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Enhancing conformational sampling by modifying the underlying velocity
distribution: Digitally �ltered Hybrid Monte Carlo

by Can Simon Pervane

The rugged energy landscape of proteins often leads conventional molecular
dynamics simulations to get stuck in local minima leading to ine�cient sampling
and slow convergence. Two main methods exist to improve sampling. First, by
smoothing the underlying energy surface thereby encouraging barrier crossing,
and second, by modifying the simulation velocities. There are many examples in
the literature of the former, but velocity modi�cation is a comparatively less well
exploited approach. In a method previously developed in our group called Re-
versible Digitally Filtered Molecular Dynamics (RDFMD), we have been able to
induce conformational changes in proteins by amplifying low-frequency molec-
ular vibrations via application of a digital �lter to the velocity set [1]. However,
the application of a digital �lter to the molecules, disrupts the equilibrium of the
system, leading to incorrect ensemble averages. To sample a statistical ensemble
and still bene�t from the application of the digital �lter a novel method called
Digitally Filtered Hybrid Monte Carlo (DFHMC) is proposed. This method builds
on the work of Momentum Enhanced Hybrid Monte Carlo (MEHMC) [2]. Low
frequency motions are selectively enhanced via application of a speci�cally de-
signed Digital Filter (as in RDFMD), but equilibrium is maintained using a Hybrid
Monte Carlo approach.
In this thesis, the theory behind theDFHMCand the integration of themethod

into several optimised molecular dynamics packages is explained. The capability
of sampling from the canonical ensemble and the enhancement in energy barrier
crossing, and hence convergence, is demonstrated on a system with double well
potential and with a curved transition path. As a model for the dihedral motions
in proteins, the application of the DFHMC method to a single alanine dipeptide
molecule in explicit and implicit water is discussed. We observed a reduction in
sampling e�ciency in DFHMC when the molecule has centre of mass rotation.
Ideas on how to potentially overcome the rotation problem is discussed. And
the Riemannian Manifold Hamiltonian Monte Carlo method [3] is introduced to
investigate the application of the method to molecular systems.
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Introduction

1 Motivation

Thermodynamical quantities of a molecular system obtained via experimental obser-
vations can be calculated from the atom’s positions and velocities theoretically via
two types of averages. The �rst is the time average which can be obtained by dy-
namical simulations such as Molecular Dynamics (MD). MD outputs a trajectory of
the molecule’s atomic velocities and coordinates; thus, it gives a time evolution of the
molecule. The second type of average is the ensemble average which consists of a col-
lection of atomic positions and velocities that follow a speci�c stationary distribution.
The ensemble does not contain the information of time. To relate back the experimen-
tal measurement to the aforementioned averages, one can think that an experimental
measurement is done on a concentration of molecules for some period of time. And
a snapshot of that time evolution would show lots of frozen molecules having various
atomic positions and velocities. On the other hand, if we could follow one molecule
over that measurement time and take a snapshot at regular time intervals, we would
again have a collection of various atomic positions and velocities. Thus, what we mea-
sure from the system is actually an average over time and/or also an average overall
the number of molecules given by the concentration. In thermodynamical equilibrium,
if the system has the ergodic property then the time average and the ensemble aver-
age will be the same. And therefore, the experimental measurement can be calculated
via a time average such as with MD or an ensemble average.

Even though a system is ergodic in theory, it may take relatively long times for the
time average to converge to the ensemble average. For biomolecules especially pro-
teins, the energy landscape is very rugged. Thus via conventional MD simulations, the
molecule under study tends to get stuck in a local minimum for long simulation times,
which slows down the convergence of the time average. When the energy barriers in
the rugged energy landscape are much bigger than the molecule’s kinetic energy then
the molecule gets stuck in a local minimum for so long that at some point it becomes
unfeasible to sample the required phase space in the time period that we can reach
with the current computer technologies. The simulation is bound to a small step size
determined by the fastest periodic motion in the system, which is usually the hydrogen
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bond vibration and is in the order of 10 fs [femtoseconds(fs) =10�15 second(s)]. On
the other hand, the motions of interest could be on the order of several nanoseconds,
milliseconds, seconds or even longer. From a computational perspective, this means
an increasing amount of iterations to be done to reach the desired time scale. In an
MD simulation at each iteration, the force acting on each atom due to all the other
atoms in the molecule needs to be evaluated. The evaluation time thus increases with
bigger molecules having more atoms. Therefore, the simulation is not only bound by
the total time to be simulated but also by the size of the system. Thus to overcome
this computational limit or at least alleviate it, several enhanced sampling methods are
developed.

The enhanced sampling methods may broadly be divided into methods where the
underlying potential energy function is modi�ed and in methods where the atomic
velocities are explicitly modi�ed. Some examples for methods that modify the un-
derlying potential energy include Metadynamics, in which during the simulation the
energy surface is �lled with Gaussians preventing a con�guration to be visited twice [4]
and steered molecular dynamics (SMD) [5] where external forces are applied to the
system to guide the molecule through the conformational space. Some examples of
methods that modify explicitly the velocities includes simulated annealing [6] in which
the temperature of the molecule is increased to overcome the energy barrier, Replica-
Exchange molecular dynamics [7] which employs a set of replicated parallel simula-
tions at di�erent temperatures that exchanges at certain steps, Reversible Digital Fil-
tering Molecular Dynamics (RDFMD) [1] which uses a digital �lter to selectively en-
hance or suppress vibrational motions and Momentum Enhanced Hybrid Monte Carlo
(MEHMC) [2], which uses a simple low pass �lter to suppress high frequency motions
and enhance low frequency motions. Although all of the above methods enhance the
sampling of the molecular systems, not all preserve the equilibrium distribution and
allowing to take an ensemble average.

In this study, the method to selectively enhance or suppress molecular vibrational
modes presented in RDFMD is adopted, and this nonequilibrium method is extended
or reformulated such that it samples a canonical ensemble, where ensemble averages
and thermodynamical quantities can be calculated. To incorporate the �lter applica-
tion into a sampling method that generates equilibrium ensembles, a Hybrid Monte
Carlo approach with a biased velocity distribution as used in the MEHMC method [2]
is developed. The method is called Digitally Filtered Hybrid Monte Carlo (DFHMC)
and is a multiphysics method merging Digital �ltering Molecular Dynamics and Monte
Carlo simulation techniques. Before applying the DFHMC method on proteins and
biomolecules in general, the velocity biased HMC formulation is implemented and
tested for �xed velocity biases on a simple 2D system to ensure biasing the velocities
preserve the ensemble distribution. During this study, two possible biased velocity
distributions that have similar acceptance rates are found to preserve the ensemble
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distribution. Furthermore, the biased velocities obtained by �lter application with reg-
ular updating of the bias values showed an enhanced sampling compared to the Hybrid
Monte Carlo method [8] which essentially corresponds to having bias values of zero
for all times.

To enable the DFHMC method to be used on Molecular systems e�ciently, the
HMC module including the DFHMC method is integrated into optimised and widely
used MD packages. In this scope, a design developed previously in our lab that can
pass and receive information from an MD package is extended to enable the usage
of HMC based methods. However, the design was very slow, and the majority of
computation was spent in writing and reading �les from hard disk to communicate
data between the MD engine and the HMC module. Therefore, another design that
uses the package Plumed [9], which gives a much more e�cient interface to control
the information passed and received from the MD module is developed. The Plumed
code was extended to include the functionality to receive and pass the velocities of
the system from and to the MD engine, this was developed speci�cally to one MD
engine called Gromacs [10]. Even though the implementation is computationally more
e�cient, the changes required makes the design and any new method development
highly dependent on di�erent MD engines. Therefore, the �nal version of the method
was integrated into an MD engine called OpenMM [11], which allows to develop
methods more independently from the lower abstraction layers of the MD engine and
still provides a computationally e�cient implementation.

Using the developed implementation of DFHMC and HMC via the OpenMM pack-
age, several systems are investigated. In particular, a double well potential system
where the energy barrier is along a cartesian coordinate, and a rotated double well
potential such that the energy barrier is along a linear combination of the cartesian
coordinates are constructed and studied. A potential energy surface with a curved
transition path is generated, and the enhancement properties of the DFHMC method
is investigated. The DFHMC method is then applied to alanine dipeptide, as a model
of the dihedral motions in proteins, and analysed under explicit and implicit water en-
vironment. We observe that the rotation of the molecule has a negative e�ect to the
DFHMC method’s sampling e�ciency by comparing the results of alanine dipeptide
in implicit water with and without center of mass rotation removed at each HMC step.
Several possible concepts are suggested to tackle the drop in e�ciency in the sam-
pling caused by the molecule rotation. And one particular sampling method called
Riemannian Manifold Hamiltonian Monte Carlo [3] developed for posterior sampling
in Bayesian inference problems is introduced and the potential for application towards
molecular systems is discussed.
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2 Organization

The thesis is organised into �ve sections. Starting with the theory section to build the
foundations for the DFHMC method. The theory section includes a brief introduc-
tion of the notion of an ensemble in statistical mechanics. It continues by introducing
the Molecular Dynamics (MD) and Metropolis Monte Carlo (MC) methods as a way to
generate molecular con�gurations that follow a stationary distribution. Thereafter sig-
nal processing methods such as Fourier Transform, Wavelet Transform are explained,
which are used to analyse the frequency domain properties of simulation trajectories.
Digital Filtering (DF) are explained, as a tool to be used to enhance sampling. Sub-
sequently, enhanced sampling methods are introduced under two main categories,
i.e., methods that change the potential or the kinetic energy of the system. Meta-
Dynamics and Umbrella Sampling are discussed as examples of the former. Replica
Exchange Molecular Dynamics and advanced methods that combine MD, MC and DF
to achieve enhanced sampling are introduced as examples of the latter category. In
this scope, the RDFMD and DFMD methods which combine MD with DF, the Hybrid
Monte Carlo which combines MD with MC is explained. It follows by studying the
method developed in this thesis, DFHMC which combines all three methods DF, MD,
MC. Last, in this section a sampling method called Riemannian Manifold Hamiltonian
Monte Carlo (RMHMC) that is used in the context of Bayesian inference is brought
to attention to investigate the application of the method and/or the framework to be
applied to molecular systems.
The next section focuses on the e�ect of the bimodal velocity distribution used in

the DFHMC method to the simulation trajectory of the system. More speci�cally, it
is investigated if certain frequencies in the system can be enhanced via the bimodal
velocity distribution.
It is continuedwith the application section which introduces and presents the results

of double well potential system, rotated double well system and a systemwith a curved
transition path. It is followed by alanine dipeptide, where simulations in explicit and
implicit water is carried out. Next, the e�ect of molecular rotation is analysed by
studying alanine dipeptide in implicit water with and without center of mass rotation.
Next, the RMHMC method is applied to a Bayesian logistic regression problem, and
the applicability of the method to multimodal energy surfaces is studied.
The software integration of the HMC module with the MD packages are discussed

in the code integration section. The evolution of the methods integration and the chal-
lenges encountered are explained, and the design of the �nal integration is presented.
Finally, the results are summarised in the Conclusion section. Suggestions for future

work to build on this thesis is also given.
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Theory

1.1 Statistical Mechanics

The key element in statistical mechanics is the notion of the ensemble. An ensemble
can be de�ned as the collection of accessible microstates subject to constraints spec-
i�ed by the system. The constraints of the system are usually given in terms of the
macrostates of the system.
The microstate of a molecular systemwithN atoms is de�ned with the atomic position
vector, q = (q1, q2, ..., q3N) and momentum vector, p = (p1, p2, ..., p3N)
If the container volume where the molecules are held is constant and the number of
atoms, N is �xed Then with the additional given constraint,

H(q,v) = E (1.1)

where H denotes the Hamiltonian of the system and E is a constant, the ensemble is
de�ned as,

⌦(N, V, E) = {(q,p) : H(q,p) = E} (1.2)

|⌦(N, V, E)| de�nes the total number of microstate that satis�es the constraint in
Eq-1.1 with constant volume, V and number of atoms, N

Assuming that all the accessible microstates with the same total energy are equally
likely then the probability of a microstate is equal to:

P (q,p) =
1

|⌦(N, V, E)|
(1.3)

The ensemble with the above probability, Eq-1.3 is also called the micro canonical
ensemble [12].

Another example of constraint is where the systems temperature is constant T , to-
gether with constant volume, V and �xed number of atoms N.

It turns out that, under this constraint with the same assumption that all the accessi-
ble microstates with the same total energy are equally likely, the probability of �nding
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a microstate is equal to:

P (q,p) =
e
��H(q,p)

Z
(1.4)

Z(q,p) =

Z
e
��H(q,p)

dqdp (1.5)

where Z is called the canonical partition function. And the ensemble is called the
canonical ensemble [12].
The Hamiltonian of a molecular system can be written as the total energy, which is

the sum of kinetic energy, K(p) and potential energy, U(q)

H(q,p) = K(p) + U(q) (1.6)

Thus Eq-1.5 can be written as,

Z(q,p) =

Z
e
��K(p)

dp

Z
e
��U(q)

dq (1.7)

A similar ensemble to the canonical ensemble is the iso-kinetic ensemble which
can be obtained by having constant kinetic energy, together with constant volume
and �xed number of atoms. The partition function for the iso-kinetic ensemble is as
follows [13]

Z(q,p) =

Z
�(K(p)�K0)e

��U(q)
dqdp

=

Z
�(K(p)�K0)dp

Z
e
��U(q)

dq
(1.8)

where K0 is a constant representing the kinetic energy. �(K(p) � K0) is a delta
function which evaluates to one when K(p) = K0 and zero otherwise. As with the
canonical ensemble, the iso-kinetic ensemble has a separable partition function in
terms of the positions and momentum. Comparing Eq-1.7 and Eq-1.8, it can be seen
that the position part of the partition function is the same for iso-kinetic and canonical
ensemble. However, the di�erence in the momentum part of the partition function in
the canonical ensemble results in the kinetic energy thus the temperature to �uctuate,
whereas in the iso-kinetic ensemble it is strictly constant [14].
In this thesis, the ensemble of interest is the canonical ensemble. The methods used

and developed in this thesis simulate the system in the canonical ensemble.
Similar to separating the partition function the probability distribution of the canon-

ical ensemble, Eq-1.4 can be written as,

P (q,p) =
e
��K(p)

R
e��K(p)dp

e
��U(q)

R
e��U(q)dq

= P (q)P (p)

(1.9)

Using the probability distribution of the microstates one can construct averages that

2
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represent thermodynamic quantities or observables, such as internal energy, temper-
ature, pressure etc.
In general, the average of a quantity, A(q,p) that is a function of microstates can be
expressed as an integral over the microstates as:

< A >=

Z
A(q,p)P (q,p)dqdp (1.10)

However, often the average quantity of interest is a function of the atoms positions
only, A(q,p) = A(q). Hence the average in Eq-1.10, will contain integral over the
positions only. The integral over momentum will integrate to one.

< A >=

Z
A(q)P (q)dq (1.11)

Additionally, the integral Z over the momentum can be calculated analytically. Thus,
the partition function Z can be written in terms of the positions only. Therefore, even
though an average quantity is a function of both positions and momentum, A(q,p)
as long as it can be written in terms of the partition function, Z, the average can
be obtained by knowing only the con�gurational ensemble. Thus, to get thermody-
namic information out of the system from the microstates, the integral in Eq-1.10 or
the partition function, Z in Eq-1.5 needs to be evaluated. An analytical solution to
those integrals is restricted to a small number of systems. Therefore, various numeri-
cal methods are used to attempt to solve or approximate the integral for more complex
systems with relatively high number of degrees of freedom. Often to solve the integral
numerically, the �rst step is to be able to evaluate the probabilities of each microstate.
However, the number of microstates grows rapidly with the degrees of freedom and
a brute force approach where we would evaluate the probability of each microstate
becomes very computationally expensive and infeasible.
The numerical methods discussed in this report, tackle this dimensionality problem

by �nding ways to generate a set of microstates from the relevant ensemble such that
the number of microstates in the set is small enough so that the evaluation times are
feasible and big enough to obtain more or less an accurate value for the probability
of the microstates. In other words, the numerical methods will generate a subset of
the complete microstate ensemble with the correct probability weights, such that the
averages can be calculated with much fewer microstates.

1.2 Molecular Dynamics

Molecular Dynamics(MD) is a simulation method that generates not only points in
phase space but also the time evolution or the trajectory of the system in phase space,
via classical mechanics [15]. Themethod uses Newton’s second law of motion to prop-
agate the molecular system with respect to time through phase space.

3
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Let q(t) = (q1(t), q2(t), ..., q3N(t)) and p(t) = (p1(t), p2(t), ..., p3N(t)) be the po-
sitions and momentum at time t , of a molecular system with N atoms respectively.
Then the time evolution of the position vector can be written as follows:

mi
d
2
qi

dt2
= Fi(q) i = 1,2, ...,3N (1.12)

where the Force on atom i is related to the derivative of the systems Potential Energy
with respect to the i th atoms position.

Fi(q) = �
dU(q)

dqi
(1.13)

and the momentum vector, p is de�ned as:

pi

mi
=
dqi

dt
i = 1,2, ...,3N (1.14)

Therefore Eq-1.12 can also be written as:

dpi

dt
= Fi(q) i = 1,2, ...,3N (1.15)

As can be seen for a molecular system with N atoms, in total there will be 6N �rst
order di�erential equations. In order to solve them the potential energy function of
the system needs to be known.
The equations of motions from the Newton’s classical mechanics can be reformu-

lated within the Hamiltonian mechanics framework via the following Hamilton’s equa-
tions Eq-1.16.

dp

dt
= �

@H

@q
dq

dt
=
@H

@p

(1.16)

The Hamiltonian mechanics formulation makes it easier to investigate more general
Hamiltonian functions.
The Newton equations can be obtained by letting the Hamiltonian be equal to the

sum of the potential and kinetic energies of the system, where the kinetic and potential
energies are a function of the momentum and positions respectively Eq-1.17.

H(q,p) = K(p) + U(q) (1.17)

This type of a Hamiltonian is separable in momentum and position. And the standard
molecular dynamics algorithms use this type of a Hamiltonian to calculate the trajec-
tory of molecules. This is because the standard methods formulate the mechanics in
cartesian coordinates.
However, if we would formulate the dynamics in the internal coordinates system,

4
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the Hamiltonian would not be separable in momentum and positions. Even though
the potential energy would only depend on the positions, the Kinetic energy would
be a function of momentum and positions.
Similarly, a non-separable Hamiltonian is obtained, when the Mass matrix is made

dependent on the positions of the system. This type of dependency has been used in
the Riemannian Manifold Hamiltonian Monte Carlo sampling algorithm [3].
The algorithms to solve Hamilton’s equations are called integrator algorithms, di�er-

ent types of algorithms are needed based on whether the Hamiltonian is separable in
momentum and position or not. Commonly used integrator algorithms for separable
and non-separable Hamiltonians are explained in the integrators section.
In Molecular Dynamics, the general form of the potential energy function with its

parameters corresponding to di�erent atoms or molecular systems is stored in �les
called Force-Fields. These are used in numerical simulations to obtain the force acting
on an atom i , to numerically evaluate the corresponding di�erential equations men-
tioned above.
Furthermore, the total energy is conserved for a molecular system, where the force is
given by Eq-1.13; thus the ensemble generated for this kind of system will be a micro-
canonical one. However, quite often it is desirable to simulate the molecular system
in di�erent ensembles where some other quantities such as temperature, pressure,
etc. are held �xed. Controlling the temperature and/or the pressure are generally the
most used ones. To extend the MD to cover the temperature and/or pressure control
thermostat and/or barostat algorithms are used respectively [16].
In this study, the simulations are done in an NVT / canonical ensemble, where the

temperature of the system is conserved. In particular to control the temperature
Langevin dynamics is used. Thus in the following subsection, the Langevin dynam-
ics method is explained. An extensive review on thermostat algorithms can be found
in [17]

1.2.1 Thermostats

Methods to control the temperature of the system can be categorized into tempera-
ture relaxation by stochastic dynamics [18], [19], [20], relaxation by stochastic cou-
pling [16], constraining [21], [22], relaxation by weak coupling [23], relaxation by
extended-system method [24], [25], [26]
In this study, we used temperature relaxation by stochastic dynamics, in particular,

Langevin dynamics to achieve an NVT ensemble. Following, the Langevin Dynamics
method is discussed
Langevin Dynamics
The temperature of a system is directly related to the velocities of the particles.

T =
m < v

2
>

3kB
(1.18)

5
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Where, kB is the Boltzmann constant, T is the absolute temperature, < v2 > the
average of the squared particle velocities and m is the mass of the particles.
Thus any thermostat algorithm imposes control on the particle velocities. In Langevin

dynamics the atomic velocities are controlled by modifying Newton’s equation of mo-
tion Eq-1.12 as given in the below equation [18].

mi
d
2
qi

dt2
= Fi(q)�mi�

dqi

dt
+ Ri i = 1,2, ...,3N (1.19)

where � is the friction coe�cient, and Ri is the stochastic force.
The stochastic force in the Langevin dynamics implementation used in this study

has the following form,

Ri =
p
2mi�kBTdt✏ ✏ ⇠ N(0,1) (1.20)

where dt is the integration time step, kB is the Boltzmann constant, mi is the par-
ticle’s mass, � is the friction coe�cient, T is the simulation temperature and ✏ is an
independent and identically distributed random variable (i.i.d) following a Gaussian
distribution with zero mean and variance of one.
The trajectory generated by the Langevin dynamics follows a canonical distribution.

1.2.2 Force Fields

Force Fields in molecular dynamics de�ne the interaction potentials between atoms,
atomic groups and molecules. In general, the potential energy consists of two terms,
bonded and non-bonded potentials. The bonded energy term is made up of atomic
bonds, angles and dihedrals. The non-bonded term represents potentials due to elec-
trostatic interactions, the van der Waals interactions and a repulsive force as a result
of the Pauli-exclusion principle. The latter two potentials are often modeled by the
Lennard-Jones(LJ) Potential. Thus the potential can be written as follows:

U = UBonded + UNon�Bonded

= UBond + UAngle + UDihedral + UElectrostatic + ULJ
(1.21)

The following potential energy terms are written in SI units.
The atomic bond and angle potential terms can be approximated by a harmonic spring
potential, which describes the change of bond length and atomic angles as oscillatory
motions. The atomic bond potential term as a function of the bond length vector,
l = (l1, l2, ..., lN) where N = #Bonds is as follows:

UBond(l) =
#BondsX

i=1

1
2k
b

i
(li � l

0
i
)2 (1.22)

Where the summation is over all the bonds in the system, kb
i
is the spring constant

6
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and l0
i
is the equilibrium bond length of the i th bond.

The atomic angle potential term as a function of the angle vector, ✓ = (✓1, ✓2, ..., ✓N)
where N = #Angles is as follows:

UAngle(✓) =
#AnglesX

i=1

1
2k
✓

i
(✓i � ✓

0
i
)2 (1.23)

Where the summation is over all the angles in the system, k✓
i
is the spring constant

and ✓0
i
is the equilibrium angle of the i th angle.

The dihedral potential describes the torsional motion of a bond. A dihedral angle,
can be de�ned as the angle between two planes formed by three atoms, i jk and jkl
where i , j, k, l represent atoms such that i and j , j and k , k and l are bonded [Fig-1.1].

i

j
k

l

Φ

Dihedral Angle Illustration. Illustration of the Dihedral Angle, �

Figure
1.1

The often used functional form of the dihedral potential is as follows,

UDihedral(�) =
#DihedralsX

i=1
k
�

i

h
1+ cos(n�i � �0i )

i
(1.24)

Unlike the bond and angle potential terms, the dihedral potential can have multiple
minima adjusted by the value "n". For instance, the dihedral term of a molecule with
cis and trans symmetries would have two minima representing the two symmetries at
n = 2.

The electrostatic interactions between atoms are represented by the Coulomb po-
tential;

UElectrostatic(r) =
N�1X

i=1

NX

j=i+1

qiqj

4⇡✏0ri j
(1.25)
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where N is the number of atoms, ✏0 is the electric permitivity of free space, ri j is the
distance between atom i and j , and qi , qj are the electric charges of atom i and j re-
spectively.

