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Abstract
When in a quantum optical system the coupling between matter and cavity mode becomes comparable to the bare excitation frequency, we enter
a non-perturbative coupling regime, as perturbation theory fails describing
the system’s dynamics. While recent advances in Cavity Quantum Electrodynamics allowed to achieve very high values of the coupling strength, thanks
to the resonators properties optimization and the employment of solid-state
devices, an ever growing interest has been shown about the possibility of
significantly modify materials’ properties. It has been demonstrated that
the chemical structure of molecules strongly coupled to a photon mode can
be altered, which opens the possibility to manipulate and control chemical
reactions.
The aim of this thesis is to explore non-perturbative regimes on several
quantum systems, and to investigate the effects of the coupling upon their
properties, such as internal degrees of freedom or electronic states structure. I first developed a novel theory to determine the polariton spectrum
of a dipolar ensamble in which a Ising-like dipole-dipole interaction in the
2

non-perturbative regime is considered. A further important focus is the investigation of the saturation effects due to the inclusion of the inter-dipole
interaction, and the interplay between the latter and light-matter coupling
strength. I also explored specifically the influence of the coupling on the
rotational degrees of freedom of an ensemble of two-dimensional freely rotating dipoles, all coupled to a single cavity mode, finding that they are
driven by the collective light-matter coupling to undergo a crossover between an isotropic and an aligned phase. I then investigated the case of
cavity-embedded doped quantum wells, demonstrating that not only it is
possible to couple a discrete cavity mode and bound-to-continuum transitions, but also that a novel bound exciton state appears, induced by the
coupling strength. This results shows how light–matter coupling can be used
to tune both optical and electronic properties of semiconductor heterostructures beyond those permitted by mere crystal properties. Finally, I explored
the physics of an array of THz metamaterial resonators coupled to cyclotron
resonances of a two-dimensional electron gas, developing a multiple-mode
theory that takes in account the interaction between multiple photon modes
mediated by the electrons. My results show that this cross-interaction, due
to the strong two-dimensional geometry of the optically active medium, leads
to the hybridization of different uncoupled photon modes, and manifests as
a visible change of the distribution of the coupled electromagnetic field.
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Chapter 1
Introduction
Cavity quantum electrodynamics (CQED) investigates the interaction of
matter with single photons confined in a cavity. This field finds its origin in
the Purcell’s landmark work published in 1946 [1], demonstrating that the
spontaneous emission rate of an excited atom can be enhanced or suppressed
by changing the boundary conditions of the electromagnetic field by the employment of engineered cavities. Since then, several pioneering experiments
performed on single atoms, or ions, such as Rydberg atoms in high-Q microwave cavities [2], and single atoms in a optical cavity [3], showed significant
modifications of the spontaneous emission rates by achieving ever-higher cavity quality factors and light-matter coupling strengths. These experiments
eventually started showing photon lifetimes inside the cavity sizeably bigger
than the spontaneous emission rate, leading the system to undergo multiple
absorption and remission before the photon could escape the cavity [4, 3].
This regime is known as strong coupling (SC) regime. This phenomenon has
been soon observed on multiple solid-state systems, such as Wannier excitons
in semiconductor optical microcavity [5], and nowadays CQED experiments
are performed on a wide range of platforms, from microcavity embedded
quantum wells [6], to quantum dots [7] and superconducting circuits [8].
SC regime is usually defined in terms of its spectroscopic observation:
it occurs when the resonant coupling of an optically active transition with
light is larger than the losses determining its spectral linewidth. It thus
becomes possible to resolve a resonant coupling-dependant energy splitting,
which is SC fundamental signature. In such a regime, the interaction between
light and matter cannot be described in terms of emission and absorption of
photons, but it is necessary to consider the dressed light-matter states of
10

the coupled system, called polaritons in case of matter bosonic excitations
(such as excitons in a quantum well). While achieving SC for single emitters remains a challenging task [6], modern solid-state CQED technologies
exploit, instead, the coherent collective coupling of a collection of optical active dipolar transitions to reach coupling strengths much larger than the one
resolvable in the first observations of SC regime [9, 10, 11]. When the coupling strength becomes comparable to the spacing between different excited
levels of the quantum matter system, it is possible to observe a mixing of
the excited states, which modifies their matter properties. This phenomenon
has been first predicted by Khurgin in 2001 [12], and later experimentally
observed in 2017 in microcavity polaritons [13]. In this system, a coupling
strength comparable to the exciton binding energy leads to an hybridization of the coupled exciton wavefunctions, which manifest a modified exciton
radius length.
However, for coupling of this magnitude the dynamics can be still be described via first-order perturbation theory, and the number of the excitations
in the system remains conserved. On the contrary, as the coupling strength
becomes comparable to the bare transition energy, higher order phenomena
come to play, such that we enter a non-perturbative regime, called ultrastrong
coupling (USC) regime. This was first predicted in [14], then observed for
the first time in intersubband polaritons in cavity-embedded quantum wells,
where the coupling strength can be easily tuned by adjusting the electron
density [9]. USC has been studied both theoretically and experimentally in
a variety of different systems, which exhibit not only a significant change in
their spectral response, but also a rich new phenomenology [15, 16, 17, 18,
19], mainly due to the presence of a finite population of virtual excitations
in their dressed ground-state [14, 20, 21, 22, 23].
Beyond the fundamental implications of CQED regimes, lot of interest
has been shown for their applications. The capability of tuning the eigenenergies of the system by enlarging or shortening the resonant splitting, and
by controlling the photon/matter content weights of coupled states finds application in photochemistry and material science [24, 25, 26]. It has been
demonstrated that not only chemical reactions can be triggered, activated or
suppressed by manipulating the molecular potential energy surfaces (PES)
[27, 28, 29, 30, 12], but also structural features and degrees of freedom of
molecular system can be affected by the coupling to a photonic field [31, 32,
27, 33, 30, 34]. As a consequence, the new field of Polariton Chemistry arised
in the last decade [35, 36], motivated also by the concomitant development of
11

plasmonic technology, which has recently allowed to achieve a single-molecule
SC [37]. Addressing ever larger couplings not only makes phenomena related
to coupling-induced energy shifts more evident, but brings also a number
of important consequences, such as the modification of matter states wavefunctions in VSC [12, 13], or non-linear saturation effects due to a dramatic
alteration of the ground state nature at couplings comparable to the bare
transition energy [38, 39]. Given the growing general interest in the applications of non-perturbative CQED phenomena, my PhD research project has
the overall purpose of revealing their enormous potential as tool to tune materials’ properties. Therefore, my research consists in the investigation of
the effects of light-matter coupling on CQED systems in non-perturbative
regimes, when the degrees of freedom, the electronic structure and internal
interactions of the matter system are taken into account.
It is necessary to mention that my study has been exclusively of theoretical nature. However, thanks to the precious collaboration of some experimental groups, who will be mentioned throughout this dissertation, I had the
opportunity to explore the real implementations of specific CQED systems,
and to observe the experimental evidences of some of the phenomena predicted by our theory. I have also been invited by Prof. Christopher Lange to
visit the THz-spectroscopy laboratory at the University of Regensburg (Germany) and partecipate to few lab sessions. Since the applicable phenomena I
aimed to uncover had a general validity and could, in principle, be observed
in many CQED set-ups, my investigation involved several matter-resonator
platforms, ranging from molecular ensambles in open cavities to solid-state
devices.
This dissertation illustrates the key results (peer reviewed and not) achieved
during the last years, and it is articulated as follow. A first Chapter consists of a summary of the main background concepts and models employed in
CQED theoretical descriptions, such as Rabi and Dicke models and respective approximations. Where possible, the main solving approaches will be
mentioned, as well as their limitations. With the second Chapter we enter
in the core of the dissertation. In particular, this is dedicated to the development of an novel accurate theory allowing to determine the polariton
spectrum of an ensamble of mutually interacting dipoles in the USC regime.
Moreover, we here investigate the saturation effects due to the inclusion
of the Ising-like dipole-dipole interaction, and their impact on the effective
light-matter coupling strength. In the third Chapter, we explore the effects
of non-perturbative CQED on specific internal matter degrees of freedom.
12

In particular, it is shown that an ensemble of 2-dimensional freely rotating
dipoles, coherently coupled to a single cavity mode, is driven by the collective
light-matter coupling to undergo a crossover between two orientational configurations. More importantly, it is demonstrated that this cavity-induced
ordering in highly excited systems energetically scales as a collective coupling, and not as the single-molecule one, as shown in previous works that
investigate other kind of molecular degrees of freedom [31, 33]. This collective phenomena manifests itself as a significant change of the average internal
energy of the highly excited system as the effective temperature decreases or
the excitation rate increases, calculated by thermodynamic theoretical approaches. The fourth Chapter theoretically and experimentally explores the
case of a cavity-embedded doped quantum well heterostructure, demonstrating that not only it is possible to achieve SC between a discrete cavity mode
and ionizing transitions, but also that a cavity-induced novel bound exciton
state appears where the uncoupled system showed none. In the fifth Chapter, we investigate the non-perturbative regime when several photon modes
are involved in the coupling-induced hybridization. Aiming to theoretically
explain both the simulated transmission spectra and the electric field maps
of an array of THz metamaterial resonators coupled to cyclotron resonances
of a two-dimensional electron gas, we develop a multi-mode theory able to
fit the multiple polariton resonances. More importantly, our theory succeeds
in reproducing some (so far unexplained) spectral features, thanks to the inclusion of a spatial overlap between different photon modes upon the surface
of the electron gas. We show that this overlap leads to an hybridization of
the different uncoupled photon modes, and manifests its self at high electron
density as a visible change of the coupled electromagnetic field maps. In
the final Chapter, we summarize the presented results and highlight future
perspectives of my research project.

13

Chapter 2
Introduction to cavity QED
and theoretical models
2.1

Introduction

In the following chapter we will present some of the main theoretical concepts
of CQED, necessary for the full understanding of this thesis, including the
fundamental theoretical models and the computational approaches adopted
for the description of the different quantum systems taken into account.

2.2

Light-matter interaction Hamiltonian

Let us consider a dipolar interaction between a single photonic cavity mode
of energy h̄ωc and optically active transitions between an initial state |gi
and multiple final states |ji, with transition energies h̄ωg,j . The Hamiltonian for such a system can be derived by the minimal-coupling substitution
p̂2
(with e and
p̂ → p̂ − eÂ(r) into the matter kinetic Hamiltonian Ĥkin = 2m
me , respectively, the elementary charge and charged particle mass, p̂ the
momentum operator and Â the vector potential operator),

2
p̂ − eÂ(r)
Ĥ = ĤEM +
+ V (r),
(2.1)
2me
where ĤEM is cavity field Hamiltonian and V (r) is the Coulomb potential.
From the expansion of Eq. 2.1, we obtain the light-matter interaction Hamil14

tonian as a sum of two terms
ĤLM = Ĥint + Ĥdia ,

(2.2)

with
ep̂Â(r)
,
me
e2 Â(r)2
.
= −
2me

Ĥint = −

(2.3)

Ĥdia

(2.4)

Ĥdia is known as A2 term or diamagnetic term, as it is responsible of the
occurrence of diamagnetism.
The vector potential in the charged particle position can be written in
the single-cavity-mode approximation, as Â = A0 â + â† , where â and â†
are, respectively, the photon annihilation and creation operators, and A0
r
h̄
A0 =
,
(2.5)
20 ωc V
with ωc photon energy, and V cavity volume where the electromagnetic field
is confined. In the electric-dipole approximation, we arrive to express the
light-matter Hamiltonian terms in the form
X j

Ĥint =
h̄ΩR (|jihg| + |gihj|) â + â† ;
(2.6)
j

Ĥdia = D â + â†

2

,

(2.7)

where |jihg| and |gihj| are the raising and lowering transition operators, and
ˆ
ω A hg|d|ji
coupling parameter ΩjR = g,j 0h̄
with dˆ transition dipole operator. The
Hamiltonian term in Eq. 2.6 describes the interaction between the cavity
field and the a number of matter transitions as multiple absorptions and
emissions of photons with exchange rates ΩjR .
In order to solve this Hamiltonian, it is necessary to perform a truncation
of the Hilbert space by reducing the number of matter levels taken into account. The light-matter coupling models presented below all rely on a single
matter transition approximation, whose validity at larger coupling strengths
is strongly Gauge dependent, as it has been demonstrated in multiple works
[40].
15

2.3

Light-matter coupling regimes and models

2.3.1

Quantum Rabi model and RWA approximation

Let us thus now limit our self to the simplest case of a single optically active
dipolar transition between an initial state |gi and a single final excited state
|ei, with energy difference h̄ωx , coupled to a single cavity mode of energy h̄ωc
by exchange rate ΩR . This model is known as Quantum Rabi model, and its
Hamiltonian can be written as


1
ĤRabi = h̄ωc â† â + h̄ωx σ̂ z + h̄ΩR σ̂ − + σ̂ + â + â† ,
2

(2.8)

where σ̂ z = |eihe| − |gihg| is one of the Pauli operators, σ̂ − = |gihe| and
σ̂ + = |eihg| are the Pauli lowering and raising operators connecting the
ground state |gi and the excited state |ei of the 2LS. The first two terms in
Eq. 2.8 represent the uncoupled energies, respectively, of single cavity mode
and the optically active transition, while the last term can be recognize as the
interaction Hamiltonian, as in Eqs. 2.6. Here, we shifted the Hamiltonian
Eq.2.8 by the zero-point energy. The magnitude of the coupling strength ΩR ,
compared to different parameters, determines the light-matter interaction
regimes addressed by the system.
As far as the coupling remains smaller than any losses rate, the energy
exchange process has an irreversible nature: the excitation energy gets lost
before being exchanged multiple times between light and matter, and the
only cavity-induced effect is the enhancement/suppression of the spontaneous
emission rate according to the cavity density of states (Purcell effect) [1]. We
call this regime weak coupling (WC). Fermi Golden Rule governing photon
emission processes remains the most effective tool for the description for this
kind of light-matter interaction.
We enter, instead, strong coupling (SC) regime when the coupling parameter ΩR achieves values higher than the losses rate of the CQED system,
and it is possible to observe a periodic exchange of the excitation between
the emitter and the cavity field, called Rabi oscillations. The parameter ΩR
representing the frequency of the oscillations, is indeed also known as Rabi
frequency. In this regime, a description in terms of photon absorption and
emission results meaningless, as it is no longer possible to distinguish what is

16

light and what is matter excitation. Therefore, we are obliged to introduce
novel dressed quantum states exhibiting an intrinsic dual nature.
Both the definitions of WC and SC are based on the comparison between
the Rabi frequency and the losses. From a spectroscopic point of view, a
coupling strength larger than the loss rate leads to a resolvable resonant
energy splitting, which is a fundamental SC signature.
Let us now point our attention on the light-matter part in Eq. 2.8. We
can expand it in two different components
Ĥint = Ĥres + Ĥanti−res ,

(2.9)


Ĥres = h̄ΩR âσ̂ + + â† σ̂ − ,

Ĥanti−res = h̄ΩR âσ̂ − + â† σ̂ + .

(2.10)

with

(2.11)

Ĥres contains the so called resonant terms, which conserve the total number
of the excitations: as one photon is created in the cavity, one matter excitation is destroyed, and viceversa. In the quasi-resonant case, which means
ωc ≈ ωx , these terms connect states whose energy difference is close to zero.
On the contrary, Ĥanti−res contains terms which do not conserve the number of the excitations, as they admit the double creation (or annihilation) of
them, and connect states that, in the quasi-resonant case, differ by almost
the double of the single excitation energy.
Let us now apply standard perturbation theory to evaluate the contribution of the interaction Hamiltonian upon the unperturbed states of the
system. In the resonant case, first-order perturbation theory applied to a
certain state |Φi gives
∆EΦ1 = hΦ|Ĥint |Φi = hΦ|Ĥres |Φi ∝ ΩR ,

(2.12)

which contains contributions only from the resonant terms. We can demonstrate that anti-resonant terms contribute only at the second order,
∆EΦ2 =

X |hΦ|Ĥanti−res |Ψi|2
Ω2
∝ R,
EΦ − EΨ
ωx

(2.13)

|Ψi6=|Φi

which is of the order of ΩR × ΩωRx . If we define the normalised coupling
parameter as η = ΩωRx , we understand that its value determines whether it is
necessary to include the anti-resonant terms .
17

As far as η remains negligible, we can set Ĥanti−res = 0 by applying the so
called Rotating Wave Approximation (RWA). By simply renormalising the
Ω2
bare photon frequency as ω̃c → ωc + 2 ωRx , we obtain the James-Cummings
model [41] with Hamiltonian
1
ĤJC = h̄ω̃c â† â + h̄ωx σ̂ z + h̄ΩR (σ̂ + â + σ̂ − â† ).
2

(2.14)

This is the simplest model used for low-coupling SC cases. Since in the
RWA the number of excitation is conserved and the dynamics develops in
a 2D Hilbert subspace, Jaynes-Cummings Hamiltonian is easily analytically
solvable and has a well known spectrum [41]. An analytical approach for
the quantum Rabi Hamiltonian has been discovered only in 2011 [42], but,
in most cases, it still relies on the numerical resolution of transcendental
equations.
However, what happens when the coupling strength becomes comparable
to the bare excitation frequency, that means when the normalised coupling
η is comparable with the unity? As shown by perturbation theory, a larger
normalised coupling implies larger second-order contributions due to the antiresonant terms in the interaction Hamiltonian, which cannot be neglected
for a correct description of the phenomena. When this happens, we enter a
further light-matter coupling regime, that is known as Ultrastrong coupling
(USC) regime (the historical conventional threshold to enter USC is η = 0.1
[9]). As its definition is based on a comparison between the Rabi and the
bare transition frequencies, it follows that USC is not a stronger SC, as,
in principle, it could admit losses larger than the coupling strength, that is
the violation of SC requirements. Including the anti-resonant terms of the
Hamiltonian leads to a series of interesting phenomena, as the appearance of
virtual excitations, due to a change of the ground state of the system, that
we will treat more in details on a next paragraph.

2.3.2

Many 2LSs models: Collective coupling

Dicke model
In the last decades, the achievement of ever larger coupling strengths has
been object of an increasing interest of the CQED community. By recalling
the form of the Rabi frequency presented in Sec.2.2, the coupling strength
results proportional to the zero-point amplitude A0 , which means inversely
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proportional to the square root of the cavity volume V . The most intuitive
way to increase the normalised coupling is then reducing the mode volume
where the photon field is confined. This strategy has been adopted in many
CQED platforms, such as plasmonic nanocavities [37].
Another possible way to increase the light-matter coupling is having an
ensamble of N 2LSs all interacting coherently with the same photon mode.
This allows the effective coupling acquiring a collective nature [43]. In order
to study the collective coherent light-matter interaction, it has been necessary
to introduce a generalization of the Rabi model for a number N of 2LSs,
called Dicke model, which reduces to Tavis-Cummings model under RWA
[44]. Dicke Hamiltonian can be indeed written as
ĤDicke = ωc â† â +

X j


1X
ωj σ̂jz +
ΩR σ̂j+ + σ̂j− â + â† ,
2 j
j

(2.15)

where the index j runs over the 2LSs.
Bosonic Approximation Let us notice that the Dicke model describes
the interaction between a bosonic field and an ensemble of N electronic transitions, and as such, due to the electrons’ fermionic nature, is affected by the
Pauli blocking. This means that a collection of N 2LSs can be excited N
times before saturation occurs, as electrons occupying at the same time the
same quantum state would violate the Pauli exclusion principle.
However if we assume that the number of excitations n is much smaller
than the total number N of 2LSs , we can approximate the Dicke model
to a purely bosonic model. The latter describes the coupling between two
bosonic fields, photons and bosonic collective matter excitations. This is
formally seen by writing the collective excitation operators
1 X −
σ̂j ,
b̂ = √
N j
1 X +
b̂† = √
σ̂j ,
N j

(2.16)
(2.17)

whose commutator, averaged on a quantum states with n excitations, is
calculated as
n
hn|[b̂, b̂† ]|ni = 1 + O
.
(2.18)
N
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In the dilute regime condition Nn << 1, the collective operator b obeys the
well known bosonic commutation rules [b̂, b̂† ] = 1.
A simplified single-mode version of this bosonised Hamiltonian is
ĤBos = ωc â† â + ωx b̂† b̂ + ĤLM ;
with

√



ĤLM = ΩR N b̂ + b̂

†




â + â† ;

(2.19)

(2.20)

where b̂ and b̂† are the
√ annihilation and creation operators for the bosonic
excitations, and ΩR N is the collective coupling. The latter represents a
very important key point, as it formally explains why coherently coupling a
collection of 2LSs to a single cavity mode leads to a significant enhancement
of the effective light-matter coupling strength. In other words,
a collection
√
of N dipoles coupled to a cavity behaves as a single dipole N times larger.
This is also at the origin of the Dicke superradiance [43].
Hopfield model and Diamagnetic term
The boson Hamiltonian derived from the Dicke model, showed in Eq. 2.19,
describes the interaction between two harmonic oscillators. An equivalent but
independent model describing the interaction between photons and bosonic
collective excitations (such as excitons) of a matter system is the Hopfield
model. Its Hamiltonian can be written as
ĤHop = ωc â† â + ωx b̂† b̂ + ĤLM + Ĥdia ;

(2.21)

with


ĤLM = Ω b̂ + b̂




â + â† ;

(2.22)


† 2

.

