Rational orthonormal bases,
state transformations, and dissipativity

Y. Ohta P. Rapisarda

Abstract—We establish formulas relating the state of a
continuous-time system with that of the transformed one in
a Takenaka-Malmquist-Kautz orthogonal basis. We use such
relation to give a simple proof that if the original system is
dissipative, then the transformed one is also dissipative with the
same storage function. We apply our results to continuous-time
subspace system identification.

I. INTRODUCTION

Rational orthogonal basis functions have been used for
decades to decompose continuous time signals in a series rep-
resentation, using recursively-generated functions orthogonal
to each other in the L£o-sense. When the signals being repre-
sented are the input and the output of a linear continuous-time
system, a discrete transformed system, formally introduced in
sect. II-B, can be defined that maps the basis representation
of the one signal into the other. Such transformation has been
used effectively in (approximate) modelling, system identifica-
tion, control theory, robust control, and signal processing (see
(4], [6], [111-[14], [16], [17], [22]).

Past investigations in this area have adopted a purely input-
output point of view, in which the state of the transformed
system is only instrumental to the computation of the input-
output map in the orthogonal basis, and to the study of its
properties. To the best of the authors’ knowledge, no attention
has been given to the actual relation of the state of the original
continuous-time system with that of the transformed one. One
of the contributions of this paper consists in formulas (see sect.
III-A) relating such state variables to each other: we show that
the state of the transformed system is a weighted average of
the coefficients of the orthonormal basis representations of the
continuous-time system state and of its derivative.

In sect. III-B, we use such expression to establish that the
orthonormal basis representation of the state of the continuous-
time system satisfies a difference equation of first order in the
state and in the input coefficient sequences. In sect. IV, we
exploit our formulas to give a simple proof of the preservation
of dissipativity of the continuous-time system to that of the
transformed system, generalizing our previous results for the
Hambo basis case (see [18]) to the more general case of bases
obtained through a Takenaka-Malmquist-Kautz construction
(see [3], [9]). We also show that our formulas provide a
“variational” interpretation of the transformed system state.
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A mathematical model that does not mirror the physical
properties of a system is useless for practical purposes. Con-
sequently, in system identification and model order reduction
it is particularly relevant to devise algorithms ensuring that
structural properties of the original system (e.g. passivity) are
preserved in the identified or reduced-order model (see e.g.
[20], [21]). In sect. V we illustrate an application of our results
to continuous-time system identification, where we present
some preliminary results refining existing procedures, showing
the potential of our approach to contribute to the development
of new algorithms that preserve dissipation. Another potential
area of application is robust control, where basis functions are
used for the approximation of multipliers in the IQC approach
(see [23], in particular remark 5 p. 6).

II. BACKGROUND MATERIAL AND NOTATION

A. Orthonormal bases

The space of real-valued functions square integrable on
Ry := {t € R |t > 0} is denoted as L?(0,00), with the

norm of u € L*(0, 00) defined as ||ul| := 1/ [;~ [u(t)|2dt. The

Hardy space H? is the space of functions from C, := {z €
C | () >0}t C analytic on the right half plane, with
norm || := supysoy/ 5 [ o [@(0 + jw)|? dw. The spaces
L?(0,00) and H? can be identified with each other via the
Fourier or Laplace transform. If u : R — R, then @ denotes
its transform.

These definitions are generalized in the usual way to vector-
valued functions. To avoid cumbersome notation, when it is
clear from the context what the dimension of the vectors is,
we use the same symbols to denote the set of square integrable
vector-valued functions and that of their transforms.

