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Off-road motorcycles are built for commuting, recreation and racing on roads with significant
irregularities and elevation changes. The suspension system absorbs large impulses from the road
making transit on these terrains comfortable and handleable. Development of calculation and
assessment procedures of suspension characteristics have the potential to improve performance
of modern suspensions designed by empirical methods, leading to safer, more enjoyable and
faster motorcycles. With this motivation, in this thesis we determine calculation and assessment
procedures for the optimisation of off-road motorcycles suspensions.

We begin by determining appropriate performance metrics. To this end we examine the
literature for performance indices, we pre-select seven from the literature and propose two for
comparison. We compare them with a three degree-of-freedom model under impulsive and
continuous excitations representative of off-road. We find that the best suited metrics for
performance assessment are the fourth order generalised mean for the accelerations and eighth
order generalised mean for the contact forces.

Second, we develop a procedure to estimate contact forces for experimental assessment, moti-
vated by the absence of such a method in the literature. To this end, we derive an overdetermined
system of inverse dynamics equations of the motorcycle in the plane. We add a set of constraints
to include knowledge of the solution in particular situations. We arrange the problem to solve
it efficiently with a non-negative least squares solver and verify the estimations using data from
a virtual experiment. We test it with experimental data measured on a motocross track. We
find that the estimated contact forces vary consistently with the track, and conclude that is an
appropriate tool for performance comparisons.

Third, we develop a suitable rider model for the estimator. We consider a passive model, as the
literature suggests and we compare it against a basic model derived assuming the fundamental
motion of the rider. When tested with experimental data the basic rider yields more realistic
than the passive one, providing evidence that passiveness is not a valid assumption for rider
modelling and we provided an alternative model for estimation of forces.

Fourth, we calculate an optimal suspension to understand its characteristics. To this end, we
investigate methods to calculate optimal suspensions to select a suitable one, we apply it to a



cross motorcycle, where we optimised stiffness and damping in whoops, braking and acceleration
using a sophisticated motorcycle model. We use a multiobjective genetic algorithm to obtain
the Pareto fronts. We analyse the correlations between suspension parameters and performance
finding that performance in whoops significantly correlated to eight of the ten design variables
established, while braking and acceleration are correlated to four each. Also we find that there
is conflict between performance in whoops, and braking and accelerating, while not among these
two.
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CHAPTER 1

Introduction

1.1 Motivation

Off-road motorcycles are built for commuting, recreation and racing on roads with signifi-
cant irregularities and elevation changes. Their suspension system absorbs large impulses
from the road, making transit on these terrains comfortable and handleable. Due to
the central role played by this system in the overall performance of the motorcycle, the
question arises naturally, how to optimise off-road motorcycle suspensions?

Modern suspensions systems are designed by empirical methods which have, at least,
two limitations. First, there is limited theoretical understanding on the relationships be-
tween design variables and performance of the system. Classical vibration theory provides
only qualitative foundations, since it is limited by the strong non-linearities existing in
the system, such as large displacements of the chassis, and non-linear forces arising from
rider commands, detachments, stopping rubbers, and purpose built non-linear stiffness
and damping. Therefore, development is conducted by experienced engineers over exist-
ing designs. Second, testing relies mainly on the feedback of the rider. He/she has to
assess the performance of the motorcycle by sensing vibration isolation, road grip, and
overall behaviour. This sensing is inherently subjective since it depends on rider’s previ-
ous experience and driving skills. Therefore, testing is usually conducted by experienced
riders such as retired race drivers.

Development of calculation and assessment procedures, have the potential to improve
performance of current suspensions, leading to safer, more enjoyable and faster motorcy-

1



2 Chapter 1. Introduction

cles.

1.2 Literature review

Development of suspension systems requires the definition of performance indices, since
they define the sense in which the suspension is optimal. Performance, considered as the
global behaviour of the vehicle, describes its comfort and handling capabilities [2–5]

On one hand, comfort describes the vibration isolation between road and chassis [4].
Chassis accelerations are assessed by methodologies suggested by national and interna-
tional standards [6–9]. For example, ISO 2631-1 [6] which is widely adopted [10–14],
suggests a basic evaluation method consisting on the root mean square value (rms) of
the frequency-weighted accelerations. The frequency-weighting is performed by a filter,
included in the standard, to take into account human-body sensitivity. It also suggests a
method to assess severe vibration consisting on the fourth order mean (rms4) times the
sampling period to the power of one fourth. Simpler methodologies are also widely used to
assess chassis accelerations, such as the rms of the (un-weighted) accelerations [2, 15–20]
the maximum acceleration [21–23] and the standard deviation [24,25].

On the other hand, handling describes the lateral and longitudinal capabilities of the
vehicle. The direct approach to assess handling is by considering standardised manoeuvres,
each of which has specific indices [26–28]. The indirect approach, is by considering the
normal force, since any longitudinal or lateral manoeuvre depends on this force. The latter
is commonly assessed by the rms of the contact forces or tyre deformations [2, 16, 18, 19,
21,29] and also by the standard deviation [24,25,30].