Last but not least, the Lennard-Jones(LJ) potential, which is also referred as the 6-12
potential is formalised as:

ULJ(r) =
N�1X

i=1

NX

j=i+1
4✏i j

"✓
�i j

ri j

◆12
�

✓
�i j

ri j

◆6
#

(1.26)

Where ✏i j is the depth of the LJ potential well and �i j is the �nite distance where
the LJ potential is zero for atoms i and j . The term with the power of 12 represents
the repulsion due to the Pauli-Exclusion principle, and the term with the power of 6
models the attraction due to the van der Waals interactions. The LJ potential with its
repulsion and attraction terms between atom i and j can be seen in Fiq-1.2

�ij

��ij

0U
(r

ij
)

rij

Lennard-Jones
Pauli-Exlusion
Van der Waals

Lennard-Jones Potential. Lennard-Jones Potential with ✏i j and �i j parameters

Fi
gu

re
1.
2
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To summarise, all the potential terms can be written as follows:

U =

#BondsX

i=1

1
2k
b

i
(li � l

0
i
)2

+

#AnglesX

i=1

1
2k
✓

i
(✓i � ✓

0
i
)2

+

#DihedralsX

i=1
k
�

i

h
1+ cos(n�i � �0i )

i

+
NX

i=1

NX

j=i+1

qiqj

4⇡✏0ri j

+
NX

i=1

NX

j=i+1
4✏i j

"✓
�i j

ri j

◆12
�

✓
�i j

ri j

◆6
#

(1.27)

1.2.3 Integrators

Integration algorithms are methods to calculate the derivative of a function numeri-
cally. They rely on taking the Taylor series expansion of the function of interest. For
instance, the Taylor expansion of f (x + dx) around x is,

f (x + dx) =
NX

n=0

1
n!

d
n
f (x)

dxn
dx
n (1.28)

If dx is small enough (dx << 1) the higher order terms in the Taylor series will make
less contribution. Thus the function, f (x + dx) can be approximated by truncating
higher order terms in the Taylor series.

f (x + dx) = f (x) +
df (x)

dx
dx +

1
2
d
2
f (x)

dx2
dx

2 +O(dx3) (1.29)

As can be seen from Eq-1.29, if we consider dx as the step of iteration, then the value
of the function, f at the x+dx step is formalised in terms of the values of the function,
f and its derivatives at the previous step x . Similarly, the value of the function, f at
step x + 2dx can be written in terms of the values of f and its derivatives at x + dx
step. Thus the values of the function f , can be evaluated iteratively by a step size of
dx . As a result, the change of f with respect to x will be obtained.
Since in Molecular Dynamics the goal is to �nd the change of the positions of the
atoms with respect to time, the function f discussed above would be the position
function q and the iteration step dx would be the time step dt . Thus Eq-1.29 can be
reformulated as:

qi(t + dt) = qi(t) +
dqi(t)

dt
dt +

1
2
d
2
qi(t)

dt2
dt

2 +O(dt3), i = 1,2, ...,3N (1.30)

9
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Similarly, the Taylor expansion for the momentum function, p of each atom can be
written as:

pi(t + dt) = pi(t) +
dpi(t)

dt
dt +

1
2
d
2
pi(t)

dt2
dt

2 +O(dt3), i = 1,2, ...,3N (1.31)

Where N is the number of atoms in the system.
Since the �rst derivative of the momentum Eq-1.15 and the second derivative of the
position Eq-1.12, are related to the Force and the �rst derivative of the position is
related to the momentum Eq-1.14, The Taylor expansions of the position, Eq-1.30
and momentum, Eq-1.31 can be written as:

qi(t + dt) = qi(t) +
pi(t)

mi
dt +

Fi(t)

2mi
dt

2 +O(dt3), i = 1,2, ...,3N (1.32)

pi(t + dt) = pi(t) + Fi(t)dt +O(dt
2), i = 1,2, ...,3N (1.33)

The calculation of the change of positions and momentum with time should follow
Newton’s equation of motion. Thus the integration methods discussed are numeri-
cal approximations to solve Newton’s equation of motions or equivalently Hamilton’s
equations. The above method of integration is called the Euler integration method.
Given the positions and momentum of each atom at time t , the trajectory of each
atom’s momentum and position can be calculated with an error in the order of dt2

and dt3 respectively. However, the Euler method is not able to ful�l some properties
of the Hamilton equations, which makes the Euler method unsuitable for solving the
equation of motion numerically.

The Hamilton’s equations and Newton’s equation of motions are time reversible,
i.e. if the momenta of all atoms are reversed at any time instant, then the system
would trace back its trajectory in phase space. They are volume preserving, i.e. the
volume formed by the in�nitesimal change in position, dq and velocities dp in phase
space does not change with time. They conserve the total energy of the system.
Thus a good numerical integration method that solves Hamilton’s equations should
have those properties or at least approximate these properties as good as possible.
Numerical integrators that approximate well these properties are also called symplectic
integrators.

In practice, two algorithms called leapfrog, and velocity Verlet is mostly used to carry
out the numerical integration of Hamilton’s equations. These algorithms have a smaller
error due to truncation and are also symplectic integrators [14]. Thus preserving the
phase space volume and are time reversible. They do not strictly conserve the total
energy, but the long time drift of the total energy is very small. Also compared to
the change in potential and kinetic energy, the change in the total energy is minimal.
Symplectic integrators conserve a pseudo Hamiltonian which approach to the true
Hamiltonian in the limit of the integration time step, dt goes to zero [27]. Thus the

10
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leapfrog and velocity Verlet methods approximate the energy conservation property
quite well. These properties make the leapfrog and velocity Verlet algorithms ideal to
be used for molecular dynamics and hybrid Monte Carlo simulations.

1.2.3.1 Leap Frog

The truncation errors in the Leap-Frog algorithm are dt4 and dt3 for the positions and
momentum respectively.

p(t +
1
2dt) = p(t �

1
2dt) + dtF (t) +O(dt

3) (1.34)

q(t + dt) = q(t) + dtM�1p(t +
1
2dt) +O(dt

4) (1.35)

1.2.3.2 Velocity Verlet

The truncation errors in the velocity Verlet algorithm are dt4 and dt2 for the positions
and momentum respectively. Although the error of the momentum is higher for veloc-
ity Verlet than leapfrog, the obtained momentums are the full-time step momentums.
Therefore, any quantity related to the momentums can be calculated for the full-time
step, without any other extra calculation [28]

p(t +
1
2dt) = p(t) +

dt

2 F (t) (1.36)

q(t + dt) = q(t) + dtM�1p(t +
1
2dt) +O(dt

4) (1.37)

p(t + dt) = p(t +
1
2dt) +

dt

2 F (t + dt) +O(dt2) (1.38)

1.2.3.3 Generalised Verlet

The above mentioned integrator algorithms are suitable for separable Hamiltonians. If
we apply the leapfrog or Verlet integrator algorithms to the non-separable Hamilto-
nian case directly the integrator becomes non-reversible. Thus to make the integrator
time reversible for non-separable Hamiltonians the generalised Stoermer-Verlet algo-
rithm can be used, which can be constructed from two semi-implicit also known as
symplectic Euler integrators [29]. And the symplectic Euler is composed of one implicit
and one explicit Euler integrator.
An explicit Euler integrator is a �rst order taylor expansion of y(t + dt) evaluated

at time t

y(t + dt) = y(t) + dt
dy(t)

dt
(1.39)

An the implicit Euler,

y(t + dt) = y(t) + dt
d

dt
y(t + dt) (1.40)

11



1 Theory

In the case of Hamiltonian dynamics, two di�erent symplectic Euler integrators can
be constructed

Symplectic Euler-1. Implicit Euler to update p and an explicit Euler to update q

p(t + dt) = p(t)� dt
d

dq
H(q(t),p(t + dt))

q(t + dt) = q(t) + dt
d

dp
H(q(t),p(t + dt))

(1.41)

Symplectic Euler-2. Implicit Euler to update q and an explicit Euler to update p

q(t + dt) = q(t) + dt
d

dp
H(q(t + dt),p(t))

p(t + dt) = p(t)� dt
d

dq
H(q(t + dt),p(t))

(1.42)

Generalised Stoermer-Verlet integrator is constructed by combining a half step up-
date of Euler-1 with a half step update of Euler-2

p(t +
dt

2 ) = p(t)�
dt

2
d

dq
H(q(t),p(t +

dt

2 ))

q(t + dt) = q(t) +
dt

2


d

dp
H(q(t),p(t +

dt

2 )) +
d

dp
H(q(t + dt),p(t +

dt

2 ))
�

p(t + dt) = p(t +
dt

2 )�
dt

2
d

dq
H(q(t + dt),p(t +

dt

2 ))

(1.43)

As can be seen, in the �rst two steps in the Generalised Stoermer-Verlet integrator
is an implicit update, as the updated value depends on itself. Thus those steps need
to be calculated recursively to �nd a stable updated value. The stable or �xed value
can be obtained by a simple �xed point iteration method, where the implicit step is
recalculated until the obtained value does not change.

It is also important to mention that the Generalized Stoermer-Verlet Integrator re-
duces to Verlet Integrator for separable Hamiltonians. Thus the method is, in fact, a
generalized version of the previously explained velocity Verlet algorithm

for a separable Hamiltonian, i.e.

H(q, p) = U(q) +K(p) (1.44)

where U(q) is the potential and K(p) is the kinetic energy of the system. The
derivatives of the separable Hamiltonian is as follows,

12



1.2 Molecular Dynamics

d

dq
H(q,p) =

d

dq
U(q) +

d

dq
K(p)

=
d

dq
U(q) = �F (q)

(1.45)

d

dp
H(q,p) =

d

dp
U(q) +

d

dp
K(p)

=
d

dp
K(p)

(1.46)

If K(p) = 1
2p

TM�1p then

d

dp
K(p) =M�1p (1.47)

Thus when the Hamiltonian is separable, the derivatives given in the generalised
Stoermer-Verlet integrator, Eq-1.43, will be as follows:

d

dq
H(q(t),p(t +

dt

2 )) = �F (q(t)) (1.48)

d

dq
H(q(t + dt),p(t +

dt

2 )) = �F (q(t + dt)) (1.49)

d

dp
H(q(t),p(t +

dt

2 )) =M�1p(t +
dt

2 ) (1.50)

d

dp
H(q(t + dt),p(t +

dt

2 )) =M�1p(t +
dt

2 ) (1.51)

substituting Eq-1.48, Eq-1.49, Eq-1.50, Eq-1.51 into Eq-1.43, we obtain.

p(t +
dt

2 ) = p(t) +
dt

2 F (q(t))

q(t + dt) = q(t) +
dt

2 M�1

p(t +

dt

2 ) + p(t +
dt

2 )
�

p(t + dt) = p(t +
dt

2 ) +
dt

2 F (q(t + dt))

(1.52)

By further simplifying the second update equation, in 1.52 we obtain the velocity
Verlet integrator as given in Eq-1.36
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p(t +
dt

2 ) = p(t) +
dt

2 F (q(t))

q(t + dt) = q(t) + dtM�1p(t +
dt

2 )

p(t + dt) = p(t +
dt

2 ) +
dt

2 F (q(t + dt))

(1.53)

1.3 Monte Carlo

The foundations of the Monte Carlo (MC) method used today for molecular systems,
also called the Monte Carlo Metropolis method, was �rst laid by Metropolis et al. [30].
Starting from a con�guration, q0 = (q01 , q

0
2 , ..., q

0
3N) theMonte CarloMetropolis method

generates a sequence of con�gurations via a transition kernel, K(qn+1|qn) with n � 0
that has the target distribution P (q). The transition kernel is a conditional probability,
that gives the probability to transition to a next con�guration given the current con-
�guration. The transition kernel can be written in terms of a proposal, Q(qn+1|qn)
probablity, that in practice is easy to simulate and the acceptance, A(qn+1, qn) prob-
ability.

K(qn+1|qn) = Q(qn+1|qn)A(qn+1, qn) (1.54)

The criterion for the acceptance probability is determined via the detailed balance
condition, which is su�cient to ensure that the sequence of con�gurations generated,
form an ensemble or equivalently creates a thermodynamic equilibrium. The detailed
balance condition can be written as follows:

P (x)Q(y|x)A(y,x) = P (y)Q(x|y)A(x,y) (1.55)

where x and y are any molecular con�gurations. By rearranging Eq-1.55,

A(y,x)

A(x,y)
=
P (y)Q(x|y)

P (x)Q(y|x)
(1.56)

can be obtained. One choice of acceptance probability which ful�lls the condition in
Eq-1.56, is as follows:

A(y,x) = min

⇢
1,
P (y)Q(x|y)

P (x)Q(y|x)

�
(1.57)

The aforementioned process of generating a sequence of random variates following a
distribution P (q) with the general formalism of the acceptance criterion, Eq-1.57, is
called the Metropolis-Hastings method [31]. The MC Metropolis method is a special
case of the Metropolis-Hastings method, where the proposal probability, Q(y|x) is
symmetrical. In this context by the term symmetrical it is meant that, the proposal
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1.3 Monte Carlo

probability of y given x is the same as x given y.

Q(y|x) = Q(x|y) (1.58)

Thus, Eq-1.57 reduces to the following;

A(y,x) = min

⇢
1,
P (y)

P (x)

�
(1.59)

For instance consider the Boltzmann distribution as the target,

P (x) = exp(��U(x)) (1.60)

where � = 1/kBT is the inverse temperature, and U is the potential energy of the
molecular system. If the proposal probability is chosen such that, the coordinates
of the atoms are given a random displacement, then the proposal probability will be
symmetrical. Hence, the acceptance criterion for the MC Metropolis method can be
used for this system.

A(y,x) = min

⇢
1,
exp(��U(y))

exp(��U(x))

�
(1.61)

According to the acceptance criterion a new con�guration with a lower potential en-
ergy is always accepted whereas a con�guration with a higher potential energy is ac-
cepted with the probability exp(��[U(y)� U(x)]). After convergence is achieved,
the con�gurations generated with this method associated with the target distribution
in Eq-1.60, will form the canonical (NVT) ensemble.
Since the proposal probability is constructed by adding random displacements to the
con�guration, the probability of accepting a new con�guration will decrease with in-
creasing displacements and dimensionality of the con�gurations [32]. Thus to have a
relatively high acceptance rate small displacements are required. On the other hand,
having small displacements may result in sampling more locally, which will increase the
required number of Monte Carlo steps to achieve global convergence. The MC steps
required to get convergence will increase even more with the dimensions or degrees
of freedom of the system, such that at some point it might get computationally too
expensive to observe convergence.
One way to tackle this convergence problem is by choosing a proposal probability, that
generates con�gurations in a wider region of the con�guration space with a relatively
high acceptance rate. One such proposal probability is generated via Molecular Dy-
namics steps. The method that uses Molecular dynamics as the update mechanism of
its con�guration is called the Hybrid Monte Carlo method [8]. A detailed theoretical
background of this method and its extensions will be given in later sections.

A pseudocode to generate random variates from a target distribution for the gen-
eral case of the proposal probability, the Metropolis-Hastings method, can be seen in
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1 Theory

Algorithm-1.

Algorithm 1 Metropolis Hastings. Metropolis Hastings method
1: x0  Starting con�guration
2: n  0
3: while n < #Steps do
4: Generate y ⇠ Q(y|xn)

5: accept  
P (y)Q(xn|y)
P (xn)Q(y|xn)

6: X ⇠ U(0,1)
7: if X < accept OR accept � 1 then
8: x

n+1
 y

9: else
10: x

n+1
 xn

11: end if
12: n  n + 1
13: end while

1.4 Fourier Transform

A signal can be represented as a weighted integral of complex exponentials or equiv-
alently sine and cosine functions [33]. The representation of a function in terms of a
linear combination of sin(2⇡f t), cos(2⇡f t) or e i2⇡f t periodic signals with di�erent
frequencies, f , is called the Fourier series expansion. Thus the Fourier expansion gives
the frequency decomposition of a signal and can be used to �nd out the frequency
spectrum of the signal. The coe�cients of a signal’s Fourier series expansion, which
represent the contribution of each frequency to the signal, can be calculated numer-
ically using the discrete Fourier transform. Using the discrete Fourier transform the
frequency and phase spectrum of a signal can be obtained.
As an example, consider a superposition of two sin signals one with 50 Hz and the

other with 100 Hz frequency Eq-1.62. The amplitudes of the two sin signals are equal
and set to 1 unit.

x(t) = sin(2⇡50t) + sin(2⇡100t) (1.62)

The corresponding graph of Eq-1.62 plotted between 0 � 1 second, time interval
can be seen in Figure-1.3
Taking the Fourier transform of signal x(t) given in Eq-1.62, the frequency spectrum

of the signal can be obtain Fig-1.4. As can be seen, the �gure shows two peaks at
50Hz and 100 Hz with an equal height of 1. Thus the Fourier transform reveals the
frequency components of the time domain signal. The height of the peaks corresponds
to the amplitudes of each frequency component of the signal. Such a graph is also
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1.4 Fourier Transform

Superposition of two sin signals. The graph shows the sum of two sin signals with 50 and
100 Hz frequency and an amplitude of 1 unit Eq-1.62. The signal is plotted between 0 � 1
second time interval

Figure
1.3

called the amplitude spectrum. If the height of the peaks is the square of the amplitude,
then the graph is called the power spectrum.
The expansion of a signal in terms of the linear combination of the complex expo-

nentials is the inverse Fourier transform.

x(t) =

Z
x(f )e i2⇡f tdf (1.63)

where x(fk) are called the Fourier coe�cients. For a discretised signal the Fourier
coe�cients can be calculated via the discrete Fourier transform,

x(fk) =
1
N

N�1X

n=0
x(tn)e

�i 2⇡
N
nk (1.64)

The Fourier coe�cients x(fk) = ak+ ibk have a real and imaginary component from
which the amplitude and phase for a given frequency can be calculated.
The amplitude of the k th frequency is as follows,

Ak =
q
a2
k
+ b2

k
(1.65)

The phase of the k th frequency is as follows,

�k = arctan

✓
bk

ak

◆
(1.66)

The frequency and phase spectrum can be generated via the amplitude and phase
values, respectively. However, if the signal’s frequency changes with time, then the
Fourier transform will not give a good frequency representation of the signal, the time
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1 Theory

Fourier transform. The amplitude spectrum of the signal given in Eq-1.62. The graph shows
the two frequencies of the signal 50, 100 Hz and the amplitudes

Fi
gu

re
1.
4

evolution of the frequency can not be captured.
As an example, a signal with time varying frequency is constructed Eq-1.67. The

signal, similar to before is based on two sin signals with 50 and 100 Hz frequencies.
However instead of taking the superposition of the two signals, the 50Hz signal is
present on its own only between 0.1-0.3 seconds, and the 100 Hz signal is present
between 0.7-1.0 seconds; otherwise, the signal takes a value of zero. A plot of this
signal can be seen in Figure-1.6

x(t) =

8
>><

>>:

sin(2⇡50t) 0.1  t < 0.3

sin(2⇡100t) 0.7 < t  1.0

0 otherwise

(1.67)

As can be seen from the Fourier transform of the signal, the frequencies can be
identi�ed; however, the information of the time dependence of the frequencies is lost.
Also, the amplitudes of the frequency spectrum are not re�ective of the amplitudes
of the time domain signal. Thus the standard Fourier transform is not suitable to
study signals where the frequency changes with time, especially if the interest is to
understand the time dependence of the frequencies of the signal.

1.5 Wavelet Transform

The term wavelet was coined by Jean Morlet who developed the Morlet wavelets, but
the �rst wavelet was developed earlier by Alfred Haar which led to the Haar wavelets
[34].
In wavelet transform the signal is written in terms of an in�nite weighted sum over
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1.5 Wavelet Transform

Piecewise combination of two sin signals. The graph shows the combination of two sin
signals with 50 and 100 Hz frequency and an amplitude of 1 unit. The 50Hz signal is present
between 0.1-0.3 seconds and the 100 Hz signal is present between 0.7-1 seconds; otherwise,
the signal takes the value zero Eq-1.67. The signal is plotted between 0�1 second time interval

Figure
1.5

wavelets that form a basis set similar to the complex exponentials used in Fourier
transform. The di�erence from the basis used in Fourier transform is that wavelets are
not only a localized function over frequencies but also of time allowing the exploration
of the time dependent frequency property of the signal. Thus if a signal’s frequency
changes with time and we want to capture how the frequency of the signal evolves
with time, then the wavelet transform can be used.

The signal x(t) can be represented using wavelets  as follows.

x(t) =

Z Z
W (s, k) 

✓
(t � k)

s

◆
dsdk (1.68)

where k and s within the wavelet represents the shift in time and frequency, re-
spectively. The wavelet coe�cients W (s, k) for a discretised signal can be obtained
via the wavelet transform

W (s, kdt) =
dt
p
s

X

n

x(ndt) 

✓
(n � k)dt

s

◆
(1.69)

There are many di�erent wavelets  , which de�ne the functional forms and are
generally chosen depending on the application and signal characteristics. Some well
known wavelets are the Morlet [35], Haar [36], Daubechies [37] wavelets.

If we apply a wavelet transform to the signal in Eq-1.67, we can obtain the frequen-
cies of the signal, but also the time dependence of the frequencies as can be seen
in Figure-1.7. Thus the wavelet transform is ideal for studying the signal’s frequency
changes with time.
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Fourier transform. The amplitude spectrum of the signal given in Eq-1.62. The transform can
identify the signal’s frequencies. However, the amplitudes are not representative of the actual
amplitudes of the time domain signal. Also, no information can be obtained how the frequency
changes with time

Fi
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re
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1.6 Digital Filters

The atoms in a molecule will vibrate due to the bonded interactions, explained in the
force-�elds section. The vibrations of the atoms can be thought as a superposition of
simpler vibrations called the normal modes. In general, the number of normal modes
for a molecule with N atoms is 3N � 6. In case the molecule is linear, the number of
normal modes will be 3N � 5. To target a speci�c mode of vibration in a molecule a
digital �lter can be used. Thus, with a digital �lter, it is possible to enhance or suppress
speci�c vibrational modes for a speci�c atom or a collection of atoms in a molecule.
The digital �lter used in this study is applied to the atomic velocities. For 2m + 1
number of �lter coe�cients, ci the �ltered velocity for the k th time step is a linear
combination of the velocities with weights ci .

v
f i ltered(tk) =

mX

i=�m
civ(ti+k) (1.70)

The �lter coe�cients, ci are determined such that the frequency response, H(!),

H(!) =
mX

i=�m
cie
�j!i
, where j =

p
�1 (1.71)

approximates the desired frequency response, D(!), by minimising ✏

✏ =

Z
⇡

�⇡
|D(!)�H(!)|2 d! (1.72)
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wavelet transform of signal. Time, frequency plot based on wavelet transform of the piece-
wise sin signal given in Eq-1.67. Morlet wavelets are used as the basis function for the wavelet
transform

Figure
1.7

The coe�cients can be obtained via Eq. 1.71 and Eq. 1.72 to give Eq. 1.73

ci =
1
2⇡

Z
⇡

�⇡
D(!)e j!id!, j =

p
�1 (1.73)

According to Eq-1.73, the �lter coe�cients can be obtained without the need to
do an MD simulation. The only information required is the desired �lter response.
Thus, for a given �lter response the �lter coe�cients can be calculated prior to the
MD simulation, and then can be used to �lter the desired frequencies from the atom’s
velocities.
In this study, the coe�cients are obtained using theMATLAB’s [38] fircls() function.
The fircls() command is used as follows;

c = fircls(n, [0 a b 1], [s1 s2 s3], [u1 u2 u3], [l1 l2 l3], 0text 0) (1.74)

The number of coe�cients is n+1, and 0, a, b, 1 are the boundaries that partition the
frequency range into three regions. The �rst region is between 0 and a, the second
region is between a and b, and the last one is between b and 1. The parameters
s1, s2, s3 are the scaling factor for each region respectively. Thus, the �rst region is
multiplied by s1, the second by s2 and the third by s3. The last two parameter sets
[u1 u2 u3], [l1 l2 l3] are the constraints for the scaling factors. Thus the value of s1 is
constrained between lower bound l1 and upper bound u1, and s2, s3 are constrained
between l2, u2 and l3, u3 respectively. It has to be noted that the frequency values
in the �rst set of parameters [0 a b 1] are normalised frequency. The normalised
frequencies can be converted from the frequency in wavenumber (cm�1) units as
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follows;
fnormalised =

fwavenumbers ⇥ c

g(dt)
(1.75)

Where c is the speed of light in the units of cm s�1, and g(dt) is the Nyquist critical
frequency [39],

g(dt) =
1

2⇥ dt (1.76)

here dt is the simulation time step. The Nyquist critical frequency is the maximum
frequency that can be sampled for a time step of dt .

As an example, consider a superposition of two sin waves with frequencies of 1 and
10 Hz respectively.

signal = sin(2⇡t) + sin(20⇡t) (1.77)

If the time step to sample this signal is dt = 0.01s then the Nyquist frequency is,

fNyquist =
1

2x0.01 = 50Hz (1.78)

and using the Nyquist frequency, the normalised frequencies of the signal’s fre-
quency components can be calculated as,

f
1Hz
normalised

=
f
1Hz

fNyquist

=
1
50 = 0.02

(1.79)

f
10Hz
normalised

=
f
10Hz

fNyquist

=
10
50 = 0.2

(1.80)

To �lter out the higher frequency vibration from the signal Eq 1.77, a low pass �lter
can be designed using Matlab’s f i rcls function as follows,

c = fircls(1000, [0 0.15 1], [1 0], [1.01 0.01], [0.09 � 0.01], 0text 0) (1.81)

This will generate 1001 coe�cients such that when multiplied with the signal as in
1.70, the amplitude of signals with normalised frequencies between [0,0.15] will get
multiplied by one and between [0.15,1]will get multiplied by zero. The �lter response
obtained for the designed �lter with 1001 coe�cients can be seen in Fig 1.8, which
approximates the desired �lter response quite well. Hence, all the signals that have
normalised frequencies greater than 0.15 will be �ltered out [Fig 1.9].
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1.7 Enhanced Sampling Methods

Enhanced sampling methods can be classi�ed broadly into two groups: ones that bias
the potential energy and the ones that modify the underlying velocity distribution or
kinetic energy. Other methods exist that fall outside this categorization. For instance,
SWARM-MD, which neither modi�es the velocities nor the potential energy of the
system but enhances the sampling by using multiple di�erent starting conformations
of the molecule [40], or Markov State Models [41], [42] which also uses di�erent
conformations and their transition probabilities to enhance the sampling. However, in
the scope of this study, the given classi�cation is su�cient to understand the methods
discussed.
In the following subsections, umbrella sampling [43], [44] and Metadynamics meth-

ods [4], [45] are discussed as examples for methods that change the underlying po-
tential energy. And for methods that change the underlying kinetic energy the replica
exchange molecular dynamics [7] method and the method developed in this thesis
called DFHMC is discussed.
Furthermore, to build the theory of the DFHMCmethod, the DFMD [46] and HMC

methods [8] are explained in more detail.

1.7.1 Methods that change the underlying potential energy

These methods usually try to obtain a uniform distribution along some chosen vari-
ables. Thus creating a �at surface and thereby enhancing the sampling along the cho-
sen variables. However it was also shown that a non-uniform target distribution gives
a better sampling perfomance compared to a uniform target distribution [47]. The
chosen variables are a function of the atomic coordinates and are called collective vari-
ables (CV’s). Some common CV’s are dihedral angles and distances between atoms.
The underlying assumption in those methods is that the e�cient sampling along the
chosen CV’s captures the relevant con�gurational changes in the system. Thus the
choice of the CV’s is the most important part of those methods to obtain a well sam-
pled simulation.
Twowell knownmethods that fall into this category are umbrella sampling andmeta-

dynamics. They di�er in their approach to �atten the distribution along the speci�ed
CV’s
Below we will show what the desired bias potential is to �atten the distribution, and

in the following subsection for umbrella sampling and metadynamics we discuss the
approach they use to obtain the desired bias potential.
In a canonical or NVT ensemble, the con�gurational distribution is given by the

Boltzmann distribution.

