be an image detection process at fixed time points 7y, -+ , 7. Assume that
PUTy, Dy (Tz\Tl,dlq) = puiT (mlTl), dy € C' x Rfoo], I=1,2,---.

1. According to Eq. (2.8), we have, for , € R?2,1 =1,2,---,

K
(SM10.1) Dux | Tx (7“1, KT aTK) = Hpgrlm (Tl|Tl)-
=1
By substituting Eq. (SM10.1) into Eq. (5.4), we have

I (0) Zl 1Iz}lllTl( )7 tO§T1<“.<TK,
Tiy TK 0, otherwise,

where for [ =1,--- | K,

ILTJZL\TZ (9) = /}R2 (/Rz P?J1|T1 (7“1|T1)d7“1) (/]R2 pgfl,lm,l (Tl—1|7'l—1)d7“z_1)

X 1 ang”Tl (Tz|7‘z) : 6p9Uz\TL (7"[|Tl) dry
p?mTl (Tl|7'l) a0 o0
0 T 0
(SM10.2) — /}R2 " Tl(rh) <8PU129<7"|77>) <8pUl|ge(rn)> o
IARR)

2.1. For an object with deterministic trajectory X, (6) := (z,(0),y-(0)) € R?, 7 >
to, assume that there exists an image function ¢: R? — R, which is assumed to be
independent of the parameter vector @, such that for r = (z,y) € R?,tg < 7 < t, and
a magnification factor M > 1,

(SM10.3) Pl (r|7‘) = fx,(0) (r) = ]\;qu} —x.(0), % - y7(9))-
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Then, by substituting Eq. (SM10.3) into Eq. (SM10.2), I, := I} U1, 18 obtained as,
for 6 = (61, - ,0,) € O,

P T
L (6q(;§,zn<e>,,\i,yn<e>))

_
I, (0) = 7/
l 2 2
MR (= ary0). - ury () 20
oa(f = 2 @) 7 = vr, (©))
X dedy
20
(SM10.4)
T
0a( g —2r (0), F —yr ()] [0a(F —2r, (0), F —ur, (9))
0, 0,
1 1
= — : : dady.

M2 IR2 (& —ar (0), 5 — yr, (0) : :
(e @ —em©) 0a( g —or (0. 45 —vr () | | 0a(F5 —2r, (0). 47 —vr (8))

For each (z,y) € R?, let hy, = (hy, hy): R? — R?, such that, for 6 € ©, (z,(0), y-, (0))
€ R?,

T

he (x4, (0),yr,(0)) = M z7,(0), hy(zr,(0),y-,(0)) = Yr, (0).

Y _
M
o hgyody)(0) is given

Then, for d;, = (z+,,yr,): © — R?, the composite function (q o
by

(40 hayy 0 dr)(0) = qlhoy (dr (0))) = 0 (57 = 70 (6), 22 =y (0))

and therefore, using the formal definition of partial derivatives, we can rewrite Eq.
(SM10.4) as

1

1
M2 /Rz (a0 hg,y odr)(0)

(D1(q o hg,y0dr))(01, - ,0n)] [(P1(g0hz,yodr))(01, - ,0n) T
I (0) = : -

(Dn (a0 hay 0de)) (01, 0n)| [(Dn(aohay odr))(01, - 0n)

(SM10.5) x dzdy.

Assume that d, is continuously differentiable on all of ©, and h; , is differentiable
at d,(0). Also, suppose that ¢ is differentiable at h, , (d-,(0)) . Then, according to
Theorem SM14.3 (see Section SM14.3), for i =,1--- | n,

(Di(g © hay 0 dr))(0) = (D1g)(ha,y(dr, (0)))(D1he) (d-
ha,y (dry (9)))(D2
(
(

(D19)(ha y(dr
SM10.6 = — [(D;x,)(0 D;y- ) (0 ’
( ) [(Diz+)(0)  (Diyr,)(0)] [(D (hoy (d
By substituting Eq. (SM10.6) into Eq. (SM10.5), we have, for 8 = (61,--- ,0,) € O,
_ 1o 1 (D19) (ha,y (dry (0)))] [(D1) (P, (dry (0)))]T
0@ = 55V | [ s e 000] [(Deorheatantory) o] Vot

