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UNIVERSITY OF SOUTHAMPTON

ABSTRACT

FACULTY OF ENGINEERING AND PHYSICAL SCIENCES

DEPARTMENT OF MECHANICAL ENGINEERING

Doctor of Philosophy

by Daniel M. McKay Fletcher

Organic acid exudation and the ability of plants to respond to heterogeneous nutrient supplies
in the soil are two traits that are important for phosphorus acquisition. The ability of plants to
react to heterogeneous nutrient supplies is an instance of pheneotypic plasticity, known as root
plasticity. This trait is evolutionary beneficial as plants can identify regions of soil that have high
phosphorus content and proliferate in those regions, ultimately resulting in lower photosynthate
expenditure on acquiring phosphorus. Organic acid exudation is the release of weak acids from
the root into the soil. These acids are thought to improve phosphorus acquisition by increasing
the solubility of phosphorus in soil. However, quantifying the benefit of these two traits experi-
mentally remains a difficult problem due to challenges in controlling root growth, exudation and
root surface area.

In this thesis we used mathematical modelling to assess the relative benefits of these two traits.
Special attention was paid to the real root geometries and phosphorus movement in the mod-
els; both were characterised by complimentary experiments. In particular, we used 3D X-ray
computed tomography images of plant roots grown in soil as the geometry in our models. Fur-
thermore, two approaches for measuring soil phosphorus were used to verify the results obtained
from the models. One approach was elemental mapping (Scanning Electron Microscopy with
Electron Dispersive X-ray Spectroscopy) of thin-sections of soil samples. From these maps,
elemental concentrations of phosphorus was determined, which were then compared to model
predictions. Another experimental technique was the use of microdialysis probes to sample soil
solution and evaluate soil phosphorus concentrations at a range of different times. Microdialysis
probes can also exude solutes as they sample soil solution. This functionality is exploited to
verify models of organic acids solubilising soil sorbed phosphorus.

The verified models were then used to investigate the benefit in terms of phosphorus uptake
due to root plasticity and organic acid exudation under realistic soil conditions. Using the root
system of a plant that had responded to a fertiliser pellet and a plant that had not as geometries
in a phosphorus uptake model determined that the responding plant absorbed more phosphorus
from the pellet. Fitting models to the phosphorus uptake/organic acid exudation of microdialysis
probes yielded the rate at which organic acids solubilise soil adsorbed phosphorus. This rate
was used in a model of a single root exuding organic acids and absorbing phosphorus. We found
that for this single root, organic acid exudation did not contribute to phosphorus uptake. This
model was then extended to whole root structure geometries extracted from X-ray computed
tomography images. We found that roots could collectively exude enough organic acids into the
soil to gain a noticeable increase in phosphorus uptake. Moreover, we identified some features
of whole root systems which enhance the phosphorus uptake benefits that derive from organic
acid exudation.
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Chapter 1

Introduction

1.1 Overview

The primary focus of this thesis is the nutrient uptake from soil by plants, specifically the up-

take of phosphorus (P). P is a vital nutrient for plant growth and health as it is a component

in many important plant biochemical reactions including photosynthesis, respiration, seed and

fruit production, root growth and storing energy. As such, P is a fundamental component of

most fertilisers used in agriculture. Worryingly, the traditional P resources for fertilisers, mined

rock phosphate, is quickly dwindling as the population increases and the mines are depleted

(Cordell et al. (2009)). Additionally, climate change is reducing the amount of arable land. All

this contributes to difficulties in producing enough food to feed the growing population. Un-

less these trends are addressed the difficulties will only increase in the following years. One

approach to tackle this problem is a more sustainable agricultural use of P. This can be achieved

through a greater understanding of the interactions between plants and soil. In particular, P fer-

tilisation practices and crop breeding programmes could benefit from a greater understanding of

the processes involved in P uptake.

We focus on two root traits that are thought to play an important role in P acquisition, these

are: root plasticity and organic acid exudation by roots. Root plasticity refers to the ability of

plants to alter root growth in response to environmental factors. In particular, plants can respond

to local high P regions in the soil with local root proliferation, increasing P absorption in that

1
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region. Organic acid exudation is the release of weak acids from roots into the soil. These

acids are thought to improve P acquisition by increasing P solubility in soil. In this thesis we

use a mathematical modelling approach to quantify the increase in P uptake due to these two

traits. Mathematical modelling allows us to control the variables that previous experimental

methods cannot achieve, thereby allowing the contribution of each component of P uptake to

be quantified. However, to ensure the predictability of a model, care has to be taken to accu-

rately parameterise and verify it using experimental data. In this thesis we propose two novel

approaches for parameterising models of P uptake. We go on to use the verified models to

investigate the P uptake benefit due to organic acid exudation and root plasticity.

The work in this thesis is presented as three scientific research articles:

• Chapter 2 corresponds to the article Fletcher, D.M.M., Keyes, S.D., Daly, K.R., Van Vee-

len, A. & Roose, T. (2019), ‘A multi-image-based approach for modelling plant-fertiliser

interaction’, Rhizosphere p. 100152.

• Chapter 3 corresponds to the article Fletcher, D.M.M., Shaw, R., Sánchez-Rodrı̀guez,

A.R., Daly, K.R., van Veelen, A., Jones, D.L. & Roose, T. (2019), ‘Quantifying citrate

enhanced phosphate root uptake using microdialysis’, Plant and Soil.

• Chapter 4 corresponds to the article Fletcher, D.M.M., Ruiz, S.A., Dias, T., Petroselli, C.

& Roose, T. (2020), ‘Linking root structure to functionality: The impact of root system

architecture on citrate enhanced phosphate uptake’, New Phytologist.

The introduction to the thesis is divided into six sections. In section 1.2 we introduce the role

of P in plant nutrition and agriculture. In section 1.3 we review the literature regarding two root

traits, namely root plasticity and organic acid exudation. In section 1.4 we introduce techniques

for modelling plant P uptake from soil. In section 1.5 we introduce experimental approaches

for parameterising models of P uptake. In section 1.6 we summarise the main points of the

introduction. Finally, in section 1.7 we present the structure of the rest of the thesis and the

declaration of work.



Chapter 1 Introduction 3

1.2 Plant Nutrition and Fertilisation

All plants require at least twelve essential nutrients to complete their life cycle; deficiencies in

these nutrients leads to limited growth, reduced grain yields and incomplete life cycles (Barber

(1995)). One of these essential nutrients is phosphorus. Along with nitrogen and potassium

P is required in relatively high amounts, and is thus classified as a primary macro-nutrient.

P makes up between 0.02 and 0.5% of soil, and it is often the limiting factor in achieving

optimal crop yields. A characteristic feature of P is its low mobility in soil compared to other

nutrients. This is due to slow diffusion, fast binding rates to soil particles and slow desorption

rates (Barber (1995)). Compared to the other primary macro nutrients, nitrogen and potassium,

the concentration of P available to plants (i.e dissolved in soil water) in soil is low. Inorganic

P in solution is usually in the form of hydrogen phosphate or dihydrogen phosphate depending

on the pH of the soil solution. Phosphates in solution react quickly with soil minearal surfaces,

reducing the amount available to plants. Furthermore, the majority of P in soil is either in

mineral forms (with very low water solubility), a component in an organic material such as dead

plant matter or bound to the surface of soil constituents such as aluminium or iron oxide (Barber

(1995)).

Plants can react to poor soil conditions in an effort to mitigate nutrient deficiency in one of

two ways. The first is through local changes to the soil environment by altering the chemical,

structural and biological conditions. This altered region of soil is known as the rhizosphere

and is hypothesised to increase the uptake nutrients via a number of processes. For example,

roots can exude organic acids which solubilise soil-sorbed P previously unavailable to the plants

(Gerke, Beißner & Römer (2000)). In addition, roots also exude chemicals that promote bac-

terial growth, these bacteria then play a beneficial role in soil nutrient cycling (Osorio Vega

(2007)). Secondly, plants change their structural development to improve acquisition of nutri-

ents. For example, deficiencies of nitrogen and P result in increased root to shoot ratio in order

to acquire more of the nutrients limiting growth (Hermans et al. (2006)); P scarcity can trigger

early root growth in rice in an effort to overcome the deficiency (Gamuyao et al. (2012)) and

plants can react to locally high nutrient concentrations and promote root growth in that region

(Drew & Saker (1978)).
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Before the industrial revolution, most soil P replenishment came from manure and human waste.

To keep up with food demand for the rapidly growing population, guano (bird or bat excreta, rich

in nitrogen and phosphate) and rock phosphate were used as P rich fertiliser in crop production.

Towards the end of the 19th century guano supplies had started running out, throughout the

20th century the use of mined rock phosphate grew rapidly and was applied in large quantities

to replenish depleted soils (Cordell et al. (2009)). Mined rock phosphate is now the primary

source of P for fertiliser. However, some estimations predict it to run out in the next 50-100

years (Cordell et al. (2009)). Furthermore, Sattari et al. (2016) predicted that P input (both

organic and mineral) to global grasslands will have to be more than four times that of the input

of 2005 to keep up with milk and meat demands in 2050. Combining this with the predicted P

requirements for crop lands, it is estimated that total mineral P use must double by 2050. This

paints a pessimistic future as scarcity of resources tends to result in rising prices of fertilisers

and, hence, food. Some soils in Europe and North America are now said to have reached a level

where only small amounts of P need to be applied in order to replace what is lost to the crops.

Developing agricultural practices that utilise ‘legacy’ P supplies in well fertilised fields will help

reduce P usage in the nutrient rich soils of Europe and America (Stutter et al. (2012)). The same

cannot be said about soils in Asia and Africa where P stocks are low (Cordell et al. (2009)).

Therefore, demand for phosphate rock in these countries has grown with their population rise.

In Sub-Saharan Africa, the new emerging economies, 75% of the soils are said to be ‘nutrient

deficient’. The demand for P fertilisers in this region is likely to increase and the UN has already

called for increased access to fertilisers in this region without an obvious means to supply this

essential nutrient (Cordell et al. (2009)). Rock phosphate is not a renewable resource. Most

reserves are in either Morocco, China or the USA. In the USA, rock phosphate reserves are

said to have approximately 25 years left. To protect their food production, China has imposed a

135% export tariff on rock phosphate. Morocco is in control of approximately one third of what

is left of the world’s rock phosphate supply. However, the political situation here is sensitive.

Morocco occupies Western Sahara to control rock phosphate reserves and the extraction and

trading of rock phosphate with state owned company is condemned by the UN (Cordell et al.

(2009)). Alternate P fertilisation strategies need be developed to address this global issue.

Dwindling and expensive rock phosphate is not the only cause for concern, salinisation of soil,

desertification, increased temperatures and water scarcity due to climate change will all affect
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global food production (Fedoroff et al. (2010)). Current yield growth due to traditional breeding

programmes is not sufficient to meet projected demands for the major grains (Furbank & Tester

(2011)). Fertilisation itself is not a trivial problem, plants need different nutrients at different

points in their life cycle and excess of one nutrient can inhibit the acquisition of another (Ren-

nenberg (1984)). The current soil nutrient status, soil organic matter and acidity affect how some

fertilisers impact on the plant and soil (Vaz et al. (1993)). Additionally, over fertilised fields can

cause problems as water soluble chemicals can move through the ground water and over the soil

surface, subsequently polluting rivers (Breeuwsma & Silva (1992)). Spreading current advances

in agricultural practices globally (Baulcombe et al. (2009)) and innovations in agricultural sci-

ence will be required to produce high yields in sub-optimal nutrient, soil, water and climate

conditions to keep up with the growing populations in an altering climate. One approach is to

harness the innate traits (some of which are mentioned above) of plants to survive in poor con-

ditions via selective breeding or genetic modification (Topp et al. (2016), Fedoroff et al. (2010),

Baulcombe et al. (2009), Den Herder et al. (2010), Koevoets et al. (2016)). Previous research

has identified a rice gene, PSTOL1, which has been shown to increase grain yield in P deficient

conditions (Gamuyao et al. (2012)). Expression of this gene also enhances early root growth

which could explain the plants tolerance to low P (Gamuyao et al. (2012)). Interestingly, this

gene is missing from modern rice varieties, suggesting these varieties would not be suitable for

P deficent soils. Researchers have identified further cases where generations of breeding crops

based on aboveground performance (e.g. grain mass) have negatively impacted belowground

traits (Wissuwa et al. (2009), Den Herder et al. (2010)). Furthermore, a modelling study found

that changes in root system architecture could directly account for historic yield trends in maize

while above ground changes had little direct effect on increases in biomass (Hammer et al.

(2009)), suggesting previously unmeasured changes in belowground traits could partly account

for historic yield increases.

Improving plant belowground phenotyping tools, particularly image-based methods, has been

identified as a new avenue for utilising the genetic wealth of plants for agricultural improvement

(Topp et al. (2016), Furbank & Tester (2011)). When analysing the phenotype of genetic mod-

ifications, the conclusion ‘no visible phenotype’ occurs throughout the literature (Furbank &

Tester (2011)). This is in part due to a lack of appropriate tools to measure the subtle phenotype

differences in roots (Furbank & Tester (2011)). With this in mind, we propose a complimentary
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approach: assessing the functionality of root traits and phenotypes to determine their service-

ability using modelling. This could serve two purposes, firstly, the functionality of a phenotype

may not be immediately clear from visual inspection and further investigation may be required

to determine if the phenotype could be useful in an agricultural setting. Secondly, previously

undetectable phenotypical differences amongst genotypes may manifest themselves under in-

vestigation of functionality. In the following, we describe two root traits, namely root plasticity

and organic acid exudation, and we review the literature to evaluate their role in P acquisition.

1.3 Root traits

Two root traits are studied throughout this work; the root response to heterogeneous nutrient

distribution and the exudation of organic acid to solubilise previously unavailable P. These traits

are thought to be important under P deficiency, however, we also discuss how they could be

utilised to improve fertiliser use efficiency. We highlight that these two traits are inherently

linked using the example of cluster roots, and uncoupling the two to determine quantitative P

gains for each trait individually is difficult.

1.3.1 Root plasticity

Root System Architecture (RSA) refers to the spatial arrangement of roots within the soil (Lynch

(1995)). The RSA of a plant is formed by altering morphogenetic features such as the root

growth rate, formation of lateral roots and angles of root growth (Rogers & Benfey (2015)).

RSA is known to be governed by genetic and environmental factors, the latter is what we refer

to as root plasticity or more generally as ‘phenotypic plasticity’ (it is worth noting that the RSA

response to environmental factors is ultimately governed by genetics (Niu et al. (2012))). RSA

plasticity is of evolutionarily benefit due to the intrinsic heterogeneous distribution of water and

nutrients within the soil combined with the complex mechanical properties that inhibit/direct

plant growth (Grossman & Rice (2012), Rogers & Benfey (2015), Rich & Watt (2013), Lynch

(1995)). However, root plasticity comes at the nutrient and carbon expense of forming the roots

and may not always be beneficial (Rajaniemi (2007)). Some authors suggest that root activity

in search of nutrients is so important that plants spend half of their available photosynthate on
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it (Fogel (1985)). RSA carbon cost under P stress may be a significant factor in reduced plant

productivity. Therefore, it is important to take into account the carbon expenditure (both root

biomass and exudation) per unit of nutrient absorbed when considering the nutrient benefits of

root plasticity, this is referred to as ‘uptake efficiency’ (Lynch (1995), Nielsen et al. (1994)).

Despite the significance of root plasticity on the ability to acquire nutrients and water, agricul-

tural breeding programmes typically select plants based on performance in homogeneous growth

media (Grossman & Rice (2012)) and hence overlook root plasticity.

The RSA of plants respond to both nitrogen and P scarcity/heterogeneity (Rogers & Benfey

(2015)). Responses to low nitrogen are species dependent, but in general low nitrogen causes the

roots to grow deeper with fewer roots near the soil surface. Low P typically causes a reduction in

primary root growth, increases lateral and root hair formation and cluster root formation (Rogers

& Benfey (2015), Niu et al. (2012)). We refer the reader to Niu et al. (2012) for a thorough

review of RSA responses to low P availability. Local exposure of high nitrogen and P to primary

roots promotes local lateral formation and extension in barley (Drew (1975)). Figure 1.1 shows

the dramatic localised response when barley is grown in heterogeneous nutrient solution. When

soil was enriched with phosphate patches, P uptake rates increase but not N uptake rates (Jackson

& Caldwell (1991)). However, the authors reason that, as there was no sign of greater root

density in the patches, increased P uptake was due to root proliferation due to P stress prior to the

introduction of the P rich patches. Other experiments have suggested that RSA is important for

immobile nutrients like P but not mobile nutrients like nitrogen when plants are in competition

(Fitter et al. (2002)). Additionally, models have determined that increased root length density is

one of the most important factors for P uptake (Silberbush & Barber (1983)). The RSA response

to nutrient heterogeneity is a trait which could potentially be utilised in fertilisation, particularly

P pellet based fertilisation. Talboys et al. (2016) suggest that the P mineral struvite (known to

be only slightly water soluble, with solubility increasing in the presence of root exudates) shows

promise for efficient P fertilisation. The pellet releases more P in the presence of roots which can

then be absorbed by the plant rather than immobilised by the soil (Talboys et al. (2016)). They

do not mention, however, the potential added benefit of local root proliferation near the pellet

due to root plasticity, increasing P uptake efficiency both in terms of carbon cost and the ratio

of absorbed to immobilised P. This omission may be because the region of high P concentration

due to the pellet (radius in the order of mm) is smaller than the regions of soil considered in
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previous studies (∼ 25 cm Jackson & Caldwell (1989), ∼ 5 cm Zhang & Forde (1998), ∼ 5

cm Drew (1975), ∼ 1.5 cm Gross et al. (1993)) and that the size of regions are often not well

controlled in these previous experiments.

Quantifying the direct P uptake benefit of RSA responses to P heterogeneity is difficult experi-

mentally. In order to induce RSA responses, additional P needs to be added to the soil and thus

the plant will absorb more P than a control by virtue of there being more available in the soil.

Often, equal quantities of P are distributed in contrasting patterns. Yano & Kume (2005) com-

pared P uptake in soil columns with additional P distributed in half-half (half the soil column

was treated with P) arrangements or as many small patches. They found plants in the half-half

distribution absorbed more P but the authors did not consider uptake efficiency. In a similar

study Kume et al. (2006) found uniformly distributed P performed the best in terms of P uptake

per plant but patchy distributed P performed better in terms of P uptake per unit root length.

However, root plasticity is beneficial because it allows the plant to adapt and make the most of

the quantity and distribution of the available P. Hence, these types of experiments do not capture

the entire benefit of root plasticity for P acquisition in natural conditions as each condition has

the same quantity of available P.

Experiments which compare P uptake in varieties/mutants which are less plastic may have scope

to quantify the benefit of plasticity (Fitter et al. (2002)). However, the current lack of understand-

ing of the genes which control root phenotypes, as well as the lack of phenotyping in soil, makes

it hard to identify such varieties and mutants (Topp et al. (2016)). Typically, RSA measurements

are limited to root length/mass when assessing the plastic response of RSA to nutrient distri-

bution (Kume et al. (2006), Flavel et al. (2012), Fitter et al. (2002)). 3D techniques are now

being used in phenotyping to determine the genetics of RSA traits (Topp et al. (2013)). These

include geometrical and topological measurements of RSAs such as solidity, convex hull vol-

ume and ‘bushiness’ which could be important factors in a plant’s ability to acquire nutrients

(Topp et al. (2013)). However, variations in root surface area will likely dominate P uptake

response and may overwhelm any possible benefits that could be attributed to other root plastic

responses (Raghothama & Karthikeyan (2005)). Mathematical modelling allows more control

when investigating P benefits from root plasticity. In a modelling study, root P uptake in patchy

P distributions was evaluated for both a model root system that had proliferated in response to
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P and one that had not. It was found that model plants with root plasticity absorbed 28% more

P from the P patches but the authors did no consider uptake efficiency (Jackson & Caldwell

(1996)). However, there are difficulties associated with representing the RSA within a model

due to its geometric complexity and the low throughput of imaging RSA in situ. Clearly there

are numerous questions to be answered in terms of how to assess P uptake, how to capture

RSA within a model and the relationship between RSA and P uptake. We will return to these

questions throughout this thesis.

FIGURE 1.1: RSA response of barley (Horedeum vulgare) to varying nutrient distributions
when grown in nutrient solutions. LHL refers to strips of low, high and low layers of nutrients
starting from the top. Layers of high nutrient solution have 100 times more nutrients than low.
The lines demonstrate where each layer starts. HHH have complete nutrient solution in all

layers. Taken from the seminal work of Drew (1975).

1.3.2 Organic Acid Exudation

Organic acids exuded by roots, such as citrate, malate and oxalate are thought to serve a number

of purposes, including metal-tolerance (particularly aluminium) and the promotion of microbial
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proliferation in the rhizosphere which in itself serves a number of beneficial purposes (Jones

(1998), Pellet et al. (1995)). Of importance for this work, is that organic acids can solubilize

P and other nutrients adsorbed to the soil surfaces (Gerke, Beißner & Römer (2000), Oburger,

Jones & Wenzel (2011)). Roots contain a wide range of organic acids internally, some are

known to be intermediate compounds in energy cycles, for example citrate and malate in the

tricarboxylic cycle. Typically, the quantity of organic acids within roots is between one and four

percent of total dry weight (Jones (1998)). Equilibrating the cation-anion (i.e positive-negative)

imbalance within the roots caused by root absorption of positively charged nutrients is known to

partly govern organic acid concentration within roots (Jones (1998), Chang & Roberts (1991),

Marschner (1995)). This feature of organic acids contributes to metal-tolerance through the

organic acid (both exuded into the soil and within the root) reacting with the positively charged

metal ions rendering them benign (Jones (1998)). Similarly, lack of phosphate ions within the

roots would lead to an accumulation of organic acid anions, therefore exudation of these ions

would amend the positive-negative in balance within the root.

The large organic acid concentration gradient between the root (0.5−10 mM) and the adjacent

soil and the electric-charge gradient across the root membrane are proposed to be passive mech-

anisms of organic acid release (Jones (1998)). Roots can alter organic exudation rates based on

their developmental stage and in response to biotic and abiotic stresses, such as nutrient defi-

ciency and metal toxicity (Adeleke et al. (2017)), suggesting there are active mechanisms for

exudation. The opening of channels within the root lipid bilayer is one such mechanism (Jones

(1998)). An understanding of organic acid exudation (exudation in general) patterns remains elu-

sive due to the difficulty in measuring the spatiotemporal dynamics of exudates in situ. Organic

acids can immediately react with the soil or are removed by microbes. Furthermore, measure-

ments of organic acids in soil depend heavily on the choice of sampling technique. Hydroponic

systems eliminate some of these problems, however, this approach fails to capture many impor-

tant processes that are prominent in soil, including microbial degradation, soil sorption, variable

pore sizes and heterogeneously distributed water (Oburger & Jones (2018)).

Although organic acids are known to solubilise soil-adsorbed P, the contribution of these acids

to P uptake remains unclear. A number of experiments have been carried out to investigate the

concentration of organic acid added to the soil solution versus the concentration of P in soil
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solution, determining at least 1 mM of organic acid is required to solubilise significant amounts

of P (Gerke, Beißner & Römer (2000), Jones & Darrah (1994), Khademi et al. (2010), Mench

& Martin (1991)). Concentrations of citrate in the soil are often reported between 1 and 50

µM which significantly less than the required concentration for P solubilisation (Khademi et al.

(2010)). However, as mentioned, sampling root exudates in soil is difficult. Measurements of

soil solution are often bulk-scale and may average-out small regions of high citrate concentration

immediately adjacent to the root (Khademi et al. (2010)). Furthermore, organic acid exudation

and subsequent soil adsorption, P solubilisation and root P uptake are dynamic processes; sin-

gular bulk scale measurements of organic acid concentrations may not be representative of the

process (Jones (1998)). More details on the mechanisms of organic acid P solubilisation are

introduced in chapter 3.

Researchers have used mutants/varieties of high or low organic acid exuding plants to quantify

the benefits of citrate exudation in terms of additional P absorbed. Lopez-Bucio et al. (2000)

created transgenic tobacco plants that had increased synthesis and exudation of citrate (one line

two-times, another four-times the amount of citrate exuded by the control plant). They found

the mutants could complete their life-cycle in low P alkaline soil while the controls could not.

Furthermore, when grown in the same soil which was supplemented with all nutrients at op-

timal conditions except for P there was no difference in dry shoot mass after 30 days, but the

mutants had between 23 and 35% more fruit dry weight. To confirm that the increased vigour

in the mutants was due to citrate exudation, 1 mM of citrate was added to the soil. In this sit-

uation no difference in biomass could be detected between the control and mutants. However,

the concentration of citrate added in this case is much more than that exuded by plants and thus

this verification is not conclusive. Furthermore, there was no consideration of variations in root

length between the control and mutants. This may be an important factor as later experiments

have failed to confirm the results of Lopez-Bucio et al. (2000). Delhaize et al. (2001) tried to

replicate the mutants of Lopez-Bucio et al. (2000) and found they exuded similar quantities of

citrate as the control. No difference in shoot biomass could be detected between low and high

citrate exuding near-isogenic wheat varieties (Ryan et al. (2014)). In the work of Ryan et al.

(2014), shoot weight in poor P conditions were normalised by shoot weight in optimal nutri-

ent conditions to account for the inherent vigour of the high-exuding plants relative to the low.

Above ground vigour suggests there could also be a difference in RSA between the two varieties
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which could account for the P-tolerance of the high-exuding wheat rather than (or along with)

citrate exudation. In another study by Güsewell & Schroth (2017), the benefit of citrate exu-

dation could not be detected; high and low exuding subgenera had similar growth responses to

varying soil P conditions. High exuding mutants of rapeseed had higher P accumulation in their

shoots compared to the wild type in both low and high P conditions (Wang, Xu, Kou, Shi, Zhang

& Xu (2013)). However, these authors did not normalise the low P results by the high P results

to account for any natural vigour of the mutant (as in Ryan et al. (2014)). Relative vigour may

well explain this result: percentage difference of shoot P content between the wild type and the

high exuding mutant was three times higher in the high P conditions than the low P conditions.

This is particularly notable as organic acid exudation is known to be important when plants are

under P stress as opposed to optimal P conditions. Furthermore, there was no consideration

of variations in RSA nor was root P content measured. Similarly, Koyama et al. (2000) found

high exuding Arabidopsis thaliana mutants had higher P content in their leaves than the wild

type. However, they also reported that the root elongation rate in most of the mutants was more

than 20% higher than the wild type. Interestingly, the high exuding mutant which had similar

elongation rates to the wild type had similar leaf P content to the wild type. A high malate

exuding tobacco plant absorbed more P than the wild type when P was supplied as aluminium

phosphate, iron phosphate and calcium phosphate but not potassium phosphate. However, root

length in the mutant was greater than the wild type in all P treatments except in the potassium

phosphate treatment (Lü et al. (2012)). These studies have demonstrated that determining the P

gains from organic acid exudation is difficult experimentally. Root length/surface area needs to

be quantified due its large contribution to P uptake (Silberbush & Barber (1983)). When a high

exuding plant absorbs more P than a low exuding plant but also has more roots, it is unclear

whether the high exuding plant absorbed more P because of its increased root surface area, or

because organic acids provided a P boost which supplied the nutrients for root proliferation.

Similar to root plasticity, many researchers use modelling approaches to gain more control when

assessing the benefits due to organic acid exudation in P uptake. When modelling a single sugar

beet root Gerke, Römer & Beißner (2000) found that oxalate exudation could increase P uptake

by a factor between 1.5 and 6 when compared to a non-exuding root in P fixing conditions.

Similarly, a model root system growing in a rhizotron was found to absorb up to 11% more P

due to citrate exudation depending on exudation patterns (Schnepf et al. (2012)). It is important
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to consider the entire root system when modelling citrate exudation and P solubilisation as roots

in close proximity can collectively create regions of high organic acid concentration in the soil,

known as facilitation (De Parseval et al. (2017)). However, modelling approaches for assess-

ing the serviceability of citrate exudation for P uptake are not without their problems. Due to

the difficulty in measuring root exudates, accurately determining the rate at which roots exude

organic acids is difficult. Organic acids react with the soil constituents and are consumed by

microbes which are heterogeneously distributed in the soil. These interactions may have feed-

back loops (a greater carbon supply for microbes will increase their population) and are likely

non-linear (Jones (1998), Oburger, Leitner, Jones, Zygalakis, Schnepf & Roose (2011)). Fur-

thermore, there is a lack of consistent spatiotemporal methods for measuring organic acids and

P in soil (Oburger & Jones (2018)). Therefore, determining and parameterising the mechanism

which governs solubilisation of P in soil by organic acids (which ultimately determines the ef-

fectiveness of organic acids for P uptake) remains challenging. Previous models often estimate

these parameters based on intuition (Zygalakis & Roose (2012)), or use bulk-scale experiments

(Gerke, Beißner & Römer (2000)). Improving parameterisation methods is vital for reliably

determining the effectiveness of organic acids for P uptake via modelling. However, models

(without parameterisation) can offer hypothesis and inform future experiments. We discuss ap-

proaches for modelling organic acid solubilisation of P from soil in chapter 3.

Root organic acid exudation is a trait that can also be utilised in P fertilisation. Struvite (NH4

Mg PO4· 6H2O) is a renewable source of P (and nitrogen), and is a candidate for next-generation

sustainable fertilisation (Talboys et al. (2016)). Struvite pellets are only slightly soluble in water

(169.2 mg l−1 25◦C (Bhuiyan et al. (2007)), but its solubility dramatically increases in the

presence of root exudates, e.g. citrate, oxalate, malate and acetate (Ahmed et al. (2016), Talboys

et al. (2016)). As such, fertiliser dissolution is promoted when roots are near the pellet and

the plant will absorb the P rather than the P becoming immobilised by the soil. While this

could provide some benefit in fertiliser efficiency, struvite does not supply enough P in the

early stages of plant development. Therefore it has been suggested that using a mixed struvite-

Monoammonium Phosphate (MAP) fertiliser can overcome this issue due to the solubility of

MAP (Talboys et al. (2016)). Subsequent reports explicitly demonstrate plants that were grown

with pure granular struvite over 100 days have dry matter yield only increased 4 times in acid-

P-deficient soils and 1.6 times in calcareous-P-deficient soil, while MAP pellets increased dry
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matter yield 20 and 10 times respectively (Everaert et al. (2017)). However, these measurements

did not take into account the carbon cost of the Root System Architecture (RSA) required to

achieve these yields, nor the P immobilisation through soil adsorption. Both these qualities have

been identified as potential contributors to sustainable P fertilisation (Talboys et al. (2016)).

1.3.3 Cluster roots

Cluster roots are a plastic root response to nutrient deficient soil characterised by a large number

of branch roots (known as ‘rootlets’) over a small length of an axial root. The rootlets have

a short life cycle but are constantly replaced by growth of the axial root (Shane & Lambers

(2005)). The cluster root response occurs in multiple plant families, Proteaceae, Casurinaceae,

Fabaceae and Myricaceae for example; and can be found in some crop species e.g. Lupinus albus

(White Lupin), Macadamia integrifolia (Macademia nut) and Cucurbita pepo (Field pumpkin)

(Shane & Lambers (2005)). The cluster roots of Hakea prostrata at a number of stages in

their life cycle can be seen in Figure 1.2. P deficiency initiates cluster root formation as does

low nitrogen, iron and potassium (Liang & Li (2003), Arahou & Diem (1997)). Cluster roots’

strategy for P acquisition in poor soil is two pronged. Firstly, the increased root surface in

contact with the soil allows access to more soil P. Secondly, cluster root organic acid exudation

is thought to be two orders of magnitude higher than non-cluster root forming species (Shane

& Lambers (2005), Jones (1998), Schubert (2005)). The ‘P mining’ ability of these roots is

amplified by the root density causing organic acid facilitation; roots in close proximity exude

simultaneously creating high organic acid concentrations in the soil. Cluster-root formation

is found in almost all species in the Proteaceae family, it is no coincidence that these species

can inhabit the severely nutrient-impoverished soils of South Africa and Australia (Shane &

Lambers (2005)). Models have suggested that cluster roots can absorb 35% additional P from

citrate exudation due to their dense RSA (Zygalakis & Roose (2012)).

