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UNIVERSITY OF SOUTHAMPTON 

ABSTRACT 

FACULTY OF ENGINEERING AND PHYSICAL SCIENCES 

School of Engineering 

Thesis for the degree of Doctor of Philosophy 

EXPERIMENTAL AND COMPUTATIONAL  

CHARACTERISATION OF COMPOSITE LAMINATES 

 SUBJECTED TO MULTIAXIAL LOADING 

By Tobias Laux 

The constitutive response and failure mechanisms of fibre-reinforced polymer (FRP) composite 

laminates depends on the properties of the constituents and the laminate lay-up, as well as on the 

stress state. The dependency on the stress state implies that multiaxial experimental data is needed 

for a wide range of different material and loading configurations to gain a comprehensive 

understanding of the material response. However, only a limited amount of multiaxial 

experimental data exists in the literature, resulting in an incomplete understanding of the material 

response of FRP composites. Consequentially, the modelling frameworks used to predict failure 

in composites are not sufficiently validated, which severely limits their use in the design and 

certification of high-performance composite structures. 

The aim of the work described in this thesis is to develop a multiaxial testing philosophy which 

enables to obtain experimental data that can be used to advance (develop, calibrate, validate) 

composite modelling frameworks. The thesis is focused on the modified Arcan fixture (MAF), 

which enables testing of FRP specimens subjected not only to combined tension-shear, as is 

possible on the original Arcan fixture, but also to compression-shear loading. Procedures based 

on the MAF, digital image correlation (DIC) and x-ray computed tomography (CT) are proposed 

to deliver the high-fidelity multiaxial experimental data needed. 

As a starting point, an existing MAF was used in combination with butterfly specimens inspired 

by the original Arcan tests to investigate a range of glass/epoxy laminates. The MAF was limited 

to testing relatively weak laminates, since strong laminates could not be tested up to failure due 

to premature failure at the grips. Nonetheless, the data was useful to assess contemporary failure 

criteria (maximum stress, Tsai-Wu’s, Puck’s, LaRC03) against experimental failure envelopes, 

and to develop a new plasticity-based constitutive model that accounts for the nonlinear, pressure 

sensitive behaviour of UD composites. The superiority of a non-associative flow rule over an 

associative one has been confirmed, and new guidelines for the calibration of plasticity-based 

models have been proposed. 
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Following on from this, a new MAF was designed, which enabled the successful testing of strong 

FRP laminates up to ultimate failure. The new MAF was used in combination with stereo DIC to 

investigate laminate-lay-up effects on the tension/compression-shear open-hole specimen 

strength of quasi-isotropic carbon/epoxy laminates. It was found that ply thickness has a 

significant effect on the open-hole specimen strength under tension-shear loading, whereby thin 

ply specimens are up to 150% stronger than thick ply specimens, while this effect was negligible 

in compression-shear loading. Furthermore, no significant effect of the relative fibre orientation 

angle (angle between two adjacent plies) was observed.  

The multiaxial open-hole data was then used for the validation of a meso-scale modelling 

framework developed at the University of Porto for the ‘virtual testing’ of laminated composites. 

The model discretises the laminate at the level of the UD plies modelled as anisotropic solids. 

Damage is predicted using a continuum damage model (CDM), where failure initiation is 

determined using approximation of the LaRC03/04 failure criteria, while damage propagation is 

governed based on the fracture energies of the ply. Inter-laminar damage (delamination) was 

modelled using cohesive zone models (CZMs) placed between the plies. The meso-scale model 

predicted the multiaxial open-hole specimen strength across all lay-up and loading configurations 

within a mean relative error of 10%. The validation study informs the direction of future 

developments to advance current ‘virtual testing’ frameworks.  

Overall, the research in this thesis has successfully addressed the lack of multiaxial experimental 

data and has contributed to the advancement of FRP modelling frameworks. A significant step 

has been made towards an improved understanding of the behaviour, testing, and modelling of 

composites subjected to combined loading. 
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Introduction 

1.1 Background 

Advanced composite materials are widely used in the design of lightweight structures across, for 

example the aerospace, transportation, marine, or energy industries, while substantial further 

growth of the composite market share is forecasted [1]. A wide range of different composite 

materials exist; for most stiffness-driven designs they constitute of a strong and stiff fibrous 

reinforcement material (e.g. glass, carbon or aramid fibres) embedded in a compliant 

thermosetting polymeric matrix material (e.g. epoxy resin) [2]. Usually unidirectional (UD) fibre-

reinforced polymer matrix (FRP) materials are stacked together at different fibre orientation 

angles to form a multidirectional laminate. FRP laminates are valued for their high specific 

stiffness and strength, and for their excellent fatigue and corrosion resistance. Moreover, their 

mechanical, thermal or electrical properties can be optimised by tailoring the constituent materials 

themselves as well as the laminate lay-up to achieve high-performance, lightweight and in some 

cases multi-functional structural solutions. Due to their excellent mechanical properties, FRP 

composites have been used in the design of the world’s most extreme structures such as in the 

largest wind turbine blades [3], in the payload fairings of the SpaceX Falcon Heavy rocket [4], or 

in the centre wing box of the Airbus A380 [5].  

High-performance composite structures are designed and certified based on the ‘building block’ 

or the ‘pyramid of tests’ approach illustrated in Figure 1.1 as discussed by Rouchon [6] for 

composite aero-structures.  
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Figure 1.1, The pyramid of tests for the certification of composite aero-structures [6]. 

Structural integrity is established through a comprehensive, incremental programme of analysis 

and experimental validation using specimens of varying size and complexity, i.e. on the coupon, 

structural element, structural detail, sub-component and full structure level. Extensive 

experimental material characterisation is required due to the large number of possible material 

configurations, the properties of which are not only dependent on the constituent materials, the 

laminate lay-up, the manufacturing processes but also on the applied stress state [7]. Currently, 

the cost and complexity associated with the ‘pyramid of tests’ approach are exuberant and are 

limiting the uptake of composite solutions across industries. This in turn inhibits the development 

of more sustainable and economical structural concepts.  

Over the past decades, modelling frameworks with promising predictive capability for a wide 

range of material and loading configurations have emerged (e.g. [8]–[20]). These modelling 

frameworks have the potential to replace physical material tests as part of the ‘pyramid of tests’ 

approach by defining ‘virtual design allowables’ through simulation [21]. ‘Virtual testing’ 

techniques offer the potential to explore novel material and structural solutions more rapidly and 

more cost effective than it is possible following the experimentally based ‘pyramid of tests’ 

approach. In the medium term, ‘virtual testing’ techniques could complement (or replace) tests 

on the coupon or structural details level and in the long run with the advent of ever more powerful 

computational power and better composite material models, they may also be entering higher 
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levels of the testing pyramid. However, the Achilles heel of these highly promising models is 

currently their insufficient validation against comprehensive experimental data with respect to 

material type, laminate lay-up and general loading configurations including multiaxial loading 

and stress states. This is related to the small amount of suitable experimental data available in the 

literature on different levels of the ‘pyramid of tests’ which would be suitable to validate such 

modelling frameworks. Therefore, experimental data is needed that allows a comprehensive 

validation of these modelling frameworks to establish their industry-readiness and to inform the 

future direction of model development. It has been proposed to validate ‘virtual testing’ 

techniques themselves based on the ‘pyramid of tests’ approach, i.e. initially they are 

experimentally validated on the coupon scale, before they are validated against more complex 

cases on higher levels of the ‘pyramid of tests’ [15], [17], [22]–[24]. Current state-of the-art 

models are being validated on the coupon scale and it will be imperative to facilitate their 

validation also for more demanding scenarios. To unleash the full potential of composite 

engineering in the future, thoroughly validated and improved modelling techniques, which can be 

employed at different levels of the ‘pyramid of tests’, are crucially important. 

In this thesis, the lack of suitable experimental data for the advancement (development, 

calibration, validation) of high-fidelity modelling frameworks to predict damage initiation, 

progression and failure, is addressed. For this reason, multiaxial experimental data for a range of 

different material systems and laminate lay-ups is obtained to improve the understanding of the 

constitutive behaviour and failure of FRP composites. The thesis focuses on exploring the 

potential of a new multiaxial test fixture, the modified Arcan fixture (MAF), shown in Figure 1.2, 

for obtaining combined tension-shear and compression-shear experimental data, which can be 

used to advance composite modelling frameworks. 
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Figure 1.2,  The new modified Arcan fixture (MAF) developed in this thesis, with indication of 

how different combined tension/compression-shear loading can be induced in the specimen by 

the choice of the loading hole pair designated by the loading angle α. 

The novelty of the MAF developed in this thesis is that it enables testing of a wide range of 

composite laminates in the full tension-shear and compression-shear loading regimes. Combined 

compression-shear testing is not possible using the original Arcan fixture [14], [15], but is enabled 

using the MAF by anti-buckling rails (see Figure 1.2) that stabilise the rig against out-of-plane 

displacements. In this thesis, procedures based on the MAF in combination with advanced 

experimental techniques such as digital image correlation (DIC) [27] and x-ray computed 

tomography (CT) [28] are developed to obtain high-fidelity multiaxial experimental data. The 

data is then used for the development and validation of suitable composite modelling frameworks 

for the prediction of damage initiation and progression until failure. In summary, the research 

presented in this thesis advances the knowledge of composite mechanics, testing and modelling 

and addresses the increasing demand for improved and experimentally validated ‘virtual testing’ 

techniques that can be used in the design and certification of high-performance composite 

structures. 

1.2 Aims and objectives 

The aim of the work described in this thesis is to develop a new multiaxial testing methodology 

and the related experimental procedures that enable the acquisition of high-fidelity experimental 

data. The acquisition of multiaxial data is aimed at addressing the limited amount of such data 

reported in the literature, at improving the understanding of composite failure mechanics, and at 
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advancing the development, calibration and validation of composite modelling frameworks. The 

project is focused on the combined tension-shear and compression-shear loading regimes, which 

can be investigated experimentally on the MAF. 

The first objective is to commission the MAF designed by Taher et al. [29] for a range of 

glass/epoxy material systems and to explore the potential and limitations of the MAF test set-up 

(Chapter 3). Based on a critical assessment of the initial testing the following research objectives 

have been defined to achieve the overall aim: 

• To assess the predictive capability of contemporary failure criteria and modelling 

frameworks against the experimental data obtained using the MAF. 

• To re-design the MAF used for the initial commissioning tests to enable the testing of high 

strength composite laminates exhibiting fibre driven failure modes, which is not possible 

with the MAF used for the initial testing. 

• To develop a nonlinear material model for UD FRP composites that exploits the combined 

tension/compression-shear MAF/DIC test results. 

• To investigate and characterise laminate lay-up effects on the strength of multidirectional 

composite laminates subjected to multiaxial loading. 

• To establish the capability of a state-of-the-art FE-based meso-scale modelling framework 

(‘virtual testing’ technique) to predict the damage behaviour and strength of composite 

laminates subjected to multiaxial loading. 

1.3 Novelties 

The novelties of this research have largely been made possible by the development of a novel 

multiaxial test rig, the Modified Arcan Fixture (MAF), which enabled testing in the full combined 

tension-shear and compression-shear loading regimes. 

This capability of the MAF has been exploited for the development of a new plasticity-based 

constitutive model that accounts for the nonlinear, pressure sensitive behaviour of UD 

composites. It has been demonstrated that the model fits experimental data better than previous 

similar models proposed in the literature. Furthermore, it has been confirmed that when a 

Drucker-Prager type yield function is used, a non-associative flow rule is required and that the 

use of an associative flow rule instead leads to the prediction of non-physical plastic transverse 

normal strains for pure shear and moderate combined compression-shear stress states. Moreover, 

the work has resulted in new guidelines for the calibration of plasticity-based models for UD 

composites: Firstly, it has been found that stress-strain curves obtained under three judiciously 

chosen biaxial stress states is enough for an accurate calibration of the model. This has been 

related to the physics of matrix failure where three distinct failure modes are observed and is a 

consequence of the mathematical/geometrical shapes of the yield and plastic potential ellipses. 
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Secondly, it has been demonstrated that the use of on-axis stress-strain curves for model 

calibration, as is often done in the literature, does not guarantee a good model fit. Even though 

the on-axis stress-strain curves may be accurately represented, the individual contributions of the 

transverse normal and shear plastic strains to the on-axis effective plasticity may be obscured. 

Therefore, it is recommended to experimentally obtain both the transvers normal and shear stress-

strain curves individually, such that both the plastic transverse normal and shear stress/strains can 

be verified. DIC has proven a useful tool to this end, because it enables to fully characterise 

complex strain states without the need for multiple strain gauges, e.g. a strain gauge rosette. 

A new MAF has been designed, which successfully enabled testing of strong laminates up to 

failure, which has not been possible with the existing MAF used for the initial research of this 

PhD project. New experimental procedures based on the MAF and stereo DIC have been proposed 

that enabled the investigation into the effect of laminate lay-up on the failure behaviour and 

strength of multidirectional composite laminates subjected to combined tension/compression-

shear loading. In continuation of previous successful investigations into laminate lay-up effects, 

modified open-hole specimens were used. It has been shown that ply thickness has a significant 

effect on the open-hole specimen strength under tension-shear loading, where thin ply laminates 

were up to 150% stronger than thick ply laminates, while the effect is relatively small in combined 

compression-shear loading. Furthermore, no significant effect on the strengths between laminates 

with a 22.5° and a 45° relative fibre orientation angle between two adjacent plies (or pitch angle) 

was observed in the tests conducted. This study is amongst the first to investigate laminate lay-up 

effects under combined loading, especially in the rarely investigated compression-shear loading 

regime.  

The unique multiaxial experimental data obtained using the new MAF enables the validation of 

predictive models for load cases for which they have never been validated before. Therefore, a 

meso-scale modelling framework developed for ‘virtual testing’ was assessed against the 

multiaxial open-hole data obtained using the MAF. The model discretises the laminate on the UD 

ply level, where each ply is modelled as an individual anisotropic solid. Intra-laminar damage is 

predicted using a continuum damage model (CDM) developed at the University of Porto [17]. 

Failure initiation is predicted using approximations of the LaRC03/04 failure theories [30], while 

damage propagation is governed by the fracture energies of the individual plies. A structured, 

fibre aligned mesh was used to mitigate some of the mesh-induced bias on the propagation of 

damage. Inter-laminar damage (delamination) is modelled using mixed-mode cohesive zones 

native to the FE software ABAQUS [31]. Similar models have previously been validated in 

uniaxial open-hole tension (OHT) and compression (OHC) [17] or filled-hole compression [17] 

tests, but never for multiaxial open-hole cases including combined compression-shear loading. 

Qualitatively, the model accurately predicted the ply thickness effects observed, i.e. the model 

predicted the thin ply laminate to be stronger in tension-shear than the thick ply laminate, while 

predictions were similar in compression-shear loading. However, quantitatively the model was 
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not able to predict the tension-shear open-hole specimen strength of the thin ply laminate. It was 

recommended that predictions could be improved by accounting for large shear deformation 

theory within the model formulations. Using an engineering solution to overcome the limitation 

of the used model, the multiaxial open hole specimen strength was predicted within a mean 

relative error across all investigated laminate and loading configurations of 10%. The results are 

promising, but highlight that further improvements are needed before the model can be used as a 

‘virtual testing’ technique on general composite material systems within the design and 

certification of composite structures. 

1.4 Thesis structure 

The literature review in Chapter 2 aims to provide a fundamental understanding of the complex 

mechanical response and failure behaviour of FRP laminates. Alongside, an introduction to the 

state-of-the-art in simulating failure in FRP laminates is provided. 

In Chapter 3, the initial MAF/DIC experiments on butterfly shaped glass/epoxy specimens are 

discussed. State-of-the-art failure criteria are calibrated and used to predict first-ply-failure in 

laminates with matrix driven failure modes. The potential and limitations of the MAF test set-up 

are discussed. 

In Chapter 4, it is described how the biaxial experimental procedure and results from Chapter 3 

are used to develop a plasticity-based nonlinear material model for UD. 

The new MAF design is introduced in Chapter 5 along with the experimental set-up and 

procedures adopted to investigate laminate lay-up effects in multidirectional laminates. The 

carbon/epoxy laminates were provided through a collaboration with the sailing team INEOS 

Team UK and addressed. The experimental results obtained for the multiaxial open-hole specimen 

strength of three different quasi-isotropic carbon/epoxy laminates are discussed. 

In Chapter 6, the state-of-the-art meso-scale model developed at the University of Porto for 

‘virtual testing’ is used to predict the ply thickness effect on the multiaxial open-hole specimen 

strength observed in Chapter 5. The model is validated against the new experimental data and 

guidelines for the direction of future model developments are presented. 

Finally, general conclusions are drawn and recommendations for future work are put forward in 

Chapter 7. 

 



 

  

Review of fibre-reinforced polymer 

matrix composites – constitutive response 

and modelling 

2.1 Introduction 

The research in this thesis is concerned with the experimental and numerical characterisation of 

unidirectional (UD) fibre-reinforced polymer matrix composites (FRP) and their laminates, as 

illustrated in Figure 2.1. 

 

Figure 2.1, FRP composite materials: (a) Unidirectional (UD) lamina, and (b) multidirectional 

(MD) laminate. 

A UD lamina (or ply) consist of the composite constituent materials, i.e. the fibre (e.g. glass, 

carbon) and the matrix (e.g. epoxy polymer resin) as shown in Figure 2.1 (a). A UD ply coordinate 

system (x1, x2, x3) is introduced, where the x1-axis is parallel to the fibres, the x2-axis is transverse 

to the fibres, while the x3 axis is perpendicular to the plane of the ply. From this point onwards 

the x1-direction is also referred to as the ‘longitudinal’ direction, the x2-axis as the ‘transverse’ 

direction and the x3 axis as the ‘out-of-plane’ or ‘through-the-thickness’ direction. The subscripts 

1, 2 and 3 will be associated with the axis of a UD composite as introduced in Figure 2.1 (a). 

When several UD plies are stacked together at different fibre orientation angles (θ) relative to a 

reference direction (here the x-axis), a multidirectional (MD) laminate is formed as illustrated in 

Figure 2.1 (b). In a multidirectional laminate, a ‘global’ xyz coordinate system is defined where 
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the z-axis is orientated perpendicular to the plane of the laminate. The z-axis is also referred to as 

the ‘out-of-plane’ or ‘through-the-thickness’ direction. The special case, where UD plies are 

stacked together at the same fibre orientation angles, is referred to as a UD laminate as opposed 

to a single UD ply lamina. The regions between plies of a laminate will be referred to as the 

‘interface’ (see Figure 2.1 (b)). Therefore, failure events within the lamina are referred to as intra-

ply or intra-laminar failure, while failure at the interface is referred to as inter-laminar failure. The 

heterogeneous and anisotropic properties of the UD composite in Figure 2.1 (a) and the layered 

morphology of a laminate in Figure 2.1 (b), result in complex nonlinear constitutive behaviours 

and various interacting failure modes, as well as preferred crack paths, which are often not 

intuitive. Therefore, the aim of this chapter is to provide an overview of the unique constitutive 

response and failure behaviour of FRP composites, based on which the state-of-the-art modelling 

techniques for progressive failure, from initiation to ultimate failure, are introduced. 

The chapter starts with providing an overview of the nonlinear, pressure sensitive constitutive 

behaviour of UD composites with a focus on the matrix dominated properties. A brief introduction 

to the state-of-the-art of nonlinear constitutive modelling is then given. After introducing some 

of the most widely used failure criteria for FRP composites, the review focuses on the state-of-

the-art physics-based LaRC03 failure criterion, by means of which the physics of failure in FRP 

materials is reviewed. The section is completed with a brief overview of damage models to predict 

progressive failure in multidirectional composites. Moving on, modelling techniques for the 

prediction of inter-laminar failure (delamination) are discussed, focusing on the cohesive zone 

model (CZM) which is a fracture mechanics-based technique that accounts for both delamination 

initiation and propagation. With the basic physics of failure introduced, laminate lay-up and size 

effects in multidirectional laminates are reviewed on the example of the open-hole tensile test. 

Following on, a brief overview of multiaxial testing on the coupon scale is provided. Finally, the 

key points from the literature review are summarised and opportunities for combined 

tension/compression and shear testing using the MAF test are highlighted. 
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2.2 Nonlinear constitutive response of UD FRP composites 

2.2.1 Polymer matrix 

Typical polymer matrix materials used for structural composites are polyester, vinyl ester or 

epoxy resins. Although their exact stress-strain behaviour depends on the type of the polymer, 

most engineering polymers initially respond linearly to low applied stresses, after which yielding 

with hardening occurs, as shown in Figure 2.2 [32].  

 

Figure 2.2, Tension, compression and shear stress-strain curves of three different types of epoxy 

resin [32]. 

While the response in tension is nearly linear and failure is brittle, the polymer exhibits a nonlinear 

response to compression and shear where plastic yielding takes place. In tension, existing 

microcracks open and propagate more easily and lead to brittle failure. In compression, 

microcracking is delayed, which allows the polymer to plastically deform before ultimate 

failure [33]. The failure behaviour of polymers is therefore governed by two competing failure 

mechanisms which are brittle fracture and yielding and their occurrence and interaction depends 

on the stress state applied. Polymers are also sensitive to hydrostatic pressure ( )h  as shown by 

the compressive stress-strain curves in Figure 2.3 obtained on pure epoxy specimens subjected to 

h  up to100 ksi  (~690 MPa) [34]. 
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Figure 2.3, Effect of hydrostatic pressure on the compressive stress-strain curve of pure epoxy 

resin [34].  

The pressure sensitivity was responsible for the distinctly different behaviour in tension and 

compression as shown in Figure 2.2. In addition, the compressive yield strength increases with 

h  as shown in Figure 2.3. The effect of pressure on the compressive behaviour is explained by 

Mears et al. [35] from a molecular perspective, arguing that the applied pressure reduces the 

mobility of the polymer chains, forces them closer together, and hence increases the 

intermolecular forces. Thus, a higher stress must be applied to initiate molecular mobility or in 

other words yielding. Furthermore, the application of h  also supresses crack growth and hence 

inhibits brittle failure and allows the polymer to yield.  

2.2.2 UD composite laminate 

The UD FRP composite inherits the nonlinear, pressure sensitive behaviour of the polymer. The 

constitutive response in the transverse to the fibre planes is especially effected by the properties 

of the resin: as for pure epoxy (see Figure 2.2), the transverse tensile and compressive stress-

strain curves of a UD laminate are distinctly different as shown in Figure 2.4 (c), where the UD 

laminate is stronger in transverse compression than in tension and the compressive behaviour is 

distinctly nonlinear [36]. As for epoxy (see Figure 2.2), the shear stress-strain curves exhibit 

nonlinear behaviour as shown in Figure 2.4 (a) and (b). 
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Figure 2.4, E-glass/epoxy subjected to combined transverse tension/compression and shear: (a) 

shear stress-strain curves under transverse compression, (b) shear stress-strain curves under 

transverse tension, and (c) transverse tensile and compressive stress-strain curves [36]. 

Shin et al. [37] showed that the shear behaviour of UD composites is also sensitive to hydrostatic 

pressure. Using hoop wound carbon/epoxy tubular specimens subjected to combined hydrostatic 

pressure and torsion, shear stress-strain curves were obtained as shown in Figure 2.5. They reveal 

that increasing hydrostatic pressure from atmospheric to 6 kbar almost doubles the shear stress at 

failure of the UD fibre-reinforced polymer-matrix composite. 
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Figure 2.5, (a) Effect of hydrostatic pressure on the shear stress-strain curves and (b) the tubular 

specimen used in the test [37]. 

Subjecting hoop wound carbon/epoxy tubular specimens to combined torsion and axial 

tension/compression (instead of hydrostatic pressure in [37]), Swanson et al. [38] showed that the 

shear stress at failure depends on transverse compression in a similar way as on the hydrostatic 

pressure.  

 

Figure 2.6, (a) Effect of transverse tension/compression on the shear stress-strain curve and (b) 

hoop wound tubular specimen used in [38]. 

As observed in Figure 2.6, applying transverse compressive stress significantly increases the shear 

stress at failure (similar to hydrostatic pressure), while applying transverse tensile stress reduces 

the shear stress at failure. The effect of transverse compression is therefore qualitatively similar 

to the effect of hydrostatic pressure. In continuum mechanics, hydrostatic pressure is defined as 
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a third of the trace of the stress tensor, which is an invariant. Therefore, an increase of transverse 

compressive stress also increases the hydrostatic pressure in the material, which supports the 

observation that transverse compression (see Figure 2.6) will have a similar effect on the 

constitutive response as hydrostatic pressure (see Figure 2.5). 

2.2.3 Nonlinear modelling approaches 

UD composites are generally modelled as transversely isotropic materials [39], [40], where the 

transverse plane is perpendicular to the fibre direction (x1-axis), implying that the transverse-to-

the-fibre response is equivalent to the through-the-thickness response as illustrated in Figure 2.7. 

 

Figure 2.7, Illustration of a UD composite element showing the isotropic plane and the stress-

strain behaviour in longitudinal (x1), transverse (x2) and through-thickness (x3) directions. 

While their response in the direction of the fibre is linear up to failure, it has been shown in 

Section 2.2, that the matrix dominated transverse properties exhibit nonlinear and pressure 

sensitive behaviour as shown in Figure 2.7. Despite these nonlinearities, many failure analyses of 

UD and multidirectional composites subjected to multiaxial stress states are simply based on 

linear elastic constitutive laws for the UD composite [18], [41]. This might lead to inaccurate 

predictions of the shear stresses and strains where the most significant nonlinear behaviour is 

observed. Therefore, to improve the models, the nonlinear stress-strain behaviour is often 

accounted for. In [17] it is approximated using a bilinear fit to the shear stress-strain curve, 

whereas the logarithmic Ramberg-Osgood fit [42] (e.g. in [15], [43]–[46]) or Hahn and Tsai’s 

polynomial fit [47] (e.g. in [48], [49]) are also frequently used in the literature to describe the 

nonlinear shear behaviour. To account not only for the shear nonlinearity, but also for the 

nonlinearity in compression and the pressure sensitive behaviour, the modelling framework of 

plasticity has been proposed [50]–[55]. These models require biaxial experimental data in the 

tension/compression and shear stress space for calibration. Most often, tensile and compressive 

off-axis specimens are utilised [50]–[52], [55] but also custom built two-actuator biaxial testing 

facilities [56], [57] and tubular [54] specimens have been used. An in-depth discussion of the 



16 

 

mathematical framework and fundamental assumptions of the plasticity-based models applied to 

UD composites is provided in Chapter 4. In the chapter, a new nonlinear material model, similar 

to the models in [50]–[52], is developed using the MAF combined with DIC, which overcomes 

limitations of similar modelling frameworks proposed in the literature [50], [51]. 

2.3 Popular failure theories used in industry 

The simplest failure theories, and according to Sun et al. [58] the most widely used theories by 

1996 in industry, are the non-interactive maximum stress and maximum strain failure criteria. 

Non-interactive criteria do not take into account interactions between different stress/strain 

components, which typically leads to erroneous failure predictions when multiaxial states of stress 

occur in a structure [59]. For the case of plane stress (
33 = 

23 =
13 = 0), failure is predicted when 

the fibre longitudinal stress 
11( ) , the transverse stress 

22( )  or the shear stress 
12( ) , reached 

the strengths associated with fibre tensile (
TX ) or compressive (

CX ), matrix tensile (
TY ) or 

compressive (
CY ), or shear (

LS ) failure [60]: 
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11
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T C
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   (2.1) 

The maximum strain theory is formulated similarly but is based on the strains to failure (
11

T , 
11

C , 

22

T , 
22

C , 
12

fail ) instead of the failure stresses and on the strain field (11, 22, 12) instead of the 

stress field as [60]: 
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  (2.2) 

Another popular failure theory is the Tsai-Wu failure criterion [61]–[63]. This criterion is 

representative of interactive, polynomial or tensorial failure theories, where failure is not 

associated with a specific failure mode but is instead described by a failure surface defined as a 

function of the material strengths. In the Tsai-Wu criterion [61]–[63], the failure envelope for 

orthotropic materials in a state of plane stress is given by the equation: 

1 11 12 11 11

2 2

2 22 6 22 22 12 11 222 1F F F F F F      + + + + + =  (2.3) 

where the stress symbols have their usual meanings and where the coefficients F1, F2, F11, F22, 

and F6 can be determined from the uniaxial strength values: 
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F12 in Equation (2.3) is a biaxial stress interaction coefficient that is obtained in a tension-tension 

or compression-compression biaxial experiment. If no test data is available, Tsai recommends 

using 12 11 220.5F F F= . The failure envelope is described by one closed polynomial equation, 

which means that e.g. compressive failure is not entirely independent from the tensile strength 

value and vice versa; a prediction that is contradicted by experimental evidence [64]. Moreover, 

different failure modes cannot easily be distinguished which is a significant disadvantage in the 

formulation of progressive failure models, where the type of failure mode ideally is used to inform 

the degradation of the elastic constants (see Section 2.4.4). 

2.4 Physics-based intra-laminar failure models 

The main failure modes in UD composites are now introduced by reviewing the LaRC03 [30] 

failure criterion for plane stress. More advanced three-dimensional versions are the LaRC04 [60] 

failure criterion, accounting for the nonlinear matrix behaviour in shear, and the LaRC05 [33] 

failure criterion, accounting for the nonlinear matrix behaviour in shear, and the transverse and 

through-the-thickness directions (see Section 2.2.2). The LaRC03 criterion is chosen for 

simplicity and to provide a (relatively) quick overview of physics-based composite failure 

modelling. Following Puck’s [65], [66] and Hashin’s [64] proposition to predict different failure 

modes separately, i.e. following a phenomenological approach, the LaRC03 failure criterion 

includes individual, in some cases physics-based, failure models for fibre and matrix tensile and 

compressive failure. The fibre compressive failure criterion is based on the fibre kinking models 

in [67], [68], while the criteria for matrix failure are based on Puck’s inter-fibre failure (IFF) 

model [36], [69]. Furthermore, the LaRC03 criterion accounts for the in-situ strength effect using 

fracture mechanics based models developed by Dvorak and Laws [70]. Reviewing the LaRC03 

criterion provides an excellent overview into the physics of failure and the associated state-of-

the-art modelling approaches. However, many other failure criteria exist of which the World Wide 

Failure Exercises (WWFEs) [71]–[73] organised by Hinton, Soden and Kaddour provide an 

excellent overview.  

2.4.1 Fibre tensile failure 

Fibre tensile failure is mainly governed by the stress parallel to the fibre 
11( )  with no significant 

interaction effects from other components of the stress tensor. Failure is dominated by the 
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properties of the fibre with no significant dependency on the matrix constituent. Therefore, failure 

is predicted using the non-interactive maximum stress criterion as in Equation (2.1): 

11 1F

T

FI
X


=     (2.5) 

or using the non-interactive maximum strain criterion as in Equation (2.2): 

11

11

1F T
FI =    (2.6)  

where FIF is the failure index for the fibre. Fibre tensile failure is explosive due to the large 

amount of strain energy released, and typically causes catastrophic failure, i.e. it is associated 

with the ultimate strength of a laminate [33]. 
TX  in Equation (2.1) and 

11

T  in Equation (2.2) can 

be determined using the standard tensile test method [74]. 

2.4.2 Matrix failure 

Puck’s inter-fibre failure (IFF) theory 

Puck et al. [36], [69] classified three distinctly different matrix failure modes for UD laminates 

(IFF mode A, B and C) as illustrated in Figure 2.8. 

 

Figure 2.8, Failure envelope for UD glass/epoxy in the 122 2 −  stress space [75] with 

illustrations of the failure modes taken from [36]. 

IFF is governed by the transverse normal and shear stresses [75]: under transverse tension (IFF 

Mode A), the crack plane is perpendicular to the mid-plane of the laminate. Under moderate 

transverse compression the fracture plane is still perpendicular to the mid-plane of the laminates 

while a shear strength enhancement with increased transverse compression is observed in the 
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122 2 −  failure envelope (IFF Mode B). When the transverse compressive stress becomes 

dominant, an inclined fracture plane is observed (IFF Mode C). The effect of transverse stress on 

the apparent shear strength can be related to the pressure sensitivity of the polymeric resin 

described in Section 2.2. 

Puck’s IFF criterion was adapted from Mohr-Coulomb’s frictional yield model for brittle 

materials [76], stating that matrix failure is governed by the stresses acting on the fracture plane 

as shown in Figure 2.9. 

 

Figure 2.9, Three-dimensional stress state on a UD composite element and definition of the 

fracture plane inclined at an angle α1 with respect to the transverse x2-direction, and definition 

of the n-l-t coordinate system associated with the fracture plane [36]. 

It is assumed that IFF failure is independent from the stresses in the fibres, and that possible 

fracture planes are always located in the matrix and parallel to the fibres. The stresses on the 

fracture plane (
n , 

nl , 
nt ) are linked to the stresses in the lamina coordinate system (

22 , 

12 ) through the stress transformation rules: 
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 

  
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= − =

=

=   (2.7) 

where   is the angle of the fracture plane with respect to the transverse x2- direction. Note that 

later when the LaRC03 criterion is discussed, 
nl  and 

nt  are expressed by L  and T , 

respectively. 

 

1 Note that Puck uses the symbol θfp to designate the fracture plane angle, while in the LaRC03 criterion the 

symbol α is used. To avoid confusion, the nomenclature from the LaRC03 criterion is adopted throughout 

this thesis. 



20 

 

Puck proposed fracture conditions based on the stresses on the fracture plane given in 

Equation (2.7) based on the Mohr-Coulomb fracture hypothesis [76]. Using several simplifying 

assumptions Puck then expressed the fracture criteria based on UD ply stresses (
22 , 

12 ) and the 

associated uniaxial transverse tensile (
TY ), compressive (

CY ) and shear (
LS ) strengths. The 

fracture plane angle defining the stress state is the one maximising the failure index for which 

Puck suggested analytical closed-form solutions. For a more detailed discussion the reader is 

referred to the representative works by Puck et al.[36], [69].  

The fracture plane angle   is given by: 

22

acos( )
AR



⊥⊥=

−
  (2.8) 

where AR⊥⊥
 is the fracture resistance of the action plane (superscript A denotes the action plane), 

which is the plane inclined at the angle   with the largest risk of fracture: 
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In IFF Mode A, the tensile normal (
22 ) and shear (

12 ) stresses both promote fracture: 
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In IFF Mode B, the moderate compressive normal stress 
22  impedes fracture by increasing the 

resistance of the fracture plane against shear fracture: 
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while in IFF Mode C, both 
22  and 

12  promote failure: 
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where 
12c  is the shear stress at the intersection between Mode B and C defined as: 

|12
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c R p −

⊥ ⊥⊥= +   (2.13) 
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⊥ , 
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⊥  are slope parameters in the 
122 2 − , and ( )p +

⊥⊥
 , ( )p −
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 in the 

22 23 −   failure envelopes 

at pure shear (σ22 = 0) in the tensile (+) and compressive (-) quadrants, respectively: 
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These parameters can be determined experimentally or typical values from the literature can be 

assumed. Puck recommends for glass/epoxy 
( )

||p +

⊥ =0.25, 
( )

||p −

⊥ =0.3 and ( )p +

⊥⊥
= ( )p −

⊥⊥
=0.2 – 0.25. 

In-situ strength effect 

To predict matrix cracking in a multidirectional laminate accurately, the ‘in-situ’ effect on the 

matrix dominated strengths must be accounted for in strength-based failure analyses, otherwise 

the failure initiation stresses are underpredicted [30]. ‘In-situ’ effects describe the phenomena, 

where assumed ‘intrinsic’ material properties measured on a UD laminate depend on the laminate 

lay-up (i.e. on the ply thickness, the stacking sequence, and the fibre orientations) when the UD 

ply is embedded in a multidirectional laminate. Parvizi et al. [77] was amongst the first to observe 

experimentally such an in-situ effect in tensile tests of cross-ply glass fibre-reinforced laminates. 