. LVT( ) f]RQ m [(DM)( a,y(dry (9)))] dxdy
M2 Lo Gty (D19) (e (dry (0))) (D29) (R (dry (0)))derdy
(SM10.7)
Ji2 gty (P10) (e oy (dr, (0) (D20) (B (dry (9)))@@} "
] o \71),

2
Jz2 m [(D29) (ha .y (dr, (0)))] " dzdy
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where

(Dlx‘rz)(e) (anﬁ)(e) xn
Diy)®) - (Do) B

Let wi: R? — R, such that

Vo(m) ==

1

2 2
(w0, 0) [(D1g)(u,v))*, (u,v) € R?,

wy (u,v) =

be an integrable function. Also, for each 6 = (61,---,0,) € O, (z,,(0),y-,(0)) € R,
let go,r, = (95771,93771): R? — R?, such that

€ Y
go,n, (CU,y) = (g;,'rl (xvy)vgg,n (xvy)) = (M — T (9)7 M —Yn (9)) = (U’?U)'
Then, we have for the Jacobian J(gs ) of g -,
995, (xy) g5 . (2,)

1
_ oz oy |7z O
J(g0.m) = 093 ., (x,y) 092 ., (x.) _[0 AZ]
ox oy

and the modulus of its determinant is given by

1l 9 1
M = |—
det(o ]\14 3

Then, according to Theorem SM14.4 (see Section SM14.4),

1
M2

1
/ w1 (u, 'U)d’ud’l) = ﬁ / w1 (gG,Tz (:C7 y)) d.l?dy
R2 R2

-1 z Y _
(SM10.8) = 377 /R Jw ( =0 (0), 15 yn(e)) dady.

Also, let wy, w3: R? — R, such that

W) = s (D) 0)(Da) ). () € B,
and
== ! u, v 2 u,v 2
w3(u7v) = q(u,v) [(DQQ)( ) )] ) ( s ) € R7,

be integrable functions. Similarly, according to Theorem SM14.4 (see Section SM14.4),
(SM10.9)
/ w;(u v)dudv—i/ w; (i—x (0) LA (9)) dxdy, i=2,3
R2 1 l - M2 R2 K3 M T bl M yTL yﬂ - 9
Then, by substituting Egs. (SM10.8) and (SM10.9) into Eq. (SM10.7),

Je2 305y [(Dra) (u, v)]? dudv Jr2 7y (D1a) (w, v)(D29) (u, ) dudv

_ T

Irl () = Ve (11) |:IR2 q(z}‘v) (D1q)(u, v)(D2q)(u, v)dudv fu@ q(u})v) [(D2q)(x, ’U)]Q dudv Vo (1)
_yT 1 (D1q)(u, v)] [(D1g)(u,v)]"
=V, () M@ a0 [(D;q)(u,v)] [(D;q)(um)] dudv] Vo(m1).

2.2. The results follow by using the similar procedure used in the previous part.
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SM11. Proof of Corollary 5.7. According to Theorem 5.2, the Fisher infor-
mation matrix I, ... - in Eq. (5.2) (or Eq. (5.6)% can be calculated as

K
2i=1 f&ﬁm,gm(e), to<m <--- <7 <t

0, otherwise,

Iy g (0) = {

where

o p r |7 0 ri|m,d

UI\TL Dl 1 Uy 1| Tp—q THE- 1T =1 CpUl\Tl,Dl,l 7T, dr—1
310%1’%”7«[,1;#1 (Tl|‘Fz7dz71) dlog Pl 17, Dy, (rllTlvdl—l)

X d’l’[ d’rl_1~-~dr1,

a6 a6
with d; € C! € Rl[t] (ord, € Cle Rloo])v and r1 = (11, ,11), T = (11,000, T) L=
1,2,---. Under the certain regularity conditions, for 8 = (61, ---,0,) € 0,i,j =
1,---,n, the i, j*" entry [IUllez Dll 1} of Iglm ’gl can be calculated as

