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Abstract

Periodic structures can be designed to exhibit wave propagation elastic band gap behaviour by varying material
or geometrical properties, i.e. phononic crystals, or by periodically distributed resonators or boundary conditions,
i.e. acoustic metamaterials, with various applications in passive noise and vibration control. However, variability
in the manufacturing process causes material and geometry uncertainties that affect their band gap robustness and
consequently their dynamic attenuation performance. In this work, the effects of slowly varying variability on the
vibration suppression performance of metamaterials and phononic crystals is investigated. The spectral element and
the wave and finite element approaches are used, assuming slowly varying properties, to model a beam with evenly
spaced attached resonators and an undulating beam. In both cases, the band gap formation is investigated considering
both non-uniform deterministic and spatially stochastic material and geometric variability. The proposed approach
provides a framework to represent variability and randomness with spatial correlation of the periodic unit cell and then
to assess their effects on the vibration suppression performance. It is shown that the spatial profile, or the correlation
length in the case of random fields, plays a role on the band gap performance and that the presence of a critical section,
i.e. a transition region between propagating and non-propagating waves, can significantly affect the band gap width
and the amplitude of vibration attenuation.

Keywords: band gap, near-periodic structures, uncertainty analysis, WKB approximation, random field, slowly
varying

1. Introduction

Phononic crystals and metamaterials are periodic structures that have been used to control and manipulate acoustic
and elastic waves [1, 2, 3, 4]. Their applications include vibration attenuation [5, 6] and noise reduction [7, 8], acoustic
cloaking [9], acoustic lenses [10] as well as mechanical topological waveguiding [11, 12]. One of their properties are
the band gaps, which are frequency bands in which there exist a stop band effect [13]. While in phononic crystals the
band gap is produced by Bragg scattering due to material or geometric periodic modulation [14], in metamaterials the
band gap effect is created due to inclusions that work as internal resonators [15].

Typically, wave-based methods are used to calculate the complex dispersion diagram (free wave analysis) and the
forced response in the frequency domain of a finite length periodic structure from the analysis of one single periodic
cell. These formulations save computational time when compared to the standard full Finite Element (FE) method,
thus providing a suitable framework for cases in which a large number of interactions is required, such as optimization
and uncertainty analysis. Amongst the wave-based methods, the Spectral Element (SE) [16, 17] approach and Wave
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and Finite Element (WFE) method [18, 19, 20] have been successfully used to model homogeneous and periodic
structures in the past decades. The SE approach uses analytical solutions in a dynamic stiffness matrix framework,
whilst the WFE method can benefit from any standard FE library to model a arbitrarily complex periodic cell [21, 22].

Manufacturing such structures from 3D printing has become one of the emerging topics in acoustic metamaterials
because of their intrinsically complex geometry [23]. However, manufacturing processes introduce material and
geometric uncertainties, possibly causing a disruption on the spatial periodicity required for the stop-band and pass-
band features [24, 25] hence modifying the band gap performance [26, 27]. On the other hand, it has been known
for decades that deterministic near-periodic structures can be designed in order to enhance their vibration/acoustic
attenuation performance [28, 29, 30]. Near-periodic structures are referred herein as systems whose material or
geometric properties vary spatially, following a deterministic function or a random field. This disruption of the spatial
periodicity is known as disorder and results in the phenomenon known as localization [53]. It can be quantified by the
average spatial decay of a travelling wave along the structure, the so-called localization factor [54]. Spatial variability
in periodic structures, i.e., nearly periodic structures, can either prevent the band gap (stop band) formation [37, 55],
or can be tuned to improve band gap effects when compared to those of the periodic structure [28, 56].

The effects of variability and randomness in phononic crystals and metamaterials have been investigated using dif-
ferent approaches. In some papers, it assumed that the periodic unit cell is uncertain, with no break of periodicity, and
subsequently the stochastic response is calculated. Most of these analysis aims at providing a framework and design
guidelines for metastructures. For instance, He et al. [31] proposed an stochastic analysis of acoustic metamaterials
using a first order perturbation approach. Similarly, Wu et al. [32] also proposed a first order perturbation strategy
along with interval parameter to evaluate the upper and lower bounds of acoustic metamaterials. Al Ba’ba’a etal. [33]
investigated the effects of uncertainty on the unit cell parameters of elastic metamaterial using the polynomial chaos
expansion. A Bayesian approach for wavenumber identification was proposed by Souza et al. [34] using experimental
measurements in a elastic metamaterial produced from 3D printing. A derived analytical expression assuming an
infinite number of identical resonators is used to estimate the material properties of the metastructure. It is shown that
the band gap is the most uncertain region of the dispersion diagram, despite the metastructure being manufactured
from the same material, and relate it to the break of periodicity not taken into account.

On the other hand, randomness and break of periodicity on the performance of metastructures have also been
taken into account. Jia et al. [35] proposed a design approach for wide and robust band gaps in 2D phononic crystals.
Randomness is included in the geometry of the unit cell and break of periodicity and symmetry is analysed in terms
of combined deformation and manufacturing defects. Moreover, Achaoui et al. [36] show that Bragg scattering type
of band gaps are less resilient to randomness than the locally resonant on two-dimensional pillars on a surface for
hexagonal and honeycomb lattice symmetries. Sugino et al. [37] analysed the effects of randomness in both natural
frequency and positioning of the resonators. They suggest that minimizing the variability is always beneficial for band
gap widening. This is the opposite from what has been found by Celli et al. [38]. They show that random disorder
can be used for band gap widening, which suggests that some underlying physics is not well explored.

For slowly varying structures, the WKB approximation can be used. This formulation was first proposed by
Jeffreys [39] and latter by Wentzel, Kramers and Brillouin, who gave their name to the method, for solving the
Schrodinger equation in quantum mechanics [40]. The WKB approximation assumes slowly varying properties such
that internal reflections due to local impedance changes are negligible [41, 42]. It has the advantage of maintaining a
wave-like approach and can be used for calculating the forced response of non-homogeneous structures using a very
similar approach to that for homogeneous structures [43]. The WKB approach was employed to study tunnelling in
quantum systems [44] and acoustic waves [45] as well as to compute incident, reflected and transmitted gravitational
waves for black-holes [46]. More recently, in structural mechanics, the WKB method has been used to investigate
curved rods with slow diameter variation [47], beams with spatially correlated random properties [43], and elastic
waves in a shell of revolution [48]. Typically, the WKB approximation is restricted to analytical solutions, but its
physical interpretation in terms of energy conserving properties [42, 47] can be used along with wave-based numerical
approaches, such as WFE and SE [49, 50, 51]. Spatially correlated randomness can be represented by a second order
homogeneous random field using the Karhunen-Loeve (KL) expansion [52], in which the spatial smoothness is given
by a correlation length, thus it can be slowly varying.

