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Abstract
Typically, half of the nitrogen (N) fertiliser applied to agricultural fields is lost to the wider environment. This inefficiency is driven by soil processes such as denitrification, volatilization, surface run-off and leaching. Rainfall plays an important role in regulating these processes, ultimately governing when and where N fertiliser moves in soil and its susceptibility to gaseous loss. The interaction between rainfall, plant N uptake and N losses, however, remains poorly understood. In this study we use numerical modelling to predict the optimal N fertilisation strategy with respect to rainfall patterns and offer mechanistic explanations to the resultant differences in optimal times of fertiliser application. 
We developed a modelling framework that describes water and N transport in soil over a growing season and assesses nitrogen use efficiency (NUE) of split fertilisations within the context of different rainfall patterns. We used ninety rainfall patterns to determine their impact on optimal N fertilisation times. We considered the effects of root growth, root N uptake, microbial transformation of N and the effect of soil water saturation and flow on N movement in the soil profile. On average, we show that weather-optimised fertilisation strategies could improve crop N uptake by 20% compared to the mean uptake. In drier years, weather-optimizing N applications improved the efficiency of crop N recovery by 35%. Further analysis shows that maximum plant N uptake is greatest under drier conditions due to reduced leaching, but it is harder to find the maximum due to low N mobility. The model could capture contrasting trends in NUE seen in previous arable cropping field trials. Furthermore, the model predicted that the variability in NUE seen in the field could be associated with precipitation-driven differences in N leaching and mobility. In conclusion, our results show that NUE in cropping systems could be significantly enhanced by synchronising fertiliser timings with both crop N demand and local weather patterns. 
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Introduction
Over 50% of global food production relies on synthetic nitrogen (N) fertilisers (Erisman et al., 2008). N is a key macronutrient for crop growth, playing a crucial role in plant metabolic processes and is a vital component for developing plant structures (Barber, 1995). In agriculture, N availability is one of the primary factors limiting crop yield (Zhao et al., 2005). Global application of N fertiliser has increased from 4 to 83 teragrams per year from 1950 to 2000 and is expected to exceed 100 teragrams per year by 2050 (Bouwman et al., 2013). This has led to rapid ozone depletion due the unintentional release of harmful gasses (Kinzig and Socolow, 1994) and increased aquatic and terrestrial eutrophication (Erisman et al., 2013). A large proportion of N used as fertilisers is synthesised via an energy intensive chemical process accounting for 1.2% of the total global primary energy production (Bicer et al., 2017). As ~40% of applied N is denitrified back into the atmosphere (Galloway et al., 2004), it is necessary to develop more efficient fertilisation strategies that optimise plant uptake while minimising N losses (i.e. enhance N use efficiency, NUE). 
There are growing concerns that climate change will diminish the efficacy of current agricultural practices that improve NUE (Bowles et al., 2018). The ‘4Rs’ principle (‘right source, at the right rate, at the right time, in the right place’) is often used when discussing strategies for NUE improvements (Snyder et al., 2014; Zhang et al., 2015). However, the practices and technology depend on the individual farm climate, soil and crop (Zhang et al., 2015). The uncertainty associated with climate change further exacerbates difficulties associated with the prognosis of suitable agricultural strategies. More in-depth analysis on climate models have demonstrated that at the local scale, dry regions are expected to remain dry while wet regions could become either wetter or drier (Roderick et al., 2014). Given these uncertainties, assessments of the factors affecting N fertilisation under both wet and dry conditions are pertinent for adequately outlining optimal N fertilisation strategies. Robertson and Vitousek (2009) argued that the mistiming of soil N availability relative to plant demand could be a primary contributor to poor NUE in annual cropping systems; further understanding of N dynamics in soil will therefore help in the design of agronomic strategies that minimise N losses. 
Rainfall and soil moisture play an important role in soil N dynamics and hence NUE (Goulding, 2000). However, several studies have reported conflicting results regarding the role of soil moisture on NUE. N mobility increases with moisture, which is said to improve NUE (Gauer et al., 1992; Marshall et al., 1996). Low soil moisture can cause water stress in crops, reducing N uptake (Naser et al., 2020). Furthermore, low moisture content can reduce water connectivity in the pore space thereby limiting the region of soil accessible to the plant for N uptake. On the other hand, high rainfall flushes water through the soil, carrying N along with it (Cameron et al., 2013; Di et al., 1999; Goss et al., 1993; Powlson et al., 1992; Stout et al., 2000). Leaching rates of N depend on both soil and crop type. For example, the mobility of ammonium in soil is reduced due to it tendency to adsorb soil surfaces, while nitrate is typically more mobile as it rarely binds in temperate soils (Tinker and Nye, 2000). Additionally, reduced oxygen availability due to high soil saturation accompanied by warm weather can enhance soil conditions for the production and emission of harmful greenhouse gases such as nitrous oxide (N2O) (Bowles et al., 2018; Dobbie and Smith, 2001). Current tillage practices are tending towards intensification of land use through use of heavier machines (Keller et al., 2017). Soil compaction is becoming a critical issue that is impacting up to 68  million ha of arable land globally (up to 5%) (Keller et al., 2017). In this case, soil pore space is reduced which has a profound impact on water movement in soil thus compaction also affects N transport.
Studies regarding the effect of rainfall and soil moisture on NUE fall into the following categories: low soil moisture decreases N mobility limiting plant growth resulting in lower N uptake, or, high rainfall causes excess drainage resulting in leaching. While, many studies have investigated the effects of precipitation (Li et al., 2020), it remains unclear exactly what fertilisation timings, precipitation patterns, and soil conditions result in good NUE. We aim to evaluate theoretical optimal fertilisation timings over a maize growing season for a different rainfall patterns to elucidate some the mechanisms associated with soil moisture that regulate NUE.
Previous studies have attempted to use models to understand N dynamics in soil under different climate and management scenarios. For example NCSOIL (Molina et al., 1983), ANIMO (Berghuijs-Van Dijk et al., 1985), (Smith et al., 1996), and AgriFlux (Larocque and Banton, 1995) are all models that have been developed to consider N dynamics in agricultural settings. The large drawback of these models is the consideration of discrete pools for N transformations which fail to adequately resolve soil spatially. Thus, these models cannot properly account for the spatial and dynamic interactions between soil structure, water and N transport, and root-soil interactions at sufficient spatial or temporal resolutions necessary to infer optimal fertilisation times, nor highlight sources of inefficiencies associated with hyrodynamics. While models such as STICS (Brisson et al., 2003) provide some spatial resolution, the partitioning grid size on the order of 1 cm, is still relatively coarse when dealing with fluid flow in porous media. Furthermore, soil water transport processes are regulated by a semi empirical method of a ‘tipping bucket’ approach. It is unclear in the STICS model how N transport is coupled to water flow in the soil, if at all. The effect of water flow on N transport is an important process when considering rainfall and NUE. For these reasons, we opt to develop and use a model where soil water flow and N transport are rigorously coupled in a modelling framework that facilitates control over grid resolution, precipitation patterns and fertilisation timings.
In this paper we consider the ‘at the right time’ principle in the ‘4Rs’ of reducing N loss by considering varying rainfall patterns, within an otherwise controlled model cropping system (maize). We constructed a field scale model to describe simultaneous water movement, N transport, root growth and N uptake. The model incorporates several different N species within the soil in multiple states and their associated interactions. Ninety different rainfall patterns were stochastically generated and used to understand the impact of variable precipitation patterns and fertilisation timings on N uptake. Enhanced nitrous oxide release periods were estimated implicitly to determine if optimal fertilisation timings co-locate with suboptimal enhanced greenhouse gas release.  The results of the model are then compared to two previous field studies with contrasting results regarding NUE and rainfall. 
Methods
Model overview
Our study implements a coupled field scale 1-D soil water and N transport model considering growing maize roots in 1 m3 of soil (Figure 1a). The model considers soil water dynamics across a spatially resolved depth of 1 m. Water movement through the soil is described using Richards’ equation (Richards, 1931) (Figure 1b). N species are considered to diffuse in the soil pore water, move via advection with the volumetric water fluxes and interact with mineral surfaces (Figure 1c). N reactions are regulated by a conceptual N-cycle model incorporating bound and dissolved NO3-, NH4+, and dissolved organic N (DON) (Figure 1d) (Ruiz et al., 2020a). The model considers root growth and root water and N uptake (Figure 1d) in a  m3 region of soil containing four maize plants, represented by one space dimension with time and space dependent root length densities. The 1D approximation implicitly assumes symmetric conditions across the other spatial dimensions, and neglects explicit effects of 2D or 3D geometric heterogeneities in order to focus on optimising fertilisation processes at field scales. It is worth noting that the 1D reduction can be implemented with minimal divergence from 3D results for root water uptake (Daly et al., 2017). As the model is coupled, the root water uptake influences the transport of N in solution that could subsequently be taken up by the plant roots. 
As model boundary inputs, stochastically generated rainfall supplies the soil with water from the top. Temperature is assumed to be constant to focus on the effect of changing rainfall patterns. Nitrate fertiliser is applied at two time points to the soil surface representing split fertiliser application. At the bottom boundary, water is considered to drain freely at a depth of  m. Similarly, dissolved N species are considered to flow out of the domain with the water (i.e. leached N). 
For the growing maize roots, we assume a constant (negative) xylem pressure at the top of the root system induced by transpiration. This pressure serves as a boundary condition to determine xylem pressure as a function of depth (Roose and Fowler, 2004; Ruiz et al., 2020b). Root N acquisition is governed by Michaelis-Menten kinetics (Tinker and Nye, 2000). 
	[image: Figure1]