Additionally, the working space of the suspension is also considered. Some authors
consider it as an objective [16, 18, 24, 30–32], others as a constraint [21, 23] and others
include it implicitly in the stiffness description [33].

Development of suspension systems also requires understanding of the fundamental
dynamics of the motorcycle. The most basic model able to capture chassis accelerations,
wheel load variations and suspension stroke is the single-wheel-station model [2], also
known as quarter-car model [4], which consist on two masses connected by the suspension
system between them, and by a spring to the ground. The system is excited by a vertical
displacement of the road which has a power spectral density (psd) modelled as a power
function by ISO 8608 [1]. This representation has been widely used [2, 19, 29, 31, 34–37]
as well as a double slope psd for improved matching with experimental data [34, 35, 37].
An analytical expression for optimal stiffness and damping as a function of the relative
importance between comfort, road holding and working space [2], demonstrate the conflict
between comfort and handling, described by other authors [4, 24, 38], and the conflict
between comfort and working space, also described by other authors [31,39].
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Inclusion of non-linearities into the model makes derivation of general analytical solu-
tions cumbersome and can only be found for particular cases. For example, by considering
the asymmetric behaviour of the damper, i.e. different behaviour in compression than
extension [20, 38, 40], it can be shown that it improves performance with respect to lin-
ear damping [34]. Also, by considering the progressivity of the damper, i.e. force as a
power function of the velocity [38], it can be shown that actually linearity is a reasonable
choice [39].

Enhancing the model to include front and rear dynamics, allows to detect front and
rear wheel interactions as well as pitch-bounce interaction. The de-coupling between front
and rear single-wheel-stations occur if the radius of gyration of pitch inertia squared,
equals the product of the distances from front and rear wheels to centre of mass. This
is quantified by the coupling mass [2] or equivalently the dynamic index [4, 5]. With
typical vehicle parameters, the condition is nearly met, therefore, considering single-wheel-
station model for optimisations is a reasonable choice. Moreover, it has been shown that
without the condition being met, the interaction between front and rear tyre compressions
is small [29]. Regarding pitch-bounce interaction, it has been shown that if the stiffness
ratio (front suspension stiffness times its distance to centre of mass over rear suspension
stiffness times its distance to centre of mass) is close to one, pitch motion over the rider
is reduced which is beneficial for comfort [4]. Additionally, it has been shown that if front
and rear are decoupled together with bounce and pitch, the vibration is unpredictable,
and therefore is a situation to avoid [4].

Optimisations of realistic models, which include large displacements and rotations, and
non-linear description of forces, requires numerical solutions. The basic formulation, is a
single objective optimisation, in which the objectives are weighted into a single one such as
in [22,41]. Non-linear damper forces are easily included in this procedure such as bilinear
[16], exponential [14] or B-spline [41]. Although the solution has a low computational cost,
it is difficult to select the weights [42] and it gives no insight into the relation between
design variables and performance indices [30]. The advanced formulation is multi-objective
optimisation, which minimises the objectives simultaneously without requiring weighting.
The set of solutions is the Pareto-optimal set, also called Pareto front, in which each
solution improves at least one objective function and worsens at least one of the others.
The advantage of this formulation is that multiple variables can be optimised for several
situations simultaneously, as seen for example in [24,25,42]. Additionally, all the optimal
solutions are known, as well as their relation to the objective function.

For simple to medium complexity problems, iterative algorithms are well suited to solve
optimisations. They move towards the minima by knowing explicitly, or approximating,
the first and possibly the second derivatives of the objective function. They are efficient
in finding the minima, but they could get trapped in local minima [12]. For complex
problems, heuristic algorithms are used, and in particular in vehicle dynamics, genetic
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algorithms are widely used [16,21,22,24,42,43]. They consist of a population being repro-
duced iteratively, allowing the best fitted individuals to reproduce to the next generation,
leading towards the optimal solution. The advantage of these algorithms is that they
approach the global minima efficiently, however, it requires a large computational effort,
convergence to the minimum is not guaranteed and progress after approaching the global
minima is not efficient.

Experimental testing relies on the rider’s feedback. For a broader insight into the motor-
cycle’s behaviour, this feedback could be complemented with measurements of the variables
correlated to performance. Accelerations can be measured directly by accelerometers,
while contact forces are not easily measurable. Direct measurement of the contact forces
by force transducers is expensive and used only for vehicle development. For applica-
tions in production vehicles, estimators are used instead [44]. Estimators for two-wheeled
vehicles have been developed for lateral dynamics [45, 46] assuming on-road conditions,
while force estimators assuming off-road conditions, is an open topic. Development of an
estimator, requires to manipulate a set of equations and solve for the forces. Since it is
a multibody problem [47], the set of equations is cumbersome to deal with by hand, and
instead can be done symbolically, for example in MBSymba [48,49].

