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Abstract. When modelling the railway induced vibration in a building, three main aspects of 
the problem have to be considered: the vibration generation at the moving vehicle-track inter-
action points, the vibration propagation in the underlying infinite soil, and the vibration recep-
tion inside the building. This study proposes a computational modelling approach for 
predicting the full vibration propagation path from the train vehicles up to the building struc-
ture. The method includes a moving train model that is directly coupled to a stationary building 
structure, with interaction between them through the underlying soil using a single step solution 
procedure. A semi-analytical model is utilized to model the soil to which rigid objects and 
structures modelled by finite elements (FE) are coupled. The system is excited by a multi-body 
vehicle model passing over an irregular track. The proposed modelling approach uses the fre-
quency-domain solution with some parts, such as the railway track, formulated in the moving 
frame of reference (FOR) and other parts, such as building structures, formulated in a fixed 
FOR. The coupling terms between the two FORs are found by utilizing an analytical formula-
tion of receptance between the two FORs. It is shown that due to the coupling between the fixed 
and moving FORs, the previously uncoupled discrete frequencies become coupled through the 
other FOR as a result of the Doppler effect and wave scattering. Two solution procedures of 
the full system are proposed: partial coupling, where some secondary effects from reflected 
waves propagating through soil are disregarded, and full coupling, where the vehicle, track, 
soil and structure are modelled as a fully coupled system. Both proposed solution procedures 
offer a single-step approach for solving the whole system in the frequency-spatial domain. The 
application of the model is demonstrated and validated in two example cases: one analyzing a 
simple building structure near a railway track, using the partial coupling solution procedure, 
and another analyzing the behaviour of a vehicle model passing over a rigid block embedded 
inside the soil, using the full coupling solution procedure. 
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1 INTRODUCTION 
One of the important environmental impacts of existing and future railway lines occurs due 

to the ground-borne vibration induced by the trains. When a train runs on the track, its wheels 
induce vibration in the track structure. This vibration then propagates through the ground into 
nearby buildings where it is perceived either directly, due to motion of floors and walls, or 
indirectly as re-radiated noise. This causes disturbance to occupants, potential loss of building 
functionality (e.g. interference with sensitive equipment), loss of real estate value and, in worst 
case, leading to structural damage. 

The impact of railway-induced vibrations has been investigated since the beginning of the 
previous century and much work has been done to understand and simulate the dynamic inter-
actions between the train, track, tunnel (for underground railways) and ground resulting in mod-
els which can predict ground-borne vibration around the railway system. The exact propagation 
mechanism of environmental vibration is an extremely complex phenomenon, and thus proper 
evaluation of its effects is difficult. Several different numerical models have been developed 
for predicting vibration from surface and underground railways in the last few decades. They 
are mainly based on numerical or semi-analytical methods. Each approach has its own merits. 
Semi-analytical models are simpler, requiring less input parameters, but they are not able to 
represent the full details of a given situation. Conversely, numerical models can represent more 
detailed geometry but require a larger number of input parameters and greater computational 
effort. The results are then specific to this particular situation and cannot be generalized easily. 
There are also important limitations in the use of either type of model, due to the modelling 
simplifications and parameter uncertainty. A comprehensive overview of the state of the art on 
railway-induced ground vibration models and the underlying excitation mechanisms can be 
found in [1]. 

When modelling the environmental vibration in a building induced by railway traffic, three 
main parts of the problem need to be considered: the vehicle-track system which is the vibration 
source, the underlying soil through which the vibration propagates, and the building structure 
which is the vibration receiver. Ideally, all the parts would be combined into a single model, 
including all coupling terms. However, due to complex analytical formulation needed and the 
limitations of computational models, this is rarely performed. Most often, parts of the model 
are coupled together; for example, a coupled vehicle-track-soil model is calculated, and the 
obtained results propagate to the building structure [2 - 9]. This way, the secondary coupling 
terms are excluded from the system, such as the effect of the building structure to the response 
of the track and the vehicle. This is acceptable, as these coupling terms do not influence the 
system significantly [10]. For example, Fiala et al. [2] used a two-step approach to obtain the 
response of a building structure by splitting the problem into a vehicle-track-soil source model 
and a structure-soil receiver model. With a similar approach, François et al. [3] studied road-
traffic-induced vibration. The work also proposed a methodology to exclude the soil-structure 
interaction problem for cases of soft structures resting on stiff soils. A so-called sub-modelling 
technique was proposed by Hussein et al. [6], where the response of the soil surface from a 
tunnel structure was modelled using the ‘pipe-in-pipe’ model [11] to find the response of a 2D 
frame. An almost identical system assembly method was also used by Lopes et al. [5]; however, 
the soil surface response from a tunnel structure was modelled using a 2.5D FEM-PML (per-
fectly matched layers) model and a 3D building structure was analyzed. In [9], Kuo et al. use a 
similar numerical approach and the model developed in [10] to investigate the effect of dynamic 
soil characteristics, surface foundation type, and building geometry on the building’s response 
to railway induced vibrations and compare with the FRA empirical adjustment factors [12]. 
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The aim of this work is to model the full vibration propagation path from the vehicle up to 
the building structure. The proposed method includes a moving vehicle model that is directly 
coupled to a stationary building structure, with interaction between them through the infinite 
underlying soil, without needing a multiple step solution. At the same time, the method offers 
a relatively quick and flexible solution procedure. A fully 3D system is modelled, with struc-
tures modelled using FE, allowing a wide variety of configurations. To limit the computational 
times needed, the semi-analytical soil formulation is utilized, with a surface railway track, using 
the model originally proposed by Sheng et al. in [13, 14] and later extended in [15]. A multi-
body vehicle model passing over an irregular track excites the system. The work introduces an 
approach of solving the coupled vehicle-track-soil-building system using a single step solution 
procedure. Two system assembly and solution methods are presented: partial coupling and full 
coupling. With the partial coupling procedure disregarding some effects caused by the reflected 
waves for a more computationally efficient solution, and the full coupling procedure including 
all the coupling terms. Additionally, the methodology for modelling rigid objects and FE struc-
tures interacting with the soil is described with its implementation into the proposed solution 
approaches. To show the capabilities of the proposed modelling approach two example cases 
are analyzed: (i) for a simple building structure near a railway track, using the partial coupling 
solution procedure, and (ii) the behaviour of a vehicle model passing over a rigid block embed-
ded inside the soil, using the full coupling solution procedure. 

2 SEMI-ANALYTICAL SOIL MODEL 
A semi-analytical soil model is used in the present work. The model utilizes a well-known 

approach based on an analytical solution to the Green’s function in the frequency-wavenumber 
domain. For the linear hysteric half-space 𝑧𝑧 ≤ 0, the displacement field in time–space domain 
can be obtained using a convolution integral: 

 𝑢𝑢𝑖𝑖(𝑥𝑥,𝑦𝑦, 𝑧𝑧, 𝑡𝑡) = � � � � 𝑔𝑔𝑖𝑖𝑖𝑖(𝑥𝑥 − 𝑥𝑥′,𝑦𝑦 − 𝑦𝑦′, 𝑧𝑧, 𝑧𝑧′, 𝑡𝑡 − 𝑡𝑡′) 𝑝𝑝𝑖𝑖(𝑥𝑥′,𝑦𝑦′, 𝑧𝑧′, 𝑡𝑡′) d𝑥𝑥′
∞

−∞

d𝑦𝑦′
∞

−∞

d𝑧𝑧′
0

−∞

d𝑡𝑡′
𝑡𝑡

−∞

 (1) 

where the Green’s function 𝑔𝑔𝑖𝑖𝑖𝑖 relates the displacement component 𝑢𝑢𝑖𝑖  at the point (𝑥𝑥,𝑦𝑦, 𝑧𝑧) and 
time 𝑡𝑡 to the loads 𝑝𝑝𝑖𝑖 applied in direction 𝑗𝑗 at all positions and times up to and including the 
time 𝑡𝑡. The soil is assumed invariant and infinite in both horizontal directions, while the mate-
rial properties vary over depth due to stratification. 

