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Abstract

This paper develops an asymptotic theory for nonlinear cointegrating power function re-
gression. The framework extends earlier work on the deterministic trend case and allows for
both endogeneity and heteroskedasticity, which makes the models and inferential methods
relevant to many empirical economic and financial applications, including predictive regres-
sion. A new test for linear cointegration against nonlinear departures is developed based on
a simple linearized pseudo-model that is very convenient for practical implementation and
has standard normal limit theory in the strictly exogenous regressor case. Accompanying the
asymptotic theory of nonlinear regression, the paper establishes some new results on weak
convergence to stochastic integrals that go beyond the usual semi-martingale structure and
considerably extend existing limit theory, complementing other recent findings on stochastic
integral asymptotics. The paper also provides a general framework for extremum estimation
limit theory that encompasses stochastically nonstationary time series and should be of wide
applicability.
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1 Introduction

Since the initial work by Park and Phillips (2001) in this area, the past two decades have
witnessed significant developments in nonlinear cointegrating regression, including parametric,
nonparametric and semi-parametric specifications of such models. These developments have
provided a framework of econometric estimation and inference for a wide class of nonlinear,
nonstationary relationships. Among many other contributions to this research, we may refer to
Chang, Park and Phillips (2001), Chang and Park (2003), Bae and de Jong (2007), Wang and
Phillips (2009a, b, 2016), Kim and Kim (2012) and Gao and Phillips (2013), together with the
references cited therein.

In recent work Chan and Wang (2015) established some general results on nonlinear paramet-
ric cointegrating regression. In comparison with previous research, Chan and Wang (2015) em-
ployed a different approach to investigating asymptotics in models of this kind. Their approach
directly established joint distributional convergence of the martingale of interest in conjunction
with its conditional variance, rather than relying on the classical approach to the martingale limit
theorem which requires convergence in probability for the conditional variance.! The methodol-
ogy used in Chan and Wang (2015) has important advantages since it is usually difficult to prove
convergence in probability without expanding the probability space, particularly in the structure
of cointegrating regression settings where the conditional variance typically converges weakly to
a random variable rather than in probability to a constant. The latter methodology was used
in Park and Phillips (2001) and requires more restrictive conditions as well as expansion of the
probability space to secure the required results.

The models considered in Chan and Wang (2015) include integrable and non-integrable
regression functionals. However, as is apparent from their Assumption 3.4, power regression
functions are excluded, such as those that take the form f(z) = g |z|”, where € R and v > 0.
This shortcoming in coverage is restrictive because power function regression is a commonly used
model in many empirical applications. An area of application where such regression has been
found particularly useful is in testing the validity and order of polynomial regression (Baek, Cho
and Phillips, 2015; Cho and Phillips, 2018.)

One goal of the present paper is to address this omission in coverage. A further goal is to
contribute to the general development of asymptotic theory in nonlinear nonstationary regres-

sion. First, while this paper focuses on power function regression, our results allow for models

'Readers are referred to Wang (2014) for a recent general exposition and development of limit theory relevant
to nonstationary time series regression.



that include both endogeneity and heteroskedasticity. Power functions fall within the framework
of homogeneous functions that were considered in Park and Phillips (2001), but their results
applied to I(1) integrated and weakly exogenous regressor processes and martingale difference
equation errors with constant conditional variances, thereby excluding a wide class of nonsta-
tionary processes and standard error volatility models such as ARCH and GARCH. Second,
accompanying the development of our asymptotic theory for power regression, we provide new
results on convergence to stochastic integrals that extend beyond the semimartingale structure.
Since the 1980s there has been extensive research in both econometrics and probability on weak
convergence to stochastic integrals, yielding a large body of useful theory. But results that ex-
tend beyond a semimartingale framework and allow for nonlinear functionals have only recently
become available, notably by Liang, et al. (2016) and Peng and Wang (2018). However, the non-
linear functionals considered in the latter papers exclude power functions such as f(z) = g |z|?,
since the first order derivative of f(x) does not everywhere exist or even satisfy a Lipschitz
condition in cases such as —1 < vy < 0.

The present paper contributes to this literature by building a framework of theory that
accommodates these extensions, thereby helping to complete the limit theory for extremum
estimation in nonlinear nonstationary regressions. To achieve this purpose the paper provides
a weak convergence result for normalized stochastic processes, associated sample covariance
functionals, and quadratic variations at a level of generality that assists in delivering asymptotics
for power regression. Further, as in Phillips (2007) where deterministic power function regression
was analyzed, we show how different convergence rates apply in corresponding least squares
power regressions in the presence of stochastic trends.

The paper is organized as follows. Section 2 develops limit theory in a stochastic power
function regression model. Certain technical results concerning weak convergence to stochastic
integrals that extend beyond semimartingale formulations are provided in Section 3. We mention
that these results are quite different from previous researches and are of some independent
interest. They are designed to allow for a class of nonlinear locally integrable functions that
are suited to power function regression modeling. Section 4 concludes, proofs of all the main
results are given in Section 5, and Appendix A provides a framework of extremum estimation
for nonlinear least squares estimation that allows for various convergence rates and asymptotic
linearization with general forms of score and hessian functions that allow for many different
forms of limit theory.

Throughout the paper = denotes weak convergence of probability measures with respect

to the uniform topology (see, for instance, Billingsley (1968)) and —p is weak convergence in



Euclidean space. For a symmetric matrix A, we take A > 0 to mean that A is positive definite.

A function g(z) is called locally integrable if, for all compact sets K C R, [ |g(z)|dz < co.

2 Nonlinear cointegrating power regression

Let (&, uk)k>1 be a sequence of arbitrary random vectors. Consider a nonlinear cointegrating

power regression model defined by

Yk = Blak|” + w, (2.1)
where xp = Z?Zl & and 0 = (B,7) € © :=R x [-1/2,00). The least squares estimator (LSE)
§n of 0 is defined by the extremum problem

On = (BnyAn) = argmin ¥ (yx — Blax|")”. (2:2)
(B?V)GG k=1

To develop asymptotics for the estimator gn, we denote the true parameter 6y = (5o, 70), where
Bo # 0 and v9 > —1/2. The power parameter 7 is clearly unidentified when Sy = 0 and
only weakly identified when the true regression coefficient 5y is local to zero in the sense that
Bo = o(1) as n — oo. The latter case fits within the weak instrument econometric literature and
has been analyzed by Shi and Phillips (2012) in the nonstationary regressor case and Andrews
and Cheng (2012) in the stationary case.? In addition, when vy < —1/2 there are difficulties
in developing asymptotics for the LSE én, as discussed in Remark 2.1 below?. Throughout the
present work we maintain the assumption that Sy # 0 and vy > —1/2.

Write x,, = o /d, where d2 = var(z,) and u,, = ﬁ Z?Zl uj. Throughout the paper, we

assume
1 n
= di'dy, =0(1), dp—o0 and d=O0(n")
n
k=1

for some 0 < p < 2. This is a minor requirement and holds for usual (1) processes and a partial

sum of a long memory process. We further make use of the following conditions:

Al (i) {uk, Fitr>1 forms a martingale difference with supy>; Eui < oo, where {F;}x>1 is a
filtration such that xj is adapted to Fj_; for all k£ > 1 (Fp is defined to be a trivial
o-field).

2Weak identification occurs in such cases because the loading coefficient parameter 3 of the nonlinear function
may be close to zero and limit theory under the alternative typically fails to provide a good approximation to
finite sample behavior close to the null. Development of a local limit theory that improves the approximation
uniformly well irrespective of the strength of the identification relies on uniform weak convergence of sample
covariance functionals to stochastic integral limits - see Shi and Phillips (2012).

3Related but less complex convergence issues arise in the deterministic (evaporating) trend case with x5, = k
for which 7% | k* < co when v < —1/2 and the usual excitation condition for consistency fails.



(ii) There exists a 2-dimensional continuous Gaussian process (X, U;) with covariance

matrix €2; > 0 so that

(xn,[nt]aun,[nt]) = (Xh Ut)a on Dg2 [07 1]7 (23)

Condition A1 imposes a martingale structure in the model (2.1), which is extensively used in
the literature of nonlinear cointegrating regression. See, for instance, Park and Phillips (2001)
and Chan and Wang (2015). However, unlike these existing results, only SUpj>1 Eu% < 00
rather than sup;> E(ui | ]:k_l) < C < oo is used here, which allows for heteroskedasticity
in the model (2.1), thereby enhancing wider use of our results in financial econometrics. The
martingale difference error structure in model (2.1) will be extended to include endogeneity in
Section 2.1 and more general models are considered in Section 2.2.

Let F, = diag[y/nd)’/logd,, /nd}'] be a diagonal rate matrix, Qn(0) = >_p_; (yx —
Ié] |ﬂlck|'7)2 and S,(0) = %9(0). Our first result concerning the asymptotic behavior of the ex-
tremum estimator §n follows. The theorem is stated as a local rather than a global result
because the objective function (2.2) is not a convex function of the parameters unless more re-
strictive conditions on 7 are introduced, which makes a general proof of consistency challenging.
Although it is unclear whether the sequence gn defined by (2.2) is the same as the sequence
of roots én in the theorem below, they must coincide with probability approaching to 1 if the

minimization (2.2) is taken over a set shrinking at an appropriate rate?.

Theorem 2.1. Suppose A1 holds. For any o > 0, there exists a sequence of estimators 0,,

such that Sn(én) = 0 with probability approaching to 1, and

X Vo [Y1x,000 log | Xy dU, — Vi [X1X,odU
NS < 1 > 0 Jo |Xe° log | Xe| AUy — Vi [y | Xe[0dU; (2.4)

Fo(0, — 0 )
(= 00) ~1/fo VE-VoVe

where V; = fol | X¢|270 log® | Xy| dt fori=0,1 and 2.

