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ABSTRACT: Theories with generalised conformal structure contain a dimensionful parameter, which
appears as an overall multiplicative factor in the action. Examples of such theories are gauge
theories coupled to massless scalars and fermions with Yukawa interactions and quartic couplings
for the scalars in spacetime dimensions other than 4. Many properties of such theories are similar
to that of conformal field theories (CFT), and in particular their 2-point functions take the same
form as in CFT but with the normalisation constant now replaced by a function of the effective
dimensionless coupling g constructed from the dimensionful parameter and the distance separating
the two operators. Such theories appear in holographic dualities involving non-conformal branes
and this behaviour of the correlators has already been observed at strong coupling. Here we present
a perturbative computation of the two-point function of the energy-momentum tensor to two loops
in dimensions d = 3,5, confirming the expected structure and determining the corresponding
functions of g to this order, including the effects of renormalisation. We also discuss the d=4 case
for comparison. The results for d = 3 are relevant for holographic cosmology, and in this case we
also study the effect of a ®% coupling, which while marginal in the usual sense it is irrelevant from
the perspective of the generalised conformal structure. Indeed, the effect of such coupling in the
2-point function is washed out in the IR but it modifies the UV.
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1 Introduction

The space of quantum field theories contains distinguished points describing end-points of renor-
malisation group (RG) flow, where the theory becomes! a conformal field theory (CFT). At the
fixed point the structure of correlators is highly constrained and in particular the 2- and 3-point
functions are uniquely determined up to constants [9]. Away from the fixed point, the structure of
correlators is far less constrained and in general it is determined by case-by-case computations. In
this paper we will discuss a class of quantum field theories that sit in between the case of general
QFTs and CFTs: this is the case of QFTs with generalised conformal structure.

Theories with generalised conformal structure have a dimensionful parameter, which appears
in the action only as an overall parameter. This implies that the elementary fields can be assigned
a scaling dimension such that all terms in the action scale the same way and all other parameters
that enter in the action are dimensionless. Examples of such theories are gauge theories coupled
to massless scalars and fermions, with Yukawa coupling and quartic couplings for the scalars.
After appropriate rescaling of all fields one may arrange such that the Yang-Mills (YM) coupling
constant (which is dimensionful in dimensions other than 4) appears only as an overall constant in
the action. Assigning “four-dimensional” scaling to all fields, i.e. dimension 1 for gauge fields and
scalars and dimension 3/2 for fermions, all terms in the action have dimension 4. Examples of such
theories are maximally supersymmetric YM theories and it is in this context where generalised
conformal symmetry was first introduced [10, 11]. It was observed that if one promotes the YM
coupling constant to a field that transforms appropriately under conformal transformations then
these theories are conformally invariant. Relatedly, these theories can be coupled to background
gravity in a Weyl invariant way, provided the coupling constant also transforms appropriately under
Weyl transformations [12].

While this is not a bona fide symmetry, it still constraints the structure of the correlators of
the theory [12]. In particular, 2-point functions take the same form as in CFTs, except that now
the constants become functions of the effective dimensionless coupling,

(0a()0a(0)) = 21 (1)

4=d or in momentum space, which we will use throughout this paper,

(Oa(9)0a(—q)) = > Ycalg) (1.2)

where § = g3 @

4=d and we suppress a momentum conserving delta function. A is the dimension

with ¢ = g§//4
associated with the generalised conformal structure and ca (g) is a general function of g (and similar
for ¢a(g)). In CFTs cp is a constant (in general may depend on exactly marginal couplings). In

perturbation theory, g < 1 and

calg) =c1+cag+--- (1.3)

with ¢; constants that may be obtained by an i-loop computation. So the dependence of the
correlator on the momentum ¢ is predetermined (similar to CFTs) and it is only the constants ¢;
that depend on which theory one is considering. It is the purpose of this paper to confirm this
picture and compute the constants ¢;, which we will call generalised conformal structure constants

1Strictly speaking, vanishing of beta functions only implies scale invariance, but it turns out that often the theory
at the fixed point is a CFT, see [1-6] for a sample of works regarding the issue of scale versus conformal invariance
in dimension d = 2,4 and [7, 8] for a counterexample in d # 4: Maxwell theory. We note that this counterexample is
a theory with generalised conformal structure.



(GCSQC), for the class of theories we consider. We emphasise that all computations that we present
here are compatible with standard QFT expectations and do not requite any mentioning of general
generalised conformal structure. Generalised conformal structure however provides a new view on
these results. For example, the implications of dimensional analysis are reinterpreted as that of
generalised scale invariance.

Note that since g depends on ¢ the question of whether perturbation theory is valid depends
on the energy scales that we probe. For d < 4 the theory is asymptotically free, i.e. g — 0 for
q — 00, so the expansion in (1.3) is justified in the UV region, and for d > 4 the theory is free in
the IR and we only expect (1.3) to be valid in the IR.

Quantum corrections could still modify (1.3), even in the perturbative regime. We will use
dimensional regularisation to address this issue to 2-loops. Since the theory is massless, there are
no infinities at 1-loop in odd dimensions, so when d = 3,5 the first correction appears at 2-loops
and gives rise to a logarithmic correction,

calg) = 1+ cag + Gaglogg + - - - (1.4)

where the log is due to UV and IR divergences in d = 3 and due to UV divergences in d = 5. We will
not discuss the d < 3 cases, which have severe IR singularities. We note however these dimensions
include important models such as the DO and D1 branes and the SYK model 2. In even dimensions,
there are singularities already at 1-loop. Since we exclude d < 3, the first case to discuss is d = 4.
In this case however there is no generalised conformal structure: g2, is dimensionless and the
perturbative expansion does not determine the form of the momentum dependence. Nevertheless,
as QFT in d = 4 is textbook material this case serves as benchmark for the d = 3 and d = 5
cases. Moreover, to our knowledge the renormalised 2-point of the energy-momentum tensor for
the general class of theories we discuss here has not appeared before. The next case is d = 6. An
example would be D5-branes but it is known that at least at strong coupling this case is special
(see for example[15, 16]), and we will not discuss it here.

In the opposite regime (IR for d < 4 and UV for d > 4) the effective coupling g becomes
strong, and one may question whether the generalised conformal structure would survive in this
regime. Remarkably, in the cases where there is a working gauge/gravity duality [15, 16] the dual
supergravity solution exhibits generalised conformal structure [10-12]. In such cases the correlators
still take the form (1.2) but now ca(g) has a strong-coupling expansion. In these strong-coupling
examples the generalised conformal structure is further linked with a strong-coupling fixed point
but in “fractional number of dimensions”: the bulk action and the solutions can be obtained from
a higher dimensional AdS via a generalised dimensional reduction (compactification over a torus
and then continuation in the dimension of the torus) [17].

We emphasise that in all cases (1.2) is valid only for a limited range of momenta. For example,
the ®* O(N) vector model in d = 3 is governed by generalised conformal structure for a range
of momenta near the UV fixed point, but it flows to a non-trivial fixed point in the IR. In the
gauge/gravity examples discussed in [12, 15, 16] one takes the large N limit while keeping fixed
and large the effective 't Hooft coupling A = g/N but still small relative to N such that the dilaton
is small. However, there is always a regime (a range of momenta) in which the dilaton becomes
large and the theory exits the phase governed by generalised conformal structure. For example,
in the case of D2 and D4 branes the strong dilaton regime takes us to M-theory with the D2 and
D4 branes lifted to M2 and M5 branes and correspondingly the D2 theory flows in the IR to the
ABJM theory and the D4 theory becomes in the UV the (2,0) theory.

2see in particular [13] for a relevant discussion of this model and [14] for the connection to generalised conformal
symmetry.



In this paper we will discuss the perturbative computation of the 2-point function of the energy-
momentum tensor to 2-loops. The original motivation for this computation was its application
to holographic cosmology. Three dimensional QFTs with generalised conformal structure were
proposed in [18] as holographic models describing a non-geometric very early Universe. The 1-loop
computation was discussed in [19] and the structure of the 2-point function to 2-loops in [20]. The
same paper contained a custom-fit of these models to WMAP and found that these models are
compatible to CMB data and competitive to ACDM. With the view to comparison to PLANCK
data, a precise 2-loop computation was needed. The result of the 2-loop computation was reported
(without derivation) in [21], which discusses the custom-fit of these models to PLANCK data (see
also [22]), again finding that these models are competitive to ACDM. Another purpose of this paper
is to provide the technical details that led to the results used in [21].

Working with dimensional regularisation, the regularised computation may be used in different
dimensions. To renormalise the 2-point function of the energy-momentum tensor, one first needs
to renormalise the 2-point functions of elementary fields. This computation also serves to illustrate
(1.2) but now with O being an elementary field (scalar, fermion or gauge field). This computation
may also be used to justify the assignments of dimensions to the elementary fields under gener-
alised conformal structure. The three cases we discuss (d = 3,4,5) cover super-renormalisable,
renormalisable and non-renormalisable theories. Yet up to 2-loops the computations can be done
in parallel.

The perturbative computation requires the evaluation of 2-loop tensor integrals. We developed
a tensor reduction to scalar integrals implementing in the TARCER package [23] an algorithm
proposed by Tarasov [24, 25]. The results for the integrals may be of general use and are listed in
appendix B.

Perturbative analysis of correlators of the energy-momentum tensor has been done before but
mostly in the context of conformal field theories. Previous perturbative results (almost all 1-loop)
were reported for d = 3 in [18, 19, 26-29] and for d = 4 in [30-37]. The analysis of correlation
functions of elementary fields have been performed in the past in various gauges, up to 2-loop level,
most notably the background field gauge [38—40], focused around the case d = 4. We are not aware
of any similar perturbative computations of energy-momentum correlators in d > 4.

Returning to holographic cosmology, one outstanding question is how to exit from the non-
geometric phase to Einstein gravity. This would be the analogue of the reheating phase of conven-
tional inflationary models. Recall that time evolution is mapped to inverse RG flow in holographic
cosmology, and as discussed in [20] in order to exit from the non-geometric phase we would need to
change the UV of the holographic theory. Here we take a first step towards building such model:
we add a ®° terms in the Lagrangian and compute its contribution at low energies. While such
term is marginal in the usual sense, it is irrelevant relative to the generalised conformal structure.
Indeed, we will see that it induces a beta function for the quartic coupling and we will discuss its
contribution to the 2-point function of the energy-momentum tensor.

This paper is organised as follows. In section 2 we introduce the QFT we will analyse and
discuss our conventions. Then in section 3 we discuss the UV structure of the correlators and
outline the tensor reduction method we used to calculate the relevant 2-loop diagrams. Section 4
is devoted to the analysis of the 2-point of elementary fields; we present their expressions first for
general dimensions and then in d = 3,4 and 5 dimensions, discussing in each case specific aspects of
their renormalisation. We then turn to the study of the TT correlator in section 5 and discuss how
to renormalise it in section 6. In section 7 we address the application of our results to holographic
cosmology, followed by an analysis of the implications of the addition of a ®% term to the action in



section 8. We conclude in section 9 with a discussion of our results. Appendix A contains details
of the 2-loop computations and appendix B the technical details of the tensor reduction and the
list of all 2-loop integrals computed using it.

2 The model

We consider an SU(N) Yang-Mills theory with coupling constant gyyr, coupled to massless scalars
and fermions, all transforming in the adjoint of SU(N), with generators (7%)* = —if®° in terms
of the SU(N) structure constants f?°. The model contains a single gauge field A, N scalars ®M
(M =1,...,Ng) and Ny fermions ¥ (L = 1,...,Ny). The numbers of scalars and fermions will
be kept arbitrary, as well as the Yukawa interactions of the fermions with the scalars. For the
scalars we will introduce generic quartic couplings that will be specialised below. All the fields are
given by ¢ = ¢*T® with group generators normalised as tr7%T? = 1/26%. The (Euclidean) action
is defined as

2 1 1 1 -
S=—— [ duatr {Fijﬂj + —(0:4:)? + 8;€Dic + = (D®’)? + L Pyt
P 4 2¢ 2

. 1
V2, 2, @M | £ AR gy, b @M @M M1

L @ M 5 M Ms g, M.
TR AL St S Sl (2.1)
where
Di¢p = DPD = (§°°0; — i(T¢)™ AS) DY, (2.2)
Fyj=FiT*,  Ff=0;A% — ;A7 + [ ALAS. (2.3)

The fields ¢; and ¢; are the ghost and antighost fields, appearing in the Faddeev-Popov terms in
the Lagrangian (2.1). Notice that we have included a covariant gauge-fixing and we have adopted
the Feynman-'t Hooft gauge £ = 1. The Yang-Mills coupling has mass dimension (4 — d), while
the Yukawa and the quartic-scalar couplings are dimensionless in any spacetime dimension. We
assume a completely symmetric quartic-scalar coupling. This automatically selects a completely
symmetric gauge structure in the interaction vertex, namely

1 f
StrT" T TT = ;tr T T () T () T () |
Str[T T%2][T* 7] = % D tr T T gy T T (2.4)
tow

where the sum is over all permutations of the indices and

1 1
arpbrpepd & gabgsed | T | jabs jeds  rabs peds - jabs rcds abs jcds
w T TTT? = 6 +8[d deds — fabs ¢ +z<d feds 4 pabsg )} (2.5)
On the other hand, in the Yukawa interaction only the antisymmetric component of the gauge
structure is to be taken into account

Atr TOTT° = % fFabe (2.6)

We work with the Wick rotated QFT (with a metric of positive definite signature) and we normalise
the v matrices as try;v; = —2/26;; ({;,7;} = —26:j14), where [a] is the integer part of a and the
negative sign is a consequence of the Euclidean signature.
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We first present all the results in an arbitrary dimension d, specialising to definite d only at
the end. In particular we consider the d = 3,4,5 cases as an example of a super-renormalisable,
renormalisable and non-renormalisable theory respectively, discussing in detail the structure of the
singularities, both infrared and ultraviolet, in each case. The d = 3 case has also an important
application in the computation of the power-spectrum of the cosmological perturbations in the
holographic cosmological models. We will use dimensional regularisation in the MS scheme with
modified minimal subtraction.