Even though the effects of correlated disorder in periodic systems have been previously investigated (e.g. [57, 27,
29]), and the WKB approximation have been used to investigate nearly-periodic structures [58, 59], very little work
has been done on investigating its effects on the wave coupling (locking phenomenon) and locally resonant type band
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gap formation in other branches of physics (e.g. [60, 61]) and on structural dynamics applications. For instance, Zhu
et al. [62] have proposed the first experimental demonstration of acoustic rainbow trapping, i.e., a metamaterial that
traps broadband acoustic waves. Chen et al. [63] have applied this concept to a gradient metamaterial in order to
observe the enhancement of flexural waves in beams and Meng et al. [64] have propose a optimization approach for
improved vibration attenuation considering the resonators profile in a broadband multifrequency metastructure, with
experimental demonstration.

The aim of this work is to investigate the effects of slowly varying properties and spatially correlated randomness
on the vibration suppression performance from metamaterials and phononic crystals. Both SE and WFE approaches
are used under the assumptions of the WKB approximation for slowly varying properties [42, 51]. The former is used
to model a beam with evenly attached resonators and the latter is used in an undulated beam. The band gap formation
of both straight beams with attached resonators [65, 66] and undulated beams [67] are investigated considering non-
uniform deterministic and spatially stochastic material and geometric variability. The band gap in the undulated beam
is due to the wave coupling (locking phenomenon), i.e. a phononic crystal, and in the straight beam is due to the
resonators, i.e. a metamaterial. The novelty of the proposed approach relies on providing a framework to represent
variability and randomness with spatial correlation of the periodic unit cell and then to quantify their effects on the
vibration suppression performance.

In the next section, the theoretical background for the dynamic analysis of near-periodic structures using the
SE and WFE methods under the slowly varying assumption is presented. Section 3 presents the formulation of the
periodic and near-periodic metamaterial beam and the effects of near-periodicity and randomness of its vibration at-
tenuation performance. Spatially correlated randomness is introduced by the KL expansion and the effects of different
correlation lengths, a measure of the scale of the spatial fluctuation, are explored. A similar analysis is further ex-
tended for an undulating beam in Section 4 with varying material and geometrical properties. Finally, concluding
remarks are given in Section 5.

2. Deterministic analysis by a wave-based approach

This section reviews a formulation for the analysis of wave propagation in periodic structures in terms of the
dynamic stiffness of a single unit cell. Moreover, it presents a formulation introduced by Fabro et al. [49, 51]
for the forced response of non-homogeneous waveguides with slowly varying properties, which is then applied to
nearly-periodic structures.The proposed slowly varying approach is on based the conservation time-averaged energy
flow, which is in principle equivalent to the WKB approximation to its leading order, as described by Pierce [42],
for inhomogeneous beams and plates. Recently, Nielsen and Sorokin [47] have also shown that the energy flux
conservation property leads to the exact amplitude function to the leading order of the approximation with applications
to Rayleigh and Timoshenko beam theories in curved waveguides and Morsbgl et al. [68] have presented similar
results for elastic waves on a shell of revolution. Most importantly, this indicated that the WKB approximation can be
used to find a suitable generalization of the wave solution in terms of the change of phase and amplitude without the
need of an explicit analytical solution.

2.1. Complex free wave propagation along a period structure: the eigenvalue problem

The first step is modeling the unit cell with SE [16, 69] or FE [70]. In Fig. 1 a unit cell with one-dimensional
periodicity is considered where left (L), right (R) and interior (I) degrees of freedom (DOFs) are presented. The
equation of motion for the s unit cell described in the frequency domain is Dq = f, where q is the discrete
displacement/rotation vector composed by all degrees of freedom, f is the vector of corresponding internal forces and
( * ) represents the time harmonic description. If no external forces are apphed to the interior DOFs, f; = 0, these
DOFs can be related to the left and right interface DOFs by q; = —DII (DILqL + quR) [71] and a condensed
dynamic stiffness matrix is obtained such that
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Figure 1: One-dimensional periodic structure with a symmetric unit cell.

By assuming the periodic structure to be free of external forces, the compatibility of displacements as well as

the equilibrium of internal forces at the interface of two consecutive unit cells are given by (?11(;) = Q£s+1) and
fés) = —fL(SH), respectively. In addition, the state vector of two consecutive interfaces can be related by a transfer

matrix which is written in terms of the condensed dynamic stiffness matrix as

uG+) = Tu®), (2
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If the dynamic stiffness matrix is symmetric then T is symplectic; moreover, T is A—periodic (A is the length of
the unit cell), which makes this matrix invariant under a translation of length A [72]. Due to the periodicity, Bloch’s
theorem can be applied to relate the state vectors at two consecutive interfaces, ust) = xul®), where Aj = e 1K
and where p; is the propagation constant. Therefore, the eigenvalue problem in Eq. (2) becomes

To, = \;;. 3)

The previous eigenproblem provides 2n eigensolutions, where n corresponds to the number of DOFs associated
with each interface. While the eigenvalues (\;) are associated with the phase change and/or attenuation along the
structure, the eigenvectors or wave mode shapes (¢;) indicate the spatial distribution of the DOFs and forces at the
interface [18]. The wave modes appear in pairs T, ¢;r) and (/\j_, ¢j—), which are related to the right-going and

left-going waves, respectively. Also, because D is symmetric, the eigenvalues related to forward and backward going
waves are related by A, = 1 / )\j'. Moreover, the eigenvectors can be partitioned in DOF and force components

as ¢; = [¢y; @};] and the right-going waves are defined such that [A[| < 1 and R{iwe};p,;} < 0if X[ =
1. The eigenvalue problem computed by the transfer matrix can be ill-conditioned leading to numerical issues for
the computation of the eigenvalue problem which can be circumvented by restating the eigenproblem in a better
conditioned way and enforcing analytical relations between positive and negative going travelling waves [73, 74, 21]
of the symmetric unit cell or by using the symplectic properties for the case of non-symmetric unit cells [22].