	[bookmark: _Ref35343286]Figure 1: Overall model description. a presents a coupled field scale model of a growing plant root through a spatially resolved 1-D soil domain. b, the soil domain is considered to be partially saturated and described by Richards’ equation. c, nitrogen is transported via advection-diffusion in the water filled pore space. Nitrogen species interact with soil particle surfaces via sorption and release. d, once bound to surfaces the nitrogen cycle considered in the model. The reactions are reported alongside the reaction constants involved. The  constants represent the Michaelis-Menten constants for the different reactions promoted by the microbial community, i.e., nitrification (), mineralization () and immobilization of nitrate () and ammonium (). The constants represent the rate of sorption to the mineral surfaces occurring in the absence of microorganisms, and the constants  represent the linear release rates from the mineral surfaces. e, growing maize roots act as a sink term for water and nitrogen species.



The model was used to estimate optimal fertilisation strategies for maximising root N uptake (and thereby minimise leaching) while implicitly considering the system’s susceptibility to N2O production. Simulations were exhaustively carried out for a collection of rainfall scenarios and fertilisation application times. For each generated rainfall pattern (90 generated and one mean), the simulation was solved for each possible fertilisation time (daily resolution) and total plant N uptake and susceptibility to transformation to N2O was calculated. The simulations were solved for 112 days to be representative of a growing season. The fertilisation times,  and  were always less than  days post germination which includes typical fertilisation timings for maize production in temperate climates, from early to mid-season (Roques et al., 2016; Walsh et al., 2012). The first application only contained 0.33 mol of nitrate, while the second application contained 0.67 mol of nitrate. In total, 1 mole of nitrate was added to the system, equivalent to 144 kg ha-1 representative of the typical amount that maximises maize yields while reducing N losses (Goulding, 2000). Simulations were solved on the IRIDIS 4 supercomputing cluster along with several desktop computers. The model was run for over 400,000 realisations.
Water movement model 
Consider a  m3 region of soil represented in one dimension by a depth of 1 m. For water movement in soil, Richards’ equation was used (Bear, 2012). Richards’ equation is derived by combining the equation for mass balance of soil water flow (Richards, 1931), 
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	[bookmark: _Ref35335210]( 1 )


with Darcy’s law, 
	
	.
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The result is Richards’ equation in mixed form,  
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where  [m3pore m-3bulk]is the soil porosity,  is the relative saturation (i.e., where  [m3water m-3bulk] is the volumetric water content),  [m3water m-2surface s-1] is the volume flux of water,  is the unit vector vertically upwards, [m2water] is the relative hydraulic permeability,  [Pa s] is the viscosity of water,  [Pa] is the soil capillary pressure,  [kgwater m-3water] is the density of water,  [m s-2] is the acceleration due to gravity and [m3water m-3bulk s-1] is a sink term which describes water uptake via plant roots; this is described in the following section of the paper. 
Equation (3) is one equation for two unknowns, saturation () and capillary pressure (), but  can be linked to  [Pa] using the van Genuchten water retention relation (van Genuchten, 1980), 
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where  [Pa] is the atmospheric pressure,  [Pa] is the characteristic suction pressure and  is a van Genuchten parameter. The parameters  [Pa] and  are determined experimentally for each soil (van Genuchten, 1980), but can also be estimated using computational techniques based on X-ray CT imaging of soil (Cooper et al., 2017). We note that the van Genuchten function is a continuous estimation of the cumulative soil pore size distribution (Koebernick et al., 2017). In other words, it is a continuous function that preserves the discrete structural information of the soil heterogeneity. However, information pertaining to larger biopores are likely omitted with this formulation. This is often the case due to the difficulties in measuring the hydraulic effects of macropores (Fatichi et al., 2020). We choose to set, such that  is defined as the gauge pressure relative to the atmospheric pressure. 
To describe the relative permeability , we use a second van Genuchten formula (van Genuchten, 1980), 
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where  [m2] is the saturated hydraulic permeability. 
	Combining Richards’ Equation (3) with the van Genuchten Equations (4)–(5)  (van Genuchten, 1980), we can write the water movement model in terms of only: 
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where 
	
	,
	( 7 )


and
	
	.
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The system of equations (6) – (8) completes the description of water movement. We now describe how the growing root system is implemented and the root water uptake term, . 
Root growth and water uptake
The root water uptake function, , is given by the difference in soil capillary pressure and the pressure inside plant roots (Roose and Fowler, 2004) and is assumed to be active only where roots are present. A planting density of four plants per m2 is assumed (https://www.yara.co.uk/crop-nutrition/forage-maize/maize-agronomic-principals/). We consider lateral and primary roots separately. The primary root grows vertically and influences the soil water and nutrients; the lateral roots are treated as a growing length density and grow from the primary root as it enters a new region of soil. Hence we split the water uptake term,  into two parts, namely the primary () and lateral () root uptake such that . The primary root water uptake is treated as a single root absorbing water in the soil
	