(2.23)

†

Ĥdia = D â + â

Unlike the Dicke model, the Hopfield Hamiltonian formally conserves the
diamagnetic term. The latter, weighted by the parameter D, does not conserve any information about the emitter levels structure. Therefore, a truncation of this may lead to an overestimation of Ĥdia compared to Ĥint . NeverP
2
theless, the Thomas-Reiche-Kuhn (TRK) sum rule j 2 |hg|p̂|ji|
= me comes
ωg,j
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into play imposing a lower bound for the parameter D. By rewriting the
diamagnetic Hamiltonian in Eq.2.23 as
!
X |hg|p̂|ji|2 e2 Â2 X Ωj

† 2
R
â
+
â
,
(2.24)
Ĥdia = h̄
2
=
h̄
ωg,j
m2
ωg,j
j
j
and comparing it to Eq. 2.7, derived from the minimal coupling substitution,
P ΩjR
we arrive to demonstrate that D = j ωg,j
. In the single mode approximation, the inequality
Ω2R
= ΩR × η
(2.25)
D≥
ωx
is valid, becoming an equality if the transition fully saturates the TRK sum
rule. This means that the weight D is not negligible in the USC regime, as
the normalized coupling η becomes comparable to the unity [18].
The diamagnetic term assumes also the very important role of stabilizing
the system against the occurrence of superradiant phase transitions [45, 46],
predicted for values of η above a certain critic threshold [47, 48, 49, 50]. For
the system to undergo a quantum phase transition, the coupling strength
must be large enough to push one of the system eigenenergies to zero energy.
The diamagnetic term can be reabsorbed by a rotation of the photon
operap
2
tors, at the price of renormalising the cavity frequency as ω̃c = ωc + 4Dωc .
This blue-shift of the cavity frequency prevents the system from reaching
the critic point of the phase transition, as a even larger coupling η would be
necessary.
Polaritons Let us return to the Hamiltonian in Eq. 2.21. This results
solvable by introducing the new lower polariton (LP) and upper polariton
operators by Hopfield Bogoliubov transformations [51]
p̂ν = xν â + zν â† + yν b̂ + wν b̂† ,

(2.26)

with ν ∈ [LP, U P ], xν ,zν ,yν and wν known as Hopfield coefficients, obeying
the normalisation rule |xν |2 + |yν |2 − |zν |2 + |wν |2 = 1. By applying the
transformation above to the Hamiltonian, this takes the diagonal form
X
ĤHop =
ων p̂†ν p̂ν + EG ,
(2.27)
ν

with ωLP and ωU P , respectively, the LP and UP eigenmodes frequencies, and
EG ground state energy.
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Virtual excitation in USC regime
When we first introduced the USC regime, we mentioned that this is characterized by some important phenomena, which make this regime intrinsically
different from WC and SC, and, as such, have been object of large interest
in the last decade. One of them is the appearance of virtual excitations in
the ground state, due to the presence of the anti-resonant terms in the lightmatter Hamiltonian. The ground state of the uncoupled system is defined
as â|0i = b̂|0i = 0, but, given the form of the new polariton operator in Eq.
(2.26) describing the polariton eigenmodes, we see that |0i = 0 can be no
longer ground state of the coupled system, as p̂ν |0i =
6 0. A new ground state
|Gi has to be introduced, such that p̂|0i = 0, leading to a not zero population
of photons and matter excitations. In the resonant case, we thus find
 4
ΩR
Ω2
†
2
2
,
(2.28)
hG|â â|Gi = |zLP | + |zU P | ∝ 2 + O
ωx
ωx4
 4
ΩR
Ω2
†
2
2
.
(2.29)
hG|b̂ b̂|Gi = |wLP | + |wU P | ∝ 2 + O
ωx
ωx4
Let us notice that, at low coupling values, the virtual excitations population would be negligible. From a physical point of view, the appearance of
excitations is due to an intrinsic change of the ground state nature. At low
coupling strength, the ground state is a quantum state in which there are
not photons inside the cavity and all the matter systems are in their lowest
state. In USC, instead, the ground state becomes a dressed state mixed to
multiple excited states containing different numbers of excitations.

2.3.3

Very Strong Coupling

The Very strong coupling (VSC) regime has been predicted by Khurgin in
2001 [12], and observed in microcavity polaritons in 2017 [52]. We enter this
regime when the coupling becomes comparable to the spacing between the
excited states of the quantum matter system. Here the 2Ls approximation
breaks down, as the coupling strength results large enough to couple and
thus hybridize the different excited states of the matter system. By applying
a multi-level Hopfield model, we arrive to polaritons of the form

X
p̂ν = xν â + zν â† +
yα,ν b̂α + wα, ν b̂†α ,
(2.30)
α
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where the operator p̂ν contains a sum over all the possible collective transitions between different matter energy states. As we will see, this leads
to observable modifications of the matter and light coupled modes properties. In Khurgin’s work, which investigates this regime on exciton-polaritons
with a coupling strength comparable to the exciton binding energy, it is
demonstrated that the radius of the exciton becomes a strong function of
the coupling strength, manifesting clear signals of multi-matter-modes hybridization.
Further coupling regime: Deep Strong Coupling
For sake of completeness, we briefly introduce the Deep strong coupling
(DSC) regime, occurring when the normalised coupling η overcomes the unity.
In this regime, the second-order contribution of the anti-resonant terms, as
well as the diamagnetic term contributions ( both ∝ η 2 ), not only become
observable but results dominant over the first-order processes. It has been
demonstrated that, when η > 1, the diamagnetic term can lead to an effective decoupling between light and matter, as it localises the photonic field
away from the matter system [18]. This regime was theoretically investigated
for the first time in 2010 [53], and experimentally demonstrated in 2017 on
many different platforms [54, 55].
Perturbation theory
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Figure 2.1: Top row: Scheme of light-matter coupling regimes as ΩR increases
with highlighted milestones: Γ loss rate, ∆ω spacing between different excited
states frequencies, ω0 bare matter excitation frequency. Bottom row: main
CQED platforms and record values of light-matter coupling strengths
.
The scheme in Fig. 2.1 is useful to remember the main signatures and
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record values for each coupling regime. The reality is more complicated
though. Our physical system will be more likely in more than one coupling
regimes at the same time, because of their different definitions. One system
could be simultaneously in USC, because its coupling strength is comparable
to the bare frequency, in SC because it is larger than the losses, and in VSC
if the coupling is also comparable to the excited states spacing. Throughout
this dissertation, the different coupling regimes will be mentioned to highlight
specific characteristic phonomena, but this does not exclude we entered the
others.
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Chapter 3
Saturation effects on polariton
spectrum of a Dicke-Ising
Hamiltonian
3.1

Introduction

The standard Hopfield model, presented in the previous chapter, thanks to a
purely bosonic treatment, is the simplest model allowing to solve the dynamics of a multi-2LSs collection coupled to a single resonant cavity mode [51].
As far as we remain limited to the dilute regime and maintain both antiresonant terms and the diamagnetic term in the Hamiltonian, the model describes quite accurately physical systems with a wide range of the normalised
coupling strength, from WC to SC and USC regimes. Notwithstanding its
general validity, this model still relies on the single mode approximation, and
do not consider any specific structural feature or degrees of freedom in the
matter component of the CQED system, treating it simply as an ensamble
of 2LSs all coherently coupled to the same photonic mode. The validity of
retaining a single optically active matter mode in the Hamiltonian has been
demonstrated strongly gauge-dependent [56, 40], therefore, it is fully legitimate to wonder what happens in our theoretical description when we start
pointing a magnifying lens on the structure and the internal interactions
inside the matter system coupled to the light. Aiming to address this question, we investigate the specific case of a one-dimensional chain of dipoles,
in which, together with the light-matter coupling to a single cavity mode, a
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non-negligible longitudinal dipole-dipole interaction is included. This kind
of system can represent in good approximation several kinds of molecular
aggregates, e.g. J aggregates, which have been object of growing interest for
displaying large values of both the light-matter coupling and of the interdipole coupling [57, 58, 59, 60].
We already know that the Dicke model (Sec. 2.3.2) describes a collection
of dipoles coherently coupled to the same cavity mode, and, moreover, this
can be easily solved in the dilute regime by applying the Hopfield approach,
recovering the well known polariton spectrum. When a nearest-neighbour
longitudinal coupling between the dipoles is called into play, the matter
Hamiltonian describing their bare energies and mutual interactions takes
the form of an Ising Hamiltonian in a transverse field, which can be solved
exactly in terms of fermionic excitations through the Jordan-Wigner transformations [61, 62]. While in certain regimes exact approaches exist to solve
both the Dicke and the Ising models separately, the two representations, one
bosonic and the other fermionic, are incompatible. As a consequence, the
full Dicke-Ising model, including both the longitudinal dipole-dipole interaction and the coupling with the transverse cavity photons, has until now been
considered only from a thermodynamical perspective. It has been studied
both analytically, by using a mean field approach to investigate the model’s
first- and second-order phase transitions [63, 64], and numerically ,by using
matrix product states [65].
Our study aims, instead, to correctly determine the spectrum and the
dynamics of a Dicke-Ising Hamiltonian, by exploiting higher order of the
Holstein-Primakoff transformations [66], which map the matter excitation
operators into bosonic operators. This theory remains valid for arbitrary
values of the normalised coupling strenghts until the onset of the Ising ferromagnetic phase transition. Our results also reveal the nature and the
implications of the interplay between the dipole-dipole and the light-matter
coupling strengths, and their effect on the virtual excitations which populate the ground-state as the interactions become comparable to the bare
transition frequency.
In the following, we summarize the theoretical background our work lies
upon, that is the fermionic and bosonic representations of Ising and DickeIsing models, showing how the standard boson approach leads to meaningful
deviations from the exact results as the coupling strength becomes relevant
[67]. I will then introduce our novel approach, which allows to recover the
correct spectrum of the Ising model in terms of bosonic excitations for ar26

bitrary values of the dipole-dipole interaction. For sake of clarity, only few
necessary formulas are presented this chapter for who wishes extra details
about the technical calculations to move to Appendix A.

3.2

The Ising Hamiltonian

ω0
J

J

J

Figure 3.1: One dimensional chain of N coupled two level systems with
transition frequency ω0 and next-neighbour coupling strength J.

3.2.1

Standard theoretical models: Fermion and HP0
approximations

A one-dimensional chain of N interacting two-level systems of transition frequency ω0 and dipole-dipole coupling strength J (Ising coupling) can be
described by the Hamiltonian
ĤM =

N
X

h̄ω0 σ̂n+ σ̂n−

+ h̄J

N
−1
X

+
−
(σ̂n+ + σ̂n− )(σ̂n+1
+ σ̂n+1
).

(3.1)

n=1

n=1

Applying the Jordan-Wigner transformation [61, 62] detailed in A 1.1, the
Hamiltonian above can be put in the diagonal form
X
(3.2)
ĤF =
EF,k dˆ†F,k dˆF,k + EF0 ,
k

in terms of the operators dˆ†F,k and dˆF,k obeying the fermionic anticommutation
relations
n
o
n
o n
o
†
†
†
ˆ
ˆ
ˆ
ˆ
ˆ
ˆ
0
0
dF,k , dF,k0 = δkk , dF,k , dF,k0 = dF,k , dF,k = 0,
(3.3)
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where k is the quasi-momentum 0 < k < π. The single-particle energies are
q
(3.4)
EF,k = h̄ ω02 + 4J 2 + 4Jω0 cos k
, and the ground-state energy has the form
EF0

1
=
2

!
N h̄ω0 −

X

EF,k

.

(3.5)

k

Unfortunately this exact solution is not adequate to rigorously determine
the polaritonic spectrum of an Ising chain coupled to a cavity photonic field,
because its light-matter interaction Hamiltonian would contain both bosonic
and fermionic operators.
Another approach consists of mapping the spin operators of Eq. 3.1 into
fully bosonic one through the Holstein-Primakoff transformation
!
q
†
†
†
b̂
b̂
b̂
b̂
b̂
b̂
n
n
n
†
σ̂n+ = b̂†n 1 − b̂n b̂n = b̂†n 1 − n − n n − . . . ,
2
8
!
q
†
†
†
b̂
b̂
b̂
b̂
b̂
b̂
n
n
n
†
σ̂n− =
1 − b̂n b̂n b̂n = 1 − n − n n − . . . b̂n ,
(3.6)
2
8
where the b̂†n operators now obey bosonic commutation relations



 

b̂n , b̂†n0 = δnn0 , b̂†n , b̂†n0 = b̂n , b̂n0 = 0.

(3.7)

If the population of the nth dipole b̂†n b̂n is assumed to be negligible, we are
then in the dilute regime and the expansion of Eq. 3.6 can be stopped at the
first term. From now on, we refer to this approximation as zero-th HolsteinPrimakoff approximation (HP0). This is the formal origin of the bosonic
approximation widely adopted in the few-excitations regime for the standard
Dicke model case, as seen in Sec. 2.3.2. In this case, the Hamiltonian in Eq.
3.1 can be written as
ĤB = h̄ω0

N
X
n=1

b̂†n b̂n

+ h̄J

N
−1
X

(b̂n + b̂†n )(b̂n+1 + b̂†n+1 ).

n=1
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(3.8)

Following the standard Hopfield procedure, one can write the Hamiltonian
in the diagonal form
X
ĤHP 0 =
(3.9)
EB,k dˆ†B,k dˆB,k + EB0 ,
k

where dˆ†B,k , dˆB,k are bosonic operators and
EB,k = h̄(ω02 + 4Jω0 cos k)1/2 ,
!
X
1
EB,k − N h̄ω0 ,
EB0 =
2 k

(3.10)

are, respectively, the single-particle energy and the ground-state energy. Note
that we use Pekar boundary conditions [68] for the wavevectors
k ≡ k(l) = lπ/(N + 1),

(3.11)

with l = 1, 2, . . . , N . In order to compare the exact theory and the HP0
approximation, it is useful to explicit the expansion up to second order in
the normalized Ising coupling µ = ωJ0 of the single-particle energies EF,k and
EB,k
EF,k
≈ 1 + 2 cos k µ + 2 sin2 k µ2 ,
h̄ω0
EB,k
≈ 1 + 2 cos k µ − 2 cos2 k µ2 ,
h̄ω0

(3.12)

noticing that the HP0 approximation leads to incorrect results at the second
order in µ.

3.2.2

Beyond HP0 approximation: first-order HolsteinPrimakoff approximation

In order to bridge the gap between the results in the exact fermionic and
bosonic pictures, here we include higher-order terms of the Holstein-Primakoff
expansion, obtaining in the Hamiltonian non-linear terms composed of an
even number of b̂n and b̂†n operators. We introduce a novel approach to recover a quadratic bosonic Hamiltonian starting from these non-linear terms.
This method is in principle applicable to all the orders, but we only consider
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the first-order nonlinear terms in the Holstein-Primakoff transformations, as
they already lead to correct results for the single-particle energies at the order
µ2 . We thus apply the transformation
!
†
b̂
b̂
n
σ̂n+ = b̂†n 1 − n
,
2
!
†
b̂
b̂
n
1− n
b̂n ,
(3.13)
σ̂n− =
2
which we now refer to as first-order Holstein-Primakoff approximation (HP1).
By using Eqs.3.13, the Hamiltonian of Eq.3.1 can be written as
(0)

(1)

ĤM = ĤM + ĤM ,

(3.14)

(0)

where ĤM is shown in Eq. 3.8 and the nonlinear part is
(1)
ĤM

N −1
i

h̄J X † h †
=−
b̂n b̂n + b̂n b̂†n−1 + b̂n−1 + b̂†n+1 + b̂n+1 b̂n .
2 n=1

(3.15)

In analogy with what done for the HP0 approximation, we aim to put the
Hamiltonian in the diagonal form, by introducing the bosonic operators dˆF,k ,
such that
1 X ink
b̂n = √
e (αB̃,k dˆB̃,k + βB̃,k dˆ†B̃,−k ),
N k
1 X −ink
b̂†n = √
(3.16)
e
(βB̃,k dˆB̃,−k + αB̃,k dˆ†B̃,k ),
N k
where αB̃,k and βB̃,k are called Hopfield coefficients. They can always been
2
2
chosen real and must satisfy the relation αB̃,k
− βB̃,k
= 1 to preserve the
bosonic nature of operators. Determining their values means solving the
eigenvalues problem. Let us notice that Eq. 3.16 exactly diagonalises the
Hamiltonian to the chosen order in the single-particle subspace, since, given
|G̃i the ground state of the quadratic part, all the normally-ordered remaining nonlinear terms annihilate both |G̃i and the single-particle states dˆ†F,k |G̃i.
By applying Eq. 3.16 to Eq. 3.14, normal ordering all the terms, and keeping
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only terms up to the second order, we obtain
i
X h
JX
0
f (k, k 0 ) dˆ†B̃,k dˆB̃,k
ĤM
=
h̄ Ak −
2 k0
k
i

X h
JX
+
g(k, k 0 ) dˆ†B̃,k dˆ†B̃,−k + dˆB̃,k dˆB̃,−k
h̄ Bk −
2 k0
k
i
X h
JX
+
h(k, k 0 ) .
(3.17)
h̄ Ck −
2
0
k
k
The analytical expression for all the coefficients can be found in A.2. The set
of nonlinear equations derived by imposing that the non-diagonal terms of
the Hamiltonian have to be zero, could be solved numerically. Nevertheless
in the following we will present a perturbative approach of the order µ2 ,
allowing us to derive analytic expressions to be compared to those obtained
by the exact case and HP0 approximations. Diagonalising the Hamiltonian
is thus equivalent to solve the set of equations
Bk −

JX
g(k, k 0 ) = 0,
2 k0

∀k,

(3.18)

which can be done analytically expanding the coefficients αB̃,k and βB̃,k up
to the second order in µ. Following such a procedure, detailed in A.2, we
obtain
αB̃,k
βB̃,k

cos2 k 2
µ,
2

1 2
≈ − cos k µ + 2 cos2 k −
µ,
2
≈1+

(3.19)

resulting in single-particle energies
EB̃,k
≈ 1 + 2 cos k µ + 2 sin2 k µ2 ,
h̄ω0

(3.20)

which, to the considered order, coincide with the single-particle energies of
the exact case in Eq. 3.12. This result shows the success of our novel approach to recover an accurate spectrum although within a bosonic description.
Fig. 3.2 shows the normalised single-particle energies EF,k /h̄ω0 (solid blue
line), EB,k /h̄ω0 (dashed red line), and EB̃,k /h̄ω0 (dotted green line) calculated
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as a function of |µ| for the first excited mode, which, in the thermodynamic
limit, corresponds to k → 0. It can be observed that, while for weak values
of µ the three curves overlap, when the coupling strength J becomes a significant fraction of ω0 the HP0 approximation presents a significant deviation
from the exact theory. On the contrary, the HP1 approximation is in very
good agreement with the exact theory.
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|μ|
Figure 3.2: Single-particle energies for k = 0 obtained as a function of the
normalised Ising coupling strength |µ| (h̄ = 1). Shown are the results obtained with the exact theory (solid blue line), the HP0 approximation (dotted
green line) and the HP1 approximation (dashed red line).
It is possible also to study the dependence of the single-particle energies
upon the number N of dipoles. In Fig. 3.3 the first two excited states
(corresponding to l = 1 and l = 2, where l is the mode index from Eq. 3.11)
are displayed as a function of the chain length N for (a) µ = −0.05 and (b)
µ = −0.2. Given the results for the exact theory (Eq. 3.4),it can be observed
that the HP0 approximation (Eq. 3.10) gives good results only for weak
couplings, while the results obtained by applying the HP1 approximation
(Eq. 3.20) are robust also for large values |µ|.
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Figure 3.3: First two excited states Ek(l=1) and Ek(l=2) as a function of the
chain length N for two different values of the normalised coupling strength
(h̄ = 1): (a) µ = −0.05 and (b) µ = −0.2. Shown are the results obtained
with the exact theory (solid blue line), the HP0 approximation (dotted green
line) and the HP1 approximation (dashed red line).

3.3

The Dicke-Ising Hamiltonian

In order to determine the polariton spectrum of a one-dimensional Ising chain
of N dipoles coupled to a cavity photonic field and investigate the interplay
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Ω0 =

√
N χ0

χ0

χ0

χ0

J

J

J

χ0

Figure 3.4: The same chain of in Fig.3.1 coupled to a cavity photonic field
through a single-dipole
light-matter resonant coupling χ0 and collective cou√
pling Ω0 = N χ0 .
between the Ising coupling and the light-matter coupling, we need to solve
the Dicke-Ising Hamiltonian, which includes both a Ising-type inter-dipole
and a light-matter interaction terms. It has been already mentioned that the
exact fermionic formulation cannot be applied as not compatible with the
bosonic nature of the polariton modes at diluite regime. The overall system
can be described by the Dicke-Ising Hamiltonian

ĤDI = ĤC + ĤM + ĤI + ĤD ,

(3.21)

with
ĤC =
ĤI =

X

k
N
XX
n=1

ĤD =

h̄ωk â†k âk ,

X

k

(3.22)

h̄χk (âk eink − â†k e−ink )(σ̂n− − σ̂n+ ),

h̄Dk (â†k + â−k )(â†−k + âk ),

(3.23)
(3.24)

k

where ĤC is the bare Hamiltonian of the cavity modes of frequencies ωk =
ck/L, with bosonic annihilation and creation operators âk and â†k , HˆM is as
in Eq. 3.1, ĤI describes the interaction between the photonic modesp
and the
dipoles, weighted by the single-dipole light-matter coupling χk = χ0 ω0 /ωk
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with χ0 the resonant coupling, and ĤD is the diamagnetic term. Assuming the√transition to saturate the TRK sum rule [45], Dk = Ω20 /ωk with
Ω0 = N χ0 the collective light-matter coupling. As usual, the diamagnetic term ĤD can be removed by a Bogoliubov
rotation, which leads to the
p
2
2
ω
+
4Ω
renormalised cavity
frequency
ω̃
≡
k
0 and collective light-matter
k
p
coupling Ω̃k ≡ Ω0 ω0 /ω̃k . The Ising chain, assumed to have lattice constant
a, creates a folding of the photonic dispersion on the border of the first Brillouin zone ωBZ = cπ/a. A matter mode of the Ising chain indexed by the
quasi-momentum k would thus a priori couple with an infinity of photonic
modes with wavevector differing by an integer multiple of π/a. In the following we will assume ωBZ − ω0  Ω0 and neglect Umklapp processes, that is
we will assume that the photonic energy on the border of the first Brillouin
zone is completely detuned from the dipolar transitions.