It was found that the transverse tensile strength (
TY ) is higher in thin embedded plies than in thick 

embedded plies, which eventually tends to the strength of the UD laminate for very thick 

embedded plies. Extending the study in [77], Flaggs et al. [78] showed that not only the ply 

thickness, but also the relative orientation of the constraining plies (θ in Figure 2.10) has an 

influence on the onset of transverse cracks in a carbon/epoxy laminate. 
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Figure 2.10, The effect of the thickness of the embedded ply (d) and the fibre orientation (or 

stiffness) of the constraining plies (θ) on the in-situ transverse tensile strength ( is

TY ): (a) specimen 

geometry, and (b) experimental results [78]. 

It is observed from Figure 2.10 that is

TY  of thin plies (d = 0.132 mm) is more than twice as high 

than is

TY  measured using a 2.12 mm thick UD laminate. Moreover, is

TY  of the constrained ply is 

higher when the constraining plies are stiff in the direction perpendicular to the transverse crack 

opening in the embedded ply (i.e. in Figure 2.10 the transverse tensile strength is greatest for the 

θ = 0° laminate). In addition, Flaggs et al. [78] also showed that the fibre stresses 
11  have a 

negligible influence on the onset of matrix cracking and the in-situ effect. Using the rail shear 

test, Chang et al. [79] also showed that the shear strength (
LS ) depends on the ply thickness and 

the orientation of the constraining plies. It was concluded that laminates with thin plies dispersed 

through the thickness are significantly stronger in shear than laminates where plies are clustered 

together. Arteiro et al. [80] investigated the effect of ply thickness on the transverse compressive 

strength (
CY ) of embedded plies using micro-mechanical models. The simulation results showed 

that 
CY  is also subjected to an in-situ effect and that matrix cracking under transverse compression 

is delayed in thin plies. 

Based on the experimental studies in [77]–[80], Dvorak and Laws [70], Camanho et al. [49], and 

Pinho et al. [33] argued that the matrix dominated strengths of the UD ply should not be 
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considered as ‘intrinsic’ material properties but rather as structural properties. This is further 

supported by the different boundary conditions in the fracture mechanics problems for crack 

growth, as shown in Figure 2.11, where the conditions for the propagation of micro-cracks are 

more favourable in a UD laminate (Figure 2.11 (a)) than in an outer ply of a multidirectional 

laminate (Figure 2.11 (b)), or in a thin (Figure 2.11 (c)) or thick (Figure 2.11 (d)) ply embedded 

in a multidirectional laminate. 

 

Figure 2.11, Fracture mechanics models for the derivation of the in-situ strengths: (a) slit crack 

in a UD laminate, (b) slit crack in a surface ply, (c) slit crack in a thin embedded ply, and (d) slit 

crack in a thick embedded ply [33].  

Analytical expressions were proposed in [33], [49], [70] for the in-situ transverse ( is

TY ) and shear 

( is

LS ) strength of a UD fibre reinforced ply based on the fracture mechanics analysis of a slit crack, 

as initially proposed by Dvorak and Laws [70]. The cracks shown in Figure 2.11 are assumed to 

lie in the x1-x3 plane of the UD ply and have a height of 
02a  and a length of 

02 La  along the fibre 

direction. These cracks represent physical defects in the material such as matrix-fibre debonds or 

voids which are the preferential location for the nucleation of matrix cracks. The derivation of the 

in-situ strength depends on the adopted stress-strain relationships. Particularly in shear, the 

response is nonlinear as was shown in Section 2.2. This nonlinearity requires special attention in 

the derivation of the shear in-situ strength, which is not accounted for in LaRC03 [30] and which 

is ignored for the sake of simplicity in this review. Therefore, for the following discussion of the 

in-situ strength concept, a linear shear stress-strain relationship is assumed. The reader is referred 

to [49], [60] on how to account for the nonlinear shear behaviour in the derivation of the in-situ 

strength. 

Fracture mechanics differentiates between three types of cracks as shown in Figure 2.12: the 

normal opening mode is termed mode I (Figure 2.12 (a)), the shear mode is termed mode II 

(Figure 2.12 (b)), and the second shear-like scissoring mode is termed mode III (Figure 2.12 (c)). 



24 

 

 

Figure 2.12, Fracture modes: (a) normal opening mode I, shear mode II, and scissoring 

mode III [81]. 

For crack growth in through-thickness direction in a laminate (along T-axis in Figure 2.11), a 

mode I ( ( )IG T ) and mode II ( ( )IIG T ) energy release rate, corresponding to the fracture modes 

illustrated in Figure 2.12 can be defined as: 
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0( )
2
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a
G T


=     (2.17) 

0 0 2

4 24 1( )
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G T


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while the energy release rate for crack growth in the direction of the fibres (along L-axis in Figure 

2.11) are defined as: 
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2 22 2

0( )
4

I

a
G L


=     (2.19) 
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
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where 0

22  and 0

44  are non-vanishing components of the crack tensor as defined in [49]: 
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G
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The corresponding components of the fracture toughness ( ( ),  ( )IC IICG i G i  with i = T, L) are then 

given by the energy release rates in Equations (2.17) to (2.20) evaluated at the failure stresses 

( is

TY  and )is

LS  as: 
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The in-situ strengths can now be determined using Equations (2.23) to (2.26) for the ply 

configurations as illustrated in Figure 2.11. As an example, consider the case of a thick embedded 

ply (Figure 2.11 (d)) for mode I loading: The crack can grow in both the transverse (T) and 

longitudinal (L) directions. By comparing Equations (2.17) and (2.19) it is observed that the crack 

will first propagate in the transverse direction because the energy release rate is twice as large. 

Therefore, is

TY  can be obtained by re-arranging Equation (2.23): 
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0

22

2 ( )is

T
IcG T

Y
a
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

   (2.27) 

On the other hand, in a thin embedded ply, crack growth is constrained to the longitudinal 

direction (L), because 
02a t=  as shown in Figure 2.11 (c). Therefore, the in-situ tensile strength 

for a thin embedded ply can be obtained by re-arranging Equation (2.25): 

0

22

8 ( )
T

Icis G L

t
Y


=


   (2.28) 

By comparing the in-situ strengths for thick and thin embedded plies in Equations (2.27) and 

(2.28) it is observed that the in-situ strength for thin plies is higher than for thick plies. Following 

similar arguments, also the remaining in-situ strengths for an outer ply and for mode II opening 

are obtained. A full set of derived in-situ strengths, assuming a linear shear stress-strain 

relationship, is provided in Table 2.1. For the full derivation of the in-situ strengths the reader is 

referred to [30], [33], [49], [70]. Note that for thick embedded plies, Equation (2.27) can be 

simplified to depend only on the measured UD transverse strength as reported in Table 2.1. 
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Table 2.1, Equations for the in-situ strengths assuming a linear shear stress-strain relationship. 

Configuration Transverse tensile strength Shear strength 

UD laminate TY  
LS  

Thick embedded 1.12 2i

T

s

TY Y=  [49] 2is

L LS S=  [49] 

Thin embedded 0

22

8 Iis

T
c

t

G
Y


=


 [49] 128is

L
IIcS

t

G G


=  [49] 

Thin outer 0

22

1.78is

T
IcG

t
Y


=


 [17] 122is

L
IIcS

t

G G


=  [49] 

where ( )2

2

0

22 12 12 1/ /E v E = −  

 

Matrix failure under transverse tension loading 

In LaRC03, the criterion for matrix failure under transverse tension is based on the mixed mode 

fracture criterion proposed by Hahn et al. [82] expressed in terms of the mode I and mode II 

energy release rates in Equations (2.17) to (2.20) and the critical energy release rates in Equations 

(2.23) to (2.26) as: 

(i) (i) (i)
(1 g) 1,  

( ) ( ) ( )
,I I II

Ic Ic IIc

G G G
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G i G
i

i
T L

G i
− =+ + =    (2.29) 

where g is the ratio of the fracture toughness values: 

Ic

IIc

G
g

G
=   (2.30) 

Matrix failure under transverse tension (
22  > 0) can then be expressed in terms of the stresses in 

the ply (
22  and 

12 ) and the in-situ strengths by substituting Equations (2.17) to (2.26) into 

Equation (2.29) resulting in: 
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= − + +      

     
   (2.31) 

where FIM is the failure index for the matrix. Failure is predicted when the inequality in  

Equation (2.31) is violated. The UD tensile and shear strengths (
TY , 

LS ) required to compute the 

in-situ strengths according to Table 2.1 can be obtained using standard test methods. While 
TY

can be obtained using the standard tensile test method [74], there is some ambiguity in the 

determination of the shear strength which is reflected by the existence of several standard test 
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methods. Either the  +/−45° laminate tensile test [83], or the V-notched rail shear method [84], or 

the V-notched beam method (Iosipescu specimen) [85] can be used. The fracture toughness values 

can also be determined using established standard tests: the double cantilever beam (DCB) [86] 

test specimen is used to obtain the mode I fracture toughness ( )IcG , while the end notched flexure 

(ENF) [87] test specimen is used to obtain the mode II fracture toughness ( )IIcG .  

Matrix failure under transverse compression loading 

The criterion for matrix failure under transverse compression is based on the concepts proposed 

by Puck et al. [36], [69] and uses the Mohr-Coulomb (M-C) failure hypothesis [76]: The M-C 

criterion is represented geometrically in Figure 2.13 (a) for a state of pure transverse compression 

where the fracture plane angle (
0 ) is 53°. This is a typical value for glass and carbon FRP 

composites [30], [36] and an example is shown in Figure 2.13 (b). 

 

Figure 2.13, Matrix failure in transverse compression: (a) Mohr’s circle for uniaxial transverse 

compression [30], (b) specimen failed in uniaxial transverse compression [33], and (c) definition 

of stress state at the fracture plane [33]. 

The Coulomb fracture line AB in Figure 2.13 (a) is tangent to the Mohr’s circle at point A; the 

location of which is defined by the transverse compressive strength (YC) and 
0 . The M-C 

hypothesis postulates that fracture occurs for combined stress states, which are described by any 
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Mohr’s circle tangent to the friction line AB. Recognising that the fracture plane can be subjected 

to both transverse and in-plane stresses, two effective shear stresses on the fracture plane can be 

defined: 

eff

T T T

n   = +   (2.32) 

eff

L L L

n   = +   (2.33) 

where the Macaulay bracket •  returns the argument •  if positive or zero otherwise and where 

T  is the transverse friction coefficient which is defined directly based on the M-C hypothesis 

as: 
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
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−
=   (2.34) 

and where L  is the longitudinal friction coefficient which is the slope of the 
122 2 −  failure 

envelope in moderate transverse compression and shear (see e.g. Figure 2.8). It can be measured 

experimentally, or approximated otherwise by: 
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S
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
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n , T , and L  in Equations (2.32) and (2.33) are the stresses acting on the fracture plane as 

given in Equation (2.7) and shown in Figure 2.13 (c). Using Equations (2.7), the effective stresses 

in Equations (2.32) and (2.33) can be expressed as: 

22 co (sin cossT T

eff     = − −   (2.36) 

12 22cos ( cos )L L

eff     = +   (2.37) 

Matrix failure under compression is then assumed to result from a quadratic interaction between 

the effective shear stresses on the fracture plane as: 
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  (2.38) 

where 
TS  is the transverse shear strength which can be approximated by: 

0
0 0

0

cos
cos (sin )

tan 2
T CS Y


 


= + +   (2.39) 

The fracture angle ( )  in Equations (2.36) and (2.37)  is not known a priori but will lie between 

0° (fracture plane angle for a state of pure shear) and 
0  (fracture plane angle for a state of pure 

transverse compression). It is determined by maximising FIM in Equation (2.38) in the range 

0° < α < 
0 . 

CY  and 
0  can be obtained using several standard test methods where compressive 
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stress states are induced into the laminates using shear loading [88], using combined shear and 

end (edge) loading (Wyoming fixture) [89], or by subjecting a sandwich beam to four-point 

bending [90]. For the determination of L  failure stresses under a combined compression-shear 

stress state are required: The non-standard test methods are based on hoop wound tubular 

specimens subjected to combined axial compression and torsion [91] or Arcan type 

test  [92], [93]. 

2.4.3 Fibre compressive failure (kinking or kink band formation) 

Compressive fibre failure is the result of the formation of a kink band and the damage inflicted 

on the supporting matrix. The failure sequence of an embedded UD ply loaded in fibre 

compression is illustrated in the micrographs shown in Figure 2.14 for a T300/913 carbon/epoxy 

material system [33]: The kink band initiation is triggered by an initial fibre misalignment, which 

may be caused by a manufacturing defect, the residual stress mismatch between the fibre and the 

supporting resin, or simply by the occurrence of sub-critical damage. In Figure 2.14 (a), the failure 

initiates as a matrix crack in the neighbouring ply in (1). In Figure 2.14 (b) the first fibre-matrix 

splits in the vertical ply (1) and the first fibre breaks (2) are observed. Upon further loading, more 

fibres fail (2) and a kink band is observed, which is fully developed in Figure 2.14 (d). The 

compressive fibre strength of FRP composites is approximately 60% to 70% of the tensile 

strength [94]. Therefore, it is often the limiting design factor in high-performance composite 

structures such as in the aerospace industry [67]. For this reason, the fibre kinking mechanism 

was studied extensively, and fibre kinking models have been proposed, which showed promising 

results in the prediction of fibre compressive failure.  
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Figure 2.14, Sequence of compressive failure of a laminate loaded in the vertical direction 

according to [33]: (a) A small misalignment is induced into the vertical fibres by a transverse 

crack in the neighbouring ply (1), (b) occurrence of first matrix-fibre splits in vertically orientated 

ply (a) and first fibre breaks (2), (c) further fibre failure (2) with the initiation of a kink band, and 

(d) fully developed kink band. 

The fibre kinking model proposed in the LaRC03 criterion is based on the works of Budiansky 

and Fleck [67] and Soutis et al. [68]. The failure criterion assumes that compressed fibres fail in 

fibre kinking where failure initiates as damage to the matrix. Thus, the matrix failure criteria in 

Equations (2.31) and (2.38)  are linked to the fibre compressive stress through the introduction of 

the matrix stresses in the coordinate system associated with the misaligned fibre (or later kinked 

fibre). An initial idealized fibre misalignment is assumed as shown in Figure 2.15, where φ is the 

fibre misalignment angle and where the superscript m denotes the ply stresses in the coordinate 

system associated with the misaligned fibres. 
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Figure 2.15, Idealized fibre misalignment (kink band) [30]. 

The stresses in the misaligned fibres are given by: 
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A critical fibre misalignment angle ( C ) is defined as the misalignment angle at which the 

unidirectional fibre fails in kinking under a state of pure compression, where XC is the fibre 

compressive strength. Inserting the pure compressive stress state at failure (σ11 = -XC and 

σ22 =  𝜏12 = 0) into Equations (2.40) to (2.42) and substituting the obtained 
22

m  and 
12

m  into the 

matrix failure criterion in Equation (2.38), and assuming that matrix failure in the kink is 

dominated by the in-plane shear stresses (i.e. 
T

eff = 0 and α = 0°), the matrix failure criterion 

becomes: 

2(sin cos sin )L C C L C
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Assuming that failure occurs if 
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LS and solving for C  yields: 
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The misalignment angle   in Equations (2.40) to (2.42) is obtained based on the applied ply level 

stress state, the shear stiffness 
12G , 

CX  and C  as: 
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+ −
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+ −
  (2.45) 

where 
CX  can be obtained using the standard test methods for compression [88]–[90]. Substituting 

Equation (2.45) in Equations (2.40) to (2.42), the stresses in the local region of fibre misalignment 

are obtained which can be used to calculate matrix failure according to Equation (2.38) for 

compression-shear and Equation (2.31) for tension-shear, respectively. Thus, we obtain the 
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criterion for failure under longitudinal compression with transverse compression
22

( 0)m   using 

the stresses in the misaligned coordinate system 
22

m  and 
12

m  as: 
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and for failure under longitudinal compression and transverse tension (
22 0m  ) as: 
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2.4.4 Intra-laminar failure and damage propagation 

The failure models discussed in Sections 2.4.1 to 2.4.3 predict the initiation of failure. In a UD 

laminate, this also corresponds with ultimate failure and once failure is initiated, the laminate can 

no longer sustain higher stresses. However, in a multidirectional laminate an initial failure event 

(e.g. micro-cracking, fibre kinking, fibre breaks, etc.) in one of the plies does not necessarily lead 

to the total collapse of the laminate. Instead the stiffness of the failed ply degrades due to 

accumulation of damage which leads to stress redistribution to the neighbouring plies, enabling 

the laminate to continue carrying higher stresses before ultimate failure occurs [95]. Therefore, to 

predict damage evolution and ultimate strength of multidirectional laminates, failure criteria are 

insufficient and modelling frameworks accounting for the progressive nature of the damage are 

needed. 

In the context of continuum mechanics, the initiation and accumulation of intra-laminar damage, 

as identified using a failure criterion such as the LaRC03 [30], can be represented by a local 

degradation of stiffness at the failed material points (i.e. the integration points in the elements of 

FE models). Assuming transverse isotropy (
23E E= , 

13 12G G= , 
13 12v v= 23 2 23/ (2(1 ))E vG = + ) 

with respect to the fibre direction (x1-axis) and a state of plane stress, the typical UD composite 

lamina stress-strain relationship accounting for damage can therefore be described as: 
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  (2.48) 

where 
11

, 
22

 and 
12  are the strain components, 

11 , 
22  and 

12  are the stress components, E1, 

E2, G12, and v12 are the lamina elastic constants, while 
1d , 

2d  and 
6d  are the scalar damage 

variables associated with fibre, matrix and shear damage, respectively. In the simplest progressive 
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failure models [96], [97], 
id  are constant values between 0 and 1 which were determined using 

semi-empirical methods, i.e. by tuning the values to experimental results. Such approaches have 

for example been used to predict the strength of mechanically fastened joints [96], or the open-

hole tensile strength [97], [98] in composite laminates. These simple models do not always 

accurately represent the actual damage process since the degradation methodology is semi-

empirical and relies on the tuning of the 
id  values rather than being based on measured material 

properties. Nevertheless, the approach captures the progressive nature of damage in 

multidirectional laminates and is simple to implement in e.g. a FE model. To improve failure 

prediction, intra-laminar damage evolution in composites has primarily been investigated using 

the framework of continuum damage mechanics (CDM) [10], [15], [17]–[20], [99]. In these 

models, the evolution of 
id  is typically linked to the fracture toughness values combined with 

appropriate softening laws associated with the different damage modes. The CDM in [17] is used 

in Chapter 6 to predict the open-hole specimen strength in specimens subjected to combined 

tension/compression and shear loading. The resultant uniaxial stress-strain curves based on the 

CDM proposed in [17] are shown as an example in Figure 2.16. The CDM will be discussed in 

more details in Chapter 6. 

 

Figure 2.16, The uniaxial stress-strain responses in (a) longitudinal tension, (b) longitudinal 

compression, (c) transverse tension and compression and (d) in-plane shear [17]. 

Some of the fracture toughness values used in the CDM (see Figure 2.16) can be determined using 

standard tests. Note that the symbol 
 iG  is used for the ply fracture toughness to differentiate it 

from the interface toughness (
IcG , 

IIcG ). For example, the transverse tensile toughness 
 2+G  in 

Figure 2.16 (c) is obtained using the DCB test, while the shear toughness 
 6G  in Figure 2.16 (d) 

is obtained using the ENF test. The fibre longitudinal tensile (
 1+G - see Figure 2.16 (a)) and 

compressive (
 1-G - Figure 2.16 (b)) toughness values have both been measured using non-

standardized approaches based on the compact tension (CT) [100] or double edge cracked (DEC) 

[101], [102] specimen tests. Damage evolution in CDMs is therefore linked to these measurable 

physical properties of the material, overcoming some of the limitations in the simple progressive 

damage models. They represent the physics of damage more closely than the models in  [96], [97] 

and are more applicable to general material systems. However, experimental data on the intra-



34 

 

laminar fracture toughness is rare and no consensus has been reached on standard characterisation 

methods. Furthermore, the softening laws used in the CDMs are typically controlled by additional 

shape parameters (
XCf , 

XTf , 
GTf  - Figure 2.16) for which no experimental test methods exist 

yet and which are often obtained based on analytical or micromechanical models or inverse 

identification using iterative FE updating [17]. 

One of the limitations of the CDM approach is its dependence on the mesh: although mesh size 

dependency has been successfully addressed by Bažant’s crack band theory [103], there remains 

a mesh induced directional bias on crack growth in UD FRP composites. This can be addressed 

with the use of fibre-aligned meshes which is not easy to achieve in all cases [15], [41]. A further 

limitation of the CDMs is their reduced capability to accurately describe the interaction effects 

between different failure mechanisms, i.e. between transverse matrix cracking and delamination, 

because the predicted failure patterns are not physical, i.e. matrix cracks are not represented 

discreetly. Instead, in CDMs the discrete damage is ‘smeared’ over the size of the element (in the 

FE modelling framework) [22]. For these reasons, mesh independent crack modelling techniques 

have recently been proposed, where evolving displacement discontinuities (e.g. cracks) in solids 

are modelled discretely, instead of ‘smeared’ as in the CDM approach. These discrete damage 

modelling (DDM) approaches are based on the concept of the eXtended FE method (x-FEM) and 

its variations [104]–[106]. These approaches do not need a priori knowledge of the location of a 

crack and they potentially can account for interaction effects between failure modes more 

accurately than CDMs. 

2.5 Inter-laminar failure (delamination) 

Due to the relatively weak inter-laminar strength of composites, failure at the interface between 

the plies (delamination - Figure 2.17) is a common type of damage in multidirectional 

laminates [107].  

 

Figure 2.17, Example of a uniaxial tensile specimen that failed with excessive delamination [108].  

Delamination occurs in situations where the through-thickness stresses are high, for example 

during an impact or due to high through-thickness stress concentrations at the free edges of a 

laminate, holes, notches, stiffener terminations, ply-drops, flanges, and joints [108], [109]. 
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Delamination initiation is commonly predicted by a quadratic criterion based on the through-

thickness normal 
3( )  and shear 

13( , 
23 )  stresses as in [110]: 

3 13 23

2
1

N S

  +
+ =    (2.49) 

where N is the through-thickness normal strength and S  is the interlaminar shear strength (ILSS) 

and where the Macaulay bracket ensures that only positive (or tensile) normal stresses trigger 

delamination. The inter-laminar normal and shear strengths can be measured using standard test 

methods: typically the flatwise tensile test [111] is used for determining the through-thickness 

normal strength, and the short beam shear (SBS) test [112] is used to measure ILSS. Other criteria 

are based on principal strains [113], or account for the shear strength enhancement (See also 

Section 2.4.2) when through-the-thickness pressure is applied [36], [69]. 

The analysis of delamination growth (progressive failure) is usually based on fracture mechanics 

methods [109]. One of which is the cohesive zone model (CZM), which is essentially a 

constitutive law for interfaces. The advantage of CZMs over alternative fracture mechanics 

methods, such as the virtual crack closure technique (VCCT) [114], is their capability to predict 

both the onset and propagation of delamination without previous knowledge of the crack location 

or the propagation direction within the cohesive zone. However, when CZMs are used, the 

potential delamination planes need to be known a priori, i.e. cracks will only initiate and grow 

within the cohesive zone defined during model set-up. In multidirectional composite laminates, 

the planes of delamination are well defined, i.e. CZMs can be placed at the interfaces of plies. 

Thus, CZMs are a powerful tool for the simulation of delamination in composite structures 

subjected to general loading configurations [109]. For intra-laminar damage, crack planes are not 

known a priori, making CZMs less attractive. 

In the following, the CZM concept is introduced based on the models proposed by 

Camanho et al. [109] and Turon et al. [107]. The described model is native to the commercial FE 

software ABAQUS [115] and is used in Chapter 6 for the prediction of delamination in open-hole 

specimens subjected to combined tension/compression and shear. The CZM concept assumes that 

there is a fracture process zone forming ahead of the delamination crack tip as shown in Figure 

2.18 for the example of single mode II, III (Figure 2.18 (a) and I (Figure 2.18 (b)) loading, 

respectively. 
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Figure 2.18, Cohesive zone model (CZM) concept: (a) Single mode II and III shear modes in an 

end notched flexure (ENF) test and associated constitutive law, and (b) single mode I opening 

mode in a cantilever beam (DCB) test and associated constitutive law [109]. 

Tractions (
i ) and separations (

i ) at the crack tip are introduced, where i = 1, 2, 3 denotes the 

shear, scissoring and normal opening modes. Initially, a high stiffness (‘penalty’ stiffness KP) is 

used to represent the undamaged stiff bonding between the top and bottom faces of the cohesive 

interface (point 0 – 2 in Figure 2.18). It is assumed that tractions are proportional to the separations 

of the faces and that they decrease from the stresses at crack initiation ( 0

i ) to zero within the 

fracture process zone (1 to 4 in Figure 2.18). Different shapes have been proposed for the 

softening law after the onset of damage ( 0

3  in Figure 2.18) ranging from simple linear, to bi-

linear, to exponential laws [115]. The area under the traction-separation curves are associated 

with the respective mode I, II and III fracture toughness (GIC, GIIC, GIIIC). Unloading is possible 

and follows along the line 3-0 in Figure 2.18 (b) with the slope corresponding to the damaged 

material stiffness (1 ) Pd K−  where d is a scalar damage variable. To account for mixed-mode 

loading (combination of opening, shear and scissoring modes), which is commonly the case in 

composite structures subjected to general loading, a mixed-mode traction-separation law must be 

defined, an illustration of which is shown in Figure 2.19. 
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Figure 2.19, Mixed-mode traction-separation relationship and damage law for CZM [9]. 

The mixed-mode traction-separation law includes a mixed-mode damage onset criterion, which 

could for example be based on the quadratic interaction proposed in Equation (2.49) [115]. Other 

proposed delamination onset criteria also use the maximum stress criterion similar to 

Equation (2.1) or criteria based on the separations instead of the tractions at the interfaces. Upon 

onset of damage a mixed-mode damage evolution criterion and a fracture criterion which predicts 

complete decohesion of the interface are needed [115]. The formulations of the model used in 

Chapter 6 are introduced in the following. The traction-separation relationships are described by:   

3

1 1

2 2

3 3

3

(1 )

(1 )

(1 )     if 0

             otherwise

P

P

P

P

d K

d K

d K

K

 

 

 




= −

= −

− 
= 


   (2.50) 

where d = 0 when the interface is undamaged and where d = 1 at complete decohesion of the 

interface. Assuming a linear damage evolution law, d can be expressed as: 
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where max

m is the maximum mixed-mode displacement in the loading history, 0

m  is the mixed-

mode displacement at the onset of damage and f

m is the mixed-mode displacement at complete 

decohesion of the interface – see Figure 2.19. Damage onset is predicted using a quadratic failure 

criterion based on the stresses at the interface similar to Equation (2.49): 
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The total mixed-mode relative displacement ( )m  is introduced as: 

2 22 2 2

1 2 3m sh n     = + + = +    (2.53) 

where 
sh  is the norm of the vector defining the combined in-plane shear and scissoring relative 

displacements between the faces and where 
3  is from now on labelled as 

n  to differentiate the 

normal from the shear opening mode. The work-conjugate traction to 
m  is given by: 

2 2

m n sh  = +    (2.54)  

Based on the tractions before the onset of softening 
i P iK = and assuming 0 0 0

1 2 sh  = = , the 

single mode relative displacements at damage onset are: 
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The mixed-mode relative displacement at the onset of softening 0( )m  is then obtained by 

substituting Equations (2.53) to (2.56) into (2.52) and solving for 0

m , which yields: 
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where β is the mode-mixity ratio / nsh  . When β = 0, Equation (2.57) returns 0 0

m n =  for single 

mode I loading and when  →  Equation (2.57) returns 0 0

n sh =  for single mode II loading. 

Complete decohesion is predicted by the Benzeggah-Kenane fracture criterion (B-K criterion), 

which is particularly useful when the fracture toughness values for shear and scissoring 

deformations are the same, as is usually assumed for delamination [109]: 

( )

B K

II
C Ic IIc Ic

I II

G
G G G G

G G

 −

 
= + −  

+ 
   (2.58) 

where 
CG  is the effective fracture toughness under mixed-mode loading, 

IG  and 
IIG  are the 

energy release rates for mode I and II, and ηB-K is the mixed-mode interaction parameter. Based 

on the effective fracture toughness for mixed-mode loading in Equation (2.58), f

m  can be 

calculated as:  

0/2f

m mCG =   (2.59) 
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where 0

m  is the traction at damage onset in mixed-mode loading given by Equation (2.54). 

Inserting Equations  (2.57) and (2.59) into (2.51), the damage variable is now defined.  

The model requires the input of the fracture toughness values (GIC  and GIIC) which can be 

measured using the DCB [86] test for mode I and the ENF [87] test for mode II. ηB-K is measured 

using the mixed-mode bending (MMB) test specimen [116]. The standard tests recommend the 

use of UD laminates for the characterisation of the interface toughness, although the relative fibre 

orientation at interfaces in multidirectional laminates may influence toughness. Commonly these 

effects are ignored in the current modelling frameworks, while specialised tests to characterise 

angle-ply interfaces are being developed [117]. 

2.6 The open-hole tensile test: a small-scale structural test 

The notched or open-hole strength of composite laminates is important to designers, since it can 

be a limiting factor for the integrity of a structure. Therefore, standard tests exist for the 

determination of both the open-hole tensile (OHT) [118] and compressive (OHC) [119] strengths. 

Experimental studies have shown that the laminate lay-up and the size of the hole in the open-

hole tension (OHT) test have a significant influence on damage initiation, evolution and the open-

hole strength of multidirectional composite laminates [120]. The presence of a stress raiser (notch 

or hole) causes a wide range of effects not present in unnotched material tests, but common to 

composite structures. The OHT test is therefore not a true material test but a small scale structural 

test which is useful to study complex interaction effects in the failure of laminates; the 

understanding of which is crucial to improve the strength and damage tolerance of composite 

structures [121], as well as for the development of progressive failure models as discussed in 

Sections 2.4.4 and 2.5. 

Green et al. [120] conducted open-hole uniaxial tension tests on a family of quasi-isotropic 

carbon/epoxy laminates where a different number, n, of UD plies of the same fibre orientation 

were blocked together, i.e. ([45n/90n/−45n/0n]s), or where sub-laminates were stacked together in 

a [45/90/−45/0]ns configuration, in which case the UD plies are dispersed through the thickness 

instead of blocked together. The blocked ply laminate will also be referred to as the ‘thick’ ply 

laminate, whereas the dispersed ply laminate will be referred to as the ‘thin’ ply laminate. 

Specimens as shown in Figure 2.20 with constant width to hole (w/D) and length to hole ratios 

(L/D) were tested with hole diameters ranging from 1.6 mm to 50.8 mm.  
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Figure 2.20, Open-hole specimen geometry used in [121]. 

Figure 2.21 illustrates the three distinctly different failure mechanisms observed across all 

laminate and hole size configurations. They are the results of a cascade of interacting failure 

events ranging from sub-critical matrix cracking, to delamination, to fibre failure [9], [108], [120].  

 

Figure 2.21, Failure mechanisms observed in OHT tests of quasi-isotropic carbon/epoxy 

laminates: (a) brittle failure for laminates with thin dispersed plies, (b) fibre pull-out failure for 

intermediate thick dispersed plies, and (c) delamination failure in Laminates with thick blocked 

plies [121]. 

The type of failure mechanism is directly related to the measured open-hole strength as a function 

of laminate lay-up and hole size as shown in Figure 2.22.  

 

Figure 2.22, Effect of ply thickness and hole size on the OHT strength of 4 mm thick quasi-

isotropic carbon/epoxy laminates with W/D = 5 [120]. 
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The OHT strength increases in Figure 2.22 with hole size for blocked plies (thick plies) while it 

decreases for laminates with dispersed plies (thin plies). In thin ply laminates, the failure 

mechanism in specimens with small holes is a fibre pull-out type failure (Figure 2.21 (b)) and 

transitions into brittle failure (Figure 2.21 (a)) when the hole size is increased. Thick ply laminates 

fail predominantly in a delamination type failure (Figure 2.21 (c)) while for small holes the failure 

type transitions to a fibre pull-out type failure (Figure 2.21 (b)). Three main mechanisms have 

been identified that are responsible for the lay-up and the hole size effects observed in Figure 2.21 

and in Figure 2.22: 

1) Delamination propagates more easily for thick than thin plies, which is due to their higher 

delamination energy release rate [122]. Furthermore, delamination is often related to sub-

critical matrix cracking, which is delayed in thin ply laminates as shown in Section 2.4.2. 

This implies that thick ply laminates are more prone to delamination failure than thin ply 

laminates which supports the observations from Figure 2.21. 

2) The migration of delamination through-the-thickness of the laminate from one ply interface 

to another is supressed at the 0° plies. This means that the through-thickness migration of 

delamination is supressed in thin ply laminates where 0° plies acting as crack arrests are 

dispersed through-the-thickness [120]. 

3) Asymmetric fibre splits in the 0° plies to both sides of the hole, as shown in Figure 2.23, 

occur before ultimate load and lead to a redistribution of the stresses at the hole, which 

‘blunts’ the stress concentration. The blunting effect is more significant in specimens with 

small holes than in specimens with large holes, where the longitudinal fibre splits in the 

specimens with the small hole (Figure 2.23 (a)) propagate further into the specimen [9]. 

 

Figure 2.23, x-ray image for 4 mm thick ply-level scaled (thick ply) laminate with (a) 3.175 mm 

and (b) 12.7 mm holes loaded to 80% of their failure loads [9]. 

For thin ply specimens, the open-hole strength reduces with increased hole size (see Figure 2.22). 

This is directly related to the decreased blunting effect of large holes as described under 3) and 

shown in Figure 2.23. Because delamination in the thin ply laminates is supressed as described in 

1) and 2), brittle failure susceptible to the notch blunting effect is governing the open-hole 
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strength. On the other hand, in thick ply laminates, the trend in Figure 2.22 is the opposite and the 

open-hole strength increases with hole size. Introducing the ligament width in Figure 2.23 (a) as 

the width of the undamaged part of the 0° plies after fibre splitting at the hole, Wisnom et al. [108] 

related the open-hole strength in thick ply laminates to the width of the ligament to ply thickness 

ratio. Specimens fail due to delamination propagating right across the width of the gauge, 

especially for small hole sizes with narrow ligaments. Therefore, delamination as the dominating 

failure mechanism gives rise to an increase in strength with hole size when the ratio of W/D is 

kept constant, because it is harder for the delamination to propagate across wider ligaments. 

It has been shown that failure mechanisms and the strength in open-hole tests are dependent of 

the specimen geometry and the laminate lay-up. Thus, the test is rather a small-scale structural 

test instead of a ‘true’ material test [123]. Due to the size and lay-up effects observed 

experimentally, the test is challenging to simulate. Exactly for this reason, the test is an ideal 

validation case for advanced progressive failure models, i.e. ‘virtual testing’ techniques. 

Progressive failure in coupon specimens is typically simulated using FE-based models formulated 

on the meso-scale as shown in Figure 2.24, i.e. where the homogenised UD ply is the basic 

building block [17].  

 

Figure 2.24, Typical meso-scale FE modelling framework to predict progressive damage in 

multidirectional laminates [23]. 