Since X; has a continuous path, for 79 > 0 the existence of V; and the limit distribution
on the right hand of (2.4) follow immediately. Further. when the Gaussian limit processes
(Xt,Up) are independent, the limit distribution in (2.4) is mixed normal. Notably, the limit
distribution is degenerate, reflecting the intimate linkage between the roles of the coefficient and
power parameters in § = (3, ) and the associated singularity of the limiting distribution arising
from the asymptotic collinearity of the induced regressors in the linearized system corresponding

to the model (2.1). This phenomenon mirrors the singular limit distribution behavior that was

Indeed, as noted by one of the referees, if Fy, (6, — 6o) = Op(1) then Theorem 2.1 and (2.4) give the limit
distribution of 6,,.



analyzed in Phillips (2007) in the context of power function deterministic trend regressors. In
particular, the asymptotic collinearity in deterministic trend regressors such as |t|” and |t|” log(¢)
also arises with stochastic trend regressors such as |z;|” and |z;|7 log |z;|. These variables arise in
a natural way in Taylor expansions of the first order conditions in the nonlinear power function
regressions that are explored in this paper. The asymptotic collinearity leads to a degenerate
limit distribution for the estimated parameters, as occurs in Theorem 2.1. The problem was
discussed in detail in Phillips (2007) to which readers may refer for further details.

Figs. 1(a) and 1(b) show kernel density estimates for the estimates En and 7, for sample
sizes n € {100,250, 500, 750} computed for § = 1 and v = 0.5 from 50,000 replications. The
simulation DGP used a random walk regressor x; with iid A (0, 1) innovations and independent
up ~ id N'(0,1) equation errors. Both estimates show increasing concentration as n increases
and greater kurtosis than Gaussianity in line with the corresponding mixed normal limit dis-
tribution of Theorem 2.1 that applies in this exogenous regressor case. Evidently, the densities
of 4, given in Fig. 1(b) display much smaller variation than those of Bn, consonant with the
greater rate of convergence of the power parameter estimate 7,. In spite of their different vari-
ation, these finite sample distributions show the same general shape characteristics, reflecting

the singularity of the limit distribution established in Theorem 2.1.
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Figure 1: Empirical densities of the estimates Bn and 7, for sample sizes n € {100, 250, 500, 750}
with =1 and v = 0.5.

Theorem 2.1 can be extended to include the extra domain —1/2 < =y < 0 of the power

parameter under the following additional condition:

A2 (i) zy/dg has a density pg(x) that is uniformly bounded by a constant K forall1 < k <n

and z € R,



(ii) X has a density p;(z) satisfying sup, fol pr(x)dt < oo,

(iii) supps; E(uf | Fro1) < C < oo.

We mention that A2 (i) and (ii) ensure the existence of V; for —1/2 < 4 < 0 and the smoothness
condition on the density of xy/dj is needed for the convergence of the sample quantities to V.
See, for instance, Potscher (2004) and Berkes and Horvéath (2006). Further discussion is given
in Section 3. Since the limit result involves locally integrable functionals of integrated processes,
we also require the more restrictive A2 (iii) instead of supy>, Eui < oo for technical reasons.
This condition can be modified under higher moment conditions on u; and a narrower interval of
validity for the power parameter . These extensions involve some complex further calculations

and are therefore not pursued in the present work.

Theorem 2.2. Suppose A1 and A2 hold. The limit theory (2.4) continues to hold for —1/2 <
Y < 0.

Remark 2.1. If 7y < —1/2, the random variable V5 does not exist even in the case where
the process X; is standard Brownian motion U; because the integral fails to converge. Note,
in particular, that fol \Ug|°dt = oo a.s. when y9 < —1/2. See, e.g., Ethier and Kurtz (1986,
p. 332). In consequence, use of the present methods fail and the asymptotic behavior of 0, is

unclear in such cases and a matter for further investigation.

Remark 2.2. The proof of (2.4) heavily depends on the existence of the integral fol | X |2r0<dt
for some small € > 0 rather than just only on the existence of V; itself. Since ||~ even for small
€ > 0 is locally Lebesque rather than Riemann integrable on R, A2 (i) and (ii) are essentially
required to ensure the existence of fol | X¢|€dt, as seen in Theorems 1.2 and 2.1 of Berkes and
Horvéth (2006). This helps to explain why Theorem 2.1 excludes the case vy = 0, but this can

be established under the additional condition A2, as seen in Theorem 2.2.

Remark 2.3. If v > —1/2 is fixed and known, the least squares estimator (LSE) 3(v) of 3 in

model (2.1) is given by

N k| TE]Y ke
By = Bl g T bl (2.5
> k=1 k> > k=1 |kl
Under the given conditions (A2 is required if v < 0), it is readily seen that
1
fo | X¢|7dU,

Vi dy [B(v) = o] — (2.6)

D 1

Jo 1Xe>dt
In comparison with (2.4), there is now a different convergence rate for the asymptotic distribution
of 8 (7). This phenomenon was noted by Phillips (2007) in the investigation of nonlinear power

trend regression.



Remark 2.4. Using (2.4), we have

1" fol | Xe[70dU — Vo fol | X[ log | X¢| dU;
Bo VE—=To Ve 7

Vnd)® (Fn — ) —bp (2.7)

where V; = fol | X270 log® | X;| dt for i = 0,1 and 2, as before. Since Sy is consistently estimable,
this limit theory enables model specification of linear cointegration, which involves testing the

null hypothesis °
Ho:v=1 vs Hi:v#1 (2.8)
Indeed a test statistic that may be used to test (2.8) can be defined by
To = v/ndy B(1) B — 1), (2.9)

where (1) is given as in Remark 2.3 and d,, is constructed so that d,/d, — 1 in probability.

From (2.6) and (2.7) it follows that under the null Ho,

b ‘71 fol | X¢|dUy — % fol | Xt| log | X¢| dUy

T, — ——
VE -V Vs

, (2.10)

where V; = fol | X¢|? log® | X;| dt for i = 0,1 and 2. Under the conditions that allow for the joint
distribution of (X, U;) to be determined, this test is asymptotically pivotal and consistent with
Py, (|T5| > to) — 1 for any top > 0, where Py, () denotes the probability under the alternative
Hi. In more general situation where the joint distribution of (X, U;) depends on some unknown
parameters (1, say), T, is not pivotal. In this case, a bootstrap or other simulation method will
be required for inference. Furthermore, some aspects of inference, such as confidence interval
construction, are more difficult. The limit distribution of 6,, given in (2.4) depends jointly on
the parameter vector 6y = (5o, 70), making direct inference about y in power regression more
complex. It is not clear at present whether or not an asymptotic theory might be developed
for 0, using a different approach such as a self-normalized quantity in place of the use of rate
matrix scaling like F, in (2.4) so that the unknown parameter §p on the right hand of (2.4) can

be eliminated and an asymptotically pivotal approach developed.

Remark 2.5. A more convenient approach to testing Hg that avoids nonlinear regression is to

fit a linear regression based on a first order Taylor approximation (or pseudo-linear version) of

A related approach to testing the linear cointegrating specification based on the hypothesis (2.8) is to use
the augmented regressor approach of Baek et al. (2015), where a quasi-likelihood ratio statistic is developed and
identification problems associated with models with power transform regressors are discussed for stationary and
trend stationary models. In the present setting, the method involves estimating the augmented cointegrating
regression yr = B|xk| + alzk|” + uk, and testing the significance of the nonlinear component via the parameter
. Nonlinear estimation of the power coefficient 7 is again required with this approach.



the original model (2.1), viz., yx = Blxk|” + uk, about the same model with coefficient 5y and
power coefficient 79 = 1. This (infeasible) pseudo-linear model has the explicit linear regression

form

Gk (Bo) = Blak] +vze(Bo) + ur = qr(Bo)'0 + uk,  zx(Bo) = Bolzk|log(|zkl), (2.11)

where g, (8o) = yr + Bolxk| log(|zk|) and qx(Bo) = (|zk|, 2k(Bo))’. The model (2.11) is linear in
both the coefficients (3,) and the variables (|zk|, zx(00)), given Sp. The unknown parameter
Bo in the variables g (8p) and zx(5p) in (2.11) can be estimated consistently under the null H, :
~v =1 using the linear cointegrating regression estimate 3(1) = (37—, [zx]?) " (Cr_; |zk|yr) in
place of the unknown Sy. The resulting feasible regression equation is then fitted by linear least

squares of gk (3(1)) on gx(5(1)). The null hypothesis Hg : v = 1 is tested by applying a standard

t-test of v = 1 in this fitted linear regression, which we write as

Ge(B(1)) = Blek| +F2(B(1)) + @ = qr(B(1))'0 + . (2.12)
The required t-statistic associated with 4 in this regression has the usual form ¢, = 757:1 with
53 = 82 /My, 2 =n"1 31| 4%, G defined by the regression residual in (2.12), and m, the

second diagonal element of M(9_917 where

I S S B, fonl? log i
Mao = 3 (A1) (S = <B<1> S P og laal B01)2 S \:c:mog?\ik\)
—. ( Qno /é(l)Qn1> )

5(1)9711 B(l)erﬂ
Then, § —0 = Myt Sr_, ar(B(1)) ug, which under the linear cointegration null #g : v = 1 gives
1 n

F—1 = = (Qolzk| log |zk] — Qua|wxl) un
B(1) (2o — Q1) ;

n

1
= ml2 (3 —1)/s, = Q 1 o) :
ty Moy (¥ —1)/su . 9162 (ang — 02 )1/2 2= ( no| Tk | log [z n1|xk’) U

When (2, ng), Un, ) = (Xt U) where (ug, F) is a martingale difference sequence so that zy
is adapted to Fi_1, we deduce, just as in result (2.4), that

Qo [ | Xi| log | X dU; — Q) | X,]dU;
o Qo(Q20 — 02)1/2 ’

IfV —D

where Q; = fol | X¢|?log” | X¢|dt. If the limit processes (Xt Uy) are independent, it follows that
ty —p N(0,1), giving a simple test of linear cointegration. When (X;,U;) are dependent, it
seems that some form of fully modified regression statistic is required for pivotal inference, as

in the nonlinear regression case based on Theorem 2.1.
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Figure 2: Empirical densities of the t-statistic t, = =1 in the pseudo-linear model regression

(2.12) under Hp : v = 1 and power curves for v € [0.8,1.2] for various sample sizes n, based on
50, 000 replications and a model with random walk z; and iid N'(0, 1) errors.

