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Mitigation of shock buffet phenomenon over a supercritical aerofoil by means of wavy leading edges (WLEs)
is analysed with implicit large eddy simulations (ILES). A Dassault Aviation’s V2C aerofoil is simulated in a
transonic flow with Re∞ = 5.0×105 and M∞ = 0.7 at α = 7.0o. This aerofoil profile is designed for transonic
flows, delaying the onset of wave drag and decreasing the skin friction drag. The results of this upstream
flow condition on a straight aerofoil is a large oscillation of lift and drag coefficients. In the first part, time-
averaged aerodynamic characteristics over a straight leading edge (SLE) aerofoil and three modified aerofoils
with different wavy amplitudes are compared. The results show that overall WLE aerofoils are more efficient
than SLE ones and the aerofoil with the lowest amplitude (h = 0.0075) is the most efficient, increasing lift
coefficient and decreasing drag coefficient. The flow unsteadiness has a key role for aerofoils in transonic flows
at moderate and high angles of attack. Hence, the second part of the paper is a detailed unsteady analysis of
flow phenomena. The starting point is an investigation of unsteady aerodynamic performance. It is observed
that WLE aerofoils are capable of significantly decreasing low-frequency oscillations’ amplitude, identified with
shock buffet. The best performance is obtained with h = 0.0125 where a high-frequency oscillation becomes
the dominant unsteady phenomenon. High-frequency oscillations are identified through the application of a
frequency filtering method to the flow field. It is proved that the oscillation on the SLE aerofoil is related to
vortex shedding, while the one on WLE aerofoils is related to laminar separation bubble (LSB) breathing.
Overall, the unsteady analysis shows a connection between shock buffet and LSB breathing phenomena on
wavy aerofoils and identifies the WLE amplitude as a key parameter to control this relation and mitigate the
shock buffet.

I. INTRODUCTION

Transonic flow regime represents a huge challenge for aeronautical industry in terms of fuel consumption, fluid-
structure interaction and noise emission due to the drag divergence which decreases the wing efficiency and the shock
wave oscillations which generate an unsteady loading. Supercritical aerofoils have been designed to tackle these issues,
they can be found in commercial aviation aircrafts wings, helicopters rotor blades and compressor blades. In addition,
control devices have been studied to improve the aerodynamic performance and mitigate the unsteady phenomena,
they can be classified into three main categories: trailing edge devices (TEDs), vortex generators and shock control
bumps.

A common feature among the classic models describing the shock buffet phenomenon is the coupling between
large scales excursions of the shock and pressure fluctuations at the trailing edge (TE). Static trailing edge flaps
have been designed to control this large oscillations, the flap deflection modifies the flow field and stabilises it. It
has been observed that trailing edge flaps can significantly diminish the buffet lift response in transonic flows and
thus control the aerodynamic coefficients unsteadiness1. The main drawback is a drag increase which diminishes the
aerofoil efficiency together with longitudinal instability, the solution is to apply a feedback loop control2. Open loop
static TEDs deflections are effective in delaying the onset of shock buffet phenomenon, but they are not effective in
controlling the magnitude of pressure fluctuations once the shock buffet phenomenon is fully developed. The efficacy
of this device is increased with close loop control, but the performance decreases with three dimensional wing-fuselage
models3.

Mechanical and fluidic vortex generators (VGs) have been studied extensively to understand their effect on shock
wave boundary layer interaction (SBLI), which is the driving phenomenon of shock oscillations4–6. It has been observed
that they energise and stabilise the boundary layer, as a consequence the flow tends to be attached to the aerofoil
and the shock induced separation is inhibited. Previous studies7 show that VGs are able to increase the aerodynamic
performance at the buffet onset condition, but they can significantly increase the drag at lower angles of attack. It
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is observed that the shock wave moves downstream over the modified aerofoil and the effect can be enhanced with
fluidic VGs8. The VGs’ chordwise position is not a key parameter for the shock wave oscillations control as far as
they are located upstream of the SBLI region9. The location of VGs becomes important on a three dimensional wing
with a sweep angle due to cross flow additional components10,11. Fluidic vortex generators have been studied in an
open loop configuration with a continuous or a pulsed approach. In the first case, the main parameter of the control
device is the mass flow rate and its effect saturates above a threshold8. In the second case, the main parameter is the
forcing frequency. Low frequency pulsing results in shock smearing, while high frequency pulsing stabilises the shock
and locates it upstream relative to the continuous fluidic blowing.

Two-dimensional shock control bumps (SCBs) were originally studied for pressure wave drag reduction12,13 because
they allow to split a normal shock into a λ-shape shock and, in this way, the total pressure losses can be decreased.
The main issue with this control device is the performance in off-design conditions. An upstream movement of the
shock wave leads to the generation of a second normal shock downstream by the bump, while a downstream movement
of the shock wave results in BL separation and thickening. Experimental studies13 have shown that a sweep angle
has a limited influence on the bump effectiveness, both pressure distribution and BL development are similar over
an aerofoil and a swept wing. However, the drag reduction is slightly lower over a swept wing because of the lower
contribution of wave drag to the total drag. Three-dimensional SCBs have the same working principle as the two-
dimensional counterpart for wave drag reduction14. A good performance is observed over unswept wings, while the
efficiency is decreased over swept wings15.

Shock control bumps have been recently studied to control the shock buffet phenomenon16,17. Two-dimensional
devices are able to delay the shock buffet onset modifying the flow characteristics between the shock wave and
the trailing edge of a supercritical aerofoil and postponing the flow breakdown18. SCBs location is an important
parameter, they should be placed between the shock wave and the wing trailing edge in order to mitigate the unsteady
phenomenon, but in this way, they do not bring to any drag benefit. Three-dimensional bumps applied to shock
oscillation control have a different working principle, they generate two streamwise vortices adjacent to the bump
which energise the BL. They operate as ‘smart’ vortex generators17, thus the design location is upstream of the SBLI
region. Their performance is still not well defined; previous studies show that they can suppress the shock oscillation16

or decrease the angle of buffet onset19. The main drawback is that the optimal position for wave drag control is different
from the one for shock buffet control. A trade-off is needed to improve the overall mean and unsteady characteristics
of an aerofoil over a wide range of incidence angles17.