3 UV structure and Feynman integrals

Before presenting the explicit results for the 2-point functions, we will first discuss in this section
what we expect based on power counting. We will also outline the computation of the Feynman
integrals and the present the basis of integrals relevant for our computation.

3.1 Power-counting

We are interested in computing the 2-point function of the energy-momentum tensor to 2-loops.
This computation leads to infinities that need to be renormalised. The first step in this process is to
take into account the renormalisation of elementary fields. After this step there are generally still
infinities because the energy-momentum tensor is a composite operator; these should be subtracted
using new counterterms that involve the source that couples to the composite operator, i.e. the
background metric in our case.

Renormalisation of elementary field at some loop order would affect the renormalisation of the
energy-momentum tensor at higher loops. Thus, for the computation of the 2-point function of
the energy-momentum tensor at 2-loops we only need the renormalisation of elementary fields at
1-loop. Moreover, since interactions start contributing to this computation from 2-loops on, we do
not need to discuss the renormalisation of 3- and higher-point functions of elementary fields. It
follows that for the computation of the 2-point function of the energy-momentum tensor at 2-loops
it would suffice to renormalise the 2-point functions at 1-loop order. Nevertheless, we will discuss
this computation to 2-loops, as this computation also serves to illustrate the generalised conformal
structure.

There is one additional issue to check: renormalisation may induce additional terms beyond
the ones listed in (2.1) that would affect the computation of interest. On general grounds, the UV
behaviour of the different diagrams can be obtained using the superficial degree of divergence D

D=d- ZEf sf+771 ZNAZ, (3.1)

:ZIf (257 +d—2) +ZNi(di—d)+d
f i

where the two expressions are linked via the standard identify

21y + Ef =Y Niny (3.2)
7

and we follow the conventions in [41]. In particular, f sums over fields and i over the interactions,
while s takes into account the contribution of the field propagators (s; = 0 for scalars and
gauge bosons and sy = 1 / 2 for fermions). N; represents the number of interactions of type i.
Aj=d—d;i—3yni(ss —|— ¢ —1) is the dimension of the interaction of type i, d; denotes the number
of derivatives and n; the number of fields of type f in the interaction of this type. Ey are the

-6 —



number of external lines of field type f. For the classification of the diagrams it is also useful to
determine the number of loops which is given by

1 1
L:;Ni(zzf:nif—1)—2zf:Ef+1. (3.3)

One may check, using these formulas, that power counting implies that there are superficially
divergent diagrams associated with 3-point functions of scalars (in all dimensions of interest). Were
such diagrams non-zero, renormalisation would induce tr ®3 terms in the action, thus invalidating
the generalised conformal structure, already at leading order. So our first task is to examine whether
such terms are generated.

A tr ®3 coupling is odd under ® — —®, and all terms in the action (2.1) are even under this
transformation except for the Yukawa couplings, ®¥W. It follows that such term could only be
generated by diagrams that involve an odd number of Yukawa couplings, call this number Ny.
Applying (3.2) to the fermions of the diagrams with 3 extrernal scalar lines we find

Iy = Ny + Nyype2 (3.4)

where N 42 is the number of gauge-fermion vertices. Since Ny is odd, so is the sum of Iy + N 4g2
and since each massless fermion propagator and each gauge-fermion vertex contributes one gamma
matrix, each fermionic loop will involve a trace of an odd number of gamma matrices and therefore
will be zero, and thus no tr > coupling is generated. The same argument implies that no higher
odd power of ® is generated either.

When d = 3, A; > 0 for all the interactions in (2.1) and the theory is super-renormalisable,
while when d = 4 A; = 0 and the theory is renormalisable by power-counting, so no new interactions
beyond those listed in (2.1) will be generated. When d = 5 however A; < 0 and the theory is non-
renormalisable, and additional higher dimension terms will be generated. One should view the
results we derive here as valid at energies low compared to the scale set by the lowest such higher
dimension operator.

3.2 Tensor reduction

In this subsection we describe the method we used to calculate the relevant Feynman integrals. To
our knowledge the 2-loop reduction formulas are new and are tabulated in Appendix B.

The 1- and 2- loop diagrams have been computed exploiting the technique of tensor reduction
to 1- and 2-loop scalar integrals. We briefly go through details of the computation highlighting
the most critical steps. The 1-loop tensor reduction of the 2-point functions is straightforward. By
direct inspection of the diagrams contributing to the 2-point functions of the fields and the TT
correlator, it is easy to realise that the highest rank needed in the computation is 4. In this case,
all the scalar coefficients arising from the Lorentz-covariant decomposition of a tensor integral can
be reduced by algebraic manipulations to the main scalar integral By

/ ddk‘1 1 pd—4

By = - Gr, (3.5)

) R +p)2  (4m)i2

where (31 is given by

o — (2 —d/2)T(d/2 — 1)
e I'(d-2)

(3.6)

The tensor reduction of the 2-loop diagrams is more involved for several reasons. Firstly, the
highest rank of the tensor integrals appearing in the computation of the energy-momentum tensor

-7 -
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Figure 1. Topologies of 2-loop contributions to the 2-point functions of the elementary fields. The blob in
the fourth diagram represents an insertion of a 1-loop self-energy.

2-point function is 6. Secondly, the presence of two integration momenta provides different tensor
expansions for a given rank. For the same reason and differently from the 1-loop case, one cannot
rely on a fully-symmetrised tensor basis. The 2-loop tensor decomposition described here can be
(tediously) extended to tensor integrals of arbitrary rank. The scalar coefficients can be written as
f(d) p™ where n is fixed by the mass dimensions of the original integral and of the corresponding
element of the tensor basis, while f(d) is a complicated function of the spacetime dimensions.

The scalar coefficients f(d) can be further simplified by expanding them onto a minimal basis
of scalar integrals. For such purpose we employed the algorithm proposed by Tarasov [24, 25] and
implemented in the TARCER package [23]. On general grounds, the algorithm allows to reduce
the 2-loop 2-point integral

/ dky d¥ky (kD)™ (k3)™2 (p - k1)™ (p - ko)™ (ky - ko)™
(2m)d (2m)d (k3 — m3)"1 (k3 — m3)v2 (k3 — m3)vs (kf —m3)v4 (k2 — m2)vs’

(3.7)

with k3 = k1 +p, ks = ko +p and ks = k1 — ko, into a linear combination of simpler scalar integrals
in which the integration momenta have been removed from the numerator. This is achieved by
exploiting standard algebraic manipulations first, in which irreducible numerators (where only
powers of p - k1 and p - ko appear) are obtained, and then enforcing the algorithm described in
[24, 25].

In the massless case and with v; = 0,1 (realised in our calculations) it is possible to show by
direct computation that the basis is populated by only two elements, namely, (Jo, Bg) where

Jo =

- Ga, (3.8)

/ddkl ddkg 1 pZd—ﬁ
(2m)? (2m)d ki ki kZ  (4m)

is a genuine 2-loop topology while B? is just the square of 1-loop scalar 2-point function. The loop
function G is defined as

CTB-dT(d/2-1)3

G2 = I'(3d/2 — 3) (3:9)

From the previous expressions it is clear that G; in (3.6) develops a singularity only in even
dimensions, while, in the odd-dimensional case, G is finite but G2 in (3.9) diverges. Therefore for
even d, 1- and 2-loop corrections to the 2-point functions are both divergent with, respectively, a
single and a double pole in 1/(d—2k). For odd d, only 2-loop corrections are singular, with a single
pole in 1/(d — (2k + 1)).

4 2-point functions of elementary fields at 1- and 2-loop level

Before discussing the (T'T") correlator, we present the momentum space results for the 2-point
functions, up to 2-loop order, of the fundamental fields, namely the gauge field (A), the fermions



(¥) and the scalars (®). The topologies of the corresponding diagrams are shown in Fig. 1. The
2-point functions can be fixed by generalised conformal invariance as

(p(@)e(—q)) = ¢** “caly) (4.1)

where ¢ = {A, ®, v}, with A = {1,1,3/2} their 4-dimensional mass dimensions and g = g%,,/¢*~¢
the dimensionless coupling constant. In the perturbative regime, the function ca(g) can be ex-
panded as

calg) = cog + c19” + cag® + . .. (4.2)

where ¢; is the i-loop contribution.
The ¢; are expressed in terms of the self-energies (the amputated 2-point functions) which, on
general ground, can be decomposed as

MY5(0) = 0™ Tasi(q) = g 10 g2 (AT, + 2218, + ), (4.3)

:sa . —1 ca — 2
M5, (@) = —i6" ¢ 0y 1,1,(q) = —ig ™' 8 g~ (ATIY ), + NPT o +.0),  (44)
o437, a1, (0) = 6" Mo ar 01, (q) = g~ 6* ¢ (A HS}MIMQ + A2 Hgg\ﬁ% + .. .), (4.5)

where we expressed the answer in terms of the effective 't Hooft coupling A = gN so that the
structure of the large N limit is clear. Here the ellipses stand for higher loop corrections. Lower-
case latin letters a,b denote the gauge indices in the adjoint representation which appear in the
factorised Kronecker delta. On the other hand, upper-case latin letters are used for describing
the flavour structure. From each term in the equations above we have extracted the momentum
dependence and the dimensionless coupling constant g, so that the II coefficients are functions of
the spacetime dimension d and of the dimensionless couplings A1), A() of the single and double
trace quartic terms and the Yukawa couplings u. Gauge invariance fixes the structure of the gauge
self-energy as I14,; = m;; Il where the tensor 7;; is the usual transverse projection tensor defined
as

qiq;
@

7Tz'j = 5ij - (46)

Having introduced the decomposition of the self-energies, we can detail the perturbative expansion
of the 2-point functions, which in the three cases are given by

S0 = g el
2
= 9q2‘d5“b{5ij + ALY 7y 4 A2 {(HS)) + Hf)} mij + O(AS)} ,

(W3 (@), (—q)) = —igdq® 6> Neey,

k=0
. “d ca 1 1 2
= —iggq* "6 {or, + AT o, + 2200 L 0l i) o)),
( ?\41(41)‘1’?\/12(—Q)> = 2 déabz)\kcleMg

_ . .2—d sab (1) 2[p(1) (1) (2) 3
=gq 0" {5M1M2 + Ay by ap, + A |:H<I>M1M3H<I>M3M2 + H@MlMJ +0(X )}
(4.7)
where the summation runs over the perturbative orders covered by the expansion, and where the
coefficients are
_ —_ —_ (1) 2)
Cghlz - 511]2 ’ C(fflfz - H901112 ’ C<2pflfz - HQDIlIsHv?IsIz + H901112 (4'8)
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with the index I = {i, L, M} for ¢ = {A, v, P}.

We proceed by presenting the expressions of the scalar form factors at 1- and 2-loop level I1(1:2)

in the three cases.