Fig. 2(a) displays kernel density estimates of the finite sample densities of the statistic
t, under the null v = 1 and with Sy = 1.0 for sample sizes n = 25, 50,100 shown against the
standard normal density A/(0,1). The same data generating mechanism as the earlier simulation
was used, with random walk x; and 7id NV (0, 1) errors. Evidently, the finite sample distributions
are all well approximated by the standard normal even for small n in this case. Fig. 2(b) gives
power function curves of the test based on a nominal asymptotic 5% significance level for a two
tailed test, for a grid of values v € [0.8,1.20] and sample sizes n € {100,200, 300,500}. Test
size is close to the nominal 5% level, conforming with the graphs of the densities of ¢, under the
null v = 1. The power curves show that power rises monotonically for deviations of the power
coefficient v from unity in all cases and for both v < 1 and v > 1. There is some evidence of
slightly stronger local power against alternative with v > 1 rather than « < 1, which may arise
from the amplified effect of the regressor |z|” in the generating model y; = B|xg|” + uy for the
data y in this case. Overall, the findings indicate that this simple ¢t-test of Hg : v = 1 has good
size and power for testing linear cointegrating regression in the exogenous regressor case and is

easy to implement in practical work.

Remark 2.6. In a natural setting amenable to a linear cointegrated structure, it may be desir-

able to consider the following nonlinear power function cointegrating regression model
yp = 2 + Blog|” + g, (2.13)

where a = (a, ...,aq)’, B € R, and —1/2 < v < 1 are unknown parameters, zj is a d-dimensional

regressor whose differences Az, = 2, — z,_1 are stationary, and xz, and uy are defined as in

10



Theorem 2.1. In applications related to cointegration analysis and forecasting based on usual
linear regression formulations, the power term J|xg|” in model (2.13) may provide an extra
precision correction term that admits nonlinear effects that are relevant in certain empirical
examples. As discussed above, the presence of a power regressor term in such cointegrating
regression is a mechanism for testing linearity, as was done in Baek et al. (2015) and Cho
and Phillips (2018) in stationary and deterministic trend model settings. The limit theory in
the present paper provides a foundation for a general study of such formulations and tests, in
addition to the approach based on the test 7;, given in (2.9). Full investigation of this topic in

the present context requires challenging new limit theorems, which are deferred to later work.

2.1 Extension to endogeneity

The data generating process in model (2.1) is assumed to have a martingale structure.
This assumption is used in many articles in parametric cointegrating regression and predictive
regression. See, for instance, Chang, Park and Phillips (2001), Park and Phillips (2001), Phillips
(2015) and Chan and Wang (2015). From the viewpoint of empirical applications, however, this
martingale structure can be restrictive. The aim of this section is to remove the restriction so

that endogeneity is allowed in the model. Explicitly, we are concerned with the model:
Yk = Blax” + wi, (2.14)
. . k
where x}, is the partial sum process ) = ZFl &,

Wg = Uk + 2p—1 — 2k, (2.15)
the uy are assumed to satisfy A1, and the zj satisfy certain regularity conditions that are
specified as follows:

A3 (i) supps E[(1+ [26—1])(1 + |&])]” < oo for some a > 1;
(il) Ezx—1&k — Ao, as k — oo;
(iii) supgsom [E(Ak|Fr—m)| = op(1), as m — oo, where \p = zx_1&, — Bz 16k
The process {wy}r>1 in (2.15) was used by Peng and Wang (2018) in an investigation of weak

convergence to stochastic integrals beyond the usual semimartingale structure. The exten-

sion arises because {wy }r>1 is usually not a martingale difference, but the partial sum process
i wg = i v+ 2o — 2, provides an approximation to a martingale, just as in the decomposition
g?lPhillipISCZalnd Solo (1992). Such martingale approximations have been widely studied in the
literature. As shown in Peng and Wang (2018), A3 introduces endogeneity by virtue of A3(ii)

and allows for the following processes that are relevant in much time series econometric work:

11



(i) & is a long memory process and wy is a stationary causal process such as time series

generated by TAR and bilinear models;
(ii) both & and wy are stationary causal processes; and
(iii) (&k,wy)k>1 is near-epoch dependent, particularly a sequence of a-mixing random variables.

Within this framework, we can estimate # and develop asymptotic theory for the estimator
0, of 6 under model (2.14). We set F,, = diag [V/nd} /log dy, /nd;’] as earlier, as have the
. . 2 0Qn (0
following result. As in Theorem 2.1, let Qn(6) = >"p_; (yx — Blax|?)” and Sn(0) = %79().

Theorem 2.3. Suppose that d>/n — oo, A1 and A8 hold. For any o > 0, there exists a
sequence of estimators 0, such that Sn(én) = 0 with probability approaching to 1, and

1 ) Vo Jo 10/ log | X[ dU, — Vi Jy |X,[dU, (2.16)

—1/Bo VE -V Vs
where, for i = 0,1,2, V; are defined as in Theorem 2.1. If A2 holds in addition, we still have
(2.16) for any 1/a < v9 < 1.

Fn(én _‘90) —D (

The condition that d2/n — oo is satisfied if & is a long memory process, in which case we
usually have d2 = var(3> j_, &) = n#* for some 1 < pu < 2. See, Wang et al. (2003), for instance.
Due to the fast convergence rate involving d,, in F,,, the additional term involving z; in the
equation error (2.15) does not produce a bias term in the limit distribution. But elimination of
the bias term requires a more restrictive condition on the interval in which the real parameter
o is located. More explanation can be found in Remark 2.7 given discussed below.

The situation is different if d2 /n — ¢ < oo, which generally holds if z}, is a partial sum of
a short memory process &. In this case, as the following theorem shows, the additional term z
has an essential impact on the limit distribution. Explicitly, when 0 < o < oo, the additional
term zj, contributes a bias term in comparison with (2.16). It is interesting to notice that, when
o =0 (ie., d,/\/n — 0), the additional term zj; dominates and the convergence rate of 0,, — 0o
becomes slow. It seems that this phenomenon was unnoticed in previous research even in the

case of linear cointegrating regression.

Theorem 2.4. Suppose that d,,/+/n — o with 0 < o < 0o, A1 and A3 hold. For any v > 0,
there exists a sequence of estimators én such that Sn(én) = 0 with probability approaching to 1,

and

dp, A
7Fn(0n_00) —D (

n

1 > VoW —ViWp (2.17)

—1/Bo VE-VoVo 7

12



where, for i =0,1,2, V; are defined as in Theorem 2.1 and
1 1
W, = o / | X7 log" | X |dUL + Ay / \Xt\%_l('yo log® | X| —i—i) sign(Xy) dt
0 0
fori=1,2. If in addition that A2 holds, we still have (2.17) for any 1/a < vy < 1.

Remark 2.7. As explained in Remark 2.1, to ensure the existence of the functionals W;, some
restriction on the range of the real parameter g is essentially necessary, in the present case
amounting to the condition 79 > 0 because of the presence of the factor | X;|*~! in the integrand
of the second component of W;. Moreover, there is a trade off between the condition vy > 1/«
used in Theorem 2.4 and the moment condition on z; as is apparent from the condition assumed
in A3 (i). It is not clear at the moment whether or not the moment condition on zj can be

improved without restricting the interval where 7 lies.

2.2 Further extension
Phillips (2007) considered a regression model in the following form:
yr = a+ BlU(k) + ug, (2.18)

where [(x) is a function slowly varying at co. When [(x) = log x, (2.18) becomes the semiloga-
rithmic growth model, which raises naturally in the study of growth convergence problems and
economic transition. Since the sample moment matrix of the regressors is asymptotically singu-
lar, model (2.18) fails to fit within the usual framework. Phillips (2007) investigated asymptotics
of LSE (&, 8) of (a, ) by using a second order approximation of I(zn) by I(n) for any = € R.

Using similar arguments as in Phillips (2007) and the results developed in Section 3, model

(2.18) can be extended to a stochastic slowly evolving trend model defined as follows
yr = o+ Bl(|ze]) + g, (2.19)

where x;, = Z§:1 & and the uj, are assumed to satisfy A1l. Let (ao, 50) be the true parameter

of (a, 8). We have the following theorem.

Theorem 2.5. Suppose A1 and A2 hold and l(x) satisfies the following condition: there exists

e(A) = 0 as A — oo such that

el )
/A ) oy L Wloe W dz = o[e(N)], (2.20)

for any fized A > 0. For the LSE (&, B) of (e, B), we have

b a 1\ [og(IX)dU; — Uy [ log(| X, |)dt
mal () @)1 o () i e

where Fy, = diag{\/nl(d,)e(dy),/ne(dy)}.
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We remark that condition (2.20) is weak and is satisfied by the majority of slowly varying
functions. Typical examples include I(z) = log¥z,k = 1,2,..., etc. For details, see Phillips
(2007). The martingale structure given in A1 is essential for the establishment of Theorem
2.5. Indeed, in the proof of Theorem 2.5, we need to handle sample covariances of the type
Sn =Y p_y log|znk| ug. Since dlogz/dx = 1/x is not locally integrable, as seen in Section 3, we
cannot provide asymptotics for S, in the case where uy, is replaced by wy. This was also noticed
in de Jong (2002). If [(x) satisfies certain continuity conditions rather than being slowly varying
at 0o, it is possible to modify model (2.19) so that endogeneity is allowed. For details, we refer

to Peng and Wang (2018).

3 Convergence to stochastic integrals: beyond semimartingale
structures

We maintain the same notation as in Section 2, except when explicitly mentioned. Tech-
nical results concerning joint weak convergence to stochastic integrals are fundamental in both
linear and nonlinear nonstationary limit theory where sample covariances typically converge to
stochastic integrals with respect to the relevant limiting stochastic processes rather than to nor-
mal distributions via central limit theory. The results given here extend previous research on
this topic and should be helpful in future lines of research that require joint weak convergence
to stochastic integrals under very general conditions. In particular, our results allow for a class
of nonlinear locally integrable functions that accommodate power function regressions.

Our first result provides a framework of joint weak convergence to stochastic integrals that
accommodates the normalized process, sample moments of nonlinear functions and sample co-
variances. This result, which follows in a long tradition of similar results, delivers the technical
tools needed to establish the main limit Theorems 2.1 - 2.4 given in Section 2 because of its
allowance for locally integrable functions and hence power functions in regression models.