Wavy leading edges can be classified as ‘smart’ vortex generators because they generate counter-rotating streamwise
vortices at the trough20,21, without introducing a discontinuity in the LE geometry. It has been observed22 that
streamwise BL streaks are able to attenuate disturbances and delay the laminar-turbulent transition. This can have a
beneficial effect on supercritical aerofoils which are designed to decrease the skin friction drag through the extended
region of laminar BL and to improve the aerodynamic characteristics in transonic flows. Previous applications of this
passive technique are mainly focused on low-speed flows, usually M∞ ≤ 0.3. WLE or tubercles aerofoils have been
mainly analysed at high incidence angles, with the objective to improve the aerofoil efficiency in the post-stall regime.
An important feature of wavy geometry, which makes it suitable for high-speed flows, is the generation of counter-
rotating streamwise vortices from the trough area21,23–25. The geometric characteristics of the wavy leading edge
control these vortical structures21. WLE wavelength λ defines the interaction between vortices, while WLE amplitude
h is comparable to the vortex generator’s height. The main parameter to characterise vortical structures is the local
sweep angle h/λ. A recent study20 has analysed the unsteady aerodynamic characteristics of a wavy aerofoil and it
has been observed that this passive technique is able to reduce the unsteady fluctuations of aerodynamic forces in
the post-stall regime. In addition, it has been shown a rapid broadening and decaying of turbulent energy spectra in
the leading-edge vortex dynamics on wavy geometry. This means that WLEs can be used to control unsteady loads
in subsonic flows at high angles of attack.

The present work aims to apply for the first time WLEs to mitigate the shock buffet phenomenon over a supercritical
aerofoil in transonic flow. A recent study26 has shown that wavy aerofoils increase the aerodynamic efficiency at low
and moderate angles of attack, mainly because they are able to decrease the pressure drag. The results of this
preliminary analysis prove that WLEs in transonic flows should be analysed in further detail. The first question is,
how does WLE amplitude influence the aerodynamic performance of modified aerofoils? Three different configurations
are considered in order to answer this question, one with a low WLE amplitude (h = 0.0075), one with a conventional
amplitude (h = 0.0125), and one with a high amplitude (h = 0.0250), they are called WLE1, WLE2, and WLE3,
respectively. They are analysed at α = 7.0o in terms of both mean and unsteady aerodynamic performance. The
unsteady aerodynamic performance is a key analysis considering the imposed angle of attack (AoA). One of the main
research topics in high-speed flows is the mitigation of unsteady oscillations which in transonic flows results in shock
buffet. This raises the second important question and justifies the choice of the imposed incidence angle, what is the
influence of leading edge (LE) waviness over shock buffet phenomenon? The unsteady pressure field is analysed in
detail trying to understand its trend on both straight and wavy aerofoils. Then, a frequency filtering approach on the
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flow field is applied, trying to characterise all unsteady phenomena.
This paper is structured in the following order. §II introduces the computational set-up and methods used in this

study. §III provides the details of time-averaged flow characteristics over the aerofoils, comparing streamwise and
spanwise aerodynamic performance with previous results26 and analysing WLE amplitude effect on aerodynamic per-
formance. §IV shows the unsteady analysis’ results, both in terms of the WLE amplitude effect and the characterisation
of unsteady phenomena. Finally, concluding remarks are given in §V.

II. PROBLEM DESCRIPTION AND METHODOLOGY

The aerofoil section considered in the present study is Dassault Aviation’s V2C profile that has been previously
used to investigate the shock buffet phenomenon27,28. A supercritical aerofoil profile is designed for transonic flows,
the flatness of the upper surface allows to delay the drag increase caused by the wave drag component. In addition,
this profile is designed to decrease the skin friction drag thanks to the large regions of laminar boundary layer on both
the upper and lower surfaces. The application of WLEs in transonic flows should be studied using a baseline aerofoil
which is designed for these flow conditions, for this reason the Dassault Aviation’s V2C profile is used in this work.
The chord-based Reynolds number and the Mach number are set to Re∞ = 5.0 × 105 and M∞ = 0.7, respectively,
as previously studied in literature28. The angle of attack (AoA) is set to α = 7◦. The current computational study
employs a high-resolution implicit large-eddy simulation method based on a wavenumber-optimised discrete filter.
The filter is applied directly to the conservative variables at every time step, enforcing the dissipation of scales smaller
than the filter cut-off wavelength. ILES technique was compared with an explicit SGS model29 and, with a proper
grid resolution, ILES simulations are capable of correctly capturing the flow physics.

A. Governing equations and numerical methods

The full compressible Navier-Stokes equations (non-dimensionalised) are numerically solved in a generalised coor-
dinates system
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where xj = {x, y, z} and ξi = {ξ, η, ζ} stand for Cartesian and generalised coordinates, respectively. The Jacobian de-
terminant of the trasformation from Cartesian coordinates to body fitted ones is given by J−1 = |∂(ξ, η, ζ)/∂(x, y, z)|30.
The vector Q contains the conservative variables where uj = {u, v, w} are the velocity components and et =
p/[(γ − 1)ρ] + ujuj/2 is the total energy. The heat capacity ratio is γ = 1.4 and the Prandtl number is Pr = 0.71 for
air. The convective, viscous and heat fluxes are represented by Ej , Fj and qj , respectively, and τij is the stress tensor.
The extra source term S on the right-hand side of Equation 1 is non-zero within a prescribed sponge layer31 (Figure
1a), it is intended to provide a perfectly anechoic condition suppressing numerical reflections of pressure waves from
the outer boundaries.

The length scales are normalised by Lc, time scales by Lc/a∞, velocities by a∞ and pressure by ρ∞a
2
∞. Moreover,

the density, temperature and viscosity are normalised by their own ambient values ρ∞, T∞ and µ∞, respectively.
The upstream flow is two dimensional, u∞ = U∞ cosα, v∞ = U∞ sinα and w∞ = 0 with the aerofoil mean chord

parallel to the x-axis. At the beginning of the simulation, the flow is gradually accelerated from zero to the desired
speed using a moving frame technique for 5 time units trough a ramping function: uramp = u∞ sin2 [(π/2) min (t/t0, 1)]
where t0 = 5.

