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Starting from a fully quantized Hamiltonian for an ensemble of identical emitters coupled to the
modes of an optical cavity, we determine analytically regimes of thermal, collective anti-bunching
and laser emission that depend explicitly on the number of emitters. The lasing regime is reached
for a number of emitters above a critical number — which depends on the light-matter coupling,
detuning and the dissipation rates — via a universal transition from thermal emission to collective
anti-bunching to lasing as the pump increases. Cases where the second order intensity correlation

fails to predict laser action are also presented.

Optical cavities containing emitters with discrete en-
ergy levels such as atoms, ions or quantum dots, have
proved extremely effective both as a tool to investigate
fundamental properties of light-matter interaction and as
a way to produce light with engineered statistical prop-
erties. Historically, the earliest optical cavities contained
very large numbers of emitters to overcome losses and oc-
cupied macroscopic volumes. Significant improvements
in cavity quality have led in recent years to micro and
nano cavities [1] that provide detectable fields even with
very few emitters and promise commercial applications
with uses ranging from components on integrated circuits
to medicine [2]. Their small size comes with the ben-
efit of lower energy consumption and increased energy
efficiency, making them attractive for extreme miniatur-
ization. Although the basic quantum interaction pro-
cess between the cavity modes and the emitters is the
same for all cavities, different approximations of the ex-
pectation values of light-matter interaction and photon
number (correspondiong to the classical intensity) lead
to two classes of models: one for micro and nano sys-
tems, the other for macroscopic systems. In the latter,
e.g. the Maxwell-Bloch semi-classical models for macro-
scopic systems [3], the only expectation values considered
are those of the emitters’ raising and lowering operators,
representing excitation and de-excitation of an electron,
and of the cavity mode creation and destruction opera-
tors, representing emission and absorption of a photon.
The expectation values of the destruction and creation
operators correspond to the complex amplitude of the
classical coherent field and its complex conjugate. Simi-
larly, the expectation values of raising and lowering oper-
ators correspond to the amplitude of the medium polar-
ization and its complex conjugate. Macroscopic models
neglect correlations among these operators, both in the
intensity and in the photon-matter coupling, also called
the photon-assisted polarization. This approximation al-
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lows one to predict the threshold for laser emission, but
is not suitable for the analysis of non-lasing emission be-
cause photon-assisted polarization is essential to model
correctly spontaneous emission [4]. Quantum models for
micro and nano lasers take the exact opposite approach:
they consider only the correlations and neglect the ex-
pectation values [4-7] corresponding to the amplitudes
of the classical coherent field and polarization. With this
approximation non-lasing emission can be modelled, but
it is not possible to identify the onset of lasing. The same
problem also affects rate equation models of micro- and
nanolasers that add average spontaneous emission to co-
herent emission [8-10]. A key parameter related to the
size of the system is the spontaneous emission factor, 3,
defined as the ratio of the spontaneous emission rate into
the lasing mode to the total spontaneous emission. 87!,
proportional to the number of electromagnetic modes in
the cavity volume, thus characterises the system size. In
macroscopic systems 8 < 1, while 8 = 1 is the nanoscale
limit, in which only the lasing mode remains accessible to
spontaneous and stimulated emission. For this value of 3
the output power linearly follows the input power, and for
this reason this laser is considered “thresholdless” [8, 11].
This regime poses questions on how to define the laser
threshold [9] and identify coherent emission [12], which
we address unambiguously in this paper.

Starting from a fully quantized Jaynes-Cummings
Hamiltonian in the Heisenberg picture, see Supplemen-
tary Material (SM) Eq.(1), we derive a model for the
emission of any number of identical two-level emitters
coupled to one mode of the cavity [13, 14]. However,
we do not approximate the expectation values of inten-
sity and light-matter interaction, including the variables
of both macroscopic and nano lasers, and apply dynam-
ical system methods defined for systems of any dimen-
sion [15] to identify the laser threshold. Analytical solu-
tions seamlessly connect single emitter devices with de-
vices containing millions of emitters, predicting where
the thermal, quantum and coherent emission regimes lie
with respect to one another. While the extent and exis-



