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ABSTRACT 28 

This technical note presents a simplified method for quantifying the added mass of the soil that is 29 

mobilised as part of the failure mechanism around a foundation during rapid loading, and the resulting 30 

additional soil resistance. This note focuses on the solutions for an embedded plate anchor, which is a 31 

potential foundation system for offshore floating facilities. In current practice, only the shear strength 32 

of the soil surrounding the foundation is considered in calculations of the ultimate bearing capacity. 33 

However, the solutions presented in this technical note show that the added mass of the soil involved 34 

in the failure mechanism around the foundation can result in a significant increase in ultimate bearing 35 

capacity during extreme dynamic wave loading events. These lead to snatch loads transmitted to the 36 

anchoring and mooring system, which are high but brief. The technical note provides a general 37 

approach applicable to all foundation types, and illustrates the effect of the added mass term and the 38 

additional capacity for an embedded plate anchor with typical input conditions. 39 
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LIST OF SYMBOLS 46 

𝐴 area 47 

𝑎 acceleration 48 

𝛼 offset value 49 

𝐵 plate width 50 

𝐸 kinetic energy 51 

𝐹 total resistance force 52 

𝐹𝐴𝑀 added mass resistance force 53 

𝐹𝑙𝑜𝑎𝑑 design wave load 54 

𝐹𝑚𝑖𝑛 steady static component of mooring load 55 

𝐹𝑚𝑎𝑥 peak load 56 

𝐹𝑠𝑢 static geotechnical capacity  57 

𝜅̃ local kinetic energy of the flow per unit mass 58 

𝑚𝐴𝑀 added mass  59 

𝑚𝑝𝑙𝑎𝑡𝑒 mass of the plate 60 

𝑁𝐴𝑀 dimensionless hydrodynamic added mass coefficient 61 

𝑁𝑐 bearing capacity 62 

𝜌 density 63 

𝑆𝑚𝑎𝑥  maximum allowable displacement 64 

𝑠𝑢 undrained soil shear strength 65 

𝑇 loading event period 66 

𝑡 time 67 

𝑉 volume 68 

𝑣𝑓 velocity of plate 69 

𝑣𝑥 horizontal component of velocity  70 

𝑣𝑦 vertical component of velocity  71 

𝑧 position 72 
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TABLE CAPTIONS 75 

Table 1. Summary of bearing capacity factors (𝑵𝒄) and added mass coefficients (𝑵𝑨𝑴,𝟐𝑫) for a plane 76 

strain plate 77 

Table 2. Summary of bearing capacity factors (𝑵𝒄) and added mass coefficients (𝑵𝑨𝑴,𝟑𝑫) for an 78 

axisymmetric disc 79 

Table 3. Summary of parameters used in the illustrative example 80 

 81 

FIGURE CAPTIONS 82 

Figure 1. Failure mechanism from upper bound theorem for a (a) rough and (b) smooth plates and their 83 

accompanying hodographs (c) and (d) 84 

Figure 2. Variations in the contributions of shear strength and the added mass of the material, with 85 

respect to the dimensionless group 
𝒔𝒖

𝑩𝝆𝒂
 for (a) plane strain plate and (b) circular disc 86 

Figure 3: Forces acting on embedded plate anchor during impulse snatch load. 87 

Figure 4: Anchor movements during impulse snatch load with and without added mass effects 88 

Figure A1: Variation of the cylinder and spheroid work rate integral with changing aspect ratio, AR 89 
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1. INTRODUCTION 92 

Offshore renewable energy facilities are extending to floating structures in deeper waters, where 93 

stronger wind resources can be harnessed (Catapult, 2018). Meanwhile, floating oil and gas facilities 94 

continue to be deployed. Embedded plate anchors are an efficient solution for floating facilities 95 

particularly in soft seabeds. Plate anchors can be installed many ways, including drag-embedment, 96 

free-fall, screwing or via a suction anchor (Randolph & Gourvenec 2011, Aubeny 2017, O’Loughlin 97 

et al. 2017).  98 

The anchor capacity is typically calculated as a multiple of the soil shear strength with an additional 99 

term representing the overburden if the failure mechanism is shallow (Randolph & Gourvenec 2011, 100 

Aubeny 2017). However, under rapid loading, additional capacity is created from the mass of the soil 101 

surrounding the plate. This added mass term is well recognised in fluid mechanics (e.g. Lamb 1895, 102 

Morison et al 1950, Sarpkaya & Isaacson 1981), and is routinely considered in the dynamic motion of 103 

floating structures and mooring lines. However, it is ignored in conventional geotechnical capacity 104 

analysis.  105 

This technical note documents a method to quantify the added mass of the soil surrounding a plate 106 

anchor and the resulting additional resistance. The added mass effect is derived for conventional 107 

geotechnical collapse mechanisms in cohesive soils and compared to solutions from classical fluid 108 

mechanics. The influence of the contribution from added mass is illustrated for typical input 109 

conditions. This study does not consider the additional effects on soil strength (𝑠𝑢) relevant to 110 

dynamic loading, namely the influence of their rapid and cyclic nature on 𝑠𝑢. The cyclic nature may 111 

reduce 𝑠𝑢, but dynamic loads with higher loading rates may also raise 𝑠𝑢 due to the effect of strain 112 

rate on strength (Randolph & Gourvenec, 2017; Lunne & Andersen, 2007; Koumoto & Houlsby, 113 