	,
	[bookmark: _Ref35342741]( 9 )


where  [m] is the primary root radius,  [m Pa-1 s-1] is the root radial conductivity per unit root length,  [m] and  [rad] define the cone of influence of the primary root,  [Pa] is the pressure in the root xylem, and  [m] defines the depth the root has grown to by time  introduced in the following section. The lateral root water uptake is treated as growing root length density absorbing water
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where  [m] is the lateral root radius  [mroot m-3bulk] is a function determining the lateral root length density at depth  and time  introduced in the following section.
	We allow the length/depth of the primary root to change over time, this is governed by the root length  which is described after (Roose and Fowler, 2004),  
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where [m s-1] is the initial growth rate and [m] is the maximum root length. The lateral roots are considered as a root length density,  [mroot m3bulk] which start growing as the primary root reaches the given depth
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where  [mroot m-3] is the maximum lateral root length density and  [mroot m-3 s-1] is the initial lateral root length density growth rate (Roose et al., 2001). Notice there is a lateral root length density defined per depth of soil. Additionally, this formulation assumes primary and lateral growth is independent of external factors. Importantly, the roots will grow the same regardless of soil hydrology or soil N distribution. This assumption enables us to study water and N dynamics in isolation and attribute any differences between results to rainfall only. The temporal evolution of the lateral root length density can be seen in the Supplementary Information Figure S6.
We describe the distribution of pressure inside the root by,
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where  [Pa] is the root xylem pressure as a function of the rooting system depth,  [m4 Pa-1 s-1] is the root axial conductivity, kr [m Pa-1 s-1] is the root radial conductivity, and  is either the lateral or primary root radius.
Nitrogen movement and uptake model
Here we introduce a mathematical model for N movement in soil. We couple it with the water movement model derived above, thereby constructing a model for simultaneous water and N movement and plant uptake in soil. The model coupling follows the approach of (Roose and Fowler, 2004). N is a highly mobile nutrient that readily reacts and transforms in the bulk soil, thus presenting itself in a multitude of different forms regulated by the N cycle (Galloway et al., 2004). We consider N to exist in three different species, these being ammonium, nitrate and dissolved organic N . These N species can exist in one or multiple states (specific to each species): either adsorbed to the soil surface and governed by adsorption/desorption reactions (denoted with subscript ), mediated by microbial reactions  (denoted with subscript ) and in the soil pore water (denoted with subscript ). As the soil microbiota are typically located on soil surfaces we effectively treat soil sorbed and microbial governed N species as the same pool (denoted superscript ), however, we keep track of the specific state of the N species to remind readers when reactions are mediated by microbes. Figure 1d shows a map of the reactions between different N species and the states each species exists in.  Further details of the N cycle and the model derivation and assumptions are presented in Ruiz et al. (2020a).
The N species nitrate can exist within the microbes within the soil, which instigate reactions affecting nitrate. These reactions can be represented mathematically by, 
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where  [mol m-2solid] is nitrate associated with microbes,  [mol m-2solid] is ammonium sorbed to soil surfaces and associated with microbes,   [mol s-1] is the maximum sorption rate,  [mol m-2solid] is the concentration of  when the nitrification reaction rate is half ,  [mol m-2solid] is the concentration of  when the immobilization reaction rate is a quarter  and [s-1] is the linear release reaction rate from  to  (Ruiz et al., 2020a).
The N species ammonium and  can exist in the sorbed form, i.e., absorbed onto the soil surface and associated with microbes. We represent these two species mathematically by,
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where [mol m-2solid] is the concentration of organic N associated with microbes and on the soil particles,   [mol m-3water] is the concentration of DON in soil solution,  [mol m-3water] is the concentration of ammonium in the soil solution,  [mol m-2solid] is the concentration of  when the immobilisation reaction from  to  is half ,  [mol m-2solid] is the concentration of   when the mineralisation reaction from   to  is a quarter ,  [s-1] is the linear release reaction rate from   to ,  [m3water m-2solid s-1] is the linear sorption reaction rate from  to  , [s-1] is the linear release reaction rate from  to , and [m3water m-2solid s-1] is the linear sorption reaction rate from  to . With these equations, only ammonium and DON on the soil particle surfaces are considered, any N species held within soil particles is assumed not to have a significant effect on plant N uptake over the simulation time scale.
Equations (14) – (16) describe the transformation mechanisms for each of the species  and  when they are absorbed to the soil surfaces. To describe N movement in the pore water, we also consider the transport mechanisms diffusion and convection. The N species ,  and  can exist in solution in the soil pore water. We use the bulk density of the soil,  [g m-3solid] and the specific surface area,  [m2solid g-1] (Jury and Horton, 2004), to convert concentrations on the soil surfaces to concentrations in soil solution,
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where   [mol m3water] is the concentration of nitrate in pore water,  is the volumetric proportion  of soil solids and  is the plant nitrate uptake function. We note that with these equations the model assumes soil properties are constant in depth.
In equations (17) – (19), the volumetric water content  is related to the soil water pore pressure  by the suction characteristic. In addition, we state that  is described by Darcy’s law, as in the water movement model, equation (2). Finally, we assume  can be expressed by the power law, 
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where  [m2water s-1]is the diffusion coefficient in free liquid and  [-] is the impedance factor of the solute that accounts for the tortuosity of the solute moving through the soil pore space (Nye and Tinker, 1977).  We note that N-containing nanoparticles may not technically behave as ideally bound N or completely dissolved N. However, the potential colloidal transport behaviour of N-nanoparticles will be sufficiently characterised by our spatially averaged diffusion-convection transport description at field scales (Krehel et al., 2015).
As with the root water uptake, we split N uptake between primary () and lateral root ) so that . Only nitrate in solution is assumed to be absorbed by the plant due to the high proportion of nitrate in the model system compared to other species and it is deemed essential for plant development (Liu et al., 2014). In order to appropriately scale the influence of the primary root uptake to the field scale, we consider the matched asymptotic estimation. For the full derivation and validation of the method, see Roose et al. (2001). The resulting expression is as follows, 
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where  is the depth/length of the primary root defined in equation (11), 
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and
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where  [mol m-2root s-1]  is the maximum uptake rate of nitrate,  [mol m-3water] is the Michaelis-Menten parameter that corresponds to the nitrate concentration when the rate of N uptake by the plant is half of ,  is the time when the nutrient uptake started,  [-] is the buffer power of nitrate and  is the Euler-Mascheroni constant. 
Lateral root nitrate uptake is given by 
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where   is the lateral root length density defined in equation (12),  is defined similarly to  (by exchanging  with ).
Boundary conditions
To form a complete description of the water movement and N transport model, we derive conditions that are imposed on the top and bottom of the soil to describe N application, rainfall and pressure distributions within the root structure. 
SOIL SURFACE BOUNDARY CONDITIONS FOR NITROGEN
The boundary conditions for the N species on the surface of the soil is governed by the application of fertiliser. Two applications of N are applied to the field over the growing season typically as nitrate. The first application is usually one third of the total nitrate ( [mol], the remaining two-thirds of NO3- is applied in the second application. This is implemented by imposing a time-dependent nitrate flux on the soil surface.
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where  is the unit normal vector pointing out of the domain. [mol m-3] represents N species  in solution, (t) [mol m-2 s-1]  is the volume flux of the N species  in solution per unit soil surface area per unit time, this flux is zero for all species bar nitrate in soil solution, which takes the following functional form to account for the two applications times
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where  [s] is the time of the first application, [s] is the time of the second application and  hours is the standard deviation of the Gaussian representing the time it takes for the fertiliser to get into the soil solution. Note, the Gaussian nature of the fertiliser application means there is fertiliser flux into the soil slightly before and after the nominated times  and . This boundary flux for nitrate is zero for most times except at two pulses centred around  and  representing the two fertiliser applications and integrates to .
SOIL SURFACE BOUNDARY CONDITIONS FOR WATER
The boundary condition on the surface of the soil describes the amount of water flowing into the soil due to rainfall
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where  [m3water m-2surface s-1] is the volume flux of water per unit soil surface area per unit time i.e. rate of rainfall. Note evaporation is not explicitly included in this boundary condition since we assume root water uptake and rainfall dominate evapotranspiration. In the simulations  has daily rainfall resolution and is determined by drawing from a distribution generated from daily rainfall rates in the southwest of England. The synthetic series of rainfall data was created from a dataset of observed daily total rainfall distributed by the Met Office Hadley Centre for the regions of South West England & Wales (https://www.metoffice.gov.uk/hadobs/hadukp/data/download.html). A period from 01/01/2010 to 31/12/2014, which spans 1826 full days, is used to create a cumulative density function. Current rainfall data, as opposed to predicted, is used so the results were comparable to a previous field trial (Powlson et al., 1992). For the purposes of this analysis, the function used to fit the cumulative histogram did not require all the properties of a cumulative distribution function. The data is fitted with a F probability distribution (Microsoft Excel) with two degrees of freedom. In total, 90 rainfall patterns were created from this distribution by using a random number generator from 0 to 1 to establish the accumulated probability for a given day, which is then used to draw a daily rainfall value from the cumulative density function. This approach to sampling rainfall rates ignores seasonal variations in rainfall patterns. However, since on average every day will have a rainfall rate equal to the mean, results using variable and a constant mean rainfall rate will be directly comparable. Thus, the results allowed us to determine if using constant rainfall in N uptake models is a valid assumption.
BASE LAYER BOUNDARY CONDITIONS
For the water boundary at the base of the soil domain, we set a free drainage condition
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This condition means that water can be released with the effect of gravity. This assumption implies that the water table is consistently well below the 1 m depth of soil we are considering. Thus, this model is not representative of flooded conditions.
For the N species boundary conditions, the compounds leave with the advective flux but not the diffusive, 
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i.e. the N dissolved in the soil water leaves with water in the free drainage condition.
Root boundary conditions
The ordinary differential equation described in equation (6) describes the distribution of pressure in the roots, and hence requires boundary conditions at the top and bottom of the roots to determine a solution. At the base of the root, i.e. at the soil surface we prescribe a constant driving pressure, 
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where  [Pa] is the driving pressure from transpiration and is the pressure inside the roots at the soil surafce. This assumption implies that stomatal activity is considered constant in time in the simulations, i.e., we are assuming that the temperature in the atmosphere does not vary too extremely to stop stomatal function. Similarly, we propose that the structural properties of the root tip prevents a flux, hence, we impose the no-flow condition at the root tip, 
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where  is the depth of the primary root tip described by equation (11). Since the root grows in time, equation (11) is solved at each time step to account for the change in pressure due the root length changing.
Initial conditions
The initial soil pressure was chosen as the steady state pressure if no roots are present and rainfall is constantly the mean, given by the following linear function:
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where  is -19825 Pa at the soil surface ( and linearly decays in soil depth, the parametrisation of the line was determined by solving the model to stationary state without the influence of roots using constant rainfall and determining the line of best fit: 
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We also impose a uniform initial concentration for each of the N species, 
	