T1 _ 2]
[IUzITz D, 1(9)] = /C”'/Cp”z—lm—l (T1:zf1\7'1;171)
i,

0 BZIngeUl‘Tl’Dl—l (TllThdl—l)
(SMlll) X 7/CpUl|Tlv'Dl_1(TL|TL’dL71) 80LOJ dry|dri_q---drq.

According to Eq. (SM3.6),

1 1 .
(SM11.2) Py (rilmdir) = ——————exp | — el Ryteon ),
11T, Dr—1 ot [det (RO,Z)]1/2 9 0,177,

where e | =1 — C’é‘?éjﬂ R = CPéTllCT + X4, and for [ =0,1,---,

T2 = Po(T1, Ti1) 20,1 + do (T, Ti41),

(SM11.3) Phii1 = bo(m, mis1) Poads (11, iv1) + Qo(71, Tig1),
and for { =1,2,---,

N -1 -1
By =g, + Kou(ri — Ciq, ),

Py, =Py, — Ko CPy ",
—1
(SM11.4) Koy =Pl C” (CpgglcT + zg) :

0 . s 0 ._p T1, Tl Lo
where T = .’L‘g’o,P&O := Py . In order to calculate [IU 7D 1} . vi,j=1,---.n,

in Eq. (SM11.1), we first calculate, for 6 = (61,---,6,) € © and i = 1,--- ,n, the
derivative of log peUl‘Tl Dis with respect to 6; as below

dlog py |1, 1, 1<Tz\ﬂ7dzfl) 1 ORg
— = ——trace ( Rg,;————
90; 2 ( 90; )
degy 10Rg 1 1 0eq1
(SM11.5) - = ( 29, Ry €01 — es ZRQL 29, Re l€9 1+ 59 lR9 ! 80 .
. . . . . )
Since the covariance matrix Ry, is symmetric, then, 9 R, 0. 69 1 = e, lRe ll 5(3 oL

and therefore, according to Eq. (SM11.5),(note that trace (ee,lRa_ll BRS L Re L €0, l) =
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T 339 !
ea,zReJ Re 1€0,1)

dlog pf; (Tzl‘rz dzf1)
1Ty Dy ’ 1 18R91 1 18R91 1
20, = —Etrace (RB 1 50, + Etrace ee 1Ry 58, RG,LEQVZ
1 [ Oeg, 1 0eq 1
_5<89 R91691+591R9189

1 _10Re, _10Re;1 __ 8(’
= 75trace (RS ll 50, RQ,}WRO,%SB’ZEB ! 9.1 Rg lee 1

1 8R91 8
(SM11.6) = —Etrace [(Rg} 20, ) (I — Rg lee 1€g, l)i| 0, 69 1,

where I denotes the identity matrix with the corresponding size. Differentiating Eq.
(SM11.6) with respect to 0;, gives [SM2]

2 6
9 IngUllTl-,Dl,l ("'l‘le dl—l)

80,00,
_10Rg
1 839} 6, -1 T 1 _10Rg1 _10Rg __1 T
- §trace |:<<99]l (I - RQYLEH,leg’Z) - §trace [Re ' 20, — Ry, 20, Rales,zeg’l}
+ ltrace R_laRg L Oeo,1 el 4e % _ 8269’LR_16 -~ aeeT,l SR,,_,} .
2 0.1 "0, o 96; 01T "0 g, 800, LT T80, “ae; 7!