The Green’s function is challenging to find analytically in time-space domain for a layered 
half-space. Thus, a triple Fourier transformation can be performed, transforming the two hori-
zontal coordinates into the wavenumbers 𝑘𝑘𝑥𝑥 and𝑘𝑘𝑦𝑦, and time into the circular frequency 𝜔𝜔. By 
introducing a discretization into a number of depths 𝑧𝑧𝑛𝑛, 𝑛𝑛 = 1,2,3, … ,𝑁𝑁𝑧𝑧 , Eq. (1) simplifies 
into  

 𝑈𝑈�𝑖𝑖(𝑘𝑘𝑥𝑥,𝑘𝑘𝑦𝑦, 𝑧𝑧,𝜔𝜔) = ��̅�𝐺𝑖𝑖𝑖𝑖(𝑘𝑘𝑥𝑥,𝑘𝑘𝑦𝑦, 𝑧𝑧, 𝑧𝑧𝑛𝑛,𝜔𝜔) 𝑃𝑃�𝑛𝑛,𝑖𝑖(𝑘𝑘𝑥𝑥,𝑘𝑘𝑦𝑦,𝜔𝜔)
𝑁𝑁𝑧𝑧

𝑛𝑛=1

 (2) 

where 𝑈𝑈� and �̅�𝐺𝑖𝑖𝑖𝑖are components of the displacement vector and the Green’s function tensor, 
respectively, in the frequency-wavenumber domain. After the discretization over depth, 𝑃𝑃�𝑛𝑛,𝑖𝑖 
signifies the traction applied on a horizontal interface placed at the depth 𝑧𝑧𝑛𝑛. In the following, 
upper case symbols indicate Fourier transforms with respect to time, whereas overbar indicates 
Fourier transforms with respect to the horizontal spatial coordinates. 

There are two major approaches used to assemble multiple soil layers and express analyti-
cally the Green’s functions �̅�𝐺𝑖𝑖𝑖𝑖 appearing in Eq. (2): the flexibility approach and the stiffness 
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approach. The flexibility approach is based on the original work proposed by Thomson [16] 
and Haskell [17]. The stiffness approach was introduced by Kausel and Roësset [18] and ex-
tends the original transfer matrix, as derived in [16, 17] by reordering it into a stiffness expres-
sion equivalent to those used in the FEM, assuming that the interface between two layers is 
interpreted as a connecting node. Multiple layers can be assembled by overlapping the stiffness 
matrices at the connecting interfaces.  

In this work, both methods have been utilized: the flexibility approach with numerical sta-
bilization for the fixed FOR soil model and the stiffness approach for the moving FOR model. 
The reason that the flexibility approach is used for the fixed FOR and the soil-structure inter-
action is because it enables the application of structure-to-soil interaction forces without in-
creasing the size of the involved matrices (that is always six by six) for foundations that are 
embedded in the ground (i.e. piled foundations). For the moving FOR problem, only the Green’s 
functions for a surface load (i.e. the track) are needed and thus the stiffness approach is used 
which is free of numerical instabilities at higher frequencies, that are more prominent due to 
the moving of the load. Any instabilities occurring in the flexibility approach are dealt using 
stabilization techniques that are based on the orthonormalization method [19] and by splitting 
very thick layers (if any) into multiple smaller layers with the same material properties. 

After the displacements in the frequency-wavenumber domain are obtained, a double inverse 
Fourier transformation is performed into frequency-space domain 

 𝑈𝑈f 𝑖𝑖(𝑥𝑥f, 𝑦𝑦, 𝑧𝑧,𝜔𝜔f) =    
1

4𝜋𝜋2
� � 𝑈𝑈�𝑖𝑖(𝑘𝑘𝑥𝑥,𝑘𝑘𝑦𝑦, 𝑧𝑧,𝜔𝜔f) ei(𝑘𝑘𝑥𝑥𝑥𝑥f+𝑘𝑘𝑦𝑦𝑦𝑦) d𝑘𝑘𝑥𝑥

∞

−∞
d𝑘𝑘𝑦𝑦.

∞

−∞
 (3) 

This equation is used when both the load and the response in a fixed FOR is considered. The 
load is applied at a circular frequency 𝜔𝜔f and coordinate 𝑥𝑥f, with subscript ‘f’ indicating a fixed 
FOR. Here, the inverse Fourier transformation can be carried out in semi-discrete form by 
adopting polar coordinates, since the integration with respect to the azimuthal angle can be done 
in closed form, leading to Bessel functions in the components of the Green’s function. 

When the whole system is considered in a moving FOR, the Green’s function and, at the 
same time, the response in the frequency-wavenumber domain lose the polar symmetry around 
the origin of the wavenumber domain, compared to a purely fixed FOR. Hence, a fully discrete 
inverse Fourier transformation from wavenumber domain into spatial domain is necessary. As-
suming that a load is moving in the positive x-direction, the frequency used to compute the 
Green’s function becomes wavenumber dependent. In that case, the inverse double Fourier 
transformation into frequency–space domain is defined as 

 𝑈𝑈m 𝑖𝑖(𝑥𝑥m,𝑦𝑦, 𝑧𝑧,𝜔𝜔m) =    
1

4𝜋𝜋2
� � 𝑈𝑈�𝑖𝑖�𝑘𝑘𝑥𝑥,𝑘𝑘𝑦𝑦, 𝑧𝑧,𝜔𝜔m − 𝑘𝑘𝑥𝑥𝑣𝑣�ei�𝑘𝑘𝑥𝑥𝑥𝑥m+𝑘𝑘𝑦𝑦𝑦𝑦� d𝑘𝑘𝑥𝑥

∞

−∞
d𝑘𝑘𝑦𝑦

∞

−∞
 (4) 

where 𝑣𝑣 is the velocity at which the moving FOR travels through the fixed FOR. Subscript ‘m’ 
indicates values in the moving FOR.  

Since the methodology presented in this work uses both moving and fixed FOR, a mixed 
FOR is used, where the displacement response observed in a fixed FOR from a load applied at 
a stationary point in the moving FOR and vice versa are needed in order to obtain the coupling 
terms between the two FORs.  

Following a similar analysis with [13], the displacements 𝑈𝑈f 𝑖𝑖  at 𝑥𝑥f for fixed FOR from a 
harmonic moving load of circular frequency 𝜔𝜔m can be expressed as 

 𝑈𝑈f 𝑖𝑖(𝑥𝑥f, 𝑦𝑦, 𝑧𝑧,𝜔𝜔m,𝜔𝜔f) =
1
𝑣𝑣

ei𝛽𝛽𝑥𝑥f
1

2𝜋𝜋
�  𝑈𝑈𝑖𝑖�𝛽𝛽,𝑘𝑘𝑦𝑦, 𝑧𝑧,𝜔𝜔m − 𝛽𝛽𝑣𝑣�ei𝑘𝑘𝑦𝑦𝑦𝑦d𝑘𝑘𝑦𝑦
∞

−∞
,   𝛽𝛽 =

𝜔𝜔m − 𝜔𝜔f

𝑣𝑣
 (5) 
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where 𝜔𝜔f is the receiving frequency at the fixed FOR.  

