THE RING OF STABLE HOMOTOPY CLASSES OF SELF-MAPS OF
A2-POLYHEDRA

DAVID MENDEZ

ABSTRACT. We raise the problem of realisability of rings as {X, X} the ring of stable homotopy
classes of self-maps of a space X. By focusing on A2-polyhedra, we show that the direct sum of three
endomorphism rings of abelian groups, one of which must be free, is realisable as {X, X } modulo the
acyclic maps. We also show that Ff, is not realisable in the setting of finite type AZ-polyhedra, for p
any prime.

1. INTRODUCTION

Let X be a space and let £(X) denote the group of homotopy classes of self-homotopy equivalences
of X. Many problems related to £(X) have been extensively studied, but among them, the question
of realisability has received the most attention. This problem was proposed by Kahn in the 60s, and
asks if every group appears as the group of self-homotopy equivalences of a topological space. It has
been placed first to solve in [3] and has been looked into by many authors, [2| 15, 17, 20]. Although
progress towards a solution to Kahn’s problem was slow in the early years, it was recently proven
that finite groups are realisable as groups of self-homotopy equivalences of rational spaces, [11].

The group £(X) can also be regarded as the group of invertible elements of the monoid [X, X] of
homotopy classes of self-maps of X. Thus, Kahn’s problem can be thought of as a particular case of
the problem of realising monoids as [X, X| for some space X. In [I0] we are able to use refinements
to the constructions in [8, [IT] to show that finite monoids with zero and with no non-trivial zero
divisors are so realisable, [10, Corollary 1.6].

In this paper we settle our interest in these realisability problems in the stable setting. Of course,
the algebraic structures above can be defined for stable homotopy classes of maps. Furthermore, the
monoid of stable self-maps of a space X, denoted {X, X}, admits a natural ring structure where the
additive operation is the addition of maps coming from suspensions. Such ring is usually denoted
by End(X). Consequently, the group of stable self-homotopy equivalences of X, denoted £%(X), is
just the group of units of End(X), and both of these algebraic structures associated to spectra have
been studied by several authors, [15] 14 18] [19].

In our case, following the discussion above, we are interested in the following realisability question
for the ring End(X).

Question 1.1. Which rings are realisable as End(X) or as some of its distinguished subgroups or
quotients for X a topological space?

This question has been extensively studied for the quotient of End(X) by its Jacobson radical,
denoted Rad, particularly in the case of finite p-torsion spectra. In such case, it is known that
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End(X)/Rad is isomorphic to a countable product of matrix algebras over finite fields, [13], and
that if X is atomic then such quotient is a finite field of characteristic p, [I]. Furthermore, every
finite product of finite algebras over finite fields of characteristic p is so realisable, [12].

These results are generally obtained by taking a careful look into the representation of End(X) in
the homology groups of X, which hints at the importance of homology computations in a solution
to Question Following this lead, we turn to ideas of algebraic homotopy introduced by J. H. C.
Whitehead and Baues.

Namely, we know that homotopy types of certain polyhedra can be studied by purely algebraic
tools in which the homology groups play a key role, [6]. In [9] we used these ideas to study self-
homotopy equivalences of A2-polyhedra, (n—1)-connected (n+2)-dimensional CW-complexes, in the
unstable setting. And it turns out that the results we used can be extended to the stable framework.

Indeed, the algebraic classification of these objects, introduced in [5, 21], is provided by a functor
I' from the homotopy category of A2-polyhedra to a category whose objects are exact sequences of
groups involving the homology groups of the polyhedra, see Definition Then, if X is an A2-
polyhedron, End (F(X )) can be endowed with a natural ring structure, for which we can prove the
following.

Proposition 1.2. Let X be an A2Z-polyhedron in the stable range. The map H: End(X) —
End (['(X)) defined as H(f) = (Hn+2(f), Hnt1(f), Hn(f)) € End (T'(X)) (see Definition is

an epimorphism whose kernel consists in the homologically trivial self-maps of X.