The estimator requires knowledge of the rider force over the motorcycle. The rider
drives in standing position, where arms and legs provide significant vibration isolation to
the mass of the rider [50], which contributes significantly to the overall dynamics of the
motorcycle [51]. Motorcycle rider models have been developed assuming a seated position,
since they consider on-road driving and focus has been put on control strategies [51–53].
Rider models in standing position are found in similar activities, such as off-road cycling
[50, 54] and horse riding [55]. The basic configuration in these models consists of one or
more masses attached by passive elements (spring-damper) to the base (bicycle or horse).
The masses are excited by vertical and possibly pitch motion of the base, from where the
forces are retrieved.

Summarising, improvement and optimisation of suspensions performance requires cal-
culation and assessment procedures that have not been developed for off-road motorcycles.
For example, the design process requires an appropriate definition of performance for these
motorcycles, and knowledge of the relationships between variables and performance. The
former needs to be selected from the existing indices, while the latter can be obtained
through a multiobjective optimisation, which in turn, requires an off-road motorcycle
model that is not available. Additionally, objective methodologies for experimental test-
ing of these motorcycles are non existent, requires development of an estimator which
addresses the peculiarities of off-road, and a rider model for which only ideas from other
activities are present.

the calculation procedure of an optimal suspension. The understanding of the character-
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istics of an optimal suspension, as well as the relations between variables and performance
can guide the design process as well help on in-field tuning

onsidering the importance of a procedure to assess performance experimentally for in-
field testing and fine tuning of suspensions

1.3 Aims and objectives

The aim of this thesis is to determine calculation and assessment procedures for the opti-
misation of off-road motorcycle suspensions.

In particular, the objectives of this thesis are to:

• define and recommend performance metrics,

• develop an estimator of contact forces for the experimental assessment of perfor-
mance,

• develop a rider model pertinent for the estimator,

• understand the characteristics of optimal suspensions and the influence of variables
on performance.

1.4 Contributions of the thesis

The contributions of this thesis to the state-of-art are fourfold.

• First, the recommendation of fourth-order-average (rms4) of frequency-weighted or
non-weighted chassis accelerations and the eight-order-average (rms8) of the contact
forces as pertinent criteria for performance of off-road motorcycles.

• Second, the development of an estimator of the contact forces for these motorcycles,
which considers in-plane dynamics and generic forces of the rider acting over foot-peg
and handlebar.

• Third, the development of an elementary rider model in standing position to be used
in the estimator and evidence that the rider executes significant active actions.

• Fourth, a procedure to optimise suspensions in these motorcycles, together with a
description of the optimal set of suspensions on whoops, braking and acceleration
for a cross motorcycle, as well as the correlations between design variables and per-
formance in these situations. Additionally, the inference that whoops performance
is in conflict with that of braking and accelerating, and that these two are not in
conflict.
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Figure 1.5.1: Thesis organisation

1.5 Outline of the thesis

In this thesis, we present tools for two areas of suspension development: experimental as-
sessment and design calculations, which are supplemented by two complementary chapters
as summarised in Figure 1.5.1. We begin defining meaningful metric of performance in
Chapter 2. To this end, we examine the literature and compare pre-selected indices using
a three-degree-of-freedom model excited by representative conditions of off-road.

We continue by presenting the experimental assessment procedure in Chapter 3. Here,
we address the problem of measurement of contact forces. In particular, we present an
inverse dynamics model of the motorcycle and a set of constraints which together form the
estimator equations. Additionally, we present a signal processing procedure with which is
possible to obtain an estimation of the contact forces only from kinematic measurements.
In this estimator, the forces of the rider are required, for which we develop a model in
Chapter 4.

Next, we present tools for design calculations in Chapter 5. In particular, we present
an optimisation procedure. To this end, we investigate suitable methods for optimisation,
apply the relevant one to a particular class of motorcycle for which we use the rider
model of Chapter 4 and a forward dynamics motorcycle model (different from the model
of Chapter 3), and analyse the relations between the optimal solutions.

Lastly, in Chapter 6, we summarise the analysis performed throughout the thesis, we
highlight the contributions to the state-of-art, and suggest future work.



CHAPTER 2

Definition of the performance criteria

The definition of the performance criteria is essential to our study. It defines the sense
in which the motorcycle is optimal and defines the quantities that we seek to measure
and improve throughout this thesis. Therefore, it is necessary to search for meaningful
quantities that capture the essence of performance of off-road motorcycles.

In this chapter, we determine appropriate metrics to assess performance in these motor-
cycles. To this end, a review of performance criteria used in vehicle dynamics is presented.
Relevant indices are pre-selected and compared under continuous and impulsive excita-
tions, to conclude with a selection of performance metrics for off-road motorcycles.

2.1 Review of performance indices used in vehicle dynamics

In this section, we present a brief review of performance metrics used in vehicle dynamics.
We begin by defining performance, comfort and handling, next, we review comfort indices
followed by handling indices, and we conclude by pre-selecting seven indices and proposing
two more, for comparison in the next section.