Tracking the wave modes in frequency is crucial to understand the wave propagation behaviour given that the
analysis provides eigensolutions at discrete frequencies. Moreover, this step is fundamental to compute the phase
change in the slowly varying WKB approach, which will be shown in the next subsection. By considering two
sequential frequencies close to each other, the wavemode at w; ;1 that represent the same branch of the dispersion
curves at w; is such that
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where (.) is the conjugate transpose. This has been termed as the Wave Assurance Criterion (WAC) [75]. The two
frequencies need to be close enough to properly resolve the branches of the dispersion curves. This is particularly
problematical close to critical frequencies where two branches are close together due to wave veering or locking [76]
or where wave modes cut-on. Alternatively, the symplectic orthogonality properties of the wave can also be used as a
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tracking criterion [74].

2.2. Forced response of nearly-periodic structures with slowly varying properties

In this section, the procedure to compute the response due to a point time harmonic forcing of nearly-periodic
structures with slowly varying properties is briefly presented. Assuming time harmonic motion, a linear transformation
can be used to relate the physical domain to the wave amplitude domain [20]

qr = <I>j{a+ +®,a” and f.= dfat + & a, (&)

in terms of the positive going a™ and negative going a~ wave amplitudes, and the matrices 'I>qi = [(;Sqil “ee qbfltm] and

= [q.’)]jfl e ¢]jfm] are n X m, where n is the number of DOF in the left interface and m corresponds to the number

of retained wavemodes. For a periodic structure, the wave modes are the same for any periodic cell while in the nearly
periodic case they depend on the position.

It is assumed that the positive and negative propagation matrices for waves propagating from 0 to L = NA, i.e.
across N unit cells, can be written as [77]

A+(03L) = diag [exp (719J(07L) +7J(03L))] (6)
A7 (L,0) = diag [exp (_iej (0,L) — i (0, L))] ) (N

where diag[-] stands for a diagonal matrix, 6;(0, L) is the total phase change and wave attenuation of the j'* wave
mode, given by

N

N
6;(0,L) :Z [ () +1ZC\‘9 wi(z)] )
i=1

i=1

with p; (z;) being the locally defined propagation constant at the position z; of the centre of the it unit cell. Moreover,
R [p;(x;)] is related to the phase change, 1, (x;)] is related to wave attenuation and damping and 7, (0, L) is the
amplitude change caused by the non-periodic changes on the structure.

This assumption considers that negligible wave reflection occurs due to the slowly varying near-periodicity. More-
over, it is also assumed that there are no critical sections, also known as turning points in the WKB approach, which
can arise from the rapidly changing properties, due to waves cutting-on/off and due to waves veering or locking [76].
It can also be shown that this is equivalent to assuming that systems undergoes no significant localization over lengths
scales of order L = NA [59]. Note that AT (0, L) # A~ (L,0), unlike the periodic case. The real part of 6;(0, L) is
related to the phase change and the imaginary part of 6;(0, L) is related to the wave attenuation due to damping. Both
SE and WFE methods can be used to estimate a local propagation and respective wave modes. This is analogous to
the assumption made in the WKB method for propagation along a continuous waveguide, but here rephrase for a near
periodic structure.

Due to the slowly varying assumption, the locally defined propagation constant can be approximated to a contin-
uously varying function

(i) = pj(x). )

Typically, this approximation is valid if the essential features of the spatial variability, which can be expressed in
terms of the spatial frequency are suitably captured. The slowly varying assumption is equivalent to assuming that the
wavelengths are small when compared to the spatial frequency content [77]. When considering spatially correlated
random variability (see Appendix A), the spatial correlation length should be taken into account. It can be shown that
the spatial frequency of the random field increases with the increasing order the KL expansion and that each term of
the series have a equivalent spatial frequency representation [78, 79]. The proposed approximation is equivalent to a
mid-point type of random field discretization. Therefore, it is recommended as a rule of thumb that the unit cell size
A is at least four times smaller than the random field correlation length b.



This approximation can be done from a polynomial interpolation.Therefore, a numerical scheme such as Gauss-
Legendre (GL) quadrature can be used to approximate the phase change as

Ngi Ngi

0;(0,L) = > GiR[;(m)] +1Y_ GiS [ (wm)], (10)
m=1 m=1

where G are the weights and y;(z,,) is the j th propagation constant given at the sampling point x,,, defined from
the GL quadrature, and Vg is the number of integration points. This strategy is proposed to keep the number of
evaluations of the propagation constant to a minimum and then avoid excessive computational cost.

The amplitude change due to non-periodic changes on the structure can be calculated from energy conservation for
an undamped system as a consequence of the WKB approximation [42]. It can be shown that the two approaches are
equivalent to the leading order of the WKB approximation [45, 48]. Therefore, for a positive-going wave travelling
from x,, with amplitude a™, to x;, with amplitude b™, assuming no damping, the time average power transmitted
through the cross-sections, at the two positions must be equal, leading to [51]

R [lwef 2 0)p),(0)]
R [iwg (L)L)

Note that, although the wave modes propagate independently, the wave mode shapes qbli(x) vary slowly along
the structure. It is also assumed that light damping can be included straightforwardly by calculating the complex
wavenumber k;(x) at each segment using the WFE or SE approaches and then Eq. (10) is applied to calculate the
total phase change and attenuation. In the following sections, this approach is applied to both a metastructure and
to a phononic crystal, both with nearly-periodic properties. The effects of the break of periodicity are investigated
assuming slowly varying properties.