Consequently, we can use the I' functor to algebraically study Question for the quotient of
End(X) by the homologically trivial maps. For example, using Moore spaces we are able to show
that endomorphism rings of abelian groups are realisable as End (F(X )) for X an A2-polyhedron,
Proposition This contrasts with results on the entire ring End(X), particularly in the case of
groups with 2-torsion, see [19], §2.3]. We are later able to extend this result to the direct product of
any two endomorphism rings of abelian groups, Proposition [3.3]

These two realisability results for endomorphism rings are obtained by avoiding interaction be-
tween the homology groups of X in the exact sequence I'(X). We then observe that we can make
these groups interact to realise a pullback of certain subrings of End (Hy, (X)) and End (Hp42(X)),
see Proposition [3.4] Finally, using ingredients in the results above we show our main realisability
result:

Theorem 1.3. Let R be a ring such that R = End(G1) x End(G2) x End(G3) for abelian groups
G1, Gy and G3 such that G1 is free. Then, there is an A2-polyhedron in the stable range X such
that End (T'(X)) = R.

Therefore, many interesting rings are realisable as End (F(X )) for X an A2-polyhedron. However,
rings such as F2 for p prime are not realisable using Theorem a fact that can easily be deduced
from Remark And indeed, a careful examination of the algebraic objects associated to A2-
polyhedra leads us to conclude that this context may not be suitable to obtain a complete positive
answer to Question for the considered quotient, at least in the setting of finite type A2-polyhedra.
Namely, we prove:

Theorem 1.4. Let n > 3 be an integer and p be a prime. An A2-polyhedron of finite type such that
End (T'(X)) = F5 does not exist.
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2. I'-SEQUENCES AND THE RING OF STABLE HOMOTOPY CLASSES OF SELF-MAPS

Recall that an A2-polyhedron is an (n + 2)-dimensional (n — 1)-connected CW-complex. The
homotopy types of these spaces have been classified by Whitehead, [21], and Baues, [5]. In this
section we review how such classification can be used to study the ring of stable homotopy classes
of self-maps of A2-polyhedra.

Denote the homotopy category of A2-polyhedra by A2. Recall from [6, 10.2] that, as a consequence
of Freudenthal’s suspension theorem, there is a sequence of equivalences of categories

2 X 9 X P 2 X 2 P

n
We can thus assume that A2-polyhedra are in the stable range as long as n > 3, so in this paper we
only introduce the classification in this range. We refer to [9, §2] for a brief description of the case
n =2 and to [5, Ch. I, §8] for the actual construction of the classification for every n > 2.
Let X be an A2-polyhedron, n > 3. Consider the final part of the exact sequence of Whitehead
associated to this polyhedron, [21], which as a consequence of [7, Theorem 2.1.22] looks as follows:

(2.1) Hyio(X) 252 Hy(X) @ Z/2 —2 1 (X) 2245 Hog (X)) — 0.

Homotopy classes of A2-polyhedra are classified by the isomorphism classes of these sort of sequences
in the following category.

Definition 2.1. ([4, Ch. IX, §4]) Let n > 3 be an integer. The category I'-sequences™? is defined
as follows. Its objects are triples of abelian groups (Hp+2, Hnt1, Hy), Hpto free abelian, together
with an exact sequence

Hn+2 — Hn X Z/2 — T+l — Hn+1 — 0.

Its morphisms are triples of homomorphisms f = (fn42, fa+1, fn), fi: Hi — H], such that there is a
group homomorphism Q: 7,41 — 7, giving raise to a commutative diagram

Hy o H,®7/2 Tn41 Hy, 0
Jn+2 fn®Z/2 Q Jn+1
42 H;, ®Z/2 Tt Hj oy 0.

Objects and morphisms in this category are respectively called I'-sequences and I'-morphisms.

Now, given X an A2-polyhedron, n > 3, its associated exact sequence is an object in
I-sequences™ 2 which we call the I'-sequence of X. We can then define a functor I': A2 — T-
sequences™ 2 as follows. To an A2-polyhedron X associate I'(X) the I'-sequence of X, and to a
continuous map a: X — X’ of AZ-polyhedra associate I'(a) = (Hp2(a), Hpt1(c), Hn(c)), which is
a [-morphism by defining Q = m,+1(a). Baues proved the following result.

Theorem 2.2. ([5, Ch. 1, §8]) For every n > 3, the functor I': A2 — T-sequences™*? is full,

n—+2

and every object in I'-sequences is the I'-sequence of an A2-polyhedron. In fact, there is a 1-1

correspondence between homotopy types of A2-polyhedra and isomorphism classes of T'-sequences.