Intra-laminar damage is then predicted using intra-laminar failure and damage models similar to 

the one described in Section 2.4, while delamination is typically modelled using CZMs as 

introduced in Section 2.5. The discretisation of the laminate at the meso-scale is particularly 

useful because laminate lay-up effects can be accounted for, while most of the basic ply properties 

can be obtained with relatively simple mechanical tests [17]. Based on the conducted literature 

review, current progressive failure models, as shown for example in Figure 2.24, are able to 

predict the open-hole tensile strength of multidirectional laminates made from typical aerospace 

grade, autoclave consolidated, well characterised carbon/epoxy prepreg systems within a mean 

relative error of 10% [8]–[20]. It is observed from the literature, that commonly the same 
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carbon/epoxy prepreg material systems (e.g. IM7/8552, AS4/8552, T800/M21) are used to 

develop and validate such modelling frameworks. Although the models are physics-based and 

can be expected to be capable of dealing with a wide range of material systems, their predictive 

capability for other types of material systems, made from different fibres (e.g. glass, aramid, flax, 

etc.), different resins (e.g. thermoplastics instead of thermosets) or manufactured differently (e.g. 

using out-of-autoclave prepregs or resin infusion), are not well established. [17], [19] 

2.7 Multiaxial testing on the coupon scale 

Multiaxial coupon testing has led to a better understanding of stress interaction effects on the 

nonlinear constitutive response and failure behaviour of composites [124]. Early multiaxial 

testing was primarily carried out using tubular specimens subjected to combined axial 

tension/compression, torsion and/or internal/external pressure loading. The primary aim of 

multiaxial testing performed in [38], [91], [125]–[131] was to obtain failure envelopes that could 

be used to develop/validate failure criteria for FRP composites. Other studies were more 

concerned with the effect of combined stress states on the nonlinear constitutive response of FRP 

composites [37], [132]. Tubular specimens are versatile as it is possible to induce a large variety 

of relatively well-defined combined stress states (tension-tension, tension-compression, 

compression-compression, tension-shear, compression-shear, etc.) in the walls of the specimen 

due to the absence of free edges. However, to apply the multiaxial loading, complex and 

expensive custom-made experimental equipment is required. While tubular specimens are ideally 

suited to characterise material systems used in cylindrical components, e.g. made by filament 

winding, they are impractical to characterise the mostly flat and laminated composites used for 

primary structural components in e.g. the aerospace sector. The fibre architecture and geometry 

of filament wound tubes is not representative of flat and discretely layered laminates, i.e. their 

fibre architecture is inherently different, especially in the case of multidirectional laminates as 

was pointed out in [75]. Furthermore, the tubular specimens require specialised manufacturing 

procedures outside the production lines of composite manufacturers, which makes tubular 

specimens in many cases unsuitable for material characterisation. 

Overcoming some of the limitations of tubular specimens, biaxial tests on flat and laminated 

material have been conducted using two-actuator biaxial testing machines. Different stress states 

have been investigated; Hsu et al. [56], [57] studied the nonlinear behaviour of AS4/PEEK 

subjected to combined transverse compression and shear, while cruciform specimens on two-

actuator testing machines have often been used to subject composites to combined tension-

tension, tension-compression or compression-compression loading [133]–[136]. The primary aim 

of the studies in [133]–[136] was to seek a method to measure the biaxial strength of the tested 

material to validate failure criteria. The need for a well-defined biaxial stress/strain state and the 

challenge to avoid spurious failure modes (e.g. failure at the specimen edges) has led to studies 
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focusing on shape optimisation of cruciform specimens [137]–[140]. Other studies, using biaxial 

testing machines, investigated the effect of through-thickness compression on the tensile 

strength [141] and on the inter-laminar shear strength [142]. Some researchers were less 

concerned with measuring the ‘true’ biaxial material strengths, but focused on the characterisation 

of the damage sequence of the specimen [41], [143], [144], using advanced experimental 

techniques such as DIC or x-ray CT combined with the multiaxial load frame. Their main aim 

was to provide validation data for advanced numerical techniques, i.e. ‘virtual testing’ techniques, 

under general loading conditions. For combined tension-shear and moderate compression-shear 

testing, several authors have used different variations of the original Arcan fixture [25], [26]. 

Compared to the tests on tubular specimens or on two-actuator biaxial testing machines, the Arcan 

fixture is relatively simple and can be easily fit in universal testing machines. Arcan type rigs 

have often been used to investigate material behaviour in the tension-shear stress space. The test 

method has been used to measure the shear modulus of AS4/PEEK [145], to obtain the through-

thickness tension-shear failure envelope of UD glass/epoxy [146], to obtain the in-plane tension-

shear failure envelope of pultruded FRPs [147] and discontinuous FRP composites [148], to 

investigate mixed-mode fracture toughness [149], [150], and to characterise the biaxial properties 

of polymer foam core materials [151]. Furthermore, Tan et al. [7], [152] used an Arcan rig to 

investigate lay-up effects on the tension-shear open-hole specimen strength of quasi-isotropic 

carbon/epoxy laminates. The focus of the test was on the characterisation of the damage sequence, 

employing x-ray CT and post-mortem de-ply techniques for the visualisation of damage. The data 

was then used for the validation of a progressive damage model. The combined compression-

shear loading regime was not investigated in [7], [152]. 

In contrast to the combined tension-shear loading regime, the combined compression-shear 

loading regime has rarely been investigated using an Arcan type fixture, because compressive 

testing requires the rig to be stabilised against out-of-plane displacements (buckling). 

Petersen et al. [92] suggested to stabilise an Arcan type rig using the pillars of the universal testing 

machine as the ‘anti-buckling guide rails’ and measured the friction coefficients in Cuntze’s [43] 

failure mode concept-based failure theory (see Section 2.4.2). The idea is similar to the one 

adopted for the MAF used in this thesis, where anti-buckling rails are mounted directly on the test 

rig itself (see Figure 1.2). 

2.8 Summary and identified knowledge gaps 

The literature review has shown that the nonlinear constitutive response and failure behaviour of 

FRP composites has been studied extensively over the last five decades and that the underlying 

physics is qualitatively well understood. However, the current predictive capability of state-of-

the-art failure models for many composite material systems under general loading conditions is 

still relatively poor (e.g. in comparison to metals) and moreover not sufficiently well assessed. 
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Therefore, there is a clear need to validate and improve such models, which also requires the 

development of suitable test methods to generate the experimental data needed. Thus, the 

identified need for experimental data for model development and validation is addressed 

throughout the thesis. 

The literature review has further shown that multiaxial testing has been a useful tool to study the 

nonlinear constitutive response, and stress state dependent failure modes of composite materials. 

The aim of several authors was to obtain ‘true’ material failure envelopes and stress-strain curves 

which should be equivalent/representative to the response of a single material point subjected to 

the investigated multiaxial stress state. Such data is suited for the calibration/validation of failure 

theories as discussed in Sections 2.3 and 2.4, or for fitting nonlinear material models as discussed 

in Section 2.2.3. In this multiaxial testing approach, it is desired that failure occurs in the gauge 

section under well-defined and uniform stress/strain states which is difficult to achieve. As there 

is no consensus reached on a preferable multiaxial test method to generate such data, the potential 

of the MAF will be assessed in Chapter 3 and 4 to calibrate and validate contemporary failure 

theories and to develop/calibrate a nonlinear constitutive model for UD composites.  

The literature review has further shown that lay-up effects on the strength and failure behaviour 

of multidirectional laminates have commonly been investigated using uniaxial tests, while only 

few studies have considered the effect of laminate lay-up under multiaxial loading. This even 

though failure in composite laminates depends both on the laminate lay-up and the stress state. 

Thus, lay-up effects in laminates subjected to multiaxial loading are not sufficiently well 

understood and therefore the knowledge gap identified in the literature is addressed in Chapter 5. 

Another motivation for multiaxial testing has arisen due to the advent of powerful predictive 

modelling frameworks, usually based on the FE method, for the ‘virtual testing’ of composites. 

The development of such ‘virtual testing’ techniques is the result of the vastly improved 

understanding of the physics of failure in FRP, in combination with the availability of increased 

computing power. It was shown in Section 2.6 that open-hole tests are a preferred validation case 

for ‘virtual testing’ techniques. This is because failure behaviour and open-hole specimen strength 

is influenced by the composite constituents, the laminate lay-up and the size of the specimen. It 

is therefore a demanding and thus valuable validation test case for ‘virtual testing’ techniques. 

State-of-the-art models show promising predictive capabilities (e.g. predict OHT strength within 

10% of the experimental value [17]) and have the potential to be integrated in the design and 

certification of high-performance structures as part of the ‘pyramid of tests’ (see Figure 1.1). 

While the ability of the state-of-the-art ‘virtual testing’ techniques to predict lay-up and size 

effects on well-characterised material systems has been confirmed under uniaxial loading, their 

ability to predict the open-hole specimen strength in laminates subjected to multiaxial loading has 

rarely been assessed. This knowledge gap is addressed in Chapter 6 where a meso-scale modelling 
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framework similar to the one illustrated in Figure 2.24 is used to simulate the multiaxial tests 

conducted in Chapter 5.  

In validation tests for ‘virtual testing’, the specimen can be regarded as a ‘mini’ structure and 

therefore a well-defined uniform stress/strain state within the specimen gauge is not as critical as 

in a material property characterisation test. Instead it is more important that failure events (often 

discrete in composites) can be observed and visualised. Multiaxial coupon tests have been 

identified as a simple means to increase the complexity of a test to further validate predictive 

tools. Thus, the potential of the multiaxial MAF test to advance the validation of modelling 

techniques through small-scale multiaxial coupon testing where the specimen is regarded as a 

mini structure, is explored in Chapter 6. 

 

 



 

  

Initial MAF testing – concepts, 

opportunities, and limitations 

3.1 Introduction 

In this Chapter, the modified Arcan fixture or MAF developed by Taher et al. [29] is used for 

combined tension/compression and shear testing for a range of FRP laminates. The MAF is 

commissioned on a unidirectional (UD), and two multidirectional [−/+60]3s and [+/−30]3s angle 

ply laminates made from UD glass fibre-reinforced epoxy plies. The aim of the initial testing 

program is to identify the opportunities and limitations of the MAF test set-up and to inform the 

future direction of the research in this thesis. 

The chapter starts with a description of the initially proposed MAF test set-up. Inspired by the 

original Arcan test [25], [26], butterfly shaped specimens are used. A methodology is proposed 

to derive the apparent nonlinear shear and transverse normal stress-strain curves of the UD 

composite subjected to combined loading based on 2D digital image correlation (DIC). 

Furthermore, tension/compression and shear failure envelopes for both the UD and MD laminates 

were derived. Based on the UD laminate test results, the maximum stress [2], Tsai-Wu’s [61]–

[63], Puck’s IFF [36], [69] and the LaRC03 [30] failure criterion are calibrated and used to predict 

first-ply failure in the tested multidirectional laminates. Stress/strain states calculated using linear 

elastic CLT [2] are used to inform the failure criteria, but also to better understand the failure 

behaviour observed in the multidirectional laminates. Predicted failure envelopes and failure 

modes for the multidirectional laminates are then compared against the experimental ones. To 

validate the predicted sub-surface failure modes, selected multidirectional specimens are also x-

ray CT scanned post-mortem. 

At last, opportunities and limitations of the MAF test-set up for the characterisation of FRP 

composites are discussed and determine the research carried out in the follow up Chapters of the 

thesis.  

The work presented in this Chapter has contributed to the first journal paper published in 

Composite Structures (see Chapter 7, Section 7.3). 
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3.2 Experimental set-up 

The front and side view of the modified Arcan fixture (MAF) [29] used in this chapter, is shown 

in Figure 3.1.  

 

Figure 3.1, The modified Arcan fixture (MAF) designed by Taher et al. [29]: (a) front view, and 

(b) side view. 

Its novel features in comparison to the original Arcan fixture [25], [26] are the anti-buckling rail 

assemblies and the boomerang shaped loading arms, which ensure that even in compressive test 

cases the load (P) applied to the MAF is always tensile (see Figure 3.1 (a)). Both features prevent 

out-of-plane displacements of the MAF under compressive loading and thus enable testing not 

only in the combined tension-shear but also in the combined compression-shear loading regime. 

The MAF arms are made of 40 mm thick high strength aluminium alloy Alumec 89. The specimen 

(shown in red in Figure 3.1) is secured to the fixture by mechanical friction grips made from 

Uddeholm Impax Supreme steel via four M6 bolts tightened to 5 Nm of torque (the recommended 

maximum value). The bolts providing the mechanical clamping force to grip the specimens go 

through the tabbed section of the specimen and help with the alignment of the specimen. The 

grips have knurled surfaces to increase the resultant gripping force. The anti-buckling rails are 

made from 20 mm diameter steel rods connecting the two loading arms. They are guided by 

friction bearings sitting in aluminium bushing houses. The bushing houses are attached to rods 

connecting the buckling rail assemblies on both sides of the MAF (Figure 3.1 (b)). The steel rods 

are ball bearing mounted within the bearing bases attached to the MAF arms. The design ensures 

that in-plane (xy-plane) displacements are unconstrained while out-of-plane displacements are 

supressed, so that the specimens can be loaded under an in-plane biaxial stress state according to 
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the choice of the pin hole pairs defined by the MAF loading angle α as shown in Figure 3.1 (a). 

The angle α can be adjusted in increments of 15° and controls the induced biaxial load case from 

pure tension (α = 0°), over combined tension-shear (α = 15° - 75°), pure shear (α = 90°), 

combined compression-shear (α = 115° - 165°), to pure compression (α = 180°). The MAF is 

connected via two double-sided fork-lugs to a standard universal testing machine (see Figure 3.1 

(b)). The MAF assembly is designed to a safe working load of 100 kN with a factor of safety 

against yielding of 1.5. For the experiments described in this chapter, butterfly specimens were 

used as shown in Figure 3.2.  

 

Figure 3.2, Butterfly-shaped specimen: (a) side view, (b) plane view, and (c) laminate lay-ups 

considered and definition of the fibre orientation angle θ. The representative gauges section is 

highlighted red. The dimensions are shown in mm. 

The design choice of the butterfly-shaped specimen is similar to the specimen proposed by 

Arcan et al. [25], [26] and the specimens used for shear testing in the standardized V-notched rail 

shear [84], and the V-notched beam (Iosipescu) test methods [85]. The geometry provides a 

relatively uniform shear stress/strain state within the representative gauge section (red in Figure 

3.2 (b)) and promotes failure at the waisted gauge. The gauge has a width (w) of 28.56 mm, an 

average thickness (t) of 2.9 mm, a gauge length (lg) of 24 mm, whereas the notch radius is 5 mm. 

Plates were laminated from twelve layers of UD E-glass/epoxy RP-528 UT300 E00 M32 prepregs 

from PRF Composite Materials [153] according to the lay-ups shown in Figure 3.2 (c). The 

laminates were cured in the autoclave at 120 °C and a total pressure of 6.2 bar, according to the 

manufacturer’s data sheet [153]. The plates were cut into stripes with the width equal to the total 

length of the specimen (60 mm), after which 1 mm thick glass/epoxy cross ply tabs were bonded 

to the stripes (see  Figure 3.2 (a)) using thin film epoxy adhesive SA80 from Gurit [154]. The 

specimens were then waterjet cut from the tabbed stripes according to the drawing in Figure 

3.2 (b). 
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Upon reflection, the described specimen manufacturing process has proven impractical: firstly, 

when specimens are water jet cut, the cutting material is preferably flat for the best cutting 

precision and minimal cutting costs, i.e. specimen should not be tabbed prior to cutting. Therefore, 

a manufacturing process where the specimens and tabs are assembled after water jet cutting would 

be preferred. The use of SA80 thin film has proven impractical as well: not only does the process 

require a lengthy 12h cure at 80 °C, but the post-cure also requires the tabbed stripes to be 

stabilised/supported in order to avoid thermally induced deformations. The use of thin film epoxy 

for specimen tabbing is therefore discouraged for future work, instead adhesive pastes should be 

considered. An improved alternative tabbing process is proposed in Chapter 5. 

The experimental set-up is shown in Figure 3.3 and consists of the MAF installed on an Instron 

100 kN 5800 servo-hydraulic test machine and two 2D DIC systems targeted at the front and the 

back side of the specimen, respectively. 

 

Figure 3.3, Experimental set-up with the MAF installed on the Instron test machine and the DIC 

equipment prepared (Image courtesy of Dr K.W. Gan). 

Two white-light DIC cameras type 5 M Imager E-Lite with a 12 bit dynamic range equipped with 

C-mounts and Sigma 105 mm lenses were positioned approximately 750 mm away from the front 

and the back of the specimen. For image correlation, black speckles (approximate size 5 – 15 

pixels) were spray painted on a white background. NILA ZAILA led lights were used for 

illumination. The DIC system specifications and the achieved displacement and strain resolutions 

are reported in Table 3.1. The displacement fields are exported from the DIC software Davis and 

are port-processed using a purpose-written python code, where the strains are obtained using the 

gradient function in Python, NumPy [155] which utilizes central differences in the interior and 

forward or backward differences at the edges of the data array. 
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Table 3.1, DIC system specifications for the measurement of the stress-strain curves. 

Hardware (2D DIC)  

Camera Imager E-lite 5M 

Sensor and digitisation [pixels] 2448 × 2050, 12 bit 

Lens Sigma 105 mm f/2.8 

Imaging distance [mm] ~ 750 

Lighting NILA ZAILA Led lights 

Pixel resolution ~ 1 px = 22 μm 

Magnification 0.123 

Analysis parameters  

DIC Software La Vision DaVis 8.3.1 [156] 

Subset size [pixels] / Step size [pixels] 51 / 25 

Interpolator 6th order spline 

Spatial pre-filtering of displacements None 

Strain calculation  Using gradient function from Python, NumPy 

library (central difference scheme) [155] 

System performance2  

Displacement noise floor [px] u ≈ 0.004 / v ≈ 0.006 

Strain noise floor [%] 
xx

≈ 0.006 / yy ≈ 0.006 / xy ≈ 0.011 

 

Before the start of a test, the MAF was pre-tensioned to approximately 0.2 kN to take up initial 

slack in the pin fittings. Image acquisition was then triggered at a rate of 2 Hz before the specimen 

was loaded in displacement control at a rate of 1 mm/min. 

  

 

2 The system performance (precision) values reported are only indicative. The precision varies from test to 

test due to DIC system realignment and the quality of the spray painted speckle patterns. 
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3.3 Derivation of stress-strain curves based on DIC measurement 

Apparent normal and shear stress-strain curves were derived for the UD [90]12 laminate (see 

Figure 3.2 (c)) in the full combined tension/compression and shear loading regimes based on the 

average stresses and strains in the specimen’s gauge section (red in Figure 3.2 (b)). The average 

normal 
22( )  and shear 

21( )  stresses are obtained based on the applied load (P), the loading 

angle (α), the gauge section width (w) and thickness (t) as: 

22

21
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sin( )

y

y

yy

x

x

y

N P

wt wt

N P
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  
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= = =

= = =

  (3.1) 

where Ny is the normal and the Nyx is the shearing component of P. In case of a multidirectional 

laminate, the stress/strain components derived from the applied loading, are expressed in the 

global coordinate system designated by the xy- subscripts as shown in Figure 3.4. In the case of a 

UD [90] laminate, the local material x1-x2- coordinate system is equivalent with the global xy-

coordinate system and is conveniently used to describe the induced stress state. During testing, 

the DIC cameras were always aligned with the specimen xy- coordinate system as shown in Figure 

3.4. Thus, the DIC cameras had to be realigned and rotated by the loading angle α for each biaxial 

load case. The realignment procedure improved the spatial resolution of the images of the 

specimens within the camera field of view. 

 

Figure 3.4, DIC system set-up with the DIC cameras aligned with the specimen xy- coordinate 

system. 

Considering now the UD [90]12 laminate, typical strain fields obtained on the front side of  

specimens loaded to approximately 75% of their ultimate failure loads for a transverse tension 

(α = 0°) and a shear (α = 90°) load case are shown in Figure 3.5. 
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Figure 3.5, Example DIC strain maps with the ROI  (purple box) indicated for a UD [90]12 

specimen subjected to transverse tension (α = 0°) (a) and (b), and shear (α = 90°) (c) and (d). 

These two load cases are chosen, because the strain fields in the combined load cases are 

superpositions of the fields shown, i.e. the maps in Figure 3.5 show the relevant features (strain 

concentrations) observed across all the biaxial tests. It is observed from Figure 3.5 (a), that the 

shear strain in the gauge section of a specimen loaded in tension is approximately zero and 

constant across the gauge width, while shear strain concentrations exist to both sides of the 

notches (A in Figure 3.5 (a)). The normal strains are constant across most part of the gauge 

section, with high strain gradients in the vicinity of the notches (B in Figure 3.5 (b)). Hence, a 

complex stress state around the notches exist with high transverse normal and shear strains. When 

the specimens are loaded in shear (Figure 3.5 (c)), relatively constant shear strains develop in the 

centre part of the gauge section, while the shear stresses reduce to zero at the notches. Lastly, high 

tensile and compressive transverse strains develop at the sides of the notches (C in Figure 3.5 (d)). 

For the derivation of the apparent stress-strain curves, the average normal 
22( )  and engineering 

shear 
21( )  strains were extracted from the DIC strain fields measured on both sides of the 

specimen in a narrow strip spanning the whole width of the gauge section, excluding the data 

points right at the edges of the specimen (purple boxes in Figure 3.4 and Figure 3.5). The edge 

data was excluded because it is corrupted unless a special numerical treatment is applied [157]. 

Using the average strain across the whole width of the gauge in combination with the average 

stresses in Equation (3.1) yields accurate stress/strain relationships as long as the material 

response is linear elastic, despite the nonuniform strain state in the gauge section as observed in 

Figure 3.5. After the onset of material nonlinearities, the stress-strain curves derived are only 

approximations of the ‘true’ material stress/strain behaviour. The rectangular region of interest 
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(ROI) in Figure 3.4 and Figure 3.5 was chosen to be 3 DIC steps3 high and roughly 50 DIC steps 

wide, depending on the optical magnification of the DIC system which varied slightly from test 

to test due to system realignments. The number of data points in the y-direction (see Figure 3.5) 

may have a small effect on the extracted stress-strain curve in the nonlinear region only and was 

not considered in the current work. The strains extracted from the front (
22

front , 
21

front ) and backside 

(
22

back , 
21

back ) of the specimen where then averaged as:  

22 22 22

1
( )

2

avg front back= +    (3.2) 

 21 21 21

1
( )

2

avg front back  = +   (3.3) 

where
22

avg  and 
22

avg  are the average gauge section strains. 
22

avg  and 
22

avg  are then combined with 

the average gauge section stresses in Equations (3.1) to construct the stress-strain curves. 

Averaging the strains across both sides of the specimen, accounts for rigid out-of-plane body 

motions of the MAF/specimen assembly which may otherwise induce spurious strains into the 

2D DIC strain measurement. The set-up also averages out the effects of possible through-

thickness material variability. In comparison to using a stereo DIC system, the two camera 2D 

DIC system has the advantage of the higher spatial resolution (decreased in stereo DIC due to the 

required stereo angle) and that no stereo calibration, which induces additional uncertainty, is 

required. On the other hand, no out-of-plane displacements maps can be obtained, out-of-plane 

displacements (e.g. out-of-plane bending and through-the-thickness displacement discontinuities) 

cannot easily be identified, and two independent camera systems on both sides of the experimental 

set-up are needed, which may not be practical. It should be noted that there were little differences 

between the strain values obtained from the front and back faces. 

3.4 Experimental results 

3.4.1 [90]12 UD laminate 

Figure 3.6 presents the apparent stress-strain curves derived for the UD [90]12 laminates tested on 

the MAF. Three specimens per loading angle were tested apart from α = 30°, 135° and 165°, 

where only two data sets were included in the analysis. Each stress-strain curve shown in Figure 

3.6 was obtained as a polynomial fit to the three (or two) measured stress-strain curves for each 

loading angle. The experimental raw data, supporting Figure 3.6, is provided in Appendix A. 

Averaged stress-strain curves were derived, because they conveniently illustrate the constitutive, 

 

3 In DIC, the subset ‘element’ for which the correlation algorithm tracks the displacement. The step defines 

the overlap of the subsets where a step size equal to the subset size would mean no overlap. 
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stress state dependent response of the UD composite across the full combined 

tension/compression-shear loading regime. Furthermore, the averaged curves are used in 

Chapter 4 for the calibration of the plasticity-based nonlinear constitutive model. 

 

Figure 3.6, Apparent stress-strain curves obtained with the MAF for different biaxial stress states 

for the [90]12 UD laminate: (a) transvers normal stress-strain curves for the tensile load cases, 

(b) shear stress-strain curves for the tensile load cases, (c) transvers normal stress-strain curves 

for the compressive load cases, and (d) shear stress-strain curves for the compressive load cases. 

The normal 
22 22/  and shear 

21 21/   stress-strain curves derived for the tensile load cases 

(α = 0°, 30°, 45°) are shown in Figure 3.6 (a) and (b), while the stress-strain curves for the 

compressive load cases (α = 120°, 135°, 150°, 165°, 180°) are shown in (c) and (d), respectively. 

The uniaxial shear stress-strain curve (α = 90°) is plotted with both the tensile and compressive 

load cases (Figure 3.6 (b) and (d)) for comparison. It is observed from Figure 3.6 (a) that the 

response to combined tension-shear is close to linear for the tensile dominated cases α = 0° and 

30°. Generally, it is assumed that the stress-strain relationship remains unchanged regardless of 

the combined state of stress (here different combined 
22 21/   stress states). However, 
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counterintuitively, for α = 45°, the apparent normal stress-strain curve deviates from the curves 

obtained in the α = 0° and 30° load cases. This deviation is also observed in similar experimental 

data obtained using hoop wound tubular specimens (see Figure 2.4). Puck et al. [36] argued that 

the 
22 22/  curve is affected by the higher proportion of shear stress applied which induces 

damage into the matrix which softens not only the shear but also the transverse normal stress-

strain curves. The shear stress-strain curves for the tensile load cases are shown in Figure 3.6 (b) 

and are distinctly nonlinear which is in agreement with similar experimental data in the literature 

(see Figure 2.4). From the stress-strain curves obtained in the compressive load cases in Figure 

3.6 (c) and (d), it is observed that very large strains develop (up to 7% normal strain and up to 

25% engineering shear strains) before catastrophic failure of the specimen. The apparent stress-

strain curves within the plateau regions should be interpreted as the response of the specimen and 

the MAF rig together, rather than the response of a ‘true’ material point, because rigid body 

rotations are large and discrete cracks occurred at this point. Note that some of the apparent 

oscillations in the plateau regions are due to the curve fitting approach and occur due to different 

failure strains of the individual specimens. Furthermore, it is observed from Figure 3.6 (d) that 

the maximum sustained shear stresses increase firstly with superimposed compression (compare 

α = 90°, 120°, 135°) before they reduce when compression becomes the dominant load component 

(α = 150°, 165°). This shear strength enhancement at moderate compression is due to the pressure 

sensitivity of the UD composite, which is accounted for in Puck’s IFF theory [36], [69], or in the 

LaRC03 failure criterion [30] (see Chapter 2, Section 2.4.2). All [90]12 specimens failed by matrix 

failure around the waist with a flat fracture plane parallel to the fibre direction as shown in  Figure 

3.7. 
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Figure 3.7, Failure of the [90]12 specimens under (a) combined tension-shear (α = 45°), (b) pure 

shear (α = 90°), (c) combined compression-shear (α = 120°), and (d) combined compression-

shear (α = 150°) loading configurations. (e) The fracture plane of the specimen in (d) generally 

inclines at an angle about 53° (Photo courtesy of Dr K.W. Gan). 

The specimens loaded in tension-shear (α = 0° - 45°), pure shear (α = 90°) and moderate 

compression-shear (α = 120° and 135°) failed with a fracture plane perpendicular to the laminate 

mid-plane. The fracture plane was between 29 and 30 mm wide and was vertically located where 

the notch radius transitions into a straight line (see point A in Figure 3.2). This indicates that the 

position of the fracture plane is dictated by the tensile 
22

 stress/strain concentration in the vicinity 

of the notch (see Figure 3.5 (d)). Under compression dominated loading (α = 150° - 180°) the 

fracture plane was inclined at an oblique fracture plane angle (α) as shown in Figure 3.7 (e), which 

is in agreement with observations made by Puck et al. [36], [69] (see Figure 2.8). The measured 

ultimate failure loads (Pult), failure stresses calculated using Equations (3.1), and the observed 

fracture plane angles are reported in Table 3.2. 
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Table 3.2, The average load at failure and the corresponding average gauge section normal and 

shear stresses in the [90]12 unidirectional laminates for the tested biaxial load cases (α = 0°, 30°, 

45°, 90°, 120°, 135°, 150°, 165°, 180°). 

(α) Load case 
Pult

 

[kN] (c.v.) 
22  at failure 

[MPa] 

21  at failure 

[MPa] 

α 

[deg] 

(0°) Pure tension 3.77 (8.21%) 46.98 0 0° 

(30°) Tension-shear 3.40 (10.12%) 36.48 21.06 0° 

(45°) Tension-shear  3.58 (11.27%) 29.97 29.97 0° 

(90°) Pure shear 3.90 (4.50%) 0 46.76 0° 

(120°) Compression-shear  5.47 (0.38%) -31.73 55.00 0° 

(135°) Compression-shear  7.41 (0.80%) -62.56 62.56 3° 

(150°) Compression-shear  9.22 (4.05%) -96.32 55.61 53° 

(165°) Compression-shear  11.52 (3.44%) -135.36 36.27 54° 

(180°) Pure compression  10.74 (3.03%) -134.47 0 59° 
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3.4.2 [−/+60]3s angle ply laminate 

Photographs of the failed [−/+60]3s specimens are shown in Figure 3.8 where the painted speckle 

patterns were removed using acetone to inspect the damage pattern of the specimen’s surface.  

 

Figure 3.8, Failure of the [−/+60]3s specimens under (a) pure tension (α = 0°), (b) combined 

tension-shear (α = 45°), (c) pure shear (α = 90°), (d) combined compression-shear (α = 120°), 

(e) combined compression-shear (α = 150°), (f) pure compression (α = 180°) loading 

configurations. Photographs (g) to (i) show the side-views of the specimens in (d) to (f) with an 

inclined fracture plane at an angle between 37° and 54°. 

From Figure 3.8 it is observed that failure for all specimens initiated in the waisted gauge region, 

but no well-defined fracture plane was formed as was the case for the [90]12 specimens (see Figure 

3.7). Instead, the macroscopic (laminate level) fracture planes follow the morphology of the 

material, i.e. the macroscopic cracks initiate in the vicinity of the notches and follow the −/+ 60° 

orientated fibres into the tab regions.  
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In tension (Figure 3.8 (a)), macroscopic cracks initiate at the notch and run symmetrically up- and 

downwards along the +60° and –60° fibre directions into the tabs. Plies aligned with the 

macroscopic crack direction show a distinct matrix crack, whereas the plies intercepting the 

macroscopic crack are rotated in the area of the crack. Very large fibre rotations are observed in 

the −60° surface plies at one of the macroscopic cracks. CLT predicts high transverse tensile 

stresses in both plies, which are likely the critical stresses leading to the transverse matrix cracks 

observed in both plies, which then determine the locations and orientations of the macroscopic 

cracks. 

In combined tension-shear (Figure 3.8 (b)), only a single macroscopic crack appears which 

initiates at the right edge of the specimen where the notch radius meets the straight-line edge, 

following the +60° direction into the tabs. To investigate the sub-surface damage mechanisms, a 

selected specimen was x-ray CT scanned in the μ-VIS X-Ray Imaging Centre at the University of 

Southampton. A Nikkon/Xtek 160 kVp benchtop scanner was used with a spot size of 3 μm and 

a flat panel detector of 1248 × 1248 pixels. The CT images were reconstructed using the open 

image processing software ImageJ [158] as shown in Figure 3.9. 

 

Figure 3.9, Failure modes of the [−/+60]3s specimen under combined tension-shear (α = 45°) 

loading: (a) fibre kinking in −60 ply, (b) matrix crack in +60 ply, (c) kink ban geometry, and (d) 

through-thickness view. Resolution: 1 px = 0.0257 mm. 
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Firstly, it is observed from Figure 3.9 that the failure modes within the macroscopic crack are the 

same in plies with the same fibre orientation, i.e. all −60° plies failed in fibre kinking (Figure 3.9 

(a)) while all +60° plies showed a distinct matrix crack (Figure 3.9 (b)). The formation of the kink 

band in the −60° plies is a result of the compressive fibre stresses, as also predicted by CLT, 

induced by the shear load component applied to the laminate. The kink geometry is shown in 

detail in Figure 3.9 (c); the formed kink band has a width (w) of 0.478 mm and its inclination 

angle relative to the direction perpendicular to the fibres (β) is approximately 30°. This indicates 

that the kink band propagates along the direction of the fibres in the neighbouring plies within the 

multidirectional laminate. 

In shear (Figure 3.8 (c)), the failure pattern looks similar to the combined tension-shear case. 

However, the macroscopic fracture zone does not initiate at the transition from the notch to the 

straight edge, but instead within the straight-line edge itself. To investigate the sub-surface failure 

modes, a selected specimen was x-ray CT scanned as well as shown in Figure 3.10. 

 

Figure 3.10, Failure modes of the [−/+60]3s specimen under pure shear (α = 90°) loading: (a) 

fibre kinking in the −60° ply, (b) matrix crack in +60° ply, (c) kink details, and (d) through-

thickness view. Resolution: 1px = 0.0257 mm. 

It is again observed from Figure 3.10 that the failure modes in plies with the same fibre orientation 

exhibit the same failure modes through-the-thickness of the laminate within the fractured zone: 

distinct matrix cracks are seen in all the +60° plies (Figure 3.10 (b)) whereas again fibre kinking 

is evident throughout the −60° plies (Figure 3.10 (a)) which is caused by the high compressive 
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stresses induced by the shear component of the load applied. The compressive fibre stresses in 

the −60° plies are also predicted by CLT. Interestingly, the kink band inclination angle β in Figure 

3.10 (c) is identical with the one observed in the tension-shear case shown in Figure 3.9 (c), 

supporting the idea that the kink band aligns with the fibres of the neighbouring plies, regardless 

of the applied load case. If this still holds true when the load cases are significantly different, 

remains to be investigated. 

In the combined compression-shear load cases (Figure 3.8 (d) and (e)) the macroscopic failure 

patterns are distinctly different from the tension-shear and shear cases: fracture zones initiate at 

the notch and run only along the +60° plies into the tab areas. From visual inspection it is seen 

that the −60° surface plies have failed with a relatively clean fracture without a visible kink band. 

Furthermore, distinctly white regions (see Figure 3.8 (d)) indicate that some of the interfaces have 

delaminated. CLT predicts high compressive stresses in the −60° plies, which are likely driving 

the failure. It is further observed from Figure 3.8 (g) and (h), that the macroscopic fracture planes 

are orientated at oblique through-the-thickness angles of 37° to 51°.  

In uniaxial compression (Figure 3.8 (f)), macroscopic fracture lines initiate at the notches and run 

along both plies into the top and bottom tabs. The fracture zones show distinct matrix cracks in 

both plies. Furthermore, zones of fibre fracture in the +60° plies are orientated at −60° relative to 

the vertical y-axis and vice versa. CLT predicts high transverse compressive stresses in both plies 

which are likely governing the failure behaviour of the laminate, i.e. causing matrix cracks under 

transverse compression. 

Across all investigated load cases, it is observed that the fracture planes were not aligned with the 

designed minimum gauge section and that the failure behaviour is affected by the geometry of the 

specimen and the morphology of the laminate. This highlights the difficulty in designing a suitable 

test specimen for the characterisation of multidirectional laminates. As the fracture plane is not 

aligned with the minimum gauge section, it is difficult to determine a ‘true’ limiting stress state. 

However, for this initial study the average normal ( )yy  and shear ( )yx  stresses acting on the 

waisted gauge section were nevertheless calculated based on the maximum failure load (Pult) and 

Equations (3.1) as reported in Table 3.3. 
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Table 3.3, The ultimate failure loads, the average normal and shear stresses at the gauge section 

and the observed fracture plane angles for different load configurations of the [−/+60]3s laminate. 

(α) Load case 
Pult 

[kN] (c.v.) 
yy  [MPa] yx  [MPa] α [deg] 

(0°) Pure tension* 8.17 (1.59%) 112.67 0 0 

(45°) Tension-shear 8.32 (3.48%) 71.03 71.03 0 

(90°) Pure shear 13.15 (0.87%) 0 158.71 0 

(120°) Compression-shear 17.06 (1.68%) -102.99 178.38 43.0 

(150°) Compression-shear 15.01 (7.13%) -156.95 90.61 44.3 

(180°) Pure compression* 13.33 (1.09%) -183.79 0 52.5 

* The width of the second-batch specimen’s waist is 25mm (instead of 28.56 mm). 