2001; Mitchell, 1993, 1964).  114 

The general approach used in this paper to find the added mass term can also be applied to other 115 

materials, where similar effects are evident (e.g. Athani, S & Rognon, 2019). It can also be applied to 116 

other shapes of foundation – such as piles and caissons – via the same method if the velocity fields 117 

mobilised in the soil failure mechanism are identified, for example, experimentally or from a 3D finite 118 

element analysis.  119 

 120 

2. BACKGROUND  121 

Geotechnical bearing capacity theory 122 

In undrained soils, the upper bound theorem is used to define a kinematically-admissible collapse 123 

mechanism for an embedded plate. Rigid sliding blocks of soil flow around a plate moving at a 124 
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velocity (𝑣𝑓) as shown in Figures 1a and b. A hodograph showing the relative velocities throughout 125 

the mechanism is shown in Figures 1c and d. The internal work dissipation rate on each sliding plane, 126 

including the triangular blocks within the shear fan, is the product of the shear forces and relative 127 

velocities on the plane. Equating the work input to the dissipation gives the capacity due to the soil 128 

strength: 129 

𝐹𝑠𝑢 = 𝑁𝑐𝑠𝑢𝐵          (2.1) 130 

where 𝑁𝑐 is the bearing capacity factor, 𝑠𝑢 is the soil shear strength and 𝐵 is the plate width. Solving 131 

the work equation yields 𝑁𝑐 = 3𝜋 + 2 (Meyerhof 1951, Rowe & Davis 1982, Martin & Randolph, 132 

2001).  133 

Under rapid loading, at soil failure, additional work is required to accelerate the soil mass within the 134 

mechanism according to Newton’s 2nd Law. The acceleration varies throughout the mechanism and 135 

the net effect is an additional component of resistance 𝐹𝐴𝑀 = 𝑚𝐴𝑀𝑎 where 𝑎 is the acceleration of 136 

the plate and 𝑚𝐴𝑀 is a representative ‘added mass’. As described later, this term can also be derived 137 

from the collapse mechanism. The total resistance force (𝐹) on the plate after 𝐹𝑠𝑢 is exceeded is  138 

𝐹 = 𝐹𝑠𝑢 + 𝐹𝐴𝑀          (2.2) 139 

Hydrodynamic added mass theory 140 

In hydrodynamics, fluid flow around an accelerating plate is a classical problem. The force (𝐹𝐴𝑀) due 141 

to acceleration of inviscid fluid surrounding an object is analysed via the work done from the 142 

unsteady reaction forces on a body (Lamb, 1895). For a rigid body moving with speed 𝑣𝑓, the fluid 143 

kinetic energy is defined as 144 

𝐸 = 𝜌𝑣𝑓
2 ∫ 𝜅̃ 𝑑𝑉

𝑉
=

1

2
𝑚𝐴𝑀𝑣𝑓

2        (2.3) 145 

where 𝜌 is the density of the fluid, 𝑉 is the volume of fluid influenced by the flow field, 𝑚𝐴𝑀 is the 146 

lumped added mass term, and 𝜅̃ is the local kinetic energy of the flow defined per unit mass, scaled by 147 

the body velocity (𝑣𝑓). For planar flow, this is 148 

𝜅̃ =
1

2
(
𝑣𝑥
2+𝑣𝑦

2

𝑣𝑓
2 )          (2.4) 149 

The 𝑣𝑥 and 𝑣𝑦 terms are the horizontal and vertical component velocities throughout the flow field 150 

when the object moves at 𝑣𝑓. The added mass term can be isolated using Equations 2.3 and 2.4  151 

𝑚𝐴𝑀 = 𝜌∫
𝑣𝑥
2+𝑣𝑦

2

𝑣𝑓 
2  𝑑𝑉𝑉

         (2.5) 152 
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The added mass term is found by integrating the velocities over the flow field caused the accelerating 153 

body and solutions exist for various rigid bodies (Newman, 2018). Using the potential flow solutions 154 

for the velocity field, the forces to accelerate a plane strain thin plate, or strip, of width 𝐵 or a thin 155 

circular plate of diameter B in the axisymmetric case, are, respectively: 156 

𝐹𝐴𝑀 = 𝑚𝐴𝑀𝑎 =
𝜋

4
𝜌𝐵2𝑎        (2.6a) 157 

𝐹𝐴𝑀 = 𝑚𝐴𝑀𝑎 =
1

3
𝜌𝐵3𝑎        (2.6b) 158 

It is useful to define the dimensionless hydrodynamic added mass coefficient as 𝑁𝐴𝑀,2𝐷 =
𝑚𝐴𝑀

𝜌𝐵2
 or 159 

𝑁𝐴𝑀,3𝐷 =
𝑚𝐴𝑀

𝜌𝐵3
  for the 2D plane strain and 3D axisymmetric cases; i.e. 𝑁𝐴𝑀,2𝐷 =

𝜋

4
  and 𝑁𝐴𝑀,3𝐷 =

1

3
 160 

respectively.  161 

3. ANALYTICAL SOLUTION FOR FAM  162 

The same approach as used for fluid flow can be applied to the deformation field defined by the 163 

geotechnical upper bound collapse mechanism, so the total force (𝐹) can be written as  164 