P (q) =
exp(��U(q))R
exp(��U(q))dq

(1.82)
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where U(q) is the potential energy of the system and � = 1/kBT is the inverse
temperature.
Let us de�ne the collective variable (CV) as s(q) = {s1(q), s2(q), ..., s3(q)}. The

distribution along the CV’s is,

P (s) =

Z
�[s� s(q)]P (q)dq =

R
�[s� s(q)] exp(��U(q))dqR

exp(��U(q))dq
(1.83)

where the dirac-delta function �[s� s(q)] ensures the integral is only evaluated for
any q that satis�es the relation s = s(q)

the potential energy of the system is modi�ed by adding a bias potential that is a
function of the collective variables.

U
b(q) = Uu(q) + V (s) (1.84)

where V (s) is the bias potential, the superscripts u and b refers to the unbiased and
biased systems respectively
The distribution in the biased system is,

P
b(q) =

exp(��[U(q) + V (s)])R
exp(��[U(q) + V (s)])dq

(1.85)

and the distribution along the CV’s in the biased system is,

P
b(s) =

Z
�[s� s(q)]P b(q)dq

=

R
�[s� s(q)] exp(��[U(q) + V (s)])dqR

exp(��[U(q) + V (s)])dq

= e��V (s)
R
�[s� s(q)]e��U(q)dqR
e��[U(q)+V (s)]dq

(1.86)

By using Eq-1.83 and Eq-1.86 we obtain the following,

P
b(s) = e��V (s)P u(s)

R
e
��U(q)

dqR
e��[U(q)+V (s)]dq

(1.87)

R
e
��U(q)

dqR
e��[U(q)+V (s)]dq

=
1

< e��V (s) >u

=
1R

e��V (s)P u(s)ds

(1.88)

The free energy along the CV is de�ned as,

F
u(s) = �

1
�
logP u(s) (1.89)
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thus

P
u(s) = e��F

u(s) (1.90)

using the de�nition of the free energy Eq-1.86 can be rewritten as follows,

P
b(s) =

e
��V (s)

e
��F u(s)

R
e��V (s)e��F u(s)ds

=
e
��[F u(s)+V (s)]

R
e��[F u(s)+V (s)]ds

(1.91)

Thus to make the distribution of the biased system along the CV’s �at the bias
potential, V (s), should be equal to the negative of the free energy along the CV’s of
the unbiased system.

V (s) = �F u(s) (1.92)

Umbrella Sampling
Umbrella sampling developed by Torrie and Valleau [43] commonly adds a harmonic

potential along the CV’s centered around a given value of the CV to restrict the sam-
pling to the vicinity of the given CV value.

V (s) =
k

2(s� s0)
2 (1.93)

Having a high k only points close to s0 will be explored. Multiple simulations with
varying s0 are conducted to sample the con�gurations along s . Since the di�erent bias
potentials are not dependent on each other, the simulations can be conducted in paral-
lel. Afterwards, individual trajectories are combined using a reweighting method. The
often used reweighting method in conjunction with umbrella sampling is the weighted
histogram analysis method (WHAM) [48], which is an extension of the multiple his-
togram technique [49]. An alternative to WHAM to combine the multiple simulation
trajectories in umbrella sampling is the umbrella integration method [50].
The parameter k and the step size between consecutive CV values are usually cho-

sen such that the simulation gives a sampling from a �at surface.
MetaDynamics
In metadynamics developed by Laio and Parrinello [51], [4] to enhance the simula-

tion, the bias potential is taken in the following form:

V (s) = �(1�
1
�
)F (s) (1.94)

Thus if � = 1 then V (s) = 0 which leads to an unbiased (original) systems
when � ! inf then V (s)! �F (s) which leads to a �at distribution along s
In practice F (s) is not known apriori, thus in Metadynamics the bias potential is
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adaptively estimated to asymptotically converge to Eq-1.97. This results in having
dependent bias potentials; thus the simulations for di�erent bias potentials along a
given CV cannot be run in parallel as was the case with Umbrella Sampling. However
multiple CV’s can be run in parallel, and an exchange between the biases can be made
as per the biased exchange method [52]
The metadynamics implementation uses the following bias potential

V (s, t) =
X

k⌧<t

W (k⌧)exp

 

�

dX

i=1

(si � si(q(k⌧)))
2

2�2
i

!

(1.95)

where ⌧ is the Gaussian deposition stride and k = 0,1,2... such that k⌧ results
in discrete time points with stride ⌧ . �i is the standard deviation of the Gaussian for
the i th CV,W (k⌧) is the height of the Gaussian. In standard metadynamics the height
of the deposited Gaussians are constant, resulting in the estimated free energy to
�uctuate around the actual free energy. InWell TemperedMetadynamics the Gaussian
heights are adjusted at each deposition based on the following equation [53]

W (k⌧) = W0exp

✓
�
V (s(q(k⌧)), k⌧)

kB�T

◆
(1.96)

Where kB is the Boltzmann constant,W0 a constant initial Gaussian height, �T is a
parameter with temperature dimensions. With the rescaled Gaussian height, the bias
potential converges smoothly but not exactly to the actual free energy. The deviation
from the actual free energy can be observed when calculating the long time limit of
the bias potential.

V (s, t ! inf) = �
�T

T � �T
F (s) + C (1.97)

where T is the temperature of the system. Thus in the long time limit the method
samples an ensemble at temperature T + �T , rather than the actual temperature T .
When �T = 0 then the bias potential V (s, t ! inf) is constant, and the method is
equal to a standard MD simulation. When �T ! inf then the bias potential V (s, t !
inf)! �F (s) + C which equates to the standard metadynamics method.

1.7.2 Methods that change the underlying kinetic energy

Replica Exchange Molecular Dynamics
Replica exchange MD developed by Sugita and Okamoto [7] is an enhanced sam-

pling method that falls into the category of biasing the underlying Kinetic Energy of
the system.
Themethods covered in this study that generate an equilibrium sampling andmodify

the underlying kinetic energy all uses a Markov Chain Monte Carlo methodology with
the Metropolis-Hastings acceptance criterion.
In REMD the state is made up of M replicas of the molecular system simulated at
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di�erent temperatures. Each replica’s position and momentum vectors evolve via an
NVTMD simulation. Since each replica is simulated at a di�erent temperature, there is
always only one replica at each temperature. Hence the replica and the temperatures
form a one-to-onemapping. For instance, if there areM number of replicas, then there
will beM number of corresponding temperatures. If the replicas and temperatures are
indexed as i = 1, ...,M and m = 1, ...,M respectively, one particular mapping can be
represented as:

 
1 2 3 ... M

1 2 3 ... M

!

(1.98)

If the �rst row corresponds to the temperature indices and the second row to the
replica indices, then this particular mapping indicates that the �rst replica is simulated
at the �rst temperature, the second replica at the second temperature etc. If we want
to represent the second replica to be simulated at the third temperature, and the third
replica to be simulated at the second temperature, with all the other replicas mapped
to the temperature the same as in Eq-1.98, the representation would be as follows:

 
1 2 3 ... M

1 3 2 ... M

!

(1.99)

more generically any mapping of temperatures to replicas can be represented with
a permutation function f . Thus the replicas are de�ned as a permutation function of
temperatures.

f =

 
1 2 3 ... M

f (1) f (2) f (3) ... f (M)

!

(1.100)

Where f (m) would represent the replica at temperature m. Thus the state can be
de�ned as a vector X = (x f [1]1 , ..., x

f [M]
M
) where the superscript and subscript refers

to replica and temperature respectively, f is the permutation function of the temper-
atures, which identi�es the replicas and x = (q, p) encapsulates the positions and
momentum of the system.
Each replica follows a canonical ensemble as they are simulated in an NVT simu-

lation. Since replicas are independent of each other, the ensemble of state X that
capture all replicas at once will be the product of the distribution of each replica Eq-
1.101

P (X) = P (x [f (1)]1 )P (x [f (2)]2 )...P (x [f (M)]
M

) ⇠ exp

 

�

MX

i

�iH(q
[f (i)]
, p
[f (i)])

!

(1.101)

Where the Hamiltonian, H(q, p) is the sum of kinetic, K(p) and potential, U(q)
energy.
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The replicas are simulated in parallel at di�erent temperatures. In regular intervals, a
replica is randomly chosen and is swapped with another replica closest in temperature.
The swap in the replica can be represented as a change in the state X ! X 0, which
correspond to changing the permutation function from f to f 0

X = (..., x [f (m)]m , ..., x
[f (n)]
n , ...)! X 0 = (..., x [f

0(m)]0
m , ..., x

[f 0(n)]0
n , ...) (1.102)

Where the f and f 0 permutation functions are di�erent only at temperaturesm and
n as follows (

f (m) = i ! f 0(m) = j

f (n) = j ! f 0(n) = i
(1.103)

by substituting the permutation function into Eq-1.102, we obtain

X = (..., x [i ]m , ..., x
[j ]
n , ...)! X

0 = (..., x [j ]
0

m , ..., x
[i ]0
n , ...) (1.104)

When the replicas are swapped, the momentum of the replicas needs to be adjusted
to re�ect the new temperature. That is why in Eq-1.102 and Eq-1.104 the replica
states within X 0 is represented as x 0 to denote that the momentum components are
changed. More explicitly the change of momentum after the exchange of replica i , j
is shown in Eq-1.105,

(
x
[i ]
m = (q

[i ]
, p
[i ])m ! x

[i ]0
n = (q

[i ]
, p
[i ]0)n

x
[j ]
n = (q

[j ]
, p
[j ])n ! x

[j ]0
m = (q

[j ]
, p
[j ]0)m

(1.105)

In REMD the following momentum assignments are used, when the replicas are
swapped to a di�erent temperature.

8
>><

>>:

p
[i ]0
!

r
Tn

Tm
p
[i ]

p
[j ]0
!

r
Tm

Tn
p
[j ]

(1.106)

The new state is then accepted or rejected based on the metropolis acceptance
criterion.

A(X,X 0) = min

⇢
1,
P (X 0)Q(X 0 ! X)

P (X)Q(X ! X 0)

�
(1.107)

where P (X) is the probability of state X as given in Eq-1.101. Q(X ! X 0) de-
notes the proposal probability of changing the state from X ! X 0. The mechanism
of changing the states are done through permutations, where only one replica is ex-
changed with another. This mechanism is symmetric. Thus the proposal probability
from X ! X 0 and X 0 ! X is equal, hence the ratio of the proposal probabilities is
one.
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Q(X 0 ! X)

Q(X ! X 0)
= 1 (1.108)

Therefore the acceptance criterion can be written as the ratio of the state probabil-
ities

A(X,X 0) = min

⇢
1,
P (X 0)

P (X)

�
(1.109)

If we substitute eq-1.101, into the acceptance criterion relation. And expand the
hamiltonian as the sum of kinetic and potential energy. We obtain,

P (X 0)

P (X)
= exp

0

@� �m
h
U(q[j ]) +K(p[j ]

0
)
i
� �n

h
U(q[i ]) +K(p[i ]

0
)
i

+ �m
h
U(q[i ]) +K(p[i ])

i
+ �n

h
U(q[j ]) +K(p[j ])

i

1

A (1.110)

Note that the hamiltonians of states with temperatures other than m and n cancel
out. Since the momentums are transformed according to eq-1.106, the kinetic energy
of p0 can be written in terms of the kinetic energies of p.

8
>><

>>:

K(p[i ]
0
) =
Tn

Tm
K(p[i ]) =

�m

�n
K(p[i ])

K(p[j ]
0
) =
Tm

Tn
K(p[j ]) =

�n

�m
K(p[j ])

(1.111)

where � = 1/kBT , with kB being the Boltzmann constant. By substituting eq-1.111
into eq-1.110

P (X 0)

P (X)
= exp

0

B@
� �m


U(q[j ]) +

�n

�m
K(p[j ])

�
� �n


U(q[i ]) +

�m

�n
K(p[i ])

�

+ �m
h
U(q[i ]) +K(p[i ])

i
+ �n

h
U(q[j ]) +K(p[j ])

i

1

CA

(1.112)
By reorganising Eq-1.112, we can see that the kinetic energies cancel out, and we

obtain

P (X 0)

P (X)
= exp

⇣
�[�n � �m](U(q

[i ])� U(q[j ]))
⌘

(1.113)

by substituting Eq-1.113 back into the acceptance criterion, Eq-1.109, we obtain

A(X,X 0) = min {1, exp(��)} (1.114)

where �,

� = [�n � �m](U(q
[i ])� U(q[j ])) (1.115)

The exchange of replicas of di�erent temperatures allows con�gurations at lower
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temperatures to be simulated at higher temperatures where it is more probable to
overcome an energy barrier. The new sampled con�guration can then swapped back
to the lower temperature simulations, hence enhancing the con�gurational sampling.
Variations/extensions of Replica Exchange Molecular Dynamics can be found in lit-

erature. [54], [55]

1.7.3 Digitally Filtered MD - (DFMD)

The DFMD method developed by Phillips et al. [46], scales the velocity components
of selected atoms according to a �lter response to enhance or suppress speci�c vibra-
tional frequencies in the molecular system during an MD simulation and can be used
to overcome energy barriers in a molecule to enhance the sampling. The method
combines the theory of Molecular Dynamics with Digital Filtering explained in the
previous sections. The �lter is applied via Eq-1.70 in the form of Eq-1.116 to a bu�er
�lled with velocity components of selected atoms, B = {v1,v2, ...,v|B|}. The bu�er
is �lled by NVE MD simulation, with a number of steps equal to the number of �lter
coe�cients. Thus vi = (vi(t0), vi(t1), ..., vi(t2m)) is an ordered list where 2m + 1 is
equal to the number of �lter coe�cients, c = (c�m, c�m+1, ..., c0, ..., cm�1, cm). The
�lter type used in this method is called a linear phase �lter which has the property
of having symmetrical �lter coe�cients, ci = c�i . This symmetry of �lter coe�cients
ensures that the �lter response has no imaginary component and the relative phase
of the data point in the middle, the phase of vi(tm) is the same as the phase of the
�ltered velocity at the (m + 1)th time step, v f i ltered

i
(tm).

v
f i ltered

k
(tm) =

mX

i=�m
civk(ti+m), k = 1,2, ..., |B| (1.116)

For instance, assume the desired �lter response has been obtained accurate enough
by using 2m+1 = 2001, �lter coe�cients. Then to apply the �lter, an NVE MD simu-
lation with 2001 steps will be carried out where at every step the velocity components
of the selected atoms are stored in the bu�er. The coordinates of each atom are also
stored during the MD simulation. The �lter is applied to the bu�er via Eq-1.116 from
which we obtain the �ltered velocity at the (m+1)th = 1001th time step of the bu�er
�lling MD simulation. A normal MD simulation which continues until the next �lter ap-
plication is then employed, with the starting velocities set to the �ltered velocities. To
ensure the velocities and the positions are in phase, the positions at the 1001th time
step are used as the initial conditions.
It turns out that DFMD has di�culties in targeting low-frequency vibrations, in sys-
tems with rapid energy dissipation like in condensed phase systems [46]. To overcome
the problem in DFMD a method called Reversible Digitally Filtered Molecular Dynam-
ics or in short RDFMD has been developed by Phillips et al. [1]. The RDFMD method
di�ers from DFMD in the way of �lling the bu�er velocities for the second and suc-
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cessive �lter applications. In DFMD after a �lter application to apply the next �lter,
a forward MD simulation is done to �ll the next bu�er. This leads to having a �xed
number of MD steps present between two successive �lter applications determined
by the number of �lter coe�cients. Thus in systems where the energy dissipation
takes fewer time steps than the half of the number of �lter coe�cients, (2m + 1)/2,
the introduced energy by the �lter will be dissipated before the next �lter is applied.
This, on the other hand, restricts the multiple �lter applications to introduce energy
to the system gradually, which for instance could be important to observe a smooth
conformational transition. The RDFMD method tackles this issue by �lling the bu�er
with backwards and forwards MD simulations instead of just doing forward MD sim-
ulation. Thus, the time to which the �ltered velocities correspond can be adjusted
by changing the number of forwards and backwards MD steps. This, in turn, will en-
able the adjustment of the number of MD steps to be present between successive
�lter applications enabling the application of a �lter before the energy introduced by
a previous �lter dissipates.
It has to be noted that both DFMD and RDFMD disturb the equilibrium distribution,
P (q) of the system by the �lter application. Thus even though an enhanced con�g-
urational sampling can be achieved, thermodynamic averages cannot be calculated
correctly. Thus in order to sample from an equilibrium distribution and still bene-
�t from the digital �ltering, a method called Digitally Filtered Hybrid Monte Carlo in
short DFHMC is developed in this study. This method combines the notion of digital
�ltering with the theory of Hybrid Monte Carlo. Thus, we will start the next subsec-
tion by introducing the Hybrid Monte Carlo method and then extending it to explain
the DFHMC method.

1.7.4 Hybrid Monte Carlo - (HMC)

Hybrid Monte Carlo (HMC) �rst proposed for simulation of lattice �eld theory by Du-
ane et al. [8] was later applied to molecular systems by Mehlig et al. [56].
HMC is a method to generate a sequence of con�gurations/states following a tar-
get distribution, P (q) by using the Metropolis-Hastings method, where the proposed
con�gurations are obtained via molecular dynamics steps. Since molecular dynamics
in principle is deterministic, a pair of con�guration and velocity vector, (x,v) will de-
termine uniquely the con�guration at a later step. Therefore the proposal probability,
Q(q

0
|q) will be equal to the probability of getting the velocity, v such that the pair,

(q,v) will go to the proposed con�guration, q0 via molecular dynamics for a certain
MD step.

Q(q
0
|q) = Pvel(v) (1.117)

The propability distribution of the velocity vector, v = (v1, v2, ..., v3N), where N
denotes the number of atoms in the system, is mostly chosen to be a multivariate

32



1.7 Enhanced Sampling Methods

normal distribution, N(µ,⌃) with mean, µ = 0 and covariance matrix,⌃ = kBTM�1

Pvel(v) = N(µ,⌃) =
1
W
exp

✓
�
vTMv

2kBT

◆
(1.118)

where W is the normalisation factor making the integral of the probability distribu-
tion function over the whole space equal to 1. kB is the Boltzmann constant, T is the
temperature of the system and M is the diagonal 3Nx3N mass matrix,

M(3Nx3N) =

0

BBBBBBBBBBBBBBBBBBBBB@

m1 0 0 . . . . . . 0
0 m1 0 . . . . . . 0
0 0 m1 . . . . . . 0
0 0 0 m2 . . . . . 0
0 0 0 0 m2 . . . . 0
0 0 0 0 0 m2 . . . 0

. . .

. . .

0 0 0 0 0 0 . mN 0 0
0 0 0 0 0 0 . . mN 0
0 0 0 0 0 0 . . . mN

1

CCCCCCCCCCCCCCCCCCCCCA

(1.119)

where, mi is the mass of the i th atom, i = 1,2, ..., N
Since M is a diagonal matrix,

1
2v
TMv =

1
2

3NX

i=1
Mi ivi

2 (1.120)

which is equal to the total kinetic energy,E(v). Therefore Eq-1.118 can be rewritten
as,

P (v) = exp

✓
�
E(v)

kBT

◆
(1.121)

Furthermore, the joint probability of the atom’s velocities can be written as the
product of the probabilities of each atom’s velocity component as a result ofM being
diagonal

Pvel(v) = Pvel(v1, v2, ..., v3N)

= Pvel(v1)Pvel(v2)...Pvel(v3N)
(1.122)

Thus each atom’s velocity component in a molecular system can be obtained inde-
pendently via,

Pvel(vi) =
1
Wi
exp

 

�
Mi iv

2
i

2kBT

!

, i = 1,2, ...,3N (1.123)
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Given that the target distribution is, P (q), and the proposal distribution, P (v) is as in
Eq-1.121, then the Metropolis-Hasting acceptance criterion, Eq-1.57 can be written
as,

A(q
0
, q) = min

8
><

>:
1,
P (q

0
) exp

⇣
�
E(v

0
)

kBT

⌘

P (q) exp
⇣
�
E(v)
kBT

⌘

9
>=

>;
(1.124)

For a canonical ensemble the target distribution, P (q) is

P (q) =
1
Z
exp

✓
�
U(q)

kBT

◆
(1.125)

Hence Eq-1.124, will be,

A(q
0
, q) = min

8
><

>:
1,
exp

⇣
�
U(q

0
)

kBT

⌘
exp

⇣
�
E(v

0
)

kBT

⌘

exp
⇣
�
U(q)
kBT

⌘
exp

⇣
�
E(v)
kBT

⌘

9
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>;
(1.126)

Noting that U(q) + E(v) = H(q,v), where H is the total energy of the system,
Eq-1.126 becomes,

A(q
0
, q) = min

⇢
1, exp

✓
�
�H

kBT

◆�
(1.127)

Where �H = H(q0 ,v0)�H(q,v)
In addition, it can be noted that the normalisation factor of the target distribution,
Z and of the velocity distribution, W cancels out in the acceptance criterion. Thus
knowing the target distribution up to a multiplicative constant is enough to sample
from the exact target distribution.
A pseudo code to perform Hybrid Monte Carlo can be seen in Algorithm-2

1.7.5 Digitally Filtered HMC - (DFHMC)

The DFHMCmethod, which is proposed in this study as another way to generate ran-
dom variates from a target distribution, with a special emphasis on molecular systems,
uses the method of digital �ltering and HMC. The method tries to bias the velocities
such that the MD updates are more likely to overcome a high energy barrier relative
to the system’s average kinetic energy. Such a biased velocity approach used in con-
junction with HMC called Momentum Enhanced Hybrid Monte Carlo (MEHMC) was
developed by Andricioaei et al. [2].
The only theoretical di�erence between the HMC and the velocity biased methods
DFHMC and MEHMC is in the de�nition of the probability of the velocity vector,
Pvel(v).
Recall that in the HMCmethod, Pvel(v)was equal to a multivariate normal distribution
and could be written as a product of the probabilities of each atom’s velocity compo-
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Algorithm 2 Hybrid Monte Carlo. Hybrid Monte Carlo
1: n  0
2: x0  Starting Con�guration

3: while n < #Steps do
4: Generate v ⇠ N(0, kBTM�1)

5: H  
1
2v

TMv + U(xn)

6: x
0
,v
0
 MDupdate(xn

,v,#MDSteps)

7: H
0
 

1
2(v

0
)TMv

0
+ U(x

0
)

8: �H  H
0
�H

9: accept  exp
⇣
�
�H
kBT

⌘

10: X ⇠ U(0,1)
11: if X < accept OR accept � 1 then
12: xn+1  x

0

13: else
14: xn+1  xn

15: end if
16: n  n + 1
17: end while

nent, Pvel(vi) for i = 1,2...,3N , which were de�ned in Eq-1.123.
In theMEHMC andDFHMCmethods, the probabilities of the velocity vector are given
by a multivariate bimodal distribution with a mathematical form as seen below,

Pvel(v) =
1
W

"

exp

 

�

3NX

i=1

mi(vi � bi)
2

2kBT

!

+ exp

 

�

3NX

i=1

mi(vi + bi)
2

2kBT

!#

, i = 1,2, ...,3N

(1.128)
In principle, a single-variate bimodal distribution can also be used for the probabili-

ties Pvel(vi) for i = 1,2...,3N.

Pvel(vi) =
1
Wi


exp

✓
�
mi(vi � bi)

2

2kBT

◆
+ exp

✓
�
mi(vi + bi)

2

2kBT

◆�
, i = 1,2, ...,3N

(1.129)
The single-variate distribution Pvel(vi) is essentially a sum of two normal distribu-

tions with the same standard deviation but di�erent mean values, one having a mean
value �bi and the other the value bi . The graph of the distribution can be seen in Fig-
1.10. A bimodal distribution introduces the parameter bi , which allows adjusting the
location of the modes. It thus can be used to increase or decrease the most probable
velocity value for each degree of freedom separately. In the DFHMC method, the bi
parameters of the velocity distribution are obtained by a digital �lter application based
on a pre-designed �lter response. To enhance sampling, the �lter is designed to �lter
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out high frequency vibration from the velocity trajectory. Thus only degrees of free-
dom with low frequency vibration will have a non zero �ltered velocity value. Then
to increase the velocity along the degrees of freedom with low frequency vibration,
the �ltered velocities are used as the bi parameters of the velocity distribution. The
symmetrical shape of the bimodal distribution results in increasing velocities in both
positive and negative direction with equal probabilities.

�bi 0 bi

vi

Pvel(vi)

Bimodal Distribution. The velocity propability distribution for the i th velocity degree of free-
dom.

Fi
gu

re
1.
10

Depending on the velocity distribution used (single or multivariate) the correspond-
ing acceptance criteria needs to be applied to maintain the detailed balance or, in other
words, the thermodynamic equilibrium.
Before deriving the acceptance criteria, let us reformulate the velocity distributions to
obtain terms that will make the acceptance criteria look more similar to the ones from
the HMC method.

Reformulating the single-variate velocity distribution:

The Eq-1.129 can also be written as,

Pvel(vi) =
1
Wi
exp
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miv

2
i

2kBT

!
exp

✓
mivibi

kBT

◆
+ exp

✓
�
mivibi

kBT

◆�
(1.130)

The joint probability of the velocity vector, Pvel(v) will be taken as the product of
Pvel(vi) for i = 1,2, ...3N
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Pvel(v) =
3NY

i=1
Pvel(vi)

=
3NY

i=1
exp
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miv

2
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2kBT

! 3NY

i=1
Pb(vi)

(1.131)

where,
Pb(vi) =

1
Wi


exp
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mivibi
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◆
+ exp
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mivibi

kBT

◆�
(1.132)

The �rst term of the product, Pvel(v) in Eq-1.131, can be written as,

3NY
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exp
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= exp
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E(v)

kBT

◆ (1.133)

where E(v) is the total kinetic energy.
Thus the single-variate velocity distribution can be written as;

P (v) ⇠ exp

✓
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E(v)
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Reformulating the multi-variate velocity distribution:

The Eq-1.128 can be written as,

Pvel(v) =
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W
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(1.135)
As in Eq-1.133 the �rst exponential term in the above equation (Eq-1.135), can

be written in terms of the total kinetic energy, E(v). Thus the multi-variate velocity
distribution can be written as;

Pvel(v) ⇠ exp
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�
E(v)
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◆"

exp
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!
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(1.136)

Note that both in the single and multi-variate distributions we wrote the �nal refor-
mulated velocity distribution as a proportion and left out the normalisation constant,
W . This is because of the normalisation constant or any multiplicative constant to the
velocity distribution will cancel out when carrying out the acceptance criteria via the
Metropolis-Hasting Algorithm.
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Thus, for a target distribution that generates the canonical con�gurational ensemble
the Metropolis-Hastings acceptance criterion can be written as follows;
For the Single-Variate Distribution

A(q
0
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For the Multi-Variate Distribution
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(1.138)
where �H = H(q0 ,v0) � H(q,v), the change in the total energy. Note that for

b = (b1, b2, ..., b3N) = 0, the velocity biased method will recover the acceptance cri-
teria given by the HMC method as in Eq-1.127.