¢ One-loop
At 1-loop order and for arbitrary d dimensions, the 2-point self-energies take the form

1 G

HS):[3d—2+2(2—d)/\/¢—/\fq>]2(d_1) LR (4.9)
), = [_d;Q Opita + iﬂfl)m} (45)1!1/2, (4.10)
n®, 1 = {2 Sam vy + ;uﬁ\%%} Mf)ld/w (4.11)
where N3 counts all the scalar fields and we have defined
NS;OBLQ = ML Ly MM L3Lo » L — fermion flavours,
“5\(31)1M2 = ML Ly WMoLoLy » M — scalar flavours . (4.12)

At two loop level we will be needing additional definitions of such products, which can be
found in (A.5). Notice that we have introduced the same notation 1(°) to denote two different
contractions of two Yukawa couplings. There is no risk of ambiguity as we always use the
latin letters L and M to represent fermionic and scalar flavour indices, respectively.

o« Two-loop

Moving to 2-loop level, the corrections to the scalar form factors in the expansion of the self-energies
of all the fields are given by

) =

1 8 —3d
{aAo [OJAIG% + OéAQGQ} + ¥ {46‘% + )G2:| } (4.13)

(4m)d 2(d—4

(0)
) 1 2 Mr.r 2
WIiLy = 47r)d{awo (alel + aszz)(SLng + 2(d— 42 = 2)2 {0411;36'1 + aw4G2}

—~

! 1) 2 (2) 3)
e =D (1), (d = DG+ 4((d— 2Py, + (@ -3 6] L ()

(0)
2 1 Yy
Monns = (47r>d{o“1’° (e G+ Gl + g5 [0 GE +wi
1 (5) 2 (6)
+m {MMle (d B 4)(G1 - 2G2) + 4:LL]\/[lj\/[2 (d - 2)G2:|
N
+M4AM1M2G2}’ (4.15)

where @ 4;, oyj, g, which are functions both of the dimension d and the field multiplicities Ny,
No and are given in appendix A.1l. AO) M2Y and u(i) are quadratic and quartic products of the
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couplings A and p defined in (2.1), of the form

ONENG)) (1) 6 18 2) ) 2 1
/\M1M2 - AM1M3M4M5)‘M2M3M4M5 (1 B N2 + N4 + /\M1M3M4M5)\M2M3M4M5ﬁ L+ N2

1 2 1 2 2 3
+ <)‘5\/1)1M3M4M5)‘S\/[)2M3M4M5 + )‘5\/[)2M3M4M5 /\S\J)1M3M4M5) ]\[2( o ]\[2>’

M%/ = HML1Ly MM LyL1>
1
MEBLQ - IU’M1L1L3 MM2L3L4 MM1L4L5 MM2L5L27 (416)
with the remaining p(?) differing from the way the indices of the p’s are contracted and can be
found in appendix A.1.

4.1 Generalised conformal structure constants: Results in d = 3

This case represents an example of a super-renormalisable SU(N) theory in which the gauge cou-
pling constant gyy is dimensionful with mass dimension 1/2.

In d = 3, G is finite but G2 develops a singularity parametrised, in dimensional regularisation,
by a single pole in d — 3. Concerning the self-energy of the gauge field, one can show using power-
counting arguments that all diagrams but one are UV divergent. The exception is the last diagram
in Fig.1, which is the product of two UV-finite 1-loop bubbles. Actually, the UV singularity
cancels in the full 2-loop result and only an IR divergence survives. This can be easily proven
introducing a small mass regulator to control the small momentum behaviour of the correlator.
The use of the regulator is particularly useful to disentangle the poles of dimensional regularisation
which, otherwise, would hide their UV or IR nature in the € expansion. The two IR divergent
contributions in the perturbative expansion of the 2-loop 2-point function of the gauge fields are
depicted in Fig. 2. Similarly, the 2-point function of the fermion fields develops an IR singularity.
The structure of the self-energy of the scalar fields is instead different, because the UV divergence
does not cancel and must be removed by a suitable mass counterterm as shown below.

In d = 3 dimensions, the 2-point functions of the fundamental fields, up to 2-loop in perturba-
tion theory, are given by

<A?(Q>A?<—Q)> =gq! 5ab{5z‘j + i P\ off + X% e + A% log A 55‘1}{} + O(/\S)},
(W, (@0, (=0)) = —igda " 8 {0r,00 + Al 1, + N g, g, + N Tog A &g g, g, + OO,
(@%r, (Q)q)?\@(—q» =gq! 5ab{5M1M2 + >\C<1DM1M2 + A2 Cg)Mle + 2% log A 5§1RM1M2

+ A log A &y aan, + O(AS)}a (4.17)

where A = gV and the explicit results for the 1- and 2-loop generalised conformal structure con-
stants of the gauge field are

1
e = 57— 2Ny — N,

) 1
G = g5 | (~7+ 2Ny + 5N + 4i¥ .

~A 2
A G (1 gymN 1 2
= =0 _ 19] —16 20Ny — 2 - 15
cy 9 (w + 2log i ) + 10247r2{ (1y + 20Ny, — 2No )

+ (4 + (2N + No — 2) (2N + Na) +29)] (4.18)

— 11 -



while for the fermion fields they take the form

1
v _ (0)
Cl L1L2 - 32 |:_2 6L1L2 + ML1L2:| )

- 1 (0) 2
Sirrit, = o303 (=14 + 4Ny + 2Na)dr, 1, + 12000, + 30, |

~1Z) 2
¥ GO (1 gymN 1 9 o
L, = — 5 1L2 (w + 2log R > + 57602 | 64 + 4N¢ +5Ng — 571’ 0L, Ly

@) G T ) )

© 9
+ 18pp,+3 (‘ML1L2 tHLL, T g(ﬂLlLQ + ML1L2)> : (4.19)

The IR singularity is described in dimensional regularisation by a single pole in w = d — 3.
Similarly, for the scalar 2-point function we obtain

1 0
C(lelMQ = E [4 5M1M2 + :U’E\/[)lMQ}a

1 1 1
6§UVM1M2 =~ |(1 = 2Ny — No)dnm, + 2#%3)11\42 + *N5\54)1M2 + /‘5\3)11\42 - *)‘5\(21\42 )
327 2 72
o R S TSP YV YA 3%
CZIRMlMQ - _96772 [( - v (b) M1 M + uMlMQ ?
- 2 2
& COmRMM, [ 1 gymN - gymdY
CoMMy = — 5 1 M3 <w+210g,u1R ) — CoUV M, My logi,UUV

1 3\, 1\, 1@ \1
"~ 19272 {(2 - N2>’\M1M2M3M4 + (1 + ]\/'2))‘M1M2M3M4 Oty + gHALM, )

1 [1 2 372\ (o)
1 5 6 w2 7 1.0
#9312~ s+ s ) + 58 (20

Notice that we have absorbed the yp — log4m term in the 1/w pole and we have introduced the
UV and IR scales pyv and pigR.

As discussed before, the 2-point function of the scalar field is the only one affected by a UV
divergence. This has been removed in the MS renormalisation scheme by a mass counterterm
om3y, ap,tr @ar, Par, /2, where

(g3m N)? L ) (6)

2 _ (0)
oMy, v, = e [(1 — 2Ny — No)onn my + 2005/, 0p, + S Ha My + Lag v,

1 1 3\.a 1\ (2 0 1
(4.21)

with e =3 — d.

4.2 Generalised conformal structure constants: Results in d =4

In this section we offer more details about the renormalisation of the 2-point functions of all the
fields in d = 4 dimensions. Differently from the d = 3 case, in d = 4 dimensions the UV singularities
already appear at 1-loop level through a 1/(d—4) pole in the GG; function, and at 2-loop as single and
double poles. On the other hand, the IR singularities do not affect the 2-point functions. These
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Figure 2. IR divergent contributions to the 2-loop self-energy of the gauge field. The blob represents the
1-loop correction.

divergences can be absorbed, as usual, in the redefinition of the fields ¢ — Z/2¢, through the
wave-function renormalisation constants, and of the couplings. In particular, the UV divergences
of the 2-point functions are removed by counterterms extracted from the kinetic part of the action.
These are given by

1 _
oNi(q) = ———(ZaZ; = 1)6"¢*mis(a),
Iym
1
6Hab(q) N 4 Z—l -1 6ab 2’
@ =~ (22" 1)
OTL, %0 = (24, 2~ bp,,)6
wL1L2(Q) - g%M< T/)L1L2 g - Lng) ﬁ;
1 _
6H(I)7\21M2 (q) = T3 (Z(leMQZ 1 6M1M2)5ab 2; (422)
Iym
with Z4, Z., Zg and Zg being the wave-function renormalisation constants of the gauge, ghost,
fermion and scalar fields respectively, while Z, renormalises the gauge coupling g%M. The renor-
malisation factors are characterised by the usual pole expansion in d =4 — ¢

(1) A 7(2) 7(12)
Towm| a2 T +...

Z:1+9%’MT

- (4.23)

where we have omitted a possible flavour structure. Notice that the indices (12) in Z(1?) refer
to the order of the pole (order 1) and of the perturbative expansion (2). The finite parts of the
corresponding counterterms will be labelled the same way (as 6(12)). The 611%°(¢) represents the
counterterm of the self-energy of the ghost field which, at 1-loop level and in d dimensions, is given
by

N 40 Gi

ab _ ga
HC (Q) - 6 2 q (47T)d/2 .

(4.24)

The 1-loop renormalisation of the 2-point function of the ghost fields is in this case necessary, since
it contributes to the perturbative expansion of the correlator of the gauge field at 2-loop order.
From the structure of the singularity of the 2-point functions at 1-loop order one can easily extract
the corresponding counterterms, which are given by

8O =720 -z = —48;2 (—10 + 4Ny + Na) |
50 = 70— 70 = #,
51(;2@2 = 1(/,1%1@ — él)stle = 321?(—4%@2 + Ms;ol)Lg) ;
S rnan = Zorron — 25 s, = 1o (4a0m + i an,) - (4.25)
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The previous relations are not sufficient to completely determine the five 1-loop renormalisation
constants Z(1) appearing in Eq.(4.22). In order to close the set of equations, the analysis of the UV
divergence of one of the 3-point functions involving one gauge field is still necessary. Furthermore,
the knowledge of the 1-loop counterterms of the vertices is also required by the renormalisation
of the 2-loop 2-point functions of the elementary fields. Indeed, these counterterms appear in the
perturbative expansion as vertex insertions in diagrams of a 1-loop topology.

We have explicitly computed the divergence of the fermion-gauge boson vertex at 1-loop level
from which the corresponding 1-loop counterterm, proportional to the renormalisation constant

szit/ 2Zg_ 1 _ 1, is identified and it is given by the expression

(1)
(1) _ (% 1 (1) 1 (0)

The counterterms on the other 3-point vertices, with the only exception of the Yukawa coupling,
are related by gauge invariance to the fermion-gauge boson correlator and to the 2-point functions,
and do not need to be computed independently. They are given by

3 1
5&3&A = 52(1) - Zégl) = T 4Sx ——5(=4+ Ng +4Ny),
0 _ 1w g0 g 1
Ohce 2 T 1672’
(1)
1 Zy 1 1 0
61(4%‘1)M1M2 = < 2 Zé1)>6M1M2 + Z(g)])\lle = 167’(’2 (2 6M1M2 + lug\/[)lMg) ? (427)

which correspond, respectively, to the 3-gauge, the ghost-gauge and the scalar-gauge boson ver-
tices. As stated above, the renormalisation of the 1-loop Yukawa vertex requires an independent
computation from which we extract the counterterm
551313-@ MLiLy = 39,2 (2 HMLiLy T HML La M LsLa M LaLs) - (4.28)

As already noticed above, the 1-loop counterterms appear in the 2-loop perturbative expansion as
propagator and vertex insertions in diagrams with a 1-loop topology. They remove the momentum-
dependent single-pole singularities of the form 1/¢logp, which could not be absorbed by the renor-
malisation constants characterised by the structure given in Eq.(4.23). All the remaining diver-
gences, e ' and €2, are proportional to constant coefficients and can be absorbed, respectively, in
the renormalisation constants Z(12) and Z(?) of Eq.(4.23). The 2-loop counterterms can be found
in appendix A.2. This complete the renormalisation program of the 2-loop self-energies of the
fundamental fields.

In d = 4 dimensions, the renormalised 2-point functions exhibit the following perturbative
structure

a b 9 cab = N 1 A(nk) k4
(AY (@AY (—q)) = gq 28> > ey logh ——,

n=0 k=0 Huv
a Qa n TLkI q
(WF, (@, (—q)) = —igdq 20 bZZA ey logh |
n=0 k=0 HUV
a -2 ca — n ®,(n,k q
(@4, ()4, (—a) = ga 26 S S A et logh T, (4.29)
n=0 k=0 HUvV

where n counts the perturbative order and &k the logarithm power. The first coefficient, correspond-

ing to n = 0, represents the identity matrix in the respective space, c}fn’(o’o) = ;. The coefficients
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at 1-loop are given by

627(1,0) = 1> (31 — 10Ny, — 4No) ;5 , Cf}’(l’l) = 6Oy,
¥,(1,0) _ (0) w11 __5()
CL1L2 - 321 2 (26L1L2 - /‘LLle) ) CL1Ly - 51/1 LiLg>
®,(1,0) _ (0) o,1,1) (1)
Cair, = torz(400nan + iaan) s Cain, = 00 Anan (4.30)

with 55(01) defined in Eqgs.(4.27). At 2-loop, in the gauge sector we have

Ao _ 1 —444 — 211 4 144 -2
‘ g (444N 3Np + 6490 + 144 (3 (8N, + No — 2)
B 504MY)7TU +Czk(10) A](IO)’
Ay _ 1 )
' = 31e (( 790 + 436Ny, + 187TNg) + 36 uy)mg t2o ey
A,(2,2 A(1,1) A1 2
D AAD ALY 5@ (4.31)

The expressions of the remaining coefficients at 2-loop are given in appendix A.3.

