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Abstract In engineering design, the performance of system and the budget to control the uncertainty
of design should be balanced, which means that it is better to select the design variable and allocate
the size of uncertainty simultaneously. This work formulates this problem as an uncertainty
optimization problem, where the input uncertainty is modeled by probability method and both the
design variables and the uncertainty magnitude are included on the optimization variables. A
sequence optimization framework is proposed to solve the optimization problem. Taylor-based first
order method is used to translate the probability constraint into a deterministic constraint. A
correction coefficient is calculated by dimensional adaptive polynomial chaos expansion method to
improve the accuracy of the uncertainty analysis. The constraint translation and the correction
coefficient calculation are executed sequentially. The accuracy and effectiveness of the proposed
framework are validated by three benchmark problems, including a mathematical problem, a
cantilever I-beam and a ten-bar truss case.

Keywords: uncertainty allocation, sequence optimization framework, Taylor-based uncertainty
analysis, polynomial chaos expansion, dimensional adaptive sparse grid

1 Introduction

In engineering design, it is essential to understand and predict the range of acceptable
disturbance variations in design parameters. There are many sources of uncertainty in design
parameters, such as material properties, operation environment, manufacturing tolerances. In the
case of a large disturbance, even small changes in the design parameters may have severe
consequences on the required objective function value and the engineering system even may fail to
operate. In recent years, the method of considering uncertainty in optimization design has drawn
lots of interest, coined uncertainty optimization. Compared to the deterministic optimization,
uncertainty optimization requires uncertainty analysis in the optimization process. The main
uncertainty optimization problem is the Reliability-Based Design Optimization (RBDO).

The RBDO considers uncertainty in the constraint. Under the influence of uncertain design
variables and system parameters, the constraint of a RBDO is the probability of meeting all the
constraint functions, that is, the reliability constraint. Therefore, a RBDO method searches for the
optimal values under reliability constraint (Aoues and Chateauneuf 2010; Lopez and Beck 2012;
Meng et al. 2015,2015; Shahraki and Noorossana 2014; Silva et al. 2010; Torii et al. 2012;
Valdebenito and Schueller 2010).  In uncertainty optimization, quantifications of the reliability are
needed. Primary methods used to determine the reliability metric include the First-Order Reliability
Methods (FORM), the Second-Order Reliability Methods (SORM), the probability density
evolution method (PDEM), Taylor-based method, the Gaussian quadrature, the stochastic expansion,
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and the simulation-based methods (Li 2016; Park et al. 2015; Yang and Liu 2014); (Beyer and
Sendhoff 2007; Keshavarzzadeh et al. 2016; Padulo et al. 2011; Schillings and Schulz 2015; Wu et
al. 2018). Frequently used uncertainty optimization frameworks are derived from the FORM and
the SORM. Based on the coupling between the uncertainty analysis and the optimization process,
the uncertainty optimization methods can be divided into three groups: double loop approach
(Keshtegar and Hao 2017; Meng et al. 2015; Youn et al. 2005), single-loop approach (Keshtegar
and Hao 2016; Keshtegar and Hao 2018) and Sequential Optimization and Reliability Assessment
(SORA) (Du and Chen 2004; Meng et al. 2016).

For RBDO, uncertain parameters or uncertain disturbances should be given, such as the
standard variance of the input variables. However, the uncertain parameters for the preliminary
design stage should be specified by designers, that is, the uncertainty allocation. Uncertainty
allocation affects manufacturing costs and structural reliability. Generally speaking, large
uncertainties that can be easily caused by simple processing will lead to performance degradation
and difficulty in assembly, while small uncertainties require advanced manufacturing equipment
and expensive manufacturing costs. Over the past few decades, many researchers have studied the
uncertainty allocation problem, which optimizes the allocation of component tolerances to minimize
total production costs and meet assembly requirements. The methods include early sequential
quadratic programming-based methods (Chase et al. 1990), simulated annealing (Dupinet et al. 1996;
Zhang and Wang 1993) Taguchi method (Kusiak and Feng 1995), genetic algorithms (Chen and
Fischer 2000; Prabhaharan et al. 2004), and etc. Rao and Wu (Rao and Wu 2005) proposed an
optimal allocation method based on interval analysis to determine the optimal values of mechanical
assembly tolerances and clearances. Huang and Shiau (Huang and Shiau 2006) established a
tolerance optimization model by using normal and lognormal distributions. Wu et al. (Wu et al.
2009) based on Monte Carlo simulations to allocate tolerances by minimizing the ratio between
manufacturing costs and the probability of geometric requirements. Geetha et al. (Geetha et al. 2013)
proposed a multi-objective optimization design to find the best tolerance allocation. However, in
most existing studies, the design variables and uncertainty allocation are completely separated, so
the optimal scheme of design variables and uncertainties allocation parameters cannot be found.

Hung and Chan (Hung and Chan 2013) added the cost regarding the tolerance to the objective
function. Interval uncertainty is used to describe the tolerance, which consists of two parameters:
the interval midpoint and the interval width. Jiang et al. (Jiang et al. 2014) considered tolerance
allocation in interval uncertainty optimization, and proposed two methods by taking into account
design variable tolerances to simultaneously optimize the basic size and tolerance of the design
variables. The differences between the two methods are: the former is a multi-objective optimization
method, taking into account the best performance and the least cost; the latter has only one objective
function for the lowest cost, and the performance function is placed in the constraint to set the
maximum allowable value. Luo and Liu et al. (Liu et al. 2016; Luo et al. 2015) considered the
tolerance allocation method in the case of existing random disturbances in the model. For mixed
uncertainties, a nested uncertainty analysis method was proposed, and a series approximation
method was used to reduce the calculation amount. (Joseph 2016,2017) added the interval width
parameter to the optimization to achieve the maximum interval allocation and transform the
variables containing interval uncertainty into a first-order Taylor expansion into deterministic
constraints.