So far the DFHMC and MEHMC methods are the same. The di�erence in those
methods are in the way how they determine the bias vector, b in the velocity dis-
tribution function (Eq-1.134, Eq-1.136). The value of bi , in the MEHMC method,
corresponds to the average velocities (momenta) taken over a speci�ed past MD step.
Depending on the MD step used the averaging procedure can be thought as a simple
low pass �lter, which results in a higher bi value for atoms with low-frequency motion.

In DFHMC the b also corresponds to some kind of �ltered velocity but instead of
an arithmetic average, a linear combination of the velocities with prede�ned weights
is used to obtain a �ner way of �ltering frequencies. The digital �lter as in Eq-1.70 is
used for DFHMC in the following form,

bi =
mX

j=�m
cjvi(tj+m), i = 1,2, ...,3N (1.139)

where the set of velocities, {vi(t0), vi(t1), vi(t2), ...vi(t2m)} are obtained by an MD
simulation with 2m + 1 number of steps. The �ltered velocity, bi calculated via Eq-
1.139 is the �ltered velocity at the mth step of the 2m + 1 step MD simulation. The
2m+1 number of coe�cients are chosen such that, they create the desired frequency
response as explained in the digital �lter section. Although any kind of �lter response
can be used, to accomplish an enhanced sampling over the con�guration space, a �lter
response that enhances the low frequency motions is preferred.
A pseudo code to perform digitally �ltered Hybrid Monte Carlo using the single vari-
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1.7 Enhanced Sampling Methods

ate and multi variate velocity distribution can be seen in Algorithm-3 and Algorithm-4
respectively.

Algorithm 3 DFHMC - Single Variate. Digitally Filtered HMC algorithm-1: Single-
variate distribution
1: x0  Starting Con�guration
2: n  0
3: while n < #Steps do
4: if n mod Tf i lter then
5: Generate v ⇠ N(0, kBTM�1)
6: b F i lterV elocities(v,xn

, c)
7: end if
8: Generate v ⇠

Q3N
i=1B(bi , kBT/Mi i)

9: H  
1
2v

TMv + U(xn)

10: x
0
,v
0
 MDupdate(xn

,v,#MDSteps)

11: H
0
 

1
2(v

0
)TMv

0
+ U(x

0
)

12: �H  H
0
�H

13: accept  exp
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14: X ⇠ U(0,1)
15: if X < accept OR accept � 1 then
16: xn+1  x

0

17: else
18: xn+1  xn

19: end if
20: n  n + 1
21: end while

1.7.6 Riemannian Manifold HMC - (RMHMC)

In Riemannian manifold HMC [3] the mass matrix is made dependent on the positions
of the system, M = G(q), where M or G is a 3N ⇥ 3N matrix with N being the
number of atoms in the system. The kinetic energy in the Riemannian manifold is
given as follows,

E(p) =
1
2p
T
G(q)�1p +

1
2 log

�
(2⇡)D|G(q)|

�
(1.140)

The second term in the kinetic energy ensures that the marginal distribution P (q) ⇠
exp{�U(q)} follows the NVT ensemble distribution of the positions. The Hamiltonian
of the systems is:

H(q, p) = U(q) +
1
2 log

⇣
(2⇡)3N |G(q)|

⌘
+

1
2p
T
G(q)�1p (1.141)
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Algorithm 4 DFHMC - Multi variate. Digitally Filtered HMC algorithm-2: Multi-
variate distribution
1: x0  Starting Con�guration
2: n  0
3: while n < #Steps do
4: if n mod Tf i lter then
5: Generate v ⇠ N(0, kBTM�1)
6: b F i lterV elocities(v,xn

, c)
7: end if
8: Generate v ⇠ B(b, kBT/M�1)

9: H  
1
2v

TMv + U(xn)

10: x
0
,v
0
 MDupdate(xn

,v,#MDSteps)

11: H
0
 

1
2(v

0
)TMv

0
+ U(x

0
)

12: �H  H
0
�H

13: accept  exp
⇣
�
�H
kBT

⌘ exp
✓

(v
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)T Mb
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+exp
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exp
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vT Mb
k
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⌘
+exp

⇣
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k
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⌘

14: X ⇠ U(0,1)
15: if X < accept OR accept � 1 then
16: xn+1  x

0

17: else
18: xn+1  xn

19: end if
20: n  n + 1
21: end while
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To calculate the marginal distribution of q, i.e. P (q), the integral of the joint distri-
bution P (q, p) is taken with respect to the momentum p.

P (q) ⇠

Z
exp{�H(q, p)}dp

= exp{�U(q)} exp

⇢
�
1
2 log

⇣
(2⇡)3N |G(q)|

⌘�Z
exp

⇢
1
2p
T
G(q)�1p

�
dp

= exp{�U(q)}
1p

(2⇡)3N |G(q)|

Z
exp

⇢
1
2p
T
G(q)�1p

�
dp

(1.142)

since the Gaussian integral is equal to
p
(2⇡)3N |G(q)| the term below is equal to 1

1p
(2⇡)3N |G(q)|

Z
exp

⇢
1
2p
T
G(q)�1p

�
dp = 1 (1.143)

Therefore the marginal distribution of q, is equal to the NVT ensemble distribution.

P (q) ⇠ exp{�U(q)} (1.144)

The dynamics of the system according to Hamilton’s equation q-1.16 is de�ned by,

dp

dt
= �

@H

@q

= �
dU(q)

dq
�

1
2G(q)

�1 dG(q)

dq
+

1
2p
T
G(q)�1

dG(q)

dq
G(q)�1p

(1.145)

dq

dt
=
@H

@p

= G(q)�1p

(1.146)

Since the Hamiltonian of the Riemannian manifold is not separable as a sum of a
function of q and p the Hamilton equations can be solved numerically via the Gener-
alized Verlet Integrator explained in section 1.2.3.3

p(t +
dt

2 ) = p(t)�
dt

2
d

dq
H(q(t),p(t +

dt

2 ))

q(t + dt) = q(t) +
dt

2


d

dp
H(q(t),p(t +

dt

2 )) +
d

dp
H(q(t + dt),p(t +

dt

2 ))
�

p(t + dt) = p(t +
dt

2 )�
dt

2
d

dq
H(q(t + dt),p(t +

dt

2 ))

(1.147)

Inputting the Derivatives of the Hamiltonian as given in Eq-1.145 and Eq-1.146
into the Generalized Verlet Integrator, Eq-1.147, the 3 step update given below is

41



1 Theory

obtained.
The �rst part is a half step momentum update, which needs to be solved self-

consistently, i.e., given a starting momentum, the step is repeatedly evaluated either
until themomentum does converge to a stable value or until a prede�ned �xed number
of iterations have been done.

pt+
dt

2 = pt �
dt

2


dU(qt)

dq
+

1
2G(q

t)�1
dG(qt)

dq

�
1
2(p

t+ dt2 )TG(qt)�1
dG(qt)

dq
G(qt)�1pt+

dt

2

�
(1.148)

The second part consists of a full step position update, which also needs to be
solved self-consistently

qt+dt = qt +
dt

2

h
G(qt)�1pt+

dt

2 + G(qt+dt)�1pt+
dt

2

i
(1.149)

The �nal part is again a half step momentum update but does not require to be
solved self consistently.

pt+dt = pt+
dt

2 �
dt

2


dU(qt+dt)

dqt+dt
+

1
2G(q

t+dt)�1
dG(qt+dt)

dqt+dt

�
1
2(p

t+ dt2 )TG(qt+dt)�1
dG(qt+dt)

dqt+dt
G(qt+dt)�1pt+

dt

2

�
(1.150)

In contrast to the conventional velocity Verlet or leapfrog integrators, in the above
integrator, the momentum and positions update is also a�ected by the change in the
rede�ned mass matrix, G with respect to the positions.
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Velocity e�ect on systems power spectrum

2.1 Spectral Analysis

In the literature, it was shown that during an MD simulation resetting the atomic ve-
locities to the �ltered velocities obtained through digital �ltering is able to put energy
into the selected frequency range [46], [1]. However, this way of redistributing the
energy makes the process non-equilibrium. Instead by using the �ltered velocities as
a parameter for a distribution where the velocities are drawn from, the process can
be made equilibrium by using an acceptance-rejection criterion to form a Metropolis-
Hastings algorithm.
Before applying theMetropolis-Hastings algorithm to form the DFHMC, we analyse

whether drawing the velocities from a bimodal distribution with parameters as the �l-
tered velocities can still put energy into the selected frequencies. Since the velocities
will be drawn from a distribution, the direction of the drawn velocity vectors will not
necessarily be the same. Therefore we would expect that not every time the energy
will go into the selected frequency. Thus, the question we are interested in is whether
the energy in the selected frequency can be increased by using the bimodal distribu-
tion with the �ltered velocities as parameters compared to drawing the velocities from
a normal distribution.
The systems that are used all have separated frequencies making it easy to target

a speci�c frequency. Energy is introduced into the lowest frequency by designing a
�lter to remove all frequencies except the lowest one. The direction of the lowest
frequency vibration is chosen to be di�erent for each system to answer the following
questions:
Can energy be introduced via a bimodal distribution

1. when the direction of the target vibration is along a cartesian coordinate

2. when the direction of the target vibration is along an angle

3. When the direction of the target vibration is along a dihedral angle

Essentially, the second and third questions investigate how the energy distributes
when the vibrations are along a nonlinear combination of the cartesian coordinates.



2 Velocity e�ect on systems power spectrum

2.1.1 DoubleWell

Double Well potential surface along x, y . The graph shows the equal potential energy lines,
isoline graph of the double well energy surface. On the top and right side of the �gure the
projections of the surface on to the y and x axis are drawn.
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The �rst and simplest system is the Double Well potential system Eq-2.1, and will
be used further in the application chapter.

U(x, y , z) = Kxz(x
2 + z2) +Kyy

2(y � b)2 (2.1)

The parameters of the double well potantial are choosen to be as follows:
Kxz = 40227.6254 kJ/(molAngstrom2), Ky = 25 kJ/(molAngstrom4), b = 2
Angstrom

The energy surface of the double well potential with the given parameters can be
seen in Fig-2.1.
The system’s vibrations are along the cartesian coordinates. As can be seen from

the spectral density Fig-2.2, the low and high frequencies are well separated, and a
low pass �lter with the band being between 0 � 1000cm�1 can be used. Note that
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2.1 Spectral Analysis

1000cm�1 as the band end is used as one arbitrary option that is able to separate
the low and high frequency. Thus any frequency that is between the low and high
frequency can be used as the band end.

Fourier SpectrumofDoubleWell potential system. Frequencies are displayed inwavenumber
units. MDStep = 104, dt= 2fs, temperature= 300K

Figure
2.2

Fig-2.3, shows the distribution of the percentage of energy that is in the selected
frequency with respect to the total energy. The percentage is calculated from the
spectral density by summing the energies between the selected frequency range, di-
viding by the total energy and multiplying by 100, Eq-2.2.

PF = 100x
P
f

i=0 energy(i)PfNyquist
i=0 energy(i)

(2.2)

Since the starting velocities are drawn from a distribution and the molecular dy-
namics simulation conserves the total energy, the amplitudes of the spectral densities
obtained from the MD simulation will vary depending on the drawn velocities. There-
fore repeated simulations have been done to generate a histogram for the percentage
energies. Fig-2.3 compares the histogram of the percentage of selected frequency
range’s energies for bimodal velocity distribution and the normal velocity distribution.
As can be seen, when the �ltered velocities are used as a parameter in the bimodal
distribution, a signi�cantly higher percentage of energy goes into the selected fre-
quency region compared to using the normal distribution. An important parameter
that in�uences the degree of increase of energy into the selected frequency range
is the �lter scaling parameter. After the �ltered velocities are obtained, they can be
scaled by a scalar, which will not change the direction of the �ltered velocity vector
but it would increase its magnitude. if the �ltered velocities are small compared to the
standard deviation of the modes that make up the bimodal distribution the directional
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2 Velocity e�ect on systems power spectrum

information would be lost in the drawn velocities. Thus to preserve the directional
information the �ltered velocities can be scaled such that the standard deviation is
not big enough to merge the two modes in the bimodal distribution. In the case of
the Double Well system, a scaling parameter of 2 has been used, which resulted in a
signi�cant increase in the percentage energy of the selected frequency range.

DoubleWell: Percentage of low frequency energy for a Normal vs Bimodal velocity distri-
bution. The �gure compares the percentage of energy that goes into the lower frequency
motion when a normal and/or bimodal velocity distribution is used to initialise the velocities
in an MD simulation

Fi
gu

re
2.
3

46



2.1 Spectral Analysis

2.1.2 Water

The Water system, consists of 3 atoms. It has two bonds and one angle. The low
frequency vibration is from the angle bending and is well separated from the bond
stretching vibrations, Fig-2.4. Energy to the lowest frequency vibration, i.e. angle
bending can be introduced by designing a low pass �lter with the band between 0�
2500 cm�1.

Fourier Spectrum of Water molecule. Frequencies are displayed in wavenumber units. MD-
Step = 104, dt= 0.1fs, temperature= 300K

Figure
2.4

Fig-2.5 shows the histogram of the percentage of the angle bending energy for
simulation with normal and bimodal velocity distribution. As can be seen, higher per-
centages are reached when the bimodal distribution is used. Thus using the �ltered
velocities together with the bimodal distribution is able to introduce energy into an
angle bending motion. The shown increase in the percentage of energy is obtained by
using a �lter scaling factor of 10.
When the �ltered velocity is used as a parameter for the bimodal distribution, the

degree and ability to enhance the slow vibration highly depends on the magnitude of
the variance of the modes in the bimodal distribution. Thus if the magnitude of the
�ltered velocities is smaller than the magnitude of the mode’s variance in the bimodal
distribution than the procedure acts like an HMC implementation.
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2 Velocity e�ect on systems power spectrum

Water: Percentage of angle Energy for a Normal vs Bimodal velocity distribution. The �gure
compares the percentage of energy that goes into the abgle bending motion when a normal
and/or bimodal velocity distribution is used to initialise the velocities in an MD simulation
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2.1 Spectral Analysis

2.1.3 Dihedral

The dihedral systems consist of 4 atoms, it has 3 bonds, 2 angles and 1 dihedral angle
Fig-2.6. The parameters of the potential energy are adjusted such that the dihedral,
angle and bond vibrations are well separated in the spectral density, Fig-2.8. Energy
to the dihedral motion which is the lowest frequency vibration can be introduced by
designing a low pass �lter with the band being between 0� 500 cm�1.

i

j
k

l

Φ

Dihedral Angle Illustration. Illustration of the Dihedral Angle, �

Figure
2.6

The dihedral potential is a triple cosine potential Eq-2.3, and has been used before to
simulate a butane molecule [57]. In the interval 0� 360 degrees it has 2 degenerate
local minima and one global minima, Fig-2.7. The parameters V1 = 6.362 kJ/mol ,
V2 = �1.317, kJ/mol V3 = 13.405 kJ/mol which creates approximately 15, 10
kJ/mol height energy barriers.

Vdihedral = 0.5V1(1+ cos(�)) + 0.5V2(1� cos(2�)) + 0.5V3(1+ cos(3�)) (2.3)

The angle potential has the following form and has the same parameters (kangle =
10063.34kJ/molradian2, ✓0 = 112 degree) for both angles

Vangle = 0.5kangle(✓ � ✓0)2 (2.4)

The bond potential is also in harmonic form and has the same parameters (kbond =
20086.8kJ/molangstrom2, r0 = 1.53angstrom) for all bonds

Vbond = 0.5kbond(r � r0)2 (2.5)

Similar to before the histogram of the percentage of dihedral energy is plotted for
simulations with bimodal and normal velocity distributions. As before, it can be seen
from Fig-2.9 that the simulation with bimodal distribution together with the �ltered
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2 Velocity e�ect on systems power spectrum

dihedral potential - triple cosine. triple cosine function to represent the dihedral potential.
for mathematical form see Eq-2.3
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velocities increases the percentage energy that goes into the dihedral signi�cantly
compared to the simulation with the normal velocity distribution. Thus using the �l-
tered velocities as the parameters for the bimodal distribution makes it possible to
add energy to the dihedral angle. The shown increase in the percentage of energy is
obtained by using a �lter scaling factor of 10.
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2.1 Spectral Analysis

Fourier Spectrum of Dihedral system. Frequencies are displayed in wavenumber units. MD-
Step = 104, dt= 2fs, temperature= 300K

Figure
2.8

Percentage of angle Energy for HMC andDFHMC. Frequencies are displayed in wavenumber
units. MDStep = 104, dt= 0.1fs, temperature= 300K

Figure
2.9
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2 Velocity e�ect on systems power spectrum

2.1.4 Alanine dipeptide

Alanine di peptide, Molecule. Molecular representation of alanine di peptide
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Alanine dipeptide a molecular system with 22 atoms, is a relatively simple molecule
to model the protein backbone dihedral motions Fig-2.10. The system is also studied
in the application section.

FFT of alaine di peptide via MD simulation. Frequencies are displayed in wavenumber units.
MDStep = 104, dt= 2fs, temperature= 300K
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In this system, the low frequency motion that causes the simulation to get stuck
in local minima comes from the � and  dihedral angles. However di�erent than the
previous system the frequency spectrum of alanine dipeptide Fig-2.11 does not have
a clear separation of low and high frequency vibrational modes and thus speci�cally
targeting just the � and  dihedral motions is di�cult. In the RDFMD study, it is
shown that a �lter that targets between 0 � 100cm�1 can capture 75% of � and
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2.1 Spectral Analysis

almost 40% of � while the other degrees of freedom are not a�ected signi�cantly [1].
Therefore in our study, we apply a low pass �lter that enhances frequencies between
0� 100cm�1. Due to the higher number of degrees of freedom and a more complex
frequency spectrum, the wavelet spectrum is analysed to inspect the e�ect of the
bimodal velocity distribution.
Fig-2.12 shows the wavelet spectrum of alanine dipeptide where the initial veloci-

ties are drawn from a bimodal distribution with the bias values obtained through the
application of a 0 � 100cm�1 digital �lter. As can be seen, at the beginning of the
simulation there is an increase in the intensity of lower frequency motions. However,
it quickly dissipates into higher frequency vibrational modes.

Wavelet spectrum of alanine di peptide. Frequencies are displayed in wavenumber units.
MDStep = 104, dt= 2fs, temperature= 300K

Figure
2.12

To summarize, using the �ltered velocities within the bimodal distribution can in-
troduce more energy to the selected frequencies compared to a normal distribution.
Being able to add energy towards the angle and dihedral, supports the assumption
that the procedure can add energy along a direction that is a nonlinear combination
of the cartesian coordinates. These observations motivate to construct a Metropolis-
Hastings algorithm by combining the bimodal distribution with an acceptance crite-
rion to satisfy the detailed balance condition and hence create an equilibrium pro-
cess which we call the DFHMC method. The next chapter investigates the DFHMC
method on di�erent systems with varying complexities and compares it with the stan-
dard HMC method.
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Applications

3.1 Double Well - 2D

Before applying the DFHMC method to complex high dimensional systems such as
molecules, theHMCwith themodi�ed velocity distribution is studied in a two-dimensional
system, where the bias value (b) of the bimodal velocity distribution is kept �xed. The
aim is to make sure that the method with the biased velocity distribution conserves
the target distribution. As explained in the theory section, two di�erent velocity distri-
bution functions with the corresponding acceptance criteria may be used to bias the
velocities. In this test case, the system is investigated under the canonical ensemble.

2DDoubleWell Potential Energy U(x, y). Potential energy function, U(x, y) for the 2 dimen-
sional double well system with respect to x and y . The energy barrier is 1, and the two minima
are at position (0,0) and (0,2)

Figure
3.1

A two-dimensional system with the following potential energy function is used as a
simple testing model. The same energy surface was also used in the paper explaining
the MEHMC method [2]

U(x, y) = 500x2 + y2(y � 2)2 (3.1)



3 Applications

The energy function is such that the motion in the x direction is much faster than
along the y direction. The energy function, U(x, y) has two minimum states, one
at (x, y) = (0,0) and the other at (x, y) = (0,2) seperated by a barrier of height
U = 1.0. The potential energy function can be seen in Figure 3.1.

Since the system is tested under the canonical ensemble the target distribution or
in other words the probability of being in a state, q = (x, y) is as follows:

P (x, y) =
exp
⇣
�U(x,y)
kBT

⌘

R1
�1 exp

⇣
�U(x,y)
kBT

⌘
dxdy

(3.2)

Since U(x, y) = U(x) + U(y), the joint probability can be written as the product of
the probabilities, P (x) and P (y). Hence they are independent

P (x, y) =
exp
⇣
�500x2
kBT

⌘

R1
�1 exp

⇣
�500x2
kBT

⌘
dx

exp
⇣
�y2(y�2)2
kBT

⌘

R1
�1 exp

⇣
�y2(y�2)2
kBT

⌘
dy

= P (x)P (y)

(3.3)

Thus the histogram of the samples x (y ) obtained from simulation should generate
the distribution P (x) (P (y)).

3.1.1 HMC with Bimodal Distribution

To show numerically that the bimodal velocity distribution with a given bias value and
its corresponding acceptance criterion can generate the equilibrium distribution, we
run multiple simulations for di�erent �xed bias values and analyse the distributions
generated.
The probability distribution, P (x) and P (y) for kBT = 1 is obtained for several

bias, b values as histograms from the con�gurations generated by the simulation and
plotted together with the probability distribution structured in a matrix format for the
HMC methods with single-variate [Figure 3.2, 3.4] and multi-variate [Figure 3.3, 3.5]
velocity distributions.
As can be seen from the Figures 3.2, 3.4, 3.3, 3.5 the samples obtained using the

several bias values for both of the HMC methods with the di�erent velocity distri-
bution �ts reasonably well with the theoretical probability distribution along x and y
coordinates. It can also be seen that the �t gets worse when the acceptance ratio gets
smaller. Thus, for smaller acceptance ratios more HMC steps would be needed for a
better �t.

To get a more quantitative measure, the PMF’s(Potential of Mean Force) along the
x and y coordinates are calculated. The PMF of some variable x is de�ned as follows:
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2D Double Well system-Histograms for P (x), single-variate bimodal distribution. Red
Curve: P (x) through numerical integration. Black bars: Histogram with 100 bins of the sample
x obtained via the HMCmethod with single-variate bimodal velocity distribution for the listed
bias values. The values inside of the �gures are the acceptance ratio(%) for the correspond-
ing simulation. Simulation parameters: #HMC Steps= 106, #MD Steps= 10, MD time step
dt = 0.04, kBT = 1.0

Figure
3.2

PMF (x) = �kBT ln

Z 1

�1
exp

⇢
�
U(x, y)

kBT

�
dy

�
(3.4)

And in our case where U(x, y) = U(x) + U(y), the PMF of x , will be equal to
U(x) + c .

PMF (x) = �kBT ln


exp

⇢✓
�
U(x)

kBT

◆��

| {z }
U(x)

+ ln

Z 1

�1
exp

⇢✓
�
U(y)

kBT

◆�
dy

�

| {z }
c: Constant

(3.5)

To compare the PMF’s from simulation with the theory, the minimum of the PMF
is set to zero, to make the constant, c equal for both simulation and theory. The
comparisons between the PMF’s are done using two measures. The �rst measure is
the RMSD (Root Mean Square Deviation) between the PMF’s. If the values of PMF
from the simulation for the set of x , is given by PMFsim(x) = s , and the PMF from
numerical integration for the same set x is PMFt(x) = t then the RMSD between the
PMF’s is as follows:
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2DDoubleWell system-Histograms forP (x), multi-variate bimodal distribution. Red Curve:
P (x) through numerical integration. Black bars: Histogram with 100 bins of the sample x
obtained via the HMC method with multi-variate bimodal velocity distribution for the listed
bias values. The values inside of the �gures are the acceptance ratio(%) for the corresponding
simulation. Simulation parameters: #HMC Steps= 106, #MD Steps= 10, MD time step dt =
0.04, kBT = 1.0
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RMSD(s, t) =

vuut1
n

nX

i=1
(si � ti)2 (3.6)

where n is the number of samples.
The RMSD is expected to get closer to 0 when the PMF values for the simulation get
closer to the numerically integrated PMF.
The second measure is the Pearson product-moment correlation coe�cient (PCC) be-
tween both PMF’s, and is de�ned as follows:

PCC(s, t) =

P
n

i=1 (si � s̄)(ti � t̄)pP
n

i=1 (si � s̄)
2
pP

n

i=1 (ti � t̄)
2

(3.7)

The PCC is expected to reach 1 if the PMF values come closer.
The PCC and the RMSD values with respect to the number of HMC steps for various
bias,b values can be seen in Figure 3.6
According to the Figure 3.6, 3.7, for all bias values the PCC gets closer to 1 and

the RMSD gets closer to 0 with increasing HMC steps. According to the graph, it
also seems that the local convergence is slower for higher bias values. Nevertheless,
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2D Double Well system-Histograms for P (y), single-variate bimodal distribution. Red
Curve: P (y) through numerical integration. Black bars: Histogram with 100 bins of the sample
y obtained via the HMCmethod with single-variate bimodal velocity distribution for the listed
bias values. The values inside of the �gures are the acceptance ratio(%) for the correspond-
ing simulation. Simulation parameters: #HMC Steps= 106, #MD Steps= 10, MD time step
dt = 0.04, kBT = 1.0

Figure
3.4

the PMF values from the various simulations with di�erent biases converges to the
correct PMF obtained through numerical integration for the same set of input values.
However, since the PMF is evaluated for the same input values as obtained from sim-
ulation, the RMSD and the PCC gives a measure only for the local convergence. If a
simulation gets trapped in a local minimum, the local convergence measures might give
a result that shows a good �t with the correct PMF. In such a situation it is clear that
the simulation did not sample the whole domain of the underlying ensemble. Thus,
the simulation would not be globally converged. Therefore, as a measure for the global
convergence, an ensemble average can be used. To test the global convergence along
x and y separately ensemble averages formed from only one coordinate are used.