3.3.1

Polariton spectrum in HP0 approximation

We calculate and compare the polariton eigenenergies of ĤDI at several orders of approximation. Initially, we diagonalise ĤM in terms of bosonic
operators dˆO,k , where O ∈ [B, B̃] indicates either the HP0 or the HP1 approximations, but we do not consider nonlinear terms originating from the
light-matter interaction Hamiltonian in Eq. 3.23, effectively treating ĤI in
the HP0 approximation. In the next subsection, we will drop this approximation and expand the HP1 approximation to the full Dicke-Ising Hamiltonian.
By applying the Hopfield-Bogoliubov transformations
1 X ink
e (αO,k dˆO,k + βO,k dˆ†O,−k ),
b̂n = √
N k
1 X −ink
b̂†n = √
e
(βO,k dˆO,−k + αO,k dˆ†O,k ),
(3.25)
N k
where dˆO,k and dˆ†O,k are generic bosonic operators which make ĤM diagonal,
and αO,k and βO,k are the generic Hopfield coefficients of the transformations
(they can be found in A.2), the total Hamiltonian Ĥ can be written as:
Ĥ =

X
k

X
k

h̄ω̃k â†k âk +

X

EO,k dˆ†O,k dˆO,k + EO0 +

k

h̄ΛO,k (â−k − â†k )(dˆO,k − dˆ†O,−k ).
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(3.26)

EO,k in Eq. 3.26 is the single-particle energy, EO0 the matter ground-state
energy, and
ΛO,k ≡ Ω̃k FO,k ,

(3.27)

is the effective light-matter coupling, with FO,k ≡ αO,k − βO,k . The function
FO,k , depending upon µ, represents the contribute of the Ising interaction to
the effective light-matter coupling ΛO,k .
The Hamiltonian Ĥ can be now diagonalised by Hopfield approach, by
mapping the bosonic operators âk and dˆk into the lower and upper polariton
operators p̂−,k and p̂+,k . The Dicke-Ising Hamiltonian takes then the diagonal
form

X
−
+
Ĥ =
EO,k
p̂†−,k p̂−,k + EO,k
p̂†+,k p̂+,k + EOG ,
(3.28)
k

where
EOG =

X
k


−
+
EO,k
+ EO,k
− ω̃k − EO,k + EO0 ,

(3.29)

is the ground-state energy of the coupled system. The polariton energies
−
+
EO,k
and EO,k
are given by the expression
i 12
h̄ h
±
2
± ∆k ,
EO,k
= √ ω̃k2 + EO,k
2
h

(ω̃k2

2
EO,k
)2

(3.30)

i 12

16Λ2O,k

with ∆k =
−
+
ω̃k EO,k . Details of the calculation can
be found in A.3.
Treating the matter Hamiltonian in either of the two approximations
leads to different polariton energies, which, given the example of the Ising
chain, will differ by level of accuracy. In the following paragraph, we present
the specific results for the two cases of the Ising Hamiltonian within HP0 approximation (O = B) and within the HP1 approximation (O = B̃). Without
loss of generality, we will consider ωk > ω0 .
HP0 approximation case In this case we assume O = B, then the singleparticle energy EB,k is given by Eq. 3.10 and the expressions of coefficients
αB,k and βB,k can be found in A.2.
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The lower and upper polariton energies in Eq. 3.30, expanded up to
the second order with respect to the normalised Ising coupling µ and the
collective light-matter coupling η ≡ Ω0 /ω0 take then the form
+
EB,k
ωk 2ω0 ωk η 2
,
≈
+ 2
h̄ω0
ω0
ωk − ω02
−
EB,k
2ω 2 η 2
≈ 1 + 2µ cos k − 2µ2 cos k 2 − 2 0 2 .
h̄ω0
ωk − ω0

(3.31)

HP1 approximation
We now consider the case in which the matter
Hamiltonian is diagonalised within the HP1 approximation, so that EO,k =
EB̃,k with EB̃,k from Eq. (3.20) and the coefficients of the transformations are
αB̃,k and βB̃,k , given in Eq. 3.19. The second-order expansions with respect
to the normalised coupling strengths µ and η of the polariton energies are
thus given by the expressions
+
EB̃,k

h̄ω0
−
EB̃,k
h̄ω0

≈

ωk 2ω0 ωk η 2
+ 2
,
ω0
ωk − ω02

≈

1 + 2µ cos k + 2µ2 sin k 2 −

(3.32)
2ω02 η 2
.
ωk2 − ω02

By comparing Eqs. 3.32 to Eqs. 3.31, we can notice a difference in the
expansion of the lower polariton energy only in the term at the secondorder in the Ising coupling µ. This deviation corresponds exactly to the
discrepancy between the single-particle energies of the Ising chain in the
two approximations. This was expected, as no non-linear terms are so far
considered for the light-matter interaction.

3.3.2

HP1 approximation of the Dicke-Ising Hamiltonian

We considered so far the light-matter interaction Hamiltonian ĤI in HP0
approximation, that is neglecting its nonlinear terms.
As in the case of the Ising chain we proved that going beyond the HP0
approximation gives relevant improvements to the exciton spectrum, in order to verify the accuracy of the polariton energies in Eq. 3.32 for large
values of the normalised coupling strengths µ and η, we now include in ĤI
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the fourth-order nonlinear terms arising from the first Holstein-Primakoff approximation, which means using Eq. 3.13 in Eq. 3.23. The procedure leads
to a light-matter interaction Hamiltonian ĤI of the form
(0)

(1)

ĤI = ĤI + ĤI ,

(3.33)

with
(0)
ĤI

= h̄χ0

N Xr
X
ω0
n=1

k

ω̃k

(âk eikn − â†k e−ikn )(b̂n − b̂†n ),

(3.34)

and
(1)
ĤI

r
N
h̄χ0 X X ω0
=−
(âk eikn − â†k e−ikn )b̂†n (b̂n − b̂†n )bn .
2 n=1 k
ω̃k

(3.35)

The new polariton energies, up to the second order in the normalised couplings µ and η, are
+
EB̌,k

h̄ω0
−
EB̌,k
h̄ω0

≈

ωk 2ω0 ωk η 2
+ 2
,
ω0
ωk − ω02

(3.36)

≈ 1 + 2µ cos k + 2µ2 sin k 2 − η 2

!
2ω02
− F(N ) .
ωk2 − ω02

Details about the diagonalisation procedure and the Hopfield coefficients can
be found in A.4. Comparing Eq. 3.36 to Eq. 3.32 we see that the effect of
(1)
the nonlinear light-matter interaction Hamiltonian ĤI is only contained in
the term
X 1
ω02
F(N ) =
.
(3.37)
N 2ωk0 (1 + ωk0 )
k0
In the large N limit, by substituting the sum in Eq. C.8 with an integral, it
is found that

N ω0 + cπ
ω0 L
L
log
,
(3.38)
F(N ) =
2cπN
ω0 + N cπ
L
which vanishes in the thermodynamic limit N → ∞ with finite L. This
means that nonlinear terms in the light-matter interaction can safely be
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neglected in the considered order and in the dilute limit. In the case of a
finite number N of dipoles, F(N ) can assume a finite value, giving a nonnegligible contribution to the lower polariton energy. By defining the cavity
dispersion slope as δ ≡ ωBZ /ω0 such a function can be written in terms of
the new parameter as
F(N ) =

N +δ
1
log
,
2δ
1+δ

(3.39)

from which we see that also for finite values of N , F(N ) vanishes in the
regime δ → ∞.

3.3.3

Quantum phase transitions and saturation effects

As mentioned in the previous chapter, the Dicke Hamiltonian presents a
superradiant quantum phase transition, unless the diamagnetic term is inΩ2
cluded. In this case, indeed, it would occur only when Dk < ω00 , which is
exactly the parameter range excluded by the TRK sum rule [45, 46]. As the
Ising coupling modifies both the matter modes energies and their coupling
to the photonic field, it is reasonable to wonder whether the transformed
Hamiltonian in Eq. 3.26 still does not undergo any phase transition. A
quantum phase transition cannot happen unless the frequency of one of the
polariton eigenmodes vanishes. By requiring that the lower polariton energy
−
EO,k
never crosses zero, we obtain the condition on the effective light-matter
coupling ΛO,k
p
ω̃k EO,k
,
(3.40)
ΛO,k 6= ±
2
which leads to the inequality
r
EO,k
FO,k ≤
,
(3.41)
ω0
always satisfied both for the HP0 and the HP1 approximations. This demonstrates that the no-go theorems regarding the absence of phase transitions
in the Dicke model extend also the the Dicke-Ising model in the HP1 approximation. It is interesting to notice that the inequality in Eq. 3.41 is
saturated only for the full HP0 approximation, that is for FO,k = FB,k ,
whereas using the HP1 approximation, FB̃,k is smaller than FB,k of a finite
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quantity µ2 /2. Since, in general, the effective light-matter coupling is defined
as ΛO,k = Ω̃k FO,k , and the average number of virtual matter excitations N
in the ground-state |Gi of the Ising Hamiltonian to the second order in the
normalised dipole-dipole coupling is
N ≡ hG|

X
n

b̂†n b̂†n |Gi =

µ2
+ O(µ3 ),
2

(3.42)

we find that, within a second-order expansion in µ,
ΛB̃,k = ΛB,k (1 − N ) .

(3.43)

The reduction of the effective light-matter coupling in the HP1 approximation can be interpreted as a saturation effect of the transition due to the
presence of ground-state virtual excitations, an example of the vacuum nonlinear effects which have recently been investigated in different systems [69,
70].
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Figure 3.5: The effective coupling ΛB̃,k normalised with respect to the full
HP0 ΛB,k one as a function of the absolute value of µ.
In Fig.3.5 we show the behaviour of the effective light-matter coupling
ΛB̃,k as a function of µ. Within the range 0 ≤ |µ| ≤ 0.2, the presence of the
virtual photons causes a small but evident reduction of ∼ 2% respect to the
value predicted by the full HP0 approximation ΛB,k .
Unfortunately, although this shift could be in principle observable within
present experimental set-ups, realistic spectral linewidths would not allow
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yet to resolve it. However, our novel approach results to be suitable for theoretically describing the saturation effects which arise when the interaction
becomes strong enough to observe a finite population of virtual excitations
in the ground state.

3.3.4

Quantitative Comparison
1.6
1.2

(a)

(b)

(c)

(d)

0.8
0.4
0
1.6

1.2
0.8
0.4
0
0

0.5

1

1.5

20

0.5

1

1.5

2

Figure 3.6: (Color online) Lower and upper polaritons obtained by full HP0
treatment (red solid line) and HP1 approximation (blue solid line) for µ =
−0.05, as a function of the normalised wavevector k/kc , with kc the crossing
point coordinate. The linear cavity dispersion (black dashed line) and the
exciton energies for both the HP0 (red dashed line) and first-order HolsteinPrimakoff (blue dashed line) approximation are shown. The plots display
cavity dispersion slopes δ = 4 in panels (a) and (c), and δ = 16 in panels (b)
and (d), and normalised light-matter coupling η = 0.05 in (a) and (b), and
η = 0.2 in (c) and (d)
.
Figs 3.6 and 3.7 show the dispersive behaviour in the thermodynamic
±
limit of the lower and upper polaritons for both full HP0, EB,k
(red line),
±
and HP1 approximation, EB̃,k (blue line), for different Ising and light-matter
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Figure 3.7: (Color online) Lower and upper polaritons obtained by full HP0
treatment (red solid line) and HP1 approximation (blue solid line) for µ =
−0.2, as a function of the normalised wavevector k/kc , with kc the crossing
point coordinate. Parameters are the same as in Fig. 3.5.
coupling strengths, and for different slopes of the cavity linear dispersion δ
(black dashed line). Figure 3.6 refers to a small normalised Ising coupling µ =
−0.05 and both the top panels (a) and (b) correspond to normalised lightmatter coupling η = 0.05. The bottom panels (c) and (d) show, instead, the
case of ultrastrong light-matter regime, with η = 0.2, displaying a sensitive
increasing of the splitting between the two polariton energies. The left side
panels (a) and (c) differ from the right side panels (b) and (d) for the slope of
the cavity frequency. The left panels display a dispersion with δ = 4, while
the right panels correspond to δ = 16. In Fig. 3.6 the energies of the different
approximations perfectly overlap for such low value of the Ising coupling. In
Fig. 3.7 a remarkable shift is instead visible, with same parameters as Fig. 3.6
but a value of the Ising interaction µ = −0.2. In the thermodynamic limit the
main effect of going beyond the HP0 approximation, at least at the second
order in the coupling strengths, is thus a shift between the exciton energies
EB̃,k (blue dashed line) and EB,k (red dashed line).
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3.4

Conclusions

In conclusion, we developed a solid approach to diagonalise the Ising Hamiltonian in transverse field in terms of bosonic excitations for arbitrary values
of the Ising coupling, until the onset of the ferromagnetic phase transition.
We then applied such an approach to the Dicke-Ising Hamiltonian, showing how the Ising interaction modifies the usual polaritonic excitations of
the Dicke model. This Chapter highlighted a crucial difference between the
Dicke and the Ising models in the regime of large couplings: while in the
Dicke model the density of ground-state virtual excitations vanishes in the
N → ∞ limit, confirming the validity of a bosonic Hopfield approach in
the dilute regime, the same quantity resulted finite in the Ising case. This
ground-state population effectively saturates the transition, causing a reduction of the oscillator strength. Such an example of ground-state non-linearity,
while comparatively small, could be spectroscopically resolved in setups in
which the number of dipoles can be controllably modified. The model we develop could in particular be implemented in state-of-the-art superconducting
circuit QED systems, in which chains of thousand of qubits with engineered
interactions have recently been realised.
This study also aims to provide a new useful methodological tool for
investigating nonlinear effects arising from detailing the inner structure and
interactions of more complex many body light-matter coupled systems, which
cannot be revealed by a mere multi-mode Hopfield model.
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Chapter 4
Cavity-induced control of
orientational degrees of
freedom in a molecular
ensamble
4.1

Introduction

In the last decades, SC has been object of great interest not only for its
implications of fundamental nature, but also for a promising number of applications, both in molecular and solid-state physics. Among the wide range
of suitable materials, organic molecular aggregates resulted to be good candidates for the investigation of SC phenomena for their unusually large transition dipole moment [71, 72, 73], and because of their important applications
in biological and medical science. When the electronic transitions of these
molecules are coherently coupled to the same cavity mode, the effective lightmatter coupling is collectively enhanced by a the square root of the number
of molecules involved in the SC process, leading to normal energy modes
known as polaritons (see Sec. 2.3.2). Changing the molecular density of the
system means thus tuning their effective interaction strength.
It has been theoretically and experimentally shown that SC regime in organic molecular ensambles can induce modifications of their chemical properties, leading to activation, triggering and suppression of photochemical
reactions [27, 36, 74]. When an organic molecule is places into a cavity, its
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ground and first excited-state potential energy surfaces (PESs) are coupled
by the exchange of cavity photons. The uncoupled PESs exihibit certain equilibrium positions, which determine the chemical properties of the molecule.
Where the bare excited PES crosses the bare ground PES, blue-shifted by the
photon energy, the strong coupling opens one or more Rabi splittings, whose
amplitudes depend on the coupling strength. It follows that the coupled
PESs are deformed and acquire new energy minima, leading to significantly
different chemical properties. When N molecules are coherently coupled to
the same cavity mode, Rabi splitting occurring between the N -dimensional
PESs will depend on the collective coupling strength [74]. It has been showed
that the collective nature of the light-matter coupling does not reduce its influence on each single molecule, but it even enhances SC induced effects.
Further theoretical works have investigated cavity-induced phenomena as a
tool to significantly modify not only the optical response of molecular ensambles, but also its internal degrees of freedom. The fundamental idea is
that the coupling of a single molecule to a cavity field is influenced by the
state of its microscopic degrees of freedom, such as its orientation or vibrational state. For instance, if a molecule has a dipole moment which is on the
same direction as the electric field vector of the fundamental cavity mode,
the light-matter coupling will be maximum. Since the light-matter coupling
tends to minimize the total energy of the system, which is determined by
collective phenomena, each molecule will feel an optomechanical force acting
upon its internal microscopic state, favoring that one which makes the coupling strength as large as possible. This phenomenon can be also see as a
self-adaptation process of the molecular ensamble, as effects of the SC [33].
In most cases the light-matter strength of a single molecule χ is much smaller
than the thermal
√ energy of the system, while the collectively enhanced coupling Ω = χ N , with N number of molecules, is usually large enough to
defeat the thermal fluctuations. Whether the cavity-induced adaptation for
the state of the microscopic degrees of freedom has an energy landscape which
scales as the single-molecule or the collective coupling, determines if these
effects are experimentally observable or not.
This matter has been investigated by several works [29, 27]. In particular, we highlight two theoretical works investigating the effects of SC on
underlying degrees of freedom. [31] studies the modification of the molecular
ground state bond length in the USC regime. [33] investigates, instead, the
SC effects on vibrational and rotational states of coupled organic molecules,
due to the molecular self-adaptation. In both the works, it is demonstrated
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that, while observables depending on the polariton energies depend on the
collective coupling Ω, the effects influencing the internal degrees of freedom
of the individual molecules scale as the single coupling χ. This is easy to
see if we consider to switch the state of one single molecule among a number
N of molecules all coupled to the same cavity mode of frequency ωc . By
assuming the resonant case and a normalised coupling ωΩc  1, the energy of
the lowest coupled mode would be
p
h̄ω− = h̄ ωc2 + 4Ω ≈ ωc − Ω.
(4.1)
When one single molecule switches its internal state, this energy shifts by
dω−
dΩ
χ
≈
=√ .
dN
dN
N

(4.2)

As we can see, the variation in energy scales as the single-molecule coupling,
suggesting that the energy landscape governing the single-molecule internal
state is usually overcome by the thermal energy.
We demonstrate that this conclusion can be overturned in highly excited
, with M the number
systems, where a non negligible polariton density s = M
N
of polaritons, is present. In this case the energy of the system in which all
the M polaritons are in their lowest energy and no saturation is considered,
results
M ω− ≈ M (ωc − Ω) ,
(4.3)
and its variation as one molecule turns its microscopic state is
M

χ
dω−
≈ M √ = sΩ
dN
N

(4.4)

. This time this shift scales as the collective coupling strength, likely exceeding the thermal fluctuations, leading to potentially visible effects.
The quantum system here investigated consists of a set of N rotating twodimensional molecular dipoles identically coupled to a single resonant cavity
mode. This simplified model can describe a system of phobic molecules
floating upon the surface of a solvent in an optical open cavity. For sake
of simplicity, we consider the rotational degrees of freedom to be classical
and adiabatic, and as such the orientation of the different dipoles to be
described by classical coordinates and with no kinetic energy associated. In
realistic experiments, this condition could be addressed by the employment
of a viscous dissipative solvent.
46

Regarding the cavity-single-mode assumption, a specific photon mode can
be selected, for instance, by using elliptic mirrors, leading to a resolvable polarization splitting (Fig. 4.1(a)). We here investigate the effects of SC upon
the molecules’ orientational degrees of freedom, by evaluating the average
angular configuration as a function of the excitation density s and temperature. We arrive to demonstrate that the collective coupling drives the overall
configuration of the dipolar ensamble to pass from an isotropic phase to a
complete alignment.

4.2

Theoretical model

The most suitable model for the description of a set of orientable N dipoles
coupled to a single cavity mode is a generalised Dicke model (Sec. 2.3.2).
The electronic transition of the n-th dipole, approximated as a two-level
system with transition energy h̄ωx , is described by Pauli operators σ̂nz , σ̂n− ,
and σ̂n+ , while the cavity mode by the creation and annihilation operators â
and â† . The coupling strength of a single dipole is influenced by its orientation
relative to the electric field direction, which, for dipoles free to rotate in plane,
is determined by the angle θn , as pictured in Fig. 4.1(a). Since we do not
now expect to observe any USC effect, apart from a shifting of the polariton
2
eigenenergies by an amount of the order Nωχ2 , usually negligible, we apply
x
the RWA ( see Sec. 2.3.2 ). In the resonant case, the Dicke Hamiltonian can
thus be written as (h̄ = 1)
X h ωx
i
Ĥ = ωx â† â +
σ̂nz + χ cos θn âσ̂n+ + â† σ̂n− .
(4.5)
2
n
The Hamiltonian can be diagonalised in the one-excitation subspace recovering N − 1 dark modes at the bare energy ωx [75], and a pair of lower and
upper polariton modes, whose frequencies ω± are calculated as follows. The
matrix associated to the Hamiltonian in Eq. 4.5 is


ω0
0
...
0
χ cos(θ1 )

0
ω0
...
0
χ cos(θ2 ) 


.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
M =
(4.6)



0
0
...
ω0
χ cos(θN ) 
χ cos(θ1 ) χ cos(θ2 ) . . . χ cos(θN )
ω0
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Figure 4.1: a) Sketch of the system under consideration: a set of rotating
coplanar dipoles identically coupled to a single photonic cavity mode. The
nth dipole forms an angle θn with the direction of the electric field. The cavity
represented has elliptical mirrors with different curvatures along principal
axis c1 6= c2 , allowing to consider a single resonant mode with well defined
polarization. b) The phase space of the dipoles is equivalent to the one of
a two-dimensional polymer, allowing us to calculate the relevant partition
function.

Considering an eigenvector of the form [yn w], by shifting the energies by ωx ,
for the eigenvalue frequencies ω we obtain the eigenvalues equations

X
n

ωyn − wχ cos(θn ) = 0

χ cos(θn )yn − ωw = 0,
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(4.7)
(4.8)

that is
ω 2 yn = χ cos(θn )

X

χ cos(θm )ym .