4.3 Generalised conformal structure constants: Results in d =5

As a last example we consider a non-renormalisable theory in d = 5 described by the same action in
Eq.(2.1). The 2-point functions of the elementary fields develop a UV divergence at 2-loop order in
perturbation theory, while the 1-loop contributions remain finite. The singularities can be removed
by counterterm operators of dimension 6 which are quadratic in the fields. The corresponding
action can be written in the following form

9 5@ 5@
S = 5 d*x tr[FA-Fy D Fyy + =0 (DM DX (D) + 6, L2¢L1D22D¢L2] (4.32)
YM

where D? = D;D; is required by gauge invariance even though we only needed the O to renormalise
the 2-point functions. The coefficients 51(42), 5&23\41 M, and 61(#221 1, are determined by the UV finiteness

condition of the 2-loop 2-point functions

2

(2 _ 4 _ 2
0% = Gnps g0 [~152 + 60, + 10N + 7pd |,
2 N2 0 2 3
(Sl(p %11L2 = g%M7215040ﬂ_4 {(—390 + 36./\/’1[, + 6N<I>)(5L1L2 + 52'U'(Ll)L2 — 3/;23[/2 — 2M21)L2} ,

N2
2 0 5 6
5<(1> 3\/[1M2 = géMm [(—344 + 144Ny + 24Ns )0 v, + 66#5\/[)1]\/[2 + NE\J)1M2 - 6M§\J)1M2

IINC
- 36)\5\4)1%} . (4.33)

In order to highlight the generalised conformal structure of the 2-point functions we introduce the
dimensionless coupling A = g%,MN q. According to this definition, the coupling coefficients at 1-
and 2-loop order are given by

o = 102%[—13 6N + N,
oy = m [~152 + 6N, + 10N + 7pd |,
3 = —uy log(dnNpuv ) + m (62593 + 120167, — 41355 — 401843 |
n Wlﬁ [8(=3 = 120y, + Na) + (=13 + 6N + Na)? + 1643 ], (4.34)
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where we have used the same notation introduced in Eq.(4.17) for the d = 3 case. Similar expres-
sions are derived for the coefficients related to the scalars and the fermions, and can be found in
appendix A.4

5 The (TT) correlation function and the A and B form factors

In this section we move to discuss the structure of the 1- and 2-loop contributions to the 2-point
function of the energy-momentum tensor, presenting the general expressions in d dimensions.
We start by recalling that the the energy-momentum tensor of the model is defined as

2 69
V9094

where the different terms denote, respectively, the contribution of the gauge fields, the gauge-fixing,

A .f h 0] Y
Ty = =TA+ T3 + T+ T + TR + T (5.1)

1) Y
9ij=0ij

the ghost sector, the fermions, the scalars and the Yukawa interactions. These are explicitly given
by

9 1
TZ.;.‘ = %tr [E‘ijk - 5ij4Flekl}a

2 1 1
T4 = 2" {Aiaj(ak/lk) + A;j0i(0 Ak) — 0ij (Ak: MO A + 2(3kAk)(0zAz)>],
YM

2
T = ——tx[9;¢Djc + 8;¢Dic — §;;0,cDyc],

9ym
2 1- < 1- o
T = — tf[wL%’ Dj) " — 61550 1k Di wL],
Iy M 2 2
2 1
Tj = 5t [Di‘I’Mqu’M - 5ij§(D‘I’M)2 + &M (5ij32 - 3z‘8j)(q’M)2]
Jym
2 Ly MigMogMs My . L (2) My g, M: Ms g M.
_ g%,MéijLﬂ)\MlMQJ\@M‘ltrq) 1pM2pMsp 4+MAM1M2M3M4U(I> 1Mz tp pMapMa |
2 _
T = P tr [—% \/QMMLlLQ‘I)MwLWLQ}- (5.2)
YM

In particular, Tg represents the energy-momentum tensor for a generic non-minimal scalar ®M
(M =1,...,Ng), which reduces to the minimal case if {3y = 0 or to the conformally coupled case
if &4 = (d—2)/(4(d — 1)). For instance, in three dimensions the conformal scalar is characterised
by &y =1/8.

In [28], the cancellation between the gauge-fixing and the ghost contributions in correlation
functions of the energy-momentum tensor has been proven on general grounds. As such, it is
sufficient to consider only TZ? in the gauge sector. We have explicitly checked that this property is
actually realised in the (T'T) correlator up to 2-loop order in perturbation theory.

General covariance fixes the structure of the 2-point function of the energy-momentum tensor
in the following form

d
(T:(0)Tu(—0)) = A, + Bla)mym, (5.3)
where the transverse and transverse traceless projection tensors are defined respectively as

%iqj d 1 2
Tij = 6ij — ;23 7 z('jl)fl = 2<7rik7rjl + T — -1 17T¢j7Tkl> . (5.4)
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The double bracket notation is used to remove the momentum conserving delta function, i.e.,

(Tij (@) Tia(@2)) = 2m)%0(q@1 + @) {(Tij(q1) Tra(—q))) - (5.5)

and ¢ is the magnitude of ¢;. In the following sections we provide the contribution to the (7'T)
correlation function, namely to the A and B coefficients, from each of the individual sector of the
model, the gauge, the fermion, the scalar and the Yukawa one. We present the results in arbitrary
dimensions and we finally specify them to the particular cases of d = 3,4, 5.

5.1 Form factors: Results in arbitrary dimensions

Figure 3. 1-loop contribution to the (T'T).

The only topology appearing at 1-loop order is the one depicted in Fig. 3. From an explicit
computation we obtain

2d? —3d -8 ¢?
4(d? —1) (4m)d/2
(d—4)*d—-2) ¢

AW = 4@

e (5.6)

1)

BY =4 .

A (G) 8(d — 1)2 (47I')d/2 le (5 7)

d
a _ 1 q

Ay} = No d(@) s T O (5.8)

B =, (5.9)
1 qd

AY = Np d(G) G1, (5.10)

4(d? — 1) (47)d/2
d—2 12 qd
4(d — 1)} (47)d/2

Ny
By = 3 24(G) [gM - G1, (5.11)

M=1
where d(G) is the dimension of the adjoint representation, namely d(G) = N? — 1, while G is
the loop function defined in Eq.(3.6). Notice that, at 1-loop order, neither the Yukawa nor the
quartic-scalar interactions contribute to the A and B coefficients. The B coefficient describes the
departure from conformality. In particular, it identically vanishes in the fermion sector in arbitrary
dimensions while for the gauge field it is only true in d = 4. On the other hand, the scalars need
to be conformally coupled, &y = (d —2)/(4(d — 1)).

At 2-loop order, the topologies of the diagrams appearing in perturbative expansion of the

(T'T) are shown in Fig. 4. The 2-loop corrections are suppressed, with respect to the leading order,
by g%MN and can be organised, as usual, as the sum of different contributions: the gauge, the

fermion and the scalar sectors, and are expressed in terms of the two loop functions G and Gs
given in Eq.(3.6) and (3.9).
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Figure 4. 2-loop contribution to the (T'T"). The blob in the fourth diagram represents an insertion of a
1-loop self-energy.

In the gauge sector we obtain

2d(Q)

2) _ . 4 o3 2 _ 2
A = = @ =) [3(d — 4)(d" - 8d° + 164 + 20d — 68) G}
d
1 (—13d5 41290 — 462d° + 57242 + 376d — 1088)02} ) (5.12)
™
2 _ d(G) o 3 2 . 2 3 2 . qd
BY = )\724@ “ip [3(d 4)(d® — 16d* + 68d — 88)G? + 16(4d® — 33d% + 94d 92)G2} G
(5.13)
while the contribution of the fermions is
2 _ Ny d(G) - 3 2 B 2
A = = @ =T (9(d — 4)(3d° — 23d2 + 54d — 32) G}
d
+ 4(=10d° + 95d* — 289d° + 1824 + 464d — 496) 3] i (5.14)
T
@ _ \MNed @) ] @
BY = M-y [(d = 4)(d - 2)2Gy] o0 (5.15)
The results for the scalar contributions are
A = A= @ =T [3(d—4)(d? - 7d +13) G}
qd
+ (176 — 30d — 734 + 33d° — 4d") Gy i (5.16)
vy

BY = AM; P(d A2 1P [—3(d — 4)(d — 2 — 4(d — 1)€nr) (16(—9 + 2&as) + d(110 — 44Epy

+ (=27 +2d +12¢0)))GT + 16(—272 + 370d — 189d> + 44d> — 4d*
d
+ 24(d — 3)(d — 1)(8 4 (=5 + d)d)&pr — 12(d — 2)(d — 1)%(3d — 8)%)%} (4qT)d

N 2 2
d(G) |2N* =3 (1) 14+ N* (2
- A Z 6 l N2 )\M1M1M2M2 + N2 )\M1M1M2M2
M1, Ma=1

d—2 d—2 5 q°
- — . 1
% <5M1 4(d - 1)) <5M2 4(d - 1))G1 (4m)1 (5.17)
Notice that the quartic scalar contribution only originates from the last diagram of Fig. 4 which is

simply the product of the two 1-loop topology graphs. This term is identically vanishing if at least
one of the two scalars running in the two loops is conformally coupled.
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Finally we present the contribution of the Yukawa interactions

@ 15 d(G) g
AP = A =D =T [=3(d = 9)G} + 4(=2 + (d — 2)d) Gy o0 (5.18)
f “ﬁ“l(L; ’jﬂi )L2L1 8+ d(—3+ (d — 3)d) — 12d(d — 3)(d — 1)&ar
d
+12(d — 1)*(3d - 8)&3] GZ(fT)d, (5.19)

where we have defined ,u%/ = UML,L, WML,L, &S the square of the Yukawa coupling. The sum
over all the three flavour indices, where not explicitly stated, is always implicitly understood. In
particular, notice that in B)(/2 ) the sum of the scalar flavour has been shown explicitly because the
square of the Yukawa coupling is weighted by £y and 512\4.

6 The form factors A and B in d = 3,4, and 5 dimensions and renormalisation
of the TT

In this section we will discuss the structure of the correlator in various dimensions, focusing on the
d=3,4 and 5 cases.

6.1 Form factors: renormalised results in d = 3

In d = 3 dimensions the coefficients defined above take the form

d(G)
A(l) W _ 3 1
a _ dG),, 5 (1) _
Ay = 198 Nyq®, B,’ =0, (6.2)
Na
w _ dG),, 3 1 _ d(G) B 2 3
A<I> = 256 Nq;(] s Bq) = 25 M:1(1 8§M) q (6.3)
and thus in total we have
d(G) d(G)
a1 _ o) 3 (1) 3
with
Na
Noay=1+2Ny+No,  Npy=1+ > (1-8um)> (6.5)
M=1

Notice that in d = 3 dimensions the (I'T") is both UV and IR finite. In the large N limit we recover
the results obtained in [18, 19].

Concerning the 2-loop results, it is possible to recognise, simply by naive dimensional analysis,
that the (T'T) may develop UV and IR divergences in d = 3 dimensions. Indeed, while G is finite,
the loop function G2 has a single pole in €, for d =3 — €

Gy = 2w<1 43— ’7E> +0(e), (6.6)

d—3—¢

where g is Euler-Mascheroni constant.
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By a closer inspection of every contribution in the diagrammatic expansion of the (T'T), we
find that all the topologies give rise to UV divergences, with the only exception of the last one
depicted in Fig. 4 which is indeed finite. For the UV divergence of the (T'T) at 2-loop order we find

(@) 1,11
A(Q)’U\/sing. = _2B(2)|UVsing. = )‘qg 19272 [(2 B Ni/’ - 2N¢') - 2”%/:| 2’ (6.7)
which gives
d(G 1 1 1
(T @ Tl v s, = Aa* oy (2~ M = 20) = 2| L (W = Gmgmad ). (69

This divergence can be removed by a suitable counterterm defined as the double variation, with
respect to the metric tensor, of \/g R, namely

P [ Rl = —oerL (n®), — Lr 6.9
L. 59’759’“’ € C’T\/§ = - C’T? ijkl 5771]7Tkl ) ( . )
where F.T. denotes the Fourier transform and the coefficient dor, in the MS scheme, is given by,
d(G) 1 571
dor = A 2 — -2 - = —. 1
cT 962 {( Nd) Nag) 2,Lby} = (6.10)

The IR divergent contribution emerges only in the scalar and Yukawa sectors from the fourth
topology in Fig. 4, characterised by an insertion of the scalar 1-loop self-energy. All the other
diagrams have enough integration momenta in the numerator to avoid any IR singular behaviour.
In particular, the IR singularity arises only from the improvement term in the scalar energy-
momentum tensor and, therefore, is proportional to ¢2,. Indeed the first and the last topologies
in Fig. 4 do not have enough propagators to develop an IR divergence in d = 3: when the two
integration momenta k; and ks go to zero, such that k1 ~ k9 — 0, their denominators behave at
most as k* while the numerators goes a k%. For the diagrams with the remaining topologies in Fig. 4,
power counting suggests that there are possible IR logarithmic singularities, but in all cases these
are avoided because the energy-momentum tensor provides an additional integration momentum
in the numerator of the Feynman diagram. The only exception to that is if we consider the &-
dependent part of the energy-momentum tensor which does not depend on any of the momenta
of the two internal lines but only the external momentum ¢, thus allowing the IR singularity to
appear. We find

i dik ), (k
(T T hams. = (TEOTE ) = 3 dgbneshia'mama [ (o e
(6.11)
(1)ab

where Tg’é is the {-dependent part of the scalar energy-momentum tensor and Ilg" /o (k) is the 1-
loop self-energy of a massless scalar field given in Eq. (4.11). By naive power counting arguments we
find that this contribution is logarithmic IR divergent but UV finite. In dimensional regularisation
with d = 3 + w, with w > 0, we obtain

(T3 @ Tia -0 g, = Aa* G S 4 1+ 2108 L |, (6.12)
where, as usual, 1/ = 1/w + vg — log4n and
Ns 1
Syt = Mz:1 37 (2 + 5 HMLLy MMLng) (6.13)
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represents the contribution of all the scalars to the IR divergence.
The same result can be obtained using a mass regulator which amounts to replace k? with
k% +m? in the integral in Eq. (6.11). In this case the singularity appears as a logm, in the form

3 ; Pl
Ad(G)LEéR2arc51nh(\/q /m )7Tij77kl
82 V1+m2/q?