In [9], we used this result to show that the automorphism group of the I'-sequence of an A2-
polyhedron is isomorphic to a distinguished quotient of its group of self-homotopy equivalences.
Using similar ideas, we show here that the I'-sequence of an A2-polyhedron can be used to study a
distinguished quotient of its ring of stable homotopy classes of self-maps.
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Let X be a CW-complex in the stable range and denote End(X) = {X, X}. Then End(X) can
be endowed with a ring structure where the additive operation is the addition of maps coming
from suspensions and the multiplicative operation is the composition of maps. In particular, for
fyg € End(X), H.(f +9) = H(f) + Hi(g). This hints that we may be able to extract information
about End(X) from End (I'(X)) if we were to provide it with the natural ring structure arising from
the group operation of the homology groups of X. We do so now.

Definition 2.3. Let I' = (Hn+2 — H, ®7Z/2 = Tpy1 — Hn+1) be an object of I'-sequences™t2.
The ring of endomorphisms of I';, End(I"), is the ring whose elements are the endomorphisms of T’
and where the additive and multiplicative operations are respectively the component-wise addition
and composition of maps.

Now let X be an A2-polyhedron. There is a natural ring homomorphism

H: End(X) — End (F(X))
o+ (Hpgo(), Hny1(a), Hy(c))
which is surjective as a consequence of Theorem

By computing the kernel of the ring homomorphism H, we have the following result.

Proposition 2.4 (Proposition . Let X be an A2%-polyhedron in the stable range. There is a ring
isomorphism End (I'(X)) = End(X)/{a € End(X) | H.(a) = 0}.

Remark 2.5. Note that the group of units of End (F(X )) is precisely the group of I'-automorphisms
of T'(X), which in [9] we denoted by B"*2(X). As a consequence of [9, Proposition 2.5], this group
is isomorphic to £(X)/E.(X). Therefore, the results obtained in [J] are applicable to the group
of units of End (I‘(X )), and can thus be immediately reformulated in terms of the stable group of
self-homotopy equivalences.

3. REALISABILITY OF RINGS AS End (T'(X))

In this section we prove our main realisability results. We begin by showing that we can use Moore
spaces to realise any endomorphism ring of an abelian group as End (I‘(X )) for an A2-polyhedron
X. Note that Moore spaces also allowed us to realise automorphism groups as Aut (F(X )) in [9,
Example 3.3].

Proposition 3.1. Let R be a ring such that R = End(G) for some abelian group G. Then, there is
an AZ-polyhedron in the stable range such that End (T'(X)) = R.
Proof. Consider the Moore space X = M(G,n+ 1), which is an A2-polyhedron whose I'-sequence is
Hpyo(X)=0— 1T (H\(X))=0— G — G —0.
Since Hp41(X) is the only non-trivial homology group of X, End (I'(X)) < (Hp1(X)) =
S

End(G). Furthermore, for f € End(G), if we take Q@ = f, then (id, f,id) (D(X)). Thus
End (I'(X)) = End(G) = R. O

End
End

Remark 3.2. Although powerful, Proposition is not enough to provide a positive answer to
Question For example, IFIQD is not the endomorphism ring of any abelian group, for p any prime.
Indeed, it is not hard to prove that any abelian group only having endomorphisms of (additive) order
p must be a Fj-vector space. But one such vector space will only have a finite endomorphism ring if
it is of finite dimension. The endomorphism ring of IF’; is the ring of square matrices of order k over

F,, thus ‘End(F’;)‘ = p*”. However, p*” £ p? for any k.
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Now, by exploiting the other non-necessarily free homology group of an A2-polyhedron, we easily
prove the following result, which in particular allows us to realise FZQ,.

Proposition 3.3. Let R be a ring such that R = End(G1) x End(G2) for abelian groups G and G.
Then, there is an A2-polyhedron in the stable range X such that End (F(X)) =R

Proof. Let X be the A2-polyhedron whose I'-sequence is the split short exact sequence
0 —>G1®Z/2 — (G1®Z/2) x G9g — G9 — 0.