853,1 _10eq9,1
86; %l a0;

Therefore, the inner integral in Eq. (SM11.1) can be calculated as

o? lngf]HTl!Dl—l (Tll"'h dl—l)

0
ydi— ) dr; =
/CpUHTLle71<”‘Tl -1 00,0, "
—19Rg,1
1 aReL To0; -1 0 T
— 5(;1‘3.(:6 T I— Re,l CpUl‘Tl’Dl—l (’r‘lln,dlfl)ee,lee'ldrl
Termq
1 _10Re,1 ,_10Rg, 0
_ Etrace[RB% 89 RG} 39 Rel chl‘Tlle—l (1"1|T1,d1,1)69,lez;,ld7"l
1 19Re1 1 0 Oeq,1 T deg,
+§trace[R9, 20, RelepUl‘Tlle—l (rl|n,dl,1) 20, ———ey; +eo 20, dry
Termg
o %e de], IR,
_/CpUl‘TLle—l ("'ll"'hdl—l 50, 0 Rgleeld?”z+/PUl|Tl D, (Tl""lvdl—l) 29, 661 69Lde

Termg Termy

(SM11.7)

dej Oe
0 0,1 ,—10€0.1
- dy ) R, 1250y
/CpUl\Tl,Dl71 (Tl|”'l =1) 5g, tou 96, T
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Note that for j =1,--- ,n

)

T
/P9 (7’1|Tz d; 1)691869’ld7"z
o UlT Dy ’ 00,

0 i1 8(”‘9,1 )T T
:/CPU”T,,Dl_l(?“lel,dlq) (Tz —Czy, )TC dry

a-1\T
= | (i) (= 0243 i o(#5r) o

00,

o (s-1\"
= 0 dy_y)dr, — Cal7t [ pl iy )d VANGE
= | J.rPuimon rlr,di—1)dry — Ciyg PO D nln, diey )dry| ————
5

g_1\T
= [cap,t - cap)] O\dor) (22{9,1}1) c’ =o.
J

Similarly, fcp%lm,m,l(rlm?dl—l) B0, egldrl = 0, and therefore, Termsy, Terms,
and Termy in Eq. (SM11.7) are equal to zero. Then, noting that

0 T
/CpUzITz,DH (7“1|Tz,dl—1>69,l€9,ld7“l = Ry,

we have Termy = 0, and Eq. (SM11.7) becomes

2 0
0 d 0 10ngL|T17DL—1 (TllTlvdl—l)d
Py, Ty, D)1 T, di—q Tl
c

00,0
1 OR, OR,
= ——trace |:R;ll g_’l ;ll 9_’1}
2 00; 00;
T
b3} (fcf;ll) 93i—1
0 » T p—1 0,1
— [42 pUl\le'Dl—l ('I’l‘Tl,dl,1>d7‘l:| 7692 C RQYZC 89]
T
Al—1 -1
1 _laRgl _18R91 8(‘(Ee,l ) T o1 azgl
M11. =——t = — .
(S 8) 5 trace {RG 1 59, Tou 20, 20, C Ry, C 20,

By substituting the above equation in Eq. (SM11.1), we have

. 1 10Rg1 _10Rg;
[IUlel D 1(9)} = gtrace [Rf” 20, 0l e,

i,J

~l—1

-1\ T
( ) cTrrioter d
+ pul 11T Tll 1] 7T1a— 1) 0,1 20, Ti—1---dry

J

T
-1
1 ~19Rg1 _10Re 1 8(959’1 ) o1 ,9%0,
= —t R : E|——>—C" R, ,C :
g e { 0.1 99, 0l g, | T 90, 0.1" "y,
T
-1 g
1 OR, OR x
= —trace |:Re_ll elRe_} 91:| + trace Re_llE C 9.t ( ) T
2 00; o0 00 00;

1 19Rg1 ,_10Re,
(SM11.9) = Etrace [Rs ' 50, Ry, 26,

] + trace R;IICE

According to Egs. (SM11.3) and (SM11.4),

(SM11.10) B 1p1 = do(mi, Tisn) (@gj; + Kou(r — caegjll)) L 1=1,2,--.
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Then, according to Lemma SM14.2 (see Section SM14.2), by differentiating Eq.

