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Abstract

We describe the implementation of a Monte Carlo basin hopping global optimization

procedure for the prediction of molecular crystal structures. The basin hopping method

is combined with quasi-random structure generation in a hybrid method for crystal

structure prediction, QR-BH, which combines the low-discrepancy sampling provided

by quasi-random sequences with basin hopping’s efficiency at locating low energy struc-

tures. Through tests on a set of single-component molecular crystals and co-crystals,

we demonstrate that QR-BH provides faster location of low energy structures than

pure quasi-random sampling, while maintaining the efficient location of higher energy

structures that are important for identifying important polymorphs.

1 Introduction

The ability to predict the crystal structure that a molecule will adopt, in advance of the

crystallisation experiment or even in advance of synthesis, has great implications in several
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areas of materials science. The past two decades have seen important progress in compu-

tational methods for crystal structure prediction (CSP), with almost all current methods

based on performing a search for the local minima on the high dimensional energy surface

representing the energy as a function of the variables that describe a crystal structure.1,2

The usual assumption in using these methods is that the global minimum on the potential

energy surface corresponds to the most likely observable crystal structure. Focusing on

locating the global minimum, many approaches has been developed for CSP, such as Monte

Carlo simulated annealing3, genetic algorithms4–6 and particle swarm optimization.7

However, higher energy crystal structures are also often observed. This is clear from the

prevalence of polymorphism in molecular crystals,8 where a molecule can adopt more than

one crystal structure. Polymorphism is sometimes due to changes in temperature or pressure,

which can alter the free energy ordering of structures. These effects can be accounted for

in prediction methods by inclusion of entropy and zero-point vibrational contributions to

the energy.9–11 However, different crystal structures can often be crystallised at the same

thermodynamic conditions, sometimes from the same experiment (concomitant polymorphs).

It has been estimated, based on a large-scale computational study,12 that nearly 80% pairs

of observed polymorphs are monotropic, i.e. their free energies do not cross below their

melting temperature. The identification of these metastable polymorphs is important in

many applications of CSP, such as polymorph screening of pharmaceuticals,13 and computer-

guided discovery of functional materials, where high energy structures sometimes exhibit the

most attractive properties.14,15

Thus, for CSP to be predictive of all observable crystal structures of a molecule, the struc-

ture search method must not be treated as simply a global energy minimisation problem, but

should exhaustively explore the energy landscape for possible structures within the energy

range above the global minimum in which observed structures can be located. Therefore,

some CSP algorithms, such as low-discrepancy, quasi-random sampling place emphasis on

exploring the structural landscape as uniformly as possible for all low energy structures.16,17
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The energy range over which it is important to identify possible crystal structures can

be defined by the energy range of observed polymorphism. Most observed polymorphs are

separated by only a few kJ mol−1 in lattice energy,9 although this range can extend above

10 kJ mol−1 in rare cases, or where polymorphs are accessed through desolvation of solvated

crystals.14,18 Although this defines a narrow energy window for observable structures, the

weak interactions between organic molecules mean that large numbers of different structures

are often possible within this range. For small organic molecules, a small energy range can

include tens or hundreds of putative crystal structures.19

The importance of the higher energy structures, in addition to the global minimum,

creates a tension in designing methods for CSP between efficiency in locating the global

energy minimum quickly and time spent exploring the landscape to locate all potentially

observable crystal structures. In this work, we describe a hybrid approach, where quasi-

random (QR) sampling is used to seed multiple Monte Carlo basin hopping (BH) searches;

we refer to the method as QR-BH. The role of quasi-random sampling in QR-BH is to

provide a broad sampling of the energy landscape, while basin hopping efficiently locates

low energy structures from these starting points. The method is benchmarked on a set of

organic molecular crystals and co-crystals to explore its efficiency, how it is influenced by the

temperature used in basin hopping and the number of quasi-random seeds vs basin hopping

steps used in the search.

2 Computational Details

2.1 Choice of systems

Six crystal systems (Fig. 1), including single-component crystals and co-crystals, were chosen

as representative of different applications of CSP, and of systems held together by different

strengths of intermolecular interactions. Tetracyanoethylene is a planar molecule with weak

intermolecular interactions, the zwitterionic geometry of glycine leads to strong intermolec-
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Figure 1: Single component crystal systems studied in this work. (a) tetracyanoethylene,
(b) glycine, (c) benzamide and (d) TTBI.

(a) (b)

Figure 2: Co-crystal systems. (a) XAFQAZ (b) PYRPMA

ular hydrogen bonding interactions, while benzamide represents molecules with a mixture of

hydrogen bonding and van der Waals interactions between aromatic rings. The fourth single-

component system, a triptycene trisbenzimidazolone (TTBI, Fig.1d), is a larger molecule

that has been shown to form several porous polymorphs located in low-density, high-energy

regions of the lattice energy landscape; this molecule is included to test the location of

important high-energy structures by the QR-BH crystal structure searching algorithm.

The single-component systems were only investigated here with one molecule in the asym-

metric unit of the crystal structures (Z ′ = 1). To investigate the behaviour of the QR-BH

method thoroughly and as a challenge to investigate the efficiency of the method on more

complex systems, we applied the algorithm to two co-crystal systems (Fig 2), in which

the presence of two independent molecules leads to more degrees of freedom and, thus,

more challenging energy landscapes for structure prediction. The first co-crystal, which

we refer to by the Cambridge Structural Database (CSD)20 reference code of its known

structure, XAFQAZ, is a hydrogen bonded complex between 2,8-Dimethyl-6H,12H-5,11-

methanodibenzo[b,f][1,5]diazocine (Tröger’s base) and 3,5-dinitrobenzoic acid and was found
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to be a challenging target in the 6th blind test of crystal structure prediction.21 As a second

co-crystal, we chose the complex between two planar molecules - pyrene and pyromellitic

dianhydride - which is held together by weaker, less directional intermolecular interactions.

