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ABSTRACT: We present a comprehensive analysis of supersymmetry anomalies in the free and mass-
less Wess-Zumino (WZ) model in perturbation theory. At the classical level the model possesses
N = 1 superconformal symmetry, which is partially broken by quantum anomalies. The form of the
anomalies and the part of the symmetry they break depend on the multiplet of conserved currents
used. It was previously shown that the R-symmetry anomaly of the conformal current multiplet
induces an anomaly in Q-supersymmetry, which appears first in 4-point functions. Here we confirm
this result by an explicit 1-loop computation using a supersymmetric Pauli-Villars regulator.

The conformal current multiplet does not exist in the regulated theory because the regulator
breaks conformal invariance, R-symmetry and S-supersymmetry explicitly. The minimal massive
multiplet is the Ferrara-Zumino (FZ) one and the supersymmetry preserved by the regulator is
a specific field dependent combination of Q- and S- supersymmetry of the conformal multiplet.
While this supersymmetry is non anomalous, conformal invariance, R-symmetry and the original
Q- and S-supersymmetries are explicitly broken by finite contact terms, both in the regulated and
renormalized theories.

A conformal current multiplet does exist for the renormalized theory and may be obtained from
the FZ multiplet by a set of finite local counterterms that eliminate the explicit symmetry breaking,
thus restoring superconformal invariance up to anomalies. However, this necessarily renders both
Q- and S-supersymmetries anomalous, as is manifest starting at 4-point functions of conformal
multiplet currents. The paper contains a detailed discussion of a number of issues and subtleties
related to Ward identities that may be useful in a wider context.
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1 Introduction and summary of results

Anomalies are a cornerstone of modern QFT. Anomalies of rigid (sometimes also called global)
symmetries are a feature of the theory. They provide important observables of the theory (for
example, the conformal anomaly coefficients in CFTSs); consistency conditions for duality relations
and more generally may be used as a tool to understand the dynamics of the theory. On the
other hand, anomalies of local symmetries lead to inconsistencies, such as lack of unitarity and
renormalizability, and they should be canceled.

The purpose of this paper is to discuss rigid supersymmetry anomalies for the four dimensional
massless Wess-Zumino model in perturbation theory. This paper is a companion of [1] and we aim
to present a comprehensive discussion of the perturbative 1-loop computation. Since this is a rather
technical topic we will present a summary of the methods and results in this section. We begin
however with a recap of some of the main properties of anomalies illustrated with the standard
chiral anomaly, as this will help to put into context the result on the supersymmetry anomaly.

Anomalies present a breaking of a symmetry at the quantum level. They appear either because
of a 0/0 structure, where a zero due to a symmetry is compensated by a UV infinity, leaving a finite
remainder (for example, chiral anomaly or type A conformal anomalies), or because counterterms
needed to cancel infinities break some of the symmetries (for example, type B conformal anomalies).
In perturbation theory they appear as finite contact terms that violate Ward identities associated

1. Anomalies also appear as lack of symmetry conservation in the

to corresponding symmetries
presence of background fields. These are two sides of the same coin.

Introducing sources that couple to gauge invariant operators, one may encode the correlation
functions in the partition function. The rigid symmetry now translates into invariance of the
partition function under corresponding local transformations that act on the sources, and the
presence of the anomaly leads to lack of gauge invariance at one loop order. To illustrate the
discussion, let us consider the case of a free massless fermion in four dimensions. The theory is
invariant under rigid vector and axial U(1) transformations. Let J{/ and J4 be the vector and
axial Noether currents and V* and A" the corresponding sources. The partition function Z°[V, A] is
classically invariant separately under 6,V* = 0,¢, and 6,A* = J,€,, where €,, ¢, are the parameters
of the vector and axial transformations, but at one loop order one cannot maintain both invariances.
Imposing that the vector invariance holds, one finds that the conservation of the axial current is
violated in correlation functions,

IV +dey, Al = Z[V,A]l,  Z[V,A+de] = Z[V, Ale™ ] ecat, (1.1)

where A ~ €77 (E,,(V)Fyo(V) + 2 F,(A)F)s(A)) is the chiral anomaly and F,, (V) = 8,V, —
OV, Flu(A) = 0, A, — 0, A, This results in the Ward identities

a,u<\7£>s :A7 8}L<\7“L/L>S :()7 (12)

where (-); denotes connected correlation functions in the presence of sources. Since the anomaly
is quadratic in the sources, (1.2) encodes the fact that triangle diagrams with one or three axial
currents are anomalous.

The anomaly can be shifted around by adding finite local terms in the action. For the case of
the massless fermion we could consider the partition function,

ZV, Al = Z[V, Al exp (iac / dix e“’”pUAMVl,FpU(V)), (1.3)

!"Ward identities associated with an insertion of (anomalous) currents in correlation functions of elementary fields
are in general non-anomalous. In the case of the free massless fermion theory reviewed below this is manifestly the
case, as these Ward identities saturate at tree-level. Anomalies arise in correlation functions of symmetry currents
with composite operators.



where a. is a constant. By an appropriate choice of o, one may arrange for the axial-vector-vector
correlator to be conserved on the axial current but then the conservation of the vector current
would be anomalous, and the partition function (1.3) would be invariant under neither vector
nor axial transformations. The theories with or without the counterterm are physically distinct,
as they preserve different symmetries. The standard choice is to keep the vector symmetry non-
anomalous (in the original context [2, 3] the vector symmetry was electromagnetism), but more
generally depending on the physics context one may work with either theory. In the context of
the AdS/CFT correspondence, the finite counterterms correspond to finite boundary terms that
should be specified when defining the bulk theory.

Besides shifting the anomaly between symmetries by local counterterms, the anomaly may
be ‘hidden’ by introducing additional (background) fields. In the case of the axial anomaly, for
example, we may introduce an external scalar field @ and modify the partition function as

2V, A8 = 2|V, Alesp i / a2 dA). (1.4)

Assigning transformations

5,8 =0,  3.P = eq, (1.5)

the partition function 2" is now gauge invariant under both vector and axial transformations
Z'V + dey, A, D + 5,8 = Z'[V, A, @], YV, A+ deg,®+ 6,8 = Z'|V, A, D). (1.6)

This does not mean that the anomaly has disappeared; the triangle diagrams are not affected by
the new terms in (1.4).

One could also use the formulation with @ to make the Ward identities look as if there is no
anomaly. To see this let us rewrite the coupling of ¢ in (1.4) as

PV, A,®| = Z[V, Al exp (i/d%@m) (1.7)

where 04 = 9,J4. In the classical theory O4 is proportional to field equations (it is a null
operator) and when we regulate the theory, say with Pauli-Villars regularization, (O4)s becomes
local (and equal to the anomaly, (O4) = A) as the regulator is removed. Working out the Ward
identity starting from (1.7) one finds,

0 (TH)s — (Oa)s = 0. (1.8)

In this form the Ward identity appears non-anomalous and one may be tempted to conclude that
the theory would be non-anomalous if we include the coupling to the null operator O 4. Of course,
this is just an illusion: (1.8) is equal to (1.2). The only thing that happened was that we moved
the anomaly from the r.h.s. to the L.h.s. and gave it a different name.

Fields like @ are called ‘compensators’ because they may be used to restore or compensate for
broken symmetries, or ‘gauge-away’ fields because one may set them to zero using gauge transfor-
mations. Indeed one may use (1.5) to set @ to zero (and thus also establishing that 2 is equivalent
to Z). Invariance of the partition function under gauge transformations does not by itself imply
absence of anomalies, if gauge away fields are present. One must first set to zero all gauge away
fields and then check invariance of the partition function. Similarly, one must set all compensators
to zero prior to working out the form of the Ward identities.

Anomalies in supersymmetry have been a recurrent topic of research since the discovery of
supersymmetric theories. A set of studies considered the effective action for elementary fields
and examined whether it is invariant under supersymmetry including loop effects, investigated the
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conservation of the supercurrent inside correlators of elementary fields and/or solved the Wess-
Zumino (WZ) consistency conditions relevant for this setup. These works, summarised in the
monograph [4], found no supersymmetry anomaly. As mentioned above, however, one either needs
to put the theory on a non-trivial background or consider correlation functions of the supercurrent
with other composite operators to probe supersymmetry anomalies.

Our focus here is on four dimensional N' = 1 SCFTs. In addition to conformal symmetry
and standard supersymmetry (Q-supersymmetry), these theories also have a U(1) R-symmetry
and special conformal supersymmetry (S-supersymmetry). It was realised early on that the trace
anomaly, the R-current anomaly and S-anomaly sit in a supermultiplet [5] and that one cannot
maintain at the same time the conservation of the Q and S supersymmetry [6-11]. This is the
standard superconformal anomaly mentioned and is distinct from the anomaly discussed here.
Also distinct is the Konishi anomaly [12, 13], which is a superspace version of the chiral anomaly
in supersymmetric gauge theories.

A supersymmetry anomaly appears in theories with gravitational anomalies [14-16], as one
may anticipate based on the fact that the energy momentum tensor and the supercurrent are part
of the same supermultiplet. Indeed this supersymmetry anomaly sits in the same multiplet as the
gravitational anomaly. A supersymmetry anomaly appears also in super Yang-Mills (SYM) theory
in the WZ gauge when there are gauge anomalies [17] (see also [18-20]). This anomaly has a
number of technical similarities with the anomaly we discuss here and has been recently revisited
in [21, 22]. In particular, like the R-symmetry anomaly we discuss here, the gauge anomaly is not
invariant under supersymmetry, and so the WZ consistency conditions imply the existence of a
supersymmetry anomaly, with the same coefficient as that of the R-symmetry/gauge anomaly.

Many previous works discuss anomalies of dynamical supergravity coupled to matter, and
relevant work (mostly in superspace language) may be found in [23-27]. Particularly relevant for
us is the discussion in [28] where it was argued that quantum anomalies in the matter require
the old minimal set of auxiliary fields for N' = 1 supergravity and the discussion in [29] about
compensators in supergravity.

The anomaly we discuss here was discovered in the context of superconformal theories that
can be realised holographically [30]2. In holography, given a bulk action, one can use holographic
renormalisation [33, 34] to compute the Ward identities and anomalies of the dual QFT. AdS/CFT
relates N' = 1 SCFTs in four dimensions to N' = 2 gauged supergravity in five dimensions. Starting
from gauged supergravity in an asymptotically locally AdSs spacetime and turning on sources
for all superconformal currents one can compute the complete set of superconformal anomalies.
The holographic anomalies for bosonic currents were computed earlier in [35] (reproducing (and
correcting) known field theory results [36]), while [37] obtained the superconformal anomalies in
the presence of local supersymmetric scalar couplings. The holographic computation is available for
holographic CFTs with central charges satisfying a = ¢ as N — oo [33]. The anomaly for general
a,c was obtained in [38] by solving the WZ consistency conditions [39] under the assumption that
R-symmetry is only broken by the standard triangle anomaly.

In this paper we discuss the perturbative computation of the anomaly in the simplest model
in which it is realised: the free and massless Wess-Zumino model [40]. Since this model is free,
the 1-loop computation is exact. The supersymmetry anomaly appears for first time in the 4-point
function that involves two supercurrents and either two R-symmetry currents or one R-symmetry
current and one energy momentum tensor. In this paper we will focus on the former.

The anomaly appears as a violation of Ward identities. The derivation of the Ward identities is

*Early attempts to compute the supertrace Ward identity can be found in [31, 32] but these missed contributions
to the anomaly involving the R-symmetry current and the Ricci tensor.
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standard by now, but there are a number of subtleties which are perhaps not widely known. Given
a theory there are a number of different routes to obtain Ward identities for correlation functions.
In the path integral derivation (which is often discussed in textbooks) one starts from insertions
of operators in the path integral and makes a change of variables that amount to a symmetry
transformation. Making the parameter of the transformation local and using Noether’s theorem
leads to the Ward identities. This formulation has the advantage that it directly constrains the
correlators computed by Feynman diagrams (more on this below). It has the disadvantage that the
Ward identities contain theory specific terms.

An alternative way to obtain the Ward identities is to introduce sources that couple to the
operators and then impose gauge invariance of the partition function. Defining n-point functions
as n functional derivatives of the partition function w.r.t. the sources, the Ward identities take a
universal form for all theories that realise the same symmetries. However, the n-point functions
defined in this way are not the same with the insertion of n operators in the path integral. To
emphasise the difference we use different notation for the two types of correlator. Let J denote the
source for an operator O. Then the two definitions of n-point functions are

0 o

LY n = L 3 1'
(O@) -0} = 57+ 75 W| (1.99)
<O@) - Olay) > = —— [ [H{BNO(z1) - - O(x) 5L, (1.9b)
where {®} denotes collectively all elementary fields and #[J] = —ilog Z[J]. The functional

derivatives defining the wide bracket correlators in (1.9a) are taken with the operators kept fixed.
In contrast, in the correlators defined in (1.9b) one takes the functional derivatives in the path
integral keeping fixed the operator at J = 0. The chain rule in this case produces additional semi-
local correlators involving §O(x;)/0.J(x;) — the so-called ‘seagull terms’. We should emphasize that
this dependence of the operator O on the source J that arises through the classical coupling of the
theory to background sources is local and should not be confused with the generically non-local
dependence of the 1-point function (O); that is obtained by performing the path integral in the
presence of sources. The seagull terms are theory dependent and their contribution drops out when
all insertions are at separated points. However, since our purpose is to discuss anomalies, which
are local contributions to the Ward identities, we cannot ignore the contribution of seagull terms.

As mentioned above, the Ward identities derived using path integral manipulations involving
< - > correlators contain theory specific terms. These terms combine with the seagull terms
to produce the universal Ward identities written in terms of (-) correlators. More precisely, the
universal Ward identities split into a number of path integral Ward identities. Apart from the
universality of the Ward identities in terms of (-) correlators, there is yet another reason to use this
definition: the local counterterms required to renormalise (-) correlators are universal and depend
only on the sources J of the composite operators . To renormalise the path integral correlators
< -> one needs counterterms that involve additional sources (besides J) for the model specific
seagull operators 6O(x;)/dJ(x;). Such terms cancel out between the path integral correlators and
correlators involving seagull terms, resulting in the universal counterterms that depend only on the
sources J. A related discussion appeared recently in [41]. For these reasons our discussion in the
main text will be phrased in terms of the correlators in (1.9a). However, we explain in detail the
issues discussed here in a series of appendices.

To derive the Ward identities for symmetry currents we need to couple the currents to cor-
responding sources in a gauge invariant fashion. In simple cases® linear couplings suffice, but in

34.e. when the currents are invariant under the symmetry.
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general one has to include non-linear terms, and these in turn give rise to the seagull contributions
discussed above. One can work out all terms needed using the Noether method, but luckily in our
case the answer is already known. The sources comprise an A/ = 1 conformal supergravity multi-
plet, so our starting point is the coupling of the N’ = 1 massless WZ model to N/ = 1 conformal
supergravity. It is then a straightforward (if tedious) computation to work out the Ward identi-
ties that (Q* (1) Q% (y)J"(2)T*(w)) satisfy, where Q is the supercurrent and J* the R-symmetry
current. This correlator satisfies three different Ward identities: one due the supercurrent conser-
vation (Q-supersymmetry), one from gamma-trace conservation (S-supersymmetry) and one from
the conservation of the R-current. These relate the 4-point function to lower-point correlators,
which themselves satisfy their own Ward identities. The theory would be non-anomalous if the
correlators computed at one loop satisfy the superconformal Ward identities.

To do this computation we need to regulate the theory and an important issue is the choice of
regulator. Any consistent regulator would suffice but certain regulators are more convenient than
others. An ad hoc regularisation of Feynman diagrams may lead to inconsistencies. A regulator
is consistent if it can be implemented at the level of the action, so one can formulate a regulated
theory from which the Feynman rules follow and the renormalised correlators are obtained after
appropriate subtractions are made and the regulator is removed.

A second important issue is the symmetries that the regulator preserves. If a regulator breaks
non-anomalous symmetries then this complicates the computation, as one would need to compen-
sate the explicit breaking by finite counterterms. On the other hand, it is important to make
sure that the computational scheme does not implicitly assume the existence of a regulator that
respects the symmetry one investigates, since if a regulator exists that respects a symmetry then
this symmetry is non-anomalous. In our context we want to study supersymmetry anomalies, so to
avoid such implicit assumptions we will do the 1-loop computation using components rather than
superspace graphs.

In [1] we sketched the 1-loop computation using momentum cut-off, following the original
computation of the chiral anomaly [2, 3] (see also Jackiw’s lectures in [42]). The 4-point 1-loop
diagrams entering the Ward identities are superficially linearly divergent like the triangle diagrams
and they have a similar momentum routing ambiguity. However, the complete Ward identity in-
volves additional divergences that need to be subtracted with counterterms and such a computation
is challenging when carried out with momentum cut-off, since it breaks Lorentz invariance.

In this paper we will use Pauli-Villars (PV) regularisation [43], which manifestly preserves
Lorentz invariance. PV regularisation is often presented as a prescription where propagators are
replaced by differences of propagators involving massive PV fields, or entire diagrams are replaced
by linear combinations of identical diagrams involving PV fields such that the result has improved
UV behaviour. For such prescriptions to be consistent, the new Feynman rules should follow from a
regulated action involving the massive PV fields. In the presence of interactions there is a standard
way to introduce Pauli-Villars fields such that all correlation functions of elementary fields are
regulated, see for example [44]. In our case the theory is free and we are considering correlation
functions of symmetry currents, so this method does not apply automatically. Following in spirit
the discussion of PV regularisation of QED in [45], however, we found that all diagrams we compute
are regulated using as PV fields three massive A/ = 1 chiral multiplets, one with standard statistics
and two with ‘wrong’ statistics, with masses appropriately correlated.

Since the regulated action is supersymmetric, one may wonder whether this already shows
that there is no supersymmetry anomaly. To establish the absence of a supersymmetry anomaly
we still need to couple the symmetry currents to sources supersymmetrically. Since the PV fields
form massive supermultiplets, they break conformal symmetry, R-symmetry and S-supersymmetry
and as such they cannot couple supersymmetrically to conformal supergravity. Instead, one can

-6 —



consistently couple the regulated theory to old minimal supergravity. The supersymmetry of old
minimal supergravity can be identified with a field dependent linear combination of the Q- and S-
supersymmetry of conformal supergravity. However, the algebra that involves this field dependent
combination does not close unless additional auxiliary fields are turned on. The auxiliary field
required for the closure of the old minimal supergravity algebra is a complex scalar, M. Once
this additional field is included the algebra closes, but differs from that of conformal supergravity.
While the algebra of conformal supergravity is a gauged version of the A/ = 1 superconformal
algebra, old minimal supergravity amounts to gauging the super-Poincaré algebra. Having coupled
the currents to sources in a gauge invariant fashion one may proceed to obtain the regulated Ward
identities, and then use them to find out which symmetries are anomalous. As we will verify, old
minimal supersymmetry is non anomalous.

It is instructive to rephrase this discussion in terms of current multiplets. Prior to regularisation
the theory can be coupled to conformal supergravity and the corresponding symmetry currents form
an N = 1 conformal current multiplet. The Ward identities derived from conformal supergravity
refer to this multiplet. The regularisation breaks conformal symmetry and the theory can only
couple to old minimal supergravity. The resulting currents constitute the Ferrara-Zumino (FZ)
multiplet, which contains all currents of the conformal multiplet (some of which are now not
conserved) and, in addition, the complex scalar operator sourced by the auxiliary field M. The Ward
identities derived using old minimal supergravity refer to the FZ multiplet and (by construction)
preserve (old minimal) supersymmetry at the quantum level.

Once (supersymmetrically) renormalized, the quantum theory can again consistently couple to
conformal supergravity, but some of the original symmetries are now broken by quantum anomalies.
To determine the superconformal anomalies of this N' = 1 SCFT we need to relate the Ward
identities for the conformal multiplet of the renormalized theory with those for the FZ multiplet
of the regulated (and renormalized) theory. The FZ multiplet Ward identities for the regulated
theory contain explicit symmetry breaking terms relative to those of the conformal multiplet. Since
the theory is classically superconformal, these terms can at most give rise to contact terms as the
regulator is removed. If they are zero the corresponding Ward identity is non-anomalous, but
otherwise there is an anomaly. We find that the R-symmetry, S- and Q-supersymmetry Ward
identities are all broken at the level of FZ multiplet 3-point functions. Of course, the old minimal
combination of Q- and S-supersymmetry is by construction non-anomalous.

As mentioned earlier, one may shift the anomalies from one symmetry to another. We show
that one can find finite local counterterms involving the old minimal supergravity fields that bring
the anomalies to their superconformal form, including the standard chiral anomaly for R-symmetry.
Moreover, they render the scalar operator of the FZ multiplet null, resulting in the conformal mul-
tiplet of currents. It should be stressed that the required counterterms necessarily depend on
the auxiliary field M of old minimal supergravity, since the WZ consistency conditions preclude
the existence of a local counterterm involving only the conformal supergravity fields that can-
cels the Q-supersymmetry anomaly [38]. Once the local counterterms are added, both Q- and
S-supersymmetry (and any field independent linear combination of them) are anomalous, with the
anomaly for Q-superymmetry appearing first in the (Q*(x)Q%(y)J%(2)J*(w)) correlator. The
results reproduce exactly the structure of anomalies obtained by solving the WZ consistency con-
ditions for conformal supergravity [38].

Note added: As this paper was finalised, we became aware of [46] which has some overlap
with this work. We thank the authors of [46] for sharing their draft with us and for discussions.

This paper is organised as follows. In section 2 we review the Ward identities for the conformal
multiplet of currents and the structure of the corresponding superconformal anomalies obtained by
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solving the WZ consistency conditions for conformal supergravity. Moreover, we explicitly derive
the form of these Ward identities for flat space correlation functions of conformal multiplet cur-
rents. In section 3 we introduce the WZ model and discuss its coupling to conformal supergravity.
In section 4 we present the PV regulators, the coupling of the regulated model to old minimal
supergravity and the derivation of the regulated (Ferrara-Zumino multiplet) Ward identities. Sec-
tion 5 contains the 1-loop computation and the anomalies, both for the Ferrara-Zumino multiplet
and the renormalised conformal current multiplet. We conclude in section 6 with the discussion
of our results. The paper contains a series of appendices, where we collect a number of technical
results. In appendix A we present our conventions and tabulate useful spinor identities. Appendix
B presents a detailed discussion of the path integral Ward identities. This appendix includes a
discussion of subtleties that is not available elsewhere (to our knowledge). Appendix C discusses
the relation between the two different types of brackets in (1.9a) and (1.9b) for the correlators
we compute in this paper. In appendix D we show that the PV regulator properly regulates all
correlators entering the Ward identities and in appendix E we collect the results about symmetry
breaking terms in the regulated Ward identities.

2 Conformal multiplet Ward identities and anomalies

The superconformal Ward identities can be formulated independently of any specific SCFT in
terms of the a and ¢ anomaly coefficients, whose values depend on the specific theory. The current
multiplet of A/ = 1 superconformal theories consists of the stress tensor, 74, the R-current, J*,
and the supercurrent, Q*, which is a Majorana spinor in our conventions. These couple respectively
to the vierbein, e}, the graviphoton, A, and the gravitino, ¢,,, which comprise the field content of
N =1 conformal supergravity [47-50], which we briefly review in section 3.2. The consistent (as
opposed to the covariant [51]) current operators are defined accordingly as

N
€ <7
0y,

where e = det(eZ), W e, A, 1] is the generating function of renormalized connected current corre-

sW sW
124 — -1
Ses’ (JH)s =e A,

(T)s=e! (@) = (2.1)

lators, and the notation (-)s denotes connected correlation functions in the presence of sources. In
particular, further derivatives of these one-point functions result in higher-point functions.

The current operators (2.1) are defined independently of whether there exists a Lagrangian
description of the theory. If a Lagrangian description exists, #[e, A, ] is given by

Wle, A, p] = —ilog Ze, A, ], (2.2)

where Z[e, A, ] is obtained from the path integral

Zle, A, v = / [d{@}]e’strheAdl) (2.3)
ren
over the microscopic fields {®}, after renormalization. In the model we will focus on in the subse-
quent sections, {®} will consist of a number of N/ = 1 chiral multiplets, corresponding to a massless
Wess-Zumino (WZ) model and a set of massive Pauli-Villars regulator fields.

More accurately, the operators (2.1) comprise the so called conformal current multiplet. This
multiplet does not exist for massive theories such as the regulated WZ model, even if it is classically
conformal. As we will discuss in more detail later on, in order to accommodate massive theories, the
current multiplet must be suitably extended to include additional (auxiliary) operators. However,
the conformal current multiplet (2.1) exists for all SCFTs after renormalization and this is the
multiplet we discuss in this section.