(SM11.10) with respect to 6;,i = 1,--- ,n, after some straightforward calculations,
Al—1
Ty

for X (¢ ) = [axl ! 1] , we have the following recursive formulation:
90,

(SM11.11) X3, =AY XS + By eon, 0=(01,-+,0,) €0, i=1-n,

and
n &Q(Tl,‘nﬂ) Ok & ) bo(11,m141) Ko,
=1|a s ~ = =10 TL,T] K,
0,14+1 * ¢e(gz‘9:l+1) Fo(m,m41) (Ikxk _ Ke,lc) 0,1+1 (b6 (my é—;—l) 0.1)

According to Lemma SM14.5 (see Section SM14.5) and using Eq. (SM11.11), we have,
forl=1,2

o {xth (5,)")

= p {0, XD (X (A6) "+ AT XD (50
+Be()]z)+169 l (X(l)>T (AEH 1)T By z)+139 lee l (Bt‘(){l)qtl)T}
=B {X9 (6"} (460) " + Al B (XD} (B5)"
D —
0

4580 B oo (X§9) "} (4600) " + B9 B {eosehi} (B)”
N—— —_—
0

= gl X (<)} (a)”
Byl <CE [(Xo(m) — ) (Xo(m) — #5797 €7 + zg> (590.,)"
(SM11.12) = A(<9Jl)+1 {Xé{l) <Xéll))T} (Aéngrl) +Bé{l)+1R9,l < é +1)T.

Finally, by rewriting the Fisher information expression (Eq. (SM11.9)) as (let C' :=
[ngk C], where 0oy denotes the 2 x k zero matrix)

(SM11.13)
T 1 _10R _10R “14 j NT| A
[IUHTLh)ll—l(a)]ij Qtrace {Rgll GGMR‘“l 390 z] + trace {R(,’,lCE {Xﬁgfz) (Xél)) } CT}7

and substituting Eq. (SM11.12) into Eq. (SM11.13), we have

1 OR OR
= §trace [Rgll 8091R9l1 8901

[IIZ\T, :ng1 ('9)] } + trace {RG ZCS(“)CT} ,

%)

g , \T
where Sé{;) =F {Xé?l) (X(SZZ)) }7 l=1,2,---, can be calculated recursively as

SGD _ AG) gD (A ) - BY R (Bw )T 1—92.3 ...

6,1+1 6,1+1°6,1 6,1+1 6,1+1110,1 6,1+1 ) » 9y )
- T

(¢79(7'07 T1)Zo,0 + o (7o, 7'1))

(9(5’9(Tﬂv‘rl)ie,o+ﬁ9(7'oﬂ'1))> ’

<Z~>e(7'0, T1)Zo,0 + Go(T0,71)
9($9(r0,71)%g,0+d0 (70,71))
0,

(SM11.14) 8§ =

20,

and it completes the proof.
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SM12. Example for Fisher information calculation. For the data model
described in the example provided in Section SM4, the Fisher information matrix is
given by Egs. (5.13) and (5.14), where Sg;,l = 1,2,---, is given recursively by, for
0= (61, ,0,) €0Oandi,j=1,--- n,

ji j i N ; N\T
S = AGISEY, (AR) = B Roar (BY) . 1=2.3.-,
and
" ¢9(7'0,T1)$00 5 T
. ’ b9 (10,71) 0,
S5y = {Ww(foweo) {(¢6(7’0771)$9,0)T <W) ]
96

with coefficient matrices given through Eqs. (SM4.3)-(SM4.5). In Section SM4, we
calculated these coefficient matrices for the first order drift and diffusion coefficients
estimation problem in different scenarios.

SM13. Computation of general Fisher information matrix. We calculate
the Fisher information matrix numerically, for the case that we have one photon,
through the following algorithm (here, it is assumed that § = D, where D is the
diffusion coefficient).