@ <ir 2q

(Tij(@) T (=) 1R sing.

The two renormalised form factors in d = 3 are

3
1
A@ — Ad(G)% [40 + 52N} — 8N + 243 — 37%(2 4 3N, + 2N + )
1
+ 16(—2 + Ny + 2N + =) log q], (6.15)
2 puv
3 1
B® = _ 4 [1— — 4% 4 372 4 32(—2 2 “ 2 ) log -
>\cl(G)61447r2 6 — 56Ny — 4py + 317 4+ 32(—2 + Ny + 2Ng + QMY) OgMUV

No
+ Z 3(8&w — 1)(8(7‘(‘2 — 16)5]\/1 —3r2 + 112+ 2UML, Lo ,uML2L1)
M=1

¢ <ir[1 q

No 3 2 2
q 2N =3 () 1+ N° (2
- Ml%I )\24576d(G)[ N2 ANy My Moy T e ANy Mo, | (8601, — 1)(86ns, — 1),

(6.16)

where pyy is the renormalisation scale. In the B® form factor we have isolated the contribution
affected by the IR divergence which is proportional, as we have already discussed, to 512\4. The
singularity has been regularised in dimensional regularisation with d = 3 4+ w, with w > 0, and it
is characterised by the IR scale pr. Notice that this term is absent in the minimal coupled scalar
case, where &7 = 0.

6.2 Form factors: renormalised results in d =4

In d =4 (TT) develops a UV singularity in both the coefficients A and B and a renormalisation
of the correlator is necessary already at 1-loop level. For the conformal fields, namely the gauge
field, the fermion field and the conformally coupled scalar, the divergence can be removed by the
square of the 4-dimensional Weyl tensor F' = Rl-jklRij kl_ 2R;; RY +1/3R?, while a non-conformally
coupled scalar requires an extra R?. In particular, the second order variation with respect to the
metric tensor gives

52 4 2 4 17(4) 4
F.T. [W/d xﬁ(éCTF-F(SICTR )‘| =dcrq Hijkl +25/0Tq T Tk (617)

where F.T. denotes Fourier transform and the coefficients of the counterterms in the MS scheme
at 1-loop order are

) _ Loy ( Lo M, N >1

oor q4A |UV sing. d(G) 4072 + 16072 + 48072 ) €’

(1)/ 1 ( ) Nq> 1 1
s _ _ 1 pa - d(G) == (1 — 6&01)% =~ (6.18)
or 2q4 UV sing. ]\4221 2887T2 ‘
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Figure 5. 1-loop perturbative expansion of the (T'®®) correlator.

The renormalised results are

4
AL _ aren 4 <_21 q>
A= G gagmz 9~ 2008 0
4
(1) q
BY) = —
A d(G)3607T2 ’
4
A(l) _ d q < _5] q)
p = Npd(G)grg |6 5log puv/)’
B(l) _ _N¢ d(G)L
¥ 144072’
4
AD A (6 (23—151 q)
o' = Nod(G) 755 % v )
0 _ & ¢’ : z
By — A;::l A(G) o1~ 661 (2 — 18y — 3(1 — 66y7) log uUV) ~Nad(G) 7055

(6.19)

Notice that the B factors in the gauge and fermion sectors and the last term in Bc(bl) are generated

from the singular part of the corresponding A coefficients due to the d-dependence in HZ(.?I)CZ. In

particular, in d = 4 — ¢,

d 4 €
Hz(jl)cz - Hz(jl)cl ~ g Tk (6.20)

has a finite projection onto the B(M) coefficients. These contributions are local and they may be set
to zero by adding a finite part in 587): .

Before discussing the UV behaviour of the 2-loop (T'T) correlator, we complete the renor-
malisation program at 1-loop order in perturbation theory by analysing the improvement term
EyR(®M)2. This is necessary for the renormalisation of the 2-point function of the energy-
momentum tensor at higher orders. The improvement term undergoes an additive renormalisation,
Enn O, My — €0, 00, My + 0&ar, My, When the scalar is not conformally coupled, namely, away from
the £y = 1/6 case. The definition of the §&ys, a7, counterterm is encoded in the UV singularity of
the (T'®®) correlator which we study at 1-loop order in perturbation theory. The different topolo-
gies contributing to the 3-point function are depicted in Fig. 5 and amount to triangles and bubbles
diagrams with gauge, scalar and fermion fields running in the internal lines. The computation is
checked using the conservation Ward identity originating from the diffeomorphism invariance of
the theory,

ki (Tij (k) 2%, ()25, (22)) = q1i o551, (g2) + a2 oSy 0, (1) (6.21)

where Hq)?\gl M, 18 the unrenormalised scalar field self energy defined in Eq. (4.5). As stated above,
the (T'®®) develops a UV divergence which is cancelled by the wave-function renormalisation of
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the scalar field and by the counterterm 0&ps, a7, The counterterm of (T'®®) is extracted from the
quadratic part of the renormalised energy-momentum tensor Tg and it is given by

2 Oii
T35 %% = b a5 —tr {8 D11, 0;Prs, — akq)Mlakq>M2 + (§any + 5§M1M2)(5m‘52 - @'aj)‘le q>M2]
e
2
YM

where the dots represent cubic and quartic terms in the fields which are unnecessary for our purpose.
The counterterm d¢ a7, ar, is fixed by the renormalisation of the scalar 2-point function and it is
explicitly given in Eq. (4.25) at 1-loop order in perturbation theory, while d&s, ar, is determined
here by the cancellation of the singularity in (T'®®) which is given by

2
_ gymN

B 6< N2 )\5\4)1M2M3M3 + T)\Sw)leM3M3 (1 - 6§M3) . (623)

Notice that there is no need of renormalisation of the improvement term if the scalars are confor-
mally coupled as the remnant singularity of the 3-point function (T'®®), after the subtraction of
the scalar wave-function contribution, vanishes for £ = 1/6.

Having completed the renormalisation at 1-loop order of the (T'T") and (T'®®) correlators we
can come back to the analysis of the 2-loop 2-point function of the energy-momentum tensor in
d = 4 which also appears to be divergent in the UV. Being the 4 dimensional theory already plagued
by infinities at 1-loop level, the 2-loop perturbative expansion of the correlator is characterised by
contributions of countertems inserted in the 1-loop topology diagrams, both in the 7" vertices and in
the internal propagators. With the only exception of §¢ contribution, these counterterm insertions
are proportional to the wave-function renormalisation constants of the elementary fields and exactly
cancel each other. The only remaining sub-divergence is related to the non-minimal scalar coupling
and can be removed by 0§ which is extracted from the renormalisation of (T'®®). This is necessary
to cancel a 1/elogq singularity which otherwise could not be absorbed into a local counterterm.
As such, one is left with a UV singularity entirely arising from genuine 2-loop topologies. The
divergence is removed by the same local counterterms, F and R?, introduced in the 1-loop analysis
with coefficients given by

@ _ 1o 1
oo = q4A UV sing. = 3686477 ( 64 + 28N, + 16N + 3ﬂy) -
2) 1 ) No
dor = 58 1 —6£7)2(6

No
2N? -3 (1) 1+ N? (2) 1
- MIZMFl 6 ( N2 MM MMy T A Mioan v ns | (1 —68n,) (1 — 6€as,) =
N
d(G 2 1 1
- 465)87)74 Z (1—6&n) (4 + 2MML1L2NML2L1) . (6.24)
M=1

We present below the renormalised expressions of the 2-loop contributions for the A and B
form factors due to the gauge and fermion sectors. They are given by
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(2) q4 q
Ay = /\d(G)(—1+6010gu—162(3),
uv

A 1728074
2) _ 37¢"
Ba™ = 2@ ggme
@ _ _y (@) —L 1367 + 840 1og —— + 1296
A - I _1
¥ v d )5529607r4< role v Q’) ’
31¢*
BY — _ e S
v ANy d(G) 8294474

(6.25)

and as in the 1-loop case, the B form factors for the gauge fields and scalars may be set to zero

(2)

by adding suitable finite terms in d;7.. The remaining contributions can be found in appendix A.5.

6.3 Form factors: renormalised results in d =5

We now turn to the case of d = 5. At 1-loop order we obtain

9 3 1
A(l) _ _ 5 B(l) — _ 5 A(l) — _
A UG) 109671 A UG) {63847 v Nod(G) g5 ¢,
BY =0,  AY = Npd(@)—e—q’,  BY = _ S d(G)———— (3 — 16¢0) 24"
v BERTOTT e @ =7 2 163840 M

(6.26)

At 2-loop order in perturbation theory a UV divergence appears in both coefficients. The
singularities can be removed, as usual, by local counterterms constructed from R;ji;, R;; and R.
The corresponding second order variation with respect to the metric tensor is

T. l 547" / d xf(éCT (RijOR7M — 2R;0RY + RDR) + 5CTRDR>]

= —dcr ¢’ ng;)gl — 2607 4° T, (6.27)

where the counterterms are given by

1 d(G)

13,71
00) = = Aluvesing, = Amam— 2]
T~ 45 [Uvsing. = Ag3e360,1

271
[443 — 5Ny — 20Ng + ik

) 1 d(Q) [ 106 {
= 55 Bluvsing. = Migeseo |~ g5 —49 + 64(8 — 21
00T = 55 [Uvsing. = A71688007 Ny + Z 916 SUSY
1 1
+ g (43 + 966 (=5 + 14§M))MML1L2MML2L1” - (6.28)
The renormalised results due to the gauge and fermion sectors are
@) ¢° 2 q
AY = \d(G)————~ [ —6725288 + 6284257 + 2976960 log ——
A ( )65028096007r4< + mt ©8 MUV) ’
5
(2) q 2 q
BY = \d(G)——————( 3026624 + 76072572 + 2849280 log ——
A ( )693633024007T4< + A o8 MUV> ’
5
AP — AN, d(G q<—2638704 20947572 + 12140801 q)
W No d(G) ge01128000T + (. & o)
5
2) q q
= ANy d(G)——————— (557 + 7560 log —— ). 6.29
Ny d( )21676032007r4( + o8 MUV) (6:29)

The remaining contributions can be found in appendix A.6.
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7 Connection with holographic cosmology

One of the motivations for the current work was the need for the d = 3 results in the context
of holographic cosmology. In particular, the form factors A and B of the 2-point function of
the energy-momentum tensor is related to the cosmological power spectra P and Pr, respectively
[18, 19],

3 3
PO = 1 i P = i (71)
where the imaginary part is taken after the analytic continuation,
q— —iq, N — —iN, (7.2)
The generalised conformal structure and the large N limit imply
Alq.N) = NI, Blg,N) =S¢ NS () (7.3)

T4
This is the analogue of (1.2) for the 2-point function of the energy-momentum tensor (the factor
of 1/4 in B is conventional). In particular, factor ¢ reflects the fact that the energy-momentum
tensor has dimension 3 in three dimensions (and (2A — d) = 3) and the factor of N? is due to the
fact that we are considering the leading term in the large N limit. Under the analytic continuation
(7.2)
¢*N? - —ig®N?, A=A (7.4)

so for this class of theories one may readily perform the analytic continuation and (7.1) becomes

¢ 2¢3

We have thus now arrived in a relation between cosmological observables and correlators of standard
QFT.
In perturbation theory, the functions f (S’T)()\) can be expanded as

FO) = fo(1 = idlog A+ fod +0(2). (7.6)

where we use the conventions (names of coefficients and relative signs) of [20]. The leading order
contribution, fy, can be extracted from the 1-loop computation of the (I'T") and, in particular, from
(6.4) thus obtaining

1

= 5= Ny (7.7)

1
s
fo = a/\[(B)a fo

The coefficient f; of the logarithm term is computed from the 2-loop corrections given in (6.16).
Using the definition of the effective coupling we can exploit the relation

Alog(g/p) = =X log A + A log(gn N/ ), (7.8)

which can be used to recast the coefficients A and B® in the form

3
2) _ 2 4 1,
A® = _\N g5z ("2 TNy +2Ne + Spy)log A+
1 1 1
B® = AN?2 a3 (2 +Nw+2/\/q>+§p%)—4—7r22§ﬁ log A+ ... . (7.9)
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Notice that, contrary to the 1-loop case, the two functions acquire contributions from all fields,
even fermions and conformal scalars. Finally, the f; function is given by

No
4 1 1
S 2 2
= —y— |2 2 ~p3 — 48 24 =
fi 372 N + Ny + 2Np + oMy A;l£M< + Z#MLlLQMML2L1>] ,
r_ 8 1 1,
fi = 57 Ny, =2+ Ny +2Na + Sy |- (7.10)
We also have
15 = . [16 — 56Ny — 4py + 3m% + 32(—2 + Ny + 2Np + llﬂ ) log g N
No
-3) (- 8§M)(112 — 3% + 8(n? — 16)€ns + 24NML1L2ﬂML2L1>}
M=1
Na 2
+ |2+ 5 nmriL ,UMLL) —+1+2log——
N MZ:1 o 2 e e Hox
L ) NG
- 48MB)M% 1(1_8§M1)(1_8§M2) AM1M1M2M2+§)‘M1M1M2M2 ,
1,MM2=
T 1 2 2 1 9
fa = 7|40 + 52Ny — 8Ng + 2p1y — 37°(2 + 3Ny + 2No + S uy)
6./\/’(14)71' 2
1 2u N
+ 16(—2 + Ny + 2Ng + 5;&) log g‘fﬁ] . (7.11)

(Recall that p is a UV scale and p* is an IR scale). These results (with )\551)1 MMM, = 0) were used
in [21], where the predictions of these holographic models were compared with Planck data.