We also refer to this system by the CSD reference code of its known crystal structure,22

PYRPMA.

2.2 Quasi-Random Search

Quasi-random (QR) structure generation was performed using the Global Lattice Energy

Explorer code; the method is described in detail in our earlier paper.17 During the generation

of trial structures, a low-discrepancy sequence of vectors is generated by the Sobol method23

and each vector is mapped onto the structural degrees of freedom of the unit cell, including

molecular positions and orientations, as well as lattice parameters that are not constrained

by space group symmetry. We use the SAT-expand version of the quasi-random crystal

structure generation method,17 in which the target volume for the unit cell is set as the sum

of molecular volumes (which are calculated from the volume of a box enclosing all atoms in the

molecule). The separating axis theorem (SAT) is used to detect overlapping molecular convex

hulls, which indicate clashing molecules. Such clashes are removed through expansion of the

lattice parameters in the direction required to separate overlapping molecules. Structures in

which intermolecular clashes could not be relieved with unit cell expansion of less than 2.5

times the original target volume are rejected without lattice energy minimization.

Each trial structure was then lattice energy minimized using the DMACRYS software24

to locate the nearest (downhill) local minimum on the lattice energy surface. Molecules are

held rigid throughout at their DFT optimized geometries and intermolecular interactions are

modelled using an empirically parametrized exp-6 repulsion-dispersion potential25 combined

with atomic multipoles for electrostatic interactions from a distributed multipole analysis.26

Full details of lattice energy minimization are provided in the supporting information.

The method was designed to provide a uniform and unbiased sampling of the lattice
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energy surface, which is important for fully exploring the structural diversity available to

a molecule in forming stable crystal structures. The lack of bias in the search towards

identifying low energy structures makes it effective at locating metastable crystal structures,

while it has also been shown to usually find the global energy minimum early in a search.17

A further advance of the approach is its parallelizability: each local energy minimization

is independent, so the minimization of all trial structures can be performed in parallel if

sufficient processors are available.

QR searches were continued for a specified number of successful lattice energy minimiza-

tions. The database of optimized crystal structures was then analyzed for duplicates to

generate a list of unique predicted crystal structures, and to count the number of times that

each structure was located. Details of duplicate identification are provided in the supporting

information.

2.3 Basin Hopping

Basin hopping (BH) is a global optimization approach combining local energy minimization

and a Monte Carlo sampling method, where local minimization is introduced after each

random perturbation.27,28 In other words, rather than single-point energy evaluation, the

objective function is the locally minimized energy given by Ẽ(x) = min[E(x)], meaning that

the energy associated with each point in configuration space, x, is the energy of the local

minimum that is reached upon energy minimization from that point: min[E(x)]. Thus, the

acceptance probability of perturbing structure a to b is calculated by

acc(a→ b) = min[e−(Ẽb−Ẽa)/kT , 1], (1)

where k is the Boltzmann constant and T is a chosen temperature.

Five types of perturbation are used in order to sample all degrees of freedom in a unit

cell. Molecular perturbations include translation in a random direction and quaternion
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rotation around a random axis passing through the molecular center of mass. All molecular

perturbations were applied to the molecule(s) in the asymmetric unit; perturbations of the

other molecules in the unit cell were generated by symmetry, so as to maintain the space

group symmetry. Unit cell perturbations include unit cell length changes (taking into account

correlated lattice parameters in some space groups), unit cell angle changes (where allowed

by space group symmetry) and unit cell volume changes. To avoid the unphysical region

of the exp-6 interatomic potential, the distances between molecules were calculated after

perturbation and the Monte Carlo move was rejected if any interatomic distance was shorter

than the sum of covalent radii of the two elements + 0.3 Å.

The probability of making each perturbation type and cut-off magnitude of each type of

perturbation are important parameters to be determined. The probability of applying each

type of perturbation was determined according to the degrees of freedom (DOF) leading to

an energy change by Pmove = (DOFmove/DOFtotal). DOFmove is the number of DOF related

to the specific move, e.g. DOFmove = 3 for translation of one molecule. DOFtotal is the

total number of degrees of freedom. The step size of each perturbation was sampled from a

uniform distribution within the range defined by the cutoff, except for unit cell angles. To

discourage angles from moving outside the target range 45 to 135◦, instead of generating a

random number in the range (−1, 1), the range of the random number is shifted based on

the current angle (θ) by

shift =

 (θc − θ)/(θu − θc) if θ ≥ θc

(θc − θ)/(θc − θl) if θ < θc

(2)

where θc is the central angle, usually 90◦; θl and θu are lower and upper limits, being 45◦

and 135◦ by default. Hence the range of random perturbations is shifted towards 90◦ and

then scaled by the cut-off. Note that unit cell angles are only constrained when performing a

perturbation and are unconstrained during the local energy minimizations. The non-uniform

sampling of unit cell angle perturbations means that the simulation does not fulfill detailed
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balance, which is unimportant here because the BH approach focuses on prediction of local

minima on the energy landscape, rather than a distribution at equilibrium. Since molecular

perturbations were applied to the asymmetric unit, the cutoff on volume change depended

on the number of molecules in the primitive unit cell to eliminate the impact from different

space groups with different numbers of symmetry operations.

During the BH trajectory, new structures were obtained by perturbing the unminimized

structure from the previous step, rather than applying perturbations to the minimized struc-

tures. One reason for this decision is that, since unit cell angles are not constrained during

local minimization, unit cells can become quite flat after minimization (i.e. having very

acute or obtuse unit cell angles). These flat unit cells can correspond to physically realistic

structures, but lead to difficulties in applying further perturbation and minimization.