𝐹 = 𝑁𝑐𝑠𝑢𝐵 +𝑁𝐴𝑀𝜌𝐵
2𝑎        (2.7) 165 

The velocities and volume of the sliding blocks within the plane strain collapse mechanism are 166 

integrated according to Equation 2.5, for both symmetrical and one-sided Prandtl failure mechanisms 167 

(Figures 1a,b).  168 

For the symmetrical mechanism, Zones A and C give equal added mass contributions. The area (𝐴) of 169 

the triangles, their velocity terms and resulting added mass contributions, 𝑚𝐴𝑀 are 170 

𝐴 𝐴,𝐶 =
𝐵2

4
;  (

𝑣𝑥
2+𝑣𝑦

2

𝑣𝑓
2 )

𝐴,𝐶

= 1 ;  𝑚𝐴𝑀
𝐴,𝐶 =

1

4
𝜌𝐵2      (3.1) 171 

In the fan shear zone B, the added mass term from integrating the velocities and areas from 𝜃= 0 to 
3𝜋

2
 172 

is 173 

𝑚𝐴𝑀
𝐵 = ∫

1

𝑣𝑓
2 (

√2

2
𝑣𝑓)

2

(sin2 (
𝜋

4
+ 𝛿𝜃) + cos2 (

𝜋

4
+ 𝛿𝜃))

1

2
(
√2

2
𝐵)

2
3𝜋/2

0 
𝑑𝜃 =

3𝜋

16
𝜌𝐵2 (3.2) 174 

Therefore, the total added mass term from applying Equation 2.5 over the whole failure mechanism is 175 

𝑚𝐴𝑀 = (
1

2
+
3𝜋

8
) 𝜌𝐵2 = 1.678𝜌𝐵2       (3.3) 176 

This result is doubled for the one-sided Prandtl mechanism as half of the soil mass is moving at 177 

double the speed. The area (𝐴) of the triangles, their velocity terms and resulting added masses in 178 

zones A and C are  179 
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𝐴 𝐴,𝐶 =
𝐵2

4
;  (

𝑣𝑥
2+𝑣𝑦

2

𝑣𝑓
2 )

𝐴,𝐶

=
0+(√2𝑣𝑓)

2

𝑣𝑓
2 = 2 ; 𝑚𝐴𝑀

𝐴,𝐶 =
1

2
𝜌𝐵2     (3.4) 180 

The added mass term in the fan shear zone B is 181 

𝑚𝐴𝑀
𝐵 = ∫

1

𝑣𝑓
2 (√2𝑣𝑓)

2
(sin2 (

𝜋

4
+ 𝛿𝜃) + cos2 (

𝜋

4
+ 𝛿𝜃))

1

2
(
√2

2
𝐵)

2
3𝜋/2

0 
𝑑𝜃 =

3𝜋

4
𝜌𝐵2 (3.5) 182 

Therefore the total added mass term is 183 

𝑚𝐴𝑀 = (1 +
3𝜋

4
) 𝜌𝐵2 = 3.36𝜌𝐵2       (3.6) 184 

 185 

4. NUMERICAL VERIFICATION OF FAM 186 

To check Equations 3.3 and 3.6, and explore 𝑚𝐴𝑀 for a circular plate, numerical analyses of the 187 

collapse mechanism were used to create deformation fields to independently determine the added 188 

mass term according to Equation 2.5. The numerical analysis utilised OxLim, a developing research 189 

software that uses Finite Element Limit Analysis (FELA) to solve geotechnical lower and upper 190 

bound solutions (Makrodimopoulos & Martin 2006, 2007, 2008). Four cases were considered; rough 191 

and smooth plates, with plane strain (strip) and circular (disc) shapes. The soil had homogenous 192 

undrained shear strength and unit weight.  193 

The resulting bearing capacity factors obtained with the Tresca failure criterion matched to within 194 

0.1% the exact plasticity solutions (Martin & Randolph 2001). The added mass coefficients were 195 

found from Equation 2.5, by integrating the velocities and volume of each element over the flow field 196 

within the full soil domain. For the plane strain case 𝑚𝐴𝑀 was within 2% of the analytical solution for 197 

the symmetrical mechanism (Equations 3.1 to 3.3) (Table 4). The added mass coefficient for the 198 

circular plate was lower than the plane strain case by a factor of 2. This reflects the more localised 199 

failure mechanism, so less mass is accelerated ( 200 

Table 5).  201 

5. SUMMARY AND APPLICATIONS  202 

Summary of bearing and added mass coefficients 203 

Table 4 and  204 

Table 5 summarise the bearing capacity factor (𝑁𝑐) and added mass coefficients (𝑁𝐴𝑀) determined 205 

using fluid mechanics and geotechnical approaches. For the inviscid flow solution, an equivalent 206 

bearing capacity factor was determined by developing the work equation analytically (see Appendix). 207 
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𝑁𝐴𝑀 from the geotechnical collapse mechanism is significantly larger than from the inviscid flow 208 

field because of the different flow mechanisms. In inviscid fluids, there is negligible shear resistance 209 

within the material and the flow field develops such that the added mass term is minimised. However, 210 

in soil, with shear resistance, the optimal flow field minimises the dissipation. The resulting 211 

mechanism is larger resulting in a higher added mass. 212 

These failure mechanisms that are exact for inviscid flow and rigid plastic flow represent extremes of 213 

the soil response across the potential range of loading rates. The different contributions of the shear 214 

strength and added mass to the total resistance are shown in Figure 6 across the range of 215 

dimensionless group 
𝑠𝑢

𝐵𝜌𝑎
, which represents the balance between strength and inertia forces. 216 

When 
𝑠𝑢

𝐵𝜌𝑎
 is high, the shear strength term dominates, with the soil weightless in the limit 