To define an orthonormal basis for H?, we follow the
Takenaka-Malmquist-Kautz construction for the case of a
bounded sequence A\, € Ry, k =0, ..., that is also bounded
away from zero. We consider the case of complex \j; in Rem.
6. For each k£ € N, we define the inner functions

-~ S*)\k
(s) := k=0,... 1
Pk (s) ST, 0,..., (1)

and from it we construct the sequence defined by

bo(s) := 2




Special cases of this construction are A\ = A (Laguerre basis)
and A\gy4p = A, where p > 1 is the fixed period of the
sequence {)\;} (Hambo or generalized orthonormalAbasis).
Given the identification of H? with L?(0, 00), if {bx }r—o....
is an orthonormal basis for H? then the sequence of real-
valued functions {by}x=o,.. is an orthonormal basis for
L?(0,00). It follows that every f € L?(0,c0) can be written in
terms of an orthonormal basis {bi}r=o,.. as f = rey fubr
for suitable coefficients f, € R, k = 0,1,.... When f is a
vector-valued function, the orthonormal basis representation is
component-wise and the coefficients are real vectors.

B. The transformed system

We study state space systems described by

Az + Bu
Czr+ Du, 3)

r =
y =

with A Hurwitz and 2(0) = 0. In the rest of this paper, the
state-space dimension is denoted by n, the number of input
variables by m, and the number of outputs by p.

If u € L?(0,00) in (3), with orthonormal basis represen-
tation u = ZL"% Urby, then also y € L?(0,00) and can be
represented by y = Z;ﬁ% Yrby, for some sequence {yx }r—o,...
of real vector coefficients. The coefficients {wuy} and {y} of
the series expansion of the input, respectively output trajectory
of (3) are related to each other through the dynamics of the
time-varying transformed system

Eb1 Ay + By
U = Cié + Dy, “4)
where
Ay = (Md —A) 7 O + A)
By = V2A(I—-A)"'B
Cr = V200 (A — A)7!
D, = CMI—A)"'B+D. (5)

The expressions for zzlk and ﬁk in (5) are the same as those in
Prop. 1 of [16]. The expressions for ék and é’k in (5) follow
from evaluating the integrals for B and C given therein. See
also Lemma 4 p. 370 of [14].

C. Continuous- and discrete-time dissipativity

Let ¥ = X7 e ROm+P)x(m+p): the system (3) is dissipative
with respect to the supply rate

Qs(u,y) :==[u" y'|E m

if there exists P = PT & R™ "™ such that % (xTP:z:) <
Qx(u,y) for all trajectories (x,u,y) satisfying (3). The
quadratic form Qp(z) := =" Pz is called a storage function.
Dissipativity is equivalent to the existence of ® = &' ¢
R™*™ @ > 0, such that for all (x,y,u) satisfying (3) the

dissipation equality

Qslny) = & (27 Pr) + Qale,w) ©

is satisfied. Such Qg is called the dissipation rate. Using the
second equality in (3) to rewrite the supply rate as a quadratic
function Qy of (z,u), the dissipation equality is shown to be
equivalent with the linear matrix inequality

s _[ATP+PA PB
BTP

The definition of dissipativity for a discrete time-invariant

>0. )

Ome

system (Z, E, C~', D) is based on the dissipation equality

Qs (uk,yr) = 2411 Prii1 — o Py, + Qa(wp,ur) . (8)

Rewriting @y, as a function Qs of (zk, ug), (8) is equivalent
with the discrete-time linear matrix inequality

ATPA—P A'PB

¥ — ~ ~ =~
BTPA BTPB

>0. 9)

Adapting the definition of [5] for discrete time-varying systems
and general (not necessarily positive-semidefinite) storage
functions, we call a system (4) dissipative if there exists
P =P7 € R" " guch that for all ky < k; it holds that

k1
Z Qs (U, Ji) > &, Py, — &, P, -
k=Fo

III. CONTINUOUS- AND TRANSFORMED SYSTEM STATE

If the input trajectory u is square-integrable, then the corre-
sponding continuous-time state trajectory x and its derivative
Z satisfying (3) are also square-integrable, and consequently
they have orthonormal basis representations

+o0o +oo
r = Z%kbk and T = Zikbk .
k=0 k=0

In the first part of this section we establish a relation between
the real vector-valued sequences {Z} and {i} and two
sequences computed from & in (4). In the second part, we
compute dynamical equations for the coefficients {Z }r=o,.. ..

(10)

A. Weighted average and increment of {gk}kzov__,

In the literature about orthonormal bases and dynamical
systems the state & of the transformed system is introduced as
an auxiliary variable needed to link the sequences {ty, }r=o,...
and {Yx}r=o,... via (4). We show that an instrinsic relation
exists between the state variables of the original continuous-
time and of the transformed system.