Alternatively, using an equivalent analysis for a stationary harmonic load of circular fre-
quency  𝜔𝜔𝑚𝑚  received in a moving FOR at 𝑥𝑥m = 𝑥𝑥f − 𝑣𝑣𝑡𝑡  the displacements 𝑈𝑈m 𝑖𝑖  can be ex-
pressed as: 

 𝑈𝑈m 𝑖𝑖(𝑥𝑥m,𝑦𝑦, 𝑧𝑧,𝜔𝜔f,𝜔𝜔m) =
1
𝑣𝑣

ei𝛽𝛽𝑥𝑥m
1

2𝜋𝜋
�  𝑈𝑈𝑖𝑖�𝛽𝛽,𝑘𝑘𝑦𝑦, 𝑧𝑧,𝜔𝜔f�ei𝑘𝑘𝑦𝑦𝑦𝑦d𝑘𝑘𝑦𝑦
∞

−∞
, 𝛽𝛽 =

𝜔𝜔m − 𝜔𝜔f

𝑣𝑣
.  (6) 

Comparing Eqs. (5) and (6) it is evident that the expressions are equivalent. That is, the dis-
placements originating from a moving source and observed in a fixed FOR are equivalent to 
the displacements caused by a stationary source and observed in a moving frame: 

 𝑈𝑈m 𝑖𝑖(𝑥𝑥m,𝑦𝑦, 𝑧𝑧,𝜔𝜔f,𝜔𝜔m) = 𝑈𝑈f 𝑖𝑖(𝑥𝑥f,𝑦𝑦, 𝑧𝑧,𝜔𝜔m,𝜔𝜔f) (7) 
given that the horizontal coordinates 𝑥𝑥m and 𝑥𝑥f have the same numerical value. In practice, this 
means that only Eq. (5) or Eq. (6) needs to be evaluated. Then the integral part of the equation 
is reused for the other FOR combination, with changed x-coordinate. 

3 STRUCTURES INTERACTING WITH SOIL IN A SINGLE FRAME OF 
REFERENCE 

To couple the semi-analytical soil model to a FE model of one or more structures, a dynamic 
stiffness matrix of the soil is established. Firstly, the desired geometry of the soil-structure in-
terface is discretized into a number of ‘soil–structure interaction’ (SSI) nodes. The response is 
requested at a range of ‘observation’ nodes. The dynamic stiffness matrix is established using 
the SSI nodes, which is then coupled to structures and used to obtain the system displacements. 

To establish the dynamic stiffness matrix of the soil, a global flexibility matrix relating all 
the degrees of freedom is needed. For a three-dimensional case, each SSI node has three degrees 
of freedom. Therefore, the receptance matrix 𝐑𝐑ss(𝜔𝜔), also called the flexibility matrix, is a 
square matrix with three times more rows and columns than the number of nodes in the system. 
To create the receptance matrix, a unit harmonic load 𝑃𝑃�0,𝑠𝑠𝑗𝑗 is applied to a single degree of free-
dom, 𝑠𝑠𝑖𝑖, and the resulting displacements are observed at all SSI degrees of freedom, including 
the loaded one. The procedure is repeated for every degree of freedom in the system. This way, 
the receptance relating all degrees of freedom to the loaded degree of freedom is established. 
The receptance between degrees of freedom 𝑠𝑠𝑖𝑖and 𝑠𝑠𝑖𝑖 is found as 

 𝑅𝑅𝑠𝑠𝑖𝑖,𝑠𝑠𝑗𝑗(𝜔𝜔) = � � �̅�𝐺𝑑𝑑𝑖𝑖𝑑𝑑𝑗𝑗(𝑘𝑘𝑥𝑥 ,𝑘𝑘𝑦𝑦 , 𝑧𝑧𝑛𝑛𝑖𝑖 , 𝑧𝑧𝑛𝑛𝑗𝑗 ,𝜔𝜔) 𝑃𝑃��𝑛𝑛𝑗𝑗,𝑠𝑠𝑗𝑗(𝑘𝑘𝑥𝑥 ,𝑘𝑘𝑦𝑦 ,𝜔𝜔) ei�𝑘𝑘𝑥𝑥(𝑥𝑥𝑛𝑛𝑖𝑖−𝑥𝑥𝑛𝑛𝑗𝑗)+𝑘𝑘𝑦𝑦(𝑦𝑦𝑛𝑛𝑖𝑖−𝑦𝑦𝑛𝑛𝑗𝑗)� d𝑘𝑘𝑥𝑥
∞

−∞
d𝑘𝑘

∞

−∞
 (8) 

where 𝑃𝑃��𝑛𝑛𝑗𝑗,𝑠𝑠𝑗𝑗(𝑘𝑘𝑥𝑥,𝑘𝑘𝑦𝑦,𝜔𝜔) is the double spatial Fourier transform of a distributed harmonic load 
𝑃𝑃�𝑛𝑛𝑗𝑗,𝑠𝑠𝑗𝑗(𝑥𝑥, 𝑦𝑦,𝜔𝜔) of unit magnitude acting within the frequency domain at the depth 𝑧𝑧𝑛𝑛𝑗𝑗 in degree 
of freedom 𝑠𝑠𝑖𝑖. The same procedure can be performed in both fixed and moving FORs. The 
obtained results are placed in a single column of the receptance matrix and the process is re-
peated for every degree of freedom. Assuming there is a total of 𝑆𝑆 SSI degrees of freedom in 
the system, the assembled receptance matrix becomes: 

 𝐑𝐑ss(𝜔𝜔) =

⎣
⎢
⎢
⎡
𝑅𝑅𝑠𝑠1,𝑠𝑠1(𝜔𝜔) 𝑅𝑅𝑠𝑠1,𝑠𝑠2(𝜔𝜔) ⋯ 𝑅𝑅𝑠𝑠1,𝑠𝑠𝑆𝑆(𝜔𝜔)
𝑅𝑅𝑠𝑠2,𝑠𝑠1(𝜔𝜔) 𝑅𝑅𝑠𝑠2,𝑠𝑠2(𝜔𝜔) ⋯ 𝑅𝑅𝑠𝑠2,𝑠𝑠𝑆𝑆(𝜔𝜔)

⋮ ⋮ ⋱ ⋮
𝑅𝑅𝑠𝑠𝑆𝑆,𝑠𝑠1(𝜔𝜔) 𝑅𝑅𝑠𝑠𝑆𝑆,𝑠𝑠2(𝜔𝜔) ⋯ 𝑅𝑅𝑠𝑠𝑆𝑆,𝑠𝑠𝑆𝑆(𝜔𝜔)⎦

⎥
⎥
⎤
. (9) 
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The receptance matrix can be established for the moving and fixed FORs. However, only in 
the fixed FOR, the matrix is symmetric, assuming that the applied load 𝑃𝑃�𝑛𝑛𝑗𝑗,𝑠𝑠𝑗𝑗(𝑥𝑥, 𝑦𝑦,𝜔𝜔) is the 
same for all degrees of freedom. If no external structures are connected to the semi-analytical 
soil model, it is possible to apply the loads and obtain the system displacements 𝐔𝐔s directly as 

 𝐔𝐔s(𝜔𝜔) = 𝐑𝐑ss(𝜔𝜔) 𝐏𝐏s(𝜔𝜔) (10) 
where 𝐏𝐏s is the vector of load magnitudes. It is implied here that the load acting in degree of 
freedom 𝑠𝑠𝑖𝑖 has a spatial distribution defined by 𝑃𝑃�𝑛𝑛𝑗𝑗,𝑠𝑠𝑗𝑗 and a magnitude defined by element 𝑗𝑗 of 
𝐏𝐏s.  