2.1 Ward identities for 1-point functions with arbitrary sources

The superconformal Ward identities and anomalies for arbitrary N/ = 1 SCFTs in four dimensions
were derived in [38], using the local symmetries of NV = 1 conformal supergravity and the associated
WZ consistency conditions. For theories with equal anomaly coefficients, i.e. a = ¢, these coincide
with the superconformal Ward identities derived earlier holographically in [30]. In terms of the
currents (2.1), the superconformal Ward identities take the form

EVAT Yo+ Vol Bu(@s) =B Du(Q@)s = FulT”)s
+ AU(TAT)s +15.7%Q°)) = @ (eual s + 77l Q)s) =0,
TEYs + 55u(Q") = Aw,
ey Tis + 3Puran{ @) =0,
Vil T")s + ithuy*(Q)s = Ag,

1 3t
D@5 = 57" ¥u{Tds = T7°ulT™)s = Aq,
2
W(Q)s = TYVu(TH)s = As. (24)

Here and in the following the spin connection is given by

Wuab(ea ¢) = wuab(e) + i(ija%ﬂbb + "Lu%ﬂpb - &u’Yb@Z)a)v (2'5)

with wyap(e) denoting the unique torsion-free part. Moreover, ¢, is the gravitino fieldstrength

7

1 . g v
2756,,MPUDP¢J) = —6(45Lp5,‘j] + 7/)/56qu )7 D,g. (2.6)

1
u = g'yy (Dzﬂwbu - D,lﬂ/)u -

V. denotes the Levi-Civita connection, while D,, stands for the spinor covariant derivative, which
acts on the gravitino and its fieldstrength as

1 . .
Du¢u = (a,u + Zwuab(ea @Z})'Yab + ZVSA;L)@ZJV - Fﬁyd’p = (@# + 17514#)%/’

1
D¢, = <au + Zwuab(e’ V) Yab — i'VSAu> v — F5y¢p = (@,u - i75Au)¢u- (2.7)

Since the gravitino and the supercurrent have opposite R-charge, the covariant derivative acts on
the supercurrent as

1
Dy (Q") = (% + Zwu“”(e, ¥)Yab — i75Ap) (Q)+T%,0° = (D — in° A,)(Q"). (2.8)

The superconformal anomalies on the r.h.s. of the Ward identities (2.4) are local functions of
the background conformal supergravity fields and take the form



Aw =255 (W2 = 2F) — 2B+ 0,

" 1672 3 1672
A :(5;7730) FF + (62475)77,
Ag 2(5616;230)}?“” (Du — %Au’yf’)%j + %FW (W[gfsz’f] - 5L055})75Dp¢0
+ WPWQ“[”’W 1Dy + (as;;) (B2, - %Rguug“[”v” ) Dogs + OW?). (2.9)

The antisymmetric tensor Fj,, = 20,4, denotes the fieldstrength of the graviphoton, while the
dual fieldstrength, F},,, is given by

~ 1
FHV = §€ul/pano'- (210)

These are the building blocks of the two independent quadratic curvature invariants
y ~ 1
F?=F,F", 6  FF= 5" Fur Fpe. (2.11)

The geometric curvature invariants are built out of the Riemann tensor and its dual

~ 1
R,uzzpo = §€ull’i>\Rﬁ)\paa (212)

(which is not symmetric under exchange of the first and second pair of indices) as well as the
Schouten tensor, P, which in four dimensions is given by

1

7(RMV - éRguu)- (2.13)

P 5

The independent quadratic curvature invariants are the square of the Weyl tensor, W2, the
Euler density, F, and the Pontryagin density, P, defined respectively as

1
W2 = Wopo WHP? = Ryprpo R = 2Ry R + S R,
E = Ryuypo R*P7 — 4R, R" + R?,

1 ~
P = QeW”RWURWPU = RMP7 R, per. (2.14)

Finally, the anomaly coefficients a and ¢ are normalized as in [36], so that for N, free chiral
multiplets and N, free vector multiplets they take the form

1 1
a = @(NX—*—QNU)’ CcC = ﬂ(NX+3NU) (215)
In particular, for the WZ model we have

1

=57 (2.16)

c=2a

2.2 Ward identities for flat space correlation functions

Differentiating the superconformal Ward identities (2.4) with respect to the background conformal
supergravity fields leads to relations among higher-point correlations functions. In particular,
applying a sufficient number of derivatives with respect to suitable combinations of background
fields on the superconformal anomalies produces contact (i.e. ultralocal) terms that survive once
the supergravity fields are set to their Minkowski space value. The fact that the superconformal
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anomalies (2.9) are non trivial solutions of the WZ consistency conditions ensures that there exist
no local counterterms that can eliminate the corresponding contact terms in correlation functions.
We are interested in the simplest flat space correlation functions of current operators that receive a
contribution from the Q-supersymmetry anomaly, Ag. It is straightforward to see that the lowest
order flat space current correlation functions where Ag contributes are <QQJ J) and <QQ’TJ ).
In this paper, we focus on the 4-point function <QQJ J) and obtain a direct derivation of the
Q-supersymmetry anomaly via an 1-loop computation in the WZ model.

In order to compare the 1-loop calculation with the anomalous superconformal Ward identities
(2.4), we need to determine all constraints these imply for the 4-point function (QQJ.J), by
applying successive derivatives with respect to the relevant background supergravity fields. We will
also derive the flat space constraints for a number of 2- and 3-point functions that enter in the
flat space Ward identities of the 4-point function <QQJ J), since these are required in order to
determine the Q-supersymmetry anomaly.

As we discuss in appendix C, beyond 1-point functions, correlation functions can be defined
either via path integral operator insertions, in which case they will be denoted by <->, or through
functional differentiation, in which case we will use the notation (-). Feynman diagrams compute
the former, while the latter definition is more general and can be used even for non Lagrangian
theories. This is why the discussion in this section is formulated entirely in terms of correlation
functions defined by functional differentiation. The two definitions of correlation functions differ by
so called ‘seagull terms’, which encode the dependence of the Noether currents on the background
fields when a Lagrangian theory is coupled to background supergravity. In particular, the seagull
terms correspond to insertions involving derivatives of the Noether currents with respect to the
background fields. Those needed for our analysis are determined in appendix C.

It will also be useful to note that the functional derivative of correlation functions with respect
to the gravitino is unambiguously defined through the identity

30(0() s = { [ dtye @ Wou)0)-+-) = ( [dlyesin@ o)) . (217)

S S
which holds for any number of local insertions, both bosonic or fermionic. Notice that the second

equality follows from the Majorana property of the gravitino and of the supercurrent (see appendix
A for our spinor conventions). Finally, in order to keep the notation as compact as possible, we
introduce the covariant Dirac delta function

§(z,y) = e oW (x —y), (2.18)
as well as the bidirectional derivative
d(z,y) 5,2 3z, 2) =0(z,y)0u6(x, 2) — 6(x, 2)0,0(x, y). (2.19)
We will use the covariant delta function even in flat space, with the implicit understanding that
e~ =1 in that case. All derivatives are taken to be with respect to z*, unless otherwise indicated.
Q-supersymmetry

Starting from the Q-supersymmetry Ward identity in (2.4), applying a functional derivative with
respect to ¥, (y) and subsequently setting the gravitino to zero gives

- 1
D, (Q"(x)Q%(y))s — §<7;”($)>57“5(w, Y)
' 4(5a — 3¢) ~ o ” .
+ é((J”(az»s — WFWAH) (45[;’5)\] + 2756,»\” )757/\(9p + 1’7514[,)5(1‘, Y)
= %;?vu (A, RPOHY 4 A, RPVHO) () — (“M;ZC)FWRWUV,,&Q;, Y). (2.20)
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Notice that, although the gravitino has been set to zero, this identity holds for arbitrary bosonic
sources. In particular, by further differentiation with respect to the graviphoton, A,(z), we obtain

Dy (QM(x) Q7 (y)T"(2))s — i7°8(x, 2)(Q" () Q7 (1)) s — %<T”( )T (2))s7%0(2,y)

i v K 4(5CL B 36) KV UTK o . o

+ (7@ T = =Gy (F™ 4 ™ 4,9,)8(, 2) ) (48165 + 1771 ) x (2.21)
4 1, 4(5a — 3¢) =, vl 5w

Gy + i A0 y) + 5 (T @) — BV Fw g, ) (a6505) 4 inPen ) e, )0, )

_ (a—c)

Y [Vu(5(x,z)e”“aﬂR“ﬂ“” +6(z, 2)€" g R¥PHT) + V.6 (2, )™ 5RO‘BW] Vo(x,y),

which again holds for an arbitrary bosonic supergravity background.

The 2- and 3-point function constraints (2.20) and (2.21) allow us to determine the flat space
Ward identities relevant for our analysis. Firstly, setting the bosonic sources in (2.20) to their
Minkowski space values results in the 2-point function Ward identity

0,(Q"(2) 2 (1)) — 5{T (@8 ) + £(T* () (45255) + 377 0,6z, ) = 0. (222)

Similarly, setting the bosonic background fields in (2.21) to their Minkowski value gives

1

0u(Q"()Q7(Y)T"(2)) — 178z, 2)(Q () Q7 (y)) — H{T () T™(2))7"6 (=, y)

i v K g : o
+ (T (@) T () (8487 + v )71 9,0 (2, )
1 g . KO
+ (77 (@) (43567 + irPen™) 7 3w, 2)3(z, ) = 0. (2.23)
As anticipated, there is no trace of the anomalies in the flat space Ward identities (2.22) and (2.23).

However, differentiating (2.21) once more with respect to the graviphoton, A, (w), and then setting
all sources to their Minkowski space values results in the 4-point function Ward identity

0u(Q" (@) Q (y) T*(2) T *(w)) — iv°6(x, w)(Q*(x) Q" (y) T*(2))
— i7°5(z, 2)(Q"(w )Q"(y)J“(w)>—%< o (@) T (2) T (w))y*6(, y)

+ (@7 =) - TG e ste, 2 b e ) x

g . 1 ol .
(45[;’5)\] + 17561,,\”‘7)757”\8[,6(33, y) + §(45[V55)\} 4 WSEV)\B")y’\x

(17" @) T (@) (, ) + (T ()T ())858(,w) ) 6(z, y) = O, (2.24)

which contains a contact term proportional to the linear combination 5a — 3¢ of the superconformal
anomaly coefficients. As we emphasized earlier, this contact term cannot be removed by local
counterterms without introducing an anomalous contribution to a different correlation function.
Another crucial observation is that the coefficient of this contact term differs from the corresponding
term in the 3-point function of consistent R-symmetry currents (see (2.31) below), which descends
from the axial anomaly.? One of the main goals of the present paper is to reproduce the 4-point
function Ward identity (2.24) from a 1-loop calculation in the WZ model.

“In fact, the coefficient of the contact term in (2.24) matches that arising in the 3-point function of covariant
R-symmetry currents [30].
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S-supersymmetry

Another anomalous Ward identity for the 4-point function (QQ.7.J) follows from S-supersymmetry.
Differentiating the S-supersymmetry Ward identity in (2.4) with respect to 1, (y) we obtain

- 31 4(5a — 3c)
I 4 —_2((7° S St
W@ @ W) = T (7@ - =5
_[(Ga=3¢) mp0 A€ i lospl _ slosply s 320 =) p1lv 1 po]
= [ 62 FPo + 67T2F (’Yu o — oy 61,)7 + 12 Pg"y
a—=¢c vpo 1 v, po .
+ 7( $2 ) (R“ PO N — ing,g“[ ~P ])} (2, + WSAP)(S(x,y). (2.25)

As in (2.20) above, we have set the gravitino to zero in this expression, but have kept the bosonic

ﬁ#UAM)r)ﬁa(xa y)

background fields arbitrary. Further differentiation with respect to A (z) results in the identity

@) )T — 2 (77 @072~ 3D (B 1 o 4,9.) (2. ) )15 )
671r ((5(1 — 30)eP™ 4 ciy ('y”[ng]T ATl gols 4 2gT[pg"]”)>V75(x, 2) (D, +i7°A,)o(x,y)

i [BO 3 ey K p (o) — gfpad)y 1 22D p gty

+ ((18;26) (R“”m’y,w — %Rgu g“["’ym]>]i’y55(w, 2)0(z,y). (2.26)

The flat space Ward identities we are interested in can be read off these 2- and 3-point function
constraints. Setting the bosonic supergravity fields to their Minkowski values in (2.25) we obtain

3 58w, y) (T () = 0, (2.27)

Yu(Q" () Q% (y)) — 1

while (2.26) gives

M QM (@) Q7 (y) T"(2)) — %5"(93)»7”(2»755(% y)
1

=53 ((5a — 3¢)e?T™ + cin® (vl — yloyele 4 2nT[Pn‘T]”))aTa(a;, 2)9,0(z,y).  (2.28)

Notice that, in contrast to the Q-supersymmetry anomaly, the S-supersymmetry anomaly does
affect the flat space 3-point function (QQ7). Finally, differentiating (2.26) one more time with
respect to A, (w) leads to the Minkowski space identity

QM (2) Q7 (y) T (2) T (w))

B @a@aw) - 2 s, ) 6, s(a,w) 1o, )
6711-2 ((50, o 36)2’}/560{07—” . (,yn[ana]T _ ATl } o 2,,77[11 01“))87—5(1‘, z)é(x, w)&(x, y)

1
6 — ((5a _ 3C)Z’YSEKUTO[ . (VQ[KUU]T 0% [Knd]a 4 2n7[nn0]a)>875(x, w)é(m, Z)(S(:ﬂ, y) (229)

R-symmetry

The last set of flat space Ward identities we need for our analysis follow from R-symmetry. Firstly,
functional differentiation of the R-symmetry Ward identity in (2.4) with respect to A, (y) gives the
2-point function identity

2(ba — 3¢)

573 ENVE AV 6(x,y), (2.30)

VT (@) T (y))s + iuy™(QH(2) T (y))s =

,13,



where both the bosonic and fermionic background fields have been kept arbitrary. Differentiating
this expression one more time with respect to A,(z) and setting all sources to their flat space value
produces the standard Ward identity for the 3-point function of consistent R-currents, namely

0. (7@ () + 223

Ad
MPTo(x,y) Or 0(x, z)) = 0. (2.31)
If instead we differentiate the R-symmetry Ward identity in (2.4) with respect to the gravitino,
¥, (y), we obtain the 2-point function identity

Vu(TH@) Q" (y))s + 0(x,y)in(Q" (2))s +i(Q” (y) Q" (x)) 7 1hu = O, (2.32)

which again holds in the presence of arbitrary sources. Notice that the R-symmetry anomaly does
not contribute to this identity because it is independent of the gravitino. Further differentiation
with respect to 1,(z) leads to the flat space identity

0u(TH(2)Q" (y) Q7 (2)) + 8(x,)in*(Q" (2) Q" (2)) + i{Q” (y) Q°(2))7°8(x,2) = 0,  (2.33)
while differentiating (2.32) with respect to both v,(z) and A,(w) gives in flat space

Ou(TH(2)Q" (y)Q°(2) T (w))
+08(z,9)i7°(Q" (2)Q7(2) T (w)) + (Q" () Q° (2) T (w))1°6(x, 2) = 0. (2.34)

The Ward identities (2.24), (2.29) and (2.34) constitute three constraints for the flat space 4-point
function (QQJ J). The main goal of the rest of this paper is to derive these Ward identities —

including the contact terms due to the superconformal anomalies — from a 1-loop calculation in the
WZ model.

3 The free and massless Wess-Zumino model

In this section we consider the free and massless WZ model. We begin with a description of the flat
space theory and its classical symmetries, before discussing its coupling to background conformal
supergravity. It section 4 we will identify a suitable Pauli-Villars regulator for the free and massless
WZ model, which we use in section 5 and appendix D for regulating the 1-loop diagrams.

An off-shell N' = 1 chiral multiplet consists of a complex scalar, ¢, a Grassmann-valued Majo-
rana spinor, y, and an auxiliary complex scalar, F. The free and massless WZ model for a chiral
multiplet in Minkowski space is described by the Lagrangian®

A 1
Lz = —ﬁ(@@*@“qﬁ +a?yPx — F*F), (3.1)

where a hat * indicates quantities evaluated in a Minkowski background. It will be omitted later
on when referring to the corresponding quantities in the presence of background supergravity fields.

5The auxiliary field F' should not be confused with the fieldstrength of the background graviphoton in e.g.
eq. (2.11). The arbitrary normalization constant a has been introduced in order to facilitate comparison with
different conventions in the literature. The propagators (3.3) are canonically normalized for o = 1/ V2.
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Propagators

The momentum space propagators following from the Lagrangian (3.1) are

o0& (1) = 6" (1)d(p) = (27)'6(p + ') Ps(p),
XX = —x@)x(p) = 27)*6(p + p) Py (p),

F(p)F*(p') = F*(p')F(p) = (2m)*6(p + 1) Pr(p),

where
2ia? P

Py(p)=——%-, Pp)=-=5,  Pr(p)=2ia”.

p p

3.1 Symmetries and the conformal multiplet of conserved currents

The free and massless Wess-Zumino model is classically invariant under the superconformal group

SU(2,2|1) [52-55]. An infinitesimal SU(2,2|1) transformation can be parameterized as

0 = a" Py + L MM + V'K, + AD + 6gR + £0Q + 705,

(3.4)

where P,, M,,, K,, D, R, Q and S are respectively the generators of spacetime translations,

Lorentz, special conformal, scaling, R-symmetry, Q- and S-supersymmetry transformations. The

action of these generators on the chiral multiplet fields is given in table 1.

PM 5a¢ = aﬂauqs: 5aXL = a'ua,uXLa 0. F = aﬂauF

K, | 09 = by ((2a+2” — n""2%)0,¢ + 22+¢)
Soxr = bu((2zta” — n*2?)0yx1 + 3x# XL + TV XL)
& F = bu((2z#z” — *z?)8, F + 42 F)

M,ul/ 0pp = guVJ;[“aV]QZ)’ dexr = E,LLV (-T[May]XL + %’YWIXL)u 0o = ijx[,uau]F
R | 09y® = iqrO09, dpoxr =i(qr + 1)00xL, 0o F =i(qr +2)00F
D o\p = )\(:13”'8“ +1)¢p, daxr = A(:c“(‘)u aF %)XL, OF = >\($“8M +2)F

onoF = —az*foryudxr

Q | 6:00 = aforXL, OeoXL = 5= (Poeor + Feor), 6sF = agordxL

S | bned = —axGorVuXLs OnoXL = 5= (@ Ddyunor + 2*Fyumor + 2¢moL)

Table 1: SU(2,2|1) action on a chiral multiplet of R-charge qr. Superconformal invariance requires gr = —

The SU(2,2|1) generators satisfy the algebra
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D, P, ] =—P,, [D7Ku] = K, [PM,K,,] = 2(77/WD - 2Muu)a
[M,uuap] - na[unu]ppaa [MMV)K ] - na[uny}pKaa
[M,ul/a M ] nA[uny]pMAU — Mp")o )\p’

(@%@} = 30" B0 15% 85} = —5 ()% 5Ke

(@85} = 58D — () sMy + 2 ()5,

PoSl= %@ [KwQ=wS  [Mu,@=—37Q  [Mu,S] =115,
D.@=-3Q, IDSI=35 [RQ=in'Q [RS=-iS 35)

Noether currents and the conformal multiplet

Noether’s theorem for SU(2, 2|1) invariance results in only three independent current operators, cor-
responding to the conserved currents associated with translations, R-symmetry and Q-supersymmetry
transformations. They comprise the conformal current multiplet of the massless WZ model and
are given respectively by

N
THy = —50%6°0,)6 + xv“aux - fa b (X1 X+ XV ux — X7 x)

1
- W(aﬂa — 1 0°)(#°9) — 55 (0,670°6 + o’ XX — F'F),
I'=33 (6700 — 906" + 5 xv ),

o = %(MV“XR + Po*yHxL) + i’y“”ay(@m + ¢*xL). (3.6)

3«

Notice that, although the stress tensor can be further simplified using the equations of motion (see
Table III in [1]), only the off-shell form leads to the correct Ward identities.
The currents (3.6) satisfy the on-shell conservation laws

8, T", =0, 8,J"=0, 9,0"=0. (3.7)

The conserved currents for the remaining SU(2,2|1) symmetries are obtained by contracting the
stress tensor and the supercurrent with the corresponding Killing vector or spinor (see (3.14) below)
and result in three algebraic constraints on the currents (3.6). In particular, Lorentz, scale and
S-supersymmetry invariance require that

72[/11/] =0, 7:# =0, Tu QU =0. (38)

No further condition arises from special conformal transformations, since these are equivalent to a
translation, preceded and followed by a discrete inversion. The stress tensor and the supercurrent
in (3.6) include suitable improvement terms that do not affect the conservation equations (3.7),
but ensure that the algebraic constraints (3.8) hold on-shell [5].

In appendix B we provide a path integral derivation of the ‘naive’ (i.e. classical) superconformal
Ward identities using the Noether procedure and the conservation laws (3.7) and (3.8) for the
massless WZ model. By construction, this procedure involves correlators defined via path integral
operator insertions. Identifying the seagull terms from the symmetry transformations of the current

operators, the resulting Ward identities can be cast in a more compact form in terms of correlators
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defined through functional differentiation. This rather tedious procedure reproduces the classical
version of the superconformal Ward identities discussed in section 2. However, the derivation in
appendix B is provided only for completeness and is not needed for our analysis. The seagull terms
that connect the Ward identities in section 2 to the Feynman diagram computation of correlation
functions can be obtained more efficiently by coupling the theory to background supergravity, which
we discuss next.

3.2 Coupling to background conformal supergravity

Coupling a supersymmetric field theory to off-shell background supergravity allows for a simpler and
universal description of the global symmetries and their physical consequences, without reference
to a specific model. It also facilitates powerful computational techniques, such as supersymmetric
localization [56]. Coupling a theory to background supergravity amounts to gauging the global
symmetries by turning on appropriate gauge fields — the supergravity fields — and suppressing their
kinetic terms [57]. Crucially, the local symmetry transformations of off-shell supergravity are in-
dependent of any matter multiplets present and the algebra closes without invoking the equations
of motion. Clearly, without this property, eliminating the kinetic terms of the supergravity fields
would not be consistent. As we saw in section 2, the universality of the local symmetry transfor-
mations of off-shell supergravity is also what enables the general derivation of the Ward identities
and their quantum anomalies, by solving the WZ consistency conditions.

Classically superconformal theories, such as the massless WZ model, can also be coupled to
conformal supergravity, which facilitates an alternative, more efficient formulation of the Noether
procedure. For example, the conserved currents that couple to background supergravity are those
satisfying the algebraic constraints (3.8), and so this formulation of the Noether procedure leads
directly to the improved currents. However, massive theories cannot be consistently coupled to
conformal supergravity and so it is not possible to quantize a classically superconformal theory on a
conformal supergravity background while preserving superconformal symmetry, since any regulator
necessarily introduces a mass scale. A suitable background supergravity for massive theories is old
minimal supergravity [58], which we will discuss in section 4. In the remaining of this section, we
review the coupling of the massless WZ model to background conformal supergravity, focusing on
the symmetries of the classical theory.

Symmetries of conformal supergravity

As we reviewed in section 2, the field content of N' = 1 conformal supergravity [47-50] consists
of the vierbein, e}, the graviphoton, A4, and the gravitino, ¢,. Its local symmetries are diffeo-
morphisms with infinitesimal parameter £#(z), Weyl transformations o(z), local Lorentz trans-
formations \?(z), axial U(1) gauge transformations #(z), as well as Q- and S-supersymmetry,
parameterized respectively by the local spinors £(x) and n(x). These local symmetries act on the
fields of conformal supergravity as

1—
depy, = §>‘8,\eﬁ + €58,6> — )\“bez + o€, — 51#“7“5,
51, = EXO\ +¢a*—lx ab 1 Dye — v —iv°0
= AP S 1 ab” ¢u+2<ﬂ/}u+ W€ — Yun — 17 0y,
3i— 30—
§A, = XA, + A0, + Zgzm% — qu% + 0,0, (3.9)
where the covariant derivatives of the spinor parameters, € and 7, are given by (cf. (2.7))
1
D,e = (3M + Zwuab(e, V) Yap + i75Au)e = (-@u + z'fy5AM)5,

1 ) .
D = (8 + ™ (670 = 7" Au )1 = (2 — i7" Au)n, (3.10)
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and the spin connection, w,(e, 1), was given in (2.5). These transformations close off-shell and
form a so called ‘soft algebra’ or ‘algebroid’, which refers to an algebra with field dependent structure
constants. In our conventions, this algebra can be found in [38].

Before discussing the coupling of the massless WZ model to conformal supergravity, let us
briefly recall how the superconformal algebra SU(2, 2|1) arises as the Killing symmetry of Minkowski
space from the local symmetries of A/ = 1 conformal supergravity. The Killing symmetries of a
conformal supergravity background (éz, /lu, 1[;“) correspond to the subset of local symmetry trans-
formations that preserve the background. In the case of Minkowski space, the local transformations
(3.9) determine that the Killing conditions are

E0uEN — AN + 668 =0, O — =0,  9,0=0, (3.11)
where €§ = 7§ is the vierbein of Minkowski space. The trace and antisymmetric parts of the first
equation determine the parameters ¢ and Aap in terms of f“ through the relations

1. 2 N N
o= 1 &H, Aab = _égéga[ugu]a (312)

which lead to the conformal Killing vector equation
Ou” — 9" — %a,,é%; =0. (3.13)
The general solution of this system of equations takes the form

EH = at — 3" 4+ Aa* + (201D, — 1, 0) 2V 2P, G =—\—2ba’,

Aab = —eley (b +4byz,),  0=00,  é=co+vu2"m0,  §=no, (3.14)
where a*, £,,,, A, b*, 6y, €9 and 1y are constants parameterizing the global SU(2,2|1) symmetry
transformations in (3.4).

Wess-Zumino model coupled to conformal supergravity

Up to quadratic terms in the gravitino, the coupling of the massless WZ model to conformal
supergravity takes the form [52, 59, 60]

1

e Bz = — 53 Db DHG — LB+ 5 FF — 679 Rlu(e)]
+ %T/_Ju(ﬁéb’YMXR + 6™ y"'xr) — 3%(@23 + & XLV Dby + 3%14#1/7“(%3 — ¢"xL)
- mlaz e %ag@b*qb 7 Do (3.15)
+ 16;2 TPy (¢* e — $0s0" + Oii%v"’x) - T16(>?757VX)(¢M>’5%¢“) +O@WP).

where the covariant derivatives act on the chiral multiplet fields as

2 1 {
Dup = (0u+SA4) 0 Dux = (0t g0 (e %) — 57 Au)x: (3.16)

4 3

Under the local symmetries of N' = 1 conformal supergravity, the WZ fields transform as
56 = 0,6 — 00— 500+ acLxu, (317
oxr = &§"0uxr — %UXL + %«%@ - iAaw“”XL + % (’y“ (Dpd — atpurxr)er + Fer + 2¢?7L>,
OF =0, F — 20 F + %GF + %épﬁ“ (204DMXL — " (Dy¢ — by xL)ur — Four, — 2¢ %L),
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where the gravitino fieldstrength, ¢, (not to be confused with the lowest component of the chiral
multiplet, ¢), in the transformation of F' was defined in (2.6). Together with the transformations of
the supergravity fields in (3.9), these leave the Lagrangian (3.15) invariant, up to a total derivative
term. Notice that evaluating the transformations (3.17) on Minkowski space and replacing the local
parameters with their Killing form in (3.14) leads to the global symmetry transformations in table
1. Moreover, the flat space limit of the S-supersymmetry transformation in (3.17) coincides with
by defined in (B.25).

The variation of the WZ Lagrangian (3.15) with respect to the background supergravity fields
determines the corresponding current operators, as discussed in section 2. This gives

1 . 1 1_ _ _
T = @D(% Day¢ + 5X7*Dax = 5V (XY x + XV*¥Pax — XV 7" aX)
1 1 * YV * *
+&7€Z(R5—V“Vz}+5ﬁm)(¢¢ ) — 502 Ca ( v¢* D¢+ o*xPx — FF* + ¢<Z5 R) +O(¥),
/l: *
g# = 5 (67026 — 6D + s+ 0 (oxn — i),

o) YD, (dxr + ¢*xL) + iA”(<Z5XR —¢*xL)

——yep, 0 (p9*) — 12027 (2070 V0 Dotbs + 0p(#" )1 Wiko)

ot = %(@m“m + c‘z%*v“XL) + o

+ ée“”p"%wp (¢*8a¢ — ¢0:¢" + %mf’fx) - é’f’%df” (X7°7"x) + O(%?). (3.18)
Notice that the expression for the R-current is exact to all orders in the gravitino, since the qubic
and quartic terms in the gravitino in the WZ action do not involve the gauge field, A,, (see e.g.
egs. (2.5) and (2.6) in [59]).