Cluster-root forming species’ two pronged approach for survivability in severe nutrient defi-

ciency justifies their expensive carbon cost of their formation and enhanced organic acid exu-

dation (Shane & Lambers (2005)). The function and strategy of cluster roots is not limited to

cluster root forming species; we evaluated the two facets of the cluster-root strategy in non-

cluster-root forming species in the previous two subsections, we found it was hard to decouple
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the P gains of organic acid exudation from RSA changes. These two traits are highly exaggerated

in cluster-roots which suggest that organic acid exudation and RSA plasticity are fundamentally

interlinked. Although cluster roots are not studied in this thesis, they offer a heuristic as to why

RSA and organic acid exudation may need to be considered together.

FIGURE 1.2: Six ages of the cluster roots of H. prostrata grown in nutrient solution with
extremely low P (≤ 1 µM). The ages of the cluster roots are displayed below. The white scale

bar is 10 mm. Taken from Shane & Lambers (2005)

1.4 Modelling Plant Phosphorus Uptake

1.4.1 Why use modelling?

In the previous section we discussed the difficulties in determining the role of two root traits

in P uptake experimentally. When assessing the response of plants to heterogeneous nutrient

distribution, additional P had to be introduced to the growth media to induce the plastic response.

Hence, it was hard to maintain a like-for-like comparison with a control. Furthermore, we

argued that because root surface area dominates P uptake, determining the benefit of other RSA

(topological or geometrical) variations would be difficult. Similarly, when assessing the benefit



16 Chapter 1 Introduction

of organic acid exudation in terms of P uptake, it was difficult to control for variations in RSA,

which could also account for increased P uptake. When using mathematical modelling, the

equations controlling root traits can be turned on or off to determine their benefit under varying

soil conditions. For example, models can achieve the control that the previously cited authors

aimed for in the experiments with high/low organic acid exuding mutants. A model can be

solved both with and without organic acid exudation using the same RSA and P conditions to

quantify the benefit of organic acid for P uptake (Schnepf et al. (2012), Gerke, Römer & Beißner

(2000), Zygalakis & Roose (2012)). However, in order to make such confident predictions, the

model must first be parameterised and verified through comparison to experiments in order to

confirm the models accuracy ((Roose et al. (2016), Vereecken et al. (2016))).

1.4.2 Modelling P uptake

A single root model

Models describing nutrient movement and the uptake of nutrients by plants have existed since the

1960s (Barber (1995)). The classic Nye-Tinker-Barber model describes the uptake of nutrients

by a single root and often forms the basis for many more advanced models which consider an

entire plant or field. We briefly introduce the Nye-Tinker-Barber model here, a more detailed

explanation is given in the books Barber (1995) and Tinker & Nye (2000). Consider a cylindrical

root of radius r0 within a cylinder of soil with infinite radius and volumetric water content φ1

[m3 of soil solution m−3 of soil] which takes values between the residual water content and

saturation. The movement of nutrients is assumed to be governed by the advection-diffusion-

reaction equation (in cylindrical coordinates)

∂ (φc)
∂ t

=
1
r

∂

∂ r
(rφD

∂c
∂ r

+ rvc)−ds, r0 < r < ∞, (1.1)

where c = c(t,r) [mol m−3] is the concentration of the nutrient at radius r > r0 and t > 0, D [m2

s−1] is the diffusion rate of the nutrient in the pore water, v [m s−1] is the flow of water, and ds

[mol m−3 s−1] is the nutrient-soil adsorption-desorption term given by

ds =
∂cs

∂ t
= kac− kdcs, r0 < r < ∞, (1.2)
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where cs = cs(t,r) [mol m−3] is the concentration of soil adsorped nutrient at r > r0 and t > 0, ka

[s−1] is the rate at which nutrient adsorbs to soil, and kd [s−1] is the rate at which nutrient desorbs

from soil. Often, a simplification is made by assuming adsorption and desorption happen quickly

relative to diffusion and advection i.e. it is assumed soil reactions are in equilibrium, arriving at

cs ≈
ka

kd
c. (1.3)

ka/kd is defined as the buffer power, b, of the nutrient in the soil, it represents the proportion of

soil adsorbed nutrient to nutrient in solution. Substituting the time derivative of equation (1.3)

into (1.1) we obtain1

(φ +b)
∂c
∂ t

=
1
r

∂

∂ r
(rφD

∂c
∂ r

+ rvc), r0 < r < ∞, (1.4)

To represent the single cylindrical root with radius r0 absorbing nutrients, the Michaelis-Menten

equation is used as a boundary condition,

φD
∂c
∂ r

+ vc =− Fm(c− cmin)

Km +(c− cmin)
, r = r0, (1.5)

where Fm [mol s−1 m−2] is the maximum nutrient uptake rate, cmin [mol m−3] is the soil solution

nutrient concentration when uptake stops and Km [mol m−3] is the nutrient concentration when

uptake is half of Fm (Barber (1995)). Figure 1.3 demonstrates the relationship between the

Michaelis-Menten parameters (Fm, Km and cmin), nutrient concentration and root absorption rate.

An initial uniform concentration of nutrient in the soil is usually assumed. Far from the root it

is assumed the root does not affect the nutrient concentration

c(t = 0) = c0, r0 < r < ∞, (1.6)

c = c0, r→ ∞. (1.7)

The non-dimensional Péclet number (the non-dimensional ratio of advection to diffusion) is

small for P due to its high soil buffering, hence, the advective transport of P is often assumed

to be negligible (v = 0) (Roose et al. (2001), Jungk & Claassen (1997), Heppell et al. (2015a)).

1We need two time scales to do this rigorously
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FIGURE 1.3: Michaelis-Menten uptake kinetics. The relationship between nutrient concentra-
tion, c [mol m−3] at the root surface, r = r0, and root nutrient uptake per root surface area [mol
s−1 m−2] i.e. the right hand side of equation (1.5). The parameter values are selected to be rep-
resentative of phosphorus, Fm = 3.26×10−2 mol s−1 m−2, Km = 200 mol m−3 and cmin = 20
mol m−3 Barber (1995). One can see Km is the nutrient concentration when root uptake is half

Fm.

This model is suitable for measuring the P absorption by a single root with uniform uptake

properties in homogeneous soil. However, when considering the P absorption of an entire plant,

the RSA also needs to be considered.

A root system model

Roose et al. (2001) extended the Nye-Tinker-Barber model to measure the P uptake of an entire

plant, see also Heppell et al. (2015b). This was achieved by considering the RSA as parameters

and using an approximate analytic solution for P uptake in the single root model. Each root was

considered to have radius a and it was assumed that the roots were much farther apart than a

so that roots do not interact. An approximate analytic solution for P flux, FD(t,a), of the single

root model (assuming v = 0) was found using a perturbation approach by Roose et al. (2001):

FD =
2Fmc0

Km + c0 +L+(4c0Km +(Km− c0 +L)2)1/2 , (1.8)
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where

L =
Fma
2φD

ln(1+4e−γ φD
(φ +b)a2 t), (1.9)

and γ ≈ 0.5772 is Euler’s constant, the other parameters are from the single root model. The root

system is assumed to be constructed of roots of different order, distributed evenly throughout

the soil. The radius of a root of order i is assumed to be ai. Roots have zones of length la and lb,

the apical zone and basal zone respectively where they are known not to branch. Between these

non-branching zones, i+1 order roots develop at intervals of length ln. Hence, a root of length

l has ceil((l− la− lb)/ln) branches. The elongation rate is assumed to decrease with age and is

described by
dli
dt

= Li = ri(1−
li
Ki

), (1.10)

where li is the length of the root, ri [m s−1] is the initial growth rate and Ki is the maximum

length of an i-th order root. From this, the total length of roots of order i at time t can be

calculated as li(t) (we refer the reader to Roose et al. (2001) for details of the calculation) and

their corresponding total P uptake is

Fi(t) = 2πaiLiFD(t,ai). (1.11)

The total P uptake at time t is then the sum of all root orders

Ftot(t) = ∑
i

Fi(t) (1.12)

This approach serves as a fast approximation of the P uptake of a plant as no computationally

expensive numerical schemes are required to solve it. However, assuming roots are sufficiently

distant so that the P uptake of one root does not affect that of another fails to capture important

interactions. For example, the competition by adjacent roots for the same soil P supply, plastic

root responses to heterogeneous P supply and facilitation of root exudation (if exudation was

added to the model) would be overlooked using this modelling approach. To incorporate these

features into a model, the RSA should be considered in more detail. Root system growth models

can be included as local parameters controlling volumetric P uptake in a model (Leitner et al.

(2010a)). This approach captures the interactions between roots and is discussed further in

chapter 4. Before we discuss another approach for including the RSA within models, we first
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introduce an approach for imaging RSAs for the purpose of including them directly in models,

then a numerical approach for solving differential equations on non-planar, non-cylindrical and

non-spherical domains.

1.4.3 X-ray Computed Tomography

X-ray computed tomography (XCT) is a non-destructive 3D method for imaging internal struc-

tures. A single X-ray radiograph is created by passing X-rays through a sample and measuring

their intensity, denser material attenuates more X-rays and can be distinguished from other less

dense material. XCT scans take thousands of radiographs of the same sample from thousands of

angles in order to obtain 3D information. From each angle we learn the integral of the linear at-

tenuation coefficients (a value which describes the fraction of the X-ray that is attenuated) along

each X-ray path. More formally, if f (x,y,z) is the function of density of a sample to be recon-

structed and L(θ) is a plane through the sample defined by angle θ then one XCT radiograph

through the plane L(θ) yields

R f (L(θ)) =
∫

L(θ)
f (x,y,z)dxdydz.

This is known as the Radon transform of f . The Radon transform has a well known inverse

which can be used to obtain f (x,y,z) from R f provided R f is known for all angles, θ (Radon

(1917)). In practice, discrete versions of the inverse Radon transform, known as the filtered back

projection and iterative techniques, are used to reconstruct the XCT density data into euclidean

coordinates (Singh et al. (2010)).

We now briefly introduce XCT and discuss some important concepts for quantification and

visualisation of roots using XCT. Reconstructed XCT data is described in terms of voxels (three

dimensional pixels) whose ‘colour’ or greyvalue corresponds to the density of the material at the

location of space that the voxel represents. The size of the voxel is defined by the length of its

sides, often the voxels are cubic and can be defined by one length. The resolution of an XCT scan

can be defined by how close two objects can be together before they are identified as touching

in the reconstructed XCT images. The resolution of an XCT scan can be no smaller than the

voxel side length. There is a trade-off between field of view and voxel size of an XCT image; as
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voxel size decreases the volume of sample that can be scanned decreases. The contrast between

the material of interest and the background refers to their difference in greyvalue. In order to

identify and quantify which voxels correspond to the material of interest, a process known as

image segmentation, there should be high contrast between the material and the background.

XCT has been used to visualise roots in optically opaque growth media such as soil (Keyes et al.

(2013), Peth et al. (2008), Tracy et al. (2010), Topp et al. (2013)). Root length measurements

obtained using XCT were within 8% of WinRHIZO (Regent Instruments, Canada) a typical

destructive method of quantifying roots (Flavel et al. (2012)). However, the accuracy of root

quantification using XCT is dependent on the voxel size, resolution, and contrast of the scan.

There are a number of difficulties that can arise when scanning roots in soil. The attenuation

(greyvalue) of roots is similar to water and organic matter within the soil. Hence poor contrast

between the roots and soil is often obtained. Drying the sample before scanning can be used to

mitigate this effect but this can alter the root and soil structure (Tracy et al. (2010)). As a result,

automatic segmentation of the roots from the soil is hard to achieve and authors often rely on

slow throughput manual segmentation approaches to identify, quantify and visualise roots when

using XCT (Keyes et al. (2013), Koebernick et al. (2017), Ahmed et al. (2016)). Furthermore, it

is difficult to image large RSAs and resolve fine lateral roots and root hairs simultaneously due

to the trade off between voxel size and field of view. XCT scans of roots in soil are typically

used for visualising and measuring RSAs (Ahmed et al. (2016), Topp et al. (2013), Tracy et al.

(2010)) but the segmented roots can also be used to represent the RSA in models (Daly et al.

(2018)). This is achieved by meshing the segmented roots and using the mesh as a domain in a

finite element approximation to partial differential equations.

1.4.4 The Finite Element Method

When solving differential equations numerically, the continuum of space and time need to be

reduced to finite sets to be handled by computers. The finite element method is a powerful tool

to discretize space in a partial differential equation (PDE). It uses the geometry of the domain to

build polynomials of small support that can approximate the solution to a PDE in an appropriate

finite linear combination. The following is guided by the lecture notes of Iserles (2007). Before

approximating PDEs using the finite element method, we first describe a more general, but
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simpler problem which forms the basis of the finite element approach. Consider a Hilbert space

V , a bilinear form, a, on V , f , a bounded linear functional on V and the problem P:

• Find u ∈V such that a(u,v) = f (v) for all v ∈V .

If V is infinite dimensional (e.g. the space of L2-integrable functions on Rn) then solving prob-

lem P numerically is difficult. Instead, we can approximate a solution of P by considering an

n-dimensional subspace, Vn ⊂V , and solving the problem Pn:

• Find un ∈Vn such that a(un,vn) = f (vn) for all vn ∈Vn.

As Vn is a finite dimensional Hilbert space it can be spanned by a finite orthogonal basis,

{φ1, . . . ,φn}. Hence, we can write un as a linear combination of the basis functions, un =

∑
n
i=1Uiφi. Moreover, if a(un,φn) = f (φn) for all i = 1, . . . ,n, then, a(un,vn) = f (vn) for all

vn ∈Vn. After using the linearity of a, the problem Pn is equivalent to the problem P
′
n:

• Find {U1, . . . ,Un} such that ∑
n
i=1Uia(φi,φ j) = f (φ j) for j = 1, . . . ,n.

This is a set of linear equations in Ui and can be written in matrix form:

AU = f, (1.13)

where U = (U1, . . .Un)
T , f = ( f (φ1), . . . , f (φn))

T and A = {ai, j}n
i, j=1 with ai, j = a(φi,φ j). In

short, we have approximated problem P with a liner algebra problem.

The finite element method re-writes a PDE into the form of problem P and applies the above

approach to find an approximate solution. This requires the notion of the weak formulation and

solution of a PDE. As an example we consider the Poisson equation in 2D:

−∆u = f , x ∈Ω,

u = 0, x ∈ ∂Ω,

(1.14)

where Ω ⊂ R2 is open and has a piecewise smooth boundary. A solution of PDE (1.14) in the

classical sense is a function u ∈ C2(Ω)∩C(Ω̄)2 which satisfies both equations in (1.14). In

2Cl(Ω) is the space of l times continuously differentiable real valued functions on Ω
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real world situations it is often the case that f is discontinuous and PDE 1.14 does not make

mathematical sense, as a continuous function, ∆u, is equal to a discontinuous function f . We

deal with this using the notion of weak solutions. The general idea is to pass the extra derivative

onto a ‘test’ function under an integral using integration by parts. First we introduce two Hilbert

spaces of functions, H1(Ω) = {g ∈ L2(Ω) : ∂g
∂xi
∈ L2(Ω), i = 1,2}3 i.e. L2 integrable functions

whose (weak) derivatives are also L2 integrable. This is a Hilbert space with inner product:

(u,v)H1(Ω) := (u,v)L2(Ω)+
∫

Ω

∂u
∂x

∂v
∂x

+
∂u
∂y

∂v
∂y

.

And H1
0 (Ω) = {g ∈ H1(Ω) : g = 0 on ∂Ω}, notice if u ∈ H1

0 (Ω) then it automatically satisfies

the boundary conditions of PDE 1.14. Let u ∈ H1
0 (Ω), we multiply the Poisson equation by

some v ∈ H1
0 (Ω) and integrate:

∫
Ω

−v∇ ·∇u =
∫

Ω

f v

⇔
∫

Ω

∇v ·∇u =
∫

Ω

f v,

the equivalence holds after integrating by parts and using the fact v = 0 on the boundary. Notice

that u in the last expression only needs to be differentiable.

A weak solution of PDE (1.14) is a function u ∈ H1
0 (Ω), which satisfies the weak formulation:

∫
Ω

∇v ·∇u =
∫

Ω

f v, ∀v ∈ H1
0 (Ω). (1.15)

If u is a weak solution and also C2 then u is also a classical solution, and, if u is a classical

solution it is automatically a weak solution.

When using the finite element method to solve PDE 1.14 we notice that when it is in its weak

form, it is in the form of problem P. Define a : H1
0 (Ω)×H1

0 (Ω)→ R as

a(u,v) =
∫

Ω

∇v ·∇u,

3The derivatives here are defined in the ‘weak’ sense. Weak derivatives agree with classical derivatives when
classical derivatives exist.
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FIGURE 1.4: An example of a triangular mesh, the internal nodes have been circled as they are
used to define the basis functions.

u,v ∈ H1
0 (Ω), and l : H1

0 (Ω)→ R as

l(v) =
∫

Ω

f v

Clearly a is a bilinear form and l is linear on H1
0 (Ω). Hence, the weak formulation can be

written:

• find u ∈ H1
0 (Ω) such that a(u,v) = l(v) for all v ∈ H1

0 (Ω).

We can now use the approach used on problem P to approximate a weak solution of the Poisson

equation. The difficulty is the choice of the finite dimensional subspace of H1
0 (Ω). Ideally,

the subspace is chosen so that the matrix inversions are computationally inexpensive and that

the resulting approximation incurs a small error. One way to achieve this is by choosing basis

functions with ‘small’ support (i.e. so the basis functions are non-zero on small regions of Ω)

so that the matrix A is sparse and regular. The typical way of doing this is subdividing Ω into

‘elements’ on which the basis functions are supported. Triangles are often used to create the

elements (Figure 1.4) and ‘hat functions’ are often used as the functions (Figure 1.5). Suppose

Ω ⊂ R2 has polygonal boundary so that a triangular mesh fits in it exactly. Moreover, assume

in the triangulation any pair of triangles either meets at an apex, a complete edge, or not at

all. An example can be seen in Figure 1.4. Figure 1.5 shows an illustration of a hat function

supported on 6 triangular elements. If we define basis functions in this way for each node, only

neighbouring basis functions will have non-empty support intersections. We now continue with

the example of the Poisson equation.

Let Ω = (0,1)× (0,1) and mesh the domain as shown in Figure 1.6, this mesh was chosen to be

regular to make things easier when defining the basis functions. However, meshes with different
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FIGURE 1.5: A pictorial representation of the hat function defined on the central node.

sized elements can also be used. The nodes are labelled (xi,y j) and are the points circled in

Figure 1.6. We define the basis function centred around node (xi,y j) as

φi, j =



1− x−xi
h −

y−y j
h , (x,y) ∈ 1

1− y−y j
h , (x,y) ∈ 2

1− xi−x
h , (x,y) ∈ 3

1− xi−x
h −

y j−y
h , (x,y) ∈ 4

1− y j−y
h , (x,y) ∈ 5

1− x−xi
h , (x,y) ∈ 6

0, otherwise,

(1.16)

where 1, . . . ,6 represent the 6 triangles surrounding the node (xi,y j), shown in Figure 1.7 and

h is the triangle side length. This equation defines the function shown in Figure 1.5. These

functions have derivatives,

∂φi, j

∂x
=



−1
h , (x,y) ∈ 1∪6

1
h , (x,y) ∈ 3∪4

0, otherwise,

(1.17)
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FIGURE 1.6: A regular mesh of a square with uniform side length h

and

∂φi, j

∂y
=



−1
h , (x,y) ∈ 1∪2

1
h , (x,y) ∈ 4∪5.

0, otherwise.

(1.18)

Therefore, the equivalent of problem Pn when approximating the Poisson equation using the

finite element method is: find {Ui, j}N−1
i, j=1 such that ∑

N−1
i, j=1Ui, ja(φi, j,φk,l) = f (φk,l) for all k, l =

1, . . . ,N−1. For a given k, l

N−1

∑
i, j=1

Ui, ja(φi, j,φk,l) =
N−1

∑
i, j=1

Ui, j

∫
Ω

∂φi, j

∂x
∂φk,l

∂x
+

∂φi, j

∂y
∂φk,l

∂y
dxdy

=
1
h2 (4Uk,l−Uk−1,l−Uk+1,l−Uk,l−1−Uk,l+1),

the second equality holds as the only basis functions with overlapping support with φk,l are

those centred above, below, to the left and to the right of the node (xk,yl). Additionally, the

finite dimensional approximation to the linear functional is

l(φk,l) =
∫

Ω

f φk,ldx.

After re-labelling double indices to single indices using the mapping (k, l) 7→ (k−1)(N−1)+ l
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we see that this is the matrix which would arise from the central difference formula on a regular

grid. However, in this case the contribution of the force, f, is averaged by the basis functions.

The power of the finite element approach is the adaptability of meshes to fit a range of shapes

FIGURE 1.7: Mesh labelling system around each internal node.

and sizes. One can see that defining basis functions on an irregular mesh, although notationally

difficult, can be achieved and hence more complicated geometries can be considered.

Throughout this report PDEs also contain time-derivatives. However, for any time t we can write

a(u(x, t),v) =
∫

Ω

f (x, t)vdx (1.19)

and use the above approach to discretize the spacial variables. To approximate solutions in time,

standard time stepping approaches can be used. When using explicit time-steppers, stability

conditions become tied to the maximal element side length and time-step size. However using

implicit time-steppers, like the backward Euler method, the stability of the entire method is

dependent only on the time-step size.

The finite element method can be integrated with XCT data to produce a powerful tool for

studying spatially complex problems on real geometries. Such a combination is known as image-

based modelling. This approach uses meshes of segmented XCT data as the support of basis

functions in a finite element method. As such, the geometry of the system is not approximated

by parameters or cylinders but as elements within a finite element scheme. A similar model

to the single root model (Equations (1.1), (1.2) and (1.5)) in Cartesian coordinates was solved

on XCT extracted sections of root and root hairs to quantify P uptake (Keyes et al. (2013)). In
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this case, individual soil particles were meshed and soil P sorption was modelled as a boundary

condition on the soil surfaces rather than as a volumetric reaction. Whole (young) RSA have

also been used as the domain for image-based models. Daly et al. (2018) used wheat RSA in

the domain for a water flow and uptake model. Image-based modelling comes at the price of

computational expense; while the single root model only had one space variable, image-based

models from XCT data require all three space variables. Moreover, to resolve small geometric

features like fine lateral roots, root hairs and soil particles, the mesh has to be formed of small

elements, increasing the dimension and reducing the sparsity of the matrix, U , to be inverted

and thus increasing computation time and memory requirements. To ensure the predictability

of models, suitable experiments are required to determine their parameterss. We now introduce

approaches for measuring soil P for the purpose of modelling.

1.5 Measuring Soil Phosphorus and Parameterising Models

P in soil can exist in many forms, the forms are often classified into one of four categories: 1)

P dissolved in soil solution; 2) P adsorbed to inorganic soil constituent surfaces; 3) P minerals,

usually calcium, aluminium or iron phosphates; 4) P in organic matter such as dead plant ma-

terial (Barber (1995)). Of interest in this work is P in soil solution, P adsorbed to soil surfaces

and the relationship between the two. As discussed in section 1.2, P in soil solution is in a

forward/backward chemical reaction with soil-sorbed P; solution P can become adsorbed to soil

surfaces, equally sorbed P can desorb into soil solution. P in soil solution is directly available

to plants. However, the amount of P available to plants is also dependent on the rates of adsorp-

tion/desorption. When P is absorbed by the roots, the amount of P in soil solution decreases,

shifting the state of the chemical equilibrium and promoting desorption of P from soil surfaces

based on the backward reaction rate (Barber (1995), Abdu (2006)). The term ‘available P’ (or

labile P) refers to the amount of soil P which can be absorbed by plants. Traditional methods

for evaluating available P typically add water, acids, salts, and/or bases to soil, leave it for a

certain amount of time, then the concentration of P in the resulting solution is measured (Abdu

(2006)). The reaction rates of P with soil surfaces have been investigated using isotopically

labelled 33P, two equilibration times were detected — an equilibrium appears relatively quickly,

usually within one or two days, then a much slower one appears. ‘Available P’ often refers to
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the P that reaches equilibrium relatively quickly (Barber (1995)), however, ‘available P’ in this

sense is dependent on how soil P is extracted. The buffer power, which controls the ratio of

solution to adsorbed P in uptake models (Equation (1.4) and (1.9)) is often determined using

the traditional soil extraction methods mentioned above (Barber (1995), Keyes et al. (2013),

Gerke, Beißner & Römer (2000)). However, assuming that the quantity of adsorbed P can be

well approximated using solution P using a singular parameter, b, is an approximation for two

reasons. Firstly, the proportion of adsorbed to solution P varies depending on the concentration

of P in the soil solution, known as the adsorption isotherm (which varies dramatically from soil

to soil). This assumption is often addressed by adding a range of P concentrations to the soil,

leaving it to approach equilibrium, then measuring how much is left in soil solution (Kinniburgh

(1986), Barber (1995), Sanchez & Uehara (1980)). This is included in models by replacing the

approximation cs = bc (Equation (1.3)) with a more general function, cs = f (c) and fitting the

parameters in f to the adsorption isotherm experiments (Kinniburgh (1986)). The function f is

typically assumed to be either the Langmuir equation

f (c) =
aBc

1+ac
(1.20)

where a is a parameter related to bonding energy and B is the adsorption maximum, or the

Freundlich adsorption equation, f (c) = ecd , where e and d are empirical parameters (Barber

(1995)). Secondly, the derivation of buffer power requires the assumption that the soil reaction

rates are ‘fast’ relative to geometrically-impeded diffusion, i.e the assumption made when go-

ing from Equations (1.1)+(1.2) to Equation (1.4). The same assumption is made when using

the Langmuir equation or Freundlich adsorption equation (Schnepf et al. (2012)). This approx-

imation is less commonly addressed but may be important. The labile-pool of P is often left

one or two days to equilibrate when measuring adsorption isotherms, suggesting that these re-

actions are, in fact, not so fast. Furthermore, plant available P is dependent on the desorption

rate of P from soil surfaces (Barber (1995), Abdu (2006)) as well as the equilibrium state. We

attribute the scarcity of modelling studies using dynamic P adsorption/desorption reactions to

the lack of experiments investigating soil P adsorption/desorption rates, which itself is attributed

to the shortage of non-destructive soil solution sampling techniques. Previous studies have es-

timated soil adsorption/desorption rates based on pseudo-dynamic experiments where multiple
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replicates are sampled at a range of times (Zhang et al. (2012), Wang et al. (2005)) (see the sup-

plementary material of Keyes et al. (2013) to see how these experiments can be used to estimate

P adsorption rates). Large variation in the data is expected when using this approach due to

the heterogeneity between replicates, this is demonstrated by the large error bars in the sorption

kinetic experiments of Zhang et al. (2012).

1.5.1 Microdialysis Probes

Microdialysis probes offer a non-destructive method for sampling soil solution. As such, they

can be used to continuously measure P concentration to assess P adsorption kinetics. Micro-

dialysis probes consist of a semi-permeable membrane with plumbing to allow water to travel

around the probe from an inlet to an outlet (Figure 1.8). The ‘perfusate’ is the solution which

is fed into the probe and the ‘dialysate’ is what is collected. As the perfusate passes through

the microdialysis probe, solutes from the external solution can pass across the semi-permeable

membrane into the probe, which is then collected. Similarly, solutes in the perfusate can pass

from the probe into the external solution. This feature can be utilised so that the probe can simul-

taneously absorb phosphate and exude organic acids while measuring both quantities (Demand

et al. (2017)). The relative recovery (the ratio of the concentration of solute in the dialysate

to the external solution) increases when the flow rate decreases as the exchange time along the

membrane increases. Furthermore, due to the small size of the probes they can be used to sample

small regions of soil. We review some of the uses of microdialysis probes in soil and difficulties

that may arise when using them to assess P adsorption kinetics in chapter 3.

1.6 Conclusions

The possible benefits to P uptake from organic acid exudation and root plasticity in response to

heterogeneous P in the soil were found to be important traits. It was argued that it is difficult

to quantify their benefits through experimental means, primarily due to the problems of control-

ling for root surface area/mass/length. The theory of modelling P uptake was introduced and

proposed as a method for assessing the benefits of these root traits. However, models which rep-

resented the root system architecture as parameters and assumed roots are ‘sufficiently far apart’
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FIGURE 1.8: Diagram explaining microdialysis nomenclature and operation. Figure taken
from (Demand et al. (2017)).

were not suitable for investigating P uptake by plants when positive and negative interference

play an important role. Instead, using meshes of root system architectures extracted from XCT

scans of real roots in soil as the elements in a finite element scheme was proposed as a suitable

modelling approach. However, ensuring the model is accurate is an important step before using

it to make predictions. It was argued that it is difficult to parameterise P uptake models (par-

ticularly ones with dynamic soil reactions) using destructive sampling and microdialysis was

proposed as a means of non-destructively sampling soil solution. We now highlight problems

and research questions that have been alluded to in the introduction that we hope to investigate

in the following chapters:

1. How does root plasticity affect P uptake efficiency from the fertiliser pellet?

2. Can microdialysis probes be used to determine the P uptake benefit due to organic acid

exudation?

3. Can microdialysis probes be used as model roots in experiments?

4. Does root system architecture affect the P uptake benefit of citrate exudation? If so, is

there any measures of the root system architecture that can predict the P uptake benefit?
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1.7 Thesis Structure and Declaration of Work

The work in this thesis primarily involves verifying and parameterising root P uptake models

and using these models to assess the role of two root traits for P uptake. Throughout, models

are parameterised and informed by experiments to ensure accuracy. Each scientific chapter is

a published paper (chapter 2 - Fletcher, Keyes, Daly, Van Veelen & Roose (2019), chapter 3 -

Fletcher, Shaw, Sánchez-Rodrı́guez, Daly, van Veelen, Jones & Roose (2019)) and (chapter 4 -

Fletcher et al. (2020)).

In chapter 2 we investigated root P uptake from a fertiliser pellet. We proposed elemental map-

ping as a method for verifying and parameterising image-based models. The 3D XCT data

(used as the geometry in the model) was aligned with the 2D elemental maps with an approach

borrowed from medical imaging to ensure accurate verification. The parameterised model was

then used to quantify the difference in P uptake between a root system that had responded to

the presence of a fertiliser pellet and one that had not. It was found that a plant that had reacted

to the fertiliser pellet had 12.5% increased P uptake near the fertiliser pellet. The author wrote

the manuscript and the author and co-authors edited it. Plant preparation and XCT imaging was

carried out by Dr. Samuel Keyes at µ-Vis, University of Southampton. Thin-section preparation

and elemental mapping was carried out by the Scanning Electron Microscope Facility at the

National Oceanography Centre, Southampton. All other tasks were carried out by the author.