2.4 The QR-BH Combined Method

The strategy that we have developed in this work is to combine BH with the quasi-random

(QR) sampling approach. In our pure QR method, the conversion of each quasi-random

vector into a trial crystal structure was followed by local energy minimization. Here, the

single local energy minimization of each QR trial structure is followed by a BH trajectory to

sample local configurational space. Our intention is that the quasi-random seeding of basin

hopping simulations maintains some of the benefits of the low discrepancy approach, such

as its uniform sampling of the configuration space of crystal packing, while benefiting from

the efficiency of BH at moving towards low energy structures. The approach also maintains

a certain level of parallelizability: each BH trajectory can be performed in parallel.

As well as the perturbation cutoffs and temperature used in the BH acceptance test, the

behavior of the combined, QR-BH, search is influenced by the number of quasi-random seed

structures and the length of each BH trajectory. Unless otherwise stated, all BH trajectories

in a search were run for the same, fixed total number of steps. The job of the quasi-

random seeds is to sample the energy landscape widely and evenly, while each local region
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is then efficiently explored in the BH search. Conceptually, the most efficient search could

be achieved when each BH trajectory samples a separate region of the energy landscape and

these local regions combined make up the entire energy landscape.

2.5 On-the-fly Clustering

As an alternative to running all BH trajectories for the same, fixed number of steps, we also

implemented a version of the QR-BH search that involves on-the-fly clustering of crystal

structures and the termination of BH trajectories that sample the same regions of phase

space. In this version, a BH trial is truncated if the new minimum reached from the perturbed

structure already exists in the database of structures located thus far. If a BH trajectory

is truncated, it is replaced by a new trial initiated from the next unused quasi-random seed

in the Sobol sequence, so that the number of active BH trajectories remains constant. To

ensure that one BH trajectory is kept active within each region of configurational space, a

trajectory is not truncated if it locates a previous structure from its own history and, when

two trajectories have located the same structure, the lowest trajectory number (ie. starting

from the earliest quasi-random seed) is kept active to continue sampling.

3 Results and Discussion

3.1 Single-Component Crystals

We initially applied the QR-BH algorithm to a set of single component molecular crystal

systems (Fig. 1), and compared the energy landscape and sampling efficiency with the pure

QR search method. For tetracyanoethylene, benzamide and glycine, 7 space groups were

sampled: P1, P21, P21/c, C2/c, P212121, F2dd and I41/a, all with one molecule in the

asymmetric unit (Z ′ = 1). These were chosen as a set of common space groups for organic

molecular crystals covering different crystal systems, symmetry elements and centerings,

which could lead to differing complexities of their energy landscapes.
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The sampling efficiency is affected by all parameters used to define the behaviour of

the BH trials, in this case including the temperature used for trial acceptance, perturbation

cutoffs, the number of parallel seeds and the length of each BH trial. The perturbation cutoff

was adjusted so that different types of structural perturbation lead to similar energy changes

(Table S2). In these initial tests, the temperature was set to 3000K to permit acceptance

of increases in energy of up to about 24 kJ/mol according to Boltzmann distribution (lower

temperatures are investigated below). Each QR-BH simulation involves 10,000 local lattice

energy minimizations generated from 100 parallel BH trials (each started from a different QR

seed) and 100 BH steps in each trial. Results of these searches were compared to pure QR

structure searches using the same number of energy minimizations in each space group. This

length of run is deliberately oversampled to generate better statistics with which to compare

the methods; fewer steps are normally required for such simple systems.17 Because of the

stochasticity of the QR-BH process, every simulation (i.e. each molecule + space group

combination) was repeated three times and we examine the average and variability of the

behaviour between repeats. Since the quasi-random sequence is deliberately deterministic,

we used the same initial quasi-random structures in each repeat, but different random seeds

for Monte Carlo moves in the BH trials.

3.1.1 Locating the global energy minimum

The effectiveness and efficiency of the searches were initially evaluated according to the speed

with which the global lattice energy minimum was located in each search. Because the space

group symmetry is constrained within each search, we treat each combination of molecule

and space group as an independent landscape in our analysis.

Our first observation is that, for each molecule-space group combination, the QR search

and the three repeats of QR-BH all find the same global energy minimum structure. There-

fore, we are confident that the true global energy minimum has been located for each system.

The efficiency of the methods is measured by the number of steps required to locate the global
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minimum of each system (Table 1). This is defined straightforwardly in the QR search as

the number of accepted (lattice energy minimized) quasi-random seeds until the first in-

stance that the global minimum is located. For the QR-BH search, we define the step as

the product of (seed number)×(BH step number) for the first hit to the global minimum.

The true computational expense of the QR-BH calculation depends on the parallelization

strategy and order in which calculations are performed, but we feel that this definition fairly

compares the QR-BH to the QR search. Other comparisons between methods, which do not

rely on this definition of computational cost, are presented later.

As observed in previous work,17 the quasi-random search is often effective at locating

the global minimum energy structure early in a search and this is borne out for these three

molecules. As single-component crystals of small, rigid molecules, these energy landscapes

are relatively simple and have fairly small numbers of distinct local minima (see below). The

ease of finding the global minimum in energy is also thought to be due, in part, to lowest

energy structures having the widest basins of attraction.29 Thus, the global energy minimum

is easily located, especially in space groups with few symmetry operations. For example, in

P1, the global minimum is located as the first or second generated structure for each of the

three molecules; in the case of TCNE, the next lowest energy structure in P1 lies 8 kJ mol−1

higher in energy and over 90% of energy minimizations lead to the global minimum.