Theorem 3.1. Suppose A1 holds. For any continuous functions g(s) and f(s), we have

1n1

(xn,[nt]a Un,[nt] %Zg(xnk)y = f(xnk) uk)
k=1

n
1

e
Il

1 1
= (% v [gtan [ recan). (31)
0 0
on Dga[0,1]. If A2 holds in addition, we still have (3.1) whenever g(x) and f?(x) are locally

integrable.

Aspects of the first part of Theorem 3.1 are known in the existing literature. See, for instance,

Kurtz and Protter (1991) and Hansen (1992). Extension to locally integrable functions seems to
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be new and in such cases the condition A2 is essentially necessary to ensure the existence of the
stochastic integrals in the limit. Applying Theorem 3.1 to the functions g(z) = |z|?" log™! ||
and f(z) = |z|"log™? |x|, where mi, mg > 0 are integers, we have the following corollary, which

plays a key role in the proofs of the main results in the paper.

Corollary 3.1. Suppose A1 holds. For all v > 0, we have

1 < 1 <«
W) o= (5 Sl g™ bl S el o™ e )
1 1
o / X2 log™ | X, dt, / X4 log™ XU ). (3.2)
0 0

jointly for all integers my, mo > 0. If A2 holds in addition, we still have (3.2) for —1/2 < v < 0.

Let C[a,o0) denote the set of all continuous real-valued functions defined on the interval
[a, 00) endowed with the topology of uniform convergence on compacta (see, for instance, van
der Vaart and Wellner (1996), Ch. 1.6). With an index v that satisfies v > a > —1/2, it is
readily seen that {W,,(v),n > 1} is a sequence of random processes defined on the space Cla, 00).
Consequently, we may extend Corollary 3.1 to the following form of functional convergence for

the process Wy, (7).

Theorem 3.2. Suppose A1 holds. On Cla,o0) with a > 0, for any integers mi,ms > 0 we

have

1 1
Waly) = (/ |X|> log™ | X¢dt, / X" log™ | X,|dU ). (3.3)
0 0
If A2 holds in addition, we still have (3.3) on Cla,o0) with a > —1/2.

In related work to Theorem 3.1 and Corollary 3.1 on convergence to stochastic integrals
that sought generality beyond a semimartingale structure, Liang, et al. (2016) and Wang (2015,
n—1

Section 4.5) obtained weak convergence results of sample quantities such as Y f(znx) wg, where
k=0

W = Y70 5 uk—j, With ¢ = ]g.oo ¢; # 0 and ji)j || < oo, and wuy, defined as in A1(i). More
recently, Peng and Wang (2018) provided another result on such sample covariances by using
the error process representation wy = ug + zx—1 — 2 given in (2.15) instead of the martingale
difference uy. While these results are useful, the functions f(x) that are employed satisfy strong
smoothness conditions that require f’(x) to be continuous and satisfy a Lipschitz condition.
Such conditions are clearly not satisfied for functions that arise in power regression of the form

f(z) = |z|"1log" |z|, where k > 0 are integers, particularly, in the case where f(z) is locally

integrable (i.e., v < 0).
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The aim of the following theorems is to fill this gap, providing new results on convergence
to stochastic integrals for the purpose of this paper. We mention that these extensions are
non-trivial. To resolve the limit theory, we need to use methodology involving truncation and
continuous functional approximation to a locally integrable function. We mention here that the
ideas developed in the proofs seem promising for use in even more general situations such as
convex functions, although those extensions are not pursued in the present work.

For use in the following, recall that wy = ug + zx_1 — 2k, as defined in (2.15).

Theorem 3.3. Suppose that d2/n — 0o and A1 and A3 hold. Then, for any v > 1, any integer

m >0, and any continuous function g(s), we have

<xn,[nt]a n,[nt]» Z g [Bnk \/» Z ‘xnkry log |xnk‘ wk)

1
= (Xt, Ui, /g(Xt>dtv / | X |7 logm]Xt]dUt>, (3.4)
0 0

on Dga[0,1]. If A2 holds in addition, then (3.4) remains valid for any 1/a < v < 1, any integer
m > 0, and any locally integrable function g(x), where « is given in A3(i).
As noted in Section 2, the rate condition d2/n — oo usually holds if & is a long memory

process. The result is different if & is a short memory process or equivalently d? /n — 0% < oo

(0 =0 is allowed ), as seen in the following theorem.

Theorem 3.4. Suppose that d,,/\/n — o with 0 < 0 < oo, and A1 and A3 hold. For any
v > 1, any integer m > 0 and any continuous function g(s), we have

(xn [nt n,[nt]s Zg xnk Z ’37nk|7 log ‘mnk’ wk)

k=1
1 1
N (Xt, U, / g(Xy)dt, a/ X, logm\Xt\dUt—i—Ao/ f’(Xt)dt>, (3.5)
0 0 0

on Dgal0, 1], where f'(z) = |z|7" log™ 1 |z|(ylog |z| +m)sign(x). If A2 holds in addition, (3.5)
remains valid for any 1/a <y <1, any integer m > 0 and any locally integrable function g(x),
where « is given in A3(i).

Just as in Theorem 3.2, Theorems 3.3 and 3.4 may be extended as follows to functional weak

convergence results involving the index ~.

Theorem 3.5. Suppose that A1 and A3 hold, and m > 0 is an integer.

(a). If d/n — oo, on C[A, 00) with A > 1 we have
n—1

1
> Jank|" log™ \xnk|wk:>/ | X7 log™ | X¢| dUS. (3.6)

Zn(7) = 7
k=1
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(b). If dp/+/n — o with 0 < o < oo, on C[A, 00) with A > 1 we have

n—1 1 1
dn m m
Zn(7) = o E |Tpk]7 log™ |Znk| wy = o /0 | X¢|" log™ | X¢| dUy +Ao/0 f(Xy)dt, (3.7)
k=1

where f'(t) is defined in Theorem 3.4.

If A2 holds in addition, (3.6) and (3.7) remain valid on C[A,00) with A > 1/a, where « is
given in A3(i).

Remark 3.1. The functional limit theorems for the process Z,(v) appearing in Theorems 3.2
and 3.5 are useful in testing linearity or polynomial regression using power transformations of

regressors. See, for example, Baek et al (2015) and Cho and Phillips (2018).

4 Conclusion

Power function regressions provide a simple way of generalizing simpler polynomial repre-
sentations and offer potential for constructing general omnibus tests for specification, as shown
in Cho and Phillips (2018). These characteristics extend to nonlinear cointegrating regression
models with power function regressors. The present paper provides new limit theory that en-
ables the development of an asymptotic theory of estimation in such models, allowing for both
endogeneity in the regressors and for heterogeneity in the errors. Our results lead also to a simple
test of linear cointegrating structures against power function alternatives, which is pivotal with
a standard normal limit in the strictly exogenous regressor case. As in earlier research on non-
linear nonstationary regression models, a key element in the asymptotics is the establishment of
stochastic integral limit theory that goes beyond standard martingale and semimartingale struc-
tures. The findings in the present work add to that literature and provide a broader foundation

for estimation and inference in models with these characteristics.
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5 Proofs of the main results

This section provides proofs of the main theorems. We first prove Theorems 3.1 - 3.4, since
these theorems provide technical support for the proofs of Theorems 2.1 - 2.4. We start with
some basic preliminaries.

Recall ,, ,y) = Xy on Dg[0, 1] in the sense of the uniform topology and the limit Gaussian
process X (t) is path continuous. It follows that

lim sup lim sup [P(lglggn |Znk| > N) + P(lgll?é(n |Znk| < l/N)] =0. (5.1)

N—oco n—o0
By the tightness of {z,, [ }o<i<1, for any € > 0 and § > 0, there is some 6= 5(5, 0) > 0 such
that
P ( sup ’xn,[nt] - xn,[ns]’ 2 5) <e€ (52)
|s—t|<é

holds for all sufficiently large n. In terms of (5.2), for any ¢ > 0, we have

lim P ( max max |Tpk — Tnjm| > 5) =0, (5.3)
n—0o \ 0<j<n/m jm<k<(j+1)m

for any m := m,, — oo satisfying n/m — oo.
We next introduce a lemma, which plays a key role in the proof of the main theorems. Let

v be a sequence of arbitrary stochastic processes satisfying the following conditions.

A4. (i) supysy Elvg| < oo;

(ii) there exist A; € R and 0 < m :=m, — oo with > — 0o so that

A
IE‘— —A‘: 1),
max - Z Vg, 1 o(1)

m<j<n—m -
k=j+1

Lemma 5.1. Suppose A4 holds. For any continuous function H(x) we have
1 < A &
=N"H = = ) .
" > H(wnk)vk - > H(znr) + op(1) (5.4)
k=1 k=1
If in addition supy>q Elvg|* < oo for some o > 1 and xy,/dy, has a density py(x) that is uniformly
bounded by a constant K for all 1 <k <n and x € R, then (5.4) remains valid if H*/(*=1)(z)

is a locally integrable function.

Remark 5.1. If we are only interested in the boundedness of Y | H (xnk)vk, condition A4 is

not necessary. Indeed, following the proof of Lemma 5.1, it is easy to see that
n
Z H(mnk)vk = Op(n) (5.5)
k=1
holds under the same conditions in Lemma 5.1 sans A4(ii).
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Proof. For any N > 0, we assume that Hy(z) = H(x){n(z) with

1 lz] <N
Env(z)=<¢ 2—|z|/N N <|z| <2N
0 |z| > 2N

Let A\, = vg — A, R, = %2221 H(wnk)xk and Ry, = %Zzzl HN(:cnk)Xk Due to (5.1), we

have
P(R,, # Rin) < P( max [z,c] > N) -0,

as n — oo first and then N — oco. Lemma 5.1 will follow if we prove

1< ~
Rln = ; Z HN(xnk) )\k = Op(l), (5.6)
k=1

for each fixed N > 1.
We first assume that H(x) is continuous. In this situation, Hy(z) is continuous with bounded

support and, for any € > 0, there exists a d. > 0 so that whenever |z — y| < d, we have
[Hy(z) — Hy(y)| < e

Write Q5. = {w © max max  |Tpk — Tnjm| < 56} and T, = [n/m] — 1, where m is
0<j<n/m jm<k<(j+1)m

chosen so that m — oo and n/m — co. By virtue of the above facts, it is readily seen that on

Qs

€

T, (F+)m
Rl < 23| Y Hx@w R+ > vl X
7=0 k=jm+1 k=mT,+1
1 Tn (+1)m C n
~ N -
< 3 NGl X M= D I
7=0 k=jm+1 k=mT,+1
1 ~
H - H = NBY
+o§}%§njm+1§é2}({j+1)m| N{@nk) N(xwm””;; .
(G+1)m _ ¢ noo
< - .
< z\ 3 Ak\+ S el Y, (5.7)
7=0 k=jm+1 k=mT,+1 k=1

where Cy is a constant depending only on N. Now, for any 71 > 0 and 72 > 0, it follows from

(5.3) and A4 that, for all sufficiently large n,

j+m

]
P(|Rin| > m) < P(Qs,)+n' Cn m<1}l<anX_mE’ v — A1‘
- k=j+1

-1 CN

U 2
A Z E|\| + = ZEMk! < Cin 72,
k=mT,+1
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by taking € = 1179, where s, denotes the complementary set of Q5. and Cjy is a constant
depending only on N. This proves (5.6) for a continuous function H (z).