Using the equations of motion following from the WZ action (3.15), it can be shown that the
currents (3.18) satisfy the classical version of the Ward identities (2.4), namely

AV, T + Vo ($,Q") — 4y D, Q" — FuJ” =0,
. 1 3i
VuT* + it =0,  DuQ = SN TE — S008I =,

1- 1 - 31
671,7:1“ + §¢MQu = 05 eu[a%ﬁl + ZQﬁu’)’abQu = 05 ’Y}LQ# - ZZ’Y5wuj” == 0 (319)

These generalize the flat space conservation equations (3.7) and algebraic constraints (3.8) to a
general supergravity background.

The flat space limit of the currents (3.18) coincides with the improved Noether currents (3.6).
However, they also contain linear and higher order couplings to the background fields. In appendix
B we demonstrate that these terms ensure that the symmetry transformations of the current op-
erators involve only currents and are independent of the specific microscopic model. This is not
the case for the Noether currents (3.6), whose transformations are model dependent. The differ-
ence between the current operators (3.18) defined through functional differentiation and the model
dependent Noether currents (3.6) gives rise to the seagull terms discussed in appendix C. Since
Feynman diagram computations involve the Noether currents (3.6), in order to obtain the Ward
identities in the model independent form discussed in section 2 from a 1-loop computation it is
necessary to include suitable seagull terms to replace the Noether currents with the corresponding
operators obtained through functional differentiation.
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A 1-loop computation also requires regulating and renormalizing all Feynman diagrams that
enter in the evaluation of current multiplet correlation functions. Since any regulator breaks scale
invariance, the conformal multiplet of current operators cannot be defined for the regulated theory.
The current multiplet that the regulated theory admits and the background supergravity it can be
coupled to is the subject of the next section.

4 Pauli-Villars regularization

The 1-loop diagrams that determine the correlation functions of conserved currents in the free and
massless WZ model (3.1) suffer from UV divergences that must be regulated and renormalized. In
this section we present a supersymmetric Pauli-Villars (PV) regulator that suffices for removing
the 1-loop UV divergences from all correlation functions that appear in the Ward identities we
examine in section 5.

Consistency of any PV regulator requires that its contributions to the 1-loop diagrams follow
from a local Lagrangian. A supersymmetric PV regulator further demands that this Lagrangian
preserves supersymmetry and hence must involve a number of A/ = 1 multiplets. The PV regulator
we use consists of three massive chiral multiplets, one with standard statistics and two with ‘wrong’
statistics. The corresponding PV Lagrangian is a standard massive WZ model, except that terms
involving the multiplets with wrong statistics are appropriately modified.

To help make the discussion of the PV regulator more transparent, it is instructive to discuss
in parallel the standard massive WZ Lagrangian

. 1 1
Lz = =55 (0u0"0"6+ *xx — F'F) = Smxx + 5 5 T (@F + ¢°F™), (4.1)

as a reference. Despite using the same notation as for the massless WZ model in (3.1), we emphasize
that (4.1) is only meant as a generic reference — it is neither the physical model we are interested
in nor the PV Lagrangian we use. We simply use it to elucidate the structure of the PV regulator
and of the symmetries it preserves.

Integrating out the auxiliary field, F', using its equation of motion, F' = —m¢*, the massive
WZ Lagrangian (4.1) becomes

- 1 m? 1 m
— = — *OH —— P + =% —YYX. 4.2
Lwz, 5529 oMo+ 5,200+ 2X$X+ 5 XX (4.2)

The PV Lagrangian we consider takes the closely related form

. 1
— v = 502 8ug028 2 + % 2g02<p2 + )\2@)\2 + 7)\2)\2 (4.3)
1 — -
+ 5 301001 + 5 2901% + 53 0u010"01 + 5 i 2520101 + APAL+ midiA,

where (2, A2) is a standard massive WZ multiplet, consisting of a commuting complex scalar, s,
and an anticommuting Majorana spinor, Ao, while @1, 91 are anticommuting complex scalars and
A1 is a commuting Dirac spinor. Here, we should emphasize the distinction between the Dirac (e.g.
Xl) and Majorana (e.g. ) conjugates of a spinor, both of which are discussed in appendix A.

In fact, the fields (1,91, A1) form two chiral multiplets with ‘wrong’ statistics. This can be
made manifest by means of the field redefinition

+0 —
Ay = ()\1+)\C) A 52()\1 A9), ¢+E%, @_E%, (4.4)

where the Majorana conjugate, )\1, is defined in (A.9), ¢4+ are anticommuting complex scalars
and Ay are commuting Majorana spinors. The two chiral multiplets correspond to (¢4, A1) and
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(¢—,A_). The advantage of this parameterization is that it greatly simplifies the discussion of the
symmetries preserved by the PV regulator. However, once expressed in terms of the fields (4.4),
the PV Lagrangian (4.3) contains non diagonal terms for the fields of wrong statistics, namely

2
my 1_ ma 5
g2 P22t 2)\26/\2 +5 A2z
)
i . im
+ —5 (0upt 0" 0 — 0upZ0"py) + —5H (Pl — L)

FiALPA_ = A_PAy) +Fimi (DAl — AA). (4.5)

1 .
Oup30* s +

IRV = 50

Both forms (4.3) and (4.5) of the PV Lagrangian will be used in the following to analyze different
aspects of the regulator.

Notice that the PV Lagrangian contains two independently supersymmetric parts, namely the
standard WZ action for the massive chiral multiplet with canonical statistics, and the remaining
terms for the two massive chiral multiplets of wrong statistics. The non diagonal terms in (4.5)
imply that the latter do not preserve supersymmetry independently — it is not possible to write
down a supersymmetric Lagrangian for a single massive chiral multiplet of wrong statistics. Super-
symmetry does not impose any relation between the mass of the standard WZ multiplet and that of
the two chiral multiplets with wrong statistics. However, in appendix D we show that cancellation
of the UV divergences requires that m3 = 2m3. After adding suitable counterterms to renormalize
the 1-loop diagrams, this mass parameter will be sent to infinity.

Propagators

It is most convenient to express the propagators of the PV fields in diagonal form using the pa-
rameterization (4.3). Paying attention to the statistics of the various fields, they take the form

P2(D)P3(0) = @5(0)pa(p) = (27)*6(p+ p) Py (1),

Aa(P)Aa(p) = =X (@) Aa(p) = (2m)*6(p + p') Pry (p).

P12 () = —0t ()1 (p) = (21)*8(p + P') Py (1),
0 ()01(0') = —91 ()% (p) = (27)*5(p + 1) P, (p),
— I
MM P) = a@) ) = 27)*5(p + p') Py, (p), (4.6)
where
ia? —ip+m
Palp) =~ P =i
ia? ia? —ip+m
Pal) =~ B = Ry - L

4.1 Symmetries and the Ferrara-Zumino current multiplet

The PV Lagrangian (4.3) or (4.5) is invariant only under a subset of the superconformal symmetries
in table 1. Like the standard massive WZ model (4.1), it is invariant only under the Poincaré
symmetries and Q-supersymmetry. After integrating out the auxiliary fields in the chiral multiplets,
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Q-supersymmetry acts on the PV fields as

deop2 = aEgr A2, deo Py = QEQRA2,
1 * *
degA2 = %0 (Dp220r + D501 — Map2eor — Mapseor),
3\ 1 * = = * =
deg A2 = ~%4 (2oLdes + EorPp2 + magorp2 + magseoL),
Oeo P+ = QEQL AL, 0eoplt = —QE0RAL,
1 * *
deg At = % (@@iEOL — dpreor — mipleor + m1¢i€0R>, (4.8)

where any sign differences in the transformations of (¢4, Ay) relative to the standard transforma-
tions of (2, A2) are due to the different statistics.
Using the field redefinition (4.4), we find that the fields (1,41, A1) transform as

0,V = —aor A1 = —aéorA1, 0-001 = —ahieoL = aZor Ay,
0eoP1 = QEQRAL = Q&0 A1, 0001 = adigor = —aforAY,
0o A1 = %((MTEOL — Pp1eor — madicor + mi1pi€oR),
S 1 * - = *
Oeg A1 = _%(EORaﬁl — Eordet + migortt — migorel). (4.9)

Once again, in these expressions one must be careful to distinguish between the Dirac and Majorana
conjugates of a spinor, both of which are discussed in appendix A. In particular, for a Majorana
spinor, , the Dirac conjugate, X, and the Majorana conjugate, Y, coincide, i.e. X = ¥. Moreover,
the Dirac and Majorana conjugates of Weyl spinors are related as >_<L, R = XR,L, While those of
Dirac spinors are unrelated. For example, using the decomposition of the Dirac spinor A\; into two
Majorana spinors At as in (4.4), we have

M =X +9A, AN = AL — A = Ay — A (4.10)

Ferrara-Zumino multiplet operators

The Noether procedure for Poincaré and Q-supersymmetry invariance of either the massive WZ

model (4.1) or the PV Lagrangian (4.3) results in a conserved and symmetric stress tensor, T#,,
and a conserved supercurrent, é/‘, i.e.

A~

aﬁﬂy =0, Ty =0, au’éﬂ =0, (4.11)

where the tilde indicates that these are operators of a massive theory and, as above, the hat denotes
quantities evaluated in Minkowski space.

Although the conformal multiplet of currents consists only of the classically conserved current
operators (3.6), any current multiplet for a massive theory contains additional operators [61]. The
simplest and best known such multiplet is the Ferrara-Zumino (FZ) multiplet [5], which, as we will
show later on, turns out to be particularly relevant for examining the presence of supersymmetry
anomalies in superconformal theories. Besides the stress tensor and supercurrent, the FZ multiplet
contains a generically non conserved R-current, j # as well as a complex scalar operator O and

its complex conjugate, (’) M*-
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For the massive WZ model (4.1), the FZ multiplet operators take the form
2 1 . 1_ 1, _ _
T, = @8(% 0,)¢ + 5x7"dux — 0 b (XX + XYY o x — XY 0X)
1 * * *
— 53 (0"0, — ) (¢*¢) — 2%( 9,0*0° ¢ + o*xdx — F*F + ma’xx — m(¢F + ¢*F*)),

T = ™ 2(¢*8"¢ $Or " + 5 xv ¥ x)

L 1
oH = %(éM’Y”XR + P vxL) + =" 0 (dxR + ¢ XL) + %(dm“m +¢""XR);

3a
5 m 9 3 m 42
= = —— %, 4.12
Oum 102 ¢, Oum 102 ¢ (4.12)
Using the equations of motion following from (4.1),
O = m2¢, dx = —my, F =—-mg¢*, (4.13)

it is straightforward to verify that the stress tensor and the supercurrent satisfy the identities (4.11).
Moreover, we find that
m

A _ m? A m _ A m N
Th=—5XX— 5900, 9uJ"= ?XVE)X, Q" = (dxL + ¢ xR), (4.14)

which reflect the breaking of, respectively, scale invariance, R-symmetry and S-supersymmetry.
Integrating out the auxiliary fields in the PV multiplets and including suitable improvement
terms, the FZ multiplet operators following from the PV Lagrangian (4.3) take the form

T |y = %8(“903(%@2 - é(a"@y — nl0%) (p5p2) — T;n’y‘ (0,050° 2 + m3p50)
+ %5\27"&/)\2 - %Tﬁf (A2dA2 + madads) — éap(j\ﬂﬂpu)\z + A7y A2 = APyt Ae)
+ 50010, - i(aﬂay — 0P (1) — oyl (0401071 + m3piin)

+ %a(wla,,)ﬁ’{ ) (aﬂa — nld?) (9197) — 21277,, (8910797 + m3197)

- 1 - - -
+ MY A — (M PA + midiA) — Zap()\l’yu’yp”h + MY A = PR,
:v,u, 4 * (—L 042 N A MaD i * <_'L, * <—ZL 23 A A0
J ‘PV = @(902 9 802+?)\2’7 Y )\2> +@(@1 M1 — 07 M0 + " My )‘1>’
A 1 . 1 . " ma " "
Q' |py = 5= (Pe27"dar + D3 dar) + =7 Du(p2dor + P3hor) + 5~ (027" Nar + 37" Dar)
1 * 1 v * mq *
+ %((91917“)\1}2 — deiy ML) + 57" Oy (V1 Mr — w1 ML) + %(1917“)\11: — @17 MR)
1 * 1 v * mq *
+ %(@1917”\101: — P17 M) + @7“ Oy (1AL — 1A TR) + %(1917”\?}2 — 17" AL,

m2 4o *
PV T 10272 +2 St (4.15)

X . mo 2 mq A

We emphasize that the supercurrent for the PV fields remains an anticommuting Majorana fermion,
which is essential for coupling the theory to background supergravity. Its Majorana conjugate is

1 3 *y v m 3 *)
o —Ou(p2Xar + @3 hoL )V — Tj(mx\u + @3 op)Y" (4.16)

. 1 —C e mq—C .
+ %)\1 (PR’Yufwl — Pyt det) — 5811(191)\1 Pr — o1\ PL)y" — 2*01)\1 (V1P — 01 Pr)Y"

Q |lpy = (/\zm”@wz + Aary'dps) —

1 - 1 — — M —
+ %Al(PL'Y“aﬁT — Pry'Ppr) — 370[81/(1%)\1PL — i Pr)V" — 27;)\1 (V1Pr — @1 PL)Y"
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The FZ multiplet operators of the full theory, comprising the massless WZ model and the
PV fields, are the sum of the conformal currents (3.6) and the PV operators in (4.15), and will

be denoted by 7'“,,, J “ Q“ and OM in the following. Their counterparts without a hat, *, will
again refer to the corresponding operators defined through functional differentiation by coupling the
theory to background supergravity, which is the subject of the next subsection. The FZ multiplet
operators satisfy the on-shell identities (4.11), while the breaking of scale invariance, R-symmetry
and S-supersymmetry is reflected respectively in the relations

~ m2 % ma s m2 * * T 2
Th= - 0722902@2 - 7)\2>\2 - 071(@1901 + 9197) — mixiA = Bw,
S ) _ 2 - ~
0T = %)\275)\2 + i M7°A1 = Bg,
~ m * m * m * 2
Y Q= ?2(@2)\% + @3\2R) + Fl(ﬁl)\lL — PIAIR) + ;1(791/\?1% — @1A(L) = Bs, (4.17)

where we have introduced the notation BW, B r and [;’5 for the quantities on the r.h.s. of these iden-
tities for later convenience. Notice that these quantities, as well as the scalar operator Oy, receive
contributions only from the PV fields. This observation will play a key role in the discussion of
anomalies in section 5. As for the Noether currents (3.6) following from superconformal symmetry,
in appendix B we provide a path integral derivation of the naive Ward identities associated with the
conservation laws (4.11) of the massive theory. However, the coupling to background supergravity
that we discuss next provides a more efficient derivation of these Ward identities, directly in their
model independent form in terms of operators defined by functional differentiation.

4.2 Coupling to background old minimal supergravity

As discussed earlier, a massive theory does not admit a conformal current multiplet due to the
broken scale invariance and, hence, it cannot be coupled to conformal supergravity. The off-shell
supergravity that sources the FZ multiplet is old minimal supergravity [58, 62, 63]. It can be
obtained from A = 1 conformal supergravity by adding a compensating superconformal chiral
multiplet, (&, X, F), and suitable gauge fixing [59, 64, 65]. The compensating chiral multiplet
sources a subset of operators in the FZ multiplet [5, 61] that form a chiral multiplet. This chiral
multiplet comprises a complex scalar operator (z in the notation of [61]) that is sourced by F, the
gamma, trace of the supercurrent sourced by ¥, and the trace of the stress tensor and the divergence
of the R-current, which are sourced by the real and imaginary parts the complex scalar 5

The local symmetry transformations of the compensating multiplet are exactly those of the
chiral multiplet in (3.17), namely

- o~ 9~ N
66 = £, — 06 — T06 + aEL X, (4.18)
R SR VU IO LT T
oxr = &"ouxr — 3oXL+ §9XL — ZAab’Y XL+oo (’Y (Du¢ — apurXr)er + Fer + 2¢77L>7
. 4~ 1 N . ~
OF = fuauF —20F + EGF + §§R’7M <2aDuXL - (DV¢ - O“/’VLXL)#MR - F¢uL —2¢ ¢uL> .

The compensating multiplet allows us to redefine the supergravity fields so that they are
invariant under Weyl, S-supersymmetry and axial gauge transformations. Using the conformal
supergravity transformations in (3.9), it is straightforward to verify that the redefined fields
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. 1 ~ - ~ . _
ef = |gled, Y= i (PR + " Pr) Py + é‘m (¢PL + & Pr)*%,
4y, = A= 21872 (6°0u8 — 60,8 + TN — W (FK — XR)).  (419)

do not transform under Weyl, S-supersymmetry and axial gauge transformations [59].
Having defined the invariant supergravity fields (e)f, ¢, A},), we fix the gauge by setting

=1, x=0. (4.20)

This gauge choice eliminates the sources of the gamma trace of the supercurrent, the trace of the
stress tensor and the divergence of the R-current in the FZ multiplet, all of which are redundant. In
this gauge, the field redefinition (4.19) reduces to the identity, so that (e}, 1y, A},) = (e, ¥y, Ap)-
However, only a subset of the local transformations of conformal supergravity preserve this gauge.
From the transformations (4.18) of the compensator multiplet we see that the gauge (4.20) is
preserved if and only if the local symmetry parameters satisfy the conditions

. s _
o =0, 6 =0, n= %4@55 - §(F€L + F*eR). (4.21)
The surviving local symmetries are those of old minimal Poincaré supergravity with
i 1, ~ ~.
B =G+ by, () = s Ao’ — 5 (Fep + Fep), (422)

where ;, 6, are the Q- and S-supersymmetry transformations of ' =1 conformal supergravity.

The field content of old minimal supergravity, therefore, consists of that of A/ = 1 conformal
supergravity, as well as the auxiliary complex scalar, 15, of the compensator multiplet, which is not
fixed by the gauge fixing conditions (4.20). Adopting standard notation [66], we denote this field
by M in the following.® The supersymmetry transformations of old minimal supergravity are

1—
6(E)mez = = iwu’y%g?

i 1 )
5gm¢u = Dye — 'Y,u(gA'YSg - §(M5L +M 5R))7
A T | \
55 AM = Z(bufy €= Zwufy (gA’Y € — §(M€L + M ER))a

v 1
0mM = — Epy* (S Abur + S ML + Gt )- (4.23)

Ward identities

Given the field content and local symmetry transformations of old minimal supergravity, we can
define the corresponding current multiplet operators and determine the Ward identities they satisfy.
A variation of the generating function of (regulated) connected correlation functions takes the form

5H e, A, b, M] = / A4 e((TH)8e% + (9304 + 505, (O + (Oar)aM + (Oppe)e6M*), (4.24)

51n fact, M here is related to Mws in [66] as M = —3Myp.
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where the local operators defined by

~ W ~ W Y
(TH)s=e" Soa” (TH")s = _157, (QM)s = e_lﬁ,
L L "
~ W - oW
_ -1 . _ 1
Om)s=e o (Omr)s=e e (4.25)

comprise the FZ current multiplet [5, 61]. Like the currents (2.1) defined from conformal super-
gravity, this definition of the FZ multiplet is independent of the specific theory and applies even to
non Lagrangian theories.

The local symmetries of old minimal supergravity consist of diffeomorphisms, local frame ro-
tations, as well as the local supersymmetry transformations (4.23). The algebra of these trans-
formations closes off-shell [58, 62]. Since there exist no gravitational or Lorentz anomalies in four
dimensions, diffeomorphisms and local frame rotations are preserved at the quantum level. Whether
the old minimal supersymmetry transformations (4.23) are anomalous can be determined using the
associated WZ consistency conditions. We will not perform such an analysis here, but we will show
that the four point functions of currents in the free and massless WZ model are compatible with a
non anomalous old minimal supersymmetry.”

Inserting the local symmetry transformations of old minimal supergravity in the variation
(4.24) and invoking the invariance of %e, A, 1, M| leads to the three Ward identities

eZV,,('iV)s + VV(TZ);A@V)Q - &u$u<éy>s - Fuu<jy>s - auM<6M>s - auM* <6M*>s
+ AU(VAT)s +i5.2%@°)) = (el T + 700 @):) =0,

~ 1_ ~
e,u[a<7;,lf>s + 1¢u’7ab<Q“>s =0,

DuG")s = 31uT) = 7 0ulT")s
+ 5 (MPy 1 M Pp — 2 407 (3,43, — 2Py, (4:26)

9t (S Aun+ SM s+ 8u) Orads + 9 = S AL + 3M Yy + b (Gar-)s = 0.

Since diffeomorphisms and local frame rotations are preserved at the quantum level, the first two
Ward identities hold also in the quantum theory. In section 5 we will show that the old minimal
supersymmetry Ward identity is also maintained at the quantum level, at least for the current
correlation functions we examine.

Differentiating the supersymmetry Ward identity in (4.26) with respect to the old minimal
sources leads to the flat space Ward identities

08 ()2 (1)) — (T @8z ) + (T (@) (45855) + i er) 770,62, )

+ 2 (On) P + (Oar )Py 050 () = (127

"The claim that there exists no supersymmetry anomaly in old minimal supergravity is implicit in [23, 25-27, 67).
However, these works concern the superspace formulation of old minimal supergravity, which contains additional
fields that may act as compensators.
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%@“(fv)@(y)j”(Z))—w 8(z,2)(Q"( )é”(y»—%<7~;"($)5"(2)>7“5(w,y)

(T (@) T"(2)) (4665 + i ey ) /P71 0,0 (x, y))

»—moo\s

+ < (T (2)) (461765 + inPe, ")V 6 () 2)6(, y)

OO

— 280, 2 (B @ D)) ~ S5 )T @)
+ 2178(,1)0(2, 2) (O () P — (Oare (2)) P
+ 2970,0(2,) ((Ous (@) T P + (Gar- (@) TP ) = 0, (428)

0,(0(2) Q% () T™(2) T (w)) — ir°8(x, w)(Q*(x) Q" (y) T*(2))
— i55(w, 2){Q"(2) Q" () T* (w)) — ;< 7 (@) T (2) T (W) 5(2, y)

LT @T T ) (4548 + e 0,5(z,)
+ S (480055) 4 e xP) (1T (@) T )50, 2) + (T ()T (350, w) ) (2, )
— 25 2 (1l @ @) )T (W) ~ ST @) T @)1z ) )
— 23, w (3@ @) F W) TE) — T @I ()
+ L3(e, )0, 2 (O (@) T () P — (Opr () T ) P
+ 2002, 9)6(e, whn*™ ((Ou (@) T*(2) Pr — (Gar- (2) T*(2)) P
+3170,8(2,) (O () T*(2) T () Pr + On- 0) T () T ) PL) =0.  (4:29)

In section 5 we will verify that these identities remain true at one loop for both the regulated and
renormalized WZ model.

Ward identities for broken symmetries

Even though Weyl invariance, R-symmetry and S-supersymmetry are not symmetries of old min-
imal supergravity and are therefore explicitly broken in the FZ current multiplet, there still exist
Ward identities associated with these symmetries. This is because the FZ multiplet operators pos-
sess well defined transformations under these symmetries. These Ward identities can be derived
by temporarily relaxing the gauge fixing conditions (4.20). The operators sourced by the extra
components 5 and X of the compensator chiral multiplet do not belong to the FZ multiplet, but
result in symmetry breaking terms in the Ward identities.

Relaxing the gauge ﬁxing conditions (4.20), the generating functional of the FZ multiplet is
%e’,A’,d/,M’], where €%

¢*2M, like €', A’,, is invariant under Weyl, R-symmetry and S-supersymmetry transformations.

A, and ¢}, are the composite supergravity fields (4.19) and M’ =

o

Hence, an infinitesimal variation of the generating functional under any of these symmetries, col-
lectively denoted by dp, leads to the identity

0=26sW][e, A, ¢/, M = / dia e((TH)s0pel + (TM)s0p A + 69, (Q")s + (Oar)s05 M

+ (On+)s0BM* +(05) 06 + (03.):080" + 65X(0x)s),  (4.30)
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where (Og) s, (O ¢*> and (Oy)s are defined analogously to (4.25). Using the symmetry transforma-
tions (4.18) of the compensator multiplet, this identity leads to the following three Ward identities,
respectively for Weyl invariance, R-symmetry and S-supersymmetry:

€ (T + 5l 3) = (Bw)s,
V#(j“)s + i&u’)ﬁ(éu)s = (Br)s,
’Yu<éu>s - %75¢u<ju>s = (Bs)s, (4.31)

where, after imposing the gauge fixing conditions (4.20), the symmetry breaking terms on the r.h.s.
take the form

4

Br 31 m g + 3(M(’)M M*(’)M*)

1
Bs = — —0;. 4.32
S o X ( )
As we will see below, for a classically conformal theory By, Br and Bg depend only on the regulator
and so they become ultralocal after renormalization.