(4.9)

m

Defining Q =

P

n

cos(θn )yn , we can write
X
ω2Q =
χ2 cos2 (θn )Q,

(4.10)

n

which leads to
ω±

v
u N
uX
= ωx ± χt
cos2 (θn ).

(4.11)

n=1

As expected the energies of the polariton modes now depend upon all the
angles θn . Let us point now our attention on Eq. 4.11 and on how this
becomes as we consider different overall orientational configurations. For
molecules fully oriented along the electric field (θn = 0 ∀ n) we have
√
min
ω−
= ωx − χ N = ωx − Ω,
(4.12)
while if the dipoles are isotropically distributed over the plane we get the
higher energy
r
N
Ω
iso
ω−
= ωx − χ
= ωx − √ .
(4.13)
2
2
If the system is in a state containing M polaritons only in the lower state, the
total energy will be minimised by having all dipoles aligned, but this effect is
counterbalanced by the higher entropy of non-aligned states. We have already
made an argument about the energy landscape for the microscopic state of a
single molecule in a highly excited system, observing that this scales as sΩ.
This leads us to expect that an increasing excitation density s can drive the
system to undergo a crossover between the two angular configurations, with
iso
min
the lower polariton energy transitioning between ω−
and ω−
, with a critical
temperature of sΩ. In order to discover the nature of the ordering trend and
to precisely identify its boundary, we calculate the partition function of the
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system with M lower polaritons. Assuming the energy of such a state to be
M ω− , the partition function reads
v


u N
Z
N
2π
uX
Y
Z ∝
dθn exp M βχt
cos2 (θn ) ,
(4.14)
n=1

0

n=1

where β = kB1T is the inverse temperature and we choose M ωx as energy
reference. In Eq. 4.14 we neglected the upper polariton mode, since we are
only interested in systems that verify βΩ > 1, as otherwise the crossover
would be not observable for any realistic value of s. For instance, if we
assume to reach collective coupling strengths of Ω = 500meV, which have
been achieved in molecular crystals [76], at room temperature, we would
have βΩ = 20. The nonlinear, collective interaction between the different
dipoles in Eq. 4.14 can be put in a more manageable form by introducing N
two-dimensional unit vectors rn = [cos(2θn ), sin(2θn )] and noticing that
N
X
n=1

N

cos2 (θn ) =

1X
N + Rx
N
+
,
cos(2θn ) =
2
2 n=1
2

(4.15)

PN
where Rx is the x component of the vector R =
n=1 rn . This lead to
identifying the set of dipoles with a two dimensional polymer made of N
segments of unit lengths, sketched in Fig. 4.1(b), and rewrite the partition
function as


Z
sN βχ p
2
Z ∝
d R PN (R) exp √
N + Rx ,
(4.16)
2
R2
where PN (R) is the endpoint distribution of the two-dimensional polymer
of length N . We now recognise in Eq. 4.14 an integral over the parameter
space of the polymer, evolving in a potential depending on the x-projection
of total length of the chain.
The exact form of the polymer’s endpoint distribution can be found in
[77] as
Z ∞
PN (R) =
dt t J(tR) J N (R),
(4.17)
0

with J the Bessel function of order zero. Numerical evaluation of Eq.4.16
using the exact distribution of Eq. 4.17 becomes quickly impracticable for
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N  1, where instead we can apply its Gaussian approximation


R2
1
exp −
,
PN (R) ≈
πN
N

(4.18)

which is exact for N → ∞ [77].
Using Eq. 4.18 into Eq. 4.16 we can evaluate the integral over Ry and,
introducing the normalised coordinate η = Rx /N ∈ [0, 1], obtain
Z 1
hp
i
dη erf
Z ∝
(1 − η 2 )N exp [N g(η)] ,
(4.19)
0

h

2

q

1+η
2

i

where erf is the error function, g(η) = −η + Λ
. We here introduced
the normalised inverse temperature Λ = sβΩ, as the key parameter determining the energy landscape of the crossover. It linearly grows with the
excitation density s, at a fixed temperature, or with the cooling of the system while the polaritons number is kept constant. For Λ < ΛC = 8, g(η)
has an absolute maximum at η0 ∈ (0, 1), with ΛC corresponding to η0 = 1,
describing a fully stretched polymer. In Fig. 4.2 η0 is plotted as a function
of the normalised inverse temperature Λ. For N  1 and Λ < ΛC we can
thus analytically calculate the partition function using the Laplace method,
leading to
s
q

2π
2
erf
(1 − η0 )N exp [N g(η0 )] .
(4.20)
Z∝
N g 00 (η0 )
The average energy of the lower polariton resonance can now be calculated
dividing the expectation value of energy by the number of polaritons M
hω− i = ωx −

Ω d ln Z
,
N dΛ

(4.21)

that from Eq. 4.20, in the thermodynamic limit N → ∞ with Ω finite, takes
the form
r
1 + η0
th
hω− i = ωx − Ω
.
(4.22)
2
iso
min
The average lower polariton energy thus interpolates
between ω−
and ω−
√
as the polymer passes from its bunched (R ≈ N , η0 ≈ 0) to its stretched
(R ≈ N , η0 ≈ 1) phase.
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Figure 4.2: Top panel: η0 , as a function of the normalised inverse temperature
Λ.

4.3

Results and discussion

In Fig. 4.2 we plot the energy of the lower polariton resonance as a function of the normalised inverse temperature Λ, obtained through the Laplace
method in Eq. 4.22 (black solid line), and numerically integrating Eq. 4.16
with the exact form of the endpoint distribution from Eq. 4.17 for N = 10
(red dashed line) and using the Gaussian from Eq. 4.18 for N = 10 (blue
dash-dotted line) and 100 (green dotted line). We can see that the system
undergoes an orientational phase transition at the critical normalised tem. Numerical and
perature ΛC = 8, that is a critical temperature kB TC = sΩ
8
analytical results support our initial intuition. At high excitation density
(low temperature, Λ ≥ 8) the optomechanical cavity force is strong enough
to overcome thermal fluctuations and align all the dipoles parallel to the electric field, thus increasing the coupling and leading the polariton energy to its
min
minimal value ω−
from Eq. 4.12. At low excitation density instead (high
temperature, Λ  8) the force exerted by the cavity field on each dipole is
not enough to compete against thermal fluctuations and the dipoles end up in
an isotropic configuration. When the dipoles are not aligned with the electric
field their average coupling is smaller, and the polariton energy starts to iniso
crease, converging at the isotropic value ω−
from Eq. 4.13 for Λ ≈ 0.1. The
phase transition would thus manifest itself as an intensity-dependent shift of
the lower polariton resonance upon optical pumping. In such a process only
polaritonic bright states can be generated and thus the transition can be observed while the excitation density s is kept constant through the interplay
of pump and losses long enough for the system to thermalize, regardless of
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Figure 4.3: Energy of the lower polariton resonance as a function of Λ, obtained through the Laplace method in Eq. 4.22 (black solid line), and numerically integrating Eq. 4.16 either with the exact form of the endpoint
distribution from Eq. 4.17 for N = 10 (red dashed line) and using the Gaussian form from Eq. 4.18 for N = 10 (blue dash-dotted line) and 100 (green
dotted line).
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the polariton lifetime.

4.3.1

Saturation effects

In writing Eq. 4.14 we made the assumption that the energy of the lowest
lying state in the M excitations manifold can be written as M times the lower
polariton energy ω− from Eq. 4.11. While this is certainly true for a bosonic
(harmonic) system, polaritons are strictly bosonic only in the dilute regime
s  1 and we thus need to assess for which value of s our theory remains
accurate. To do so we numerically diagonalise the Hamiltonian in Eq. 3.21
in the M excitation manifold for the homogeneous case θn = 0 ∀ n. The
lowest lying eigenvalue divided by M , that is the saturated lower polariton
sat
energy ω−
, is plotted in Fig. 4.4 as a function of the excitation density s.
The results are plotted for N = 100 (black solid line) and N = 1000 (red
sat
shift with s
circles), showing that convergence has been achieved. The ω−
highlights physics beyond the present bosonic treatment, including possibly
sat
min
an increased impact of the RWA. Still, comparing ω−
with the value ω−
expected for a perfectly bosonic system, we can see that saturation leads to
changes sizeably smaller than the effect we expect to observe, and it can thus
be neglected for not too large values of s.
Organic microcavities are a promising system for an experimental implementation of our model. In those systems polariton condensates with
filling fractions s of the order of 0.1 have been achieved , although we wish
to stress that presence of coherence play no role in our theory. Note that
the presence of a non-resonant pump used to create the condensate could
also lead to spurious effects on the dipole orientation due to AC-Stark effect.
Those nevertheless can be made negligibly small by increasing the detuning
or completely removed using a non-polarised pump.
Record values of the light-matter coupling, up to Ω ≈ 500 meV, have
been achieved in molecular crystals [78, 79, 80], that for an excitation density s = 0.2 corresponds to a critical temperature kB TC = 150 K, with the
onset of the phase transition clearly visible well above room temperature.
Strong coupling has also been obtained in floating molecules and molecular
liquids [81], although using vibrational and not electronic transitions, leading
to much smaller couplings. Strongly coupled electronic transitions in floating
organic molecules seem thus a natural candidate to observe the phase transition, where the presence of a viscous solvent would easily allow to satisfy
the classicality and adiabaticity conditions we imposed on our model. The
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Figure 4.4: Plot as a function of the excitation density s of the saturated
sat
. The black solid line corresponds to N = 100
lower polariton energy ω−
while the red dots to N = 1000. The black dashed line marks instead the
isotropic value from the bosonic theory.
two-dimensional character of the dipoles could be implemented using phobic
molecules floating on the surface of the solvent in an open cavity [82], or a
similar three-dimensional case could be realised with molecules in suspension
using a flow-cell cavity, conceptually similar to the one described in Ref. [83].

4.4

Conclusion

In conclusion we proved that, exploiting highly excited states, collective interactions of dipoles with a photonic cavity can generate optomechanical effects
allowing to manipulate the microscopic degrees of freedom associated with
the individual dipoles. As a first example we studied the case of rotating,
strongly coupled two-dimensional dipoles, proving that the system undergoes
a crossover from an isotropic to an aligned phase. We also demonstrated that,
in a highly excited system, SC effects upon orientational degrees of freedom
are governed by the collective light-matter coupling, and as such they can
be possibly experimentally visible and not washed out by thermal energy.
However, at the time in which this dissertation is written, recent advances
in plasmonics have allowed to achieve SC even for a single molecule [37].
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This implies that the energy landscape of cavity-induced phenomena could
scale as the single-molecule coupling and be observable at standard temperatures. This important milestone will open the door to a wide number of new
fundamental perspectives and applications.
Shortly after the publication of our results, further interest has been
shown about cavity-induced control of orientational degrees of freedom in
molecular systems. J. Keeling and co workers at University of St. Andrews
published the work [84], in which they consider exactly our system, with the
scope of improving the accuracy of our results. They manage to highlight
two very important points. First of all, they point out that a Gaussian approximation for the calculation of the end-to-end probability distribution is
inaccurate to reproduce correct results in the limit of high excitation density.
This because such approximation is valid for√typical values of the endpoint
length R, which means values of the order of N , while, in the limit of large
s, the light-matter coupling leads the system towards atypical configurations,
where R is of the order of N . Such values are not counted by the Gaussian
distribution. The authors also demonstrates that the evolution of the orientational order with temperature and excitation density can be achieved using
different approaches, such as mean field theory for the calculation of the partition function, and large deviations formulation of the endpoint probability
distribution.
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Chapter 5
Tuning the electronic
properties of a doped
semiconductor heterostructure
5.1

Introduction

In the previous chapters, we studied how the saturation effects due to an
intrinsic dipole-dipole interaction can affect the effective light-matter coupling strength, and how the light-matter coupling can modify properties of
the underlying matter degrees of freedom.
SC regime investigation usually involves the interaction of a discrete photon mode with electronic transitions occurring between two or more energy
bound states (bound-to-bound), in which the electrons are localised. In this
case, the electron can reversibly jump from one state to another discrete state
by exchanging photons with the cavity with an exchange frequency higher
than any relaxation processes. This results in the formation of light-matter
hybrid states, named polaritons, which conserve both photons and matter
properties.
Many works have investigated light-matter hybridization as a tool to
strongly alter not only the spectrum, but also the electric response of organic [85, 86] and inorganic [87] semiconductor materials, motivated by the
fact that tuning their electronic and optical properties beyond those allowed
by their original chemical structure would open the way to a wide number
of technological applications. On another side, recent improvements in res-
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onator design and fabrication have allowed to reach the Very Strong Coupling
(VSC) regime, with light-matter couplings large enough to couple multiple
electronic states, characterised by different spatial wavefunctions, to the same
photonic mode. This leads to polariton modes whose electronic part is a linear superposition of the uncoupled states with features a priori different from
the initial ones. This regime has recently been experimentally demonstrated
in inorganic microcavities, where a change of the exciton radius occurs as
consequence of the multi-mode hybridization [52].
Aware of the recent advances, we wondered whether such a phenomenon
could be pushed forward to non-perturbatively modify the electronic excitation wavefunctions and create bound states from the continuum of delocalised
ones. Aiming to answer this question, our idea was thus to exploit the hybridization occurring when we strongly couple transitions between a bound
electronic state to a continuum of delocalised states ( bound to continuum
transitions), also known as ionizing transitions. SC for bound-to-continuum
transitions is apparently counter-intuitive because of the intrinsic irreversible
nature of any ionization process, as an electron acquiring enough energy to
overcome the ionising threshold escapes into one of the continuum unbound
states. Nevertheless, we show that SC for bound-to-continuum transitions is
not only in principle possible but also experimentally observable.
E

a)

Bound-to-bound

b)

Bound-to-continuum

χ
E21
z

Figure 5.1: Bound-to-bound (panel (a)) and bound-to-continuum (panel(b))
transitions in a doped quantum well. E21 is the energy difference of the
bound states in (a). χ is the first ionization energies (bound-to-continuum),
also referred to as ionization threshold or continuum edge
In our study, we consider the case of microcavity-embedded doped quantum wells, which is a particularly suitable system for the achievement of
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non-perturbative regimes. The first experimental observation of the USC
regime has been achieved on this kind of platform in 2009 [9]. This system
resulted to be a good candidate not only because changing the doping level
in the quantum wells can easily tune the light-matter coupling strength, but
also because its quasi-two-dimensional geometry allows us a simple numerical evaluation of its one-particle electronic states, both bound and unbound
states. Moreover, it is possible to opportunely design the structure in order
to host a single bound electronic state and a continuum of ionised states, with
electrons undergoing only bound-to-continuum transitions, whose transition
energies form a continuum (or a quasi-continuum) starting from a minimum
ionization energy. A sketch highlighting the difference between bound-tobound and bound-to-continuum can be found in Fig. 5.1.
We first theoretically and later experimentally showed the appearance of
an optical discrete resonance below the continuum ionization threshold for
large enough values of the light-matter coupling strengths. Such a resonance
describes a transition of the electrons to a novel cavity-induced electronic
state lying below the continuum edge, due to the collective coupling of the
electron gas with the the photonic resonator field. As the lower edge of the
continuum corresponds to a case of free electrons with zero kinetic energy,
the novel discrete electronic state can only be bound, as the electrons in
this state would not have enough energy to escape into the continuum. It
is worthwhile to say that a physics similar to the one we consider here has
also been theoretically described in terms of a Feshbach resonance without
bound states in the uncoupled channels [88]. In our case, the two uncoupled
channels are represented by the unbound electronic states with zero and one
photon, which are coupled by the light-matter inter-channel coupling creating
a bound state.
This result can be understood more deeply if one aims to investigate
the nature of the novel electronic state. The physics of QWs tells us that
the optical response of an undoped QW is dominated by the presence of a
bound exciton resonance, representing a physical state in which an electron
in the conduction band and a hole in the valence are bound together by
Coulomb interaction [90]. Nevertheless, it also says that the doped QW
counterpart does not manifests the same feature. The origin of this difference
is sketched in Fig 5.2 and can be explained by recalling the electron-hole
remapping approach used to show the formation of bound excitons in solidstate semiconductors.
The intrinsic difference between the two cases is due to the different sign
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Figure 5.2: Coulomb effect in doped and undoped quantum wells. In
panel (a) we sketch the interband absorbance of an undoped semiconductor
QW, dominated by an excitonic peak below the bandgap and a continuum
absorption above it. In the inset we schematically illustrate the origin of the
continuum part of the spectrum, understandable in a single-electron picture
as interband transitions of electrons with different in-plane wavevectors. In
panel (b) we illustrate the standard electron-hole mapping, allowing us to
describe a single electron vacancy in the valence band as a hole with positive charge and mass. We can thus understand the excitonic peak as an
hydrogenoid bound state of an electron and a positively charged hole. In
panel (c) we sketch instead the intersubband absorbance of a doped QW
containing only one localized state, and a continuum of states above the barrier. Only the asymmetric, large bound-to-continuum absorbance is present,
and no excitonic peak is visible [89]. As shown in the inset the continuum is,
in this case, due to each electron having multiple possible delocalised final
states. The reason for the lack of an excitonic resonance is illustrated in
panel d). As the initially filled electron subband has in this case a positive
effective mass, the electron-hole mapping leads to a positively charged hole
with negative effective mass, unable to form a bound state with the electron.
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of the effective mass of the electron in the initial band, which is negative for
the fully filled valence band in the undoped QW, and positive for the partially
filled conduction subband in the doped QW case. By the remapping, it is
easy to see that this sign difference is indeed transferred to a sign difference
of the final hole charge: while in the undoped case electron and hole are
oppositely charged and as such exhibit Coulomb attraction, in the doped
case the hole has negative charge and its interaction with the electron is
repulsive [91]. Therefore, in the doped QW, no Coulomb-mediated bound
exciton is formed.
The appearance of a novel cavity-induced bound electron state in a doped
QW system demonstrates that a bound exciton can actually be induced by
the exchange of photons with a cavity field and not by Coulomb interaction.
This conclusion completely overturns the concept of exciton its self strictly
related to the Coulomb interaction, as it has always been presented so far in
the bibliography.

5.2

Quantum system

Before presenting in the details the most relevant results we have obtained, in
the following paragraph I will be giving some key notions about the physics
of doped quantum well heterostructure, in order to not be repetitive and
ensure a full understanding of the reader.

5.2.1

Doped Quantum Well

A quantum well is a quantum heterostructure where a thin layer of a certain semiconductor material, for instance Gallium Arsenide (GaAs), is sandwiched between two layers of an other semiconductor with a wider bandgap,
for instance Alluminium Gallium Arsenide (AlGaAs), such that the discontinuity of both conduction and valence bands leads to discrete energy levels
in each band, called subbands. This structure has a quasi-two-dimensional
geometry, thus characterized by a strong confinement of the electrons along
the growth axis into the almost planar region of smaller bandgap, where they
are forced to behave as a two-dimensional electron gas (2DEG) and to occupy
the discrete subbands. The electrons can only have discrete wavevector components along the growth axis, conventionally the z-axis, while they are free
to move on the normal plane with a different effective mass, depending on the
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subband dispersion h̄ωb,µ (k), with b ∈ [v, c] standing for valence or conduction
band, µ indicating the subband and k the in-plane wavevector. Electronic
transitions from a subband to another are called intersubband transitions.
The Fermi energy for an undoped quantum well lies between valence and the
conduction bands, and, in this case, an electron-hole pair binds via Coulomb
interaction. Exciton states have been deeply studied both theoretically and
experimentally via magneto-optics spectroscopy [92, 93, 94].
When carriers are injected in the system, that means when the quantum
well is doped, the Fermi level can be raised between two subbands in the
conduction band, selecting which intersubband transitions are optically active. In Fig. 5.2.1 a sketch of a typical single doped quantum well structure
is shown.
Intersubband transitions (ISBTs) in doped quantum well coupled to a
cavity field have been object of lot of interest due to the fact that the almost parallelness of the subband dispersions allows to consider the 2DEG
as an ensamble of 2-level systems with the same transition frequency. This
happens because the wavevector of the photon interacting with the system
is in general very small compared to the in-plane wavevector of the subband
dispersion, and then the transitions from a subband to another can be considered vertical, with no exchange of in-plane momentum. ISBTs are then
suitable to observe SC of collective excitations, well described by the Dicke
model. As described in 2.3.2, this model predicts that, for an ensamble of
N 2-level system with the same transition frequency, only one linear superposition of single electronic excitation, called
√ bright intersubband excitation,
couples to the cavity mode with a dipole N bigger than the one of a single
excitation. This gives arise to half-light half-matter quasi-particle, known
as intersubband polaritons. The enhanced dipole of the intersubband system is oriented along the growth axis leading to a polarization selection rule
for the cavity field modes: only the Transverse magnetic (TM) field mode
can couple to the intersubband dipole, having a non-zero component of the
electric field along the same growth axis. The first experimental observation
of intersubband polaritons dispersions has been reported in [95], where the
reflectance resonance peaks of a microcavity-embedded-doped-QWs structure clearly show an anti-crossing due to the formation of hybrid polariton
states (Fig. 5.2.1). It is thus sufficient to change the electron density in the
quantum well to increase the light-matter coupling strength, even beyond
the USC regime threshold. We remind that the first observation of USC in
2009 was on an intersubband polaritons platform with a normalised coupling
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Figure 5.3: Sketch of a typical doped quantum well structure. Top:
material composition of a single quantum well, in which a single layer of
narrow-band-gap material (e.g. GaAs ) is sandwiched between two barriers of
a larger-bandgap material (e.g. AlGaAs). Bottom: Sketch of a typical band
structure for a single well. EF is the Fermi energy, which the doping sets
within the conduction band. EG is the energy gap between the bottom of the
conduction band and the the top of the valence band. ωISBT is intersubband
transition frequency.

of 0.11 [9], while now the record value for intersubband systems is 0.45 [96].
In our study we considered a GaAs/AlGaAs quantum heterostructure
composed of NQW quantum wells embedded in microcavity resonator. Details
about the latter will be presented in the next paragraph. The thickness of
the single well is taken enough small (LQW = 4nm) to manifest only one
single electronic bound state below the continuum edge, in order to exclude
the appearance of intersubband polaritons, generated by bound-to-bound
intersubband transitions (Fig. 5.2.1).