	, 
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where  is the initial concentration of species  in the soil.
The soil/microbial adsorbed species were assumed to be zero initially
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Finally, we defined the initial primary root length and lateral length density of the plants to be, 
	
	
	( 37 )


where  m is the initial root length. 
2.7. Model parameters
The solutions of the dependent variables (e.g. N species concentration and capillary pressure) depend on a number of parameters. In this section we detail the parameter values and their origins. Several of the model parameters depend on the soil and soil texture, for example, ,  and . We choose to simulate a silt loam soil, hence, we selected parameter values that are typical for this type of soil, i.e., , ,  and  (van Genuchten, 1980).
Values of the diffusion coefficient of a solution in free liquid, for simple electrolytes tend to be within the range of  (Shackelford and Daniel, 1991); we used a value in the middle of this range, . The typical range of the impedance coefficient  is between 0.5 and 2 (Nye and Tinker, 1977) and was chosen as  to be representative of a relatively compact soil. The buffer power of nitrate used in the root uptake function, equation (24) was chosen as  (Barber, 1995).
The parameters for root geometry, , , , , ,  and   and the water–root uptake term,,  and , we selected typical values for maize plants. Maize primary root radius varies between  and 0.6 mm depending on a number of factors (Sharp et al., 1988). Hence the primary root radius is assumed to be  m. Maize lateral root radii was estimated from unpublished X-ray computed tomography images of maize and determined to be approximately  m. Typical lateral root length and branching angle used to define the cone of influence of primary roots were taken to be  m and  rad. The root growth parameters  m s-1,  m2root m-3 s-1,  m and  m2root m-3 were selected so the primary root depth and lateral root length density fitted the experimental data of Jones et al. (2018). The root axial conductivity,  was chosen as  m4 Pa-1 s-1 to be representative of primary roots (Roose and Fowler, 2004). The root radial water conductivity is chosen as  m Pa-1 s-1 (Roose and Fowler, 2004). The internal root pressure at the top of the root system was taken as  Pa (Molz, 1981; Ruiz et al., 2020b). The Michaelis-Menten parameters for root nitrate uptake were chosen as  mol m-2 s-1 and  mol m-3water  (Barber, 1995).
The parameters controlling the N cycle were chosen from the modelling study of Ruiz et al. (2020a) which used the same N cycle at the pore-scale, see Table 1. The parameters to convert from volume-surface reactions to volume-volume reactions, were taken as soil bulk density,  g m-3solid and soil specific surface area,  m2solid g-1 (Jury and Horton, 2004).  The total amount of nitrate applied as fertiliser over the two pulse times  and  was taken as  mol, calculated from the ‘economic maxium’144 kg ha-1 yr-1 (Goulding, 2000). The initial concentrations of the N species in pore water were taken as  mol m-3water,  mol m-3water and  mol m-3water.
[bookmark: _Ref43795865]Table 1: Parameters used in the model. the possible parameter ranges used in the sensitivity analysis in the supplementary information is included as a percent difference of the model parameter. The confidence interval can be found in the supplementary information. 
	Parameter
	Value (% change in sensitivity analysis)
	Unit
	Description 

	
	 ()
	m	
	Primary root radius of maize (Sharp et al., 1988)

	
	 
	m
	Lateral root radius of maize

	
	
	m Pa-1 s-1
	Root radial water conductivity per (Roose and Fowler, 2004)

	
	
	m
	Typical lateral length (Roose and Fowler, 2004)

	
	
	rad
	Lateral branching angle (Roose and Fowler, 2004)

	
	
	m s-1
	Initial primary root growth rate (Roose and Fowler, 2004)

	
	
	m
	Maximum primary root length (Roose and Fowler, 2004)

	
	
	m2root m-3 s-1
	Initial lateral root length density growth rate

	
	
	m2root m-3
	Maximum lateral root length density

	
	
	m3pore m-3bulk
	Volumetric soil porosity (van Genuchten, 1980)

	
	
	Pa s
	Viscosity of water

	
	
	kg m-3
	Density of water

	
	
	m s-2
	Acceleration due to gravity

	
	
	Pa
	Pressures are relative to atmospheric pressure

	
	
	Pa
	Characteristic suction pressure  (van Genuchten, 1980)