The S-supersymmetry Ward identity in (4.31) implies that flat space correlators satisfy

@) (W) — 775 (T (@) = (Bs(@) @), (433)
W@ )& W) T () — T @ T N o(y) = Bs@P T ), (430

(@) ) T ()T (W) — ST @) T () T @ 8w, ) = (Bs(2) 2 () T~ () T (w)),

(4.35)

while R-symmetry implies that
Ou(T* ()" (y)) = (Br(=)T" (), (4.36)
0T (@) T (y)T*(2)) = (Br(@)T" (1) T*(2)), (4.37)

Ol T (2) @ () Q°(2)) 43w, y)in™( Q" (2) Q7 (2))+i{ Q" () ()10 (w, 2) = (Br(2) Q" () Q°(2)),

O T (@)D" () Q°(2)T7 (w)) + 8(, y)ir* (D" (2)Q°(2) T (w))
+i(Q" (y) @ (2) T (w))1°d(x, 2) = (Br(z) Q" (y)Q ()T (w)). (4.39)

Using the identities for the broken symmetries, the FZ multiplet supersymmetry Ward identities
may be written in a simpler form that is more suitable for the analysis in section 5. Namely, inserting
(4.33) and (4.34) respectively in (4.28) and (4.29) we get
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08 ()8 (1) T*(2)) — in5(a, AT ()2 () — 5{T (@ T (62 )

7

+ 0T (@) T () (4855 + in° 1) 77200 ()
(T (@) (4515050 + 703" 0(z, 2)6(z, )
= 26(2,2)7" (B5(2) 2 () — 57°"3(,4)3(, ) (O (@) P — (Bar- () Py
— 57°°0,3(2,0) (Oar(@)7~(2)) P+ (Gas- () T~(2)) PL) =0, (4.40)

Ou(QH (@) Q7 (1) T*(2)T*(w)) — in°8(w, w)(Q° (2) Q" (1) T*(2))

— %8(z, (@) & () T (w)) ~ 5 (T () T~ ()T (@) *6(z. )

(T @) TN T ) (4885 + ir%en)7™20,5(z,9)

(46[% L 1996 ) (T (@) T (w)356(3, 2) + (T* (@) T ()36 (=, w) ) 8 e, y)
3, 21y (Bs(2) 8 (1) T () + S0(a, w)y ™y (Bs(@) 7 ()T (2))

— 262, )6(z, 2)°" (1OM(2) T () Pr — (Ors- ()7 (w)) Py )

— 25(2,9)(z, )" ((Ou(2)T*(2)) Pr — (Or (2) T*(2)) P

— 5770,0(@,y) (Ot (@) T*()T*(w) Pr + (Ors+ (@) T* ()T w))PL) =0.  (4:41)
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Massive chiral multiplet coupled to old minimal supergravity

The coupling of a massive chiral multiplet to old minimal supergravity is discussed e.g. in [66, 68, 69]
(see also [57]). However, the analysis in the literature typically involves field redefinitions that are
not suitable for our purposes here and so it is easier to derive the relevant results directly in our
conventions.®

As for the supergravity fields, the supersymmetry transformation of a chiral multiplet in old
minimal supergravity corresponds to the combination (4.22) of Q- and and S-supersymmetry in

conformal supergravity, given in (3.17). Namely,

NP = €100+ aErL XL,

1 1 _
6" xr = §"0uxr — Z)\ab'}/abXL + 5. (7“ (Du¢ — avurxr)er + Fer + 2¢UL>7

1 _
5ng = 5“8MF + igR’Yu <20¢DMXL - ’YV (Du¢ - awl/LXL)z/}/LR - FT/}ML - 2¢ (Z)NL) . (4'42)

It follows that the massless WZ model (3.15) preserves old minimal supersymmetry. The interaction
terms for a superconformal chiral multiplet coupled to conformal supergravity [49], namely

8For example, comparing the old minimal supersymmetry transformations in (4.42) with eq. (19.21) in [66] or
eq. (3.19) in [68], one sees that the top component of the chiral multiplet there has been shifted by a multiple of ¢M.
Such a shift is related to an improvement term of the FZ multiplet (see [57] for a discussion of this shift) that allows
old minimal supersymmetric actions to be expressed in terms of a generic holomorphic superpotential, but obscures
the relation between the old minimal and conformal supergravity supersymmetry transformations.
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LA = g(dXxL + ¢ XXR) — 5z (6°F + 62 F) (4.43)

2002
(D*Pur"xL + 62" XR) — 129062 (v g + 62Dy L) + OWP),

_9

2c

where, the overall factor, g, is the arbitrary coupling constant, also preserve old minimal super-
symmetry independently. Although we do not consider the interacting WZ model in our analysis,
we will see shortly that these terms can help us determine the supersymmetric local counterterms

required to renormalize the non interacting WZ model.
The only term that breaks the conformal supergravity symmetries to those of old minimal

supergravity is the supersymmetric mass term®
— 1 — m * Tk m * * m 7 * 7
IR = — gmIX+ 55 (OF + "F") + @(QSQM + ™ M") + 25 PV XL + 6 ur X R)
m - _
+ 507 (P Yo + 0P ) + OW), (444)

where m is an arbitrary mass parameter. This mass term is invariant under the old minimal super-
symmetry transformation, but not under the individual Q- and S-supersymmetry transformations
of conformal supergravity. It also breaks R-symmetry and local Weyl invariance explicitly. The
general coupling of a chiral multiplet to old minimal supergravity therefore takes the form

L = Ly + LW | pmass (4.45)

where the three terms are given respectively in (3.15), (4.43) and (4.44).
The Lagrangian (4.45) determines that the FZ multiplet operators of a massive non interacting
WZ model take the form

Tu _ 1 o - E * Tk ﬂ 2 *2 7 r*

Tat =Tt + seb (= m+ S5 (0F + ¢ F) + o5(6°M + ¢72M*) + O(v)),

G — G4 %(W‘XL +¢""'xr) + %vﬂ"(&m + 6" %1) + O(¥?),

i VL S I

Jt=J"  Om= 159, Om= 50" (4.46)

where 74", J# and QF are the currents (3.18) of the conformal multiplet. In the flat space limit these
reduce to the operators (4.12) obtained earlier, but as is shown again in appendix B, the terms linear
and higher in the background fields ensure that the symmetry transformations of the currents (4.46)
are model independent, contrary to the transformations of the operators (4.12). The dependence
of the operators (4.46) on the background fields also determines the seagull terms discussed in
appendix C, which relate correlation functions of these operators with Feynman diagrams.

The FZ multiplet operators (4.46) satisfy the classical version of the Ward identities (4.26),
which generalize the flat space conservation laws (4.11) to an arbitrary supergravity background.
They also satisfy the classical version of the identities (4.31) for the broken symmetries with

90nce again, we use the generic massive WZ model (4.1) in order to simplify the discussion. In our analysis this
is eventually replaced with the massive WZ model for the PV fields.
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Bw = — XX+ 55 (6F +¢"F*) + 3(MOnr + M*Opr-) + O(%),
. . 4 " ~
Br = T — A (68 — ¢ F") + S MOy — 1 B)

- %(@Z}MVMXL - d)*?/_),u'VMXR) - %((5qu}u’7uy¢u}% - (5M*d—}u7uy¢uL) + O(ws)’

Bs = %(qbXL + ¢*xR) + %7”(5M¢VR + Opthur) + O(W2). (4.47)

These again generalize the flat space identities (4.17) to a generic supergravity background. Notice
that the expressions (4.47) for the symmetry breaking terms are fully off-shell. They can be
obtained either from the corresponding symmetry transformations of the massive WZ model action,
or equivalently using the relations (4.32) in terms of functional derivatives with respect to the lowest
components of the compensating multiplet. Since infinitesimal variations of the compensator fields
5 and Y around the gauge-fixing values (4.20) are equivalent to infinitesimal Weyl, R-symmetry
and S-supersymmetry transformations, only the symmetry breaking mass terms (4.44) contribute.

4.3 Local counterterms

The local counterterms required to renormalize correlation functions of the FZ multiplet operators
are local functionals of the background supergravity fields and preserve the symmetries of the regu-
lated theory. In particular, the local counterterms %[e, A, 1, M| that remove the UV divergences
are a local functional invariant under the symmetries of old minimal supergravity and allow us to
define the generating function of renormalized correlation functions as

Wrenle, A, 0, M| = W e, A, b, M) + Hesle, A, b, M), (4.48)

where #[e, A, 1, M] is the generating function of regulated correlators.
The counterterms can be decomposed into terms of increasing mass dimension as

Hedle, Ao, M) = W+ B+ W5+ HY (4.49)

ct

each of which is separately invariant under the symmetries of old minimal supergravity. Dimensional
analysis determines that for n < 4, %n) must be of order 4 —n in the regulator mass, while %4) is
logarithmic. Finite counterterms are order zero in the PV masses and will be discussed separately
below. In appendix D we show that, at least to 1-loop, there are no UV divergences proportional
to odd powers of the PV mass and so only even mass dimension counterterms are required.

At each mass level, the local counterterms can be determined by writing down the most general
local expression involving the fields of old minimal supergravity using the mass dimensions [0,] =
[Au] = [M] = 1, [¢] = 1/2, and [ej] = 0 of the building blocks, and imposing old minimal
supersymmetry. However, in practice, most of the counterterms can be obtained directly from
known results using conformal calculus. For example, although not required for the WZ model, the
mass dimension 1 counterterm follows from the interaction Lagrangian (4.43) for the compensating
chiral multiplet of old minimal supergravity. Gauge fixing the compensating multiplet as in (4.20)

leads to a mass dimension 1 invariant action
1_
= / d4:1:e(M + M* + 6¢M7“”¢V + (’)(1/14)). (4.50)

This is the unique old minimal local invariant at mass dimension 1 and so

%1) = al Il, (451)
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where the constant a; is cubic in the regulator mass, but vanishes for the WZ model.

Similarly, the mass dimension 2 counterterm can be obtained from the free and massless WZ
action (3.15) for the compensating chiral multiplet using the gauge fixing condition (4.20). This
leads to the well known Poincaré supergravity action [58, 62, 63]

I, = /d4x e(R[w(e)] + gA“AM — 6M*M + ie"P7 ), vy, Dpibo + (’)(w4)). (4.52)

This is again the unique local invariant at mass dimension 2 and so
%2) = a2z IQ, (4.53)

where the constant as is quadratic in the PV masses and will be determined by canceling the
corresponding UV divergences in the current multiplet correlators.

The mass dimension 3 counterterm requires a bit more effort to determine using conformal
calculus, but this is not necessary here since there are no UV divergences linear in the PV mass
in the free and massless WZ model. Moving to mass dimension 4, there exist three local densities
that are invariant under old minimal supergravity, given in full generality in [70]. Two of these
correspond to the supersymmetrized Weyl squared and Euler densities and are in fact invariant
under the full symmetries of conformal supergravity, while the third is only invariant under the
symmetries of old minimal supergravity. The supersymmetrized Euler density is locally a total
derivative and so we focus on the other two local invariants.

The supersymmetric Weyl squared invariant is the conformal supergravity action [47-50, 52]

8 § i
Iy = / diz e(W2 — =P P 4 85" 8,7, Dpths + 499747V u Pog

_ - 2 - n
— 2RM <¢p’7,ou¢u — VY d’ — gguudjp%aﬁba + 2077 (Dt — ’7[“@’}))
4i - 5
+ S P72 — i€ oo )y by + O(¢4)>' (259

Notice that this action does not involve the auxiliary field M of old minimal supergravity and it is
separately invariant under the Q- and S-supersymmetry transformations of conformal supergravity.
The second invariant at mass dimension 4 relevant for our analysis takes the form [64, 70]

1 _
T, = / d'z e<R2 — 360, MO M* +16(V*A,)* + ;RAPAP + 36,7 DV ¢y
- 12i¢3M7“A757”¢V + 24€"P7 A1)y Do
+ 48i1,7° AP D) $ — A8I ALYV Do) + 241 APV Do — 2410V AD P
+ 8(gup A VP Ay — gupAsVFA, — ANV, AL )Py

16 o 16 - . 8 o
= gAMAuwp’}/ g[pwg] + gA'uqupr @pwa - gAuA“%’Y ’ @pwa

— BAL AV Dy + 1648 Ah Y7 Dty + AAL A By Dy + -+ ), (4.55)

where the ellipses in this expression stand for terms that are not relevant for our analysis (not only
O(1*) terms). The full expression can be found in eq. (4.4) of [70].1% The general form of the local

'9The notation of [70] translates to that of this paper under the following substitutions:
ie et T 5 P A, — 24, S — g(MJrM*), P %(MfM*), n— %A'ysf%(MPLqLM*PR). (4.56)

Moreover, the notation for the covariant derivatives on spinors is reversed: D, = %,, %, — D,, and the Riemann
curvature is defined with opposite sign: R",,c — —R", 0.
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counterterms at mass dimension 4 therefore is
4
WY = 0y Ty +d, T, (4.57)
where the constants a4 and a) are logarithmic in the PV mass.

Finite local counterterms

The structure of the local counterterms that cancel the UV divergences of FZ multiplet correlators
is uniquely determined by the symmetries of old minimal supergravity. However, there remains the
freedom of adding finite local counterterms, on top of those that cancel the UV divergences. Such
finite local counterterms may or may not preserve the symmetries of the theory. For example, one
could add an arbitrary linear combination of the two old minimal invariants (4.54) and (4.55) with
coefficients that are independent of the PV masses. Such a finite counterterm would preserve all
symmetries of the regulated theory, with the coefficients parameterizing different supersymmetric
renormalization schemes. As we discuss in section 5, a specific finite counterterm of this form
(given in (5.6)) is required to bring all 2-point functions computed with our PV regulator to a form
compatible with the corresponding conformal multiplet 2-point functions.

Finite local counterterms that do not preserve all symmetries may be used to move quan-
tum anomalies from one symmetry to another. In particular, we claim that there exists a finite
local counterterm, %n le, A, ¢, M], that can be added to the renormalized generating function,

Wrenle, A, 1, M|, of the FZ multiplet, such that
W e, A, ) = Wrenle, A, b, M) + Wanle, A, b, M, (4.58)

where # (e, A, 1] depends only on the conformal supergravity fields, and the current operators

S, ~ Wi, ~ S,
-1 fin B\ — m -1 fin My “w —1 _ﬁl’l
563 , (T > <~7 >ren+e 514“ ) (Q ) =(Q >rer1+e (W’u )

satisfy the superconformal Ward identities (2.4), with the superconformal anomalies given in (2.9).

<7ZLM> = <;7V:1'u>ren +e

(4.59)

Moreover, since #'[e, A, 1] depends only on the conformal supergravity fields,

~ §Wim
=0, (On)rente ' Mﬁ = 0. (4.60)

This implies that, for a classically superconformal theory, O M and o M+ are ultralocal operators. The
finite local counterterm %n, therefore, relates the conformal and FZ multiplets of any renormalized
N =1 SCFT in four dimensions. The role of this counterterm on the way superconformal symmetry
is broken at the quantum level in each of these multiplets will be discussed in detail in section 5.
Since #pep is invariant under old minimal supersymmetry, the relation (4.58) implies that the
counterterm %n transforms exactly as the conformal multiplet generating function #', namely

5O W = — / d%;eg[AQ + %(MPL + M*Pp — %AﬂAS}, (4.61)

where the Q- and S-supersymmetry anomalies are given in (2.9). This may be taken as the defining
property of #4, and can be expressed in the form of a functional partial differential equation as
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Wi\ 1 o Win 3z : Wﬁn
D <5¢_Ju) (M des ¢,u A,
+2(MPL+MPR‘3AV)(NM rRAE ) )
n e
9 (S A + M +¢ML) B g1~ A+ S MY + Bun) Pt =
eAg + - (MPL + M*Pg — —A’y )e.As. (4.62)

This can be used in order to systematically determine the general form of the finite counterterm
Wian, but we will not pursue this problem here. Instead, in section 5 we determine certain parts of
#an that are relevant for the specific current correlators we consider.

5 Ferrara-Zumino and conformal multiplet Ward identities at one loop

We are now in a position to prove our main result. We begin by demonstrating that the FZ multiplet
supersymmetry remains non anomalous at one loop, at least up to the level of 4-point functions.
However, R-symmetry, conformal invariance, as well as the original Q- and S-supersymmetry of
the conformal multiplet are broken explicitly. Evaluating the local symmetry breaking terms in
the corresponding Ward identities, we show that there exists a local counterterm that removes the
explicit breaking from all correlators, except for terms that reproduce exactly the superconformal
anomalies of the conformal multiplet discussed in section 2.

The model independent form of the Ward identities suitable for discussing quantum anoma-
lies involves current multiplet correlators defined through functional differentiation with respect to
the corresponding sources, i.e. the background supergravity fields. Such correlators are indicated
throughout the paper by the wide brackets (). As we have already mentioned and discuss in more
detail in appendix C, these differ from correlation functions defined by operator insertions in the
path integral by seagull terms, which encode the dependence of the current multiplet operators on
the background supergravity fields. Individual correlators defined via path integral operator inser-
tions, denoted by <->, generically contain additional UV divergences and cannot be renormalized
by local counterterms that depend only on the background supergravity fields. These model de-
pendent UV divergences cancel in the combinations of path path integral correlators corresponding
to correlation functions defined by functional differentiation. The remaining UV divergences are
model independent and can be regulated and renormalized using local counterterms that involve
only background supergravity fields.

Although we will organize the analysis of the Ward identities in terms of universal correlation
functions defined through functional differentiation, actual Feynman diagrams compute correlators
corresponding to path integral operator insertions. The dictionary between the two definitions of
correlators is provided explicitly in appendix C and is used extensively in the subsequent analysis.
Another subtlety in the evaluation of the 1-loop correlation functions concerns the presence of an
overall phase factor due to the definition of the generating function of connected correlators in (2.2),
and the normalization of the current multiplet operators that is chosen to coincide with derivatives
of the classical action. Namely, for connected path integral n-point functions

<0103 Op>~ —z/[d{@}]( ;f) . (i(gj)eis[{é};{‘m ~ "1 x Feynman diagrams, (5.1)

where the Feynman diagrams are evaluated using standard Wick contractions.
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Finally, the following generic observations help organize and simplify the computation of the
current multiplet correlation functions. Firstly, it is useful to notice that the fermion propagators
in (3.3) and (4.7) may be expressed in terms of their bosonic counterparts as

202

B —ip—l—ml B —ip+m2

P = b Polp) Pu) = — 5 5 Pa(), Pl =~ Pu(): (52)

Using these relations, supersymmetry together with the PV mass condition (D.6) give rise to certain
universal structures that render the 1-loop integrals UV finite. In particular, in the computation
of all n-point functions one encounters the two homogeneous propagator polynomials

ng)(%,%a s Qn) = P¢(QI) T P¢(qn) + P%z((h) T sz(@n) - 2P¢1(Q1) T P«m(Qn)a
G (q1,2, -+ Gn) = Poy(@1) -+~ Poy (@) — Py (q1) -+~ Py (4n)- (5.3)

Imposing the mass condition (D.6), the large momentum behavior of these polynomials is
G~ G )~ (5.4)
In appendix D we show that this suffices to ensure the UV finiteness of all relevant correlators.

5.1 Ward identities for the Ferrara-Zumino multiplet

Since the PV regulator introduced in section 4 manifestly preserves old minimal supersymmetry, it
follows that the FZ multiplet Ward identities (4.27)-(4.29), as well as (4.33)-(4.35) and (4.36)-(4.39)
for the broken symmetries, hold at the quantum level provided all relevant Feynman diagrams are
properly regulated. In appendix D we verify explicitly that the UV divergences of all Feynman
diagrams required to compute correlation functions that involve only FZ multiplet operators are
canceled at one loop. For correlators with insertions of the symmetry breaking operators (4.47) that
involve PV fields only, UV finiteness is demonstrated in appendix E. Hence, all FZ multiplet Ward
identities for the regulated theory remain valid at one loop. This remains true for the renormalized
theory, since all divergences of FZ multiplet correlators as the PV masses are sent to infinity are
canceled by the supersymmetric counterterms (4.53)-(4.57), with the coefficients as and a4 specified
respectively in (D.9) and (D.16).

Comparing the FZ multiplet Ward identities (4.33)-(4.35), (4.36)-(4.39) and (4.40)-(4.41) with
the corresponding ones for the conformal current multiplet in section 2, one sees that they coincide
exactly, except for the contact terms related to superconformal anomalies in the conformal multiplet
Ward identities, and the terms involving the symmetry breaking operators Byy, Br and Bg in the
FZ multiplet ones. In order to provide an independent perturbative calculation of the anomalies,
therefore, it suffices to evaluate all correlation functions with insertions of the symmetry breaking
operators By, Br and Bg. We will see, however, that evaluating these correlation functions does not
immediately reproduce the contact terms of the conformal multiplet Ward identities. For example,
the 2-point functions (BrJ) and (BgQ) turn out to be non zero, while there are no contact terms
in the corresponding conformal multiplet Ward identities arising due the superconformal anomalies.
In the next subsection we show that all 2-point functions of FZ multiplet operators can be mapped
to conformal multiplet 2-point functions using supersymmetric local counterterms. Moreover, there
exists a finite local counterterm that depends on the old minimal fields (but not supersymmetric)
that maps all contact terms in 3- and higher-point functions with By, Br and Bg insertions to
precisely those of the conformal multiplet in section 2 due to the superconformal anomalies. The
explicit 1-loop computation of all contact terms arising from FZ multiplet correlation functions
with By, Br and Bg insertions is carried out in appendix E.
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5.2 Finite counterterm and the Ward identities for the conformal multiplet

Having obtained all breaking terms we now proceed to add finite counterterms to restore the
conformal multiplet Ward identities to the extend possible. For the correlators we analyze the

relevant counterterms % C #qn are:

243372 | 8
— i A (O, Dby + Oy D + Wy PO + OV, D, + 20,087 Y )
+ éAP (76 e Dyt + 2P Dy 1200 + AP Dy + TP 01707,

—~ 1 ; _ 1
Win = [?’Ze“”’”wwavf’%@% + APV A, — S RAA” + ZauMa“M*

+ 4€P7THD, 0 oy )Y — 26PTH D, 1h ey Db — 2€P "’“’&ﬂﬁa%y?ﬂu)

1

3
1 VT 1 v AT 5 Vbt

+ gA“A Yy Oy — ZAVA Oty by — EAVA YY" Oppr

_ 5 _ 1 _
+ S ApA ORIy — S Ay ATOH Ty 4 SO, AT APy,

- %@AMM”VW — AT AR ey, + AT AV Oy, + g@uA”ATgZ“%zpy

+ %APAJGU””W;WPVE’GT% + iayAUATeU“PT@ZMryﬂE’W

n %AUATemuan%%vs% + éaVAUATempu&wﬂ%u

; %AOATETWV‘%J’WP’Y%U B %ATAUETWV&#%’Y53V¢U : (5.5)

The terms quadratic in the sources renormalize (finitely) the 2-point functions of the R-current and
the supercurrent, which are now conserved (and gamma-trace conserved for the supercurrent). The
finite renormalization of the 2-point functions now enters in the 3-point function Ward identities
and the contribution of the cubic counterterm is such that the 3-point function (QQ.7) preserves
Q-supersymmetry and R-symmetry and the anomaly of S-supersymmetry exactly matches that
presented in section 2. Similarly, the counterterms ensure that the (7 7J) correlator preserves R~
symmetry and has the correct trace anomaly. Finally, moving to the Ward identity for (QQJ.J),
collecting all finite terms from the finite renormalisation of the lower-point functions and the quartic
contribution of the finite counterterm one finds that R-symmetry Ward identity is non-anomalous
but both Q- and S-supersymmetry are anomalous with the anomalies exactly matching those of
section 2. It should be emphasized that the local counterterms (5.5) deduced from the correlation
functions we computed are ambiguous up to an arbitrary multiple of the superconformal invariant
Z4 in (4.54). This ambiguity corresponds to the usual scheme dependence of the conformal multiplet
and does not affect the form of the anomalies. In writing down (5.5) we have made an implicit
choice for the coefficient of the superconformal invariant Zy.

In fact, all terms in %“n that contribute to 2-point functions are actually supersymmetric.
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Using the form of the supersymmetric invariants Z, and Zj respectively in (4.54) and (4.55), we get

1 1,
28322 (I4 - §I4) -
1 16

vV po v 1 14 *
- Sy / @2 ¢ Ryupr R~ 2Ry R + A (v2ar - SRA" 2P A,) + 120,M0" M

+ 8i€P7 $,7°, D by — 120, 4" DY by + 1610,y A2 b1 — 8eHVP7 Aty Dby

— 16i,7° Ay D7) 5 + 161 APy V" D) — 8iA YA Do + 8TV AP b

+ %Fﬂ%@n,&*‘nz] — i o )y by — g(gupAMV“Aa — GupAa V! Ay — AV Ag )Py e

— AT D) — 5 AT Dy + o Ay AT Dy

AU AT A Dty — AP AT D) — 5 AV AT Dy ), (5.6)

where the ellipses stand for terms that do not contribute to the correlators we are considering. While
the coefficient of Zj is unambiguous, as we mentioned above, the coefficient of Z, corresponds to
the superconformal scheme dependence of the conformal multiplet and is a priory arbitrary. The
coefficient in (5.6) is chosen to match the choice made implicitly in (5.5).

It is clear that the contribution of this supersymmetric counterterm to the 2-point functions
(JJ) and (OpOpy+) agrees with the corresponding ones in (5.5). Verifying that the contributions
to the 2-point function (QQ) agree requires a bit more work. Using the identities

1 g
7“‘?5;1 = _57'0 Dpwm (5-7>
and
i€"P? GV Yy Dby = 247" DY ¢ — ¢ D" — Gy DV by, (5.8)

one finds that, up to a total derivative,

8i€" " Yy Dy + 12,7 DY ¢y = 16¢,7" DY ¢, — 8¢, D" — 209,7" Py ¢y,
1 o T KAT TPO K T _ |k o o_T_ |k
=—3%(37"" AT 4y TP 6Py TGN 6y TA RGN D DDy (5.9)

Isolating the part that is totally symmetric in the indices o, x and 7 it is straightforward to show
that the contributions of (5.5) and (5.6) to the 2-point function (QQ) coincide up to a local term
that is divergence and gamma-trace free. The supersymmetric counterterm (5.6) should also bring
the 2-point function of the stress tensor to its conformal multiplet form, but we cannot verify this
directly here because our PV regulator does not regulate this 2-point function. Assuming this is
indeed the case, we deduce that

o 1 Lo\ | e

Wi = —m(@ - §I4) + Wi (5.10)
where the symmetry breaking term 77{{;" contributes to 3- and higher-point correlation functions.
As in the conformal multiplet, therefore, all symmetry breaking terms in the FZ multiplet appear
first in 3-point functions.

This finishes the construction of part of %n. In principle, performing a similar analysis in-
volving (a suitable set of) other correlators one should be able to construct the full counterterm
%n (though this would be tedious in practice). We should emphasise that the existence of a finite
counterterm %n satisfying (4.58) does not imply that Q-supersymmetry in conformal supergravity
is non anomalous. Indeed, the symmetry algebra of conformal supergravity implies that there exists
no local counterterm — in conformal supergravity — that removes the Q-supersymmetry anomaly,
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without breaking diffeomorphism and/or Lorentz invariance [38]. The existence of Wi instead
implies that there exists a field-dependent combination of Q- and S-supersymmetry that is non
anomalous. No such combination can be a symmetry of pure conformal supergravity, however,
since the algebra does not close off-shell without additional auxiliary fields. The unique combina-
tion of Q- and S-supersymmetry that is non anomalous is precisely the old minimal supersymmetry
(4.22) transformation. Closure of the algebra requires the additional auxiliary field M of old mini-
mal supergravity [58, 62, 63].