3.1 FE models interacting with the soil  
To couple the soil model with an FE model of one or more structures, the dynamic stiffness 

matrix of the soil 𝐊𝐊ss(𝜔𝜔) is needed. It can be obtained by inverting the receptance matrix. In-
cluding the dynamic stiffness matrix 𝐊𝐊FE of the FE model the dynamic stiffness in the single 
frame of reference (SFOR) can be assembled as: 

 𝐊𝐊SFOR(𝜔𝜔) = �
𝐊𝐊ss(𝜔𝜔) + 𝐊𝐊FE

ss (𝜔𝜔) 𝐊𝐊FE
sn(𝜔𝜔)

𝐊𝐊FE
ns(𝜔𝜔) 𝐊𝐊FE

nn(𝜔𝜔)� (11) 

where superscript ‘s’ denotes the degrees of freedom through which the FE model interacts 
with the soil, while superscript ‘n’ denotes the degrees of freedom that are internal to the FE 
model. Combinations of superscripts ‘sn’ and ‘ns’ denote the coupling terms. Due to symmetry 
of the FE system matrices, 𝐊𝐊FE

ns(𝜔𝜔) = [𝐊𝐊FE
sn(𝜔𝜔)]T. In addition, the matrix 𝐊𝐊FE

sn(𝜔𝜔) is usually 
sparsely populated. 

The displacements of the system can then be obtained by solving the system of equations: 

 𝐊𝐊SFOR(𝜔𝜔) 𝐔𝐔SFOR(𝜔𝜔) = 𝐏𝐏SFOR(𝜔𝜔). (12) 
To obtain the displacements of the observation degrees of freedom, a flexibility matrix re-

lating the SSI and observation degrees of freedom is needed. Assuming that the numbering of 
observation degrees of freedom is stored in a set 𝑜𝑜 = {𝑜𝑜1, 𝑜𝑜2, … , 𝑜𝑜𝑂𝑂} with the number of degrees 
of freedom being 𝑂𝑂, the flexibility matrix will have 𝑂𝑂 rows and 𝑆𝑆 columns. The flexibility ma-
trix for observation degrees of freedom is assembled as: 

 𝐑𝐑os(𝜔𝜔) =

⎣
⎢
⎢
⎡
𝑅𝑅𝑜𝑜1,𝑠𝑠1(𝜔𝜔) 𝑅𝑅𝑜𝑜1,𝑠𝑠2(𝜔𝜔) ⋯ 𝑅𝑅𝑜𝑜1,𝑠𝑠𝑆𝑆(𝜔𝜔)
𝑅𝑅𝑜𝑜2,𝑠𝑠1(𝜔𝜔) 𝑅𝑅𝑜𝑜2,𝑠𝑠2(𝜔𝜔) ⋯ 𝑅𝑅𝑜𝑜2,𝑠𝑠𝑆𝑆(𝜔𝜔)

⋮ ⋮ ⋱ ⋮
𝑅𝑅𝑜𝑜𝑂𝑂,𝑠𝑠1(𝜔𝜔) 𝑅𝑅𝑜𝑜𝑂𝑂,𝑠𝑠2(𝜔𝜔) ⋯ 𝑅𝑅𝑜𝑜𝑂𝑂,𝑠𝑠𝑆𝑆(𝜔𝜔)⎦

⎥
⎥
⎤
. (13) 

To find the displacements of the observation nodes, the observation flexibility matrix 𝐑𝐑os is 
multiplied by the soil displacements at the SSI degrees of freedom 𝐔𝐔s, which are extracted from 
the whole system displacement vector 𝐔𝐔SFOR: 

 𝐔𝐔o(𝜔𝜔) = 𝐑𝐑os(𝜔𝜔) [𝐑𝐑ss(𝜔𝜔)]−1 𝐔𝐔s(𝜔𝜔) = 𝐑𝐑os(𝜔𝜔) 𝐊𝐊ss(𝜔𝜔) 𝐔𝐔s(𝜔𝜔). (14) 

3.2 Rigid structures interacting with the soil  
The semi-analytical soil model allows also modelling of completely rigid objects interacting 

with the soil. This is useful when modelling structures that are much stiffer than the surrounding 
material, for example building foundations. To create a three-dimensional rigid object, the ob-
ject shape is discretized into a number of SSI nodes. The global flexibility matrix is created in 
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the same way as in the previous subsection and inverted to obtain the dynamic stiffness matrix. 
However, condensation of the stiffness matrix must be performed in order to reduce the system 
such that the response can be determined in terms of the rigid body modes rather than the orig-
inal degrees of freedom of the SSI nodes. This is achieved by assuming that SSI nodes belong-
ing to the same rigid object are fixed relatively to each other and move together with the degrees 
of freedom of a reference master node that defines the motion of the rigid object. In principle, 
the master node can be placed at any position. However, it is most conveniently placed in the 
point at which coupling to an FE model should be done. That is, for example, in the centre of 
the topside of a footing. In the most common three-dimensional case, separate SSI nodes have 
three degrees of freedom each, i.e. three lateral displacements, while each rigid object has six 
degrees of freedom: three for lateral displacements and three additional rotational degrees of 
freedom of the reference node. For a single rigid object composed of a number of SSI nodes, 
the transformation matrix 𝐓𝐓0,𝑖𝑖 is created. Multiple rigid objects can also be a part of the same 
system. The global transformation matrix for a system with 𝑁𝑁 rigid objects can be assembled 
as: 

 𝐓𝐓s =

⎣
⎢
⎢
⎡
𝐓𝐓0,1 𝟎𝟎 ⋯ 𝟎𝟎
𝟎𝟎 𝐓𝐓0,2 ⋯ 𝟎𝟎
⋮ ⋮ ⋱ ⋮
𝟎𝟎 𝟎𝟎 ⋯ 𝐓𝐓0,𝑁𝑁⎦

⎥
⎥
⎤
. (15) 

The system can also contain non-associated ‘free’ SSI nodes, which are not part of any rigid 
object. In that case, the local transformation matrix for such nodes will be the identity matrix 
with the same number of rows and columns as the number of degrees of freedom associated 
with the free node. 

To obtain the condensed stiffness matrix of the soil, , the dynamic stiffness matrix of the soil 
𝐊𝐊ss(𝜔𝜔) is modified: 

 𝐊𝐊s(𝜔𝜔) = [𝐓𝐓s]T 𝐊𝐊ss(𝜔𝜔) 𝐓𝐓s. (16) 
The matrix can then be coupled to FE structures in the same way as described previously. 