These results were instrumental in the comparison between the predictions of holographic
cosmology and Planck data in [21]. In particular, the precise 2-loop results were needed in order to
analyse whether there are models within this class that realise the best fit values obtained from the
fit to data, and to check that the effective coupling constant is indeed small enough to justify the use
of perturbation theory, for the momentum scales seen by Planck. It was found that gauge theory
coupled to fermions only is ruled out by the data, but gauge theory coupled to sufficient number of
scalars is ruled in, and it was further confirmed that this theory is indeed perturbative for almost
all but the very low momenta (the theory becomes non-perturbative in the region corresponding
to CMB multipoles less the 30).
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Holographic formulae for a model with no gauge fields

We also quote here the results for a holographic model with no gauge fields. In this case the
holographic coefficients read as

1L
fo = g5 22 (1=8&w)*,
M=1

Na
2
== Y (1= A8 ) Ly Lol Loy
= 37T2./\/’(B) 142 241

S I9yMm 2
= ——-—(-1+4log =M _ 1,2
f2 6N(B 2( &4 )

1 2N
+ — Zl (1 —8&n) +16§M<+1+2loggYM > MLy Lo M Loy
B)ﬂ- M=1 w Mo
N
1 () 1 (9
B M1,]z\/[:2=1 48./\/(3) (1 B 8€M1)(1 - 8§M2) |:)\M1M1M2M2 + iAM1M1M2M2 ) (7'12)

for the scalar perturbations where J\f< B) = Z/]Yf:l(l —8¢7)? and

fg = 556 (2N¢ + Na),
T 4 1 4

LM N

(7.13)

=N

1 3 N
f2T = W 2 — 277 —|—810ggY1\/;[
for the tensor perturbations with N4y = 2Ny + Ng.

Notice that if we consider only scalars (or slightly more generally if we keep fermions but turn
off the Yukawa couplings), then f¥ = f{ = f§ = 0, and there are also no infinities. Ordinarily,
f1 is computable in perturbation theory but fs is ambiguous due to UV and/or IR divergences.
In this case f; = 0 and f5 is unambiguous. In particular, the 2-loop result is UV finite because it
is the square of an 1-loop diagram, and odd loops in odd dimensions are finite. If we keep only a
single non-minimal scalar then the non-zero coefficients are

1 s 1

= -8 =004 00), =

S _
— 7.14

It turns that this model still provides a good fit to Planck data, though now the model becomes
non-perturbative for a large portion of the Planck data. The non-perturbative evaluation of the 2-
point function of the energy-momentum for this theory using lattice method is currently in progress

(see [42] for preliminary results).

8 Irrelevant deformation: ®° coupling

In the Wilsonian approach to renormalisation, operators are classified as irrelevant, (exactly)
marginal and relevant depending on their effect under renormalisation group flow. Irrelevant op-
erators modify the UV of the theory but are irrelevant in the IR, and vice versa for relevant ones.
One may wonder whether there is a similar classification holds relative to the generalised conformal
structure.
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This question is also relevant in the context of holographic cosmology, where inverse RG flow
is connected with time evolution. In this context if we want to exit from the non-geometric phase
we would need to change the UV of the theory. In this section we will discuss the impact of a ®°
operator to the theory defined by Eq.(2.1). While this operator is marginal in the usual sense, it is
irrelevant from the perspective of the generalised conformal structure.

In particular we consider its leading contribution to the (I'T") and the 2-point functions of the
elementary fields, focusing on the 3 dimensional case, and we compute its effect on the renormali-
sation group running of the coupling constants. The new action is defined by

2 1
Snew = 5 + a2 /d3x—‘CM1._.M6tr[Q)M1 e (PMG} ) (81)
9yM 6!

where S is the action Eq.(2.1). The sum over the flavour indices M is implicitly understood. The
coupling ¢ are symmetric in the flavour indices and thus selects the following gauge structure

Str 7T T8 TUTSTY = % Z tr T () T (2) T (3) TUn () T (5) 7 (6) | (8.2)

The coefficients ¢ are completely symmetric in flavour space and are dimensionful with mass dimen-
sion -2. We would like to understand the effect of the new term in perturbation theory where A is
a small parameter and also perturbatively in ¢, where ¢ denotes any of the components of cyy, ... -
All factors of g¥,, may be converted into A and then on dimensional grounds any factor of ¢ will
appear in the dimensionless combination cg?. It follows that if we want to treat ¢ perturbative we
need
2 2 1
gkl = q<<E, (8.3)

In other words, this is a low energy limit relative to the new scale introduced by c. For perturbation
theory to be valid we also need
A<l = EyN<q. (8.4)

Altogether we will be working in the range

1
G yuN<g< 7e (8.5)
Note that (8.3) implies
c(gyaN)? < A2, (8.6)

which upon use of (8.4) implies ¢(g%,,N)? < 1, or
eA2q? < 1. (8.7)

We will use this equation below.

Using power counting (see section 3, Egs. (3.1) and (3.3)) one may identify the relevant
diagrams that are linear in ¢ and require renormalisation. Up to 2-loops, the new ®° interaction
does not provide any new contribution to the 2-point functions of the elementary fields. One could
write down diagrams, which are linear in ¢, and contribute to the (®®) correlator, but they are
proportional to the square of 1-loop massless tadpoles and as such they vanish. One may check
that the first time the ®° coupling contributes at 2-loops is in the 4-point vertex of the scalar fields,
thus potentially affecting the running of the quartic couplings A. The RG behaviour of the gauge
and Yukawa couplings remains unchanged at 2-loop as the UV divergent corrections induced by
®% are introduced only at higher orders.
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Here we focus on the 2-loop corrections to the 4-point function of the scalar fields which
represent the first source of UV divergences proportional to the ¢ parameter 3. We depict in Fig. 6
the relevant diagrams. The second one trivially vanishes due to the contraction of the antisymmetric
foe arising from the internal gauge-scalar vertex, with the fully symmetric gauge structure from
the ®% coupling. (There are additional diagrams but they all contain 1-loop massless tadpoles as

Y
NI

Figure 6. 2-loop corrections to the quartic scalar vertex linear in the c coefficient.

such they vanish).

The 4-point function is given by

2 Go , _ _ _
Ca1a2a3a4 2d 6+Ca2a1a3a4 2d 6+Ca3a1a2a4 2d—6

(2) _ 2
Gy (q1, 92,93, q4) = ggYM (4m)d My Mo Ms My 91 Mo M7 M3 M, 92 M3 M7 Ma My 43

+ Rt 3] + (59)

where the dots represent c-independent terms and > ¢; = 0. The coupling C is given by the sum
of the two contributions proportional to A() and A, namely,

1
Cﬁ/}fi/}lzsmM4 = 02111)42%(14 ()‘(1) ’ C)M1M2M3M4 + Nc(a21)a2a3a4 ()‘(2) ’ C)M1M2M3M4 ’ (8'9)

where the coefficients (A - ¢) ar, 1 1ts 01, = )‘g\ZM5M6M7CM5M6M7M2M3M4 while C(;, are the gauge
contractions given by

0?11)112(13(14 = Str[TalT%TaGTM] StI‘[Ta5Ta6Ta7Ta2Ta3Ta4]
= C(ll) Str(173) [Ta1 7(a2 T“3T‘14)] + 0(21) Str[T‘“ Ta2] [Ta3Ta4] ’
0?21)“2‘13“4 = Str[TalTCLQHTGSTM] Str[Ta5Ta6Ta7Ta2Ta3Ta4]
= 0(12) Str(173) [Ta1 T(a2 Ta3Ta4)] + 0(22) Str[T‘“ Tag] [Ta3Ta4] . (8.10)

Notice that, due to the contraction of A and ¢, the 4-point function Gf) is not completely symmetric
in the flavour and gauge indices, separately, but it is, obviously, still symmetric under any exchange
of any (a;, M;) pair.

The gauge factors are C'(ll) = (N* —5N2% +60)/(160N?), 0(21) = (2N% — 15)/(160N), 0(12) =
(2N? — 5)/(40N) and 0(22) = 1/40. The first gauge structure appearing in the decomposition

of the two terms of Eq.(8.10) is given by the symmetrisation of the double trT?T® trTT? over

all the permutations of the four gauge indices a1, ..., a4 while the last one is obtained from the
symmetrisation of a single trace over the last three indices ao, ..., a4
1
Str(ug) THT@THT™ = 53 e T TS TO O T (8.11)
tom

3There are non-vanishing 1- and 2-loop 4-point diagrams constructed from vertices coming from (2.1) only but
these diagrams are finite (reflecting the fact that the theory is super-renormalisable) and they will not be discussed
here.
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As such, the first gauge structure projects the 4-point function on a tr[®%]? operator, thus intro-
ducing an operator mixing with tr[®%] under renormalisation.

The UV divergence in Eq.(8.8) can be removed with the counterterm obtained, as usual, by a
rescaling of the fields and the quartic coupling constants. The counterterm action involved in the
renormalisation of Eq.(8.8) is

2 g oA

S,tzi dx
¢ 932(1\/[ 4!

1602

ol
tr| ]+N o

tr[®?]2 (8.12)

where we have used that at 2-loops, Z = dZgym = 0. This follows from the absence of UV
divergences in the theory other than the ones cancelled by the mass counterterm, and in particular
the finiteness of the ¢ dependent part of scalar propagator. In d = 3 — € we find

4
1 g 1 1
5)‘5\/[)1M2M3M4 = 221{711\-/[2 {C(ll)()‘(l) : C)M1M2M3M4 + NC(12)()‘(2) ’ C)M1M2M3M4] E )
1 . (2 i 1 1
N5)\5\4)1M2M3M4 = 2:;;42 {0(21)()\(1) ©C) My My MMy NC(Qz)()\(Q) : C)M1M2M3M4] - (813

From the counterterms given in Eq.(8.13) we can extract the § functions, 8\ = pd\/9u, controlling
the running of the quartic scalar couplings

4
g 1
by = 71;71;42 {0(11)0\(1) £ €)My MaMs My Nc(lz)(w) -C)MleMgMJ , o (814)
i Mo Mg My
1 _ gvm o2 ()\(1)_ ) —|—i02 ()\(2). ) (8.15)
N )\5\24)1]\42]\/131\44 T 1272 €)My M; M My N @ €My MaMsMy | - .