The response to a point force can be considered as illustrated in Fig. 2, thus

1
v;(0,L) = §log an

¢t =et +at, (12)

where ¢t is the outgoing wave and e™ is the amplitude of the wave directly generated by the forcing applied at the
left boundary and a™ is the wave amplitude produced by reflection of a~ incident at the boundary. The latter can
be calculated directly from equilibrium and continuity conditions and Eq. (5). Moreover, wave amplitudes at the left
and right ends are related by the reflection matrices as at = rpa™ and b~ = ryb™. The travelling wave amplitudes
are related by the propagation matrices as b™ = A+(O, L)a*t,a” = A~ (L,0)b~. The forced response at the right
boundary can be calculated using Eq. (5) and the wave amplitudes given by

bt = (1— AT(0, L)re A~ (L,0)rs) ' (A*(0, L)e™) (13)
b~ =rzb™. (14)

b+

b <N

_). X L=NA

Figure 2: Point excitation and wave amplitudes on a periodic structure with slowly varying properties.
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In general, the boundary conditions can be represented by Af + Bq = 0. Thus, the reflection matrices at the left
and right ends are calculated from [80, 20] as

r=—(A®] +B®]) " (A®; +B&®;) and r=-(A®; +BE;)  (A®; +B&)), (15

where the wave modes are given at the left and right boundaries, respectively. Moreover, the amplitude of the positive
going wave directly generated by the point time harmonic force at the left boundary can by found by solving ®; et =
foxe [80, 20].

3. Metamaterial beam

In this section, a periodic metastructure composed of an I-beam with attached resonators is presented in terms
of its dispersion curves and transfer receptance. Then, some cases of nearly-periodic configuration are discussed in
terms of their phase and amplitude changes as well as their attenuation performance, considering variability in the
bending stiffness of the I-beam and in the resonators. Finally, the effects of randomness are included in terms of a
random field and the statistics of the transfer receptance are discussed.

3.1. Periodic metamaterial

Considering a beam with attached resonators, the coupling between the beam and resonators produces a band gap
around the tuned resonance frequency [81, 82]. This configuration leads to an acoustic mode at low-frequency, where
beam and resonators move in phase, and an optical mode at higher frequencies, where beam and resonators move out
of phase [83]. In mass-spring-like systems such as the one in this work, local resonances are created by the natural
modes of the resonators, which absorb mechanical energy and suppress the vibration at the main structure at these
specific frequencies. Therefore, around the internal band gap resonance, the resonators vibrate while the structure
practically does not move. Besides, a beam with locally resonant band gaps presents a negative dispersion diagram.
This can be interpreted as a negative group velocity, i.e. the wave mode propagates energy in the negative direction.
Note that due to the symmetry of the unit cell, a equivalent wave mode p~ will propagate energy in the positive
direction. This effect is not related to the periodicity by itself and can also appear in homogeneous structures. A full
discussion on these interpretations can be found in [84, 85, 86].

The model studied herein consists of an I-beam with periodically attached resonators. The nominal geometric
dimensions of the unit cell shown in Fig. 3 are [, = A = 16 mm, [, = 12 mm, [, = 13 mm, [ = 2 mm, [, = 3 mm,
Iy = 5mm, l; = 1 mm and [, = 12 mm. The global structure has 21 cells and is made of polyamide, whose nominal
properties are shown in Table 1. Free boundary conditions are assumed at both ends. The resonators are attached to
both sides of the web, and the additional mass due to the resonators is around 30% of the total mass of the beam.

A Timoshenko frame Spectral Element [17, 16] is used to model the resonator mass, a second one is used to
model the resonator spring, Fig. 3(a). These elements have two nodes and six degrees of freedom (DOF) per node,
three displacements and three rotations, which describe vertical bending, lateral bending, extension/compression and
torsion dynamic effects. Two elements are used to model the I-beam, with the middle node connecting the resonator
from both sides, as shown in Fig. 3(b). After the global matrix assembly and condensation of the interior nodes, a
dynamic stiffness matrix is obtained, Eq. (1), and an eigenvalue problem can be set up as presented in Section 2. In
the example treated here, there is no need to improve the numerical conditioning.

Table 1: Nominal mechanical properties of the polyamide I-beam and the attached resonators.

Property ‘ I-beam Resonator mass Resonator spring
Young’ modulus (GPa) 0.86 0.86 0.72
Density (kg/m?) 700 1000 700
Poisson coefficient 0.39 0.39 0.39
Loss factor 0.03 0.03 0.03

Figure 4 shows the dispersion relations of the periodic unit cell with and without resonators. Since 2nm & u, with
n a integer number, are also a solutions of the transfer matrix eigenproblem, only results in the range 0 < R{u} < 7,
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Figure 3: (a) Representation of the metamaterial unit cell with cross-section view and resonator details, and (b) SE meshing with left, right and
interior nodes.

i.e. the irreducible Brillouin zone, are shown. From the homogeneous beam results in Fig. 4 (a), the two vertical and
lateral flexural wave modes are related to propagating (real positive part) and evanescent (imaginary negative part)
waves, while the longitudinal and torsional wave modes are propagating only. For the metamaterial beam, Fig. 4 (b),
it can be noticed that each wave mode has a significant imaginary component at frequencies corresponding to the stop
band around the resonator frequency. This means that the corresponding waves rapidly decay, thus there is vibration
attenuation in the band gap. Additionally, the flexural and torsional vibration of the resonator creates band gaps in
the torsional and in the vertical flexural wave modes, also inducing vibration attenuation zones. Figure 5 presents the
transfer receptance, i.e. the displacement at the right end due to a harmonic force at the left end, of the metamaterial
beam. The force is applied in the vertical direction and, therefore, the displacement is only due to the vertical flexural
wave mode. A notch in the response can be noticed in the frequency range predicted by the dispersion diagram of Fig.
4 (b).
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/2 k . . . : /2 . . . :
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Figure 4: Complex band structure for the straight beam (a) and the metamaterial beam (b), where the positive and negative values correspond,
respectively, to propagating (real) and evanescent (imaginary) components of the wavenumbers related to the vertical bending 1 (cyan), vertical
bending 2 (dotted green), lateral bending 1 (dashed red), lateral bending 2 (full blue), longitudinal (full yellow) and torsional (dash-dotted magenta)

wave modes.

3.2. Nearly-periodic metamaterial

In this section, the bending stiffness properties of the I-beam and the resonators in the metamaterial beam are
considered to be varying along the beam length. Recall that they are different from the I-beam to which they are
attached. First, the case of a deterministic variability is investigated and the effects of the break of periodicity of
the resonators in the band gap performance are analysed. Then, the properties of the resonators are considered to be
randomly varying with a spatial correlation and the statistics of the band gap performance are analysed. The latter case
represents the variability of manufacturing considering an ensemble of metamaterial beams. In addition, a continuous
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Figure 5: Amplitude and phase of the transfer receptance of the metamaterial beam in the vertical direction.

function is used to represent the spatial variability, and then the property of the cell s is given by the value of the
function at the centre of the cell g, i.e., the Young’s modulus F(*) = E(z,). This approximation holds for slowly
varying properties.