With the above paragraphs as background, an uncertainty optimization model for
simultaneous design variables selection and probability uncertainty allocation is here introduced as
an extension of the optimization model proposed by Joseph (Joseph 2016,2017) and Jiang et al. (Jiang
et al. 2014), in which the optimization problem is extended to the probability uncertainty problem.
To solve this problem, the widely-used uncertainty optimization method SORA cannot be adopted
directly because the uncertainty parameters are not explicitly presented in the optimization step. A
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framework is proposed combining Taylor-based method, the PCE method, and the SORA
framework to solve the problem.

The rest of the paper is organized as follows. In section 2, the formulation of the problem is
described. In section 3, Taylor-based method and the PCE method are presented to deal with
uncertainty analysis. The proposed framework is presented in section 3. Test cases are used to
validate the effectiveness and accuracy of the framework in section 4. Finally, conclusions are given
in section 5.

2 Problem statement

In reliability optimization, the uncertainty is modeled by the probability method, as shown in
Fig.1. Therefore, the deterministic constraint is transformed into a reliability constraint, which is the
constraint on the probability of limit state function in the safety domain or failure domain. The
probability is a multidimensional integral of the limit state function. The probability in the safety
domain can be expressed as:

P{g(x)SO}=J...jp(x)dx1dx2---dxm_ )
g(x)<0
where x is the uncertainty variable vector, M is the dimension of x, X; is the ith component
of X. The normal uncertainty widely used in uncertainty modeling is adopted in this paper. The
normal uncertainty variable is expressed as X, L/ N (7,, O_iz) ,in which X; is the mean value and
o; is the standard deviation.

Failure
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Limit State Function
g(x)<0

Y
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Fig.1 A two-dimensional uncertainty problem
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The uncertainty optimization problem containing the deterministic variable vector  and the
uncertainty variable vector x is described as Eq. (2).

Given o,

find  d,x

min f (d,x)

st P{g,(d,x)<0}<R,i=12,..., n, &
d., d, dg, x5, X, X"

X, ~N(% ,7) j=12..., m

where, R, is the reliability requirement on the inequality constraint, X is the mean value vector,
o, is the standard deviation. The subscripts L. and R represent, respectively, the lower and
upper bounds. For the uncertainty in the objective function, a new variable V and a new
constraint are introduced, as shown in Eq. (3).



Given o

X

find d, X
min v
s.t. P{gi(d,x)go}gRi,i:1,2,..., n

’ )
P{f(d,x)-v<0}<R,

L v <R
d., d, d;, X", X, X

X, ~N(X, 0,%), j=12...., m

In Eq. (3), the standard deviation shall be specified. However, for the preliminary design stage,

o, isunknown when the uncertainty is not allocated. As a result, it is necessary to add uncertainty
allocation to the problem, which can be further expressed as in Eq. (4). Generally, reducing the
standard deviation will lead to an increase in the uncertainty control cost.

Find d,X,e,

min [y, cost(s, )|

st. P{g(d,x)<0}<R,i=12..., ng

P{f(d,x)-v <0} <R, 4)

X, ~N(Yj, o*sz), j=12,.., m

L

vL v TR R
dL” d” deX EH X” X 16x 2 GX” O'X

The weighted coefficient method is adopted to transform the multi-objective optimization
problem into a singular objective optimization problem, as reported in Eq. (5). In this paper, the cost
induced by reducing the standard deviation is simply modeled as frob =20y, and @ isa
weighting vector (Joseph 2016,2017).

find d,Xwy
min  J=af, +(a-1)f

s.t. P{g(d,x)<0}<R,i=12,..., ng
P{f(dx)-v<0} <R, (5)

rob

X, ~N(Yj, O'ij), y=o, [X» j=12.., m

d., d, deiLw X,, XR"I’L” V,, Yr
where fopt = V/:B_l! frob = Za)jo
where [ is the objective function value of the deterministic optimization solution. ¢y is the
coefficient that combines the two objectives, and its value is constrainedas 0 < <1.0. When
increases, the weight coefficient of fo,x increases and the weight coefficient of the f,,
decreases, which leads to smaller standard deviation and y will be closer to the deterministic
optimization value /3 .

3 The uncertainty analysis methods

Equation (1) shows that the probability result is a multi-dimensional integral, and this can be
solved by numerical integration or the Monte Carlo Simulation (MCS) method. However, the
system model cannot be expressed explicitly, and the calculation of the model may incur in large
computing costs because a large number of calculations need to be computed by the numerical
integration or the MCS method. Therefore, several approximate methods for uncertainty analysis
have been proposed. The uncertainty analysis method based on the first-order Taylor series
expansion has an advantage in efficiency, while it may lead to low accuracy for nonlinear problems.
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Uncertainty analysis based on dimensional adaptive polynomial chaos expansion has an advantage
in accuracy, but requires more model calculations in comparison with the methods based on the
first-order Taylor series expansion. This paper combines the two methods to construct a probability
uncertainty optimization method based on margin correction.