63

Figure 5.4: Experimental reflectance data from [95] for various angles show
clearly a polaritonic anticrossing. This is the first experimental observation
of intersubband polaritons
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Figure 5.5: Schematic representation of the electronic structure of a quantum
well of width LQW , with a single bound state below the continuum (shaded in
gray). (a) Electronic density envelope functions of the different single-particle
eigenmodes, shifted by their energy. The potential profile is plotted in red,
with the first ionisation energy h̄χ and the conduction band discontinuity
V explicitly marked. The figure has been obtained using the parameters of
the structure described in Sec. 5.4.1. For sake of clarity only one continuum
mode every ten is shown, with its probability density multiplied by ten.
(b) In-plane dispersion of the different subbands in momentum space. The
single bound state is filled with electrons (in red), up to the Fermi energy
EF (dashed yellow line). The dash-dotted blue arrows represent a collective
bound-to-continuum transition.
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5.2.2

Microcavity resonator

One of the most commonly employed microcavity resonator for quantum well
systems is characterised by a planar geometry in order to be embedded in
the semiconductor heterostructure. It can be made of Bragg-type or metallic
mirrors, according to the physics we need to explore. In a planar cavity the
photon wavevector along the growth axis is quantized, such that the photon
energy dispersion can be expressed as
c q 2
2 ,
q + qz,ν
(5.1)
h̄ωcav,ν = h̄ √
r
where r is the relative dielectric constant of the cavity medium, q and qz,ν are
respectively the in-plane component and the quantized normal component of
the photon wavevector, with quantum number ν = 0, 1, 2, .., for TM polarized
light. For sake of simplicity and due to the relatively small overall size of
the cavity-quantum well structure, in our study we couple the system to the
ν = 0 TM polarized photon mode, for which the dispersion is perfectly linear
with the in-plane wavevector.
In the experimental implementation, in order to opportunely tune the cavity energy according to the bound-to-continuum transitions frequency range,
highly-confining, grating-shaped gold microcavity resonators have been used.
These are metal-semiconductor-metal grating resonators with period D and
width of the metallic finger p, following a procedure similar to the one in
Ref.[98]. The extreme thinness of the active region forbids operation in the
photonic-crystal regime [99], as each module made of metallic finger, semiconductor substrate, and gold bottom mirror behaves as an independent
resonator. A sketch of the resonator system and the mode dispersion can be
found in Fig. 5.2.2(a)-(b). The resonance frequency ω0,m is set by p, and not
by the period D, according to the formula
ω0,m =

2πc m
nef f p

(5.2)

with nef f effective refractive index of the resonator considering the reflectivity
phase at the metallic boundaries, and m integer number representing the
quantization of the in-plane wavevector along the grating direction. As stated
above, the index 0 indicates that we are referring to a TM0 mode along the
z-axis.
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a)

b)

Figure 5.6: Sketch of the metal-dielectric-metal resonator structure (a) and
modes energy dispersion as a function of the inverse metal finger width c/s
(b), taken from Ref. [97]. In our dissertation, we name the metal finger
width as p and the integer number denoting each mode as m
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5.3

Theory

The problem of coupling a discrete resonance to a continuum has been initially addressed by Fano in his landmark paper [100]. In that work, Fano
studies the interference of a discrete electronic state with a continuum of
ionized states, assuming though the coupled eigenergies lying within the uncoupled continuum. This leads to the to the characteristic asymmetrical
absorbance lineshape. In our work we consider instead a semi-infinite continuum of ionised unbound states and that one of the coupled eigenenergies
falls below the ionisation threshold, either because the uncoupled discrete
resonance is already below the continuum or because the coupling strength
is large enough to push the coupled mode downwards.
In this section we present the theory used for bound-to-continuum strong
coupling and the calculation of the resonator-induced bound exciton states.
We applied for the bound-to-continuum case the same theory described in
[101] for multiple-intersubband transitions in the electric dipole gauge. In
multiple-quantum well semiconductor heterostructures, the single electron
wavefunctions can be indexed by the in-plane wavevector k, and by the quantum number n indicating the energy level, both bound and continuum states.
The field operator for the electron can be written as
X
φn (z)cn,k ,
(5.3)
Ψk (z) =
n

where cn,k is the annihilation operator for the electron in the n-th subband
with energy h̄ωn,bf k and in-plane momentum k, and φn (z) is the envelope
wavefunction. The single-particle spectrum is thus formed by negative energies (h̄ωn,k < 0), which correspond to bound electronic states, and positive
energies (h̄ωn,k > 0) corresponding to unbound states delocalised across the
bulk. We refer to these last states as continuum states even though they arrange themself either as a real continuum or as a set of broadened minibands,
due to the finite size of the semiconductor bulk.
To describe the system we use the Power-Zienau-Wooley (PZW) Hamiltonian, initially introduced to describe multisubbands polariton in Ref. [101,
102]. Introducing ac,q , the bosonic operator for a cavity photon with inplane wavevector q and frequency ωqc , it is possible to write the Hamiltonian
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in terms of the electronic operators cn,k as
"
X
X
H =
h̄ωqa a†q aq +
ωn,k c†n,k cn,k
q

k

s



h̄ωqa
h̄ednm
†
†
†
(a
+
a
)
c
c
+
c
c
q
m,k
n,k−q
n,k+q
m,k
20 SLc 2m∗ ωn,m −q
m>n,k

e2 h̄2 X X  †
†
c
cm,k + cm,k cn,k−q
+
80 Sm∗ m>n m0 >n0 ,k n,k+q

i
× c†n0 ,k−q cm0 ,k + c†m0 ,k cn0 ,k+q

+

X

.

(5.4)

In Eq.(5.4), the transition frequency between subbands n and m, ωnm is
considered dispersionless. This is due to the to the quasi-parabolic subbands
dispersion and the smallness of the photonic momentum [14], such that
c
c
c
c
ωn|k+q|
− ωmk
' ωn0
− ωm0
,

(5.5)

leading to transition frequency
b
c
c
ω(nm)
= ωn0
− ωm0
.

(5.6)

The first two terms of Eq. 5.4 describe the free photonic and excitonic
fields, the third the dipolar interaction between light and matter, the fourth
the dipole-dipole interaction term, often named P 2 in a parallel with the
A2 term present in the Coulomb gauge. The remaining parameters of the
Hamiltonian are Lc , the effective length of the photonic cavity, S the in-plane
surface of the QWs heterostructure, and dn,m , the dipole moment
Z


d(nm) =
φ̄n (z)∂z φm (z) − φm (z)∂z φ̄n (z) dz.
(5.7)
. We now specialise the system to the case in which there is a single bound
state per quantum well, the quantum wells are identical, and their respective
bound levels can be considered quasi-degenerate. In this case each bare electronic bound state m has the same population density N2DEG , we can then
neglect intersubband bound-to-bound transitions and consider dielectric parameters inside the quantum well. In order to study the interaction between
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the cavity photons and the subbands, we transform the fermionic Hamiltonian in Eq.5.4 to an effective bosonic Hamiltonian. In this way, we obtain a
fully diagonalizable Hopfield-type model, as the one presented in 2.3.2. We
thus need to replace the fermion operators cn,k by collective operators bα,q ,
which describes collective electronic transitions
1 X †
(5.8)
bα,q = √
cn,k+q cm,k ,
N k
where q is the excitation exchange wavevector, the index α = (m, n) identifies
a specific transition from a subband n to a subband m. Unlike the photon
operators, the collective electronic operators bα,q are not elementary bosonic,
but, if we compute their commutator as in Ref.[103, 101], we obtain


bα,q , b†α,q




1 X †
†
cm,k cm,k − cn,k+q cn,k+q ,
=
N k

(5.9)

that we can recognize as the difference of the number operators for the two
subbands. If we consider a weakly excited system, where the number of
excitations we wish to treat is much smaller than the number of electrons N ,
the operator 5.8 can be assumed bosonic, obeying the commutation rule
[bα,q , bβ,q0 ] = δα,β δ(q − q0 ).

(5.10)

The Power-Zienau-Wooley Hamiltonian thus reads
"
X
X
ωαb b†αq bαq
h̄ωqa a†q aq +
H =
q

+

α

X h̄ωP α dα
2

α

s

ωqa
(a†−q + aq )(b†αq + bα−q )
b
Lc Iαα ωα


+

X
p
α,β

Iαβ h̄ωP α ωP β †
q
(bαq + bα−q )(b†β−q + bβq ) ,
Iαα Iββ 4 ω b ω b

(5.11)

α β

where we introduced the plasma frequency ωP α , as
ωP2 α =

Iαα h̄e2 N2DEG
.
b
2m∗2
W 0 r ωα
70

(5.12)

In Eq.5.12 the term Iαβ is an overlap integral between the currents generated
by different transitions α = (n, m) and β = (n0 , m0 )
Z

Iαβ =
φ̄n (z)∂z φm (z) − φm (z)∂z φ̄n (z) ×

φ̄n0 (z)∂z φm0 (z) − φm0 (z)∂z φ̄n0 (z) dz.
(5.13)
Assuming a factorised form for the overlap integral,
p
Iαβ =
Iαα Iββ ,

(5.14)

corresponds to applying an effective medium approximation, as in Ref. [104].
This means assuming no correlations between currents of different transitions
allowing to treat the QWs heterostructure as a whole medium with an effective dielectric function.
We now introduce the concept of effective length Lαef f , initially presented
in Ref.[105], describing the spatial extension of the current density of a specific transition
2m∗ ωαb
.
(5.15)
Lαef f =
h̄Iαα
Expressing the light-matter coupling parameter in terms of the transition
2
harmonic oscillator fαo = 2mh̄d∗αωb , we can rewrite the light-matter interaction
α
term of the Hamiltonian in Eq. 5.11 as
s
X X h̄ωP α ωqa
f o f (a† + aq )(b†αq + bα−q ).
(5.16)
HL−M =
b α α −q
2
ω
α
q
α
Lα

In Eq. 5.16 we introduced the parameter fα = Lefcf [101], which quantifies
how much of the total cavity length is occupied by the electronic current of
each transition. It is thus reasonable to expect this factor to have a weight
in the light-matter coupling.
At high electron density regimes, plasmonic effects due to the Coulomb
interaction of electrons involved in different transitions have to be considered.
We start considering at first the matter part of the Hamiltonian


X X
X Iαβ h̄ωP α ωP β

q
p
HM =
ωαb b†αq bαq +
(b†αq + bα−q )(b†β−q + bβq ) ,
b
I
I
αα ββ 4 ω b ω
q
α
α,β
α β

(5.17)
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which can be diagonalised in terms of multisubband plasmon operators as
X
HM =
h̄ωαp p†αq pαq ,
(5.18)
αq

where the collective transition operators between single-particle states can
be expressed as linear superpositions of multisubband plasmons
X
(b†αq + bα−q ) =
hαβ (p†βq + pβ−q ).
(5.19)
β

Introducing the renormalised coupling coefficient


r a
ωq X
ω P β dβ 

hβα q
,
Ξαq =
Lc
b
Iββ ωβ
β

(5.20)

it is possible to rewrite the light-matter Hamiltonian
"
#


X
X
X h̄Ξαq

†
H=
h̄ωqc a†q aq +
h̄ωαP p†α,q p†α,q +
aq + a†q pα,q + pα,−q ,
2
q
α
α
(5.21)
p
where ωαP = ωαb2 + ωαP 2 is the electronic transition frequency dressed by the
plasmonic effects.
We can diagonalise this Hamiltonian by Hopfield-Bogoliubov transformations, which express the plasmon and photon operators in terms of the
polariton operators dα,q
i
Xh
ds,q = xsq aq + zsq a†−q +
ysαq pα,q + wsαq p†α,−q .
(5.22)
α

In the case considered by Fano, the index s runs over the continuum coupled
d
states, whilst in our case one of the coupled modes has frequency ωs,q
< χ,
P
where we define the first ionization threshold χ as the lowest ωα belonging
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to the continuum. Starting from the Heisenberg equations for our system,
1X
(Ξα ysαq − Ξ∗α wsαq ) ,
2 α

1X
d
+ ωqc =
ωsq
(Ξα ysαq − Ξ∗α wsαq ) ,
2 α

1 ∗
d
ωsq
− ωαP =
Ξ (xsq − zsq ) ,
2 α

1
d
ωsq
+ ωαP =
Ξα (xsq − zsq ) ,
2

d
xs,q ωsq
− ωqc

zs,q
yα,q
wα,q



=

(5.23)
(5.24)
(5.25)
(5.26)

d
obeys the equation
we find that the frequency ωs,q

X
ωqc
ωαP
2
|Ξ
|
= 1.
α
d2 − ω c2
d2 − ω P 2
ωs,q
ωs,q
q
α
α

(5.27)

By manipulating the equation above and dividing by χ2 , we arrive to the
condition for having a discrete solution
X
α

|Ξα |2

ωqc
ωqc 2
1
<
1
−
.
d2 − ω P 2
χ ωs,q
χ2
α

(5.28)

It can be seen that the condition above is certainly satisfied when the photon
frequency ωqc is below the ionization threshold, which means ωqc /χ < 1 . For
the opposite case (ωqc > χ), Eq. 5.27 has to be solved to verify that the lightmatter coupling is strong enough to push one of the coupled mode below the
continuum edge.

5.4

Bound Exciton States

d
Let us assume that one of the coupled mode ωs,q
is below the continuum
edge, and let us study its properties. This mode results as a superposition
of photonic and matter excitations, but although the electronic transitions
are all in the continuum range, and as such all the available final states
are delocalised, its matter part weighted by the coefficients ysαq and wsαq
in Eq. 5.22 describes a bound excitonic state non present in the uncoupled
Hamiltonian, and as such generated by the coupling with the photon field.
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By defining the electron density operator
X †
N (z) =
Ψk (z)Ψk (z),

(5.29)

k

we calculate the difference in electron density between the ground state |Gi
and the state with one polariton excitation
∆Naq (z) = hG|dsq N (z)d†sq |Gi − hG|N (z)|Gi
.

(5.30)
(5.31)

Starting from Eq. 5.22, expressing the hybrid light-matter operators in terms
of the bare single electron transitions, and their definition in terms of electronic states of Eq.5.8, we calculate the commutators
h
i
[aq , N (z)] = a†−q , N (z) = 0,
(5.32)
X
X


φm (z)φm0 (z)b(nm0 )q ,
φn (z)φn0 (z)b(n0 m)q −
b(nm)q , N (z) =
m0 ≤nQW

n0 >nQW

(5.33)
h

b†(nm)−q , N (z)

i

X

=

φm (z)φm0 (z)b†(nm0 )−q

m0 ≤nQW

−

X

φn (z)φn0 (z)b†(n0 m)−q ,

n0 >nQW

(5.34)
where nQW is the number of quantum wells equal to the number of bare electronic bound states. Exploiting those commutators we are able to calculate
X
X
nn0
mm0
∆Nsq (z) =
φn (z)φn0 (z)MEsq
−
φm (z)φm0 (z)MGsq
,
nn0 >nQW

mm0 ≤nQW

(5.35)
with
0

nn
MEsq
=

X 


ỹs(nm)q ỹs(n0 m)q + w̃s(nm)q w̃s(n0 m)q ,

(5.36)

X 

ỹs(nm)q ỹs(nm0 )q + w̃s(nm)q w̃s(nm0 )q .

(5.37)

m≤nQW
mm
MGsq

0

=

n>nQW
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Noticing that
Z
X
dz

φn (z)φ

n0

nn0
(z)MEsq

Z
=

dz

nn0 >nQW

=

X

X

mm
φm (z)φm0 (z)MGsq

0

mm0 ≤nQW

 2

2
ỹs(nm)q + w̃s(nm)q

(5.38)

n > nQW
m ≤ nQW

as required from charge conservation, we can thus write

 e
g
∆Nsq (z) = Psq |ψsq
(z)|2 − |ψsq
(z)|2 ,

(5.39)

where the matter component weight is given by
X 

2
2
Psq =
ỹs(nm)q
+ w̃s(nm)q
,

(5.40)

n > nQW
m ≤ nQW

and the normalised ground and excited electron densities read

5.4.1

g
|ψsq
(z)|2 =

1
Psq

e
|ψsq
(z)|2 =

1
Psq

0

X

mm
φm (z)φm0 (z)MGsq
,

(5.41)

mm0 ≤nQW

X

0

nn
φn (z)φn0 (z)MEsq
.

(5.42)