𝑠𝑢

𝐵𝜌𝑎
→ ∞ so 217 

the uplift capacity approaches the rigid plastic solution. Conversely, at low 
𝑠𝑢

𝐵𝜌𝑎
, the added mass term 218 

dominates and in the limit the soil is strengthless. 219 

The combined resistance from the bearing capacity and added mass coefficients of the inviscid and 220 

rigid plastic solutions are consistent with this transition. At high 
𝑠𝑢

𝐵𝜌𝑎
  the rigid plastic mechanism 221 

offers lower total resistance and therefore the optimal failure mechanism, whereas at low 
𝑠𝑢

𝐵𝜌𝑎
 the 222 

inviscid flow solution is lower. The transition is at  
𝑠𝑢

𝐵𝜌𝑎
  1 for plane strain, and 0.08 for 223 

axisymmetry. In practice, the optimal mechanism that is mobilised could involve a mixture of the 224 

rigid plastic and inviscid flow fields, which are superposable. The transition between rigid plastic, 225 

inviscid flow, or a mixture, is likely to be smooth, similar to experimental observations for steady 226 

flow around a cylinder in soft soil (Sahdi et al. 2014). 227 

 228 

Illustrative example 229 

This example shows the influence of added mass for a typical design event of a force impulse (𝐹𝑙𝑜𝑎𝑑) 230 

representing a snatch loading from a wave. Snatch loads are caused by dynamic mooring effects and 231 

can have a period 10 times shorter than the wave itself (e.g. Hann et al. 2015, Lind et al. 2016). In 232 

geotechnical design, failure of a plate anchor can be defined at a displacement (𝑆𝑚𝑎𝑥) of 10% of the 233 

plate diameter. 234 

The impulse, 𝐹𝑙𝑜𝑎𝑑 is represented by (Figure 7): 235 

𝐹𝑙𝑜𝑎𝑑 = 𝐹𝑚𝑖𝑛 + ( 𝐹𝑚𝑎𝑥 − 𝐹𝑚𝑖𝑛) (
 sin(

𝑡−𝛼

𝑇
)

𝑡−𝛼

𝑇

 )      (5.1) 236 
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where 𝐹𝑚𝑖𝑛 represents a steady static component of the mooring load and 𝐹𝑚𝑎𝑥 is the peak load, 237 

varying with time, 𝑡, offset by 𝛼 , with 𝑇 being the event period. When 𝐹𝑙𝑜𝑎𝑑 exceeds 𝐹𝑠𝑢 the plate 238 

moves and Newmark’s 𝛽 method is used to calculate the resulting response (Figure 8). Therefore, the 239 

response of the plate, when Fload > Fsu, is defined by the following equation of motion: 240 

∑𝐹 = 𝐹𝑙𝑜𝑎𝑑 − 𝐹𝑠𝑢 − 𝐹𝐴𝑀  = 𝑚𝑝𝑙𝑎𝑡𝑒𝑎       (5.2) 241 

where 𝑚𝑝𝑙𝑎𝑡𝑒 is the mass of the plate. In Figure 7, 𝐹𝐴𝑀, is the extra resistance force from the 242 

acceleration of the soil mass involved in the failure mechanism during the impulse load. The 243 

anchoring system withstands a peak load that is ~1.5 times greater than the geotechnical static 244 

capacity, due to the added mass contribution, without exceeding the allowable displacement of 𝑆𝑚𝑎𝑥= 245 

0.1𝐵 (Figure 8c). This example shows that the added mass contribution can significantly enhance the 246 

capacity available to resist dynamic loads, beyond the geotechnical capacity typically used in practice. 247 

It is possible that the added mass, which is overlooked in design, are partly responsible for mooring 248 

systems failures being primarily due to mooring lines breaking, rather than anchors pulling out (Ma et 249 

al. 2019). 250 

A second dynamic response for the same impulse load is also shown in Figure 8, for a case in which 251 

the mass of the plate is considered, but not the added soil mass. In this case the plate displacement 252 

from the loading event is >5m, approximately 10 times more than when the soil added mass is 253 

included (Figure 8c). This is consistent with the added mass being 10 times greater than the mass of 254 

the plate itself. A buried plate is efficient in this respect compared to other foundation types such as a 255 

vertically-loaded pile, for which the failure mechanism mobilises much less added mass. A summary 256 

of the parameters and values used in this illustrative example is included in Table 6.  257 