3.4.3  [+30/−30]3s angle ply laminate 

The response of the [+/−30]3s specimens is fibre dominated and hence the loads to fail the gauge 

section are significantly higher than for the [90]12 and the [−/+60]3s laminates where ultimate 

failure modes are to a large extent governed by the matrix properties. For loading angles α = 45°, 

90° and 120°, shear-out and bearing failure initiated prematurely at the pin holes of the specimens 

well before failure at the gauge section due to the high stiffness and strength of the laminate. This 

indicates that specimen slippage in the grips has occurred, due to an insufficient friction force 

generated by the specimen clamping/gripping mechanism. The tests were stopped when pin hole 

failure occurred as it was not possible to load the specimen any further, so these load cases are 

not discussed here. However, three specimens were successfully tested for the combined 

compression-shear (α = 150°) load case. Ultimate failure occurred at a load of 23.67 kN 

(+/−3.45%). The specimen showed a complex fracture pattern (Figure 3.13 (a)) with four parallel 

macroscopic cracks running along the −30° ply direction (denoted C1) and one crack running 

along the +30° direction (denoted C2). From the sequence of DIC strain images in Figure 3.12, it 

is shown that the C1 cracks are clearly associated with the initial failure event and that the C2 

crack is catastrophic and associated with the ultimate failure of the specimen. 
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Figure 3.11, Failed [+/−30]3s specimen in combined compression-shear (α = 150°). 

 

 

Figure 3.12, DIC strain maps illustrating the sequence of failure: (a) initial macroscopic cracks 

(C1) along the −30° direction originating at the notches, (b) more macroscopic C1 cracks along 

the −30° direction within the gauge section, and (c) ultimate failure associated with the 

macroscopic crack C2 running along the +30° fibre orientation. 

The failure sequence illustrates that failure in the [+/−30]3s laminate is progressive. Initial failure 

of the specimen was determined as the occurrence of the first macroscopic cracks in C1 at the 

notches at Pini = 18.75 kN. Due to the complex failure pattern, the specimen was CT scanned: the 
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scan in Figure 3.13 confirms that the failure modes in the form of C1 cracks are the same in all 

plies with the same fibre orientation: All +30° plies show fibre kinking/rotation (Figure 3.13 (a)), 

while the −30° plies exhibit a distinct matrix crack (Figure 3.13 (b)). CLT predicts that both plies 

are loaded in fibre compression: additionally, the −30° plies are also subjected to relatively high 

transverse tensile stresses which may be responsible for the clear C1 matrix crack seen in Figure 

3.13 (b). The C2 crack in Figure 3.13 (c) shows compressive crushing failure with several 

different interacting failure events, including matrix cracking, delamination, and fibre breaks. In 

the C2 crack, no distinct ply-by-ply repetition of failure modes is observed. 

 

Figure 3.13, CT-scan of [+/−30]3s specimen loaded in combined compression-shear (α=150°): 

(a) fibre kinking in +30° ply, (b) matrix crack in −30° ply, and (c) through-thickness view with 

detail of matrix cracks. Resolution: 1px = 0.0232 mm. 

An interesting observation can be made in Figure 3.13 (c): the thick double ply at the centre of 

the laminate fails with a single distinctive crack whereas all thin single plies fail in multiple 

smaller cracks. The same can be observed in a similar damage zone just on the left-hand side of 

Section A-A conforming that this is a repetitive feature. This supports the in-situ strength concept 
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as introduced in Chapter 2, Section 2.4.2, according to which the fracture behaviour of thin and 

thick plies is distinctly different. 

3.5 Prediction of strength and failure modes 

The investigated maximum stress, Tsai-Wu’s, Puck’s IFF and the LaRC03 criteria are calibrated 

based on the UD test results and are evaluated based on the CLT ply-by-ply stress/strain 

predictions. The details of  the failure criteria are provided in Chapter 2, Sections 2.3 and 2.4. The 

maximum stress and the LaRC03 criterion predict fibre and matrix failure modes separately and 

the failure theories are complete, i.e. all failure modes are accounted for within the framework of 

the theory. Tsai-Wu’s theory is also complete, i.e. it is expected to predict general failure under 

any given stress/strain state. In case of Puck’s theory, only the inter-fibre failure (IFF) failure 

functions are implemented in the CLT code, although the theory also includes fibre failure modes. 

It should be noted that the simple failure analysis conducted in this Chapter aims to assess the 

capability of the contemporary failure theories to predict initial failure and failure modes but 

ignores the nonuniformity of the stress/strain fields within the specimen, the nonlinear constitutive 

behaviour of the UD composite, and the progressive nature of failure of multidirectional 

laminates. 

3.5.1 Calibration of failure criteria 

The CLT code is informed by the elastic properties of the UD ply as reported in Table 3.4. 

Table 3.4, RP-528 glass/epoxy elastic properties. 

Elastic properties  Strain range (%)  

1E  [GPa] (c.v.) 41.33 (0.99%) 0.1-0.3 
ASTM 3039 [74] 

12v  (c.v.) 0.317 (2.52%) 

2E  [GPa] (c.v.) 11.51 (1.65%) 

[90]12 MAF test 2cE [GPa] (c.v.) 12.38 (1.30%) 0.05-0.5 

 90

12G   [GPa] (c.v.) 3.48 (4.59%) 0.05-0.5 

 

The fibre longitudinal Young’s modulus 
1( )E  and the Poisson’s ratio 

12( )v  were obtained using 

an uniaxial standard test  [74], whereas the transverse tensile 
2( )E , compressive 

2( )cE  and the 

shear 
12( )G  moduli were derived from the apparent stress-strain curves obtained using the MAF 

on [90]12 specimens as shown in Figure 3.6. Uniaxial strength properties are further needed to 

inform the failure criteria. Limit stress states were derived from the MAF tests and from the 

uniaxial standard tests on [90]12 and [0]12 laminates as reported in Table 3.5. 
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Table 3.5, RP-528 glass/epoxy strength properties. 

Material Property Standard Test MAF Test 
% Difference between 

the test results 

TX  [MPa] (c.v.) 996 (4.11%) - - 

TY
 [MPa] (c.v.) 54.91 (6.63%)* 46.98 (8.21%) 15.5 

CY
 [MPa] (c.v.) 122.49 (0.73%) 134.47 (3.03%) * 9.3 

90

LS   [MPa] (c.v.) 45.58 (5.80%) 46.76 (4.50%) * 2.55 

0

LS   [MPa] - 70 * [93] - 

CX  [MPa] 790 [153] - - 

L  - 0.304 - 

* Used to inform failure criteria 

 

The fibre longitudinal strength ( )TX , the transverse tensile (Y )T
 and compressive ( )CY  strengths 

were determined using standard tension [74] and compression [88] tests, respectively. The 

transverse strengths were also compared against the limit stresses obtained using the MAF test 

for α = 0° and α = 180°, as reported in Table 3.2. The average transverse tensile stress at failure 

in the MAF test is 15.5% lower than the strength obtained on straight-sided specimens following 

the standard test in [74]. Failure in transverse tension is brittle and the complex stress state at the 

notches of the butterfly specimen initiates failure prematurely (Figure 3.5 (a) and (b)), reducing 

the average gauge section stress at failure. Therefore, 
TY  obtained using the standard test is 

considered a more accurate measurement and will be used for the failure analysis. In transverse 

compression, the MAF specimen failed with the typical oblique fracture plane as shown in Figure 

3.7 (d) and (e), whereas the uniaxial compression specimen failed prematurely in buckling, 

despite its gauge length being determined according to [88]. Interestingly, the same observation 

is made in Figure 2.8, where tubular test results are compared to uniaxial standard tests. In the 

standard test, the gauge section could be reduced further to delay buckling and to promote material 

failure. However, the butterfly specimen appears to be a good choice for transverse compressive 

testing. While the ‘wings’ of the butterfly stabilise the specimen against buckling, failure induced 

due to the complex stress state around the notches does not lead to premature gauge section 

failure, as in the tensile load case, because the compressive normal stresses prevent and delay 

micro-cracking. Therefore, 
CY  obtained using the MAF test was used for the further analysis. The 

average shear stresses at failure were obtained using specimens with the fibres parallel 90( )LS   and 

perpendicular 0( )LS   to the gauge section. The specimens with the fibres parallel to the gauge 

section give lower bound values for the shear strength because they are prone to premature brittle 

failure due to the transverse tensile stress/strain concentrations at the notches. According to [159], 
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shear strength is more accurately determined using specimens where the fibres are perpendicular 

to the gauge section (i.e. [0]12 laminates), because they are less sensitive to the transverse 

stress/strain concentrations at the notches. Due to the difficulty in accurately determining the 

shear strength, failure analyses in the multidirectional specimens were conducted with both a 

lower bound shear  strength 90( )LS   and an upper bound shear strength 0( )LS  . The 90

LS   shear 

strength was also obtained according to the V-notched beam standard (Iosipescu) test [85] and 

agreed within 2.55% with the MAF test results. Both the LaRC03 and Puck’s criterion require the 

longitudinal friction coefficient (or coefficient of influence) ( )L  to be determined experimentally 

to account for the shear strength enhancement when transverse pressure is applied. Fitting a 

straight line to the biaxial failure stresses from Table 3.2 for α = 90° and 120°, L  was determined 

as 0.304. Puck recommends L  for glass/epoxy is 0.25, which is of the same order of magnitude 

but slightly smaller [69]. Although the MAF measurements show the shear enhancement with 

transverse pressure, specimen failure is influenced by the transverse tensile stresses developed at 

the notches. The shape of the failure envelope is affected and therefore also the derivation of L . 

While specimens in shear fail prematurely due to the transverse stress/strain concentrations 

developed at the notches (see Figure 3.5 (d)), the compressive stresses induced in the combined 

compression-shear (α =120°) case are delaying premature failure. Because failure is premature in 

shear, L determined using the MAF and the butterfly specimens used can be considered an upper 

bound value. However, given the lack of other suitable tests, L = 0.304 was used for the 

following failure analysis. The fibre compressive stress ( )TX was taken from the material data 

sheet [153]. The calibrated maximum stress, Tsai-Wu’s, Puck’s and LaRC03 failure criterion, 

using both the lower and upper bound shear strengths, are plotted against the biaxial and uniaxial 

experimental results in Figure 3.14 for the 
22 21 −  stress space. 

 

Figure 3.14, Calibrated failure criteria for RP-528 glass/epoxy: (a) using lower bound, and (b) 

using upper bound shear strength values. 
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Note that the aim of Figure 3.14 is not to validate the failure criteria against the biaxial experiment 

results for the UD composite, but to illustrate the different calibrated failure envelopes which 

result from considering different judiciously chosen model input parameters, i.e. strength data. It 

is not clear at this stage which calibration will yield the better failure predictions. In any case, for 

an accurate prediction of failure in multidirectional laminates, the in-situ effect on the matrix 

strength properties has to be accounted for (see Chapter 2, Section 2.4.2). The in-situ strengths 

calculated according to the Equations summarised in Table 2.1 are reported in Table 3.6. 

 

Table 3.6, Thick ply in-situ strengths for RP-528 [30]. 

is

TY  [MPa]   90( )is

LS   [MPa]   0( )is

LS   [MPa] 

87 66 99 

 

Note that the plies in the investigated laminates would be categorised as thin plies (transition from 

thin to thick for glass/epoxy is defined at 0.7 mm according to [70]) but the required fracture 

toughness values to compute them are not available. For thick plies however, the elastic properties 

are sufficient to calculate the in-situ strengths, hence they are used for the analysis. The in-situ 

strengths for thick plies are lower than those for thin plies and hence the prediction is expected to 

be conservative. 
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3.5.2 [−/+60]3s angle ply laminate 

The failure envelopes for the [−/+60]3s angle ply laminate were computed using the lower and 

upper bound shear strength with and without accounting for the in-situ strength effect as shown 

in Figure 3.15. 

 

Figure 3.15, Predicted vs experimental failure envelopes using (a) lower bound shear strength

 90( )LS  without in-situ strengths, (b) lower bound shear strength  90( )LS   with in-situ strengths, (c) 

upper bound shear strength  0( )LS   no in-situ strengths, and (d) upper bound shear strength 

 0( )LS   with in-situ strengths. 

Using the lower bound shear strengths without accounting for the in-situ strength effect (Figure 

3.15 (a)), all failure criteria yield conservative failure predictions. Accounting for the in-situ 

strengths (Figure 3.15 (b)), Puck’s, Tsai-Wu’s and the LaRC03’s predictions in the tension-shear 

(α = 0° - 90°) and the highly compressive load cases (α = 150°, 180°) are improved, while 

(especially LaRC03) still underpredicts the strength in the combined compression-shear case 

(α = 120°). However, the maximum stress criterion now severely overpredicts the shear strength 

of the laminate and is therefore non-conservative. Using the upper bound shear strength (Figure 
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3.15 (c)), the agreement between the predicted and experimental failure envelopes are improved; 

however, apart from the maximum stress theory, all failure criteria are still conservative. 

Accounting for the in-situ strengths while using the upper bound shear strength (Figure 3.15 (d)), 

Puck’s and the maximum stress criterion are non-conservative and over predict the strength 

especially in shear. While the maximum stress criterion is simply not capable of accurately 

predicting the complex physics of failure, Puck’s criterion is over predicting the strength because 

no fibre compressive failure criterion is included, although it has been shown in Section 0 that 

fibre kinking plays an important role in the failure behaviour. On the other hand, Figure 3.8 (d) 

shows that the LaRC03 criterion is in reasonable agreement with the experimental data. Therefore, 

the failure modes predicted by the LaRC03 criterion, as shown in Figure 3.16, are further 

discussed and compared to the experimental failure modes characterised in Section 3.4. 

 

Figure 3.16, Comparison of LaRC03 failure envelope and failure modes against experimental 

results. 

For the tension load case (α = 0°) LaRC03 predicts tensile matrix failure in both plies, which 

agrees with experimental observations (see Figure 3.8 (a)). For the combined tension-shear 

(α = 45°) and the shear (α = 90°) load case, LaRC03 predicts fibre kinking failure in the −60° 

plies, which is in excellent agreement with experimental data in Figure 3.8 (b) and (c), as well as 

the x-ray CT scans in  Figure 3.9 and Figure 3.10. For the combined compression-shear case 

(α = 120°), LaRC03 predicts fibre kinking of the −60° ply. Although kinking is not evident in the 

tested specimen by visual inspection (Figure 3.8 (d)), fibre fracture under compression in the −60° 

plies is observed which supports the predicted failure mode. In the compressive dominated cases 

(α = 150° and 180°), LaRC03 predicts simultaneous failure of both plies by transverse matrix 
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cracking under compression. Experimentally, this prediction is supported by the appearance of 

macroscopic fracture zones which are aligned with transverse matrix cracks in both plies (see 

Figure 3.8 (e) and (f)). 

3.5.3 [+/−30]3s angle ply laminate 

The predicted first-ply failure loads and modes for the [+/−30]3s laminate subjected to combined 

compression-shear (α = 150°) are compared against the experiment in Table 3.7. 

 

Table 3.7, Experimental and predicted failure loads and modes for the [+/−30]3s laminate 

subjected to combined compression-shear (α = 150°). 

 Pini
 [kN] Pult [kN] Initial failure mode 

MAF experimental 18.75 23.67 Macroscopic cracks along the −30° fibre direction. 

Matrix crack in −30° plies and fibre rotation in 

+30° plies. 

Maximum stress 27.17 - +30° ply fails in shear 

Tsai-Wu’s 19.39 - −30° ply (no failure mode prediction) 

Puck’s IFF 27.17 - +30° ply fails with matrix crack under moderate 

transverse compression and shear (crack plane 

perpendicular to laminate midplane) 

LaRC03 18.87 - −30° ply fails in fibre kinking under transverse 

tension 

 

In the experiment, the average initial failure load (Pini) of 18.75 kN is associated with the 

occurrence of macroscopic cracks orientated along the −30° fibre direction (see Figure 3.12). 

From the CT scan in Figure 3.13 it is observed that the −30° plies exhibit distinct matrix cracks, 

whereas the +30° ply shows fibre rotations following paths aligned with matrix cracks in the 

neighbouring −30°. The initial failure load predicted by the maximum stress criterion overpredicts 

even the ultimate load, and the failure is predicted in the +30°. The criterion is therefore unable 

to accurately predict the initial failure in the tested laminate and leads to non-conservative results. 

Tsai-Wu’s criterion predicts failure of the −30° ply with an initial failure load of 19.39 kN, which 

is in agreement with the occurrence of the C1 macroscopic cracks where distinct matrix cracks 

are observed in the −30° plies (see Figure 3.13 (b)). Puck’s IFF predicts failure in the +30° ply 
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and over predicts the initial failure load significantly. Using Puck’s IFF alone predicts first-ply 

failure incorrectly and the result is non-conservative. On the other hand, LaRC03 predicts initial 

failure at 18.87 kN due to fibre kinking under transverse tension in the −30° ply. The associated 

failure function utilises the tensile matrix failure criterion informed by the stresses in the 

misaligned fibre frame (see Chapter 2, Section 2.4.3). The distinct matrix cracks observed in the 

fracture zones C1 in Figure 3.11 and Figure 3.13 therefore support the predictions. Initial failure 

prediction using Tsai-Wu’s and LaRC03 failure criteria is therefore reasonably accurate. Both 

theories predict the −30° plies to fail first, while LaRC03 predicts failure of the matrix in the 

misaligned frame which aligns with the experimental evidence. To predict the ultimate load 

accurately, the progressive nature of failure of the laminate needed to be accounted for using a 

damage model as discussed in (see Chapter 2, 2.4.4), which is beyond the scope of this chapter. 

3.6 Opportunities, limitations, and way forward 

The MAF has successfully enabled combined tension/compression-shear testing of UD and MD 

FRP laminates, which was not possible using the conventional Arcan fixture. While the relatively 

weak [90]12 and [−/+60]3s laminates, which exhibit matrix dominated/driven failure modes (matrix 

cracking and fibre kinking) were successfully tested using the MAF up to failure, the much 

stronger [0]12 and [+/−30]3s laminates, which exhibit not only matrix but also fibre failure modes, 

could not be tested up to failure for all load cases. To achieve failure in the gauge section of strong 

laminates displaying fibre dominated failure modes, it will be necessary to induce sufficiently 

high stresses to break the fibres. The observed premature failure event at the pin holes indicates 

that the frictional forces generated by the clamps were insufficient to stop the slippage of the 

specimens. Thus, to enable testing of laminate configurations with fibre dominated response 

characteristics, a re-design of the MAF is required; this will be addressed in Chapter 5. 

The proposed MAF/DIC approach allowed the derivation of apparent normal and shear stress-

strain curves for UD composites under biaxial loading. They are based on the average stress and 

strain within the gauge section where the average strain was conveniently extracted from the DIC 

strain maps. Due to the averaging approach which ignores the nonuniform stress/strain 

distribution in the specimen, the method only yields accurate stress-strain curves, while the 

material response is linear with respect to the applied load. After the onset of material 

nonlinearities, the obtained stress-strain curves are only approximations. Despite the approximate 

nature of the stress-strain curves, their overall behaviour agrees reasonably well with similar 

experimental data reported in the literature (see Figure 2.2) obtained using tubular or off-axis 

specimens. Therefore, the experimental data is used in Chapter 4 to develop a new nonlinear 

plasticity-based constitutive model for UD composites. 

Failure envelopes have been defined based on the average stress in the gauge section. However, 

failure has often occurred outside the gauge due to stress/strain concentrations at the edges and 
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has than propagated along morphologic features of the laminate instead of across the waisted 

gauge section. This implies that the measured failure envelopes are structural failure envelopes 

of the specimen rather than true material failure envelopes. This means that the measured failure 

envelopes have limited use for the calibration of point failure criteria, as a well-defined stress 

state would be required (see Chapter 2, Section 2.8). However, the structural failure envelope is 

still useful for the validation of model predictions. When the specimen is regarded as a ‘mini’ 

structure, then the nonuniform stress/strain state is not an issue, in fact it may even be preferable 

as it adds complexity to the test, which may be desired for model validation (similar as in 

OHT/OHC tests as described in Section 2.6). The quality of the model validation then depends 

more on the sophistication of the used modelling framework, rather than on the ambiguity in the 

definition of the failure envelope. In this chapter, a very simple modelling framework based on 

CLT was used. The model ignores the nonuniform stress state, assumes linear elastic material 

behaviour and does not account for the progressive nature of failure in laminated composites. In 

Chapter 5 and 6 the idea is further pursued to regard the multidirectional laminate specimen as a 

mini structure where the UD plies are the basic building blocks (or sub-components) of the mini 

structure. 

Despite the simplifying assumptions adopted for the modelling presented in this Chapter, the 

failure criteria have been assessed against the biaxial experimental data obtained and conclusions 

regarding their predictive capability and the calibration could be drawn. Overall, the LaRC03 and 

Tsai-Wu theory predicted initial failure in the [−/+60]3s and [+/−30]3s laminates in reasonable 

agreement with the experimental data when the upper bound shear strength where used and when 

the in-situ strength effect was accounted for. For the determination of the failure modes, x-ray CT 

has proven a useful tool. LaRC03 did not only predict the first-ply failure loads in agreement with 

the experimental data but also the failure modes. On the other hand, Puck’s IFF theory 

overpredicted the strength of the laminates in load cases where fibre kinking was observed, 

because no fibre kinking/compressive failure criterion was included. This demonstrated that fibre 

kinking failure plays an important role, especially in the shear dominated load cases and must be 

accounted for in an accurate failure prediction. The use of simple theories such as the maximum 

stress theory in combination with in-situ strengths should be discouraged as this can lead to highly 

non-conservative failure predictions. The LaRC03 criterion will be further used in Chapter 6. 

 



 

  

A nonlinear plasticity-based constitutive 

model for UD composites 

4.1 Introduction 

High-fidelity failure prediction in laminated composites requires accurate constitutive models that 

account for the nonlinear, pressure sensitive behaviour of UD composites. Amongst other 

approaches (see Chapter 2, Section 2.2.3), the modelling framework of plasticity has been 

proposed by several researchers to cumulatively account for the nonlinear effects, which include 

plasticity (in the resin), micro-cracking, as well as fibre rotation [51]. To calibrate/validate such 

models, multiaxial experimental data is needed due to the stress state dependent nonlinear 

behaviour of UD composites. Following on from this, the terminology ‘plastic’ or ‘plasticity’ is 

used in this chapter to conveniently represent the cumulative nonlinear material response and does 

not only refer to pure plastic behaviour. 

In this Chapter, a plasticity-based material model is developed based on the MAF/DIC 

experimental procedures proposed in Chapter 3. The relative simplicity of the biaxial MAF test 

in comparison to alternative test methods such as using tubular specimens [132], conducting tests 

in a high-pressure apparatus [160], off-axis tests with a different specimen configuration for each 

biaxial stress state [51], [161] or the use of additional hydraulic actuators [57], makes the MAF 

test a promising candidate for identification of biaxial material parameters. Furthermore, the 

combined compression-shear test data which has been obtained using the MAF is crucial for this 

work because the most pronounced nonlinearities are observed in the transverse compression-

shear stress domain. It is shown how the MAF can be used to calibrate plasticity-based models. 

Furthermore, it is demonstrated that a non-associative flow rule is required and that the use of an 

associative flow rule lead to the prediction of non-physical plastic strains/stresses. Moreover, 

guidelines for the calibration of plasticity-based nonlinear models are established.  

The model is applied to the RP-528 glass/epoxy prepreg system [153] characterised using the 

MAF [93] and also to off-axis test results available in the literature for two other material systems 

(T800/3633 carbon/epoxy [51] and infused glass/epoxy laminates [161]). The model is also 

implemented in the FE software ABAQUS/Explicit [115] as a user defined material (VUMAT). 

The constitutive equations are discretised and the VUMAT is verified using single element FE 

models compared to the nonlinear analytical solution (see Appendix B). 
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The work presented in this Chapter has led to the second journal publication in the International 

Journal of Solids and Structures (see Chapter 7, Section 7.3). 

4.2 Plasticity-based constitutive models for UD composites 

Sun and Chen [50] developed a one-parameter associative plasticity model to simulate the 

response of UD composites where the material behaviour is plastic in transverse and shear loading 

and linear elastic in the fibre direction. In an associative model, the plastic strain tensor is assumed 

to be normal to the yield surface, whereas in a non-associative model the plastic strain tensor is 

assumed to be normal to a potential function, which is different from the yield function. The 

associative model predictions in [50] agreed well with the measured nonlinear response of 

boron/epoxy and carbon/epoxy specimens in off-axis tensile tests. Noting that the transverse 

stress/strain behaviour in tension and compression is distinctly different, and that the one-

parameter quadratic yield function used in [50] could not account for this, Yokozeki et al. [51] 

extended the model by including a Drucker-Prager type [162] linear dependency of the hydrostatic 

pressure in the yield function. Despite the use of an associative flow rule, good agreement between 

model predictions and off-axis tensile and compressive test results were reported. Gan et al. [52] 

adopted a similar plasticity framework to predict the nonlinear biaxial response of carbon/epoxy 

subjected to combined through-thickness compression and inter-laminar shear. The yield function 

in [52] was constructed based on the stress invariants for transversely isotropic material [39], [40], 

and assuming negligible plasticity in the fibre direction. All models discussed so far assume the 

existence of an intrinsic effective plastic stress/strain relationship (or hardening rule) independent 

of the stress state, which accounts for the cumulative nonlinearity in the transverse and shear 

stress-strain curves. In both [50] and [52] the shear stress-strain curve was used to derive the 

effective plastic stress/strain relationship, whereas in [51] the effective plastic stress/strain 

relationship was obtained by collapsing all experimentally obtained effective plastic stress-strain 

curves at different off-axis angles into one ‘master curve’ using a least-squares optimisation 

procedure to determine the best fit yield and hardening parameters. These simple plasticity models 

discussed so far have adopted associative flow rules and isotropic hardening laws with a minimum 

number of plasticity parameters. A more complex plasticity model, based on the stress invariants 

for a transversely isotropic material, was proposed by Vogler et al. [53], [22]. A non-associative 

flow rule was adopted, where the direction of the plastic flow was taken as the gradient of a plastic 

potential function that differs from the yield function as the pressure dependent yielding term is 

omitted. It was argued that the non-associative flow rule allows accurate prediction of the 

effective plastic Poisson’s ratio and the volumetric plastic strains which is not possible with an 

associative model. The plasticity model was calibrated based on standard tests, hydrostatic 

pressure compression tests [160], and results from computational micromechanics due to the lack 

of appropriate experimental data. Often, the parameters were deduced by scaling from similar 
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materials and the lack of multiaxial experimental data was emphasised as a major difficulty in 

calibrating the model. Vyas et al. [54] proposed a similar non-associative plasticity model to [53] 

which retained the linear hydrostatic pressure term in the plastic potential in a modified form to 

ensure an accurate representation of the effective plastic Poisson’s ratio and volumetric strain. 

The model also accounted for stiffening of the elastic properties (
2E  and 

12G ) with applied 

hydrostatic pressure. The plasticity model was calibrated with biaxial experimental data obtained 

from filament wound tubular specimens subjected to shear and hydrostatic pressure [132] and off-

axis tests under hydrostatic pressure [163]. Further, Hsu et al. [56] modelled the combined 

transverse compression and shear response of carbon/PEEK composites using a micromechanical 

finite element model where a non-associative Drucker-Prager type plasticity model was 

prescribed to the matrix. The PEEK matrix material model was calibrated by tests conducted on 

a custom designed biaxial testing facility using a standard test machine and an additional 

hydraulic actuator [57]. It can be concluded from the discussion above that multiaxial 

experimental data is needed to develop and calibrate nonlinear material models for UD 

composites.  

In summary, current plasticity models, which assume transverse isotropy, neglect plasticity in the 

fibre direction and use a Drucker-Prager type yield function, are generally able to predict the 

nonlinear, pressure sensitive transverse and shear stress-strain curves in good agreement with 

experimental data. Most of the simple plasticity models (e.g. [51], [50] and [52]) have adopted  

associative flow rules, whilst others [53], [54], [56] adopted more complex non-associative flow 

rules. However, no consensus has been reached whether an associative or non-associative flow 

rule should be used to model the nonlinear, pressure sensitive response of UD composites. 

4.3 Non-associative elasto-plastic material model 

The total strain tensor  is decomposed into the sum of an elastic and a plastic strain component 

tensor following the classical plasticity theory as in e.g. [164]: 

e p= +  (4.1) 

where the superscripts e and p denote elastic and plastic components, respectively. The elastic 

constitutive law for a plane stress condition is expressed as: 

e e= H σ  (4.2) 

where 
e

H is the elastic compliance matrix for plane stress of an orthotropic composite lamina and 

where 
e

is the elastic strain and σ  is the stress tensor [2]. To model the plastic response of a 

transversely isotropic UD lamina, a yield function ( )ijf  is defined based on stress invariants that 

remain unchanged for arbitrary rotations about the symmetry axis (i.e. the fibre x1- direction) [52], 

[43], [48]: 
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where the indices 1, 2 and 3 refer to the directions parallel to the fibres, in-plane transverse to the 

fibres and out-of-plane transverse to the fibres, respectively (see Figure 2.7). Based on the 

experimental observation that the constitutive response of a typical UD composite laminate is 

quasi linear elastic in the fibre direction, 
1I is excluded from the formulation of the yield function. 

From physical reasoning, the yield criterion should not depend on the sign of the shear stresses 

and therefore 
5I is excluded as well. Thus, for a general three-dimensional case, the following 

yield function  similar to the Drucker-Prager model is proposed [52]: 

2 2 2 2

33 23 3322 12 13 22( ) ) ( )( ) (ijf LH M J       = − + + + + +  (4.4) 

Equation (4.4) can be simplified for a 2D plane-stress condition by setting all out-of-plane stresses 

to zero, thus yielding: 

2

22 12 22

2( )ijf H J   = + +  (4.5) 

Where H  and J are plastic material coefficients that must be determined experimentally. 

According to [50], the shear coefficient M can be set to one without loss of generality. H controls 

the ellipticity of the yield surface in the 
22  versus 

21  stress space, i.e. when H = 1, the yield 

surfaces are circular. The coefficient J controls the sensitivity to hydrostatic stress and leads to 

a different response in transverse tension and compression. The special case of J = 0 implies that 

the material exhibits no pressure sensitivity, and thus that the transverse compressive and tensile 

yield behaviour are identical. To model plastic deformation and hardening in a complex three-

dimensional stress state, a scalar effective plastic stress can be defined using the yield function: 

( )ijf =    (4.6) 

A non-associative plastic flow potential (i.e. plastic flow potential g ≠ yield function f ) is 

proposed and defined in a similar way to the yield function in Equation (4.5), neglecting the 

pressure sensitive J term, i.e.: 

2 2

22 12g( )ij H  = +   (4.7) 

The gradient of the potential function g defines the direction of the plastic flow increment (or 

plastic strain component vector) 
p

ijd : 
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( )ijp

ij

ij

g
d d







=


 

 (4.8) 

where i, j = 1, 2, 3 and where d  is the plastic multiplier.  

For the pressure sensitive fibre-reinforced polymer material, a non-associative flow rule is chosen 

over a simpler associative flow rule as the latter induces a non-physical constitutive behaviour for 

shear-dominated combined compression-shear stress states. This is illustrated in Figure 4.1 by 

considering the case of pure shear loading (loading along vertical axis), chosen for clarity: when 

an associative flow rule is used, the resultant plastic strain vector as per definition will be normal 

to the yield surface (∇ f ), and non-physical positive plastic transverse strains,
22

p  (red horizontal 

arrow in Figure 4.1), are induced even for a pure shear stress state where no plastic transverse 

strains would be expected. Erroneous predictions will also be made for shear dominated combined 

compression-shear stress states (indicated by the transparent red triangle area in Figure 4.1), since 

tensile rather than compressive plastic transverse strains are predicted. This physical 

inconsistency can be eliminated by adopting a non-associative flow rule (red ellipse in Figure 4.1) 

by which the resulting plastic flow direction (∇ g) will be aligned purely along the vertical axis 

for pure shear stress states, and, as expected, the plastic transverse strains for shear dominated 

combined compression-shear stress states will be compressive. An experimental example of this 

will be demonstrated and discussed in Section 4.5 of this Chapter. Thus, based on physical 

reasoning it is argued that an appropriate simple potential function for pressure sensitive 

materials, such as UD composites, should satisfy the symmetry condition: 

12

22

(0, )
0

g 




=


 (4.9) 

 

Figure 4.1, Yield surfaces and plastic potential function of the non-associative plasticity model. 

Note that the number of yield surfaces shown, and the relative size of the potential and yield 

surfaces are purely illustrative. 
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Using the definition of the effective stress,  , given by Equation (4.6), the increment of 

equivalent plastic work per unit volume dWP is expressed as: 

p p

ij ijpdW d d = =    (4.10) 

where pd is the increment of the effective plastic strain, and repeating indices imply Einstein 

summation. The plastic multiplier, d , can be found by substituting the plastic flow rule given 

in Equation (4.8) into Equation (4.10): 

( )
( ) ( )

ij p p

ij ij ij

ij

d
g

f dd g d


   





==


  (4.11) 

Upon rearranging, d  is found as: 

( )

( )

ij p

ij

f
d d

g




 = .  (4.12) 

After inserting d  back into the plastic flow rule in Equation (4.8), and evaluating the partial 

derivatives of the potential function, the incremental plastic strain components, p

ijd , are obtained 

as follows. 
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. (4.13) 

It is implicitly assumed in the adopted plasticity model that a master effective plastic stress-strain 

curve (or hardening rule) exists, from which pd can be computed knowing   from 

Equation (4.6). The relationship is approximated with the Ramberg-Osgood equation [42]: 

1/( )p m

K


=  (4.14) 

Thus, by substituting Equations (4.14) into (4.13), all the plastic strain components can be 

evaluated based on the stress state alone. The yield parameters (H, J) and the hardening 

parameters (K, m) remain to be determined experimentally. It should be emphasized that the 

adoption of a Ramberg-Osgood type description for the effective stress/strain relationship is 

merely based on phenomenological (rather than physically based) considerations to include the 

cumulative effects of (actual) material plasticity, micro-cracking and geometrically nonlinear 

effects as stated in Section 4.1. Thus, Equation (4.14) does not represent ‘hardening’ in a 

conventional sense in the proposed formulation, but merely is a suitable nonlinear relation 

between stress and effective plastic strain. 
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4.4 Model calibration using the MAF 

The model is calibrated using the transverse and shear stress-strain curves shown in Figure 3.6. 

Firstly, the apparent elastic properties of the tested UD laminate under different biaxial stress 

configurations were extracted from the stress-strain curves. The parameter 2E  is used to denote 

the apparent transverse modulus for each loading angle and is plotted against α in Figure 4.2 and 

was calculated using a linear fit to the representative stress-strain curves in Figure 3.6 in the strain 

range of 0.05 – 0.25%. The strain range was selected because it conveniently covered the linear 

region of the apparent stress-strain curves in Figure 3.6. 

 

Figure 4.2, Dependency of the apparent transverse modulus on the loading angle α. 

The apparent transverse modulus is highest for the pure tension and pure compression stress states 

(i.e. α=0 and 180 - see Figure 4.2). For combined stress states where shear stress is applied in 

addition to tension/compression (loading angle α: 30, 45, 120, 135, 150 and 165 - see Figure 

4.2), the apparent transverse modulus is reduced. Opposed to this, it was observed from the tests 

that there is no significant change of the measured/apparent shear modulus when transverse 

tension/compression stresses are superimposed. The reason for the scatter in the data in Figure 

4.2 is not fully understood, however it is due to the sensitivity of the tested UD material in 

combination with the test set-up. The elastic properties of the UD composite and the 

characterisation method used are reported in Table 3.4. Overall, the nonlinear constitutive 

response and the stress interaction effects measured using the MAF agreed well with similar 

biaxial experimental data found in the literature measured on tubular specimens [36], [38]. The 

plastic strain components, 22

pd  and 12

pd , are then extracted from the total strains according to 

Equations (4.1) and (4.2) where the apparent Young’s moduli as shown in Figure 4.2 are used to 

compute the compliance matrix C for each individual biaxial load case. The effective plastic strain 

increment, pd , can now be expressed as a function of H and J and based on the experimentally 
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extracted plastic strain components upon rearranging the second and third rows respectively in 

Equation (4.13) to give: 
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  (4.15) 

Note that by using Equation (4.13), two effective plastic strains (and thus two effective plastic 

stress-strain curves or hardening curves) can be defined for each load case based on the respective 

transverse and shear stress-strain curves. In an ideal scenario following the theory, the extracted 

effective plastic strains from both equations would be identical and would exactly follow the 

effective plastic stress-strain curve defined in Equation (4.14). Thus, an optimisation procedure 

is adopted to find the best set of model parameters where the extracted effective plastic stress-

strain curves both collapse on the same hardening curve. Therefore, a cost function is defined as 

the vector of the differences between the effective plastic strains extracted from the experimental 

stress-strain curves of every load case according to Equation (4.15) and the analytical effective 

plastic strains given by Equation (4.14). The optimised effective plasticity coefficients are then 

found by minimising the least-squares error of the cost function. In other words, the model is 

calibrated when the effective plastic stress-strain curves as a function of H and J collapse onto the 

hardening curve described by Equation (4.14). The optimisation was carried out using a purpose 

written Python code embedded in a least-squares optimisation algorithm [165]. 