While the existence of a finite counterterm %n does not contradict the results of [1, 30, 38],
it may be in agreement with the superspace analysis in [22]. In particular, WNren[e, A, M| may
be identified with what was termed the ‘minimal Q-supersymmetric scheme’, while % [e, A, 1] was
referred to as the ‘Wess-Zumino scheme’ in [22].!! However, a more detailed comparison between
the two analyses, including the general form of the finite counterterm %n, is beyond the scope of

the present work.

6 Discussion

We have presented a comprehensive analysis of the 1-loop computation of supersymmetry anomalies
in the free and massless WZ model. As for any A/ = 1 SCFT in four dimensions, the renormalized
theory admits both a conformal and a Ferrara-Zumino multiplet of currents, with the latter inher-
ited from the regulated theory.'? The two multiplets are related by a set of local counterterms that
shift the anomalies between different symmetries. The conformal multiplet possesses the standard
superconformal anomalies of A/ = 1 SCFTs. In particular, R-symmetry is anomalous because of
the standard triangle diagram, but both Q- and S-supersymmetries are necessarily also anomalous.
On the contrary, the Poincaré supersymmetry of the FZ multiplet (which corresponds to a specific
field-dependent linear combination of the Q- and S-supersymmetries of the conformal multiplet)
is non anomalous, but R-symmetry and S-supersymmetry are explicitly broken. The FZ multiplet
is more natural if one wishes to view the massless model as the zero mass limit of a massive WZ
model, while the conformal multiplet is more natural if one wishes to view the massless WZ model
as an example of an N/ = 1 SCFT. Indeed, in the context of the AdS/CFT correspondence only
the conformal multiplet is available and it is in this context that the anomaly was first discovered
[30].

Our analysis focused on the <QQJ J) correlator, which is where the supersymmetry anomaly
first arises in flat space. We demonstrated that, if the currents belong to the FZ multiplet, this
4-point function (as well as all lower-point functions entering in the supersymmetry Ward identity)
is regulated by a suitable PV regulator that preserves old minimal supersymmetry. Hence the FZ
multiplet supersymmetry Ward identity for this correlator is non anomalous. The PV regulator
we used does not regulate all correlation functions of the FZ multiplet (for example it does not
regulate all correlators that enter in the supersymmetry Ward identity of (QQJT), which is ex-
pected to be anomalous for the conformal multiplet), but there is hardly any doubt that such a
regulator exists. Identifying it remains an interesting open problem, since it would allow one to

1YWe note that in this respect there is a similarity with an analogous discussion of the supersymmetry anomaly
related to gauge/flavor anomalies, where the anomaly is manifest in the WZ gauge [21, 22]. There are however also
important differences. For example, the WZ gauge for the gauge multiplet is obtained by eliminating the so called
‘gauge away’ fields, while the relation between conformal and old minimal supergravity is more subtle, since they do
not differ only by gauge away fields. A detailed discussion of these issues is left for future work.

120ther multiplets such as the R- and S-multiplets are also admissible but were not considered in this paper. The
supersymmetry anomaly of the R-multiplet was studied recently in [71, 72]. See also [28]. Like the FZ multiplet, the
S-multiplet does not suffer from a supersymmetry anomaly.
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demonstrate explicitly that old minimal supersymmetry is preserved at the quantum level for all FZ
multiplet correlators. The second main aspect of our analysis was demonstrating the existence of
local counterterms that interpolate between the FZ and superconformal multiplets. In the present
analysis we do this at the level of correlation functions, but it would be prohibitively complicated
and inefficient to try to generalize this to all current multiplet correlators. The general form of
the local counterterm that interpolates between conformal and old minimal supergravity may be
determined instead directly from the structure of the solution of the WZ consistency conditions,
which again we hope to address in future work.

The presence of a supersymmetry anomaly in the conformal and R-multiplet [71, 72] is an
important caveat one should keep in mind in the context of supersymmetric localization, especially
when the results are compared with holographic computations, as noted in [30, 37, 38, 73] in
relation to the analysis of [74]. In particular, in the presence of anomalies, physical observables
depend on the choice of current multiplet and one should make sure that only results specific to a
given multiplet are compared. Given that different multiplets are often used for field theory and
holographic computations, failing to do so may result in a superficial mismatch. We anticipate that
a local counterterm analogous to that relating the conformal and FZ multiplets interpolates between
the R-multiplet, which couples to new minimal supergravity, and the S-multiplet, corresponding
to 16+16 supergravity, enabling one to remove the supersymmetry anomaly of the R-multiplet.
Determining this counterterm would be particularly interesting for supersymmetric localization
applications.

Since current multiplets describing SCF'Ts are related by finite local counterterms, such coun-
terterms can be used to match the computation of physical observables using different multiplets.
Indeed, it was through the identification of a non-covariant local counterterm (specific to a class
of rigid supersymmetric backgrounds) that the authors of [74] managed to reconcile their holo-
graphic computation with the expected field theory result. Understanding the general structure
of supersymmetry anomalies in different multiplets allows one to explicitly determine the local
counterterms that interpolate between them. Of course, such counterterms are not unique since it
is always possible to add further ‘trivial’ local counterterms that preserve all the symmetries. In
particular, the local counterterms interpolating between the conformal and FZ multiplets that we
determined here through the 1-loop computation may agree with the superspace results in [22] up
to such trivial terms.

Finally, in this paper supergravity was viewed as non-dynamical and it would be interesting
to extend the analysis to include dynamical supergravity. Our results imply that only the FZ
multiplet can be consistently coupled to (old minimal) dynamical supergravity, since the Poincaré
supersymmetry of old minimal supergravity is non anomalous. This is in line with earlier work [28]
where it was argued that quantum anomalies in the matter sector require the use of old minimal
supergravity. However, the conformal multiplet that suffers from a supersymmetry anomaly may
still be coupled to dynamical supergravity in the context of effective field theory [75-79]. In
that context, the anomalies are canceled either by fields with a mass above the cut-off through a
generalized Green-Schwarz mechanism, or more generally by supersymmetric anomaly inflow [80].
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Appendices
A Spinor conventions and identities

We largely follow the spinor conventions of [84]. We use the Minkowski metric n = diag (—1,1,1,1)
and the Levi-Civita symbol €, = %1 satisfies 9123 = 1. This is related to the Levi-Civita tensor
as €upo = \/—9 Eupo = € Eupo, Where e = det(e};) is the determinant of the vierbein. We also
use the convention that complex conjugation reverses the order of Grassmann fields (spinors or
scalars), e.g. (AB)* = B*A*.

Gamma matrices The gamma matrices satisfy the Hermiticity properties
P =7"%0 P =47, (A1)
where the chirality matrix in four dimensions is given by
7’ = 0717273 (A2)
The antisymmetrized products of gamma matrices are defined as
yHH i = V[‘“'y‘” .. .,yunlj (A.3)

where antisymmetrization with weight one in understood, e.g. v*¥ = %[fy“, Y.
The following is a list of identities in d dimensions that the antisymmetrized products of gamma
matrices satisfy, several of which we use repeatedly in this paper (see also section 3 of [84]):

PP = %{'y“,v”’)},

1
5 [v*,vF7],

’ij’)/pa = 'Y'ul/pa + 4’7[H[05V]p] + 21 [oéy]p]a
,yu,yul...up — ,yuul...up _i_p(sLl/l,yl/g...yp}’

vpo __
AHVPT —

Vi...Vp [Vl..,up_15Zp]
)

Yy =+ py
VP gr = PP gr + 671 5P ) + 671167 67 5,
VPO = AP0 + 87[“””[A5U]ﬂ + 127[“"5”[A5U]T],
AP = AP\ 9,7[MV[T)\5P]J} + 187[M[A5VT(50]0] + 65[,“[)\5”7_5/7]0]’
_ (d—r)!

Veon = 7(61 ]

VP = (d — 2)y", + (d — 1)6L,

APy = (d = 3)Y™ 5 + 2(d — 2)71#5¥,,

Y7 = (d = 3)7,"7 + 2(d — 2)51f7),
(d—4)y
(d—4)7

,-yllzl---llzer---Vs,y ,yllzl---/ﬁr,

\3

v
Vup Y Ve =

A d— 4" e +4(d — 3)y [H[U(s'f] g +2(d —2)8 1,67,

d— 47,7, + (d — 4)(d = 3) (Vu67 — 7 guv)

+ (Cl — 3)(d — 2)52'7V - (d - 3)7 Yuvs

Yyt P = (—1)P(d — 2p)yFrHz e (A.4)

oo
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For d = 4 specifically, we have the gamma matrix identities
VYT + ATt = 2(g" 7 + g7y — g7,
AP — AT ytAP = 29PHY
Vo = ghPyT + ghoP — gt + AP
AHPAT = AHPT L B GPT AP ghe
]

Vool = =i 157 + 29l g1,
Hrpo _ —Z'EHV’DU’}/S,

y
AHPT = ieupw%f},{
ol

— %euvm,ypa,ﬁ (A.5)

as well as the trace relations

tr (any odd number of gamma matrices) = 0,

(

tr (y#9¥7°) =0,
tr (v#9") = 4n™”,
tr (Y yPy7) = 40" — M0t +nton"r),

tr (1197P777°) = —4ie?. (A.6)

Dirac conjugate The Dirac conjugate of a Dirac spinor, ¥, is defined as
X =ix4?, (A7)
and is denoted with a thick overbar in order to distinguish it from the Majorana conjugate.

Majorana conjugate and spinors The Majorana conjugate of a Dirac spinor, Y, is defined as
v=x'C, (A.8)

where C' is the charge conjugation matrix (see section 3.1.8 of [84]). A spinor x is said to be
Majorana if it equals its charge conjugate, or equivalently, if its Dirac and Majorana conjugates
coincide, i.e.

xX’=B'=x & X=x (A.9)

where the unitary matrix B is related to the charge conjugation matrix, C, as in eq. (3.47) of [84].
Dirac spinor bilinears involving Majorana conjugation in four dimensions satisfy the identity

AHIAH2 bty = (=1)PxyHr - yH2yMN eq. (3.53) in [84]]. (A.10)
which also implies that
Mk gty = (1)Py e - AFRa N = e RO (A11)
Majorana fermion bilinears possess in addition the reality property

(X1 opte N = XVt s [eq. (3.82) in [84]]. (A.12)
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Chirality projectors and Weyl spinors The Weyl projections of a generic Dirac spinor, Y,

are defined as 1

1
xL=Pix =504 xr=Pax=50-7")x (A.13)
Notice that, since there are no Majorana-Weyl spinors in four dimensions, the Weyl projection of a
Majorana spinor is Weyl but not Majorana. Another potential source of confusion we should em-

phasize is the following relation between the Dirac and Majorana conjugates of Weyl spinors:

Xt = ixi7? = ixTP}4° = XPr = x&. (A.14)

Fierz identities Finally, we make extensive use of the following Fierz relations in four dimensions
_ 1 _ 1 s
xrAr = = 5 PLxe) + g Py (Mwxe),

_ 1 _
XLAr = = 5Pyt (Myuxe)- (A.15)

B Path integral derivation of the naive Ward identities

In this appendix we provide a path integral derivation of the ‘naive’ (i.e. classical) Ward identities
for both the conformal and regulated WZ model, using the standard Noether procedure. This
derivation does not rely on input from the coupling of the theory to background supergravity, but
it is considerably more laborious than the approach adopted in the main body of the paper. In
particular, while the Ward identities obtained from background supergravity involve only operators
defined through functional differentiation and are therefore model independent, the path integral
derivation involves model dependent operators that are directly related to Feynman diagrams.
In order to derive the Ward identities in their model independent form using the path integral
approach, therefore, one must carefully keep track of all seagull terms that relate the two definitions
of the currents. The general structure of the seagull terms for the current multiplet of the WZ
model is discussed separately in appendix C.

B.1 Ward identities for the conformal Wess-Zumino model

Applying Noether’s theorem to the path integral of the WZ model (3.1) turns the three conservation
laws (3.7) and the algebraic identities (3.8) into constraints for flat space correlation functions. In
particular, using the variation of the WZ action under infinitesimal translations, R-symmetry and
Q-supersymmetry transformations with a local parameter, namely'?

8uSwz = — / d*z 90" T ",  aySwz = — / d*z 9,00T", 0eSwz = — / d*z 9,59", (B.1)

and ignoring potential anomalies from the path integral measure, one obtains the identities

— /d4x a”(x)@ff <7'“V(x)01(x1) - Op () > = Z <O1(x1) -+ 0,04 (x5) - - Op(x0)>,
i=1
- /d% 0o ()0 <J"(x)O1(21) -+ On(n)>= Y <Oy(w1) -+ 69, Oi(xs) - - Op()>,
=1

— /d4x5‘0(:v)8fj <QM(@)O1(21) - Onlwn)>= Y <O1(21) -+ 0y Oi(wi) - Onlan)>, (B.2)
=1

13These relations hold for the unimproved currents. However, the improvement terms do not affect the Lh.s. of
the Ward identities (B.2) and so they can be included at the end of the argument. See e.g. section 2 of [85].
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where the brackets < - > stand for connected correlators defined through operator insertions (see
appendix C) and all spacetime indices in the operators O; have been suppressed.
The transformations of O; on the r.h.s. of these identities admit an expansion of the form
5.0:(x) = a*(TIO)M + & a*(TI0) ) + & ora(TIONE, -,

80, 0i(w) = 0o(T |0 + 8"00(T|0) ) + 87 0°6°(T|O)) + -+,
020 0i(x) = 5(QlO)M + 850(Q|0y) 2 + 89720 (IO + -+ -, (B.3)

where the coefficients depend on the structure of the specific operator. In particular, the highest
order derivatives in O; determine the order at which these expansions terminate. For the super-
current and R-symmetry current in (3.6), for example, these expansions truncate at the second
order, while for the stress tensor they terminate at the third order. Inserting the expansions of the
operator transformations back in (B.2) and using the fact that the local symmetry parameters are
arbitrary leads to local (unintegrated) versions of these Ward identities, which depend explicitly
on the coefficients in the expansions (B.3). We will write the explicit form of those Ward identities
relevant for our analysis, after first computing the symmetry transformations of the currents (3.6).

Analogous identities can be derived from the conserved currents associated with Lorentz, scale,
special conformal and S-supersymmetry invariance by promoting the corresponding parameters to
local functions, namely

deSwz = _/d43C Ol x, T, orSwz = —/d4x Az TH,,

A

SpSwz = —/d4x Ouby (222" — nf ) TH,, 5505'WZ = /d4a: 0o x”vVQ“. (B.4)

Inserting these in the path integral and ignoring potential anomalies results in the identities

- /d4x ()0, <x[p7;’f(x)(’)1(:z1) - Op(n)> = Z <O1(x1) -+ 000 (i) - - - Op () >,
=1

— /d%x(:ﬂ)a; <z’ TH()Ou(w1) - On(zn)>= Y <O1(x1) -+ 6x0s(:) - - - On(n) >,
i=1

A~

- /d4x bp(7)0, <(22Pz" — 0P ) TH(2)O1(x1) - Op(20)> = Z <Oi(x1) -+ 0p0i(xi) - - - Op(xn)>,
i=1

/d4x o ()9, <27, Q" (2)O1(x1) - - Op(a)> = Z <O1(x1) -+ 0y Os(;) - - - Op () >. (B.5)
=1

Symmetry transformations of the Noether currents

Since we are interested in correlation functions of current multiplet operators, we will focus on the
case where all operators O; are currents. In order to derive the local (unintegrated) Ward identities
following from (B.2) and (B.5), we need to evaluate the classical transformations (B.3) using the
expressions for the currents in (3.7) and the symmetry transformations in table 1.

The R-symmetry transformations of the currents take the form

R . i
oo T 0 = (""ng + M0t — nknP7) J,0500 — ngw5x8“90 :

~

4
59();7# = @QZ)*(ZS&”QO )

86, Q" = 1007 ° Q" + 3-0"00("x1 — dXR) | (B.6)
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where the terms in pink/oval frames are model dependent and correspond to seagull terms, discussed
in more detail in appendix C. As we will see shortly, they cancel against the transformations of the
background supergravity fields in the corresponding current operators defined through functional
differentiation.

Similarly, the Q-supersymmetry transformations of the R-current and of the supercurrent are

Z . 2 i * — — i — * i = *
beo " = — g0 Q" + Q(cﬁ XL — ¢Xr)0"e0 + 5607“@ dxr — ¢pPxr) + @607““’ xr — Fxr) ,

A 1 al Z = - v v v 3 v 7
00 Q" = 5T"7 80 + 0p[To (1777 + 20" = 2™ 1)1 e0] — 27 TouBpe0

1 )
+ 3(X67°X)177° 020 + 12 ——0,(¢0™) (1?7 y® + 1P — P )y, 0560
L. Nz AP 5 L Nz uv
+ g (XO* =) x) wre0 — 5 (XOH = n*)dx)weo
1 * m * 1 Nz * *
t Iz (F* @yt eor + FPd y*eor) + 62 Ou(pF*cor + ¢* Feor) , (B.7)

where seagull terms appear again in pink/oval frames, while those in blue/rectangular frames vanish
on-shell.
Finally, the S-supersymmetry transformations of the R-current and of the supercurrent are

5?70 jlt = (680=€B”’Yﬂlo + gﬁo)juv 5770 QM = (580:2”%7]0 + gﬁo)qu (B'S)

where d¢)—zr,.n, denotes a Q-supersymmetry transformation with parameter eg = x#+,n0 and

. P i
Opo T " = Sfaﬁo’Y“(Gﬁ XL — #XR) ,

~ A 3t

3t 1 1
Oy Q" = = moJ* — = PmeJ* + 3527 O u(&"¢10) + 55 (pdd* oL + ¢* Doy 'mor) - (B.9)

4 4

Symmetry transformations of the model independent currents

In order to clarify the significance of the model dependent terms in the above transformations of the

Noether currents, it is instructive to determine the corresponding transformations of the conformal

multiplet currents (3.18), which are obtained by coupling the theory to background supergravity.
The flat space limit of the Q-supersymmetry transformation of the supercurrent in (3.18) is

.3 X
0: QN = 0. QM + gE#VpU,yyapng

1 * g loa (o 1 = .0
1oz 0p(667) (i€ S T — P07 ), 0 — s Y’X) Y07 O, (B.10)

where J#*, O are the flat space currents in (3.6) and 6. OM is the supersymmetry transformation
of the flat space supercurrent in (B.7). Notice that the flat space limit of 6. Q" differs from J. on
by terms arising from the supersymmetry transformation of the gravitino, which cancel the model
dependent terms in pink/oval frames in o, OH. Hence, on-shell, the flat space limit of §. Q" is

5.9 = S Tre + 10, 0o (5 + =Y ue] (B
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Contrary to the transformation of the Noether current Q“, the transformation of the supercurrent
OF that is defined through functional differentiation involves only current multiplet operators and
its form is independent of the specific theory. The seagull terms eliminate the model dependence
of the Noether currents, resulting in the same universal transformations.

Similarly, the Q-supersymmetry transformation of the R-current in (3.18) takes the form

5sju - 6eju + 3%(¢>2R - ¢*)_CL)8M57 (B'12>

where 8.7 is the supersymmetry transformation of the flat space current in (B.7), and the second
term on the r.h.s. arises from the supersymmetry transformation of the gravitino. This cancels the
term in the pink/oval frame in 5-J", so that, on-shell, the flat space limit of 5.7 is

6. T" = —igy® QM. (B.13)

The flat space limit of the R-symmetry and S-supersymmetry transformations of the currents
(3.18) can be determined similarly. We find respectively

00", = 09"y — (Pn + 1) — ") o0 + X0 x0"0 = 0,

. 4
59\7“ - 59jﬂ — @Qb*qs oto = 0,

3y Q" = 899 — 200" X — dxm) = i07° O, (B.14)
Sy TH = 6, T — iﬁv"(@ﬁ*m — ¢xr) =0, (B.15)
~ A 3. 4 1 1 3 - -
o QF = 6,Q" + ZZ’PW ¥ @v"”au(eb*qﬁn) - @(wdf’y”m + ¢* Py nR) = ZZVSHJ i

where 5,7 was introduced in (B.9) and denotes the flat space limit of the S-supersymmetry trans-
formation of conformal supergravity.

In all cases, the model dependent seagull terms in the Noether currents cancel against terms
in the current multiplet operators defined by functional differentiation that are linear in the back-
ground supergravity fields, i.e. quadratic at the level of the Lagrangian. The resulting transforma-
tions involve only current multiplet operators and are independent of the specific theory. In fact,
they can be obtained directly from the symmetry transformations of the background supergravity
fields and the general definition of the currents in (2.1), without any reference to a specific theory.
This approach also determines the quantum corrections to the transformations arising from the
superconformal anomalies. For theories coupled to N' = 1 conformal supergravity, the current
transformations were derived using this approach in [30, 38].

Naive superconformal Ward identities

Having clarified the role of the seagull terms in the transformation of the Noether currents, we return
to the computation of the path integral derivation of the naive superconformal Ward identities for
the massless WZ model. Inserting the transformations of the Noether currents in the relations (B.2),
(B.5) and eliminating the arbitrary local transformation parameters determines the corresponding
classical Ward identities. In order to simplify the resulting expressions it is convenient to introduce
the ‘seagull operators’

Swoy =00, Sy =XV By =i(@xw —éxr), Sy =ed'¢",  (B.16)
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and the ‘null operators’

Afllay = XOM =1 1°dx, il = XM =), gy = (67 xe — oDxR).
Aoy = F7o, Ay = FrOM0, Aggyy = i(F XL — Fxr), (B.17)

which are proportional to the classical equations of motion. We use small letters to denote these
operators, as opposed to capital script letters, in order to emphasize that they are model dependent.
Moreover, the first entry in the subscript (-|-) simply labels the operator, while the second entry
indicates its spin. As is shown in appendix C, the derivatives of the current multiplet operators
with respect to background supergravity fields can be expressed uniquely in terns of the seagull
operators (B.16). However, there is no unique way of writing the operators (B.16) in terms of
derivatives of currents.

From the conservation of the R-current in (B.2), we obtain the three naive identities

D<M (@) T ()T >= g (046(r,1) < By () T (2)> +086(r,2) <T”(0) By (2) >).
o <J"(2)Q" (y)Q°(2)> +0(x, y)ir® <Q”< )Q7(2)> +id(x, 2) <Q“(y)Q()>
— 0w y) < Ay (8) Q(2)> —5-003(,2) <@ (y) gz (2) >=0,

o <J"(2)Q" () Q° ()T (w)> +0(z, y)ir® <Q(y)Q° ()T (w)>
Fid(r,2) <@ ()T (w)> 7 — 5= b(r,y) < gy () ()T (w)>

- %855(1:, 2) <0 (y) iy (2) T (w)> —%855(3},10) <0 (1) 0%(2) S (w) >=0, (B.18)
which should be compared respectively with the fully quantum identities (2.31), (2.33) and (2.34).
Except for the superconformal anomalies that we have not accounted for in the path integral
derivation of the naive Ward identities, the only difference between the two sets of identities are
the terms in pink/oval frames, which correspond to seagull terms that are absorbed in the definition
of the correlation functions (-) used in section 2 (see appendix C).

Similarly, the conservation of the supercurrent in (B.2) leads to the naive identities

~ N 1 ~ ) o
95 <QM(x)Q7(y)> —5 <T7A(x)> v*0(x,y) +§ <J¥(@)> (V7 o + 400 )P 025 (2, y)

2

3 7 ov e 1 v 2 : o x
5 < Joly) > N0, y) + 550 < daw®) > (= e+ 20 )y 955, y)

1 A o 1 e 1 Ao
+ 3 < 3?2\1)(?/) > 70096 (2,y) + 3 < n(f“Q)(m) > 1708z, y) + < g < n(2)|‘2)( x) > ao(x,y)

1 A px o
4 —5 ( < n(5|1)( x) > Pp+ < n€5|1)(x) > PL)'y Yo (2, )
6 — (< fi(aj0)(x) > Pr+ < iy () > Pr)~ 056(z,y) =0, (B.19)
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0 <Q" ()0 () T(:)> —in3(,2) <O ) ()> —3 <T°A@)T (> 70(,)

L7 5 . 5 _po o . 3 . N
+ g <J"(x)T"(z)> (zy5eﬂ u/\+477[f77,\])757’\395(:v,y) + . < Juy) T5(2)> ¢ A7A0p5(x,y)
+1oa L0 < S THE> (= i + 2l P08 e, )

1 ~ 7K o 1 I a o
tg< 80y (W) T™(2)> A 007 8(z, y) — 35 000(2,2) < Sg1y(2) Q7(y)>

1 G Sk 1 ~o 7K
tg< iy () T*(2)> my°6(w, ) + 3 g < A3y () T*(2)> Md(x,y)

A

+ %5(3:,2)7“ < g (@) Q7 (y)> +$5(9«“7Z)7“ < gy (@) Q7 (y)>

1 N S Tk o
+ @( < nl()5|1)(33) J"(2)> Pr+ < n(5|1)( r) J"(2)> PL)’Y Ypd(z,y)

1 ~ 7K Ak 7K oV Qx
+ &7(< n(4|0)(1") J (Z)> PR+ < n(4|0)($) J (Z)> PL)’V 81/5(337y) = 07 (B20)

2 <QM(@)Q7 (1) T (2) T (w)> —in*8(x, 2) <Q%(x) Q7 (y)T *(w)> —in®8(w, w) <Q*(x)Q7 (y)T*(2)>

1 . N N ] N A N
=5 <TOA@THET @)> 7 5(w, ) + £ <T@ T )T w)> (177 r + 4o )1*2 35w, w)

3 A A A 1 N N
+ < Tly) THET@)> POz, ) + 5 < Sy W) TH)T(w)> 1026, y)

1210[2 Z Sao) (%) jﬁ(z)ja(w)> ( — Y%7\ + 2771[,p77§])’y)‘8;5(x, Y)
— o (050(,2) < 35 (2) T (W)> +028(w,w) < (g3 (w) Q)T (2)> )

+5(< iy @) 5T w)> '+ < iy (@) THT(w)> 1) 8, 9)

2

+ i(d(x’ " < ﬁ(3|l)( z) Q7 (y) T (w)> +6(z, wy® < ﬁ(?"%)(ﬂc) Q7 (y) J*(2)> )

2

o (5(.%‘, Z)’Yﬁ < ﬁ(6|l)( ) QU( )ja( )> —|—(5(:c,w)'ya < ﬁ(6|%)($) ég(y)j‘%(z)> >
+ ﬁ( < ﬁ€5|1)( z) jn( )ja( )> Prt+<n 5|1)( x) jﬂ( )ja(w)> PL)fyafyp(s(x,y)
+ ék R0y (z) T5(2)T*(w)> Pp+ < 410y (®) FH) T w)> PN (x,y) =0, (B.21)

which should be compared respectively with (2.22), (2.23) and (2.24). Besides the superconformal
anomalies and the terms in pink/oval frame that correspond to seagull terms, the two sets of
identities now differ also by the terms in blue/rectangular frame. Classically, these terms vanish
on-shell, but they contribute inside correlation functions. In particular, using the propagators (3.3)
and the Noether currents (3.6), it can be shown that (up to further seagull terms)
1 1
(X7 = n")x) (2) T ()1 6 (2, y) + (X7 = n7N)Dx) ()T (2) 186 () (B.22)
ﬁ K (% Ao _ Ao _ Av 5 ko [x,.0]
+ 5 0(2, 27" (6" Ix(#) Q7 (y) — PXR()Q7 () = T () (Iv° €™ + 0] )70 (2, )8 (. 2),
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and similarly,

(X(Y7 = ") Dx) (2) T (2) T *(w)rar*d(z, ) + (X(77 = 7)Y dx) (2) T (2) T * (w)1ar* S (x, y)

+ (>’<(v"A —n"N)Px) (@) T (2) T *(w)nd (2, y) + (X7 = 17 dx) (@) T*(2) T (w) a8 (x, )
8% 1 1
o0, 27 (67 Bxn (@) Q7 (1) T (w) — 9BXR(2)Q (1) T (w))

3a
i

+ b, 2 (6002 ()T (W) — xR (0)Q ()T <w>)

8i RS
4 s (60 ()7 ) TH(2) — DR () Q) TH(2))
s (670 (0@ ()T () — G0 () T7())
= (4855) 1 i e ) (¥ () T ()85 (. 2) + T () T (2855 . ) ) (. ). (B.23)

Moreover, all correlation functions involving the auxiliary field F' can be shown to vanish identically.
It follows that the naive Ward identities (B.19), (B.20) and (B.21) agree with their counterparts in
section 2, up to seagull terms and quantum anomalies.