	
	
	-
	van Genuchten parameter (van Genuchten, 1980)

	
	
	m2
	Saturated hydraulic permeability (van Genuchten, 1980)

	
	
	m4 Pa-1 s-1
	Root axial conductivity

	
	
	mol s-1
	Maximum sorption rate for microbial driven reactions (Ruiz et al., 2020a)

	
	
	mol m-2solid
	Concentration of  when the nitrification reaction rate is half  (Ruiz et al., 2020a)

	
	  
	mol m-2solid
	Concentration of  when the immobilization reaction rate is quarter  (Ruiz et al., 2020a)

	
	
	s-1
	The linear release reaction rate from  to  (Ruiz et al., 2020a)

	 
	
	mol m-2solid
	Concentration of  when the immobilisation reaction from  to  is half  (Ruiz et al., 2020a)

	 
	
	mol m-2solid
	Concentration of   when the mineralisation reaction from  to  is a quarter  (Ruiz et al., 2020a)

	
	
	s-1
	Linear release reaction rate from  to  (Ruiz et al., 2020a)

	
	
	m3water m-2solid s-1
	Linear sorption reaction rate from  to  (Ruiz et al., 2020a)

	
	
	s-1
	Linear release reaction rate from  to  (Ruiz et al., 2020a)

	
	
	m3water m-2solid s-1
	Linear sorption reaction rate from  to  (Ruiz et al., 2020a)

	
	
	m2 s-1
	Diffusion coefficient of N species in free liquid (Shackelford and Daniel, 1991)

	
	
	g m-3solid
	Bulk density of the soil

	
	
	m2solid g-1
	Specific surface area of the soil

	
	
	-
	Impedance factor to diffusion (Nye and Tinker, 1977)

	
	
	mol m-2root s-1  
	Maximum root nitrate uptake

	
	
	mol m-3water
	Nitrate concentration when the rate of N uptake by the plant is half of ,

	
	
	-
	The Euler-Mascheroni constant

	
	
	-
	Buffer Power of nitrate

	
	
	s
	First and second application times of nitrate fertiliser

	
	
	mol
	Total amount of fertiliser applied over growing season. Calculated from 144 kg ha-1 yr-1 changed to mol per m2 (Goulding, 2000).

	
	From data
	m3water m-2surface s-1
	Time dependent rainfall rate with daily resolution

	
	
	hr
	Standard deviation of fertiliser pulse

	
	
	Pa
	Root pressure from transpiration (Molz, 1981; Ruiz et al., 2020b)

	
	
	mol m-3water
	Initial nitrate in solution concentration 

	
	
	mol m‑3water
	Initial ammonium in solution concentration

	
	
	mol m‑3water
	Initial organic N in solution concentration

	
	
	m
	Initial primary root length



Sensitivity Analysis
The numerical experiment is in itself an extensive sensitivity analysis of the rainfall pattern defined by the function  and the fertilisation timings defined by the parameters  and  on N uptake by maize. However, other parameters in the model can have a large effect on N uptake. To determine how inaccuracies or changes in the parameters to represent alternate crops and soil types could affect the results, a supplementary sensitivity analysis was carried out. To keep the amount of simulations to a feasible number, the fertilisation timings were fixed to day 10 ( days) and the rainfall function is constantly the mean rainfall rate ( mm day-1) for the sensitivity analysis. The results of the sensitivity analysis can be found in the Supplementary Information.  Figure S3 shows how changing the root growth parameters affected N uptake; the most sensitive parameters were the initial growth rates of the primary roots () and lateral root length density (, and the maximum primary root length (. Thus, changing crop will likely affect the results. Figure S4 shows how changes in the soil, water and N parameters affect N uptake. The diffusion of the N species in pore water (, impedance to diffusion () and volumetric porosity () proved to be the most sensitive parameters. However, these parameters are typically bounded by the soil type and are measured for each specific soil. Changes in the proportion of ammonium in the fertiliser produced differences in uptake within the bounds of numerical precision. Additionally, changes in the proportion of N species initially adsorbed to soil solids made little difference to the resulting uptake. However, care has to be taken when interpreting these results since the model was designed for nitrate rich conditions.  See the Supplementary Information for more details on the sensitivity analysis.  
2.8.  Numerical experiment
The model was solved a  times with varying rainfall patterns and fertilisation application times to determine the effect of nitrate fertiliser application time on N uptake and susceptibility to leaching and increased N2O release. For each generated rainfall pattern (and mean) the simulation was solved for each possible fertilisation time (daily resolution) and total plant N uptake and N susceptible to transformation to the greenhouse gas N2O was calculated. Other greenhouse gasses associated with agriculture (e.g. CH4, CO2) were not considered. The simulations were solved for 112 days to be representative of a growing season. The fertilisation times,  and  were always less then  days post germination, with the first application time before the second, .
As N2O was not explicitly modelled, we instead determine possible periods of N2O gas releases based on the climatic conditions. Dobbie and Smith (2001) determined that N2O release per unit of ammonium nitrate increased non-linearly with increasing moisture content and temperature in arable land. When the volumetric water content increased from 58 to 63% and the temperature from 12 to 18°C, N2O release per unit of ammonium nitrate release increased by a factor of 10. Hence, as an indicator for increased susceptibility of N2O gas we use the following heuristic: If the saturation at a given depth and time is > 0.63 and the rainfall at the given time is < 0.5 mm day-1 (indicating a sunny day) then the nitrate and ammonium in water at the given depth and time has increased susceptibility to transform into N2O gas. Mathematically, this is expressed using the function
	
	
	( 38 )


and the total N with increased susceptibility over the season is given as
	
	

	( 39 )


where  [mol s] is a proxy for the time and quantity of increased N2O gas release. Care has to be taken when interpreting results regarding the potential for N2O production, as it is only approximated implicitly and not mechanistically modelled.
Results
Two approaches to averaging rainfall
The model was solved using the mean rainfall rate on each day ( mm day-1) for each pair of fertilisation times to determine the effect of fertilisation timing on total N uptake, Figure 2a. In addition, the model was solved using 90 different rainfall patterns (drawn from a distribution with a mean of  mm day-1) for each pair of fertilisation times to determine the effect of fertilisation timing on total N uptake (Figure 2b), susceptibility to N2O release (Figure 2c) and yield-scaled emissions (Figure 2d). Yield-scaled emissions were approximated as mole of N taken up per mole s of susceptibility to N2O release. Uptake plots for the constant rainfall (Figure 2a) and the ensemble average (Figure 2b) were qualitatively similar; this suggests some utility for simplified models that use constant rainfall as an input (Roose and Fowler, 2004; Ruiz et al., 2020b). However, averaging the solutions of the 90 rainfall patterns was more representative of the ‘average year’ since no growing season constantly has the same rainfall rate. 
The mean uptake plots provided some clear and broad insights regarding suboptimal fertilisation application times (Figure 2a and b). If the fertiliser times were too early ( days after planting), the total N crop uptake was low as the roots do not have time to establish and the fertiliser moved deeper than the rooting zone (Figure 2a and b). If the second fertilisation time was too late (days), the uptake reduced as the plant could not take up all the fertiliser in the remaining growing season. This effect was amplified if the first application time was also late (days). There were some key differences between the two averaging approaches. Most notably the maximum uptake when averaging over the 90 days was lower (1.3 mol) than when using average rainfall (1.41 mol) (Figure 2a and b). Hence, constant rainfall is likely to over predict the “average year’s” uptake. Using the optimal fertilisation times in the “average year” could improve N acquisition by 7.5% compared to the mean N uptake. More dramatic improvements could be seen if bespoke strategies were used based on precipitation patterns in individual years (20% on average), with up to 35% improvement in uptake from the mean in the drier years. This highlights the need to find optimal N fertilisation timings in a drier climate. The uncertainty of the means shown for the ensemble average uptake (Figure 2b) can be seen via the standard deviation heatmap shown in Supplementary Information Figure S2a. Mean uptake uncertainty was minimal between second fertilisation days 40 and 60. Highest uncertainty lies during later second fertilisation days exceeding 60 days. While some uncertainties exist earlier on (prior to 40 days), they appear to be minor and more sporadic.
When mean rainfall was used, no increased susceptibility to N2O release was observed as the constant rainfall  mm day-1 is above the maximum of  mm day-1 required to trigger our definition of increased susceptibility to N2O release.  When averaging the results over the 90 simulations, early fertilisation resulted in increased susceptibility to N2O release (Figure 2c). This can be attributed to the root system not having time to establish and to keep the volumetric water content below 0.63 m3 m-3.
Sustainable agricultural practices should consider greenhouse gas emissions along with plant uptake of N and yield. This can be measured by “yield-scaled emissions” defined as unit of yield per unit of greenhouse gas emissions. In the model, this was estimated by mole of N uptake per mole second of susceptibility to N2O release, which was only defined for the ensemble average (Figure 2d). Note that susceptibility to N2O release was only considered implicitly in the model and was not directly calculated. There was a clear maximum when both fertilisation times were around day 50 (Figure 2d). However, this region would not achieve maximum uptake, (Figure 2b). The negative effects of early fertilisation were compounded using this metric, highlighting the danger of fertilisation before the roots have established.
	