The governing equations are numerically solved with high-order accurate numerical methods on a structured multi-
block grid system. The flux derivatives calculation is based on eighth-order pentadiagonal compact finite difference
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schemes with five-point stencils32. Numerical stability is preserved applying a sixth-order pentadiagonal compact
filter with a cutoff wavenumber (normalised by the grid spacing) equal to 0.7π33. An adaptive nonlinear artificial
dissipation model is used to increase numerical stability close to the shock wave avoiding unnecessary damping on
smooth linear acoustic waves34. Explicit time advancing of numerical solution is carried out using the classical fourth-
order Runge-Kutta scheme with a CFL number of 0.95. Characteristic non reflecting boundary conditions35 are
coupled with a sponge layer in far field boundaries. Periodic conditions are used across the spanwise boundary planes
and characteristic interface conditions are imposed at the boundaries that separate two blocks. No-slip wall boundary
conditions are implemented on the aerofoil surface36. The code is fully parallelised via domain decomposition and
message passing interface (MPI) libraries, where the distributed solution of pentadiagonal matrix systems is achieved
with a quasi-disjoint approach37.

B. Geometry and discretisation of the problem

The computational domain is shown in Figure 1a, where the dashed line separates the physical domain from the
sponge layer. A structured multi-block grid is used based on a H-topology, stretched in both streamwise and vertical
directions. A very fine grid spacing is imposed close to block boundaries to avoid loss of accuracy due to boundary
compact schemes (Figure 1c). Figure 1b shows that the grid cells are clustered vertically in the region y = ±0.2 in
order to capture properly the interaction between the shock wave and the boundary layer.

The aerofoil geometry is given by {
xB(z) = kw(z)(xA − xTE) + xTE
yB(z) = kw(z)(yA − yTE) + yTE

(3)

where

kw = 1− hLE
Lc

sin

[
2π(z − z0)

λLE

]
(4)

where (xA, yA) represents the coordinates of the straight aerofoil section and (xB , yB) the corresponding coordinates
of the wavy aerofoil section varying with the spanwise coordinate. The spanwise domain size is denoted by Lz ,
and it is set to 0.05. In this work, the WLE wavelength is λ = 0.05, thus only one wavelength is considered, while
three different amplitudes (h = hLE) are analysed h = 0.0075, h = 0.0125 and h = 0.0250 which correspond to an
aspect ratio of the wavy geometry (2h/λ) of 0.3, 0.5 and 1, respectively. Figure 1d shows the three dimensional wavy
geometry and the mesh on the aerofoil surface. The waviness at the leading edge stretches the grid cells, and thus, the
computational cost increases. In particular, it is observed that an aspect ratio equal to 1 doubles the computational
cost of the simulation compared with the baseline case. The aerofoil is placed at the centre of the domain with the
origin at the mid-chord location. The domain size is x ∈ [−7, 12] in the streamwise direction, y ∈ [−12, 12] in the
vertical direction, and z ∈ [−Lz/2, Lz/2] in the spanwise direction.

The grid is validated with three different grids on the straight aerofoil, they are reported in Table I. G1 is the grid
used for the following analysis and it is consistent with a previous study26. Since no turbulence model is included,
a sufficiently high level of near-wall grid resolution is maintained in order to properly resolve the boundary layers
throughout the surface. The distribution of the mean wall variable in the normal direction is always below 1. In the
streamwise direction it is between the direct numerical simulation (DNS) and the large eddy simulation (LES) range29,
while in the spanwise direction it is in the low LES range. G2 is a grid refined in the streamwise direction increasing
the number of cells on the aerofoil, while G3 is a grid refined in the spanwise direction.

The time and spanwise averaged pressure (Cp) and skin friction (Cf ) coefficients obtained with the grids in Table I
are compared in Figure 2a and 2b. For both variables, there is a close agreement, demonstrating a reasonable level of
grid convergence. Since in this study there is a large unsteady analysis, Figure 2c and 2d display a comparison of lift
coefficient time signal and PSD with respect to the Strouhal number (St). The PSD shows a close agreement in the
two maxima and the decay at high frequencies. The largest difference is in the decay between the first and the second
peak, but the three results are consistent. Table II shows the overall aerodynamic characteristics which confirm the
possibility to use G1 grid for the following study.

Due to the imposed Reynolds number, the time step has an order of magnitude of 10−5. The computational cost
is 2 wall-clock hours per time unit using 2592 processor cores in the UK National Supercomputer ARCHER, which
brings to a max of 26,500 points per processor.
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FIG. 1: Computational domain highlighting physical domain and sponge layer (a), close up near the aerofoil and the
wake with 25% of points shown and the streamwise velocity flow field (b), close up near the aerofoil with 25% of

points shown (c) and mesh over the surface of the wavy aerofoil (repeated 5 times) with 50% of the points shown (d).

nξAERO nξ nη nζ ntot/106

G1 800 1430 800 50 57.2
G2 1000 1630 800 50 65.2
G3 800 1430 800 75 85.8

TABLE I: Details of grids used for validation of SLE aerofoil simulation at α = 7.0o.

G1 G2 G3
CL 0.943 0.931 0.936
CD 0.084 0.089 0.088

CL/CD 11.23 10.46 10.63

TABLE II: Mean lift, drag and efficiency obtained during the grid validation for SLE aerofoil.

III. TIME-AVERAGED CHARACTERISTICS

The first part of this study analyses the mean aerodynamic characteristics of wavy aerofoils, comparing them with
the SLE counterpart. The objective is to define the effect of WLE amplitude on mean aerodynamic performance
and determine the most efficient configuration before extending the analysis to unsteady characteristics. The mean
aerodynamic performance is first evaluated in the streamwise direction and then in the spanwise direction, comparing
the results between straight and wavy aerofoils.