Finally, the S-supersymmetry identity in (B.5) can be decomposed as

/ d*z 7jo(z)2"7,0F <O (x)O1(x1) -+ On(mn)> + / d*z 7io(x)y, <QM(x)O1(21) - - - Op(0)>

n

= Z <Oy (1) Oeymatinuy Oi () -+ On(@n)> + Y <O1(w1) -+ 0y Oi(i) - - Op () >, (B.24)
i=1

where, as above d¢y=guy,n, 18 @ Q-supersymmetry transformation with parameter g = z#7,n0 and

O = Oy — Ocoabinmo - (B.25)

As we will see in section 3.2, the flat space limit of the S-supersymmetry transformation in conformal
supergravity coincides with d,, — not with d,,, i.e. dp®" = 4,,. Utilizing the Q-supersymmetry
identity in (B.2), we therefore arrive at the gamma trace constraint

/d4a: fio(x)y, <OM(x)O1 (1) - - Op () >= Z <Oi(x1) - -Sno(’)i(xi) o Op(zn)>.  (B.26)
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Inserting the transformations (B.9) in (B.26) leads to the naive gamma trace Ward identities

= 5 y)y <7 (2)>

<@ @) (W)>=

31 A 1 A
15(%11)75 < J%(z) > +Q3§5(1‘>y)709 < S5a0)(y) >

1 .
+ ﬁé(m,y)w”%(< s€4|1)( x) > P+ < s(4|1)( x) > PgR),

Y <OM(2)Q7 () T*(2)>= %5(%@75 <J%(x)J"(2)> —ﬁé(xzy)ﬁ < J(x) T*(2)>

+ ﬁd(m,y)’w%k 80y (®) T(2)> P+ < 81y (@) J*(2)> Pg)

ié(m,z)’yn < §(3|%)(2’) Q7(y)>,

1 - o A 7K
+3-50,0(2,y)7" <30 (y) T"(2) + 5~

e <QM) Q7 (1) T ()T w)>= (e, )" <T7 ()T T w) >

- %5(%@/)75 < J7(@) T ()T *(w)> +5- L 078(2, 11" < Bajoy() T(2) T (w)>

+ 224 8(2,y)17Yp(< 8y (@) T*(2)T*(w)> Prt < 803 (2) T*(2)T*(w)> Pr)

+ 30827 < Sap)@) I 438w < Baye) CWIE> (B2

which should be compared respectively with (2.27), (2.28) and (2.29). Again, we see that these
agree with their counterparts in section 2, up to seagull terms and quantum anomalies.

B.2 'Ward identities for the regulated Wess-Zumino model

The classical action of the regulated massless WZ model is
greg = ng + gpv, (B.28)

where Sy is the massless WZ model action (3.1) and Spy is the PV action (4.3). The total action
is invariant only under the symmetries preserved by the regulator, namely spacetime translations,
Lorentz transformations and Q-supersymmetry, so that

SuSreg = — / A 0,08 T, §0Smeg = — / A 9,072, Ty, 6mSreg = — / d*z 9,500". (B.29)

As for the bare theory, inserting these variations in the path integral for the regulated theory
leads to the integrated identities

- /d4x a” ()0 <TH (1) 01 (21) - - Op(m)> = > <Oi(m1)+ 0.0i(xi) -+ On(wn) >,

_ /d%ﬁp"(x)aﬁ <, T @)1 (@1) -+ Oulwn)> = 3 <O (@1) -+ 80,(x) -~ O ) >,
—/d%go(x)ag <0"(2)O1 (1) - - - Oy (wn)> = > <O1(@1) 02, 0(i) - Op(x)>,  (B.30)
i=1

where again we have suppressed any spacetime indices in the operators O;.
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Symmetry transformations of the Noether currents

As for the conformal case, in order to turn the integrated identities (B.30) into local constraints
for flat space correlation functions we need to evaluate the classical symmetry transformations of
the operator insertions. We are only interested in the supersymmetry Ward identity for correlation
functions involving the supercurrent and the R-current and, hence, we need only determine the
naive supersymmetry transformations of these two operators.

Restoring the auxiliary fields in the PV multiplets, we determine that the off shell supersym-
metry transformations of the PV R-current and of the supercurrent take respectively the form

A 7 ~
Oeg Ty = = 55075(2775 =) py
i _ - * Z — b * C * C
+ 30 0" (p3dar — P2X2R) — 3550 M (DI ML — e1ATR + 1 A1R — V1ATL)

1
—&07" (93(PAor + madar) — p2(PA2r + madar))

+3oz

i .
5507“ (@1 (DAL +midir) + 91 (PAr + madiL))

T _ o
550’)’“ (@1(5)\?1% +maAG) + 95 (DAL + ml)\?R))

T _ " *

+ @507"((F¢2 +map2)dar — (Fipy, +m2p3)A2R)
i * *

+ —&0V" ((Fp, +m19}) Mg + (F, +m1d1)Aiz)

6c
- 67150’7“(@@1 +mipV)ATL + (Fy, + mid)ATR) (B.31)
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a 7 A o
deg QM}PV = iTMV‘PV'VVEO + gap (jg‘PV(’LEM p075 + 2P — 277py77!w)'71/7550)

1 A A 3 =
+ g’y/ﬂjalj (OM‘P\/eOR + OM* PVEOL) - geﬂypo—jo'lpvr%/apeo

A A 1 - -
— " (Onr|pyOveor + Onr+|py Ovor) + §(>\2%75>\2 + 2X1767° A )Y Y B eq

1 ‘
Toaa 0 (P32 + @ipr + 9197) (1774 + nnP7 — 0”7 )y, Ope0
1, 1
+ 3 Ko (™ = " )7 (D + ma2) A2) vy e0 — 3 (Aa(v™ = ") (P + ma2) A2) Vw0

1 — 1 —
+ Z()q(’y’w — )Y (D + ma) M ) vy e0 — Z()\l(’YW — ") (P + m1) A1) vweo

1

+ @((F;fz + map2)Ppateor + (Fipy + mawh)dosy*eor)

@,YW@V (902(F<;2 + mawa)eor + 5 (Fipy + maws)eor)

1
+ 1oz (B, +mip)ddy¥eor + (Fy, +mid)deineor

— (F3, + mud1)Ppivteor — (Fp, +maip}) @919 eor)
1 * * *
+ @’Y#V&,((le + myp1)teor + (Fﬁl + m197)pieorL
— (Fy, + m1Y1)p1c0r — (Fipy + mlgo’{)ﬁ‘fsoL) , (B.32)

where again seagull terms are indicated by an pink/oval frame, while terms in a blue/rectangular
frame vanish on-shell.

Symmetry transformations of the model independent FZ currents

The model dependent seagull terms in the transformations (B.31)-(B.32) again cancel against the
transformation of terms linear in supergravity fields in the FZ currents. In particular, generalizing
the FZ multiplet operators (4.46) to the PV-regulated theory described by the action (B.28) and
using the on-shell form of the Noether current transformations (B.31)-(B.32) gives

- i S
NI = = 387" (2nl; =) Q" (B.33)
~ 12 7 P 7 1 a ~
8 G =S T e+ 105 To (2P + 00" — 00 )y 7%e] + 570, (Omer + Onreer).

These transformations depend only on current multiplet operators and follow directly from the
general definition of the FZ current multiplet operators in (4.25), together with the old minimal
supergravity transformations (4.23).

Naive supersymmetry Ward identities

Returning to the path integral derivation of the naive Ward identities for the regulated WZ model,
it is convenient to introduce a shorthand notation for the seagull and null operators that enter the
Noether current transformations (B.31) and (B.32). Namely, the analogues of the seagull operators
(B.16) in the regulated theory are
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S1j0) = "6 + V32 + pir + 19,
;(2|1) = X7*7°x + X277 A2 + 20747 A,
:;V(g%) = i(¢*XL — OXR + Pahar, — paor — QIAIL + 901/\?}% — N MR+ 19?)\?[4)7 (B.34)

%

while the null operators (B.17) become

A2 = XM = 1) 0x + X ("™ — ") (@ + ma)da + 20 (7" — ") (@ + m1) A1,
Moz = XOM = 1P )BX + Xa (Y™ =)@ + ma)dz + 2X(7"" = ™) (B +m1) s,
3(3%) = i(¢*"Pxr — ¢Dxr + ©5(PAor + madar) — p2(PAor + madar)
— @1(@ML +midr) + 01(PATR + maA(L) — D1(DAir + mudir) + 95 (DAT, + maATR)),
sio) = F* 010 + (B, + mapa) 0 s + (F5, + mup1)0"01 + (Fy, +mad})ok s,
Najo) = F*¢ + (F, + mawa)ps + (Fj, +magr)dh + (Fy, +mad})ed,

ﬁ(6|%) = i(F*XL — Fxp+ (F;2 T+ mz(pQ))\QL — (FL” = mggoz))\gR (B.35)
+ (Fpy + m1g) Mg + (B3, + mid1) A — (B, + mao1) XS, — (Fo, +mad)ALR).

Inserting the supercurrent transformation (B.32) in the integrated supersymmetry Ward iden-
tity (B.30) results in the following local Ward identity for the 2-point function of the supercurrent:

~ z 1 ~ Z =~ e o T QT
0, <Q"(x)Q%(y)> —3 <T7(x)>~"0(x,y) + 3 <T"(2)> (i€ ry” + Al )Py 056 (x, y)

A A 3 A
+ ( <On(x)> Pp+ <Opp«(z)> PL)’yUT@fé(a;,y) + 3 < Ju(y) > ep”'”’yT8$5(x,y)

~

& 1 ~
< Om(y) > Ppt < On=(y) > PL)y77076(x,y) + 5 < Sl (v) > 7" 976(x, )

1 ~ o . o T T 1 LoV
+ Tag% < s(1|0)(y) > (277£ "75] — 1€ pw’75)7 8,;5(36711) + 3 < n(1|2)(x) > ’YV’Y55(5U711)

1 20V 1 S B o
+ 3 < o) (T) > 1o (2, y) + @( < n€5|1)(1‘) > Pp+ < nfg,‘l)(a:) > Pr)v77,6(z, y)

+ é( < N0y () > Pr+ < ﬁ&m) (z) > Pp)y""056(z,y) = 0. (B.36)
In terms of composite operators, this identity coincides with (B.19) for the bare theory, except for
terms involving the complex scalar operator Oy of the FZ multiplet. Moreover, using the fact that
the 1-point functions of all null operators vanish and absorbing the seagull terms in the definition
of the current correlators, it is straightforward to verify that it reproduces the Ward identity (4.27)
obtained from old minimal supergravity.
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For the 3- and 4-point functions we obtain similarly

0 <G Q7 ()T (2)> — 0w N ) <@ (0)Q°()> — <T7+(@)T*(2)>

Y (x,y)

< fy( ) f”(z)> 7T 050 (x, y)

<T@ TH > (e + i)y ) +
1 a 2 A A
+ g( <Op(2)T"(2)> Pr+ <Op=(2)T"(2)> Pp)y°7076(z, y)
A A A A 1 3 =
(< Ouly) TH()> Pact < Oasely) T5:)> Py 920(a,9) — 5-050(a,2) < By (2) ©7(0)>
1 2 A A A
+3g < e I7(=)> VY078 (x, y) + 50 2(9y < Sajo)(y) T*(2)> (20700

+ 502,207 < g (@) é”<y>> Fab(r, 21" < g (@) 27 ()>

A0V = 1 cov

3 < a)(®) T*(2)> wo(x,y)

+ 1oz (< e (@) T*(2)> Prt < %€5|1><x> T*(2)> PL)Y",0(x,y)

A~ ~

1 S A
+ j( < N0y () T™(2)> Prt < Mgy () T"(2)> PL)v7050(x,y) =0,

~

0 <0 () Q) T ()T w)> — (e, 2052 — 1) <Q(2)Q° ()T () >

~

<J ”(x)j ”(Z)j *(w)> (i + 4 1)y 956 (. )

=~ = = ~ =~

A~

1 S a
* i2a 50y < Sa) TH@)T(w)> (20l — €717 )77 050(x, y)

— L@ —7%) <@ @07 )TN (2)> —5 <T7H ()T (2) T w)>

- ie””ﬂ/y5)v73§’5(az,

z,y)

1 3
+ 3 < Tuly) T*E)ITNw)> 7T 058(w,y) + o < Siopy(y) T*(2)T* (w)> V- 078(x, y)

Y (x,y)

L0, 2) < Bggn)() Q7T (w)> — 056w, w) < Fgyr)(w) Q7 () T*(2)>

+ 5 < i) T w)> 35w, y) + 5 < (@) THT(w)> 75(,y)

o 2 < i) QW) w)> 450w wh® < Ay (@) QW) T (=)

3«
1 ap

+ m( < gy (@) T(2) T (w)> Ppt < Ay (@) T*(2)T(w)> Pr)y 7,0(x, y)

1 A~ A~ A~

+ (< Fao)(@) TE)T*(W)> Prt < i) (@) T5(=)T°w)> Py o26(x,y)

602

(B.37)

+ b2 < Figay (@) QT w)> + 50w < gy @) Q7 (W) T~ (2)>=0. (B35)

6a

These Ward identities coincide with those of the bare theory, respectively (B.20) and (B.21), except
for terms involving the complex scalar operator Oy and the gamma trace of the supercurrent, both
of which vanish in the bare theory. Moreover, evaluating the 2- and 3-point functions involving
null operators as in (B.22) and (B.23) and absorbing the seagull terms in the definition of the
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correlators, one finds that these identities reproduce the Ward identities (4.28) and (4.29) that
follow from the coupling to old minimal supergravity.

C Functional differentiation versus operator insertions

In this appendix we discuss the relation between correlation functions defined through functional
differentiation and those obtained by path integral operator insertions. The two differ by the so
called ‘seagull terms’, which can be expressed as derivatives of operators with respect to sources.
The distinction is important because the structure of ultraviolet divergences is different in the two
cases. In particular, only the ultraviolet divergences of current multiplet correlators defined through
functional differentiation can be canceled by counterterms that depend on the background super-
gravity fields. Feynman diagram computations, however, result in correlation functions involving
operator insertions. The two different definitions also affect the form of the Ward identities.

Throughout this manuscript correlation functions defined through functional differentiation are
denoted by wide brackets, (-), while those involving operator insertions by <->. For the current
multiplet correlators of the PV regulated WZ model we discuss in the main text, the relation
between these two definitions simplifies because several operator derivatives vanish. In particular,
using the form of the currents in (3.18) and (4.46) when the theory is coupled to background
supergravity and the seagull operators defined in (B.34), we determine that the only non zero
operator derivatives are

m = — (""" + P — Pz, y) T + én“%(w, y)?(jml),
% - ﬁ(n"pn"" + 0P — 0P8 (x, y)d(, 2)5(1)0),
Bt~ 5~ 3 ey (e
iif((yx)) = %e””p";p%é(x, y) + 7" (O Pr + Oar«Pr)d(z, y) + é§€2|1)75'>’p77w(5(x7 y)
+ 1222 075 110) (20802 + i€ poy®) 17 8 (, y) + ée" Y7 5010)Y 1005 8(2, ).

It follows that the two definitions of current multiplet correlation functions of the regulated
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WZ model that are relevant for our analysis are related as

8J" ()
5A,(y)

(TH@)T" (y)) = <T"(@) T (y)> + < >,

(TH(@)T" ()T (2)) = <T"(2) T (y) T"(2)>

8TM(x) ~, =0 0T () 8TM() =
+ <5A,§(z)j (y)> 4+ <J"(x) SAL(2) >+ <5A,,(y)‘7 (z)>,
T TP _ TH TP 573”(33)
(T} (2)TP(y)) = <T}(2) T (y)> + < 54, (y) >,
(TH@) TP (y) T (2)) = <TH@) T ()T (2)>
0TH(2) =, 0T () ~ ~  0T°(y) 3T (x)
+ <5Ap(y)‘7 (2)> + <5AU(Z>J”(y)> + <7',,“(x)5Aa(z)> + <6A,,(y)6Ag(z)>’
A v _ 0 x Av 6é“(1")
(@' @)Q W) = <Q"@)Q"(W)> + <G >
(9(2)Q" () T*(2)) = <Q()Q" () T*(2)>
09" (x) = §QM(z) =, <, . 5Q"(y)
TSy O T <G S W T <@y >
(OM(2) Q" () TP (2)T° (w)) = <O"(x) Q" (y) T*(2) T (w)>
5@“({[)) 7 o 5@N($) v 7o 5@#(:6) v -
F <ty T W+ < T WT W) + <0 ()T (E)>
5QH(z) 57°(2) 50" (x) 69" (y) 69" (x) 6Q" (y)
SSun(y) 54, (w) T STAL() A(w) T oA, (w) 6A(z)
+ <OK( )6gy(y)ia(w)> + <OK( )5QV(y) TP(2)> + <0M(x)Q"(y) TN (C.2)

S A, (w) 0 A, (w)

Analogous expressions can be derived for any other current multiplet correlator. Explicit evaluation
of the correlation functions (C.2) in appendix D shows that individual correlators on the r.h.s.
of these relations contain additional UV divergences that cancel among different path integral
correlators. The UV divergences that survive in the linear combination corresponding to correlators
defined through functional differentiation can be canceled by the counterterms (4.51)-(4.57) that
depend only on the background supergravity fields.

Clearly, the difference between correlation functions defined via functional differentiation and
operator insertions affects the form of the Ward identities. In sections 2.2 and 4.2 we present
the Ward identities in terms of correlation functions defined through functional differentiation.
This form of the Ward identities is universal and follows directly from the symmetries of the
background supergravity the current multiplet couples to. When expressed in terms of correlators
defined through operator insertions, however, these identities contain additional seagull terms,
as can be seen explicitly in the path integral derivation of the Ward identities in appendix B.
In fact, the universal form of the Ward identities in terms of correlators obtained by functional
differentiation can be expressed as a linear combination of path integral Ward identities involving
operator insertions.

To illustrate this point, let us consider the Ward identities (4.27)-(4.29) for the FZ multiplet
that follow from old minimal supergravity. Using the relations (C.2) between the two alternative
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definitions of correlation functions, (4.27) becomes

~ 1 ~ ) ~ o . o
0, <QM(x)Q7 (y)> ) <TJ (x)>y*(z,y) +% <J"(x)> (45[5’5; + i€ ")y 0p (2, y)

~ - OH
( <Oun> Prp+ <On+> Pp)y7P056(x,y) + 0, < 0Q%(z) >= 0, (C.3)

- 0o (y)

W =

which contains an additional seagull term. This Ward identity is identical to (B.36), obtained from
the path integral through the Noether procedure.
Similarly, in terms of path integral correlators (4.28) takes the form

0, <0" () ()T (2)> —in3(z,2) <T (@) ()> —5 <7 () TH()> 15(x,)

+ % <J"(2)T"(z)> (45,[jp5§] + i'y5el,>\p”)'y5y>‘3p5(x, y))

1 = o] | .
+ 3 <J"(x)> (451[,”5)\} + Z’y5ey>\“°)’y)‘5(az, 2)0(x,y)

— 25w 2 (e <@ )@ ()> ~S1 0 0) <T7(@)> )

+ %n””é(:ﬂ,y)é(m,z)( <C5M(x)> Pr— <5M* (x)> PL>

+ %Wapa(:c,y)( <Ou()T(2)> Prt <Our-(2)T"(2)> 1)

(5@‘“(3)) 7K 5Q“<x) o
+0, < 50a(y) T (z)> +0, < 5AL(2) Q% (y)>
~ 5:0 A ol 5%0
+ 0, <QF(x) &%Hg; > —iy90(x, 2) < 5308)) > —% < 51‘5;&)) > yPo(x,y)
RN - : 50
+ % < ({ZHE:)) > (451[,”5/\] + i’y5ey,\p°)’y57/\8p5(x,y)) — %(5(1’, )7y, <(si:((§))>: 0. (C4)

This coincides with (B.37) obtained using the path integral Noether procedure, except for the last
two lines that comprise an independent path integral Ward identity. The 4-point function Ward
identity (B.38) admits an analogous decomposition in terms of path integral Ward identities.

D Cancellation of UV divergences in FZ current multiplet correlators

In this appendix we demonstrate that the supersymmetric PV regulator (4.3) removes the UV
divergences from all 1-loop correlation functions necessary for the analysis of the 4-point function
supersymmetry Ward identity. This must be checked for all Feynman diagrams that enter in the
computation of the relevant path integral correlators, including those that involve seagull terms.
However, as we discuss in appendix C, the only universal UV divergences that can be renormalized
by the background supergravity counterterms (4.51)-(4.57) are those of current multiplet correlators
defined through functional differentiation. These are also the correlators that appear in the model
independent form of the Ward identities, and hence determine the quantum anomalies.

The analysis in this appendix, as well as in section 5, is therefore organized in terms of current
multiplet correlators defined by functional differentiation. For all relevant 1- and 2-point functions
we obtain their full renormalized form, which allows us to determine the coeflicients of the super-
symmetric counterterms (4.51)-(4.57). For the 3- and 4-point functions we compute their regulated
form and show that the PV regulator removes all UV divergences. All calculations in this appendix
involve flat space operators only and so we drop the hat * throughout to simplify the notation.
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D.1 1-point functions

The 1-point functions of the current multiplet operators all vanish identically, as long as the reg-
ulator preserves supersymmetry. However, a number of 1-point functions of seagull terms are not
identically zero and require renormalization. Such 1-point functions are related to certain current
multiplet 2-point functions and so we defer their discussion until we consider 2-point functions.

PR % -
_ \|+~ + ) \|+~
TH x ' TH JH * ' TH
R P2
\’_f \’,’
.-
/, \\
+ ~ + ~ ] \ + ~
TH % TH % ! TH
U Y
-

Figure 1: One-loop diagrams that contribute to the 1-point function of the R-current. The 1-point function
of the stress tensor is determined by exactly the same diagrams.

The 1-point functions of the supercurrent and of the scalar operators Oys, O+ vanish trivially
due to the absence of possible self contractions. The R-current 1-point function receives contribu-
tions from the 1-loop diagrams in fig. 1, all of which vanish individually due to parity. In particular,
using the propagators (3.2), (3.3) and (4.6), (4.7) together with the expressions for the currents in
(3.6) and (4.15), we obtain

F10) = 353 [ e (i (Pola) + Pra(a) = Poa0) = Poy(0)

- a;tr (V9" (Py(q) + Py (q) — 2Py, (q))]) =0, (D.1)

where in the last step we have used the trace identities (A.6).
The stress tensor 1-point function receives contributions from the same diagrams as the R-
current in fig. 1 and it is straightforward to show that it too vanishes:

_ 4
(T"(p)) = / (;Z7Tq)4 (%q“q”(&(q) + Ppy(q) = Por(q) = Poy(9) +in™ (1 +1-1-1)

— 5@ [ (Pla) + Pr(e) — 2P (@))] - 50 (141-2)) =0, (D2)

where the last equality follows from the relation between the scalar and spinor propagators (5.2)
and the trace identities (A.6). Notice that the 1-point function of the stress tensor vanishes due
to the presence of the regulator multiplets. In particular, surprisingly, it does not vanish for each
individual multiplet.'* However, multiplet-wise cancellation does occur if one includes the auxiliary
fields in the chiral multiplets.

Using the auxiliary field propagators [40, 87] (see also eq. (9.11) in [66])

Pp(q) = —q°Py(q),  Por=0,  Pp,(q¢)=—a"Pp,(q),  Ppyr,, = —maPpy(q), (D.3)

14This result apparently contradicts the conclusion of [86] in the case when the auxiliary fields are integrated out.
A possible source for the discrepancy is the values for the auxiliary fields in eq. (22) of [86], which seem incorrect.
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and so on, the 1-point function of the stress tensor is given by

(T (p)) = / (3334 (%q“q” (Ps(q) + Poy(q) = Ppy(q) — Pa,(q))
- ;717%12 (Po(a) + Pps(9) = Py, (0) — Py, ()
+ g (Pe(a) + Pr (0) — Pr,, (a) ~ Pr, (0)
b gt (2maPer, (6) — 2m1 P, (4) — 2P,y (0)
- %q”tr (i7" (Py(q) + Pxy(q) — 2Py, (9))] — %n“”tr (1+1- 2))

diq /1 ‘
- / (2m)? (Eq“qu (Ps(q) + Pyy(q) — Ppy(q) — Py, (q)) +2in" (1 +1—1—1)

- %q”tr (i7" (Px(a) + Pro(q) = 2Px ()] — %n’”tr (1+1-2)) =0, (D.4)

This shows that the 1-point function of the stress tensor vanishes separately for each multiplet once
the auxiliary fields are included.