	[bookmark: _Ref43888014]Figure 2: Two approaches of averaging rainfall: The average impact of fertilisation times on plant nitrogen uptake and susceptibility to N2O release. The model is solved for each pair of fertilisation times, nitrogen uptake and susceptibility to N2O release is visualised as a heat map. a Nitrogen uptake when the rainfall rate is constantly the mean ( mm day-1). b Average nitrogen uptake over 90 different rainfall patterns. c Susceptibility to N2O release over 90 different rainfall patterns. d Average yield-scaled emissions (mol of nitrogen absorbed per Susceptibility to N2O release) over 90 different rainfall patterns. On the first fertiliser application one third and on the second two thirds of total nitrate ( mol) is applied, equivalent to 144 kg ha-1. The mean rainfall on each day over the 90 rainfall patterns (c and d) is approximately  mm day-1.



The effect of rainfall
The maximum N uptake and susceptibility to N2O release over all fertilisation time pairs were both calculated for each rainfall pattern and compared with the total rainfall in the first 70 days (Figure 3a and b, respectively). To determine how likely it was to achieve close to maximum uptake/susceptibility to N2O release, the percentage of fertilisation time pairs that achieved values within 20% of the maximum were also shown as a colour bar (Figure 3a and b). Wetter years tended to have the lowest maximum uptakes, while dry years had the highest uptakes (Figure 3a). However, the likelihood of achieving close to maximum uptake for wetter and most intermediate years was > 75%, while in many dry years the likelihood was < 60% with one only 40%. In summary, wetter years had more certain lower maximums, drier years had less certain higher maximums, while some intermediate years could achieve more certain high maximums, but often lower than drier years. The pattern of maximum susceptibility to N2O release with total rainfall and likelihood was less clear (Figure 3b). Increased N2O release was only triggered when the soil is moist () and when the temperature was high (determined by lack of rainfall in the model which is only reasonable for temperate climates). Hence, increased N2O release was triggered when a dry period follows a wet period. Thus, the pattern of rainfall, rather than the total rainfall was important for susceptibility to N2O release. However, care has to be taken when interpreting the results regarding susceptibility to N2O due to the implicit consideration of temperature and denitrification.
	

	[bookmark: _Ref43981185]Figure 3: Maximum uptake and susceptibility to N2O release with likelihood. a The maximum crop nitrogen uptake achieved over every fertilisation time pairs versus total rainfall in the first 70 days for each simulated rainfall pattern. The colour bar shows the likelihood associated with the given maximum, that is, how many other fertilisation time pairs achieve at least 20% of the given maximum. The maximum uptake for Rain pattern 23 is achieved at  and  days; at  and  days for Rain pattern 45; and at  and  for Rain pattern 27. b The maximum susceptibility to N2O release over every fertilisation time pairs versus total rainfall in the first 70 days for each simulated rainfall pattern. The colour bar shows the relative risk associated with the given maximum, that is, how many other fertilisation time pairs achieve at least 20% of the given maximum. The maximum susceptibility to N2O release for Rain pattern 23 is achieved at  and  days; at  and  days for Rain 45; and at  and  days for Rain 27. The rainfall patterns Rain 23, 45 and 27 are chosen as representatives of a dry, medium and wet year respectively and analysed in more detail in the following figures. 



[bookmark: _Ref43989052]The N uptake achieved for each fertilisation time pairs for the rainfall patterns Rain 23 (a dry year, Figure 4a), Rain 45 (a medium year, Figure 4c) and Rain 27 (a dry year, Figure 4e) were plotted as representative years to highlight general differences between rainfall quantities. The dry year (Figure 4a), quickly decreased in total N uptake if the application times were too late, a feature seen when constant mean rainfall was used (Figure 2a). However, in this case the reduction in uptake occurred with earlier fertilisation times and was more pronounced. This feature was not noticeable in the wet year Figure 4e, and was less pronounced in the medium year, Figure 4c.
 To investigate the hypothesis that low soil moisture reduces N mobility and thus uptake for dry conditions with late fertiliser applications, nitrate profiles for the dry and medium year using a late second application time (,  days) were shown on Figure 5b. At day 10, a day after the first fertilisation, the nitrate peak for the medium year was slightly lower and deeper than the dry year indicating more mobility and uptake (or leaching). At day 50, a day after the second fertilisation, the N concentration peak for the dry year was distinctly narrower, higher and less deep than the peak for the medium year. By the final day, it was clear that nitrate pulse in the dry scenario had accumulated at a shallower location than the medium case, indicating lower mobility. Large narrow nitrate peaks indicate local regions of high concentration and are not efficient for uptake if the peaks are above the concentration that achieves the Michaelis-Menten maximum uptake rate, , as the plant uptake rate does not exceed this rate regardless of the excess concentration. 
The N uptake in the wet year was lower than both the medium and dry year for almost all fertilisation time pairs (Figure 4a, c and e). Previous experiments suggest the decreased uptake in the wet year could be due to leaching. To test if this was the case in the model, the leaching rate for the medium and wet year are compared using their respective optimum fertilisation times (Figure 5a). The leaching rate was higher for the wet year (Rain pattern 27) than the medium year (Rain pattern 45) for most times, confirming that leaching could be responsible for the reduced uptake in the wet year. The leaching rate in the medium year reached an early peak, higher than the wet year (Figure 5a). This can be explained by early heavy rainfall in the medium year, see the 22.3 mm day-1 rate at day 5 enhancing early leaching in the medium case  (Figure 4c) while the early rainfall in the wet case was not as intense (Figure 4e). In this case, the leachate represented N initially in the soil since the fertilisation times for the medium plot are  and  days. There was a risk of leaching (i.e. N species transporting below the 1 m domain depth) when there was early rainfall, since the root systems were not large enough to regulate the soil moisture content.
In some cases, rainfall within a few days of the fertilisation times seems to have a notable effect on the resulting total N uptake. For example, in the wet year, if the second application was at  days, low uptake was achieved for most of the first application times, indicated by a trough of low uptake rates on  line on the heat map (Figure 4e). Interestingly, day 50 lies between two large rainfall events. A similar trough can be seen on the  line, although it was less pronounced since only one third of the fertiliser was used in the first application time. In the medium year, a ridge of high uptakes can be seen when the first application time is 33 days,  days line (Figure 4c). This fertilisation timing corresponds with a dry period following a large rainfall event. More examples like this can be seen in Figure 4 and in more of the ninety year results not shown.
Yield-scaled emissions can be seen in Figure 4b, d and f for the ‘dry’, ‘medium’ and ‘wet’ years respectively. The ‘medium’ had the highest yield scaled emissions (Figure 4d), exceeding  [s-1]. This was followed by the dry (in the order of  [s-1]) then wet years (  [s-1] Figure 4b and f). However, this pattern does not hold generally; there was no correlation between rainfall in the first 70 days and maximum (or mean) yield scaled emissions over all fertilisation time pairs. This was because susceptibility to N2O release depends on the pattern of rainfall as opposed to just the quantity in the model. The lines at  and  days divides yield-scaled emissions in each year; the region defined by  had the lowest yield-scaled emissions, followed by the  region, while the  has the highest (Figure 4b and d, f shows the same pattern, but the colour limits hide the trend). This trend was likely an artefact of the constant root growth pattern for each simulation.
	