 258 

6. CONCLUDING REMARKS 259 

This technical note has documented a simple method for determining the added mass resistance 260 

during dynamic loading events on embedded foundations, utilising conventional geotechnical collapse 261 

mechanisms. These solutions are a geotechnical counterpart to the established added mass solutions 262 

derived for fluid flow. The solutions provide the additional contribution to the geotechnical resistance 263 

from the mass of soil accelerated in the failure mechanism during dynamic loading. An illustrative 264 

example shows that this additional resistance can significantly enhance the foundation capacity during 265 

dynamic loading events such as snatch loads within a mooring system. This general approach is not 266 

limited to embedded plate foundations but applies to other foundations, including shallow foundations 267 

or piles that are dynamically loaded. It provides a basis to quantify a potentially large additional 268 

component of geotechnical resistance that is overlooked in conventional design. 269 
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APPENDIX  274 

To find an upper bound plasticity solution for a failure mechanism or flow field, the internal work 275 

rate, 𝑊𝑖
𝑉 as an object moves through a continuum field of volume 𝑉 with a constant undrained 276 

strength 𝑠𝑢 is 277 

𝑊𝑖
𝑉 = 𝑠𝑢 ∫ 𝛾̇𝑚𝑎𝑥𝑉

,   𝑁𝑐 =
𝑊𝑖
𝑉

𝐴𝑈𝑠𝑢
        (A1) 278 

Where 𝑁𝑐 is the work factor scaled by the anchor frontal area 𝐴 and normal velocity 𝑈, and 𝛾̇𝑚𝑎𝑥 is 279 

the maximum local strain rate defined in terms of principal components or eigenvalues, 𝜆𝑖 of the 280 

infinitesimal strain rate tensor 𝐷 281 

𝐷 =
1

2
(𝛻𝑢 +  𝛻𝑢𝑇)         (A2) 282 

where 𝑢  is the continuum velocity. As 𝐷 is real and symmetric, it has real eigenvalues which can be 283 

found analytically in terms of the tensor trace 𝑡𝑟(𝐷) = ∑𝜆𝑖 and determinant det(𝐷) =  ∏𝜆𝑖. In 284 

particular, the maximum strain rate for the Tresca condition is given by 𝛾̇𝑚𝑎𝑥 = 2max|𝜆| =285 

2max(𝜆1, −𝜆3) where 𝜆1 > 𝜆2 > 𝜆3. For the Von Mises condition, 𝛾̇𝑚𝑎𝑥 = √2∑𝜆𝑖
2. Dissipation due 286 

to the relative velocity at the object surface is neglected, which corresponds to the smooth case in the 287 

geotechnical analysis.  288 

Incompressible Irrotational 2D and Axisymmetric Flow 289 

If the velocity field is irrotational, it can be defined by a potential function 𝑢 = ∇𝜙 meaning 𝐷 = 𝐻𝜙, 290 

where 𝐻 is the Hessian matrix. If the flow is also incompressible then ∇ ⋅ 𝑢 =  0 and the potential 291 

satisfies the Laplace equation ∇2𝜙 = 𝑡𝑟 (𝐷) = 0. Classical solutions for many flow potentials are 292 

known, such as from Lamb (1895), however the Hessian of a potential and its eigenvalues have not 293 

been well studied. If a 3D flow defined in coordinates 𝑞1, 𝑞2, 𝑞3 is 2D or axisymmetric about the 294 

coordinate 𝑞3 then 
𝜕𝜙

𝜕𝑞3
= 0 and the strain rate matrix takes the general form 295 

𝐷 = 𝐻(𝜙) = [

𝐷11 𝐷12 0
𝐷12 𝐷22 0
0 0 𝐷33

]        (A3) 296 

where 𝐷33 = −𝐷11 − 𝐷22 due to incompressibility. Since the 𝑞3 rows and columns are linearly 297 

independent there is a trivial mean eigenvalue 𝜆2 = 𝐷33 = −𝐷11 − 𝐷22. With that eigenvalue known, 298 

the characteristic equation is reduced to a quadratic and the other eigenvalues are  299 

𝜆1,3 =
1

2
[−𝜆2 ±√𝜆2

2 − 4det(𝐷2𝑑) ]       (A4) 300 
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Where det(𝐷2𝑑) = 𝐷11𝐷22 − 𝐷12
2 . Substitution gives the axisymmetric maximum strain rate for the 301 

two failure criteria as  302 

𝛾̇𝑚𝑎𝑥 = 

{
 

 |𝜆2| + √𝜆2
2 − 4det(𝐷2𝑑) , 𝑇𝑟𝑒𝑠𝑐𝑎

2 √𝜆2
2 − det(𝐷2𝑑) , 𝑉𝑜𝑛 𝑀𝑖𝑠𝑒𝑠

 303 

           (A5) 304 

For fully 2D flow we must also have 𝐷33 = 𝜆2 = 0 and so 𝛾̇𝑚𝑎𝑥 = 2√−det(𝐷2𝑑) for either failure 305 

criterion. 306 

2D Flows Using Complex Variables 307 

For 2D potential flow with a holomorphic complex potential Φ(𝜁), where 𝜁 = 𝑥 + 𝑖𝑦 = 𝑟𝑒𝑖𝜃, 
𝑑Φ

𝑑𝜁
=308 

𝑑Φ

𝑑𝑥
=

𝑑Φ

𝑑(𝑖𝑦)
. This means the strain rate tensor and maximum strain rate are 309 

𝐷𝑥𝑥 = −𝐷𝑦𝑦 = 𝑅𝑒|Φ
′′|, 𝐷𝑥𝑦 = −𝐼𝑚|Φ

′′|, 𝛾̇𝑚𝑎𝑥 = 2|Φ
′′|    (A6) 310 

Complex variables make it simple to map any potential Φ to a new coordinate system using a 311 

transformation function 𝜒 = 𝑓(𝜁). Using the chain rule, the complex velocity is 312 