3.1 Uncertainty analysis based on first-order approximation

3.1.1  Probabilistic moment analysis based-on-first-order-approximation

Taylor expansion method can be used to analyze the low-order moment information of the
system response under the influence of random uncertainty. To calculate the moment information
of the system model, g(x), at point X, , the first-order Taylor expansion around point X, is
expressed

" H 0
= gé(x).( )(Xi _Xio) (6)

g(x)z 9(%y)+

where, X; and X, are the ith component of X and X, , respectively. Based on Taylor
expansion, the mean, /4, and the standard deviation, &, of the system output at point X, are
expressed by

(7

i=1 j=1+1 i j

COV(Xi X ) is the correlation coefficient between the uncertainty variables, X; and X;.If
the input variables are uncorrelated, then the second-order information can be ignored, and the

approximated mean and standard deviation of the system output are
Hy = 9(X)
n

2 8
T v
! i=1 aXi h

This analysis method is efficient, and convenient for calculation and application, but it also
has some limitations. Since the method is based on the first-order expansion, the variances of the

uncertainty variables should not be too large, as well as the nonlinearity degree of the system model,
otherwise, the calculation accuracy will be greatly affected.

3.1.2 Moment matching method

Taylor series expansion-based method can be used to calculate the mean and variance of the
model output. To deal with the uncertainty constraints in Eq.(5), the moment matching method is
used. Assume that the output g(x) is normally distributed, then (9(x)—#,)/o, follows the
standard normal distribution. The probability of g(x) <0 can be formulated as

PLo00 < 0= 0(-2) ©

in which @ is the cumulative distribution function of the standard normal distribution, given by
5
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O(X)=——=| e 10
(9= 7= [ (10)
Finally, the probability constraints is equivalent to
Hy t (I)’l(R)ag <0 (11)

where R =Pr{g(x) <0} is the probability or reliability requirement to the inequality constraint.

3.1.3  The shifted constraint

Combining the first-order approximation and the moment matching method, the probability
constraints are reformulated

g(x)+d(R) i[éga(x)j o7 <0- (12)

Uncertainty constraint
(x)<0)=R

== - Shifted constraint with safety margin
g(x)+Ag<0

Deterministic constraint
g(x)<0

Xy

Fig.2 The shifted constraint with Ag
As shown in Eq. (12) and Fig.2, a safety margin is added to the deterministic constraint:

Ag = (R) Z[gg(x)j (13)

The method based on first-order Taylor expansion and probability distribution moment
matching includes first-order approximation and output normal distribution assumptions. Therefore,
the safety margin in Eq.(13) needs to be modified to improve the accuracy. In this paper, a method
based on dimensional adaptive polynomial chaos expansion (PCE) is adopted to modify the first-
order method during the optimization design process.

3.2 Uncertainty analysis based on the dimensional adaptive polynomial
chaos expansion method

3.2.1 Non-intrusive PCE

The PCE is based on multidimensional orthogonal polynomial approximation and has been
widely used in reliability quantization. (Keshavarzzadeh et al. 2016; Papadimitriou and
Papadimitriou 2016; Schillings and Schulz 2015; Torii et al. 2017) The PCE of g(d,x) is written
(Schillings 2010).



0@dx)=Y Y 6B (14)

i0ic(ii-1)

where x is a random vector with djm random variables, |i||1 = Z‘?i"lij is the [; norm of the

index vector, §(d) is the deterministic coefficients, B, (x) is the polyﬂgmial bases determined by
the Wiener-Askey scheme (Xiu and Karniadakis 2002). The Hermite orthogonal polynomial is

adopted to simulate the effects of continuous random variables with normalized probability

distributions. In practice, the infinite extension is truncated by a finite number, while the p — order

truncation expansion is represented in the term-based form in Eq.(15)
9(d,x) = > §,(d)- ¥, (x),

= (15)

{\Pi (X)}:ECO {B| (X)}H'i)Hfo

where npc :(s+ p)!/(s!p!)—]_ is the number of expansion terms, § is the number of random
variables.

The PCE separates g(d,x) into a determination portion @ (d) and the random portion
¥, (x(w)) » as shown in Eq. (15). The non-intrusive method that uses the simulation code as a black-
box is adopted to calculate g, (d). Considering the orthogonal characteristics with respect to PDF
p(X), §,(d) isevaluated using the projection method

[9@x) ¥ 0 p(x)dx
gi (d) =£

I[‘Pi ] p(x)dx (16)

After obtaining the PCE coefficients, by using the PCE instead of the original function to
evaluate the statistics, the R percentile can be solved using (Du and Chen 2004)

R=PgEX<g" > [ 0, ¥0p()dx (7
9(x)s01=0

As shown in Fig.3, a safety margin Ag based onthe R percentile is defined
Ag=g"-g(d,x) (18)

R

g(d,x)

Fig.3 R percentile and safety margin of g(d,x)

g

To obtain the R percentile, the distribution of the output is needed. As is stated in the last
section, the output distribution and the corresponding R percentile can be obtained by using the
Monte Carlo Simulation (MCS) on the PCE.

Further, the dimensional adaptive sparse grid method is introduced to discretize the
probabilistic space method and to evaluate the multi-dimensional integral in Eq.(16).