Referring to Figure 3.6, it is shown that the stress-strain curves obtained for compressive loading 

exhibit a distinct plateau region. The plateaued regions of the stress-strain curves were excluded 

from model calibration by visual identification of a strain cut-off point at the beginning of the 

plateau region as tabulated in Table 4.1. The exclusion of data points above the strain cut-off 

points is justified based on the fact that the adopted plasticity model framework loses its 

applicability (or physical suitability) at very large strains where macroscopic damage occurs due 

to stress concentrations around the notches of the specimen or out-of-plane geometrical 

instabilities. 

 

Table 4.1, Total strain cut-off points for stress strain curves defined under compressive loading. 

α [deg] 120° 135° 150° 165° 180° 

Transverse strain cut-off point 0.5% 0.9% 3.0% - 2.0% 

Shear strain cut-off point 5.0% 7.5% 7.5% - N/A 
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Figure 4.3 shows the effective plastic stress-strain curves for the optimised/calibrated yield 

parameters where the experimental stress-strain curves of all load cases are included in the 

optimisation process (see No. 1 in Table 4.2). Figure 4.3 (a) and (b) show the effective plastic 

stress-strain curves obtained from the transverse stress-strain curves and the shear stress-strain 

curves, respectively.  

 

Figure 4.3, Effective plastic stress-strain curves for all load cases obtained based on the 

transverse (a) and shear (b) stress-strain curves collapsed into a single master curve using the 

yield parameters from Table 4 (No. 1). 

The assumption of the existence of a master effective plastic stress-strain curve, which is 

independent of the biaxial stress state characterised by the loading angle α, is generally confirmed 

by the plots in Figure 4.3. It is possible to fit a Ramberg-Osgood equation similar to [51], [50] 

and [52], to the data with a correlation coefficient of R2 = 0.925, thus demonstrating the suitability 

of the Ramberg-Osgood equation to describe the effective plastic stress-strain curves. The 

acquisition of transverse normal and shear strains using DIC allows the computation of two 

effective plastic stress-strain curves per biaxial load case (see Figure 4.3 (a) and (b)) which allows 

the verification of both plastic strain components individually. This is a major difference and 

improvement in comparison to the off-axis tests reported in the literature [51], [50], where only 

the on-axis stress-strain relationships in the direction of the applied load was obtained and 

verified. The individual contributions of the plastic transverse normal and shear strains are 

therefore obscured and cannot be fully verified independently. Having both the transverse and 

shear stress-strain curves is particularly important to highlight the superiority of the proposed 

non-associative flow rule over the associative one which will be demonstrated on experimental 

data in Section 4.5. 

Table 4.2 presents the results of a sensitivity analysis investigating the influence of the choice of 

the load cases included in the optimisation procedure to identify the resultant plasticity model 

parameters and the corresponding model’s predictive capability as indicated by the R2 value.  In 
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calibration set No. 1 in Table 4.2, the stress-strain curves of all tested load cases were included in 

the optimisation procedure. In the cases of calibration sets No. 2 to 10, the number of load cases 

was systematically reduced to identify (i) the lowest number of load cases needed, and (ii) the 

most suitable load cases to include in the model calibration to give good predictive capability. 

Furthermore, the sets No. 11 to 14 report the calibrated model parameters and predictive 

capability of using only uniaxial load cases. 

 

Table 4.2, Sensitivity of the nonlinear material model parameters and the ‘goodness of fit’ on the 

choice of experimental data sets included in the parameter calibration/optimisation. 

No α's included  
No. of 

α’s 
H [-] J [-] K [MPa] m [-] R2 

1 All 9 0.190 0.069 105.3 0.174 0.925 

2 All but 0°, 90°, 180° 6 0.183 0.058 108.4 0.178 0.916 

3 30°, 120°, 135°, 150°, 165° 5 0.181 0.053 107.5 0.175 0.921 

4 45°, 120°, 135°, 150°, 165° 5 0.183 0.058 108.4 0.178 0.916 

5 45°, 120°, 150°, 165° 4 0.192 0.082 101.2 0.170 0.930 

6 45°, 135°, 150°, 165° 4 0.197 0.075 95.7 0.146 0.940 

7 45°, 135°, 150° 3 0.202 0.066 95.7 0.141 0.936 

8 45°, 135°, 165° 3 0.189 0.083 95.7 0.148 0.917 

9 45°, 135° 2 0.124 0.151 95.7 0.182 0.455 

10 45°, 165° 2 0.207 0.137 94.832 0.175 0.882 

11 0°, 90°, 180° 3 0.213 0.087 125.1 0.235 0.864 

12 0°, 90° 2 0.306 0.175 105.5 0.200 0.812 

13 90°, 180° 2 0.211 0.084 125.1 0.235 0.661 

14 0°, 180° 2 0.463 0.072 95.686 0.048 N/A 

 

Table 4.2 shows that the calibration sets No. 1 to 8 yield similar model parameters (H = 0.181 – 

0.202, J = 0.053 – 0.083, K = 95.7 – 108.4, m = 0.141 – 0.178) with a high predictive capability 

(R2 > 0.9). This indicates that not all experimental data needs to be included in the optimisation. 

However, the sensitivity study has shown that it is advantageous to include at least three 

judiciously chosen load cases, i.e. one in tension-shear (α = 30°- 45°), one in moderate 

compression-shear (α = 120°- 135°) and one in compression dominated compression-shear 

(α = 150°- 165°). This is because UD composites exhibit three distinctly different failure modes 

within the transverse tension/compression and shear stress space (e.g. the three inter-fibre failure 

modes as defined by Puck et al. [36], [69]). Therefore, to achieve a good model calibration, it is 

necessary to select load cases which yield stress-strain curves that adequately represent the three 
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distinct mechanical responses and failure mechanisms. Further, recalling the plasticity model 

framework in Figure 4.1 and the yield function in Equation (4.5), it is clear that to determine the 

hydrostatic term J, which describes the offset of the centre point of the yield ellipse from the 

origin, it is required to include a tension-shear and a compression dominated load case to 

accurately locate the origin of the yield ellipse. On the other hand, to determine the coefficient H, 

which describes the ellipticity or transverse/shear anisotropy, a shear dominated load case is 

needed in addition. In summary, stress-strain curves derived for different biaxial stress states are 

required, which comprise different information regarding the mechanisms that generate 

nonlinearity, to achieve a robust and overall accurate model calibration. The point is further 

demonstrated by the calibration sets of No. 9 to 14 in Table 4.2. Calibration set No. 9 fails to 

include sufficient information on the pressure sensitivity due to the omission of compression 

dominated load cases, resulting in poor predictive capability. Similarly, set No. 10 yields poor 

predictive capability because a shear dominated compression-shear load case is omitted and the 

ellipticity is not captured well in the included data. Calibration set No. 11, which includes all three 

uniaxial load cases, is also insufficient as the overall predictive capability is still poorer than when 

three biaxial load cases are used instead. The reason for this is that a uniaxial load case provides 

only one stress-strain curve for model calibration compared to two stress-strain curves for a 

biaxial load case. Finally, calibration sets No. 13, which does not include a tension-shear load 

case, and No. 14, without a shear dominated load case, both produce low R2 values (i.e. poor 

model fit) due to insufficient information regarding the pressure sensitivity or anisotropy, 

respectively. 

The calibrated stress-strain curves, using the optimised parameters from No. 1 in Table 4.2, are 

compared against the experimental data in Figure 4.4. The model normal and shear stress-strain 

curves match generally well with the experimental data. In the cases of combined tension-shear 

(Figure 4.4 (a) and (b)) the model plastic strains are generally slightly lower than the experimental 

ones. However, in comparison to linear elastic analysis, the strain prediction is greatly improved, 

and the general behaviour is well captured, i.e. the level of plasticity increases with increased 

loading angle α. For combined compression-shear stress states, the transverse stress-strain curves 

for α = 120° and 165° are in excellent agreement with the experimental data. For α = 135° the 

model plastic strains are slightly higher, while for α = 180° and α = 150° slightly lower (see Figure 

4.4 (c)) than the experimental plastic strains. The model shear stress-strain curves are generally 

in good agreement with the experimental data except for pure shear (α = 90°) where the model 

plastic shear strains are lower than the experimental plastic strains (see Figure 4.4 (b) and (d)). 
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Figure 4.4, Non-associative plasticity model predictions in comparison to MAF experimental 

data. Note that the small figure inserts illustrate the stress state, while the corresponding strain 

component is highlighted in red.  
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4.5 Model calibration using off-axis test results from the literature 

 

Figure 4.5, Illustration of an off-axis test and definition of the off-axis angle  and the nominal 

stress 
x . 

In this section, the non-associative plasticity model was applied to off-axis tension/compression 

experimental data for T800/3633 carbon/epoxy [51] and infused glass/epoxy [161], respectively. 

Figure 4.5 illustrates a uniaxially loaded off-axis UD specimen where the off-axis angle θ relates 

the nominal stress 
x  to the local (lamina) stress state through: 
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The off-axis angle θ determines the biaxial stress state similar to the MAF loading angle α (see 

Figure 1.2), which is related to θ through the following relationship:  
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where small off-axis angles θ correspond to shear dominated load cases and MAF loading angles 

α close to pure shear loading (α = 90°). The reported stress-strain curves for various off-axis 

angles were digitised. The plasticity models were then calibrated by collapsing all the effective 

plastic stress-strain curves from the different load cases (stress states) into one master curve to 

which Equation (4.14) was fitted. To calibrate the developed material model using off-axis tests, 

the measured stress 
x  and strain tot

x
 in the loading direction (see Figure 4.5)  need to be related 

to the effective plastic stress,  , and strain. The derivation of this relationship closely follows 

[51] but differs due to the adoption of a non-associative rather than an associative flow rule. The 

experimentally measured plastic strain in the loading direction p

x
 is obtained as: 

p tot x
x x

xE


= −   (4.18) 

where Ex is the laminate modulus in the loading direction. The off-axis plastic strain p

x
 can be 

expressed based on the local (lamina) strain components as: 

2 2

11 22 12cos ( ) sin ( ) sin( )cos( )p p p p

x     = + −    (4.19) 
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To simplify the derivation, )(h   is defined by inserting the stress transformation rules in 

Equations (4.16)  into the yield function in equation (4.5): 
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Note, that by multiplying )(h   with 
x  the yield function is retrieved.  

The individual plastic strain components 
11

p , 
22

p  and 
12

p  in Equation (4.19) can be substituted 

by the expressions given in Equation (4.13). Then the transformed stresses from Equation (4.16) 

and )(h   defined in Equation (4.20) can be substituted and 
p

 is obtained as a function of 
x , 

)(h  ,  and ( )ijg   upon rearranging: 
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Inserting equation (4.22) into equation (4.21) one obtains: 

2( ) sin ( )

p
p x

h J 
=

+
  (4.23) 

Similarly, the effective plastic stress can be obtained as a function of 
x , as follows: 

2( ( ) sin ( )) xh J   = +   (4.24) 

The model can now be optimised based on the derived effective plastic stress-strain curve in 

equation (4.23) and (4.24). Figure 4.6 shows the best fit effective plastic stress-strain curves 

obtained with the optimised plasticity parameters given in Table 4.3, where ‘t’ and ‘c’ in the 

legends represent tensile and compressive off-axis test data, respectively. 
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Figure 4.6, Effective plastic stress-strain curves after least-squares optimisation for (a) 

T800/3633 carbon/epoxy [51], and (b) infused glass/epoxy [161], showing the Ramberg-Osgood 

fit (R-O fit). 

 

Table 4.3, Calibrated plasticity parameters for the developed non-associative model. 

Material H [-] J [-] K [MPa] m [-] R2 

T800/3633 [51] 0.319 0.132 257.346 0.233 0.978 

glass/epoxy [161] 0.355 0.212 151.149 0.209 0.950 

 

From Figure 4.6, and based on the R2 values of 0.978 and 0.950 given in Table 4.3, it is clearly 

shown that the predicted master effective plastic stress-strain curve fits the experimental 

stress/strain data well for both material systems, and thus is suitable to describe their nonlinear 

behaviour. For the case of the off-axis tests presented in [51] and [161], only one effective plastic 

stress-strain curve can be extracted per off-axis angle from the experimentally obtained stress-

strain curve (
x versus 

x
) in the global loading direction. This is different to the MAF/DIC 

approach discussed in the previous section, where the effective plastic stress-strain curves can be 

obtained from the transverse and shear stress-strain curves independently (see Equation (4.15) 

and Figure 4.3). The additional information allows verification of not only the overall induced 

nonlinear behaviour, but also of the prediction of the individual plastic strain components, which 

is not possible when only on-axis test data is available. 

For comparison, the associative plasticity model proposed in [51] was also calibrated using the 

same data sets and the optimum plasticity parameters are given in Table 4.4 adopting the notation 

as defined in [51], where a1 and a66 are yield parameters similar to H and J, and A and n are 

fitting parameters similar to K and m.  
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Table 4.4, Calibrated plasticity parameter for the associative model [51]. 

Material a1 [-] a66 [-] A [1/MPa] n [-] R2 

T800/3633 [51] 0.090* 2.700* 3.140e-13* 4.190* 0.979 

glass/epoxy [161] 0.129 3.931 1.528e-13 4.510 0.947 

* Values directly taken from [51]  

4.6 Non-associative vs. associative plasticity 

Both the predictions of off-axis stress-strain curves by the proposed non-associative plasticity 

model and the reference associative model [51] are plotted and compared against experimental 

results for carbon/epoxy [51] in Figure 4.7 and for vacuum infused glass/epoxy in  

Figure 4.8 [161]. 

 

 

Figure 4.7, Carbon/epoxy T800/3633 (a) tensile and (b) compressive off-axis experimental results 

(data points) [51] compared against model fit (solid lines).  
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Figure 4.8, Vacuum infused glass/epoxy tensile (a and b) and compressive (c and d) off-axis 

experimental results (data points) [161] compared against model fit (solid lines). The curves are 

plotted in different figures for clarity. The small figure inserts illustrate the stress state and the 

off-axis angle. 

Figure 4.7 and Figure 4.8 show that both models (associative and non-associative) fit the 

nonlinear off-axis stress-strain curves for both material systems in good agreement with the 

experimental data and with a similar degree of accuracy (see R2 in Table 4.3 and Table 4.4). It is 

not apparent that the proposed non-associative plasticity model gives better predictions than the 

associative model as the subtle differences are obscured in the on-axis plastic strains, which are a 

function of the transverse normal and shear strain components in the local x1,x2- coordinate 

system. To illustrate the advantages and physical consistency of the proposed non-associative 

plasticity model over the associative models, the components of the plastic strains (
22

p  and 
12

p ) 

predicted by the proposed non-associative model and the associative model of [51] are plotted 

individually against the off-axis stress 
x  in Figure 4.9 for selected compressive load cases for 

carbon/epoxy T800/3336 (same qualitative results apply to glass/epoxy). Both models predict 
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similar plastic shear strain components 
12

p  (Figure 4.9 (b)), with the associative model giving 

slightly lower values. However, the plastic transverse strains
22

p  predicted by the two models are 

different (see Figure 4.9 (a)). The associative model predicts tensile plastic transverse strains 

although the loading is compressive for off-axis angles θ = 15° and θ = 45°, which is clearly non-

physical. In contrast, the non-associative model predicts the plastic transverse strain to be 

compressive, as would be expected under compressive loading. This non-physical characteristic 

of the associative flow rule when used together with a Drucker-Prager type yield surface was also 

explained and illustrated in Figure 4.1 (Section 4.3), and is a consequence of the negative slope 

of the yield surfaces in the case of pure shear and shear-dominated combined compression-shear 

stress states. Thus, adoption of an associative flow-rule forces the prediction of non-physical 

transverse strains for these stress states, hence a non-associative flow rule is required. 

 

Figure 4.9, Plastic component strains 22

p

(a) and 12

p (b) as predicted by the non-associative (blue) 

and associative (red) models for compressive off-axis test on T800-3633 carbon/epoxy [51]. 

The comparison between the individual strain components predicted by the non-associative and 

the associative models in off-axis tests has clearly shown that the use of a non-associative flow 

rule is crucial to predict the effective plastic component strains correctly when a Drucker-Prager 

type yield surface is adopted. Furthermore, the study has demonstrated that it is important to 

obtain all the strain components experimentally, as facilitated by the MAF combined with DIC 

which provides full-field strain maps. This enables full scrutiny, calibration and verification of 

nonlinear constitutive models, whereas simple axial and transverse strain measurements reported 

in most off-axis tests [51], [161] cannot achieve this. 
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4.7 Conclusions 

A non-associative plasticity model based on the invariants of transverse isotropy has been 

developed for UD composite materials subjected to multiaxial in-plane loading. The model 

accounts for the cumulative nonlinear response due to resin plasticity, micro-cracking and 

geometrically nonlinear effects in the transverse and shear stress-strain curves, while assuming 

linear elastic behaviour in the fibre direction. The pressure dependent responses for transverse 

tension and compression stress states are accounted for using a Drucker-Prager type yield 

function.  

It has been shown that the MAF/DIC approach used is a viable alternative to conventional off-

axis tests, experiments using tubular composite specimens, experiments in high-pressure 

chambers, or experiments involving multiple actuators, to generate biaxial experimental data for 

nonlinear constitutive model calibration. The model is calibrated by minimising the difference 

between the experimentally extracted effective plastic stress-strain curves and the nonlinear 

relationship between stress and effective plastic strain described by the Ramberg-Osgood 

equation. It has been found that at least three judiciously chosen biaxial load cases should be used 

for model calibration; one in tension-shear, one in moderate compression-shear, and one in 

compression dominated compression-shear. 

The model has been applied to a glass/epoxy prepreg material system tested using the MAF. The 

analysis of the MAF experimental data has shown that the nonlinearities in all the measured 

transverse and shear stress-strain curves corresponding to different biaxial stress states can be 

reduced into a single effective plastic stress-strain curve. Furthermore, it is demonstrated that an 

associative flow rule, when used with a pressure sensitive Drucker-Prager type yield function, 

can induce incorrect, non-physical plastic transverse strains for pure shear and shear-dominated 

combined compression-shear stress states. However, the issue can be resolved by adopting a non-

associative model. The research conducted has shown the importance of measuring all the strain 

components experimentally for full model calibration, e.g. using a full-field DIC approach, to 

ensure that all the predicted individual plastic strain components can be verified. 

The model was further calibrated based on off-axis experimental data from the literature for an 

infused glass/epoxy and a carbon/epoxy material system. The off-axis stress-strain curves of the 

model agreed well with the experimental ones, thus demonstrating that the proposed non-

associative plasticity model is applicable to a wide range of advanced composites. 

 



 

  

Lay-up effects in multidirectional 

laminates subjected to multiaxial loading 

5.1 Introduction 

The literature review in Chapter 2 has shown that laminate lay-up significantly effects the strength 

and failure modes of multidirectional laminates (see in-situ effect in Sections 2.4.2 and OHT tests 

in Section 2.6). Further, Tan et al. [7], [152] showed that multiaxial loading also alters the failure 

modes and open-hole specimen strengths. Nonetheless, lay-up effects in composite laminates 

subjected to multiaxial loading, especially in the compression-shear loading regime, have rarely 

been addressed in the open literature and require further investigation. Thus, in this chapter the 

clear gap identified in the literature is addressed by experimentally assessing lay-up effects in 

multidirectional laminates subjected to combined tension/compression-shear loading. Therefore, 

three quasi-isotropic laminates with different lay-ups, as shown in Figure 5.1, are studied. 

 

Figure 5.1, Quasi-isotropic carbon/epoxy laminates subjected to combined tension-shear and 

compression-shear loading. 

Laminates 1 and 2 are made from UD plies with different thickness (i.e. 0.291 and 0.144 mm 

respectively), while Laminates 2 and 3 feature different relative fibre orientation (or pitch) angles 

(i.e. 45° and 22.5° respectively). However, all three laminates exhibit the same overall laminate 

thickness and equivalent homogenised elastic stiffness properties according to classical 

lamination theory (CLT) [2]. 

To enable the investigation of the strong laminates in Figure 5.1 up to failure, a new MAF is 

designed. A procedure based on stereo DIC is used to identify damage evolution in the open-hole 

specimens based on the full-field displacement and strains. DIC is also used as a biaxial 
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extensometer to derive decoupled normal and shear load-extension curves from the biaxially 

loaded specimens. Failure envelopes are constructed and used to assess the failure behaviour and 

multiaxial open-hole specimen strength. The results from the three tested laminates, enable a 

comparative assessment of the effects of ply thickness and fibre orientation on the failure 

behaviour of quasi-isotropic laminates, contributing to understanding the effects of laminate lay-

up on the failure of composite laminates subjected to multiaxial loading.  Furthermore, the full-

field experimental data provides a challenging high-fidelity means of validating composite 

damage and failure modelling frameworks. 

The laminated carbon/epoxy plates were manufactured and provided by the sailing team INEOS 

Team UK, the British challenger for the 36th America’s cup. The detailed UD material 

specification cannot be disclosed at the time of writing. The work presented in this Chapter led to 

the third journal publication which has been published in Composites Part A: Applied Science 

and Manufacturing (see Chapter 7, Section 7.3).  

5.2 Design of new MAF and experimental set-up  

Figure 5.2 provides an overview of the new MAF, which is similar in concept to the previous 

version of the MAF in [93], [166] used for initial testing in Chapter 3, but with important key 

design alterations that allow larger loads to be applied for general composite materials testing. 

 

Figure 5.2, (a) The new MAF, with indication of how different combined tension/compression-

shear loading can be induced in the specimen by the choice of the loading hole pair designated 

by the loading angle α, and (b) the re-designed specimen friction grip arrangement. 
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Premature failure of the specimens at the grips was successfully eliminated by upsizing the 

clamping bolt diameters (from M6 to M12) to induce greater clamping and thus friction forces to 

delay specimen slippage. Furthermore, the clamping bolts were positioned outside of the 

specimen tabs as shown in Figure 5.2 (b) to eliminate premature shear out failure at the bolt holes. 

The new MAF as shown in Figure 5.2 (a) consists of two boomerang shaped arms with loading 

holes positioned at increments of 15°, the anti-buckling rail assembly, the top and bottom 

connector assemblies, the grip attachment bolts, and the friction grips shown in detail in Figure 

5.2 (b). By connecting the new MAF via the connector assemblies to a tensile test machine as 

shown in Figure 5.3, using the different pairs of loading holes designated by the loading angle (α) 

different mean combined tension/compression-shear stress states can be induced in the specimen, 

ranging from tension (α = 0°) to tension-shear (α = 15° - 75°), to shear (α = 90°), to compression-

shear (α = 105° - 165°) and to compression (α = 180°). 

 

Figure 5.3, Experimental set-up showing the MAF attached to a universal test machine, the 

alignment pulleys, the balance weight system and the stereo DIC system. 

The MAF arms are made from 40 mm thick high strength aluminium alloy Alumec 89. The top 

and bottom connector assemblies consist of two pin joint lugs made from P20 tool steel, two 

24 mm diameter shoulder bolts and a M20 threaded steel rod. The connectors allow the MAF to 

freely rotate in both the xy- (in-plane) and yz- (transverse) planes due to the two integrated 

shoulder bolts per plane. This ensures that the rig and specimen are free from out-of-plane 

constraints, potentially arising from test machine misalignment, which may induce spurious out-

of-plane bending stresses/strains in the specimen. The grips are connected to the arms via the 

three 24 mm diameter grip attachment bolts made from stainless steel 17-4HP-A. The knurled 

friction grips are made from stainless steel 17-4PH-H900, hardened to Rockwell hardness C 45 
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to increase their durability in contact with the specimen. The knurls are 2 mm high pyramids with 

square bases. The four M12 bolts per grip, shown in Figure 5.2 (b), generate the required apparent 

friction force by applying allowable torques up to 150 Nm. Out-of-plane displacements are 

prevented by an anti-buckling rail assembly similar to the one used for the previous MAF in [93]. 

All parts were designed to withstand a safe working load of 100 kN with a factor of safety against 

yielding of 1.5. The arms, grips, grip attachment bolts and the connector lugs were dimensioned 

using detailed FE analyses. The threaded connector rod and the M12 clamping bolts were 

dimensioned analytically according to the tensile strength requirement in [167], and the minimum 

thread engagement length requirement in [167], [168], whereas the shoulder bolts were 

dimensioned according to [169]. The manufacturing drawings of the new MAF are attached in 

Appendix F. 

Two pulleys were suspended from the test machine crosshead and attached to the MAF arms to 

facilitate changing the loading angle α to set up different combined loading states as defined in 

Figure 5.2 (a). Further, a balance weight system (highlighted in green in Figure 5.3) was installed 

to counteract the moment generated by the weight of the two MAF assembly halves (17 kg per 

combined arm and grip assembly), which otherwise would induce additional in-plane bending 

stress/strains into the specimen. 

Stereo DIC was used for the assessment of the full-field deformation of the specimens, where u 

is the horizontal, v the vertical and w the out-of-plane displacement, respectively. The strain state 

(vertical yy  and horizontal 
xx

 normal strains and shear strains xy ) was derived by the DIC 

software in terms of the logarithmic strain tensor. The full-field deformation data was used to 

assess the load response of the specimens as well as to identify the initial failure sites and 

subsequent damage evolution. The stereo DIC system was positioned approximately 500 mm 

away from the specimen’s front side and was realigned and calibrated for each combined load 

case such that the camera xy- coordinate system corresponded with the principal axes of the 

undeformed specimen. Camera 1 was thereby always aligned perpendicular to the specimen 

surface whereas Camera 2 was positioned at an angle of approximately 20°. The DIC system 

specifications are listed in Table 5.1. 
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Table 5.1, DIC system specification, processing parameters and system performance. 

Hardware (stereo DIC) 

Cameras 2 × Imager E-Lite 5M 

Sensor and digitization 2448 × 2050, 12 bit 

Lens Sigma 105 mm f/2.8 

Imaging distance [mm] / Stereo angle [deg] ~ 500 / 20 

Lighting 2 × NILA ZAILA LED lights 

Pixel resolution ~ 50.62 pixel/mm 

Field of view [mm] ~ 40 × 48 

Analysis parameters 

DIC Software DaVis 10, LaVision [156] 

Subset size [pixels] / Step size [pixels] 51 / 10 

Shape function / Correlation Criterion Quadratic / LSM 

Spatial pre-filtering of displacements Gaussian smoothing (3 × 3 kernel) 

Strain tensor Logarithmic  

System performance4 

Displacement noise floor [μm] u ≈ 0.443 / v ≈ 0.288 / w ≈ 0.688 

Strain noise floor [μm/m] 
xx

≈ 99 / yy ≈ 87 / xy ≈ 102 

 

To perform the DIC, the specimens were spray painted with white speckles on a black 

background. Using a black instead of a white background requires less paint to be applied to the 

already black carbon/epoxy specimens, thus resulting in a thinner layer of spray paint on the 

surface of the specimens. Five static images were taken before each test, which were averaged 

and used as the first image in the image sequence of the loaded specimen to reduce the influence 

of camera noise on the displacement and strain measurements. To spatially resolve the steep strain 

gradients expected at the hole, and to account for the small diameter hole, a small step size of 10 

pixels (0.198 mm) was selected. To select an appropriate subset size, the first image of the loaded 

image sequence was correlated against the averaged static image using subset sizes of 21, 31, 51 

and 71 pixels. The reported noise floors were then determined as the standard deviation of the 

correlated static displacement and strain fields [170]. At a subset size of 51 pixels (1.008 mm), 

the critical noise in the strain fields was reduced to the commonly adopted acceptable level of 

approximately 100 με. A subset size of 51 pixels and a step size of 10 pixels were therefore chosen 

for the analysis. 

 

4 The system performance (precision) values reported are only indicative. The precision varies from test to 

test due to DIC system realignment, recalibration, and the quality of the spray-painted speckle patterns. 
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5.3 Specimen design and manufacturing 

Plates were laminated according to the lay-ups in Figure 5.1 by INEOS Team UK using an out-

of-autoclave UD carbon/epoxy prepreg system. The laminate lay-ups were selected so that ply 

thickness and fibre orientation effects could be investigated. To this purpose Laminate 1 consists 

of 8 ‘thick’ plies, whereas Laminates 2 and 3 consist of 16 ‘thin’ plies, where the ‘thin’ plies are 

approximately half the thickness of the ‘thick’ plies. The plies in Laminates 1 and 2 are orientated 

at the standard quasi-isotropic fibre orientation angles, 0°, 90° and +/− 45°, so that any differences 

in their failure behaviour can be related to the effect of ply thickness (tply = 0.291 mm versus 

tply = 0.144 mm). To study the effect of the relative ply orientation angle, also referred to as the 

pitch angle, Laminate 3 features more dispersed fibre orientation angles with the addition of the 

non-standard fibre angles, +/− 22.5° and +/− 67.5°. As Laminate 2 and 3 have the same ply 

thicknesses, differences in their failure behaviour and multiaxial strengths can be attributed to the 

relative fibre orientation angle (45° versus 22.5°). 

The nature of damage initiation and evolution in multidirectional laminates makes the 

identification of an ideal specimen design for multiaxial testing challenging. The severity of stress 

concentrations and their locations are influenced by the combined load case, while the initial 

failure modes, strengths and the evolution of damage is strongly dependent on the laminate lay-

up. Therefore, it is difficult to find a specimen shape which enables the comparative assessment 

of the failure loads across all laminate lay-ups and load cases investigated in this work. The 

specimen shape should promote failure at an observable location within the gauge section away 

from the tabs in all lay-ups and loading configurations. A way of increasing the chance of failure 

initiation at a preferable location regardless of laminate lay-up and load case is the use of an 

artificial stress raiser such as a small hole in the gauge of the specimen [121]. Apart from the 

work in [7], [152], where straight-sided open-hole specimens were used for combined tension-

shear testing, there is no guideline on an ideal open-hole specimen design used with an Arcan 

fixture for combined tension/compression-shear testing of multidirectional laminates.  

A preliminary stress and failure analysis has therefore been conducted using the commercial FE 

code ABAQUS 6.14 [115] to study the effect of specimen shape and to find a specimen geometry 

which promotes failure at the hole. Failure initiation was predicted using the LaRC03 failure 

criterion [30] as discussed in Section 2.4. Different specimen shapes were considered ranging 

from the butterfly specimen, inspired by the original Arcan test [25], to lightly waisted specimens, 

to straight-sided specimens with central holes. The overall conclusion was that straight-sided 

specimens subjected to shear dominated load cases are prone to damage occurring at the top right 

and bottom left corners of the specimen due to the high y- direction normal stresses developing 

(see Figure 5.9 (b)) and that the predicted probability of failure at the hole for lightly waisted 

specimens is improved. It is concluded that the lightly waisted specimen with a hole offers the 

best compromise with respect to promoting failure initiation at the hole across all laminate lay-
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ups and load cases. Pilot tests with the lightly waisted specimen geometry as shown in Figure 5.4 

were conducted and showed promising results. Therefore, the specimen shape was adopted for 

the experiments presented in this Chapter. 

 

Figure 5.4, Specimen design; (a) in-plane view and (b) side view of the assembled specimen, (c) 

glass/epoxy tab, (d) definition of fibre orientation angle, , and (e) tabbing procedure using 

alignment slots and bolts. Dimensions given in mm. 

Prior to bonding the end tabs, a large batch of specimens was water jet cut following the 

dimensions in Figure 5.4 (a). Water jet cut tabs as shown in Figure 5.4 (c), made from 2 mm thick 

quasi-isotropic glass/epoxy circuit board material [171], were bonded to the carbon/epoxy using 

aerospace grade epoxy adhesive Araldite 2015 [172]. To facilitate the bonding process, slots were 

integrated into the specimen shape as shown in Figure 5.4 (a) and (c). The tabs were aligned using 

M6 bolts as shown in Figure 5.4 (e), ensuring an accurate alignment and bond line thickness. The 

alignment bolts were removed prior to testing. The fibre orientation was defined with respect to 

the y-axis perpendicular to the waistline as shown in Figure 5.4 (d) of the undeformed specimen, 

such that the surface ply was orientated at an angle of θ = +45° for Laminates 1 and 2 and at 

θ = +22.5° for Laminate 3. After water jet cutting, the central hole was drilled using a tungsten 

carbide drill bit on a pillar drill. Due to the limited amount of material supplied in combination 

with the large number of tests needed for multiaxial testing, the specimens were pre-screened 

using x-ray CT with a voxel resolution of 30 μm as shown in Figure 5.5. 
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(a) (b) (c) 

   

(d) (e) (f) 

Figure 5.5, x-ray CT scan examples: (a) Through thickness slices of laminate 1 specimens, (b) of 

laminate 2 specimens, (c) of laminate 3 specimens, and in plane slices of d) a “good” ply, e) a 

ply with a “butt joint” and (f) a ply with major inter ply defects (Resolution 1 pixel =30 μm). 

A maximum of 14 specimens were stacked together and scanned at the same time on the custom 

450/225 kVp Hutch CT system in the μ-vis x-ray imaging centre at the University of 

Southampton. The CT images were reconstructed using VGStudioMAX. Based on visual 

inspection of the scans, the best specimens with the least manufacturing induced defects (e.g. 

inter/intra ply voids from lamination process or damage to edges due to the water jet cutting and 

drilling of holes) were selected for testing, to reduce the expected experimental scatter and thus 

justifying reduced numbers of test specimens per load and laminate configuration. 
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To improve the precision of the DIC measurements, an attempt was made to remove the peel ply 

pattern on the specimen surface which can adversely influence the correlation algorithm.  Both 

sides of Laminate 2 specimens were therefore carefully sanded, but the attempt was stopped upon 

realisation that it is impossible to remove the peel ply pattern completely without damaging the 

fibres of the surface plies. The surface plies of Laminate 2 specimens are therefore thinner than 

the rest of the plies. The total laminate thickness, tlam, variation is reported in Table 5.2 as 

measured using a micrometre at three locations along the gauge section. 

 

Table 5.2, Measured mean thicknesses of the specimens. 

 Laminate 1 Laminate 2 Laminate 3 

tlam [mm] 2.326 2.133 2.301 

% CoV 1.29% 2.71% 1.08% 

 

5.4 DIC based biaxial extensometer 

Load-extension curves provide a direct means of assessing the specimen load and failure 

response. In biaxial experiments such as in the MAF experiment, the test machine extension is 

only of limited use because the combined tension/compression and shear deformation is not 

separated. Furthermore, the test machine extension measurement is affected by the compliance of 

the test machine and additionally of the MAF assembly, which varies for the different loading 

angles (α) thus making direct comparisons between test cases difficult. Therefore, an alternative 

method of measurement of the specimen deformation is required that decouples the 

tension/compression and shear responses, and further is not affected by the compliance of the test 

set-up. In the following, a DIC based biaxial extensometer which overcomes these limitations is 

described. The derived load-extension curves are then used in Section 5 to discuss the load and 

failure response of the tested laminates. Figure 5.6 illustrates the principle of the biaxial 

extensometer based on DIC measurements.  
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Figure 5.6, Principle of the DIC based virtual extensometer: (a) Location of displacement 

extraction points and (b) example of derived load-extension curves for a Laminate 3 specimen 

loaded in combined tension-shear (α = 45°). Dimensions given in mm. 