	[bookmark: _Ref43989395]Figure 4: Uptakes and Yield-Scaled emissions of each fertilisation time pairs for three rainfall patterns. One third and two thirds of the total applied nitrate (1 mol equivalent to 144 kg ha-1) are applied at the first and second application time respectively. The rainfall rates for each day are plotted along each axis and the maximum rainfall rate is displayed for each sub figure. Notice the scale between the rainfall plots are not consistent. a, c, and e are heat maps showing the total nitrogen uptake over the growing season for each pair of fertilisation times for Rain pattern 23 (a ‘dry’ year), 45  (a ‘medium’ year) and 27 (a ‘wet’ year) respectively. b, d, and f show yield-scaled emissions, defined as total uptake over susceptibility to N2O release, for Rain pattern 23 (a ‘dry’ year), 45 (a ‘medium’ year) and 27 (a ‘wet’ year), respectively.



	

	[bookmark: _Ref43992253]Figure 5: Mechanisms governing nitrogen uptake and losses. a Nitrogen leaching rate for the ‘wet’ year (Rain pattern 27) with the first application at  days and the second at  days; and for the ‘medium’ year, (Rain pattern 45) with the first application at  days and the second at  days. These application times achieve the maximum uptake for each rainfall pattern. b Nitrate concentrations profiles at day 10, day 50 and at the final day 112 for the ‘dry’ year (Rain pattern 23) and the ‘medium’ year (Rain pattern 45). The fertilisation times for both years are chosen as  days and  days to capture the decreased uptake from late fertilisation present in the dry year but not the medium.



Comparison to field studies
By choosing appropriate fertilisation times, the model can recreate contrasting trends seen in long term field studies regarding NUE, Figure 6a (increased rainfall lowered NUE) and Figure 6b (increased rainfall increased NUE). Powlson et al. (1992) measured N loss in a number of arable fields and years in England with a spring fertilisation. They found rainfall in the 3 weeks after fertilisation could explain 73% (55% if outliers were not excluded) of the variance in the percentage of fertiliser lost (Figure 6a), with more rainfall causing increased N loss. Our model produced a similar trend if the fertilisation times were both at 5 days post germination (fertilisation times before 24 days produced similar trends), with rainfall explaining 40% of the variance (Figure 6a). Some of the experimental plots were geographically close  and had similar rainfall (see grouping of experimental data points in rainfall in Figure 6a), which can explain the better fit in the field experiment.  Powlson et al. (1992) found that rainfall 3 weeks post fertilisation explained most of the variation in lost N. Rainfall measurements for longer or shorter periods increased the variance. In the model, 4 weeks of rainfall explained the most variation (47%). Our model mostly over predicted N loss compared to the measured losses reported by Powlson et al (1992); this was likely due to the model including both N applied as fertiliser and that originally in the soil in the loss calculation, while the calculation in the experiment only included N from the fertiliser. 
Bowles et al. (2018) collated measurements of N recovered by the crop and total rainfall in the growing season from long term field trials in the central United States (Figure 6b). No information was given regarding fertilisation times. We suspect they were not consistent as the data is from a number of different experiments. This could explain why more variance was explained by rainfall in the model (29%) than in the data (9%) when both model fertilisation times were at 60 days. Late fertilisation match the data best in this case as increasing rainfall increased mobility and allowed the crop to absorb the fertiliser in the remainder of the growing season. This is in the sub-optimal uptake region (see  days in the averaged uptake plot Figure 2b). 

	

	[bookmark: _Ref45534891]Figure 6: Comparison of the model to field experiments. a The relationship between rainfall in the 3 weeks following application of nitrogen and percentage of nitrogen lost. In the model data (blue) ‘loss’ was defined as all nitrogen, both fertiliser and that originally in the soil, not recovered by the crop. In the model, both fertilisations were at day 5. The best fit line has a coefficient of determination . The experimental data is from a field study in central England and redrawn from Powlson et al. (1992. In the experimental data (red) ‘loss’ was defined as isotopically labelled nitrogen applied as fertiliser (this does not include that originally in the soil) which was not recovered in the plant nor in the first 70 cm depth of soil after harvest.  The best fine line has a coefficient of determination . This fit excluded the outlier point highlighted with the dashed circle. If this point was included, the resulting fit produced a coefficient of determination  b The relationship between rainfall in the growing season and the percentage of nitrogen (both in the soil and fertiliser) uptake by the plant. In the model both fertilisation times are at day 60. The best fit line has a coefficient of determination . The experimental data is from a field study in the central United States and redrawn from Bowles et al. (2018); only trials with rainfall in the same range as the model were redrawn.  The best fit line has a coefficient of determination .