3.2.2  Dimensional adaptive sparse grid

The full tensor grid method using tensor products of one-dimensional quadrature rules is the
most straightforward general technique for multidimensional integration. However, the method
leads to an exponential growth of function evaluations as the dimension increases, which is called
the curse of dimensionality (Da Ronch et al. 2011). To overcome such difficulty, Smoljak (1963)
developed the sparse grid method. With k > dim , the sparse grid integral is caldulated by Eq. (19).

. oy (dim=1) .
Skdim= Y ()R] T (@ @0 &-8Q*) (19)
k=dim-+1<]if, <k _"'"1
in which @' is a sequence of univariate quadrature formulas and the corresponding quadrature
order is exact for polynomials up to order | .Considering a function with bounded mixed derivative
up to order k, the error bound of the sparse grid with N grid points is O(N* - (log N)®*@ Dy,
while the error range of the full tensor grid with N grid points is O( N/ ) (Schillings 2010).
Therefore, the sparse grid method can overcome the curse of dimensionality and is suitable for
dealing with high-dimensional integration problems.
With Q°=0, a difference formula A' =Q'**—Q' can be defined using the nested rules.
Therefore, the sparse grid method can be expressed in incremental form as
S(k,dim) = S(k —1,dim) +H_HZKAH QA? @--. @ Alam 20)
i, =
Based on the incremental form, the dimensional adaptive sparse grid starts from a coarse sparse
grid, then adds grid points sequentially according to the importance of each dimension. The sparse
grid integral with the multi-index set | :{i ‘k=dim+1< |||||1 < k} is:
S(k,dim) =D A" A" ®--- @A | 1)
iel
A forward neighborhood set of | is defined as
L ={ipe i =1+€,,00g —€, €liel,1< j<dim1l<k <dim}. 22)
Using the grid points identified by the sparse grid with the multi-index set |, the PCE
coefficients can be evaluated by Eq. (16), and the PCE is constructed as Eq. (15). The output
distribution is obtained using the MCS on the PCE, and a safety margin is solved based on Eq. (17)
and Eq. (18). For a multi-index i, € 1.4, an error indicator is defined
é‘_ — Ag 1+{ine _Agl (23)

Tnei

The multi-index 1i,,; thatinduces the maximum é‘inei is added to the multi-index set, and the
corresponding grid points are added to the sparse grid until the maximum é}nei is less than the

required error limit. Therefore, the PCE constructing the dimensional adaptive sparse grid is
problem dependent, which can reduce the number of function evaluations.
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Fig.4 Calculation of safety margin based on dimensional adaptive polynomial chaos expansion

The non-intrusive polynomial chaos expansion method and the dimensional adaptive sparse
grid method are used to construct a dimensional adaptive polynomial expansion method for solving
the safety margin. Define the initial multi-index set as 1 ={i:k—m+1<|i| <k}, and generate a
sparse grid, then set the error limit ¢ . The safety margin is calculated based on dimensional adaptive
polynomial chaos expansion is shown in Fig.4.

4  Sequential optimization based on margin correction
4.1 The sequential optimization and reliability assessment method

The Sequential Optimization and Reliability Assessment (SORA) as shown in Fig.5 is widely
used in solving uncertainty optimization problems (Du and Chen 2004; Yi et al. 2016). The main
idea is to decouple the uncertainty analysis from the outer optimization search, and to execute the
optimization search and uncertainty analysis sequentially. In the sequential optimization process,
based on the information obtained from the uncertainty analysis in the previous step, the probability
constraint is converted into an equivalent deterministic constraint. After finishing the deterministic
optimization, an uncertainty analysis is performed on the obtained optimal solution, then the
analysis results are used to guide the next deterministic optimization. The SORA method has a
simple structure and is easy to deploy.
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Fig.5 Flowchart of the SORA method

<KD The shifting vector
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g(d,x-s®¥)<0

\ 4

Fig.6 The shifted constraint of SORA

The probability constraint is converted into a deterministic constraint using the inverse most
probable point (IMPP), as shown in Fig.6. The IMPP is the point that minimizes the limit state
function subjected to the prescribed reliability constraint in the U-space (Du and Chen 2004; Li et
al. 2019). It can be obtained by solving the minimization problem

: {min g(u)

24
s.t. (uTu)M:(D’l(R) 9

where U =@ (CDFXi (% ))I =12,...m are standard normal distribution variables, and
CDFX', (Xi) is the cumulative distribution function of X; .
The optimal solution of the (k-1)-th deterministic optimization problem is donated as X(k_l)

*

and the corresponding constraint function reliability index requires that the IMPP is UE:/;;)P , then
the (k+1)-th deterministic optimization problem can be expressed as Eq. (25).