We would also like to acknowledge the contribution of the reviewers and editor of Rhizosphere

for their helpful comments when the paper was under review for publication. Chapter 2 dif-

fers slightly from the publication in Rhizosphere (Fletcher, Keyes, Daly, Van Veelen & Roose

(2019)), we included the supplementary material into the chapter and extended the introduction

to include a more thorough review of 2D-3D image correlation methods.

Chapter 3 involved measuring soil P mobilisation by citrate in soil using microdialysis probes.

Microdialysis probes have complex interactions with the soil, hence, these interactions were

calibrated using mathematical modelling to aid interpretation of the results. Using modelling

and microdialysis probe results, we quantified the rate at which citrate can mobilise P from soil.

This rate was then used in a model of a single exuding root to determine the benefit of citrate

on P uptake. It was found that a single root exuding citrate at a typical rate did not enhance P
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uptake. However, as the exudation rate increased, dramatic gains in P uptake was observed. The

author wrote the manuscript and the author and co-authors edited it. Microdialysis experiments

were carried out by Dr. A.R. Sánchez-Rodrı̀guez, Dr. R. Shaw and Prof. D.L. Jones at Bangor

University, Wales, all other tasks were completed by the author. We would like to acknowledge

the reviewers and editor of Plant and Soil for their helpful comments when the manuscript was

under review.

In chapter 4, we extended the verified model of chapter 3 to domains obtained from XCT in

order to investigate the role of root system architecture in citrate enhanced P uptake. Eleven

image-based models of growing root systems absorbing P were solved with and without citrate

exudation to determine its benefit for P uptake. Percentage additional P uptake due to citrate

exudation was compared to geometrical and topological measurements of the root system archi-

tecture to determine important phenotypes for P tolerance. There was large variation in citrate

enhanced P uptake (normalised by the quantity of citrate exuded) amongst the eleven root sys-

tem architectures, suggesting that root structure plays an important role in citrate enhanced P

uptake. Number of root tips and average inter root tip distance of the plants were found to play

an important role in citrate enhanced P uptake. The author wrote the manuscript and the author

and co-authors edited it. All tasks were completed by the author. The time-resolved root system

architectures were taken from Daly et al. (2018).

In chapter 5, we draw conclusions from the three scientific chapters and suggest further exper-

iments and models which could be used to further understand the role of root plasticity and

citrate exudation in P uptake.

1.7.1 Additional PhD Work

The author worked on projects that are not included in this thesis throughout their PhD. We

briefly describe the work the author contributed to published and soon-to-be submitted articles.

The manuscript ‘Image-based quantification of soil microbial dead zones induced by nitrogen

fertilization’ (Ruiz et al. (2020)) used image-based modelling and microbial respiration experi-

ments to determine microbial activity reduction around a fertiliser pellet induced by high nitro-

gen concentrations. Pellet, soil and pore structure were extracted from an XCT images to form

the basis of a domain to solve a two-phase water-air model upon. The water phase (at multiple
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saturations) was then meshed to form the domain of a nitrogen diffusion model. Complimentary

experiments determined the concentrations of nitrate and ammonium which inhibit microbial

activity. From this data an inhibition map around the fertiliser pellet was created. The author

is joint first author on this manuscript and carried out all the image-processing, meshing and

modelling (with exception of the two-phase modelling) with Dr. Siul Ruiz. The author also

contributed to writing and editing the manuscript.

The article ‘Root induced soil deformation influences Fe, S and P: Rhizosphere chemistry in-

vestigated using synchrotron XRF and XAS’ (Van Veelen et al. (2019)) regards the difference

in soil chemistry between bulk and rhizosphere soil. X-ray fluorescence microscopy and X-ray

absorption near-edge structure were used to map and characterise P iron and sulfur in soil. Iron

and sulfur were shown to accumulate near the root. Furthermore, iron was shown to reduce

and more P adsorbed to organic surfaces closer to the root. The author helped with sample

preparation, data acquisition and editing.

The article ‘Significance of root hairs at the field scale – modelling root water and phosphorus

uptake under different field conditions’ (Ruiz et al. (2019)) aimed to quantify the significance of

root hairs on P uptake at the plant scale using modelling. Root hairs were found to contribute to

50% of P uptake. The author helped with the numerical implementation of the model and edited

the manuscript.

The article ‘Multiple scale homogenisation of nutrient movement and crop growth in partially

saturated soil’ (Duncan et al. (2019)) used homogenisation to derive average equations of nu-

trient movement in soil containing growing tubers. The soil was modelled as a pore elastic

material that could deform with tuber growth, which ultimately altered the transport properties

of the nutrient through the soil. The homogenised equations were within 2% of the full set of

equations but significantly reduced computation time. The author helped with model formula-

tion, averaging and writing. The author designed and implemented the numerical demonstration

of convergence of the homogenisation. The author and Dr. Siul Ruiz handled the reviewers

comments before publication.

‘Measurement of micro-scale soil deformation around roots using four-dimensional synchrotron

tomography and image correlation’ (Keyes et al. (2017)) used time resolved high resolution XCT

to image roots growing in soil. Both wild type and root-cap-less maize plants were imaged. Two
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methods were used to track soil displacement by the root, namely digital volume correlation

and morphometric particle tracking. The cap-less plants had more soil displacement the wild

type plant in dry soil. The author helped with data collection, contributed with the design and

implementation of the particle tracking software and edited the manuscript.
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2.1 Abstract

Phosphorus fertilisation is crucial for crop yields. However, traditional phosphate resources are

dwindling, thus a more efficient use of phosphorus fertilisers is required for sustainable farming

(Cordell et al. (2009)). This study demonstrates the scope of image-based models parameterised

by elemental maps by assessing how a plastic root system architecture may improve phospho-

rus root uptake from a fertiliser pellet. A multi-image based modelling method was developed

by utilising structural imaging coupled with elemental maps. Structural imaging was used to

capture barley (Hordeum vulgare L. cv. Optic) root, soil and fertiliser pellet configurations as

a domain for numerical simulations. Elemental mapping was used to image phosphorus in soil

thin-sections of the same samples. These two imaging modes were aligned using an automated

37
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method and image-based models describing the diffusion and root-uptake of phosphorus in soil

were parameterised using the elemental maps. Structural imaging showed root length density

was increased inside and near the fertiliser pellet, indicating a plastic response by the plant to the

fertiliser pellet (Drew (1975)). Averaging elemental data revealed phosphorus gradients from the

pellet. Modelling results suggested: the pellet only enhances phosphorus uptake of roots within

2 mm over 30 days, densely packed roots decrease phosphorus uptake efficiency, and a root

system that responded to nutrients from a fertiliser have comparatively increased phosphorus

uptake efficiency near the pellet. The combination of structural and elemental imaging pro-

vides the means to accurately parameterise both the geometric and chemical aspects of models

describing phosphorus movement in root-soil-fertiliser systems. This approach may be appli-

cable to other plant-soil systems where structure and elemental quantities are important to the

problem.

2.2 List of Symbols

C control treatment containing only soil

CG fertiliser treatment containing soil and a crystal green fer-

tiliser pellet

PL plant treatment containing soil and plant

PLCG plant fertiliser treatment containing soil, plant and fer-

tiliser

cl phosphorus concentration in spherical model [mol m−3]

D diffusion coefficient of phosphorus in water [m2 s−1]

φ volumetric water content [m3 m−3]

b buffer power of phosphorus [-]

r radius in spherical model [m]

r f average radius of the fertiliser pellet [m]

rb distance from centre of the fertiliser pellet to edge of the

domain [m]

t time [s]

De f f effective diffusion of phosphorus in bulk soil [m2 s−1]
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c0 initial concentration of phosphorus in the soil [mol m−3]

c f concentration of phosphorus immediately adjacent to the

fertiliser pellet [mol m−3]

CGEDS units relative unit of concentration in the CG elemental map

PLCGEDS units relative unit of concentration in the PLCG elemental map

v n-vector containing averaged elemental data at increas-

ing distance from the fertiliser pellet in CG treatment

[CGEDS units]

ri grid points of v in radial coordinates [m]

t∗ 30 days

Ω⊂ R3 image-based model domain representing homogeneous

soil

Γ⊂ R2 the boundary of Ω

Γ f ⊂ Γ the fertiliser surface

Γr ⊂ Γ the root surface

Γb ⊂ Γ the image boundary

Pl concentration of phosphorus in the image-based model

[mol m−3]

λ linear root-uptake rate of phosphorus [m s−1]

Pf = c f concentration of phosphorus immediately adjacent to the

fertiliser pellet [mol m−3]

nr unit normal to root surfaces pointing into the domain [m]

nf unit normal to the fertiliser surface pointing into the do-

main [m]

P0
l initial concentration of phosphorus in the soil (image-

based model) [mol m−3]

u n-vector containing averaged elemental data at increas-

ing distance from the fertiliser pellet in CG treatment

[PLCGEDS units]

xi grid points of v or u in Cartesian coordinates [m]
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2.3 Introduction

Phosphorus (P) is one of the most important nutrients for plant growth and thus P fertilisation is

often needed to obtain high crop yields (Barber (1995)). Due to the increasing global population,

the demand for P fertilisers is rising (Cordell et al. (2009)). However, only 10-20% of P fertiliser

applied to a field is taken up by the crop in a growing season, the rest is immobilised in the

soil (Cornish (2009)). The primary source of (inorganic) P is the finite resource rock phosphate,

however the supplies are dwindling (Cordell et al. (2009)). To ensure a continued and sustainable

use of P, it is necessary to develop more efficient usage of P, find renewable alternatives to rock

phosphates and optimise agriculture practices. The carbon cost of the Root System Architecture

(RSA) required to access P from the fertiliser and the quantity of P immobilised through soil

adsorption have been identified as potential contributors to sustainable P fertilisation (Talboys

et al. (2016)).

Roots respond to heterogeneous nutrient distributions in soil with a dynamic RSA (Drew (1975)),

a trait which could be exploited to improve the efficiency of pellet-based fertilisers. Experiments

have shown that RSA responses are more important for less mobile ions such as phosphate than

mobile ions such as nitrate in terms of competition with other plants (Fitter et al. (2002)). Fur-

thermore, models have suggested that an increased root length density is an important factor for

enhanced P uptake (Silberbush & Barber (1983)). Roots can increase lateral root length and

branching by either a positive response to regions of high nutrient concentrations, or as a means

of searching for scarce nutrients. When white lupin (Lupinus albus) experiences low P condi-

tions the RSA reacts to the stress by forming cluster roots (Johnson et al. (1996)). The increased

root surface area is thought to enable higher P uptake. This is a high-risk, high-reward strategy

as the carbon cost of such RSA responses are high, while the amount of P in the region may be

small. Barley (Hordeum vulgare) roots have been shown to react locally to patches of increased

phosphate and nitrate concentration by increasing both branching and extension of lateral roots

(Drew (1975)). When 4 cm of seminal barley root is supplied with P and the rest of the RSA

is deprived, lateral root growth is greatly enhanced in the P rich regions and subdued in the P

deprived regions (Drew & Saker (1978)). In the same study it was shown that total lateral root

length in the locally P rich regions was 15 times longer in comparison with those grown in a

uniform P region (Drew & Saker (1978)). Similar issues were addressed using X-ray Computed
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Tomography (XCT), Flavel et al. (2012) found adding both banded and uniformly distributed P

increased total root length compared to a no P control. However, there was no significant differ-

ence in total root length between the two P treatments, but local root length changes around the

P bands were not quantified.

Despite the significance of the RSA on P uptake efficiency (defined as P absorbed by the plant

per carbon spent on the root system) conventional root-soil interaction models typically re-

duce the RSA to simple parameters related to root length density, root growth rates, and/or root

branching rates (Itoh & Barber (1983), Silberbush & Barber (1983), Barber (1995), Wang, Rid-

outt, Luo & Probert (2013), Heppell et al. (2015b)). To assess the nuance and importance of

RSA on P uptake from a fertiliser source in soil using modelling, the RSA should explicitly

be considered (Gérard et al. (2017)). Image-based modelling provides a means to simulate P

uptake of a RSA by basing the domain of the model from 3D images of roots in soil. A similar

approach was taken to study water uptake (Daly et al. (2018)).

Image-based models (models which are solved on domains from imaged samples) have been

used in many research topics when geometry plays an important role in the functionality of the

system (Tsubota & Adachi (2004), Zhao et al. (2013), Daly et al. (2016), Roose et al. (2016),

Cooper et al. (2017), Daly et al. (2018), Koebernick et al. (2017)). Image-based models improve

on classical models where roots, or other geometrical structures such as bone or tissues, are rep-

resented by parameters and solved in idealised geometries. However, recent reviews have called

for models of soil to be verified with experiments to produce more predictive tools (Roose et al.

(2016), Vereecken et al. (2016)). In this paper, the 2D elemental mapping technique Scanning

Electron Microscopy with Electron Dispersive X-ray Spectroscopy (SEM-EDS) was applied to

thin-sections of the imaged samples as a means for verifying and informing image-based mod-

els. To demonstrate this multi-image-based approach, an image-based model describing root P

uptake from a small fertiliser pellet is fit to P elemental maps. The capabilities of the model

are demonstrated by investigating root P uptake efficiency of different RSAs from a fertiliser

pellet. The model is used to approximate P uptake from a mixed struvite and monoammonium

phosphate (MAP) pellet. It is hypothesised that a plastic RSA can improve P uptake efficiency

from fertiliser pellets by decreasing the overall carbon cost while maintaining a high rate of P

acquisition. We demonstrate that these models provide the means to investigate such hypothesis.
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The barley plants used in this study were grown with and without the addition of a single

struvite-MAP pellet. After a 30 day growth period, the samples were 3D imaged using XCT

to provide structural information. These images were used both to parameterise finite element

modelling and to investigate root length density around the fertiliser pellet. XCT offers a non-

destructive method to study root-soil-fertiliser structure in undisturbed samples. With the use

of tomographic techniques, soil, root and root hair structures have been examined (Keyes et al.

(2013), Peth et al. (2008), Tracy et al. (2010)). In addition, XCT has been used to estimate root

length. Flavel et al. (2012) showed that XCT analysis yielded similar root length measurements

(8% less) when compared with a destructive washing method using WinRhizo analysis software,

the standard method for root length measurement. However, with XCT there is a trade-off be-

tween the resolution and the field of view, making it difficult to image full root systems while

resolving smaller roots.

To complement the XCT data with chemical information for the purpose of modelling, high

spatial resolution chemical measurements are necessary. Several possible techniques are de-

scribed in the literature such as autoradiographs of radioactively labelled P which produces

images showing depletion zones around the roots (Bhat & Nye (1973, 1974), Hattingh et al.

(1973), Hübel & Beck (1993)). Kuchenbuch & Jungk (1982) proposed a method where roots

are separated from a region of soil with a nylon mesh. The soil is then frozen and sectioned

with increasing distance from the mesh and the exchangeable solute is estimated in bulk in the

soil sections. This approach is effective for P as demonstrated by Jungk & Claassen (1989) and

Gahoonia & Nielsen (1992). More recently Diffusive Gradients in Thin films (DGT) has been

used to detect P depletion zones in the rhizosphere. This method produces 50 µm by 333 µm

resolution maps with Laser Ablation Inductively Coupled Plasma Mass Spectrometry (Santner

et al. (2012)). DGT has also been used to detect P gradients originating from P rich gel into a

no-P gel (Ding et al. (2013)). In this contribution 2D elemental mapping using Scanning Elec-

tron Microscopy Electron Dispersive X-ray Spectroscopy (SEM-EDS) on resin perfused soil

samples is proposed as a means for verifying image-based models. SEM-EDS has proven an

effective method for investigating associations of heavy metals with soil chemicals (Yarlagadda

et al. (1995)), black carbon morphological and chemical properties in soil (Brodowski et al.

(2005)), the effect of apatite as a means of forming insoluble pyromorphite to remediate lead
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contaminated soils (Laperche et al. (1997)), organic carbon distribution in soil aggregates (Wan

et al. (2007)) and analysing forensic soil from crime scenes (Cengiz et al. (2004)).

To effectively combine XCT and SEM-EDS data, the 2D image slices representing the thin-

sections were required to be found within the 3D-XCT data. The thin-sections could lie in any

orientation and depth in the XCT stack, as shown in Figure 2.1, hence, locating the correct

slice poses a challenging computational problem. P gradients originating from a fertiliser pellet

in the soil are expected to be narrow and sharp over 30 days (approximately 4 mm) (Barber

(1995)). Disturbances caused by the resin perfusion and thin sectioning process could affect

P gradients observed in the SEM-EDS data, although, the SEM-EDS studies mentioned above

have assumed disturbances to be negligible. The alignment of the XCT and SEM-EDS data

can verify that the resin perfusion and thin sectioning process does not alter the morphology

significantly. Furthermore, alignment allows the understanding of the original 3D embedding

of the 2D chemical maps. In particular, the 3D distribution of roots around the thin-section can

be calculated using the aligned XCT data. Few methods exist for aligning XCT to SEM-EDS,

Hapca et al. (2011) offer a statistical approach for aligning the data. Their method uses Pearson

Correlation Coefficient (PCC) as a measure of image similarity to compare two 2D images of

the same dimensions, the XCT slice (from a selection of orientations) with the highest PCC with

the thin-section is chosen as the aligned XCT data. This method is computationally expensive as

each slice of each orientation needs to be compared to the thin-section. Furthermore, if the SEM-

EDS and XCT slices are not the same size, two further search parameters are introduced for

image cropping. Another approach is to manually pair points in the two data sets that represent

the same space, then use these points to form a transformation matrix to orientate the XCT

data normal to the thin-section (De Boever et al. (2015)). However, to ensure the paired points

are correct, the XCT data has to be oriented approximately normal to the thin-section a-priori,

which is the majority of the original problem. Methods exist for the more general problem

of aligning 2D images to 3D images. One such method is to manually searching through the

slices and orientations of the 3D data and finding the slice that looks most similar to the 2D

image (Zeller-Plumhoff et al. (2017)). This approach can be time consuming, and both user

and sample dependent. An approach similar to Hapca et al. (2011) is taken in Kubias et al.

(2008), where the norm of the difference of the flattened images is used as the measure of image

similarity instead of PCC. Chicherova et al. (2014) offers a qualitative approach to solve the
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problem using 2D computer vision techniques. This computer vision approach can compare

images of different dimensions and scales. As a similar approach is taken in this study, a full

description of this method is given in the Materials and Methods section and a comparison of

this approach with that of Hapca et al. (2011) is given in the Discussion.

FIGURE 2.1: The 2D-3D alignment problem. In each case the blue slice represents a possible
location of the 2D thin-section used for chemical mapping and the cube represents the 3D-XCT
stack. The thin-section can lie in any orientation and depth; finding it within the XCT stack

poses a difficult problem.

To study P uptake by plants and the importance of RSA in this contribution, elemental maps

of the thin-sections were aligned to 3D XCT images using an automated method. The XCT

data was used to provide a geometric parameterisation for a model describing the movement of

P in soil from a fertiliser pellet and subsequent uptake by roots. The P movement model was

parametrised using the gradients detected in aligned SEM-EDS maps. Finally, the parametrised

model was used to investigate how changes in RSA affect P uptake from a fertiliser pellet.

2.4 Materials and methods

2.4.1 Experimental

2.4.1.1 Plant preparation and growth

Soil preparation

The soil growth media was a sand-textured Eutric Cambisol collected from the surface Ah hori-

zon of a lightly sheep-grazed plot at Abergwyngregyn, North Wales (53◦14’N, 4◦01’W). Soil

was sieved to < 5 mm to remove stones. Sterilisation was required in order to use the shared

growth chambers at the University of Southampton, thus, the soil was autoclaved and air dried
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at 23± 1◦C for 2 days. The soil was subsequently sieved to sizes between 1680 µm and 1000

µm, producing a well-aggregated, textured growth medium. The soil properties are summarised

in Table 2.2.

Samples were prepared in 50 mL falcon tubes to a soil bulk density of 1.508± 0.045 g cm−3.

Four treatments were prepared covering all combinations of two variables: plant and no-plant,

and pellet and no-pellet. The samples containing no plant are denoted C for control, with plants

PL, with fertiliser CG and with both fertiliser and plants PLCG. Three replicates of each treat-

ment representing the four conditions were prepared for imaging after 30 days of growth or

incubation in soil.

TABLE 2.2: General properties of the Eutric Cambisol soil used in the experiments. Measure-
ments of crystalline and amorphous Fe and Al, and total Fe, Al and Ca taken from Oburger,
Jones & Wenzel (2011) analysis on the same soil. CDB indicates citrate-dithionate-bicarbonate
extractable (Jackson et al. (1986)), AAO indicates acid-ammonium-oxalate extractable (Loep-
pert & Inskeep (1996)). Available phosphate was extracted with 0.5 M acetic acid using a
soil-to-solution ratio (SSR) of 1 : 10 (w/v) (Oburger et al. (2009)). Values represent means ±

Standard Error of the Mean (SEM). Nutrient data expressed on a dry soil weight basis

Property Mean± SEM
pH(H2O) 6.12±0.05
Electrical conductivity (µS cm−1) 26.5±0.1
Water holding capacity (g kg−1) 356±6
Total C (g kg−1) 25.35±1.47
Total N (g kg−1) 2.95±0.06
Clay (%) 20
Silt (%) 37
Sand (%) 43
Crystalline Fe/Al (CBD)
Fe (g kg−1) 1.4±0.1
Al (g kg−1) 1.6±0.0
Amorphous Fe/Al (AAO)
Fe (g kg−1) 5.0±0.1
Al (g kg−1) 1.6±0.0
Total (Aqua regia)
Fe (g kg−1) 46±0.5
Al (g kg−1) 28±0.6
Ca (g kg−1) 1.9±0.1
Exchangeable Ca (mg kg−1) 501±122
Exchangeable K (mg kg−1) 46.1±12.6
Exchangeable Na (mg kg−1) 25.4±5.1
Available P (mg kg−1) 22.6±6.2
P sorption capacity (mg kg−1) 150
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Plant growth

Barley (Hordeum vulgare L.) cv. Optic was selected for study. Seeds were germinated in the

dark between sheets of damp Millipore filter paper at 21±2◦C for 3 days prior to transplanting

to soil growth media in a 50 ml falcon tube. The germinated seeds were placed in a growth

cabinet on a 16/8 hour day/night cycle at constant temperature of 23◦C and constant humidity

of 60%. The plants were watered by perforating the falcon tubes at the bottom and placing them

in a pool of water with a depth of 2 cm.

Fertiliser additions

The fertiliser pellets used were 20% struvite and 80% mono-ammonium phosphate (MAP) (Os-

tara, Vancouver, Canada, http://ostara.com/). This ratio of low water solubility struvite and high

water solubility MAP was found to offer the required initial P for plants as well as a sustained

source over a growing period (Talboys et al. (2016)). In the phosphorus addition conditions (CG,

PLCG) a pellet of 0.3 g±0.02 g was placed at the centre of the tube at a depth of approximately

10 mm below the seed. A covering of approximately 10 mm soil was added above the seeds.

2.4.1.2 Imaging Studies

XCT imaging parameters

Each of the three replicates of the four conditions were imaged with XCT after the 30 day

growth/incubation period. XCT data was acquired using the Custom 450/225 kVp Hutch at

the µVis Centre for Computed Tomography at the University of Southampton. The detector

provided 2000 elements in each axis, the optimal projection number was 3142 over a rotation

of 360◦. The tube voltage of 160 kV provided acceptable transmission at an exposure time of

134 ms. Two times image averaging was used to suppress ring artefacts, giving a scan time of

approximately 15 minutes per sample. Due to the need to capture extensive RSA rather than

single roots, the resulting voxel side length of 20 µm was insufficient to image root hairs and

the micro-porous structure of soil. Three small glass beads of approximately 500 µm diameter

were bonded to the exterior of each tube prior to imaging as fiducial markers. The purpose was

twofold: to guide sectioning of the resin-perfused block following XCT (see following section)

and aid alignment of each XCT scan to the corresponding planar thin-section.
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XCT reconstruction and segmentation

Data were reconstructed to 8-bit volumes using a standard filtered back-projection implemented

in CTPro 3D (Nikon, Japan). Due to the trade-off between resolution and field of view when

using XCT, it is difficult to image entire RSA with sufficient resolution and contrast-to-noise ra-

tio to segment roots (particularly lateral roots) using an automated method. As such, often large

amounts of time has to be spent segmenting roots and other small features manually (Flavel

et al. (2012), Mooney et al. (2012), Keyes et al. (2013), Ahmed et al. (2016), Koebernick et al.

(2017)). Avizo 9 (FEI Company, Oregon, US) was used to manually extract the RSA. To en-

sure root length measurements were accurate and no bias was given to specific regions of soil,

a systematic manual segmentation approach was taken. Visible roots were segmented in one of

the three orthogonal cross sectional planes to which they were most perpendicular in order to

achieve accurate root length measurements. In each plane (x− y, x− z, y− z), the soil volume

was divided into quadrants. One pass of all quadrants was made before moving onto the next,

and if no unclassified roots could be seen in a quadrant, the next quadrant/orientation was con-

sidered. The manual segmentation process terminated when one full pass of each quadrant and

all three orthogonal orientations found no unclassified roots. The root segmentation was time

consuming therefore only two of each PL and PLCG replicates was segmented. One replicate

of each treatment was segmented in the cuboid region of dimensions 14.4× 14.4× 3.52 mm3

centred around the location (or would-be location in the PL case) of the pellet to investigate root

length density changes. Another replicate of each treatment was segmented in only a quadrant

surrounding the pellet for the purpose of modelling, the location of this region can be seen in

Figure 2.4. Soil solids were segmented into two phases: solid primary mineral phase with high

X-ray attenuation and the clay-water mixture phase with a lower attenuation and pore size class

below the imaging resolution. Primary minerals are defined as dense particles (the highest atten-

uation) larger than resolution so not to become blurred by partial-volume effects. The clay-water

mixture phase is a catch-all definition of regions with density between air and primary mineral

and is relative to the scan settings and soil. It includes water, clay, minerals below resolution

and organic matter. It is important to note that scan resolution and particle size affects this soil

classification. For example, a better resolution would resolve smaller minerals moving them

from clay-water-mixture to the mineral phase. Similarly, if particle size was smaller, minerals

may not be resolved and classified as clay-water mixture phase. Soil segmentation was achieved
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using 3D median filtering and thresholding. It is worth noting that primary mineral particles

with radius less than approximately 0.04 mm were classified as clay-water mixture due to the

median filter often smoothing these small particles to the clay-water mixture grey value range,

this is important when analysing the SEM-EDS images. Furthermore, any non-root organic mat-

ter (of which there is little) in the soil was classified as clay-water mixture due to its attenuation

being in the same range as the clay-water mixture phase. Partial volume effects caused a one

pixel film around the primary mineral phase to be classified as clay-water mixture. This artefact

was removed using a 3D erosion. To segment the fertiliser pellet, its approximate convex hull

was first segmented manually, holes were then masked out using smoothing and thresholding.

The remaining grey levels were classified as air-filled pores. An example of the resulting seg-

mentation can be seen in Figure 2.2b. The individual steps of the segmentation can be seen in

Figure 2.3. From this segmentation, the macro-porosity of the soil, φ , can be calculated as the

ratio of the volume of the pore space to the entire soil volume (Peyton et al. (1992), Tracy et al.

(2010)).

FIGURE 2.2: Example processing of raw XCT data into classified images used for analysis
and modelling. a) A raw XCT slice of the plant-fertiliser treatment, b) Segmentation of the raw
XCT data into its phases (the result of the segmentation routine described in the XCT section)
c) Geometry used for image-based modelling, Ω is the volume representing homogeneous clay-
water mixture, air-filled pore and primary mineral; the outside surface of Γr represents the root

surface boundary; and the outside surface of Γ f represents the fertiliser surface boundary.

Meshing

For the purposes of modelling, the clay-water mixture, pore and primary mineral phases was

assumed homogeneous and meshed as a volume. As the roots and fertiliser are only considered

as boundaries in the model, only the surfaces are meshed (Figure 2.2c). The computational mesh

suitable for finite element modelling was generated using ScanIP 2016 (Synopsys, California,
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USA). Typically, the resulting volume element volume ratio was 2× 10−6 with an average el-

ement quality of 0.711. The surface element area ratio was 5× 10−4 with an average element

quality of 0.7195.

FIGURE 2.3: Visual demonstration of the image segmentation process. 1) A slice from the
raw reconstructed data. 2) A 2 pixel 3D median filter applied to the raw data. 3) Threshold of
the clay-water mixture phase, showing the layer around primary mineral particles caused by a
partial volume effect. 4) The clay-water mixture phase after an opening and closing routine. 5)
The final soil segmentation overlaid on the raw data. 6) The manual root segmentation overlaid
on the raw data. 7) The approximate convex hull of the fertiliser overlaid on the raw data. 8)
Threshold of the fertiliser pellet within the approximate fertiliser region overlaid on the raw

data. 9) Final segmentation of each phase.

Elemental Mapping

Single samples of each of the 4 treatments were prepared and elementally mapped using a LEO
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1450VP SEM-EDS system (Zeiss, Oberkochen, Germany). Thin-sections suitable for SEM-

EDS mapping were first prepared from the samples. As large soil samples are not rigid enough

to be cut into thin-sections in vivo, they are embedded in epoxy resin before thin-sectioning.

The only tested method for achieving this is drying (air or freeze) the samples before perfusing

them with resin (Hapca et al. (2015, 2011), Sayen et al. (2009), Voegelin et al. (2007)). The

samples were prepared for elemental mapping at the thin section laboratory at the National

Oceanographic Centre, University of Southampton after the 30 day growth/incubation period.

Standard fixation comprises of air drying and perfusing a two part epoxy resin thinned with 10%

acetone (by mass) into the microcosms at atmospheric pressure then curing at room temperature

for two days. Longitudinal polished sections of 250 µm thickness were produced through the

seed and pellet location, using the fiducial markers and XCT data to guide the sectioning process.

The sections were ground flat using a fixed diamond abrasive and cleaned afterwards in an

ultrasonic bath. The samples were then polished with hydrocarbon oil and diamond slurry and

cleaned again.

The spot size of the system was between 1 and 3 µm depending on the relative atomic mass.

The detection limit of the method is approximately 0.009 wt% (Goldstein et al. (2017)). Shot

noise (noise where the Poisson process behind photon emission and detection is apparent in the

data) was present in the P signal due to the high spatial resolution (9.6 µm pixel side length) of

the method and low P content in the sample (340ppb of labile P as determined by Inductively

Coupled Plasma Mass Spectrometry), see column P-EDS in Figure 2.8.

The distribution of P in soil is inherently heterogeneous and the P signal is noisy due to low P

content, thus to extract useful information from the data denoising and averaging methods were

used. To denoise the data, spatial averages were taken over regions with increasing distance

from fertiliser pellets/roots in each EDS map (we refer to this data as averaged EDS data).

Measurements from EDS are only relative to the scan, hence, concentrations cannot be compared

between maps without calibration. The fertiliser pellet was used as a calibrator to compare mea-

surements between the CG and PLCG maps. The average intensity of the pellet was calculated

in both the PLCG and CG scans to derive a relative calibration between the maps, 1 PLCGEDS

unit (the measure of P concentration relative to PLCG SEM-EDS scan) = 0.725 CGEDS unit

(the measure of P concentration relative to the CG SEM-EDS scan). However, as no standards
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were embedded in the samples absolute P concentration cannot be extracted from the EDS data.

Using the back scattered electron image (BSEI) obtained from the SEM, the signal in the images

could be classified by material phase using the same image segmentation method as that for the

XCT data. Due to the resin perfusion process, roots were not visible in the BSEIs and hence

could not be segmented directly.