3.2.1. Deterministic variation of the I-beam bending stiffness

In this section, only the bending stiffness of the I-beam is considered to be spatially varying. Figure 6(a) presents
the amplitude of the transfer receptance of the metamaterial beam with the flexural stiffness shown in the subplot of
the same figure. The slowly varying and the full SE approaches show a very good agreement, with less than 1% error.
It can be noticed that the variability in the material properties of the I-beam only affects the forced response away
from the band gap region, when compared to the periodic case. Therefore, it has no direct influence on the band gap
performance. This is expected, since the band gap region is only due to the resonators. Moreover, Fig. 6(b) shows the
total phase change and wave attenuation of the flexural wave considered, Eq. (8), where the negative axis represents
the imaginary part, i.e. the wave attenuation, and the positive axis represents the real part, i.e. the phase change. The
band gap region, with significant imaginary part, is mostly unaffected.
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Figure 6: (a) Magnitude of the transfer receptance of the metamaterial beam, periodic (dotted line) and non-periodic cases, with the slowly varying
(black line) and the full SE (red line) approaches considering variable I-beam flexural stiffness (internal subplot). (b) The phase change (positive)
and attenuation (negative) over the metamaterial beam length with variable I-beam flexural stiffness.

3.2.2. Deterministic variation of the resonators bending stiffness

In this section, four different cases of Young’s modulus spatial variability are presented, namely cases 1 to 4,
represented in Fig. 7(a). Note that cases 1 and 3 have the same spatial profile, but case 3 has an increased dispersion
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and cases 2 and 4 have the same spatial distribution but different dispersion. Also, the Youngs modulus of cases 2 and
4 have a smoother spatial variability than cases 1 and 3.
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Figure 7: (a) Flexural stiffness as function of the position along the metamaterial beam and (b) phase change (positive) and attenuation (negative)
over the metamaterial beam length with variable resonator flexural stiffness for case 1 (black), case 2 (blue), case 3 (red) and case 4 (green).
Amplitude of the transfer receptance of the metamaterial beam with periodic (blue dotted line) and non-periodic flexural stiffness with the slowly
varying approach (black line) and the full SE method (red line) for (c) case 1, (d) case 2, (e) case 3 and (f) case 4.

The forced response is calculated using the full SE method, i.e., each unit cell is given by an SE assembly with
constant properties and a full dynamic stiffness matrix is constructed similarly to a standard FE procedure. The
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harmonic displacements of the finite structure (qg(w)) are computed after the assembly of the global dynamic stiffness
matrix (Dg(w)) as well as by imposing harmonic external forces (fg(w)) and boundary conditions. The assembly
process can be written as Dg(w) = AL_, Dy, where A is the finite element-like assembly operator for N unit cells,
moreover Dy is the condensed dynamic stiffness matrix of the unit cell described with SE. Therefore, the spectral
displacements are achieved by solving the linear system qg(w) = Dg(w) *fg(w). Additionally, the slowly varying
approach, described in Section 2.2, is also used to calculate the forced response using N,; = 8 points for all cases.
Figure 7(c-f) presents the amplitude of the transfer receptance of the metamaterial beam with non-homogeneous
Young’s modulus as shown in Fig. 7(a). It can be seen that the slowly varying approach has a very good agreement
with the full SE model, except for cases (d) and (f) in the band gap region.

It can be noticed that the band gap performance is very sensitive to the spatial variation profile and overall spatial
level of dispersion. In general, a slight increase in the level of dispersion has the effect of decreasing the level of
vibration suppression, while the spatial variability profile has the effect of changing the band gap width. This effect
can be explained from the total phase and attenuation changes, shown in Fig. 7(b). For increasing dispersion, the
change in attenuation, given by the negative axis of the figure, is smaller. However, the change in spatial variability
profile affects the width of the imaginary part. Cases 2 and 4 have a larger net change of Young’s modulus than
cases 1 and 3. This net change has the effect of further decreasing the level of vibration suppression, but for case
(f) it also generates a wider bandwidth of vibration attenuation. This variability in the Young’s modulus promotes
a mistuning around the designed fundamental frequency of the resonators therefore creating an effect similar to a
rainbow metamaterial [62, 87]. The mismatch in the amplitude of the transfer receptance from the slowly varying
approach and the full SE method, Fig.7(f) suggests that there is at the formation of at least one turning point along
the beam in the attenuation frequency range, leading to wave or mode localization, as described by Luongo [59]. A
critical section is created at the transition between these two regions, generating wave reflections due to the local
change from cut-on/cut-off waves. This is also known as a turning point [88] and breaks the assumption of negligible
reflected waves, even though the properties are slowly varying. This effect is experimentally verified described in
terms of vibration amplitudes by Beli et al. [26]. Moreover, it is been known for decades that near-periodic structures
and can be optimized for improved vibration attenuation [28, 89]. In this sense, the mistuning of the resonators in
metastructures can also be optimized for improved attenuation performance beyond the typical periodic approach. A
practical design approach has been recently proposed by Meng et al. [90] by using additive manufacturing techniques
and varying some geometrical parameters of the resonators following an optimized spatial profile. Also, Cardella et
al. [91] have proposed a design using an array of shunted piezoelectric patches tuned at designed frequencies to obtain
a rainbow trap effect.

3.3. Stochastic analysis considering spatially correlated randomness

In this section, the bending stiffness properties of resonators in the metamaterial beam are considered to be ran-
domly varying along the beam length, with a given spatial correlation. The effects of the random field correlation
length, i.e., the scale of spatial fluctuation, on the band gap performance are investigated. Random field theory has
been successfully used to model spatially distributed variability in structural dynamics in the past decades [92, 52, 93],
with much focus on composite structures (e.g. [94]) and increasing attention to structures produced from additive
manufacturing [95], including description of spatially correlated randomness [96, 26]. The KL expansion is used to
represent the random field and details are given in Appendix A.