The measurement of performance aims to correlate the subjective perception that the
driver has of a vehicle to a physical variable that can be measured objectively. There
are different definitions of performance depending on the authors, and even within one
book. As an example of this, we examine Road and Off-road Vehicle System Dynamics
Handbook [3] edited by G. Mastinu and M. Ploechl. In Chapter 29; “ride comfort and
road holding”, K. Popp refers to vehicle performance as a criterion to assess longitudinal

7
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motion of a vehicle, in opposition to driving stability, a criterion to assess lateral motion,
and ride comfort and safety, a criterion to assess vertical motion. Similarly, in Chapter 34;
“dynamics of off-road vehicles”, J. Wong, refers to performance as the ability to overcome
motion resistance, negotiate a slope and other longitudinal motion conditions, which is
different to handling, which refers to steering response to driver commands, and ride
quality, which refers to vibration isolation. Differently, in Chapter 31; “active and semi-
active suspension control”, D. Hrovat, refers to performance in terms of ride comfort
(good vibration isolation), vehicle handling (good road holding to increase safety, control
and stability) and suspension stroke. In a similar way, in Chapter 37; “subjective and
objective evaluations of car handling and ride”, G. Gim indicates that handling and ride
performances are grouped in five capabilities: straightability, steerability, controlability,
stability, and comfortability. Furthermore, in Chapter 36; “vehicle comfort”, K. Siebertz
describes comfort in terms of vibrations, ergonomics and climate (temperature, moisture,
radiation and air speed). Although, more examples can be found, the five given here help
to illustrate that performance, handling and comfort do not have a unique meaning.

In this thesis we will refer to performance as a description of the global behaviour of a
vehicle (as Hrovat and Gim) and to handling as a description of longitudinal and lateral
capabilities of the vehicle. On the other hand, we will use the term comfort to refer to
vibration isolation of the driver, instead of ride quality, ride comfort or ride as used by
some authors.

Next, we present a review of the main comfort and handling indices used in vehicle
dynamics.

2.1.1 Performance indices used to assess comfort

While driving a vehicle, the human body is exposed to vibrations from multiple sources,
such as road, engine and aerodynamics. The suspension system, together with the tyres
and the seat, aim to mitigate vibration transmission from the road, since exposure to
lower vibration accelerations correlates with a greater comfort. It is reasonable then, to
assess the effectiveness of a suspension system in providing comfort by evaluating the
accelerations received by the driver.

The representation of the accelerations with a single index is not trivial. It requires con-
sidering factors such as driver receiving vibrations in more than one point (gluteus, back,
feet and hands), in more than one direction (6-axis), and the frequency dependency with
which human perceive vibrations. To represent these vibration accelerations into a single
index, international standards recommend methodologies which take into account these
factors. For example, ISO 2631-1 [6] treats the evaluation of human exposure to whole-
body vibrations, while ISO 5349-1 [7] treats exposure to hand vibrations. Moreover, some
countries have their own standards to evaluate human vibrations, such as Germany, which
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has VDI 2057 [9], and United Kingdom, which has BS 6841 [8]. Considering that in vehi-
cle dynamics all of these standards are equivalent in providing an objective measurement
that correlates to the subjective evaluation of passengers [56], we only summarise the
methodology provided by ISO 2631-1, since it is the most commonly adopted.

The basic methodology of this standard is to use the weighted root mean square (rms)
acceleration,

Φaw = rms(aw(t)) =
(

1
T

∫ T

0
a2
w(t)dt

)1/2

, (2.1.1)

where, aw(t) is the weighted acceleration over time, and T , the duration of the measure-
ment. The weighted acceleration is calculated by applying frequency-weightings curves
that are dependent on the position (seated, standing and recumbent) and on the aim of
the evaluation (health, comfort and perception, or motion sickness) [6]. The applicability
of this method is bounded to non-severe vibrations.

In order to detect severe vibrations, two criteria are given. The first is if the crest factor
cf is larger than nine,

cf = max(|aw(t)|)
Φaw

> 9. (2.1.2)

The second is if the ratio between VDV (defined next) and Φaw normalised by the fourth
root of the measurement time is larger than 1.75. In the absence of a name in the standard,
we will refer to it as severity ratio r,

r = V DV

T 1/4Φaw

> 1.75. (2.1.3)

In the case of severe vibrations, one of the following two indices should be determined
as well. The running rms,

aw(t0) =
[1
τ

∫ t0

t0−τ
a2
w(t)dt

]1/2
, (2.1.4)

where, τ is the time-width of the running window, and t0 is the instantaneous time of
observation, or the fourth power Vibration Dose Value (VDV),

VDV =
(∫ T

0
a4
w(t)dt

)1/4

, (2.1.5)

where, T is the sampling time. This standard, ISO 2631, has been used in [10–14,57]; BS
6841 in [58–60]; and VDI 2057 in [24].

These are not the only indices used for comfort evaluation in vehicle dynamics. Sim-
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pler ones, such as rms, maximum value (max) and standard deviation (std), of the (un-
weighted) accelerations have been also used. For example, the rms of accelerations,

Φa = rms(a(t)) =
(

1
T

∫ T

0
a2(t)dt

)1/2

, (2.1.6)

has been used in [15–18], while the maximum value,

aM = max(|a(t)|), (2.1.7)

has been used in [21–23], and the standard deviation, in [30].