Alignment

To be sure the thin-sectioning processes did not disturb the sample, each thin-section was com-

pared to XCT data of the sample before resin perfusion and thin-sectioning. This was achieved

by finding the XCT slice which corresponds to the thin-section plane, and measuring similarity

using the statistical measure of PCC.

If the same approach as Hapca et al. (2011) was applied to one of the current sets of XCT and

EDS data it would take 543,524 times longer than the computations carried out in Hapca et al.

(2011) due to the larger image sizes. Instead, the method of Chicherova et al. (2014) for aligning

histology section to XCT data was adapted to align SEM-EDS to XCT. This approach makes

use of a 2D object detection and description technique known as the Scale Invariant Feature

Transform (SIFT) (Lowe (1999)). The method compares objects in each XCT slice to the Back

Scattered Electron image (BSEI) of the thin-section by comparing the descriptors. If two objects

are similar enough, the corresponding location in the XCT stack is saved. Once this process has

been carried out for an entire stack, the aligned XCT slice is taken to be the best fit plane to

the resulting points from each XCT slice. The whole stack is then re-oriented in the direction

normal to said plane. The resulting XCT slices were larger than the thin-sections. Thus, to

find the location of the thin-section on the matched XCT slice, the XCT slice was cropped to

the same dimensions as the BSEI at every possible location and the PCC between the BSEI

and cropped XCT slice was calculated. The crop with the maximum PCC was selected as the

location of the thin-section on the aligned XCT slice.

2.4.2 Modelling

To capture the complexity of the system an image-based model, which considers the geometry

of the root-soil-fertiliser system, was implemented. This model requires subsampling of the
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XCT data to be computationally viable but large enough to avoid artificial boundary effects.

Furthermore, model predictions were required to be optimised to fit the averaged EDS data.

To approximate the appropriate size of the subsample and have a good initial guesses for the

minimisation, a simpler model which does not consider the geometry was first solved and fit

to the averaged EDS data. This was achieved using a spherical equilibrium-reaction diffusion

model and minimisation.

2.4.2.1 Spherical equilibrium-reaction diffusion model

An impeded diffusion model similar to that presented in Tinker & Nye (2000) (see chapter 1 for

an introduction to this) was used as preliminary model (here we used spherical coordinates due

to the approximate radial symmetry of the problem)

(φ +b)
∂cl

∂ t
= φ

1
r2

∂

∂ r
(Dr2 ∂cl

∂ r
), (2.1)

cl = c f , r = r f , (2.2)

D
∂cl

∂ r
= 0, r = rb (2.3)

cl = c0, t = 0, (2.4)

where r f is the radius of the fertiliser pellet, rb is the distance from the centre of the fertiliser

pellet to the edge of the domain, cl [mol m−3] is the concentration of P in soil solution at time

t and distance r from the centre of the fertiliser pellet, D [m2 s−1] is the diffusion coefficient

of P in soil pore water, b is the buffer power of P in soil, c f is the concentration of P in the

fertiliser pellet, φ is the soil volumetric water content and c0 is the initial P concentration in

the soil pore water. In order to calculate the approximate effective diffusion of P in the soil

De f f =
Dφ

φ+b , solutions of the spherical diffusion model described by Equations (2.1-2.4) were fit

to the averaged EDS data, with the fertiliser boundary value, c f , calculated from the EDS data

as the P average in the annulus closest to the pellets. The fertiliser radius r f is calculated from

the XCT data and rb is chosen large enough to eliminate boundary effects. Let cl(t,r;De f f ,c0)

be the solution to Equations (2.1-2.4) for a given De f f and c0, and let v = (v1, . . . ,vn) be the

averaged EDS data of increasing distance from the fertiliser pellet, the minimisation problem is
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then

min
De f f ,c0≥0

∑
i
(cl(t∗,ri;De f f ,c0)− vi)

2, (2.5)

where ri are the grid points of v and t∗ = 30 days. The PDE was solved numerically using

MATLAB pdep solver and the minimisation problem was solved with MATLAB fmincon im-

plementation of an interior-point algorithm. As the boundary condition is given in relative EDS

intensity, cl has the same units. The initial condition c0 is a second fitting parameter as it is

unknown from the EDS data alone.

2.4.2.2 Image-based model

To investigate how changes of root architecture around a fertiliser pellet affect plant P uptake,

image-based models, which account for the root-fertiliser geometry are required. The soil is

assumed homogeneous and represented by Ω ⊂ R3. The phases segmented from the XCT data

are used to define the geometry of Ω and its boundary Γ. Let Γr represent the root surface, Γ f

represent the fertiliser surface and let Γb represent the image boundary (that is, the edge of the

region considered) then Γ = Γr ∪Γ f ∪Γb. Figure 2.2c shows an illustration of the domain and

its boundaries on a 2D slice.

Equations governing the dynamics of P were imposed on the geometry. P in homogeneous soil

moves by diffusion and advection (Roose et al. (2001)). As only small volumes of soil with

negligible hydraulic gradient are considered, the effect of advection can be discounted (Roose

& Fowler (2004)). P is known to adsorb to and desorb from soil particles (Barber (1995)). This

is assumed to be a linear first order reaction which happens rapidly on the diffusion time scale,

thus the amount of adsorbed P can be well approximated by P in solution using the buffer power

(Roose et al. (2001)). As the soil is assumed homogeneous these reactions happen in the whole

domain, thus the movement of P is governed by the partial differential equation,

(φ +b)
∂Pl

∂ t
= ∇ ·φD∇Pl, x ∈Ω, (2.6)

where Pl(t,x) [mol m−3] is the P concentration at point x ∈Ω and t > 0, φ is the macro porosity

of the soil, b is the buffer power of P in the soil and D [m2 s−1] is the diffusion rate of P in soil

pore water.
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The uptake rate of P by roots is linear in P at low concentrations (Barber (1995)). As the soil

was P deficient we assume linear uptake

φD∇Pl ·nr = λPl, x ∈ Γr (2.7)

where, λ [ms−1] is the P uptake rate (Tinker & Nye (2000)) and nr is the unit normal to the

root surface pointing into Ω. The parameter λ is related to the more common Michaelis-Menten

uptake parameters with the approximation λ ≈ Fmax/Km where Fmax [mol s−1 m−2] is the max-

imum uptake rate and Km [mol m−3] is the P concentration when uptake rate is half the maxi-

mum. It is assumed that the fertiliser pellet has a uniform concentration therefore the following

boundary condition is imposed on the fertiliser pellet surface,

Pl = Pf , x ∈ Γ f , (2.8)

where Pf [mol m−3] is the concentration of P at the fertiliser surface.

On the image boundary, Γb, a zero-flux boundary condition is imposed,

φD∇Pl ·nb = 0, x ∈ Γb, (2.9)

where nb is the unit normal to Γb pointing into Ω. Uniform initial conditions are assumed

Pl = P0
l , t = 0,x ∈Ω (2.10)

where P0
l [mol m−3] is the initial concentration of P in solution.

2.4.2.3 Selecting the domain

The scanned samples were too large to segment, mesh and solve models on in their entirety,

therefore subsamples had to be chosen. The region of the soil columns chosen for segmentation,

meshing and image-based modelling is shown in Figure 2.4. This region contains the prelim-

inary diffusion length scale (using the preliminary De f f , calculated by minimising Equation

(2.5)) from the fertiliser pellet to the edge of the domain along its long edges and a section of
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the fertiliser pellet is contained in one corner. Choosing the top right quadrant in the PLCG treat-

ment and bottom right quadrant in the CG treatment maximised the EDS data contained within

the sub-region, eliminating any user choices. Further, imposing no-flux boundary conditions

on all the internal boundaries except the top boundary is justified due to the radial symmetry

of diffusion (modulo soil and root heterogeneity) of P from the pellet in the entire sample. A

zero-flux condition on the top boundary is physically unjustified as in reality this is not the top

of the soil column. However, the distance from the pellet to the top boundary is the approximate

diffusion length scale. Hence, little P from the pellet will reach this boundary over 30 days,

minimising this artificial boundary effect.

2.4.3 Parametrising the image-based model

The model has unknown parameters, however many of these can be calculated from the XCT

and elemental data. The macro porosity of the soil, φ , was calculated directly from the XCT data

and the diffusion coefficient of P in water, D is known. The remaining parameters, P0
l , λ and b

were fit to the averaged EDS data from the CG and PLCG treatments. First, P0
l and b are fit to

the CG averaged EDS data. Let v = (v1, . . . ,vn) be the CG averaged EDS data with increasing

distance from the fertiliser pellet and let Pl(t,x;b,P0
l ) be the solution of the image-based model

described by Equations (2.6-2.10) with the geometry extracted from the CG XCT images (in

this case there is no root boundary, Γr) for a given P0
l and b. The initial condition, P0

l and buffer

power, b were calculated as the values which minimised the least square distance between the

model solution and the averaged EDS data,

min
P0

l ,b
∑

i
(Pl(t∗,xi;b,P0

l )− vi)
2, (2.11)

where xi are the grid points of v and t∗ = 30 days. Once the physical parameters were fit, the

root uptake, λ , was fit to the averaged EDS data from the PLCG treatment. Let u = (u1, . . . ,un)

be the PLCG averaged EDS data and let Pl(t,x;λ ) be the solution to the image-based model

described by Equations (2.6-2.10) with the geometry extracted from the PLCG XCT images for

a given λ . The root-uptake rate, λ , was calculated as the value which minimised the least square
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FIGURE 2.4: Subsample chosen for image-based modelling. The outlined black region is the
subsample of the XCT images chosen for modelling. The pink sphere represents the fertiliser
pellet and the yellow plane represents the location of the thin-section within the sample. ldi f f =
15.92 mm is the diffusion length scale over 30 days (using the preliminary De f f , calculated by
Equation 2.5), and r = 12.38 mm is the distance from the centre of the pellet to the edge of the

soil sample calculated from the image data.

distance between the model solution and the averaged EDS data,

min
λ

∑
i
(Pl(t∗,xi;λ )−ui)

2, (2.12)

where xi are the grid points of u.
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2.4.4 Numerical Experiments

Once the image-based model was parametrised, simulations were run to assess how RSA affects

P uptake from the fertiliser pellet. Predicted plant P uptake in the PLCG treatment was compared

to that in the PL treatment where an artificial fertiliser pellet was added to the computational

mesh in the same location as the PLCG treatment to add an equivalent source of P. In this

comparison, the only difference between the models is the RSA; in the PLCG case the RSA has

reacted to the fertiliser pellet while the PL RSA has not. The amount of P from the fertiliser

pellet that becomes adsorbed to the soil is compared between the two treatments. Furthermore,

root P uptake rate per root surface area with distance from the fertiliser pellet is measured to

determine the soil region where the fertiliser replenishes P supplies previously diminished by

roots.

2.4.5 Numerical simulations and minimisation algorithms

A finite element method was implemented in Comsol 5.3 to solve the image-based model. Or-

der one Lagrange polynomials were chosen as the basis functions when running minimisation

algorithms for speed, while order two Lagrange polynomials were used for the Numerical Ex-

periments. The resulting system of linear equations was solved using the MUMPS algorithm.

Backwards differentiation formulas between orders 1 were 5 are used to step in time. Min-

imisations were solved using MATLAB fmincon interior point algorithm. The initial point for

minimisation problem (2.11) was selected as the solution to the spherical minimisation problem

described by Equation (2.5), using b = φD
De f f
− φ . The initial point for minimisation problem

(2.12) was selected as λ = 0 ms−1. Table 2.3 summarises the treatments and their use in mod-

elling and data fitting.

TABLE 2.3: Summary of treatments and the use of their XCT and SEM-EDS data for mod-
elling.

Treatment Abbreviation Input Use
Control C N/A Baseline
Fertiliser CG N/A Calculating b and P0

l (Equation (2.11)

Plant Fertiliser PLCG b and P0
l

Calculating λ (Equation (2.12))
and numerical experiments

Plant PL b, P0
l and λ Numerical experiments
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2.5 Results

2.5.1 Imaging studies

2.5.1.1 XCT

Lateral barley roots are seen to penetrate through the fertiliser pellet in each of the three plant-

fertiliser replicates (Figure 2.2 and 2.5). Processed XCT data suggests that within approximately

2 mm of the centre of the fertiliser pellet lateral root length density is over 3 times the bulk

measurement (illustrated with red dots in Figure 2.6). To be sure that the observed trait is not

an artefact caused by pellet location in the centre of the tube, the PL scan was segmented in the

region where the pellet would be placed, and root length density was measured with increasing

distance from the centre of the tube (plotted with blue dots in Figure 2.6). The PL root length

density stayed relatively constant when compared with the PLCG root length density.

FIGURE 2.5: 2D slices from a XCT scan of a sample containing both plant and fertiliser pellet.
The fertiliser pellet can be seen in the centre of each image. Lateral roots can be seen inside

the pellet.

2.5.1.2 Elemental Mapping

SEM-EDS reveals that most P heterogeneity in sandy-loam soil originates from mineral particles

(Figure 2.7). P in mineral forms, such as apatite, is likely unavailable to plants directly. Further,

P was detected in the air-filled pore space. This was caused by fine soil fractions becoming
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FIGURE 2.6: Root length density with increasing distance from the centre of a fertiliser granule
in one plant and one plant-fertiliser treatment. The red dots shows the plant-fertiliser treatment.
The blue dots shows the plant only treatment with an artificial (‘dummy’) fertiliser pellet lo-
cated in the centre of the tube. The first two data points are zero in this case as there were no
roots in the region closest to the centre of the tube. The black dashed line shows the approxi-

mate edge of the fertiliser granule.

suspended in the resin during perfusion, see Figure 2.7, an artifact of the process. As such, only

P in the clay-water mixture phase is considered from the SEM-EDS data from here onwards.

Averaging P concentarion with distance from the edge of the fertiliser pellet in the CG treatment

shows a short gradient, Figure 2.12.

2.5.1.3 Alignment

Aligning the SEM-EDS BSEI to XCT data shows that the resin perfusion and thin-sectioning

process did not disturb the sample. Table 2.4 shows the PCCs between the BSEI of the thin-

sections and the aligned XCT slices. Figure 2.8 shows sub-regions of the aligned XCT slices,

along with the corresponding regions in the BSEIs and P maps. Figure 2.9 and 2.10 show a

visual comparison of the best and worst matches for the entire images. Any movement of P is
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FIGURE 2.7: A high dwell-time SEM-EDS line scan of the fertiliser-soil treatment. The
yellow line shows the path taken during the line scan, the blue line shows relative elemental P
content. The fertiliser pellet makes up the far right of the image. The zoomed area highlights

soil fractions suspended in the resin gives a non-zero P signal.

attributed to natural causes as opposed to an experimental artefact, thus any observed P gradients

are characteristic of soil in situ.

TABLE 2.4: PCC (Pearson Correlation Coefficient) between the entire aligned XCT slice and
the back scattered electron images of the thin-section.

Treatment PCC
C 0.169
CG 0.091
PL 0.329
PLCG 0.485

The XCT scans were orientated in the direction normal to the thin-section, and all roots were

segmented in a 0.5 mm region either side of the thin-section. From this segmentation, a 3D

distance transform of the roots could be calculated on the thin-section, see Figure 2.11, and

average P content with distance from root could then be calculated. However, no P gradient

originating from the roots could be detected in both the PL and PLCG treatment. This is due

to the sensitivity of the method; the roots do not alter the soil P profile enough to distinguish

changes due to roots from noise (unlike the fertiliser, which supplies enough P to detect its effect

on the soil profile).
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FIGURE 2.8: Visual comparison of sub-regions of the aligned XCT slice, BSEI and P EDS map
for each thin-section. The P-EDS maps are shown as a heat map to highlight the contrast. Note,
to capture the contrast within each image the brightness contrast is varied between images, thus

the heat map scales are relative to each image.
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FIGURE 2.9: XCT data aligned with the BSEI of the thin-section of the plant-fertiliser treat-
ment. Left shows the aligned pre-resin XCT slice, right shows the BSEI of the thin-section.
The seed region can be seen in the top left of each image. This is the best match with a PCC of

0.485.

2.5.2 Modelling

2.5.2.1 Equilibrium reaction diffusion model

By averaging P intensity in annuli of increasing distance from the fertiliser pellet high-resolution

P gradients originating from the fertiliser pellet could be observed (Figure 2.12). Solving the

minimisation described by Equation (2.5) yielded an effective diffusion coefficient of De f f =

1.64× 10−10 m2 s−1, the model fit to the data can be seen in Figure 2.12. This equates to the

buffer power of P taking a value of approximately 4. The initial condition, c0 was fit as 1.468

CGEDS units. The same analysis was applied to the PLCG treatment yielding approximately

the same effective diffusion coefficient. However, the model did not account for the presence of

roots.

There is a trade-off between noise/heterogeneity and resolution when choosing the thickness of

annuli to average over. Thin annuli yield noisy data with higher spatial resolution while thick
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FIGURE 2.10: XCT data aligned with the BSEI of the thin-section of the fertiliser treatment.
Left shows the aligned pre-resin XCT slice, right shows the BSEI of the thin-section. This was

the worst match with a PCC of 0.091.

FIGURE 2.11: Nearest root distance on the thin-section. The heat map shows the 3D distance
of each clay-water mixture pixel from its nearest root (in mm) for the thin-section of the PL
treatment. The 3D segmented roots (rendered in magenta) were used to calculate this distance.

annuli produces smoother, lower spatial resolution data. Figure 2.13 shows that an annulus

thickness between 0.53 and 3 mm yields stable results from the data fitting. It was assumed the

image-based model minimisation problems have a similar stability for annulus size, these were

fit with 1.194 mm thick annuli.
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FIGURE 2.12: Preliminary spherical model compared to averaged fertiliser only SEM-EDS
data. Blue points show average P SEM-EDS intensity (annulus thickness= 0.58 mm) with
distance from the edge of the fertiliser granule in the CG treatment thin-section, the error bar
shows the standard error in each annulus. The line shows a solution of the spherical-diffusion
equation (described by Equations (2.1-2.4)) with De f f = 1.64×10−10 m2s−1, fitting the data.

FIGURE 2.13: Fitted effective diffusion values (using the equilibrium reaction diffusion model,
Equations (2.1-2.4)) against annulus thickness in soil-fertiliser treatment. Shows the value of
De f f obtained by minimising Equation (2.5) when the size of the annuli used to average the

SEM-EDS data varies in the soil-fertiliser treatment.

2.5.3 Parameterising the image-based model

Solving the minimisation problem described by Equation (2.11) results in P0
l = 1.6985 CGEDS

units = 1.231 PLCGEDS units and b = 418 (implying De f f = 1.05× 10−12 m2s−1). Solving
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the minimisation problem described by Equation (2.12) results in a root uptake rate of λ =

4× 10−8 ms−1. Figure 2.14a shows how the fitted image-based model solution on the plane

representing the thin-section after 30 days compares to the averaged EDS data in the PLCG

treatment. The root length density (a measurement from the entire 3D subvolume, from the

centre of the fertiliser pellet) is also plotted to explain the region of low P concentration in the

model between 11.5 and 14.5 mm from the edge of the fertiliser pellet. The seed location is

contained within this region causing a high root length density (see the arrow in Figure 2.14a,

the top region of Figure 2.9 shows the seed region on the thin-section). If data near the seed

region is excluded when solving the minimisation problem described by equation (2.12), the

resulting root uptake rate was found to be λ = 1.67× 10−7 ms−1, producing a better fit in this

region, Figure 2.14b. This is attributed to a large air filled void around the seed. Hence, roots in

this area cannot acquire P easily from the soil. The model does not take this into account as it

assumes a homogeneous soil-pore distribution. This allows simulated roots to draw P from the

void region. The following numerical experiments are solved in the entire domain, hence the

root uptake rate fit in the entire domain was used.

FIGURE 2.14: Image-based model compared to averaged plant-fertiliser averaged SEM-EDS
data. Shown in black is the root length density (RLD) from the PLCG treatment to explain
P-depletion in the model. The red circles show the averaged EDS data from the same sample.
A P gradient is seen originating from the pellet. The red line shows the image-based model
solution (using the fitted parameters and domain extracted from the XCT data of the same
treatment) on the plane representing the thin-section after 30 days. a) Shows the fit when the
entire EDS data is considered, including the region containing the seed (see arrow) resulting in
λ = 4×10−8 m s−1, b) Shows the fit when the region containing the seed is ignored, resulting

in λ = 1.67×10−7 m s−1.
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2.5.4 Numerical experiments

The evolution of root uptake rate per root surface area with distance from the centre of the

fertiliser pellet over 30 days is shown in Figure 2.15. Only roots within 2 mm of the centre

of the fertiliser pellet have enhanced P uptake over the 30 day simulation in both cases. The

roots further from the pellet use up the local P supply over time, decreasing their uptake rate. In

the PLCG treatment, roots at 10 and 12 mm have a lower uptake rate as they are more densely

packed in this region, increasing the rate at which P depletes from the soil. In the PLCG case,

the rate for roots 4 mm away from the pellet initially decreases, then slowly increases as P from

pellet diffuses from the pellet replenishing this soil region’s P supply.

FIGURE 2.15: Root P uptake rate per root surface area with distance from the centre of the
fertiliser pellet over 30 days in the entire subvolume. The red circles show the PLCG treatment,
the blue crosses show the PL treatment and the black dashed line shows the rate at 0 hours. The

uptake rate per root surface area are reported at 120, 240, 360, 480, 600 and 729 hours.

The total root surface area in the PLCG treatment is 1.32× 10−4 m2 and 1.254× 10−4 m2 in

the PL treatment. Total P uptake over the 30 day period per total root surface area in the plant

fertiliser treatment is 0.123 [PLCGEDS units m3m−2] and 0.124 [PLCGEDS units m3m−2] in
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the plant treatment with an added fertiliser pellet. When only roots within 4 mm of the fertiliser

pellet were considered, total P uptake over 30 days per root surface area in the plant fertiliser

treatment is 0.13329 [PLCGEDS m3m−2] and 0.1262 [PLCGEDS units m3m−2] in the plant

treatment with the added fertiliser pellet. At 30 days the total amount of P adsorbed to soil

particles in both the plant fertiliser and plant treatment is 7.8×10−4 [PLCGEDS units m3].

2.6 Discussion

It has been suggested that struvite based fertiliser pellets can potentially reduce the need for

crops to allocate carbon to root growth for soil P acquisition (Talboys et al. (2016)). The method

of modelling P uptake from a fertiliser pellet described in this chapter offers a novel approach

to answer these types of hypotheses. Whereas previous models can only estimate P uptake

from a pellet per plant (Talboys et al. (2016)), image-based models show promise as a means

for investigating plastic RSA changes on nutrient uptake from a fertiliser pellet in-situ. To our

knowledge this was the first time image-based models were verified by elemental mapping,

giving them both a geometrical and chemical grounding.

The spatial accuracy of elemental mapping was used to detect high resolution P gradients orig-

inating from a fertiliser pellet in soil. As the samples were dried and resin perfused before

scanning, it is unclear if it was plant available P that was measured using this approach. It has

been suggested that when P concentration in soil solution is high, such as near a fertiliser pel-

let, precipitation of P as calcium, iron or aluminium phosphates occurs (Barber (1995)). These

forms of P are included in the measurements using this method. Precipitated P is typically

unavailable to plants directly, however, it can be seen as a proxy for plant available P.

Segmentation of XCT data showed that root length density increased within 2 mm from the

centre of the fertiliser pellet in two repeats (Figure 2.6 and 2.14). This result confirms findings

from previous studies regarding root response to regions of high P concentration, but in a more

local region and in vivo (Drew & Saker (1978)). Furthermore, in each of the PLCG treatments

many lateral roots were found in the struvite pellet, suggesting roots can promote dissolution of

the fertiliser.



68 Chapter 2 A multi image-based approach for modelling plant-fertiliser interaction

As large averages are taken over the P SEM-EDS maps, improved resolution in the method

is unlikely to affect the results. An improvement on the method could instead be made by

identifying the clay-water mixture phase using mineralogy from the collection of EDS maps

instead of density alone. Improving the resolution and contrast to noise in the XCT could allow

an automated root segmentation method, vastly increasing the throughput of the method. There

is scope to improve resolution as these preliminary studies suggest a smaller region around the

fertiliser pellet could be imaged while still capturing the change in RSA away from the pellet.

The alignment demonstrates that the resin perfusion and thin-sectioning process does not disturb

the samples spatially. The correlation coefficients between the aligned XCT slices and SEM-

EDS BSEIs are similar to those reported from the alignment method of Hapca et al. (2011).

However, in this study much larger images were considered and each alignment took approxi-

mately three hours. The best alignments in terms of PCC were the samples containing roots. It

could be conceivably hypothesised that the roots bind the soil thus minimising the disturbance

caused when transporting the samples from XCT scanning to thin-sectioning. The alignment

allowed 3D distance from the roots to be calculated on the thin-section. Although P gradients

were not detected around roots in this study, we suggest in further investigations to use the same

method in a clay soil with added homogenised phosphate to detect P depletion zones.

Numerical experiments showed that the treatment with a plant and a fertiliser pellet was more

efficient in P uptake near the pellet than the plant only treatment with an artificial pellet added

to the computational mesh. Using an approximate carbon cost per root length value of 1.7 µmol

mm−1 (Nielsen et al. (1994)), we calculated that the plant in the plant-fertiliser treatment has

to spend 1.94×10−6 µmol (2.3×10−11 g) more carbon on its root system within 4 mm of the

pellet than the plant in the plant only treatment to extract 12.5% more P from within 4 mm of

the fertiliser pellet over the 30 day simulation. These numerical experiments were controlled

for RSA changes caused by the pellet during the growth period, suggesting that root plasticity is

important for efficient P uptake from a fertiliser pellet. Overall P efficiency was roughly equal

when considering the entire subvolumes. This was caused by the plant-fertiliser subvolume

containing the seed in the top region, creating a region of densely packed roots (Figure 2.9).

These roots access P from the same region of soil depleting supplies rapidly, decreasing P uptake

efficiency (see Figure 2.15 data points between 8 and 14 mm from the centre of pellet), while
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the plant only treatment had more evenly distributed roots. The model predicts both the plant

fertiliser and plant only treatment had approximately equal amounts of soil-adsorbed P after 30

days. However, the model assumed the P adsorption/desorption reactions were in equilibrium

and it did not consider root exudates which are thought to be important for P solubilisation and

P use efficiency (Oburger, Jones & Wenzel (2011)). To investigate the efficiency of fertiliser

pellets in terms of immobilised P, a model which considers dynamic P-soil reactions as well as

organic acids is required.

The fertiliser pellet only enhanced the P uptake rate per root surface area of roots within 2

mm of the pellet over a 30 day period; it seems the important mechanism for P uptake from

a fertiliser pellet is root proliferation near the pellet, rather than the diffusion of P from the

pellet to the roots. Furthermore, the roots were observed inside the pellets, this could be due

to direct fertiliser solubilisation by root exudates, possibly another important mechanism for P

uptake from a fertiliser pellet. On the other hand, regions of soil containing densely packed

roots with no means for P replenishment were seen to rapidly deplete soil P supplies, reducing

P uptake efficiency. Root P uptake rate did not reach an equilibrium over the 30 day simulation,

Figure 2.15. Longer numerical simulations are required to predict P uptake over the full growing

season and soil P profile for the next season. However, the 30 day simulation captured the early

stage of P nutrition, known to be an indicator of crop yield (Talboys et al. (2016)).

This study invokes a simplified mathematical description of the physical system with param-

eters that can be fit accurately and uniquely to the data. While a more complex model could

provide deeper insights into the underlying processes, it would introduce more system param-

eters, thus requiring extra experimental data not available in the current study. For example,

this model considers a linear uptake on the root surface. While this assumption is consistent

with literature, a more physically detailed description would be to impose Michaelis-Menten

uptake on the root surfaces (Barber (1995)). However, this introduces an extra parameter that

requires temporal resolution in the experimental data to fit accurately. Similarly, considering

buffer power to describe adsorbed P is a simplification from the dynamics involved in the Lang-

muir isotherm model. However, as it reduces the complexity, this approximation lends itself to

unique parameter estimations given the data used in this study.
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The fitted model predicts the buffer power of P (b, the ratio of sorbed to solution P) for the

sand-textured Eutric Cambisol under the P conditions induced by the fertiliser pellet as 418.

Oburger, Jones & Wenzel (2011) calculated the buffer power of a similar soil to be 6. This is not

inconsistent with the current result. The assumption that adsorbed P can be approximated by

solution P using a constant buffer power is only accurate in a certain concentration range as soil

sorption sites become saturated (Barber (1995)). The amount of solubilised P in the experiment

of Oburger, Jones & Wenzel (2011) is likely much more than that provided by the 0.3 g fertiliser

pellet which provides 84 mg of solid P to a local soil region. In the current experimental setup

the soil contains a wide range of P concentrations, a nonlinear reaction such the Freundlich or

Langmuir isotherm would be more suitable to capture the change in sorption (Barber (1995)).

As mentioned above, this would introduce an extra parameter overfitting the experimental data.

Care has to be taken when translating the results to the field scale due to the unnatural growth

conditions, the 50 ml tubes constrained the root system over the 30 day growth period. However,

increased RLD near the pellet was seen in the plant fertiliser treatment and not the plant only

treatment, suggesting increased RLD near the pellet was not caused by growing constraints.

The model assumes the roots were in the configuration of the 30 day time point over the entire

simulation. It can be argued this approximation did not incur a large error: a barley root’s typical

elongation rate is between 20 and 35 mm day−1 (Rajala et al. (2002)), therefore the root-growth

time scale is over 100 times faster than the P effective diffusion time scale and the two processes

can be time-separated as done in this chapter.

The method developed in this study shows great potential as a means for investigating plastic

RSA changes on nutrient uptake. Preliminary studies suggest that a RSA reaction to nutrients

from a fertiliser pellet is important for efficient P uptake in terms of root carbon cost. Due to

the slow transport of P through soil, roots finding and reacting to the fertiliser pellet contributes

more to P uptake from the pellet than P diffusing from the pellet to roots at greater proximity

over a 30 day period. Results suggest that models which describe P uptake from fertiliser pellets

should consider the plastic RSA as an important mechanism.
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cAgronomy Department, University of Còrdoba, Campus de Rabanales. Edificio

C4 Celestino Mutis, 14071 Còrdoba, Spain.
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3.1 Abstract

Organic acid exudation by plant roots is thought to promote phosphate (P) solubilisation and

bioavailability in soils with poorly available nutrients (Chen & Liao (2016)). Here we describe

a new combined experimental (microdialysis) and modelling approach to quantify citrate en-

hanced P desorption and its importance for root P uptake.

To mimic the rhizosphere, microdialysis probes were placed in soil and perfused with citrate so-

lutions (0.1, 1.0 and 10 mM) and the amount of P recovered from the soil was used to quantify

rhizosphere P availability (Demand et al. (2017)). Parameters in a mathematical model describ-

ing probe P uptake, citrate exudation, P movement and citrate enhanced desorption were fit to

the experimental data. These parameters were used in a model of a root which exuded citrate and

absorbed P. The importance of soil citrate-P mobilisation for root P uptake was then quantified

using this model.

A plant needs to exude citrate at a rate of 0.73 µmol cm−1 of root h−1 to see a significant increase

in P absorption. Microdialysis probes with citrate in the perfusate were shown to absorb similar

quantities of P to an exuding root.