Due to condensation of some SSI nodes, Eq. (14) is also modified by introducing the transfor-
mation matrix 

 𝐔𝐔o(𝜔𝜔) = 𝐑𝐑os(𝜔𝜔)[𝐑𝐑ss(𝜔𝜔)]−1 𝐓𝐓s 𝐔𝐔s(𝜔𝜔) = 𝐑𝐑os(𝜔𝜔)𝐊𝐊ss(𝜔𝜔)𝐓𝐓s 𝐔𝐔s(𝜔𝜔). (17) 

3.3 Vehicle, railway track and wheel-rail interaction  
The system is excited by one or more vehicles travelling across a railway track. The vehicles 

can be modelled using various multibody systems, with varying complexity, depending in the 
application case. Vehicles are only modelled in two dimensions and only the vertical wheel-rail 
interaction forces are considered. The dynamic stiffness matrix of the vehicle 𝐊𝐊vv,𝑖𝑖(𝜔𝜔m) is cre-
ated in a moving FOR by combining the vehicle stiffness, damping and mass matrices. If mul-
tiple vehicles are needed, it is assumed that there is no direct interaction between vehicles and 
the dynamic stiffness matrix becomes: 

 𝐊𝐊v(𝜔𝜔m) =

⎣
⎢
⎢
⎡
𝐊𝐊vv,1(𝜔𝜔m) 𝟎𝟎 ⋯ 𝟎𝟎

𝟎𝟎 𝐊𝐊vv,2(𝜔𝜔m) ⋯ 𝟎𝟎
⋮ ⋮ ⋱ ⋮
𝟎𝟎 𝟎𝟎 ⋯ 𝐊𝐊vv,𝐼𝐼(𝜔𝜔m)⎦

⎥
⎥
⎤
. (18) 
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Here it is assumed that there is a total number 𝐼𝐼 of vehicles in the system. Further, there is 
no coupling between separate vehicles through the vehicle stiffness matrix, i.e. each car of a 
train acts like a separate vehicle. 

A layered track structure containing the rails, rail-pads, sleepers and ballast is used. It is 
coupled to the underlying soil in the frequency-wavenumber domain as described in [15]. By 
using the stiffness matrix for the rails 𝐊𝐊r(𝜔𝜔m) and the diagonal stiffness matrix 𝐊𝐊H for the 
wheel-rail contact interaction the coupled vehicle–track system response from a unit amplitude 
unevenness is given as: 

 �
𝐊𝐊v
uu(𝜔𝜔m) 𝐊𝐊v

uw(𝜔𝜔m) 𝟎𝟎
𝐊𝐊v
wu(𝜔𝜔m) 𝐊𝐊v

ww(𝜔𝜔m) + 𝐊𝐊H −𝐊𝐊H
𝟎𝟎 −𝐊𝐊H 𝐊𝐊r(𝜔𝜔m) + 𝐊𝐊H

� �
𝐔𝐔vu(𝜔𝜔m)
𝐔𝐔v
w(𝜔𝜔m)
𝐔𝐔r(𝜔𝜔m)

� = �
𝟎𝟎

   𝐾𝐾H 𝐝𝐝(𝜔𝜔m)
−𝐾𝐾H 𝐝𝐝(𝜔𝜔m)

� (19) 

where 𝐝𝐝(𝜔𝜔m) = exp �𝜔𝜔m
𝑣𝑣

 𝐱𝐱w� is the vector containing the unit unevenness for all wheel posi-
tions 𝐱𝐱w in the moving FOR. In Eq. (19), the vehicle degrees of freedom are split into two parts: 
those relating to the wheels, denoted with the superscript ‘w’, and those that are not coupled to 
the track, denoted with superscript ‘u’. It is assumed that each vehicle wheel has the same 
linearized Hertzian spring stiffness 𝐾𝐾H when calculating the acting forces. Solving Eq. (19) for 
the unknown displacement vector 𝐔𝐔 produces the system behaviour. Note that in this case, the 
effects of external structures coupled to the railway track through the soil are not accounted for. 

The stiffness matrix for the rails in Eq. (19) can be found by inverting the flexibility matrix  
𝐑𝐑rr(𝜔𝜔m) relating the rail displacements between all vehicle wheel sets positions is constructed. 
This is achieved in a similar manner as described in the previous section, assuming a single 
degree of freedom of a rail in a moving FOR for every wheel. The matrix is later used to estab-
lish the stiffness matrix of a coupled-domain stiffness matrix. 

4 ASSEMBLY AND SOLUTION OF GLOBAL SYSTEM 
Parts of the model described in the previous sections are combined into a single global sys-

tem. The resulting system combines parts formulated in a moving FOR, such as the vehicle and 
the track, and parts formulated in the fixed FOR, such as the structures interacting with the soil. 
To couple the two FORs together, the relation described in Section 2 is used. For this purpose, 
the receptance matrix 𝐑𝐑�sr, providing the interaction between the degrees of freedom of the rails 
and the degrees of freedom of the soil, is established. The matrix 𝐑𝐑�sr couples the moving and 
fixed FORs, and it is therefore dependent on two frequencies: 𝜔𝜔m and 𝜔𝜔f. The tilde indicates 
that the quantity is defined in the mixed FOR. 

4.1 Partly coupled global system  
The flexibility matrix, assembled in the fixed FOR and connecting all the degrees of freedom 

interacting with the soil, is added to the system. Using the created matrices, the full flexibility 
matrix for the so-called ‘global’ (indicated by subscript ‘g’) system can be constructed 

 𝐑𝐑�g(𝜔𝜔m,𝜔𝜔f) = �
𝐑𝐑rr(𝜔𝜔m) 𝐑𝐑�rs(𝜔𝜔f,𝜔𝜔m)

𝐑𝐑�sr(𝜔𝜔m,𝜔𝜔f) 𝐑𝐑ss(𝜔𝜔f)
�. (20) 

If no rigid bodies are present in the soil model, the global flexibility matrix may be inverted 
to obtain the stiffness matrix of the global system 𝐊𝐊�g(𝜔𝜔m,𝜔𝜔f). When the system contains rigid 
objects, which are formulated as described in Section 3.2, the global stiffness matrix can be 
constructed using the global transformation matrix 
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 𝐓𝐓g = � 𝐈𝐈 𝟎𝟎
𝟎𝟎 𝐓𝐓s

� (21) 

where 𝐈𝐈 is the identity matrix with dimensions equal to the number of rail degrees of freedom. 
It is assumed that there are no rigid bodies modelled in the moving FOR. In theory, it is possible 
to model rigid bodies in both the moving and the fixed FORs, given that the reference nodes 
for these bodies are not shared between the two FORs.  

After the stiffness matrix of the system has been obtained, the vehicle and the FE structures 
can be also added to the global system. The governing equation for partial coupling in the mixed 
FOR becomes: 

 𝐊𝐊�(𝜔𝜔m,𝜔𝜔f)𝐔𝐔�(𝜔𝜔m,𝜔𝜔f) =  𝐅𝐅�(𝜔𝜔m,𝜔𝜔f) (22) 
where 

 𝐊𝐊�(𝜔𝜔m,𝜔𝜔f) =

⎣
⎢
⎢
⎢
⎢
⎡𝐊𝐊v

uu(𝜔𝜔m) 𝐊𝐊v
uw(𝜔𝜔m) 𝟎𝟎 𝟎𝟎 𝟎𝟎

𝐊𝐊v
wu(𝜔𝜔m) 𝐊𝐊v

ww(𝜔𝜔m) + 𝐊𝐊H −𝐊𝐊H 𝟎𝟎 𝟎𝟎
𝟎𝟎 −𝐊𝐊H 𝐊𝐊�grr(𝜔𝜔m,𝜔𝜔f) + 𝐊𝐊H 𝐊𝐊�grs(𝜔𝜔f,𝜔𝜔m) 𝟎𝟎
𝟎𝟎 𝟎𝟎 𝐊𝐊�gsr(𝜔𝜔m,𝜔𝜔f) 𝐊𝐊�gss(𝜔𝜔m,𝜔𝜔f) + 𝐊𝐊�FEss (𝜔𝜔f) 𝐊𝐊FE

sn(𝜔𝜔f)
𝟎𝟎 𝟎𝟎 𝟎𝟎 𝐊𝐊FE

ns(𝜔𝜔f) 𝐊𝐊FE
nn(𝜔𝜔f)⎦

⎥
⎥
⎥
⎥
⎤

 (23) 

and 

 𝐔𝐔�(𝜔𝜔m,𝜔𝜔f) =

⎩
⎪
⎨

⎪
⎧ 𝐔𝐔
�vu(𝜔𝜔m,𝜔𝜔f)
𝐔𝐔�vw(𝜔𝜔m,𝜔𝜔f)
𝐔𝐔�gr(𝜔𝜔m,𝜔𝜔f)
𝐔𝐔�gs(𝜔𝜔m,𝜔𝜔f)
𝐔𝐔�FEn (𝜔𝜔m,𝜔𝜔f)⎭