First, note that End (I'(X)) < End(G:1) x End(G2). On the other hand, given any f; € End(G1)
and fo € End(G2) we have a commutative diagram

0 G1®Z/2 (G1®Z/2) x Gg Gy 0
H L2 (®Z/2)x f2 | f2
0 G1®Z/2 (G1®Z/2) x Go Gy 0,
so (id, fo, f1) € End (D(X)). Thus, End (T(X)) = End(G1) x End(Gy). 0

However, Proposition does not provide a positive answer to Question Indeed, Remark
can easily be adapted to show that Fg is not isomorphic to the direct sum of two endomorphism
rings of abelian groups.

So far we have seen that the product of two endomorphism rings can be realised by choosing a I'-
sequence in which the homology groups are in a sense isolated in the sequence. We now show how we
can take advantage of the interaction between the groups involved in a I'-sequence to realise a pullback
of endomorphism rings. Recall that given rings Rj, Re and Z and morphisms f;: Ry — Z and
f21 R2 — Z, the pullback of fl and f2 is the ring Rl Xz R2 = {(’I“l,?"g) S Rl X RQ ‘ fl(’l“l) = fg(’r‘g)}.

Proposition 3.4. Let X be an A2-polyhedron such that H,,1(X) is the trivial group. Let Ry =
{f € End (Hn42(X)) | f(kerbpia) < kerbpia} and Ry = {g € End (Hn(X)) | (9 ® Z/2)(Im bpya) <
Imbyio}. Let fi: Ry — End (Im(bn+2)) be the morphism induced by the first isomorphism theorem
and let fa: Ry — End(Imbp12), g+ (9 @ Z/2)|tmb,- Then, End (F(X)) = R1 XEnd(Im bys0) 2

Proof. Tt is clear that if (f,0,¢g) € End (F(X )), then f and g ® Z/2 are respectively invariant on
the kernel and image of b,42, for otherwise the diagram induced on the I'-sequence could not be
commutative. Then, the equality b, 420 f = (9 ® Z/2) 0 b,+2 can be reformulated as fi(f) = fa(g).
The result follows. OJ

The result above provides us with a different approach to realising the product of two endomor-
phism rings of abelian groups as End (F(X )) for X an A2-polyhedron, although this approach is
more restrictive than Proposition |3.3

Example 3.5. Let G1 and Gy be abelian groups and assume that Gy is free. Let X be the A2-
polyhedron whose I'-sequence is

G -5 Gy0Z/2-% G0 Z/2 — 0 — 0.

In this case, kerb,12 = G1 and Im b, 2 = {0}, thus R; = End(G;), R2 = End(G2) and f; and f,
are both trivial maps. Consequently, End (I'(X)) = End(G1) x End(G2).

Nonetheless, Example [3.5] gives us a major hint on how to prove Theorem
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Theorem 3.6 (Theorem [L.3). Let R be a ring such that R = End(G1) x End(G2) x End(G3), where
Gy is a free abelian group and Go and G3 are abelian groups. Then, there exists an A2 -polyhedron

X such that End (I'(X)) = R.
Proof. Let X be the A2-polyhedron whose I'-sequence, , is
G125 Go®Z/2 — (G2 ®Z/2) x Gy — G3 — 0,
and where the the sequence
0 — cokerbyio =G2R7Z/2 — (G2 ®Z/2) x Gg — G3 — 0

is split. Following Proposition and Exampleit is immediate to check that for any f; € End(G;),
i =1,2,3, (f1,fs, f2) € End (I'(X)). As these are the only possible I'-morphisms, End (T'(X)) =
End(Gl) X EHd(GQ) X End(Gg) Il

Note, however, that this result is not enough to provide a positive answer to Question [L.1] as
the endomorphism ring of a non-trivial torsion-free group is always infinite. Thus, if we want to
realise realise Fg using Theorem we need to assume that G; = 0, so we fall in the situation of
Proposition [3.3]

4. A NEGATIVE ANSWER TO THE REALISABILITY PROBLEM FOR End (F(X))

In this section we show that the framework of A2-polyhedra is not suitable to produce a complete
positive answer to Question We do so by showing that F f’, is not realisable as End (I'(X)) for X
a finite type A2-polyhedron and for p any prime, see Lemmas and

As we are interested in the realisability of certain finite rings, it would be interesting to characterise
the A2-polyhedra whose endomorphism rings are finite. Since we are in the setting of polyhedra of
finite type, we know from [14, Corollary 3.2] that End(X) and End (H,.(X)) are isomorphic module
torsion. As a consequence, homologically trivial maps must be torsion elements in End(X). Thus,
End(X) and End (I'(X)) are also isomorphic module torsion, from which we immediately deduce
the following result.