D.2 2-point functions

(OnOn+)

The simplest 2-point function of current multiplet operators is that between (5M and O a+. For
massless theories like the massless WZ model we consider here, this 2-point function depends only
on the regulator fields and hence its renormalized form is ultralocal. Renormalizing this 2-point
function is the fastest way to compute the coefficient as of the supersymmetric counterterm (4.53).

\ Ne

\\V’,

’

Figure 2: One-loop diagrams that contribute to the 2-point function (Oas(p)Onr=(—p)).

Only the two diagrams shown in fig. 2 contribute to this 2-point function. Moreover, there
is no difference between the functional differentiation and operator insertion form of this 2-point
function since no seagull terms contribute. Using the expressions for Ops, O+ in (4.15), we obtain

(Or(p)Ons+ (—p)) =<Oni (p)Ors+ (—p)>
m 4 m 4
=21 X (4@22)2/ (;W§4P<P2(p+ Q)RPQ(Q) - i(2a12>2/ (;iﬂ_(izlptpl(p"’_ q) Py, (q)

__im% d4q 1 im? d4q 1
S Ktk e e R (e e

The factor of 2 in the first diagram reflects the number of possible Wick contractions, while the
overall factor of 7 is due to (5.1). These integrals are individually logarithmically divergent for large
loop momentum ¢*, but this divergence cancels provided the PV masses satisfy the condition

m3 = 2m3. (D.6)
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With this choice of PV masses, the above integrals can be evaluated using Feynman parameters:

1 1 1
((p+@)? +mP)(¢® +m3) / tu (02 + A%

where /#* = ¢* + up* and Ay = u(1 — u)p? + m?, and similarly for the first integral. Hence,

(©ut(P)Our (- lml/ du/ = < CHA)? (2 +1A2)2>

= —m? /du/ dﬁEe?’(gQ A (f2E+1A2)2)

ml AQ o 1 2 _ﬁ —2
167r2/ du k’g(Al)_ 167r2< tlog2 =75+ O(m, ))’ (D-8)

where we have Wick rotated ¢# according to 0 — i¢%, and used that Vol(S3) = 272, The divergence
of this 2-point function as the PV mass m; is sent to infinity is canceled by the supersymmetric

(D.7)

counterterm (4.53) provided the constant as takes the value

_log2
= . D.9
927 Togr2 M (D-9)

This results in the renormalized 2-point function

2

(Ont ()t (=p))ven = 553 (D.10)

As we anticipated, this is indeed ultralocal, i.e. polynomial in the momentum p*, which reflects
the fact that the theory is classically conformal.

(TT)
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Figure 3: One-loop diagrams that contribute to the 2-point function of the R-current.

Next, we consider the 2-point function of R-currents, which receives contributions from the
diagrams in fig. 3. As we discuss in appendix C, the functional derivative and operator insertion
versions of this 2-point function differ by the 1-point function of a seagull term, namely

o o 4
(T )T (=) =<T" ) T"(=p)> =550 <Sqjo)(p)>, (D.11)
where (1|9 is given in (B.34). In terms of loop integrals, its 1-point function takes the form
~ dlq a?
Suo0)>= [ G (Pole) + Prala) = Pa(@) = Poy(0)) = {gmilos2. (D12
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Moreover, the 2-point function defined via operator insertions is given by

~ ~ 7 4
<J"P)J"(=p)>= _i<3052)2/ (3734 (q+d)(a+d) 6P (a.q) (D.13)

/1\2 dq
- 21(@) / ani " (’V“VSPX(q)v”’f’PX(Q’) + 997 Pay (0)7'7° Py (') — 297 Py, (Q)’)’V’YE)PM(Q/))’

where we have introduced the shorthand notation ¢’* = ¢# + p* and ng) (q,q') was defined in (5.3).
Using the Feynman parameterization of the momentum integral, this expression reduces to

d*
z (563 + 401 = 3u + 3uP)p"p” — 2u(1 — w)pPy™ ) x
s

<FH ()T (—p)>= —;/01 du/ 5

1 1 2 4
((62 AR T @rAe T (P A1)2> — 5" (O (p)On-(=p))

271'2 1 ,
AA A
o . 2\ MV _ 2, pv 2 2 uv 2
(2(1 3u + 3u”)p'p” — u(l —u)p™y )log< A? ) + 2min"" log (Al)},

where A = u(1 —u)p?, Ay = A +m?2, Ay = A+ 2m? and we have replaced (¢ — %277‘“’ in the
momentum integral. Combining this with (D.12) and expanding for large PV mass gives
7 7V 27° 2 v v v, 2 2 2 8 1 v
(T BT (D) = g5 [4m1 log 2" +(p"p" —n"'p?) (log m3 ~log(2p*) + 5 ) = 5p"p ] (D.15)
where terms that vanish in the limit m, — oo have been dropped.

This regulated 2-point function has two divergent terms as m; — oo. It is straightforward to
verify that the quadratic divergence is removed by the supersymmetric counterterm (4.53) with
the same coefficient as as the one obtained from the scalar 2-point function in (D.9). Moreover,
the logarithmic divergence is canceled by the supersymmetric counterterm (4.57) provided the
coefficient a4 takes the value

1 7
— — o (log(m?/u?) ~10g 2 + ) D.1
as = === (log(m}/u?) —log 2 + 5 ), (D.16)

where the arbitrary scale p is independent of the PV mass and parameterizes the choice of super-
symmetric renormalization scheme. The resulting renormalized 2-point function is

272 5 y 1 .
I ((p“p — 0" p?) log(p®/p?) + P’ ) (D.17)

(ju(p)jy(_p»ren = _W 3

(TT)

Another 2-point function that we need to determine is that between an R-current and a stress
tensor. The diagrams that contribute to this 2-point function are identical to the corresponding
ones for the 2-point function of two R-currents shown in fig. 3, except that one of the two R-current
insertions is replaced with a stress tensor. From appendix C follows that the 77 2-point function
potentially receives a contribution from the 1-point function of a seagull term. However, using the
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explicit form of this seagull term in (C.1), one sees that its 1-point function is a linear combination
of <JH"(p)> and <§7(’2|1)(p)>, both of which vanish. Hence,

(T (p)T*(—p)) =<T"(p)T*(—p)> (D.18)
- i d4q np (p1v) 1 Qv / 1 oV py, 2 (2) 2, uv ~(2) /
=34 <27T>4(q+Q) [(q ¢ = ona-d + ' = p))G (q,4') = min™ Gy (q,q)}
i d* ko 2 pwpo
T 9604 / (2754 [G?)(q,q’)tr ((477”[“7“]@’ +q)o + e 'mf’pa)qv”v"’g’) + 8im3e P p, G (q,q’)},

where ¢'* = ¢* — p*. Since G(IQ)(q,q’) ~ g 8 as ¢> = 0o and Gg)(

q,q¢") ~ ¢~ %, the loop integrals
are properly regulated.

Since the loop integrals are regulated, we may transform the loop momentum as ¢ — p — q.
This changes the sign of all terms that are odd and symmetric in ¢ and ¢/, which therefore vanish

identically. Using the trace identities (A.6), the remaining terms give

R Ny Y Y MR

d*e 1 1 2
EWPU / du/ ( 22+ A)? * (02 + Ay)? B (2 + A1)2> (62 — 2u(u — 1)p2), (D.19)

where now £ = ¢ — up and A, Ay and Ay are as above. Evaluating the loop integrals and taking

the limit m; — oo we find that this expression is identically zero. Hence,

(T (p)T*(—P))ren = 0. (D.20)

N
Qr % XQr o orx X o Qo Q”
‘\f_/' N2 A1

Figure 4: One-loop diagrams that contribute to the supercurrent 2-point function.

Finally, we evaluate the 2-point function of two supercurrents, corresponding to the 1-loop
diagrams shown in fig. 4. We see from appendix C that in this case too there is a contribution from
the 1-point function of a seagull term. The only non zero contribution to this 1-point function is
proportional to (D.12), from which we obtain

~ ~ ~ =~ 2
(Q"(p) Q7 (—p)) =<Q"(p)Q"(-p)> +24 log 2 €775 p,. (D.21)
Moreover, a straightforward calculation determines that
A Av m} d4q 1 v v v 1 v v
<QM(p)Q”(~p)>= 2;4/ 2n) (5(7“7 d+ "y + 1Y) + gpp(’v“pv + HyP ))Géz)(q,q’)
1 dtq /1 L, o1 y Y 1 o\ (2
— / Gyt (" 4+ gr (4 4 = i) = oo™ ) G0 0 d), (D22)
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where now ¢’ = ¢ — p. Since Ggg)(q, q) ~q®as ¢> = oo and ng)(q, q') ~ q~°, we see again that
the loop integrals are properly regulated.
Evaluating the loop integrals we obtain

<) /d“/ i <62jA) (€2+A2> (€2+2A1>2)X

[—752( (VP + ey = A )+3pp(7“p’y + Ay — iy pp)

N i“(l — WPy PP - éu(l —wpy (VPP — PP +

1 Vi
§pppav“"m “}

= i@ (»)Our- (D) (5 (" P+ PP =1 P) + Spalr” + )

2in? [ (1 A 1 ALAD?
_ - (p~v) v - _Uvpo 5 1 2y 4 2
= 2n) /0 du{ i (2" + P+ i€ 57 D) [ log (Al) log <7>}

2 1 I 1 1 5 e
- (“(1 —u) - g)p 12) P qull —up ) + (g - quld - U)) ("p +ie” '70'75pp)] x

6
o8 (57) + e os () |

A%
2im? 1 7 .
T (2n)tr2 Kbg mi — log(2p°) + 5) (2p("p” — 0" p?) + i P yey pop®) + ZEHVpU’YU'YSppPQ}
2im? 1 y
+ r )42m1 log 2 i€"* ;7" p,, (D.23)

where { = ¢ —up and A, A1 and Ay are as above. Combining this expression with the contribution
from the seagull term in (D.21), one can verify that the quadratic and logarithmic divergences in
my cancel respectively against the contributions from the supersymmetric counterterms (4.53) and
(4.57), with the values of ay and a4 given in (D.9) and (D.16). It follows that the renormalized
supercurrent 2-point function takes the form

= — 22
(Q*(p) Q" (—P))ren = 2020t ((2¢(p P’ =0t p?)+ie P77 p,p?) log (p?/ p®) —iet P "%751),01)2)-

(D.24)

Notice that the tensor multiplying the non local term vanishes when contracted with either p, or
Yu, but the last term is local and gives zero only when contracted with p,,.

D.3 3-point functions

(JIT)

Moving to 3-point functions, we consider first the correlation function of three R-currents,
which determines the R-symmetry anomaly. From the analysis in appendix C follows that this 3-
point function receives contributions from the 2-point function between the scalar seagull operator
5(1j0) (see (B.34)) and an R-current. However, this 2-point function takes the form

~ 7 3 d4 ! !
<3010)(P) T (—p)>= 3;2/ (2734 ¢+ )G (q,q), (D.25)
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Figure 5: One-loop diagrams that contribute to the 3-point function of R-currents.

where ¢ = ¢ + p, and can be easily shown to vanish identically. Hence,

(TH(p1)T" (p2) T (p3)) =<T"(p1)T" (p2)T* (p3)> . (D.26)

The triangle diagrams that contribute to this 3-point function are shown in fig. 5. They give

T TV 7p -2 i \3 d4q -3 INTY T/ p(3) 1o
T )T )T 0= P (50) [ a6+ )+ 0GP )

213 d4q Wb NV I\ pAD ) NV 5 " p.b
—4i (6) (2ﬂ)4tr (7 VPGV Y Py (a" )77 Py(q) + 7 Pry (6)7 7 Pro (47)7 7 Pay (q)

— 290 Py (¢')Y'y° Py, (¢")VP7° Py, (q)) + Vv 4 p, P2 < D3, (D.27)

where ¢ = ¢+ p1, ¢" = ¢+ p1 + p2, and p; + pa + p3 = 0. It follows that this 3-point function is
also properly regulated by the PV fields.

The bosonic contribution vanishes identically by symmetry. After some manipulations, the
fermionic contribution can be expressed in terms of an integral over Feynman parameters as

~ S N o (13 2im? (. e
<T"(p1)T" (p2) T* (p3)>= —4i (7) o = 2P p1se — 20 | dudvdwd(u+v+w —1)x
6/ (2m)i| 3 0

1
& (28 001 = = 2) (o 50— p),
+2€”777 (v(1 — v)p1 + vwps) " propsr + 26777 (v(1 — v)p1 + vwps) Props-

+ 26“”07—]91(7]937—( _ v(u _ w)p1 + (1 4y — w)wp3)p + Q(A + vpy - pQ)eMV,OU(pl + t)a):| ; (D28)

where pog = po—p3, A = uvp%+va%—|—uwp§+m%, Ay = A+m?2, Ay = A+2m? and t = —vp; +wps.

(TTT)

Another 3-point function that enters the supersymmetry Ward identity is that between two
R-currents and a stress tensor. This correlation function receives contributions from a number of
2- and 1-point functions involving seagull operators, as well as from the R-current 2-point function.
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In particular, the results in appendix C determine that
(T (p1) T (p2) T (p3)) =<T" (p1)T* (p2) T (p3)>
— ("0 4 PP — ) < Te(—ps) T (ps)> +é77”” <Stopy(—p3) T (ps)>
— (" A = ) <Te(—p2) TP (p2)> +é77’“’ <o) (—p2) T (p2)>

P ST () (1) g (R ) S (0)>, (D29)
where all seagull operators are defined in (B.34). Since the R-current 2-point function was already
computed in (D.12) and the 1-point function <$()(0)> in (D.15), we need only determine the
two 2-point functions <3 1) j 7> and <T"3, 5(10)> as well as the Feynman diagram contribution
to the 3-point function.

The seagull operator 3“(”2‘1) is proportional to the fermionic part of the R-current, and so the
first 2-point function can be read off the computation of the R-current 2-point function, namely

<§1(/2|1)(p)jg(_p)>: (D.30)
4

- ,L d q v 4 4
- 2Z(8> / 2ni ™" (7“75Px(q)7 Y PUd) + 77" Pry (077" Pry (') — 299" Py, (9) ’YSPM(QI))’

where ¢’ = g+ p. Hence, this 2-point function is properly regulated by our choice of PV fields. The
second 2-point function can also be easily evaluated to obtain

i dq N 1o 1 5 9 A2
cﬂ/(%)“{(q( g e d g 0 " 2)>G(1)(q,q’)—m?n“ G(z)(q,q’)},
(D.31)

<T" (p)3(110)(—p)>=

which is therefore also fully regulated.
The Feynman diagrams that contribute to the 3-point function of a stress tensor and two
R-currents are the same as those in Fig. 5, with an R-current replaced by a stress tensor. We get

_ ~ _ o7 i \21 d*q o
<T™(p1) TP (p2)T° (p3)>= 12(&7) 042/(27:])4@2(q’+q")”(q"+q) X
1 1
[(q(“q/”) - 5n"a q + 6( n””pz))Gf’)(q, ¢,q") —min G (g, q, q”)}
. % d4q i K, U . VK
e(g) 2n)t <8“[(477“[ 1P dr + i pe) < (D.32)

<Px(q/)’Yp’YE’Px(qN)”)’J’YSPX(Q) + Py ()77 Pay (¢")777° Py () — 2PA1(q')’r”v5PA1(Q”)7“75PA1(q)>}

1 po
- (m2PA2 (477" Pry (4")777° Py (@) — 2m1 Py, (6)777° Pr, (4777 P, (Q))> oy
where again ¢ = q + p1, ¢ = q + p1 + p2, and p; + p2 + p3 = 0. The bosonic part of this 3-point
function is manifestly regulated by simple power counting. Straightforward manipulations of the
fermionic part show that it too is properly regulated.

(QOT)
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The last 3-point function of current multiplet operators that enters in the supersymmetry Ward
identity is that between two supercurrents and an R-current. Using appendix C we determine

(0" (p1) Q" (p2) T (p3)) =< Q" (p1) Q" (p2) T* (p3)>

3 ~ ~ 1 ~
+ e < T (—p3) TP (p3)> 1 + 3 <5 (~=p3)T"(ps)> Vo™

8
i o~ 7 VI K | v K
+ o2 <3(110)(—=p3) T (p3)> (200 ps + ie" a5y )7
1 = 1 ~ 2
P s _ v _ P I < —
25" <5(3|%)( p2) Q" (p2)> 35" <Q (p1)5(3\%)( P1)>, (D.33)

where we have used the fact that correlation functions with a single insertion of Oys or Ops« vanish
trivially in the free WZ model due to the absence of possible contractions. The only terms that we
have not already determined are the seagull 2-point functions <§(1|0)j P>, <§(3| 1 )Q” >, and the
Feynman diagram contribution to the 3-point function.

The two 2-point functions can be easily evaluated and take the form

<S>~ [ a6 ) (034
(1|O) D p - 3@2 (27[_)4 q q 1 q,9 ), .
- = 1 5 d4q (2) N 2 iy 2 ~(2) I\ A p
<S(311) ) (=p)>= — 57 /(277)4 [Gl (¢,9')¢ (7 d+37 pu) —2miGy " (q,¢ )" |, (D.35)

where again ¢’ = g + p. These too, therefore, are regulated by the PV fields. In fact, using the
transformation ¢ — —p—q of the loop momentum, we see that the first of these vanishes identically.

Vi VL TP TP

* PR * x
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o ";'" Qv Qom R or ovr "19’1'" Q¥

Figure 6: One-loop diagrams that contribute to the 3-point function of two supercurrents and an R-current.

Turning to the Feynman diagram contribution to the 3-point function, shown in fig. 6, we get
<QM(p1) Q" (p2) T* (p3)>=

Z/ d4q G(3)( / //) 5 2( MPOM(—d Q% (") — QO (" NdAPd QX (—d
186 | i€l @07 2+ )R (g (") - K g% ()

L mi / g G (a.d d" ) (2(q +q")P (") — (=" +¢)
2406 | (2m)2 2 2 !

+ @) 4"~ I = = () — AP (—d) + ")

.4 4
My s d*q 1
+ 15567 V" / (2n)] (P2 (@) Poa(d) Poa(d) - 5T (4)Por (6) Ppr (a)) (D.36)
where we have introduced the shorthand notation
3 2
X(a) = 4" +57"p1p (a) =24 = 37"y, (D.37)
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D.4 4-point functions

(QQJJT)

There is only one 4-point function we need to consider, namely the one between two supercur-
rents and two R-currents. From the results in appendix C we determine that it takes the form

(O (p1)Q” (12) T (p3) T (pa)) =< Q" (1) Q" (p2)T* (1) T (p4) >
3 - _ 1 o

+ gﬁ’”m)‘% <Jx(=p3 — pa)T"(p3) T (pa)> +§77W75% <Sop)(—p3 — pa) TP (p3) T (pa)>
12 =3 (2 D (D3 + pa)™ +ie™ av D)7 <Bajoy(—ps — pa) TP (03) T (pa) >
1 ~ ~ 1 N ~

— 51" <5() (P2 = ) Q (02) T (pa)> — 50" <5 (51 (—p2 — p3) Q" (2) T (03) >

— ?%77”” <@“(p1)§(3|;)(—p1 —pa)J° (pa)> —in” <§“(p1)§(3\%)(—p1 — p3) TP (p3)>

4 ~ 1 o _UVK 7 ~
~ 9% 277"" <Q"(p1) Q" (p2)3(1j0)(—p1 — p2)> a2 A <=3 — pa)3(110) (p3 + Pa)>

27a4 = (QUL“UA] (3 + pa)"™ + 0" x7°P51) 7 <S(110)(—P3 — P4)S(110)(P3 + pa)> (D.38)

+ 9712?7“’)77'” <§(3|%)(—p2 - p4)§(3|%)(p2 + p4)> —l—ﬁn“"n”p <§(3‘%)(—p2 —p3)§(3‘%)(p2 + p3)>
where again we have used the fact that correlation functions with a single insertion of Op; or Op+
vanish trivially, as does the 2-point function <3(2‘1)3(1|0)>: 0, due to lack of possible contractions.
Besides the Feynman diagram contribution to the 4-point function, there are two 2-point functions
and four 3-point functions involving seagull operators that we have not already determined.

The two 2-point functions are easily evaluated with the result

4
<5(1/0)(P)3(1/0) (—P)>= Z/ (;ZWC)I4G§2)(q,q’), (D.39)
4
(o) (P (a3 (P)>= 2}.52/(;[:)4@2)((1, re (D.40)

where again ¢’ = q+p. Both of these are therefore properly regulated. Moreover, the transformation
q — —p — q shows that the second 2-point function is identically zero.

Since the seagull operator s(2|1) is proportional to the fermionic part of the R-current and the
R-current 3-point function receives contributions only from the fermionic part, it follows that

<§€2\1)(Pl)jy(Pz)jP(P3)>: —6i <T*(p1)T" (p2)T"(p3)>, (D.41)
which is properly regulated and has already been evaluated above. Next, we find that

pro

N =\ 1 d'q 3)
P o _ " o 1o
<Sj0)(p1) T (p2) T (p3)>= 9a4/(2 L 20"+ 4"+ 907G (a4 q )+p2<_>p37 (D.42)

where ¢ = ¢+ p1, ¢ = q+ p1 + p2, and p1 + p2 + p3 = 0. Hence, this 3-point function is properly
regulated by the PV fields as well. The remaining two 3-point functions take the form

_ _ i 4
<3(31) (P Q" (P2) 7" (P3)>= 57— / (dq4G§3) (0,5 d") (2(q + ¢") ¢ Q(d") — ¢ d" % (~q))

27)
im?
" 1205 / (;lw(i G (q.q, 4" (2(q + ") + 47 (=¢) + (" — "¢, (D.43)
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and

~ = ~ | d* o 1oV
<Q¥(p1)Q"(p2)5(110)(P3)>= —8;4/ (27346’&3)((1,(1 4" (—q) g (q")

-2 4
lml d q (3) v v v
—4a4/(2ﬂ)4G2 (0.4.d") ("B (") — W (=) ++"4"), (D.44)

and are therefore properly regulates as well.

L N -
Qv J° or Je
+ + +
- X TP QH x Jpr QO
éu Jo X éz/ ja
+ + +
Jr oQr Jr  or
A

Figure 7: One-loop diagrams that contribute to the 4-point function of two supercurrents and two
R-currents.
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The Feynman diagrams that contribute to the 4-point function are shown in fig. 7. They give

<OM(p1) Q" (p2) T* (p3) T (pa)>=

d4
/ q G(4)(q7 q/,q//, q///)(q// + q///)p(q + q”)UQiL(_q)gIQZQH)

7208 | (27m)*
2
my d'q () N 1 p NG (B () — QP (— )Y Y
36a8/(27r) Gy (q,4,4", 4" )"+ 4") (g +¢") 7 (V"5 (¢") — A (=) ++"¢'~")
_ 1 / d4q G(4)(q q/ q// q’")Q”(q')qvaq'”vpg"ﬁy(—q')
14408 | (2m)4 1 01000 1 2

m% d*q (4) N "_p v n p "m_p PN OV
720[8/(%)4% (0,4,4",q )( Y gAY+ Q) @7+ 74 A (=)
+ le‘( )(g7 ﬁll/,yp + %7 pypg// _’_,Y g,//7p¢//)7V _ ,Yp,(ﬁfyo‘gl/l,yp + g707p¢// +7 g///Pyp%//)Qg(_q/))

,m411 / d4q ’ 1" m ’ 7 m
- W(P%"z(Q)P@z(q )Py, (¢") Py (4") = Ppy () Py (¢') Py, (¢") Py (4)) X

36a8
(9“ (@)Y = AP (=) + (g + 74" + ’y"vf’fl”)v”)

s [ A b K (5 7Y QLR DS — (K 4 KPR K k)

14408 | (2n)*
2 4
o m d’k ) 1o
72a8/(27r)4 2 (kKR T
|: k+k/// ( 1 pQV k/”) +’YM% ’ka//")/y —i—QM( )(’}/p%” - k,’}/p)’}’y +"}/M("}/pk” _ %,’}/p)Qg(l{?/”))

— (K + K" (R (K ) (=) + Ry "y — QLK) TH” = By )y = (k" = k) (—k”))}
rmél1 d*k P (P (NP (KNP (k" 1P P (k P (k"
b s (Pea B PosK) o (K Pen ) = 5 P ()P (K)o ()P ()

X ((k_l_k;l//)ﬁ,yll,yp,.yl/ _ (k‘/_‘_k//)pfyﬂ,-)/o',ylj) +p<_> g, po <_>p3’ (D45)

where ¢’ = q+p1, ¢" = q+p1+p2, ¢ =q+p1+p2+ps, K =k+p, K" =k+p+ps, and
k" =k + py + p2 + p3. Simple power counting shows that all UV divergences in this expression as
properly regulated. This completes the proof that the PV fields regulate all correlation functions
relevant for the analysis of the 4-point function supersymmetry Ward identity.

E Contact terms from correlators with insertions of By, Bz and Bg

In this appendix we evaluate all 1-loop correlators that involve the symmetry breaking operators
Bw, Br and Bg in the FZ multiplet Ward identities (4.33)-(4.35), (4.36)-(4.39) and (4.40)-(4.41).
Since these operators depend on the PV fields only, all such correlators are pure contact terms once
the PV masses are sent to infinity. It this appendix we set o = 1/ V2 in the propagators (3.3),
(4.7) and, as in appendix D, we drop the hat * to simplify the notation. In particular, By, Br
and Bg here refer to the flat space operators (4.17), but we will utilize the more general form in
the presence of supergravity fields given in (4.47) to obtain the relevant seagull terms.

(BrJ)

This 2-point function enters in the Ward identity (4.36) encoding the breaking of R-symmetry
at the level of the R-current 2-point function. It can be easily computed directly, but this is not
necessary since we have already evaluated both the regulated and renormalized R-current 2-point
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function, respectively in (D.15) and (D.17). Using the Ward identity (4.36), we read off

= A\ 2im? 1
(Br(p) T (~p)) = ipl T (B)T* (~p) = g (4t log2 = 597" (E.1)
and
~ = ~ im?
(BR)T* (~Deen = T 0)T* (=D = g ip's” (E2)

This 2-point function reflects the explicit breaking of R-symmetry in the FZ multiplet.

(BsQ)

This 2-point function appears in the Ward identity (4.33), which reflects the S-supersymmetry
breaking in the 2-point function of the supercurrent. Since we have already determined both the
regulated and renormalized form of the supercurrent 2-point function respectively in (D.21)-(D.23)
and (D.24), we immediately deduce that

~ - ~ i7T2
(Bs(p)Q"(—p)) = 1u(Q"(p)Q"(—p)) = 32m)] (m? log2 — %ﬁ)ie“”p"ww%m (E.3)
and
-~ - = i7T2
(B5(1)Q (~P)hren = (G (0)8 (~PVen = — ez P pa. (B

This 2-point function reflects the explicit breaking of S-supersymmetry in the FZ multiplet.