For this analysis, the Young’s modulus £ was chosen to be randomly varying according to a random field, i.e.,
E(z) = H(x). Figure 8 shows the mean value, the 5 and the 95" percentiles of the transfer receptance of the meta-
material beam with random flexural stiffness with the slowly varying approach and the full SE method considering
o = 0.1 and four correlation length cases, namely b = 0.25L, b = 0.5L, b = 0.75L and b = L. These statistics were
obtained from 1000 Monte Carlo (MC) samples. The result from the periodic case is also plotted for comparison. It
is noticeable that the slowly varying approach is able to accurately represent the response percentiles and mean value,
even with some specific sample presenting critical sections. Moreover, it can be seen that the correlation length plays
arole on the uncertainty bounds of the response. Larger random field correlation lengths create smoother spatial vari-
ability with a bigger net change, as can be seen from Fig. 8, which shows random field samples with a large correlation
length. As discussed in Section 3.2.2, this effect tends to widen the band gap and also decrease the level of vibration
attenuation, which, over the ensemble of metamaterial beams, pushes the 95th percentile to upper bounds, as shown
in more detail in Fig. 9(a). Finally, the 5" and 95" percentiles of the vertical flexural attenuation and phase change
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Figure 8: The mean value, 5*" and 95" percentile of the amplitude of the transfer receptance of the metamaterial beam with random flexural
stifftness with the slowly varying approach (black line) and the full SE method (red line) with o = 1 and correlation length (a) b = 0.25L, (b)
b=0.5L,(c)b=0.75L and (d) b = L, and also the periodic case (blue dotted line).

are shown in Fig. 9(b-c). It can be seen that the variability of the resonators affects only the band gap region and also
that the attenuation band increases for increasing correlation lengths, which explains the results presented in Fig. 8.
Even though it might not be representative for some of the individual samples with turning points, as seen in Fig. 7(a),
it represents the overall tendency of the ensemble.

4. The phononic undulating beam

In this section, a phononic crystal structure composed of an undulating beam is presented in terms of its dispersion
curves and transfer receptance. A similar analysis to the previous case is presented and the differences on the perfor-
mance of the phononic crystal with respect to the metastructure are highlighted. Moreover, in this section, the unit
cell is based on a FE model of a continuously varying structure, hence, the slowly varying WFE approach previously
proposed [51] is used. The main difference is that this assumes a locally defined wavenumber and then Egs. (8) and
(10) are modified accordingly.

4.1. Uniform phononic crystal

In this work, undulating beams are periodic structures where the beam neutral axis presents an orthogonal undu-
lation given by c(x) = ¢gcos(2mx/A), where c¢g is the amplitude and A the unit cell length. The unit cell schematic
as well as its FE meshing are shown in Fig. 10. The coupling between flexural and longitudinal waves produces the

12



&
S

w(dB) - ref. 1m/N
—_ —_
N =
s s

—
®
S

1
N
[
<

~
>
=]

900 1100 1300
Frequency (Hz)

(a)

0
+37/10 |
T g
& "m0 & +27/10
-27/10 . . . /10 . . .
500 750 1000 1250 1500 500 750 1000 1250 1500
Frequency (Hz) Frequency (Hz)

(b) ©

Figure 9: Detail of the 5t* and 95" percentile of the amplitude of the transfer receptance (a), attenuation change (3[u]) (b) and phase change
(R[p]) (c) of the metamaterial beam with slowly varying flexural stiffness in the resonators, b = 0.25L (black line), b = 0.50L (blue line), b = 0.75
L (red line) and b = 1L (green line) and periodic case (magenta dotted line).

band gaps. Moreover, an Euler-Bernoulli model has been used to demonstrate that the beam thickness and the beam
undulation are responsible, respectively, for the location and width of the phononic band gaps [67].

c(x)

dh
/ / R 2 Left Interior (I) Right

‘ff (L) ....’o'-. ..o"”“ (R)
da /\ dh
A
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( (d)

Figure 10: (a) Representation of the phononic unit cell, and (b) FE meshing with left, right and interior nodes.

Assuming harmonic motion, the governing equation of a unit cell modelled using FE is written as ]561 = f, where
by D = K — w?M is the dynamic stiffness matrix, M is the mass matrix, K is the stiffness matrix and w is the
angular frequency. In this case, these matrices are extracted from the software Ansys® and the mesh contains at least
8 elements per wavelength in order to appropriately represent numerically the wave behaviour. Timoshenko beam
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element BEAM188 with two nodes and six degrees of freedom per node is used. In addition, the structural damping,
7, is modelled as a complex term of the stiffness matrix, K = K(1 + in). This FE model has two main differences
when compared to Euler-Bernoulli analytic equations [67]: it takes into account the Poisson’s ratio and out of plane
behaviour. It is assumed that the beam is made of nylon, such that £ = 1 GPa, p = 1000 kg/m3, v = 0.3 and
7 = 0.02 while the nominal values of the geometric parameters are d, = A = 25 mm, d;, = 2.5 mm, d; = 12.5
mm and the undulating amplitude to cell length ratio £ = ¢o/A = 0.025. These nominal values are used for the band
structure, i.e. the dispersion diagram, and forced response calculation in the periodic case.

The dispersion curves for both straight and undulating beams are shown in Fig. 11. Six branches are observed, due
to vertical and lateral bending, longitudinal, and torsional waves. Note that below 2 kHz the effects of the undulating
are negligible and both dispersion curves are identical. The longitudinal-vertical bending wave coupling is responsible
for opening one band gap around 5100 Hz, another band gap also opens almost in the same frequency range due to
torsional-lateral bending wave coupling. In addition, partial band gaps due to Bragg scattering occur for the vertical
bending and torsional waves at the Bragg limits R[u] = {0 or 7}, due to the spatial periodicity. Each corresponding
band gap can also be distinguished by the imaginary part of the wavenumbers, which correspond to wave attenuation,
and where S| has a semicircular shape. In the stop band regions, two distinct real solutions merge to form a complex
conjugate pair, which is also known as wave locking [76], and couples both wave types.
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Figure 11: Complex dispersion structure for the straight beam (a) and undulating beam (b), where the positive and negative values correspond,
respectively, to propagating (real) and evanescent (imaginary) components of the wavenumbers. Wavenumbers corresponding to vertical bending
1 (dashed red), vertical bending 2 (full blue), lateral bending 1 (full cyan), lateral bending 2 (dotted green), longitudinal (full yellow) and torsional
(dash-dotted magenta) waves.