1. Fora,be R,a < b, let x; :=a+ih,y; :=a+ih,i=0,--- ,n, and h := =2,
Approximate px(,,) as

pX(n)(l"l) = /R2 PX ()| X (to) ($1|33)PX(150) (z)dz

n n

~h2D Y px(rix () @@ 45) Pxeo) (i ys), a1 € R,
i=0 j=0

2. Approximate dpx(r,) = % as

dpx(n)(xl) = /]R2 de(-rl)\X(to) (x1]x) PX (o) (z)dz

(SM13.1)  ~h>> > dpx(r)x(t) (@16, 15)) Px (o) (@i y;) 71 € R
i=0 j=0

3. Approximate py, |7, as

puy i, (r|T1) = /]R2 Px(r) () DUy X (ry) (r]@) doe

=/pxn><>f$<>

|det |/ Px(r) () g (M~ — ) da
|det |Zsz(“) (@i y5) g (M~ = (2,5)) . r€C
1=0 j=0

Opu, |1y
9D as

4. Approximate dpy, |1, :=
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dovym, r1r) = [ e (@) () da
1 —
:m/ (o) )3 ()
‘det )| szpx(‘rl xuyj) (M_lT—(.'L‘i7yj)), recC.

=0 j=0

5. Let ry, = Mwxy,ry, = My;,t = 0,---,n, and h, = Mh. Approximate the
Fisher information matrix (D) of diffusion coefficient D as

1
I(D :/751 2 rlm) dr
( ) pU1|T1 |7_1> pUl\Tl( | 1)

NhQZZ

i=0 j= OpU1|T1 ((T$17Tyj)|7-

) dp2U1|T1 ((rwz ) Tyj)|7'1) .

SM14. Appendix.

SM14.1. Joint probability distribution of arrival time points for a Pois-
son process.

LEMMA SM14.1. Forty € R, let {N(7),7 > to} be a Poisson process with inten-
sity function A(T), 7 > tg. Let T := (T1,--- ,Tl)T,l =1,--- ,N(7),7 > to, where the
1D random wvariable Tj describes the I*" arrival time points of {N(7),T > to}.

1. Then, N(7),7 > to, is Poisson distributed with mean ftz A()dy, i.e., for

L=0,1,---, the probability P(N(T) = L) is given by

L[ Y- A
PN =) =77 ([ Awas) A0 72,

2. Fortg <11 <---<7,L=1,2,---, the probability density function pr, of Tr,
is given by
L
TL
PTL (7’1,--~ TL) = (H (1 ) = Jigw AT,
3. Fortg <mn <--- <71 <t,L =172 ---, the conditional probability density

function pr, N s given by
Lt (T Am)

7
(f; A(T)dT)
Proof. See Section 2 of [SM6]. |

SM14.2. Derivative of state estimates.

LEMMA SM14.2. Let © denote a parameter space that is an open subset of R"™,
and let 1 € R. For 0= (61, ,0,)€0,r,€C,l=1,2,---, and 1y <79 < ---, let

pTLIN(t)(Th'" ,TL|L) =

(SM14.1) & 11 = bo (T, Tie1) (@@;l + Kou(r — cacgjll)) . by €RF
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where 959(7'[, Ti41) € RFF O e R?** Ky, € RF*2 ) and their derivatives with respect
-1

; . ) Lo
to 0;,i=1,---, n, erist. Let Xe,l = | gl
20,

and eg =1 — C’i‘le_ll. Then,

() (4) (%) _
Xefz+1 = Aelz+1XeZl + Be 14+1€0,05 =12,

where
A B0(71, T141) O xk
Oii+1 %é:lm G0 (11, 1+1) (Txk — Ko, M)
B . <1~59(sz71+1){<9,1
0,1+1 ° ¢0(Tl77'l+1) e Ko, n a¢9(glé:l+l)K9,L .
Proof. By differentiating Eq. (81\114.1) (Kalman state estimate update formula)
with respect to 6;,i=1,--- ,n, we have, for [ =1,2,---,
8@191 1 o (11,7, 7 j:lgjll
aé-+ _ |:8¢9(8l0’i 1+1) @6 (11, 141) (T xk *Ke,zc)} oal !
¢ 20,
- 0Kp, | O¢o(m, T
(SM14.2) + ((be(n,nﬂ) 86” + %(alg. z+1)K9,l> €o,1,
(il—l
Then, by combining Egs. (SM14.1) and (SM14.2), for X\ = | po's |, we have the
g 6,1 ol
90,
following recursive formulation
Xég l)+1 = Aé ;+1X6§7:l) + Béiﬁrle@;lv
where
A b6 (71, T141) Ok
Ot %&:Hl) G0 (11, T1+1) (Txk — Ko,1C)
) bo(1,7141) Ko,1
B ~ 1o] TLT, 0
o.b+1 |:¢9(7'l77'l+1) g;’i*‘ + ad’e(@lei ESRY oY

SM14.3. Chain rule.