A single root exuding citrate at a typical rate (4.3× 10−5 µmol m−1 of root h−1) did not con-

tribute significantly to P uptake. This is in contrast with other modelling studies which have

found that citrate exudation contributed significantly to P uptake (Gerke, Beißner & Römer

(2000), Zygalakis & Roose (2012)). Microdialysis probes show promise for measuring rhizo-

sphere processes when calibration experiments and mathematical modelling are used to decou-

ple microdialysis and rhizosphere mechanisms.

Keywords: method, modelling, nutrient uptake, phosphorus mobilisation, soil solution

3.2 List of Symbols

Ω⊂ R3 model domain representing homogeneous soil in a mi-

crofuge tube

Γp ⊂ R2 microdialysis probe membrane
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Γe ⊂ R2 microfuge tube boundary and tip of probe

Pl phosphorus concentration in soil solution [µmol m−3]

Ps phosphorus concentration bound to soil particles [µmol

m−3]

Cl citrate concentration in soil solution [µmol m−3]

Cs citrate concentration bound to soil particles [µmol m−3]

φl volumetric water content [m3 of soil solution m−3 of total

soil]

φs volumetric soil content [m3 of soil m−3 of total soil]

β1 the rate at which phosphorus adsorbs to soil particles

[s−1]

β1 the rate at which phosphorus desorbs to soil particles

[s−1]

β3 the rate of citrate enhanced phosphorus desorbtion [m3

s−1 µmol−1]

DP diffusion rate of phosphorus in soil solution [m2 s−1]

DC diffusion rate of citrate in soil solution [m2 s−1]

γ1 the rate at which citrate adsorbs to soil particles [s−1]

γ2 the rate at which citrate desorbs to soil particles [s−1]

λ the rate of citrate bio-degredation [s−1]

δC microdialysis probe permeability for citrate [m s−1]

np unit normal to probe membrane

ne unit normal to Γe

C0 concentration of citrate in the perfusate [mol m−3]

δ 0
P microdialysis probe permeability for phosphorus [m s−1]

δ 1
P citrate enhanced microdialysis probe permeability for

phosphorus [m4 s−1 µmol−1]

bP buffer power of phosphorus [-]

bC buffer power of citrate [-]

Padd concentration of phosphorus added to the soil [µmol m−3]
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JMi i = 1,2,3,4,5 model microdialysis probe flux of cit-

rate/phosphorus for varying conditions

JEi i = 1,2,3,4,5 experimental microdialysis probe flux of

citrate/phosphorus for varying conditions

σi i = 1,2,3,4,5 experimental standard deviation corre-

sponding to the above fluxes

ob ji i = 1,2,3,4,5 objective function comparing experimental

and model fluxes for varying conditions

p = {100,1000,10000} concentrations of phosphorus added to the soil [µM]

c = {100,1000,10000} concentrations of citrate in the perfusate [µM]

T1 = {1,2,3,4,5,6,8,12} microdialysis probe sampling times in citrate exudation

experiments [hours]

T2 = {1, . . . ,12} microdialysis probe sampling times for phosphorus ab-

sorption experiments [hours]

FC root citrate exudation rate [µmol m−2 s−1]

FP maximum root phosphorus uptake rate [µmol m−2 s−1]

KP phosphorus concentration when root uptake is half FP

[µmol m−3]

3.3 Introduction

Low phosphate (P) availability in soil is often one of the most severe constraints to crop pro-

duction worldwide (Barber (1995), Vitousek et al. (2010)). This is particularly pertinent in low

income countries where farmers have insufficient capital to replenish their soil P supply with

synthetic P fertilisers (Sanchez (2002)). Under-fertilisation is not the only reason for low P

availability in soils. P strongly adsorbs to soil particle surfaces (e.g. Fe/Al oxides) and can

become immobilised by microbes, both of which decreases the amount of P directly available to

plants (Barber (1995), Oburger, Jones & Wenzel (2011)).

To overcome P limitation in soils, plants have evolved a range of strategies to manipulate the

soil environment to increase P bioavailability. Of these, the exudation of organic acids (e.g.
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citrate and oxalate) by roots of many species has been shown to promote P mobilisation (Chen

& Liao (2016)). This has been shown to occur via four main mechanisms: 1) the co-excretion

of H+ and organic acid anions to lower the pH of the soil solution and promote ligand compe-

tition and desorption of inorganic P held on Fe and Al mineral surfaces, referred to as ‘specific

adsorption’; 2) release of organic acids leading to the protonation of mineral surfaces which

decreases P binding strength; 3) the direct attack and removal of cations on mineral surfaces

by organic acid anions leading to inorganic P release, referred to as ‘ligand-promoted dissolu-

tion’; and 4) solubilisation of organic P (Oburger, Jones & Wenzel (2011)). These mechanisms

are summarised in Figure 3.1. Note the inclusion of a negative effect of organic acids on P

solubilisation, Figure 3.1g. For soils in which the sorption sites have low P saturation, it was

found that ligand-promoted dissolution was the dominant mechanism, while specific adsorption

is dominant when sorption sites in soil are saturated with P (Oburger, Jones & Wenzel (2011)).

Typically, it is difficult to decouple these four effects from each other as they often occur simul-

taneously. However, specific adsorption and ligand-promoted dissolution can be decoupled from

pH in experiments by counteracting pH changes caused by organic acids with the addition of

strong acids or bases to achieve constant pH levels (Gerke, Beißner & Römer (2000), Oburger,

Jones & Wenzel (2011)).

A number of models have been proposed to describe P solubilisation by organic acids. The

simplest approach is to introduce a singular ‘solubilisation parameter’ per solubilised species

(Nye (1983)) to increase solubility of one species based on the concentration of the competing

species. Instances of models using this approach assume all solute-soil reactions are fast and

hence the bound concentration is well approximated by solution concentration (Gerke, Beißner

& Römer (2000), Zygalakis & Roose (2012)). Competitive Langmuir reaction equations assume

there is a given number of binding sites per mass of soil, which two species compete for, each

occupying a given number of binding sites per ion bound. This approach introduces three ad-

ditional parameters along with the rate constants. Similar to the previous approach, this model

is often considered in equilibrium (Schnepf et al. (2012)). Both approaches fail to capture the

complex changes in soil reactions over long time periods (Barrow (1989)).

Experiments used for studying the adsorption and desorption of molecules such as organic acids

and P in soil can be classified into ‘equilibrium’ and dynamic experiments. For the vast majority
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FIGURE 3.1: Summary of the mechanisms of inorganic phosphorus solubilisation by organic
acids. a) Exudation of organic acids by plant roots into the soil solution. b) Adsorption
of organic acids and phosphate onto soil surfaces. c) Protonation (oxidation) of phosphate
molecules, decreasing binding strength of phosphate molecules. d) Protonation of soil surfaces,
decreasing binding strength of the soil surfaces e) Ligand exchange (‘specific adsorption’) of
organic acid for phosphate molecule on soil surfaces, increasing phosphate concentration in
soil solution. f) Ligand-promoted dissolution, direct attack of mineral surfaces by organic acid
anions, removing adsorbed phosphate. g) Ionic strength effects, increase in cation concentra-
tion from acidification, causing a less negative mineral surface charge, ultimately resulting in
stronger binding of phosphate to the mineral surface. Figure taken from Oburger, Jones &

Wenzel (2011).

of equilibrium experiments, a known amount of P or organic acid is added to soil, the sample

is left to reach apparent equilibrium and then the amount of P and/or organic acid remaining

in solution is measured (Barrow (1978), Geelhoed et al. (1998), Jones & Brassington (1998),

Oburger, Leitner, Jones, Zygalakis, Schnepf & Roose (2011)). However, these methods only

assess the equilibrium behaviour of molecules in bulk soil, failing to capture the dynamic rhizo-

sphere processes which are thought to be highly influential in plant P capture from soil. Dynamic

experiments are less common when estimating P and organic acid adsorption as soil reactions

are often assumed to reach equilibrium state quickly (Gerke, Beißner & Römer (2000), Roose &

Fowler (2004), Zygalakis & Roose (2012)). Furthermore, it is difficult to analyse the dynamic

processes without disrupting the in situ soil sample during measurement. Pseudo-dynamic ex-

periments to measure P and organic acid adsorption/desorption reaction rates have been under-

taken whereby different replicates are destructively sampled after a range of equilibration times

(Keyes et al. (2013), Oburger, Leitner, Jones, Zygalakis, Schnepf & Roose (2011)). These mea-

surements may not be representative of rhizosphere processes due to variation across replicates.
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Consequently, estimating the significance of organic acids for alleviating P deficiency remains

extremely difficult.

Microdialysis probes offer a non-destructive method for assessing soil solution ion concentra-

tions with high spatial and temporal resolution. Microdialysis has been used to estimate nitro-

gen (N) availability and diffusion in soils (Inselsbacher & Näsholm (2012), Inselsbacher et al.

(2011), Shaw et al. (2014)); to sample Cu and Ni in soil solution (Mosetlha et al. (2007)); to

sample organic acids exuded by roots in soil with high temporal and spatial resolution (Sulyok

et al. (2005)); and P availability in soil (Demand et al. (2017)). It has been argued that microdial-

ysis probes may offer a superior method of assessing soil nutrient availability for plant-uptake

due to its diffusive-based method of sampling (Inselsbacher & Näsholm (2012), Shaw et al.

(2014)). A further advantage of the microdialysis method is that it allows the simultaneous ef-

flux of compounds from the dialysate and influx of solutes from the soil solution, creating a

pseudo-rhizosphere (Demand et al. (2017)). Demand et al. (2017) found perfusing the probes

with citrate (1 mM) increased the uptake of P by the probe in an Endostagnic Luvisol soil (high

water-extractable P), while in a Dystric Cambisol (low water-extractable P) little difference was

seen. They also showed that the pH of the external solution did not alter probe P uptake between

the ranges of 3.5 and 6.5. However, factors such as ionic strength were shown to have a large

effect on the uptake rate of P by microdialysis probes (Demand et al. (2017)). Furthermore, a

diffusive based method may not give reliable results for nutrients which are transported primar-

ily via advection. Thus, directly inferring plant-uptake or plant induced nutrient mobilisation

using microdialysis probes may be a naı̈ve approach; these measurements depend on a multi-

tude of factors which can affect either the osmosis-driven mass flow movement of water in and

out of the microdialysis probe or the diffusion of molecules into and out of the perfusate (De-

mand et al. (2017), Menacherry et al. (1992), Shaw et al. (2014)). Therefore, the technique lends

itself to a combined experimental-modelling approach to decouple the effects of varying micro-

dialysis osmosis rates and in-situ rhizosphere processes from the microdialysis measurements.

This approach could provide a unique method for investigating how organic acids exuded by

roots affect the availability of P and potentially increase plant uptake.

In this study, we aimed to quantify the effectiveness of citrate exuded by roots on improving
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P mobilisation in a Eutric Cambisol soil using microdialysis probes in combination with mod-

elling. After careful calibration of microdialysis probe influx and efflux rates, the microdialysis

probes were perfused with citrate at a range of concentrations to simulate root efflux. The re-

covery of added isotopically labelled phosphate from the soil was used to quantify the effect

of the citrate efflux on P influx. As discussed above, understanding the mechanisms of soil P

mobilisation directly through experimentation is difficult and interpreting microdialysis-derived

results is complex. Therefore, the experimental data was used to parameterise a kinetic model

that describes the efflux of citrate from the microdialysis probe and the subsequent uptake of

P. The model was then used to explore how citrate efflux affected P availability in the rhizo-

sphere. The experimental and modelling results are discussed within both a mechanistic and an

ecological context. The results offer a better understanding of small-scale in-situ rhizosphere

processes.

3.4 Materials and Methods

3.4.1 Soil characterisation and sampling

The soil used in this study was sampled from the Ahp horizon of a Lolium perenne L. dominated

agricultural grassland located at the Henfaes Research Station, Abergwyngregyn, Wales, UK

(53◦14’N, 4◦01’W). The soil is classified as a Eutric Cambisol and has a sandy clay loam texture

and a fine crumb structure (Wrb (2015)). Four independent soil samples (n = 4) were taken to

a depth of 15 cm from 30×30 cm areas within the field. The soil was sieved to pass 2 mm and

refrigerated at 4◦C until required. The properties of the soil are summarised in table 3.2.

3.4.2 Microdialysis set up

To characterise citrate P mobilisation using microdialysis, calibration of the microdialysis probes

with P and citrate was required. A description of microdialysis theory and nomenclature can be

found in subsection 1.5.1. Two calibration experiments were designed to estimate the microdial-

ysis probes efflux of citrate from the perfusate into the soil and the microdialysis probes influx

of P into the probe at varying concentrations of citrate in the perfusate.
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TABLE 3.2: General properties of the Eutric Cambisol soil used in the experiments. Measure-
ments of crystalline and amorphous Fe and Al, and total Fe, Al and Ca taken from Oburger,
Jones & Wenzel (2011) analysis on the same soil. CDB indicates citrate-dithionate-bicarbonate
extractable (Jackson et al. (1986)), AAO indicates acid-ammonium-oxalate extractable (Loep-
pert & Inskeep (1996)). Available phosphate was extracted with 0.5 M acetic acid using a
soil-to-solution ratio (SSR) of 1 : 10 (w/v) (Oburger et al. (2009)). Values represent means ±

Standard Error of the Mean (SEM). Nutrient data expressed on a dry soil weight basis

Property Mean± SEM
pH(H2O) 6.12±0.05
Electrical conductivity (µS cm−1) 26.5±0.1
Water holding capacity (g kg−1) 356±6
Total C (g kg−1) 25.35±1.47
Total N (g kg−1) 2.95±0.06
Clay (%) 20
Silt (%) 37
Sand (%) 43
Crystalline Fe/Al (CBD)
Fe (g kg−1) 1.4±0.1
Al (g kg−1) 1.6±0.0
Amorphous Fe/Al (AAO)
Fe (g kg−1) 5.0±0.1
Al (g kg−1) 1.6±0.0
Total (Aqua regia)
Fe (g kg−1) 46±0.5
Al (g kg−1) 28±0.6
Ca (g kg−1) 1.9±0.1
Exchangeable Ca (mg kg−1) 501±122
Exchangeable K (mg kg−1) 46.1±12.6
Exchangeable Na (mg kg−1) 25.4±5.1
Available P (mg kg−1) 22.6±6.2
P sorption capacity (mg kg−1) 150

For all experiments described here, a WM-205u peristaltic pump (Watson-Marlow Ltd., Fal-

mouth, UK) was used to pump citrate solutions through CMA 20 microdialysis probes (CMA

Microdialysis AB, Kista, Sweeden). The probes had a 20 kDa molecular weight cut-off and

polyethersulfone membrane (4 mm long, 500 µm external diameter). The pump flow rate was

set to 3.3 µl min−1 to maximise the relative recovery of solutes from the soil (Inselsbacher et al.

(2011)). Dialysates were continuously collected in 1.5 ml microfuge tubes or 5 ml polypropy-

lene vials, which were covered with Parafilm-M (Bemis Inc., Neenah, WI) to prevent evaporative

losses. Prior to use, the microdialysis probes were placed in high purity water (18 MΩ resis-

tance) and flushed with perfusate to remove any contaminants. Prior to dialysate collection, the
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microdialysis probes were run for approximately 10 min, to ensure the dead volume in the mi-

crodialysis probe had been flushed. Throughout the microdialysis experiments the soil moisture

was maintained at 80% field capacity.

3.4.2.1 Quantifying citrate efflux rate into the soil using microdialysis probes

Sieved field-moist soil (1.3 g; 1 g DW equivalent) was placed in a 1.5 ml microfuge tube and

packed to a density of 1 g cm−3. A microdialysis probe was inserted into the soil using the

needle and introducer supplied by the manufacturer so that the top of the probe membrane was

located 5 mm below the soil surface. Sterile solutions of 14C-labelled citrate at concentrations

0.1, 1 and 10 mM; 1.7 kBq ml−1 (with pH 5.6, 4.6 and 3.6 respectively) were pumped through

the microdialysis probes and the dialysate collected after 1, 2, 3, 4, 5, 6, 8 and 12 h in 5 ml

polypropylene vials (n> 3). The amount of 14C-citrate remaining in the dialysate (i.e. not passed

into the soil) was determined using a Wallac 1404 liquid scintillation counter (PerkinElmer Inc.,

Waltham, MA) following the addition of 4 ml of HiSafe-3 scintillant (PerkinElmer Inc.). The

amount of 14C-citrate lost to the soil was calculated as the difference between the amount of

14C in the influent versus that in the effluent (dialysate). The volume of dialysate recovered was

also recorded to confirm that there was no significant mass flow of water either into or out of the

probes.

3.4.2.2 P recovery from standard solutions using microdialysis probes

To calibrate P recovery by the microdialysis probes and to evaluate the osmotic effects of the

citrate perfusate, a simple experiment was performed. Briefly, microdialysis probes were placed

in 1.5 ml microfuge tubes containing 1 ml of a 33P-labelled KH2PO4 standard solution (0, 0.1,

1 or 10 mM, n = 4; 1.7 kBq ml−1). The microdialysis probes were perfused with solutions of

citrate concentrations of 0, 0.1, 1 and 10 mM and the dialysate collected in 5 ml polypropylene

vials over a 1 h period, the amount of 33P in the dialysate and the volume of dialysate was

determined as described above.
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3.4.2.3 P recovery from soil using microdialysis probes

Soil (1.3 g) was placed in individual microfuge tubes (n = 4). Subsequently, 100 µl of a 33P-

labelled solution (1 mM KH42PO4; 370 kBq ml−1) was injected into the soil. The soil was

mixed and left to stand at 20◦C for 24 h to approach equilibrium. A microdialysis probe was

inserted into the soil as described above. Solutions of citrate (0, 0.1, 1 or 10 mM) were perfused

through the microdialysis probe and the dialysate collected hourly over a 12 h period. The

amount of 33P in the dialysate was determined using liquid scintillation counting as described

earlier.

3.4.3 Modelling and Data Fitting

3.4.3.1 Mathematical Model

The measurements obtained by the experiments are the result of pore scale reactions between

citrate, P, soil and the microdialysis probe. Understanding these mechanisms directly through

experiments is difficult. Thus, a model was constructed to aid the interpretation of the results.

Linear approximations of the mechanisms were used to circumvent the danger of over-fitting the

data by introducing excess parameters. In particular, the experiments do not measure P or citrate

isotherms, thus we cannot accurately parameterise models including the full set of parameters.

The adsorption/desorption part of the model is similar to Zygalakis & Roose (2012) with the soil

reactions maintained in their dynamic form. The model used was a kinetic model that describes

the efflux of citrate into the soil and the absorption of P by the microdialysis probe. The model

considers the diffusion and buffering of citrate and P, and specific adsorption between P and

citrate on soil sorption sites. It is hypothesised that citrate mobilises P held on the soil, but

also influences P influx rate at the probe-soil interface (Demand et al. (2017)). The effect of

acidity is not directly considered in the model because the effect of pH cannot be uncoupled

from specific adsorption in the current experiments; instead, any additional P absorbed by the

probe due acidity is attributed to the specific adsorption mechanism during the subsequent data

fitting. This is a simplification of the complex relationship between pH and citrate mobilisation

of phosphate, for example, at high pHs citrate can complex with calcium in the soil, reducing

the effectiveness of specific adsorption (Barrow et al. (2018)).
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The domain considered is a cylindrical region of soil with a diameter of 10 mm and height

of 19.1 mm, centred about the cylindrical microdialysis probe with a diameter of 0.5 mm and

height of 4 mm. These dimensions are chosen to match the experimental set up. The soil domain

is denoted Ω ⊂ R3, the microdialysis probe membrane is denoted Γp and the remainder of the

boundary is denoted Γe. The soil is assumed to be homogenous with approximate volumetric

water content φl [m3 of soil solution m−3 of total soil] and volumetric soil solid content φs [m3

of soil solid m−3 of total soil]. Due to rotational symmetry of the problem, the domain can

be simplified to a 2D axisymmetric representation as shown in Figure 3.2; for generality, the

governing equations are stated in 3D Cartesian co-ordinates, but implemented numerically as

2D cylindrical co-ordinates.

P and citrate are assumed to exist in either bound or unbound (in solution) states. In particular,

Pl(t,x) [µmol m−3 of soil solution] is the P concentration in solution, Cl(t,x) [µmol m−3 of

soil solution] represents citrate concentration in solution, Ps(t,x) [µmol m−3 of soil solid] is the

concentration of P bound to soil particles, and Cs(t,x) [µmol m−3 of soil solid] is the amount of

citrate bound to soil particles.

P and citrate can adsorb to, and desorb from, soil particles. This was modelled using a reversible

first-order chemical reaction. The process of specific adsorption promotes P desorption as more

citrate is adsorbed to the soil. This was implemented by adding a cross term to the P desorption-

adsorption reaction (Equations (3.1-3.2)). Citrate is known to be consumed by microbes in

the rhizosphere. However, sorption of citrate to soil particles causes a significant reduction in

biodegradation rate (up to 99%) (Jones & Edwards (1998), Van Hees et al. (2003)). Therefore,

citrate in the model is allowed to biodegrade only in the soil solution. Hence, assuming conser-

vation of mass and neglecting convective transport, the diffusion-sorption-reactions for P and

citrate can be written as

φl
∂Pl

∂ t
= ∇ ·φlDP∇Pl−φlβ1Pl +φsβ2Ps +φsβ3CsPs, (3.1)

φs
∂Ps

∂ t
= φlβ1Pl−φsβ2Ps−φsβ3CsPs, (3.2)

φl
∂Cl

∂ t
= ∇ ·φlDC∇Cl−φlλCl−φlγ1Cl +φsγ2Cs, (3.3)

φs
∂Cs

∂ t
= φlγ1Cl−φsγ2Cs, (3.4)
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FIGURE 3.2: Axisymmetric representation of the domain for the model. The red-dashed line
shows the axis of symmetry, Ω represents the homogenous soil within the 1.5 ml microfuge
tube, Γp represents the microdialysis probe membrane, shown in blue and Γe represents the

microfuge tube boundary and tip of the probe, shown in orange.

where β1 [s−1] is the rate at which P adsorbs to soil particles, β2 [s−1] is the rate at which P

desorbs from soil particles, β3 [m3 of soil solid s−1 µmol−1] is the rate associated with specific

adsorption between citrate and P on soil sorption sights, γ1 [s−1] is the rate at which citrate

adsorbs to soil particles, γ2 [s−1] is the rate at which citrate desorbs from soil particles, DP and

DC [m2 of soil solution s−1] are the diffusion coefficients of P and citrate in water respectively

(when φs > 0, these include a geometric impedance factor of 0.3), and λ [s−1] is the rate of

citrate bio-degradation.

In Equations (3.1-3.4), adsorbed citrate and P are treated as separate chemical species from

citrate and P in solution. The terms in Equations (3.1) and (3.2) with no spatial derivative
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describe a reversible chemical reaction between adsorbed and solution P where adsorbed citrate

acts as a catalyst for P desorption. As linear kinetics is used to describe soil adsorption and

desorption instead of non-linear kinetics, such as the competitive Langmuir equation, the model

is only valid for a limited concentration range near 0. Furthermore, it is assumed that citrate

affects P adsorption but not vice-versa, contrary to some other modelling studies (Schnepf et al.

(2012)). This simplified approach was taken to minimise the number of fitting parameters and

avoid over-fitting. The impact of this simplification and valid concentration ranges is examined

in the discussion section 3.6. The prefactors φl and φs are included to ensure that the model

accounts for changes in soil saturation, i.e. when soil saturation or soil content approaches zero

the reaction terms are altered accordingly.

To solve Equations (3.1-3.4), a set of boundary equations is required for the microdialysis probe.

The pump rate of the microdialysis probe is assumed to be fast enough so that there is an infinite

supply of citrate and when P is absorbed by the microdialysis probe it is instantly transported

away. It is assumed that the microdialysis probe exudes citrate at a rate proportional to the

difference in concentration of citrate in the perfusate and in solution,

φlDC∇Cl ·np = δC(C0−Cl), x ∈ Γp, (3.5)

where C0 [µmol m−3 of perfusate] is the concentration of citrate in the perfusate, np(x) is the unit

normal to Γp pointing out of Ω for x ∈ Γp, and δC [ms−1] is the membrane permeability. In the

absence of citrate, the microdialysis probe absorbs P at a rate proportional to the concentration

of P in soil solution. Ionic strength of the external solution is known to alter microdialysis probe

uptake rates, hence, in the model citrate can alter microdialysis probe P uptake (Demand et al.

(2017)). This process is not fully understood so a general citrate dependent microdialysis probe

P uptake rate is used,

φlDP∇Pl ·np =−δP(Cl)Pl, x ∈ Γp, (3.6)

where δP [m of soil solution s−1] is a function of citrate concentration that controls microdialysis

probe P uptake. In general, δP is a function of microdialysis probe membrane thickness, porosity

and surface chemistry etc. To fit the data, δP(Cl) needs to be specified, but we do not know its

functional form. To overcome this, δP is approximated as its first order Taylor expansion about
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Cl = 0,

δP(Cl) = δ
0
P +δ

1
PCl +O(C2

l ). (3.7)

Using this approximation, Equation (3.6) becomes,

φlDP∇Pl ·np =−(δ 0
P +δ

1
PCl +O(C2

l ))Pl, x ∈ Γp (3.8)

where δ 0
P has units [m of soil solution s−1] and δ 1

P has units [m4 of soil solution s−1 µmol−1].

The parameters δ i
P are constants and can be fit using standard methods explained in the follow-

ing section. The remaining parts of the boundary are closed and are described using no flux

conditions

DP∇Plne = 0, x ∈ Γe, (3.9)

DC∇Cl ·ne = 0, x ∈ Γe, (3.10)

where ne(x) is the unit normal pointing out of Ω for x ∈ Γe. Finally, the initial conditions are

given by,

Cl(0,x) =Cs(0,x) = 0, (3.11)

Pl(0,x) =
Padd

φl(1+bP)
, (3.12)

Ps(0,x) =
φl

φs
bPPl(0,x), (3.13)

where bP = β1
β2

[1] is the buffer power of P in soil and Padd [µmol m−3 of total soil] is the

concentration of labelled P added to the soil. Notice, after time-equilibration Ps =
φl
φs

bPPl , thus

we have φlPl +φsPs = Padd and therefore mass is conserved in the initial conditions.

There are 9 unknown parameters introduced by the model, namely β1,β2,β3,γ1,γ2.λ ,δC,δ
0
P and

δ 1
P which are summarised in Table 3.3. In the past, the soil reaction parameters have been es-

timated based purely on physical intuition (Zygalakis & Roose (2012) or have been simplified

to equilibrium reaction models (i.e. they approximate sorbed P by solution P using the buffer

power) by assuming the reaction rates are fast and parameterised using bulk equilibrium exper-

iments (Gerke, Römer & Beißner (2000)). In order to resolve soil soprtion, the reaction rate

parameters must be carefully fit to experimental data. The value of β3 is of particular interest
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for understanding P mobilisation by citrate. However, to calculate β3 the other parameters must

also be known.

TABLE 3.3: Parameters used in the model
Parameter Description Unit Value

φl
m3 of soil solution
per m3 of total soil

m3 of soil solution
m−3 of total soil

0.3 or 1

φs
m3 of solid soil

per m3 of total soil
m3 of soil solid
m−3 of total soil

0.6 or 0

bP = β1
β2

Buffer power of P in soil 1 Fit

bC = γ1
γ2

Buffer power of citrate in soil
(Oburger, Jones & Wenzel (2011))

1 4.78

β1 P adsorption rate to solid soil s−1 Fit
β2 P desorption rate from solid soil s−1 Fit

β3
P enhanced desorption from

soil solid due to adsorbed citrate
m3 of soil solid

s−1 µmol−1 Fit

γ1 Citrate adsorption rate to solid soil s−1 bC× γ2

γ2 Citrate desorption rate to solid soil s−1 Fit
λ Rate of citrate biodegradation s−1 Fit

δC
Efflux of citrate from

perfusate into the system
m4 of soil solution m−3

of total soil s−1 Fit

δ 0
P

Absorption rate of
P by microdialysis probe when

no citrate is present

m of soil solution
s−1 Fit

δ 1
P

Absorption rate of P
by microdialysis probe

affected by citrate

m4 of soil solution
s−1 µmol−1 Fit

DP/C
Diffusion rate of P

or citrate in soil/water
m5 of soil solution

m−3 of total soil s−1
7×10−10 or
2.1×10−11

tmax Time scale of experiment hours 1 or 12

|γP|
Surface area of

the semi-permeable membrane
m2 5.0265×10−6

|Ω| Eppendorf tube volume m3 1.5×10−6

3.4.3.2 Data fitting

To calculate the parameters controlling P mobilization by citrate, model parameters were varied

and numerical solutions were compared to experimental results to achieve the best fit. First,

the parameters controlling citrate efflux and soil reactions were fit to the results from the mi-

crodialysis organic acid calibration experiments as these parameters are independent of the P

parameters. Next, the P efflux rates were fit to the results of the microdialysis P calibration re-

sults for the standard solutions as these are independent of soil reactions. Following this process,

the only unknown parameters are those controlling P adsorption/desorption to soil; these were
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then fit to the results of the microdialysis P recovery experiments performed in soil. In each

phase of the data fitting, the least-squares distance between the experimental and model values

normalised by the standard deviation of the experimental data was used as an objective function.

A schematic explaining the data fitting procedures is presented in Figure 3.3.

Instances of the model were solved numerically on the 2D-axisymmetric domain displayed in

Figure 3.2, using a finite element method implemented in Comsol Multiphysics 5.3 (Comsol

Ltd., Cambridge, UK). Minimisations were calculated using MATLAB 2016 (MathWorks Inc.,

Natick, MA) fmincon implementation of an interior-point algorithm.

FIGURE 3.3: Schematic of all the data fitting procedures. The numbers dictate the order of the
data fitting and the arrows represent the data fitting’s dependencies.

Calculating microdialysis probe citrate efflux and citrate soil reactions in this specific soil,

δC, γ2 and λ .

The model was compared to the results of the experiment described in the ‘Quantifying citrate

efflux rate into the soil using microdialysis probes experiment i.e. step 1 shown on Figure 3.3.

As γ1 = bCγ2 where bC is the known buffer power of citrate in the soil (Oburger, Jones & Wenzel

(2011)), only one of the soil reaction parameters needed to be fit, in this case γ2. There was no

P in this case, so the experiment is modelled by Equations (3.1-3.13) with P initial conditions,
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Equations (3.12) and (3.13), exchanged with,

Pl(0,x) = 0, (3.14)

Ps(0,x) = 0, (3.15)

so that there is no P in the model. If CδC,γ2,λ ,C0
l is the solution to Equations (3.1-3.11)+(3.14,3.15)

with φl = 0.3 and φs = 0.6 for a given δC, γ2, λ and C0 then the model total citrate exudation at

time t is given by,

JM1(C0, t;δC,γ2,λ ) =
∫ t

0

∫
Γp

DC∇CδC,γ2,λ ,C0
l ·npdxdτ (3.16)

The average experimental flux at time t for a given concentration of citrate in the perfusate, C0,

is denoted JE1(C0, t) (Figure 3.4, orange lines), with corresponding standard deviation σ1(C0, t).

Then γC and γ2 were found by minimising the absolute difference between JM1 and JE1 . As

the data is spread over a large range, it was normalised by its standard deviation. Thus, to

approximate δC, γ2 and λ the following objective function was minimised

ob j1(δC,γ2,λ ) = ∑
t∈T1

∑
C0∈c

|JM1(C0, t;δC,γ2,λ )− JE1(C0, t)|2

σ1(C0, t)2 (3.17)

where T1 = {1,2,3,4,5,6,8,12} hours and c = {100,1000,10000} µM.