nn0 >nQW

Numerical results

We now present the numerical results obtained by applying the boundto-continuum strong coupling theory to the case of nQW identical doped
GaAs/Alx Ga1−x As quantum wells heterostructure of width LQW = 4nm.
The alluminium concentration of x = 0.33 has been chosen to ensure the
existence of a single bound state per quantum well. The single particle
electronic bare wavefunctions are calculated by imposing Bastard continuity
boundary conditions and solving the resulting system of 2×nQW +1 equations
in the effective mass approximation (see Appendix B). These wavefunctions
has been used to calculate the electronic parameters appearing in the coupling parameter of the full Hamiltonian, which is numerically diagonalised by
multimode Hopfield-Bogoliubov approach. This leads to the determination
d
of the eigenfrequencies ωsq
and the Hopfield coefficients playing a role in the
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Figure 5.7: Simulation of a single quantum well of width LQW = 4nm in
a bulk of total width T = 1µm, with effective cavity length Lc = 25nm
and cavity energy h̄ωqa = 185meV, smaller than the first ionisation h̄χ =
188.4meV. (a) Polaritonic spectrum as a function of the doping. The yellow
line marks the cavity energy. (b) Colormap of the excited electron density
e
|ψsq
(z)|2 for the lowest lying polaritonic mode as a function of doping. Yellow
e
dashed lines mark the boundaries of the quantum well. (c-g) Plots of |ψsq
(z)|2
for all the polaritonic modes (all the s up to the cutoff) relative to the
five values of doping marked by dotted vertical grey lines in panels (a,b).
The lowest lying mode represented in panel (b) is plotted in blue, all the
other modes in the continuum are instead coloured in red, forming the thin
homogeneous red band of density T −1 visible at the bottom of each panel.
Note that, due to the different scale, the node of the lowest lying localised
electronic density visible in panel (b), is not clearly resolved in panels (c-g).
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Figure 5.8: Same as in Fig. 5.7 but with cavity energy h̄ωqa = 195meV, larger
than the first ionisation h̄χ = 188.4meV.
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ground and excited electronic densities |Ψgsq |2 and |Ψesq |2 , and moreover the
matter weight Psq .
We here present the numerical results obtained for the cases of a single
quantum well, nQW = 1, and multiple quantum wells, nQW = 20. We chose
two structures characterized by the same ratio f = NQW LQW /Lc , which we
refer to as filling factor because it quantifies how much of the cavity length
is occupied by the electron gas. As explained in Ref. [101], this factor come
into play in the so called ”semiclassical approximation”, made by substituting in Eq. 5.16 the product fαo fα with its maximum value LQW /Lc , and it
plays a crucial role in quantifying the light-matter coupling of a microcavityembedded-quantum-wells structure.
NQW = 1 In order to provide solid basis for the good understanding of the
physics of bound to continuum strong coupling, we start by considering a
single quantum well in a wide bulk of width T = 1µm, which succeeds in
modeling a realistic ionising continuum where the electron can get lost. In
order to get large values of the light-matter coupling we choose to couple
electronic transition of wavelength λ to a subwavelength photon resonance
with effective cavity length Lc << λ. Specifically, we fix the cavity length
Lc = 25 nm (f = 0.16), which implies 2Lλ c ≈ 125 in quasi-resonance. This is
nowadays an achievable value in mid-infrared experimental systems [106, 107,
96, 98, 108]. The results for different values of the cavity energy are shown
in Figs.5.7,5.8 and 5.9, specifically with h̄ωqa = 185 , 195 and 205meV. The
first panel (a) of each figure displays the polaritonic spectrum as a function
of the doping level, with ionisation threshold at h̄χ = 188.4meV. We can
clearly observe that a single discrete mode is present for every values of
doping in Fig.5.7, when ωqa < χ. while only above a certain doping threshold
when ωqa > χ. This is because, when the photon energy is smaller than the
ionization threshold, the electrons cannot acquire enough energy to jump and
get lost in the continuum, remaining bound for any light-matter coupling.
If the cavity energy is above the ionization level, above a certain doping,
the coupling is strong enough to push the coupled mode out of the continuum,
forcing the excitonic state to be bound. In panel (b) we plot the spatial distribution in the z-direction of the normalised excited state density |Ψesq (z)|2
for the lowest polariton mode, calculated as in Eq. 5.42. It is showed indeed
that a discrete polaritonic resonance corresponds to a localised electronic
state, which means that a bound exciton is formed. The difference between
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Figure 5.9: Same as in Fig. 5.7 but with cavity energy h̄ωqa = 205meV, larger
than the first ionisation h̄χ = 188.4meV.
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Figure 5.10: (a) Ground (blue solid line) and excited (red dashed line) electronic densities corresponding to the lowest eigenmode in Fig. 5.7(g). The
shaded region corresponds to the quantum well. (b) Weight of the matter
component Psq for the lowest-lying polaritonic mode as a function of doping
for h̄ωqa = 185meV (blue solid line), h̄ωqa = 195meV (red dashed line), and
h̄ωqa = 205meV (yellow dashed–dotted line). Other parameters as in Fig.5.7
.
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the energy of first ionisation and the energy of the discrete polariton mode
plays as binding energy for the exciton, being the excess of energy the matter
component of the polariton needs to dissociate. Let us notice that, at low
enough temperature, the discrete polaritonic resonance is expected to have
a linewidth of the order of few meV, not having enough energy to fall within
the continuum. This is sizeably smaller than the predicted shifts induced
by the light-matter coupling, making those resonances spectroscopically observable. In panels (c)-(g) we plot the excited electronic densities |Ψes (z)|2
for all the polaritonic modes (below a cutoff energy of 500 meV), at different
values of the doping, in order to demonstrate that no bound excitonic states
correspond to the coupled modes forming a continuum below the doping
threshold. All the electronic densities for all the s coupled modes, except the
one corresponding to the lowest one, are plotted in red, and form a uniform
red band, of homogeneous density T −1 . In the limit T → ∞, such a density
vanishes as expected for bound-to-continuum excitations. The curve plotted
in blue which corresponds to the lowest polariton state confirms instead that
a localised electronic state emerges only above a critical doping value. In the
panel (a) of Fig 5.10, we plot both the ground state and excited electronic
densities |Ψgsq |2 (solid blue line) and |Ψgsq |2 (red dashed line), calculated as
in Eqs. 5.41-5.42 for the lowest coupled mode in a 40nm interval around
the quantum well. It is clear that, while the ground state density as defined
in Eq. 5.30 corresponds to the initially fully occupied electronic state, the
excited state density corresponds to a localised odd-symmetry wavefunction.
Of course the normalised electronic density |Ψesq |2 suggests us only partial
informations about the observability of cavity-induced bound exciton states,
because from Eq.5.30 it is weighted by the matter fraction Psq . In panel (b)
of Fig.5.10 |Ψesq |2 , calculated by Eq. 5.40 for the mode considered in panel
(b) of Figs. 5.7-5.9, is plotted as a function of the doping, for each of the
three considered values of the cavity energy. As expected, the matter weight
of the lowest coupled mode is negligible where the cavity energy is below the
continuum (h̄ωqa = 185 meV, blue solid line), because it is almost entirely the
bare cavity mode. For the remaining two cases ( h̄ωqa = 195 meV, red dashed
line, h̄ωqa = 205 meV, yellow dash-dotted line), the lowest mode is initially
purely matter (Psq = 1) and only when we observe the discrete polariton
mode appearing below the continuum it starts hybridising with light.
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NQW = 20 After having studied the single quantum well case, demonstrating the appearance of a cavity-induced bound exciton state for experimentally
achievable values of the light-matter coupling, in this paragraph we consider
a more realistic heterostructure of nQW = 20 quantum wells coupling to the
TM0 photon mode of a planar resonator as wide as the semiconductor bulk.
Considering a multiple-quantum well structure allows us to achieve more
easily the light-matter coupling needed to observe the discrete polaritonic
resonances emerging out of the continuum, and thus the generation of the
cavity-induced bound exciton states. Our sample consists of nQW = 20 quantum wells of width LQW = 4 nm sandwiched between 20 nm wide barriers.
The bulk and the resonator have a total length Lc = T = 0.5µm.
In Fig. 5.11 we show the eigenmodes for a cavity energy h̄ωqa = 195 meV.
Here we observe a quasi-continuum of states grouped in minibands, due to the
spatial periodicity of the QWs. In such a system the first ionization energy
h̄χ = 192 meV reveals to be larger than in the previous case. Nevertheless,
the results recovered here are in good agreement with those in Fig. 5.8 (a)
showing that a discrete resonance below the continuum is observable also in
a multiple- quantum well structure. Panels (b) and (c) display the excited
electronic density of the lowest polariton mode for the extreme values of the
doping range considered, that are N2DEG = 0 and N2DEG = 3 × 1012 cm−2 ,
marked by arrows in panel (a). A visible difference arises between the single
and multiple-quantum well cases: the ionised states of a single quantum well
did not exhibit any sort of localisation, but their electronic density was highly
delocalised throughout the bulk, while in the multi quantum wells case, as
expected, the electronic density of a continuum state seems to maintain a
confinement in the proximity of the wells, as in a multiple-quantum wells
structure the total space occupied by the quantum wells is now a macroscopic fraction of the total width of the bulk. Nevertheless, we can recognise
the same physics, as the collective excited electronic density at zero doping,
although modulated by the presence of the well, describes a mode which is of
the entire structure with maximal magnitude at the center, while instead, at
high doping level, it corresponds to a mode localised in each quantum well.
At the end of our theoretical study, we test its accuracy and provide an
experimentally suitable observable, by calculating the reflectivity of the same
heterostructure coupled to a planar metallic resonator via transfer matrix approach in effective medium approximation including local field effects, that
has been treated in several theoretical works [105, 109, 110, 111]. Results
are shown in Fig.5.12, which recover pretty well the eigenmodes spectrum
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Figure 5.11: Simulation of nQW = 20 quantum wells of width LQW = 4nm
in a bulk of total width T = 0.5µm embedded in a planar microcavity. The
TM0 mode of the microcavity is chosen to have energy h̄ωqa = 195 meV, larger
than the first ionisation energy h̄χ = 192 meV. (a) Polaritonic spectrum as
a function of the doping. The yellow line marks the cavity energy. (b,c)
e
Plots of the excited electron density |ψsq
(z)|2 for the lowest lying polaritonic
mode, for values of doping equal respectively to N2DEG = 0 and 3 × 1016
cm−2 , marked by arrows in panel (a). Shaded regions correspond to the
locations of the quantum wells.
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Figure 5.12: (a) Reflectivity map for the same structure studied in Fig.
5.11, calculated considering an electronic linewidth of 4meV. The horizontal dash-dotted red line marks the first ionisation energy. The solid black
and dashed white lines mark instead the dispersion of the lowest polariton
mode obtained using the Hopfield approach respectively without and with
the effective medium approximation. (b) A vertical cut of panel (a) for
N2DEG = 3 × 1012 cm−2 .
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of Fig. 5.11 (a). The lowest polariton mode calculated by Hopfield method
(black solid line) is superimposed on the reflectivity map, and its small deviation from the reflectivity dip is due to the use of an effective medium
approximation. We verified the origin of this discrepancy by implementing
the same approximation in the Hopfield theory leading to a ”approximated”
mode (white dashed line) which is in a definitely better agreement with the
reflectivity spectrum.

5.5

Experimental Results

The promising result of creating cavity-induced bound exciton states obtained by the theoretical calculation finds its definitive demonstration in the
experimental measurements run by the experimental group of Prof. Colombelli
in the Centre de Nanosciences et de Nanotechnologies (C2N) in Paris, who
is also co-author of the theoretical work.
The system under investigation is similar to the one considered for the
numerical calculations, and it is composed of NQW = 13 GaAs/AlGaAs quantum wells embedded in highly-confined, grating-shaped gold microcavity resonators. They are 1D ribbons (or 1D patch cavities), and the electromagnetic
field, as sketched in Fig. 5.2.2(b), is completely confined below the gold fingers. As in the theoretical study, the QWs are designed thin enough to ensure
the presence of only one conduction subband, in order to avoid intersubband
transitions giving arise to intersubband polaritons.
In order to determine the nature of the transition coupled to the single
cavity photon mode, two samples, HM4229 and HM4230, differing in QW
width and doping, are fabricated. Sample HM4229 contains QWs of thickness
LQW = 4 nm, each doped at a density 5 × 1012 cm−2 , while sample HM4230
has QWs of thickness LQW = 3.5 nm doped at 4.77 × 1012 cm−2 . Comparing
the transmission spectra of these two samples, plotted in Fig. 5.14 (a), allows
us to determine whether the optically active transition is a bound-to-bound
or bound-to-continuum. The two, indeed, undergo opposite frequency shifts
when the quantum well width is reduced: The former ones blue-shift, as the
energy difference between two subbands is inversely proportional to the LQW ,
while the latter ones red-shift, because a single subband is lifted up as LQW
decreases. This difference of behaviour is sketched in panels (b)-(e) of Fig
5.14. In panel (a) we observe a very broad absorption that, being transverse
magnetic polarized, is clearly originated from the doped QWs, and, moreover,
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Figure 5.13: Scheme of the experimental setup employed for the reflectivity
measurements. It consists of a mid-IR microscope connected to an FTIR
spectrometer. The source is a thermal globar lamp, and the detector is a
liquid nitrogen cooled MCT. The incident beam is polarized normally to
the metallic fingers, and the system operates in reflection. A compact, thin
cryostat permits to perform the measurements down to a temperature of
78K.

some narrower feature around 140 meV which we can identify as the edge of
the continuum. This feature does not blue-shift as the QW width decrease.
It shows a transfer of spectral weight toward the lower-frequency range, while
a bound-to-bound intersubband transition would have led to a blue-shift of
the order of tens of meVs. This definetely proves the bound-to-continuum
nature of the transitions in the uncoupled QWs system. Fig. 5.13 show
the experimental set up, including the metal-semiconductor-metal grating
resonators with period D and width of metallic stripes p, showed in Fig.
5.2.2 (a). Details about the resonators and their mode frequency dispersion
are preliminarly presented in Sec. 5.2.2.
The grating-based devices are fabricated 200 × 200 µm2 large, with p
ranging from 800 nm to 5 µm, to span a wide range of frequencies (Fig. 5.13
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Figure 5.14: Bound-to-continuum nature of the transition. (a) The
black solid line is the transmission measured at 300K from the sample
HM4299, with LQW = 4 nm. The red dashed line represent instead sample HM4230, with LQW = 3.5 nm. In the inset we sketch how the transition
frequency shifts as a function of the quantum well width for bound-to-bound
(b,c) and bound-to-continuum (d,e) transitions.

(b)). We remind that the frequency dispersion for this kind of resonator is
expressed in Eq. 5.2. The cavity mode employed here to strongly couple
to the matter system is the one with m = 2, instead of the fundamental
one with m = 0, named TM02 that is typically used in these systems, in order to simplify the fabrication process and increase the overlap between the
electromagnetic field and the quantum wells, as visible in Fig. 5.13(c) that
highlights three nodal lines for the considered TM02 mode. For each device
a measurement in reflectivity is performed, at temperature T=78K, using a
FTIR microscope (Fig. 5.13(a)). Figs. 5.15-5.17 displays the main experimental results relative to the HM4229 sample. In Fig.5.15 we plot the 78 K
reflectivity map as a function of the bare resonator energy, where we observe
an absorption continuum above the first ionization energy (black horizontal
dashed line ), and a narrow discrete polaritonic resonance below it. The
latter lies more than 20 meV below the uncoupled resonator energy. We plot
superimposed on the colormap the peak frequencies obtained by a multiple
lorentzian peak fitting procedure of the experimental data sets for each width
value of the metal finger. Same procedure is employed to extract the bare
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Figure 5.15: Experimental reflectivity data Reflectance data from the
doped sample HM4229 as a function of the resonator frequency. Superimposed we show the peak position extracted from the data, using blue squares
and red triangles for the datapoints respectively below and above the edge
of the continuum. With green dot we mark instead data from the undoped
sample taken as reference for the cavity energy.

cavity resonances from an undoped sample. In Fig. 5.15 the frequencies below and above the identified ionization threshold are marked respectively by
red triangles and blue squares, while the frequency of the uncoupled resonator
are marked by green circles. Fig. 5.17 shows the respective linewidths as a
function of their mode frequency. These are extracted as lorentzian peaks
linewidths by the same fitting procedure. Below the edge of the continuum
(vertical black dashed line) the lifetime of the discrete polariton has as main
contribution the lifetime of the bare resonator mode. Beyond the ionising
threshold, instead, we observe a very broadened undefined feature, clearly
corresponding to a continuum spectrum. Let us notice that in Fig. 5.15
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Figure 5.16: Reflectance data for doped sample HM4229 (red) and the
empty cavity (green) for resonator frequencies h̄ωc = 157.8 meV (solid),
h̄ωc = 147 meV (dashed), and h̄ωc = 141.5 meV (dot dashed).

both the narrow discrete mode (red) and the extracted peak of the broad
spectrum are at frequency lower than the bare resonator frequency (green).
Moreover, they maintain very different linewidths, which do not cross at any
point. This feature is incompatible with the standard intersubband polariton description, where the light and matter resonances are enclosed between
the polariton modes, and the coupled mode linewidths, as the result of a
weighted linear combination of the bare ones in the simple Hopfield model,
should cross at the anticrossing point. In order to make even more evident
the appearance of a strong-coupling-induced discrete resonance below the
continuum, we plot in Fig. 5.16 the reflectivity spectra of the doped sample
(red curves) for different values of the bare resonator energy, together with
the reflectivity spectra of the undoped sample (green curves). We can clearly
observe that the doped sample shows a discrete resonance below the ionization threshold which does not exists in an identical but optically uncoupled
system. The same misurements are also performed on the HM4230 sample,
showing very similar results.
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Figure 5.17: Linewidths for the different resonances, showed in Fig. 5.17, as
a function of the mode energy. In all the panels the dashed black line marks
the edge of the continuum.

In order to compare the developed theoretical model with the experimental data, we calculate the polariton spectrum to match the experimental
reflectivity map (Fig. 5.18(a)), using using the doping and the ionization
energy as adjustable parameters. By the parameters obtained by the simulation, we calculated the matter weight P of Eq. 5.30, which is plotted in Fig.
5.18 (b). We can observe that the discrete resonance below the continuum
edge is clearly defined for non-vanishing values of P, proving a significant
occupation of the cavity-induced electronic bound wavefunction Ψe (z).

5.6

Conclusions

In this chapter, we present the theoretical prediction and the experimental demonstration of strong coupling for ionizing transitions, resulting in
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Figure 5.18: Calculation of the matter weight. In panel (a) we plot
the eigenmodes obtained by our theoretical model with parameters choose
to fit the experimental reflectance data shown in the colorplot. Above the
ionization threshold the figure is uniformly black as the discrete modes used
in the numerical diagonalization are too closely-spaced to be resolved. In
panel (b) we use the parameters extracted from panel a) to calculate the
matter fraction P of the discrete polariton mode.
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a non-perturbative modification of the electronic properties of the system.
The strong light- matter coupling manifests as the appearance of a discrete
polariton mode below the continuum threshold, whose matter component
corresponds to a new bound electronic state not present in the uncoupled
system. Let us notice that the experiment shows only the optical response of
the system, without giving answers about electronic transport, that means
about the capability of these states to conduct current.
If these bound states could serve as a discrete and tunable current channels into the bright states, it has been predicted that they could lead to a
dramatic increase in the efficiency of intersubband mid-infrared emitters [112,
113]. An initial work in this direction has recently come to light for bound-tobound transition in mid-infrared detectors operating in strong light-matter
coupling regime [114].
As the previous chapters have the purpose of proving the possibility of
tuning material features, such as chemical and structural properties, by coupling them to a microcavity photonic field, here we demonstrate this concept
for semiconductor heterostructures, where the cavity quantum electrodynamics can be used as too in quantum material engineering, to not only shift the
resonances but also controllably change their nature.
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Chapter 6
Cavity mode field hybridization
by light-matter coupling
6.1

Introduction

Very Strong Coupling regime is responsible for important modifications of
materials’ electronic properties. This is due to the fact that the coupling
strength is comparable to the spacing between different matter states leading
to a multi-mode hybridization. When the coupling becomes comparable to
the energy difference between several photonic modes, it is reasonable to
expect that, in some circumstances, the same phenomenon occurs for the
photonic counter part, not only shifting the resonances in the optical spectra,
but also modifying their electromagnetic field distribution.
On this direction, an alteration of the resonator field profile has been
predicted in microcavities when Deep Strong Coupling (DSC) is entered,
due to the light-matter decoupling deriving from the diamagnetic term of the
Hamiltonian [18]. It has also been experimentally shown that, in plasmonic
nanocavities, the greatly enhanced coupling between molecular excitons and
gap plasmons causes a significant modification of the plasmonic modes profile
[115].
As we know, the electromagnetic field confined by a resonator can be decomposed into its modal components, characterised by an essential principle
of mutual orthogonality over the whole integration volume. Each electromagnetic mode distribution depends on the geometry and the composition of the
resonator, and its spatial overlap with the optically active region of a matter
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Figure 6.1: Simulations of doped multi-QWs heterostructure with
NQW = 6, under the effect of a static magnetic field, coupled to a
THz negative hexagonal metamaterial resonator. Panel (a): Sketch of
the simulated unit cell composed by a negative hexagonal metamaterial (the
purple shaded region indicates where the gold is not deposited), and a narrow QWs patch, placed right in the central gap of the resonator (red shaded
region). Panel (b): Transmission spectrum of the uncoupled resonator displaying peaks at the frequencies of the discrete photon modes, ω1 = 0.48 THz,
ω2 = 2.1 THz and ω3 = 3.2 THz etc. Panel (c): Electric field distribution
maps for each of the first three resonator modes, normalised over the sample
plane. Panel (d): Transmission map of the coupled system as a function of
the cyclotron frequency ωc at fixed total doping NQW · N2DEG = 18 × 1012
cm−2 . The black solid curve highlights the characteristic S-shape of the
central resonance. Panel(e): Transmission map as a function of the doping
density N2Deg at a fixed cyclotron frequency ωc = 0.48 THz. All the plots
have been made by Prof. Lange’s group in Regersburg
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system, defined as the mode volume V , is considered a key parameter for
the optimization of CQED set-up design for the achievement of ever higher
coupling strengths. In many kinds of resonator, such as very narrow planar
cavities like the one introduced in the previous chapter, the photon modes
are so far in energy, compared to the light-matter coupling, that we can describe the system in the single-mode approximation. When, instead, higher
photon modes frequencies are not far enough to be neglected, single-mode
approximation breaks dow and the inclusion of higher resonator resonances
becomes a necessity for the correct description of the system dynamics, as
demonstrated in many recent works [18, 116, 117, 118, 119]. Nevertheless,
even in this last case, the orthogonality between different photon modes allows to treat them independently, as all the photon modes will excite and
thus couple to different mutually orthogonal electronic excitations, forming
well-known half-light half-matter polariton modes, observable as a number of
independent avoided-crossings in the optical spectrum. Each pair of polariton modes will result from the hybridization of a single matter mode with a
single photon mode, and, as such, its optical component, that we can picture
as the mode electric field ”dressed” by the interaction, will conserve the same
field spatial distribution as the bare field. Therefore, we ask ourself: can the
light-matter coupling manipulate the photonic field, and if yes, under which
conditions?
Aiming to answer this question, we considered a specific QED system,
composed by an array of THz metamaterial resonators coupled to cyclotron
transition resonances of a 2DEG under the effect of a static magnetic field,
similar to the one investigated in Ref. [54]. It has been first predicted
[120] and then experimentally demonstrated [121] that it is possible to ultrastrongly couple the cyclotron resonances to the resonator photon field,
leading to the formation of the so-called Landau Polaritons. In this system,
due to the possibility of achieving extremely high values of the normalised
light-matter coupling by simply tuning the electronic density of the 2DEG,
more than one resonator modes have to involved in the description. Our
intuition is that, due to the strong planar confinement of the electron gas,
the principle of orthogonality between different photon modes may fall, because it is valid over the whole integration volume but not over the optically
active region, which is the 2DEG plane. This would lead to cross interactions between electromagnetic components in the Hamiltonian, and as such
a multi-mode hybridization of the dressed electronic field.
In Fig. 6.1 we show the results of Comsol numerical simulations for a
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specific system , which were carried out by our collaborators of the group of
Prof. C. Lange of University of Regensburg, as all the following throughout
this chapter. The studied system is sketched in Fig. 6.1 (a), in which a
specific hexagonal shape for the THz metameterial resonator is adopted. This
specific design determines the positions of the multiple uncoupled photonic
resonances ( ω1 = 0.48 THz, ω2 = 2.1 THz, ω3 = 3.2 THz etc), clearly visible
in the gap field transmission plot in panel (b). Moreover, Panel (c) displays
instead the uncoupled electric field in-plane distributions for the first three
photon modes, which appear significantly different.

Figure 6.2: Coupled modes’ electric field distribution maps The figure
refers to the same system described in Fig.6.1. It displays the simulated inplane electric field enhancement for each of the polariton resonances observable in the transmission spectrum as a function of the cyclotron frequency,
showing how, as the mode frequencies hybridize near the avoided crossing,
also the electric field maps undergo observable modifications. Plots are made
by Prof. Lange’s group
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Fig. 6.1(d)-(e) show the simulated transmission spectra as a function,
respectively, of the cyclotron resonance frequency and the two-dimensional
electron density. Both the spectra clearly exhibit at least five well resolved
Landau polariton resonances, derived from light-matter hybridization between multiple resonator discrete modes and degenerate cyclotron transition
modes. If we observe the transmission spectrum in panel (d), calculated at
a fixed total electron density 18 × 1012 cm−2 , we notice very large splittings
between different resonances, due to large coupling strengths, leading to a no
longer trivial identification of their nature. Moreover, the third coupled mode
(counting by ascending order) results having a peculiar s-shape, underlined
by a black-solid curve, likely suggesting that a single matter excitation is not
strongly coupled only to the fundamental photon mode, but also to the one at
higher frequency [120, 122]. A second interesting feature is, instead, visible
in panel(e). Here the transmission resonance branches typically split as the
electron density increases: the lower polariton frequency, starting at the cyclotron frequency, decreases never crossing the zero, and the upper polariton
resonances are pushed up by the coupling strength, while they converge into
the bare photon frequencies at zero doping. However, what is here worthwhile to notice is that the two visible upper polariton modes undergo an
avoided crossing around a critic total doping value of 1.8 ×1013 cm−2 (in this
plot the electron density is in logarithmic scale). This appear as an ”anomalous” behaviour, since polariton modes derived from different photon modes,
in general, proceed independently, unless we assume a sort of mutual interaction occurring between the resonator modes. Another hint is given by the
investigation of the coupled modes field distributions. Each polariton mode
is characterized by its characteristic in-plane electric field map, displayed in
Fig. 6.2 for different values of the cyclotron frequency. As highlighted in
Ref. [54], mapping the polariton modes electric field allows to determine
their photon component, and as such, by comparison, to identify which of
the bare photon modes they derive from. Nevertheless, we notice here that,
as the resonances approach the anti-crossing point, their in-plane electric
field distribution changes, until they may become significantly different from
the original ones (Fig.6.1 (c)). This modification of the electromagnetic field
distribution induced by the coupling is clearly not predictable when we consider the photon modes independently coupled to mutually orthogonal matter
modes. In order to give a theoretical and physical explanation to the results
of these simulations, we must call into play a multi-photon-mode interaction,
due to a non-negligible spatial overlap between the photon modes within the
97

strongly two-dimensional active region. The latter is formally quantified by
an overlap paramenter ranging from 0 (no overlap means orthogonality) to 1
(complete overlap). Formally, the light-matter interaction Hamiltonian will
no longer be a sum of N one-to-one interaction terms between N discrete
photon modes and N matter excitations, but it will present N × N crossinteraction terms.
We here develop a formal multi-mode bosonic theory for USC of cyclotron
resonances coupled to metamaterial resonators, which assumes the in-plane
non-orthogonality, between different resonator modes, allowing to recover
the main peculiar spectral features showed by the simulations results. By
simultaneously fitting both the cyclotron-frequency-sweep and doping-sweep
spectral resonances, for several kind of resonator and QWs designs, we show
that the developed theory not only succeeds to explain the behaviour of the
polariton modes, but it is also able to seemingly reproduce the electric field
distribution maps for each of the coupled states, as linear combinations of
the bare photon modes electric fields weighted by Hopfield coefficients. As
specified in the overall introduction, the results presented in this chapter
are only preliminary, and they refer to different kinds of resonator and QWs
geometries, in order to address several levels of the multi-mode spatial overlap
and hybridization.