As a broad observation, we find that QR-BH locates the global energy minimum in either

the same number or fewer steps than the pure QR search. The mean number of steps to find

the global minimum (over the three QR-BH repeats) is always lower, taking, on average,

74% of the steps needed by the pure QR searches. It is for the systems where the global

minimum is located later in the search that the improved efficiency of QR-BH is clearest:

the global minimum in space group F2dd is first located after hundreds of steps in the pure

QR search for all three molecules, but is found much earlier - after fewer than 100 steps -

for most of (7 of 9) the QR-BH searches.

The repeats of QR-BH mostly show comparable behaviour, finding the global minimum
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Table 1: Steps required to locate the global energy minimum for the single component crystal
systems tetracyanoethylene (TCNE), benzamide and glycine in each of 7 space groups (SG),
using the quasi-random seeded basin hopping (QR-BH) and quasi-random (QR) methods.
For the QR-BH searches, we report the results of each individual run and the mean step
number over the three repeats.

TCNE QR-BH QR
SG repeat 1 repeat 2 repeat 3 mean
P1 1 1 1 1 1
P21 18 26 24 23 38
P21/c 6 15 12 11 15
C2/c 3 3 3 3 3
P212121 2 2 2 2 2
F2dd 60 57 12 43 562
I41/a 3 3 3 3 3
benzamide QR-BH QR
SG repeat 1 repeat 2 repeat 3 mean
P1 2 2 2 2 2
P21 9 24 2 12 55
P21/c 99 28 140 89 160
C2/c 94 68 94 85 94
P212121 30 4 8 14 201
F2dd 80 711 36 276 288
I41/a 60 135 135 110 135
glycine QR-BH QR
SG repeat 1 repeat 2 repeat 3 mean
P1 1 1 1 1 1
P21 6 11 11 9 11
P21/c 7 7 7 7 7
C2/c 60 76 15 50 170
P212121 4 4 4 4 4
F2dd 195 35 24 85 195
I41/a 6 6 6 6 6
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with similar efficiency in independent runs starting from the same QR starting points. How-

ever, we see greater variability between QR-BH repeats in the cases where the pure QR

search was slowest at locating the global minimum. The most extreme case is for benza-

mide in space group F2dd, where the pure QR search took 288 steps before the first hit of

the global minimum. Two runs of QR-BH showed a big improvement, locating the global

minimum after 36 and 80 steps, but the other repeat required 711 steps.

Table 2: Number of hits of the global energy minimum for the single component crystal
systems tetracyanoethylene (TCNE), benzamide and glycine in each of 7 space groups. All
searches involved a total of 10,000 lattice energy minimizations. For QR-BH, we report the
mean from the three independent runs, which all start from the same 100 QR seed structures.

space TCNE benzamide glycine
group QR-BH QR QR-BH QR QR-BH QR

P1 9132 9007 1123 921 3439 3060
P21 1575 1347 649 542 749 860
P21/c 309 191 95 50 377 355
C2/c 473 575 71 61 91 103
P212121 667 724 240 107 635 687
F2dd 76 50 49 35 21 18
I41/a 443 417 90 80 116 127

We also monitored the number of hits to the global minimum energy structure in each

system (Table 2). For these three molecules, we see small differences between the pure QR

and the QR-BH searches, perhaps because their energy landscapes are relatively simple.

However, in 15 of the 21 systems, the global minimum is sampled more frequently by QR-

BH than QR, reflecting the bias that is introduced towards lowering the energy when local

energy minimization of QR structures (the pure QR method) is replaced by a short basin

hopping trajectory (as in QR-BH). Thus, despite occasional variability between runs, these

initial tests showed the QR-BH algorithm to be stable and efficient at locating the global

minimum energy crystal structures, with a moderate improvement over pure QR searching

in how quickly it locates the global minimum energy structure.
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3.1.2 Sampling of low energy crystal structures

It is also important to reliably locate the possible crystal structures that are slightly higher

in energy than the global minimum. As well as the importance of locating high energy

polymorphs, the small energy differences often seen between predicted crystal structures

means that errors in the model of interaction energies, as well as neglect of thermal vibrations,

could lead to mis-ranking and that the true global minimum in free energy is not the global

minimum in lattice energy from the energy model used for CSP. Indeed, for the molecules

studied here, the known crystal structures are predicted close to, but not at the global

minimum in energy: the monoclinic polymorph of TCNE is located 0.8 kJ mol−1 above the

global minimum in P21/c, as the 3rd lowest energy predicted structure; the two monoclinic

polymorphs of benzamide are located 1.0 (3rd) and 1.5 kJ mol−1 (4th) above the global

minimum in P21/c; the α and β polymorphs of glycine were located 2.2 (2nd) and 1.5 kJ

mol−1 (4th) above the global minima in space groups P21 and P21/c, respectively. Thus, it

is important that CSP provides a complete set of low energy structures so that all structures

within error of the global minimum have been located.

Table 3: Number of unique structures within 5 kJ mol−1 from the global energy minimum
for single-component crystal systems in 7 space groups. The three values for QR-BH are
the results for the three independent runs. The energy window from the global minimum
is measured separately for each molecule-space group combination. Reference results (Ref)
show the number of unique structures generated from longer, pure QR searches with 50,000
minimizations in total. Results covering an expanded 10 kJ mol−1 range are provided in
Table S3.

space TCNE benzamide glycine
group QR-BH QR Ref QR-BH QR Ref QR-BH QR Ref

P1 1: 1: 1 1 1 10:10:10 10 10 6: 6: 5 4 6
P21 4: 4: 4 4 4 3: 3: 3 3 3 7: 7: 7 7 7
P21/c 10:10:10 10 10 18:19:18 18 18 12:12:12 12 12
C2/c 6: 6: 6 6 6 37:37:33 37 37 18:18:18 18 18
P212121 13:13:13 13 13 6: 6: 6 6 6 3: 3: 3 3 3
F2dd 20:20:20 20 20 12:12:12 11 12 3: 3: 3 3 3
I41/a 4: 4: 4 4 4 6: 6: 6 6 6 8: 8: 8 8 8
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Therefore, we also compare the performance of QR-BH and pure QR searches in sampling

the entire low-energy regions of the crystal structure landscapes. Table 3 shows the number of

unique crystal structures found within 5 kJ mol−1 of the global minimum for each molecule-

space group combination for the 10,000 step QR-BH and QR searches. These are compared

to a much longer reference search (50,000 QR structures), which should be sufficiently well

sampled to locate all low energy structures. These results show only minor differences

between methods. Apart from four systems (benzamide in space groups P21/c, C2/c and