In order to highlight the behaviour of the scalar coupling with the renormalisation scale p, we can
solve the RG equation in the simple case where both A and ¢ are proportional to the identity matrix
in the flavour space. In the large N limit, the running of the quartic couplings is driven by A()
and two (8 functions simplify to

gvm ol ADg ~ (M N\ (1)

A = o CA e Hgogm A e
4 2 2
g g N
,8)\(2) ~ 12Y71:_/[2NC(21))\(1)C ~ (S;%\A(MQ))\(UC (816)

The corresponding RG solutions are

k
A0 2 A o) (£

(Q%M N)Z

199072 c (8.17)

A (1) ~ X (15) + 221 (1) l(")k - 1] L k=
Ho
Notice that in the regime (8.3), k < 1.
In the following we present the analysis of the leading contribution in the limit (8.3) (i.e.
linear in c) of the ®% operator to the (I'T) correlation function. The contributions to the energy-
momentum tensor from the quartic couplings and the ®° term in the action of Eq.(8.1) are

2 AL 1 A® c

The leading contributions in ¢ to (T'T) appear first at 4-loop order in perturbation theory and
correspond to the diagrams depicted in Fig. 7. Here, we focus only on these corrections, neglecting
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Figure 7. Leading contributions to the (T'T) from the ®5 interaction.

all the other contributions of higher order in or independent of c.
The explicit results for the first two diagrams of Fig. 7 in arbitrary d dimensions are

4
Agz =0,
6
3d _d\p(d —
B(4) :g()‘ Calalagag F<4_ 2>F<2 2)F(2 1) ({M _ d—2 )
142 = SYM ™M My Ma My I'(d—2)'(2d — 4) *o4d-1)
(8(2d =56 —3d+8) 1 4410

3(d— 3) (4m)2d (8.19)

where the gauge factor is given by the same contraction of the ¢ and A couplings appearing in the
first diagram of Fig. 6 and it is simply obtained from Eq.(8.9) by summing over pairs of indices. The
two gauge structures must necessarily have a common origin in order to guarantee the cancellation
of the UV divergence in the (T'T) by the counterterm in the third diagram of Fig.7, as we will

explicitly show below. In particular, we have

CrL MM, = €1 D ) ananag + c2 (A - ) s v vy » (8.20)
with
N> N3 73N 5 3
‘U180 64 T 060 32N | 32N3
o — N3 N N 1 1 (8.21)

96 24 ' 16N 32N3°
Notice that the BY}QQ function vanishes identically if the scalar fields are conformally coupled in d
dimensions, namely, &y = (d —2)/(4(d — 1)).

By closer inspection of the structure of the topologies in Fig. 7, one can realise that the first
diagram is finite in d = 3 dimensions, both in the UV and in the IR, while the second one is UV
divergent. This singularity appears in the d = 3 pole in Eq.(8.19). In dimensional regularisation,
with d = 3 — ¢, one obtains

4 q2

ajaiasa 1 q 3
B§—32 = g?(M 01\411]%412]\422M2W {(1 - 8€M1)(1 - 8€M2) <€ —4log ; + 10g4> + 5
— 16§M2 — 20§M1 + 192§M1§M2:| (822)

The divergence in Eq.(8.22) is cancelled by the third diagram in Fig. 7 which is characterised by the

insertion of the counterterms dA() and §A?). From an explicit computation in d = 3 dimensions,
(4) _

we find A3~ = 0 and

2
4 q 1 q
B:(a ) = _QQ’M Cﬁfbﬁﬁém 12(647T)2 [(1 - 8§M1)(1 - 8£M2) (6 - 210g ; + log 4)
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where we have exploited the explicit expressions of the couterterms defined in Eq.(8.13) and re-
expressed them in terms of Cy;7%'7 /. The complete result, given by the sum of Eq.(8.22) and

Eq.(8.23), is clearly UV finite and in the large N limit reads as
AW =, (8.24)

4) _ N? g3 NIERG) q 1
= W [q ()\ 'C)MlMlMgMg](l_8§M2)|:_2(1_8§M1)10g'u+2(5_48§M1)
The AW coefficient originating from each of the three diagrams in Fig. 7 identically vanishes due to
the peculiar structure of the 2-loop corrections. These are all given by the product of two one-loop
bubbles, each of them contains a single energy-momentum tensor and as such each proportional
to the transverse tensor 7;; (defined in Eq.(5.4)). Therefore, the complete diagram naturally gives
vanishing contributions onto the transverse and traceless part.
The condition (8.7) implies
Meg? < A (8.25)

and the contribution (8.24) is indeed subleading to the 2-loop contribution we considered earlier
in section 7. If the CMB scales lie within this regime then the holographic model based on (8.1)
would fit the data equally well as the model without the ®® term, but the new model would start
to deviate at higher energies (later times from the bulk perspective) triggering an exit from this
period. For this model to describe the right physics, the (inverse) RG flow should drive us to strong
coupling at higher energies describing the transition to Einstein gravity. Analysing this interesting
question is beyond the scope of this paper.

We finish this section with a few comments about a Wilsonian view of the generalised conformal
structure. The coefficient of terms with generalised dimension A will appear in perturbation theory
in the dimensionless combination cag¢®~*. Therefore if A > 4 their effect will be washed out in the
IR (relative to the scale set by ca) and they dominate in the UV, as such are they are the analogue
of the irrelevant terms of the usual Wilsonian picture. In our case the ®% operator has A = 6 so
it is indeed irrelevant . In the opposite case, A < 4, the operators dominate in the IR and are
washed out in the UV. An example would be the operator ®? which is relevant.

9 Conclusions and Perspectives

We presented in this paper the perturbative computation of the two-point function of the energy-
momentum tensor to 2-loop order in a class of theories that has generalised conformal structure,
namely SU(N) gauge theory coupled to massless fermions and scalars with Yukawa and quartic
interactions, with all fields in the adjoint of SU(N). The computation was done for general d
using dimensional regularisation. Generalised conformal structure implies that the momentum
dependence of the perturbative correlators is a Laurent series in the magnitude of momenta with
coefficients that have poles as d approaches integer values. When d is odd the first poles appear at
2-loop order while for d even they are already present at 1-loop. The poles may be associated with
either IR and/or UV infinities. We discussed renormalisation when d = 3,4, 5.

When d = 3 the theory is super-renormalisable. The 2-point function of the energy-momentum
tensor has UV divergences at 2-loops, which may be cancelled using a counterterm proportional to
the scalar curvature, and an IR singularity if the theory contains non-minimally coupled scalars.

4Note that in standard Wilsonian approach (with dimensions assigned using the Gaussian UV fixed point) the ®°
coupling in d = 3 is marginal.
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Such super-renormalisable theories are expected to be IR finite, with the Yang-Mill coupling con-
stant acting as an IR regulator [43, 44].

When d = 4 the coupling constant is dimensionless, so this theory does not have generalised
conformal structure. Instead the theory is classically scale invariant. The 2-point function of the
energy-momentum tensor has UV infinities both at 1- and 2-loop order, which may be cancelled
using a Weyl squared and curvature squared countertrems. The renormalised 2-point function has
the form dictated by scale invariance, modulo the logarithms originating from the UV subtractions.

When d = 5 the theory is non-renormalisable and renormalisation of elementary fields induces
higher dimension terms in the action, spoiling the generalised conformal structure. The generalised
conformal structure is then only present at low enough energies so that the higher dimension
operators are suppressed. Using the same Lagrangian as in the d = 3 and d = 4 cases we find
the 2-point function of the energy-momentum tensor has UV divergences at 2-loops, which may
be removed using local counterterms of the schematic form of D’Alembertian operator acting on
squares of curvatures.

It would be interesting to extend the computation described here to the maximally super-
symmetric theories in the corresponding dimensions. In d = 4 the result is well-known as the
corresponding theory is NV =4 SYM, but we are not aware of such result in different dimensions.
To do this computation we would need to relax the condition that the quartic self-coupling A(V) is
completely symmetric in flavour space and consider appropriate Yukawa couplings. It would also
be interesting to analyse the lower dimensional cases d < 3, and in particular understand the fate
of the IR singularities.

One of the main motivations of this work was the application of the d = 3 results to holographic
cosmology. Indeed, the detailed form of the results relevant for the scalar power spectrum was
already used in [21] when analysing the fit of these models to CMB data. Here we present the
derivation of this result as well as the corresponding result for the tensor power spectrum.

Another important issue in holographic cosmology is to understand how to exit from the non-
geometric phase and develop a theory of holographic reheating. A general expectation is that
this should involve turning-on irrelevant operators. Here we made a first step in this direction
by analysing the effects of turning-on a ®% term, to leading order at low energies. This operator,
while marginal in the usual sense, is the leading irrelevant operator from the perspective of the
generalised conformal structure, and indeed we confirmed that its effects are washed out in the IR.
It would be interesting to further develop this model.

In terms of the complexity of correlators, theories with generalised conformal structure sit
between CFTs and generic QFTs. Here we analysed 2-point functions, and it would be interesting
to extend such analysis to higher point functions.
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A 2-loop results for counterterms, coupling coefficients and A, B form factors

in various dimensions

In this appendix we present the result for some of the coefficients defined in main text. We start

from the 2-loop self energies in appendix A.1, moving to the counterterms of the gauge sector in

A.2 and the generalised conformal structure constants in A.3 and A.4. Appendices A.5 and A.6

contain the part of the expressions of the A and B form factors at 2-loops not given in the main

text.

A.1 2-loop self energies

The 2-loop corrections are expressed in terms of the coefficients oy, gy defined in Eqs. (4.14),

(4.15)

—_

A0 = 5@ —6)(d—4)2(d—1
aar = —(d—6)(d—4)(d — 2)((d — 9)d + 24)N,
+(d — 6)(d — 4)(

~—

a9 = 3d° — 59d* + 376d> — 1084d> + 1648d — 1248

+(6d5 —106d* 4 796d° — 3096d* + 5968d — 4416)/\@,

+(3d4 — 53d3 + 366d2 — 1112d + 1200)/\@

_ (d—2)
WO T TUd = 6)(d — 4)?2
a1 = (d—6)(d—4)(d—2)?

0%,2
ays = (d— )2+ (d — 4)d)
Qs = —4(—32 4 d(29 + (d — 9)d))

1
A0 = 9d—6)(d—4)?
as1 = —(d—6)(d — 4)(3d — 14)

agy = 8(d — 4)(d — 2)*Nyy + 4(d — 4)(d — 2)Ng + d(d(d(3d — 41) + 94) + 344) — 992

ap3 — (d — 4)(20 + (d - 8)d)
aps = 2(192 + d(—140 + (34 — 3d)d)).

2d — 9)Np — (d — 6)(d — 4)((d — 4)d — 2)

—4(d — 2)(d — 4)* Ny — 2(d — 4)*Np + 2d(d((29 — 2d)d — 150) + 352) — 640

(A1)

(A.2)

(A.4)

The contraction of the quartic and Yukawa couplings, which generalise the expressions given

in (4.16) are defined as follows
2
M(Ll)L2 = KMiL1Ly HMaLyLa MMy LaLs M2 LsLa>

3  _
Hr L, = HMiLiLs MMyLsLy HMaLsLs MM LsLos

4  _
Hrip, = HMiLiLs KM LsLs HMaLsLs MMyLsLos

(5) _
Haf vy, = HMiLiLy MMLyLs MMaLsLy MMLyLys

(6) _
Mg My = MMiLiLy WMLoLy WML3Lg PMaLaLys

(7) _
Barvy, = UMiLyLy MMLoLy MML3Ly WMyLyLs-
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A.2 Counterterms at 2-loop order in d =4

For the counterterms of the 2-point functions of the gauge, scalar and fermion fields, extending at
2-loops the results given in (4.25), we obtain

50 = —204187T4 (—46 + 36V, + 15Np + 43 ) ,
5P = (104 AN + Na),
502, = Wlw((_m + 32N + 8Na)or, 1, + 40 + 61, + 1)),
5z(pz)LlL2 = 7204187r4 (—480r,1, + 32 ngl)LQ + QM(Lll)Lg + 2#5;21)L2 + M(Li)Lg) ;
o4 = 614714#1 ((190 — 40Ny — 22Na)dan sy + 60uS) 0r + 308 ap + 908 ar — %Agyl M2> :
5P = — 5o (20 — 8N — 2N@)6utat, + 4 ag, + 15, + 1) (A.6)

A.3 GCSC of scalars and fermions at 2-loop order in d =4
They are given by

(2,0 1 0
20 _ et (224N + T2Np + 685 — 2208)0, 1, + 8(127 — 24¢3) ),
1 2 3 $,(1,0) ,(1,0
+ 32M(Ll)L2 + 114M(Ll)L2 + 31M(Ll)L2) + CLl(Lg )CL3(L2 ),
¥,(2,1 1 0
iy’ =~ jooger (32N + 8w —320)01, 1, + 1604y,

(1) (2) 3) ¥,(L,0) ¥,(1,1)
+ 8/’LL1L2 + 14ML1L2 + 5IU‘L1L2) + 2CL1L3 CL3L2 ’

¥,(2,2) b (L,1) 4,(1,1) (2)
CriL, = €LiLs CLsL, _5wL1L2’

1
Chivaty = gymmat (- TBONG — 208Np — 288G + 3070)6as, s, + 8THYY, ur, + 1714 o,
13 (0

0
12(91 — 24¢3) 7 0, — 12/\M1M2>
®,(1,0) $,(1,0
CMEMS CM:EMQ) )
o021 1
MMz = 307274

6 1 o 3,(1,0) @,(1,1
= 210, + 157 ) + 2B

+

+

D,(2,2 ®,(1,1) ®,(1,1 2
CMEMQ) = CMEMg) M3(»M2) - 5c(l> 3\/[1M2 . (A.7)

A.4 GCSC of scalars and fermions in d = 5
They are given by

1

¥ _ (0)

Cl L1L2 - 5127T |:6 6L1L2 - IU’L1L2i| ?
1

P _ (0) (2 3)

1
aerr = otsal52((—1031 4692
+ 3575 % 182 32((—103190 + 4692,

+ 922Na)dL,1, + 162045, — 8814 — 564457, )
0 4 1

_ 2
ngLle = ~CQUVLiL, log(gYMN MUV)
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1
o _ (0)
CLMMy = “opc {45M1M2 JFMMlMQ} )

1
o _ (0) (5) (6) 0)
CQUVMIM: = 57501070 [(—344 + 144Ny + 24Ne)nr, m, + 66157 0s, + 107 0r, — B0 A, — *)‘MlMg ;

y 1
S, = —Cyuv oL, log (g%MNMUV) — 375 131 (68308 + 28848, + 5368N)dar,

0 5 6 247 0
+ 220420) ) + 24745y, — 176208, — A(M)leJ

1 0 5
T o e [285M1M2 + 26:“’5\/[)1M2 + NS\4)1M2 + 2#5\/1)1]\42} (A.9)

where we have used the same notation introduced in Eq.(4.17) for the d = 3 case.