Corollary 4.1. Let X be an A2-polyhedron of finite type, n > 3. Then End(X) is finite if and only
if End (I'(X)) is so.

We now prove some technical lemmas we will need in the sequel. Let us recall the following concept
from [9].
Definition 4.2. ([9, Definition 4.3]) Let f: H — K be a morphism of abelian groups. We say that

a non-trivial subgroup A < K is f-split if there are groups B < H and C' < K such that H 2 A® B,
K = A® C and there exists some g: B — C such that f =ida®g: A® B — AaC.

We then have the following result.

Lemma 4.3. Let X be an A2-polyhedron of finite type, n > 3, and let A < H,1(X) be an hy.1-
split subgroup of Hypy1(X), thus Hpp1(X) = A @ C for some abelian group C. Then End(A) =
{(0, f4®0c,0) | fa € End(A)} < End (I'(X)).

Proof. By hypothesis, H,1+1(X) = A®C, m,4+1(X) = A® B for some abelian group B, and h,1 can
be written as id 4 B¢ for some morphism g: B — C. Namely, the I'-sequence of X can be written as

Hypo(X) 222 (Ho (X)) ©Z/2 2 Ae B 2429 400 0.

Since id4 is an isomorphism, the exactness of the I'-sequence implies that Imi,, < B. Thus, for every
fa € End(A) we have a commutative diagram
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Hpio(X) — 2 (Ho(X)) @ Z/2 —— A@ B = Aec 0
0 0 fa®0 fa®0
bryo in hpt1
Hppo(X) —— (Ho(X)) ®Z/2 —— A B AaC 0.
Consequently, (0, f4 @ 0,0) € End (T'(X)). O

The following lemmas are also necessary.

Lemma 4.4. Let X be an A2-polyhedron of finite type, n > 3, and suppose that H,(X) = A® C
where A is a group of odd order. Then End(A) = {(0,0, f®0) | f € End(A4)} < End (T'(X)).

Proof. As A is a group of odd order, A ® Z/2 is the trivial group, thus H,(X) ® Z/2 = C ® Z/2.
Then, for any f4 € End(A), (f4®0c)®7Z/2 is the trivial map, giving raise to a commutative diagram

bn+2 hn+1
Hn+2(X) C®Z/2 7Tn+1(X) Hn—l-l(X) 0
0 0 0 0
bn+2 hn+1
Hp42(X) CRZ/2 Tnt+1(X) Hp41(X) 0.
Consequently, (0,0, f @ 0) € End (I‘(X )) The result follows. O

Lemma 4.5. Let X be an A%-polyhedron of finite type, n > 3, and suppose that H,1(X) = G® H,
where G is a p-group, p # 2. Then, G is a hyy1-split subgroup of H,11(X) and End(G) = {(0, f ®
0,0) | f € End(G)} < End (T(X)).

Proof. Consider the I'-sequence of X,

Hypo(X) 252 (HA (X)) @ Z/2 2 mpin (X) 225 G H — 0,
Since H,(X) ® Z/2 is a 2-group, so is Imi,. Consequently, by exactness of the I'-sequence, h,11
must induce an isomorphism between the p-torsion subgroups of m,41(X) and Hp4+1(X). Thus,
G must be a summand of the p-torsion subgroup of m,4+1(X), so there exists K < m,41(X) such
that m,+1(X) 2 G @ K, and we can further assume that h,y; restricts to G as the identity map.
Consequently, G is an hy1-split subgroup of H,41, and the result follows from Lemma [4.3] O

We now have the necessary tools to prove our main result, Theorem We split the proof into
Lemma [4.6] and Lemma [4.7] as we consider the cases of even and odd primes separately. We begin
with the later.

Lemma 4.6. Let p be an odd prime and n > 3 be an integer. An A2-polyhedron of finite type X
such that End (D(X)) = F} does not exist.

Proof. Assume that one such A2-polyhedron exists. Then, since End (F(X )) is finite, by Corollary
we can assume that the homology groups of X are finite. As H,;2(X) is a free abelian group,
this implies that H,,12(X) = 0.
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Now by Lemmas and H,(X) and Hp4+1(X) must be a direct sum of a 2-group and a
p-group. Indeed, if either of the two groups had a summand G which is a g-group, ¢ ¢ {2,p},
then End(G) < End (I'(X)). But End(G) contains elements of (additive) order g, giving raise to a
contradiction.