F2dd; and glycine in P1), the same set of structures is located in all searches, including all

three repeats of QR-BH. For two of these systems, (benzamide in F2dd, glycine in P1) the

10,000-minimization QR search misses one or more of the low energy structures that was

located in the longer reference search, while QR-BH finds all of the structures in some or all

of the repeats. For only one system (benzamide in C2/c) does the QR-BH perform worse

than QR, locating four fewer low energy structure than QR in one of the QR-BH repeats;

although it is infrequent, these cases of inconsistency between QR-BH runs are a concern,

as missed structures could be important when interpreting the results of CSP. In the fourth

case (benzamide in P21/c) one of the QR-BH runs finds a structure that was not located in

any of the other CSPs, including the long reference search. Over a wider 10 kJ mol−1 energy

range (see Table S3), we see more minor differences between searches in their location of

higher energy structures. However, the overall consistency between QR and QR-BH sets of

structures is still clear.

Figure 3 shows the predicted energy landscape for benzamide in F2dd. The results

demonstrate the reproducibility of the results: QR and QR-BH find nearly identical sets of

crystal structures, particularly in the lowest-energy region of the landscapes. Furthermore,

the three repeats of QR-BH find the same sets of structures. As expected, as the energy

increases away from the global minimum, we observe more structures that are located by QR,

but not QR-BH (Fig. 3a, blue dots without corresponding QR-BH hits, or hits in only 1 of

the QR-BH repeats). This is because the bias introduced in basin hopping to favor sampling
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(a) (b)

Figure 3: (a) Sampling of the crystal energy landscape of benzamide in F2dd with pure
QR and the three repeats of QR-BH. (b) Number of hits of to each of the 10 lowest energy
minima found in F2dd. The second-low energy structure, found by all repeats of QR-BH,
was missed by QR.

of low energy structures must come at the expense of sampling in the higher energy regions

of the landscape. It does not seem that this bias hinders sampling by QR-BH in the usual

energy range of polymorphism (typically under 10 kJ mol−1), with the parameters used here.

As already highlighted in Table 3, benzamide in F2dd is a case where the 10,000-

minimization QR search has missed one low energy structure that is located by all three

QR-BH runs with the same number of minimizations. This missed structure is the second

lowest-energy structure for this system, only 0.04 kJ mol−1 above the global minimum. In

extending the QR search, we find that this structure is first hit after minimization of 30,381

structures. Thus, the greater sampling efficiency of QR-BH is important in this case for ob-

taining a complete picture of the potential crystal structures. Figure 3b shows the number

of times that each of the 10 lowest energy structures were located in this system, highlight-

ing the second lowest energy structure as a difficult case. The results show the increased

sampling efficiency of QR-BH not only for the global minimum (as shown in Tables 1 and 2),

but also for the next two structures. As the energy increases, the difference between QR and
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QR-BH is less obvious, which matches our expectation that basin hopping helps locate the

lowest energy structures and also demonstrates that sampling of the rest of the low energy

region is not worsened compared to pure QR sampling.

3.1.3 Location of high-energy structures: porous structures of TTBI

The fourth single component system, TTBI (Fig. 1d), was chosen as a more extreme test

for the location of important higher energy crystal structures. TTBI forms four microporous

polymorphs,14,30 named α, β, γ and δ, ranging from 46.4 to 92.1 kJ mol−1 (according to

the FIT + multipoles force field) above the densely-packed global lattice energy minimum

structure. These structures lie well outside the usual energetic range of polymorphism. They

are accessed experimentally because they crystallize with solvent filling their pores and are

stable to solvent removal, presumably as deep local energy minima.

Figure 4: Energy landscape comparison for TTBI in 9 space groups from QR and the three
repeats of QR-BH at 3000 K, with the four predicted structures corresponding to high-energy
experimentally observed structures labelled.

Due to the molecular symmetry of TTBI, each of the observed structures, as well as the

global energy minimum, can be located in CSP searches in multiple space groups. Thus,

we tested the search methods’ ability to locate these structures in several space groups and
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Table 4: Steps required to locate the global energy minimum and experimental structures
for TTBI in 7 space groups. The target structures are listed in order of increasing energy
from left to right. QR-BH results are the mean over three repeats of the search, each starting
from the same QR seed structures. Results for space group F2dd and I41/a are not shown
because none of the experimentally observed structures, nor the overall global minimum
structure, can be located in these space groups.

Space T(K) global min. δ β α γ
group QR-BH QR QR-BH QR QR-BH QR QR-BH QR QR-BH QR

P1 3000 6.3 29 1.0 1 9.0 9 - - 246.0 397
500 14.0 1.0 9.0 - 190.3

P21 3000 6.0 6 - - - - - - 1207.0 735
500 6.0 - - - 1702.0

P21/c 3000 33.3 479 212.3 1144 60.0 972 - - 66.0 256
500 11.7 718.0 547.0 - 192.7

C2/c 3000 - - 23.0 144 22.0 22 - - 264.7 1067
500 - 43.3 20.7 - 350.7

P212121 3000 - - - - - - - - 111.3 134
500 - - - - 134.0

P42 3000 - - - - - - 13.0 13 - -
500 - - 9.7 -

P42/n 3000 - - - - - - 64.3 85 - -
500 - - 70.7 -
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we added two additional space groups (P42 and P42/n) to our sampling as those in which

the α polymorph is located. All other search parameters were the same as for the other

single component crystals, except the perturbation cut-off for volume, which was increased

to 200 Å3/molecule due to the large molecular size. To investigate whether the temperature

used to control the acceptance during basin hopping had an effect on finding target structures

over such a large energy range, QR-BH was run at two temperatures: 3000 K (as above)

and 500 K.