⎪
⎬

⎪
⎫

, 𝐅𝐅�(𝜔𝜔m,𝜔𝜔f) =

⎩
⎪
⎨

⎪
⎧

𝟎𝟎
   𝐾𝐾H𝐝𝐝(𝜔𝜔m)
−𝐾𝐾H𝐝𝐝(𝜔𝜔m)

𝟎𝟎
𝟎𝟎 ⎭

⎪
⎬

⎪
⎫

. (24) 

The superscripts relate to the degrees of freedom of: ‘w’-wheels, ‘r’-rails, ‘s’-soil in the fixed 
FOR, ‘n’-parts of FE structures not coupled to the soil and ‘u’-vehicles uncoupled from the 
track (e.g. the vehicle body). Vectors 𝐔𝐔�v, 𝐔𝐔�g and 𝐔𝐔�FE store the displacements for the vehicle, 
global railway track–soil system and the FE structure, respectively.  

After the system has been solved, the displacement for the observation degrees of freedom 
in the fixed FOR can be obtained. When the displacements for both the global and the observa-
tion degrees of freedom have been obtained, the effects from 𝐽𝐽m discrete excitation frequencies 
𝜔𝜔m can be added together to obtain the total response in the fixed FOR: 

 𝐔𝐔FE(𝜔𝜔f) =
1

2𝜋𝜋
�𝐔𝐔�FE�𝜔𝜔m,𝑖𝑖 ,𝜔𝜔f�
𝐽𝐽m

𝑖𝑖=1

𝐷𝐷(𝑘𝑘m,𝑖𝑖) ∆𝑘𝑘m (25) 

where 𝐷𝐷(𝑘𝑘m,𝑖𝑖) is the rail unevenness obtained from a power spectral density (PSD) according 
to the wavenumber 𝑘𝑘m,𝑖𝑖, and ∆𝑘𝑘m is the wavenumber step size. 

The time-domain response for the degrees of freedom associated with the fixed FOR can be 
obtained by performing an inverse discrete Fourier transformation of the displace-
ments 𝐔𝐔FE(𝜔𝜔s): 

 𝐮𝐮FE(𝑡𝑡) =
1

2𝜋𝜋
�𝐔𝐔FE�𝜔𝜔f,𝑖𝑖�ei 𝜔𝜔f,𝑗𝑗 𝑡𝑡 ∆𝜔𝜔f

𝐽𝐽f

𝑖𝑖=1

 (26) 

 
where 𝐽𝐽f is the number of discrete frequencies in the fixed FOR. Note that 𝐽𝐽f and 𝐽𝐽m need not be 
equal. However, the step sizes ∆𝜔𝜔f and ∆𝑘𝑘m must be small enough, and the number of frequen-
cies 𝐽𝐽f and 𝐽𝐽m large enough, to ensure proper discretization of peaks in the loads and resonances 
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of the system while, at the same time, avoiding violation of the periodicity inherent in the fre-
quency-domain solution. 

4.2 Fully coupled global system  
Using the matrices already created for the previously described solution procedure, it is also 

possible to assemble a fully coupled global system. Such a system will account for the fre-
quency spreading of the reflected waves due to the Doppler effect and might be useful for cer-
tain cases where the full coupling between the vehicle (the source) and the structures (the 
receivers) cannot be discarded. In such a system, the previously uncoupled frequencies in a 
single FOR are now coupled through the other FOR and the matrix 𝐊𝐊g will be fully populated. 
The system can be solved by applying loads in either FOR or both FORs at the same time. 
However, the computation of the fully coupled system is an extremely computationally de-
manding process, which involves double inversion of very large matrices. Thus, it should only 
be used when the secondary coupling effects are an important factor.  

5 VALIDATION AND APPLICATIONS 
The methodology described in this paper is validated by comparisons with other state-of-

the-art computational approaches. By considering a system with no structures or rigid objects 
interacting with the soil, the described system assembly and solution procedures provide iden-
tical results to the approach provided by Sheng et al. in [13, 14]. This is expected, as the pro-
posed method here utilizes the same vehicle-track-soil interaction model, and, with no other 
structures interacting with the soil, the coupling terms cancel out. Modelling of rigid objects 
interacting with the soil was validated by comparison with BE and FEM-PML models. It was 
determined that the semi-analytical model provides a very good match, especially with the 
FEM-PML model, where even the secondary coupling terms show very good agreement. To 
demonstrate the capabilities of the proposed fully-coupled modelling approach, an example 
case was set up where the modelled structure is close to the railway track. 

5.1 Coupling between moving and fixed frames of reference  
In order to validate the coupling terms between the two FORs and especially the symmetry 

between when a load is applied in the moving FOR and the displacements observed in a fixed 
FOR and vice versa, two test cases were set up. The proposed mixed-FOR model was simplified 
by removing the railway track, the vehicle and the FE/rigid structures interacting with the soil. 
This way, the effects of a single load with a single excitation frequency acting directly on the 
soil surface can be observed. The ground was modelled as a homogenous elastic half-space of 
dense sandy-type soil, with 250 MPa Young’s modulus, 0.25 Poisson’s ratio, 2000 kg/m3 mass 
density and 0.05 loss factor. A stationary point in the fixed FOR was placed 3 m from the line 
along which the load was moving. 

A moving vertical load with constant speed 𝑣𝑣 and frequency 𝑓𝑓m was modelled. The vertical 
displacements were observed within a fixed FOR for a range of frequencies 𝑓𝑓f. The system was 
modelled using the simplified mixed-FOR model. For the analysed case, only the coupling 
terms between the moving and the fixed FORs, as described in Section 2, have an effect for the 
obtained results. For comparison, a full model was established, modelled only in the moving 
FOR, using the semi-analytical approach.  

Using the created model, the displacement field of the soil surface in the moving FOR and 
within the time domain was obtained for a single excitation frequency. Then, a time signal for 
displacements of an observation point moving through the displacement field with speed −𝑣𝑣 
was found, considering that for every time step the position of the observation point changed. 
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Fourier transforming the obtained time signal into frequencies 𝑓𝑓s, the displacement spectra for 
a stationary observation point was obtained. Two combinations of speed and frequency in the 
moving FOR were investigated: Case 1 with 𝑣𝑣 = 20 m/s and 𝑓𝑓m = 20 Hz, and Case 2 with 𝑣𝑣 =
40 m/s and 𝑓𝑓m = 10 Hz. The comparison of both approaches are shown in Figure 1 where it 
can be seen that the two approaches agree, confirming the analytical derivation presented in 
Section 2. 

 
                                               (a)                                                                                        (b) 

Figure 1: Displacements in a fixed FOR from a unit load applied in a moving FOR: (a) 𝑣𝑣 = 20 m/s and 𝑓𝑓m =
20 Hz; (b) 𝑣𝑣 = 40 m/s and 𝑓𝑓m = 10 Hz. 