Theorem 1. Given the orthonormal basis (2), consider the
representations (10) of the state trajectory and its derivative
of the continuous-time system (3) in the orthonormal basis.
Then
~ 1 & + &k = Er1 — &k
Ty = —————and & =/ I pj——=— . (11)
VA V2 V2

Proof. From the first equation in (3) it follows that & = A% +
Bu. Define a new continuous-time system defined by

Az + Bu

= Iz,

{'.E =

12)



whose transfer function is (sI — A)71 B. From the definition
of transformed system (4) and the state-space description
(12), it follows that the sequence {Zj} is the output of the
transformed system

Eer1 = Al + By (13)
%k = 4/ 2)\k (/\kl — A)_lfk + ()\kl - A)_l Bak .
:ék ::ﬁk

From the second equation of (13) and & = Ax + Bu we
also obtain the following equation expressing &, as a linear
function of & and uy:

in = V2MAMI —A) '

=:G} =AGj,

+(A (el — A)~ +I) B, . (14
Since (A\x — ) " (Mp+5) +1 = )\2:‘_’“8, for every k it holds

that
Ap+T=0d —A) "I+ A)+1 =20 (M — A",

and consequently

Eir1+& = (/Tk + I) € + Briig = 2\, (I — A) 71 g,
+§1ﬁk
= V2MGr&k + 2\ Hiuy, = \/2MT
from which the first equation (11) follows.
To prove the second equation (11), write
Mr—s) "D +s)—1= A,fS—S; then

Ay —T=MI—A) "I +A) —T=24(\J - A" .

Consequently
o1 — &k = (gk - I) & + By
= 24 (M — A7 & + By
VI oo
= mAkak + G Buy, .
Since
- . A-T
AHy,+B = AMI-A) B—&-B:TB—FB
A+T Vi~
— iB — in ,
2 V2

it follows that

ir = Afp+Bup=A (éké} + f]kﬂk) + B,

= AGp&, + (A?Ik. + B) U -

Consequently, Ek = Aéké}. + ‘/\/)‘EékBﬂk, from which the

second equation in (11) follows. O]

We call the expressions on the right-hand side of equations
(11) respectively the (time-dependent) weighted average and
the (time-dependent) weighted increment of the sequence

{Ek} We now establish equivalent expressions for the state
variables of the transformed and of the original system.

Corollary 1. The following statements are equivalent:
1) Equations (11) hold for every k € N;
2) The following equations hold for every k € N:

z N 1~
= — Tk — —F—=<T
k 2" g "
~ Y. 1 ~

- T+ —==1 .
£k+1 ka: 2)\k$k

3) The following equations hold for every k € N:

_ ™ 1 ~ 1
— L o
& <V 2 Ny ) SN >w
" 1 N 1
WLy B,
< 2 " )x’“ o

Proof. The equivalence between statements 1 and 2 follows
from (11) and

Buy,

Ekr1

-1

1 1 A
[ Rt 7 I"] _|VzE _\/lekI"
R [ Ak /A 1
3 In 2 In S1n 7\/2)%‘[77,

Equivalence (2) < (3) follows from &, = A% + Bug. [

Remark 1. The dynamics of the transformed system state
given by the first equation in (4) can also be deduced from
the equalities established in statement 3 of Cor. 1. To show

: : Akt 1 .
this, we first prove that the matrix 5 1, MA is
nonsingular. By contradiction, if there exists v € C", v # 0

Akt 1

V= Av, then A has an eigenvalue at
2 V2 k+1 &

Ak+1 € Ry ; however, A is Hurwitz by assumption.
From the first equation in statement 3 of Cor. 1 conclude
that

—1
I 1 -

1
1 Ak 1 ~
— (21, ———4) Ba.
+\/2>\k< 2 Ny ) b

Substituting this expression in the second equation of state-
ment 3, one obtains the first equation in (4). The second
equation in (4) follows from y, = C& + Duy. O]

such that

B. Dynamics of {T }k—o,...

From the dynamics of the transformed system and from the
relations (13) and (14) one can obtain first-order time-varying
equations describing the dynamics of the coefficients Z) of
the orthonormal basis representations of the continuous-time
state x.