As with the other test systems, we find that the pure QR and QR-BH methods provide

essentially the same sets of structures in the low-energy region, as well as in the regions of the

important high-energy structures corresponding to the observed polymorphs (Fig. 4). To

compare efficiency, we examined the minimum steps required to locate each target structure:

the four known polymorphs and the global energy minimum (Table 4). The QR-BH method

consistently required fewer steps to locate the important structures on the landscape at

both temperatures. In only one case – polymorph γ in space group P21 – did the pure

QR search locate a target structure earlier than QR-BH. The improved efficiency of QR-BH

over pure QR searching at locating important high energy structures might seem surprising

– the method was developed to locate low energy structures effectively and we expected

that basin hopping might favor the lowest energy region too aggressively to provide good

sampling of higher energy regions, even when seeded with starting structures from a low-

discrepancy (QR) sampling of the energy surface. Our interpretation of these results is that,

although α, β, γ and δ are high-energy structures on the whole lattice energy landscape, they

correspond to the lowest energy structures within separated local regions of configurational

space that are not escaped easily at the temperature used in the basin hopping. Since BH

trials begin from different initial structures and explore their local region, these high energy,

experimentally observed structures can be located efficiently.

Space group P21/c appears to be the most challenging landscape of those sampled for

TTBI; four of the target structures (α, β, γ and the global minimum) are located in this space
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group and are first hit between 256 and 1144 steps in the pure QR search. By comparison,

QR-BH at 3000 K locates all four structures before 250 steps.

(a) (b)

Figure 5: Energies of the 100 basin hopping trajectories for one repeat of a QR-BH run
for TTBI in space group P21/c at a) 3000 K and b) 500 K. Colors indicate the trajectories
starting from different QR seeds.

The comparison between basin hopping temperatures in space group P21/c reflects the

overall difference in results between temperatures: QR-BH at 500 K performs better at lo-

cating the target structures than pure QR, but not as well as 3000 K. The 100 basin hopping

trajectories from QR-BH in P21/c are plotted in Figure 5 for both temperatures, showing the

expected behavior: the lower temperature drives the trajectories more aggressively towards

lower energies, while the higher temperature simulations maintain sampling of higher energy

structures throughout the trajectories. At least in this system, these high energy steps im-

prove the efficiency of locating the target structures, so that QR-BH at 3000K shows slightly

better performance. The relationship between basin hopping temperature and sampling

efficiency is discussed in more detail for the co-crystal systems.
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3.2 Co-crystals

After assessing the reliability of the QR-BHmethod on the relatively simple single-component

molecular crystal systems, the question arose naturally how the parameters of QR-BH would

affect the sampling efficiency and whether there is an optimal parameter set to maximize

efficiency. To test the influence of QR-BH parameters, we applied the method to the more

challenging co-crystal systems, one being a hydrogen bonded co-crystal (XAFQAZ, Fig. 2a)

and the other held together by weaker, less directional interactions (PYRPMA, Fig. 2b).

PYRPMA was explored in three common space groups (P1, P21 and P21/c), including the

space group in which the known crystal structure is found (P21). The known crystal structure

of XAFQAZ is found in space group P21/c (and located here as the global energy minimum)

and we also investigated F2dd and I41/a for this co-crystal. These space groups were chosen

so that, across the two co-crystal systems, we explored different types of intermolecular

interactions and a range of crystal symmetries.

The perturbation cut-offs for Monte Carlo moves during basin hopping simulations were

kept the same as those used for TTBI and both temperatures (500 K and 3000 K) were

evaluated. The introduction of a second molecule in the asymmetric unit increases the

dimensionality of configurational space by 6 (compared to single-component crystals), so

we increased the length of searches to thoroughly explore the more complex crystal energy

landscapes. Pure QR searches were run for a total of 50,000 minimizations and QR-BH

were run with just over 50,000 total minimizations. Because of the greater complexity of

their search space, we used the co-crystal systems to explore the impact of changing the

allocation between QR seeds and BH steps, keeping a fixed total computational budget.

Three seed:step ratios were applied: 1:1 (225 seeds × 225 BH steps = 50,625 minimizations),

2:1 (316 seeds × 158 BH steps = 49,928 minimizations) and 10:1 (710 seeds × 71 BH steps

= 50,410 minimizations). The higher ratios test the effectiveness of shorter basin hopping

trajectories started from a larger set of QR seed structures, which has the advantage of

greater parallelizability.
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Figure 6: Energy landscape for the PYRPMA co-crystal in space group P21. The parameters
of simulations were 3000K and 1:1 (225 × 225) seed-step allocation.

Of the two co-crystals, PYRPMA was found to be the easier landscape for locating

structures, probably because of its weaker, less direction intermolecular interactions, leading

to a smoother lattice energy surface. However, comparison to the same set of space groups

for the single-component structures (Table 1) shows an increase in the number of required

minimizations to hit the global energy minimum, due to the greater dimensionality of the

search space. The latest of the space group global energy minima to be located in the pure

QR search was in P21/c after 866 steps (Table 5). Counts of the number of low energy

structures located in each space group are presented in the Supporting Information (Table

S4). We also monitored the step at which the structure corresponding to the experimentally

observed co-crystal structure22 was located. This was located as the 3rd lowest energy

structure in space group P21, 2 kJ mol−1 above the global minimum. This experimentally

observed structure proved more difficult to locate in the CSP search, being found after 2207

QR steps, compared to 17 for the global minimum in P21.