tence of these regions in the space of parameters depend
on the number of emitters, we find two universal features
that are common to all lasing devices. The first is that
lasing, when possible, is reached via a universal sequence
of transitions as the pump is increased. The emission of
the non-lasing state evolves continuously from thermal
(with second order intensity correlation 1 < ¢(*)(0) < 2)
to anti-bunching (with 0 < ¢(®(0) < 1) until the laser
threshold is crossed and the non-lasing state becomes un-
stable. A coherent laser field, due to a lasing collective
state, appears at this threshold and its amplitude in-
creases as a function of the pump. This is the same
instability predicted for macroscopic laser by Maxwell-
Bloch models. However, in these models the total field
before the instability is zero, while in our theory before
the threshold only the coherent field is zero, while the
incoherent field is non zero. The second universal fea-
ture of lasers is that the emerging coherent field has a
well defined frequency: our model shows that neither
the number of emitters nor the effective cavity volume
(8 factor) influence the frequency value, which remains
a general feature of the cavity-emitter interaction. We
give examples where the measurement of ¢ (0) cannot
identify laser emission.

We consider identical emitters with two energy levels
and one electron, and assume that all transitions conserve
the electron spin. This model applies to atoms and ions
with suitable energy level structure, and also to shallow
quantum dots (possessing two localized levels) at tem-
peratures low enough to neglect Coulomb and phonon
interactions. Assuming that detuning and coupling co-
efficients with the mode are identical [7, 16] is justified
by numerical simulations for emitters with 10% random
variations of detuning and coupling coefficients. In these
simulations all emitters’ variables — started from random
initial conditions — after a transient converge to common
values that match extremely well those obtained using
the same parameters and expectation values for all emit-
ters, see SM Fig. 2. Since current technology enables
very accurate positioning [31], the range of fluctuations
that we are considering is quite realistic and covers esti-
mates which can be expected from QD positions inside
typical cavity realizations and other experimental fluctu-
ations.

In the following cf, vf, b (¢, v, b) are operators that
create (annihilate), respectively, an electron in the up-
per energy level (conduction level in quantum dot termi-
nology), in the lower energy level (valence level), and a
photon in the laser mode. We take the expectation val-
ues of the Heisenberg equations for each operator in the
Hamiltonian, truncating the resulting infinite hierarchy
of coupled differential equations by keeping only correla-
tion functions that appear in the cluster expansion of the
Hamiltonian [4, 13]. The variables of the model are the
expectation values of carrier population, {c'c), mode de-
struction operator, (b}, and emitter lowering operator,
(vfc), and the intensity and photon-polarization corre-
lations, d(b'b) and &(bc’v). These correlations appear

through the cluster expansions (bcfv) = §(bctv)+(b)(civ)
and (bTh) = §(bTb) + (bT)(b) of terms in the Hamiltonian.
Note that the equations for (b'), (cfv), (bfofc) are the
complex conjugated of the equation for (b), (vic), (bctv),
so they are not explicitly included in the model. The
model equations are

dt<CTC> =— (Y + ’Ym“)<CTC> +r(l - <CTC>)
— 2Re[g(8(bev) + () (cTv))], (1)
di§(betv) = — (7 +7 +iAv)s(belv) + g*[(cle)

;
v) +
+3b'b)(2(cTe) — 1) — |(v 2], 2

(2)

di5(bTh) = — 27.8(b'D) + 2NRe(gd (bcTv)), (3)
dy(b) = — (ve + i) (b) + g*N(v'c), (4)
di(vic) = — (v +ive)(v'e) + g[(b)(2(cTe) = 1)), (5)

where 7 is the pump rate per emitter (the one for the
whole system is Nr), with non resonant pump photons
absorption and carrier transport effects approximated via
an injection rate [7]. v is the frequency of the reso-
nant mode and v, is the resonant frequency of emitters,
Av = v, — v is the detuning between the field and emit-
ter, g the light-matter coupling strength and N the num-
ber of emitters. The decay rates for the laser mode, ~,,
the population, ~,,, and polarisation, =, introduce dis-
sipation. The dissipative part of these equations can be
obtained by considering Lindblad terms describing the
coupling to a Markovian bath [17, 18]. ., is due to
non-radiative transitions, while the additional decay rate
for the population, ~,;, results from the adiabatic elim-
ination of rapidly decaying non lasing modes [19]. The
spontaneous emission factor, (3, is related to the cavity
losses by 8 = o +~/ , where ~y; is the rate of spontaneous
emission into the lasing mode. The expectation value of
lower level population, (vfv) has been eliminated using
(cte) + (vtv) = 1. The variables (b) and (vfc) corre-
spond to the amplitudes of the coherent field and the
medium polarization of semi-classical models of macro-
scopic lasers and were previously neglected in nanolasers.
The imaginary coefficients in their the equations show
that they have fast oscillations with frequency of the or-
der of that of the cavity mode. Hence, we call them “fast”
and the remaining variables “slow”.