Calculating microdialysis probe P influx with no citrate, δ 0
P

In order to calculate δ 0
P the model was compared to the results of the ‘P recovery from standard

solutions using microdialysis probes’ experiment without citrate i.e. step 2 shown on Figure 3.3.

The model that describes the experimental setup is given by Equations (3.1-3.13) with C0 = 0,

φl = 1, φs = 0 and solution P initial conditions given by Pl(t = 0,x) = P0 instead of Equation

(3.12) where P0 is the concentration of P solution in the standard solutions. These conditions

produce a model with no soil or citrate. If Pδ 0
P ,P0

l is the solution, for a given δ 0
P and P0 then the

model total influx of P into microdialysis probe at time t is given by

JM2(P0, t;δ
0
P) =

∫ t

0

∫
ΓP

DP∇Pδ 0
P ,P0

l ·npdxdτ, (3.18)
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The experimental average total influx at time t for a given concentration of P in the soil, P0, is

denoted JE2(P0) (Figure 3.5, orange lines), with corresponding standard deviation σ2(P0). To

approximate δ 0
P the following objective function was minimised

ob j2(δ 0
P) = ∑

P0∈p

|JM2(P0, t∗;δ 0
P)− JE2(P0)|2

σ2(P0)2 (3.19)

where p = {100,1000,10000} µM and t∗ = 1 hour.

Calculating microdialysis probe P influx with citrate, δ 1
P

In order to calculate δ 1
P the model is compared to the results of the experiment described in ‘P

recovery from standard solutions using microdialysis probes’ experiment with citrate i.e., step 3

shown on Figure 3.3. The model that describes the experiment is given by Equations (3.1-3.2)

with φl = 1 and φs = 0 and solution P initial conditions given by Pl(t = 0,x) = P0 instead of

Equation (3.12) where P0 is the concentration of P in the standard solution. These conditions

produce a model with no soil. If Pδ 1
P ,P0,C0

l is the solution for a given P0,C0 and δ 1
P then the total

model influx at time t is given by

JM3(P0,C0, t;δ
1
P) =

∫ t

0

∫
Γp

DP∇Pδ 1
P ,P0,C0

l ·npdxdτ. (3.20)

The average total experimental influx at time t for a given concentration of P in the soil, P0, is

denoted JE3(P0,C0) (Figure 3.6, orange lines), with corresponding standard deviation σ3(P0,C0).

To approximate δ 1
P the following objective function was minimised

ob j3(δ 1
P) = ∑

P0∈p
∑

C0∈c

|JM3(P0,C0, t∗;δ 1
P)− JE3(P0,C0)|2

σ3(P0,C0)2 . (3.21)

Calculating P-soil reaction parameters without citrate, β1, β2

In order to calculate the P-soil reaction parameters without the effect of citrate the model was

compared to the results of the experiment described in ‘P recovery from soil using microdialysis

probes’ experiment with no citrate i.e. step 4 shown on Figure 3.3. The ratio of β1 and β2

determines the buffer power, bP, of P in this soil. The equations which describe this experiment

are Equations (3.1-3.13) with C0 = 0, φl = 0.3, φs = 0.6 and Padd = 66731 µmol m−3 (calculated

as the 0.1 µmol of P added to 1.5 ml of soil as described in the ‘P recovery from soil using
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microdialysis probes’ experiment). If Pβ1,β2
l is the solution for a given β1 and β2 then the model

total P influx at time t is given by

JM4(t;β1,β2) =
∫ t

0

∫
Γp

DP∇Pβ1,β2
l ·npdxdτ. (3.22)

The average total experimental influx at time t is denoted JE4(t) (Figure 3.7, orange lines), with

corresponding standard deviation σ4(t). To approximate and β1 and β2 the following objective

function was minimised

ob j4(β1,β2) = ∑
t∈T2

|JM4(t;β1,β1)− JE4(t)|2

σ4(t)2 , (3.23)

where T2 = {1,2,3,4,5,6,7,8,9,10,11,12} hours.

Calculating the P-soil reaction parameter with citrate, β3

Finally, β3 was fit by comparing the model to the results of the ‘P recovery from soil using

microdialysis probes’ experiment with citrate i.e., step 5 shown on Figure 3.3. If Pβ3,C0
l is the

solution to Equations (3.1-3.13) with φl = 0.3 and φs = 0.6 for a given β3, and C0 then the model

total P influx at time t is given by

JM5(C0, t;β3) =
∫ t

0

∫
Γp

DP∇Pβ3,C0
l ·npdxdτ. (3.24)

The average total experimental influx at time t for a given concentration of P in the soil and

citrate concentration in the perfusate is denoted JE5(C0, t) (Figure 3.7, orange lines), with cor-

responding standard deviation σ5(t). To approximate β3 the following objective function was

minimised,

ob j5(β3) = ∑
t∈T2

∑
C0∈c

|JM5(C0, t;β3)− JE5(C0, t)|2

σ5(C0, t)2 . (3.25)

As a measure of relative error of the fits, the percentage difference in cumulative exuded/ab-

sorbed citrate/P between the experiment and the model for each initial condition was reported.

For example, after fitting δC, γ2 and λ the percentage error for 100 µM of citrate in the perfusate

(C0 = 100) case is

JM1(C0 = 100, t = 12h;δC,γ2,λ )− JE1(100,12h)
JE1(100,12h)

×100. (3.26)
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When the percentage error is positive, the model over predicts exudation/absorption.

3.4.3.3 Numerical Experiments

Once the model was calibrated to the microdialysis data, simulations were carried out to answer

specific scientific questions: 1) Does the microdialysis probe behave well as a model root in

terms of P uptake and citrate exudation? 2) How does citrate-P solubilisation contribute to root

(and microdialysis probe) P uptake? 3) Under what soil buffering and citrate biodegradation

conditions is typical root citrate exudation efficient for P absorption. The following simulations

were deigned to answer these questions.
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Are microdialysis probes good root analogues?

To compare microdialysis probe and root behaviour, a suitable model for a root is proposed. This

was achieved by changing the boundary conditions for the microdialysis probe in the model

described above to suitable equations which describe root citrate exudation and P uptake. In

particular, the P boundary condition is changed from an osmosis uptake to Michaelis–Menten

kinetics, as root P uptake is active and enzyme mediated (Barber (1995)). The citrate boundary

condition is changed to a constant rate of exudation (Geelhoed et al. (1999), Zygalakis & Roose

(2012)). More precisely, Equation (3.5) is replaced by

φlDC∇Cl ·np = Fc, x ∈ Γp, (3.27)

where FC [µmol m−2 s−1] is the root citrate exudation rate; and Equation (3.8) is replaced by

φlDP∇Pl ·np =
−FPPl

KP +Pl
, x ∈ Γp, (3.28)

where FP [µmol m−2 s−1] is the maximum P uptake rate achieved by the root and KP [µmol

m−3] is the P concentration where the uptake rate is half FP. Typical exudation rates of citrate

for P-starved rape roots grown in nutrient solution at 27◦C is 1.2037× 10−5 µmol s−1 m−1

of root (Hoffland (1992)). These roots typically have a root radius of approximately 4× 10−4

m (Kjellström & Kirchmann (1994)), meaning an approximate citrate exudation rate per root

surface area (assuming the root is a cylinder) of FC = 4.7894×10−3 µmol m−2 s−1. Typically,

FP = 3.26× 10−2 µmol m−2 s−1 and KP = 1.5× 102 µmol m−3 (Barber (1995)). The model

with Equations (3.5) and (3.8) will be referred to as the microdialysis probe model; when these

equations are replaced by Equations (3.27) and (3.28) the collection of equations will be referred

to as the root model. To make the models comparable, the root is assumed to have the same

dimensions as the microdialysis probe.

To test whether the microdialysis probe behaves like a synthetic root in terms of citrate exudation

and P uptake, the concentration of citrate in the perfusate, C0, which produces the most similar

exudation rates as the model root was found using data fitting. The P uptake rates between

the root model and microdialysis probe model (using the optimal C0) were then compared to

determine how well the microdialysis probe behaves like a root.
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Citrate contribution to P uptake

To investigate how citrate contributes to both microdialysis probe and root P absorption, both

models are solved numerically with a range of citrate exudation rates and P flux rate per surface

area is plotted in time.

Under what soil conditions and and biodegradation rates is citrate important?

To determine which soil conditions citrate exudation is important for root P uptake, the root

model is solved with a range of buffer powers with and without citrate exudation. The buffer

power is varied by keeping desorption (β2) as the fitted value from the experiments and changing

adsorption β1. Similarly, citrate biodegradation rates were also varied. The percentage differ-

ence of P uptake between exuding and non-exuding roots over a 12 hour period was plotted

against buffer power.

3.5 Results

3.5.1 Experimental

The experiments which measured the efflux of citrate from the microdialysis probes into the

soil showed that the exudation rate decays in time to reach a steady efflux rate (Figure 3.4).

Furthermore, when the concentration of citrate in the perfusate increased, the total quantity of

citrate exuded in the soil increased linearly.

Measurements of P recovery from standard solutions using the microdialysis probes showed that

when citrate was absent in the perfusate, the quantity of P absorbed by the microdialysis probe

increased linearly with the concentration of P in the standard solutions (Figure 3.5). When the

concentration of citrate in the perfusate increased, the amount of P absorbed by the microdialysis

probe increased, except in the experiment where there was 100 µM of P in the standard solution

(Figure 3.6).
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3.5.1.1 Data Fitting

The value of each parameter as found by the minimisation problems described in the Data fitting

section can be found in Table 3.4. Furthermore, the goodness of fits for minimisations described

by Equations (3.17,3.19,3.21,3.23,3.25) as described in Figure 3.3 can be seen in Figure 3.4, 3.5,

3.6 (C0 = 0 µM) and 3.7 (C0 = 1000,10000 µM), respectively. The data fitting only concerns

mass transfer across the membrane of the dialysis probe. Figure 3.8 demonstrates the predicted

distribution of P and citrate in the external soil with Padd = 6.67 µM and C0 = 10.48 µM when

the fitted parameters were used. The fitted parameters found in this section were used for the

rest of the microdialysis probe simulations.

TABLE 3.4: Results of minimisations described in the data fitting section. The heading Objec-
tive function refers to functions which were minimised, argmin refers to the parameter values
which achieve the minimum as found by the interior-point algorithm, Objective value shows
the value of the objective function at the parameter values which achieve the minimum; and
Percentage error shows percentage difference in cumulative exuded/absorbed citrate/phosphate
between the experiment and the model for each initial condition, a positive value means the

model over predicts the exudation/absorption.
Objective function argmin Objective value Percentage error

ob j1(δC,γ2,λ )
δC = 4.348×10−4 m s−1,

γ2 = 1.2×10−2 s−1,
λ −1.1×10−3 s−1

30.26
C0 = 100 : −21.4%

C0 = 1000 : −13.6%
C0 = 10000 : 16.3%

ob j2(δ 0
P) δ 0

P = 2.936×10−7 m s−1 349.9
P0 = 100 : −0.02%
P0 = 1000 : −31.2%
P0 = 10000 : −34.5%

ob j3(δ 1
P)

δ 1
P = 1.7031×10−12

m4 s−1 µmol−1 110.7

P0 = 100,C0 = 100 : −14%
P0 = 100,C0 = 1000 : 60%

P0 = 100,C0 = 10000 : 49%
P0 = 1000,C0 = 100 : −63%
P0 = 1000,C0 = 1000 : 22%
P0 = 1000,C0 = 10000 : 95%
P0 = 10000,C0 = 100 : −30%
P0 = 10000,C0 = 1000 : −29%
P0 = 100,C0 = 10000 : −13%

ob j4(β1,β2)
β1 = 7.899×10−6 s−1,
β2 = 1.993×10−7 s−1 1.2 C0 = 0 : −1.7%

ob j5(β3)
β3 = 3.41×10−13 m3 of

soil solid s−1 µmol−1 100.8
C0 = 1000 : 1.6%

C0 = 10000 : −8.7%
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FIGURE 3.4: Comparison of experimental and model microdialysis probe citrate efflux using

the fitted parameters δC = 4.348× 10−4 ms−1, γ2 = 1.2× 10−2 s−1 and λ = 1.1× 10−3 s−1.

The error bars on the experimental data shows standard deviation, n = 4 for C0 = 1000 µM,

while n = 3 for C0 = 100 and 1000 µM.
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FIGURE 3.5: Comparison of experimental and model microdialysis probe P influx using the

fitted parameter δ 0
P = 2.9357× 10−7 m s−1. The error bars on the experimental data shows

standard deviation, n = 4, log10 scale on the x-axis.

FIGURE 3.6: Comparison of experimental and model microdialysis probe P influx with citrate

in the perfusate using the fitted parameter δ 1
P = 1.7031× 10−12 m4 s−1 µmol−1 . Error bars

shows standard deviation, n = 4.
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FIGURE 3.7: Comparison of experimental and model microdialysis probe P influx in soil with

and without citrate in the perfusate. Using the parameters β1 = 7.899× 10−6 s−1 and β2 =

1.993×10−7 s−1 produces the best fit to the experimental data when there is no citrate (C0 = 0

µM). Using the parameter β3 = 3.41×10−13 produces the best fit to the experimental data when

there is citrate in the perfusate (C0 = 1000,10000 µM). Error bars shows standard deviation,

n = 4.
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FIGURE 3.8: Solutions of the microdialysis probe model after 1 minute, 4 hours and 12 hours

using the fitted parameters described above with Padd=6.67 µmol l−1 of soil and C0 = 10.48

µM. The top row shows the solution for citrate (Cl) and the bottom row for phosphate (Pl)

3.5.2 Numerical Experiments

Microdialysis probes as model roots

It was found that a citrate concentration of 10.48 µM in the perfusate produced the most similar

citrate exudation pattern to a model rape root (Figure 3.9a). The P absorption for microdialysis

probe and root model was also compared using the same initial P additions as the β1, β2 and β3

data fitting (Padd = 66731 µmol m−3 of total soil) Figure 3.9b. It was found that at this initial

concentration of P in the soil and citrate in the perfusate, the microdialysis probe under predicts

root P absorption.
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FIGURE 3.9: Comparison of the model root and model microdialysis probe in terms of citrate
exuded and P absorbed using the concentration of citrate in the perfusate which produces the
most similar citrate exudation to a typical root (C0 = 10.48 µM). a) Root and microdialysis
probe model citrate exudation measured every hour; b) Root and microdialysis probe model P

absorption measured every hour

Citrate’s contribution to P uptake

The P uptake rate per surface area of both a model microdialysis probe and root exuding citrate

(C0 = 10.48 µM, FC = 4.7894× 10−3 µmol m−2 s−1) was compared to those with no citrate

(Figure 3.10a). Similarly, Figure 3.10b shows the effect on P uptake when citrate exudation is

dramatically increased (with C0 = 50000 µM, and FC = 21.25 µmol m−2 s−1 to produce simi-

lar root and microdialysis probe citrate exudation). Little difference in P absorption between a

model exuding microdialysis probe/root (exuding at a typical rate for plants) and non-exuding

microdialysis probe/root could be seen (< 1%). Figure 3.11 shows P influx versus time for a

range of citrate exudation rates. Microdialysis probe and root P uptake dynamics remained simi-

lar for a range of citrate exudation quantities. Furthermore, uptake dynamics changed drastically

as more citrate was exuded into the soil. When enough citrate was exuded into the soil, large

increases in P influx can be obtained for both a root and microdialysis probe.
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FIGURE 3.10: P influx per surface area in a model root and microdialysis probe with and

without citrate exudation. a) In the microdialysis probe model the concentration of citrate in

the perfusate is C0 = 10.48 µM, which produces similar citrate exudation to the root model with

exudation rate FC = 4.7894× 10−3 µmol m−2 s−1, typical for a rape root. The no exudation

cases overlap the exudation cases. b) In the microdialysis probe model the concentration of

citrate in the perfusate is C0 = 50000 µM, which produces similar exudation to the root model

with exudation rate FC = 21.25 µmol.
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FIGURE 3.11: Heat map showing P influx per surface area against time and total amount of

citrate exuded into the soil over 12 hours for both a model root and microdialysis probe. The

increasing exudation total are evaluated by solving the Probe and Root models with increasing

values of C0 and FC respectively.
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Under what soil conditions is citrate important?

The buffer power and biodegradation rate were varied to determine which soil conditions citrate

exudation is important for P absorption. Figure 3.12a shows the percentage difference in P

absorbed when comparing an exuding root to a non-exuding root when the citrate biodegradation

rate is varied. Figure 3.12b shows the same when buffer power is varied. Percentage additional

P absorbed decreases exponentially in citrate biodegradation and increases linearly in buffer

power (notice the y axis in Figure 3.12 are logarithmic). Error from the numerical scheme is

evident due to the small relative changes (relative error of the method is at most 0.01%).

FIGURE 3.12: Plots of percentage additional P absorbed due to citrate when compared to a

non-exuding root, a) when citrate biodegradation, λ was increased from 0, b) when P buffer

power, b was increased from 39.

3.6 Discussion

Modelling P mobilisation by citrate in soil

The model proposed here introduces a parameter (β3) which controls the rate of mobilisation of

soil phosphate by citrate. This was similar to parameters found in many other soil P mobilisation

models (Gerke, Beißner & Römer (2000), Zygalakis & Roose (2012)). Of critical importance,

however, was that we were able to experimentally derive this key parameter which had only

previously been estimated from intuition. Our model fitted well to the dynamic data from the ‘P

recovery from soil using microdialysis probes’ experiment when the concentration of the citrate

in the perfusate was 0 or 1000 µM, and it fitted well to the cumulative behaviour of the probe
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when the concentration was 10000 µM. Thus, we conclude that the mechanism of citrate en-

hanced P-desorption assumed in the model is consistent with experiments and could account for

the enhanced P influx by the microdialysis probe for a limited range of citrate and P concentra-

tions. In particular, as the model uses first order kinetics to model sorption, it is not suitable for

long-term modelling where P concentrations vary (Dari et al. (2015)). To improve the suitability

of the model for a wide range concentrations, the first order kinetics should be expanded upon,

when more data emerges, to include the non-linear relationship between citrate and P concen-

tration with sorption and citrate enhanced P desorption. Oburger et al. (2009) calculated the

bio-degradation rate of citrate in a similar soil to be λ = 6.87× 10−5 s−1 by measuring CO2

respiration, while our calculation was λ = 1.1×10−3 s−1. However, Oburger et al. (2009) used

a double first order exponential decay model to fit the data, while we used a single first order

decay model and considered soil adsorption. We also ascribe this difference to the significant

temporal decoupling which can occur between substrate uptake and mineralization which leads

to an underestimation of λ using the CO2-based approach (Gunina et al. (2017)). However, our

approach measured biodegradation and sorption together while the CO2 respiration approach

targets microbial activity. Furthermore, Figure 3.12a suggests such changes in biodegradation

only makes small changes to the amount of P absorbed and hence would not be detectable by

microdialysis.

Data fitting

In total, 8 parameters were fit to 72 data points with varying citrate and P conditions and time

resolution. The data fitting approach was to determine the dependency of the parameters, as

seen in Figure 3.3, then design experiments suitable for determining the parameters which had

the least dependencies. The parameters dependent on multiple processes could then be fit to

experiments. This approach allowed us to decouple parameters’ effects from one another. For

example, if all parameters were fit together, P desorption (β2) could increase at the expense of

citrate enhanced solubilisation (β3) and citrate enhanced desorption would be underestimated

(or vice versa). Although the cumulative exudation of citrate over the 12 hour period in the

model was within 21% of the experimental values for each citrate concentration (Table 3.4),

there were mechanisms regarding probe citrate exudation that the model was not capturing (see

Figure 3.4). Notably, the experiments showed that probe citrate exudation slows gradually,
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while the microdialysis probe model rapidly decreased to reach a steady state efflux rate. Time-

dependent probe permeability could explain this. There are also many citrate processes in the

soil that are not included in the model, such as microbial mineralisation and immobilization of

citrate and microbial population dynamics that could account for the poor temporal fit to the

data (Glanville et al. (2016)). These processes were not included in the current model as they

were not measured in the experiments. Additional microdialysis probe experiments, such as

citrate flux in water and citrate recovery from soil are required to determine which mechanism

to include and to fit the parameters reliably. However, as the cumulative error is relatively small,

the effect on the subsequent data fitting procedures will be minimal.

Poor fits were achieved when fitting citrate enhanced probe P uptake (δ 1
P , Table 3.4, Figure 3.6),

this was assigned to two possible causes: 1) Inconsistent and variable experimental data; 2)

Linearizing δP(C) about Cl = 0 (Equation 3.8) incurred a larger error. Linearizing about Cl =C0

may be more suitable in the future when only one concentration of citrate in the perfusate is used.

However, in our model, including this mechanism was important for the subsequent fitting of

citrate enhanced solubilisation (β3). If citrate enhanced probe P uptake was not included then the

additional absorbed P due to citrate altering probe osmosis rates would be attributed to citrate

solubilising P, and β3 would have been overestimated. Although the correction has errors, the

following results are more precise rather than having not included the correction.

Microdialysis probes as root analogues

After the soil P parameters were derived, a root model was proposed to determine if the mi-

crodialysis probes can be used to mimic root behaviour under the soil conditions detailed in

Table 3.2, and the P additions stated in the experimental section. The microdialysis probe was

found to underestimate root P uptake, with the difference narrowing as time progressed. We at-

tribute this to the P supply rapidly depleting adjacent to the root, putting the Michaelis–Menten

kinetics into the linear range of P concentrations. The probe under predicts root uptake as the

linearized root uptake rate constant is FP/KP = 2.17×10−4 m s−1 while probe permeability is

δ 0
P = 2.9× 10−7 m s−1. Using a linearized Michaelis–Menten expression is only valid for a

small range of P concentrations near 0. It was shown experimentally that microdialysis probe

exudation rate decayed over time while we assumed the root exuded citrate at a constant rate, as

evidenced by other authors (Geelhoed et al. (1999), Schnepf et al. (2012), Zygalakis & Roose
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(2012)). Constant root exudation could be realistic as a large electrochemical potential gradient

exists between the root and soil which can drive citrate exudation even against a large external

concentration (Jones (1998)). This contrasts with the microdialysis probe where citrate exuda-

tion is solely driven by the strength of the diffusion gradient and associated ion sieving effects

at the microdialysis probe-soil interface (Galach & Waniewski (2012)). Our findings, however,

suggest that a suitable concentration of citrate can be used in the perfusate so that the micro-

dialysis probe exudes the same quantity of citrate as a model root in total, but fails to mimic the

dynamic behaviour.

Modelling the impact of organic acid exudation on root P uptake

When we used a citrate exudation rate similar to an oilseed rape plant (Hoffland (1992)) and

added 0.1 µmol of P to the model soil, it was found that little additional P was absorbed com-

pared to a non-citrate exuding root (< 1% enhancement of P acquisition). In comparison, other

models report significant gains from citrate exudation. After 16 days of model time, Schnepf

et al. (2012) found an entire root system could gain between 4 and 19% extra P depending on ex-

udation patterns. Schnepf et al. (2012) used the kinetic competitive Langmuir reaction equation

(Van de Weerd et al. (1999)) and they assumed desorption was fast to send citrate enhanced P

solubilisation into equilibrium (the parameters were not experimentally verified) and considered

multiple roots which interacted. Zygalakis & Roose (2012) used a similar model of citrate en-

hanced P solubilisation to that used in the current work, with the reactions sent into equilibrium.

They used a β3/β1 ratio two orders of magnitude larger than the current (with no experimen-

tal support) and predicted cluster roots can absorb up to 35% more P due to citrate exudation.

However, assuming the soil reactions are fast relative to diffusion to send the soil reactions into

equilibrium can incur an error. Using a similar non-dimensionalisation to Zygalakis & Roose

(2012) (non-dimensionalise P concentration with K, sorbed citrate concentration with the max-

imum achieved when using the realistic root exudation rate (Cmax
s ) and length, l, with the height

of the Eppendorf tube) we find that adsorption happens at rates on the order of 100 ( β1l2

D ) des-

orption at 10−1 ( β2l2

D ) citrate enhanced desorption 10−5 ( β3l2Cmax
s

D ) and diffusion 100 ( D
D ) when in

regions of high citrate concentrations and using the fitted parameters. Thus, assuming reactions

are fast relative to diffusion in the current geometry would not be valid. However, as the size
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of the geometry, l, increases, assuming the reactions are in equilibrium becomes more appropri-

ate. In contrast, previous experiments are in agreement with the current finding, both Güsewell

& Schroth (2017) and Ryan et al. (2014) could not detect P uptake gains in high carboxylate

exuding plants in comparison to low carboxylate exuding subgenus/near-isogenic species.

When citrate exudation was increased incrementally, P uptake dramatically increased (Fig-

ure 3.10 and 3.11) and P uptake reached a distinct maximum at approximately 250 minutes

when citrate exudation reached appropriate levels (Figure 3.11). The latter effect is attributed to

a solubilisation peak caused by P mobilisation. This mimics experiments performed in this same

soil where high soil citrate concentrations (10 mM) were needed to promote plant 33P uptake

(Khademi et al. (2010), Palomo et al. (2006)).

The reader should be aware that the model may not be as accurate for very high concentrations

of citrate as suggested by the relatively poor fit to the temporal experimental data in Figure 3.7,

C0 = 10000 µM. In contrast, the fit for C0 = 1000 µM case was good. This is a manifestation

of the error from the linear approximations of P/citrate soil reactions (the error is O(C2
l ) or

O(P2
l ) i.e. the error increases as concentration increases). Citrate enhanced solubilisation of

P speeds up with increased citrate concentration and a Langmuir-like isotherm for citrate/P

adsorption and citrate enhanced solubilsation may be needed to capture the temporal behaviour

for both citrate concentrations simultaneously. The error from the linearized kinetics may also

become apparent when the P and citrate concentrations vary due to the probe absorbing and

exuding. However, we cannot justifiably include the non-linear terms as the current experiments

do not measure these concentration dependent effects. In future work additional experiments

with varying P concentration in the soil could be used to fit the additional parameters which

control these mechanisms. This would require a series of further microdialysis experiments

designed to investigate citrate/P adsorption and desorption for varying concentrations.

Although citrate concentrations in the bulk soil are typically < 50 µM, concentrations up to 10

mM have been reported in the rhizosphere for certain plants under P deficiency (Dessureault-

Rompré et al. (2006)), the current parameterisation of the model may not be accurate for such

high concentrations. In addition, the model only considers 4 mm of a single root exuding, while

cluster roots, or roots in close proximity may act together to exude larger quantities of citrate.

From Figure 3.11, we estimate that a plant would need to exude citrate at a rate of 0.73 µmol
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cm−1 of root h−1 to see a significant increase in P absorption. Alfalfa (Medicago sativa L.)

can exude 1.3 µmol of citrate g−1 of dry root d−1 when under P stress (Lipton et al. (1987)),

which equates to approximately 1.4×10−5 cm−1 of root h−1 (Solaiman et al. (2007)), orders of

magnitude lower than the required rate. Hence, P gains could only be achieved if the roots were

densely packed. This concurs with the modelling findings of Zygalakis & Roose (2012) and

Gerke, Römer & Beißner (2000) who both found that large clusters of roots benefit most from

citrate exudation. The rates calculated in this work could be used to parametrise image-based

models to assess different root system architectures, such as cluster roots, and the utilization of

solubilized P. Gerke, Beißner & Römer (2000) found that more than 10 µmol of citrate g−1 soil

was needed for a significant increase in P solubilisation using bulk-equilibrium experiments.

Gerke, Beißner & Römer (2000) did not see P solubilisation with lower citrate concentrations,

however, this does not necessarily imply that plants would fail to see enhanced P uptake as

seen in this work (Figure 3.11) for a number of reasons. Firstly, the calculation of β3 in this

work suggests that the rate citrate solubilises phosphate is in fact slow and should be considered

dynamically; fast-equilibration arguments to approximate adsorbed P by P in solution would not

stand, nor would equilibrium experiments be representative of a root absorbing P. Furthermore,

citrate is exuded from a root creating a local region of high concentration, allowing the dramatic

citrate-phosphate solubilisation as seen in Gerke, Beißner & Römer (2000) near the root surface.

Unsurprisingly, when citrate biodegradation decreases, the percentage additional P absorbed by

the root due to citrate increases, however, the importance of this was less than some other factors

in the model. For example, when the value of the buffer power was increased and P becomes held

more strongly on the solid phase, citrate exudation had more benefit at solubilising P. This agrees

with both the experimental work of Zhang et al. (1997), who suggest that low-molecular weight

organic acids help radish (Raphanus sativus L.) and rape (Brassica napus L.) utilize sparingly

soluble P; and the modelling work of Schnepf et al. (2012) who found citrate solubilised more

P in strongly sorbing soils.

The β1 and β2 parameters calculated in this study results in a buffer power of 39.6 for phosphate

in this soil. Although this was not unreasonable for such a soil and P additions (Barber (1995)),

some caution is required when interpreting this result. Firstly, the microdialysis probe was only

calibrated for P influx in standard solutions, however, when the microdialysis probe was placed
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in soil, the ionic strength of the soil may have altered the uptake rate of the microdialysis probe.

During the data fitting, this effect was included in the β1 and β2 parameters and may not be

representative of the actual buffer power. This could be overcome by calibrating the probes at a

similar ionic strength and compositions as exists in the soil. Furthermore, large quantities of P

added to the soil can lower the buffer power (Barber (1995)) and the scintillation counting used

in this chapter only measured the isotopically labelled P added to the soil, not the P originally

present in the soil. However, these artefacts were accounted for during the β1 and β2 data

fitting as ionic strength affects were measured implicitly during the corresponding experiment,

thus will not affect the β3 data fitting. Similarly, any gains in P uptake by the probe due to

acidification by the un-buffered citrate was attributed to β3, the parameter controlling specific

adsorption, during the data fitting.

Conclusions

Here we demonstrated that microdialysis can be used to provide an effective measure of the

diffusive flux of solutes both into and out of soil. The microdialysis probes can be easily used to

mimic root exudation. Their small size and rapid response time makes them ideal to detect the

spatial and temporal dynamics of solutes at the soil-root interface. We also demonstrated that

assumptions about mechanisms of citrate and P in bulk soil can be used to create a model which

describes the recovery of P by the probes. Parameters in this model were then varied so that

the model fluxes across the microdialysis probe membrane were consistent with microdialysis

experiments, allowing accurate measurements (up to the validity of the assumptions made) of

soil properties. Critically, we showed the importance of calibrating the microdialysis probe

influx and efflux rates in separate specially designed experiments to correct for the sensitivity

of the microdialysis probes to external factors. This approach proved effective in calculating

citrate enhanced P desorption and may be useful in calculating other important dynamic plant-

soil interactions.
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4.1 Abstract

Root citrate exudation is thought to be important for phosphate solubilisation (Oburger, Jones &

Wenzel (2011)). Previous research has concluded that cluster-like roots benefit most from this

exudation in terms of increased phosphate uptake, suggesting root structure plays an important

role in citrate enhanced uptake (additional phosphate uptake due to citrate exudation) (Lambers

et al. (2006)).

Time resolved computed tomography images of wheat root systems were used as the geometry

for 3D citrate-phosphate solubilisation models. Citrate enhanced uptake was compared with

113
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morphological measures of the root systems to determine which were important for citrate en-

hanced uptake.