An average value, A that only depends on x , can be calculated by

< A >=

Z 1

�1
A(x)P (x)dx (3.8)

and similarly, an average value, B that depends only on y , can be calculated by the
integral with respect to y only.
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2DDoubleWell system-Histograms forP (y), multi-variate bimodal distribution. Red Curve:
P (y) through numerical integration. Blue bars: Histogram with 100 bins of the sample y
obtained via the HMC method with multi-variate bimodal velocity distribution for the listed
bias values. The values inside of the �gures are the acceptance ratio(%) for the corresponding
simulation. Simulation parameters: #HMC Steps= 106, #MD Steps= 10, MD time step dt =
0.04, kBT = 1.0
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< B >=

Z 1

�1
B(y)P (y)dx (3.9)

In order to interpret quantitatively how well HMC and the HMC with the modi�ed
velocity distribution for di�erent bias velocities samples from the target distribution in
both dimensions separately, ensemble averages of x2 and y2 are taken as a measure.
Theoretically, the ensemble average of x2 can be calculated as follows,

< x
2
>=

R1
�1 x

2 exp
⇣
�500x2
kBT

⌘
dx

R1
�1 exp

⇣
�500x2
kBT

⌘
dx

(3.10)

The integral on the denominator is a Gaussian integral,

A =

Z 1

�1
exp

✓
�500x2

kBT

◆
dx =

r
⇡kBT

500 (3.11)

And the integral on the nominator can be obtained by taking the second derivative
of the Gaussian integral, A with respect to x . Since,
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2D double wel system-RMSD and PCC of PMF’s. RMSD of PMF’s along a)x and b)y coor-
dinates. PCC of PMF’s along c)x and d)y coordinates with respect to the log10 of the HMC
Steps. Obtained using the single variate velocity distribution. Simulation Parameters: #HMC
Steps= 107, #MD Steps= 10, MD time step dt = 0.04, kBT = 1.0

Figure
3.6

Z
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2

dx2


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�500x2

kBT

◆
dx

�
=
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2

dx2

Z
exp
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�500x2

kBT

◆
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r
⇡kBT

500 = 0
(3.12)

The LHS (left hand side) of Eq 3.12 can be evaluated as:

Z
d
2

dx2


exp

✓
�500x2

kBT

◆
dx

�
=

✓
1000
kBT

◆2 Z 1

�1
x
2 exp

✓
�500x2

kBT

◆
dx

�
1000
kBT

Z 1

�1
exp

✓
�500x2

kBT

◆
dx

(3.13)

Since the LHS of Eq 3.13 is also equal to zero, the nominator of Eq 3.10 will be;

Z 1

�1
x
2 exp

✓
�500x2

kBT

◆
dx =

1000
kBT

✓
kBT

1000

◆2 Z 1

�1
exp

✓
�500x2

kBT

◆
dx (3.14)

Thus, the average in Eq-3.10,
< x

2
>=

kBT

1000 (3.15)
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2D DoubleWell system-RMSD and PCC of PMF’s. RMSD of PMF’s along a)x and b)y coor-
dinates. PCC of PMF’s along c)x and d)y coordinates with respect to the log10 of the HMC
Steps. Obtained using the Multivariate velocity distribution. Simulation parameters were the
same as in caption Fig-3.6, Parameters: #HMC Steps= 107, #MD Steps= 10, MD time step
dt = 0.04, kBT = 1.0Fi
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For kBT = 1.0, the ensemble average < x2 >= 0.001
On the other hand the ensemble average of y2,

< y
2
>=

R1
�1 y

2 exp
⇣
�y2(y�2)2
kBT

⌘
dy

R1
�1 exp

⇣
�y2(y�2)2
kBT

⌘
dy

(3.16)

is calculated numerically. For kBT = 1.0 the ensemble average of y2 is,

< y
2
>= 1.83274 (3.17)

The root mean percentage error between the simulated and the theoretical ensem-
ble average has been calculated for four simulations with the same simulation param-
eters but di�erent random number seeds as follows and plotted with respect to the
number of HMC steps in Figure 3.8.

✏ =

vuut1
4

4X

i=0

✓
< z >i � < Z >

< Z >

◆2
(3.18)

where < zi > represents the ensemble average of x2 or y2 depending on the co-
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ordinate of interest for the i th simulation. And < Z > represents the theoretically
calculated ensemble average of the corresponding coordinate.
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2DDoubleWell system-rootmean squared percentage error of ensemble average for single
variate velocity distribution. Root mean squared percentage error of a) < x2 > and b) <
y
2
> in a log scale with respect to the log10 of HMC Step. Obtained using the Singlevariate

velocity distribution. Simulation parameters were the same as in caption Fig-3.6, Parameters:
#HMC Steps= 107, #MD Steps= 10, MD time step dt = 0.04, kBT = 1.0

Figure
3.8

As can be seen from Figure 3.8, 3.9 the root mean percentage error for all simu-
lations with di�erent bias values along both coordinates drops with increasing HMC
steps. After a million (106) HMC steps the error in averages drops below 1%. Hence, it
can be said that for all simulations with various bias values the ensemble averages are
relatively well obtained and are able to sample correctly the con�gurational canonical
ensemble. In the given simulation time, it can also be seen that the simulation with a
bias in the y coordinate (slow dimension) results on average in a smaller percentage
error for the < y2 > ensemble average but a higher percentage error for the < x2 >
ensemble average than the simulations without the bias in that coordinate.

To sum up, the HMC method with the modi�ed velocity distribution, where we
introduced a bias to the velocities is shown to generate samples that follow the target
distribution. From the local convergence �gures, Figure 3.6 it can be observed that
the simulations with a bias value di�erent than zero converge more slowly locally.
However, according to the global convergence measure, Figure 3.8 the simulations
with a bias in the slow dimension, y seems to result in smaller percentage error for the
average related to the y coordinate, < y2 > than the simulations without the bias in
that coordinate, but seems to perform worse for the< x2 > average. For a conclusive
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2D Double Well system - root mean squared percentage error of ensemble average for
multivariate velocity distribution. Root mean squared percentage error of a) < x2 > and
b) < y2 > in a log scale with respect to the log10 of HMC Step. Obtained using the Mul-
tivariate velocity distribution. Simulation parameters were the same as in caption Fig-3.6,
Parameters: #HMC Steps= 107, #MD Steps= 10, MD time step dt = 0.04, kBT = 1.0Fi
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decision on the performance e�ect of the bias values more simulation experiments
needs to be constructed at lower kBT values where the HMC without any bias needs
relatively long HMC steps to converge globally. Thus the next subsection analyses the
performance of the DFHMC method where the bias values are obtained by �ltering a
speci�ed frequency window, on the same surface but with a lower kBT value.
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3.1.2 DFHMC vs HMC

In this section, we analyse and compare the convergence performance of the proposed
method DFHMC to the standard HMC method. The comparison is made by analysing
the x2, y2 ensemble averages and energy barrier crossing along the (y) coordinate.
The kT value is reduced to 0.1 which will lower the temperature of the simulation
and makes it di�cult for a standard HMC or MD simulation to overcome the energy
barrier along the y direction which has a height of 1 kJ/mol.

For the DFHMC method, a �lter is designed via the following MATLAB function,

c = fircls(1000, [0 0.15 1], [1 0], [1.01 0.01], [0.09 � 0.01], 0text 0) (3.19)

which, gives the frequency response graph shown in the digital �lter section Fig-1.8,
The normalised frequency 0.15 is determined such that it separates the high (x di-
rection) and low frequencies (y direction) present in the system. Thus, the frequency
values of the slow and high frequencies need to be known. In this 2D system, the
high-frequency motion is along the x direction. The frequency can be calculated from
the spring constant which is equal to 1000. Thus, the high frequency is equal to:

f =
1
2⇡

r
k

m

=
1
2⇡

r
1000
1 = 5.03

(3.20)

Since the MD time step used in the DFHMC simulation is chosen to be 0.04, the
normalised frequency of f = 5.03 is,

fnormalised = f x2xdt

= 5.03x2x0.04 = 0.4
(3.21)

To determine the low-frequency value, a Fourier transform over a molecular dynamics
trajectory has been taken to obtain the frequency spectrum. From this frequency
spectrum, the low-frequency values are determined. Certainly, the high-frequency
value can also be obtained this way.

As can be seen from the Fig-3.10, any normalised frequency value that is bigger than
0.1 and smaller than 0.4 would separate the high frequencies from the low-frequency
values. Thus, the choice of 0.15 as the separation value satis�es the requirement.

To analyse the global convergence of DFHMC with the given �lter design, the root
mean square percent error of the x2 and y2 ensemble averages to the exact values
at low temperature (kT = 0.1), are plotted for the DFHMC and HMC simulation Fig-
3.11.
The exact values at the temperature of kT = 0.1 are calculated via Eq-3.1.1 for <
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2D Double Well system-FFT of MD trajectory. FFT of the linear combination of the MD
trajectories along x and y dimensions. a) full positive frequency range b) frequecncy range
between 0.0 and 0.2. Simulation Parameters: #MD Steps= 1000, MD time step dt = 0.04,
starting position (x0, y0) = (0.0,1.0), This starting position correspond to the top of the
energy barrier allowing the NVE simulation to have enough energy to explore all local minima,
thereby giving a better representation of the overal frequency spectrum.
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x
2
> and Eq-3.16 using numerical integration for < y2 > to be,

< x
2
> = 0.0001

< y
2
> = 1.97252

(3.22)

As can be seen from Fig-3.11 the error in the fast direction x converges to below
1% for both HMC and DFHMC, the error in the slow direction (y ) is much smaller in
DFHMC than in HMC. While DFHMC is below the 1% error region, the HMC is still
above 10% of error. The small error in DFHMC compared to HMC can be explained
by the system crossing the barrier more frequently Fig-3.12.

Note that in Fig-3.12 the total HMC steps plotted on the x-axis, are di�erent for the
HMC and DFHMC simulation. While for the HMC simulation a barrier crossing event
is observed in the order of 106 HMC steps, for the DFHMC a plot with a max range
of 106 would make the transitions step not visible. Therefore, the range is decreased
to the order of 105 to see the transitions better on the �gure.

To summarise, we observe that the use of the bimodal velocity distribution together
with the appropriate acceptance criterion conserves the equilibrium distribution of the
system. From the results of the simulations at lower kT = 0.1 values compared to
the energy barrier height, i.e. 1, we noted that the simulations that use the bimodal
velocity distribution with the bias obtained via a digital �lter converge much more
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2D Double Well system-root mean squared percentage error of ensemble average. Root
mean squared percentage error of a) < x2 > and b) < y2 > over 10 independent trials, in
a log scale with respect to the log10 of HMC Step. Obtained using the Multivariate velocity
distribution for kBT = 0.1. Simulation Parameters: #HMC Steps= 107, #MD Steps= 10, MD
time step dt = 0.04, Digital Filter application frequency was every 10 HMC steps.

Figure
3.11

quickly to the ensemble average along the slow direction (y )compared to the standard
Hybrid Monte Carlo method. On the other hand, the convergence on the ensemble
average along the fast direction (x ) is slowerwith theDFHMCmethod compared to the
HMC method. Suggesting that the DFHMC method is better in exploring the surface
globally; however, it is not as good in exploring the surface locally. The enhancement
in the global convergence of the DFHMC method is especially prominent when the
energy barrier is high enough such that the standard HMC method has di�culties to
overcome it.
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2D Double Well system-Positions in the y dimension as a function of HMC steps. The
change of positions along the slow dimension y with respect to HMC steps for a) HMC b)
DFHMC simulations. Simulation Parameters: #HMC Steps= 106 for HMC 105 for DFHMC,
#MD Steps= 10, MD time step dt = 0.04, kBT = 0.1, Digital Filter application frequency
was every 10 HMC steps.Fi
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3.2 Double Well - 3D

3D Double Well potential surface along x, y . The graph shows the equal potential energy
lines, isoline graph of the double well energy surface. On the top and right side of the �gure
the projections of the surface on to the y and x axis are drawn.

Figure
3.13

The 2D potential simulations investigated in the previous sections were performed
on a code that was developed from scratch using python. The code is suitable to
test and design algorithms such as DFHMC, but due to the use of non-optimised
algorithms and non-parallelisation, it is not suitable to run on 3D systems with multiple
particles such as molecules. Thus to be able to apply DFHMC on molecules, DFHMC
is integrated into the optimized Molecular Dynamics open source platform OpenMM
[11] for more details on the code integration see section 4
Before applying the DFHMC on Molecules using OpenMM, we test the DFHMC

implementation on a 3D Double Well potential Eq-3.26.

U(x, y , z) = Kxz(x
2 + z2) +Kyy

2(y � b)2 (3.23)

As can be seen, the 3D potential has the same structure as the 2D double well
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potential investigated in the previous section. To make the 2D double well potential a
3D potential, a harmonic potential is added along the z direction. Thus along x and z
there is a harmonic potential, and in y direction there is a double well potential. Since
the potential is separable along all the x , y , z coordinates, the ensemble averages of
< y

2
> and < x2 > will be the same as in 2D case calculated in 2D Double Well

section.
Using this 3D Double Well potential in OpenMM, we can check if the DFHMC

integration to OpenMM is correct by comparing the outcome of the 3D Double Well
system with the 2D double well system.
The parameters of the double well potential are chosen to be as follows:
Kxz = 40227.6254 kJ/(molAngstrom2), Ky = 25 kJ/(molAngstrom4), b = 2
Angstrom

The energy surface of the double well potential with the given parameters can be
seen in Fig-3.13. The energy barrier is along the y direction, and the barrier height is
equal to 25kJ/mol as can be seen from the projection of the surface on to the y axis.
The local minima of the system is located at (0,0,0) and (0,2,0) angstrom.

Double Well 3D Power spectrum of MD trajectory and Frequency Response of designed
�lter. Power Spectrum (in blue and solid line) of NVE MD velocity trajectory. Frequency
Response (in red, dashed line) of the designed low pass �lter that removes high frequency
from the signal. Simulation paramaters: MD Steps = 104, MD timestep dt = 4f s , starting
position (x0, y0, z0) = (0.0,1.0,0.0) angstroms.Fi
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The frequency characteristics of a system moving in such a double well potential
are obtained by running an NVE constant total energy simulation and then calculating
the average of the Fourier transform of the velocity trajectories along each degree of
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3.2 Double Well - 3D

freedom. The starting point of the NVE simulation as in the previous section is cho-
sen to be on top of the energy barrier, i.e., (0,1,0) angstrom, to ensure the trajectory
reaches all local minima and thereby generating a better representation of the fre-
quency spectrum. As can be seen from Fig-3.14, the high and low frequency signals
are well separated and can be easily targeted with a low pass �lter design.
To be used in the DFHMC method a �lter is designed that suppresses the high

frequency motion in the system, the following Matlab function is used to generate
the �lter coe�cients.

c = fircls(1000, [0 0.16 1], [1 0], [1.01 0.01], [0.09 � 0.01], 0text 0) (3.24)

which, gives the frequency response graph shown in red and dashed line in Fig-
3.14. As can be seen from the �gure, the designed �lter is suitable to separate the
low and high frequency vibrations in the system shown as a solid blue line on the
same graph. The normalised frequency 0.16 at dt = 4f s , corresponds to 667cm�1

in wavenumber units.

f = fnormalised ⇥ fNyquist

=
fnormalised

2dt

=
0.16
2⇥ 4 f s

�1 =
0.16
8c cm

�1

=
0.16

8⇥ 3⇥ 10�5 cm
�1

= 667 cm
�1

(3.25)

where c is the speed of light in cm/f s units, 3⇥ 10�5 cm/f s
Thus a �lter that enhances frequencies between 0� 667cm�1 and suppresses any

other frequency range is used in the DFHMC method for the double well potential
system.
Fig-3.15 shows the potential of mean force (PMF) along the slow degree of free-

dom, y , for DFHMC and HMC simulation results. The solid line is the numerically
obtained PMF and is used as the benchmark. As can be seen, both HMC and DFHMC
follow the numerically obtained PMF quite well, indicating that the methods conserve
equilibrium.
To assess the global convergence speed of the two methods, as in the previous

section of the 2D double well potential, the ensemble average of y2 is calculated at
varying HMC steps and the percentage error from the benchmark average is plotted
in Fig-3.16. The average used as the benchmark is calculated via numerical integration
to be < y2 >= 0.0197 angstrom2

As can be seen from Fig-3.16, the DFHMC method converges to the ensemble
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3 Applications

PMF along y coordinate for the Double Well potential. Solid black line is the PMF ontained
via numerical integration. The blue and red dots represents the result obtained via HMC and
DFHMC simulation respectively. Simulation Parameters: HMCStep = 107, MDStep = 30, dt =
4f s , scl=5, nst�lter = 100, temperature = 300K
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average much faster than the standard HMC method. Indicating that the DFHMC
method is enhancing the simulation to cross the energy barrier. The variations across
repeated simulations for the DFHMC also decreases faster compared to the HMC, as
seen by the smaller error bars.

To qualitatively assess the rate of energy barrier crossing, the trajectory of the slow
degree of freedom,y , of a representative simulation for HMC andDFHMC is generated
in Fig-3.17. As can be seen from the �gure, the rate of energy barrier crossing, i.e.
moving from the local minima around y = 0 to y = 2 angstrom = 0.2 nm and
vice versa is much higher in DFHMC compared to HMC. The HMC simulation spends
more time around the local minima before transitioning between them, via crossing
the energy barrier.

To summarise, The double well potential in the 3D setup is simulated via the HMC
and DFHMC methods. Consistent with our observations from the previous section
of the 2D double well system, the DFHMC method converges faster to the ensemble
average compared to the HMC method. Both HMC and DFHMC methods conserve
the equilibrium distribution. Thus the performance is consistent with the observed
result for the 2D Double Well potential analysed via the non-optimised python code
in the DoubleWell- 2D section, which indicates that the integration of the DFHMC
method into the OpenMM molecular dynamics package works as expected. Using
the OpenMM implementation the DFHMC and HMC application can be scaled to
more complex and bigger systems in a computationally e�cient way. The observed
enhancement of the DFHMC method on the double well potential shows us that the
DFHMC is capable of adding energy along a slow degree of freedom that is aligned
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3.2 Double Well - 3D

Convergence of y2 ensemble average for Double Well system. Mean absolute percentage
error of < y2 > over 4 independent simulations with respect to the log10 of HMC Steps. The
error bars represent the standard deviation of the percentage error (PE ± �PE ) from the 4
independent simulation repeats. Simulation parameters: HMCStep = 107, MDStep = 30, dt =
4f s , scl=5, nst�lter = 100, temperature = 300K

Figure
3.16

along a cartesian coordinate. In the next two sections, we investigate the behaviour of
the DFHMC on surfaces where the slow degree of freedom is along a linear combina-
tion of the cartesian coordinates and on a system where the slow degree of freedom
changes direction such as a surface with a curved transition path.
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Trajectory of y coordinate for the Double Well system. The simulation trajectory of y for
DFHMC and HMC simulation. The �rst 105 and 106 HMCSteps are shown for DFHMC and
HMC respectively. Simulation parameters: HMCStep = 107, MDStep = 30, dt = 4f s , scl=5,
nst�lter = 100, temperature = 300K
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3.3 Double Well - 3D Rotated

The analysed Double Well system in the previous sections have the potential energy
barrier along the y cartesian axis. Thus for DFHMC to enhance the sampling the �l-
tered velocity needs to have values close to zero along x and non-zero along the y
direction. In this section, we test if DFHMC can also generate the right �ltered veloc-
ities when the potential energy barrier is along a linear combination of the cartesian
coordinates.

3DDoubleWell potential surface along x, y , The coordinates are rotated by 45 degrees. The
graph shows the equal potential energy lines, isoline graph of the double well energy surface
where the coordinates are rotated by 45 degrees. On the top and right side of the �gure the
projections of the surface on to the y and x axis are drawn.

Figure
3.18

To analyse howDFHMCperforms on a landscapewhere the energy barrier is along a
linear combination of the cartesian coordinates, the 3D double well potential is rotated
on the x � y plane by an angle of ✓ = 45 degree. The same double well equation in
the previous chapter, Eq-3.26, is written as a function of a 45 degree rotated cartesian
coordinates, xrot and yrot
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U(x, y , z) = Kxz(x
2
rot + z

2) +Kyy
2
rot(yrot � b)

2 (3.26)

The rotational transformation of x and y to xrot and yrot can be obtained as follows,

xrot = xcos(✓) + ysin(✓)

yrot = �xsin(✓) + ycos(✓)
(3.27)

Aligned with the previous section, the parameters are chosen to be as follows:
Kxz = 40227.6254 kJ/(molAngstrom2), Ky = 25 kJ/(molAngstrom4), b = 2
Angstrom, theta = 45
The energy surface created by this transformation can be seen in Fig-3.18.The en-

ergy barrier is along y = �x axis and has a height of 25kJ/mol . The projections of
the energy surface on to the x and y coordinates can be seen on the top and right
of the �gure respectively. The local minima of the system is located at (0,0,0) and
(�1.41,1.41,0) Angstrom. To overcome the barrier the �lter would need to add en-
ergy along the y = �x direction.

45 degree Rotated Double Well 3D Power spectrum of MD trajectory and Frequency Re-
sponse of designed �lter. Power Spectrum (in blue and solid line) of NVE MD velocity tra-
jectory. Frequency Response (in red, dashed line) of the designed low pass �lter that removes
high frequency from the signal. Simulation paramaters: MD Steps = 104, MD timestep dt = 4
femtosecond, starting position (x0, y0, z0) = (�0.707,0.707,0.0) Angstroms.Fi
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To obtain the frequency characteristics of this system, as done previously an NVE
simulation is run, and the average of the Fourier transform applied to the velocity
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3.3 Double Well - 3D Rotated

trajectory along each degree of freedom is calculated. The starting position of the
NVE simulation is chosen to be the top of the energy barrier,i.e., (�0.707,0.707,0.0),
this allows the simulation to visit all local minima and to capture better the various
frequencies available in the trajectories caused by the curvature of the surface. As
the curvature of the surface is not changed compared to the surface in the previous
section, as expected the rotation of the potential does not cause any changes in the
observed frequencies of the system [Fig-3.19], thus the same �lter coe�cients can
be used for this rotated system.
the DFHMC simulation is run using a �lter that enhances the frequencies between

0� 0.16 normalised frequency at 4f s , or equivalently the range 0� 667 in cm�1.

PMF along x and y coordinates for the rotated Double Well potential. Solid black line is
the PMF obtained via numerical integration. The blue and red dots represent the results ob-
tained via HMC and DFHMC simulation respectively. Simulation Parameters: HMCStep = 107,
MDStep = 30, dt = 4f s , scl=5, nst�lter = 100, temperature = 300K

Figure
3.20

Fig-3.20 shows the potential of mean force (PMF) along x and y coordinates as
obtained from the HMC and DFHMC simulation results. The solid back line is used as
the benchmark and is calculated using numerical integration. Similar to the previous
sectionwe observe that DFHMC andHMCmatch reasonably well with the benchmark
values. This indicates that the DFHMC preserves the equilibrium distribution.
To assess the global convergence rate of the two methods the ensemble average

of y2 and x2 is calculated at varying HMC steps and the percentage error from the
benchmark average is plotted in Fig-3.21. The average used as the benchmark is
calculated via numerical integration to be < x2 >= 0.0098 angstrom2 and < y2 >=
0.0098 angstrom2

As can be seen from Fig-3.21, the convergence of the DFHMC to the true ensemble
average is faster than the standard HMC method. This indicates that the DFHMC
method is able to enhance the sampling along a direction that is a linear combination of
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Convergence of x2, y2 ensemble average for the rotatedDoubleWell system. Mean absolute
percentage error of a) < x2 > and b) < y2 > over 4 independent simulations with respect to
the log10 of HMC Steps
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the cartesian coordinates. The variations across repeated simulations for the DFHMC
are smalled and decreases faster compared to the HMC, as seen by the smaller error
bars.
A representative trajectory along x and y obtained from the HMC and DFHMC

simulation is shown in Fig-3.22, Fig-3.23. Similar to the double well system in the
previous section where the energy barrier is aligned along the y coordinate, in the
rotated double well system the DFHMC jumps between the local minima in a faster
rate compared to HMC. The HMC method spends more time sampling from the local
minima region before crossing the energy barrier.
To compare the performance of the Double Well system with the rotated Double

Well system, y2rot ensemble average is calculated for the rotated Double Well system.
This way the ensemble average for both of the systems will be the same and the
convergence of this ensemble average can be compared.
As can be seen from Fig-3.24, The DFHMC method converge signi�cantly faster

than the HMC method for both the non-rotated and rotated double well potential
system. Furthermore, the speed of convergence is nearly the same for the two di�er-
ent systems for both the DFHMC and HMC method. This implies that the DFHMC
method is able to add energy along a direction that is a linear combination of the carte-
sian coordinates, and the convergence performance is not a�ected by the rotational
transformation of the energy surface.
To understand how DFHMC and HMC work in the cases where the energy barrier

is along a cartesian coordinate and along a linear combination of the cartesian coor-
dinates, the direction of the velocity vector that is picked at each hybrid Monte Carlo
steps are analysed. To measure the direction of the drawn velocities at the beginning
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3.3 Double Well - 3D Rotated

Trajectory of x coordinate for the Double Well system. The simulation trajectory of x for
DFHMC and HMC simulation. The �rst 105 and 106 HMCSteps are shown for DFHMC and
HMC respectively. Simulation parameters: HMCStep = 107, MDStep = 30, dt = 4f s , scl=5,
nst�lter = 100, temperature = 300K

Figure
3.22

of each HMC step the angle ↵ is introduced as follows,

↵ = arctan(vy/vx) (3.28)

Where vy and vx represents the velocities along x and y coordinates respectively.
↵represents the angle of the velocity vector (projected on the x � y surface) that it
makes with the x axis. The angle ↵ captures only the axis of the velocity vector. To
also capture the sign of the direction the quadrant in which the velocity vector falls
in, can be identi�ed by looking at the signs of vx and vy . Thus,
if vx > 0 and vy > 0 then it is in the 1st Quadrant
if vx < 0 and vy > 0 then it is in the 2nd Quadrant
if vx < 0 and vy < 0 then it is in the 3rd Quadrant
if vx > 0 and vy < 0 then it is in the 4th Quadrant
The ↵ angle and the quadrants are calculated from the velocity trajectory obtained

from the HMC and DFHMC simulations, that are run before for the convergence
analysis. The velocity trajectory corresponds to the velocities obtained after the result
of the acceptance and rejection criterion. Thus the direction of velocities obtained
from the trajectory is expected to be distorted based on the energy surface by the
molecular dynamics runs within each HMCstep. However, if the DFHMC method is
signi�cantly enhancing the simulation by increasing the rate of barrier crossing, we
would also expect that the probability of the velocity trajectories to be aligned with
the direction of the barrier to be much higher for the DFHMC than the HMC method.
As can be seen from Fig-3.25 and Fig-3.26 the ↵ angle of the velocity at each HMC

step is very close to a uniform distribution for the standard HMC method. The de-
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Trajectory of y coordinate for the Double Well system. The simulation trajectory of y for
DFHMC and HMC simulation. The �rst 105 and 106 HMCSteps are shown for DFHMC and
HMC respectively. Simulation parameters: HMCStep = 107, MDStep = 30, dt = 4f s , scl=5,
nst�lter = 100, temperature = 300K
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viation from the uniform distribution is caused by the molecular dynamics simulation
runs within each HMC step. It can be seen that the distortions to the uniform distri-
butions make the velocity direction more favorable when it is closer to the direction
of the energy barrier. However, the di�erence in the probability of the velocity direc-
tions is still very small compared to the distribution seen for the DFHMC method. In
the DFHMC method the angle is more likely to be around �90 and 90 degrees when
energy barrier is along y = 0 line and �45 degrees when it is along y = �x . The
↵ angle being 90 or �90 degrees corresponds to the velocity being in the direction
of the y axis which is also the direction of the energy barrier. And similarly ↵ being
�45 degrees corresponds to the velocity being on the y = �x line which also aligns
with the direction of the energy barrier for the rotated system. This shows that the
DFHMC is able to increase the velocities along the direction of the energy barrier
compared to other possible directions. On the other hand the HMC method does not
add energy to a particular direction; instead, it adds energy to any direction with equal
probability.