The amplitude and phase of the transfer receptance, i.e. a point harmonic transverse force is applied at one end
and the transverse displacement is found at the other end, for the periodic undulated beam with N = 20 is presented
in Fig. 12. Free-free boundary conditions are assumed. Clearly, a vibration attenuation zone with a constant phase is
observed around 5100 Hz, which characterizes the band gap due to wave locking. However, the partial band gap of
the vertical bending wave at 7300 Hz doesn’t attenuate the vibration. In addition, amplified resonance vibration peaks
appear at the lower and upper boundaries of the attenuation zone, which impair the band gap performance.

4.2. Nearly-periodic phononic crystal

In this section, the material and geometric properties of the undulating beam are considered to be slowly varying
along its length. As presented in Appendix A, the spatial profile of the properties is represented by a continuous
function, and the unit cell properties are assumed constant with value given by the centre of the cell, i.e, (* = {(Zy),
where s is the unit cell number, Z is the unit cell centre position and ¢(z) is the continuous function for the material
(e.g., elastic modulus) or geometric (e.g., beam height) properties. The ¢ (z) functions are given by the KL expansion,
and the effects of breaking the translational periodicity on the phase change of a wave propagating along the beam
and forced response of the finite phononic crystal using N,; = 8 integration points are investigated. Moreover, the
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Figure 12: Amplitude (a) and phase (b) of the transfer receptance of the periodic undulated beam (black full line) and straight beam (blue dotted).

limitations of the slowly varying formulation will be discussed by investigating the critical sections where its main
assumptions are no longer valid. Here, the phononic beams are analysed individually.

First, a sensitivity analysis is performed by varying the elastic modulus along the beam length for different standard
deviations, or dispersion amplitudes, as shown in Fig. 13(a). The corresponding phase and attenuation changes for
the vertical flexural wave at the band gap zone are presented in Fig. 13(b-c). In addition, the forced responses from
the full FE and the slowly varying WFE approaches are shown in Fig. 13(d-f), respectively. It can be observed that the
higher the standard deviation or the net change, the more intense is the ”jagged” profile inside the band gap, and the
smaller the vibration attenuation bandwidth for the same intensity reduction. In addition, the response from the slowly
varying approach gets progressively more distant from the reference full FE solution. This is more noticeable for case
3, especially at the lower and upper band gap boundaries, which are related to the transition between the attenuation-
propagation zones due to the wave locking, and hence, to the critical sections. This issue is captured by undulations
in the flexural vertical phase and amplitude changes, which smooths out the transition. Note that the response is in
agreement to the FE results in the other frequency regions which shows for this case that the discrepancies are strictly
related to the turning points created by the spatially varying band gaps.

A similar analysis is performed on the beam thickness by varying it along the beam length, with the same spa-
tial profiles, as shown in Fig. 14(a). The phase and amplitude change for the vertical flexural wave are presented in
Fig. 14(b) and Fig. 14(c), respectively, in the band gap frequency region. In addition, the amplitude of each corre-
sponding forced response is shown in Fig. 14(d-f). Note that the dynamic behaviour is more sensitive to the geometric
variation than to the material variation, i.e., for the same distribution profiles, the phase and amplitude change are more
affected, which can be observed by the undulating profile in the imaginary part of the wavenumber. In addition, the
attenuation performance profile is modified by increasing the standard deviation and consequently gives the “jagged”
appearance of the forced response. Moreover, unlike the previous analysis, the attenuation bandwidth increases when
compared to the periodic case. Finally, it can be noticed that the critical sections are formed at lower net change such
that the forced response starts to diverge from the full FE solution at smaller values of the standard deviation, e.g. in
case 2.

4.3. Stochastic analysis considering spatially correlated randomness

In this section, the random field formulation from the previous subsection (presented in Appendix A) is used
and the properties as well as the dynamic response are investigated from the ensemble statistics estimated from a
MC sampling. Based upon the previous investigations, both material and geometric parameters are important and
will be taken in account in the stochastic analysis. Moreover, the effects of the random field correlation length, i.e.,
the length scale of spatial fluctuation, on the band gap performance are investigated. The random field distributions
(H(z) = {E(z) or h(x)}) are generated from the KL expansion for a given correlation length and standard deviation,
the forced response is computed for each sample, and the statistics estimated. Hence, the attenuation performance can
be stochastically analysed.
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Figure 13: Deterministic variation of elastic modulus (a), and real (b) and (c) imaginary components of the phase change, legend: case 1 (black),
case 2 (blue) and case 3 (red). Dynamic response for the case 1 (c), case 2 (e) and case 3 (f), legend: slowly varying approach (red), full FE model
(black) and periodic undulating beam (blue).
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Figure 14: Deterministic variation of beam thickness (a), and real (b) and (c) imaginary components of the phase change, legend: case 1 (black),
case 2 (blue) and case 3 (red). Dynamic response for the case 1 (c), case 2 (e) and case 3 (f), legend: slowly varying approach (red), full FE model
(black) and periodic undulated beam (blue).
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The mean value, 5" and 95" percentiles of the dynamic response are shown in Fig. 15 for the same random field
standard deviation and two correlation lengths b = 0.25L and b = 1L, calculated from the full FE model and the
proposed slowly varying WFE approach. The slowly varying approach presents a good agreement of the mean value
and percentile envelope when compared to the full FE solution in all of the frequency range, except at the limits of the
band gap for the case of varying Young’s modulus, 15(a-b). However, for the case of varying thickness, only the mean
value has a good agreement with the full FE solution for frequencies higher than the band gap, 15(c-d). In addition,
it can be noticed that the overall response envelope is mostly unaffected by the correlation length apart from the band
gap region. This is expected due to the high modal density of the structure. For the same standard deviation, the
percentiles in the band gap region increase for increasing correlation length, showing that the spatial profile also plays
a role on the ensemble performance of the vibration attenuation. This is very important for robustness and shows that
neglecting the spatial correlation on the stochastic analysis of band gaps might be misleading (e.g. [37, 97]).
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Figure 15: The mean value, 5t and 95" percentile of the amplitude of the transfer receptance of the undulating beam with random elastic modulus
(a, b) and beam thickness (c, d) with the slowly varying approach (black line) and the full FE method (red line) considering o = 0.10 and (a)
b=0.25L,(b)b=1L,(c) b= 0.25L and (d) b = 1L, and also the periodic case (blue dotted line).