Vertical, v, and horizontal, u, displacements are extracted from the corresponding displacement 

fields near the top and bottom edges of the specimen averaged within 2 mm × 2 mm reference 

areas (red squares in Figure 5.6 (a)). The positions of the reference areas are defined with respect 

to the centre of the hole, which is also the spatial origin of the DIC data. Thereby, three separate 

load-extension curves are derived on the left, on the centreline and on the right of the specimen 

as shown in Figure 5.6 (a). The potential of exploiting the full-field data and of deriving several 

load-extension curves is a further advantage of the DIC based extensometer, which allows a more 

detailed assessment of the specimen deformation in comparison to a conventional extensometer 

which only provides an averaged deformation measurement. 

The extracted displacements u and v at the top and bottom edges, denoted by the superscript ‘top’ 

and ‘btm’, respectively, are then used to derive the vertical extension (normal response) and the 

horizontal extension (shear response) as follows: 

top btm

i i

top btm

i i

i

i

v v v

u u u

 = −

 = −
  (5.1) 
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where the subscript i denotes the horizontal position of the virtual extensometer, i.e. left, centre 

and right, as illustrated in Figure 5.6 (a). The extensions are then used to plot the normal and shear 

load-extension curves; a typical example is shown in Figure 5.6 (b).  

To extract the extensions from the DIC displacement fields, the global x, y, z position coordinates 

and the corresponding u, v, w displacements were exported from the DIC software and post-

processed with a purpose-written Python code. Firstly, the position and displacement vectors were 

transformed so that the origin of the data corresponded to the centre of the hole (via translation 

transformation) and that the global z-axis was perpendicular to the specimen’s surface, while the 

top and bottom edges were parallel to the global x- axis (via rotation transformation). In the next 

step, the transformed data, highlighted grey in Figure 5.7 (a), was interpolated on a grid of 0.05 

mm × 0.05 mm indicated by black dots in Figure 5.7 (a) [165]. 

 

Figure 5.7, Post-processing for virtual extensometer: (a) translating, rotating and interpolating 

scattered data on regular grid (matrix) and (b) procedure to characterise rigid body rotation. 

To use DIC as a biaxial extensometer as described above, it is essential that the kinematics of the 

MAF are accounted for during data post-processing. As load is applied, an in-plane rigid body 

rotation of the specimen occurs, so a specimen reference xkyk-coordinate system is defined that 

rotates with the specimen (see Figure 5.7 (b)), where k denotes the corresponding load step. At P0 

(zero loading), the specimen reference coordinate system, i.e. the x0y0-coordinate system, is 

equivalent to the global xy-coordinate system. The rigid body rotation angle upon loading is 

denoted φk in Figure 5.7 (b) and is dependent on the applied load. The rigid body rotation angle 

is derived by fitting a straight line to the v- displacements along a line near to the bottom edge of 
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the specimen shown in cyan in Figure 5.7  (a). Based on the slope of the fitted line (ak) the rigid 

rotation angle (φk) can be determined as shown in Figure 5.7 (b) for every load step, k. Corrected 

displacement fields in the specimen reference xkyk- frame were then obtained by superposition of 

the rigid body rotation fields corresponding to a rigid rotation (φk) and the measured fields. The 

corrected fields are then used to derive the load-extension curves as shown in Figure 5.7 (b). Note 

that the combined load case is defined solely by the MAF loading angle α and that the effect of 

the rigid rotation angle φk on the applied load case is not accounted for as it is very small. 

5.5 Testing procedure 

The uniaxial tension tests (α = 0°) of Laminates 2 and 3 were conducted on an Instron Schenck 

630 kN servo-hydraulic universal test machine, whereas all other tests were conducted on an 

Instron 8502 100 kN servo-hydraulic test machine. The following testing protocol for the MAF 

tests was strictly adhered to: 

 

1) The MAF is connected to the test machine crosshead using an appropriate pair of loading 

holes by the aid of the pulleys as illustrated in Figure 5.3. 

2) The specimen is mounted and the clamping bolts (see Figure 5.2 (b)) were torqued up to 

75 Nm for α = 45° - 180° and up to 120 Nm for α = 0° and 15°, respectively. The 3D 

printed jig, as shown in Figure 5.8 (a), is used to ensure accurate alignment of the specimen 

within the grips as illustrated in Figure 5.8 (b). The 3D printed alignment jig consists of a 

spacer (red) with a bulge, which when installed on the MAF, aligns the two MAF arms 

accurately and ensures that the desired specimen gauge length is met. Two ‘sliders’ (grey) 

are mounted in a groove on the spacer which hold the specimen in place while the 

clamping bolts are tightened. The shape of the sliders fit the gauge section shape of the 

specimen and ensures accurate specimen alignment in respect to the MAF arms. If other 

specimen shapes are tested, a new spacer or new sliders can easily be 3D printed. The 

alignment tool is removed prior to testing. 

3) The balance weight system is installed to eliminate the spurious stresses/strains induced 

into the specimen by the weight of the MAF as shown in Figure 5.3. 
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4) The load cell is balanced. Therefore, the load reading does not include the load carried by 

the specimen generated by the lower half of the MAF assembly and the connected balance 

weight. The load reading was therefore corrected in a post-processing step. 

5) The MAF is connected to the test machine actuator at the bottom and is pre-tensioned to 

approximately P = 0.1 kN to take up initial slack in the MAF assembly. 

6) Five static images are taken with the calibrated stereo DIC system of the undeformed 

specimen.  

7) Image acquisition is started at a rate of 2 Hz. The specimen was loaded in displacement 

control (1 mm/min) until ultimate failure.  

 

Figure 5.8,  Specimen alignment tool: (a) 3D printed ‘spacer’ (red) and ‘sliders’ (grey) with a 

specimen installed, and (b) alignment tool and specimen mounted on the MAF. 

5.6 Failure initiation and evolution 

The MAF/DIC approach was used to investigate the three laminate configurations (see Figure 

5.1) subjected to tension (α = 0°), combined tension-shear (α = 15°, 45°), shear (α = 90°), 

compression-shear (α = 135°, 165°) and compression (α = 180°). Figure 5.9 shows the complex 

strain fields induced in specimens loaded in tension (α = 0°) and shear (α = 90°), obtained using 

DIC.  
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Figure 5.9, Strain fields in open-hole specimens at P = 7.5 kN before initiation of failure: (a) 

subjected to uniaxial tensile loading, and (b) subjected to shear loading. 

In the linear elastic part of the load response, strain fields for combined load cases are simply 

linear superpositions of the strain fields shown in Figure 5.9. Failure modes and locations 

discussed later can in some cases be attributed to the strain concentrations seen in Figure 5.9. 

Further, the fields can be used to validate model predictions for the elastic material response 

before failure initiation (see Figure 6.3 and Figure 6.4 in Chapter 6). 

Figure 5.9 (a) shows that in tension loaded specimens, vertical tensile normal strain concentrations 

yy  develop on both sides of the hole, while shear strain concentrations yx  are observed as a 

radial pattern around the hole. The strain fields agree well with similar data in the literature for 

open-hole tensile tests [173]. Notably xy  and 
xx

 strains also develop at the curved specimen 

edges. Figure 5.9 (b) shows the development of high xy  shear strain concentrations in a radial 

pattern around the hole, while high compressive yy   and 
xx

 normal strains are observed around 

the hole as well. Notably yy  strains also develop in the four corners of the specimen at the curved 

edges. 

Based on the DIC results, two distinct failure events were observed across the load and lay-up 

configurations tested. Matrix cracks in the surface plies (+45° for Laminates 1 and 2, +22.5° for 

Laminate 3) can accurately be located based on the maximum principal normal strain fields 

(
max

), as shown in Figure 5.10.  
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Figure 5.10, Maximum principal normal strain field used to characterise transverse cracking of 

the surface plies. Example shown: Laminate 1 in tension-shear loading (α = 45°). 

Here the maximum principal strain is used because it is invariant to coordinate system 

transformation, thus simplifying comparison between specimens and with model predictions. 

Surface cracks indicated by high principal strain concentrations were then confirmed by visual 

inspection of the white-light images. 

A second failure event can be determined from the out-of-plane displacement maps shown in 

Figure 5.11, where local out-of-plane displacement changes indicate the occurrence of sub-

surface damage. 

 

Figure 5.11, Out-of-plane w-displacement field used to characterise delamination failure: (a) 

delamination damage at the notch for Laminate 1 loaded in shear (α = 90°) and (b) delamination 

at the notch and edges for Laminate 1 loaded in tension (α = 0°). 

The local surface elevation indicates the formation of a displacement discontinuity in the through-

thickness direction. While the associated initial damage mode cannot be clearly determined, it is 

confirmed by visual inspection that the out-of-plane displacement gradients result in the initiation 
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of delamination (cracks at the interfaces of the plies). This can be seen through DIC camera 2 (see 

Figure 5.11), through which the hole and the side edges of the specimen can be observed.   

In load cases with a dominant shear component, high out-of-plane displacement gradients in the 

vicinity of the hole aligned with the +45° fibre direction are observed as shown for example in 

Figure 5.11 (a) for Laminate 1 loaded in shear. Delamination cracks open further in shear and 

compression dominated load cases, which enhances their signature in the out-of-plane 

displacement plots. In the out-of-plane displacement maps for the tensile load cases shown in 

Figure 5.11 (b), delaminated areas can also be identified: The dark red areas are clearly associated 

with edge/hole induced delamination failure, verified by visual inspection of the specimen edges 

through DIC camera 2 (see Figure 5.3). A less pronounced change in the out-of-plane 

displacement is observed at the top and the bottom of the hole. Based on similar experimental 

data in the literature [174], this indicates delamination in the 0°/−45° ply interface between the 

two fibre splits typically occurring in the 0° plies of quasi-isotropic OHT specimens at both sides 

of the hole (see Figure 2.23). 

The main failure events are chronologically identified in the load-extension plots in Figure 5.12 

to Figure 5.16 for specimens loaded in tension (α = 0°), tension-shear (α = 45°), shear (α = 90°), 

compression-shear (α = 135°) and compression (α = 180°), respectively.  

 

Figure 5.12, Load-extension curves for Laminates 1 – 3 subjected to tension loading (α = 0°). 
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Figure 5.13, Load-extension curves for Laminates 1 – 3 subjected to combined tension-shear 

loading (α = 45°). 

 

 

Figure 5.14, Load-extension curves for Laminates 1 – 3 subjected to shear loading (α = 90°). 
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Figure 5.15, Load-extension curves for Laminates 1 – 3 subjected to combined compression-shear 

loading (α = 135°). 

 

Figure 5.16, Load-extension curves for Laminates 1 – 3 subjected to compression loading 

(α = 180°). 

All load-extension curves, as given in Figure 5.12 to Figure 5.16, display linear behaviour for 

most part of the load response regardless of the applied combined load case. Only the shear 

responses for all load cases display nonlinear behaviour close to the maximum load. It is also 

noted that all laminates show the same compliance within the linear elastic load regime, 

confirming that the homogenised elastic properties of the three laminate configurations are 

equivalent. Most of the load-extension curves obtained for a given specimen at the left, centre and 

right are in close agreement. However, for some cases, the normal load extension curves (P - Δvi) 

obtained at the different horizontal locations deviate slightly (see e.g. Laminate 2 in Figure 5.13). 

This indicates that damage does not necessarily occur simultaneously on both sides of the 

specimens but that one side cracks first, leading to stiffness reduction on one side of the specimen. 
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This may be due to material variability or due to a slightly asymmetrical load introduction to the 

specimen. Further, it is observed that failure events detectable in the DIC fields are not necessarily 

reflected as a load drop in the load-extension plots, nor can the failure events be easily detected 

by visual inspection alone. This makes DIC an effective identification tool to characterise damage 

events that otherwise would be overseen. However, it should be noted that DIC is a surface-based 

technique, and although some internal damage events or internal nonlinearities as in [175] may 

be observed on the surface, not all internal failure events are detectable on the specimen surfaces. 

Detecting such damage events would require the use of e.g. x-ray CT [152], which is beyond the 

scope of this chapter. Nevertheless, the obtained data is useful to visualise failure locations and 

governing failure mechanisms of the laminate which provide means to validate failure models 

(see Chapter 6). By assessing initial failure events across all load and lay-up configurations, the 

following can be concluded: 

 

• For tensile dominated load cases (α = 0°, 15°) the first detectable failure events in all 

laminates are inter-fibre matrix cracks in the surface plies starting at the hole and the edges 

(Figure 5.12). The cracks initiating at the hole can clearly be attributed to the high tensile 

vertical normal strain concentrations shown in Figure 5.9 (a). 

• For tension-shear (α = 45°) loading, the first failure initiation in Laminates 1 and 2 are 

inter-fibre matrix cracks on the surface whereas Laminate 3 delaminates at the hole (Figure 

5.13). 

• For shear (α = 90°) and combined compression-shear (α = 135°, 165°) loading, failure 

initiates as delamination in all laminates at the hole (Figure 5.14 and Figure 5.15). The 

location and orientation of the delamination can clearly be attributed to the high vertical 

compressive normal strain concentration above and below the hole shown in Figure 5.9 (b). 

• Failure in compression (α = 180°) occurs suddenly and without any notable prior failure 

events on the surface of the specimen (Figure 5.16). 
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5.7 Ultimate multiaxial open-hole specimen strength 

 

Figure 5.17, View through DIC camera and definition of the representative combined 

tension/compression (
ult

yN ) and shear (
ult

yxN ) load case. 

To compare the ultimate multiaxial open-hole specimen strength among the three laminates with 

respect to the different load cases, tension/compression-shear failure envelopes were derived. 

Therefore, the normal, 
ult

yN , and shear, 
ult

yxN , component of the ultimate failure load (Pult) were 

obtained using the corresponding loading angle (α) as illustrated in Figure 5.17, according to 

Equations (3.1). Pult is expected to be influenced by the specimen shape and the hole size, which 

is also intrinsic to uniaxial open-hole tests [9], [120], and it has been shown in Section 5.6 that 

damage has not in all cases initiated at the hole. The measured ultimate failure load (or average 

failure stress) is therefore best regarded as the failure load (or strength) of the specimen. 

Furthermore, mean representative stress-based ultimate failure envelopes (𝜎𝑦𝑦
𝑢𝑙𝑡̅̅ ̅̅ ̅ - 𝜏𝑦𝑥

𝑢𝑙𝑡̅̅ ̅̅ ̅) were also 

defined according to Equations (3.1). Note that the mean stresses do not represent the actual 

stresses which govern failure, but instead serve as a convenient averaged (across specimen cross 

section) quantity to compare the performance of all laminates for different combined loading in 

this study. 

The ultimate failure loads, Pult, as measured by the load cell of the test machine and corrected for 

the weight of the MAF and the balance system (see Figure 5.3) are reported in Table 5.3 for all 

specimens. 
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Table 5.3, Ultimate failure loads (Pult) sustained by each tested specimen. 

Load case 𝜎𝑦𝑦/𝜏𝑦𝑥 No. 
Laminate 1 

Pult [kN] 

Laminate 2 

Pult [kN] 

Laminate 3 

Pult [kN] 

Tension  

α = 0° 
+∞ 

1 51.58 55.16 54.84 

2 49.33 52.29 55.06 

Tension-shear 

α = 15° 
3.732 

1 30.96 43.89 45.35 

2 29.22 44.36 44.99 

Tension-shear 

α = 45° 
1 

1 16.80 22.29 22.51 

2 16.41 22.79 22.18 

Shear 

α = 90° 
0 

1 12.02 13.21 12.62 

2 11.92 13.18 12.53 

Compression-

shear α = 135° 
−1 

1 13.52 14.44 13.46 

2 12.39 14.07 13.44 

Compression-

shear α = 165° 
−3.732 

1 20.95 20.71 19.01 

2 20.71 20.86 19.60 

Compression  

α = 180°* 
−∞ 

1 21.92 / 27.52 20.34 / 23.56 24.75 

2 20.92 / 29.77 21.42 / 23.77 23.52 / 24.51 

* Initiation of laminate crushing and maximum load sustained are reported if applicable. 

 

For the case of compressively loaded specimens (α = 180°), an additional failure load is reported 

which can be associated with the onset of laminate crushing which is characterised by the start of 

regular small load drops in the test machine load-displacement curves.  

Table 5.3 shows that all laminates are strongest when loaded in tension (α = 0°), and that the 

addition of shear reduces the maximum load carrying capability. The ultimate failure load 

increases again when compressive loading is applied and reaches about half of the ultimate tensile 

failure load in compression (α = 180°). Figure 5.18 shows the tension/compression-shear failure 

envelopes derived using Equations (3.1) based on the ultimate failure loads in Table 5.3 in load 

space (a) and stress space (b), respectively.  
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Figure 5.18, Ultimate load carrying capability of the different laminate configurations and load 

cases: (a) measured load-based failure envelope, (b) net cross section mean stress-based failure 

envelope. 

Figure 5.18 reveals a strong effect of ply thickness on the load carrying capability when the 

specimens are subjected to tension-shear loading. The effect is most pronounced at α = 15°, where 

specimens made from ‘thin’ ply Laminates 2 and 3 carry up to 150% of the load carried by 

specimens made of ‘thick’ ply Laminate 1. The ply thickness effect in combined tension-shear is 

therefore also considerably greater than for tensile loaded specimens. The observed behaviour for 

tension-shear loading can be related to the in-situ strength effect that states that matrix cracking 

in UD plies is delayed in ‘thin’ plies  compared to ‘thick’ plies [77], as well as to the higher 

delamination onset stresses in the ‘thin’ plies [122]. Moreover, matrix cracking and delamination 

failure in open-hole tests are interacting, thus supressing matrix cracking in the ‘thin’ plies will 

also delay the onset of delamination [108] and subsequent fibre failure, which both govern the 

ultimate strength.  

In contrast, the effect of ply thickness on the open-hole specimen strength is not evident for 

compression-shear loading. The in-situ effect on the transverse compressive strength is smaller 

than on the transverse tensile strength [176], resulting in similar crack initiation stresses for the 

‘thin’ and ‘thick’ ply laminates loaded in the compressive loading regimes. Furthermore, the load-

carrying capability in compression-shear of all laminates is limited by the relatively low 

compressive UD fibre strength. Thus, delaying the onset of matrix cracking and delamination has 

not such a significant effect on the ultimate open-hole specimen strength in compressive loading 

regimes as in the tensile loading regime where delamination dominates ultimate failure. 

Furthermore, no significant effect of the relative fibre orientation angle (45° versus 22.5°) on the 

ultimate load carrying capability can be seen by comparing the load-based failure envelopes in 

Figure 5.18 (a) of the ‘thin’ ply Laminates 2 and 3, with an average difference in failure load of 

only 1% between the laminates. However, based on the mean stress-based failure envelope in 



Chapter 5: Lay-up effects in multidirectional laminates subjected to multiaxial loading 117 

 

Figure 5.18 (b), Laminate 2 sustains on average 10% higher stresses than Laminate 3. This 

difference may at first glance indicate the existence of a minor effect of the relative ply orientation 

angle on the ultimate load carrying capability. However, because Laminate 2 is on average 10% 

thinner than Laminate 3 due to the sanded surface plies (as described in Section 5.3), it cannot be 

concluded that this phenomenon is attributed to the ply orientation effect alone. Instead, it is more 

likely that the surface 45° ply has only a minor influence on the ultimate strength of the laminate. 

Hence, partial removal of the Laminate 2 surface plies does not significantly reduce the ultimate 

failure load of Laminate 2 as evidenced in Figure 5.18 (a). However, it increases the derived mean 

stresses in Figure 5.18 (b) due to the reduced overall laminate thickness. It can therefore be 

concluded that if an effect of the relative fibre orientation on the ultimate failure load does exist, 

it will be much smaller than the effect of ply thickness for the laminates and load cases 

investigated here. Photographs of selected specimens after ultimate failure are presented in Table 

5.4.  
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Table 5.4, Selected specimens after ultimate failure. Crack paths are highlighted as white lines 

in through-thickness schematics in specimens that did not break in two halves. 

 

 

Where the specimens have not fractured into two halves, schematics of the through-thickness 

crack paths are presented for clarity.  It should be noted that, although some initial failure events 

can be distinguished (see Figure 5.12 -  Figure 5.16), a cascade of various interacting failure 

events (transverse matrix cracks, fibre breaks, delamination) happen suddenly and within a 

fraction of a second. This means that the ultimate failure pattern is influenced by highly dynamic 

events inducing a considerable degree of variability in the patterns observed. Nevertheless, from 
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visual inspection, the following observations can be made that will facilitate the validation of 

predictive models: 

 

• For tensile dominated load cases (α = 0°, 15°), all specimens fail in the typical open-hole 

tensile test pattern as reported in the literature [120]. All specimens break in two halves, 

indicating that final failure involves complete fracture of the 0° plies and in the case of 

Laminate 3 also the +/−22.5° plies.  

• For combined tension-shear loading (α = 45°), the specimens no longer fail in the typical 

open-hole tensile specimen pattern [120]. Instead, macroscopic fracture planes (i.e. areas of 

major damage accumulation in the form of matrix cracks, delamination and fibre failure) 

run from the bottom left corner through the hole to the top right corner, where both corner 

areas are largely delaminated. The opposite corners instead show only little damage. 

Specimens of Laminate 2 break in two halves while specimens of Laminate 1 and 3 do not 

disintegrate completely but develop a series of through-thickness cracks forming 

effectively a wedge centred by the mid 0° plies. 

• For shear and moderate combined compression-shear loading (α = 90° - 135°), all 

specimens exhibit a macroscopic fracture plane running diagonally from bottom left to top 

right corners accompanied by large delamination in the same corners, while the opposite 

corners show little damage. For Laminates 1 and 3 a through-thickness wedge shaped crack 

path is evident, while Laminate 2 shows a dispersed crack pattern. 

• For compressive load cases (α = 165°-180°), the fracture planes align approximately with 

the minimum gauge section. In the through-thickness view, the cracks are dispersed, and 

the plies are crushed accompanied by matrix cracking, fibre breaks and delamination. 
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5.8 Conclusions 

A novel experimental procedure based on a new MAF design developed in this thesis, stereo DIC 

and a lightly waisted open-hole specimen has been devised to investigate multidirectional 

laminates subjected to combined tension/compression-shear loading. The new MAF has enabled 

the characterisation of multidirectional composite laminates subjected to both combined tension-

shear and compression-shear loading up to failure, which has not been possible before. Using the 

developed experimental procedure, three quasi-isotropic carbon/epoxy laminates were tested to 

investigate the effect of ply thickness and relative fibre orientation angles on the failure initiation 

and ultimate multiaxial open-hole specimen strength of multidirectional laminates.  

Based on the DIC measurements, two macroscopic failure events were distinguished, i.e. matrix 

cracking of the surface plies and delamination at the hole. For specimens loaded in tension and 

combined tension-shear, initial failure events (matrix cracking in the surface ply) occurred 

simultaneously at the hole and the edges, while for the shear, combined compression-shear and 

compression load cases, the first failure events occurred at the hole. Load-extension curves were 

constructed based on the full-field displacement maps, which enabled the visualisation of the 

combined tension/compression-shear deformation and failure evolution.  

The experimental data obtained showed laminate lay-up effects on failure evolution and ultimate 

failure. Moreover, it revealed significant dependencies of the magnitude of the laminate lay-up 

effect on the applied combined load case. For combined tension-shear loading, ply thickness has 

a strong effect on the ultimate specimen failure strength, where the ‘thin’ ply specimens were up 

to 150% stronger than the ‘thick’ ply specimens, while for combined compression-shear loading 

no significant ply thickness effect was observed. Furthermore, no significant effect of the relative 

fibre orientation angle on the ultimate strength was observed regardless of the combined loading 

regime. 

The overarching conclusion from the work in the chapter impacts on the design of high-

performance composite materials and structures, in that the use of laminates with thinner but 

increased numbers of plies may be preferential in areas of combined tension-shear loading, 

despite the increased manufacturing cost. However, for the material systems investigated, no 

significant benefit is apparent for using the ‘thin’ plies for laminates subjected predominantly to 

compression-shear loading. Moreover, according to the experiments conducted there is no 

significant gain of using non-standard fibre orientation angle laminates in terms of ultimate 

strength for the investigated load cases. However, further investigation is needed to ascertain if 

these findings are applicable for different hole sizes or stress raiser geometries, i.e. different 

specimen shapes. 

The work conducted provides a definitive demonstration of the usefulness of the developed 

MAF/DIC procedure to study multidirectional composite laminates subjected to combined 
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tension/compression-shear loading. Based on the promising test results, it is recommended for 

future work to investigate the possibility for an improved specimen design to encourage failure 

initiation at the hole to improve comparability of the multiaxial open-hole strength. Furthermore, 

the use of x-ray CT in combination with the MAF test is recommended for future work which 

would enable the clear identification of sub-surface damage events which could be corelated 

against surface-based observations. Furthermore, the complex material behaviour captured in the 

MAF test results stemming from the various lay-up and load configurations investigated, makes 

the extracted high-fidelity experimental data well suited for the validation and development of 

novel numerical and analytical tools to predict failure in composite laminates. The data obtained 

in this chapter is therefore used in Chapter 6 for the validation of a state-of-the-art FE-based 

modelling framework developed for ‘virtual testing’. 

 



 

  

Predicting ply thickness effects in 

composite laminates subjected to 

tension/compression and shear 

6.1 Introduction 

Efficient design and certification of FRP structures requires tools that can accurately predict the 

failure behaviour and strength of a wide range of composite materials and laminate lay-ups under 

general multiaxial loading conditions. The integration of ‘virtual testing’ techniques into design 

and certification has the potential to reduce cost and time-to-market and can accelerate the 

development of new composite materials and structural concepts [17], [21]. 

Open-hole tension (OHT) and compression (OHC) tests are commonly utilised for the validation 

of FE-based progressive damage models developed for ‘virtual testing’ (see Chapter 2, 

Section 2.6). These tests are ideally suited to assess the predictive capability of meso-scale 

progressive failure models because they offer interesting validation cases as the failure behaviour 

and OHT/OHC strengths are not only dependent on the UD material system but also on the 

laminate lay-up and hole size (see Chapter 2, Section 2.6) [121]. However, these modelling 

frameworks have not been rigorously assessed with respect to their ability to accurately simulate 

failure for more complex multiaxial loading conditions in which the interaction of failure 

mechanisms is different. Therefore, multiaxial experiments have been proposed for model 

validation (see Chapter 2, Section 2.7): cruciform specimens loaded in tension-tension, 

compression-compression, or tension-compression have been proposed in [41], while Tan et al. 

[7], [18] assessed model predictions against open-hole experimental data obtained in the 

combined tension-shear, but not in the compression-shear loading regime.  

In Chapter 5, multiaxial open-hole tests were conducted using the new MAF in both the combined 

tension-shear and compression-shear loading regimes on out-of-autoclave carbon/epoxy 

laminates provided by INEOS Team UK. Three quasi-isotropic carbon/epoxy laminates with 

different lay-ups were studied and a significant influence of the ply thickness on the multiaxial 

open-hole specimen strength was observed. Therefore, in this chapter, a state-of-the-art meso-

scale model is used to simulate progressive failure in quasi-isotropic carbon/epoxy laminates, 

with two different UD ply thicknesses subjected to combined tension/compression-shear loading 
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with the aim to assess the capability of the model to predict the experimentally observed ply 

thickness effects in Chapter 5 (Laminates 1 and 2 are considered).  

In the meso-scale model, intra-laminar damage is modelled using the CDM in [17] developed at 

the University of Porto for ‘virtual testing’ (see Chapter 2, Section 2.4). Inter-laminar damage is 

predicted by means of mixed-mode CZMs [107], [109] native to ABAQUS (see Chapter 2, 

Section 2.5). The CDM was implemented in a user defined material subroutine (VUMAT) by the 

research group in Porto and was applied by the author to the MAF specimens. An FE modelling 

strategy is proposed based on structured, fibre-aligned meshes that are able to account for the 

interaction between inter- and intra-laminar damage for all of the investigated combined load 

cases.  

To the knowledge of the author, the capability of a meso-scale model to predict failure of 

multidirectional open-hole specimens in the full tension/compression-shear loading regime has 

not previously been studied. This research therefore provides a significant contribution in 

advancing the industry-readiness of predictive tools for composite laminates and informs the 

further direction of model development through rigorous validation against high-fidelity 

experimental data. 

The work presented in this Chapter has led to a tentative fourth journal paper under preparation 

in collaboration with Prof. P. P. Camanho’s research group at the University of Porto (see Chapter 

7, Section 7.3). 
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6.2 Meso-scale finite element model 

The commercial FE software ABAQUS/Explicit 6.14-3 [115] was used to simulate the MAF 

experiments. The physical boundary conditions imposed by the MAF on the specimens, as shown 

in Figure 5.2 (a), are simplified in the modelling space as shown in Figure 6.1, ignoring the 

clamped area of the specimen.  

 

Figure 6.1, Mimicking the MAF boundary conditions in model space: (a) plane view, (b) side 

view. 

The boomerang shaped arms of the MAF are modelled by multi point constraints (MPC) of type 

‘Beam’, while the loading holes in the MAF arms are represented by reference nodes in the model 

space (see Figure 6.1 (a)). The position of the reference nodes is defined by the loading angle α 

and defines, like the choice of the loading hole pair in the experiment (see Figure 5.2 (a)), the 

combined tension/compression-shear load case applied. The bottom reference node is fixed, 

whereas a velocity boundary condition is imposed on the top reference node up to ultimate failure. 

To reduce the computational cost, the through-thickness symmetry of the lay-ups is exploited by 

applying symmetry boundary conditions on the mid-plane of the specimen as shown in Figure 

6.1 (b). The multidirectional laminates are modelled on the meso-scale with the homogenised UD 

plies as the basic building block as shown in Figure 6.2. 
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Figure 6.2, Meso-scale modelling framework illustrated on the Laminate 1 model: (a) 3D solid 

elements for UD plies with structured, fibre aligned mesh, and (b) cross section showing cohesive 

surfaces in between the solid UD plies. 

Intra-laminar damage (fibre failure and in-plane matrix cracking) are modelled using a user-

defined material model (VUMAT) based on the CDM proposed by Furtado et al. [17], which is 

described in more detail in Section 6.2.1. In addition, inter-laminar failure between the plies 

(delamination) is accounted for using cohesive surfaces placed between the plies as shown in 

Figure 6.1 (b), which are described in Section 6.2.2. A structured fibre aligned mesh, as shown in 

Figure 6.1 (a), was used to mitigate some of the mesh induced directional bias of the CDM on the 

prediction of intra-laminar crack propagation [15], [41], [20]. This enabled a physically more 

accurate prediction of subcritical inter- and intra-laminar matrix cracks and their interactions, 

which was deemed crucial in the prediction of the multiaxial open-hole specimen strength of the 

tested laminates. The plies are meshed with a single layer of linear reduced integration solid 

elements through the ply thickness. The mesh consists predominantly of 0.35 × 0.35 × tply mm³ 

brick elements (C3D8R) with some wedge elements (C3D6) along the curved edges and around 

the hole (see Figure 6.1 (a)). The mesh was designed in the commercial CAD software 

Rhino 5 [177] and was then imported into the FE software ABAQUS/Explicit [115].  

A quasi-static explicit dynamic analysis was conducted to avoid convergence issues due to the 

nonlinear material behaviour, including strain softening and discrete cohesive failure and contact 

problems. To reduce the computational cost, the loaded reference node was displaced at an 

increased loading rate of 100 mm/s. The velocity boundary condition was applied via a smooth 

step loading amplitude along 1/10 of the total displacement applied. To further accelerate the 

analysis, variable semi-automatic mass scaling on elements with a stable time increment smaller 

than 1 × 10-7 s was used. To meet the typical requirements for a quasi-static analysis, the kinetic 

energy was ensured to be below 5% of the internal strain energy throughout the analysis [115]. 
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6.2.1 The ply continuum damage model (CDM) 

Consider a UD fibre reinforced composite ply with the x1 axis parallel to the fibres, the x2 axis 

transverse to the fibres and the x3 axis perpendicular to the plane of the ply. Assuming transverse 

isotropy with respect to the fibre direction, the stress-strain relationship reads [178]: 
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where H is the compliance matrix with its components defined as: 
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where 
id  are the damage variables, 

1E  and 
1cE are the fibre longitudinal tensile and compressive 

Young’s moduli to account for the different response in fibre longitudinal tension and 

compression, and where all other variables have their usual meaning. The Macaulay bracket •  

returns the argument •  if positive or zero otherwise.  

To account for the effect of crack closure under load reversal on 
1d  and 

2d , it is necessary to 

track damage caused by tension (
1d +

, 
2d +

) separately from damage caused by compression (
1d −

, 

2d −
) as: 

11 11

1 1 1

11 11

d d d
 

 
+ −

−
= +  (6.3) 

22 22

2 2 2

22 22

d d d
 

 
+ −

−
= +  (6.4) 

where the sign of the corresponding normal stress defines if a damage mode is either passive or 

active. For shear damage only one damage variable (
6d ) is defined, since shear cracks cannot 

close under load reversal. The damage variables 
3d , 

4d  and 
5d  read: 

3 1 21 (1 )(1 )d d d− −= − − − ;     
4 6d d= ;     

5 1d d +=  (6.5) 
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The elastic properties of the UD ply used to inform the model and the associated test methods 

used for their determination are reported in Table 6.1. More details on test set-ups and results are 

provided in Appendix C. 

Table 6.1, Elastic properties of the UD ply. 

1E  [MPa] (% CoV) 143190 (1.83) ISO 527-5 [179] 

1cE [MPa] (% CoV) 142620 (3.45) ASTM D3410 [88] 

2E  [MPa] (% CoV) 7900 (0.12) ISO 527-5 [179] 

12G  [MPa] (% CoV) 3940 (0.33) MAF test (Appendix C.3) 

12v  (% CoV) 0.328 (5.6) ISO 527-5 [179] 

 

The domain of the elastic response (no damage) of the UD ply under a complex stress state is 

defined by an approximation of the LaRC03-04 failure criteria [30], [60]. The approximation 

consists herein in that not all failure functions considered in the LaRC03 criterion, as discussed 

in Chapter 2, Section 2.4), are included and that no iterative calculation is required to find the 

angle of the fracture plane (α), as is the case in the compressive matrix criterion in the LaRC03 

criterion. 

Four separate damage activation functions are defined for longitudinal fibre tensile failure (
1 +

), 

longitudinal fibre compressive failure (
1 −

), transverse matrix failure where the fracture plane is 

perpendicular (
2 +

), or not perpendicular to the mid-plane of the ply (
2 −

). Thereby, fibre tensile 

failure is predicted using the simple maximum stress criterion defined as: 

1
1 11

T

E

X
 + =  (6.6) 

where all variables have their usual meaning. For transverse matrix failure where the fracture 

plane is perpendicular to the mid-plane of the ply, two failure functions are defined for transverse 

tensile and moderate transverse compressive stress states defined as (see Chapter 2, 

Sections 2.4.2): 
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where 
 2+G  and 

 6G are the energies associated with transverse tensile and shear fracture of the 

ply, and the longitudinal coefficient of influence ( )L  is defined in Equation (2.35).  
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Fibre compression failure is predicted using a fibre kinking model (see Chapter 2, Section 2.4.3) 

defined by: 

121 22

1 m L m

LS
  − =  +   (6.8) 

where failure occurs when the stresses in the coordinate system associated with the rotated (or 

kinked) fibres, 
22

m  and
12

m  defined in Equations (2.40) to (2.42), reach the limit stress state for 

matrix cracking defined in Equation (6.7). 