The quadrant information for the double well system where the energy barrier is
along the y axis is not very useful in capturing the di�erences between the HMC and
DFHMC method Fig-3.27. As per the de�nition, the quadrants does not include the
cases where the direction aligns on an axis. Therefore on a system where the energy
barrier is along the y axis, we would expect that the velocity direction to be on the y
axis, as validated by the ↵ angle distribution graph Fig-3.25. Thus making the quad-
rants bar chart uniform. On the other hand for the system where the energy barrier
is along y = �x axis the Fig-3.28 shows that the DFHMC method generates with
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Convergence of the percentage error of the y2 ensemble average. Compares the conver-
gence of the percentage error in the y2 ensemble average between HMC and DFHMC meth-
ods for the rotated (barrier is along y = �x ) and non-rotated (barrier is along y = 0) doublewell
systems. Simulation paramaters: HMCSteps= 107, dt= 4 fs

Figure
3.24

higher probability velocities that fall into the 2nd and 4th quadrant whereas the stan-
dard HMC method does not have a preference in which quadrant the velocities will
be in. As in the ↵ angle distribution graphs Fig-3.25, Fig-3.26 we can see a distortion
in the uniformity for the HMC, which is caused by the molecular dynamics simulations
run within each HMC step.
To summarise, It has been shown that on a system where the energy barrier is along

the cartesian coordinate and a linear combination of the cartesian coordinates the
DFHMCmethod is able to enhance the sampling much better than the HMC method.
Furthermore, the convergence performance of DFHMC and HMC did not change
signi�cantly by the rotation of the cartesian coordinates, given the energy surface
has the same curvatures. It is observed that the direction of velocities generated by
DFHMC aligns along the energy barrier with higher probability, whereas in HMC there
is no signi�cant preference of the direction of the velocities.
In the next section, the performance of the DFHMC method is investigated on a

surface where the energy barrier is along a curved path. Thus the capability of the
DFHMC method to adjust the direction of the biased velocity is tested in this setup.
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Histogram of↵ angle: energy barrier along y = 0. The total number of velocities generated is
equal to HMCSteps= 107. The system id the double well potential where the barrier is along
the y axis
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Histogram of↵ angle: energy barrier along y = �x . The total number of velocities generated
is equal to HMCSteps= 107
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Barchart of Quadrants: energy barrier along y = 0. The total number of velocities generated
is equal to HMCSteps= 107

Figure
3.27

Barchart of Quadrants: energy barrier along y = �x . The total number of velocities gener-
ated is equal to HMCSteps= 107

Figure
3.28
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3.4 Curved Potential

In this section, we investigate the sampling performance of the DFHMC method on
a surface with a curved transition path. The aim is to �nd out whether the DFHMC
method is able to enhance the simulation in systems where the direction along the
energy barrier changes.

Potential energy surface with curved transition path. The graph shows the equal potential
energy lines, isoline graph of the curved energy surface. On the top and right side of the �gure
the projections of the surface on to the y and x axis are drawn.
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The curved potential is generated by combining three, two dimensional Gaussian
distributions, a, b and c as given below. The constant, 99.99 is added to the potential
to align the minimum of the potential surface approximately to zero.

U(x, y) = �85a � 100b � 100c + 99.99 (3.29)

The Gaussians are de�ned as follows,
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a = e�16(xrot+0.5)
2�y2

rot

b = e�16x
2�(y+1.8)2

c = e�(x+1.8)
2�16y2

(3.30)

The Gaussians b and c are centered at (x, y) = (0,�1.8) and (x, y) = (�1.8,0)
coordinates. b is narrower along x compared to y where as c is narrower along y
compared to x . The gaussian a is narrower along y = x axis compared to y = �x . To
make a narrower along y = x , a rotational transformation is done on x and y to be
used on the gaussian a.

yrot = �x sin(✓) + y cos(✓)

xrot = x cos(✓) + y sin(✓)
(3.31)

where ✓ = 45⇡
180 to rotate x , y coordinates by 45 degrees. This allows adjusting

the width of the Gaussian a along y = x and/or y = �x axis. The obtained energy
surface can be seen in Fig-3.29. The surface has two minima where the simulation
has the potential to get stuck, one is located at (x, y) = (0,�1.8) and the other at
(x, y) = (�1.8,0). For the simulation to escape these minima a barrier of height
25kJ/mol needs to be crossed as can be seen from the projections of the surface
onto x and y coordinates.

The surface is designed to have a wider curvature along the transition path com-
pared to other directions. Thus the low frequency motion of a particle moving on this
surface will be along the transition path. To understand the frequency characteristics
of a particle moving on this surface and NVE (constant total energy) simulation is run
where the starting position is at (x, y , z) = (0,�1.2,0). This makes the starting po-
tential of the system equal to 24.25kJ/mol together with the Kinetic energy the total
energy is enough for the simulation to explore all the minima Fig-3.30, thereby allow-
ing us to capture a good representation of the possible frequencies that can occur on
this surface.

Fig-3.31, shows the frequency spectrum calculated as the average Fourier trans-
form of the NVE simulation’s velocity trajectory along each degree of freedom. It can
be seen that there is a clear separation between the low and high frequency motions.
And the low frequency motion can be enhanced by a low pass �lter with the band
0� 0.08 as a normalised frequency at timestep 6f s , which corresponds to the range
0� 222 cm�1 in wavenumbers Eq-3.32.
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trajectory of an NVE simulation on curved system. The dots shows the positions explored
by the NVE simulation. The red cross shows the starting position. Simulation paramaters: MD
Steps = 104, MD timestep dt = 6 femtosecond, starting position (x0, y0, z0) = (0.0,�1.2,0.0)
angstroms, temperature=300K
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f = fnormalised ⇥ fNyquist

=
fnormalised

2dt

=
0.08
2⇥ 6 f s

�1 =
0.08
12c cm

�1

=
0.08

12⇥ 3⇥ 10�5 cm
�1

= 222 cm
�1

(3.32)

where c is the speed of light in cm/f s units, 3⇥ 10�5 cm/f s

To test the performance of the DFHMC method in this curved surface, four in-
dependent HMC and DFHMC simulations are run. The DFHMC simulation is used
with a �lter that enhances the frequencies between 0 � 222 cm�1 and the �ltered
velocities are scaled by a factor of scl = 2 and updated every 100 HMC step. The
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3.4 Curved Potential

Power Spectrum curved system. Power Spectrum (in blue and solid line) of NVE MD velocity
trajectory. Frequency response (in red, dashed line) of the designed low pass �lter (fnormalised =
0.08) that removes high frequency from the signal. Simulation parameters: MD Steps = 104,
MD timestep dt = 6 femtosecond, starting position (x0, y0, z0) = (0.0,�1.2,0.0) angstroms.

Figure
3.31

simulations are run at 300K, with 12f s timestep, 10 MD steps within each HMC step
and 107 HMCSteps. Fig-3.32 shows a representative HMC and DFHMC simulation
where the PMF along y and x is calculated, the solid black line is the PMF result ob-
tained from numerical integration and is used as the benchmark. In general, both HMC
and DFHMC match quite well with the benchmark results. However, we observe a
small deviation of DFHMC from the benchmark at the well and the barrier between
�0.1 < x < 0nm and �0.1 < y < 0nm, indicating the DFHCM simulation did not
sample well that region. Looking at the surface in Fig-3.29, �0.1 < x < 0 nm and
�0.1 < y < 0 nm region corresponds to the transition state, where the energy barrier
to transition to one of the lower energy minima is relatively low. Thus the DFHMC
method does not spend much time in the transition state; instead, it transitions to the
lower state thereby reducing the sampling performance of the transition state itself.
Fig-3.33 and Fig-3.34 shows the trajectories obtained from the HMC and DFHMC
simulations along x and y coordinates, and it con�rms that the DFHMC has a much
higher rate of transitioning between states compared to HMC thus enhancing global
sampling. However, this also results in the DFHMC spending less time in sampling the
local state thereby reducing the local sampling performance. This behavior of DFHMC
is also consistent with the observations made on the double well and rotated double
well system explained in the previous sections.
Fig-3.35 shows the sampling reached at 104 HMCStep for a representative simula-
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PMF along x and y coordinates for the curved potential system. Solid black line is the PMF
obtained via numerical integration. The blue and red dots represents the results obtained via
HMC and DFHMC simulation respectively. Simulation parameters: HMCStep = 107, MDStep
= 10, dt = 12f s , scl=2, nst�lter = 100, temperature = 300K
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tion of HMC and DFHMC. The starting positions for both HMC and DFHMC are the
same and lies in one of the local minima shown as the red cross in the �gure. It can
be seen that where the DFHMC is able to cross the energy barriers and explore all
local minima states the HMC method is still sampling the minima in the vicinity of the
starting position. Thus the DFHMC method is able to adapt to the directional change
of the energy barrier and add energy along the curved transition path.
To assess the global convergence, the ensemble averages < x2 > and < y2 > are

calculated at several HMCSteps for four independent HMC and DFHMC simulations.
Fig-3.36 shows the average calculated over 4 independent simulations of the ensem-
ble average < x2 > and < y2 > with respect to log10(HMCSTEP ). As can be seen
from the �gure in both < x2 > and < y2 > the DFHMC method converges much
faster to a stable value compared to the HMC simulation. Note that the HMC simu-
lation does not update the ensemble average value signi�cantly for a relatively long
time indicating that the simulation is trapped in a local minimum.
To summarise, the DFHMC and HMC methods are simulated on a system with

a curved transition path. The DFHMC method has shown enhanced global sampling
compared to the HMCmethod. The convergence rate for DFHMC is much higher than
the HMC method. Both methods generated the equilibrium distribution reasonably
well. However, the DFHMC method showed a slight di�erence from the benchmark
PMF around the transition state indicating the local sampling of DFHMC su�ers from
the performance increase in the global sampling.
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3.4 Curved Potential

Trajectory of x coordinate for HMC and DFHMC simulation on curved potential. The sim-
ulation trajectory of x for DFHMC and HMC simulation. The �rst 106 HMCSteps are shown
for DFHMC and HMC respectively. Simulation parameters: HMCStep = 107, MDStep = 10,
dt = 12f s , scl=2, �lter update = every 100 HCMSteps, temperature = 300K

Figure
3.33

Trajectory of y coordinate for HMC and DFHMC simulation on curved potential. The sim-
ulation trajectory of y for DFHMC and HMC simulation. The �rst 106 HMCSteps are shown
for DFHMC and HMC respectively. Simulation parameters: HMCStep = 107, MDStep = 10,
dt = 12f s , scl=2, �lter update = every 100 HCMSteps, temperature = 300K

Figure
3.34
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3 Applications

HMC and DFHMC trajectory at 104 HMC step for curved potential. Shows the extend of
sampling occured by a) HMC and b) DFHMC at 104 HMC steps. the red cross shows the
starting positions
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Convergence of the x2 and y2 ensemble average for the curved potential system. Compares
the convergence of the x2, y2 ensemble average between HMC and DFHMCmethods for the
curved potential system. Simulation paramaters: HMCSteps= 107, dt= 12 fs, MDSteps=10,
temperature=300K, additional parameters for DFHMC: scl = 2, �lter update = every 100
HMCsteps, �lter=0� 222cm�1 low pass �lter.Fi
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3.5 Alanine dipeptide

3.5 Alanine dipeptide

As mentioned before the DFHMCmethod has an application on biomolecular systems
especially on proteins. Thus, alanine dipeptide, which represents a peptide/protein
much better but still is relatively simple is chosen as a test molecule. Several other en-
hanced sampling methods such as Momentum Enhanced HMC [2], Metadynamics [4]
also used alanine dipeptide for testing their methods at some stage.
Alanine dipeptide, as shown in Figure-3.37 consists of 22 atoms and two peptide
bonds corresponding to the � and  dihedral angles. The molecule in itself is not a
peptide, but the presence of the two peptide bonds captures some of the backbone
properties of peptides/proteins. The dihedral angles on the peptide bonds especially
the � angle, for this system are the slow degrees of freedom which cause the system
to get trapped in local minima for relatively long simulation times.

Alanine dipeptide, molecule. Molecular representation of alanine dipeptide

Figure
3.37

In this section, the sampling performance of DFHMC on alanine dipeptide molecule
in explicit and implicit water is analysed. The system in implicit water is more prone to
develop a centre of mass rotation, whereas in the explicit water the water molecules
may reduce the centre of mass rotation of the molecule by providing friction. There-
fore to analyse the e�ect of the rotation on the sampling performance of DFHMC,
the alanine dipeptide in the implicit water is further investigated by constructing a
DFHMC and HMC simulation where at each HMC step the centre of mass rotation
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3 Applications

Equilibration Simulations
NPT (Non H Restraint) NPT (CARestraint) NPT NVT

MDStep 105 1.5⇥ 105 106 106

dt (fs) 2 2 2 2
temperature (K) 300 300 300 300
pressure (atm) 1 1 1 -
frictioncoe� (ps�1) 1 1 1 1
nstout 100 100 100 100

Simulation parameters for equilibration, alanine dipeptide explicit water.
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and translation is removed from the velocities.

3.5.1 Explicit Water

A new simulation system has been constructed by adding water molecules to the
Alanine dipeptide. Thus before running any production simulation the system has
been run through an equilibration process.
To equilibrate the water and hydrogen atoms in the system, an NPT simulation has

been runwhere apart from hydrogen andwater molecules harmonic position restraints
are applied to all atoms. Then to equilibrate atoms apart from the backbone of the
molecule, an NPT simulation with a harmonic position restraint only applied to back-
bone CA (carbon alpha) atom has been run. After that, an NPT simulation followed by
an NVT simulation has been run without any restraints to complete the equilibration
process.
The parameters used for each simulation in the equilibration process is given in

Table-3.1
For the production NVT, HMC and DFHMC simulations are run. see Table-3.2 for

simulation parameters.
A metadynamics simulation has been run to be used as the benchmark for obtaining

the potential of mean force along � and  dihedral angles. The parameters for the
metadynamics simulations are given in Table-3.3
Fig-3.38 shows the potential of mean force (PMF) calculated along the � and  

dihedral angles. The result from MetaDynamics simulation is used as the benchmark.
Overall the PMF of NVT, HMC and DFHMC matches well with the benchmark. How-
ever speci�c regions especially along the � dihedral angle is not converged fully to
the benchmark distribution. Indicating the need for longer simulations for NVT, HMC
and DFHMC to fully equilibrate. In this particular simulation, we can also see that the
DFHMC is better in crossing the energy barrier between 20� 25kJ/mol along the �
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Production Simulations
NVT HMC DFHMC

MDStep 80⇥ 106 80 80
dt (fs) 2 2 2
temperature (K) 300 300 300
frictioncoe� (ps�1) 1 - -
HMCStep - 106 106

nst�lter - - 100
�lter (cm�1) - - 100
atom (index) - - 4,6,8,14,16
scl - - 2
nstout 80 1 1

Simulation parameters for production, alanine dipeptide explicit water.
4th,6th,8th,14th,16th atoms are part of the � and  dihedral angles

Table
3.2

dihedral. We also see that the NVT implementation is sampling very well compared
to the HMC and DFHMC methods. Langevin dynamics is used as the NVT imple-
mentation and is run for 80 ⇥ 106 Steps. Even though the number of step in NVT
is 80 times higher than the HMC and DFHMC simulations, it equates to roughly the
same number of force calculations thereby having a similar CPU/GPU run time. The
Langevin implementation falls into the stochastic simulation category like HMC and
DFHMC, thus having more steps to sample may result in similar if not better sampling
with HMC and DFHMC.

Fig-3.39 shows one example of the sampling achieved by the DFHMC and HMC
on the � and  dihedral space. We can observe that the DFHMC has more extensive
sampling compared to HMC. However, the sampling performance di�erence is quite
small compared to the performance gains observed in the systems analysed in the
previous sections.

Similar to the previous section, an ensemble average of �2 and  2 is calculated at
di�erent HMC steps and are averaged over four independent simulations that have
di�erent starting conditions. Fig-3.40, shows the convergence of ensemble averages
with respect to HMC step for the HMC and DFHMC simulations. Although the en-
semble average metric does not change much from the converged value, we can see
along the  dihedral angle that there is not much di�erence in the convergence speed
whereas along � we see a slightly better convergence performance for DFHMC.

To summarise, In this section, the alanine dipeptide system is equilibrated in an ex-
plicit water environment. Independently repeated simulation with di�erent starting
conditions are run for HMC and DFHMC methods. Although the di�erence is small,
we observe that the DFHMC is sampling slightly better than the HMC method, espe-
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Metadynamics Simulations
MDStep 2⇥ 107

dt (fs) 2
temperature (K) 300
frictioncoe� (ps�1) 1
Pace 500
Height 1.2
Sigma 0.35
biasfactor 10
CV �,  
nstout 100

Simulation parameters for MetaDynamics, alanine dipeptide explicit water.
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cially along the � dihedral angle. We also observed that the Langevin implementation
of the NVT simulation performed very well.
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3.5 Alanine dipeptide

PMF along � and  dihedral angles for alanine dipeptide molecule simulated in explicit wa-
ter. Solid black line is the PMF ontained via Metadynamics simulation. The blue and red dots
represents the result obtained via HMC and DFHMC simulation respectively. And the dots in
cyan represent the result from NVT simualtion. Simulation Parameters: for Metadynamics see
Table-3.3 and for NVT, HMC, DFHMC see Table-3.2

Figure
3.38

� -  plot of alanine dipeptide in explicit water - DFHMC vs HMC.

Figure
3.39
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3 Applications

Convergence of the �2 and  2 ensemble average for alanine dipeptide in explicit water.
Compares the convergence of the �2, 2 ensemble average betweenHMC andDFHMCmeth-
ods for the alanine dipeptide in explicit water system. The graph is obtained by averaging over
4 independent simulation repeats and the error bars represent the standard deviation of the
ensemble average. Simulation paramaters: see Table-3.2Fi
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3.5 Alanine dipeptide

Production Simulations
NVT HMC DFHMC

MDStep 48⇥ 107 80 80
dt (fs) 2 2 2
temperature (K) 300 300 300
frictioncoe� (ps�1) 1 - -
HMCStep - 6⇥ 106 6⇥ 106

nst�lter - - 1000
�lter (cm�1) - - 100
atom (index) - - 4,6,8,14,16
scl - - 2
nstout 80 1 1

Simulation parameters for production, alanine dipeptide implicit water.
4th,6th,8th,14th,16th atoms are part of the � and  dihedral angles

Table
3.4

3.5.2 Implicit Water

In this section, we investigate the DFHMC method on the same alanine dipeptide
molecule but in a setup with a smaller number of degrees of freedom, where the
explicit waters are modeled by Generalized Born implicit water model. In this setup
the physical presence of the water molecules are eliminated but, the e�ect of the
water on the alanine dipeptide’s equilibrium distribution is approximately conserved.
Since no explicit water is present in this setup, the equilibration protocol used in the

previous section is not needed. Thus production simulation is run for NVT, HMC and
DFHMC simulation directly. For each method, four independent simulations are run.
The simulation parameters used are de�ned in Table-3.4
A metadynamics simulation has been run to be used as the benchmark for obtaining

the potential of mean force along � and  dihedral angles. The parameters for the
metadynamics simulations are given in Table-3.5
The convergence of the simulations to the equilibrium distribution is measured by

comparing the PMF along � and  dihedral angle against a benchmark. For the bench-
mark, a metadynamics simulation is run. Fig-3.41 shows the PMF along � and  dihe-
dral angle. The simulations for the alanine dipeptide in implicit water are run for longer
steps compared to the simulation run in explicit water see Table-3.4, and Table-3.2 for
reference. Thus the simulations are converged to the equilibrium (benchmark PMF)
much better. However in energies between 25� 30kJ/mol along the � dihedral the
simulations result are still noisy indicating the sampling in that region has not been
converged yet. The result for HMC, NVT and DFHMC also match quite well with
each other, and we observe all methods deviate by roughly the same amount from
the benchmark at the higher energy local minima between 4 � 6kJ/mol along  di-
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Metadynamics Simulations
MDStep 107

dt (fs) 2
temperature (K) 300
frictioncoe� (ps�1) 1
Pace 500
Height 1.2
Sigma 0.35
biasfactor 10
CV �,  
nstout 100

Simulation parameters for MetaDynamics, alanine dipeptide implicit water.
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hedral, either indicating the benchmark is not quite reached equilibration or the HMC,
NVT and DFHMC methods have not been converged yet. However, since the dif-
ferences are small and the DFHMC is consistent with the HMC and NVT which are
known to generate the equilibrium canonical distribution, we can conclude that the
DFHMC is also able to generate the equilibrium distribution.

Fig-3.42 shows the sampling of � and  dihedral angle for one HMC and DFHMC
simulation. It can be seen that the sampling of DFHMC is slightly higher if not equal.
Compared to the alanine dipeptide in explicit simulation, the performance di�erence
of DFHMC with respect to HMC is even smaller.

To check the convergence rate more quantitatively the ensemble average of �2 and
 
2 is calculated at di�erent HMC steps for the HMC and DFHMC simulation over

four repeated simulation runs. Fig-3.43 shows the convergence rate of the ensemble
averages. The convergence rate for HMC and DFHMC are very similar. The HMC
method stabilises earlier compared to DFHMC as can be seen by the decreasing error
bars of the HMCmethod. Although the overall di�erence is small we observe that the
HMC method has a better convergence performance.

In summary, The HMC and DFHMC simulations of the alanine dipeptide molecule in
implicit water are able to generate the equilibrium NVT distribution. However, com-
pared to the alanine dipeptide explicit system the enhancement of DFHMC versus
HMC observed in the implicit water system is signi�cantly lower. We note that the
overall convergence performance for HMC is better compared to the DFHMCmethod
in terms of the speed of generating stable results as observed by the decreasing error
bars. Thus we can conclude that the DFHMC method performs worse in the implicit
water system compared to the explicit water system. To explain a possible reason for
the observed decline, we hypothesise that the observed di�erence in enhancement
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3.5 Alanine dipeptide

PMF along � and  dihedral angles for alanine dipeptide molecule simulated in implicit wa-
ter. Solid black line is the PMF ontained via Metadynamics simulation. The blue and red dots
represents the result obtained via HMC and DFHMC simulation respectively. And the dots in
cyan represent the result from NVT simulation. Simulation Parameters: for Metadynamics see
Table-3.5 and for NVT, HMC, DFHMC see Table-3.4

Figure
3.41

between the implicit and explicit water system is due to the di�erence of the centre of
mass rotation of the alanine dipeptide molecule. The molecule in explicit water is less
prone to centre of mass rotation due to the friction between the water molecules, and
thus the added energy to the centre of mass rotation can be dissipated much faster
and easier. At each HMC step, a new velocity is drawn, and some portion will con-
tribute to the centre of mass rotation of the system. Since the whole system in the
implicit water case is the alanine dipeptide molecule, rotational motion of the centre
of mass is conserved within each HMC step due to the conservation of angular mo-
mentum. The rotation of the molecule will make the obtained �ltered velocities to
be out of phase with the coordinates, and thus the direction of the slow degree of
freedom cannot be identi�ed with the velocities. As a result, the extra energy we put
in the system could be added in any direction, making the procedure in principle the
same as the HMC simulation. Thus the bene�t of the DFHMC to add energy into the
direction of the energy barrier will negatively be a�ected if not lost by the rotation.
Even though this makes the DFHMC the same as the HMC in terms of the direction of
the energy added, the amount of energy that is added is generally higher in DFHMC
due to the non zero velocity bias and the scaling parameter. Thus the DFHMC would
add more energy to the wrong direction and hence would be expected to perform
worse compared to HMC, which we also observed in the alanine dipeptide implicit
simulation results.