The QR-BH method reproduced the same PYRPMA crystal energy landscapes, finding

all of the same structures as the QR search (see Fig. 6 for P21). The space group global

energy minima, as well as the experimentally observed crystal structure, are consistently
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found earlier in the QR-BH searches than QR (Table 5). In only two cases was one of

the target structures found later in QR-BH than QR, each time for the global minimum in

P21/c at 3000 K, using 2:1 and 10:1 seed:step ratios. However, even in these cases, the mean

steps to locate the global minimum was smaller than the steps required in QR. While the

improved efficiency of QR-BH over QR is clear, the results do not point strongly to a best

set of QR-BH parameters.

Table 5: Comparison of steps required to locate global minima in space groups P1, P21
and P21/c and experimental structure in P21 for PYRPMA, and XAFQAZ in space groups
P21/c, Fdd2 and I41/a. Results are shown for the three independent trials of QR-BH at
each of two temperatures and three seed:step ratios.

T (K) Seed:step Repeat PYRPMA XAFQAZ
ratio P21/c P1 P21 Exp P21/c Fdd2 I41/a

Quasi-random 866 198 17 2207 30315 12243 -

500

1:1
1 434 45 12 282 9729 8225 109
2 280 43 17 302 - 5480 6732
3 139 3 17 70 - 9246 7611

2:1
1 267 5 17 182 - 7104 1050
2 559 23 2 162 8216 2223 4950
3 385 14 16 107 - 888 -

10:1
1 169 8 17 221 - 3648 874
2 39 4 6 144 - 10621 -
3 214 30 17 56 896 21016 2

3000

1:1
1 130 25 17 294 11682 - -
2 137 2 17 106 - - 2880
3 155 120 17 148 576 6864 31570

2:1
1 1498 50 11 12 39984 - -
2 286 77 8 42 5375 3068 16632
3 428 78 17 256 384 - -

10:1
1 180 24 17 134 11968 2356 -
2 1070 84 6 156 9918 5889 53
3 238 11 12 58 21888 20142 1870

XAFQAZ was a more challenging system. The experimentally observed crystal structure

is reproduced by the global energy minimum in space group P21/c. The QR-BH and pure

QR methods generated similar energy landscapes in P21/c (see Fig. 7a). However, the

pure QR method had difficulty locating several low-energy structures, including the global
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(a) (b)

Figure 7: Predicted crystal energy landscapes for the XAFQAZ co-crystal in space groups (a)
P21/c and (b) I41/a. The parameters of QR-BH simulations were 3000 K, using a 1:1 (225
× 225) seed-step allocation. In space group I41/a several low-energy structures, including
the global energy minimum, were missed by the QR method.

minimum, which was first hit after 30,315 minimizations. The 3000 K, 1:1 QR-BH search

located the P21/c global minimum in 2 of 3 searches, both in significantly fewer steps than

QR. Increasing the seed:step ratio to 2:1 or 10:1 led to more consistent success of QR-BH:

the P21/c was located in all searches with these higher seed:step ratios, with fewer mean

steps than QR. Lowering the temperature to 500 K gave less consistent results in P21/c;

at each seed:step ratio, only one of three repeats located the global minimum in 50,000

minimizations.

Space group F2dd for XAFQAZ shows an opposite trend with respect to the temperature

of the basin hopping trajectories: more consistent results were obtained at the lower temper-

ature in this space group (Table 5): all 500 K QR-BH simulations located the F2dd global

minimum, using fewer steps than QR in all but one of the simulations (at a 10:1 seed:step

ratio). I41/a was also problematic for XAFQAZ, with the 50,000-minimization QR search

missing the global minimum and the next three lowest energy predicted structures (Fig.

7b). QR-BH was more successful, finding the space group global energy minimum in most
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of the simulations. Like space group F2dd, more consistent results were obtained at lower

temperature; the I41/a global minimum was located in all three 500 K QR-BH simulations

with a 1:1 seed:step allocation.

The different influence of basin hopping temperature between space groups might be due

to differences in the nature of the energy landscapes (Fig. 7). There is a large energy gap

between the global minimum and other structures in space group P21/c, while there is a

more uniform distribution of structures in the low energy regions of I41/a and F2dd. The

smaller energy differences in the latter two space groups makes it easier for BH to travel

’uphill’ at lower temperatures.

Because there could be different ways to define the number of steps required by QR-

BH to first hit the important structures, our conclusions regarding the most reliable QR-BH

settings is based on whether, within the search with the same total number of minimizations,

the three repeats of QR-BH locate the global minimum or not. Of the QR-BH parameter

combinations tested here, the most consistent set over the two co-crystals is T = 3000 K

with a large (eg. 10:1) seed:step ratio - many QR seed structures, each run for a short basin

hopping trajectory.

3.2.1 On-the-fly clustering

Another strategy that we investigated was on-the-fly clustering during QR-BH to identify

when multiple basin hopping trajectories, starting from different QR starting structures,

encounter each other and thus sample the same local region of configuration space. This

could lead to loss of efficiency compared to the situation where all BH trajectories sample

different parts of the energy surface. Thus, in the on-the-fly clustering strategy, any newly

sampled energy minimum is compared with all structures that have already been visited by

any other BH trajectories, using similarity of X-ray diffraction patterns to identify identical

structures. If a structure had already been sampled by another BH trial, the current BH
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Table 6: Comparison of steps required to locate the global energy minima with QR-BH using
on-the-fly clustering in space groups P1, P21 and P21/c and the experimentally observed
structure in P21 for PYRPMA, and XAFQAZ in space groups P21/c, Fdd2 and I41/a. The
QR-BH results are compared to a pure QR search.