Transverse matrix failure under high transverse compression is also modelled based on the Mohr-

Coulomb hypothesis. It is assumed that failure results from a quadratic interaction between the 

effective shear stresses acting on the fracture plane ( eff

L and eff

T ): 

2 2

2 22 if 0

T L

eff eff

T LS S


 
−

   
= +       

   

 (6.9) 

where eff

L , eff

T  are similarly defined as in Equations (2.36) and (2.37) with the addition of the 

sliding angle  : 

22 0 0 0(sicos coo sn c s )T T

eff      = − −  (6.10) 

0 12 22 0(cos sos inc )L L

eff      = +  (6.11) 

where the transverse shear  strength ( )TS  is approximated by Equation (2.39) and where   is the 

angle between the resultant shear traction vector on the fracture plane and the transverse direction 

(x2-axis) given by (also see Figure 2.13): 

12

22 0

arctan( )
sin




 

−
=  (6.12) 

0 in Equations (6.10) and (6.11) is the angle of the fracture plane in respect to the through-

thickness x3 axis in a UD ply subjected to uniaxial transverse compression at failure stress (
CY ) 

assumed to be approximately 53°. Moreover, T , is the transverse friction coefficient defined in 

Equation (2.34).  
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Based on the failure functions given in Equations (6.6), (6.7), (6.8) and (6.9), the elastic domain 

thresholds, 
ir  (i = 1+, 1−, 2+, 2−), accounting for load reversal are defined as: 

1 10, ,
1

0
max{1,max{ },max{ }}

s t

s

s t

sr  
+ −= =

+ =  (6.13) 

10
1

,
max{1,max }{ }s

s t
r 

−−
=

=  (6.14) 

2 20, 0,
2 }, }max{1,max{ max{ }

s t

s

s t

sr  
+ −= =

+ =  (6.15) 

20
2

,
max{1,max }{ }s

s t
r 

−−
=

=  (6.16) 

The distinction between 
1r +

 and 
1r −

 assumes that cracks caused by longitudinal tensile loading 

(
1 +

) close under load reversal, leaving the elastic domain unchanged, while kink bands formed 

under fibre compressive stresses (
1 −

) further inflict damage upon load reversal and thus increase 

the elastic domain. Similarly, transverse cracks which are perpendicular to mid-plane of the ply 

(
2 +

) close when compressive load is applied and therefore leave the elastic domain unchanged 

while cracks which are not perpendicular to the ply mid-plane (
2 −

) inflict further damage upon 

load reversal and thus increase the elastic domain. 
ir  take the value of 1 when the material is 

undamaged and increase with the evolution of damage: They are linked back to the damage 

variables in Equation (6.1) via the damage evolution laws governed by the fracture toughness 

(
 1+G , 

 1-G , 
 2+G , 

 2-G , 
 6G ) associated with each damage mode and the assumed softening laws as 

shown in Figure 2.16. 

In longitudinal tension (Figure 2.16 (a)) the initially linear elastic response is followed by a 

bilinear softening law after longitudinal tensile damage is identified. In longitudinal compression 

(Figure 2.16 (b)), the initially linear elastic ply behaviour is followed by a bilinear softening law 

where the first segment is associated with the formation of kink bands while the second horizontal 

segment is associated with kink band broadening under constant stress. The initially linear elastic 

stress-strain behaviour in transverse tension and compression (Figure 2.16 (c)) is followed by a 

simple linear softening law. Finally, the nonlinear behaviour of UD composites in shear is 

accounted for by assuming a bilinear shear stress-strain relationship as shown in Figure 2.16 (d), 

where P

LS  defines the onset of shear nonlinearity, and where 
PK  is the shear incremental stiffness 

under ‘plastic’ flow. After failure in shear, the elastic properties are degraded following a linear 

softening law (Figure 2.16 (d)). The shapes of the softening laws are described based on the 

fracture toughness of each failure mechanism, the shape parameters (
XCf , 

XTf , 
GTf  – see 

Figure 2.16) and the characteristic length l*of the finite element [103]. The strengths of the UD 

ply and the methods used for their determination are reported in Table 6.2. More details on test 

set-ups and results are provided in Appendix C. 
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Table 6.2, Strengths of the UD ply. 

TX  [MPa] (% CoV) 2774 (1.05) ISO 527-5 [179] 

CX  [MPa] (% CoV) 1394 (2.21) ASTM D3410 [88] 

TY  [MPa] (% CoV) 52 (8.70) ISO 527-5 [179] 

CY  [MPa] (% CoV) 173 (0.75) ASTM D3410 [88] 

LS  [MPs] (% CoV) 81.19 (4.86) BS EN ISO 14130 [180] 

P

LS  [MPa] 60 
MAF test (Appendix C.3) 

PK  [MPa] 0.076 

BTY  [MPa] 32 Scaled as in [17] 

BCY  [MPs] 410 Scaled as in [17] 

 

Apart from the uniaxial strengths, the model requires the input of the biaxial strengths 
BTY  

and 

BCY . These values were scaled based on the uniaxial strengths according to [17] and are also 

reported in Table 6.2. The parameters for the nonlinear shear stress-strain relationship ( P

LS , 
PK ) 

were determined by a judiciously selected bilinear fit to the shear stress-strain curves obtained 

using butterfly specimens on the MAF as reported in Appendix C.3. 

The fracture toughness values and the parameters governing the shapes of the softening laws in 

Figure 2.16 are given in Table 4. Due to the lack of experimental data, they were selected based 

on a sensitivity study reported in Appendix D, where the bounds on the toughness values were 

determined from values reported in the literature for the well-characterised IM7/8552 and 

T800/M21 carbon/epoxy material systems [17], while also considering two different bilinear 

shear fits. Considering seven different material parameter combinations, the average coefficient 

of variation in the predicted multiaxial open-hole specimen strengths for both laminates across all 

load cases was less than 6%. Based on the sensitivity study, the best fit (see Table 6.3) was used 

for the simulations presented in this chapter. 
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Table 6.3, UD ply fracture toughness values and softening law shape parameters [17]. 

 2+G  [kJ/m2] 0.28 IM7/8775 [17] 

 2-G  [kJ/m2] 1.31 IM7/8775 [17] 

 6G  [kJ/m2] 0.79 IM7/8775 [17] 

 1+G  [kJ/m2] 340 T800/M21 [17] 

XTf  0.4 T800/M21 [17] 

GTf  0.52 T800/M21 [17] 

 1-G  [kJ/m2] 61 IM7/8775 [17] 

XCf  0.2 IM7/8775 [17] 

 

Furthermore, the transverse and shear strengths of a UD ply embedded in a multidirectional 

laminate depend on the ply thickness (tply) and on the position of the ply in the laminate stack 

(embedded vs. surface ply – see Chapter 2, Section 2.4.2) [49], [77], [80], [181]. Therefore, the 

in-situ strengths ( is

TY , is

LS , is

CY ) are calculated for both Laminates 1 and 2 based on the fracture 

mechanics models presented in [17], which account for the bilinear shear stress-strain curves 

assumed in the model. The derived in-situ strengths are reported in Table 6.4. It is observed that 

the in-situ strengths for the ‘thin’ ply Laminate 2 are either equal or higher than the ones for the 

‘thick’ ply Laminate 1. 
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Table 6.4, Calculated in-situ strengths based on the UD material properties. 

 Laminate 1 Laminate 2 

Embedded central ply 

plyt  [mm] 0.5820 0.2910 

is

TY  [MPa] 82.36 98.67 

is

LS  [MPa] 99.19 99.19 

is

CY  [MPa] 211.35 211.35 

Embedded ply 

plyt  [mm] 0.2910 0.1455 

is

TY  [MPa] 98.67 139.54 

is

LS  [MPa] 99.19 99.19 

is

CY  [MPa] 211.35 211.35 

Surface ply 

plyt  [mm] 0.2910 0.07275 

is

TY  [MPa] 62.10 124.19 

is

LS  [MPa] 81.19 84.81 

is

CY  [MPa] 173.00 180.72 

 

The CDM used includes modifications to account for the effect of through-the-thickness stresses 

on the fibre kinking failure mode as well as on the shear fracture toughness. The modifications 

are not critical in the predominantly plane stress problems investigated in this work. Hence, they 

are not described in this chapter and the reader is referred to [17] for further details. 
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6.2.2 Cohesive zone model 

Inter-laminar failure (delamination) is modelled using the mixed-mode cohesive zone models 

proposed by Camanho et al. [109] and Turon et al. [107] as implemented into the surface contact 

algorithms native to ABAQUS/Explicit [115]. The detailed formulation of the CZM framework 

was given in Chapter 2, Section 2.5. Failure is identified by means of a quadratic failure criterion 

based on the inter-laminar normal (
n ) and shear (

sh ) strengths. Damage growth is governed by 

the Benzeggagh-Kenane (B-K) mixed-mode damage propagation criterion. The linear traction-

separation laws are informed by the interlaminar mode I and II critical fracture energies GIC and 

GIIC respectively, and the mixed mode interaction parameter, 
-B K . The material input parameters 

informing the CZM are given in Table 6.5. 
nK  is selected according to recommendations in  

[109], 
n  is set equal to 

TY , whereas 
sh  was measured using the ILSS test [180]. The remaining 

interface properties were taken from the IM7/8552 carbon/epoxy material system as reported in 

the literature based on the sensitivity study conducted in Appendix D. 

 

Table 6.5, Interface (cohesive zone) material parameters. 

nK  [MPa] 106 [109] 

n  [MPa] 52 Equal 
TY  

sh  [MPa] 81.19 ISO 14130 [180] 

ICG  [kJ/m2] 0.28 IM7/8552 [17] 

IICG  [kJ/m2] 0.79 IM7/8552 [17] 

-B K  1.45 IM7/8552 [17] 

 

6.3 Simulation results and model validation 

For the prediction of progressive failure, it is crucial to assess whether the simulated stress/strain 

state in the specimens within the linear elastic material response, using the material properties and 

the simplified boundary conditions in the FE model described in Section 6.2, are accurate. 

Therefore, the DIC strain maps from Figure 5.9 are compared against FE predictions in Figure 

6.3 and Figure 6.4 at a load level prior to failure initiation for the example of Laminate 1 loaded 

in tension (α = 0°) and shear (α = 90°), respectively. The two cases are shown as examples, 

because the strain fields for all other load cases within the linear elastic loading regimes are simple 

linear superpositions of the compared fields of Figure 6.3 and Figure 6.4. 
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Figure 6.3, Surface strain fields in Laminate 1 specimen subjected to uniaxial tension (α = 0°) at 

P = 7.5 kN; (a) DIC measurements and (b) FE predictions. 

 

Figure 6.4, Surface strain fields in Laminate 1 specimen subjected to uniaxial shear (α = 90°) at 

P = 7.5 kN; (a) DIC measurements and (b) FE predictions. 

It can be seen in Figure 6.3 that for the case of uniaxial tensile loading (α = 0°), the dominant 

vertical strains ( yy ) obtained from the model prediction and experiment are in good agreement, 

including the important strain concentrations to both sides of the hole. Even though the signal to 

noise ratio in the DIC horizontal (
xx

) and shear ( yx ) strain maps is poor due to low strain values 

recorded for this load case, it is still shown that the model predictions are generally in agreement 

with the DIC measurement. The predicted FE strain maps are also in good agreement with the 

DIC strain maps for the shear load case (α = 90°) shown in Figure 6.4. All strain patterns as well 

as the magnitudes of the important strain concentrations at the hole match well. The good 

agreement between the predicted (FE) and experimental (DIC) strain fields confirms that the 

elastic properties determined for the UD plies (see Table 6.1) are accurate, and further that the 

assumed model space boundary conditions (see Figure 6.1) are reasonable. 
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6.3.1 Multiaxial open-hole specimen strength 

The predicted multiaxial open-hole specimen failure envelopes for ‘thick’ ply Laminate 1 and 

‘thin’ ply Laminate 2 are compared against the experimental data from Chapter 5 in Figure 6.5 in 

the Ny - Nyx load space. 

 

Figure 6.5, Combined tension/compression-shear open-hole specimen failure envelopes: 

Simulation vs. experiment (from Chapter 5). 

It is observed from Figure 6.5 that the model predicts that Laminate 2 is  stronger than Laminate 1 

for all load cases, especially for the tensile load cases. This matches well with the experimental 

data and shows that the model can predict ply-thickness effects on the multiaxial open-hole 

specimen strength qualitatively. Ignoring the tension case for Laminate 1 and 2 (α = 0°) and the 

tensile dominated tension-shear case (α =15°) for Laminate 2 and the associated dashed line 

envelopes in Figure 6.5, the average relative predictive error across all other cases is 10%. The 

best prediction is within 0.4% of the experimental mean value for Laminate 2 loaded in tension-

shear (α = 45°) and the worst prediction is within 21% of the mean experimental value for 

Laminate 2 in shear (α = 90°). However, to predict the tensile dominated cases within acceptable 

accuracy (dashed line failure envelopes in Figure 6.5), an engineering solution is adopted which 

is described in the following. An investigation into the underpredicted tensile load cases showed 

that the critical failure event at ultimate load is linked to a sudden mesh instability in the plies 

subjected to high fibre tension and shear. An example is shown in Figure 6.6 (a) where the central 

0° plies near the hole in Laminate 1 subjected to uniaxial tension (α = 0°) is shown: A distinct 

‘zig-zag’ pattern in the mesh near the stress/strain concentration at the hole can be observed and 

is identified as the critical failure event governing the ultimate load, which is severely 

underpredicted by over 40%. 
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Figure 6.6, Predicted failure mechanisms of the 0° ply in Laminate 1 under tension (α = 0°) just 

after peak load: (a) max

6d =1.0 and (b) max

6d =0.8. 

It was found that the mesh ‘zig-zag’ is associated with the intra-laminar shear damage variable d6 

as visualised in Figure 6.6. This was confirmed by limiting the maximum allowable shear damage 

( max

6d ) in the 0° ply to 0.8 which led to an increase of the predicted ultimate failure load by 24%. 

Limiting max

6d  in Laminate 2 in the 0° plies for the uniaxial tension load case (α = 0°) and in the 

0° and +45° plies for the combined tension-shear load case (α = 15°) also improved the prediction 

of the ultimate failure load significantly (see dashed line failure envelopes in Figure 6.5). It is 

shown that the CDM used in this work cannot accurately predict fibre splitting following fibre 

failure in areas of high fibre tensile and shear stresses. Hence the notch blunting effect (see 

Chapter 2, Section 2.6) and stress redistribution is not captured well, leading to premature failure 

predictions. It is believed that accounting for large shear deformations within the model 

formulations would remedy the limitation [182], [183]. For the investigated out-of-autoclave 

material system, accounting for large deformations would be especially important, because it is 

18% more compliant and at the same time 18% stronger in the fibre direction than e.g. the 

autoclave consolidated aerospace grade IM7/8552 carbon/epoxy material system [17] for which 

the CDM was originally developed. Thus, the deformations including shear (rotations) before 

catastrophic failure can be expected to be higher in the material system investigated in this 

chapter. Furthermore, the use of fibre aligned meshes has been shown to promote the ‘zig-zag’ 

instability, whereas it is suppressed to some extent in unstructured meshes. However, limiting the 

allowable shear damage variable ( max

6d ) to 0.8 was found to be a practical engineering solution to 

mitigate this numerical instability. The final mean relative errors on the prediction of the 

multiaxial open-hole specimen strengths are reported in Table 6.6. 
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Table 6.6, Errors for each individual simulation and overall mean relative errors. 

Load case (α) Laminate 1 Laminate 2 Both 

0° tension −22%* −4%* 13% 

15° −9% −1%** 5% 

45° 6% 0% 3% 

90° shear 13% 21% 17% 

135° 14% 16% 15% 

165° −15% 1% 8% 

180° compression −10% 12% 11% 

AVG all load cases 13% 8% 10% 

AVG tension-shear 13% 7% 10% 

AVG compression-shear 13% 12% 13% 

* max

6d = 0.8 in 0° plies 

** max

6d = 0.8 in 0° and +45° plies 

 

Across all the load cases and laminate configurations, the mean relative error of the predicted 

multiaxial open-hole specimen strength is 10% while the maximum errors are 22% (conservative) 

for Laminate 1 in tension and 21% (non-conservative) for Laminate 2 in shear. Considering that 

similar, or more advanced models, predict uniaxial OHT and OHC strengths within 10%, these 

are encouraging results given the more complex combined load cases and the new out-of-

autoclave material system investigated in this chapter. 
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6.3.2 Damage visualisation 

To assess the prediction of damage initiation and evolution against experimental data, ply-by-ply 

damage maps were plotted for both Laminates and all the investigated load cases in Appendix E. 

An example is shown for Laminate 1 in combined tension-shear (α = 45°) in Figure 6.7 and in 

combined compression-shear (α = 135°) in Figure 6.8. The plies are numbered from i = 1 (mid-

ply) to i = 4 in Laminate 1 and i = 8 in Laminate 2 (outer ply), respectively. In all damage maps 

shown in this chapter, the intra-laminar damage (blue for fibre failure (d1), red for matrix failure 

(d2)) of the ith ply is superimposed on the inter-laminar damage (black for delamination 

(CSDMG)) in the interface beneath, i.e. between ply i and ply (i-1). Furthermore, the predicted 

damage patterns were compared at three load steps: the first load step (failure initiation) 

corresponds to the first occurrence of damage that was identified using the DIC surface 

measurements as defined in Chapter 5. Secondly, predicted damage patterns were also compared 

against experimental data at the ultimate load (Pult) and thirdly at post-ultimate load (post-Pult). 

This approach does not only enable the validation of the predictions against the experiments, but 

also provides additional insights into the critical failure mechanisms as discussed in more detail 

in Section 6.4. 
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Figure 6.7, Predicted ply-by-ply damage maps compared to experimental data for Laminate 1 

subjected to combined tension-shear loading (α = 45°). 
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Figure 6.8, Predicted ply-by-ply damage maps compared to experimental data for Laminate 1 

subjected to combined compression-shear loading (α = 135°). 
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The predicted damage patterns for Laminate 1 in tension-shear (α = 45°) shown in Figure 6.7 are 

in agreement with the experimental observations. Thus, the high principal strain concentrations 

at the hole and at the top right and bottom left corners of the specimens at both the failure initiation 

and ultimate load orientated parallel to the fibres of the surface ply are a clear indication for 

surface matrix cracks. These surface cracks are also predicted by the model (labelled in Figure 

6.7 at failure initiation and at Pult) in the surface ply 4 and match the extent and location of the 

principal strain concentrations in the experiment well (labelled in Figure 6.7). Looking at the 

failed specimen at post-Pult, it is observed that the macroscopic crack plane runs diagonally from 

the bottom left, through the hole, to the top right corner. This is also predicted by the model, 

where cracks in surface ply 4 originate at the hole and the bottom left and top right corners as 

well, and where major delamination at the +45°/90° interface match the experimental 

macroscopic crack orientation. Furthermore, two distinct delamination planes (labelled in Figure 

6.7 at post- Pult) are observed by visual inspection of the failed specimen. In the model predictions 

they can be associated with delamination at the +45°/90° and −45°/0° interfaces, as also labelled 

in Figure 6.7 at post-Pult. By investigating the model predictions, it can be concluded that fibre 

kinking at the hole in the −45° ply 3, as labelled in Figure 6.7 at Pult, in combination with 

delamination at the −45°/0° interface are governing the ultimate strength of Laminate 1 in 

combined tension-shear. The observed failure behaviour is in agreement with observations in 

[152] where x-ray CT was used to investigate failure of multidirectional laminates in the 

combined tension-shear loading regime. 

For Laminate 1 in compression-shear (α = 135°), neither the experimental data nor the model 

prediction show cracks on the surface at initiation and ultimate failure load (see Figure 6.8). From 

visual inspection it would have been concluded that the specimen is undamaged. However, high 

local out-of-plane displacement gradients are observed at the hole as labelled in Figure 6.8 at 

failure initiation and Pult. This indicates the occurrence of sub-surface damage which can be 

associated in the model with the prediction of fibre kinking in the −45° and 0° ply at the hole as 

labelled in Figure 6.8 at failure initiation and Pult. In fact, the extent and location of the predicted 

kinks are in very good agreement with the areas of high out-of-plane displacements in the 

experimental DIC maps, thus validating the predictions of the model. At ultimate load, 

delamination is also occurring at the 90°/−45° interface around the hole. Therefore, the critical 

failure event in Laminate 1 loaded in compression-shear is governed by fibre kinking in the −45° 

and 0° plies in combination with delamination at the hole. By visual inspection of the failed 

specimen post-Pult, it is again observed that the macroscopic fracture plane runs from the bottom 

left, through the hole to the bottom top right corner. Observed matrix cracks at the surface, 

labelled in Figure 6.8 at post- Pult, are also predicted by the model. In addition, delaminated areas 

labelled in Figure 6.8 at post- Pult can be associated with predicted delamination at the +45°/90° 

and 90°/−45° interfaces. 



Chapter 6: Predicting ply thickness effects in laminates subjected to multiaxial loading 143 

 

Further observations can be made from the full set of damage maps consisting of all load cases 

and laminate configurations tested/simulated given in Appendix E. Firstly, matrix crack and 

delamination patterns often exhibit similarities, i.e. delaminated areas are limited by matrix 

cracks. An example of this behaviour is seen in Figure 6.7 in ply 4 at post-Pult. This indicates that 

the physics of the critical interaction effects between intra- and inter-laminar failure modes can 

be captured by the CDM model in combination with the fibre-aligned mesh. Furthermore, damage 

patterns in plies with the same fibre orientation in Laminate 2 are similar. This means that only 

one damaged ply per fibre orientation angle for the ‘thin’ ply Laminate 2 can be analysed for the 

assessment of the laminate failure mechanisms and for comparison to the ‘thick’ ply Laminate 1.  

6.4 Ply thickness and multiaxial loading effects 

Based on the full set of predicted damage maps reported in Appendix E and as introduced in 

Section 6.3.2, the critical failure events as a result of the applied combined load cases and the UD 

ply thickness are discussed in this Section. Figure 6.9 provides an overview of the critical failure 

mechanisms predicted in Laminates 1 and 2. The critical failure mechanism is determined by 

comparing the damage patterns at Pult and post-Pult. In this way, the critical failure event that will 

eventually lead to the ultimate failure of the specimen can be separated from sub-critical events. 
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Figure 6.9, Critical failure mechanisms in Laminate 1 (left) and Laminate 2 (right) illustrated by 

means of the damage pattern at ultimate load Pult and post-Pult. 
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In the tensile load case (α = 0°) shown in Figure 6.9, the critical failure mechanism is distinctly 

different between Laminate 1 and 2. Laminate 1 fails due to large scale delamination, through 

several interfaces but mainly at the −45°/0° interface, while only minor fibre failure is observed. 

On the other hand, Laminate 2 exhibits only minor areas of delamination but exhibits a crack 

initiating at the hole perpendicular to the fibres (blue – fibre break) at Pult which eventually grows 

across the whole gauge section at post-Pult. The two different failure mechanisms observed 

circumstantiate the significant difference in the open-hole specimen strengths observed in Figure 

6.5 between Laminate 1 and 2. The ultimate strength of Laminate 1 is dominated by the relatively 

low energy delamination failure mode, while delamination is supressed in the ‘thin’ ply Laminate 

2 and its ultimate failure is governed by fibre failure, explaining the up to 150% higher open-hole 

specimen strength in tension-shear of Laminate 2. 

Interestingly, the critical failure mechanisms for both Laminates and for all shear dominated load 

cases (α = 45°, 90°, 135°) are very similar: the critical failure event in all cases is fibre kinking 

failure at the hole in the −45° plies. It also strikes that the model predicts Laminate 1 to be more 

delamination prone than Laminate 2 (compare extent of black delaminated areas in Figure 6.9), 

which is in agreement with related experimental studies [108]. In uniaxial compression (α = 180°), 

the critical failure event changes from fibre kinking in the −45° ply to fibre kinking in the 0° plies 

near the hole. The similar open-hole specimen strengths for both Laminates in combined 

compression-shear and compression observed in Figure 6.5 can therefore be associated with the 

similar critical ultimate failure events. 

6.5 Conclusions 

In this chapter, a meso-scale modelling framework developed for ‘virtual testing’ was used to 

simulate failure in open-hole specimens of quasi-isotropic carbon/epoxy composite laminates 

subjected to combined tension/compression-shear loading. 

The prediction of the multiaxial open-hole specimen strength and damage patterns were assessed 

against the multiaxial experimental data obtained in Chapter 5 using the new MAF in combination 

with stereo DIC. The predicted ply thickness effect on the multiaxial open-hole specimen strength 

were qualitatively consistent with the experimental data. The models were able to predict the 

open-hole specimen strength for the two different laminate lay-ups with a mean relative error of 

10% across all load cases. Furthermore, the predicted ply-by-ply damage patterns were associated 

with failure events observed using DIC on the surface of the specimen. Based on the predicted 

damage maps, it was shown that the higher strength of the ‘thin’ ply Laminate 2 in comparison to 

the ‘thick’ ply Laminate 1, is related to different failure mechanisms, i.e. fibre failure in 

Laminate 2 and delamination failure in Laminate 1. On the other hand, the similar strengths in 

shear, combined compression-shear and compression are related to similar critical failure events 

in both ‘thin’ and ‘thick’ ply laminates, i.e. fibre kinking in the −45° and 0° plies, respectively. 
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Thus, the integrated experimental and computational analysis into the ply thickness effect has 

provided additional in-sight into the governing failure mechanisms and complements the 

experimental investigation in Chapter 5. 

Nonetheless, the study has identified that the model cannot accurately predict fibre splitting and 

fibre breaks in areas of high fibre tensile and shear stresses for the investigated material system 

and underpredicts the failure strengths in tensile dominated load cases. The difficulty is related to 

the out-of-autoclave material simulated in this study, which is more compliant and at the same 

time stronger than aerospace grade, autoclave consolidated carbon/epoxy material systems for 

which the CDM model has been developed. It is believed that the limitation could be overcome 

by updating the current model to account for large shear deformations. In the present chapter, it 

is suggested to limit the maximum allowable shear damage as an engineering solution to 

overcome this limitation of the model. The revealed limitation highlights the importance for 

continuous and rigorous model validation against experimental data for new material systems 

(here an out-of-autoclave carbon/epoxy prepreg system) which challenges model assumptions 

that may have been legitimate for older material systems. 

This chapter has contributed to the knowledge of simulating failure in multidirectional composite 

laminates subjected to multiaxial loading and may inform the direction of future model 

development and validation. The work is a step towards enabling the efficient and reliable use of 

‘virtual testing’ techniques based on meso-scale FE modelling frameworks in the design and 

certification of high-performance FRP structures. The chapter also demonstrates how the 

experimental data in Chapter 5 can be used for model validation, and thus can serve as a guidance 

for other researchers aiming at validation their models against the data presented in Chapter 5. 

 

 



 

  

Overall conclusions and 

recommendations for future work 

7.1 Overall conclusions 

The aim of the work described in this thesis was to develop a new multiaxial testing methodology 

and the associated experimental procedures to enable the acquisition of high-fidelity experimental 

data on the damage and failure behaviour of composite laminates subjected to multiaxial loading. 

The acquisition of multiaxial data was aimed at addressing the limited amount of such data 

reported in the literature, at improving the understanding of composite failure mechanics and at 

advancing the development, calibration and validation of composite modelling frameworks. The 

defined aim has been met and several novel experimental approaches have been proposed based 

on which new modelling frameworks have either been developed or state-of-the-art models have 

been validated. 

In Chapter 3, a method based on the modified Arcan fixture (MAF), combined with a butterfly-

shaped specimen and DIC, was initially proposed to characterise the constitutive response (stress-

strain curves and failure envelopes) of FRPs subjected to combined tension/compression and 

shear. Selected failure criteria (maximum stress, Tsai-Wu’s, Puck’s IFF and the LaRC03) 

implemented in a simple CLT code were assessed against the MAF test results. The analytical 

and experimental study has shown that the LaRC03 failure criterion is able to predict first-ply-

failure and failure modes of the successfully tested laminates. However, while weak (matrix 

dominated) laminates were tested up to ultimate failure, strong laminates where the load response 

and failure behaviour was fibre dominated could not be investigated up to ultimate failure due to 

specimen slippage and premature failure at the grips. The observed nonuniform stress/strain state 

in the specimen, including stress/strain concentrations near the waist of the specimen, posed a 

further challenge and implied that the derived apparent stress-strain curves were only accurate 

when the material response is linear with respect to the applied load. The development of stress-

based failure envelopes was complicated because failure did not necessarily initiate nor propagate 

in the representative waisted gauge section. The failure event could therefore not be directly 

associated with the average stresses in the gauge section. In other words, the average limit stress 

state in the gauge section is not truly representative of the biaxial strength and failure mode of a 

representative material element subjected to the combined state of stress. This limits the 

usefulness of the initially proposed multiaxial experimental approach. 
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In Chapter 4, the apparent stress-strain curves obtained in Chapter 3 were used to develop a new 

plasticity-based constitutive model for UD composites that accounts for their nonlinear, pressure 

sensitive behaviour. It has been confirmed that a non-associative flow rule must be adopted when 

Drucker-Prager type yield functions are used and that when an associative flow rule is used 

instead, non-physical plastic tensile transverse normal stresses/strains will be predicted under pure 

shear and moderate compression-shear stress states. Guidelines for the calibration of plasticity-

based models have been established: data for only three judiciously chosen biaxial stress states 

are required for accurate calibration: One case needs to be in combined tension-shear, one in 

combined compression-shear with moderate compression and one in combined compression-

shear with dominant compression. The three load cases fully determine the 

mathematical/geometrical shape of the yield and plastic potential ellipses and conveniently 

capture all three matrix failure modes of UD composites according to Puck’s IFF theory. 

Furthermore, it is prudent to calibrate the model against both the individual transverse normal and 

shear stress-strain curves and not just against an on-axis stress-strain curve. This is because the 

individual contribution of the normal and shear plastic stress/strain components to the on-axis 

effective plasticity cannot be verified independently. Instead the plastic stress/strains components 

are obscured and may be physically inconsistent even though the on-axis nonlinearity is 

seemingly captured accurately. 

In Chapter 5, a new multiaxial testing philosophy was proposed in which the specimen is regarded 

as a ‘mini’ structural component. A new MAF was designed which overcame the limitation of the 

previous MAF design used for the initial testing program. The new MAF in combination with 

stereo DIC enabled the investigation of laminate lay-up effects, i.e. the effects of UD ply thickness 

and fibre orientation, on the multiaxial open-hole specimen strength in quasi-isotropic 

carbon/epoxy laminates. The experimental results have shown that UD ply thickness has a 

significant effect in the tension-shear loading regime where the thin ply laminate specimens were 

up to 150% stronger than the thick ply laminate specimens, while only a small difference in the 

compression-shear loading regime was observed. The overarching conclusion impacts on the 

design of high-performance composite structures, in that the use of laminates with thinner but 

increased numbers of plies, and therefore higher manufacturing cost, may be preferred in areas of 

combined tension-shear loading, while no significant benefit is apparent in areas of predominantly 

compression-shear loading. Moreover, according to the experiments conducted, there was no 

significant gain in terms of ultimate open-hole specimen strength by using non-standard fibre 

orientation angle laminates for the investigated load and specimen configurations. 

The small amount of multiaxial experimental data in the open literature implies that current 

composite modelling frameworks cannot be fully validated. Therefore, in Chapter 6, a ‘virtual 

testing’ framework was used to predict the ply thickness effects observed in Chapter 5. The 

experimental data obtained in Chapter 5 is valuable for the validation of numerical techniques 

because it challenges the model’s ability to accurately predict strength and failure modes in 
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different laminate lay-ups subjected to complex loading configurations. The FE-based meso-scale 

model discretises the laminates at the UD ply level. Intra-laminar damage is predicted using a 

CDM framework, where failure is predicted using an approximation of the LaRC03/04 criteria, 

while inter-laminar damage is modelled using CZMs. The model captured the observed ply 

thickness effect qualitatively well. It correctly predicted that the thin ply laminate is considerably 

stronger than the thick ply laminate in combined tension-shear loading, while the difference is 

small for compression-shear loading. However, the model was unable to quantitatively predict 

the open-hole specimen strength of the thin-ply laminate in tensile dominated load cases, because 

it failed to accurately predict the notch blunting effect due to the occurrence of vertical matrix 

cracks near the hole in the 0° plies. For the present study, the limitation of the model was 

addressed by limiting the maximum shear damage allowed in the CDM, which improved the 

predictions. However, it was concluded that the model could fundamentally be improved by 

accounting for large shear deformation in the formulations of the model. By limiting the shear 

damage, the simulated open-hole specimen strength across all laminates and load cases was 

predicted with a mean relative error of 10%. Given that the out-of-autoclave material used for the 

tests is different from the aerospace grade autoclave consolidated systems for which the model 

was initially developed and considering the complexity of the tests and that not all model input 

parameters have been measured experimentally, this is a promising result. However, it also shows 

that further model improvements are required before ‘virtual testing’ techniques can be used for 

the design and certification of high-performance composite materials and structures. 

Chapters 5 and 6 have shown that multiaxial coupon tests in which the specimen is regarded as a 

mini structural component are a powerful tool for the validation of ‘virtual testing’ techniques. 

They are a relatively simple way to increase the complexity of established uniaxial coupon tests 

to challenge and further advance the predictive capability of modelling frameworks. 

7.2 Recommendations for future work 

To increase the usefulness of the MAF test for the calibration of failure criteria and nonlinear 

constitutive models, a more uniform stress/strain state within the gauge section of the specimen 

is desired (see Chapters 3 and 4). Therefore, it is recommended for future work to optimise the 

specimen’s shape to mitigate some of the restrictions imposed by the nonuniform stress/strain 

state. The objectives would be a more uniform biaxial stress/strain state, while avoiding premature 

failure outside of the gauge section. Similar studies have been conducted on cruciform specimens 

[137]–[140], but never on Arcan type specimens. An FE-based optimisation would require a 

material model that accounts for the nonlinear stress/strain relationship and the various FRP 

failure modes as well as accurate material properties to inform the model. Another possible 

direction for the development of novel nonlinear constitutive model calibration methodologies, 
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would be the further exploitation of the full-field data in the design of ‘heterogeneous’ tests [184], 

[185]. 

Guidelines for the calibration of plasticity-based nonlinear material models for UD composites 

have been established in Chapter 4 based on the MAF. It would be recommended for future work 

to apply these recommendations to on-axis tests, i.e. DIC could be used to derive the transverse 

normal and shear stress-strain curves in off-axis tests used for the calibration of the material 

model. The calibrated model implemented as a user material subroutine (VUMAT) could then be 

applied to different stress/strain analysis problems for further validation. 

The investigations into laminate lay-up effects in Chapter 5, only considered one hole size even 

though the open-hole specimen strength depends on the size of the hole (see Chapter 2, 

Section 2.6). It is therefore recommended for future work to extend the experimental investigation 

by including specimens with different hole sizes. Furthermore, different judiciously chosen 

laminate lay-ups and material systems could be studied. In the conducted experiments, the damage 

sequence was assessed based on visual inspection and surface-based DIC measurements. 

Although the surface-based measurements can be used to infer the occurrence of sub-surface 

damage, the use of x-ray CT in combination with the MAF tests would be recommended to gain 

a better understanding of the failure events and their location, allowing the clear characterisation 

of sub-surface failure modes. Interrupted MAF tests could be conducted where specimens were 

x-ray CT scanned at pre-defined load levels, or the MAF test set-up could be fit inside an x-ray 

CT scanner for in-situ scanning. The scan data would be very useful for further validation of state-

of-the art failure models. It is further recommended that the potential use of out-of-plane-

displacement maps for the identification of sub-surface damage, which to the authors knowledge 

has never been attempted before, is further explored. The out-of-plane displacements maps are 

often obtained but ignored for the assessment of failure, even though it has been shown that 

localised features in the out-of-plane displacements maps corelated well with sub-surface damage 

events. 

Based on the findings in Chapter 6, it is recommended for future work to account for large shear 

deformation in the used CDM model and to re-assess the updated model against the experimental 

data. Furthermore, other modelling approaches, e.g. DDM models could be validated. A 

comparative assessment of different modelling approaches against the experimental data would 

inform the future direction of the development of ‘virtual testing’ techniques, which would 

accelerate the uptake of ‘virtual testing’ in the design and certification of high-performance 

structures. 
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7.3 Contributions and impact 

The work has led to four journal articles (three published / one in preparation) and six 

presentations at international/European conferences. The work presented at the 22nd International 

Conference on Composite Materials (ICCM) was nominated for the Tsai Award, for being one of 

the seven best student papers presented. The PhD project was further awarded a Stanley Gray 

Fellowship (GBP 6000) from the Institute of Marine Science and Technology (IMarEST). Parts 

of the research presented in this thesis was conducted at the University of Southampton Malaysia, 

Johor Bahru, Malaysia. The material used to investigate laminate lay-up effects in quasi-isotropic 

carbon/epoxy laminates in Chapter 5 was provided by INEOS Team UK, the British challenger 

for the 36th America’s cup. The collaboration has been established during this PhD project and 

may lead to further collaborative research. The research successfully answered the initial 

questions of the INEOS Team UK, while in parallel important scientific challenges were 

addressed. The collaboration with the University of Porto on modelling the laminate lay-up effects 

in the quasi-isotropic laminates in Chapter 6 was also established during this PhD and may lead 

to further collaborative research. The collaboration combined the expertise in experimental 

mechanics at the University of Southampton with the expertise on modelling failure in composite 

materials at the University of Porto. 