Discussion
The model captured two rainfall dependent processes important for NUE, namely that increased rainfall increases N leaching and, low soil moisture decreases N mobility hindering plant uptake. The interplay between these processes was demonstrated by determining optimal fertilisation times for a number of rainfall patterns. In drier years, late application of fertiliser had a risk of low N uptake (and NUE) due to low N mobility. Low mobility caused sharp spatially localised peaks of nitrate (Figure 5b), thus one narrow portion of the root system was responsible for acquiring the nitrate fertiliser. A greater spread of nitrate peaks would split the uptake over a larger part of the root system, improving uptake. Furthermore, persistence of large N concentrations in soil could generate cytotoxic regions that are potentially harmful to soil life (Ruiz et al., 2020a). We conclude that low mobility in the dry conditions causes the decline in nitrate uptake for late applications. A possible strategy to improve NUE in drier years is to apply the second application of fertiliser earlier or change the quantity of fertiliser applied to account for the reduced mobility and plant growth due to low water availability. Alternatively, irrigation strategies could be used. Comparing the ensemble average uptake over each of the ninety years to the simulation using constantly the mean (Figure 2a and b) showed there are dangers in assuming the rainfall rate is constant when modelling N uptake. In particular, constant rainfall can over predict the “average year’s” uptake.
There are crucial model assumptions to be aware of when interpreting the results. Atmospheric temperature and soil temperature were assumed to be constant, likewise evaporated fluxes were neglected. Varying temperatures are known to change the rates of biological processes. As the model is representative of spring to summer growing season in the UK, we assumed that the logistic root growth model captured the majority of the variations that we would see by explicitly including temperature effects.  Similarly, we assumed the changes in the N cycle reaction rates due to temperature would be minimal. Additionally, we hypothesised that variations in soil moisture due to rainfall would be the important mechanism governing NUE (Powlson et al., 1992). Hence, special attention was paid to accurately describing water flow. However, in future, these assumptions should be verified by considering temperature explicitly. 
The boundary condition for water flow on the base of soil domain implied that the water table was sufficiently below the 1 m depth of soil considered i.e. the model is not valid for flooded or waterlogged conditions (and neither is it valid in semi-arid or arid conditions). The proportion of ammonium transformed into nitrous oxide during the nitrification reaction is typically in the order of fractions of a percent (Farquharson, 2016). For this reason, it was judged to have little effect on the results regarding crop N uptake and leaching losses, and was thus omitted from the model for sake of simplicity. However, this omission prevents a truly mechanistic and quantitative assessment of nitrous oxide release. Instead a proxy for periods of increased denitrification was given using soil saturation, rainfall rates and concentrations, hence these results should be somewhat interpreted with caution.  
Soil and root growth parameters were fixed during the numerical experiments, however there is variability in these parameters depending on the crop and soil type. It is likely that macro pore structures were neglected in the soil physical characterisation. We acknowledge that inclusion of this information better informs deep infiltration and groundwater recharge in wet and vegetated regions due to enhanced preferential flow (Fatichi et al., 2020). The perturbed soil physical parameters in the Supplementary Information allude to how inclusion of these features might change the simulation results (e.g. increased saturated hydraulic permeability, changes in soil porosity, etc.). However, it is worth noting that these differences are local and often become statistically insignificant when considering larger scales (Fatichi et al., 2020). Furthermore, the sensitivity analysis in the Supplementary Information shows that the root growth parameters in particular can affect the uptake measurements, hence separate simulations would be required for different crops and growth conditions.. Additionally, soil properties did not change in space hence different soil sorption characteristics was not considered. These effects are better investigated using pore-scale models which explicitly consider soil surfaces. For more details on the difference between pore-scale models and field-scale models please see Ruiz et al. (2020c).
Increased leaching was present in wetter years regardless of fertilisation times (Figure 3a and Figure 5a). Rainfall patterns shortly before and after fertilisation seemed to affect N uptake in the growing season in most of the ninety rainfall patterns (see Figure 4 for examples). Additionally, the rainfall 4 weeks after application explained the most variance in N losses. This suggests that it is possible to determine fertilisation strategies based on previous and forecasted rainfall data to reduce the leaching in wet years and highlights the importance of weather prediction for agriculture improvements. The model can also be used to determine the effect of future precipitation patterns on N uptake and fertilisation times by using predicted rainfall patterns as the input data. However, it was unclear if local rainfall data (i.e. previous days’ rain and the forecast) around fertilisation times alone can help predict the resulting N uptake. It is outside the scope of this study to test this hypothesis. 
Reducing greenhouse gas emissions is also an important consideration. Although the model only implicitly considered the release of one greenhouse gas N2O, via post-processing, it showed that late fertilisation can reduce its risk (Figure 2c). Reduction of the amount of time that the fertiliser is in the soil and vulnerable to denitrification can explain this result. Nuances associated with dry, medium, and wet years highlight the potential respective severity of N2O release on yield scaled emissions (Figure 4). During a dry year (Figure 4a and b), it is possible to achieve near optimal N uptake and yield scaled emissions with a second application between 40 and 45 days. Caution needs to be taken during a medium year (Figure 4c and d), as suboptimal N uptake during late applications could still produce optimal yield scale emissions. Finally, for the wet year (Figure 4e and f), neither varies largely with changes in fertilisation time, thus it might be feasible to consider optimising for N uptake. We note that the absolute magnitudes of N2O emissions are not explicitly considered in this study. Future work should consider how to better incorporate the various biologically mediated reactions necessary to explicitly account for N2O and N2 production and emissions.
The model captured contrasting trends in NUE observed in separate field trials by choosing appropriate fertilisation timings. Namely, increased rainfall increased N loss with early fertilisation, Figure 6a (Powlson et al., 1992) and increased rainfall increased plant N uptake with later fertilisation, Figure 6b (Bowles et al., 2018). Variation in N uptake/loss between years in the model are similar to the two field studies, most notably Powlson et al. (1992) who’s sites were from a more narrow geographical range than Bowles et al. (2018). Given that the only variation in the model are rainfall patterns it is likely that these dominate changes in N uptake/loss. However, it is likely that soil and plant properties in Powlson et al. (1992) also contribute to the variance not explained by the experimental best fit line seen in Figure 6a. This finding is in agreement with recent reviews (Bowles et al., 2018; Greaver et al., 2016) while offering a mechanistic understanding and predictive tool for predicting the impact of changing climate. The model fertilisation timings which best match Bowles et al. (2018) were in the suboptimal range (Figure 2).  Thus, if the trends observed in the model are representative, some field trials in Bowles et al. (2018) could be fertilising too late to achieve the best N uptake (although by fertilising at day 60 they have close to optimum yield-scaled emissions, Figure 2d). However, differences in soils, crops and rainfall patterns (as opposed to cumulative rainfall) could also explain the different experimentally observed trend with earlier fertilisation times. 
In another meta-analysis of rainfall and NUE from around the world, Li et al. (2020) found that NUE increased linearly with water input until exceeding 311 mm for the growing season; from then it decreased linearly, although little of the variance was explained by these lines. This is consistent with our finding that dry years can cause poor mobility and wet years cause leaching, both resulting in poor NUE (Figure 5).  In drier years, the reduced water availability limits plant growth thereby lowering the N requirements of the crop which is often not accounted for when deciding the quantity of fertiliser to apply (Bowles et al., 2018). However, our model did not consider reduced root growth due to water shortage, which could possibly explain the less severe effect of low precipitation on NUE compared to these published meta-analyses. Our results show (and in agreement with Powlson et al. (1992)) that consideration to rainfall a few weeks post fertilisation would explain more variation in NUE in the meta-analyses of  Li et al. (2020) and Bowles et al. (2018) than rainfall in the whole growing season (if the data is available). Importantly, our model suggests there is scope for improved NUE in the drier years via earlier fertilisation. However, crop N requirement with growth stage and water limited growth should explicitly be considered to fully understand NUE and precipitation.  
Our study provides mechanistic principles that explain many of the uncertainties associated with NUE and can capture trends seen in field trials. If future climates become drier, our results suggest that it is possible to improve NUE. While under drought conditions, plant roots may penetrate deeper into the soil in order to capture water, which may lead to a decoupling between soil horizons containing fertiliser N compounds and regions with microbial life that facilitate plant N acquisition. However, under dry but not water limited conditions, fertiliser timing would need to carefully consider forecasted rainfall patterns to achieve improved NUE. This model could be a useful tool in determining these timings. In a wetter future climate, optimised fertiliser timing only mitigates leaching marginally. Many fertiliser timings can achieve close to optimal results, thus less sophisticated strategies would be required compared to drier climates.     
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