𝑤 = 𝑢𝑥 − 𝑖𝑢𝑦 =
𝑑Φ

𝑑𝜒
=

Φ′

𝜒′
        (A7) 313 

Where 𝜒′ =
𝑑𝜒

𝑑𝜁
. Applying the product and chain rule again to give the second derivative and strain 314 

rate as  315 

𝑑2Φ

𝑑𝜒2
=

𝑑

𝑑𝜒
(
Φ′

𝜒′
) =

Φ′′−Φ′𝜒′′/𝜒′

𝜒′2
→ 𝛾̇𝑚𝑎𝑥 =

2

𝐽
|Φ′′ −Φ′ 𝜒

′′

𝜒′
 |     (A8) 316 

Where 𝐽 = |
𝑑𝜒

𝑑𝜁
|
2
 is the Jacobian. The volume integral over 𝑉 will also be adjusted in the transformed 317 

space as 𝑑𝑉 = 𝑑𝜉𝑑𝜑 = 𝐽𝑑𝑥𝑑𝑦. Therefore, the Jacobians cancel and the work per unit depth is 318 

𝑊𝑖
𝑣 = 𝑠𝑢 ∫ 2 |Φ′′ −Φ′ 𝜒

′′

𝜒′
 |

𝑉
𝑑𝑥𝑑𝑦        (A9) 319 

General elliptical cylinder 320 

The circle defined by 𝜁 = 𝑎𝑒𝑖𝜃 is mapped to an ellipse using the transformation 𝜒 = 𝜁 − 𝜖𝑎2𝜁−1. 321 

The area (per unit length) of the resulting ellipse is 𝐴 = 2𝑎(1 + 𝜖) and the aspect ratio is 𝐴𝑅 =
1−𝜖

1+𝜖
, 322 

so setting 𝜖 = 0 recovers a circle and 𝜖 = 1 results in a flat plate. Lamb (1895) shows a dipole Φ =323 
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𝑘𝜁−1 describes the flow induced by this moving ellipse, where 𝑘 is the dipole strength. Computing 324 

Φ′ = −𝑘𝜁−2 and 𝜒′ = 1 + 𝜖𝑎2𝜁−2, the complex velocity is  325 

𝑤 = −
𝑘𝜁−2

1+𝜖𝑎2𝜁−2
          (A10) 326 

Therefore, 𝑘 = 𝑈𝑎2(1 + 𝜖) to achieve surface velocity 𝑤 = −𝑈 when 𝑟 = 𝑎, 𝜃 = 0, 𝜋. Note the 327 

velocity is singular at 𝜖 = 1, 𝑟 = 𝑎, 𝜃 = ±
𝜋

2
, corresponding to the corners of a flat plate. Computing 328 

Φ′′ = 2𝑘𝜁−3 and 𝜒′′ = −2𝜖𝑎2𝜁−3 and substituting gives the second derivative as  329 

𝑑2Φ

𝑑𝜒2
=

2𝑘𝜁−3

(1+𝜖𝑎2𝜁−2)3
          (A11) 330 

From which the components of 𝐷 and 𝛾̇𝑚𝑎𝑥 are determined. Finally, the work rate for a general 331 

elliptical cylinder is then 332 

𝑊𝑖
𝑣 = 2𝑠𝑢 ∫ ∫ |

2𝑘𝜁−3

(1+𝜖𝑎2𝜁−2)3
| 

∞

𝑎
𝑟𝑑𝑟𝑑𝜃

2𝜋

0
=  16𝑘𝑠𝑢 ∫ ∫

𝑑𝑟𝑑𝜃

|𝑟2+𝜖𝑎2𝑒−2𝑖𝜃|

∞

𝑎

𝜋

2
0

    (A12) 333 

Which gives 𝑁𝑐 = 4𝜋 for a circle (𝜖 = 0) and 𝑁𝑐 ≈ 13.75 for the plate. The full range of integration 334 

can be determined numerically and the result is summarised in Figure A1. 335 

Sphere  336 

In axisymmetric flow, we cannot use the complex variable coordinate system, but choosing 337 

coordinates aligned with the body geometry ensures 𝜙 = 𝑄1(𝑞1)𝑄2(𝑞2). For example, the flow 338 

induced by a sphere is described by the potential 𝜙 =
1

2
𝑈𝑎3𝑟−2 cos 𝜃 = 𝑅(𝑟)Θ(𝜃). Note the 339 

axisymmtric variable 𝑞3 = 𝜑 does not appear. The strain tensor components are more complex due to 340 

the metrics not being constant, and are given by 341 

𝐷𝑟𝑟 = 𝑅
′′Θ = 2𝛽 cos 𝜃  342 

𝐷𝜃𝜃 =
𝑅′

𝑟
Θ +

𝑅

𝑟2
Θ′′ = −𝛽 cos 𝜃   343 

𝐷𝑟𝜃 = [
𝑅′

𝑟
−

𝑅

𝑟2
] Θ = 𝛽 sin 𝜃         (A13) 344 

Where 𝛽 =
3𝑈𝑎3

2𝑟4
. As such, we have 𝜆2 = −𝛽 cos 𝜃 and det(𝐷2𝐷) =  −𝛽

2(2 cos2 𝜃 + sin2 𝜃) and so 345 

𝛾̇𝑚𝑎𝑥
𝛽

= {
|cos 𝜃| + √5 cos2 𝜃 + 4 , 𝑇𝑟𝑒𝑠𝑐𝑎 

2√2cos2 𝜃 + 1 , 𝑉𝑜𝑛 𝑀𝑖𝑠𝑒𝑠
 346 

           (A14) 347 

Integration gives the work integral as 348 
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𝑊𝑖
𝑉 = 2𝜋∫∫ 𝛾̇𝑚𝑎𝑥