A. Streamwise aerodynamic performance details

Table III shows the mean aerodynamic performance of straight and wavy aerofoils. The mean lift generated by
modified aerofoils is increased with h = 0.0075 and it tends to decrease when WLE amplitude is enhanced. As a
result, WLE3 aerofoil has a lower mean lift than SLE one. The mean drag trend is different. The wavy aerofoil tends
to decrease the drag coefficient and it is quite constant when WLE amplitude is increased. In order to understand this
trend, it is necessary to investigate the drag components. The pressure drag on wavy aerofoils is decreased compared
to the one on the baseline case and it seems to decrease when the amplitude is enhanced, while the skin friction
drag on wavy aerofoils is increased compared with the one on the baseline case and it grows when the amplitude is
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FIG. 2: Grid validation for SLE aerofoil. Comparison of mean aerodynamic characteristics, mean pressure coefficient
distribution (a) and mean skin friction coefficient distribution (b). Comparison of unsteady aerodynamic

characteristics, lift coefficient time signal (c) and lift coefficient PSD with respect to the Strouhal number (d).

increased. The pressure drag is the dominant component in transonic flows and this explains the overall improved
aerodynamic performance on wavy aerofoils. Increasing the amplitude, the effects on pressure and skin friction drag
components seem to cancel each other. The trend of drag coefficient is expected to change when the amplitude is
enhanced to values higher than the ones considered in this study. In this case, the drag should start increasing because
of the increased flow distortion at the LE which should bring to early separation.

Figure 3 shows the pressure coefficient over the main sections (peak, hill, and trough) of the three wavy aerofoils
and compares it with the distribution over the straight one. The pressure distribution shape over the upper surface
changes between straight and wavy aerofoils. The mean pressure coefficient on the baseline aerofoil increases regularly
from the LE moving downstream up to the TE. This is a sign of large and periodic shock wave oscillations over
time. On the other hand, the mean pressure coefficient over the modified aerofoils shows a plateau in the laminar
BL region followed by a steep pressure increase. The pressure coefficient upstream the L-T transition point is lower
over the modified aerofoils and then it becomes higher downstream the L-T transition. The pressure plateau shrinks
increasing the WLE amplitude because it starts more downstream due to the amplitude increase and it finishes more
upstream due to the L-T transition point movement. The laminar-turbulent transition point moves upstream when the
amplitude is increased because the flow distortion at the LE is enhanced; this means that the disturbances generated
at the LE are higher when the wavy amplitude is increased and this brings to an earlier L-T transition.

The effect of pressure distribution over the lift coefficient is shown in Figure 5 where the relative change between
SLE and WLE cases in terms of piecewise distribution of lift is illustrated for the three modified aerofoils. The gradient
form is intended to show how much contribution is available “per unit length” along the chord, which is a kind of
normalisation. When integrated over the chord, it gives the total lift coefficient difference between SLE and WLE
cases. The chord-wise interval (∆x) is set to 2h in order to match the first sampling point of WLE with that of
SLE (x = −0.5). Since three WLE amplitudes results are compared, the size of ∆x is defined by the largest wavy
amplitude (h = 0.0250). The trend is consistent for the three wavy aerofoils, the piecewise distribution of lift is higher
over the modified aerofoils between the end of the LE region and the L-T transition point. The main effect of the
wavy amplitude can be observed in the LE region where an amplitude increase has a negative impact on the local lift.
A second effect is the L-T transition point’s upstream movement which shrinks the region of lift enhancement when
the WLE amplitude is enhanced. Overall, the amplitude growth has a negative effect on the aerofoil lift but a small
wavy amplitude (WLE1) allows to generate a higher lift than the straight counterpart.

The relative change between SLE and WLE cases in terms of piecewise distribution of pressure drag coefficient
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(Figure 6) shows also a consistent trend changing the WLE amplitude. The LE region has almost a negligible effect
with low amplitude (h = 0.0075), while higher amplitudes tend to increase the LE region’s drag with respect to
the baseline case. The beneficial effect for the drag is observed downstream of the modified aerofoil L-T transition
point. These results are consistent with previous studies26. The region of L-T transition on the modified aerofoil has
a negative contribution on drag coefficient but it decreases when the wavy amplitude is increased. The decrease of
pressure drag coefficient with the amplitude growth, observed in Table III, is the result of these streamwise positive
and negative effects. Overall, the amplitude increase has a positive effect on the pressure drag coefficient, even if the
LE region shows the opposite trend. This suggests that LE flow distortion does not bring to a local benefit but it has
a positive effect on BL development downstream and its interaction with the shock wave.

The skin friction drag increases with WLE amplitude growth (Table III). Figure 4 displays the time-averaged skin
friction coefficient distribution over the upper surface of straight and wavy aerofoils and shows that the skin friction
drag increase is located in the laminar BL region and is distributed over the aerofoil span. This can be explained with
the LE flow distortion which modifies 2D laminar BL, essential to have a low skin friction drag on supercritical aerofoils.
Figure 4 shows that the mean position of laminar separation is moved downstream by the wavy aerofoil with respect
to the straight one. In particular, the trough section shows the most upstream separation and an additional small LSB
close to the leading edge, while the peak section has the most downstream separation. This trend is consistent with
different WLE amplitudes. The main difference between straight and modified aerofoils is that the first one shows
laminar separation, reattachment, and then L-T transition, while the second one shows laminar separation and then
L-T transition.

The mean aerodynamic analysis shows that modified aerofoils are able to increase the aerofoil efficiency over the
range of analysed amplitudes. The best performance is obtained with h = 0.0075, where the lift coefficient is increased
and the drag coefficient is decreased with respect to the straight counterpart. Since an aerofoil in transonic flow at
moderate angles of attack is characterised by flow unsteadiness, an analysis of flow oscillations over the aerofoils is
essential to define WLEs aerodynamic performance.

CL CD CDp CDf CL/CD
SLE 0.943 0.084 0.081 0.00314 11.20

WLE1 (h = 0.0075) 1.003 0.074 0.070 0.00382 13.56
WLE2 (h = 0.0125) 0.944 0.073 0.069 0.00383 12.91
WLE3 (h = 0.0250) 0.883 0.072 0.067 0.00460 12.34

TABLE III: Mean aerodynamic performance of wavy and straight aerofoils at α = 7.0o.

(a) (b) (c)

FIG. 3: Mean pressure coefficient distribution at WLE peak, hill and trough and over SLE at α = 7.0o for WLE1
(a), WLE2 (b) and WLE3 (c) aerofoils.

B. Spanwise aerodynamic performance details

The spanwise aerodynamic performance of a wavy aerofoil in transonic flows has been analysed in previous works26.
The objective of this section is to extend the previous analysis to a higher incidence angle and to the influence of
wavy amplitudes.