6.2

Quantum system

In this section, we briefly present the quantum system considered in our
study. Although we explored doped quantum well heterostructures in the
previous chapter, with particular interest in intersubband and bound-tocontinuum transitions, we focus here on cyclotron transitions, occurring when
the 2DEG is object of an intense static magnetic field, which leads to the formation of discrete Landau levels. We here consider the transitions between
different Landau levels coupled to an array of THz metamaterial resonators,
characterized by a high sub-wavelength confinement [121, 54].

6.2.1

Cyclotron Resonances in doped QW

When a magnetic field is applied to the 2DEG in a quantum well heterostructure, we obtain magneto-cyclotron transitions between equispaced electronic
Landau levels. A scheme of the levels is shown in Fig.6.3. The cyclotron
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c

Figure 6.3: Transition between different Landau levels in a 2DEG under
applied magnetic field. The image is taken from Ref.[108]

eB
transition frequency is ωc = m
∗ , where B is the applied magnetic field, e
is the elementary charge, and m∗ is the electron effective mass. Cyclotron
transitions are thus characterized
q by a high tunability, and a dipole moment
√
h̄
d scaling as el0 ν, where l0 = eB
is the magnetic length and ν the filling
factor depending on the 2DEG density. In general the resolved cyclotron
transitions’ dipole moments are giant because of their proportionality upon
very high levels degeneracy [121].

6.2.2

THz Metamaterial Resonator

On the photonic side, different kinds of both diffraction-limited and subwavelength resonators have been used to couple to cyclotron resonances, including strip-line resonators [123], and DBR resonators [124], but the current
record for the absolute highest value of the normalised light-matter coupling
η of 1.43 [54] is achieved by employing THz metamaterial resonators [125].
These consist of an array of independent resonators fabricated on the surface of a semiconductor substrate by deposition of a few-hundreds-nm thick
metal layer in a specific designed pattern, which determines their optical
properties, such both resonance frequencies and mode volumes. In the fol99

lowing we will refer to gold gaped metamaterial resonators, similar to the
ones employed in [121, 54]. These can be of two kinds: positive or negative
resonators (in literature, better known as direct and complementary [126]),
which means that either the gold is deposited inside the guidelines forming
the frame of the single unit cell with a double capacitive gap in the center,
or the design of the unit cell is inverted and the gold in deposited outside
the frame. In the first case, the lowest-frequency mode is a LC mode, with
capacitive elements represented by the gaps in which the electric fields are
localised to decrease the mode volume. In the second case, the electric field
the fundamental mode, is strongly confined into the gap in the center, and
the quality factor of the resonator decreases due to the increased losses. An
important advantage of the negative resonator is that, unlike the positive resonator, the transmission spectrum exhibits peaks, instead of depths, which
suppresses undesired spectral features [127].

6.3

Theory of multi-mode light-matter coupling

We can express the Hamiltonian of a 2DEG of two-dimensional electron
density N2DEG and effective mass m∗ coupled to a resonator photonic multimode field in the Coulomb Gauge as
X
X
h̄ων â†ν âν +
h̄ωc ĉ†j ĉj
Ĥ =
ν

j

i
XX h

†
∗
+
h̄ Ων (rk,j )ĉj + Ων (rk,j )ĉj â†ν + âν +
j

XX
j

ν,ν 0

ν

h̄2



Ων (rk,j )Ω∗ν 0 (rk,j )
âν + â†ν âν 0 + â†ν 0 ,
ωc
(6.1)

with ĉj and ĉ†j the single-electron transition operator between the Landau
levels with cyclotron transition frequency ωc , as in Ref. [124].
In Eq. 6.1 the light-matter coupling parameter is
s
ωc e2
Ων (rk,j ) =
fν (rk,j ),
(6.2)
20 ¯m∗ ων Vν
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where ων and Vν are, respectively, the ν th photon mode frequency and mode
volume; fν (rk,j ), instead, represents the circularly polarized field function for
the ν th mode, calculated at the jth electron’s in-plane position coordinate,
such that the in-plane rotated vector potential has components
s
X

h̄
(6.3)
fν (rk,j ) â†ν + âν ,
Â− (rk,j ) =
2
(z)ω
V
0
ν
ν
ν
s
X

h̄
Â+ (rk,j ) =
fν∗ (rk,j ) â†ν + âν .
(6.4)
2
(z)ω
V
0
ν
ν
ν
Details about the derivation of this Hamiltonian can be found in the Appendix C. It is worthwhile to mention that we consider the following approximations: first, electronic degrees of freedom in the dielectric background are
neglected, however we consider their effect by means of an effective dielectric
permittivity 0 ¯; then we neglect the Coulomb electron-electron interactions,
as Kohn’s theorem states internal momentum-conserving potentials have no
effect on the cyclotron motion of the center of mass. The bare photonic
Hamiltonian in Eq. 6.1 is expressed as the sum of energy contributions of
infinite photonic modes, which are orthogonal over the whole integration
volume V , such that
Z
fν∗ fµ = Vν δν,µ ,
(6.5)
V

with fν three-dimensional mode function.
The key idea of this theory is to assume that the orthogonality of the bare
photon modes is not maintained over the integration surface of the 2DEG.
This would lead to an overlap between modes resulting in a mutual photonphoton interaction mediated by the coupling to the electrons. Each of the
first n photonic mode functions in-plane fν (rk ) can be defined in arbitrary
basis of n functions φν orthogonal over the plane occupied by the 2DEG of
area S, as
X
fν (rj,k ) =
αν,µ φµ (rj,k ),
(6.6)
µ≤ν
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obeying the orthonormalisation relations
Z
φ∗ν (rk )φµ (rk )drk = δµ,ν ,
S
N
el
X

φ∗ν (rj,k )φµ (rj,k ) = N2DEG δµ,ν ,

(6.7)
(6.8)

j

with Nel = N2DEG S number of electrons homogeneously distributed in each
2DEG. For sake of semplicity, when we write Eq.6.6 we choose an arbitrary
basis for which all the coefficients αν,µ with ν ≤ µ are zero. The nonothonormality between the resonator modes over the quantum well plane
can be represented by a normalisation matrix of elements
Fν,µ =

N
X

fν∗ (rj,k )fµ (rj,k ),

(6.9)

j

in general, different from zero. Once defined the matrix in Eq.6.9, we can
introduce the overlap parameter
Fνµ
,
ην,µ = p
Fµ,µ Fνν

(6.10)

assuming values from 0 to 1. This is a crucial parameter quantifying the
deviation from the orthogonality of each couple of photon modes. It is easy
to see that a diagonal matrix F of elements Fν,µ means no overlap (η = 0)
between the photon modes. From the definitions in Eq.6.9 and Eq.6.6, we
can write the relation
X
∗
Fν,µ = N2DEG
ανγ
αµγ .
(6.11)
γ≤µ

By introducing a set of bosonic collective matter operators
N
X
1
φµ (rj,k )ĉj ,
b̂µ = √
N2DEG j

(6.12)

we can finally write the total Hamiltonian as
Ĥ = ĤEM + Ĥmatter + Ĥint + Ĥdia ,
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(6.13)

with
X

ĤEM =

h̄ων â†ν âν ,

(6.14)

h̄ωc b̂†µ b̂µ ,

(6.15)

ν

X

Ĥmatter =

µ

XX

Ĥint =

ν

X

Ĥdia =

∗
gν,µ bµ + gν,µ
b†µ



â†ν + âν



(6.16)

µ≤ν

hν,ν 0 â†ν + âν




â†ν 0 + âν 0 ,

(6.17)

ν,ν 0

with coupling parameters
s

gν,µ
hν,ν 0

h̄2 ωc N2DEG e2
,
=
2m∗ 0 ¯ων Lν,µ
X gν,γ gν 0 ,γ
,
=
ω
c
0
γ≤ν

(6.18)
(6.19)
(6.20)

with Lν,µ = Vν /|αν,µ |2 effective length We observe that this Hamiltonian
presents some important features. First, it is completely bosonic, which allows us to easily determine its eigenmodes by Hopfield method. Second,
the light-matter interaction Hamiltonian displays cross-interaction terms between different photon and orthogonal matter modes, suggesting that the
resonator modes see each other by means of the matter excitations.
Therefore, following the Hopfield approach we diagonalise the Hamiltonian by introducing the usual hybrid multi-mode polariton operators,

X
p̂µ =
xν,µ âν + wν,µ b̂ν + yν,µ â†ν + zν,µ b̂†ν ,
(6.21)
ν

with (xν,µ , wν,µ , yν,µ , zν,µ ) Hopfield coefficients, assumed to be real.
The dressed polariton frequencies ωµp are the eigenvalues of the 4n × 4n
Hopfield matrix representing the Hamiltonian in Eq. 6.13.

6.3.1

Coupled Electric Field Distribution

The cross-term in the light-matter interaction of Eq. 6.13 finds its origin in
the spatial overlap between different uncoupled resonator photon modes over
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the plane of the 2DEG, and suggests the multi-mode hybrid nature of the
resulting polariton modes.
Each coupled photon field, being the light component of a corresponding
hybrid polariton mode, results a weighted linear combination of the bare
resonator mode fields.
We now aim to calculate the coupled circularly polarized electric field
components from the inverse Hopfield coefficients obtained by the diagonalization procedure.
By applying the inverse transformation for the the photon operator to
Eq. 6.3
X


âν + â†ν =
mµ,ν p̂µ + p̂†µ ,
(6.22)
µ

with mµ,ν = (xµ,ν − yµ,ν ), we find the coupled electric field components
r
X

h̄ων
fν (rk,j )mµ,ν p̂†µ + p̂µ ,
(6.23)
Ê− (rk,j ) =
20 ¯Vν
νµ
r
X

h̄ων ∗
Ê+ (rk,j ) =
fν (rk,j )mµ,ν p̂†µ + p̂µ .
(6.24)
20 ¯Vν
νµ
The degree of mixing of the different uncoupled resonator modes into
the new coupled ones is quantified by the Hopfield parameter mµ,ν , which
represents the contribution of ν th photon mode in the µth polariton mode
and certainly depends on the light-matter coupling strength.

6.4
6.4.1

Results
Numerical fit for hexagonal resonator with structured QWs

Given the simulated transmission spectra for the negative hexagonal THz
metamaterial resonator coupled to a narrow QWs patch of Fig. 6.1, we
use our multi-mode theory to fit simultaneously the resonances of both the
spectra, by adjusting the photon mode effective lengths Lν,µ . The resulting
polariton modes are shown in Fig.6.4 superimposed on the resonance dips
of the transmission spectra. The numerical fit gives also as output result
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Figure 6.4: Numerical fit of the simulated transmission data for THz
hexagonal resonator coupled to cyclotron resonances of a 2DEG
Left: Transmission resonances fit as a function
and
p of the carrier density,
−4
−2
2
2
calculated normalised in-plane electric field |Ex | + |Ey | ∗ 10 m for
each coupled mode at doping values indicated by the arrows. Right: Same
as left panel, but as function of the cyclotron frequency.
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the overlap parameters ηµ,ν . Although in both the panels of Fig. 6.4, only
four resonances are visible within the considered frequency range, this fit
has been performed by including the first three photon modes of frequencies
ω1 = 0.48 THz, ω2 = 2.1 THz and ω3 = 3.2 THz. We can see that the resulting polariton modes are in good agreement with the transmission resonances,
and, most importantly, they maintain their same (at first sight) anomalous
features: in the doping-sweep spectrum, the upper polariton modes, indicated by the dot-dashed red and dotted magenta curves, follow the same
anti-crossing trend, due the mutual interaction between the first two photon
modes, whose calculated overlap is η2,1 ≈ 0.7. In the cyclotron-frequencysweep, the inclusion of a third higher resonator mode allows to recover the
s-shaped polariton mode (dashed red curve changing into the dotted black
curve at the crossing point), although slightly red-shifted at the maximum
cyclotron frequency. The s-shape derives from having a complete in-plane
overlap between the third and the first photon modes, η3,1 = 1. The reason
is explained as follows. From Eqs. 6.11 and 6.18, we can see that, in the
extreme case of full overlap η3,1 = 1, the coupling parameter g33 , weighting
the one-to-one interaction between the third photon mode and the third electronic mode (orthogonal and degenerate to the others), vanishes, leaving the
cross interaction term dominant. Therefore, in this case, both the photon
modes ν = 1, 3 couple to a unique electronic excitation mode, leading to a
double anti-crossing, as the one observed in [122].
Let us now observe the in-plane electric field maps for several coupled
modes in Fig. 6.4. These are calculated from Eq. 6.23, as linear combination of all the photon modes components weighted by the respective Hopfield
coefficients. We notice that, exactly as for the simulation, the electric fields
look very similar to the original uncoupled ones where no multi-mode hybridization occurs, while they assume different shapes at the points of larger
hybridization. For example, in the left panel, by following the first two upper
polariton modes (red and magenta curves) as the carrier density increases,
we observe significant modifications: at lower doping, both the electric field
profiles maintain the same shape as the uncoupled fields of frequencies ω1 and
ω2 , pictured in Fig. 6.1(c), while, when the modes overcome the anticrossing
point at higher doping, the electric field maps result a sum and a subtraction
of them. Similar conclusions can be achieved for the coupled fields calculated
in the cyclotron-frequency-sweep case.
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6.4.2

Further Simulations and Numerical Fits

Given the success of our theory to explain the transmission resonances in
the case of an hexagonal resonator, coupled to the cyclotron transitions of a
narrow QWs patch, we investigated then the same metamaterial-QWs compound system in different design configurations. We here present the transmission data obtained by numerical simulations and corresponding numerical
fits obtained through our multi-mode theory for USC.
The simulated unit cell is composed by a THz positive rectangular metamaterial resonator [121, 128], and a QWs stack designed either unstructured,
that is with the same area as the whole unit cell, or structured, which means
as a rectangular patch of size smaller than the average width of the resonator. As we will see, this difference in the design will allow to address
different overlap parameters ην,µ of the bare resonator modes over the area
occupied by the 2DEG of the QWs. Fig. 6.5 shows the results obtained
by simulating the rectangular resonator coupled to an unstructured stack of
NQW = 3 doped QWs with electronic density N2DEG and distant dqw = 30
nm from the resonator . The THz resonator is sketched in panel (c), where
the purple region is occupied by the gold film and the red-shaded region indicates the QW surface, being, in this case, the whole unit cell plane. This
type of resonator manifests two first resonances, one LC-type at ω1 = 0.8
THz and a second dipolar one at ω2 = 1.6 THz, whose electric field in-plane
distribution is shown, respectively, in panels (d) and (e). Panels (a) and
(b) display the simulated transmission spectra, respectively, as a function
the cyclotron frequency ωc at a fixed doping N2DEG = 1 × 1012 cm−2 , and
as a function of the doping at fixed ωc = 0.8 THz. The curves overlaid on
the transmission spectra, represent the polariton modes calculated by numerical fit of the spectral resonances, in the same way as described for the
hexagonal resonator case. The black dashed line indicates, instead, the bare
cyclotron frequency. In this case, the resulting overlap parameter for the
two photon modes is η2,1 = 0.8. Unlike in the hexagonal case, we here do
not observe any evident signature of the multi-mode hybridization, because
of the significantly lower coupling strength due to a limited electron density
range.
Let us observe now what happens in the structured case, when a small
square QWs patch is placed underneath the center of the rectangular resonator (Fig. 6.6(c) ). Panels (a) and (b) of Fig. 6.6 show, exactly as Fig.
6.5, the simulated transmission spectra for the coupled system, and the cal107
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Figure 6.5: Simulation and fit results of unstructured QWs coupled
to a positive rectangular resonator. Panels(a-b): Transmission spectrum and fit frequency modes as a function, respectively, of the cyclotron
frequency and doping electron density. Panel(c): Sketch of the simulated
unit cell, with gold deposition area in purple, and red-shaded QW plane.
Panels(d-e): distribution maps of the electric field enhancement for the lowest two resonator frequency modes. These maps have been created by Prof.
Lange’s group
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Figure 6.6: Simulation and fit results of structured QWs patch
coupled to a positive rectangular resonator. Same features as Fig.
6.5.

109

culated polariton modes. In panel (a) a novel feature of the transmission
spectrum is observable: one of the resonances manifests an S-shape, which,
as seen for the hexagonal case (Fig. 6.1), can only be explained by assuming a full spatial overlap between the resonator modes over the QWs patch
area S (η2,1 = 1). The numerical fit for these simulated data is thus a-priori
performed by diagonalising the Hamiltonian in a three-modes subspace (two
photon modes and one matter mode), obtaining the three polariton modes
showed as black, red and green curves in Figs. 6.6 (a) and (b).
Let us discuss now the physical reason for which the overlap parameters in
these last two cases are significantly different. Although the resonator design
is the same for both the configurations, an important role here is played
by the area and the position of the QWs stack. In the unstructured case,
the area S occupied by the electrons is the whole unit cell surface, where,
on average, the photon modes have a significantly inhomogeneous electric
field distribution . On the contrary, in the structured case, both the electric
fields are highly confined in the small area occupied by the QWs, although
they may potentially have opposite sign. We can naively say that, since
the interaction between the resonator modes on the plane is mediated by the
electrons with high density N2DEG , the more electrons see both the resonator
modes’ electric fields highly confined, the more the latters interact between
each other. This can also be seen from Eq. 6.9 and from the definition of
ην,µ . The normalised cross integral between the modes ν = 2 and µ = 1 is
maximum in the S area over which the mode functions f1 (rj,k ) and f2 (rj,k )
agree in sign and are mostly confined.