A peculiar set of indices have been used for the analysis of off-road motorcycles suspen-
sions by Vliet [33]. He derived them to analyse the deterministic response of a single-degree
of freedom motorcycle, to a sinusoidal road and to a landing. For the stationary response,
he considers a linear combination of the vertical displacement transmissibility at the nat-
ural frequency ωn and at eight times the natural frequency 8ωn,

Vs = a1
zωn
z0

+ a2
z8ωn
z0

, (2.1.8)

where, z0 is the road amplitude, and a1 and a2 are scalar weights. For the transient
response, he considers the peak force Fmax transmitted to the chassis with respect to a
theoretical optimal force Fopt,

Vt = Fmax
Fopt

. (2.1.9)

The optimal force was defined as the constant force, that doing mechanical work along the
complete suspension stroke in the first compression, would dissipate all the kinetic energy
of the system at the moment of impact. From conservation of energy law he shows it to
be

Fopt = mv2

2lmax
. (2.1.10)

In his single-degree-of-freedom model used for analysis, this force is proportional to
the chassis acceleration, and also it is the contact force with the ground, therefore, is an
assessment of comfort and road holding simultaneously. However, since the intention of
Vliet is to measure “shock isolation” of the motorcycle, we consider it as a measure of
comfort.
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2.1.2 Performance indices used to assess handling

Multiple indices have been defined to assess handling since vehicles can perform multiple
longitudinal and lateral manoeuvres. In order to provide a common basis for comparison,
some driving manoeuvres have been standardised, for example severe lane-change and
obstacle avoidance in ISO 3888:2018, braking in a turn in ISO 7975:2019, and power-off
reaction of a vehicle in a turn in ISO 9816:2018. Each of these manoeuvres are assessed
by diverse metrics, which results in a large number of indices representing handling. For
example handling metrics in motorcycles include steering torque to roll angle, steering
torque to yaw rate and yaw rate to roll rate [26], maximum steering torque to roll rate
and maximum steering torque to yaw rate [27], lane change roll index [28] and braking
distance [61] among others.

Handling is also assessed indirectly by the normal tyre forces, usually referred to as road
holding. The basis for this approach is that any lateral or longitudinal manoeuvre requires
a tangential force on the tyre, which essentially depends on the normal force. In this way,
handling can be measured by a single index. This index, is a common criterion for ride
safety, since it determines the available braking and lateral guidance forces required to
avoid accidents.

Indices used to assess road holding are mainly the rms [16, 18, 21, 41, 62] and less fre-
quently the std [24,30] of the normal force or tyre radial deformation. A different approach,
is measuring the flying time of the wheel, which is defined as the sum of time intervals ∆t
in which the normal load on the wheel N has been null [63].

flyt =
∑

∆tN=0 (2.1.11)

2.1.3 Performance indices used to assess other aspects

There is a third aspect which is also relevant in the design of suspension systems, which
is the suspension stroke. This is because the maximum stroke of the suspension produced
with the expected excitations, must lie within the available space.

The way in which this aspect is included into optimisations is not unique. On the
one hand, some authors consider the stroke as an objective (or part of an objective) to
minimise [16,18,24,30,32]. On the other hand, other authors include the maximum stroke
as a constraint of the optimisation [21, 23]. A third approach consists of including the
stroke directly in the physical model used in the optimisation [33]. Specifically, the rubber
stop at the end of the stroke is included as a high stiffness spring which limits the maximum
stroke as in the real world. Suspension configurations that reach the maximum stroke are
detected indirectly by the large accelerations that are generated when the rubber stop is
reached.
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2.1.4 Summary and pre-selection of indices

Summarising, performance is assessed by comfort and handling metrics. Both are subjec-
tive perceptions of the rider that are correlated to objective measurements. On the one
hand, comfort correlates with vibration accelerations on the rider or chassis, which are
assessed by simple statistical metrics such as rms, std or max, or according to standards
(ISO 2631, BS 6841, VDI 2057, among others) that use frequency-weighted accelerations
to consider rider perception. On the other hand, handling correlates to several driving
parameters and is assessed directly or indirectly. Directly, handling is assessed by the
behaviour of the vehicle in specific manoeuvres, usually standardised, each of which is
measured by diverse variables. Indirectly, handling is assessed by road holding, which is
measured by the normal force on the tyres. In both cases, the statistical metrics used to
describe the normal force are rms, std or max, and in a different approach, the total flying
time.