The mean lift coefficient distribution shows again two maxima at the peak and the trough of wavy geometry, where
the first one is lower than the second one (Figure 7a). The lowest value is obtained at the hill section because the
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(a) (b) (c)

FIG. 4: Mean skin friction coefficient distribution over the suction side at WLE peak, hill and trough and over SLE
at α = 7.0o for WLE1 (a), WLE2 (b) and WLE3 (c) aerofoils.

(a) (b) (c)

FIG. 5: Relative change in aerodynamic forces between SLE and WLE cases in terms of piecewise distribution of lift
along the chord calculated from wall pressure (d(∆CL)/dx) for WLE1 (a), WLE2 (b) and WLE3 (c) aerofoils. The

relative difference between SLE and WLE cases are denoted by ∆{.} = {.}WLE − {.}SLE .

(a) (b) (c)

FIG. 6: Relative change in aerodynamic forces between SLE and WLE cases in terms of piecewise distribution of
pressure drag along the chord calculated from wall pressure (d(∆CD)/dx) for WLE1 (a), WLE2 (b) and WLE3 (c)

aerofoils. The relative difference between SLE and WLE cases are denoted by ∆{.} = {.}WLE − {.}SLE .

derivative of the surface with respect to the z-direction has the highest value at the hill, thus the force has the largest
spanwise component. The trough generates a lift higher than the peak because of the pressure distribution close to
the leading edge. Increasing the wavy amplitude, the two maxima grow.

The drag coefficient shows a minimum at the trough and a maximum at the peak (Figure 7b). Their amplitude also
increases when the wavy amplitude is enhanced. This spanwise distribution can be explained taking into account the
pressure distribution close to the LE. The peak section is the one where there is the most gradual pressure decrease
between the stagnation point and the pressure coefficient peak. This extended high-pressure region increases the drag.
The opposite behaviour is observed at the trough; the pressure coefficient changes suddenly from the highest to lowest
values of the pressure coefficient (Figure 3).

The resulting spanwise efficiency has a maximum at the trough and a minimum at the peak (Figure 7c). The
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efficiency is evenly distributed between the maximum and the minimum at low wavy amplitudes (h = 0.0075).
Increasing the wavy amplitude to high values (h = 0.0250), the efficiency in the trough region shows the maximum
increasing quickly and the shape of the distribution becoming sharp, while in the peak region the minimum decreases
slowly and the shape becomes quite flat. This is consistent with the overall decreased efficiency when WLE amplitude
is increased (Table III).

(a) (b) (c)

FIG. 7: Mean lift (a), drag (b), and efficiency (c) spanwise distribution over WLE1, WLE2 and WLE3 aerofoils at
α = 7.0o.

C. The effect of hLE on time-averaged performance

The time-averaged aerodynamic performance analysis has shown that WLE1 has the highest efficiency in this
study. This result raises a question, whether an even smaller WLE amplitude can further improve the efficiency, or
lift and drag become worse and tend to SLE case. Another simulation is needed to properly answer this question.
The objective of this section is to investigate the WLE1 aerofoil in detail and compare the flow field with the baseline
case. There are two possible explanations for WLE1 aerofoil’s performance, the flow speed in the leading edge region
or the streamwise vorticity generated by the flow distortion at the LE.

WLE1 aerofoil has still a crucial contribution to the flow speed up at the LE. The time-averaged speed up is higher
both at the trough and at the hill with respect to the SLE case and this high-speed flow region has a positive effect
on the peak section downstream x = −0.45 (Figure 8e). The overall higher speed up in the LE region is the main
explanation of the WLE1 performance, while the streamwise vorticity is small and plays a marginal role. The flow
field in the leading edge region needs to be investigated in order to understand the observed higher acceleration at
the trough.

The laminar separation bubble generated in the trough region plays a key role in flow field acceleration. This can
be observed in Figure 8a,b where the Mach number contour is displayed and the sonic line is highlighted with the
black line. The pressure coefficient peak is in the region where the LSB is generated. Thus, the flow has a higher
acceleration on WLE1 because the trough section has an effective higher geometric curvature at the LE due to the
LSB. The BL in the leading edge region of both WLE1 and SLE aerofoils is further investigated. Figure 8c,d illustrates
the pressure field and highlights the LSB canopy. The baseline aerofoil does not present a LSB in the leading edge
region. The hypothesis is that once the WLE amplitude is sufficiently small to prevent a LSB from appearing, the
WLE case would resemble the SLE counterpart.

IV. UNSTEADY CHARACTERISTICS

The mean aerodynamic characteristics analysis shows a performance improvement of the modified aerofoil using
different WLE amplitudes, but the control of unsteady phenomena is the main focus at moderate and high angles of
attack. First of all, the aerodynamic force fluctuations are analysed to give an overview of the unsteady aerodynamic
performance and the influence of wavy amplitude on mitigation of flow unsteadiness. Then, the unsteady motion of
SLE and WLE aerofoils is studied in details showing the flow characteristics and identifying the different phenomena
with a frequency filtering technique.
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FIG. 8: Comparison of LE flow field at WLE1 trough (a,c) and over SLE (b,d). Mach number contour highlighting
the sonic line (black line) (a,b). Pressure contour highlighting the LSB canopy (red line) and the streamlines close to
the wall (c,d). Mean pressure coefficient distribution in the LE region at WLE1 peak, hill and trough and over SLE

(e).

A. Aerodynamic force fluctuations

Figure 9 illustrates the lift and drag coefficient time signal for baseline and modified aerofoils. The baseline case shows
large low-frequency lift oscillations as the main unsteady phenomenon (Figure 9a), which are consistent with previous
studies27 on the same aerofoil at higher Reynolds numbers. Consistent behaviour is observed for the drag coefficient
time signal (Figure 9b). The power spectral density (PSD) displays two maxima (Figure 10), a low-frequency one
(St = 0.12) which might be related to shock buffet and a high-frequency one (St = 1.2) which seems to be associated
with vortex shedding27.