Theorem 2. Define

[ Akl 1
Ak,_ = In — A
2 V2 k11

Ak 1
Apy ckp AL
kot 2t o




The sequence {T1} of orthonormal basis coefficients of x in
the representation (10) satisfies the time-varying difference
equation:

U +

1 1
T = A7+ B U 15
Tht1 kTk & (m muk+l>( )

where Ay, := A,;liAkﬁ_ and By, := A,;lfB.

Proof. Write (11) for two consecutive indices k, k + 1,
obtaining two expressions for &4 1:

~ _ Mo, 1
Sht1 5 Tk N

and
Epy1 = )\k+15k 1 = Thi
+1 = Tl — —(—— Tkt
2 V2 k41

———— B
V2 k11
To complete the proof recall from Rem. 1 that
Ak41 . 1 . . .
( 51y MA) is nonsingular; now equate

the two expressions obtained for ng, and multiply
on the left both sides of the resulting equation by

Akl 1 -
( 2 In /72)\k+1 A) . O]

Remark 2. The proof of Th. 2 shows that equation (15) can
be interpreted as a consistency condition obtained by equating
the two expressions for &1 obtained from (11). It is a matter
for future research to investigate whether such consistency
equation uniquely identifies the orthonormal basis. O

Remark 3 (The Laguerre basis). When the sequence {\x}
is constant, Ay, = A € R, for all k, then the orthonor-

mal basis (2) is called the Laguerre basis. In this case the
ErtEria
V2x

=V 5’“*\}2_& , and the dynamics of T are time-invariant:

—1
A 1 A 1

Foor = [ y/2I,— —A4 2p 4 —A7F

Th+1 < 2 V2 ) ( 2 V2 )xk

-1
1 \/X 1 o
+ — (21, - —A| B@p+u )
m( 5 m) (uk + Uk41)
O

equalities established in Theorem 1 read =z = and

Remark 4 (Generalized orthonormal basis). In the case of
a generalized orthonormal basis the sequence {Aj}x—o,... is
p-periodic: {Ax} = {Xo,...,A\p—1,0,...}. Applying the
equalities established in Theorem 1 leads to the equations

= &k + &yt and = Netoms 1) Err1 — &k '
V2 Ak (mod p) V2

From Th. 2 it follows that Z satisfies the periodic dynamics
Tpy1 = ATy

Uy +

1 1
+ By, ﬂk 1 )
( \V 2Ak}(modp) V 2Ak+1(mod p) * )

where A, = A,;l_A;H_ and By = A;}_B, with A, _ and
Aj, + defined by

A Aktim p) 1 A
’ 2 V2 k41 (ot )
[ Aks(med p) 1
A = I, + A.
ot 2 2 V )\k)(mod p)

IV. DISSIPATION AND SYSTEM TRANSFORMATION

We now prove that if the continuous-time system (3) is
dissipative, then the transformed system (4) is also dissipative.
The following theorem is the main result of this section.

Theorem 3. Let ¥ = Y| € RM+P)X(m+p)  and assume that
the system (3) is dissipative with respect to the supply rate
Qs (u,y); then the transformed system is also dissipative with
respect to the supply rate

iz

If P=P" € R"™" induces a storage function for (3), then
it also induces a storage function for the transformed system.

Qs (U, gr) == [u,

Proof. Let (xz,u,y) satisfy (3), with orthonormal basis rep-
resentation (T, Uy, yx) and associated transformed system
trajectory (&g, Uk, Yr), kK = 0,.... Consider a fixed, but
otherwise arbitrary, £ € N, and define (ﬁk,gk,ék,ﬁk) by
(5). We now prove that a linear matrix inequality holds for
such arbitrary k; this will be instrumental to prove the claim
of the Theorem.