∞

0

𝜋

0

𝑟2 sin𝜃 𝑑𝑟 𝑑𝜃 →
𝑊𝑖

𝑉

𝐴𝑈𝑠𝑢
= 3∫

𝛾̇𝑚𝑎𝑥
𝛽

𝑠𝑖𝑛𝜃 𝑑𝜃
𝜋

0

≈ {
17.165, 𝑇𝑟𝑒𝑠𝑐𝑎

15.255, 𝑉𝑜𝑛 𝑀𝑖𝑠𝑒𝑠
 349 

           (A15) 350 

where 𝐴 = 𝜋𝑎2 is the frontal area. 351 

Oblate Spheroid Coordinates 352 

Obtaining solutions for more general sphere-like shapes requires a more cumbersome coordinate 353 

system such as oblate spheriodal coordinates 𝜁, 𝜇, 𝜑 defined as 354 

𝑥 = 𝑎𝜇𝜁, 𝑦 = 𝜌 cos𝜑 , 𝑧 = 𝜌 sin𝜑 , 𝜌2 = 𝑎2(1 − 𝜇2)(1 + 𝜁2)    (A16) 355 

where 0 ≤ 𝜁 < ∞, −1 ≤ 𝜇 ≤ 1 and 𝑎 is the focal radius. 356 

The scale factors and Jacobian are 357 

ℎ𝜁 =  𝑎√
𝜁2 +𝜇2

1+𝜁2
 ,  ℎ𝜇 = 𝑎√

𝜁2+𝜇2

1−𝜇2
, ℎ𝜑 = 𝜌, 𝐽 = 𝑎

3 (𝜁2 + 𝜇2)     (A17) 358 

Finally, the independent components of the strain matrix applied to an axisymmetric field 𝜙 =359 

𝑍(𝜁)𝑀(𝜇) are 360 

𝐷𝜁𝜁 =
𝑀

ℎ𝜁

𝜕

𝜕𝜁

𝑍′

ℎ𝜁
+

𝑍𝑀′

ℎ𝜁 ℎ𝜇
2  

𝜕ℎ𝜁

𝜕𝜇 
=

𝑍′′𝑀

ℎ𝜁
2 +

𝜇𝑍𝑀′−𝜁𝑍′𝑀

ℎ𝜇
2(𝜁2+𝜇2)

  361 

𝐷𝜇𝜇   =
𝑍

ℎ𝜇

𝜕

𝜕𝜇

𝑀′

ℎ𝜇
+

𝑍′𝑀

ℎ𝜇ℎ𝜁
2  
𝜕ℎ𝜇

𝜕𝜁
 =

𝑍𝑀′′

ℎ𝜇
2 +

𝜁𝑍′𝑀−𝜇 𝑍𝑀′

ℎ𝜁
2(𝜁2+𝜇2) 

  362 

𝐷𝜁𝜇  =
ℎ𝜇 𝑀

′

2ℎ𝜁

𝜕

𝜕𝜁

𝑍

 ℎ𝜇
2 +

ℎ𝜁 𝑍
′

2ℎ𝜇

𝜕

𝜕𝜇

𝑀

ℎ𝜁
2 
 =

𝑍′𝑀′

ℎ𝜁 ℎ𝜇
−

𝜁 𝑍𝑀′+𝜇𝑍′𝑀

ℎ𝜁 ℎ𝜇(𝜁
2+𝜇2)

     (A18) 363 

3D Disc 364 

A disc of radius 𝑎 is obtained on 𝜁 = 0 and the flow potential induced by perpendicular motion of this 365 

disc is given by =
2𝑈𝑎

𝜋
𝜇(1 − 𝜁 cot−1 𝜁) (Lamb 1895). Therefore 366 

𝑍 = 1 − 𝜁 cot1 𝜁 , 𝑍′ =
𝜁

1+𝜁2
− cot1 𝜁 , 𝑍′′ =

2

(1+𝜁2)2
  367 

𝑀 =
2𝑈𝑎

𝜋
𝜇, 𝑀′ =

2𝑈𝑎

𝜋
, 𝑀′′ = 0        (A19) 368 

Substituting these into the oblate strain matrix formula and integrating over the oblate coordinates 369 

gives 370 

𝑊𝑖
𝑉

𝜋𝑎2𝑈𝑠𝑢
≈ {

16.198 ,         𝑇𝑟𝑒𝑠𝑐𝑎
14.842,   𝑉𝑜𝑛 𝑀𝑖𝑠𝑒𝑠

        (A20) 371 
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Which are quite similar to the sphere results. Figure A1 shows the value of scaled work as a function 372 