On the contrary, the modified aerofoils show different time signals changing the WLE amplitude. WLE1 aerofoil
(h = 0.0075) presents two main lift and drag oscillations, a low-frequency one at St = 0.1 and a high-frequency
one at St = 0.9 (Figure 10). The PSD shows mitigation of the low-frequency phenomenon with respect to the
baseline case, while the high-frequency one increases its strength. The nature of these unsteady phenomena needs
to be investigated in the following sections. The PSD for WLE2 aerofoil (h = 0.0125) shows that the low-frequency
oscillation (St = 0.14) is drastically decreased and the high-frequency one (St = 0.64) becomes dominant for both
lift and drag. At the highest amplitude considered in this study (h = 0.0250) the signals change again significantly.
The low-frequency oscillation (St = 0.08) is dominant and it is the strongest on the modified aerofoils, while the
high-frequency component (St = 1.0) is even lower than the one on the straight counterpart.

The main outcome of this unsteady performance analysis is that the leading edge waviness is able to suppress
a strong low-frequency oscillation, generating a high-frequency one. Moreover, the wavy aerofoils’ time signal shows
always two components and their magnitude changes with different WLE amplitudes. The Strouhal number of maxima
are summarised in Table IV. The low-frequency maximum initially decreases when WLE amplitude is enhanced and
then it increases again. The high-frequency maximum has an opposite trend, it initially increases when the WLE
amplitude is increased and then it decreases. It seems that the strength of the high-frequency oscillation has an
influence on the strength of the low-frequency one. This hypothesis can be validated once the details of the unsteady
phenomena are fully understood. The objective of the next sections is to characterise the phenomena over the baseline
aerofoil, already observed in previous studies, and understand the phenomena over the modified aerofoils.
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(a) (b)

FIG. 9: Lift (a) and drag (b) coefficient time signal for SLE aerofoil and WLE1, WLE2 and WLE3 aerofoils.

(a) (b)

FIG. 10: Lift (a) and drag (b) coefficient power spectral density with respect to the Strouhal number for SLE
aerofoil and WLE1, WLE2 and WLE3 aerofoils.

I II
SLE 0.12 1.20

WLE1 (h=0.0075) 0.10 0.90
WLE2 (h=0.0125) 0.14 0.64
WLE3 (h=0.0250) 0.08 1.00

TABLE IV: Strouhal number of aerodynamic coefficients PSD maxima for SLE aerofoil and WLE1, WLE2 and
WLE3 aerofoils.

B. Overview of the unsteady motion

The mitigation of aerodynamic coefficients oscillations shows that leading edge waviness is a promising passive
technique for the control of a low-frequency oscillation which seems related to the shock buffet phenomenon. The
analysis of the flow field over the aerofoils has the objective to understand the different phenomena. The main focus is
the comparison between baseline and WLE2 aerofoils. The main reason is that the best result in terms of low-frequency
oscillation control is obtained with h = 0.0125. Secondly, the results shown in the previous section display always two
maxima in the PSD of the wavy aerofoils which change their magnitude varying the amplitude, so it is assumed that
the physical phenomena generating these maxima are the same for the different modified aerofoils. In addition, the
characteristics of low-frequency oscillations over wavy aerofoils are compared with the ones over the baseline case.

Figure 11 shows the pressure gradient magnitude around the straight aerofoil during a full low-frequency cycle, which
can be identified with the shock buffet phenomenon. Initially, the shock wave is at the most upstream position and
it generates a large separation of turbulent BL (Figure 11a). Pressure waves generated from vortices passing through
the trailing edge decrease their strength because of BL separation. As a consequence, the turbulent boundary layer
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re-attaches, becomes thinner and the shock wave starts moving downstream (Figure 11b). At the most downstream
position, there is a complex shock pattern because a λ-shape shock is followed by a normal shock (Figure 11c). The
upstream shock of the λ structure interacts with the laminar BL and it tends to separate it, generating a positive
pressure gradient. Due to this strong interaction with the BL, there is a large separation which moves the transition
point and large vortices develop downstream the SBLI region (Figure 11d). Strong sound waves are emitted from
the TE and both turbulent BL and shock wave location move upstream. The shock wave reaches the most upstream
position and the cycle starts again.

Unsteady phenomena over the baseline aerofoil are further investigated considering wall pressure signals at different
locations on the upper surface (Figure 12). The low-frequency peak is observed everywhere on the upper surface but
the PSD shows high values close to the TE where large vortical structures are observed and at the most upstream
and downstream positions of the SBLI. The high-frequency peak shows a different trend, it is observed very close to
the trailing edge and it reaches its highest value exactly at the TE, suggesting a relation with the vortex shedding
phenomenon. Further investigations are required.

FIG. 11: Pressure gradient magnitude flow field around SLE aerofoil during one cycle of the shock buffet oscillation:
most upstream position (a), shock wave downstream movement (b), most downstream position (c) and shock wave

upstream movement (d).

Figure 13 shows the pressure gradient magnitude around WLE3 aerofoil during a full cycle of the shock buffet
oscillation. This permits to compare the characteristics of shock buffet phenomenon over the modified aerofoil with
the ones over the straight counterpart. At the most upstream position, the turbulent boundary layer is separated
and a λ-shape shock is observed (Figure 13a). Once the BL re-attaches, the shock moves downstream up to the most
downstream position (Figure 13b) where a λ-shape shock is observed again (Figure 13c). The interaction between
λ-shape shock and laminar boundary layer tends to separate the BL and it is responsible for the shock wave upstream
movement. As a consequence, large vortical structures develop downstream (Figure 13d).

One of the main differences between baseline and wavy aerofoils is the amplitude of shock wave oscillation. Table
V illustrates the details of shock positions, where xSU is the shock wave most upstream position, xDU is the most
downstream position and ∆xS is the oscillation’s amplitude. WLE2 aerofoil is not reported because a shock oscillation
is not observed. The overall result is that the shock wave oscillation over wavy aerofoils shows a lower amplitude than
the straight counterpart. In particular, the shock wave displacement over WLE1 is about 45% of the one over SLE
and over WLE3 is about 18% of the one over SLE (Table V). WLE amplitude has an influence on the strength of
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(a) (b)

FIG. 12: Power spectral density with respect to the Strouhal number (a) and time signal (b) of wall pressure at
different chordwise locations over the upper surface of SLE aerofoil.

oscillations, as it was observed at the beginning of this section. The shock wave has a larger oscillation over WLE3
where the high-frequency oscillation is weaker. This suggests a strong connection between low and high-frequency
oscillations and requires a more detailed investigation of the high-frequency phenomenon. The consequences of shock
oscillation lower amplitude are the generation of smaller vortical structures during the upstream movement and the
emission of weaker pressure waves from TE and turbulent BL. Another major difference is the SBLI at the most
downstream position. The baseline aerofoil shows a complex shock structure that interacts with the BL and tends to
separate it, while the modified aerofoils display a λ-shape shock where the two shock waves of the λ structure are very
close. In addition, wavy leading edges create streamwise vorticity in the laminar BL which makes it more energetic,
as it was observed in previous studies26. The shock structures together with the three dimensional laminar BL are
the main flow characteristics which change the shock buffet phenomenon between straight and wavy aerofoils.