In order to select appropriate metrics to assess performance, we choose some of the
reviewed indices for comparison, as follows, On the one hand, for comfort, we compare
five indices. First, we choose Vliet’s indices [33], Equations 2.1.8 and 2.1.9, since they have
been used for the same purpose as this study. Second and third, we choose metrics from
a standard. Considering that every standard is equally representative [64], we choose
ISO 2631 because of its availability. From this standard, we consider the rms of the
frequency-weighted accelerations, Equation 2.1.1, since it is the basic method. For severe
vibrations, we modify the VDV, Equation 2.1.5, to compare it in the same scale as the
rms by considering the nth order generalised mean definition. The nth order generalised
mean of a signal x(t), which we refer to as rms-n because of its relation to the rms, is
defined as

rms-n (x(t)) =
(

1
T

∫ T

0
x(t)ndt

)1/n

, (2.1.12)

where, with n = 1, we obtain the mean value; with n = 2, the rms; with n = ∞, the
maximum value; and with n = −∞, the minimum value, to name some. In this way, by
dividing VDV by the fourth root of the measurement time, we modify it to a fourth order
generalised mean,

rms4(aw(t)) =
(

1
T

∫ T

0
a4
w(t)dt

)1/4

, (2.1.13)

which is the index we use for comparison.

As fourth and fifth indices, we choose to compare the rms and rms4 of the un-weighted
accelerations, to study the effect of the frequency-weighting. In this way, the comfort
indices to be compared are Vliet{Vs or Vt}, rms(aw), rms4(aw), rms(a), and rms4(a).
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On the other hand, for handling, we choose to measure it indirectly by road holding,
since it allows to consider implicitly multiple manoeuvres with a single index. For road
holding, we choose to compare four indices. First, we choose the rms of the contact forces
since it is the most commonly used. Second, we choose the time spent flying, flyt, because
in off-road the loss of contact is recurrent, and no discussion is found in the literature
relating statistical index with the loss of contact. In addition to these two indices, we
decide to consider other generalised orders of mean. Orders closer to one tend to capture
the central tendency of data, while higher and lower orders tend to capture the extreme
values. Since we are interested in capturing both, the average and peak values of forces,
we choose to include the rms4 and the rms8 of the contact forces in the comparison as well.
These indices are not found in the vehicle dynamics literature, but we think they could
provide a better approximation to the average and peak values, than the rms. In this way,
the handling indices to be compared are rms(N), rms4(N), rms8(N), and flyt(N).

2.2 Methodology to compare pre-selected indices

In this section, we describe the methodology used to compare the indices pre-selected in
Section 2.1.4. In particular, we require to test if the indices are able to condense accel-
erations and contact forces without losing three features of interest: vibration isolation,
impacts and detachments. First, we take into account vibration isolation between road
and rider to assess comfort properly. Second, we consider impacts from road excitation
and maximum compressions of tyre, suspension, and rider, since these impacts reduce
comfort and could injury the rider. Third, we consider tyre detachments since they reduce
handling capabilities. These three features depend on the road excitations and suspen-
sion parameters. Therefore, to test the indices we calculate them under several driving
conditions and a range of suspension parameters to verify if the changes are captured. In
the following, we explain the motorcycle representation, next, the driving situations taken
into account, and lastly, the suspension considered.

2.2.1 Motorcycle dynamics model

We test the indices using the simplest motorcycle model able to capture the features of
interest. In order to capture vibration isolation between road and chassis, as well as
the maximum compression (bottoming) of the suspension, we need to consider sprung
and unsprung mass displacements independently. In the same way, to capture vibration
isolation between chassis and rider, which is significant in off-road riding [50], as well
as rider bottoming, we need to consider chassis and rider displacement independently.
The remaining phenomena of interest, namely, tyre detachments, and impacts from road
excitation and tyre bottoming, can be captured with an appropriate tyre force description.
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Figure 2.2.1: Three degree of freedom motorcycle model. Subindices r, c, w , s , t and g
refer to rider, chassis, wheel, suspension tyre and ground respectively. The suspension of
the rider represents the muscular action of legs and arms.

Consequently, a formulation with three vertical degrees of freedom and three bodies, Figure
2.2.1, is a reasonable choice to test the indices.

The equations of motion of this system are:

mrz̈r = −fr +mrg, (2.2.1)

mcz̈c = −fs + fr +mcg, (2.2.2)

mwz̈w = −ft + fs +mwg, (2.2.3)

where, m and z refer to mass and downward displacements, subindices r, c and w refer to
rider, chassis, and wheel, fr, fs, ft are rider, suspension and tyre forces, respectively.

The forces acting on this system are considered as follows. On the one hand, suspension
and tyres forces are well known to be passive and non linear [4, 5, 38]. To simplify the
representation, we consider linear dampers since this simplification does not deteriorate
significantly the ability to capture vibration isolation, impacts and detachments. Similarly,
the stiffnesses are considered linear in the working range. On the other hand, the rider
force is a combination of active and passive elements. Of these, the passive elements have
been modelled as linear springs and dampers in off-road cycling and horse riding [50,54,55],
which are similar activities. Contrarily, the active element, consisting of the contraction of
leg and arms muscles, has been neglected in these studies. This assumption is reasonable
for small amplitude excitations, however it might not hold for larger ones. Nonetheless,
due to the lack of further information in the literature in similar activities, we disregard
it. In this way, the elastic and damping forces f l in the working range are linear, and
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described as,

f lr = kr(zr − zc) + cr(żr − żc), (2.2.4)

f ls = ks(zc − zw) + cs(żc − żw), (2.2.5)

f lt = kt(zw − zg) + ct(żw − żg). (2.2.6)

Notice that compressions have been defined positive.