Write H,,11(X) = A® C where A is a p-group and C' is a 2-group. By Lemma A is hpi1-
split, so there exists B < m,41(X) such that m,11(X) = A® B and h,1 = id4 ®g for some group
homomorphism g: B — C. Similarly, write H,(X) = A’ & C’, where A’ is a p-group and C’ is a
2-group. Then, the I'-sequence of X is

0—C'®Z/2 - Ao B 1% 460 — 0.

Furthermore, as C' ® Z/2 is a 2-group and A is a p-group, p # 2, it follows that Imi, < B.

Thus, the elements of End (I'(X)) are of the form (0, fa ® fo, far @ fcr), where fa € End(A) and
far € End(A’) are any two endomorphisms, and fo € End(C) and fer € End(C’) are endomorphisms
giving raise to a commutative diagram

0 ' 272 B g C 0
for ®Z)2 Q fc
0 C'R7Z/2 B g C 0,

for some Q2 € End(B). As a consequence, if we let R denote the ring of endomorphisms (fc, for) €
End(C) @ End(C’) giving raise to such a commutative diagram, then End (I'(X)) = End(A) &
End(4’) @ R.

Now notice that R < End(C)®End(C"), where C and C” are 2-groups. Thus the group underlying
R is itself a 2-group. As we want End (F(X )) to be a p-group, we can assume that R is trivial. Finally,
we obtain that End (I'(X)) = End(A) ®End(A’) where A and A" are p-groups. As neither F2 nor F
are realisable as End(A) for A any p-group, we finally deduce that End (F(X )) cannot be isomorphic
to Fg. O

We now prove the result for the prime p = 2.

Lemma 4.7. Let n > 3 and m > 1 be integers. An A?-polyhedron of finite type X such that
End (I'(X)) = F3.. does not exist.

Proof. Recall from Remark [2.5( that the group of units of End (I'(X)) is isomorphic to (X )/&,(X).
In [9, Theorem 1.1] we proved that, for n > 3, an A2-polyhedron of finite type such that £(X)/Ex(X)
is a non-trivial finite group of odd order does not exist. But the group of units of F3,, has order
(2™ — 1)3, which is an odd number greater than 1 whenever m > 1. Then F3,, is not realisable,
whenever m > 1.

Assume now that there is an A2-polyhedron of finite type X such that End (I‘(X )) =~ F3. Then,
E(X)/E(X) = Aut ([(X)) is trivial. As a consequence of the development in [9, Theorem 1.1,
Lemma 4.5], only four I'-sequences without non-trivial automorphisms exist. Let us consider each of
them separately.

Assume first that H,(X) = Z/2 and Hyp41(X) = 0. Then End (I'(X)) < End(Z/2) = Z/2. The
same happens when H,(X) = 0 and H,+1(X) = Z/2. Thus these sequences cannot be used to
realise 3.
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Consider now X an A2-polyhedron where H,,(X) = H,11(X) = Z/2 and whose I'-sequence is
0—-2Z/2—7Z/2®7Z/2—Z]2— 0.

We know from the proof of Proposition that End (F(X )) = [F3, so this sequence cannot be used
either.
The remaining one is associated to an A2-polyhedron X with H,(X) = H,.1(X) = 7Z/2, its
I'-sequence being
0—2Z/2—7Z/4—Z]2—0.

Therefore, End (I'(X)) < End(Z/2)®End(Z/2) = (Z/2)*. We conclude that F3 is not realisable. [
Theorem [1.4] is then an immediate consequence of Lemma [4.6] and Lemma [4.7]

Remark 4.8. As a consequence of [9, Theorem 1.1], if X is an A2-polyhedron of finite type in the
stable range, the group of units of End (F(X )) is either the trivial group or it has elements of even
order. This comes at no surprise, since it is known that for X a path-connected, finite CW-complex
in the stable range, 1x % —1x, [16, Proposition 3], thus —1x is an element of order two in the group
of units of End(X). In order for —1x to induce a trivial map on I'(X), the homology groups of X
must be elementary abelian 2-groups, providing a natural explanation of the results obtained in [9,

§4].
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