SLE WLE1 WLE3
xSU -0.12 0.00 -0.06
xSD 0.10 0.04 0.04
∆xS 0.22 0.04 0.10

TABLE V: Shock wave oscillation details for baseline aerofoil and WLE1 and WLE3 aerofoils.

Figure 14 illustrates the wall pressure signals along the chord of WLE2 aerofoil, from trough to TE and its power
spectral density with respect to the Strouhal number. The first interesting result is that the low-frequency peak
is observed only around x = 0.1 for both sections. The reason is that it is not observed a large separation as in
the straight counterpart, the shock wave shows very limited upstream-downstream movements. The high-frequency
pressure peak is observed on different chordwise locations for both sections, in particular, it reaches the highest value
around the SBLI and the trailing edge. This shows the first difference between high-frequency phenomena on straight
and wavy aerofoils. The high-frequency phenomenon on SLE aerofoil is detected only close to the TE, while the one
on WLE2 aerofoil can be observed on different locations of the upper surface. Additional local unsteady phenomena
can be observed from this analysis. First of all, a bump of wall pressure PSD is detected at x = 0.118 around St = 5
which disappears at the TE. Secondly, a bump appears also at St = 11 close to the leading edge. The latter seems
to be related to Kelvin-Helmholtz instability due to the LSB observed at the trough in Figure 4. These phenomena
do not appear at the other sections and in aerodynamic coefficients PSD, thus they do not have an influence on
unsteady aerodynamic performance. Figure 15 shows the pressure gradient magnitude around WLE2 aerofoil during
a full high-frequency cycle, at the minimum and maximum values. The flow field does not display clearly the driving
mechanism of this unsteady oscillation. At the lift minimum, there is a BL thickening in the L-T transition region, this
bends the λ-shape shock and the forward shock moves upstream (Figure 15a). At the lift maximum the BL thins and
the λ-shape shock moves in the opposite direction (Figure 15b). It is observed downstream the advection of vortical
structures, generated from BL thickening and thinning. The high-frequency phenomenon seems to be driven by BL
oscillations in L-T transition region, but further investigations are needed.
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FIG. 13: Pressure gradient magnitude flow field at the hill section of WLE3 aerofoil during one cycle of the shock
buffet oscillation: most upstream position (a), shock wave downstream movement (b), most downstream position (c)

and shock wave upstream movement (d).

(a) (b)

FIG. 14: Power spectral density with respect to the Strouhal number (a) and time signal (b) of wall pressure at
different chordwise locations over the upper surface of WLE2 trough section.

C. Physical phenomena identification and analysis

Previous studies have used different techniques to analyse unsteady phenomena and to identify coherent structures.
Proper Orthogonal Decomposition (POD) searches for the most energetic modes whereby coherent structures with high
energy content are likely to be represented by POD basis functions38. Dynamic Mode Decomposition (DMD) targets
the coherent structures’ temporal periodicity and distinguishes modes with respect to their linear amplification39.
These methods fail when relevant coherent structures occur at low energies or at multiple frequencies. Spectral Proper
Orthogonal Decomposition (SPOD) has been developed to overcome this limitation and enables a clear separation of
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FIG. 15: Pressure gradient magnitude flow field at the hill section of WLE2 aerofoil at the high frequency
oscillation’s minimum (a) and maximum (b).

phenomena that occur at multiple frequencies and energies40.
In this study, a different approach is used based on a frequency filtering of the flow41. The advantage is that once

the flow field is filtered, it is still possible to analyse its evolution over time and results are not limited to a contour
of the modes. The limitation is that results do not include an energetic representation of the modes like with SPOD.
The details of the method are given as follows.

• The Fourier transform of an arbitrary field variable is evaluated for every grid point.

• Real and imaginary parts are multiplied by a weighting function

g(f) = exp [−a(f − f0)2] + exp [−a(f − f0)2] (5)

where f0 is the frequency of the unsteady phenomenon and a is an arbitrary parameter that defines the function’s
wideness. Increasing the value of a, the effect of close frequencies is filtered out.

• The inverse Fourier transform is evaluated for every grid point.

The result is a filtered field of the initial field variable. Figure 16 shows an example of the original and filtered
spanwise vorticity flow field on WLE2 aerofoil. The high magnitude of the filtered field indicates where the field is
more energetic at the given frequency, thus the location of the oscillation’s origin and this permits to understand the
unsteady phenomenon.

FIG. 16: Instantaneous original (a) and filtered (b) spanwise vorticity at the trough section of WLE2 aerofoil.

The objective of this section is to exploit the frequency filtering method to analyse the unsteady phenomena on
both straight and wavy aerofoils. It was observed at the beginning of this section that each aerofoil shows two main
unsteady phenomena and their frequencies are summarised in Table IV. It is clear that the low-frequency peak (first
column of Table IV) is caused by shock buffet oscillation, thus the main focus is the characterisation of the second
peak’s unsteadiness.