The non-lasing stationary state is found by setting to
zero the fast variables and the time derivatives in Eqgs.(1-
3). This state exists for all values of the control parame-
ters and its emission evolves continuously from thermal to
anti-bunching. The boundary between these two regimes
is identified by the curve ¢®(0) = 1. We find a very good
analytical approximation of the ¢®)(0) = 1 curve assum-
ing that the correlations used here are independent of
higher order correlations [6], so that g(®)(0) ~ 2 + A/B,
see SM Egs.(12-14). We determine the stability of the
non-lasing state by deriving the equations that govern the
evolution of small perturbations in the linear regime. We
find that the perturbations of the fast variables are decou-
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FIG. 1. 1/O curves: Intensity, (b'b) = §(bTb) + (b7)(b), and
coherent field amplitude for different NV above and below N.
versus pump for § = 1 (7 = 0), (a) and (b); and 8 = 7x107*
(Y = 1.4 x 10257 and v = 9.68 x 10557 1), (c) and (d).
Laser and anti-bunching thresholds are marked by red stars
and crosses, respectively. The purple triangles mark the anti-
bunching threshold where we include higher order correlations
(this shows our approximation to be valid). Note that a laser
threshold is found even for a “thresholdless” device (green
line in (a)). Parameters: v = 10357, 4. = 101971, 5, =
10957, and g = 7 x 10'%s™!. Losses are kept constant in all
figures.

pled from the perturbations of the slow variables allow-
ing us to determine analytically the stability of the non-
lasing state (see SM Eqs.(22-24)). The non-lasing state is
stable for (cfc) < (cfc)y, and unstable for (cfc) > (cfe)y,

where
1 YeY Av \?
+ o c
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is the laser threshold. Because {(cfc) < 1, lasing can
only happen when the number of emitters satisfies the

condition
A 2
'Ycz 1+< 14 )
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The laser frequency is determined using trial solutions
(b), (vfe) o e7¥¥ in Egs.(4,5) and is

(6)

<N. (7)

YeAv
Yo+

A few points are worth highlighting. First, the threshold
can be calculated for any values of the decay rate ~,;,
including the so called “thresholdless” case v,; = 0. Sec-
ond, neither {cfc)y, nor the critical number of emitters
necessary to lase depend on 5. However, the value of the
pump per emitter required to reach (cfc);, depends on
and decreases as  increases, see SM Eq.(20) for the ana-
lytic expression for r at laser threshold. Third, the laser
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FIG. 2. Phase Diagrams: thermal, anti-bunching and lasing
regimes correspond to the white, yellow and blue regions, re-
spectively. Where 8 =1 and g = 10"'s™ ' in (a); 8 = 7x107*
and g = 10"s7 ' in (b); 3 =1 and g = 7 x 10"°s™* in (c);
B=7x10"% and g = 7 x 10'°s~" in (d). For large g the
thermal region that extends to large pump values vanishes,
and for a lasing a device with S = 1 the anti-bunching regime
exists over greater values of the pump.

frequency (2 is independent of the number of emitters,
N.

In Fig. 1a and Fig. 1b the intensity and coherent field
versus pump for a 8 = 1 device are shown. The differ-
ent number of emitters correspond to values above (blue
and olive curves) and below (black curves) the critical
number, N, required for a laser using Eq.(7). Below N,
the minimum integer that satisfies Eq.(7), the coherent
field amplitude is always zero and the intensity saturates
at high pump. Above N., (b) # 0 emerges through a
pitchfork bifurcation. The emergence of a pitchfork bi-
furcation also coincides with the growth of the intensity
and a clear qualitative difference is apparent between the
curves corresponding to lasing and non lasing devices.
The I/O curve for 40 quantum dots (Fig. 1a) illustrates
the impossible task of determining the laser threshold for
a 8 = 1 device, identifiable only through the fast vari-
ables.  Comparison of these thresholds with standard
estimates is given in SM Fig. 4. Notice that all graphs
plot pump for a single quantum dot. Thus, comparison
between devices with different NV requires multiplication
of each horizontal scale by N. Variations in the I/O sim-
ilar to those shown in Fig. la for N = 21 and N = 40
can be obtained with the same value of N and changing
the detuning. This is observed in experiments where de-
tuning decreases the effective number of quantum dots
interacting with the field. See SM Fig. 6 for the effect of
detuning. Experiments have obtained this kind of I/O re-
sponse through cavity or thermal tuning [20—-22]. While
so far explained only through ad-hoc calculations, here
the continuous transformation with change in character-
istic I/O shape emerges thanks to self-consistent model-
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FIG. 3. g<2>(0) versus pump for different N and 8 where the
coloured regions correspond to the same in Fig. 2. In (a)
and (c) 8 =7 x 107% and in (b) and (d) B = 1. Note the
large range of pump values in (a) and (b) where ¢ (0) is
smaller, but very close to 1, making ¢ (0) difficult to use as
an experimental indicator of lasing. All curves in (a) converge
to the same value for larger pump values not shown. All
curves are obtained for g = 7 x 10'%s™! thus lasing occurs for
N =21.