From statement (2) in Cor. 1, for every k it holds that Ek =

ey 1 =
3Tk — 7Tk It follows that

V2N (I = A) 7 g+ (I — A) 7 B,
=M el — A) 7 E — (W — A) iy,
+ (M — A By, =7,

Consequently, for a fixed k it holds that

{m(/\ka)_l M(AIJA)_I} Fk] _ Fk} .

Om Xn Im. ak Uk

=T}

Denote by M(A, B,C, D) the left-hand side of the matrix
inequality (7), and by M (A, B,C, D) the matrix on the left-
hand side of (9). Using the definitions (5), straightforward
calculations show that

M(Ay, By, Cy, Dy,) = T, M(A, B,C,D)T, . (16)



Since (3) is dissipative, M(A,B,C,D) > 0 and conse-
quently M(Zk,ék,ék,ﬁk) > 0: for a fixed k, the time-
invariant discrete-time system associated with (A4, B, C, D) is
Y.-dissipative.

__Now consider ko, k1 € N, kg < k1. From the inequality

(Ak,Bk,C'k,Dk) > 0 for k € N conclude that for every
k it holds that Qz(uk7yk) > €;+1P€k+1 - fg—Pfk, and
consequently

oy oy N
Z Qs (ug, yr) > Z 01 PEr+1 — & Pl

k=ko k=ko
= & P&, — &, P&,
which proves the dissipativity of the time-varying system (4),
(5). O

Remark 5. For the case of the generalized (Hambo) orthonor-
mal basis, a result analogous to that of Th. 3 was established
in [18] with a less straightforward argument.

—2 _3
Example 1. Consider the matrices A = [ 2 4}’
2 L
[O}’ C=10] 3. D=

B = 0, corresponding to the

positive-real transfer function G(s) ﬁ The
2 2
continuous-time positive-real lemma LMI has a soﬁution P :=

02500 0.6875 > 0. It can be verified that P also solves

the discrete positive-real lemma LMIs for every transformed
system (A, By, Ck, D), due to the congruence relation (16).

L0.2500 0.2500

We now prove an orthonormal basis version of the dissipa-
tion equality for the continuous-time system (3).

Proposition 1. Ler ¥ = X7 € R"+2)X(m+0) - gssume that
(3) is dissipative with respect to the supply rate Qx(u,y) =

[yT UT} D) Lyl] Let P = P" € R™" induce a storage
function, with corresponding dissipation rate Qg¢(x,u) =

[ZT uT} d B] The following equalities holds for the or-

thonormal basis coefficients T, &, y, u and transformed system
state variable T:

Soaley]-@ e[
k=0

1~
- 2x;ka+ kaka(ngPgm &P
k=0

Proof. To prove the first equality, integrate both sides of the
dissipation equality and use the orthonormality of the basis:
—+oo

Qs(u,y) —

w A (3] - e |

oo

Q‘I’ (U/, y) dt

o

>
Il
o

1 1
—&" Pz + -z Pi dt
2 2

?M8c\+

1~ 1._
5 P:ck + ka P:vk

1~T
To prove the second equahty, use (11) to write x’k Pz +
;ka = fk+1pfk+1 &l Pé;,. O

We now illustrate a “variational" interpretation of the state
variable £ of the transformed system.
Consider first the following linear algebraic result.

Proposition 2. Let TT = IIT € R™", {0;}, {vi.}, {wy} be
n-dimensional real sequences, and let {ay,} be a sequence of
nonzero real numbers. The following statements are equiva-
lent:

1) The sequences {0i}, {vi}, {wr} satisfy

= g (a o)
= — | —v—aw
k \/i o k kWk
1 1 Qg

0 = —|—uw+—=wg| ; 18

k+1 \/i(ak LRI k) (18)
2) The sequences {0y}, {vi}, {wy} satisfy
ay
— (6, +0
ﬁ( K+ Ok+1)
1
V2ay

Moreover, if statement 1 or statement 2 holds, then for every
k € N it holds that % (v,;erk +wkTHvk) = 9,€T+1H6k+1 —

Ve =

wy = (Or+1 — Ok) (19)

0, 116;..