Given X"V x{k1)

find d,X

st. g(dx-s%)<0

A

There is no standard deviation term in the deterministic optimization of Eq. (25), as the
standard deviation term cannot affect the optimization process. Therefore, the SORA method cannot
be directly applied to the uncertainty optimization for simultaneous design variables selection and
probability uncertainty allocation because the standard deviation is not explicitly presented in Eq.
(25). The sequential idea of SORA which separates the uncertainty optimization into the
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deterministic optimization and uncertainty analysis is adopted in the proposed framework.
4.2 Proposed framework based on margin correction

Based on the first-order approximation method and the dimensional adaptive polynomial chaos
expansion method, the margin correction coefficient is defined as

j (26)

where g% is solved by the dimensional adaptive polynomial chaos expansion method. The
numerator is the safety margin solved by the polynomial chaos method, and the denominator is the
safety margin solved by the first-order approximate method. Therefore, the margin correction

gR _g(dvi)
6g(d,i)0x-
OX: '

coefficient can be used to modify the first-order approximate method in the optimization process.
In combination with the optimization design model considering the margin correction coefficient
and the sequential optimization solution, an optimization design process with the uncertainty
allocation based on the margin correction is constructed, as is shown in Fig.7. The whole process is
divided into two steps: deterministic optimization and uncertainty optimization.

e Step 1. Deterministic optimization

As shown in Fig.7, the uncertainty is ignored in the deterministic optimization step, in which
the variable is the mean of the uncertainty variable. The objective of the optimal solution is passed
to the uncertainty optimization step, which is used to normalize the objective function of the
uncertain optimization. Furthermore, the optimal solution of the deterministic optimization can be
used as the initial solution of uncertainty optimization.

e Step 2. Uncertainty optimization

In the simultaneous design variables selection and probability uncertainty allocation, two sets
of weighting coefficients & and @; are used to construct a single objective function. Therefore,
a single-objective optimization algorithm can be used to solve the optimization problem, such as
the gradient-based algorithm, the genetic algorithm, etc. Because the uncertainty optimization
searches within the bounds of the deterministic optimization, the efficient gradient-based local
search optimization algorithm is selected to improve the solution efficiency.

Analogous SORA converts uncertainty optimization into sequential execution of a two-step
process with the shifted deterministic optimization and uncertainty analysis. The optimization
design process proposed in this paper also includes two steps: the uncertainty optimization based
on the modified first-order approximation method, and correction coefficients evaluation based on
dimensional adaptive polynomial chaos expansion.

» Step 2.1 Uncertainty optimization based on the modified first-order approximation method

Unlike shifted deterministic optimization of the SORA, the uncertainty optimization of the
modified first-order approximation method explicitly includes the standard deviation term in the
safety margin, which can consider the influence of the standard deviation term in the optimization
search. Due to the first-order approximation and normal distribution assumptions contained in the
first-order approximation method, there will be an error in the safety margin for the nonlinear
function and the abnormal distribution output. This paper uses a correction coefficient to modify the
first-order approximation method, and adjusts the correction coefficient in the optimization process
to finally reach convergence.

» Step 2.2 Correction coefficient evaluation based on dimensional adaptive polynomial

chaos expansion

The process of solving the safety margin based on the adaptive polynomial chaos method is
shown in Fig.4. This method is a high-order method, which has the advantage of high accuracy in
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comparison with the first-order approximation method.

Deterministic optimization B
flr_ld d,X Sk =1
min  B=f (d,X) ) ]
st g(d,Y)SO 7/j =1.0,J=1,2,...,ng
Uncertainty optimization
\ 4
Uncertainty optimization using modified
first order approximation method
find dX,wy
min - J=af +(a-1)f,
S.t. . m
gl(d +71(D ( )Z_V/II <0,
= d X,y
j=12....ng Tk=k+1
f(d.x)+yfo*(R,) Ziwix -v<0
i1 | O%; v
_ ) . The correction coefficient based on dimensional
xai~N(xi, o, ) yi=o, [%, i=12.., m . . .
: : adaptive polynomial chaos expansion
Lo <R
X dLDd[/dR,x [xDxZ j=12,...,ng
where f_ =v/g-1f, =) oy, i X
pt AIB b v e g? —gj(d,X)
]

m agj

¥iX

Fig.7 The proposed framework based on the safety margin correction

To accelerate convergence, the search interval is adjusted in the optimization design process.
In this paper, the search interval reduction method is implemented, and the adjustment rules are
df = max(dik;l —(di =)o de)
27)
k H k- 0 k- k 0
dfs = mm(div*1+(di,R -x)g di,R)
where, di, and d% are the initial upper and lower bounds of d; , respectively. di-" is the
optimal solution of the (k—1) cycle. d. and d: are the upper and lower bounds of d, in the
k cycle, respectively. g is the reduction coefficient for the i-th variable in the k -th
cycle. Because the optimization solution of each cycle in the uncertainty optimization process of
the modified first-order approximation method changes with the correction coefficient, the
reduction coefficient is selected based on the maximum relative error of the correction coefficient.
The maximum value of the correction coefficient error can be solved as Eq. (28).

LA e Vs BT @

Therefore, the reduction coefficient becomes
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291 5™ 2075
q“=< g 0.25<5™<0.75 (29)
050" &™ <025

In next section, the proposed method is validated by several examples.
5 Examples and discussion
5.1 Mathematical example

The mathematical example given in Eq. (30) is referenced from the literature (Joseph, 2017).
The example contains two nonlinear constraints and a nonlinear objective function. It may represent
optimization problems in mechanical design applications.