We next assume that H/ (afl)(x) is locally integrable. In this situation, for any ¢ > 0, since
both [ Hy(x)dr < oo and [ HX‘/(O‘_I) (x)dz < oo, there exists a continuous function Hy ((z)

such that
/ Hn(2) — Hyo(2)|dz < ¢ and / H(2) — Hy.o()|*/@ Dz < c. (5.8)

See, for instance, Lemma 5.1.2 of Stein and Shakarchi (2005). Write

1 & RS X
Ry, = - ZHME (xnk)/\k + ” Z [HN(xnk) - HNﬁ(mnk)]/\k
k=1 k=1
= Snl + Sn2-

For any € > 0, using the fact shown in the first part of the proof, we have S,,; = op(1).
It suffices to show that E|S,2| — 0 as n — oo first and then ¢ — 0. Note that, by using
(5.8) and the fact that x/dj has a density pg(x) that is uniformly bounded by a constant K,

we have

E|HN (znk) — HN e (Tnk) \a/(a_l) = /lHN(y/dnlc) — Hy,e(y/dni) \a/(a_l)Pk(y)dy

< K/|HN(y/dnk)_HN,e(y/dnk)‘a/(a_l)dy
< Kdu / [Hy(y) — Hye(y) " Vay
< denk:

where d,,;, = d,;ldn. It follows from Holder’s inequality and %22;1 d;ldn = O(1) that

a—1

o S aflv o/(a-1)
(ElSwal)* < supEIe {n;EIHmk)—HN,E(znk)! }

n
€ _ a—1
< o(= Y d'd) —o.
k=1
Hence E|Sy2| — 0, as n — oo followed by € — 0, which completes the proof of Lemma 5.1.  []

5.1 Proof of Theorem 3.1

It suffices to show (3.1) when g(x) and f?(x) are locally integrable. The first part when g(x)
and f(z) are continuous follows from Kurtz and Protter (1991) or Hansen (1992).
The idea is similar to that of Lemma 5.1. Let fx(z) = f(2)én(z) and gy (x) = g(x)én ().

Due to the local integrability of g(x) and f?(z), for any € > 0, there exist continuous functions
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g () and iy o(x) such that [} [gn(x) — gve(2)|de < e,

/ (@) — fre(@)lde < ¢ and / (@) — Fre() 2z < .

(5.9)

Note that sup,, > r_; E(unk — tng—1)% = sup, n 1> p_; Eui < sup, Eui < oo. It follows from

Theorem 2.1 of Hansen (1992) that, for each N > 1 and € > 0,
1 n 1 n—1
<$n,[nt}7 Unp, [nt] E Z gN,G(xTLk)7 % Z fN,e(mnk) uk)

= (Xm Ut, /gNe s) /fNe )

Note that, uniformly for 0 <t <1,

]P’[(Xt,Ut,/Olg(Xs)ds,/olf(Xs)dUS> ] <Xt,Ut,/01gN(Xs)ds,/01 fN(Xs)dUsﬂ

< ]P’( sup |Xs| > N) — 0,
0<s<1

n n—1
P[(‘Tn,[nt]v Un,[nt] % Zg(xnk)a \}ﬁ Z f(xnk:) uk)

# (@afor) o) ZgN Tnk), ZfN 2ot) v |

A

]P’( max |Tnr| > N) — 0,
1<k<n

as n — oo first and then N — oo. It is readily seen from these facts that (3.1) will hold if we

prove the following: for each N > 1,

*ZgNe (Tnk) ZQN (znk) = op(1),
) .
/ gN,E(Xt)dt — / gN(Xt)dt = Op(l),
0
I = ZfNe Tnk) ZfN Tnk) uk = op(1),

L, = /OfN,e(Xt)dUt—/O fN(Xt)dUtZOP(l)-

as n — oo first and then € — 0.

As in the proof of Lemma 5.1, by using A2 (i) and (iii), we have

n—1
B2 = S| [eom) — )] )
k=1

n—1

%ZE(supE( Upy | Fin1) [ (k) — fN(xnk)]Q)

m>1

IN
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(5.11)

(5.12)

(5.13)



1 n
< C- P — 2dr < Che.
< 02N ald, /nyN(x) Ire(@)2de < Cre
k=1
Hence (5.12) holds. Similarly, it follows from A2 (ii) that

1
ER, < /0 E[fe(X0) — f(X0)

IN

1
/0 /[fN’e(y) _fN(y)]2pt(y)dydt
y
1

< sup /0 pe(x)dt / [fne(y) — fN(y)]zdy < Cye,

T
yielding (5.13). The proofs of (5.10) and (5.11) are similar and this completes the proof of

Theorem 3.1. O
5.2 Proof of Theorem 3.2

To prove (3.3), let

1 n 1 n
Yl,n(’y) = E ; |$nk|2’y logml ’mnk|7 Yv2,n('7) = % £ |-’Enk‘7 logm2 |xnk| Uk
- 1 &
Yl,n(’)/) = ; Z ’xnk‘}y logml ’xnkU(xnk‘ < N),
k=1
. 1 &
Yau(y) = 7 D k] 108™ [k I (J2nk] < N) g
k=1

By virtue of Theorem 3.1 and Prohorov’s theorem, and noting that, for every K > a and ko > 0,

P sup [Yin(n) = Yin(r2)] # sup in(n) = Vin(2)! )
Y1,72€[a, K] [y1—y1[<27Fo Y172€[a, K] [y1—m1[<27Fo

< ]P’( max |Tnr| > N) — 0, forj=1and 2,
1<k<n

as n — oo first and then N — oo, it suffices to show the tightness of Y1, () and Ya,(v) on
Cla, K] for each K >0 and N > 1.

We prove the tightness of Y1,,(7) and Ya,(7) on C|a, K] by using Example 2.2.12 of van der
Vaart and Wellner (1996). ¢ In particular, it suffices to show that, for any a < v; < 12 < K

E|Yjn(m) = Yin(12)[" < Cnlm —72["*", for j =1 and 2, (5.14)

for some constants p,r > 0 and Cy > 0 independent of n.

Write fy(z) = (2] + |2|%)?|log®t?™ |z||I(|z| < N). It is readily seen that, when a > 0,

E(fn(znr)uj) < On Sngui,

5We thank one of the referees for suggesting the use of this approach, which has greatly shortened the original
proof.
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and when a > —1/2,

E(fn(znr)ul)

IN

E[fN(xnk)E(uz ‘ -kal)]
CEfN(Tnk) < Cdk/dn/fN(x)dﬂ? < Cndy/dy,

IN

under additional condition A2, where Cy is a constant depending only on N. Consequently, by

noting
|z =[] < |y = ye| max{|z[™, [x]72}| log(|2])|
< =l (21 + [2]™) [log(J[)], (5.15)
for any a < vy < 79 < K and = # 0, we have
E(Yan (1) — Yau(r2))”

1 n
= = S E((ael™ = wai®)? 10822 ol E(lan] < N) i)
k=1

IN

(71— 72)2 % ZE(fN(fEnk)ui)
k=1

n

1 _
< (m—m)Cy - Z [d 'y + snguﬁ] <Cn(m—m)%
k=1

yielding (5.14) for j = 2, where Cy > 0 is a constant independent of n. Similarly, by taking
r > 0 so that a(1 +r) > —1/2, it follows from Hélder’s inequality and (5.15) that

E|Yin(m1) — Yin(y)| "

1 & 1
< = S E([wa = o2 10g I g 1] < N) )
k=1
1 n
< > Efin(@nr) < Cn Iy — 72",

k=1

where fin(z) = (Jz|* + |2 %)2(+7)| 1og 7)™ |z |I(|z| < N). This proves (5.14) for j = 1. O
5.3 Proofs of Theorems 3.3 and 3.4
Let f(x) = |x|7log™ |x| where v > 0 and integer m > 0, and
f'(x) = |z~ log™ ™ |z (ylog |z] + m) sign(x).

Obviously, f/(z) is continuous for v > 1 and [f(x)]*/(*=1 is locally integrable for v > 1/a.
These facts will be used in the proof without further indication. To prove Theorems 3.3 and

3.4, we write

n—1

Z |Znk|" log"™ |Tpk| wi
e
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n—1 n—1
1 1
= =2 (e ue + 7 > [f@nk) = f(@np-1)] 2r-1 + op(1)
=1 k=1
1 n—1 1 n—1
= — > flxn)ur+ 4 2h1&kf (T k1) + Ry + 0p(1), (5.16)
"= L
where
n—1
1
NG ; (xnk) — f(@pp—1) — fl:f/(wn,kl)] 21

Let vy = 2;,1& and A\, = vx — Evg. Recalling A3, it follows that sup;>, E(|vk|"‘ + \)\k|a) <
oo, where o > 1, and, for any 0 < m — oo satisfying n/m — oo and m — oo satisfying

m/logm — 0,

Jjt+m Jj+m
E —A = E E/\ =
m<r;l<a7i( m m Z Uk 0 0( ) m<I§1<a7i{ m m K | ]:k m)‘ OP )
k=j+1 k=j+1

Furthermore, let Ag(i) = E()\k | fk,i) — E(/\k | fk,i,l) and
Me(D) = EOwI (M) € mMh) | Frey) — EOGI(Og| < mYh) | Fria).