A.5 A and B form factors at 2-loop order in d = 4

For the scalar sector we obtain

4
A® — AN d q(—z 1+4120log — L +1 )
> Ns (G)138240 i 51 + 120 log e +108¢3 |,

BY = A Z (G 10368 1 (61 +9E0r(—101 4 360€xr) — 27(1 — 6641)%C3
q 2. 2 4
—97(1 — 66a1)(3 — 20601 log —— + 27(1 — 6€41)? log ),
uuv Huv

Ng 4 2
q 2N 1 1 + N 2

+6((1 — 66ar,) + (1 — 6€as,) — 12(1 — 6627, )(1 — 66as,)) log ——
HUvV

H30(1 = 66, (1~ 665 o~ ) (A.10)
nuv

while the Yukawa sector gives

4
AP = xdG)—L (21 —8log q);@, ,
oy

4915274
B = Z d(G (289 216607 (—19 + 66Ex7) — 48(1 — 6617)(8 — 54€x7) log —L—
331776 33177674 LUy

+ 144(1 - 6§M>2 10g2 /1,3\/>MML1L2MML2L1 . (A'll)
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A.6 A and B form factors at 2-loop order in d =5

They are given by

5
AP — A Npd(G q<—150728 1102572 + 64960 1 q)
@ Ne d(G) 516760320001 * o & v
@) No q5
B = A S a(@)——T ( _64(278789 + 1152¢,,(—2606 + 7007
® MZ_:1 ( >693633024007r4< ( + 15260 ( + 700760))

+ 3307572(—3 + 16€07)(—19 + 112€57) + 161280(49 + 64€p(—8 + 21€51)) log Mq>
uv

N
- AM%‘I’ | 251652247r4 © 2N12v2_ A v fVéVQAﬁMlMQMQ] (16€as, — 3)(16€0s, — 3).
AP = i3 d(G)q—54 (—392816 + 3307572 4 174720 log q) :
520224768007 pov
B® = A Aff d(G)q—5 (72721 + 28861 (—2855 + 8036¢r)
&= 77 433520640074
— 840(43 + 9661/ (—5 + 14€57)) log NEV)HMLILQMM[QLl . (A.12)

B Tensor reductions: technical details

The 1-loop tensor reduction of the 2-point functions is completely solved by the following decom-

positions
dk ki
Ii = = ZB )
/(%)d RE+p? U7
d’k kik;
o= | e = % B+ B

d%  kikjky
Liji = e = Oy B ppr B
ik / (2m)4 k2 (k + p)? {ij Pk} Doo1 + pipjpk B111,

A% kikskky
Lijin = / G2kt p2 0445 Oy Boooo + ¢45 prpry Boor + pipjprpt Buinn,  (B.1)

where the curly brackets denote fully symmetrisation of the indices®. The scalar coefficients are

then reduced by algebraic manipulations to the main integral By and are explicitly given by

By = —%Bm
2 d
By = —ﬁBo, By = mBm
Boo1 = 8(dpi1)B0’ Bin = 8((62—1;21))30,
Boooo = 16@241)30’ Boo11 = —1(5&_22)]?12)307 Bun = WBm (B.2)

As stated above, the tensor reduction of the 2-loop diagrams is much more involved. For exam-
ple, among the technical complications of the reduction, the presence of two integration momenta

®Notice that the symmetrisation is not weighted, therefore, as an example, 0gij Pry = Oijpr + OixDj + Onjpi-
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provides different tensor expansions for a give rank. Indeed, even in the simplest rank-1 case we
have

dky d%ks kn i
g _ / ni = pi J B.3
5] et e dent ke P 3
with n = 1,2 and den(ky, ko, p; 1) = k77 k32 (k1 + p)23 (ko + p)?* (k1 — k2)?%5, in which the two
coefficients Jl(l) and J1(2)
the same reasoning, it is not difficult to identify, for example, three different tensor expansions for

may differ depending on the specific choice of the v; exponents. Following

the rank-2 integrals and four for the rank-3. The latter manifests another source of complication.

Indeed, while in the tensor decomposition of Ji(jlkl D or Jg,? ?) we can fully exploit the symmetrisation

of the indices (as in the 1-loop case), namely

d d
a1y [ d%1 d%: kiikyjkig _ iy | 1)
Tign = / (2m)d (2m)d den(ky, ko, p; {vi}) O Pry Joor  PipiPk T (B-4)

and similarly for the (222), the tensor integrals Jz'(jlkl ? and Ji(jllf ? can only be expanded onto a

partially symmetrised tensor basis as

= 0ij Dk J(%}Q) + (0ir pj + 0ji pi)Jé}éQ) + PiDj Dk T

)

J(112):/ d%ky dks kiikyjkag
ak (2m)4 (2m)4 den(k1, ka2, p; {vi})
(B.5)

(111)

where an extra scalar coefficient appears with respect to the J, ik and Ji(flf 2 Ccases.

Here we present the tensor decomposition of the 2-loop integrals needed in the present work.
For the rank-1 and rank-2 tensor integrals, the tensorial structure is simply given by

S
(27)d (27)d den(ky1, ko, p; {v}) Di

/ Ak d%;  (ka)i(ks);
(2m) (2m)? den(k1, k2, p; {v})

e\,

= 0;j Cégﬂ) + pip; CSB) ) (B.6)

where the coefficients C depend on the topology of the integrals, namely on the form of the denom-
inators.

For higher ranks, the symmetries of the integral must be explicitly exploited. For the rank-3
we get

A% d%s (ka)i(kg);(ky)i (aB) (ap) (o
)i . (cx 15.1 « .'y D afBy) B.
/(277)d (27)¢ den(kq, ko2, p; {v'}) Z[S]”lm (10, 1) Cootn + PP Ciir (B-7)

where n runs over all the tensors of the basis [S]Ejaf 7)(16, 1p) which is built with one Kronecker §
and one momentum p. The symmetries of the tensors in the Lorentz indices 7, j,[ are defined by the
combination of (af7). For instance, [S]Ejl-ln)(lcs, 1p) and [S]Eff 2)(15, 1p) contain tensor structures
that are fully symmetric under the indices 1, j, [,

(915, (16, 1p) = [SI57%) (16, 1p) = {8391 + bup; + i} (B.9)
while [9] 8‘112)(167 1p) and [5] Ejle 1)(16, 1p) denote tensors that are symmetric only under exchange of
the first two indices 1, 7,

(5152 (16, 1p) = [S)27 (16, 1p) = {831, up; + Oy} - (B.9)
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The integrals with higher ranks, from 4 to 6, are given by

d'k1 dky (ka)ilks); (R )iky)m <~ qy(asm)
/(27)(1 (2m)d den(kl,Jkg,z);{yg) _Z[SLJ'ZWZZ

+ Z [S)S07) (16, 2p) CSara? + pipspiom €151y ™

d'ky d%k; (ka)i(kr@)'(k )i(kn)m(kg)r (aByn9)
/ (Qﬂ)d (27T)d del’l(/jl, ;27]3;17{1/}) - zn:[s}ijlmr;n

+ Z zﬁ?g? 19, 3]7) C((J((J)élﬁl’yﬁn) + PiPiPIPmPr C§11 19) ,

/ ddk?l ddk? (ka)i(kﬁ)j(k“/)l(kn)m(k¢)7’(k§)8 _ Z[S}(aﬂ’mqﬁf)

(26,0p) Cio

n

(26, 1p) Cigorin,

(35, 0p) Clopns)

(2m)? (2m)4 den(k1, ks, p; {v}) 2 jtmrsin
+ 218 e (26:2) Cosootin + 3IS1ur (19, 4p) Copi’y)
+ pipippmprps C Y (B.10)
where, as usual, [S]g?lﬁ:’")(%, Op) denotes a tensor basis built with 2 Kronecker’s deltas and no
(ceBym)

momenta, [S];5,, " (10,2p) contains only one Kronecker’s delta and 2 momenta, and similarly for
all the others basis. The tensor structures are determined according to the symmetries of the
original integrals, as discussed above, and are given by

[S]E;;ﬁj" (26,0p) = {8;j01m + 0it0jm + Gim0ji} for (aByn) = (1111),(1112), (2221), (2222)
[S]Egazﬁ;m (20,0p) = {0ij01m , 0itjm + dimdji}, for (apByn) = (1122)

(8]0 (18, 2p) = {6{”pzpm}} for (afyn) = (1111), (2222)

[S)im ™ (16,2p) = {843 pypm - Smpipipyy b for (afym) = (1112), (2221)

[S ]E;lzfrjn (16,2p) = { 0i5PiPm. » StmPiPj » Py 5j}{lpm}}, for (afyn) = (1122) (B.11)

for the rank-4 integrals,

(SI69(26,1p) = {0 0mpn b, for (afyne) = (11111), (22222)

[S ];zﬁjrw (26,1p) = {5{U51m}pr, T{Z5ﬂpm}} for (aByng) = (11112),(22221)

(S5 (26,1p) = {8433P1y0umr s PmOry 10y - OOy i P b for  (afyme) = (11122), (22211)
ST (16,3p) = {Sgippmpry . for  (afyne) = (11111), (22222)

[S ]Jﬂw (16,3p) = {5{wplpm}pr, T{zp]pzpm}} for (aByne) = (11112), (22221)

()55 (16, 3p) = {pzpjpzémr,p{z ]l}pmpr7p{m5r}{zp]pl}} for (aByne) = (11122), (22211)

(B.12)
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for the rank-5 and, finally,

(S](05199) (35, 0p) = {5{@%@5}}, for (afyne€) = (111111), (111112), (222221), (222222)
(ST (36,09) = { Gy r 0y 101 OigOumpdrs b, for  (aBmeg) = (111122), (222211)

(S i) (35, 0p) = {01,600 6ijdy(mbrsy } for (aByme) = (111222)

ST (26,2p) = {6(3;0mprpsy . for (aBymeg) = (111111), (222222)

(S 5wt (26,2p) = {O13;0mpryps » Suibiipmpry - for  (aBymg€) = (111112), (222221)

(S ]Eﬁf:ﬁg)(% 2p) = 104ij0m}yPrDs 5 0510m}{r Ps}PLi » Om}{r O} (i DI 75rs(5{ijplpm}}a

for (afyneg) = (111122),(222211)
[5]2?;%?5)(25, 2p) = {5{ij51}{m PrDs) > 0y fm Pr 03 Pj s OgmrOs){i PiDI} 75jl}5{mrps}p{i}7
for (afyneg) = (111222)
{5{ijpzpmprps}} , for (afyneé) = (111111), (222222)

(i PIPmPryPs ,5s{ipjplpmpr}}» for (apyne) = (111112), (222221)

5{ijplpm}p7‘ps ) 5m}{r Psyp{ibipr 57‘spipjplpm} )

[S] (apynet) (15’ 4]))

ijlmrs

[5)(5m98) (15, 4p) =

ijlmrs

[S]\ ) (16, 4p) =
for (afyng) =
O4ijPLyPmPrPs 01y {m PrPs}P{i Pj » 5{mrps}pipjpk} ;

for  (apynes)

for the rank-6. Notice that the indices of the Kronecker deltas in [S](ofﬁ 7n¢>€)(35’ Op) have been

ijlmrs

(111122), (222211)
[S](Q/37U¢§) (157 4]))

ijlmrs

(111222) (B.13)

raised only to make manifest their symmetric properties.
For the coefficients C of the tensor expansions we use the following notation

C=J for den(ky, ko,p;{v}) = ki(k1 — k2)?(k2 + p)?

C=Y for den(ky, ke, p;{v}) = k2k2(k1 — ko)?(ko + p)?

C=K for den(ky,ks,p;{v}) =k3k3(ky — k2)?(ky + p) (k2 + p)? (B.14)
where J, Y, K appear, respectively, in the first three diagrams of Fig.4. The explicit expressions of

such coefficients is given as a linear combination of the scalar integrals Jy and B3 and are provided
in the tables below.
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