A large variation of citrate enhanced uptake over 11 root structures was observed. Root surface

area dominated absolute phosphate uptake, but did not explain citrate enhanced uptake. Number

of exuding root tips correlated well with citrate enhanced uptake. Root tips in close proximity

to each other could collectively exude high amounts of citrate, resulting in a delayed spike in

citrate enhanced uptake.

Root system architecture plays an important role in citrate enhanced uptake. Singular morpho-

logical measurements of the root systems cannot entirely explain variations in citrate enhanced

uptake. Root systems with many tips would benefit greatly from citrate exudation. Quantifying

citrate enhanced uptake experimentally is difficult as variations in root surface area would over-

whelm citrate benefits. This is consistent with previous experimental results which have failed

to consistently verify the phosphorus uptake benefit of citrate exudation (Ryan et al. (2014)).

Key Words: Root system architecture, citrate, exudation, phosphorus, a-biotic stress, mod-

elling.

4.2 List of Symbols

Ω⊂ R3 image-based model domain representing homogeneous

soil containg roots

Γ⊂ R2 boundary of Ω

Γr(t)⊂ Γ active absorbing portion of the root surface

Γon(t)⊂ Γ active exuding portion of the root surface

Γe(t)⊂ Γ non-active portion of the root surface and pot boundary

Pl phosphorus concentration in soil solution [µmol m−3]

Ps phosphorus concentration bound to soil particles [µmol

m−3]

Cl citrate concentration in soil solution [µmol m−3]

Cs citrate concentration bound to soil particles [µmol m−3]
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φl volumetric water content [m3 of soil solution m−3 of total

soil]

φs volumetric soil content [m3 of soil m−3 of total soil]

β1 the rate at which phosphorus adsorbs to soil particles

[s−1]

β1 the rate at which phosphorus desorbs to soil particles

[s−1]

β3 the rate of citrate enhanced phosphorus desorbtion [m3

s−1 µmol−1]

DP diffusion rate of phosphorus in soil solution [m2 s−1]

DC diffusion rate of citrate in soil solution [m2 s−1]

γ1 the rate at which citrate adsorbs to soil particles [s−1]

γ2 the rate at which citrate desorbs to soil particles [s−1]

λ the rate of citrate bio-degredation [s−1]

non unit normal to Γon(t)

nr unit normal to Γr(t)

bP buffer power of phosphorus [-]

bC buffer power of citrate [-]

Ptot total concentration of phosphorus in the soil [µmol m−3]

FC root citrate exudation rate [µmol m−2 s−1]

FP maximum root phosphorus uptake rate [µmol m−2 s−1]

KP phosphorus concentration when root uptake is half FP

[µmol m−3]

G(t) root growth rate function [m s−1]

gi i = 0,2,4,6,8 days, root growth rate from day i to i+ 1

[m s−1]

dept(z) indicator function returning 1 if the root has reached depth

z by time t

tipt(z) indicator function returning 1 if the root tip is at depth z

at time t

ρ(x,y) Pearson Correlation Coefficient (PCC) of x and y
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Si(t) Surface area of root system i at time t [m2]

4.3 Introduction

Phosphorus (P) is considered one of the key macro-nutrients required by plants (Barber (1995)).

A characteristic feature of P in soil is that it strongly binds to soil particle surfaces and undergoes

mineralisation. Both processes decrease the quantity of P available to plants (Barber (1995),

Oburger, Jones & Wenzel (2011)). Therefore, it is difficult for crops to acquire the necessary

amount of P for higher yields without large amounts of fertilisation. Typically, an annual crop

producing 10 tons ha−1 of biomass needs 30 kg ha−1 of P during the growing season (Sylvester-

Bradley et al. (2017)).

Typically, crops are bred to produce large yields in optimal nutrient and water conditions (Ko-

evoets et al. (2016), Wissuwa et al. (2009)); this is usually guided by aboveground performance

which can negatively impact belowground traits (Den Herder et al. (2010)). For example, stud-

ies have suggested that plants bred for high fertility soils have lost the ability to develop symbi-

otic relationships with mycorrhiza fungi, which are beneficial for acquiring P in poor conditions

(Wissuwa et al. (2009)). Belowground traits are known to be vital in nutrient/water scarce condi-

tions (Den Herder et al. (2010)). With climate change causing more extreme droughts and floods,

breeders need to produce high yielding varieties in sub-optimal conditions (Den Herder et al.

(2010), Koevoets et al. (2016)). Only a small number of genes have been identified that con-

trol root traits, one of which enhances early root growth and increases yield in P-deficient soils

(Gamuyao et al. (2012), Uga et al. (2013)). This gene is notably absent in modern “phosphorous-

starvation-intolerant” rice varieties (Gamuyao et al. (2012)). Although this is an example of one

gene, there is still a vast pool of bio-diversity from which root traits can be found to increase

crop yield in poor agricultural settings. Thus, understanding the functionality of root system

architecture (RSA) traits will provide important insight as to how we might improve crop breed-

ing to withstand soil changes posed by climate change (Topp et al. (2016)). However, unlike

above ground traits (e.g. grain mass), it is difficult to assign and measure functionality of root

traits due to the complexity of root/soil structure, chemistry, biology, as well as the difficulty of

visualising roots in soil.
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Under natural conditions, plants have evolved traits to mitigate deficient labile-P supplies. Or-

ganic acids, such as citrate or oxalate, exuded by roots can lower the soil pH promoting solubili-

sation of previously inaccessible soil-P supplies (Oburger, Jones & Wenzel (2011). Furthermore,

organic acids exuded by roots can mobilise P adsorbed to soil particles, thereby enhancing plant

P uptake (Gerke, Beißner & Römer (2000)). The benefits of exuding citrate may not only be

limited to P deficient soils; locally increased solubilisation makes sorbed P available to plants,

allowing farmers to decrease the quantity of fertilizer applied, therefore reducing run-off and P

fertilisation (Manschadi et al. (2014)).

The contribution of P mobilisation by organic acids in phosphate absorption is in question.

Duputel et al. (2013) found that the addition of citrate can both increase and decrease available

P depending on the soil type. Gerke, Beißner & Römer (2000) found that more than 10 µmol of

citrate g−1 soil was needed for a significant increase in phosphate solubilisation; while typical

exudation rates of citrate for P-starved rape roots grown in nutrient solution is 1.2×10−6 µmol

s−1 m−1 of root (Hoffland (1992)). At this rate it would take 1 cm of root length almost ten

days to exude the 10 µmol required to see significant phosphate solubilisation, not accounting

for bio-degradation of the exuded compounds. Furthermore, previous microdialysis work found

a single model root exuding citrate into 1 g dry weight of soil did not increase root phosphate

uptake significantly (see chapter 3).

Plants can form cluster-root architectures that collectively exude large quantities of citrate into

a small region of soil in a short burst to intensively solubilise phosphate and other immobile

nutrients (Lambers et al. (2006), Neumann & Martinoia (2002). This is consistent with the

modelling findings of Zygalakis & Roose (2012) and Gerke, Römer & Beißner (2000) who both

found that cluster roots dominate the phosphate benefits gained by citrate exudation. However,

neither of these studies considered the explicit root system geometry in their models. On the

other hand, dauciform root forming species (described as roots similar to cluster roots (Lambers

et al. (2015))) were found to exude less organic acids and absorbed similar quantities of P to a

subgenus that did not form dauciform roots (Güsewell & Schroth (2017)). Furthermore, Ryan

et al. (2014) found that citrate enhanced relative biomass in only 2 out of 6 trials by using a low

and high exuding wheat (Triticum aestivum).
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Densely packed root systems are known to have low P uptake efficiency in terms of root car-

bon cost as roots in close proximity to one another compete for the same P supply (Fletcher,

Keyes, Daly, Van Veelen & Roose (2019)). It could be hypothesised that the cumulative or-

ganic acid exudation from densely packed roots can mitigate the decreased P uptake efficiency.

Oburger, Jones & Wenzel (2011) argued that unlike cluster root forming species, most crop

species can only exude small to medium amounts of organic acids, bringing the importance of

citrate-phosphate solubilisation in agriculture into question. Lambers et al. (2006) proposed that

cluster-root forming species are so successful in highly weathered soil due to their specialized

morphology and physiology. Clearly, RSA is linked to organic acid exudation and it may play a

role in resulting phosphate gains.

Modelling techniques that consider the RSA (or other structures) can be a useful approach for

linking geometry to functionality. Tron et al. (2015) used a root-growth model coupled to a

soil-water model to determine which root traits are important for drought tolerance. They found

that different RSAs were better in certain drought hydrological scenarios, highlighting the im-

portance of RSA when discussing functionality (although the root systems in this case were

simulated). Landl et al. (2019) used a coupled root growth model and water uptake model to

determine the role of biopores on RSA and water uptake. Schnepf et al. (2012) modelled the

impact of RSA on citrate-enhanced phosphate absorption using a root growth model, as their

modelling work has a similar scope to the current, we highlight the differences and similarities

in the discussion section.

Image-based modelling, a technique which uses images as modelling domains, is a powerful

modelling approach for considering real geometries and their function. Koebernick et al. (2017)

used image-based modelling to determine whether effective diffusion of nutrients and hydraulic

connectivity of rhizosphere soil was altered by root hairs. They found no differences between

rhizosphere soil of wild type barley and a root-hairless mutant. Considering the geometry ex-

plicitly is not always necessary; Daly et al. (2018) found that a simple averaged water-uptake

model, which represented different RSAs using root length density parameters, predicted water

uptake within 2% of an image-based model which used real 3D RSAs extracted from X-ray

Computed Tomography (XCT) data. However, the simplified model did not capture the hetero-

geneous water distribution seen in the image-based model. It is important to note that the root
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surface area parameter in the simplified model of Daly et al. (2018) was calculated directly from

the XCT data to make the averaged model comparable to the image-based model. Image-based

models are not limited to plant-soil research and have given insight when linking function to

structure (as opposed to structure to function). Two dimensional image-based modelling was

used to determine that the morphogenesis of regulatory networks in kidneys had the same ge-

netic mechanism as lung networks (Menshykau et al. (2019)).

Currently, it is difficult to address the impact of the RSA on citrate-enhanced phosphate up-

take due to the difficulties in quantifying roots, root exudation (Oburger & Jones (2018)) and

measuring phosphate uptake simultaneously. This work aims to link RSA morphology to phos-

phate gains from citrate exudation and disentangle many of the conflicting results regarding

P-uptake gains associated with citrate exudation. Specifically, we quantify the impact of the

RSA on citrate-enhanced phosphate uptake using mathematical models solved directly on RSAs

extracted from XCT images using experimentally verified parameters. RSAs from 11 time-

resolved XCT scans were used as geometries for image-based modelling. The growing RSA

both exuded citrate and absorbed P; in the soil, citrate is assumed to enhance P desorption. P

uptake for exuding and non-exuding roots is compared under two soil P conditions: High P low

buffering (denoted High P) and low P high buffering (denoted Low P) to determine the effect of

citrate exudation in highly fertilised soils and low P soils, respectively. Geometrical measures

of RSAs were compared to increases in P uptake associated with citrate exudation in order to

identify root traits that are important for P benefits from citrate exudation. Furthermore, for

the densest RSA, the model is solved with High P conditions and increasing exudation rates to

investigate the effect of high citrate concentrations on the P uptake dynamics.

4.4 Materials and Methods

4.4.1 Root system architect and image based domain

This study used imaged wheat (cv. Zebedee) root systems grown in two soils: Eutric Cambisol

(loamy sand, denoted LS) and Argillic Pelosol (clay loam, denoted CL) at 2,4,6,8 and 12 days

after germination with 6 replicates (Daly et al. (2018)). The RSAs from the 12 day scans were

used as the geometry for a model describing a citrate-exuding root absorbing phosphate. The 12
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day state of each RSA can be seen in Figure 4.1. In the current work, root growth in the model

was simulated by ‘activating’ the roots at the appropriate root growth rate as calculated from the

previous XCT scans, details of which are given in the following sections. The root systems were

segmented in the top 60 mm of the pots to avoid capturing effects of the pot on the RSA (Daly

et al. (2018)). Often, the seminal roots reach this depth before 12 days. The scan resolution (30

µm voxel edge length) was not sufficient to observe and segment fine lateral roots, hence these

roots are not included in the segmented RSA. The impact on their exclusion is examined in the

discussion.
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FIGURE 4.1: Each root system architecture in its 12 day state. The left column shows the roots

grown in loamy sand (LS) and the right column shows those grown in clay loam (CL).
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4.4.2 Citrate phosphate mathematical model

In chapter 3 we developed a model describing citrate root exudation, P absorption, diffusion in

soil and P reactions to the soil with enhanced desorption due to citrate. Here we apply the same

model to a cylindrical pot of soil with a diameter 50 mm and 80 mm high containing growing

roots. The 12 day RSAs, as extracted from the XCT scans, were used as the root surfaces in the

model. The root surfaces associated with the RSAs from the XCT scans were activated along

the depth in accordance to the individual plant growth rates. We first describe the citrate and

phosphate governing equations, then describe the implementation of the growing RSA.

The soil domain is denoted Ω⊂ R3 (Figure 4.2). The whole root surface, as extracted from the

12 day XCT scan is denoted Γ (Figure 4.2). The active absorbing surface at time t is denoted,

Γr(t), while the portion of the root exuding citrate at time t is denoted Γon(t) (Figure 4.2). Notice

Γon(t) is contained within Γr(t), which is itself contained within Γ as a citrate exuding region

of the root can also absorb phosphate and the root grows into the 12 day RSA as illustrated in

Figure 4.2. The remainder of the boundary i.e. the inside of the pot and the non-functioning part

of the root is denoted Γe(t). Figure 4.2 shows a schematic of the domain and its boundaries.

The soil is assumed to be homogenous with approximate volumetric water content φl [m3 of soil

solution m−3 of domain] and volumetric soil solid volume fraction φs [m3 of soil solid m−3 of

domain].

We assume P and citrate to exist either bound to soil surfaces or unbound in solution in soil. In

particular, Pl(t,x) [µmol m−3 of soil solution] is the P concentration in solution, Cl(t,x) [µmol

m−3 of soil solution] represents citrate concentration in solution, Ps(t,x) [µmol m−3 of soil

solid] is the concentration of P bound to soil particles, and Cs(t,x) [µmol m−3 of soil solid] is

the amount of citrate bound to soil particles.

P and citrate can adsorb to and desorb from soil surfaces and this is modelled using a reversible

first order chemical reaction (Barber (1995)). The process of citrate-enhanced phosphate desorp-

tion is assumed to be dominated by ligand-exchange. That is, citrate competes with phosphate

for binding spots on soil mineral surfaces, increasing the amount of available P (Oburger, Jones

& Wenzel (2011)). This is modelled by adding a cross term to the P desorption-adsorption re-

action (Equations (4.1-4.2)). Citrate is known to be consumed by microbes in the rhizosphere.
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FIGURE 4.2: A schematic of the domain for simulations. The absorbing parts of the RSA,
Γr(t), and the exuding part, Γon(t), are shown for a given time point within Ω. As time pro-
gresses, the roots will grow in to the 12 day state, highlighted in the white-dashed lines. The
indicator functions dept(z), described by Equation (4.13), and tipt(z), described by Equation
(4.14) are also plotted. These functions are used to activate the roots system at the appropriate

times.

However, sorption of citrate to soil particles causes a significant reduction in biodegradation

rate (up to 99%) (Van Hees et al. (2003)). Therefore, citrate in the model is allowed to biode-

grade only in the soil solution. Hence, assuming conservation of mass and neglecting convective

transport, the diffusion-sorption-reactions for P and citrate, the model can be written as (see also

chapter 4)

φl
∂Pl

∂ t
= ∇ ·φlDP∇Pl−φlβ1Pl +φsβ2Ps +φsβ3CsPs, x ∈Ω (4.1)

φs
∂Ps

∂ t
= φlβ1Pl−φsβ2Ps−φsβ3CsPs, x ∈Ω, (4.2)

φl
∂Cl

∂ t
= ∇ ·φlDC∇Cl−φlλCl−φlγ1Cl +φsγ2Cs, x ∈Ω, (4.3)

φs
∂Cs

∂ t
= φlγ1Cl−φsγ2Cs, x ∈Ω (4.4)

where β1 [s−1] is the rate at which P adsorbs to soil particles, β2 [s−1] is the rate at which P

desorbs from soil particles, β3 [m3 of soil solid s−1 µmol−1] is the rate associated with ligand

exchange between citrate and P on soil sorption sites, γ1 [s−1] is the rate at which citrate adsorbs

to soil particles, γ2 [s−1] is the rate at which citrate desorbs from soil particles, DP [m2 of soil
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solution s−1] is the diffusion rate of P in soil solution, DC [m2 of soil solution s−1] is the diffusion

rate of citrate in soil solution (diffusion coefficients include geometric impedance) and λ [s−1]

is the rate of citrate bio-degradation.

Boundary conditions are imposed on the root surface and the edge of the pot. In particular, the

root is assumed to take up P using Michaelis–Menten kinetics (Barber (1995)) and exude citrate

at a steady rate (Geelhoed et al. (1999), Zygalakis & Roose (2012)). More precisely, the citrate

root boundary condition is

φlDC∇Cl ·non = FC, x ∈ Γon(t), (4.5)

where FC [µmol m−2 s−1] is the root citrate exudation rate and non is the unit normal to the

exuding part of the root. The P root boundary condition is

φlDP∇Pl ·nr =
−FPPl

KP +Pl
, x ∈ Γr(t), (4.6)

where FP [µmol m−2 s−1] is the maximum P uptake rate achieved by the root, KP [µmol m−3] is

the P concentration where the uptake rate is half of maximum possible and nr is the unit normal

to the active part of the root. Typical exudation rates of citrate for P-starved rape roots grown

in nutrient solution at 27◦C is 1.2×10−5 µmol s−1 m−1 of root (Hoffland (1992)). These roots

typically have a root radius of approximately 4× 10−4 m (Kjellström & Kirchmann (1994)),

meaning an approximate citrate exudation rate per root surface area (assuming the root is a

cylinder) of FC = 4.79× 10−3 µmol m−2 s−1. Typically FP = 3.26× 10−2 µmol m−2 s−1 and

KP = 5.8×103 µmol m−3 (Barber (1995)). On the pot boundary and non-active part of the root

a no flux condition is imposed for both phosphate and citrate,

DP∇Pl ·ne = 0, x ∈ Γe(t), (4.7)

DC∇Cl ·ne = 0, x ∈ Γe(t), (4.8)

where ne is the unit normal to the inactive part of the root and the edge of the pot. Initially, there

is no citrate in the soil,

Cl(0,x) =Cs(0,x) = 0, x ∈Ω (4.9)
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Furthermore, there is a known initial concentration of total phosphate in the soil, Ptot [µmol m−3

of total soil] which exists in equilibrium between adsorbed and solution phosphate,

Pl(0,x) =
Ptot

φl(1+bP)
, x ∈Ω, (4.10)

Ps(0,x) =
φl

φs
bPPl(0,x), x ∈Ω, (4.11)

where bP = β1
β2

is the buffer power of phosphate in the soil. Two soil P conditions are used in

the numerical experiments, high P low buffering (denoted High P) and low P high buffering

(denoted Low P). All parameters used in the model are summarised in Table 4.2.

TABLE 4.2: Parameters used in the model
Parameter Description Unit Value

φl
m3 of soil solution
per m3 of total soil

m3 of soil solution
m−3 of total soil

0.3 or 1

φs
m3 of solid soil

per m3 of total soil
m3 of soil solid
m−3 of total soil

0.6 or 0

bP = β1
β2

Buffer power of P in soil 1
39.6 High P,
1072 Low P

bC = γ1
γ2

Buffer power of citrate in soil
(Oburger, Jones & Wenzel (2011))

1 4.78

β1 P adsorption rate to solid soil s−1 7.899×10−6

β2 P desorption rate from solid soil s−1 2×10−7 High P,
7.4×10−9 Low P

β3
P enhanced desorption from

soil solid due to adsorbed citrate
m3 of soil solid

s−1 µmol−1 3.4×10−13 chapter 3

γ1 Citrate adsorption rate to solid soil s−1 bC× γ2

γ2 Citrate desorption rate to solid soil s−1 1.2×10−2

λ Rate of citrate biodegradation s−1 6.87×10−5

DP/C
Effective diffusion rate
of P or citrate in soil

m5 of soil solution
m−3 of total soil s−1 7×10−10

Ptot Total amount of P µmol m−3 of total soil
2.26×104 for High P

941.7 for low P
FC Root citrate exudation rate µmol m−2 s−1 4.789×10−3

FP
Maximum P uptake rate

achieved by the root
µmol m−2 s−1 3.26×10−2

KP
The P concentration where
the uptake rate is half FP

µmol m−3 5.8×103

4.4.3 Root growth model

In the citrate phosphate model the root boundary is time dependent, therefore, a suitable model

describing the evolution of the root absorbing surfaces, Γr(t), and exuding surfaces, Γon(t), in
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time was required. Numerically, this was implemented by “activating the roots” in the RSA

extracted from the 12 day scans using the growth rates calculated from the previous scans. More

precisely, growth rates were calculated for each time point by finding the deepest root in each

scan, subtracting the depth of the deepest root in the previous scan and dividing by the time

difference. As a reference, wheat seminal root elongation rate is typically between 0.0926 and

0.277 µm s−1 depending on soil compaction (Ruiz et al. (2017), Watt et al. (2003)). Citrate

exudation is typically limited to the apical zone of the root (Hoffland et al. (1989)), this was

implemented in the model by allowing only the portion of the root within 3 mm of the tip to

exude. Mathematically, for each pot the following piecewise function is defined to implement

the growing RSA,

G(t) =



g0, 0 day≤ t ≤ 2 day

g2, 2 day < t ≤ 4 day

g4, 4 day < t ≤ 6 day

g6, 6 day < t ≤ 8 day

g8, 8 day < t ≤ 12 day

(4.12)

where gi [m s−1]∈ R≥0), i = 0,2,4,6,8 are the growth rates as calculated from the XCT scans.

A root depth indicator function is defined for each t,

dept(z) =


1, 0≤ z≤

∫ t
0 G(τ)dτ,

0, else,
(4.13)

where z is the space variable representing the vertical direction. Similarly, a root tip indicator

function is defined

tipt(z) =


1,

∫ t
0 G(τ)−0.003dτ ≤ z≤

∫ t
0 G(τ)dτ,

0, else,
(4.14)

to determine the location of the exuding section of the root. The growing root and root tip are

then defined as Γr(t)= {(x,y,z)∈Γ such that dept(z)= 1} and Γon(t)= {(x,y,z)∈Γ such that tipt(z)=

1}. A schematic of the relationship between dept(z) and Γr(t); and tipz(t) and Γon can be seen

in Figure 4.2. For the purposes of numerical simulations, tipt(z) and dept(z) are smoothed.
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4.5 Numerical Experiments

In order to assess the impact of RSA on citrate enhanced phosphate uptake, the model is solved

on each of the RSAs with and without citrate exudation. Two P soil conditions are simulated:

High P, representative of a UK arable field with Ptot = 2.26× 104 µmol m−3 (corresponding

to 24 kg per hectare (DEFRA soil nutrient balances UK provisional)) with P adsorption rate

β1 = 7.899× 10−6 s−1 and desorption rate β2 = 1.993× 10−7 s−1 equating to a buffer power

of 40 (Barber (1995)). Low P, representative of a poor P soil with Ptot=941.7 µmol m−3 (corre-

sponding to 1 kg per hectare (DEFRA soil nutrient balances UK provisional)) with P adsorption

rate β1 = 7.899× 10−6 s−1 and desorption rate β2 = 7.3684× 10−9 s−1 equating to a buffer

power of 1072 (Barber (1995)).

To determine which morphological root system measures were important for increased P uptake

from citrate exudation, percentage increase due to citrate was compared to root surface area,

number of exuding tips, average inter tip distance, solidity (defined as the ratio of root volume

to RSA convex hull volume), and total number of exuding tips. Some of these measurements

require an image analysis protocol that will be described in the following section. Additionally,

using the densest RSA geometry, the model was solved with an increasing range of citrate

exudation rates in the High P soil, and P influx is plotted to investigate the gain in P absorption

for higher citrate exudations.

A finite element method was used to solve the image-based models using Comsol Multiphysics

5.3. Typically, the meshes had approximately 1.5×106 volume elements and 2.4×105 surface

elements. Lagrange polynomials of order two were used to approximate the solution in each

element. Backwards differentiation formulas between orders 1 were 5 were used in the time

discretization. To reduce memory requirements a segregated approach was taken. As citrate

dynamics are independent of P, at each time step Cl and Cs were solved for first and then Pl

and Ps. Any non-linarites were linearized using one Newton-Raphson iteration. All resulting

systems of linear equations were solved using the MUMPS algorithm. Numerical solutions

were saved every 3 hours of solution time.

The Pearson Correlation Coefficient (PCC) was used to measure linear correlation between P

uptake and root measures (such as number of exuding tips or root surface area etc) over all time
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points and RSAs. For example, if Pi
l is the solution to Equations (4.1-4.11) solved on the ith

RSA with citrate exudation and let Si(t) be the root surface area at time t of the ith RSA. The

total root uptake rate for the ith RSA at time t is then the active root integrated flux of P:

Fi(t) =
∫

Γr(t)
φlDP∇Pi

l (t) ·nrdΓr(t). (4.15)

The PCC of P uptake rates, Fi(t), with root surface area over all 11 RSAs and saved model times,

T = {k×3 hours, for k = 1,2, . . . ,96}, is calculated as

ρ(Fi(t),Si(t)) =
∑i∈1,...,11

t∈T
Fi(t) ·Si(t)−nF̄S̄

(∑i∈1,...,11
t∈T

(Fi(t)2−nF̄2))
1
2 (∑i∈1,...,11

t∈T
(Si(t)2−nS̄2))

1
2
, (4.16)

where n = 11 reps ×96 time points and bar denotes average over all RSAs and model times.

The term “citrate enhanced uptake” is used to describe both percentage additional root P flux

due to citrate at a given time point, and percentage additional P absorbed by the roots.

4.5.1 Image Analysis

Average inter-tip distance

An image analysis protocol to calculate number of exuding tips and average inter-tip distance

was developed to compare with increased P absorption. The 12-day segmented RSA was skele-

tonized using BoneJ (Doube et al. (2010)). The slice in the skeletonized stack representing the

deepest root at the given time point was selected using the growth rates as described by Equation

(4.12). The number of connected components on this slice determined the number of exuding

tips at the given time . The mean coordinate of each component was calculated, and the average

distance between these means was used to determine average inter tip distance at a given time

point. This approach means the measurements are in line with the model RSA as opposed
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Solidity

Solidity of an RSA is defined as the ratio of the root volume and RSA convex hull volume

(Zurek et al. (2015)). Solidity was hypothesised to positively correlate with citrate enhanced

uptake, as root systems with high solidity would be contained in a small region of soil and

hence collectively create regions of high citrate concentration. Solidity was calculated using the

convex hull function in Scipy (Jones et al. (2001)) for the 12 day RSAs.

4.6 Results

4.6.1 Root growth rates

Figure 4.3 shows the growth rates for each of the replicates as calculated from the time-resolved

XCT data. Each root system has grown past the area of segmentation by day 8.

FIGURE 4.3: Growth rates of each RSA and time point. Growth rates are calculated by finding
the deepest root in each scan, subtracting the deepest root in the previous scan and dividing by

the time difference.
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4.6.2 Numerical Experiments

First, P uptake rates in the exuding and non-exuding case in the High P soil are compared; citrate

enhanced uptake rate is compared with root measures in the Low P soil; citrate concentrations

are displayed on planes within the soil; cumulative citrate enhanced uptake is compared amongst

the RSAs and compared with total number of root tips and solidity; finally the evolution of citrate

enhanced uptake is examined for increasing exudation rates.

Figure 4.4 shows a comparison of P uptake rate in time for the exuding and non-exuding model

roots for each of the root systems in the High P case. Increased root surface area strongly

correlates with P absorption rate (Figure 4.4), with a PCC of 0.955 over all RSAs and times in

High P conditions.

Although P uptake rate still strongly correlates with root surface area in Low P conditions (PCC

of 0.9583 over all RSAs and times) citrates contribution to P uptake rate is more noticeable.

Figure 4.5 shows a comparison of percentage increased uptake between the two soil conditions

for three RSAs. In the High P scenario, the difference in total absorbed P between the exuding

and non-exuding case never exceeded 0.2% across the 11 RSAs (such variations are within the

numerical error of the method). Figure 4.4 shows there is little difference between the exuding

(line) and non-exuding (stars) case. In contrast, results suggest that there can be > 5% increase

in uptake for early time points and RSAs in the Low P conditions. There is a large variation

in percentage increase due to citrate across the RSAs as well as the growth states in the Low P

case, Figure 4.5 and 4.6. For example, in Figure 4.6 citrate enhanced uptake reaches a maximum

of 10% in CL3 while LS1, CL1 and LS3 never achieve more than 5%. Furthermore, citrate

enhanced uptake has two local maxima in LS5, CL5 and LS6 while the others have only one

local maxima. This all suggests RSA is an important factor in P gains due to citrate exudation.
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FIGURE 4.4: Effect of citrate exudation on P absorption rates in High P soil. P absorption rates

of the root system architecture throughout the 12 day simulation period in the exudation (blue

line) and no exudation (blue stars) cases. Root surface area throughout the simulation is also

plotted in orange dashed lines. The left and right columns show plants grown in the loamy sand

and clay loam respectively.
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FIGURE 4.5: Comparison of citrate enhanced uptake in the High P (left column) and Low P

high buffering soil (right column) conditions. Percentage increase of P absorption rate due to

citrate exudation is shown in the blue line for the CL3, LS3 and LS5 treatments. Root surface

area is also plotted in orange dashed lines.
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FIGURE 4.6: Benefit of citrate exudation on P absorption in Low P soil with number of exuding

root tips. Percentage increase of P absorption rate due to citrate exudation is shown in the blue

line. Number of exuding tips throughout the simulation is also plotted in orange dashed lines.

The left and right columns show plants grown in the loamy sand and clay loam respectively.
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FIGURE 4.7: Benefit of citrate exudation on P absorption in Low P soil with average inter-tip

distance. Percentage increase of P absorption rate due to citrate exudation is shown in the blue

line. Average inter-tip distance throughout the simulation is also plotted in orange dashed lines.

The left and right columns show plants grown in the loamy sand and clay loam respectively.

Root surface area does not explain citrate enhanced uptake, the correlation between citrate en-

hanced P-uptake rates and root surface area had a PCC of −0.07 (Figure 4.5). Number of

exuding root tips (Figure 4.6) and average inter tip distance (Figure 4.7) were plotted with per-

centage increase in P uptake rate due to citrate to see if they can explain the variation amongst

RSAs. Number of exuding tips had a PCC of 0.39 with percentage increase in P uptake rate due

to citrate, while average inter tip distance had a PCC of 0.09. The PCC does not capture the
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relationship between citrate enhanced uptake and average inter tip distance. A period of high

citrate enhanced uptake is often preceded by low average inter tip distance (Figure 4.7). This

can be explained by a positive interference of citrate concentrations when root tips are in close

proximity. Figure 4.8 shows the concentration of citrate in solution on 2D planes located at

the depth of the roots at 12, 24 and 48 hours after germination for the CL4 RSA. The state of

the root system at the given times is also displayed. At 12 hours, Figure 4.8a, the root tips are

in close proximity, between them there is a region of high citrate concentration (greater than 6

µmol l−1 of soil solution). The plant benefit of the solubilised P in this region is not seen until

later (Figure 4.7 CL4 plot at 1.5 days) as the movement of P in the soil is slow. At 24 hours,

Figure 4.8b, the root tips have grown farther apart and less positive interference can be seen.