By noting that A(i) is a martingale difference for each i > 0 and supy>1 B[ g < oo, it is
readily seen that

Jjtm Jjt+m Jjt+m

~ 1/2 ~
SRR S AU R SE NCR T
< C (m1/2+(2_a)/8 + ml_a/4) < Cm log % m,
and
J-‘rm
mgr;-ﬁi‘_mE‘ ST (—EOw | Fim) ‘
k=j+1
m—1 j+m
S Z m<rgn<a'ri( mm ) Z /\k ‘ < Cm log_zm = 0(1).
7,:0 k ]+1

Combining these estimates, it is easy to see that vy = z;_1& satisfies A4 with A = Agp. As a
consequence, it follows from Lemma 5.1 that

n—1

A n—1
*sz 1S (@np-1) = fo’(ﬁn,k—1)+0P(1)v (5.17)
k=1

for all v > 1/a. We mention that, if 1/a < v < 1, to prove (5.17) we need the fact that xy/dj
has a density pg(z) that is uniformly bounded by a constant K for all 1 < k < n and z € R,
which is imposed in A2 (i).
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Due to (5.16) and (5.17), together with Theorem 3.1 and the continuous mapping theorem,

simple algebra shows that Theorem 3.3 will follow if we have
R, = op(l), forally>1/a, (5.18)

where there is no bias term due to the fact that \/n/d,, — 0. Similarly, Theorem 3.4 will follow
if we prove
d
Vn

Indeed, for Theorem 3.4, the result comes from

R, = op(l), forally>1/a. (5.19)

d n—1
;n Z ’xnkp logm ’xnk| W

k=1
1

n—1 n—1
d 1 d
= 7”75 f(Tnk uk+f§ 216 f (Tnp—1) + —=Ry + 0op(1),
\/ﬁ nk:1 ( ) nk:1 1 ( ) \/ﬁ ()

which is a minor modification of (5.16).
We next prove (5.19) under the conditions of Theorem 3.4, where we assume d? /n — 0% < oo.
The proof of (5.18) is similar but simpler. To complete the proof we use the following lemma,

which will be established in Appendix B.

Lemma 5.2. Suppose that § > 0 is a sufficiently small constant. For any x,y with 0 < |z|, |y| <

N and |x — y| < §, we have that, for any o > 1,

|f(z) = fly) = (@ —y)f'(v)]
< 3z —y| [|f'(\$|)|f(|93| < 26) + [ (lyDI(Jy| < 25)] + Cs n | — y|™nte2

where Cs y 15 a constant only depending on v, m,a,d and N.

We return to the proof of (5.19). By Lemma 5.2, on Qy; := {11(2]?? |Tnk] < N} N
SRS

{ max |Tpkx — Tpp—1| < 5}, we have
1<k<n ’

dp
% |Rn| < Rln + R2n + RBna

where

n—1
3
[Rin| < ;Z |21 &kl (2np) | (|2ni] < 26),
k=1
3 n—1
- Y Lz &l @n ) (|2 g | < 26),
k=1

A

|R2n|

IN
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1

Cs.n 5 ~

Rl € B S ey,
ndn T k=1

Since lim lim P(Qys) = 0 by (5.1) and (5.2), where Qu 5 denotes the complementary set of

N—o00 n—o0

Qns, (5.19) will follow if we prove that, for any fixed N € N and ¢ > 0,
limsup limsup P(|Rin| > ¢, Qns) =0, i=1,2,3. (5.20)
6—0 n—00
Let n > 0 be small enough so that y—2n > 1 or y—2n > 1/a whenever y > lor1 >~y > 1/a,
respectively. For this > 0, there exists a constant cp, which only depends on r and m, such
that |f'(z)| < cole|?™"1 for all 0 < 2 < 2. Now, recalling that supys; E|zp_1&|* < oo, it

follows from (5.5) with vy = 21§, that, for all v > 1/a,

—1
300 5 —n—
D D ETA L (B

k=1

’R1n| é

300(25)77 s —2n—1
< — 7 Y—=<n — yl
< - 151 | 2k—1&k||Znk] Op(6"),

where we have used the fact that, when 1/a < v < 1, A2 (i) holds and z(¥=21-De/(a=1) ig
locally integrable due to v — 21y > 1/a. This implies (5.20) for i = 1.
Similarly, (5.20) holds for ¢ = 2. Since o > 1 and

min{a,2}

SUpE (|2 &™) < sup (B[ +asaDle]) © <o,

it is readily seen that

1 n—1

o 2 Fkalig™ e = op(1),

k=1
and then (5.20) holds for ¢ = 3 since d,, — co. Combining all these results gives (5.19). The

proof of Theorem 3.3 is then complete. O

5.4 Proof of Theorem 3.5

Similar to the proof of Theorem 3.2, by virtue of Theorems 3.3 and 3.4, we only need to

prove tightness, i.e., to show that, for any € > 0, n > 0 and M > A, there exists a kg such that

limsup P sup | Zn(71) — Zn(y2)| > 5} <n, (5.21)
n—ro0 Y1,72€[A,M],[y1—y2|<27 k0
where
a, n—1
Zn(v) = NG ; || 10g™ || wh,
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with a, =1 in (a) and a, = dy,/v/n in (b).
As in (5.16), we may write

|
—

n

1
— Tnk|” log™ [Tnk| wi
7 k:1| | |Z ]
1 n—1 —1
= \/ﬁ;f ~(Tnk) Uk:‘f‘T 2 2k 1& fo (Tnk—1) + S1a(7) + S2n(7)
n—1 n
1 A
= 7 fy(@nk) Uk+£*oz (Tnk-1) + S1a(7) + S2n(y) + S3n(7),
"= dn k=

where f,(z) = [z]"1og™ |z|, f](x) = |x[""! log™ ! |2| (vlog || + m) sign(z),

Sin(y) = \TZ fry (@) fv(%,k—1)—§if§($n,k—1)} Zk—1,
el n
S2n(7) = \}ﬁfw(xn,n—2)zn—2v
and
n—1
S3n(y) = gfi;(% 1€k — Ao) £ (Tn p—1).

Following the same arguments as in the proof of Theorem 3.2, we deduce tightness of
ka U (k) up and A0 Dy fﬁ’y(xmk,l) on C[A,o0). Thus, to prove (5.21), it suffices
to show that

an, sup [Sin(y)|=o0p(1), i=1,2,3. (5.22)
vE[A,M]
We proceed for each value of i.
(a) For i = 2, (5.22) is obvious, following from

1
sup  |Son (V)| < —=([Znn—2|™ + |Znn—2]*) 108" [2nn2| |2n—2| = op(1).
vE[A,M] vn

(b) For i = 1, note that

sup |1 ()] < (|2[M 7 4 |24 log™ ! ||| (M| log |z]| + m) = gar(x). (5.23)
vE[A,M]

By Lemma 5.2, on Qs := { max |zl < N} N { max |Tpk — Tpg—1] < 5}, we have
1<k<n 1<k<n

d

7% |Sln(7)| < Rln('Y) + RZn(’V) + RSn('Y)a

where

3 n
sup [Rin(y)] < = |ok-1&klgm @) I(|Jnk] < 26),
vE[A,M)] n
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n—1

sup |Ron(v)] < *Z’Zk 18k190 (T e—1) I (|2 e—1| < 20),

’YG[A7M] k=1
05 n—1
N min{«,2}
sup |Ran(v)] < o p— |2k—1|/8k| ;
vE[AM] ndnmm{a 1,1} ;

where Cjs y is a constant only depending on A, M, m,«,6 and N. Now, as in the proof of (5.20),
we obtain the following: for any fixed N € N and ¢ > 0,

limsuplimsupP( sup |Rin(7)| > ¢, Qns) =0, i=1,2,3. (5.24)
=0 n—oo ~v€E[A,M]

This, together with the fact that lim lim P(Qxs) = 0, implies (5.22).

N—o00 n—00

(c) We now prove (5.22) for i = 3. First note that, for any £ > 0, there exists a d. € (0,¢) such
that sup,epaa |f5(z) — f5(y)] < € holds for any e < |z[, |y| < N with |z — y[ < J.. Thus, if
|z|, |yl < N and |z — y| < d: < ¢, then

|fo(x)I(e < |z| < N) = fi(y)I(e < |y| < N)
< |f(@) = fLw)(e < |yl < N)+ |f(@)|[I(e < |z] < N) —I(e < |y| < N))|

N

IN

€+ 2|f,;(x)\l(|x| < 2g).
Write A\, = zp_1&k — Ao, T = [n/l] — 1 and

- < N}N <6
Ne {max [ } {ogglg)é/z;z<1£2&(lx+1)z|w"k Tnjil < 0c},

where [ is chosen so that [ — oo and n/l — co. On Q N, it is readily seen that

sup *‘Z 216k — Ao0) fr (Tn ko 1)‘

vE[A,M]

n—1

1 -
sup — > Ml (@np—1) I (J2np—1] <€)
elA,M] T ; !

IN

+f sup \Zw Tn )1 < Jan ] < V)|
N ye[A,M] k=1

and similar arguments to those in the proof of Lemma 5.1 [see (5.7) there] yield

Ch, L GEOE o~ € o v
ey < O3 S SR
J=0  k=jl+1 k=T +1 k=1

n—1
2
+ sup Dl @) (|2 k1] < 20)
WG[AM]k 1
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= T3n(6) + 2T1n(26)7 say, (526)

where Cy ¢ is a constant only depending on M, m,e and N.