In order to capture impacts due to bottoming (bottom of the working range), we add
a harder stiffness at the maximum compression. This is done by an elastic force which is
activated when the relative displacement between corresponding bodies exceed the maxi-
mum compression. The activation is modelled by a saturation function s(.), which is one
for positive arguments and null for negative ones. Details of the function are described in
Appendix A.1. In this way, the bottoming forces f b are,

f br = nbrkr(zr − zc − zrM )s(zr − zc − zrM ), (2.2.7)

f bs = nbsks(zc − zw − zsM )s(zc − zw − zsM ), (2.2.8)

f bt = nbtkt(zw − zg − ztM )s(zw − zg − ztM ), (2.2.9)

where, nb is a bottoming factor that amplifies the stiffness of the working range and
subindex M refers to maximum value.

Additionally, on suspension and rider forces we add a harder stiffness in extension to
capture the maximum extension end. Reaching this end can make the wheel to be lifted
by the chassis, and the chassis by the rider, which in turn, can result in wheel detachment.
To activate these extension forces fe, we also use a saturation function,

fer = nerkr(zr − zc)s(−(zr − zc)), (2.2.10)

fes = nesks(zc − zw)s(−(zc − zw)), (2.2.11)

where, ne, is the analogous of nb for extension.

Lastly, an extension force does not exist in the tyre, therefore when the tyre reaches
maximum extension, detachment occurs. To activate the tyre force only in compression,
a saturation function is applied to the entire force. In this way, the total forces are,

fr = f lr + f br + fer , (2.2.12)

fs = f ls + f bs + fes , (2.2.13)

ft = (f ls + f bs )s(zw − zg), (2.2.14)

which results in tri-linear characteristics for stiffness and linear for damping, as seen in
Figure 2.2.2.



16 Chapter 2. Definition of the performance criteria

(a) (b) (c)

(d) (e) (f)

Figure 2.2.2: Rider, suspension and tyre forces. (a), (b), and (c) show fr, fs, and ft
forces (Equations 2.2.12 to 2.2.14) under compression and zero velocity, while (d), (e),
(f) show fr, fs, and ft forces under a velocity and zero compression. zr, zs and zt are
rider, suspension and tyre compressions. Parameters: kr = 26464 N/m, ks = 15961 N/m,
kt = 150000 N/m; cr = 47536 Ns/m, cs = 966 Ns/m, ct = 483 Ns/m; nb = ne = 50.
Details on sources in Appendix A.3.

2.2.2 Definition of driving situations

The driving situations need to represent the typical range of excitation of an off-road
motorcycle, which we define based on two sources. The first one, Durbin et al. [65],
indicates that typical off-road riding conditions include open desert, sand dunes, motocross
tracks, mountains and other trails, and that typical mean and maximum speeds are around
10 m/s and 20 m/s. The second one, is experimental data measured on a motocross track
provided by WP Suspension GmbH (details of measurement are explained in Chapter 3),
Figure 2.2.3. It can be seen that the signals consist of random oscillations and peaks,
which we generalise as continuous and impulsive excitations. In particular, accelerations
consist of a base signal between -2 and 4 g, with peaks of 10 g, while contact forces consist
of a base signal between 0 and 3 times the static force, and peaks of 3 and 6 depending
on front or rear tyre. Based on these experimental observations, we consider continuous
and impulsive excitations of different magnitudes.
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(a)

(b)

(c)

Figure 2.2.3: Accelerations and tyre forces obtained experimentally on a motocross track.
The acceleration is measured by an accelerometer, is shown normalised by g, and is positive
downwards. The tyre forces are estimated with the procedure described in Chapter 3, are
shown normalised by the corresponding static load, and positive in compression. Sign
conventions are according to Figure 3.1.1 (a) Chassis vertical accelerations (b) Estimated
normal front tyre force (c) Estimated normal rear tyre force.
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Table 2.2.4: Classification of roads according to ISO 8608 [1]. Range of values of Gd(n0)
in each class.

Lower limit Geometric mean Upper limit
m3 m3 m3

Class A − 24 10−6 25 10−6

Class B 25 10−6 26 10−6 27 10−6

Class C 27 10−6 28 10−6 29 10−6

Class D 29 10−6 210 10−6 211 10−6

Class E 211 10−6 212 10−6 213 10−6

Class F 213 10−6 214 10−6 215 10−6

Class G 215 10−6 216 10−6 217 10−6

Class H 217 10−6 218 10−6 −

2.2.2.1 Continuous excitation

Continuous excitations, are mainly generated when driving on a road (to distinguish from
riding on jumps or whoops). To this end, we consider roads according to ISO 8608 [1],
which describes and classifies road profiles according to the power spectral densities, psd,
of the vertical displacement of the road. It considers that the road amplitude psd may be
fitted by

Gd(n) = Gd(n0)
(
n

n0

)−Kr
, (2.2.15)

where, Gd is the vertical displacement psd in m3, n is the spatial frequency in cycles/m,
n0 is a reference spatial frequency (= 0.1 cycles/m) and Kr is the exponent of the fitted
psd also called waviness. The parameter Gd(n0) describes the severity of the irregularities
of the road and defines road classes according to Table 2.2.4.