The high-frequency oscillation on SLE aerofoil is detected at the trailing edge. Since Figure 11 displays large vortical
structures in the TE region, the pressure coefficient field is filtered. Figure 17 shows the filtered field around the TE
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during one cycle of the high-frequency oscillation. The circular structures observed at the trailing edge suggest a
periodic release of vortices from the aerofoil. Thus, this unsteady oscillation can be identified with vortex shedding.
The vortex shedding phenomenon on a circular cylinder is usually detected at St ' 0.2. The Strouhal number on an
aerofoil is calculated with respect to the chord, while on a cylinder it is defined with respect to the diameter. Since
the Strouhal number obtained in this case is 6 times larger, the vortex size is expected to be 6 times smaller than the
aerofoil chord. A vortex diameter of about 0.16 is observed in Figure 11. This validation, together with the frequency
filtering analysis, proves that the unsteady phenomenon at high frequency is vortex shedding. The shock wave is
oscillating at low frequency and the SBLI point is moving backward and forward periodically over the upper surface
of the aerofoil. During this oscillation, vortical structures are released periodically at a higher frequency causing
the vortex shedding phenomenon. This means that the mitigation of this high-frequency phenomenon with active
or passive control techniques can have a positive effect also on the shock buffet phenomenon. That’s why previous
approaches with passive techniques modifying TE geometry were successfully controlling shock buffet oscillation1.
The problem is that those techniques were drastically decreasing aerofoil efficiency, while active techniques, which can
be applied only at high angles of attack, show better results2.

The high-frequency phenomenon on WLE aerofoil has been already analysed in Figure 15. It has been observed a
periodic oscillation in the SBLI region. For this reason, the spanwise vorticity field is filtered. The region highlighted
by the filtered field is located in the LSB region up to the SBLI point (Figure 18). Figure 19 shows the streamwise
velocity field in the BL region upstream SBLI. The black line defines the LSB canopy and it shows clearly a high-
frequency BL thickening and thinning. This kind of phenomenon has been observed in previous studies42, it is related
to LSB breathing and, as a consequence, it modifies the λ shock shape as shown in Figure 15. It is possible to observe
the same unsteadiness at the TE with a time lag with respect to the one in the laminar boundary layer (Figure 18).
This means that the origin of the bubble breathing phenomenon is in the laminar BL, close to the laminar-turbulent
transition point, and this generates vortical structures that are convected up to the TE. This explains why the highest
values of high-frequency peaks in Figure 14 are close to L-T transition and to TE. WLE aerofoil modifies the flow
at the leading edge and the downstream development of the flow in laminar BL is responsible for another unsteady
phenomenon, crucial to control shock buffet oscillation. This permits to explain the bump observed at x = 0.118 in
Figure 14. In this region, small vortices of different sizes are generated and then convected downstream. The range of
frequencies detected in Figure 14 is consistent with the size of the vortices displayed in Figure 15.

FIG. 17: Filtered pressure coefficient field around the trailing edge of SLE aerofoil during one cycle of the high
frequency oscillation. Negative filtered pressure coefficient shows the release of a vortex from the trailing edge (a),
followed by a region of positive filtered pressure coefficient (b), then the cycle starts again and another vortex is

released (c).

V. CONCLUDING REMARKS

Wavy leading edges over supercritical aerofoils in transonic flows show promising results. This study has extended
the work of a previous analysis26 considering the effect of WLE amplitude on mean aerodynamic performance and on
mitigation of shock buffet unsteady phenomenon.

In Section III the mean aerodynamic performance has been studied both in streamwise and spanwise directions
together with the influence of wavy amplitude on aerofoil performance. The mean efficiency can be increased for a
wide range of WLE amplitudes but the best performance is obtained with the lowest one (h = 0.0075). The results
show that a small waviness is sufficient to create an important drag decrease. The main effect of WLE amplitude on
lift coefficient is around the LE region which has a negative effect on lift compared to the SLE case. The effect becomes
worse when WLE amplitude is enhanced. A second effect is the upstream movement of the L-T transition point which



17

FIG. 18: Filtered spanwise vorticity field at the trough section of WLE2 aerofoil during one cycle of the high
frequency oscillation. The minimum (a), maximum (b) and the following minimum (c) of the oscillation are shown.

FIG. 19: Streamwise velocity field at the trough section of WLE2 aerofoil showing the minimum (a) and maximum
(b) of the LSB breathing oscillation, related to periodic thickening and thinning of the LSB respectively. Black line

highlights LSB canopy.

shrinks the region of lift enhancement when WLE amplitude is increased. The main effect of wavy amplitude on drag
coefficient is in the LE region which has almost a negligible effect on drag at low amplitudes, while wavy amplitude
growth tends to increase the drag with respect to the SLE case. The beneficial effect on drag is observed downstream
of the modified aerofoil’s L-T transition point.

Section IV has analysed the unsteady results in detail, starting from the shock buffet phenomenon and the effect
of a wavy leading edge on it. Then, high-frequency phenomena have been identified and studied on both baseline and
modified aerofoils. The main results are summarised as follows.

• Shock buffet phenomenon can be controlled by a wavy aerofoil and it changes its strength modifying the wavy
amplitude. WLE aerofoils show a decrease in shock wave oscillation’s amplitude. The strong interaction between
shock wave and BL generates a large separation on SLE aerofoil, while this separation is not observed on the
wavy counterpart. This difference during low-frequency oscillations is related to a more energetic BL on wavy
aerofoils because of streamwise vorticity created upstream in the LE region.

• The high-frequency oscillation on baseline aerofoils is related to vortex shedding, while the one on modified
aerofoils is related to LSB breathing. LSB breathing is responsible for a periodic thickening and thinning of the
laminar BL upstream SBLI region. As a consequence, small vortices are generated and they convect downstream
creating large vortical structures at the TE. It is observed a strong connection between shock buffet and LSB
breathing phenomena on wavy aerofoils. When the shock buffet’s strength is decreased, LSB breathing’s strength
is increased and vice versa.

Future works aim to extend the study on mean and unsteady analysis at α = 7.0o simulating two possible wavy
wing configurations with a sweep angle. A WLE swept wing should be studied at the most efficient condition, which
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represents the cruise condition, and at the shock buffet condition. This allows to find the best configuration for a
swept wing with wavy leading edges and it permits to analyse the mean and unsteady performance of WLE aerofoils
with respect to SLE one in an aeronautical case.
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NOMENCLATURE

AoA Angle of Attack
BL Boundary Layer
DNS Direct Numerical Simulation
ILES Implicit Large Eddy Simulation
LE Leading Edge
LES Large Eddy Simulation
LSB Laminar Separation Bubble
L-T Laminar-Turbulent
SBLI Shock wave Boundary Layer Interaction
SCB Shock Control Bump
SLE Straight Leading Edge
TE Trailing Edge
TED Trailing Edge Device
VG Vortex Generator
WLE Wavy Leading Edge
St Strouhal number
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