Finally, parametric analysis of the transfer receptance and phase attenuation by varying the correlation length are
shown in Fig. 16(a-b) and Fig. 16(c-d), respectively. For a fixed value of ¢ = 0.10, the area covered by the 5" and
95" percentiles (i.e., the variability of the response) is larger for higher correlation lengths. Therefore, the higher
the variability, the broader the attenuation vibration zone which increases with the correlation length. Because the
dynamic response is more sensitive to thickness than to elastic modulus, the confidence bounds are wider for the
latter parameter. By analysing the 5*” and 95" percentiles of the vertical flexural attenuation change in Fig. 16(c-d),
for both parameters the band gap due to the wave coupling is robust to variability because a significant imaginary
component is presented. On the other hand, the partial band gap due to Bragg scattering is more sensitive and hence it
is not robust to the variability. The corresponding phase and attenuation changes are plotted in Fig. 16(e-f). For elastic
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modulus variation, the 5" and 95" percentiles (i.e., the net change) proportionally increase in frequency without
relation to the band gap. However, for the thickness variation, the 5 and 95" percentiles increase at the band gaps
without relation to the excitation frequency.
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Figure 16: Detail of the 5th and 95th percentile of the amplitude of the transfer receptance (a-b), and attenuation change (S[u]) (c-d) and phase
change (J[u]) (e-f) of the vertical flexural wave with slowly varying elastic modulus (a, ¢, e) and beam thickness (b, d, f), legend: b = 0.25L (red
line), b = 0.50L (black line), b = 1L (green line) and periodic case (blue dotted line).
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5. Concluding remarks

In this work, the effects of spatially correlated material and geometrical variability on the band gap of metamate-
rials and phononic crystals were analysed using a slowly varying approach. It was seen that the spatial profile of the
variability plays an important role on the vibration attenuation performance. The analysis of the phase and attenuation
change over the length of a beam shows the presence of critical sections, known as turning points in the WKB context,
which can drastically change the frequency bandwidth and maximum attenuation of the band gap. A critical section
is created in the transition between zones of propagating and non-propagating waves at a given frequency and they
typically appear in a band around cut-on/cut-off frequencies and at the edges of wave locking and veering.

Although the slowly varying approach is not an accurate representation of the response in the presence of critical
sections, due to the consequent wave reflections, it is still possible to investigate the vibration attenuation performance
with the phase and attenuation change analysis. Moreover, it can also capture the ensemble statistics of metamaterials
and phononic crystals, providing a suitable framework for uncertainty analysis.
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Appendix A. Karhunen-Loéve expansion

A random field H(x,p) can be defined as a collection of random variables indexed by a continuous parameter
x € D, where D describes the system domain. In other words, for a given position xg, H (g, p) is a random variable,
and for a given outcome p, H (z,p) is a realization of the field. Amongst the methods available in the literature for
generating random fields (e.g. [98]), the KL expansion is a special case of series expansion using random variables
and deterministic spatial functions which are orthogonal and derived from the covariance function. A homogeneous
random field with a finite, symmetric and positive definite covariance function, defined over a domain, has a spectral
decomposition in the generalized series [52]

H(z)=Ho+ > /1 X;fi(x) (A1)
j=1

where H is the random field mean value, X; are uncorrelated random variables, [; and f;(x) are eigenvalues and
eigenfunctions, solutions of the Fredholm integral equation of the second kind from the covariance function [52] and
the p dependence has been omitted.

The eigenvalues and eigenfunctions can be ordered in descending order of magnitude of the eigenvalues to truncate
the series in Eq. (A.l) to a finite number of terms Ny, chosen by the accuracy of the series in representing the
covariance function, rather than the number of random variables [78]. As a rule of thumb, Nk, can be chosen such
that [;/l; < 0.1, and it depends on the correlation length of the random field. The longer the correlation length the
more rapidly the eigenvalues decrease, meaning that fewer terms are needed to accurately represent the series.

If H(x) is a Gaussian random field, X; are always independent zero mean unit standard deviation Gaussian
random variables. However, if the random field is not Gaussian it is not possible to use the KL expansion to directly
generate a H (x) because X ; have unknown joint PDF. Some approaches have been proposed to overcome this issue,
amongst them an iterative scheme [99, 100], which uses directly the KL expansion and can simulate both stationary
and non-stationary random fields. Moreover, if the target CDF is approximately Gaussian, only one iteration might be
enough to achieve convergence. In general, the eigenproblem can only be solved numerically and normally involves
some procedure for discretizing the random field [101, 98]. However, for some families of correlation functions and
specific geometries, there exist analytical solutions of this integral equation [52].
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The Latin Hypercube sampling (LHS) can be used as a stochastic solver and has the advantage of being as general
as the classical Monte Carlo (MC) solver, in which given the probability measure of the random variables several
samples are generated and the statistic of the response can be evaluated, but with increased computational efficiency
due to the reduction of the required number of realizations for convergence. For the Monte Carlos analysis, the beam
properties () was chosen to be randomly varying according to a random field, i.e., 5(x) = H(x), where H(x) is a
Gamma distributed homogeneous random field with correlation function given by

C(r)=e ITI/P, (A2)

where 7 is lag or the distance between any two points in the random field, b is the correlation length. Then, an
analytical solution for Eq. (A.1) is available [52]. The properties within each cell are specified to be constant and
given by H(x.), where x.. is the centre of each cell. This approximation is accurate for large correlation lengths [102].

The Gamma distribution is chosen to model the stochastic Young’s modulus because it is defined for strictly
positive values. It is given by

xao—le—z/bu

fa(x) = T (ag) z >0, (A.3)

where I'(z) = fOJrOO t*~le~tdt, x > 0 is the Gamma function and the parameters of the distribution are given by
ag =1/ 5% and by = 605%, where d is the dispersion parameter and [, is the mean value. Equation (A.1) is used to
simulate the non-Gaussian random field [99, 100] and the LHS scheme is used as a stochastic solver [103, 104].
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