Journal papers 

1) T. Laux, K.W. Gan, A. Arteiro, R.P. Tavares, C. Furtado, J.M. Dulieu-Barton, 

O.T. Thomsen, P.P. Camanho. Predicting ply thickness effects on the combined 

tension/compression and shear open-hole specimen strength of multidirectional composite 

laminates. To be submitted to Composites Part A. 2020. 

Contribution: Primary author of manuscript. Defined research question based on scientific 

and industrial needs. Developed FE modelling strategy. Obtained all experimental data 

required for model calibration and validation. Used the CDM based model developed by 

the group at the University of Porto for the prediction of intra-laminar damage. Run all of 

the models and analysed the results. 

2) T. Laux, K.W. Gan, J.M. Dulieu-Barton, O.T. Thomsen. Ply thickness and fibre 

orientation effects in multidirectional composite laminates subjected to combined 

tension/compression and shear. Composites Part A: Applied Science and Manufacturing. 

2020. doi.org/10.1016/j.compositesa.2020.105864. 

Contribution: Primary author of manuscript. Defined research question based on scientific 

and industrial needs. Developed the new MAF rig and the test set-up required to investigate 

the laminate lay-up effects. Conducted all experiments, analysed data and drew key 

conclusions. 
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3) T. Laux, K.W. Gan, J.M. Dulieu-Barton, O.T. Thomsen. A simple nonlinear constitutive 

model based on non-associative plasticity for UD composites – Development and 

validation using a Modified Arcan Fixture. International Journal of Solids and Structures. 

vol. 162, pp. 135-147. 2019. doi: 10.1016/j.ijsolstr.2018.12.004. 

Contribution: Primary author of manuscript. Developed the constitutive equations and the 

calibration methodologies based on the MAF and off-axis experimental data. Analysed 

experimental and model data and derived guidelines for development of plasticity-based 

models and their calibration methodologies. 

4) K. W. Gan, T. Laux, S. T. Taher, J. M. Dulieu-Barton, and O. T. Thomsen. A novel fixture 

for determining the tension/compression-shear failure envelope of multidirectional 

composite laminates. Composite Structures. vol. 184, pp. 662-673. 2018. doi: 

10.1016/j.compstruct.2017.10.030. 

Contributions: Conducted the MAF testing of the UD [90]12 laminate at α = 0°, 30°, 135°, 

165° and 180° and for the [−/+60]3s at α = 0° and 180°. Prepared the specimens for the x-

ray CT imaging and analysed the results. Assisted with the analysis and interpretation of 

the experimental and analytical results. 

Conference papers and presentations 

1) T. Laux, K.W. Gan, J.M. Dulieu-Barton, O.T. Thomsen, Experimental characterisation 

and modelling of multidirectional CFRP composites subjected to combined 

tension/compression-shear loading. 7th Thematic Conference on the Mechanical Response 

of Composites (ECCOMAS). Girona, Spain, 18-20 Sept. 2019. 

2) T. Laux, K.W. Gan, J.M. Dulieu-Barton, O.T. Thomsen. Characterising multidirectional 

laminates subjected to tension/compression-shear loading using a modified Arcan fixture. 

22nd International Conference on Composite Materials (ICCM). Melbourne, Australia, 11-

16 Aug. 2019. 

3) T. Laux, K.W. Gan, J.M. Dulieu-Barton, O.T. Thomsen. 9th International Conference on 

Composite testing and model identification (COMPTEST). improving the Arcan specimen 

for combined tension/ compression and shear testing of fibre-reinforced composites. Luleå, 

Sweden, 27-29 May 2019. 

4) T. Laux, K.W. Gan, J.M. Dulieu-Barton, O.T. Thomsen. Experimental characterisation 

and modelling of the nonlinear, pressure sensitive behaviour of UD composites under 

multiaxial loading. 13th International Conference on Advanced Experimental Mechanics 

(BSSM). Southampton, UK, 29-31 Aug. 2018. 

5) T. Laux, K.W. Gan, J.M. Dulieu-Barton, O.T. Thomsen. Experimental and computational 

study of multidirectional glass/epoxy laminates subjected to multiaxial loading. 18th 

European Conference on Composite Materials (ECCM). Athens, Greece, 24-28 June 2018. 
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6) K. W. Gan, T. Laux, J. M. Dulieu-Barton, and O. T. Thomsen. Biaxial testing of 

glass/epoxy composite laminates using a modified Arcan’s fixture (MAF). 21st 

International Conference on Composite Materials (ICCM). Xian, China, 20-25 Aug. 2017. 
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Appendix A  

Experimental raw data to Chapter 3 

Figure 3.6 

 

(a) Stress-strain curves for tension (α = 0°) 

 

(b) Stress-strain curves for combined tension-shear (α = 30°) 

 

(c) Stress-strain curves for combined tension-shear (α = 45°) 
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(d) Stress-strain curves for shear (α = 90°) 

 

(e) Stress-strain curves for combined compression-shear (α = 120°) 

 

(f) Stress-strain curves for combined compression-shear (α = 135°) 

 

(g) Stress-strain curves for combined compression-shear (α = 150°) 
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(g) Stress-strain curves for combined compression-shear (α = 165°) 

 

(e) Stress-strain curves for compression (α = 180°) 

Figure A.1, Experimental raw data for Figure 3.6 in Chapter 3: transverse normal and shear 

stress-strain curves for RP-528 UD glass/epoxy composite tested on the MAF. 

 



 

 

Appendix B  

FE implementation of nonlinear 

constitutive model 

B.1 Constitutive model algorithm 

The non-associative plasticity based nonlinear constitutive model described in Section 4.3 was 

implemented as a user material (VUMAT) subroutine in the commercial Finite Element (FE) 

software ABAQUS [115]. An explicit implementation is utilised to overcome convergence 

difficulties normally associated with an implicit scheme where the computation of the stiffness 

matrix (or Jacobian matrix) is necessary at every stress/strain increment  as a function of the 

constitutive properties [186]. The problem is considered to be strain driven where the strain tensor 

variable  is a function of time. Tensor variables are in the following given in bold font. Firstly, 

the continuous time scale is discretised into incremental time steps t : 

1n nt t t+ = +    (B.1)  

Then, the time dependent strain and stress tensor variables  and   are discretised accordingly: 

1

1

n n

n n

+

+

= +

= +   
  (B.2) 

where   and   are the incremental strain and stress tensors respectively between time steps 

n and n+1. The role of the VUMAT within the ABAQUS FE framework is the following [187]: 

Given the stress n , the total strain increment   and the user defined state variables (here the 

effective plastic strain p

n ) at time step n (all provided by the FE code), find the new stress 1n+  

and effective plastic strain 1

p

n+  at the next time step n+1. In a one-dimensional stress problem, the 

challenge is to find the new stress at time step n+1, which lies on the nonlinear stress-strain curve. 

In a three-dimensional stress problem, the challenge is to find the new stress state at timestep n+1 

which lies on the yield surface defined by the constitutive model. Numerically, this is iteratively 

solved using a return mapping algorithm consisting of an initial elastic step (trial or predictor step) 

followed by a plastic step (corrector step) [164]. Here the well-known cutting-plane algorithm 

(CPA) [188] is utilised, which is illustrated in Figure B.1. 
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Figure B.1, VUMAT flow chart for non-associative plasticity-based material model. 
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(i) Setting the scene 

Firstly, recall the definition of the yield function f for the three-dimensional stress state from 

Equation (4.4). Dropping the pressure sensitive term, following the two-dimensional version in 

Equation (4.7), the plastic potential for the three-dimensional case is:  

2

22 12 13

2 2 2

33 23g (( ) ) ( )ij H L M     = − + + +   (B.3) 

The hardening rule in Equation (4.14) can be rearranged for the effective stress as follows: 

( ) ( )p p mK =    (B.4) 

Based on the yield function in Equation (4.4) and the hardening rule in (B.4), a function F can be 

define as follows for checking if the material behaves elastic or plastic:   

1 11 1

1 11 1

( )

(

( ) 0

( ) 0)

trial p

n n

trial

trial trial

n n

trial tr

n nn n

ia pl

F f elastic

F f plastic





++ +

+ ++

+

+

= −  

= −  

σ


  (B.5) 

where the stress state is elastic when F is smaller than zero and plastic when F is equal or larger 

than zero.  

(ii) Elastic predictor step 

In the initial elastic predictor step,   provided by ABAQUS for each timestep n+1 is assumed 

to be fully elastic. The new stress at n+1 is therefore assumed to be fully elastic and is called the 

elastic trial stress defined as: 

1 :trial

n n+ = + C    (B.6) 

where C is the stiffness matrix of an orthotropic material. Following Hooke’s law, the compliance 

matrix H is given by: 
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C H  (B.7) 

It follows, that the new effective plastic strain at time n+1 can be set to the effective plastic 

strain at the previous time step n, as the trial step is assumed to be fully elastic i.e. there is no 

increase in effective plastic strain, thus: 

1

p p

n n+ =    (B.8) 

Using the trial stress 1

trial

n+  and the effective plastic strain 1

p

n+  at the new time step n+1, the yield 

condition F in Equation (5.6) is checked. If the trial stress state lies within the elastic domain, 
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then the new stress and state variables can be set equal to the trial state and the VUMAT can 

return to the FE main program because the trial stress state is already admissible.  

1 1

trial

n n+ + =    

(k 0)

1 1

p p

n n

=

+ +=   (B.9) 

(k 0)

1 1

p p

n n

=

+ +=   

where (k = 0) indicates that no iterative solution was required to find the new stress state i.e. the 

CPA in the plastic corrector was not invoked.  

If the stress state lies outside the elastic domain according to the yield condition F in Equation 

(B.5), then plastic deformation must occur and the plastic corrector step is invoked. In the plastic 

corrector step, the elastic trial stress state which lies outside of the yield surface is iteratively 

returned to the yield surface to satisfy the yield condition in Equation (B.5). 

(iii) Plastic corrector step 

Using the CPA algorithm (other algorithms may be used), the elastic trial stress is iteratively 

returned to the yield surface in k sub-steps indicated by the superscripts. Using Hooke’s law and 

the strain decomposition theorem from Equation (4.1) and substituting the discretised plastic 

strain 1

p p p

n n+ = +  , the new stress ( 1)

1

k

n

+

+ at sub-step k+1 is obtained as: 
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Substituting the flow rule given in Equation (4.8) into Equation (B.10), the new stress becomes: 

( )
( 1) ( 1) 1
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Expressing the new strain 1n+ based on the previous stain and the strain increment as in (B.2) 

and upon rearranging the new stress is expressed as: 
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 (B.12) 

Substituting the trial stress given in Equation (B.6) into Equation (B.10) the new stress 

becomes: 
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where 
( )

( 1) 1( )
:

k
k ng

 + +
 
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C



 is called the plastic corrector, which returns the trial stress back to 

the yield surface F along a path perpendicular to the potential function g.  

The only unknown in the calculation of the new stress in Equation (B.13) at timestep n+1 is the 

scalar plastic multiplier Δλ(k+1). It can be solved by linearizing the yield condition in Equation 

(B.5) using Taylor’s expansion around ( 1)
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where the stress increment ( 1)

1

k

n

+

+  is equal to the plastic corrector step when setting 
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+ +=   to allow for the iteration procedure beyond the initial trial stress state: 
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where the effective plastic strain increment is defined according to Equation (4.12) as: 
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The consistency condition states that in the plastic domain the plastic multiplier is larger than zero 

and the yield function is zero ( 0 0d dF   = ), while in the elastic domain the yield function 

is smaller than zero and the plastic multiplier is zero ( 0 0dF d  = ). This leads to the 

consistency equation [164]: 

0d dF =    (B.17)  

Substituting Equations (B.15) and (B.16) into (B.14) and forcing ( 1) ( 1) k 1

11
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1( , )k p

n
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+ +

+ +

+   to zero, 

because dF = 0, which follows from the consistency equation, the following expression is 

obtained: 
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The plastic multiplier Δλ(k+1) can then be found upon rearranging Equation (B.18) as follows: 
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With ( 1)k + , the new stresses, plastic strains and the effective plastic strains are updated for 

time step n+1: 



182 

 

( )
( 1) ( ) ( 1) 1

1 1

( )
:

k
k k k n

n n

g
+ + +

+ +

 
= −  

 
C


 


  (B.20) 

( 1)
( 1) ( ) ( 1) 1
1 1

( )k
p k p k k n

n n

g


+
+ + +

+ +


= + 






   (B.21) 

( )
( 1) ( ) ( 1) 1
1 1 ( )

1

( )

( )

k
p k p k k n

n n k

n

g

f
+ + +

+ +

+

= + 



   (B.22) 

The iterative procedure is repeated k times until the plastic yield condition in Equation (B.14) 

converges to a prescribed tolerance δ (here δ = 10-6): 

( 1) ( 1)

1

( 1) ( 1)

1 1 1() )( k p kk k

nn nnF f  + ++

+ + +

+

+= −   (7.23) 

Upon convergence, the VUMAT can return to the FE main program. 

B.2 Verification of FE implementation 

A simple single element FE model was subjected to pure tension, shear and compression using 

the VUMAT developed above for model verification. The element type used was an 8-noded 

brick with reduced integration and hour glass control (C3D8R). The simulated stress-strain curves 

were then compared in Figure B.2 against the linear elastic material model and the nonlinear 

analytical constitutive model described in Chapter 4 to verify the model implementation. The 

VUMAT stress-strain curves for tension (Figure B.2 (a)), shear (Figure B.2 (b)), and compression 

(Figure B.2 (c)), as well as the associated effective plastic stress-strain curves (Figure B.2 (d)) 

agree well with the analytical model. 
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Figure B.2, Stress-strain curves as predicted by the single element FE model using the VUMAT 

in comparison to the linear elastic and nonlinear analytical material models: (a) uniaxial tension, 

(b) pure shear, (c) uniaxial compression, and (d) effective plastic stress-strain curves associated 

with tension, compression and shear.  

The same single element FE model was also run for combined tension-shear (Figure B.3) and 

compression-shear (Figure B.4) load cases. Good agreement between the VUMAT transverse and 

shear stress-strain curve with the analytical model predictions were found for both cases. 

 

Figure B.3, (a) transverse and (b) shear stress-strain curves as predicted by the single element 

FE model using the VUMAT in comparison with the linear elastic and nonlinear analytical model 

for combined tension-shear (α = 45°). 
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Figure B.4, (a) transverse and (b) shear stress-strain curves as predicted by the single element 

FE model using the VUMAT in comparison with the linear elastic and nonlinear analytical model 

for combined compression-shear (α = 135°). 

The section has shown that the nonlinear material model for UD composites developed in Chapter 

4 has been implemented accurately into a user material subroutine (VUMAT). The VUMAT can 

be used for nonlinear stress/strain analyses in FRP composites.  

 

 



 

 

Appendix C  

Experimental characterisation of the 

uniaxial mechanical properties of UD 

carbon/epoxy prepreg system 

C.1 Longitudinal tensile test (ISO 527-5) 

 

Figure C.1, Longitudinal tensile specimen with a longitudinal and a transverse linear strain 

gauge mounted on the front side. 

 

Figure C.2, Failed specimens showing fibre splitting and fibre breaks. 
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Figure C.3, Longitudinal tensile stress-strain curves. 

 

Table C.1, Longitudinal tensile test results.  

Test 

No. 

w 

[mm] 

t 

[mm] 

E1* 

[GPa] 

v12* 

[-] 

XT 

[MPa] 
11

T  

[%] 
Failure modes 

1 15.14 1.22 144.93 0.312 2802 1.81 
Combined fibre splitting 

and breaking 

2 15.12 1.22 140.18 0.324 2775 1.81 
Combined fibre splitting 

and breaking 

3 15.15 1.22 144.45 0.348 2743 1.90 
Combined fibre splitting 

and breaking 

AVG 15.13 1.22 143.19 0.328 2774 1.84 

STD 0.02 0.00 2.62 0.018 29 0.05 

COV 0.10% 0.32% 1.83% 5.60% 1.05% 2.92% 

* Extracted in the strain range of 0.1 – 0.3%. 

 

C.2 Transverse tensile test ISO 527-5 

 

Figure C.4, Transverse tensile specimen with a longitudinally mounted strain gauge on the front 

and the back side of the specimen. 
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Figure C.5, Failed specimens showing transverse matrix cracks in the gauge area. 

 

Figure C.6, Transverse tensile stress-strain curves. Strains are taken as the average of the front 

and backside strain gauge measurement. 

 

Table C.2, Summary of results for the transverse tensile Young’s modulus E2, the transverse 

tensile strength YT and the transverse tensile strain to failure 22

T . 

Test 

No. 

w 

[mm] 

t 

[mm] 

E2 

[GPa] 

YT 

[MPa] 
22

T  

[%] 
Failure mode 

1 25.18 2.46 7.90 58 0.76 
Two transverse fracture planes in 

the gauge section 

2 24.32 2.46 7.91 49 0.63 
One transverse fracture plane in 

gauge section 

3 25.00 2.48 7.90 50 0.65 
One transverse fracture plane in 

gauge section 

AVG 24.83 2.47 7.90 52 0.68 

STD 0.45 0.01 0.01 5 0.07 

COV 1.83% 0.47% 0.12% 8.70% 9.86% 

* Extracted in the strain range of 0.1 – 0.3%. 
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C.3 Shear testing using Modified Arcan Fixture and DIC 

C.3.1 Introduction 

No consensus has been reached on how to best obtain the shear modulus and strength of strongly 

anisotropic materials such as UD carbon/epoxy composites. This is reflected in the existence of 

several methods for determining the shear response of FRP composites which includes tensile 

tests of +/−45 laminates [83], the V-notched beam method [85], also called Iosipescu test, the two 

(or three) rail shear method [189] or the V-notched rail shear method [84], which is similar to the 

Arcan test. Both the V-notched beam and the V-notched shear method use similar butterfly 

specimens where the shear strains used to derive the shear stress-strain curve is typically measured 

using a strain gauge rosette at the centre of the waisted gauge section, although the stress/strain 

state is nonuniform and a function of not only the butterfly geometry but also of the anisotropy of 

the material. The nonuniformity leads to an under- or overprediction of the slope of the shear 

stress-strain curves depending on the material tested. To overcome this drawback, correction 

factors were suggested which can be determined by FE model updating. Despite the time and 

effort needed in FE modelling, a further disadvantage is that all material elastic constants need to 

be determined beforehand, which is not normally the case. In the following, it is shown that by 

using the full-field strain measurement technique DIC, which is nowadays widely available in 

materials research laboratories, an accurate shear stress/strain response can be obtained without 

the need for correction factors. The proposed methodology is validated by testing two types of 

UD carbon/epoxy specimens where the fibres are parallel and perpendicular to the waisted gauge 

section, respectively. Based on the fundamentals of solid mechanics for transversely isotropic 

materials, the in-plane shear moduli derived from the two specimens must be the same 12 21( )G G= . 

The following work demonstrates that by using the average shear strains in the gauge section 

obtained using DIC, instead of the strains measured with a strain gauge at the centre of the gauge 

section, the two obtained shear moduli only differ by 3.5%, which is less and therefore more 

accurate than when strain gauges at the centre of the waisted gauge line were used. 

C.3.2 Experimental set-up and data reduction 

The shear tests were conducted on the MAF using the experimental set-up proposed in Chapter 

3. The two types of specimen geometries tested are shown in Figure C.7. In the [016] specimen 

shown in Figure C.7 (a), the fibres are aligned perpendicular to the gauge section whereas in the 

[9016] specimen shown in Figure C.7 (b) they are aligned parallel to the gauge section. 
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Figure C.7, Butterfly specimen configurations used for shear testing on the MAF: (a) specimen 

with fibre perpendicular [016], and specimen with the fibres parallel [9016] to the waisted gauge 

section. 

Characteristic DIC shear strain maps and gauge section strain profiles for both specimen types 

obtained on both sides are shown in Figure C.8 and Figure C.9, respectively. Note, that in case of 

the [016] specimen, the strain gauge used according to standard procedures sits in a strain 

minimum (Figure C.8 (a)) and in case of the [9016] specimen in a strain maximum (Figure C.8 

(b)). Also note the similarity of the front and back side strain fields which proofs symmetry of 

loading. The areas of the DIC strain maps used to extract the average gauge section shear strains 

are highlighted with black boxes in Figure C.8. 

 

Figure C.8, Shear strain maps obtained using DIC in the linear/elastic part of the material 

response for (a) the [016] specimen and (b) the [9016] specimen on the front and back side. 
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Figure C.9, Shear strain profiles at the gauge section for (a) a [016] specimen and (b) a [9016] 

specimen. 

C.3.3 Results 

The derived stress-strain curves on the front (blue) and back (green) side of the [016] specimens 

are shown in the top row and of the [9016] specimens in the bottom row of Figure C.10. 

Photographs of the failed [016] specimens are shown in Figure C.11 and the failed [9016] specimens 

are shown in Figure C.12. 

 

Figure C.10, Shear stress-strain curves derived using DIC on the front (blue) and back (green) 

side of the [016] (top row) and a [9016] (bottom row) specimens. 
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Figure C.11, Failed [016] specimens. 

 

Figure C.12, Failed [9016] specimens. 

The stress-strain curves derived on the front side of the specimens are plotted in Figure C.13 . 

Three shear failure strengths are defined. The first is the lower bound shear strength  90

LS  , 

obtained as the maximum stress carried by the [9016] specimens. These types of specimens fail at 

the notches under a combined transverse tensile and shear stress state and fail prematurely due to 

the low transverse tensile strength of the UD composite (also see Chapter 3). Another shear 

strength is defined as the 0.2% offset shear strength of the [016] specimens which marks the 

initiation of nonlinear behaviour. The ultimate shear strength is than defined as the maximum 

stress carried by the [016] specimens. Further the inter laminar shear strength (ILSS) obtained by 

an independent material characterisation laboratory using a short beam shear test [112] is also 

plotted for comparison. 
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Figure C.13, All shear-stress-strain curves overlaid, definition of three distinct failure points. 

The shear moduli and strengths extracted from the stress-strain curves are summarised in Table 

C.3 for the [016] specimens and in Table C.4 for the [9016] specimens. 

 

Table C.3, Summary of results obtained on the [016] specimens. 

Specimen 

No. 

12

frontG * 

[GPa] 

12

backG *  

[GPa] 

12

avgG   

[GPa] 

0.2%

LS   

[MPa] 

plateau

LS  

[MPa] 

max

LS  

[MPa] 

12

fail   

[%] 

1 3.839 3.935 3.953 47.683 73.810 86.111 29.450 

2 3.751 4.129 3.940 48.978 80.690 88.064 29.348 

3 3.724 4.130 3.927 49.892 77.430 88.089 28.2 

Mean 3.771 4.065 3.940 48.851 77.310 87.421 28.999 

Std 0.060 0.112 0.013 1.110 3.442 1.135 0.694 

CoV  1.59% 2.76% 0.33% 2.27% 4.45% 1.30% 2.39% 

 * Extracted in the strain range of 0.1 – 0.5%. 

 

Table C.4, Summary of results obtained on the [9016] specimens. 

Specimen 

No. 
21

frontG *  

a[GPa] 

21

backG *  

[GPa] 

21

avgG   

[GPa] 

90

LS   

[MPa] 

21

fail   

[%] 

4 3.946 3.682 3.814 39.432 1.093 

5 3.776 3.850 3.813 41.190 1.221 

6 3.685 3.881 3.783 41.071 1.197 

Mean 3.803 3.804 3.804 40.564 1.170 

Std 0.132 0.107 0.017 0.982 0.068 

CoV  3.48% 2.82% 0.46% 2.42% 5.82% 

* Extracted in the strain range of 0.1 – 0.5%. 
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The two average moduli obtained from [9016] and [016] type specimens differ by 3.5%. Due to the 

more uniform strain state in the shear modulus obtained from the [016], 12

avgG  is judged to be more 

accurate than 21

avgG  and is therefore used to inform the meso-scale model in Chapter 6. The 

definition of the shear strength which should be used to calibrate failure criteria is ambiguous. By 

comparing the different shear strength definitions, it is concluded that the ILSS strength and the 

plateau onset strength ( )plateau

LS are good estimates of the true shear strength and that  90

LS   

underestimates (also see Chapter 3) and max

LS  overestimates the true shear strength. Therefore, 

ILSS will be used to inform the in-plane failure criterion used in Chapter 6. 

C.4 Longitudinal compression test (ASTM D 3410M) 

 

Figure C.14, Longitudinal compression specimen with a longitudinal strain gauge mounted on 

the front and backside. 

 

Figure C.15, Failed specimens longitudinal compression specimens. 
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Figure C.16, Longitudinal compression stress-strain curves. 

 

Table C.5, Summary of results for the longitudinal compression test. 

Test 

No. 

w 

[mm] 

t  

[mm] 

E1c* 

[GPa] 

XC 

[Mpa] 
11

C  

[%] 
Failure modes 

1 10.38 2.27 148.59 1358 0.98 
TAT -Transverse shear at grip 

top 

2 10.41 2.24 142.55 1414 1.14 SGV - splitting at gage 

3 10.44 2.26 136.72 1408 1.14 
TAT -Transverse shear at grip 

top 

AVG 10.41 2.26 142.62 1394 1.09 

STD 0.03 0.01 5.93 31 0.09 

COV 0.29% 0.52% 4.16% 2.21% 8.31% 

* Extracted in the strain range of 0.05 – 0.15%. 
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C.5 Transverse compression test (ASTM D 3410M) 

 

Figure C.17, Transverse compression specimen with longitudinal strain gauges mounted on front 

and backside. 

 

Figure C.18, Failed transverse compression specimens. 
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Figure C.19, Transverse compressive stress-strain curves. 

 

Table C.6, Summary of results for the transverse Young’s modulus obtained under compressive 

loading E2c, the transverse compressive strength Yc and the transverse compressive strain to 

failure 22

C . 

Spec. 

No. 

w  

[mm] 

t  

[mm] 

E2c* 

[Gpa] 

YC  

[Mpa] 
22

C   

[%] 
Failure mode 

1 15.38 2.29 8.62 174 2.81 
Puck’s IFF Mode 

C 

2 15.43 2.32 8.50 174 2.64 
Puck’s IFF Mode 

C 

3 15.38 2.33 8.64 172 2.94 
Puck’s IFF Mode 

C 

AVG 15.40 2.31 8.59 173 2.80 

STD 0.03 0.02 0.08 1 0.15 

COV 0.20% 0.97% 0.91% 0.75% 5.47% 

* Extracted from strain range of 0.15 – 0.35%. 
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Appendix D  

Meso-scale modelling – sensitivity study 

Two main uncertainties regarding the input parameters for the meso-scale model used in Chapter 

6 were identified: the first is the bilinear shear-fit adopted and the second one is the uncertainty 

associated with the fracture energies assumed from different material systems reported in the 

literature. Therefore, a sensitivity analysis was run on judiciously selected combinations of 

material parameters to establish a feel for the sensitivity of the predicted open-hole specimen 

strength on the investigated parameters. 

The shear stress-strain curves shown in Figure D.1 were obtained using the method described in 

Chapter 3 and are presented in Appendix C.3.  

 

Figure D.1, Shear stress-strain curves: Experimental versus two different bilinear shear fits. 

Due to the bilinear nature of the fit, the model cannot accurately predict the stress-strain curves 

over the whole range of shear deformation. A choice can be made between an overall best fit 

(shear fit 1) and a fit that fits the experimental data better in the initial part of the stress-strain 

curves, while losing accuracy at high strains (shear fit 2) as shown in Figure D.1. In addition, the 

stress-strain curve at very large strains may only approximate the ‘true’ material stress-strain 

curves due to structural effects in the experiment. For these reasons two shear-fits were 

considered. 

Fracture toughness values were taken from the IM7/8552 (referred to as IM7) and T800/M21 

(referred to as T800) carbon/epoxy prepreg material systems as reported in [17]. The fracture 

toughness values were grouped into toughness of the fibre, the matrix and the interface, and 

different combinations of these groups were analysed as illustrated in Figure D.2. 
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Figure D.2, Shear-fit and fracture toughness combinations included in the sensitivity analysis. 

The simulated failure envelopes for the investigated sets of material properties are compared 

against each other and against the experimental data for Laminates 1 and 2 tested in Chapter 5 in 

Figure D.3. 

 

Figure D.3, Predicted failure envelopes in comparison to experimental data: (a) thick ply 

Laminate 1 and (b) thin ply Laminate 2. 
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It is observed from Figure D.3 that the predictions for Laminate 1 are more sensitive to the 

selection of different material parameters. This is also confirmed in Table D.1 where the variance 

in the predicted strengths across all load cases and laminate configurations are compared. 

Table D.1, Mean open-hole specimen strength predictions and CoV for Laminates 1 and 2 and 

all combined load cases for the seven sets of material properties investigated. 

  Laminate 1 Laminate 2   

α  

[deg] 

mean 

strength  

[kN] % CoV  

mean 

strength  

[kN] % CoV  

Both 

Laminates 

%CoV 

0 30.45  4% 39.10  3%   

15 23.83  11% 33.88  4%  
45 15.53  14% 21.82  2%  
90 12.95  8% 15.90  1%  
135 14.38  9% 16.50  1%  
165 17.62  8% 20.72  2%  

180 19.12  6% 22.92  2%   

Total   9%   2% 5.32% 

 

Overall the variance in Laminate 1 and 2 are 9% and 2%, respectively, and the average variance 

is less than 6%. The larger variance for Laminate 1 may be due to the reduced number of through-

thickness elements (4 instead of 8 for the half-models used), indicating that 4 through-the-

thickness elements may be too few. However, in the model used, individual plies are inherently 

meshed with a single through-thickness element and no through-thickness refinement is possible. 

It was further observed that for Laminate 2, the engineering solution of limiting the maximum 

allowable shear damage (see Chapter 6) only had the intended effect in combination with the 

T800 fibre fracture toughness values (red dashed lines vs blue dashed line in Figure D.3). 

Moreover, shear-fit 1 either under or over predicted the failure envelopes in Laminate 1 (see green 

envelopes in Figure D.3), hence shear fit 2 was considered further. From the models combining 

shear-fit 2 with the T800 fibre fracture toughness, the Shear2-IM7-T800-IM7 model is in 

reasonable agreement (excluding cases were the engineering solution was employed, i.e. α = 0° 

for Laminate 1 and α = 0°, 15° for Laminates 2) with experimental data (mean relative error of 

10% across all the load cases) and was therefore selected for the analysis in Chapter 6. 
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Appendix E  

Meso-scale modelling – additional 

damage maps 
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Figure E.1, Damage maps for Laminate 1 subjected to tension (α = 0°). 

Experiment 

Failure initiation (P=30.9 kN) Ultimate load (Pult=40.5 kN) Post ultimate load 

  

 

 

FE meso-scale model predictions 

Failure initiation (P=30.9 kN) Ultimate load (Pult=48.5 kN) Post ultimate load 

Ply 4 (+45° surface) intra-laminar damage superimposed on +45°/90° inter-laminar damage 

   

Ply 3 (+90° embedded) intra-laminar damage superimposed on 90°/-45° inter-laminar damage 

   

Ply 2 (-45° embedded) intra-laminar damage superimposed on -45°/0° inter-laminar damage 

   

Ply 1 (+0° central) intra-laminar damage 

   

Intra-laminar 

fibre damage 

(d1) 
 

 

Intra-laminar 

matrix damage 

(d2) 

 

 

Inter-laminar 

damage 

(CSDMG)  

 

 

0.0   0.5   1.0 0.0   0.5   1.0 0.0   0.5   1.0 
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Figure E.2, Damage maps for Laminate 1 subjected to shear (α = 90°). 

 

Experiment 

Failure initiation (P=9.7 kN) Ultimate load (Pult=12.0 kN) Post ultimate load 

  

1) Surface matrix crack 

2) Delamination +45/90 interface 

 

FE meso-scale model predictions 

Failure initiation (9.7 kN) Ultimate load (Pult=13.7 kN) Post ultimate load 

Ply 4 (+45° surface) intra-laminar damage superimposed on +45°/90° inter-laminar damage 

   

Ply 3 (+90° embedded) intra-laminar damage superimposed on 90°/-45° inter-laminar damage 

   

Ply 2 (-45° embedded) intra-laminar damage superimposed on -45°/0° inter-laminar damage 

   

Ply 1 (+0° central) intra-laminar damage 

   

Intra-laminar 

fibre damage 

(d1) 
 

 

Intra-laminar 

matrix damage 

(d2) 

 

 

Inter-laminar 

damage 

(CSDMG)  

 

 

0.0   0.5   1.0 0.0   0.5   1.0 0.0   0.5   1.0 

Surface  

matrix cracks 
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Figure E.3, Damage maps for Laminate 1 subjected to compression (α = 180°). 

Experiment 

Ultimate load (Pult = 21/29 kN) Post ultimate load 

Sudden and catastrophic failure  

with no prior failure event  

detectable on the specimen surface. 

. 

 

FE meso-scale model predcition 

Ultimate load (Pult = 19.3 kN) Post ultimate load 

Ply 4 (+45° surface) intra-laminar damage superimposed on +45°/90° inter-laminar damage 

  

Ply 3 (+90° embedded) intra-laminar damage superimposed on 90°/-45° inter-laminar damage 

  

Ply 2 (-45° embedded) intra-laminar damage superimposed on -45°/0° inter-laminar damage 

  

Ply 1 (+0° central) intra-laminar damage 

  

Intra-laminar fibre 

damage 

(d1) 

 

 

Intra-laminar 

matrix 

damage 

(d2) 

 

 

Inter-laminar 

damage 

(CSDMG)  

 

0.0   0.5   1.0 0.0   0.5   1.0 0.0   0.5   1.0 

Fibre kinking and 

underlying delamination 
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Figure E.4, Damage maps for Laminate 2 subjected to tension (α = 0°). 
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Figure E.5, Damage maps for Laminate 2 subjected to combined tension-shear (α = 45°) 
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Figure E.6, Damage maps for Laminate 2 subjected to shear (α = 90°). 
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Figure E.7, Damage maps for Laminate 2 subjected to combined compression-shear (α = 135°). 
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Figure E.8, Damage maps for Laminate 2 subjected to compression (α = 180°). 
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Appendix F  

Drawings for the new Modified Arcan 

Fixture (MAF) 

 

Figure F.9, The geometry of the new MAF. Dimensions are given in mm.
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The geometry of the new MAF arms is shown in Figure F.9. The MAF is designed to test FRP 

specimens with a gauge section length lg of 24 mm. However, specimens with longer gauge 

sections could be tested. Care must be taken in the design of new specimens due to the maximum 

allowable extension which is limited by the MAF geometry in tensile dominated load cases up to 

α = 45° (see red dashed line in Figure F.9), while after the length of the anti-buckling rails are the 

limiting design feature. If specimens with gauge lengths different from 24 mm are used on the 

MAF, then the positions of the loading hole pairs change and the associated loading angles (α) 

need to be re-calculated. Figure F.9 allows to check the feasibility of new specimen geometries 

and the re-calculation of the loading angles α. The ‘cut-out’ in the inner perimeter of the 

boomerang shaped arm is a consequence of a detailed FE analysis: they are required to reduce the 

stresses occurring around the grip attachment bolt nearest to the cut-out (green in Figure F.9) 

when the rig is loaded in shear dominated load cases. The cut-out decouples the stress field 

generated by the global loading (load applied through the loading holes) from the locally induced 

contact stress field arising around the grip attachment bolt, reducing the critical von Misses stress. 

 

Drawing 1: MAF Assembly 

Drawing 2: MAF Connector Assembly 

Drawing 3: MAF Arm 

Drawing 4: MAF Grip Front 

Drawing 5: MAF Grip Back 

Drawing 6: MAF Grip Attachment Bolt 
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