of the oblate spheroid aspect ratio (adjusted by using different 𝜁 surfaces). The work is fairly constant, 373 

but is at a minimum for spheroids around 𝐴𝑅~0.15 374 

  375 
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TABLES 428 

Table 4. Summary of bearing capacity factors (𝑵𝒄) and added mass coefficients (𝑵𝑨𝑴,𝟐𝑫) for a plane 429 

strain plate 430 

 431 

Method 𝑵𝒄 𝑵𝑨𝑴,𝟐𝑫 

Fluid inviscid flow field 13.750 0.79 

Geotechnical analytical UB  11.425 1.678c, 3.356d 

Geotechnical numerical UB (OxLim) 11.439a, 11.431b 1.648  

Meyerhof (1951) 432 

a, b Rough and smooth analyses 433 

c, d Prandtl one and two-way mechanisms 434 

 435 

Table 5. Summary of bearing capacity factors (𝑵𝒄) and added mass coefficients (𝑵𝑨𝑴,𝟑𝑫) for an 436 

axisymmetric disc 437 

 438 

Method 𝑵𝒄 𝑵𝑨𝑴,𝟑𝑫 

Fluid inviscid flow field 16.198e, 14.842f 0.33 

Geotechnical analytical UB# 13.11a, 12.42b  - 

Geotechnical numerical UB (OxLim) 13.13a, 12.435b 0.548a, 0.599b 

Martin & Randolph (2001) 439 

a, b Rough and smooth analyses 440 

e, f Tresca, Von Mises 441 
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Table 6. Summary of parameters used in the illustrative example 443 

Input Parameters Value Units 

Plate properties   

Plate diameter, 𝐵 5 m 

   

Soil Properties   

Soil density, 𝜌 1800 kg/m3 

Undrained shear strength 𝑠𝑢 20 kPa 

   

Geotechnical capacity   

Bearing factor, 𝑁𝑐 13.11 - 

Geotechnical capacity 𝐹𝑠𝑢 5128.65 kN 

   

Added mass resistance   

Added mass coefficient 𝑁𝐴𝑀   0.548 - 

Added mass 123,300 kg 
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(c) and (d) 468 

Figure 5. Failure mechanism from upper bound theorem for a (a) rough and (b) smooth plates and their 469 

accompanying hodographs (c) and (d) 470 
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(a) 482 

 483 

 484 

(b) 485 

Figure 6. Variations in the contributions of shear strength and the added mass of the material, with 486 

respect to the dimensionless group 
𝒔𝒖

𝑩𝝆𝒂
 for (a) plane strain plate and (b) circular disc 487 
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Figure 7: Forces acting on embedded plate anchor during impulse snatch load. 500 
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Figure 8: Anchor movements during impulse snatch load with and without added mass effects 527 
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Figure A1: Variation of the cylinder and spheroid work rate integral with changing aspect ratio, 𝐴𝑅 538 
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TABLES 

Table 1. Summary of bearing capacity factors (𝑵𝒄) and added mass coefficients (𝑵𝑨𝑴,𝟐𝑫) for a plane 

strain plate 

 

Method 𝑵𝒄 𝑵𝑨𝑴,𝟐𝑫 

Fluid inviscid flow field 13.750 0.79 

Geotechnical analytical UB  11.425 1.678c, 3.356d 

Geotechnical numerical UB (OxLim) 11.439a, 11.431b 1.648  

Meyerhof (1951) 

a, b Rough and smooth analyses 

c, d Prandtl one and two-way mechanisms 

 

Table 2. Summary of bearing capacity factors (𝑵𝒄) and added mass coefficients (𝑵𝑨𝑴,𝟑𝑫) for an 

axisymmetric disc 

 

Method 𝑵𝒄 𝑵𝑨𝑴,𝟑𝑫 

Fluid inviscid flow field 16.198e, 14.842f 0.33 

Geotechnical analytical UB# 13.11a, 12.42b  - 

Geotechnical numerical UB (OxLim) 13.13a, 12.435b 0.548a, 0.599b 

Martin & Randolph (2001) 

a, b Rough and smooth analyses 

e, f Tresca, Von Mises 
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Table 3. Summary of parameters used in the illustrative example 

Input Parameters Value Units 

Plate properties   

Plate diameter, 𝐵 5 m 

   

Soil Properties   

Soil density, 𝜌 1800 kg/m3 

Undrained shear strength 𝑠𝑢 20 kPa 

   

Geotechnical capacity   

Bearing factor, 𝑁𝑐 13.11 - 

Geotechnical capacity 𝐹𝑠𝑢 5128.65 kN 

   

Added mass resistance   

Added mass coefficient 𝑁𝐴𝑀   0.548 - 

Added mass 123,300 kg 
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(c) and (d) 

Figure 1. Failure mechanism from upper bound theorem for a (a) rough and (b) smooth plates and their 

accompanying hodographs (c) and (d) 
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Figure 1. Variations in the contributions of shear strength and the added mass of the material, with 

respect to the dimensionless group 
𝒔𝒖

𝑩𝝆𝒂
 for (a) plane strain plate and (b) circular disc 
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Figure 1: Forces acting on embedded plate anchor during impulse snatch load. 
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Figure 1: Anchor movements during impulse snatch load with and without added mass effects 
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