Proof. The equivalence of statements 1 and 2 follows from
1 [;kfn —akln}‘lz 1 {akl.fn alkfn}
\/i oleln agl, \/i _?k[rb OTkI'rL

The final claim follows from the fact that [l(_)[ lﬂ equals

1 {(jkfn alkln} {H 0} 1 Fkln —akﬂ

s 7= | 1

\/§ —Ozkfn OékIn 0 II \/5 TkI” Ozkfn

O

The last claim of Prop. 2 shows that any bilinear form
on a pair of sequences {vg}, {wy} can be rewritten as the
increment of a quadratic function of a sequence of auxiliary
variables {6} defined from {vy}, {wx} by the equations
(18). Equivalently, see equation (19), the sequences {vy} and
{wy} are the (time-dependent) weighted average and incre-
ment, respectively, of the sequence {6}, and the parameter
«y, determines how much the contribution of v, and wy,
respectively, weighs in the definition of 6.

Assume that the sequence {ay} is bounded, and bounded
away from zero. Define A\ by A\ := aii; then the equations

(19) coincide with those relating E with 7 and #, see Th.
1. The state variable of the transformed system can thus be
interpreted as also an auxiliary variable defined to rewrite the
orthonormal basis version of the dissipation equality (17) as
an increment of a quadratic form.

A consequence of Cor. 1 and Rem. 1 is that any variable
& defined as a weighted average and increment of some
orthonormal basis representation of the trajectories x and ¢ of
a continuous-time system satisfies the dynamic equations (4).
As mentioned in Rem. 2, the dynamics of Z is described by the



consistency condition (15); it is a matter for future research
to investigate whether such consistency equation uniquely
identifies the orthonormal basis.

We conclude this section considering the case of complex
poles in the construction of the orthonormal basis.

Remark 6. We consider here the case when complex poles
are used in the construction of orthonormal bases; we follow
the approach of [1], [11]. We assume that a finite sequence
Aoy - -5 An_1 of real Ilumbers have been chosen to build
an orthonormal basis {b;(s)} according to the formulas (1),
which we rewrite for for the complex case, denoting the real
part of the complex number A, by R(\g):

~ — )\
¢k(s):=z+A:,k=o,..., (20)
and
~ 2R(A
ho(s) = T(AOO) @1
k—1
~ - 2R (M
bi(s) = (H ¢i(5)> T(Sk) L k>1.
=0

Assume that )\, € C with nonzero imaginary part is chosen
for the construction of the next basis element; then necessarily
An+1 := A,. To guarantee that real signals correspond to real
orthonormal basis representations, the transformation

ljus) ] _ [ } Pn@) ]
bt (s) L al bt1(s)

=:C

(22)

is defined, where the coefficients c;, c;, i = 0,1 are chosen

such that the orthonormality condition for the basis elements

o~ ~

b1(5), -+, bue1(5), 0, (), by 1y (5)

is satisfied. This is equivalent to requiring that the matrix C'
defined in (22) is orthonormal: CC* = C*C = I,. Such
condition can be shown to be equivalent (see pp. 267-268 of
[1]) to the parametrization

(23)

Nv/2cos 0 4 [ A |v/2sin 6

0) =

co(6) oo
Nv/2cos 6 — [ A |v/2sin 6
ca(0) =
2X;

, —\V2sin 6 + [ A, V2 cos f
co(0) = N
, ~\V2sin6 — [\, |v2cos
61(0) = INF ’

where 0 < 0 < 2. o

With the change of basis to (23), if f,, fn4+1 denote
the n-th and (n + 1)-th coefficient of the orthonormal basis
representation of a function f in the basis

~ o~ o~ ~

bl(s)a R bn—l(s)a bn(s); bn+1(5) )

and JTT’L, :’L 11 denote the coefficients of the representation of
f in the basis by1(s),...,bn—1(s),b;,(s),b;, 1 (s), the relation
between the coefficients is
C ~fn
fn+1

7
il
Al
L] -l

Using these equations component-wise and defining

L COIn CIIn
c.= g ar].
~ ~
we obtain the representation ~§’“ of ~€k in the new
k+1 €k+1

basis by

(24)