Find  {x,x,}
min  f =2x, +21x, —xX, +100
st g, =3(x —~15)" +(x, ~20)" ~220<0 (30)

g, = XX, +12x, -430<0
10<x <255<x, <15

The optimal solution of the deterministic optimization problemis X; =22.3894, X, =12.5039,
f =127.4063. The simultaneous design variables selection and probability uncertainty allocation
model of the above problem is formulated as Eq. (31).

find  {X,. X, v.y.v,}
min - J=afo, +(a-1) fy,
st P{g; (X %,)<0}>098 j=12
P{f (X X,)<v} =098 31)
Xy ~N(% 0,%) wi=o, [%, i=12
where f, =v/p-1f = Zwi,/,i

According to the proposed framework in Fig.7, the uncertainty optimization based on the
modified first-order approximation method is as expressed as Eq. (32)..

min  J=af, +(a-10)f,

wrt (X, X wo Wy V)

2
s.t. g;(d,x,)+y,®*(0.98 (Z

i=1

l/ll ai

]SOy J:1,2

Jv=o
10.0° <y, <01, i=12
where f_, = v/127.406-1f,, = (o, +to,v,)

(32)

2

f(d,%,)+7,®"(0.98 [Z

1

l/ll ai

opt

where, -1 is the reverse function of the standard normal cumulative distribution function, and
®*(0.98) =2.0537 . The correction coefficient is calculated using Eq. (26). The weighted
coefficients of the standard deviations are set to @ =, =05 Fig.8 shows the correction
coefficients and the optimization solutions with respect to different & .
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Fig.8 The optimal solution with different ¢y for the mathematical example

Since O is less than 1.0, for increasing & , the weight of f,, increases, and the weight of
fo decreases. When 0.15<a <027, as & increases, V decreases. Due to the existence of
uncertainty, the optimization result V that takes into account the uncertainty distribution has
increased relative to that of the deterministic optimization, that is, increasing the safety margin.
When a <0.5, the main component that affects the objective functionis fg,,andboth ¥, and v,
take the value of the upper bound 0.1. When 0.15<a <019, as & increases, ¥, decreases,
and ¥, reaches the upper bound. When 0.15<a<0.27, as & increases, ¥, and ¥, both
decrease. When a> 0.27, the main component that affects the objective function is fu, and both
v, and v, take the lower bound. The large value of ¥, or ¥, indicates that the uncertainty
in the output is large, and the method based on the first-order expansion has large errors and
correction coefficients.

To further verify the accuracy of the proposed method, the MCS is carried out on the optimal
solution with « =0.15, @, =, =0.5, The optimal solution, the correction coefficients and the
MCS results are given in Table 1. The cumulative distribution function and probability density
function of the MCS results are shown in Fig.9 and Fig.10, respectively.

Table 1 Optimal solution with « =0.15, @, =, =0.5

Optimal 4 Vi v, X, X;
solution 147.7959 0.0033 0.1000 20.5466 10.9612
Correction 71 V2 73
coefficients 1.1238 0.9995 1.0752
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Fig.10 Cumulative distribution function of the MCS results

Due to the quadratic terms in the model function, the results using the first-order method have
error. As shown in Fig.9, the probability density functions of the model outputs are not symmetrical
to the mean values, which means the outputs are not normally distributed. Therefore, as shown in
Table 1, the first-order method needs to be modified, and the correction coefficients Vi Voo Va3
are not equal to 1.0. With respect to accuracy, the results illustrate that the framework has high
accuracy for quadratic problems, which has been varied by the MCS.

5.2 Cantilever I-beam example

The Cantilever I-beam example is referenced form the literature of uncertainty optimization
design (Wang, 2003; Soriano and Dumas, 2012). As shown in Fig.11, L =200cm is the length of
the beam, and the beam is subjected to a vertical load F, =600kN and a horizontal load

F, =50KN | The beam section parameters are U, =1.0cm and U, =2.0cm  The elastic modulus

of the beam material is E =2x10°KN/cm?. The optimization problem is to find the design
variables {d,, d,} to minimize the mass subject to the maximum vertical displacement constraint
and the maximum stress constraint. The vertical displacement of the beam should be smaller than
1cm  and the maximum stress should be smaller than 10kN /cm? . The deterministic optimization
problem of the cantilever I-beam is given as Eq. (33).
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Fig.11 Cantilever I-beam model

Find  {d,.d,}
min  f(d,u)=2d,u, +u,(d, -2u,)

FL2
s.t. g,(d,u) :(481EI j/DO -1

_ 5000 : _1<0
[112u1(d1—2u2)3+éd2u§+2dzuz(d1;u2j }DO
(33)
o) — 180000d,
a (ul(d1—2u2)3+2d2u2[4u§+3d1(d1—2u2)])R

. 150004,
((d1 —2u,)u; + 2u2d23) R
10.0cm < d, <80.0cm,10.0cm < d, <50.0cm
where u, =1.0, u, =2.0, R=16 kN/cm?, D, =0.1cm

-1<0

The optimal solution for the deterministic optimization problem is d;, =57.3031,d, = 24.5655
and the objective value is f =151.5652
The uncertainty optimization problem with uncertainty allocation is formulated as Eq. (34).
find  {d,d,,v.p,v,}
min J=af0m+(a—1)f

st.  P{g;(d,,d,)<0}>098 j=12
P{f(d,d,)<v}>0.98

rob

(34)
Uy ~ N(Uai’ O'uaiz)’ Vi=u,, /Uai » i1=12

10.0cm < d, £80.0cm,10.0cm < d, <50.0cm
where fopt = V/ﬂ _1’ frob = Za)il//i
u, =10, T, =20, R=16 kN/cm?, D, =0.1cm