THEOREM SM14.3. Let S be an open set in RE and let ¢ be a point of S. Let
d=(dy,--- ,dy) be a function mapping S into an open set H in RM  i.e., d: S+ H,
that is differentiable at c¢. Let h = (hy,--- ,hy) be a function mapping H into an
open set Q in RN i.e., h: H v Q, that is differentiable at d(c). Let q be a real-valued
function defined on Q that is differentiable at h(d(c)). Then,

N M
(Dr(gohod)(e) = > (Dig)((d(e)(D;hi)(d(e))(Did;)(e), k=1, K.
=1 5=1
Proof. See the proof of Corollary 8.4.3 of [SM1]. O

SM14.4. Integral transformation theorem.

THEOREM SM14.4. Let g = (g1,92, *+ ,gn): B C R™ — R™ be an injective and
continuously differentiable function. Let w: R™ — R be an integral function and
A C R™, then the integral transformation theorem is given by

/ w(y1, Y2, Yn)dyrdyz - - - dyn :/ w(g(w1, 2, -+ ,%n))
g(A) A

X |det(J(g)(a:1,x2, e 733n))| dxidzs - - - dl’n,
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where the Jacobian matrix is given by

991(x1,22,,%n)  0g1(T1,%2,,%n) . Og1(®1,T2, ,Tn)

oxq Oxo T
0g2(®1,%2,+,xn)  O0g2(Z1,%2,,xn) . 0g2(x1,Z2,,Tn)

. oz Oxo OTn

J(g) = : : , :

Ogn(@1,@2: %) Ogn (@12 wn) . Ogn(®1@yyn)

oxq Oxo 0Ty

Proof. See Section 10.3 of [SM1]. d

SM14.5. Innovation representation of the state space model.
LEMMA SM14.5. Let g[gt](()?,H,Wg,Zg),(u[t],T[ﬂ),<1>7M/,c, @) (or
gi( (X,H, Wq,Zg) UL, TL),®, M, C, @)) be an image detection process with ez-

panded state space X and Gaussian process and measurement noise models for a time
interval [to,t] (or for a fixed number L of photons). Let C := M'H. Assume that
C and Z, are independent of the parameter vector § € ©. For § = (61,---,6,) and

Al—1
fcéjll =F [Xg(n)|rl,1,-~- ,7“1}, let Xéfl) = [ax;%llll s =1,---,n, be the extended
a0,
state vector and eg | =1 — C’;%éjll be the prediction error. Then, E [eg,lX(gfl)} =0,i=
1,---,n.
Proof. Since the measurement noise Z,, the process noise Wq, and the initial
condition of the state vector X are independent, the prediction error eg; and the

extended state vector X éil),i =1,---,n, are independent (see the proof of Theorem 5
of [SM4]), and we have

E [Xg(f;em} =E [Xg(ﬂ E [eo,]

= B [X0)] B[C(Ro(n) - #452") + Zo]
= 5 [x{] {C<E [Xo(m)| = BB [Ko(m)irs, - mi]] ) + B[ Zy] }

According to the law of total expectation, F [E {X@ (m)|ri=1, - ,rln =F {X@ (Tl)],
and therefore, we have

B[ X{eor] = B[x{)] {C(E [Xo(m)] - B [ %a(m)] > +0} =0. O

SM14.6. Analysis of the error of the predicted locations of the molecule.
In this section, the errors between the means of the distributions of the prediction of
the molecule locations and the true locations of the molecule for Born and Wolf, Airy
and Gaussian measurements are shown in Figs. SM4, SM5 and SM6, respectively.
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