By 48 hours, Figure 4.8c, only regions of soil immediately adjacent to the root have high citrate

concentrations, explaining the reduced citrate enhanced uptake after 2 days, seen in Figure 4.7

CL4 plot.

FIGURE 4.8: Citrate concentrations on 2D planes for the CL4 root system. Citrate solution

concentration at a) 12 hours shown on the x− y plane at 4 mm depth, b) 24 hours shown on

the x− y plane at 8 mm depth, and c) 48 hours shown on the x− y plane at 16 mm depth. The

depths of planes were chosen to be the location of the root tips at the given time.

Cumulative additional P absorbed due to citrate (normalised by citrate exudation) for each of the

root system architectures in the Low P soil is plotted in Figure 4.9. A wide variation amongst the

RSA can be observed, which is attributed to the variations in RSA morphology. Furthermore,
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plants maintain high additional P absorbed per citrate exuded from 2 days through to 6 days,

similarly low values are maintained in time, Figure 4.9.

To determine if analysis of the whole root system could predict citrate enhanced uptake, two

measurements of the 12 day root systems were plotted against percentage additional P absorbed

by plants cumulatively due to citrate after 8 days in the Low P conditions; namely solidity,

Figure 4.10a, and number of root tips at 12 days, Figure 4.10b. Additional P absorbed by plants

cumulatively due to citrate had a PCC with solidity of −0.5 (Figure 4.10a). Number of root tips

at 12 days, however, had a PCC with additional P absorbed by plants cumulatively due to citrate

of 0.84, Figure 4.10b.

FIGURE 4.9: Cumulative additional P absorbed by plants due to citrate at 2, 4 and 6 days in

the Low P soil normalised by cumulative citrate exudation at the given times.
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FIGURE 4.10: The effect of solidity and total number of tips on citrated enhanced uptake.

Percentage additional P absorbed by plants cumulatively due to citrate after 8 days in the Low

P soil against a) solidity of the root system (solidity is defined as the total volume of the roots

over the volume of the convex hull of the RSA) and b) total number of root tips.

In the no citrate exudation case seen in Figure 4.4, initially, the plant rapidly grows into the soil

increasing the P absorption rate. Once the RSA stops growing P supplies in the soil are used up

with no means for replenishment except for diffusion from regions of higher P concentration,

hence P absorption rate slowly decreases. In the cases with higher citrate exudation there is a

contrasting evolution of P uptake rates, Figure 4.11. P uptake increases to a distinct maximal

value then as root growth slows, P uptake rapidly decreases due to reduced citrate exudation

and citrate biodegradation. In the highest citrate exudation case (yellow line, Figure 4.11) the

root system has absorbed enough citrate during the initial growth period that the uptake rate

drops below the no citrate exudation case at 150 hours due to low P supplies in the soil. As

citrate exudation rate increases from 0 to 21.2 µmol m−2 s−1 the PCC of P uptake rate with root

surface area decreases from 0.98 to−0.15 while the PCC of P uptake rate with citrate exudation

rate increases from −0.1 to 0.44; exudation rather than root growth becomes the dominant

mechanism for P uptake.
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FIGURE 4.11: Effect of increased citrate exudation on root P influx rate. Exudation rates are

increased from 0 to 21.2 µmol m−2 s−1 and the P influx rates are plotted in time for the CL4

RSA with High P soil conditions. Plots are labelled by the total amount of citrate exuded by

the RSA over the simulation period. A selection of RSA states throughout the simulation are

shown along the bottom. Red parts of the roots are exuding citrate (Γon(t)) and green and red

parts of the root are absorbing P (Γr(t)).

4.7 Discussion

The role of root system architecture on citrate enhanced uptake

Although extensive research has been carried out on the role of citrate in phosphate solubilisation

and uptake, little research has been focused directly on the role of RSA. In the current study,

time resolved XCT-extracted RSA were used as the geometries for image-based models, in

which roots grew, exuded citrate from their tips and absorbed phosphate. The model simulated

scenarios with and without citrate exudation to determine the benefit of P uptake from exuding

citrate in different soil P conditions. Our approach allowed us to carefully control for citrate

exudation which is otherwise hard to achieve in experimental designs. Even with the control

that we had in our simulations, our results demonstrated that there were still large variations in

the amount of extra P that plants absorb due to citrate exudation amongst the 11 RSAs. When

citrate enhanced uptake was normalised by citrate exudation, the largest gain in P due to citrate
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was almost 1.5 times the smallest (Figure 4.9); suggesting that RSA plays a key role in the

phosphate benefit from citrate exudation.

Morphological measurements of the root system were used to determine if a plant’s citrate en-

hanced uptake can be estimated by solely measuring its RSA, elevating some of the need for

time consuming mathematical modelling. While root surface area correlated well with absolute

root P uptake (Figure 4.4), it correlated poorly with citrate enhanced uptake (Figure 4.5). The

number of exuding tips was a good indicator for citrate enhanced uptake (Figure 4.6). As a rule

of thumb for the Low P conditions, one extra exuding root tip increases P uptake rate by one

percent (Figure 4.6). The relationship with average inter-tip distance was more subtle. Periods

of low average inter-tip distance were followed by high citrate enhanced uptake (Figure 4.7).

Root tips in close proximity to each other can cumulatively create regions of high citrate con-

centrations which can explain this increased citrate enhanced uptake, Figure 4.8. This effect is

noticeable in early root system development, where primary roots are inherently close together

due to a single origination point. This proximity provides a boost of P uptake due to citrate

exudation at approximately one and a half days after germination (Figure 4.7). This feature of

citrate exudation may be important as P nutrition at the very early stages of development is crit-

ical for crop yield (Grant et al. (2001), Nadeem et al. (2011)). Furthermore, citrate exudation

may justify the reduced P uptake efficiency (in terms of RSA carbon cost) of densely packed

roots (Fletcher, Keyes, Daly, Van Veelen & Roose (2019)).

A more holistic measurement of the root system is solidity, which was hypothesised to correlate

positively with citrate enhanced uptake. Instead, we found solidity negatively correlated with

citrate enhanced uptake (Figure 4.10a), while total number of root tips correlated positively with

citrate enhanced uptake (Figure 4.10b). A possible explanation is that a roots system with many

root tips have many lateral roots which grow horizontally, increasing the convex hull volume of

the root system and thus lowering solidity.

The role of soil buffering and P content on citrate enhanced uptake

With High P soil conditions (similar to British agricultural soil, 24 kg ha−1 of P in the soil)

little benefit could be observed from citrate exudation (< 0.1% extra P absorbed over the 12 day

simulation, this is within the numerical error of the method). However, in the Low P soil (1

kg ha−1) a more noticeable effect of citrate was observed (Figure 4.5), which is consistent with
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previous research stating that citrate solubilises strongly sorbed phosphates and is effective in

low P conditions (Oburger, Jones & Wenzel (2011), Ryan et al. (2014)).

Comparison to experimental results

The experimental analogue of this modelling study would measure plant P mass in both a high-

exuding mutant and low-exuding mutant (similar to Güsewell & Schroth (2017) or Ryan et al.

(2014)). It would be difficult to detect P gains due to citrate in the experimental setup as even

slight variations in root surface area would overwhelm the P gains from citrate, making it diffi-

cult to separate and quantify morphological (RSA) and physiological (organic acid exudation)

phosphate gains experimentally. For example, although Ryan et al. (2014) found citrate exuda-

tion could not explain increased biomass between high exuding and low exuding near-isogenic

wheat lines, this may have been due to their experimental design. The normalisation of the re-

sults presented in the work of Ryan et al. (2014) did not take into account variations in RSA,

thus, any gains due to citrate exudation would not be detected due to variations in root surface

areas.

Experimental literature suggests that organic acid concentrations greater than 1 mM in the soil

solution are required to solubilise significant amounts of P (Gerke, Beißner & Römer (2000),

Jones & Darrah (1994), Khademi et al. (2010), Mench & Martin (1991)). Typically, concen-

trations of organic acids in soil are between 1 µM and 50 µM (Khademi et al. (2010)). Across

all the simulations and time points, the citrate concentrations in soil solution never exceeded 48

µM. Although citrate concentrations did not reach the experimentally-required concentration to

significantly solubilise P, increased uptake in the Low P conditions was observed in the simu-

lations (Figure 4.5). Three possible reasons are proposed to explain this discrepancy. Firstly,

singular time point bulk scale solubilisation experiments, such as those cited above, may not

be able to simultaneously capture diffusion, uptake, adsorption, and desorption, which occur at

different timescales. Using a similar non-dimensionalisation to Zygalakis & Roose (2012) (non-

dimensionalise P concentration with K, and citrate concentration with the maximum achieved in

the simulations) we find that adsorption happens at rates on the order of 101, desorption at 10−3,

citrate enhanced desorption 10−1 and diffusion 100 when we are in regions of high citrate con-

centrations . Secondly, bulk scale measurements (even when analysing rhizosphere soil) do not
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measure local pore scale concentrations. It is likely there are local regions of higher concentra-

tions near the root surface despite bulk scale measurements being low (Jones (1998), Khademi

et al. (2010)). Finally, differences in soil labile P between the exudation and no-exudation cases

are small. There was at most a 0.25% difference when average P concentration in soil solution

over the whole domain is compared between the no exudation and exudation cases in the Low

P soil. Such a small difference in bulk solubilized P would be difficult to detect experimen-

tally. We conclude lack of bulk scale measured P solubilisation does not imply lack of citrate

enhanced uptake.

Comparison to other root-system modelling approaches

The model presented and aims of this chapter are comparable to the work of Schnepf et al.

(2012), as such it is worth discussing the similarities and differences. The modelling approach

of Schnepf et al. (2012) used a local 1D-cylindrical-diffusion model of competitive adsorption

between phosphate and citrate for a single root in order to calculate root volumetric fluxes of

phosphate and citrate in a global finite difference model. Within the domain of a global fi-

nite difference model, a root growth model is solved (Leitner et al. (2010b)). This is used to

determine the surface area of roots in each discretised volume. For each time step and each

discretised volume, the local uptake model, based on local root surface area at that time point,

is solved to determine root exudation and uptake to be applied as a volume flux in the global

model. Although the aims of the model of Schnepf et al. (2012) are similar to this work, the

modelling approach is fundamentally different. Mathematically, our model explicitly considers

the roots as surfaces within soil, while Schnepf et al. (2012) considers them as parameters such

as root-surface-area density. The approach of Schnepf et al. (2012) has an advantage over the

current approach in terms of computational complexity. When using our approach, if the root

system became larger and more detailed, the number of elements in the mesh would increase

to capture the root surface complexity and computation time would scale at least linearly with

the the number of elements (Farmaga et al. (n.d.)). While in Schnepf et al. (2012) the same

grid could be used for arbitrary RSAs. This advantage may come at the expense of accuracy.

Average root length measurements do not capture the geometry within each discretized volume

—- each root can access all the P within its discretized volume in the approach of (Schnepf et al.

(2012)). This error may be larger for slow moving nutrients like P.
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Mechanistically, there are key differences between the two models. Schnepf et al. (2012) uses

the kinetic competitive Langmuir reaction equations to model competitive adsorption between

citrate and phosphate, while our model uses a cross exchange. However, Schnepf et al. (2012)

assume the reactions between adsorbed and solution species happen instantly, thus adsorbed

phosphate and citrate can be approximated by their solution concentrations, while in our model

these are maintained as time-dynamic reactions. Furthermore, Schnepf et al. (2012) use a model

of a growing root system in a small thin rhizotron, which are not necessarily representative

of roots and growth conditions, in particular, roots are forced closer together. The scientific

contrasts in Schnepf et al. (2012) are varying root exudation zones, as opposed to varying RSA as

in the current work. Schnepf et al. (2012) conclude that citrate enhanced P uptake is dependent

on the age distribution of the root system and cumulative P influx is 11% higher for RSAs

exuding citrate from their tips. Indeed, as the root systems in the current chapter age, citrate

enhanced uptake decreases, corroborating the result of Schnepf et al. (2012), although care

needs to be taken when comparing the results.

It is difficult to compare the results in the current work to the work of Schnepf et al. (2012)

due to the lack of comparisons between the modelling methods. The comparisons between the

modelling differences need to be addressed before the differences in physical mechanisms can

be discussed. We propose that both numerical schemes are used to solve the same governing

equations on the same RSAs to determine differences and similarities in the output of the ap-

proaches. This will not only be useful for comparing the results of the current work and Schnepf

et al. (2012) but also literature that has similar contrasting modelling approaches (Daly et al.

(2018), Landl et al. (2019)).

Auxiliary factors influencing citrate enhanced uptake

Rates of plant organic anion exudation is thought to be controlled by a number of properties in-

cluding soil nutrient status and the plant diurnal rhythm (Shane & Lambers (2005), Dessureault-

Rompré et al. (2007)). In the model a constant rate of citrate exudation was used, parameterised

by a hydroponic experiment over 30 minutes (Hoffland (1992)). This is a common assumption

made in models of citrate exudation (Gerke, Beißner & Römer (2000), Schnepf et al. (2012),

Zygalakis & Roose (2012), De Parseval et al. (2017)). Even when models considered the effect

of a diurnal rhythm on deoxymugineic acid (DMA) enhanced zinc uptake with roots distributed
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0.9 mm apart (Ptashnyk et al. (2011)), DMA exudation had little effect on enhanced zinc uptake

provided the total quantity exuded on DMA was the same. As such, the temporal variability of

citrate exudation was not included in the model. However, we note that other factors may be

important when considering a growing root system. For example, if the exudation rates were

reduced during periods of low inter-tip distance, the peaks in citrate enhanced uptake would be

less pronounced. Currently there is not enough experimental data on the temporal variations

of exudation to include an accurate time-dependent exudation function in the model without

introducing further approximations. Including such a function would detract from the aim of

this study by introducing uncertainty to whether the findings were a result of RSA or the chosen

diurnal rhythm. Future studies could consider the impacts of time varying root exudation rates

and decouple these dynamics from the aforementioned factors.

Fine lateral roots were not included in the model geometry as they were not detected in the

XCT scans. This was due to the trade-off between field-of-view and resolution when using

XCT; to capture the full RSA using XCT, the resulting voxel size was not sufficient to resolve

the finer lateral roots. The omission of fine lateral roots will potentially affect P and citrate

enhanced uptake. However, we believe the qualitative findings regarding the role of root-system

architecture in citrate enhanced uptake will persist with the inclusion of fine lateral roots. The

inclusion of fine lateral roots will likely amplify citrate enhanced uptake due to the increased

number of exuding tips in close proximity.

Additionally, it was assumed the full root surface area absorbed P independent of age, this is a

common approximation for modelling. However, effects of root age on P uptake rates are min-

imal within 28 days after germination (Jungk & Barber (1975)). As the simulation time is over

12 days we assume this to have minor influences on the results. The current modelling approach

is not suitable for including more detailed or larger RSA due to computational limitations. The

largest simulation required up to 250GB of memory and 8 days of computation time, including

fine lateral roots would increase both these to impractical levels. The modelling approach of

Schnepf et al. (2012) would be more suitable for larger RSA after comparison with the current

approach for smaller RSA.

The 12 day old plants used in this study still rely on P from their seed supply. However, plants

older than 5 days absorb P from the soils (Nadeem et al. (2011)). Early P nutrition is known to
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be important for yields (Grant et al. (2001)), hence, the extra P acquired by the young plants due

to citrate exudation during the 12 day simulation is agriculturally significant.

Conclusions

Measurements of the functionality of root traits could be important for plant breeders to develop

crops that can perform well under sub-optimal conditions. However, measuring root functional-

ity experimentally can prove difficult. Our approach allowed careful control of citrate exudation

in order to assess the impact of RSA on citrate enhanced uptake. Our study found that root struc-

ture plays an important role in P uptake gains from citrate exudation. The number of exuding

tips correlated with citrate enhanced uptake and periods where root tips were in close proximity

were followed by periods of increased citrate enhanced uptake. Inductively, cluster-like roots

would benefit greatly from citrate exudation. We found that lack of bulk-scale measured P sol-

ubilisation by citrate does not imply lack of citrate enhanced P uptake. This is an important

consideration for future experimental design.
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Chapter 5

Conclusions and Further Work

This project aimed to quantify the changes in P uptake associated with root plasticity and organic

acid exudation using experimentally calibrated mathematical models. We proposed two novel

approaches for parameterising image-based models that described plant P uptake. Chapter 2

used elemental mapping and XCT to determine the P uptake benefit associated with a root

system responding plastically to the presence of a fertiliser pellet. Chapter 3 used a combination

of mathematical modelling and microdialysis probe experiments to determine the rate at which

citrate solubilised soil sorbed P. Chapter 4 extended the model in chapter 3 to image-based root

architectures. This model was used to examine the impact of root system architecture on citrate-

enhanced P uptake. Before summarising the conclusions of the thesis, we remind the reader of

the research questions arising from the introduction:

1. How does root plasticity affect P uptake efficiency from the fertiliser pellet?

2. Can microdialysis probes be used to determine the P uptake benefit due to organic acid

exudation?

3. Can microdialysis probes be used as model roots in experiments?

4. Does root system architecture affect the P uptake benefit of citrate exudation? If so, is

there any measures of the root system architecture that can predict the P uptake benefit?

145
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5.1 Review of Main Findings and Limitations

5.1.1 A multi image-based approach for modelling plant-fertiliser interaction

In chapter 2, an elemental mapping technique, SEM-EDS, in combination with XCT was pro-

posed as an approach for determining elemental and structural information in models of P up-

take. To demonstrate the utility of our model model, the P uptake efficiency (P uptake per root

surface area) from a fertiliser pellet was compared between different root system architectures.

Analysing the XCT data revealed that the plant in the presence of a fertiliser pellet proliferated

roots within 2 mm from the centre of the pellet. Additionally, many roots were found within the

fertiliser pellet. This imaging and image-processing approach for measuring spatial variations

in root length density extended the work of Flavel et al. (2012) who compared root length den-

sity in plants grown in soil with banded and uniformly distributed P using XCT. They found no

difference in total root length density between the two treatments, however, they did not inves-

tigate root length density changes with distance from the P bands, as was done for the fertiliser

pellet in chapter 2. We believe such an approach utilises the richness of XCT data and is suitable

for further investigation of root length density variations within soil. We concluded that barley

plants can detect P from the pellet and proliferate locally in that region. However, analysis was

only carried out on two fertiliser treatments and two controls; more replicates are required to

confirm this result. Furthermore, the plants were constrained to falcon tubes for the purposes of

imaging which may not be representative of field conditions.

Averaging the elemental images revealed narrow P gradients originating from the fertiliser pel-

let. To our knowledge this is the first time such gradients have been detected from a fertiliser

pellet in soil. These gradients served as data to parameterise the image-based P uptake model.

Using the parameterised model, we found the plant that had reacted plastically to the source of P

from the pellet absorbed more P. Furthermore, the responding plant spent marginally more car-

bon on developing the roots near the fertiliser pellet to obtain this uptake benefit. The fertiliser

pellet only enhanced P uptake per root surface area of roots within 2 mm of pellet over the 30 day

simulation. With this in mind, we argued that an important mechanism for P uptake from a fer-

tiliser pellet is the plant finding and promoting root growth near the pellet as opposed to P slowly

diffusing from the pellet to roots further afield. Hence, when modelling P uptake from a fertiliser
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pellet, root plasticity should be considered. Furthermore, we found that densely packed roots

in regions of soil which were not replenished by the fertiliser pellet, had low uptake efficiency

due to multiple roots competing for the same soil P supply. We concluded that this approach

serves as a means to determine the benefit of plastic root responses to a fertiliser pellet, however

there are limitations. SEM-EDS was used on soil samples that were dried, resin-perfused then

thin-sectioned. As such, the P that was measured was not in soil solution and hence not directly

available to plants. Even though the P measurements were limited to the clay water mixture

phase to limit the inclusion of P minerals, it is unclear how much measured P was available to

plants. However, we argued that P in the clay water mixture phase is a proxy for plant available

P. Furthermore, as the SEM-EDS sample preparation method is destructive, it cannot be used for

time-resolved mapping. Therefore, this method is not suitable for parameterising models that

include more complex mechanisms such as dynamic and/or non-linear P-soil reactions, which

require more detailed data to fit accurately. There was a limited number of root systems used

as the geometry in the models. This was due to the time-consuming nature of manual segmen-

tation and elemental mapping. Further replicates are required to confirm the modelling results.

Currently, semi-automated segmentation is underway on the root system images from Ahmed

et al. (2016). In these experiments, wheat plants were grown from seed to seed with either MAP,

struvite or no fertiliser with three replicates each. The plants were scanned weekly using XCT.

We plan to use these images to further analyse root length density changes near fertiliser pellets

and use a similar modelling approach to chapter 1 to investigate how these changes can affect P

uptake efficiency.

A method borrowed from medical imaging was used to align the 2D SEM-EDS data with the

3D XCT data (Chicherova et al. (2014)). The approach produced fast and accurate registrations

between the two imaging modes. Furthermore, the algorithm scales well with image sizes and

miss-matches in image-dimensions and is an improvement on other 2D-3D alignment methods

used in soil science (Hapca et al. (2015)). We believe this approach will be a useful tool in

2D-3D multi-model imaging of soil.
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5.1.2 Quantifying citrate enhanced phosphate root uptake using microdialysis

In chapter 3, microdialysis probes in combination with modelling was proposed as a means

to determine the rate at which citrate solubilises soil-sorbed P. Microdialysis probes perfused

with citrate were placed in soil to determine how citrate altered probe P uptake. P uptake/citrate

exudation of a model microdialysis probe in soil was compared to actual microdialysis probe up-

take/exudation and parameters were varied to determine which best fitted the experimental data.

Dependencies of parameters were first calculated (Figure 3.3) and calibration experiments were

designed to isolate the parameters with the least dependencies. The model was then adjusted

to match the calibration experiments to fit these parameters. The dependent parameters were

then calculated until the rate at which citrate solubilises soil-sorbed P could be determined. This

parameter was then used in a model of a single root to determine the uptake benefit of citrate

exudation.

Using this approach, we approximated the rate at which citrate solubilises P (under the assump-

tions made in the model) which had only been estimated in previous modelling papers. Dynamic

first order kinetics were used to model citrate and soil adsorption. The model fit the temporal

P uptake data well when 1000 µM of citrate was in the perfusate but not for 10000 µM (al-

though the total P uptake fit well in this case). We concluded that first order kinetics were not

suitable to capture the mechanisms over a large range of citrate concentrations and non-linear

sorption isotherms would be more suitable. However, additional microdilaysis experiments were

required to determine the parameters in dynamic sorption isotherm models. When using micro-

dialysis probes to fit soil parameters, it is important to first calibrate the probe parameters, such

as membrane permeability, in order to decouple probe and soil mechanisms. Furthermore, it is

important to consider that the probe is removing solute from the system.

A model of a single root exuding citrate at a typical rate predicted that the root would absorb

little additional P due to exudation. This result was in contrast with previous modelling work

which found that citrate contributed with significant gains to P uptake. Many previous modelling

studies assumed soil reactions were fast relative to diffusion to put reactions into equilibrium.

However, non-dimensionalization on the model determined that P sorption/desorption rates were

not fast relative to diffusion, hence assumptions used to put soil reactions into equilibrium were

not valid. Although, the non-dimensionalised reaction rates were dependent on the length scale
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squared. Therefore, as the size of the geometry increased, equilibrium reaction arguments be-

come more valid. Microdialysis probes could behave similarly to model roots provided the

correct amount of citrate was added to the perfusate, the Michaelis-Menten kinetics was in the

linear range of P concentrations (low concentrations) and the experimental time-scale was short.

However, the probes would underestimate P uptake.

5.1.3 Linking root structure to functionality: The impact of root system architec-

ture on citrate enhanced phosphate uptake

In chapter 4, the parameterised model of chapter 3 was solved on time-resolved image-based

growing root systems to determine the role of root system architecture on citrate enhanced P

uptake. Citrate enhanced uptake was compared amongst 11 root system architectures. Addi-

tionally, morphological measures of the root systems were compared with citrate enhanced up-

take to determine if they can be used as a proxies for the P benefit from citrate exudation. Two

soil conditions were considered, optimal P conditions, denoted High P and poor P conditions,

denoted Low P.

In both soil conditions, root surface area dominated absolute P uptake. In the High P conditions,

little additional P was absorbed due to citrate across all 11 root systems. However, in the Low

P conditions, up to 1.6% additional P was absorbed due to citrate exudation over the 12 day

simulation and up to 10% additional root P flux could be observed. A peak in citrate enhanced

P flux was observed within the first two days in each of the 11 root system architectures. We

argued that this early P boost could be important because P nutrition at early stages of plant

development is important for yield. Furthermore, the early P boost could provide the nutrients

needed to develop roots to acquire more P later in development (as proposed in subsection 1.3.2).

Citrate enhanced P uptake per unit of citrate exuded varied across the 11 root system architec-

tures. This suggested that root system architecture plays an important role in citrate enhanced

uptake. The number of exuding tips correlated well with both total enhanced uptake and en-

hanced P flux. Periods of low average inter-tip distance were followed by peaks in enhanced P

flux. Furthermore, regions of facilitation from adjacent roots could be observed near the root

tips. Solidity (total volume per convex hull volume) was hypothesised to positively correlate
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with citrate enhanced uptake, however, this was not the case. To explain this counter intuitive

result, we argued that systems with many root tips will have more roots growing horizontally,

ultimately increasing convex hull volume.

We argued that experiments using high/low exuding mutants would not be able to detect P

gains due to citrate exudation unless root length/surface area was well measured and used to

normalise the results. The maximum citrate concentration in soil solution was much less than

the required amount to see significant P solubilisation based on the literature. Furthermore,

there was at most a 0.25% difference in bulk solution P between the exudation and no-exudation

simulations. Nonetheless, citrate-enhanced uptake was observed in the model. This led to an

important consideration when designing future experiments regarding citrate enhanced P uptake:

lack of bulk scale measured P solubilisation in an experiment does not imply lack of citrate

enhanced uptake. The model used in this chapter was compared with a similar one from the

literature (Schnepf et al. (2012)). We argued it was difficult to compare the mechanisms and

results due to differences in modelling approaches. We proposed bench marking the models by

using them to solve the same system of equations on the same RSA.

The approach used for assessing the functionality of root system architectures used in this chap-

ter could be a useful tool for plant breeding and phenotyping. The functionality of a phenotype

could be assessed to determine the serviceability of a variety. Additionally, phenotypic differ-

ences between genotypes may become more obvious after assessing their functionality using

modelling.

5.2 The Contribution as a Whole and Further Work

Considering citrate exudation and root system architecture as entirely separate P acquisition

strategies may miss important co-action. From chapter 4, it is clear that root system architec-

ture plays an important role in citrate enhanced P uptake. Furthermore, the reduced P uptake

efficiency of densely packed roots seen in chapter 2, could be mitigated by the resulting accu-

mulation of citrate by adjacent roots. In the future, this could be investigated by using modelling

to determine the P uptake per carbon spent (both on root growth and citrate exudation) of root

system architectures with varying root length densities. Additionally, organic acids are known
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to promote fertiliser pellet (struvite) dissolution (Talboys et al. (2016)). Future models could

include this mechanism of pellet dissolution to further understand P uptake efficiency from a

fertiliser pellet. We hypothesise that considering organic acid exudation and root plasticity in

unison will increase P uptake efficiency, in terms of carbon spent on both exudation and root

growth, from a fertiliser pellet more than the sum its parts.

The rate at which citrate solubilised soil-sorbed P, β3, calculated in chapter 3 was used in 4.

In chapter 3, we used linear adsorption kinetics for P soil reactions, which meant that the pa-

rameterisation was only valid for a small range of concentrations. In chapter 4, we went on to

vary the concentration of P in the soil, bringing its validity into question. However, the error

would only affect the absolute values and not the trends. To ensure accuracy for a wide range of

concentrations, we propose that the dynamic competitive Langmuir equation is used for P and

citrate soil reactions (as seen in Schnepf et al. (2012)), parameterised by microdialysis probe ex-

periments using a range of P concentrations. Notice, using the competitive Langmuir equation

fully couples citrate and P dynamics, which will dramatically increase computation time, this is

particularly pertinent for image-based models.

In this thesis, two approaches were used to parameterise models of P uptake. In chapter 2,

we used elemental mapping to directly parameterise an image-based model, while in chapter

3 we used microdialysis probes to parameterise a cylindrical model, the parameters were then

used in an image-based model in chapter 4. We argue that the microdilaysis probe approach

is the most suitable for parameterising image-based models for a number of reasons. Firstly,

elemental mapping is a destructive method, thus only one measurement can be taken. The

resulting data is then not suitable for fitting dynamic mechanisms. Furthermore, as discussed

previously, SEM-EDS measures a number of P pools, hence, when using it to parameterise

models it is unclear what P pool is being modelled. Although SEM-EDS has high resolution,

the images were eventually averaged to denoise the data, thus the spatial accuracy was not fully

utilised. On the other hand, microdialysis probes directly sample soil solution continuously,

producing time-resolved data of P in soil solution. Additionally, as shown in this thesis, they can

be used to simultaneously exude solutes while sampling soil solution. When using microdialysis

probes however, care has to be taken to decouple probe and soil mechanisms using calibration
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experiments. In future work, we propose using SEM-EDS images as initial data in 2D pore-

scale finite difference schemes. Each pixel in the image could represent a node in the numerical

scheme, while the segmented back scattered electron image could be used as the boundaries of

soil constituents. Such an approach would make use of the spatial accuracy of SEM-EDS.

In future work, the approach used in chapter 4 to link root system measurements to citrate en-

hanced uptake could be used to assess the functionality between plant species or genotypes. It

would be of interest to measure the citrate enhanced uptake of cluster roots for example. Fur-

thermore, it could be extended to assess other root processes, including the uptake of water

and other nutrients. However, there are two main challenges to overcome when extending this

approach. Firstly, the time consuming and expensive nature of segmenting roots from time re-

solved XCT scans is a bottle neck in the process. Second, the scalability of the numerical solver

to larger root systems or more complex mechanics poses a computational difficulty. For exam-

ple, solving the exudation cases of chapter 4 took approximately 5 days per root system. Due to

the increased use of XCT imaging for belowground phenotyping, collaborations with phenotyp-

ing research groups could provide access to these data sets. Furthermore, phenotyping research

groups likely have crop varieties whose functionality would be of interest to plant breeders. To

address the scalability of the numerical scheme, we propose comparing the approach of Schnepf

et al. (2012) described in section 4.7 (known as the finite difference approach from here on in)

to the image-based models of chapter 4 by solving models with the same (small) root system

architectures and governing equations. The same grid can be used for arbitrary root systems

in the finite difference approach, offering a large computational advantage over image-based

modelling for large root systems. Once solutions of the finite difference approach are accurate

relative to the experimentally verified image-based models, the finite difference approach can

then be used to assess the functionality for older and larger plants. This type of benchmark-

ing has already been done for water uptake; there was little difference in water uptake between

volumetric uptake models and image-based models (Daly et al. (2018), Schnepf et al. (2019)).

However, the author believes this would be less certain for slow moving nutrients like P due

to the approximation in the finite difference approach that allows each root to absorb P from

the entire discretized sub-volume equally. However, this could be amended by decreasing the

size of the volumes. This P-uptake modelling frame work would provide a robust tool for plant
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breeding and phenotyping, ultimately contributing to narrowing the yield growth gap (Furbank

& Tester (2011)).
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