A similar validation example was created to analyse the coupling between a load in a fixed 
FOR and the resulting displacements in a moving FOR. Here, the mixed FOR model was com-
pared to a full solution formulated only in a fixed FOR. In the same way as for the previous 
validation case, using the full model, the displacement field of the soil surface was found in 
time domain. Then the vertical displacements for a moving observation point were obtained by 
changing the position of the point for every time step. Fourier transforming the time-domain 
response for frequencies 𝑓𝑓m, the displacement spectra for a moving observation point were ob-
tained. Two combinations of speed and stationary frequency were again investigated: Case 1 
with 𝑣𝑣 = 20 m/s and 𝑓𝑓s = 20 Hz; Case 2 with 𝑣𝑣 = 40 m/s and 𝑓𝑓s = 10 Hz. Results of both ap-
proaches are given in Figure 2. Once again, the results agree well, this time confirming the 
derivation given in Section 2. 

 
                                               (a)                                                                                        (b) 

Figure 2: Displacements in a moving FOR from a unit load applied in a fixed FOR.: (a) 𝑣𝑣 = 20 m/s and 𝑓𝑓s =
20 Hz; (b) 𝑣𝑣 = 40 m/s and 𝑓𝑓s = 10 Hz. 

Comparing the two validation examples, it is evident that the response spreads out through 
the observer frequencies due to the Doppler effect, independently of which FOR the load was 
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applied in. The range of affected frequencies dependent on the speed of the moving FOR. How-
ever, a load applied in the fixed FOR produces two symmetric peaks around the excitation 
frequency, when observed in a moving FOR, while a load applied in a moving FOR produces 
two peaks in the fixed FOR. Further, comparing the results of Case 1 for both cases, it can be 
observed that the result in Figure 4 at 𝑓𝑓s = 20 Hz and the result in Figure 5 at 𝑓𝑓m = 20 Hz show 
exactly the same response. This confirms the symmetry between the two FORs implied by 
Eq. (7). The same result is obtained by comparing the responses of Case 2 for both cases. 

5.2 Validation of the modelling approach  
To validate the modelling approach presented in this paper, it was compared to a sub-mod-

elling technique, as described in [6]. A similar modelling approach was also used in [5]. In both 
cases the sub-modelling approach was used to model an underground railway tunnel with a 
vehicle travelling through it, in turn exciting a building structure above the soil. However, the 
solution procedure can also be applied to surface railways and the system analysed in this work. 
The method uses the free-field displacements of the soil caused by a passing vehicle, which are 
later modified by introducing the building structure. Ensuring equilibrium and compatibility 
between the degrees of freedom connecting the building and the soil, a solution for the building 
displacements can be found.  

Comparing the methodology proposed in this work with the sub-modelling technique, it be-
comes evident that the basic parts used for both solution procedures are identical. For example, 
the free-field displacements from a moving load used in the two-step approach are identical to 
the flexibility matrix used here. However, the assembly and solution of the full system is some-
what different, with the proposed methodology allowing a wider range of applications, such as 
modelling rigid inclusions or allowing a two-way coupling between the two FORs. Further, the 
sub-modelling technique, as applied in this work, is a two-step solution approach, as the wheel-
rail interaction forces are obtained in the moving FOR before being used to obtain the displace-
ments in the fixed FOR. 

As, both approaches use the same basic parts, it is relatively easy to compare them. For 
comparison, a building structure, with six columns supporting two floors was used. The build-
ing is facing the railway track with its narrow side, which is 8 m wide, and the building is 
supported by two columns at either side. The length of the building is 10 m in the direction 
orthogonal to the track. In addition to the four columns placed at the corners, a column is placed 
in the middle of each of the longer sides. Each storey is 4 m high. The whole building structure 
is constructed from concreate with a Young’s modulus of 30 GPa, a Poisson’s ratio of 0.15, a 
mass density of 2400 kg/m3, and loss factor of 0.03. The columns have square cross-sections, 
with one side equal to 0.3 m, while the floors are 0.25 m thick slabs. Since the sub-modelling 
technique cannot directly model rigid objects, a flexible slab footing lies underneath the whole 
building with the same thickness as the building floors. 3D beam elements were used to model 
the columns, using Euler-Bernoulli beam theory to account for bending. The floors and the 
foundation slab of the building were modelled using Mindlin-Reissner shell elements, account-
ing for bending as well as shear. All FE parts of the model were discretized with mesh size of 
0.5 m, resulting in 4841 degrees of freedom in the system.  

The soil is modelled as a half-space of sand, with the same properties as in Section 5.1. Both 
systems were excited by a single passing vehicle, travelling at 40 m/s, exposed to a unit rail 
unevenness, with a 4 m wavelength corresponding to an excitation frequency of 10 Hz. For 
analysis, only a single excitation frequency is used, as the effects from multiple excitations 
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frequencies are just added together due to the principal of superposition. Thus, a single excita-
tion frequency is enough to evaluate how well both models perform. The test case is illustrated 
in Figure 3. 

 
Figure 3: Investigated case for validating the modelling approach. The vehicle is travelling from left to right, 
with magenta nodes indicating the wheel positions. The red nodes indicate the observation points, while the 

shades of colour indicate the vertical displacements (bright yellow is up, dark blue is down). Track unevenness is 
not scaled. 

Figure 4 shows the displacements of the building structure obtained at the centre of the 
ground floor and the second floor where both approaches provide almost identical results, show-
ing that the proposed method is performing well. At the same time, almost identical results 
indicate that the back-coupling of the building structure to the railway track is insignificant. 
Thus, for at least for the considered case, there is no significant difference whether on or the 
other approach is considered. 

 

 
                                               (a)                                                                                        (b) 

Figure 4: Displacements in a moving FOR from a unit load applied in a fixed FOR.: (a) 𝑣𝑣 = 20 m/s and 𝑓𝑓s =
20 Hz; (b) 𝑣𝑣 = 40 m/s and 𝑓𝑓s = 10 Hz. 

5.3 Fully coupled system  
A fully-coupled system solution approach might be necessary in cases where the modelled 

structures are close to the railway track, introducing a significant change of dynamic stiffness 
along the track. In that case, the re-scattered waves can have an effect on the vehicle behaviour 
and the obtained wheel-rail interaction forces. Problems where these effects are important could 
include modelling of tunnels underneath buildings, railway stations and various structures 
nearby the tracks. Several such cases have been investigated by Coulier et al. [20], finding that 
while the axial loads are not effected significantly, the vibration insertion gain for source–re-
ceiver transmission can be affected up to 10 dB, when using a fully coupled solution procedure. 

0 5 10 15 20 25 30 35 40

 f
m  [Hz]

0

0.5

1

| U
m

| [
m

/H
z]

10 -8

Stationary FOR
Mixed FOR

0 5 10 15 20 25 30 35 40

 f
m  [Hz]

0

2

4

6

| U
m

| [
m

/H
z]

10 -9



Paulius Bucinskas, Evangelos Ntotsios, David J. Thompson and Lars V. Andersen 

Another set of problems could include the sudden change of stiffness underneath the track, e.g. 
when a concreate passage is constructed underneath the railway track. 