Recalling (5.23), we have

1 n—1 _
T1n(26) < " Z |>‘k|9M(mn7k—1)I(|mn,k—1| < 2¢)
k=1
and, as in (5.24),
lim sup lim sup P(T1,(2¢) > ¢, Qn.) =0, (5.27)

6—0 n—r00

for any fixed N € N and ¢ > 0. On the other hand, recalling A3, we find that vy = zp_1&
satisfies A4 and supy>; E|vi|* < oo, implying that, for any fixed N € N and ¢ > 0,

lim sup lim sup P(|T3,(¢)| > ¢, Qne) = 0. (5.28)

e—0 n—00

Combining (5.25) to (5.28), for any fixed N € N and ¢ > 0, we have

limsuplimsupIP(an sup |S3n(v)] > ¢, QN,E) =0.
e—0 n—00 vE[A,M]

This implies (5.22) for i = 3, since, for any ¢ > 0,

P((:lN’a) < IP’( max |Tpk| > N}) —HP’( max max  |Tpg — T 1| > (55) — 0,
1<k<n 0<j<n/l jI<k<(j+1)I

as N — oo and n — oo by (5.3), where Q N, denotes the complementary set of Q N, The proof

of Theorem 3.5 is now completed. O

5.5 Proofs of Theorems 2.1 - 2.4

We prove Theorems 2.1 - 2.4 by verifying the conditions of Theorem A.l in Appendix A
with gi(0) = Bla|?,0 = (B,7), and F, = diag[y/nd)’ /log dy,/nd)’]. In these derivations the
results of Theorems 3.1 - 3.4 are integrally involved in providing necessary technical support in
the derivation.

Prior to the main derivations we give some preliminaries. Let gx(0) = 89570@ and §x(0) =

2
P290) and set H,(0) = 37—, gk (0)gr(6) and

1 n
Vnm - - Z |xnk’2’y0 logm |-’Enk‘a m = 07 ]-a 2,
" k=1

where x,;, = x1/dy,. By using Corollary 3.1, we have (Vy,0, Vo1, Vi2) —p (Vi, Vo, V3), where V; =
Jo1Xe[20 log? | X¢|dt,i = 0, 1,2 is defined as in Theorem 2.1. Since F, ' = diag[(ynd}®) ™" log dy, (vad?) ']
and

a(0)n.(0) ( k| 5|:ck|2nogxk\>

Blwy|* log xy|  B|xk|*Y log? ||
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B 1 Blogd, -
- (logdn 82 1og? dn) x|

0 s 2y @ 0 0 2y 2@
+<5 25210gdn> |z |7 log a + 0 B |z log i

we may write

CHa(O0)FL = F Y ak(00)gw(60)' F,
k=1

0 0 B
( 9 “bgd+<& wJ Ve log dn *Q %)"Q

= (i )

Hiy = Vg log®dpn,  Hiz = Bo(Vio log® dy + Vi logdy),

where

Hay = B2 (Vo log? dy, + Viuy logd,, + Via).
It is easy to show that
det |E, ' H,(00)F, | = Hi1Has — Hiy = B (Voo Vo — Vi) log?dy, > 0 a.s.,

and

1 H. —-H
F—lHn 0 F—l —1 — < 22 12>
(En (b)) Hi1Hyy — Hip \—Hi2 Hp
_ Vno < 50 _60> + Vo1 <258 _5())
50 (Vn(] Viha — ) Bo 1 BO( n0 Voo — Vnzl) log d, —Bo 0

2
R (ﬁo 0) : (5.29)
/30 ( n0 V2 — Van) IOg dn, 0 0

Furthermore, under one of the conditions imposed in Theorems 2.1 - 2.4, we have

Hyy + Hys — /(Hi1 + Hao)? — 4(Hy1 Hyy — H?,)
2
A(Hyi Hoy — Hy)
2(Hyy + Hog) + 2+/(H11 + Ha)? — 4(Hy1 Hoe — HE)
Hy1Hys — HE,
- HuE2 L, 0
Hyy + Hoo »(1)
2
_ 60( nOVn2 an) +0p(1)
(B3 +1)Vao
B2 (VoVa — Vi2)
(65 + 1)Vo

We recall that A2 (i) is required to establish (5.30) only for —1/2 < vy < 0.

/\min(Fglﬂn(GO)Frfl) =

—D >0, for~yy>—-1/2. (5.30)
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After these preliminaries, we are now ready to prove Theorems 2.1 - 2.4. For convenience,
we adopt the same notation used in Theorem A.1, namely, we let Q,,(0) = >_1_; (yx — gx(0))?,

S (0) = 220 W, (0) = 290 7 — F1S,(60) and Y, = Fy ' H, (60) Fy .

Proofs of Theorems 2.1 and 2.2.
Since A
that, for 79 > —1/2 (A2 is required only for 0 > vy > —1/2),

n) = Op(1) by (5.30), by using Theorem A.1, Theorems 2.1 will follow if we prove

mln(

Vo [y 1Xe[0 log | Xe| dU, — Vi [ | X[ 0dU,
Yr;lZn —D < 1 ) 0 fO ’ t| Og| t| ! 2 ! fO | t| t7 (531)
—1/Bo Vo Vo = Vi
where V; = fol | X¢|?70 log® | Xy|dt, i = 0,1,2, and
sup I|F ! (W (6) — Hn(eo)]FJIH = op(log™2 dy). (5.32)

0:||Frn(6—00)||<log dn

The proof of (5.31) follows from an application of Corollary 3.1 and the continuous mapping

theorem. Indeed, under model (2.1), we have

= = g0 uk+ > gr(6) di(6
k=1 k=1
where dg(0) = gr(0) — gx(0p). Hence, some simple algebra shows that

\ﬁZk 1 | Tk |7 ug )

Zk 1|xnk|’y Uk + flogd Zk 1|3’5nk|’YO 10g|xnk|ukz
— w5 ) fzmﬂ g~ (50>ﬁ;|xnm log |

This, together with (5.29), yields that

Fn_lsn(e()) = _logdn<

Y Z, = (E;'H.(00)E; ) F1S,(60)

_ Vo 3 _50>< > )
— B3(Vio Via — )<Bg Bo fzunk’ log |Zk [ uk

_ Vi 2683 —Bo b 0 -1
B3 (Vo Vo2 — V) < Bo 0 )(50) \/ﬁ;mw e Orllos )

Voo 1 1 <
e (LY S e

VnO VnZ - 1/ﬁ0 \/ﬁ 1
Vi 1 1 « .
- — Tnk| 7 ur + Op(lo dn), 5.33
VnO Vn2 n21 < 1/60> \/ﬁ k=1 | k‘ " P( & ) ( )

implying (5.31) by Corollary 3.1 and the continuous mapping theorem.
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Note that Wy, (0) = >"5_, 9k(0) 3k (0) + > 5y 51(0) [di(8) —uy], where di(6) = g(6) — gr (o).
The proof of (5.32) follows by verification of the following facts: for v9 > —1/2 (A2 is required
for 0 > vy > —1/2),

sup [ Fn‘lZ[gkw)gk(@)’—gk(e())gk(eo)’} F, | = op(log™dy), (5.34)
0:|| Fr(0—00)||<log dn

sup | E 12% —ge(00)] F; 1 | = op(log™2d,), (5.35)
0:|| Fr (6—60)||<log dn

sup I F Zék(é’) up | op(log™*dn).  (5.36)

0:||F (0—00)||<log dn

Let (A);; be the (4, j) entry of the matrix A. To prove (5.34), it is sufficient to prove that

swp (B [(0)an(0) — (60)in(60)) V) = opllog 2dn)  (5.37)
0:]| F (0—00)||<log dnn P ij

for all 4,5 = 1,2. Here we only prove the case i = j = 2 since the other cases are similar.

Let € > 0 be a constant satisfying that yp—e > 0if 79 > 0or yp—e > —1/21if —1/2 < vy < 0.

For any |y — 7| < /3, we have
(log [ax ) [l *” — x| < Cely — ol (Jan 1% + Jay |20 7),

where C; is a constant only depending on €. By using Corollary 3.1,

1 n 1 - _
W Z ‘$k|270+€ = 0,(1), W Z |=’/Uk|270 ©=0p(1).
n k=1 n k=1

Hence, for sufficiently large n, we have

’ Ft Z 91(0)gx(0) — 41(00)gr(00)'] Fn_l)m’

n
= e sup | (log (8 ekl = Al )
0:(| Frn (0—00)[|<logdn ' ;=
n

< ntd, o sup > (log |z ) (8% |zk|* — |zi|*°| + (8% — B3|z |*™)
0:(| Fn(6—00)||<log dn 1

0:]| F (60— 90 )| <log dn

= Op(l) X n*3/2d;3’yo 10g2 dn(z ‘aﬁk‘?’yofs + Z ’wk’2’yo+s>

k=1 k=1
= 0,(nY2d; 0% log?d,,).
This proves (5.37) for i = j = 2 by noting that d,, — oo and d2 = O(n*) for some 0 < p < 2.
The proof of (5.35) is similar and details are omitted.
As for (5.36), by recalling
() = 0%gr(0) _ 0 |z | log |z
ST o000 |k log |k B|xx|7 log? |24
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we only need to prove that, for m = 1,2,

log? d,,

n
sup Tg|"log™ |xk| uk| = op(log~ dp).
S el 1og™ fa (1og ™ dy)
ndp [y=v0|<n—1d,, "0 log? dr, k=1

By using Corollary 3.1, we have

log? d, | 50 Tem _9
o E |z |70 log™ |xg| uk’ =op(log™“d,), m=1,2.
ndn” i

Hence, it is sufficient to show that

log? d,,

n di’YO

n
sup | (il = fei®) log™ i uk| = op(log™2 dy).
ly—y0l<n—1d,, " log? dn k=1

Similar to the proof of (5.34), for sufficiently large n, it follows from (5.5) that

log2 dp

n
770 sup ‘ > (" = fax™) log™ x| uk
MR | <n=1d7 70 log? dn | k=1

C'log* d,, -
e > (™ 4 0
noln " gy

= op(log~*dy),

IA

where C is a constant only depending on €. The proofs of Theorems 2.1 and 2.2 are now

complete. n

Proofs of Theorems 2.3 and 2.4.
The argument is the same as that of Theorem 2.1. To illustrate, we consider an outline of the
proof of Theorem 2.4. The proof of Theorem 2.3 is the same except that we replace u; by
wg = ug + 2x—1 — 2 and Corollary 3.1 by Theorem 3.3, rather than Theorem 3.4.