Ngl/c =C Nglc
51’#1 ‘ Sk+1

From Cor. 1 it follows that [~§k =T(\g) Ek], where
k

Ekt1
Ak __1
T(0) = 5 1, o I,
VAL Ar |
2 n \/m n
& | _ Ty
and from (24) we conclude that |~ =C.T(\) |+ |, the
k+1 Tk
counterpart to statement 2) of Cor. 1.
Now let P = PT ¢ R”X"N and define P, :=
O x . _ & Ty,
nxmn ;since T (M)~ 1C* | =% | = |57, then
[ P Onxn:| ( k) e g]/q_q_l T

~T ~T o~ . ~T Tk

=& &) crowTPTOw e;

e

& .
€k

it follows that the last equality in (17) can expressed in terms
of the auxiliary variables &, & ;.

V. APPLICATION: SUBSPACE IDENTIFICATION OF
CONTINUOUS-TIME SYSTEMS

We apply our results to system identification of determinis-
tic continuous-time systems. Given space limitations, we use
the Laguerre basis; the case of a generalized orthonormal
basis will be illustrated elsewhere. Given an input-output
pair (u,y) of Lo-trajectory, we compute its representation
U= Zzif) Upby and y = ZEB Uxbr in the Laguerre basis.

Using p 4+ 2¢ + N consecutive terms

{ak}k:p,...,p—Q—Qq—&-N and {gk}k’:p ..... p+29+N (25)



from these representations, we construct for fixed integers p
and ¢ the “past” Hankel matrix

Uy Upt1 Upt N
Up+1 Up+2 Up+N+1
H™ — Uptq—1 Uptgq,l Up+q+N—-1 (26)
Yp Yp+1 Yp+N
Yp+1 Yp+1,1 Yp+N+1
LYp+q—1  Yp+q,1 Yp+q+N—1]
and the “future" Hankel matrix
Up+q  Upt+g+1 Up+q+N
Uptg+1l  Uptgi2 Up+q+N+1
>t = Upt2q  Upi2g+1 Up+2q+N Q27)
Yptq Yptq+1 Yp+q+N
Yp+q+1  Yp+q+2 Yp+q+N+1
L Yp+29  Yp+2q+1 Yp+2q+N

It follows from the state equation (4) for the transformed
system (see also sect. 2.3.1 of [19]) that the k-th column of
any basis matrix for the intersection of the row spaces of H™
and H, is the state value at k of the system (4) corresponding
to the input-output trajectory {(Ux, k) }tr=0,.. N:

row span (H*) N (H™)

= IOW span ([§p+q Eptat1

(28)
gp+q+N} ) .

Applying the formula in Remark 3, one can compute from
such a basis matrix for row span (H*) N (H~) N consecu-

ot of the
. 3 . k=p+q,..p+N
orthonormal basis representation of the state trajectory = and

. . . d .
its derivative - corresponding to (u,y).

Now define the matrices

tive values {Zx}y_,,, .y and (@

Xy = [xp+q Tp+q+1 CL‘erquN]

L] ~ ~
XN [Eptq Eprart Eprarn]

computed from the data, and the matrices

Uy =
YN =

[ap+q Tptqt1 ﬁp+q+N]

[%p-&-q gp-&-q-‘rl gp-l—q-'rN]

and assume that v and its transformation {uy,}r—o, .. are per-
sistently exciting for the continuous and transformed system,
respectively. The matrices of the continuous state model can be
computed solving, for example using least-squares methods,

the system of equations
_|A B| XN
~|C D||Un| "

This procedure computes the continuous-time model directly
from the data (25); compare it with the standard approach
of first identifying the transformed model and subsequently

XN

2
Ya (29)

computing from it the continuous-time model (see [7], [10],
[15]. Moreover, the last two steps of our procedure constitute a
data-driven inversion of the Laguerre transform. An analogous
procedure can be stated for data-driven inversion of the Hambo
transform (see Prop. 6 p. 660 of [7] and Th. 6 of [16]); this
will be presented elsewhere.