In the next section, the same alanine dipeptide implicit water system is simulated
with HMC and DFHMC, but at each HMC step, the centre of mass rotation and trans-
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� -  plot of alanine dipeptide in implicit water - DFHMC vs HMC.
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lation is removed from the drawn velocities. Thus during the entire simulation, the
alanine dipeptide molecule is prevented from rotating. Even though this interference
with the simulation may disrupt the equilibrium property, our focus is to see the e�ect
of the rotation on the convergence rate for the DFHMC method.
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3.5 Alanine dipeptide

Convergence of the �2 and  2 ensemble average for alanine dipeptide in implicit water.
Compares the convergence of the �2, 2 ensemble average betweenHMC andDFHMCmeth-
ods for the alanine dipeptide in implicit water system. The graph is obtained by averaging over
4 independent simulation repeats and the error bars represent the standard deviation of the
ensemble average. Simulation paramaters: see Table-3.4

Figure
3.43
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Production Simulations
HMC DFHMC

MDStep 80 80
dt (fs) 2 2
temperature (K) 300 300
HMCStep 9⇥ 106 9⇥ 106

nst�lter - 1000
�lter (cm�1) - 100
atom (index) - 4,6,8,14,16
scl - 2
nstout 1 1

Simulation parameters for production, alanine dipeptide implicit water. COM mas rotation
and translation is removed at every HMC step. 4th,6th,8th,14th,16th atoms are part of the
� and  dihedral angles
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3.5.3 Com rotation effect of DFHMC

In this section, the alanine dipeptide molecule is simulated with implicit water. How-
ever, at each HMC step, the centre of mass rotation is calculated and removed from
the velocities thus preventing the molecule from rotating during the molecular dynam-
ics step within each HMC step. The simulation parameters can be seen in Table-3.6.
Note that the simulation parameters are kept the same with the simulations in the
previous section where the centre of mass rotation was not removed from the alanine
dipeptide molecule in implicit water. The only parameter di�erence from the previous
section simulation is in the number of simulation steps, i.e., HMC steps. In this section,
more HMC steps are used for the simulations to better assess the potential disruption
of the equilibrium distribution by the removal of the centre of mass rotation.

If the rotation has the expected e�ect, then we should see that the DFHMC simula-
tion where we removed the centre of mass rotation should enhance the sampling sig-
ni�cantly more than the simulation where the centre of mass rotation is not removed.
Note that by removing the centre of mass rotation after every draw of velocity, the
simulation will not sample from the equilibrium distribution anymore. Since in this
analysis the focus is on the sampling e�ciency rather than the equilibrium distribu-
tion, the e�ect of the transformation of the velocities on the distribution is acceptable.
However, removing the centre of mass rotation of the velocities at every HMC step
cannot be proposed as a solution to overcome the rotation problem if one wants to
conserve the equilibrium distribution.

Fig-3.44 shows the ensemble average of �2 and  2 calculated at di�erent HMC-
Steps and averaged over 4 independent simulation for each method. The plot shows
the results for the DFHMC (red cross) and HMC (yellow triangle) applied to the system
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3.5 Alanine dipeptide

analysed in the previous section, i.e. alanine dipeptide in implicit water where the cen-
tre of mass rotation is not removed. Moreover, it also shows the result of the DFHMC
(blue cross) and HMC (cyan triangle) applied to the system where the centre of mass
rotation is removed. The �rst point to notice is that the DFHMC and HMC simulation
where the centre of mass rotation is removed converges to a slightly di�erent result as
seen in the ensemble average �. The convergence performance of all the simulations
is very similar. However, the DFHMC where the centre of mass rotation is removed
seems to converge slightly faster than the DFHMCwhere it is not removed. However,
by just looking at this graph it is hard to say anything de�nite about the e�ect of the
rotation.

Convergence of the �2 and  2 ensemble average for alanine dipeptide in implicit water,
centre of mass rotation is removed every HCM step during the simulation. Compares the
convergence of the �2,  2 ensemble average between HMC and DFHMC methods for the
alanine dipeptide in implicit water system. The graph is obtained by averaging over 4 indepen-
dent simulation repeats and the error bars represent the standard deviation of the ensemble
average. Simulation paramaters: see Table-3.6

Figure
3.44

To be able to see the potential e�ect of the rotation of the DFHMC simulation, a
more strict way of assessing the convergence is designed. Since all simulations have
sampling di�culties in the high energy minima along the � dihedral the convergence
measure will focus on that area. Thus a free energy di�erence between the high
energy minima and the lower energy minima along the � dihedral angle is calculated.
More speci�cally the free energy region for the low energy minima (A) is de�ned to
be between �3 < � < �1 and the high energy region (B) is de�ned to be between
0.5 < � < 1.5. Then the free energy di�erence FA�FB is calculated at di�erent HMC
steps to asses the convergence rate. The free energies FA and FB can be calculated
from the PMF as follows,
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FA = �kBT ln
X

�2[�3,�1]
exp(�PMF (�)/kBT )

FB = �kBT ln
X

�2[0.5,1.5]
exp(�PMF (�)/kBT )

(3.33)

Note the sum is taken over the regions speci�ed as A and B.
Fig-3.45 shows the free energy di�erence, FA�FB calculated at di�erent HMC step,

and is averaged over four independent simulations for each method. In this graph, the
di�erence between the DFHMC with centre of mass rotation removed (blue cross)
and the DFHMC where the centre of mass rotation is not removed (red cross) is more
apparent. It can be seen that the removal of centre of mass rotation increases the
convergence performance for the DFHMCmethod. The error bars are decaying faster
and the convergence rate is quicker as well. We can also observe that the performance
of HMC by the removal of the centre of mass rotation is not signi�cantly a�ected. This
is expected as the HMC method is adding energy uniformly to any direction and the
potential energy of the system is independent of the centre of mass orientation, the
rotation will not a�ect the sampling performance. Furthermore from the graph, it can
be seen that the performance of the DFHMC where the centre of mass rotation is
removed is slightly better than the HMC methods; however, the di�erence is minimal
to make any conclusions.

Free energy di�erence between a high and low energy region in �. The graph shows the
free energy di�erence where the regions are �3 < � < �1 and 0.5 < � < 1.5. see Eq-3.33
for the calculation.
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To summarise, In this section, we analysed the e�ect of centre of mass rotation
on the DFHMC method. An alanine dipeptide system in implicit water is simulated
where the centre of mass rotation is removed at every HMC step and the results are

104



3.5 Alanine dipeptide

compared to the simulations where the centre of mass rotation are not removed. It was
seen that the removal of the centre of mass rotation during the simulation caused the
HMC and DFHMC to converge to di�erent ensemble average values. The di�erence
is small, and along  no notable di�erence has been observed. Thus although small in
this particular case, the removal of the centre of mass rotation disrupts the equilibrium
distribution noticeably.
From observations on the convergence of the free energy di�erence, we conclude

that the rotation of the molecule causes the DFHMC method to perform signi�cantly
worse. Thus to e�ectively apply the DFHMC on molecules, it is required that the
molecule under simulation does not have a signi�cant amount of rotation. As has
been seen in the previous section where alanine dipeptide is analysed in an explicit
water environment, the rotation of the molecule could be reduced by embedding the
molecule in an environment such as water that restricts the motion of the molecule.
Following we will discuss some ideas on overcoming the centre of mass rotation

problemwithin the DFHMC algorithm such that even if the system rotates the method
would still sample e�ciently. The goal is to give some ideas that we think could lead
to an improvement of the DFHMC method and interesting research generally.
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3.6 Rotation Problem - Possible Solutions

To tackle the rotation problem, we suggest two approaches to investigate. One is to
eliminate the rotation e�ect by explicitly rotating the bias obtained by the digital �lter.
And the other is to consider an internal coordinates framework approach.

3.6.1 Rotating the bias vector: Non-Separable Hamiltonian Approach

Rotating the bias vector together with the molecule would make sure that the bias vec-
tor, obtained as a result of the �lter application, always points to the same direction
relative to the positions. Thus making sure that energy is added to the selected fre-
quency of motions. However by rotating the bias vector the bias vector changes which
changes the underlying velocity distribution and makes the process a non-markovian
process. Hence the acceptance criteria would not ensure equilibrium.

To ensure the process is Markovian, the update made to the bias value needs to be
reversible. If the bias update can be formulated as a function of the velocity and/or
positions, then the update could be integrated using a generalized Verlet algorithm,
and thus could be used within the HMC framework. This approach would not remove
the molecule’s centre of mass rotation, instead it would rotate the bias vector to align
with the molecule’s rotation.

Essentially the desired function might look like the following

⌘(b, q(t)) = rotate(b, Angle(q(t), q0)) (3.34)

where ⌘ is a new variable that depends on the bias, b and the rotation angle between
q
0 and q(t). q0 de�nes a reference position obtained during the �lter application.

Thus q0 and b are in phase and are updated every �lter application. When b gets
out of phase with the current position, then it will be rotated by the angle between
the current position and the reference position, making ⌘ in phase with the current
position. The bimodal distribution used in the DFHMC also needs to be updated by
replacing the bias value b with ⌘. With this new variable, the kinetic energy depends
both on velocities and positions, thereby making the Hamiltonian non-separable.

H(q, v) = E(q, v) + U(q) (3.35)

Thus as used in the RiemannianManifold HamiltonianMonte Carlo approach, a gen-
eralized Verlet algorithm may be used to integrate the Hamiltonian dynamics within
each HMC step. We believe further investigation in this direction could provide im-
provements to DFHMC.
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3.6.2 Internal Coordinates Molecular Dynamics

The rotation of the molecule in the HMC based methods arise because at each HMC
step a new set of velocities are generated in cartesian coordinates. For the generated
velocities to not induce a rotation the angular momentum at that time would need
to be zero. The angular momentum L is conserved in an MD simulation and can be
calculated as follows,

L = q(t)⇥ p(t) (3.36)

where q and p are the position and momentum vector at time t. Thus for the angular
momentum, L to be zero the cross product between the position and momentum
needs to be zero, which can only happen when the momentum/velocity and position
vector are parallel to each other. However, when we operate in cartesian coordinates
and the velocities are drawn from a distribution it is highly unlikely that the positions
and velocities will be parallel. If the velocities would be drawn into internal coordinates
or if the molecular dynamics (ICMD) operates in the internal coordinate system then
the induced rotation would not arise at each HMC step.

The common molecular dynamics packages all operate in cartesian coordinates.
However there is a series of research that explores the idea to do molecular dy-
namics in the internal coordinates. A Lagrangian formulation of amolecular system
in generalized coordinates that includes the internal coordinates was developed
byMazur et al. [58]. Di�erent numerical methods that can solve the equations ob-
tained from the Lagrangian formulationwas studied and compared by Vladimir and
Mazur [59]. Later Mazur developed a new analytical formulation based on a quasi
hamiltonian formulation, that makes the numarical calculations easier [60]. Lee et
al. developed a new ICMD method that replaces the mass matrix which is de-
pendent on the internal coordinates, with the spectroscopic B-matrix to increase
the computational e�ciency [61]. A more e�cient way of calculating the spectro-
scopic B-matrix is developed by Lee et al. [62]. A comparison of ICMD methods
with conventional md is done by Lee et al. [63]. A method called GNEIMO (Gen-
eralized Newton–Euler Inverse Mass Operator) was developed to solve the ICMD
equations e�ciently [64], [65]. An application of GNEIMOwas used for molecular
structure re�nement [66]. Further investigations into the ICMD methods might
prove useful in �nding ideas to improve the DFHMC method or even potentially
apply the DFHMC method within the internal molecular dynamics framework. In
addition, a method that provides a mechanism to draw velocities into internal co-
ordinates is developed by Jain et al. [67], which is also used by GNEIMO. Thus
similar to the bimodal distribution used in DFHMC, if a biased velocity distribution
that can draw velocities in the internal coordinates can be developed, and then
potentially be transformed into cartesian coordinates, then the rotation induced
by HMC steps could be eliminated.
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3.7 Riemannian Manifold Hamiltonian Monte Carlo -
RMHMC

In this section, the RMHMC is investigated. As the methodology uses a non-separable
Hamiltonian understanding of the algorithmmight prove useful in extending theDFHMC
to a non-separable Hamiltonian where the bias vector is dependent on the atomic co-
ordinates, to make the DFHMC more robust of systems with centre of mass rotation.
In addition, the RMHMC method itself might be a promising method to enhance

sampling or in overcoming energy barriers. As to our knowledge, in the literature the
RMHMC method has not been applied to systems with energy barriers as of writing
this thesis.
The section starts with the method applied to a Bayesian logistic regression problem

and shows how the Bayesian inference problem relates to sampling from a canonical
distribution. The RMHMCmethod is applied to the double well potential systemwhich
we used for DFHMC and HMC simulation in the previous sections.

3.7.1 Bayesian Logistic Regression

Given an inputX and an output t the general idea is to �nd a function, f that best maps
the inputs, X to the output t , i.e. f (X) ⇡ t . In logistic regression, the output variables
are discrete and the function is a parameterised linear function. In this instance we
consider the output to be binary values, i.e. t 2 0,1 will be considered.
The Bayesian logistic regression is a logistic regression where the parameters of the

function are estimated via Bayesian inference based on Bayes Rule.

P (w |X, t) =
P (X, t|w)P (w)

P (X, t)
(3.37)

where w are the parameters of the function to be estimated, X and t represent the
input and output data respectively.
P (w |X, t) is called the posterior distribution, P (X, t|w) is called the likelihood, P (w)

is called the prior. P (X, t) does not depend on w , thus it is a normalisation constant,
just like the partition function in the canonical ensemble. The product of the Prior
and the likelihood is also called the joint likelihood. The goal of Bayesian inference
is to sample the parameters w of the function/model from the posterior distribution.
Similarly in molecular dynamics using HMC methods the goal is to sample the posi-
tion vector of the molecule from the distribution of the positions which follows the
canonical distribution. Thus the parameter w in Bayesian inference can be thought
of as the positions in molecular systems. Further down the section, we will see that
the negative log joint likelihood is related to the potential energy used in molecular
sampling problem.
The likelihood gives the probability of the data X given the model parameter w .

If each observation i is assumed to be independent and identically distributed the
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likelihood can be written as the product of the likelihood of each data point i

P (X, t|w) =
NY

i=1
P (xi , ti |w) (3.38)

Since t is a binary variable, it can take values either 1 or 0. Thus if the probability
of ti = 1 at i th data point given xi is:

P (ti = 1|xi) = P (xi) (3.39)

then the probability of ti = 0 at i th data point given xi is

P (ti = 0|xi) = 1� P (xi) (3.40)

Therefore the likelihood at a given data point i

P (xi , ti |w) = P (xi)
ti (1� P (xi))1�ti (3.41)

and the likelihood over all data points is:

P (X, t|w) =
NY

i=1
P (xi)

ti (1� P (xi))1�ti (3.42)

In logistic regression P (xi) is the logistic function, which maps the output of linear
regression, i.e., wT xi to an output that takes a value between 0 and 1.

P (xi) =
1

1+ e�wT xi

=
e
w
T
xi

1+ ewT xi

(3.43)

1� P (xi) =
e
�wT xT

i

1+ e�wT xi

=
1

1+ ewT xi

(3.44)

and the log of the ratio between P (xi) and 1� P (xi)

ln

✓
P (xi)

1� P (xi)

◆
= wT xi (3.45)

the log likelihood can be calculated
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ln(P (X, t|w)) = ln

"
NY

i=1
P (xi)

ti (1� P (xi))1�ti
#

=
NX

i=1
ti ln(P (xi)) +

NX

i=1
(1� ti) ln(1� P (xi))

=
NX

i=1
ti ln(P (xi)) + ln(1� P (xi))� ti ln(1� P (xi))

=
NX

i=1
ti [ln(P (xi))� ln(1� P (xi))] +

NX

i=1
ln(1� P (xi))

=
NX

i=1
ti ln


P (xi)

1� P (xi)

�
+
NX

i=1
ln(1� P (xi))

(3.46)

Substituting Eq-3.43, 3.44 into Eq-3.46 we obtain:

ln(P (X, t|w)) =
NX

i=1
w
T
x
T

i
ti +

NX

i=1
ln

✓
1

1+ ewT xTi

◆

= wTXT t �
NX

i=1
ln
⇣
1+ ewTXTi

⌘ (3.47)

The prior in this particular example is given as a normal distribution.

P (w) =
DY

i=1

1
p
2⇡�
e
� (wi�µ)

2
2� (3.48)

where D is the number of parameters.

The log of the prior can be calculated as follows

ln(P (w)) =
DX

i=1
ln

2

4e
� (wi�µ)

2
2�

p
2⇡�

3

5

=
DX

i=1
�
1
2 ln(2⇡�)�

(wi � µ)
2

2�

(3.49)

The logPrior

lnP (w) = �
D

2 ln(2⇡�)�
DX

i=1

(wi � µ)
2

2� (3.50)

when ignoring the constants, i.e., terms that are not a function of w , the log joint
likelihood which is the sum of the log Prior and the log likelihood can be written as,

110



3.7 Riemannian Manifold Hamiltonian Monte Carlo - RMHMC

ln(P (X, t|w)P (w)) = ln(P (X|w)) + ln(P (w))

= wTXT t �
NX

i=1
ln
⇣
1+ ewT xTi

⌘
�

DX

i=1

(wi � µ)
2

2�
(3.51)

The negative of the log joint likelihood can be thought of the potential energy di-
vided by kT U(w)/kT and w as the positions of the system. According to Bayes
theorem the probability of w given the data X can be expressed as

P (w |X, t) ⇠ e�U(w)/kT (3.52)

where U(w)/kT = � ln(P (X, t|w)P (w)) is the negative joint log likelihood.
To sample w from the distribution using the RMHMC method apart from the Force,

i.e. �dU/dw the second and third derivative of the potential energy is required.
In the following the �rst, second and third derivative of the potential energy for the

Bayesian logistic regression is derived.
if µ = 0 then the potential energy becomes

� U(w)/kT = wTXT t �
NX

i=1
ln
⇣
1+ ewT xTi

⌘
�
w
T
w

2� (3.53)

Then the derivative of the potential energy with respect to parameters w is:

�
1
kT

dU

dw
= XT t �

NX

i=1

xie
w
T
x
T

i

1+ ewT xTi
�
�

w
(3.54)

the second derivative of the potential energy with respect to parameter w is:

�
1
kT

d
2
U

dw2 = �
NX

i=1

d

dw

✓
x
T

i

1+ e�wT xTi

◆
�

1
�

= �
NX

i=1
�x
T

i

⇣
1+ e�wT xTi

⌘�2
(�xi)e

�wT xT
i �

1
�

= �
NX

i=1
x
T

i

1
1+ e�wT xTi

e
�wT xT

i

1+ e�wT xTi
xi �

1
�

(3.55)

Eq-3.55 is used as the mass matrix, G = d
2
U

dw2 as explained in the RMHMC theory
section.
Eq-3.42, 3.43 can be re-substituted into Eq-3.55 to make it more compact and

easier to calculate the third derivative of the potential energy.

1
kT

d
2
U

dw2 =
1
kT
G(w) =

NX

i=1
x
T

i
P (xi)

T (1� P (xi))xi +
1
�

(3.56)
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dG

dw
=
d

dw

NX

i=1
x
T

i
p(xi)

T (1� P (xi))xi

=
NX

i=1
x
T

i


dP (xi)

T

dw
(1� P (xi)) + P (xi)T

d

dw
(1� P (xi))

�
xi

=
NX

i=1
x
T

i


dP (xi)

T

dw
(1� P (xi))� P (xi)T

d

dw
P (xi)

�
xi

=
NX

i=1
x
T

i


dP (xi)

T

dw
� P (xi)

T
dP (xi)

T

dw
� P (xi)

T
d

dw
P (xi)

�
xi

=
NX

i=1
x
T

i


dP (xi)

T

dw
� 2P (xi)T

dP (xi)

dw

�
xi

(3.57)

The derivative of P (xi) with respect to w is as follows,

dP (xi)

dw
= �(1+ e�wT xTi )�2(�xi)e�w

T
x
T

i

= xi
e
�wT xT

i

(1+ e�wT xTi )2

(3.58)

substituting Eq-3.58 into Eq-3.57

dG

dw
=

NX

i=1
x
T

i

"
e
�wT xT

i

1+ e�wT xTi
1

1+ e�wT xTi
xi � 2

1
1+ e�wT xTi

e
�wT xT

i

1+ e�wT xTi
1

1+ e�wT xTi
xi

#

xi

=
NX

i=1
x
T

i

⇥
P (xi)(1� P (x))xi � 2P (xi)P (xi)(1� P (xi))xi

⇤
xi

=
NX

i=1
x
T

i
[P (xi)(1� P (xi))(1� P (xi))xi ] xi

(3.59)

3.7.2 Double Well Potential

U(x, y) = 0.5Kxx2 +Kyy2(y � b)2 (3.60)

To apply the RMHMC to this system the force, F and G mass matrix and the deriva-
tive of the G matrix is required.

{Fx , Fy} =

⇢
�
dU

dx
,�
dU

dy

�

=
n
�Kxx,�2Kyy(y � b)2 � 2Kyy2(y � b)

o (3.61)
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In a system with two degrees of freedom, the second derivate of the potential en-
ergy is a 2⇥ 2 matrix

G =

0

@
d
2
U

dx2
d
2
U

dxdy

d
2
U

dydx

d
2
U

dy2

1

A =

0

@�
dFx

dx
�
dFy

dx

�
dFx

dy
�
dFy

dy

1

A (3.62)

From Eq=3.61 we can see dFx
dy
= dFy

dx
= 0 as the force along x is not dependent on

y and the force along y is not dependent on x .
The derivative of Fx with respect to x is a constant, i.e. it does not change with the

positions or the velocities of the system.

�
dFx

dx
= Kx (3.63)

where as the derivative of Fy with respect to y canges with the position along y
coordinate.

�
dFy

dy
= 2Ky (y � b)2 + 4Kyy(y � b) + 4Kyy(y � b) + 2Kyy2

= 2Ky (y � b)2 + 8Kyy(y � b) + 2Kyy2

= 2Ky [y2 + 4y(y � b) + (y � b)2]

= 2Ky [(2y � b)2 + 2y(y � b)]

(3.64)

Thus the mass matrix, G used in RMHMC for the double well potential is a diagonal
matrix, where the G22 element changes depending on the y position. E�ectively the
mass of the system is adjusted based on the potential energy’s curvature.
To make the G matrix positive de�nite a transformation called softAbs is suggested

[68].
When G is a diagonal matrix, The softAbs transformation applied to G is de�ned as

follows:

Ĝ = sof tAbs(G) = G coth(↵G) (3.65)

To understand the properties of this transformation, the exponential form can be
analysed

Ĝ = G
e
↵G + e�↵G

e↵G � e�↵G
(3.66)

from the exponential form we can easily see that sof tAbs(G) = sof tAbs(�G).
Thus any negative values in the G matrix with this transformation becomes positive.
It e�ectively takes the absolute value. The transformation is also di�erentiable which
is a requirement to calculate the derivative of G
When ↵ ! 1 then Ĝ ! G, Thus ↵ is choosen as big as possible to reduce the

distortion of G by the transformation. ↵ = 106 is used.
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In Fig-3.46-c, The e�ect of the softAbs transformation can be seen for the double
well potential. The transformationmakesG positive whereG < 0 and is unchanged for
G > 0. However this transformation results in having a discontinuity in the derivative
of the transformed G, Figure-3.46-d
The discontinuity in the derivative of the transformed G makes the generalised Ver-

let integrator not conserving the Hamiltonian. Thus the softAbs transformation is not
really suitable for systems with energy barriers.
Fig-3.47 shows an NVE simulation with 50 MDSteps of the doublewell potential

system with a generalized Verlet integrator where the G matrix is transformed using
the softAbs transformation. The e�ect of the discontinuity in the derivative of the
G matrix is re�ected in the momentum, position trajectory and in the total energy
of the system. It can be seen that at 15 MDSteps corresponding to y = 1.5 the
disruption in the total energy is observed. Note that from Fig-3.46 y = 1.5 is also
the place where one of the discontinuity in the derivative of G occurs. Thus to apply
RMHMC to molecular systems where the energy surfaces have many energy barriers,
mass metrics that have continues derivatives and are positive de�nite in such surfaces
would need to be constructed and are open to further investigation.
In this speci�c case of the double well potential, a positive de�nite and with contin-

ues derivative can be constructed by adding a constant to the mass matrix such that
G22 in Fig-3.46 is shifted upwords above the zero line. Running a generalised Verlet
integrator using the shifted mass matrix, results in a trajectory that conserves the total
energy Fig-3.48.
To summarise, It is highlighted that the Bayesian inference problem from a math-

ematical point is equivalent to the sampling of molecular con�gurations. The model
parameters and the joint log likelihood is related to the positions and the potential
energy of the molecular system respectively. Therefore, looking at both problems as
close variants, extending the literature review to encompass the Bayesian inference
and the con�gurational sampling �eld would enrich both �elds and may spark innova-
tive methods to develop.
The RMHMC method without any further modi�cations does not seem to be suit-

able for systems with energy barriers. Even though system dependent modi�cations
could be done, more research would be required to �nd a generic metric for the mass
matrix such that the method is suitable for molecular systems. However, the underly-
ing framework is useful in terms of laying the foundations for the further development
of the DFHMC method explained in the previous section.

114



3.7 Riemannian Manifold Hamiltonian Monte Carlo - RMHMC

0

5

10

15

20

25

30

35

40
U

(y
)

a)

�200

�150

�100

�50

0

50

100

150

200

F
y

b)

�100

0

100

200

300

400

500

600

G
22

c)
G

Ĝ
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3.8 Abl Kinase

Preliminary simulations of DFHMC is conducted on Abl Kinase molecule. The con�g-
uration of the DFG motif in Abl kinase is critical in determining the binding of a drug.
The DFG has two states DFG-in and DFG-out and the conformation change between
states act as a switch to activate and inactivate the binding of a drug. Fig-3.49 shows
the Abl kinase molecule b and c is a magni�ed version of the molecule focusing around
the DFG residues that shows the DFG-in and DFG-out con�guration respectively. As
can be seen in the DFG-in con�guration, the sidechain of Phe residue (purple) is point-
ing inward, and the side chain of Asp residue (blue) is pointing outward of the graph.
Whereas in the DFG-out con�guration its reversed, i.e. the sidechain of Phe residue
(purple) is pointing outward and the side chain of Asp residue (blue) is pointing inward.