First note that, following the proof of (5.36) but replacing Corollary 3.1 by Theorem 3.4, we

have

n
sup 1B S k@) wp By = op(log™2dy).
0:||Fy (0—00)||<log dn =1

Hence, using the same argument and notation as those of Theorem 2.1, it follows that
Fy(0p—00) = —Y7'Z,+0p(1)
Vo 1 1 — ~
= - " — Tnk| 70 log |znk|w

an 1 1 -
e — Tkl wi + op(1).
VnOVnQ_V2 <_1/50> n;‘ k| k P( )

nl
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Now, by using Theorem 3.4 again and the continuous mapping theorem, we have

n

dn N VnO < 1 ) dn
—F,(0, — 6 = —— Tnk| 0 log |z |w

an

. ( 1 )V()W1—V1Wo
Po\-1/80) TVE=WoW,

as required.

5.6 Proof of Theorem 2.5

It is readily seen that

b= Zzzlyk[l(‘Cﬁk‘)_”_12?:11(‘37j|)]

Sy W) = n=t 20 12
e[l —n l<|xj|>2] | 5.38)
She 1[<rxk\>—n-1 S U(lz))]

= Po+

[N
Il
S|
(]
<
=
|
3\Q>
E)
=

— o+ %Zuk R (5.39)

k=1 k=1

Let I3 (x) = l(ll(z)!;‘) —1—¢e(\)log|z|, ank = log |z, —n~! > j—11og(|zns]), and
bk = 1 (|zn]) —n ! Zldn (lznj1),

where x,; = x/d,. We may write

Z[ (Jzx]) — *1quxj\)]2 = E(dn) > _adp+ Y bop+2e(dn) Y ankbuk,
j=1 k=1 k=1 k=1

k:l

and

n

[t S U] = ) 3 wnae D wbu.
j=1 k=1 k=1

I(dn) &=

Taking these facts into (5.38) and (5.39), we obtain

fzk 1Ukank+ Te( Zk 1 Ukbni

Vnl(dy)e(dn) Bn —pBo) = ,
( ) 1 Zk AR DS bik T cn) Ek—l nkbnk,
Zl (|x])-

Vl(dn)e(dn) (B — Bo) —

Vne(dy) (G — ap) =
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Since €(d,) — 0 and log? |z| is locally integrable, by using Theorem 3.1 and the continuous

mapping theorem, Theorem 2.5 will follow if we prove

1 n
mzbzk = op(1), (5.40)
Zukbnk’ = op(1), (5.41)
vneldn) =
1+ op(1). (5.42)
et

The idea in proving (5.40)-(5.42) is quite similar to that of Theorem 3.1. We only provide an
outline for (5.41). In fact, by letting

we = L, (DI (2] < N) =07t Y 0 (JengDI(Jn] < N),
j=1

we have

( Zukbnk 75 ( Zukbnk) < P( max ‘xnk’ > N) — 0,

as n — oo first and then N — oo. This result, together with the fact that due to (2.20) and A2

C ..,
ne2 (Zukbnk> ne?(dy,) Z:Eb"i

SR, (o (sl < V)
ne (dn) k=1

IN

IN

n

Ch . 9
< =
= ne(dy) de dn|:/x <Nld”( )dx} o(1), asn — oo,

k=1 |z[<

for any fixed N > 1, implies (5.41). This completes the proof of Theorem 2.5. O
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A A general framework for nonlinear least squares estimation

We consider the general nonlinear parametric regression model

Yk = gk(0) + ug, (A1)
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where § € O, O is a subset of R™, gx(f) is a sequence of measurable random functions on
© and wg is a sequence of error variables. This section considers estimation of the unknown
parameters 6 in model (A.1) by using first-order conditions. The approach taken here is similar
to that used in Park and Phillips (2000, 2001) in the development of nonlinear nonstationary
regression, which in turn utilizes the framework of Wooldridge (1994).

Let Qu(6) = Yy [ — u(0)]%, Su(6) = (1/2)0Qu(6)/90, Wo(6) = (1/2)0%Qu(6) /0608

and
Ho(0) = Y gk(0)ar(6), where gi(6) = dgi(6)/06.
k=1

For later use, we define gy (0) = 9%g(0)/0000" and assume that these quantities exist whenever
they are introduced.

To construct an estimator 6,, and develop asymptotics for 6,,, we employ the following frame-
work, which is a generalization of Theorem 8.1 of Wooldridge (1994). Wooldridge dealt with
an abstract extremum estimation problem for possibly deterministically trending and weakly
dependent time series. The approach involved a smooth objective function and regularity condi-
tions that enabled consistency and asymptotic normality for extremum estimators to be obtained
within the same framework. That framework was extended to time trend power regression in
Phillips (2007) and to stochastically nonstationary time series in Park and Phillips (2000, 2001),
with related subsequent work in Andrews and Sun (2004), Chan and Wang (2014) and Wang
and Phillips (2016).

For a sequence of matrices F,, = diag[a1(n), ..., am(n)], we define
Zn=F,'8,(00), Yy =F,'H,(60)F, "
With these components we are able to state the main result.

Theorem A.l. Suppose that 0y is a finite interior point of ©, and \_: (Yn) = Op(1), where

min
Amin(A) denotes the smallest eigenvalue of A, and there exists a sequence of constants {kn,n > 1}

satisfying k, — oo and k, maxi<j<m aj(n)_l — 0 such that Y, ' Z, = op(ky,) and

sup (| [Wal0) — Ha(00)] F | = op (k). (A.2)
0:1| Frn (0—00)||<kn

Then there exists a sequence of estimators 0,, such that Sn(én) = 0 with probability that goes to

one and
Fo(b, —0y) = =Y.' Z,+o0p(1). (A.3)
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Proof. The proof follows the same arguments as that of Theorem 4.1 in Wang and Phillips
(2016), see also Andrews and Sun (2004). We provide an outline here for completeness and
convenience for future reference. Let ©, = {0 : ||F.(0 — 00)|| < kn}. As k|| F; Y| = o(1), we
may take n sufficiently large so that ©,, C {6 : || — 0y|| < d} C ©, for some § > 0. Recall that

Qn(0) is twice differentiable whenever || 8 — 6y ||< J. It follows by Taylor expansion that
Qn(e) — Qn(eo) = 2(9 - 00)/571(90) + (9 - QQ)IWn(Ql)(H - 9()) (fOI‘ some 01 S @n)
= 2(0 —00)'Sn(0) + (6 — ) Hp(0)(0 — o) + R (6,60)
= [Fu(0—00) + Y, ' Z,]) Yo [Fu(0 — 60) + Y, Z,,]
— ZY,  Z + R (6, 60), (A.4)

uniformly for 6 € ©,,, where, due to (A.2),

sup [Ra(6,600)] < sup sup [(0—00) [W(61) — Hn(60)] (6 — 60)|
9€®n eeengleen

< K swp | B W)~ Ha(6n)] B = op(1). (A5)
1€0n

Let 6, = 0y — F; 1Y, Z,. Using Y, Z, = op(kn), we have
P(6, ¢ 0,) <P(||Y;7 ! Zp|| > kn) — 0. (A.6)
This, together with (A.4), yields
Qn(0n) = Qu(00) = = Z,Y, " Zu + Ru(0, 00). (A7)
where Ry, (6,,60) = op(1). For any € > 0 and n > 1, now let
On(e) ={0 €O : ||Fu(6 —b0) + Y, ' Zul| < €}

Using Y, 1 Z,, = op(k,) again, we get P(0,,(¢) C ©,,) — 1, asn — oo. Hence, for any 6 € 00,,(¢),
where 00,,(¢) denotes the boundary of ©,(¢), it follows from (A.4) and (A.7) that

Qn(0) — Qn(gn) = Vq/zYnVn +op(1), (A.8)

where v, is a vector with ||v,|| = € > 0. Since v/, Yovn > Amin(Yo)||vnl? = €Amin(Yy), and
0, € ©,(¢), equation (A.8) implies that, for each € > 0, the event that the minimum of Q,,(6) over
©,,(€) is in the interior of O, (¢) has probability that goes to one as n — co. In particular, for each
€ > 0, there exists a point 0,,(¢) € O,(€) (not necessary unique) such that P(Q,[0,(¢)] = 0) — 1,
as n — o0o. In consequence, there exists a sequence of 6,, = én(l/Jn) € 0,(1/J,) where J,, — oo

so that P(Qn(f,) = 0) — 1, as n — 0o, and (A.3) holds. O
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B Proof of Lemma 5.2
For f(x) = |x|"log™|z| and any z,y # 0, we have

(@ =) (20)],

| =

[f(@) = f(y) = (=l = [y)f" ()] = %(lxl = [y (20)| <
where zj lies between |z| and |y|, and

f(2) = 27 2log™ 2 2[y(y — 1) log® z + m(2y — 1)log z + m(m — 1)], 2 > 0.
Hence, if 0 < |z|, |y| < N and |z — y| < §, then

|f(x) = f(y) = (=] = [y f W) I(Jx] > 6,]y| > 0)

1 .
< 5 sup 1"(2)|(z — y)* < Colz —y™™ 2, (B.1)
0<z<N

where Cj y = 3 60220 qups .y [f7(2)] < oo.
For sufficiently small § > 0, we have either f”(z) > 0 for all 0 < z < 2§ or f”(z) < 0 for all
0 < z < 20. Thus, if |z —y| <4, then

|[f (@) = fy) = (] = [y)).f" W[ I (] < & or [y] < )

| (] = [y (£ (z1) = f' ()| (J2] < 26, ]y| < 26)

|z = yllf (=) = F(yDH (2] < 26, |y| < 20)

|z -yl [If’(fﬂ)lf(lfvl <20) + ' (W (Jy| < 20)|, (B.2)

IN A

IN

where z; lies between |z| and |y|. Note that for any =,y # 0, we may write

(lz] = [y f (W) I (xy > 0) + (J=] = |y|) f () I (zy < 0)
= (z —y)sign(z)f (»)I(xy > 0) + (|=] — [y]) f' (y)I(zy < 0)
= (= —y)sign(z)f'(y) — (x — y)sign(z) f'(y) I (xy < 0)

+(lzl =y f () (zy < 0).

([ = D f ()

Hence, for any |z — y| < §,

|(Jz] = [yD) f'(y) — (z — y)sign(z) f'(y)|
2|z — yllf' ()| (x> 0,y <0)+ I(x <0,y > 0)]

IN

< 2z —yllf (x| <9). (B.3)

Lemma 5.2 now follows from (B.1)-(B.3). O
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