Since different choices of the basis for row span (H™1) N
(H~) in (28) correspond to different choices of the state-
space basis for the transformed model and consequently for
the continuous-time model associated with it, with our apprach
it may be possible to compute “special" representations (e.g.
input-output balanced, Riccati-balanced, and so forth) directly
from data, a feature especially interesting for data-driven
model-order reduction of continuous-time systems. This is
ongoing research that will be presented elsewhere.

We apply our procedure to data generated by the positive-
real transfer function G(s) = ——2— excited by the input

. (s+3)(s+3)
signal

_8t  _2t  _3  _=20  _t  _& _i  _t
u(t)y=e"++e 3 +e 5 +e 5 +e 5+e d4e 5+e 6.

The corresponding output is

@ - T Ly 4y 12y 40y
YW= "o 3 5 9
195,60 2 24 . 12 .
6° 1°¢ 7€ 5°
80 -4 154
39 8

We choose a Laguerre orthonormal basis associated with A =
1. We compute the coefficients y; and uy, k =0, ...,22, and
we choose p =0, ¢ =4, N = 18 in (26).

It can be verified that the Hankel matrix with 8 rows and 18
columns constructed from the coefficients uy, k = 0,...,22,
has full row rank and consequently w is persistently exciting.

The 16 x 18 matrix {Z 4 has rank 10, equal to the sum of

the degree of excitation of u and the dimension of the state
space of the transformed system.
To compute a basis for row span (H1) N (H ™), we com-

pute a SVD of E;Jr , obtaining row span (H*T) N (H™) =

row span (E), where

~0.916817 ~0.1372 T
—0.580368  —0.0866933
—0.370617  —0.0553367
—0.240547  —0.0358771
~0.158203  —0.0235766
~0.105281  —0.0156783
—0.0707379  —0.0105281
_ | —0.0479052  —0.00712646
=7 200326521 —0.00485551
—0.0223741  —0.00332608
—0.0153994  —0.00228863
~0.0106385  —0.00158072
—0.00737286  —0.00109529
~0.00512374  —0.000761045
~0.00356927  —0.00053008
| —0.00249167 —0.000369996 |



Since we work with the Laguerre basis, the transformation
(11) can be performed multiplying = on the left by S :=
1|~k b obtainin
Vil L L[ &
SE — |:E4 355 3518:| — XN

Ty Ts 718 Xy
Solving the system (29) with least squares methods yields the
identified continuous-time model

1 - —2.74109 14.2345 —0.512773
o —0.195398 0.74108 —0.0672392

C = [ 389906 14.8625 | , D = —0.0000190403 .

)

Note that small numerical errors are present: D < 0. It can be
verified that the poles of the identified model are —1.50001,
—0.500007, very close to those of the original systf,m. The
transfer functions G(s) and G(s) := C (SIQ - ﬁ) B+ D
are close in the H-sense: ||G(s) —@(s)”oo =2.5904x 1075,
Most importantly, the transfer function of the identified system
is also positive-real, since the inequality

G(jw) + G(—jw)

B —0.0000380806w* + 1.99983w? + 1.50005

B w* 4 2.50003w? + 0.562521
holds for all w & R. Thus the transformation preserves
passivity, but is not immune from numerical errors, whether
because of a numerically unsound implementation, or the low

number of expansion coefficients considered in the example
(22 in total).

>0

VI. CONCLUSIONS

We have investigated some properties of the orthonormal
basis representation {Zj} of the continuous-time state. We
showed the relation between the state trajectories of the
transformed system, and the sequences {7} and {&j} of
the coefficients of the orthonormal basis representation of the
continuous-time state and its derivative, and we illustrated
the dynamics of zj, in Th. 2. We have used these results to
give a self-contained proof of the preservation of dissipativity
through transformation in Th. 3, and illustrated in sect. V some
preliminary results in their application to system identification.
We believe that these results have also the potential to be rel-
evant in (linear and non-linear) model-order reduction, where
the preservation of physical properties such as dissipativity in
an identified or approximate model (e.g. that of a nonlinearity)
is essential (see [2], [8]). This is ongoing research that will be
presented elsewhere.
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