According to the proposed framework in Fig.7, the uncertainty optimization problem of the
cantilever [-beam problem based on the modified first-order approximation method is as expressed
in equation Eq. (32).
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where, the correction coefficients y; ,

Flnd {dladzvvll/ll’V/Z}
min  J=af, +(a-10)f

rob
0g; v
au 1al

ai

s.t. 9, (d,u)+7j<1>‘1(0.98)(

2
=1

2

f(d,u)+;/3<1>‘1(0.98)( aiy,iuai
10.0° <y, <0.1i=12

where  f,
o, =10, T,=20

o +w,=1.0

i=1

J—VSO

= v/151.5652 -1,f,, = (o, +o,)

JSszLZ

(35)

7, and p; are solved by using the dimensional

adaptive polynomial chaos expansion method as shown in Eq. (26). Since @ +®, =1.0 | the
optimal solutions and correction coefficients with different & and @, are given in Table 2.

Table 2 The optimal solutions and correction coefficients

a @, 71 72 73 Y1 v, d, d, V

0.1 0.5 1.2164 | 1.2383 | 0.9972 0.0998 0.1000 26.9204 | 63.5855 | 191.7136
0.2 04 | 1.2162 | 1.2382 | 0.9981 0.0998 0.1000 26.6876 | 64.5728 | 191.7345
0.2 0.5 1.1193 | 1.1226 | 1.0025 0.0550 0.1000 26.3590 | 58.3005 | 175.7602
0.2 0.6 | 1.0704 | 1.0708 | 1.0045 0.0301 0.0999 26.2454 | 55.2928 | 168.5683
0.3 04 | 1.0595 | 1.0541 | 1.0052 0.0209 0.1000 26.1876 | 54.3784 | 166.3983
0.3 0.5 1.0448 | 1.0449 | 1.0017 0.0149 0.1000 26.1062 | 53.9887 | 165.1454
0.3 0.6 | 1.0392 | 1.0319 | 1.0004 0.0099 0.0999 26.1346 | 53.4001 | 164.2812
0.4 0.5 1.0123 | 1.0134 | 1.0011 0.0025 0.0293 25.0554 | 55.9230 | 155.3105
0.5 0.5 1.0084 | 1.0092 | 1.0074 | 1.15E-05 | 4.19E-05 | 24.5762 | 57.2594 | 151.5693

0.4 0.6 0.8
o

Fig.12 The optimal solution V according
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When a=0.1,0.2,0.3,0.4,0.5, the correction coefficients and optimal solutions for different @, are
given in Table 2. With the same & ,as @, increases, ¥, increases, and ¥, decreases when
it is lower than the upper bound. With the same @, ,as  increases, the weight of f,, decreases,
the weight of f, increases, and V decreases until it approaches the objective value of the
deterministic optimal solution. For example, the uncertainty allocation parameters ¥; and V¥,
are close to 0, and (d,,d,) is close to the optimal solution of the deterministic optimization. The
comprehensive trend of the correction coefficient and uncertainty allocation parameters are given
in Fig.12 and Fig.13.

According to the physical characteristics of the problem, it is known that when the uncertainty
allocation parameters increase, it is necessary to increase the structural strength safety margin to
compensate the effect of the uncertainty. To increase the structural safety margin, the structural mass
needs to increase. Therefore, as ( increases, the weight of f, decreases, the uncertainty
allocation parameters becomes smaller as well, then the corresponding uncertainty becomes smaller,
and the required safety margin decreases. Therefore, the optimization process is consistent with the
physical characteristics, which verifies the effectiveness of the proposed method.

5.3 Ten-Bar Truss example

The ten-bar truss example is referenced from the literature (Au et al. 2003; Jiang et al. 2012;
Kang and Luo 2010) . As shown in Fig.14, the lengths of the horizontal and vertical bars are both
L =360in(9.144 m) . The optimization problem of the ten-bar truss is to minimize the structural
mass under the stress and displacement constraints. The design variables are the cross-sectional area
A,i=12,...,10 ofthe bars, and the lower bounds of the cross-sectional areas of each bar are all 0.1.
The material density is o =0.1 Ib/in’ (2768 kg/ ms) and the elastic modulus is E =10 ksi

(68947.57 MPa) . The maximum allowable stress of each bar is the same under tension and
compression. The allowable stress of bar @ is 75 ksi (517.11 MPa), and the allowable stress of
18



other bars is 25 ksi (172.37 MPa). The node 4 subjects to a vertical load F,, and node 2 subjects
to a vertical load F, and a horizontal load F;. The loads are set as F, = F = 444.8kN (100kip)
and F; =0 according to the literature (Elishakoff et al. 1994; Kang and Luo 2010).

360 in N
@
y 1
k=
o ®
& ®
F
v 2 3 _X»
@
Fl FZ

Fig.14 The ten-bar truss model

The system satisfies the set of following equilibrium and compatibility equations (Elishakoff
et al. 1994; Hu 2014; Jiang et al. 2012). By solving the balance and compatibility equations, the
axial forces N,,i=1,2,...,10 are computed by Eq. (36) .