To examine such a case, a test case was set up modelling a single vehicle traveling across a 
railway track, as shown in Figure 5. The speed of the vehicle was 40 m/s. The vehicle and the 
track properties are given in Tables 1 and 2. The soil was modelled as a 5 m layer of soft clay 
sitting over a stiffer half-space of sand. The clay had a Young’s modulus of 80 MPa, a Poisson’s 
ratio of 0.48, a mass density of 2100 kg/m3, and a loss factor of 0.05. The underlying sand had 
the same properties as in Section 5. Underneath the track, at a depth of 1 m, a rigid block was 
embedded within the soil. The block was centred at the position, where the travelling vehicle 
centre line was located at time 0. The block was modelled as a 2D plate, placed in the horizontal 
plane with one side equal to 2 m. It was discretized into 36 discretization nodes, with three 
degrees of freedom per node. The system was excited by the deadweight of the vehicle only 
applied at 𝑓𝑓m = 0 Hz, with no excitation from the rail unevenness. The system was assessed by 
the fully-coupled modelling approach. As only the quasi-static effects of the vehicle were mod-
elled, the considered frequency ranges are reduced. The one-sided frequency range of the mov-
ing FOR was 0-30 Hz, and the one-sided frequency range of the fixed FOR is 0-25 Hz. In the 
computation, negative as well as positive frequencies were considered for either FOR, and each 
range was split into 200 discrete frequencies. 

 
Figure 5: Vehicle passing over a buried rigid block, at an instance where the leading wheel of the vehicle is di-

rectly above the centre of the rigid block. The vehicle is travelling at 40 m/s from left to right. The black line in-
dicates the vehicle traverse line, with the magenta nodes indicating the positions of the vehicle wheel sets. Only 

the two wheel sets of the front bogie are shown. 

Rail mass per unit length 60.0 kg/m 
Rail bending stiffness 6.4 ∙ 106 N/m2 
Rail loss factor  0.01  
Railpad stiffness 5.0 ∙ 108 N/m 
Railpad loss factor 0.1  
Sleeper spacing  1 m 
Sleeper mass per unit length 542.0 kg/m 
Ballast vertical stiffness 4.64 ∙ 109 N/m2 
Ballast mass per unit length 1740 kg/m 
Ballast loss factor 0.04  
Track width 3.2 m 

Table 1: Railway track properties. 

Figure 6 shows the velocities obtained for the vehicle in the moving FOR as well as the rigid 
block in the fixed FOR. It can be observed that the vehicle passing over a rigid block introduces 
a significant excitation into the system, with the rigid block as well as the vehicle reacting to 
the passage. In this system, the observed excitation of the vehicle is purely due to the weak 
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coupling effects that are disregarded in the two-step procedure. The waves generated by the 
passing vehicle are scattered by the rigid block in the fixed FOR and in turn excite a range of 
frequencies in the moving FOR. These effects would not be accounted for when the weak cou-
pling between the vehicle and structures is not modelled.  
 

Mass of car body 40000 kg 
Mass of bogie 5000 kg 
Mass of wheel set  1800 kg 
Car body pitch moment of inertia 2.0 ∙ 106 kg·m2 
Bogie pitch moment of inertia 6000 kg·m2 
Primary suspension stiffness 2.4 ∙ 106 N/m 
Secondary suspension stiffness 6.0 ∙ 105 N/m 
Primary suspension damping 30 ∙ 103 N·s/m 
Secondary suspension damping 20 ∙ 103 N·s/m 
Distance between bogies’ centers  19.0 m 
Distance between bogie’s wheels sets  2.7 m 
Herztian constant  5.14 ∙ 10−8  

Table 2: Vehicle properties. 

 
                                               (a)                                                                                        (b) 

 
    (c)  

Figure 6: Vertical velocities for parts of the vehicle (in moving FOR) and the rigid block underneath the track (in 
fixed FOR). The vertical dashed black lines indicate time instance when the first and third vehicle wheels are 

directly above the centre of the rigid block. The response is shown for: (a) the first and the third vehicle wheels; 
(b) both vehicle bogies; (c) rigid block underneath the track. 

From the wheel velocities shown in Figure 6(a), it can be seen that both leading wheels of 
separate bogies produce very similar results. However, the excitation due to the first wheel 
passage over the rigid block generates a wave that excites the third vehicle wheel, even before 
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it reaches the rigid block. A similar effect is also observed after the third wheel passes over the 
rigid block, where the generated wave travels forward and excites the first vehicle wheel. A 
very similar behaviour is also observed on the bogies. When comparing these secondary exci-
tations, it can be seen that the reaction of the third wheel due to the first wheel passage is higher 
than the excitation of the first wheel due to third wheel passage. This is due to the Doppler 
effect of the wave travelling through the rail, as the third wheel is travelling towards the wave 
propagating form the first wheel, while the wave generated by the third wheel must ‘catch up’ 
to the first wheel. From the rigid block displacements, it can be observed that the largest veloc-
ities are reached just before the leading wheel of a bogie reaches the centre of block. Interest-
ingly, to obtain the same displacements of the rigid block, a fully-coupled system solution 
approach is unnecessary, as the partly coupled solution provides results that are almost identical. 
For the analysed case, it can beconcluded that the fully coupled solution approach is only nec-
essary if the vehicle behaviour is of interest, for example for assessment of driver and passenger 
comfort, or if the track and wheel wear is to be assessed. 

 

6 CONCLUSIONS  

• The paper introduced a new modelling approach for the estimation of environmental vi-
bration resulting from railway traffic. A model of a coupled vehicle-track-soil-building 
system was introduced with two approaches proposed for assembly and solution of the 
whole system: the partly-coupled approach and the fully-coupled approach. Both solution 
approaches use a single step procedure with one approach considering a fully-coupled sys-
tem, while the other approach discards some secondary coupling effects for a more com-
putationally efficient solution procedure. 

• A semi-analytical model was utilized to model the soil to which rigid objects and structures 
modelled by the FE were coupled. The proposed modelling approach uses the frequency-
domain solution with some parts, such as the railway track, formulated in the moving FOR 
and other parts, such as building structures, formulated in a fixed FOR. The coupling terms 
between the two FORs are found by utilizing an analytical formulation of receptance be-
tween the two FORs. It has been established that due to the coupling between the fixed and 
moving FORs, the previously uncoupled discrete frequencies become coupled through the 
other FOR as a result of the Doppler effect and wave scattering. Thus, additional consid-
eration is needed when modelling such systems. 

• The proposed methodology is a robust approach that does not suffer from numerical insta-
bilities, due to the usage of frequency domain solutions. A wide range of cases can be 
assessed, including the modelling of rigid objects in or on the ground and flexible struc-
tures modelled by the FEM, interacting with the soil. Using the proposed partly-coupled 
solution approach, the computations can be easily parallelized, thus providing a relatively 
fast and efficient computational method. Further, the suggested fully-coupled solution pro-
cedure is useful in cases where the weak coupling between the vehicle and structures can-
not be discarded. 

• The analytically derived coupling terms between the two FORs were validated by compar-
ing with models formulated in a single FOR. Further, the partly coupled solution procedure 
of the full system was compared to a solution procedure in which the weak coupling is 
completely discarded. The two solution procedures have been found to provide almost 
identical results, validating the proposed partly coupled solution procedure while, at the 
same time, indicating insignificant back-coupling in the considered case.  
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• To demonstrate the capabilities of the numerical model and the potential of the fully-cou-
pled solution procedure, the response of a vehicle passing over a buried rigid block was 
investigated. It was been found that the fully coupled solution procedure can predict the 
weak coupling effects between the vehicle and the structure, producing a vehicle response 
distributed through frequencies, when the load is applied only at a single frequency. Thus, 
in the present example, the modes of the vehicle were excited parametrically by the waves 
scattered from the rigid inclusion as a result of the passing deadweight of the vehicle. 
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