Abl kinase DFG-in and DFG-out con�gurations. Secondary structure representation of Abl
kinase, the ADFG (Ala-Asp-Phe-Gly) residues are shown in ball and stick representation and
are coloured as red, blue, purple and orange respectively. a) Shows the full Abl kinase protein
in DFG-in con�guration based on PDB entry 2F4J [69]. b) Focuses a around the DFG residues.
c) Also focuses on the DFG residues but the con�guration represent a DFG-out con�guration
based on PDB entry 1OPK [70]
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The starting con�guration is prepared based on 2Fj4 [69] PDB entry which has a
DFG-in con�guration. During the PDB preparation stage, any non-protein molecules
are removed. The 396th residue, Pro based on the enumeration given in 2FJ4 PDB
entry is mutated back to its wild-type sequence, i.e. to a His residue. Hydrogen atoms
are added to residues based on a pH = 7 environment. After that, the system is
minimized in energy based on L-BFGS optimization algorithm [71].
The Abl system is modelled with a Generalized Born implicit water model. In this
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3.8 Abl Kinase

Production Simulations
HMC DFHMC

MDStep 80 20
dt (fs) 2 0.5
temperature (K) 300 300
HMCStep 1.49⇥ 106 6⇥ 106

nst�lter - 100
�lter (cm�1) - 100
scl - 1
nstout 1 1

Simulation parameters for production, Abl kinase in implicit water. For DFHMC simulation,
the digital �lter is applied only on C↵(A380), C�(A380), C↵(D381), C�(D381), C↵(F382),
C�(F382) atoms, enumerations of residues is based on 2FJ4 pdb entry

Table
3.7

setup, the physical presence of the water molecules are eliminated, but the e�ect
of the water on the Abl kinase’s equilibrium distribution is approximately conserved.
Since no explicit water is present in this setup, the equilibration protocol used with
systems in explicit water is not needed. Thus production simulation is run for HMC
and DFHMC simulation directly. The simulation parameters used are de�ned in Table-
3.7.
In a study by Meng et al. C�(A380) � C↵(A380) � C↵(F382) � C�(F382) and
C�(A380)�C↵(A380)�C↵(D381)�C�(D381) dihedral angles were used as collec-
tive variables in an umbrella sampling simulation to observe the DFG-in and DFG-out
conformation changes [72]. Thus in this experiment, the digital �lter is only applied to
a selected set of atoms (C↵(A380), C�(A380), C↵(D381), C�(D381), C↵(F382),
C�(F382)) which make up these dihedral angles. All the other atoms behave like a in
normal HMC simulation.
Fig-3.50 shows the sampling of C�(A380)�C↵(A380)�C↵(F382)�C�(F382)

and C�(A380)� C↵(A380)� C↵(D381)� C�(D381) dihedral angles for an HMC
and DFHMC simulation of 1.49x106 HMC steps. The DFG-in con�guration is around
(1,�2) and the DFG-out con�guration is around (�2,0). As can be seen, neither
DFHMC nor HMC were able to sample the DFG-out con�guration within the given
simulation time. Both simulations only sampled the vicinity of the DFG-in con�gu-
ration. It can also be observed that the DFHMC sampling is more directed along a
speci�c direction, whereas the HMC’s sampling is closer to a uniform sampling along
every direction. The direction the DFHMC is sampling is the direction where the en-
ergy change in the energy landscape along those dihedral angles is the lowest, see [72]
for the fully sampled energy landscape. And if the sampling would continue along that
direction, the simulation would eventually sample the DFG-out con�guration.
Fig-3.51 shows two DFHMC simulation at two di�erent HMC steps a shows the
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Abl kinase in implicit water. Shows the scatter plot of C�(A380)�C↵(A380)�C↵(F382)�
C�(F382), C�(A380) � C↵(A380) � C↵(D381) � C�(D381) dihedral angles of DFHMC
and HMC simulations in implicit water.HMC steps = 1.49x106
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DFHMC simulation up to 1.49x106 HMC steps which is the same as Fig-3.50-a and
b shows the DFHMC simulation at 6x106 HMC step. It can be seen that the in-
creased HMC step does not increase the sampling signi�cantly along the direction
that DFHMC enhances, but more sampling is observed in the orthogonal direction.
Thus rather than increasing the HMC steps of the simulations, the scaling of the de-
signed �lter could be increased by adjusting the scl parameter to add more energy
along the �ltered direction.
To summarise, in this experiment, the DFG-in and DFG-out con�guration change

was not observed via DFHMC or HMC simulations. However, the sampling of the
DFHMC simulation in the vicinity of the DFG-in con�guration is directed along a line
compared to the HMC simulation indicating that the DFHMC method is biasing the
simulation along the low frequency direction. Further optimising the parameters of the
DFHMC method might lead to an observation of the DFG-in, DFG-out con�guration
change.
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3.8 Abl Kinase

Abl kinase in implicit water. Shows the scatter plot of C�(A380)�C↵(A380)�C↵(F382)�
C�(F382), C�(A380) � C↵(A380) � C↵(D381) � C�(D381) dihedral angles of DFHMC
simulation in implicit water. Left: Shows the results upto 1.49x106 HMC steps. Right: Shows
the results upto 6x106 HMC steps.

Figure
3.51
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Code Integration

In order to apply the Hybrid Monte Carlo based methods to molecular systems, in an
easily usable and computationally e�cient way, we decided to develop our algorithms
around a core molecular dynamics simulation package. By using a well developed,
optimised and tested molecular dynamics package as our MD integrator, we will be
avoiding reinventing the wheel and can focus on the essential parts of the HMC al-
gorithms. More generally our ultimate goal is to write the algorithms in such a way
that they can be used with various highly used molecular dynamics packages. Thus,
we hope that the HMC based algorithms especially the DFHMC method can be used
by researchers with a learning curve independent from their choice of molecular sim-
ulation package.
Before the DFHMC method is integrated into an optimised molecular dynamics

package, an HMC based code with its own molecular dynamics integrator is build for
two dimensional systems to allow for testing the methodology. The code can be found
in the below linked repository
Code repository: https://bitbucket.org/CSPer/newtondynamics/
As can be seen from the �owchart of the DFHMC algorithm Fig-4.1, the molecular

dynamics module is required within the digital �lter and in the HMC module.
To achieve the aforementioned objectives, we would need to develop the HMC

based algorithms (Includes DFHMC) as a module independent from the Molecular
Dynamics integrator module, and �nd a way to pass information between those two
modules as depicted in Figure 4.2.
The information required by the HMC module is:

Variables

• Velocities

• Total Energy

The HMC module needs to be able to restart the MD simulation with given veloci-
ties and positions. Thus, the required information to be passed to the MD module is

Variable

https://bitbucket.org/CSPer/newtondynamics/
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• Velocities

• Positions

Functions

• Restart MD or re-initialize MD simulation

• Remove centre of mass translation and rotation from velocities

4.1 MD-Python-Fortran integration

Code repository: https://bitbucket.org/CSPer/md-python-fortran/

This integration scheme was developed previously in our lab to enable the inte-
gration of user developed algorithms with several MD packages. Currently, only the
wrapper for NAMD MD package [73] exist, more wrappers for other MD packages
can be added. In this scheme, the information �ow between the MD package and the
user developed algorithms (HMC based methods) is controlled via a wrapper written
in python. However, the python wrapper can only execute the modules and can not
get the output value directly and pass it to the other module. The information �ow
between the modules is established by reading and writing to a �le on the hard drive.
Thus, the python wrapper only serves as a platform where functionalities from other
two modules can be imported into the python interface. The desired algorithm can
be designed by using the functions of the HMC and MD modules inside the python
interface. A schematic of the information �ow of this system can be seen in Figure
4.3. The reading and writing to the hard drive makes this integration very slow. Thus
testing the various HMC algorithms where many simulations for relatively long steps
are performed makes this type of integration unsuitable. Thus, an integration design
that bypasses the hard drive will be e�cient and preferable. The integration in the
next section resolves the bottleneck of communication over the hard drive and gives
a much faster implementation.

4.2 MD-Plumed integration

Code repository: https://bitbucket.org/CSPer/md-plumed/

In this scheme, the Plumed module [9] is able to pass and receive information di-
rectly from the MD Package without needing to interact with the hard drive. Inside
the Plumed module, some submodules have functions speci�cally written for the MD
package of interest, which are injected via a patch inside the MD package. These in-
jected functions create a pipe between Plumed and the MD package which enables to
share some information. Thus, since the Plumed module can communicate e�ectively
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4.3 HMC-OpenMM

with the MD module, the aim is to add the HMC based module inside the Plumed
module such that the HMC based module can communicate with Plumed and indi-
rectly with the MD module as depicted in Figure 4.4.
Unfortunately, the information passed between Plumed and the MD module does

not include the velocities. Thus to make use of Plumed to integrate the HMCmodules
the patch of Plumed needs to be modi�ed such that velocities from MD are passed to
Plumed. Since the Plumed patch is written separately for each MD package program,
the plumed patch needs to be adapted to each MD package to enable HMC module
functionality.
Since in the previous section (MD-Python-Fortran integration), NAMD was used as
the MD package. At �rst, the plumed patch for NAMD was attempted to be modi�ed.
However, the velocities in the parallelized partly documented NAMD program are not
stored in a variable as straightforward as the positions, thus making it di�cult to mod-
ify the plumed patch to get the velocities from NAMD. Therefore the plumed patch
for the Gromacs MD package [10] is modi�ed instead where the access to the MD ve-
locities are straightforward. Even though the implementation is computationally more
e�cient, the changes required makes the design and any new method development
highly dependent on di�erent MD engines. The integration is not modularised very
well; thus a method developer that wants to extend or add a new method would re-
quire to understand nearly all the code base. Thus the integration is not very user
friendly for method extensions. The next section introduces an integration that alle-
viates the extensibility problem.

4.3 HMC-OpenMM

Code repository-1: https://bitbucket.org/CSPer/openmm-dfhmc/
Code repository-2: https://bitbucket.org/CSPer/openmm-source/

In this scheme, the OpenMM package [11] is used to integrate the DFHMC or HMC
based module. OpenMM is a well modularised code and has di�erent abstraction
levels for di�erent types of users. Thus the code is not just designed for the user that
only run a simulation, but it is also user friendly for method developers. OpenMM has
a pythonmodule called the custom integrator. It is based on amathematical expression
parser called Lepton. This feature of OpenMM allowed us to quickly develop relatively
fast HMC based algorithms. The custom integrator feature allows the developer to
write integrators by giving access to state variables such as the position, velocity, force,
potential energy and mass of the system. The developer can also de�ne and use
custom variables that can interact with the state variables. These options give enough
�exibility for the developer to design new integrators or sampling algorithms without
requiring to dive into the OpenMM’s more complex lower abstraction levels. The code
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4 Code Integration

written via the custom integrator level is automatically optimized and parallelised to
work within di�erent platforms such as CPU and GPU. The developed HMC based
methods that use the custom integrator are collected in code repository-1.
Although most of the HMC based integration were able to be done through the

custom integrator framework, the requirement of removing the centre of mass trans-
lation and rotation could not be done via that framework. Thus the OpenMM source
code is modi�ed and a new function called "AddremoveCom()" is added such that it
can be used within the custom integrator. The current implementation runs on a CPU
and is not parallelised. However, the implementation is set up such that it can be used
in the OpenMM’s GPU platform setting, where all the native OpenMM code will be
optimized to run on the GPU. For future work, the removal of the centre of mass ro-
tation could be developed for each OpenMM’s supported platform,i.e., CPU, CUDA,
OpenCL. The methods developed via the custom integrator module can be developed
in a lower abstraction level in C++ to increase computational e�ciency.
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4.3 HMC-OpenMM

DFHMCFlowchart. The graph shows the �owchart for the DFHMCmethod. The submodules
of the DFHMC method are labeled as DF (digital �lter) and HMC (Hybrid Monta Carlo)

Figure
4.1
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4.3 HMC-OpenMM

MD
Modules Plumed

HMC
Based
Modules

Plumed Module: Information Flow. Information �ow between MD and HMC based module
via the Plumed module.

Figure
4.4
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Chapter

5
Conclusions

In this thesis, we proposed a multiphysics method called digitally �ltered hybrid Monte
Carlo (DFHMC) that combinesDigital Filter (DF),Molecular Dynamics (MD) andMonte
Carlo (MC) methods to alleviate the sampling problem in molecules with highly rugged
energy landscapes such as proteins. Knowing themagnitudes of the vibrations present
in themolecule, a DF can be used to �lter out speci�c frequency ranges in themolecule
selectively. When the digital �lter is designed to �lter out high frequencies a.k.a low-
pass �lter, an enhanced sampling can be achieved by biasing the velocities of the slow
degrees of freedom as observed in the results of the double well and curved potential
systems simulations. The usage of DF in conjunction with MD as in the DFMD [46],
RDFMD [1] methods, disturbs the equilibrium of the MD simulation. To preserve the
equilibrium property, the DF is used in conjunction with the HMC method. The con-
junction of DF with HMC is done by introducing a bias parameter into the velocity
distribution used in HMC. As used in the MEHMC method [2], a bimodal distribution
together with the relevant acceptance criteria are used to introduce the bias parame-
ter. In the DFHMC method, the bias parameter is updated using a predesigned digital
�lter. In chapter 2, it is shown that energy can be added to the low frequency mo-
tion via bimodal velocity distribution where the bias values are obtained with a digital
�lter application. By testing on a system with double well potential, water, a dihedral
angle system and alanine dipeptide, we observed that the energy can be added not
just along a cartesian coordinate but also along an angle and dihedral angle vibration.
In alanine dipeptide, which has many more degrees of freedom compared to the toy
systems studied in this thesis, we observed that the energy added to the lower fre-
quencies by the bimodal distribution quickly dissipates (1-2 ps time scale) to higher
vibrational modes.
In 2D double well potential system simulated at kBT = 1 where the energy bar-

rier height is 1 units, it was observed that the simulations with a bias value di�erent
than zero converge more slowly locally. However, according to the global conver-
gence measure the simulations with a bias in the slow dimension, y seems to result
in smaller percentage error for the average related to the y coordinate, < y2 > than
the simulations without the bias in that coordinate, but seems to perform worse for
the < x2 > average. For a conclusive decision on the performance e�ect of the bias
values, more simulation experiments were constructed at lower kBT values where the
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HMC without any bias needs relatively long HMC steps to converge globally.

From the 2D double well potential system simulation results, which are simulated
at low kBT = 0.1 values compared to the energy barrier height, i.e. 1, we noted that
the simulations that use the bimodal velocity distribution with the bias obtained via
a digital �lter converge much more quickly to the ensemble average along the slow
direction (y )compared to the standard Hybrid Monte Carlo method. We observed that
while the ensemble average error along the slow direction for the HMC method is still
close to 100% for the DFHMC, the error goes down to 1%. On the other hand, the
convergence on the ensemble average along the fast direction (x ) is slower with the
DFHMCmethod compared to theHMCmethod. Suggesting that theDFHMCmethod
is better in exploring the surface globally; however, it is not as good in exploring the
surface locally. The enhancement in the global convergence of the DFHMC method
is especially prominent when the energy barrier is high enough such that the standard
HMC method has di�culties to overcome it.

The double well potential in the 3D setup is simulated via the HMC and DFHMC
methods. Consistent with our observations of the 2D double well system, theDFHMC
method converges faster to the ensemble average compared to the HMC method.
Both HMC and DFHMC methods conserve the equilibrium distribution. Thus the
performance is consistent with the observed result for the 2D Double Well potential
analysed via the non-optimised python code in the DoubleWell- 2D section, which
indicates that the integration of the DFHMC method into the OpenMM molecular
dynamics package works as expected. The DFHMC and HMC application can be
scaled to more complex and bigger systems in a computationally e�cient way via the
OpenMM implementation. The observed enhancement of theDFHMCmethod on the
double well potential shows us that the DFHMC is capable of adding energy along a
slow degree of freedom that is aligned along a cartesian coordinate.

It has been shown that on a system where the energy barrier is along the cartesian
coordinate and a linear combination of the cartesian coordinates the DFHMC method
is able to enhance the sampling much better than the HMC method. Furthermore,
the convergence performance of DFHMC and HMC did not change signi�cantly by
the rotation of the cartesian coordinates, given the energy surface has the same cur-
vatures. It is observed that the direction of velocities generated by DFHMC aligns
along the energy barrier with higher probability, whereas in HMC there is no signi�-
cant preference of the direction of the velocities.

The DFHMC and HMC methods are simulated on a system with a curved tran-
sition path. The DFHMC method has shown enhanced global sampling compared
to the HMC method. The convergence rate for DFHMC is much higher than the
HMC method. Both methods generated the equilibrium distribution reasonably well.
However, the DFHMC method showed a slight di�erence from the benchmark PMF
around the transition state, indicating the local sampling of DFHMC su�ers from the
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performance increase in global sampling.

Summarising the results observed from the double well potential system and the
system with curved transition path; it is observed qualitatively and quantitatively that
the implementation of a multivariate and a single variate bimodal velocity distribution
to the HMC algorithm with the modi�ed acceptance criteria generates samples from
the correct target distribution for various bias values. In all systems, we observed
that the samples generated by the DFHMC method follow the canonical ensemble
reasonably well. It has been shown that the DFHMC method enhances the sampling
signi�cantly compared to the HMC method on systems where the energy barrier is
along the cartesian coordinates, a linear combination of the cartesian coordinates and
on a nonlinear curved path. The enhanced sampling observed on the curved system
shows that the DFHMC method is able to adapt to the directional change of the
energy barrier and add energy along the curved transition path. By analysing the
trajectories obtained from HMC and DFHMC, we observed that the rate of energy
barriers crossing is much higher in DFHMC and the simulation time spend on local
minima sampling is much lower compared to the HMC method. Thus for DFHMC,
there is a tradeo� between local and global sampling, a higher rate of global sampling
reduces the amount of local sampling.

The alanine dipeptide system is equilibrated in an explicit water environment. Inde-
pendently repeated simulation with di�erent starting conditions are run for HMC and
DFHMC methods. Although the di�erence is small, we observe that the DFHMC is
sampling better than the HMC method, especially along the � dihedral angle. We also
observed that the Langevin implementation of the NVT simulation performed very
well.

The HMC and DFHMC simulations of the alanine dipeptide molecule in implicit
water are able to generate the equilibrium NVT distribution. However, compared to
the alanine dipeptide explicit system, the enhancement of DFHMC versus HMC ob-
served in the implicit water system is signi�cantly lower. We note that the overall
convergence performance for HMC is better compared to the DFHMC method in
terms of the speed of generating stable results as observed by the decreasing error
bars. Thus we can conclude that the DFHMC method performs worse in the implicit
water system compared to the explicit water system. To explain a possible reason for
the observed decline, we hypothesised that the observed di�erence in enhancement
between the implicit and explicit water system is due to the di�erence of the centre of
mass rotation of the alanine dipeptide molecule. The molecule in explicit water is less
prone to the centre of mass rotation due to the friction between the water molecules,
and thus the added energy to the centre of mass rotation can be dissipated much
faster and easier. At each HMC step, a new velocity is drawn, and some portion will
contribute to the centre of mass rotation of the system. Since the whole system in the
implicit water case is the alanine dipeptide molecule, rotational motion of the centre of
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mass is conserved within each HMC step due to the conservation of angular momen-
tum. The rotation of the molecule will make the obtained �ltered velocities to be out
of phase with the coordinates, and thus the direction of the slow degree of freedom
cannot be identi�ed with the velocities. As a result, the extra energy we put in the
system could be added in any direction, making the procedure in principle the same as
the HMC simulation. Thus the bene�t of the DFHMC to add energy into the direction
of the energy barrier will be a�ected negatively if not lost by the rotation. However,
the amount of energy that is added is generally higher in DFHMC due to the non zero
velocity bias and the scaling parameter. Thus the DFHMC would add more energy
to the wrong direction and hence would be expected to perform worse compared to
HMC, which we also observed in the alanine dipeptide implicit simulation results.

We analysed the e�ect of centre of mass rotation on the DFHMC method. An ala-
nine dipeptide system in implicit water is simulated where the centre of mass rotation
is removed at every HMC step, and the results are compared to the simulations where
the centre of mass rotation are not removed. It was seen that the removal of the cen-
tre of mass rotation during the simulation caused the HMC and DFHMC to converge
to di�erent ensemble average values. The observed di�erence is small, and along  
no notable di�erence has been observed. Thus although the observed di�erence was
small, the removal of the centre of mass rotation disrupts the equilibrium distribution
noticeably.

From the observations on the convergence of the free energy di�erence of the
alanine dipeptide system, we conclude that the rotation of the molecule causes the
DFHMCmethod to perform signi�cantly worse. Thus to e�ectively apply the DFHMC
on molecules, it is required that the molecule under simulation does not have a signif-
icant amount of rotation. As has been seen from simulations where alanine dipeptide
is analysed in an explicit water environment, the rotation of the molecule could be
reduced by embedding the molecule in an environment such as water that restricts
the motion of the molecule.

To summarise the alanine dipeptide experiment results; The DFHMC method has
been applied to the alanine dipeptide system with explicit and implicit water. It has
been observed that the sampling performance of the DFHMC is better than the HMC
method in explicit water; however, in implicit water, the DFHMC performs worse than
the HMC. The performance of DFHMC in implicit water, improved and became better
than HMC when the centre of mass rotation was removed at each HMC step during
the simulation. The rotation of the molecule causes the velocities to be dephased with
the positions, thereby adding energy to the wrong direction and reducing the sampling
e�ciency of the DFHMC method.

Two suggestions to tackle the rotation problem for future work are discussed. We
believe a non-separable Hamiltonian approach to rotating the bias values and an in-
ternal molecular dynamics framework could lead to an improvement in the DFHMC
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method. The Riemannian Manifold Hamiltonian (RMHMC) Monte Carlo method has
been introduced to lay the foundations to the non-separable Hamiltonian approach.
The application of the RMHMCmethod together with the softabs transformation that
ensures the mass matrix is positive de�nite leads to trajectories that do not conserve
energy if applied to a system with an energy barrier. At the point where the surface
changes from a convex to concave shape the derivative of the mass matrix at that
point becomes discontinuous, causing the dynamics violating the conservation of en-
ergy. The RMHMC method without any further modi�cations does not seem to be
suitable for systems with energy barriers. Even though system dependent modi�ca-
tions could be done, more research would be required to �nd a generic metric for the
mass matrix such that the method is suitable for molecular systems. However, the un-
derlying framework could be useful in terms of laying the foundations for the further
development of the DFHMC method.

It is highlighted that the Bayesian inference problem from a mathematical point is
equivalent to the sampling of molecular con�gurations. The model parameters and the
joint log likelihood is related to the positions and the potential energy of the molecular
system, respectively. Therefore, looking at both problems as close variants, extending
the literature review to encompass the Bayesian inference and the con�gurational
sampling �eld would enrich both �elds and may spark innovative methods to develop.

Preliminary simulations of a bigger molecular system, Abl kinase has been con-
ducted. The simulation has been started from the DFG-in con�guration. The DFG-in
and DFG-out con�guration change were not observed via DFHMC or HMC simula-
tions. However, the sampling of the DFHMC simulation in the vicinity of the DFG-in
con�guration is directed along a path with slow increase of energy compared to the
HMC simulation which does not show a preferred direction of sampling. This indicates
that the DFHMC method is biasing the simulation along the low frequency direction.
Further optimising the parameters of the DFHMC method might lead to an observa-
tion of the DFG-in, DFG-out con�guration change.

The HMC type methods need to be implemented and integrated to optimised and
well tested MD packages to apply the DFHMCmethod on biomolecules in an e�cient
way. The integration of the HMCmodule to the NAMD package via a Python wrapper
showed to be very slow due to the information exchange between the HMC and MD
module via hard-disk. Thus, a faster implementation is achieved by using the Plumed
program to exchange information between the modules, which stores the information
to be exchanged in RAM and not in hard-disk. However, on default, plumed cannot
access the velocities of the system. Thus changes in plumed patches had to be done
to be able to extract the velocities of the system during the simulation. It was found
that the access of velocities in NAMD is not straightforward; thus, the plumed patch
was modi�ed to work with Gromacs, which has a more straightforward way to access
the simulation velocities. Although the Plumed integration of DFHMC together with
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the custom patch on Gromacs worked, many extra tweaks had to be done on the
Gromacs code base which is speci�c to DFHMC and does not �t to the general code
structure of Gromacs. Thus a more general implementation which is also fast was
achieved by using the OpenMM simulation program. Although in OpenMM, most
of the HMC based integration was able to be done through the custom integrator
framework, the requirement of removing the centre of mass translation and rotation
could not be done via that framework. Thus the OpenMM source code is modi�ed and
a new function called "AddremoveCom()" is added such that it can be used within the
custom integrator. The current implementation runs on a CPU and is not parallelised.
However, the implementation is set up such that it can be used in the OpenMM’s GPU
platform setting, where all the native OpenMM code will be optimised to run on the
GPU.
Future works can be structured into three parts. For the implementation part, the

computational performance of the current implementation could be improved further
by implementing the algorithms into lower abstraction levels of OpenMM that uses
C++ instead of Python. Also, the additional implemented feature, i.e., removing the
centre of mass translation and rotation from velocities could be implemented to run
on the GPU to achieve higher computational performance. For the methodology part,
the rotation problem also described as the dephasing of the bias velocities with the
molecules’ positions due to centre of mass rotation induced by resetting the veloci-
ties at each HMC step is seen as the next important milestone to tackle. Two general
suggestions to give starting points for the attempt to solve the rotation problem are de-
scribed. We believe a non-separable Hamiltonian approach to rotating the bias values
and an internal molecular dynamics framework could lead to an improvement in the
DFHMC method. As a separate feature, an extension of the method could involve in-
troducing an adaptive �lter design that allows the designed �lter to be changed during
the simulation. For the application part, Further optimisation of DFHMC parameters
towards the Abl kinase simulations might lead to an observation of the DFG-in, DFG-
out con�guration change. Also, a detailed analysis of the DFHMC parameters that
optimise the sampling performance could prove to be useful.
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