72 ¥
N1:F2_7N3 N2:_7N10
N3:—F1—2F2+F3—gN8 N4:—F2+F3—gNm
2 2 2
N5 :—F2 —7 NB —7 NlO NG :—7 NlO ’ (36)

Ns — a'22b1 _ a12b2

N7 = \/E(Fl + Fz) + Ns
185, — 8,8y

aile_aZlbl
N, =+/2F, + N N, =2 a7
? \/_ 27 . a8y, — 8,8,
where,
_A L1 22 2 L
AA A A ATZE
I
21—a12——A5E
1 2 L
a, =(— J— \/—)— , (37)

A, A4 Ae A A

bl_(_z_F1+2F2—F3_i 2\/_(F+F) 2L
A A A A, "2
«/_(F F) <2F, 4F,

_)_

A, A A CZE

With the axial forces, the vertical displacement of node 2 can be solved by Eq. (38).

b2
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where N/,i=12,...,10 are the axial forces obtained assuming F, =F, =0 and F, =1.
The deterministic optimization problem of minimizing the mass of ten-bar truss is given as Eq.
(39).

Find A={A,i=12,..,10}
min f(A):pL(ZB:A +‘/§iAJ

INJ/AL N /AL [Ng /A [Ng/A [Nyg/A]
25 ' 25 7 25 ' 75 ' 25

st.  g,(A)= max{ (39)

-1.0,0
9,(A)=D,-2<0
0.1<A <£50.0,i=12,...,10

The optimal solution of the deterministic optimization is given in Table 3

Table 3 The deterministic optimization results

A 30.1222 A 0.1000
The cross- A, 0.1000 A 7.4195
section area/ A, 22.9286 A 20.7463
in* A, 15.3957 A, 21.7755
A 0.1000 Ao 0.1000

The mass/lb f 5022.57

As shown in the table, due to the loads' characteristics, the cross-section areas of bar 2), &), ®),
and of the deterministic optimization are the lower bounds. Thus, the main load-bearing bars are (1),
®), @, @, ® and (0. Therefore, for the objective function and constraints, the main influencing
variablesare A, Ay, A, A, A and A .
The uncertainty optimization problem with uncertainty allocation is formulated as Eq. (40).
find  {A, A Ag Vol Woseo Wi )
min  J=af, +(a-1)f

st.  P{g;(A)<0}2098 j=12
P{f(A)-v<0}>098
A-N(A o) w=Als,
0.1<A £50.010° <y; <01 i=12...,10
where  f,, =v/5022.57-1f, => o,
® =01 i=12,...,10

rob

(40)

According to the proposed framework in Fig.7, the uncertainty optimization problem of the
ten-bar truss optimization problem based on the modified first-order approximation method is as
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find
min

s.t.

where

(AR Ao vy Wy o)
J=af, +(a-1)f

rob

g, (A)+yjq>1(0.98)[z

i=1

9; .
- SOy 2172
oA W.AU j

— A D v<0

A~ N(ﬂj, Op ), l//i:A/O',_\

0.1< A <50.0,10° <y, <0.1, i=12,...,
fo =v/5022.57-1f =D oy,

o, =01 i=12,...,10

2

f (A)+7,®*(0.98) (2

-1

10

(41)

where, the modified coefficients », , », and »; are solved by the dimensional adaptive
polynomial chaos method, as given in Eq. (26). Fig.15 shows the correction coefficients and optimal
solutions with different @ . Since @), ®), ®), and bars do not influence the stress constraint
and displacement constraint, the cross-section areas A, , A, A, and A, of the optimization
result are the lower bounds, and the corresponding uncertainty allocation parameters ¥, ,¥s,¥s
and v, are the upper bounds.

gl 0.1pe¢ —_— \l]l
53 B S— \|;3
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30— — ¥
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Fig.15 The optimal solution with different & for the ten-bar truss example
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Since the mass function is a linear combination of a series of normal distribution variables, the
first-order linear method can accurately analyze the uncertainty solution, and the correction
coefficient y, is approximately equal to 1.0. When & increases, the weight of f, decreases
and the weight of fy increases. When w; <0.1 | as & increases, the uncertainty allocation
parameters decreases, the cross-sectional areas of the bars decrease, and the mass decreases. It
shows that for the larger uncertainty solution, to counteract the influence of uncertainty, the cross-
sectional area of each bar increases to enlarge the safety margin, and the corresponding truss mass
increases. The optimization results are consistent with the physical properties. The example verifies
the effectiveness of the proposed framework on the problem of multiple variables.

6 Conclusion

A sequence optimization framework is proposed to solve the simultaneous design variables
selection and probability uncertainty allocation problem. The problem model is constructed by
introducing the budget of controlling the uncertainty magnitude to the reliability-based optimization.
The input uncertainty parameters are model as the normally distributed parameters. The uncertainty
magnitude that needs to be allocated is the standard deviation. The smaller the standard deviation
of the input uncertainty parameter, the higher the budget and reliability. The objective is constructed
as a combination of the system performance and the budget using the weight coefficient method.
Taylor-based method is adopted to translate the probability constraint into the deterministic
constraint. To guarantee the accuracy of the framework, the PCE method is adopted to modify the
Taylor-based method sequentially. The mathematical example, the cantilever I-beam example and
the ten-bar truss example validate the accuracy and effectiveness of the proposed framework. In the
mathematical example, the optimization results are validated by the MCS, which shows high
accuracy. The optimization results are consistent with the physical characteristic in the cantilever I-
beam example, which shows the effectiveness in solving the structure design problem. In the ten-
bar truss example, the problem has ten design variables and ten uncertainty allocation parameters,
which verify the effectiveness of solving multidimensional problems.
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