T (K) Repeat PYRPMA XAFQAZ
P21/c P1 P21 Exp P21/c Fdd2 I41/a

Quasi-random 866 198 17 2207 30315 12243 -

500
1 832 15 17 42 - 5814 -
2 231 12 17 189 - 4416 -
3 43 42 12 57 1380 1184 7910

3000
1 214 77 17 607 4900 494 1358
2 65 26 17 131 6975 - 792
3 247 3 17 112 11152 296 1552

trajectory is truncated. The trial is replaced by a BH run starting from the next unused

quasi-random seed, to explore a new region in configurational space and maintain a constant

number of active BH trajectories. In this way, the method aims to minimize overlap in

sampling between BH runs.

We set the number of active BH trajectories to 200, with a maximum of 250 steps for

each BH trial, while other parameters were unchanged from the previous co-crystal searches.

To bo consistent, searches were run for a total of 50,000 energy minimizations. All other

parameters controlling the basin hopping (cutoffs on perturbations and temperature used in

the Monte Carlo acceptance) are applied in the same way as in the QR-BH presented above

for the co-crystals.

The distribution of BH steps among trajectories (Fig. 8 and Figs S1, S2 for all systems,

space groups and temperatures) indicates that most of the BH trials were truncated within 50

steps for XAFQAZ at 3000 K and only a small number of trials reached the maximum allowed

number of steps. The length of trajectories are typically even shorter for the PYRPMA co-

crystal (Fig. S1) and increases slightly at 500 K (Fig. S2). This observation implies that BH

trials rarely remain in separate regions of the energy landscape and, so, on-the-fly clustering

should help keep the structure search spread across configurational space. We also observed
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that many quasi-random structures directly duplicated structures that had already been

located by QR-BH, so did not progress to BH beyond the initial energy minimization.

Figure 8: Distribution of BH trajectory lengths among trials for QR-BH with on-the-fly
clustering applied to the XAFQAZ co-crystal in space group I41/a at T = 3000 K.

As with QR-BH with independent runs, on-the-fly clustered QR-BH generally had a

better sampling efficiency than the pure QR method in locating the global minima within

each co-crystal/space group system (Table 6), as well as in locating low energy structures

(Table S5, S8) on the complex co-crystal energy landscapes. Compared with independent

trial QR-BH, the on-the-fly clustering was similarly efficient at sampling the global minima

to QR-BH with a fixed, large seed:step ratio (10:1 = 710 seeds × 71 BH steps), because in

both cases BH trials are quite short.

An advantage of the on-the-fly clustering approach over setting a fixed seed:step ratio for

QR-BH is that the lengths of BH searches are determined by the behaviour of the trajectories,

so are adaptive to the nature of the energy landscape for the particular molecular system

/ space group combination. The difference in BH trajectory lengths between the two co-

crystals illustrates this (comparing Figs S1 and S2).

Finally, we note that, as with the independent, fixed-length QR-BH results, the optimal

basin hopping temperature differs among space groups (Table 6). For the more challenging
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XAFQAZ co-crystal, high temperature leads to more consistent location of the global minima

in P21/c and I41/a, while low temperature gives more consistent results for in space group

Fdd2. We also tried running QR-BH at T = 0 K (Table S8), which allows only BH steps

that lower the energy, as well as trying smaller Monte Carlo step sizes. These were both

tested to try to keep the BH trajectories more localized on the energy surface by discouraging

trajectories from escaping their current energy basin. However, both modifications led to

poorer overall efficiency (Table S7, S8).

4 Conclusions

We have presented an improvement to the efficiency of quasi-random structure searching

for crystal structure prediction of molecular crystals by combining the generation of trial

structures using a low-discrepancy sequence with Monte Carlo basin hopping to explore

for low energy crystal structures. The quasi-random seeds used as starting points for basin

hopping provide a uniform coverage of the energy landscape, so that the role of basin hopping

is to thoroughly explore for low energy structures in the region of its starting point.

The method has been tested on a set of single-component molecular crystals, for which we

find that the QR-BH algorithm improves on the sampling efficiency of the pure QR searching

in locating the global energy minimum more quickly than pure quasi-random searching and

leads to better sampling of the lowest energy structures in each space group. We also find

that the combined QR-BH method maintains the desirable feature from QR search methods

of reliably locating important high-energy crystal structures; this is illustrated using the

molecule TTBI as an extreme example, where experimentally observable crystal structures

occupy a very wide range in lattice energies. Surprisingly, QR-BH located even the highest

energy observed structures more quickly that a pure QR search.

The improved efficiency of QR-BH has also been illustrated in searching the higher di-

mensional energy landscapes of two co-crystal systems, which were used to investigate the
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influence of temperature and the allocation between quasi-random seeds and basin hopping

steps on the performance of the method. The optimal temperature used in basin hopping

was found to vary between systems, even for different space groups of the same chemical

composition. The most reliable performance was found with high temperature (3000 K) and

a large number of QR seeds with short BH trajectories.

The good performance of QR-BH on the co-crystal systems demonstrates that the method

works well for crystals with multiple independent molecules. Therefore, although we have

not tested it here, we expect similar performance for single-component crystals with Z ′ > 1.

Furthermore, although the method is tested here for crystals of rigid molecules, extension

to flexible molecules could be made by including intramolecular distortions in the set of

available Monte Carlo moves during basin hopping.

We have not pursued more advanced approaches to select the basin hopping temperature

here. An adaptive approach might be required, with temperature changing through the

simulation to maintain a targeted acceptance ratio of Monte Carlo steps. However, we

have presented a method, which we call on-the-fly clustering, that adapts the length of BH

trajectories to avoid overlap of trajectories sampling the same region of the energy landscape.
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