(BRI J)

It is straightforward to see from (4.47) and (C.1) that the functional derivative and operator
insertion definitions of this 3-point function are related as

(Br(p1)T"(p2)T" (p3)) =<Br(p1)T"(p2)T" (p3)> —Sn’” <Br(p1)s@j0)(—p1)>, (E.5)

where the seagull operator 5(;|) is defined in (B.34). Since B contains spinor fields only and 5|
only scalars, the 2-point function <Bpgs(jjg)> vanishes identically.
The Feynman diagram contribution to this 3-point function takes the form

d*q
57 (2m)4
+matr (Y77 Pay () SPAQ(qups) v’ Pr(q = p1))
(@)7*Y° P, (¢ + pa)¥" Pr, (q — p1))
( )

9)7° Py, (¢ + p3)v*Y° Py, (¢ — p1 )) (E.6)

<Br(ps) T Nps) T (p1)>= i*x (mQtr (V77" Pay ()77 Pa, (0 + pa)y° Pry (g — p1))

— 2mytr (’y”’y5P>\1
— 2mqtr (7‘775P)\1
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Using the trace identities (A.6) and introducing suitable Feynman parameters, this gives

4 23
<BR(p3)J (p4)JU(p1) —z'2><2ﬂ71 i’ /deﬁg/ drdydzdé(z+y+z—1)x
0
1 1 oo A 5
K(f% + Ao(pa,p1))® (02 +A1(p4,p1))3> L7 ) 2y = 21+ pa)apss
1 1 o« A
" <<z2E+A2<p3 PP G+ A p1>>3) O sy =2z e - (B)

where A;(p,q) =m? +p?y+ ¢®z — (py — q2)* with i = 1,2. The integration over ¢ gives

2im?

<BR(p3)j’\(p4)ja(p1) —22><— / drdydzd(x+y+z—1)x

1 1 o, A B.5
N 2pay —2p1 2+
[(AQ(m,pl) Al(p4,p1)> r (V") (2pay — 2p P4)aP3s

1 1
oo BN
* B 2 —2p1z— @ . E.8

(AQ(P3,p1) Al(pg,pl)) r (Y ) (2ps y — 2p1 2 = p1)apss (E.8)

This expression has a finite limit as the PV mass m is sent to infinity. Namely,

<BR(P3)5/\(P4)\70(191)>

) 1 2im?
= —i% x 51 (2m)1 /dydz tr (Y7 v Py ) pas(2pay — 2p1 2 + pa — 2p3y + 2p1 2 + P1)a

. 2 217r . 1
= —i%x /dydz tr (Y727 7% )psgpaa y = —i*x 3942 MpsaDia. (E.9)

Hence, this 3—p01nt functlon is equal to the finite contact term

HvPo

(Br(p1)T"(p2)T" (p3)) = (Br(p1)T*(p2)T" (P3))ren = P1p(P30 — P2o)-  (E.10)

64872

Using the values of the anomaly coefficients for the WZ model (2.16), this 3-point function matches
the R-symmetry anomaly in the conformal multiplet 3-point function of R-currents given in (2.31).

(BsQJ)

From (4.47) and (C.1) again follows that

~ py = -y \/§ v =
(Bs (p1) Q" (p2)T" (p3)) =<Bs(p1) Q" (p2)T" (p3)> ——5=0"" <Bs(p1)s31y(=p1)>,  (E.11)
where the seagull operator §(3| 1 is given in (B.34). The 2-point function involving the seagull term
2

can be shown to be proportional to the 2-point function (Oy;Oys-). Using (D.8), we determine

<Bs<p1>’5(3|;)<—pl>>=MW@M@)@M*(—JD»=—8\fz (mllog2——+0< ). (B.12)

The Feynman diagram contribution to the 3-point function is

<Bs(p1)Q" (p2) T (p3)>=

9 1 d*q .. 5 . ,

"3 ) @ <m2Psoz(CJ)PLPA2 (p1 — )77’ Py, (—q — p2) (i (—q) — man") Py,

+ 2im2(2q + p3)" Py, () Ppo (0 + p3) PLy” Pry (1 — @) (i3 (—q — p3) — m2y”) P

= 2m1 Py, (@) PLPy, (1 — 0)7™7"Pry (=g — p2) (i3 (—q) — m1y”) Py (E.13)

— 4im (29 + p3)* Py, (9) Py, (q + p3) PLy° Py, (p1 — q) (9% (—q — p3) — m1y") P + Pr, PR),
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where QY ,(q) were defined in (D.37). Introducing Feynman parameters this gives

~ ~ 2im? 4
<Bs(p1)Q" (p2) T " (p3)>= (2m ml/dﬁE/ drdydzé(x +y+2z—1)x

a Kb K5 o v

|:( E%‘ - E% ><1€ ( a K0 + + )

+ (d+p )V (4 — p)7" +"¢t) — %((?i + POV (= P))Y D2y + 7t — %)V”?i)

2 263 _ Z% S5 KV 63 . 63
+m1<(£%+Az<p2,p1>>3 (2 + A1 (p2 1)) >” T +2<<@3+A2<p3,p1)>3 (@+A1(p3,p1>>3>x
<€2m5n”” + (20— p3)" (75(3251 + B+ (B —py) — *pzpv”'”’y ))} (E.14)

where again A;(p,q) = m?+p*y+q¢*>2— (py—qz)? withi=1,2, a=pey—p1zand b = p3y—p; 2.
Dropping terms that diverge as the PV mass is sent to infinity, this gives

2im? o
<BS(p1)Qu(p2) (p3)>ren m( Y (2"7 RAP P1pP20 — EﬂAupplppg + EH)“uppgpplf

4 36”’\”pp1pp + e YPpoop + 4" MV 1 - py + 46”)““’ 2 — 8 HPpo,ps + 4e )‘”ppgppz)
— 8iyH €” P p1pp2o + 2077 € P p1ppas + 60k € P pappro — 41 P pr1ppas
+ 9% (200" p1 - p2 + 360 P} + 280" p3 + 12phpY + 4plph + 24pY'pY — 16ph p2)> (E.15)

(BrQQ)

Using (4.47) and (C.1) we determine that

(O (p1) QY (p2)Br(ps)) =<C"(p1) Q" (p2)Br(ps)>

; ~ i
_ 57“75 <Bs(=p2)Q"(p2)> —3 <Q"(p1)Bs(~p1)> 7'

3 ~ 1 ,
2 < () Bi(ps)> Y + 5 <Fy () Br(ps)> 10" (E.16)

where the seagull operator s (o)1) is given in (B.34). We have already computed the 2-point functions

<BpJ > and < BsO > respectively in (E.2) and (E.4). Moreover, s;) is proportional to the
fermionic part of the R-current and Br contains only fermions so that

<8y1) (—p3)BRr(p3)>= —6i <J”(~p3)Br(ps)> . (E.17)

The Feynman diagram contribution to the 3-point function is

<Q"(p1)Q" (p2)Br(ps) > (E.18)
. 4
=i x ;/57;1)4 <m2PR(iQﬁb(q) + may) Pr, (01 — @)7° Pag (—p2 — ) (15 (—q) — may") PPy, (q)
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where Q’iQ(q) were defined in (D.37). Introducing Feynman parameters this becomes

. 9
<O"(p1) Q" (p2)Br(ps)>= i2x in® ml 5/d€E/ dedydzd(z+y+ 2z —1)x

(2m)*

0} 0} 2po 2p
—9 E _ E HAV bV L vp P oV o
{ ((% + Ag(p2))? (65 + A1(P2))2> <¢7 L S 3 1773 )

€5 65 KV K.V K.V
" ((5213 + A2pr27p1))3 - (5% + Allfpmm))g) (’YE’W’Y Yty 757 T 757#7&7 7 )p?m

o 03
+4 E — L ) < — dH (. + + dH 1

((52 TR )P Bt B pn))P) \ I Pt O AR = 3

pla

+ 7Py

(p +¢)p3 (’Y d — AP p2p> +’Y’w(;¢ +¢)?3’YV pla ;w;?g,y el vp plap2p)

263 63
+ dm2yrp. Y < E _ E ) ] E.19
DY (@ T 2o o)) (G + Balpa, 1)) e

where for i = 1,2, we define A;(p) = m? + p*(1 — y)y, Ai(p,q) = m? +p*y+¢®2 — (py — q2)?,
a=poy —p1z and ¢ = poy. Evaluating these expressions we determine

2472
< QM (pl) Q (p2)BR (p3) >ren= W ('yn (35#Rpap1pp2crplll - eyﬁpaplpPZUP'tf I QEVRpUplprUpg

+ Py ps + 264 Ppg,pT — €V Pp1, pa - p1 A+ €V PPt 4 € pyyp3)
+7°p, (3in*p1 - p2 + 2in" pT + 2in*ph + iphp} — ipi'ph — 2ip}p})
+9°p, (3in p1 - p2 + 2in*" p? + 2in""'p3 + iphp} — ipl'py — 2iphph) — P propes  (E.20)

+ vPy* (ipTph + ipspY + 2ipy - popt + 3iptpY) +v°y" (ipsph + ipiph + 2ips - prph + Jipsph ))-

<Bséjj>

Equations (4.47) and (C.1) imply that

(Bs(p1)Q” (p2) 7" (p3) T (1)) =<Bs(p1)Q" (p2) 7" (p3) T (p1)>

- \fn”" <Bs(p1)3(z1) (—p1 — pa) T (pa)> —\fn“ <Bs(p1)3(31)(~p1 — p3) T (p3)>
— S <Bs(m)Q ()30 (11 — p2)> (E.21)

where the seagull operators §(3| 1 and 5(1|p) are given in (B.34).
2
Let us first consider the two 3-point functions involving seagull operators. The first is given by

2 - ~
\Bf <BS(P1)§(3|%)(—P1 —p3)T"(p3)>=

. 2 dq
— % x 9/ 2n)] [mz (Pcpz (9)PLPxy (p1 — 977" Py (p1 + p3 — ¢) Py’

+ 2i(2q + p3)" Py, (¢) Py, (¢ + p3) PLy’ P, (p1 — q)Pm5>

—2my (PSDI (q)PLPy, (p1 — )Yy’ Py, (11 + p3 — @) Py’

+ 2i(2q + ]?3)“]3301 (Q)Pwl (q + pg)PL’y5P)\1 (pl — q)PL’}/5> + Pr, <+ PR:| , (E.22)
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or, introducing Feynman parameters,

\g <Bs(p1)353)L )(—pl —p3)J " (ps)>= —i® x (22177 s /dEE/ dedydzé(z+y+z—1)x
53
(s r~ Erme rgr) 7 =76 p+p)
_2< l _ l >(2 b(1-22) )H] (E.23)
(0% 4 Ao(p1,p3))? (6% + A1(p1,p3))? o P '

As above, Aj(p,q) = m? +p?y+¢*z— (py — q2)?, and we have defined d = —(p1 + p3)z — p1y-
We find that

272

W\@@p? +5p5 + 27" p1, +7"p3,).  (E.24)

<Bs(p1)35(31)(—p1 — P3)J " (P3)>ren=

The second 3-point function with a seagull operator insertion takes the form
<Sj0)(—p1 —pQ)BS(pl)éy(p2)>—
i% % /(;1;(])4 [mng(q)Pw(q — p1 — p2) PPy, (p1 — @) (1925 (p1 + p2 — q) — m2n”) Pr,
= 21 Py ()P, (a = p1 = p2) PPy, (91 = 0) (195 (p1 + p2 = @) = min”) P+ Py Pr|,  (E.25)

which evaluates to

-~ = 9 2im? !
<5(1)0)(—=p1 — p2)Bs(p1) Q" (p2)>= —i% x (277rr)44m%/d€E/ drdydzdé(z+y+2z—1)x (E.26)
0

E?’E _ f% v v AV @
<(€2E+A2(p1,—p1 —p2))? (5 +Ai(p1, —m —p2))2> ((3”1 TP ) = 3 )’

where we defined e = —(p1 + p2)z — p1y. We get

~ = 2im? y
<3(10)(=p1 — p2)Bs(p1) Q" (P2) >ren= “ @) 7 (207 + P +7""pay). (E.27)

Turing to the Feynman diagram contributions to the 4-point function, we have

O = ~ 4
<Bs(p1)Q" (p2) T " (p3) T N (pa)>= —i® x ;/(gﬂq)“

[mz (sz () PLPry (p1 — )™ Pay (—a" )7 Y Pry(—q — p2) (i (—q) — may") PL

— 4(2q + p3)*(2q + 2p3 + 1) Py (0) Py (q + p3) Py (¢ ) PL P, (p1 — ) (1925 (—¢') — may”) PL
+2i(2q + p3)" P, (0) Poy (q + 23)7° PRPxy (1 — )77 Pry (—¢") (125 (—q — ps) — mw”)&)
—2m (Peol (@) PLPx, (p1 — )" 7° P, (—=¢" )7V Pa, (—q — p2) (9% (—q) — m17") Pp

— 4(2q + p3)"(2q + 2p3 + 1) Py, (@) Py (q + p3) Py, (¢ ) PL P, (p1 — ¢) (1% (—¢') — muy”) Py

+2i(2q + p3)* Py, (0) Py, (¢ + p3)Y° Pr Py, (01 — )7 P, (—¢") (i% (—q — p3) — mw”)PL>

+PL<—>PR]+(p3<_>p4), (E.28)
K < A
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where ¢ = q¢—p1 —p2, ¢" = q—p1 — p3, ¢"" = g — p1 — ps. This can be written in the form

<Bs(p)Q (p2)T"(p) T (pa)>= 7 iV vy vy 4 (P T (B29)

where Y#A V5% and Y%A denote the loop integrals

vRA _ 22772 8m1

ERCLE

1
/ dedydzdtd(x +y+z+t—1)x

55 I
/ (2 4 Ao(ps + pa, —p3,p1))* (62 + Ar(ps +p47—p3,p1))4)
( (~a

(277%)\

2po
i (277“/\(—@ 4 ps 4 pa)? + 8 (=2a + 2p3 + pa)* + P (—2a + p3)* )7 Yan P ”),

) + 77”‘5( 2a + 2p3 + p4))‘ + n’\ﬁ(—Za + p3)“)757” (E.30)

3

2im? 8m1

Yun)\ =
C(2m)t 3

1
/ dedydzdtd(x +y+2z+t—1)x
0

T4 TA
dt —
/ E[((EQE‘FAZ(ZMJH +p3,p1))t (03 + Ai(pa, ;1 +p3,P1))4>

1
<4 (277*“(192 + g —b)P 20 (—b — p1)® + P (—2b+ p4)A)va'y”vm”

1
+3 (2(—6 +pa)? 4+ 20 (b — p1)* + ™ (—2b+ p4)*)'yw”v””m

Pa P2
A 3” VoYY P — e 3p e el

1
- (277””(—6 +p1)? 4 20 (pg + pa — b)* + P (—2b + p4)A)7“7w”w3) (E.31)

+n

203, 0,

2 —
<(€2E + Ag(pa,p1 +p3.p1))* (0% + A1(pa, p1 + p3,p1))*

+m1

) (—2b+ p4)WW”}

2im? 4m?
(2m)* 3

1
YR / dedydzdté(x+y+2z+t—1)x
0

faee|5( . - . )
FLa\ (2 + As(pa,pr + 03, 01)) (% + Av(pa, p1 + p3, 1))

1 (—c+ p2)* + 17 (—c — p1)* + (P2 + pa — c)ﬁ)’yav”va’m”

N
|
/N

( — P P (e — p)® + 0 (p2 + pa — ©)° )%ﬁ“vmkv”%
+ (=1 (e = 1)+ 0 (e p2) )90y e

( 1Pt + 0P (pa + pa — &) + 0 (—c+ pg)ﬁ)v”vavkvm”%

—n®

afs 2p2.0
3

2ps
3 e el +n°‘ﬁ 3 2y MY — 7"‘%%7,37””)

203 I%:
+m? —
1((% + Ao(p2, p1 +p3,p1))* (03 + Ai(p2, m +p3,p1))4)

((c + p1)* YY" MY + (P2 + pa — )Y Yar™
_ Q. Ka A QK AV 2p2,0/@)\1/p E.32
+ (¢ — p2)* 7" Y YY" + Y Y Y Yo — =3 )| (E.32)
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In these expressions we have introduced the notation A;(p, ¢,7) = m? +p2y+q? -+t —(py—qz—rt)?,
a = (p3+pa)y+p3z —pit, b = pay — (p1 +p3)z — pit, ¢ = pay — (p1 +p3)z — p1t. Moreover, integrals
that vanish in the large PV mass limit have not been included.

The 4-point function is given by

~ 2im2

<Bs(p1)Q" (p2) T (p3) T (P4) >ren= T (227”” 1™ p1e + 1290 p1, + 1290 py,,

324(2r)
+ 25970 (p3p + Pap) + 6™ (pF + p§) + 67 (p1 + p2) + 97" (P4 — pi)
+ 36"y (pa, — p3,) — 36p{n™ + 36py ™ + 36p§n" + 18p5n™ + 12p3™

+ 36p§7]”’\ + 18pZ77”’\ + 12pZ17A” + 36pi77””>. (E.33)

(BrOQJ)

From (4.47) and (C.1) we once again determine that

(O (p1) Q" (p2) Br(ps) T (pa)) =< 0" (p1) Q" (p2) Br(p3) T (pa)>

= 27"7" <Bs(=p2 = p1) Q" (p2) 7 (p1)> —5 <@ (p1)Bs(=p1 — p1) TN (p1)> 177

3
3 ~ - 1 ~ )
+ €7 <Jo(=ps = P)Br(p3) T (pa)> Yo + g <3{yy (=3 = Pa)Br(ps) T (p4)> 70"
\/5 ~ A:V \/i v ~ ~
- ?n‘“ <5311y (—p2 = p3) Q" (p2)Br(ps)> ——-1 A <Q(p1)S(51)(—p1 = p3)Br(pz)> (E.34)
V2i s, V2, -
+ Tln’“ <S(311) (P2 = P3)Bs(p2 + ps)> 7"7" + 7177 9® <Bs(p1 +ps)5 (31 (—p1 — ps)>,

where the seagull operators 5(3);) and §(3‘ 1) are given in (B.34). We have already computed the
2
correlators < Bst >, < BRjj> and < 855(3‘1) > (see eq. (E.12) for the 2-point function).
2

Moreover, <s(1)3 rJ >= —6i <JBrJ> since Bx contains only fermions, 5y is proportiogal to
the fermionic part of the R-current, and only fermions contribute to the 3-point function <BrJ J >.
Besides the Feynman diagram contribution to the 4-point function, therefore, we only need to
determine the 3-point function <§(3| 1 OBR>.

However, it is convenient to evaluate instead the linear combination of this 3-point function
and the 2-point function <BS§(3| 1 > that appears in the 4-point function. We have

\/Q ~ ~

5 <Q(p1)5(31)(=p1 — P3)Br(p3)>=

0 2 [ d* :

x5 ﬁ (msz (0)Pr (i€ (@) + m2y") Py (01 — )7° Pay (01 + ps — @) PLy°

— 2m1 Py, (q) Pr (i (¢) + m1y™) Py, (p1 — @)7° Py, (p1 + p3 — Q)PL’75> + Pp < Pr,  (E.35)

as well as,
V2 ~
=g 7" <Bs(p1+ps)3(g1)(—p1 — p3)>=
i 2 [ L9 (ap o —q) — 2m2P,, (¢)P, - E
(R 9 vy (2 my @2(‘1) 502(p1 +p3—q) my ‘Pl(q) <.01<p1 +p3—2q)). (E.36)
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Introducing Feynman parameters these give

\/§ ~ ~ \/52 ~

5 < (P1)31)(~p1 — p3)Br(ps)> === <Bs(p1 + ps)5(31)(—p1 — ps)>=
9im? im2 1

— 2y 2T 82m1/d€E/ drdydzdé(z+y+2z—1)x
(2m)* 0

63 o
<(£2 + Ao(p2+pas1))® (65 + As(ps +p4,p1))3>
X ( - ((pz +P)v—p Z)Vups - 7M((Q'Z’z +p)y+ (- z)pl)p:a + §7M0p3p10)’ (E.37)

where, as above, Aj(p,q) = m? +p?y+¢*z— (py — q2)%. Integrating over £ and taking the limit
mp — 00 we get
V2

~ ~ \/§Z ~
5 <@ P1)5(31)(~P1 — p3)Br(ps)> — =77 <Bs(p13)5(31)(~p1 — ps)>=

2 2im?
(2m)% 9

( — (B + )y — P, 2V Py =V ((Py +p) v+ (L= 2)p, )Py + %vﬂ"pgplg). (E.38)

/ drdydzdé(zr+y+2z—1)x

\/Q ~ ~ \/52 ~
3 <Qﬂ(p1)5(3‘%)(7p1 *pS)BR(p3)>ren *77#’75 <BS(101 +p3)5(3|%)(*p1 - p3)>ren
2im? swpo .
54( 54(2m)2 (%7 P p1ppse — iMp1 - ps +ip Py + iphp, + 2Zp3p3> (E.39)

The Feynman diagram contribution to the 4-point function takes the form

< Q“(Pl QV(?Q)BR(pg)j (pa)>=

<5/ e

(mQng (q)Pr (zﬂ‘f (q) +may") Pa, (91 — )7° Pry (1 + p3 — )7 Y° Py (—q — p2) (i (—q) — mav”) P,

— 2m1 Py, (q)Pr (1% (q) + m1y*) Py, (p1 — @)Y° Py, (01 + 3 — )7 Py, (—q — p2) (195 (—q) — mw”)PL)

2
.3 7
77 X
+ 9

<m2Pm (9)Pr (1% (q) + mav") Pry (1 — )7 7° Py (p1 + Pa — )7° Py (—q — p2) (i25(—q) — man") Py

— 2my Py, (q)Pr (1% (q) + muy*™) Py, (p1 — )7 Py (p1 + pa — @)7° Py (—q — p2) (195 (—q) — mw”)PL>
2 dq
.3 A
il )
<m2Pea2 () Py (q + pa)¥° Pr (1% (@) + mav") Pay (p1 — 0)7° Py (p1 + p3 — q) (i9% (—q — pa) — may”) P,
= 2m1 Py, (q) Py, (¢ + pa)y” Pr(i2 (g) + may*) Pr, (p1 — @)7° Pay (p1 +p3 — ¢) (195 (—q — pa) — mw”)PL)
+ PL — PR. (E.40)

Notice that the first and second integrals in this expression are related by charge conjugation (i.e.
C(..)TC~1) and the interchange y <+ v, p1 <+ po. Introducing Feynman parameters, the sum of all
three integrals can be written in the form

<Q"(p1) Q" (p2)Br(ps) T \(p) >= * x i (B + Ch.C.) + (B4 + Cn.C) + O+ 647), (E.A1)
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where

1
! 5(27r)4 5 /Od:cdydzé(a:+y—|—z—1)><

0 ’;
deg | (+* < " - " )
/ " [(7 =) (0% + Ao(paspr +p3))® (6 + Ai(pa, p1 +p3))?

3 3
+2(2w — p4)*< b -~ L ) x

(0% + Ag(pasp1 +p3))° (0% + Ar(pa; p1 +p3))?

2 2
X (’y“v“’y”wa — Yy (w — pa)a + PP % - 7‘“’7”];1")} ; (E.42)

21 —24
oL (2:3 Zml/dxdydzdté(:n+y+z+t—1)

253 53
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/ E|: ! (EQE'+A2(p47p17pl +P3))4 (€2E+A1(p47p17p1 —|—p3)>4 v Zﬁ?)ﬂy ( p4)

I I >
+ - x
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1
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1 v
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1
+ 7" 07 8 (— 27 (e = pa)” = 20 (e + p1)” + 1 (—2e + pa))

b2 P2 p1 b1
R R e e I 49

2 2
—pwx _ 2im° —4imy

= @r)i 9 /0 dedydzé(x+y+2z—1)x

o 02
at - L > AV AV
/ E[<(€%+A2(p27p1+p3))3 (2 + A (p2.p1 +13))? (0™ =)

0 03
+ 5~ x
<(€2 + Az(pg,pl —l—pg))d (62 + A1(1027171 + p3))3)

(1 G — B0 + 9y — i PP 2 b =

3
vp 2P2 1o y p1o o A v 2Dl o A vodD2pP10
N+ PO N (g4 Py T — T e L2 )
263 63
—m d€E< - E >7“ ’\7”], E.44
1/ (02 + Aa(p2, p1 +p3))® (€% + A1(p2,p1 + p3))? 7 (E-44)
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—uh 2T amy

1
=5 _(27r)43/0 dedydzdté(z +y+2z+1—1)x

203 03
dv 4m2< E L )
/ E[ ! (4% 4 Ao(p2,p1,p1 +p3)t (03, + Ar(p2, p1,p1 + p3))*

((WY“ A (g, + )P+ AP (= p )y + 47 5h) — 7“;;93%7””2]?% - prngyzz%>

+ ( £5E E% > X
((% + Da(pa, p1,p1 +p3))* (45 + Air(p2, p1,p1 + p3))*
<7‘W“va3ﬂgvk(¢a PV AV (=5 — PP VY — IV P VY — YV Ve o

v 1% vV 2p2 1%
Y (=1 = PP Ve — IV VP VY YV Ve Y - VAP e o
v v vV 2p2 1%
VPt + PV Ve — VP VY Ve + VAV P VY - VAP e ok
vp 2p2p v 2p10’

+ P S VT P e T AV P ()Y e

o 2p10’ Yol 2p1(7
(== PPN Ve + " ’V‘%VW”%T + Y PV Vo 3 >] : (E.45)

In all these expressions Aj(p,q) = m? +p?y+¢*2— (py —q2)? Aj(p,q,7) = mjz +p*y+ ¢z +
r*t — (py — gz — )%, w = pay — P13z, N = P2y — P13z, € = pay — P13t — P12, u = pay — pizt — pi2.
Moreover, as above, we have dropped integrals that vanish in the large PV mass limit, e.g.

%! 3
m? / de < E — E ) E.46
! g (0% 4+ Ao(pa,p1,p1 +p3))* (63 + Ai(pa, p1,p1 + p3))* ( )

Evaluating the above expressions we find that the 4-point function takes the form
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<éﬂ(m)é"(m)BR(pg)iA(m)»en
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