ing.

Fig. 1c and Fig. 1d show the intensity and coherent
field for a device where § < 1. One clear difference is
that the intensity profile is no longer linear and there
is the characteristic s-shaped I/O curve. Notable is the
appearance of the bifurcation at the knee of the upper
branch of the I/O curve, rather than at the inflection
point (as from [9]). This points to a substantial contribu-
tion from the incoherent emission to the intensity growth
before the bifurcation and highlights the difficulty intrin-
sic in determining threshold through the I/O curve.

Fig. 2 shows the analytic solutions of g(?(0) = 1 and
the laser threshold as functions of the pump and N for
different values of g and 8. For a device capable of las-
ing there is a well defined path of emission as the pump
increases (vertical cut in the graph): from thermal to
anti-bunching; then from anti-bunching to lasing. This is
independent of the value of 5. Fig. 2a and Fig. 2c show an
anti-bunching regime that exists for a large region of the
pump and extends from nano- to macroscopic lasers with
8 = 1. Anti-bunching has been observed in an experi-
ment with a high cavity Q micropillar containing N ~ 15
pumped quantum dots [23] and in numerical simulations
of quantum dot nanocavities [6],[24]. The observation
is consistent with our prediction (Fig. 3), which shows
stronger anti-bunching close to N.; an increase in N re-
duces the range and amplitude, thus making an experi-

mental observation much more difficult (no anti-bunching
was in fact observed upon doubling of the quantum dot
number [23]). Fig. 3a shows the three regimes for lasers
with 8 = 7 x 10%. Although anti-bunching is present
in macroscopic lasers, g(®)(0) is so close to unity that it
becomes very difficult to distinguish between a laser and
a device emitting anti-bunched light, thus stressing that
g@(0) is not a sufficient indicator of laser action. We
show in Fig. 3 of the SM a comparison of Egs. (1-5)
with the master equation given in [9] and a cQED model
[7].

In conclusion, we have derived a model that includes
coherent and incoherent emission and derived analyti-
cally thresholds that separate thermal, anti-bunching and
lasing emission regimes from single emitter to macro-
scopic devices. We predict the qualitative differences
between the I/O curves of the photon number above
and below threshold and find analytically the number
of intracavity emitters necessary for laser action to oc-
cur. We identify a universal route leading from thermal
to coherent emission, through a collective anti-bunching
regime that always precedes lasing. The coherent laser
field always emerges from a bifurcation with a well de-
fined threshold and has a frequency independent from
the number of emitters. Interferometric measurements
of the coherence time [25, 26] (¢ (7)) — equivalent to
detecting the existence of a well-defined frequency at
the bifurcation — can in principle be used to unambigu-
ously identify lasing in all devices. This also holds for
B =1 (or close to this boundary), where the I/O char-
acteristics cannot carry useful information and measure-
ments of g(®)(0) are poor indicators of lasing, leading
to wrong conclusions on the existence or position of the
laser threshold. The accurate characterization of the co-
herence properties of nanolasers holds promise for quan-
titative predictions to be used in a variety of applications,
ranging from telecommunications and optical chips [27],
to the spectroscopic use of nanosources [28], nanosens-
ing [29] and biophysical applications [30]. These appli-
cations can greatly benefit from a detailed understand-
ing and predictive power of designs where control in
the number of quantum dots (now technologically fea-
sible [31, 32]) coupled to effective coupling allow for tai-
lored emission properties. In addition, at the micro and
nano scale this new theory can be used to investigate the
interaction of emitters with nanostructures and arrays of
particles [33-37] and obtain predictions for new effects
emerging from quantum interactions.
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