6.4.3

Conclusions

In this chapter, it is shown that non-perturbative light-matter coupling regimes
can affect resonator photon fields as well as the matter’s properties. In the
specific case of a THz metamerial resonator coupled to the cyclotron transitions of a 2DEG, we theoretically demonstrate that, at accessible high values
of the normalised coupling, the strongly two-dimensional geometry of the
system can lead to a multi-photon-mode hybridization, significantly changing the electromagnetic field profile of the coupled modes. Our developed
theory succeeds reproducing not only the spectral resonances, but also some
of the electric field in-plane maps obtained by Comsol simulations.
Prof. Lange’s group is currently working on the experimental measurements. Preliminary experimental data are already able to confirm what pre110

dicted by simulations and numerical calculations. These promising results
encourage us to investigate even more different configurations, aiming to the
optimize of the phenomenon. We aim to explore more deeply the nature and
the implications of the multi-mode hybridization, in order to address new
quantum technological applications based on the possibility of controllably
tuning high confined electromagnetic fields .
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Chapter 7
Overall Conclusions
Cavity quantum electrodynamics investigates the interaction of matter with
single photons confined in a cavity. The most intriguing physical effects are
observable when we enter non-perturbative regimes, reached in a broad range
of systems, where values of the normalised light-matter coupling comparable
to the unity not only cause a shift of the optical resonances, but also lead to
significant modification of the properties of the subsystems involved.
My research project had the general aim of uncover significant applicable
phenomena of cavity QED physics, that may lead to important advances in
quantum technologies.
This dissertation began introducing some of the main standard theoretical
models for the description of quantum light-matter phenomena, providing
the reader with the key concepts for the understanding of the following.
In the first chapter, I presented a novel theoretical approach to describe
the non-linear effects coming into play when we detail the internal dipoledipole interactions within a 2LSs ensamble, coherently coupled to the same
cavity mode. Assuming that the dynamics of this kind of systems can be
described by a Dicke-Ising Hamiltonian, I developed a theoretical general
method which, by exploiting the higher order terms of the Holstein-Primakoff
transformations, allows to analytically calculate the polariton spectrum of
the system in term of bosonic excitations for large values of the dipole-dipole
interaction. The interplay between the dipole-dipole and the light-matter
coupling strengths is also investigated, showing that the saturation effects
due to the former have a significant impact on the latter, as the interactions
become comparable with the bare transition frequency.
I also studied the effects of non-perturbative QED regimes on internal
112

matter degrees of freedom. In particular, by taking into account the specific
case of rotational degrees of freedom of an ensamble of a large number of
two-dimensional dipoles coupled to a cavity mode, I demonstrate that an increasing excitation rate (obtained by optical pump) leads to an ordering of the
collective orientational configuration of the dipoles. Most importantly, it is
also demonstrated that this phenomenon is driven by the collective coupling
strength, not by the single-molecule one, and as such potentially observable
at room temperature. It is also shown that as the excitation rate approaches
the unity, saturation effects should be considered without significantly changing the overall orientational ordering trend. The physics described by this
work has a quite general validity. Since the collective light-matter interaction influences the degrees of freedom because of its own dependence upon
them, we may expect that the same phenomenon can be observable on other
systems, such as, e.g. an array of flux-qubits strongly coupled to LC circuit
resonators, where it would be likely possible to measure modifications of the
magnetic flux .
Driven by the ever growing interest about the possible applications of cavity QED phenomena in various research fields, from chemistry and biology to
solid-state technology, I investigated the effects of non-perturbative regimes
on ionization processes. Although the intrinsic irreversible nature of the
ionizing transitions, by studying the well-known case of a cavity-embedded
doped quantum well heterostructure, my calculations predicted that it is
possible not only to achieve SC regime between a discrete cavity mode and
ionizing electronic transitions, but also to create a novel bound exciton state,
bound not by Coulomb interaction but via photon exchange with the cavity field. Most importanlty, this prediction has also been experimentally
demonstrated by reflectivity measurements, carried out by Prof. Raffaele
Colombelli and his group in Paris. Since the preliminary phase of the experimental project, I have been involved in the choice of the optimal design,
supported by several of my numerical simulations, and, afterwords, I have
been in charge of the experimental data analysis. The resultant manuscript
is currently under peer-review.
The precious collaboration with another oversea experimental group, leaded
by Prof. C. Lange of University of Regensburg (Germany), gave me the opportunity and the hint, in the last year, to explore the possible modifications
of the resonator photon field profile in Landau polariton systems at very high
normalised coupling strengths. I developed a general multi-photon-mode
Hopfield theory, able to numerically determine both the polariton spectrum
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and the coupled electric fields. By assuming a non-negligible in-plane interaction between different resonator modes, we demonstrate this leads to a
multi-mode hybridization of the polaritons, whose photon components manifest hybrid electric field distributions. This phenomenon is also meant to
be experimentally proved by Prof. Lange’s group, who gave the honour to
be guest and partecipant to fews of the preliminary experimental sessions.
In conclusion, my research project is clearly only a drop in the sea of possible investigations of non-perturbative regime induced phenomena, but it
can be an encouragement to the research community for the deeper study of
technological game-changer CQED applications.
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Appendix A
Diagonalisation of Dicke-Ising
Hamiltonian
A.1
A.1.1

Diagonalisation of the Hamiltonian for
the transverse field Ising model.
Exact diagonalisation

The Hamiltonian in Eq.3.1 can be diagonalised exactly by performing the
Jordan-Wigner transformation
Y
σ̂n− =
(1 − 2 ĉ†j ĉj )ĉn ,
j<n

σ̂n+

=

Y

(1 − 2 ĉ†j ĉj )ĉ†n ,

(A.1)

j<n

where ĉ†n and ĉn are fermionic creation and annihilation operators satisfying
the anticommutation rules:

ĉn , ĉ†m = δnm ,
(A.2)
 † †
ĉn , ĉm = {ĉn , ĉm } = 0.
(A.3)
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The Hamiltonian in Eq.3.1 then takes the form
ĤF = ω0

N
X

ĉ†n ĉn

+J

N
−1
X

n=1
N
−1
X

+J

n=1

n=1

(ĉ†n ĉn+1 − ĉn ĉ†n+1 )

(ĉ†n ĉ†n+1 − ĉn ĉn+1 ).

(A.4)

We can now pass in momentum space defining the operators ĉk and ĉ†k by
the relations
X
1
ĉn = √ e−iπ/4
eink ĉk ,
N
k
X
1
ĉ†n = √ eiπ/4
e−ink ĉ†k ,
(A.5)
N
k
where the phase factor exp(−iπ/4) is introduced in order to guarantee real
coefficients. The resulting Hamiltonian is then put in the diagonal form in
Eq. 3.2 in terms of the fermionic operators
dˆF,k = αF,k ĉk + βF,k ĉ†−k ,
dˆ†F,k = βF,k ĉ−k + αF,k ĉ†k ,

(A.6)

with
αF,k = r

ω0 + 2J cos k + EF,k
,
2
2
2
ω0 + 2J cos k + EF,k + 4J sin k

βF,k = − r

A.1.2

2J sin k
ω0 + 2J cos k + EF,k

2

.
+

4J 2

(A.7)

2

sin k

The Bose approximation

The Hamiltonian in Eq. 3.1 can be mapped into a fully bosonic one through
the Holstein-Primakoff transformation (see Eq. 3.6). If one retains only the

116

first term of the expansions the Hamiltonian becomes:
ĤB = ω0
+J

N
X

b̂†n b̂n

+J

n=1
N
−1
X

N
−1
X

(b̂†n b̂n+1 + b̂n b̂†n+1 )

n=1

(b̂†n b̂†n+1 + b̂n b̂n+1 ).

(A.8)

n=1

Following a procedure similar to the one used in the exact diagonalisation of
the fermionic case, one can pass in momentum space by the relations
1 X ink
b̂n = √
e b̂k ,
N k
1 X −ink †
b̂†n = √
e
b̂k .
(A.9)
N k
After substituting Eq.A.9 in Eq.Eq. A.8, the Hamiltonian can be put in the
diagonal form in Eq.3.9 by the Bogoliubov transformation
dˆB,k = αB,k b̂k + βB,k b̂†−k ,
dˆ†B,k = βB,k b̂−k + αB,k b̂†k ,

(A.10)

with
αB,k = r
βB,k = r

ω0 + 2J cos k + EB,k
,
2
ω0 + 2J cos k + EB,k − 4J 2 cos2 k
2J cos k
ω0 + 2J cos k + EB,k

2

.

(A.11)

− 4J 2 cos2 k

Introducing the ground state |Gi, defined by the usual relations dˆB,k |Gi = 0
and inverting Eq.A.10 we can then calculate the ground state population of
virtual excitations
1 X
N ≡ hG| b̂†n b̂n |Gi =
hG| b̂†k b̂k |Gi
N k
1 X
η2
=
|βB,k |2 =
+ O(η 3 ).
(A.12)
N k
2
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A.2

Diagonalisation of the bosonic matter Hamiltonian at the first-order Holstein-Primakoff
approximation

After inserting Eq.3.16 into Eq.3.14, neglecting the nonlinear normally-ordered
terms which vanish in the zero- and one-particle subspace, one obtains the
Hamiltonian in Eq.3.17, where the linear coefficients are
2
2
Ak = ω0 (αB̃,k
+ βB̃,k
) + 2(αB̃,k + βB̃,k )2 J cos k,

Bk = ω0 αB̃,k βB̃,k + 2(αB̃,k + βB̃,k )2 J cos k,
2
2
),
Ck = ω0 βB̃,k
+ J cos k(2αB̃,k βB̃,k + βB̃,k

(A.13)

and the nonlinear ones are
f (k, k 0 ) = 2 αB̃,k βB̃,k0 + αB̃,k0 βB̃,k

+2 αB̃,k βB̃,k cos k 0 αB̃,k0
g(k, k 0 ) = 4 βB̃,k0 αB̃,k + βB̃,k



αB̃,k + βB̃,k αB̃,k0 + βB̃,k0 (cos k + cos k 0 )
2
2
2
,
+ βB̃,k0 + 2 βB̃,k
0 cos k αB̃,k + βB̃,k



2


αB̃,k0 + βB̃,k0 (cos k + cos k 0 )
2
2
2
2
+2 αB̃,k
cos k 0 αB̃,k0 + βB̃,k0 + 4 βB̃,k
0 cos k αB̃,k + βB̃,k
2
2
+2 βB̃,k
cos k 0 αB̃,k0 + βB̃,k0 ,


h(k, k 0 ) = 2 βB̃,k βB̃,k0 (cos k + cos k 0 ) αB̃,k + βB̃,k αB̃,k0 + βB̃,k0
2
2
+2 βB̃,k
cos k 0 αB̃,k0 + βB̃,k0 .

(A.14)
(A.15)

The coefficients αB̃,k and βB̃,k can then be determined perturbatively to the
second order through Eq.3.18 by writing
(0)

(1)

(2)

βB̃,k ≈ βB̃,k + βB̃,k η + βB̃,k η 2 ,
αB̃,k



(1)2
(0) (2)
(0)2
q
β
+
2β
β
βB̃,k
B̃,k
B̃,k B̃,k
(0) (1)
2
≈
1 + βB̃,k
≈1+
+ βB̃,k βB̃,k η +
η2,
2
2
(A.16)

and solving analytically the resulting algebraic system.
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A.3

Diagonalisation of the Bosonic light-matter
Hamiltonian

The bosonic light-matter Hamiltonian in Eq.3.26 can be diagonalised using
an approach originally due to Hopfield [51]. For the sake of clarity in this
Appendix we will drop the O subscript from the bosonic operators and the
effective coupling as the outlined procedure is valid for arbitrary bosonic
operators.
h
iT
In the basis v̂k = âk dˆk â† dˆ†
, the Hopfield matrix for the Hamil−k

−k

tonian of Eq.3.26 is


so that


ω̃k −Λk
0
Λk
−Λk Ek
Λk
0 

Mk = 
 0
−Λk −ω̃k Λk 
−Λk
0
Λk −Ek

(A.17)

1
(A.18)
Ĥ = v̂k† µMk v̂k ,
2
with µ =diag[1, 1, −1, −1] the bosonic metric matrix.
The eigenvalues of Mk are
i 12
1 h
(A.19)
Ek± = √ ω̃k2 + Ek2 ± ∆k ,
2
h
i 21
2
2 2
2
with ∆k = (ω̃k − Ek ) + 16Λk ω̃k Ek .
iT
h
If we define the vector p̂k = p̂−,k p̂+,k p̂†−,−k p̂†+,−k , the Hamiltonian can
then be put in the diagonal form
1
H = p̂†k µDk p̂k ,
2

(A.20)

where Dk = diag[Ek− , Ek+ , −Ek− , −Ek+ ].
The vectors p̂k and v̂k are related by the relation p̂k = U † µ v̂k , where U is
the unitary transformation matrix. The extended expressions for the lowerand upper-polariton operators p̂−,k and p̂+,k are then:
p̂−,k = x− âk + y− dˆk + w− â†−k + z− dˆ†−k ,
p̂+,k = x+ âk + y+ dˆk + w+ â† + z+ dˆ† ,
−k
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−k

(A.21)

where the coefficients of the transformations, which can always be chosen
real, are the components of the eigenvectors:


 
ω̃k + Ek±
x±


− 12 
2Λk ω̃k

2
 y± 
±
E
ω̃
4Λ


k
k
E
k
±
k −Ek
  = 4E ω̃k 1 +

±  .(A.22)
k
±2
2 2
w ± 
−(ω̃
−
E
)

(Ek − Ek )
k
k 
2Λk ω̃k
z±
,
E ± +E
k

k

where normalisation factor is found by imposing
thatithe operators p̂−,k and
h
p̂+,k to obey bosonic commutation rules p̂±,k , p̂†±,k0 = δk,k0 . The inverse
relation v̂k = U µ p̂k allows us to express the operators âk and dˆk as a linear
combinations of p̂−,k and p̂+,k as
âk = x− p̂−,k + x+ p̂+,k − w− p̂†−,−k − w+ p̂†+,−k ,
dˆk = y− p̂−,k + y+ p̂+,k − z− p̂†−,−k − z+ p̂†+,−k .

A.4

(A.23)

Diagonalization of the light-matter Hamiltonian at the first order Holstein-Primakoff
approximation

Analogously to what has been done for the isolated Ising chain, we aim
to diagonalise the full Dicke-Ising Hamiltonian in the first order HolsteinPrimakoff approximation, obtained by plugging Eq.3.13 in Eq.3.21, including
the nonlinear part of the light-matter Hamiltonian in Eq.3.35. The multimode equivalent of Eq.3.16 reads
âk = xB̌,− p̂−,k + xB̌,+ p̂+,k − wB̌,− p̂†−,−k − wB̃,+ p̂†+,−k ,
b̂k = yB̌,− p̂−,k + yB̌,+ p̂+,k − zB̌,− p̂†−,−k − zB̌,+ p̂†+,−k ,

(A.24)

where the Hopfield coefficients will be determined by diagonalising the quadratic
part of the normally-ordered Hamiltonian expressed in terms of the polaritonic operators. By requiring that all the non-diagonal terms must go to
zero, we then recover a nonlinear system of equations for the Hopfield coefficients. In order to simplify the analytic calculation, we first expand the
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coefficients xB̌,± ,yB̌,± , zB̌,± , and wB̌,± respect to the normalised couplings η
and ν up to the second order
(0)

(1,η)

(1,ν)

(2,η)

(2,ην)

(2,ν)

(0)

(1,η)

(1,ν)

(2,η)

(2,ην)

(2,ν)

(0)

(1,η)

(1,ν)

(2,η)

(2,ην)

(2,ν)

xB̌,± ≈

xB̌,± + xB̌,± η + xB̌,± ν + xB̌,± η 2 + xB̌,± ην + xB̌,± ν 2 ,

yB̌,± ≈

yB̌,± + yB̌,± η + yB̌,± ν + yB̌,± η 2 + yB̌,± ην + yB̌,± ν 2 ,

zB̌,± ≈

zB̌,± + zB̌,± η + zB̌,± ν + zB̌,± η 2 + zB̌,± ην + zB̌,± ν 2 ,

wB̌,± ≈

(0)

(1,η)

(1,ν)

(2,η)

(2,ην)

(2,ν)

wB̌,± + wB̌,± η + wB̌,± ν + zB̌,± η 2 + wB̌,± ην + wB̌,± ν 2 .(A.25)

By solving the system of equations, we obtain the expressions of the coefficients:
xB̌,− ≈ 1 −

2ω04 ν 2
,
(ω02 − ωk2 )2

3/2

3/2

xB̌,+ ≈
yB̌,− ≈
yB̌,+ ≈
zB̌,− ≈
zB̌,+ ≈

cos k(ω0 + ωk )ω0 ην
ω0 ν
+
,
√
√
ωk (ωk − ω0 )
ωk (ωk − ω0 )2
√
5/2
3/2
4 cos k ωk ω0 ην
ω0 ν
−
,
√
ωk (ω0 − ωk ) (ωk − ω0 )2 (ωk + ω0 )
1 2
2ω04 ν 2
2
1 + η cos k −
,
2
(ωk − ω0 )2 (ωk + ω0 )2
√
5/2
3/2
4 cos k ωk ω0 ην
ω0 ν
−
,
√
ωk (ωk + ω0 ) (ωk2 − ω02 )(ωk + ω0 )
!


X 1
ω02
ω02
1
2
2
2
−ν
+
,
η cos k − η 2 cos k −
2
ω02 − ωk2
N 2(ωk0 ω0 + ωk20 )
k0
ω04 ν 2
,
ωk2 (ωk2 − ω02 )

wB̌,− ≈

−

wB̌,+ ≈

ω0 ν
cos k(ωk − ω0 )3 ην
+ √
.
√
ωk (ωk + ω0 )
ωk ω0 (ωk2 − ω02 )

3/2
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(A.26)

Appendix B
Theory of bound-to-continuum
strong coupling
B.1
B.1.1

Theory of bound-to-continuum strong coupling
Calculation of the bare electronic wavefunctions

Following the approach described in Ref. [129] we determine the electronic
c
numerically
envelope functions φn (z) and their subband-edge energies h̄ωn0
solving the eigenequation
 2

h̄ ∂
1 ∂
c
−
+ V (z) φn (z) = h̄ωn0
φn (z),
(B.1)
2 ∂z m∗ (z) ∂z
where the potential due to band offset V (z) and the effective mass m∗ (z) are
piecewise constant. Solution of Eq. B.1 can then be numerically calculated
∂
φn (z) at the interfaces [14].
enforcing the continuity of φn (z) and m∗1(z) ∂z
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Appendix C
Theory of Landau Polaritons
C.1

Light matter Hamiltonian in Coulomb
gauge

Let us consider the Hamiltonian describing a two-dimensional electron gas
(2DEG) of N electrons of charge −e and effective mass m∗ interacting with
a resonator photonic field in the Coulomb Gauge

2
"
#
Z
N
X p̂j + eÂ(rj )
0 Ê⊥ (r)2 B̂(r)2
Ĥ = dr
+
+
+ V (r),
(C.1)
2
2µ0
2m∗
j=1
expressed in terms of the electric and magnetic field vectors Ê(r) and B̂(r),
the potential vector Â(r) and the Coulomb potential V (r) . The first term
represents the energy of the transverse fields B̂(r) and Ê⊥ (r) = − Π̂(r)
,where
0
Π̂(r) is the conjugate momentum
ofi the vector potential, which satisfies the
h
0
0
commutation relation Â(r), Π̂(r ) = ıh̄δ T (r − r ). We now consider the
following approximations: first, we neglect the degrees of freedom of charges
in the dielectric background, although considering their effect by substituing
the vacuum dielectric permettivity 0 with the one of medium 0 (r), taken
isotropic and non dispersive; then, thanks to Kohn’s theorem, we can neglect
the Coulomb electron-electron interactions, since it has been demonstrated
that they have no effect on the cyclotron resonance we are investigating.
If, for sake of semplicity, we consider a z-dependent background dielectric
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permettivity, for the electromagnetic field Hamiltonian we obtain
#
"
Z
0 (z)Ê⊥ (r)2 B̂(r)2
+
.
ĤEM = dr
2
2µ0

(C.2)

By expressing the fields in terms of the potential vector Â(r), such that
B̂(r) = ∇ × Â(r)
∂
Ê⊥ (r) = − Â(r),
∂t

(C.3)
(C.4)

we can express the electromagnetic Hamiltonian as


2 
2

Z
∇ × Â(r) 
 0 (z) ∂
Â(r) +
ĤEM = dr 
.
2
∂t
2µ0

(C.5)

By quantizing the electromagnetic field we obtain the vector potential operator
X 

Â(r) =
Cν f∗ν (r)â†ν + fν (r)âν ,
(C.6)
ν

where the index ν counts the electromagnetic modes, fν (r) is the spacial
mode shape function vector and Cν is a normalization factor
1

Cν = (h̄/20 (z)ων Vν ) 2

(C.7)

with the mode effective volume
Z
Vν =

dr|fν (r)|2 ,

(C.8)

such that, calculated the fields from the vector potential C.6 and plugged in
C.2, this is equal to


X
1
†
.
(C.9)
ĤEM =
h̄ων âν âν +
2
ν
Let us focus now on the light matter interaction. We consider a number
NQW of 2DEGs in which the electrons are distributed and free to move on the
124

x-y plane at z = z2DEG,n and that a static magnetic field Bs is applied along
the z direction. For sake of semplicity, we assume that the electromagnetic
field distribution varies along z enough slowly to consider it homogeneous
within the stack of NQW 2DEGs, and, as such, we assume that light couples
equally to all of them. We can write the total Hamiltonian as

2
N
π̂j + eÂ(rk,j )
X
Ĥ ≈ ĤEM +
,
(C.10)
∗
2m
j=1
where N = NQW · N2DEG S is the total number of electrons on the NQW surfaces S with superficial electron density N2DEG , rk,j is the electron coordinate
on the plane x − y, and π̂j = p̂j + eÂ0 is the in-plane momentum coupling
with the static vector potential A0 , such that Bs = ∇ × A0 .
Let us introduce the bosonic lowering operator between the Landau levels
with cyclotron transition frequency ωc
π̂y,j + iπ̂x,j
,
ĉj = √ ∗
2m h̄ωc

(C.11)

satisfying [ĉj , ĉ†j ] = 1. Then the total Hamiltonian can be rewritten as

N
N 
X
X
π̂j2
e
e2
2
Ĥ = ĤEM +
+
π̂j · Â(rk,j ) + ∗ Â(rk,j ) =
2m∗ j=1 m∗
m
j=1
N h
N
i
X
X
π̂j2
e 
+
π̂
Â
(r
)
+
π̂
Â
(r
)
= ĤEM +
−,j + k,j
+,j − k,j
2m∗ j=1 m∗
j=1

(C.12)

(C.13)

N
X
e2
+
Â− (rk,j )Â+ (rk,j ) =
m∗
j=1
#

 X "r

2 
X
1
h̄ω
e
c
= ĤEM +
h̄ωc ĉ†j ĉj +
+
ĉ†j Â+ (rk,j ) + ĉj Â− (rk,j )
∗
2
m
j
j
N
X
e2
+
Â− (rk,j )Â+ (rk,j ),
m∗
j=1

(C.14)
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√
√
with π̂±,j = (π̂x,j ∓ iπ̂y,j ) / 2, which means ĉj = π̂+,j / m∗ h̄ωc , and
Â± (rk,j ) =

Âx (rk,j ) ∓ iÂy (rk,j )
√
.
2

(C.15)

Since we defined the vector potential as in Eq.C.6, we can express the two
components Â± (rk,j ) as
X

∗
Â± (rk,j ) =
Cν fν,∓
(rk,j )â†ν + fν,± (rk,j )âν ,
(C.16)
ν

√
with f±,ν = (fx,ν ∓ ify,ν ) / 2. Since we assume real the x and y components
∗
of the field, we find f∓,ν
= f±,ν , so the vector potential can thus be written
as
X

Â± (rk,j ) =
Cν f±,ν (rk,j ) â†ν + âν .
(C.17)
ν

Therefore, if we recall fν = fν,− we can write the total Hamiltonian, as
 r

X


h̄ωc e2 X X 
1
+
Cν fν (rk,j )ĉj â†ν + âν + h.c. +
Ĥ = ĤEM +
h̄ωc ĉ†j ĉj +
∗
2
m
ν
j
j

2 XXX
 †
e
∗
†
Cν Cν 0 fν (rk,j )fν 0 (rk,j ) âν + âν âν 0 + âν 0 .
(C.18)
m∗ j ν ν 0
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