We do not have experimental data of road profiles, and as an alternative, we approximate
the excitation based on the sensors on the motorcycle. In particular, we search by trial
and error, a road class that generates similar accelerations and contact forces, on the
three-degree-of-freedom model, as the experimental data.

To generate a weak continuous excitation, representing transit at low speed on a good
road, we consider a road class B driven at 10 m/s. By contrast, to generate a strong
continuous excitation, representing transit at high speed on a bad road, we consider a
road class D, driven at 40 m/s. The procedure for the generation of road profiles in the
space domain is detailed in Appendix A.2.

2.2.2.2 Impulsive excitation

Impulsive excitations can be generated by multiple situations, however the fundamental
feature is a fast compression, which can be generated by the simulation of a vertical
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Figure 2.2.5: Experimental fork compression velocities of a motocross motorcycle around
a motocross track. Compression is positive.

landing. This is simulated as the response in time to an initial velocity of the three bodies
and null initial displacements. To choose representative landing velocities we examine the
fork compression velocities of the experimental data available, Figure 2.2.5. By correcting
them by the fork angle and neglecting pitch angle, we obtain an estimate of the impulsive
velocities of the road over the motorcycle. From this, we generate a weak impulse with a
landing at 1 m/s, and a strong impulse with a landing at 4 m/s.

2.2.3 Definition of suspension parameters

The purpose of the indices is to detect the minimums on accelerations and tyre forces,
with the variation of suspension stiffness and damping. It is known that the minimum
acceleration occurs with no stiffness and damping [2], which is not possible in reality. In
practice, the stiffness is fixed on a non-optimal value to support the chassis weight. In
this condition, the damping that minimises the accelerations is different from zero, and
an expression to calculate it can be found in [2, 19]. Contrarily, for minimum tyre force
variation, the optimal stiffness and damping are different from null and an expression
for both is known [2]. Following the first procedure, we can assume a constant stiffness
fixed on a reference value, and focus on the variation of performance due to damping,
while following the second procedure we can focus on the variation due to stiffness and
damping. However, to simplify the assessment, we consider variation due to damping only.

To normalise the evaluation we consider the damping ratio

ζ = cs

2
√
ks(mc +mr)

, (2.2.16)

where, the denominator is the critical damping. We consider the critical damping of a
single-degree-of-freedom linear system consisting on the chassis and rider mass bouncing
on the suspension since it is only for normalisation purposes. In particular, given that
with the typical parameters of the front end of a cross motorcycle, detailed in Appendix
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A.3, the damping ratio is 0.42, we decide to consider a range around this value, from 0 to
1. Details on expressions of optimal stiffness and damping are discussed on Chapter 5.

2.3 Results and discussion of indices

The equations of motion are integrated in time using the fourth order Runge-Kutta
method, implemented in Matlab [66] as ode45. Continuous excitation are integrated
over a time span of five seconds, and before evaluating the indices, the first second is
discarded to avoid inclusion of the initial transient. Similarly, impulsive excitations are
integrated over ten seconds and before evaluating the indices, the final steady-state part
of the simulation is removed to avoid distortion in the indices calculation. This is done
by trimming the signals at the time at which the chassis amplitude oscillation is smaller
than 1 mm.

2.3.1 Continuous excitation

Figure 2.3.1 shows the variation of comfort and handling indices with damping ratio under
continuous excitations. Regarding comfort indices, two observations are made. First, the
minima are within 0.15 - 0.2 damping ratio, which is lower than expected (≈0.35) according
to the literature, see for example [40]. The exception is the Vliet index, which predicts
optimal damping considerably higher from the expected values in both cases. Second, with
weak and strong excitations, the minima with rms and rms4 coincide. This is expected
because the acceleration signal does not have significant peaks, as indicated by the severity
ratio r which is mostly under 1.75, not shown here.

Regarding handling indices, three results are of interest. First, a weakness of fly time
index is detected. Under a weak excitation, all damping ratios are equally optimal, since
the wheel does not lose contact with any of them. Second, with strong excitations, it is
possible to see that minimising the force variation with rms4 and rms8 does not imply
minimum flying time, even though they are not far off. Third, the minima are around the
experimental damping ratio of 0.42 which suggests that the motorcycle is optimised for
road handling in continuous excitation.

2.3.2 Impulsive excitation

Figure 2.3.2 shows the variation of comfort and handling indices with damping ratio under
impulsive excitations. With respect to comfort indices two results are of interest. First,
rms and rms4 predict very similar minimuma. Second, Vliet index for transient condi-
tions, shows better agreement with the rms and rms4 indices, than the one for continuous
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(a) Comfort under weak continuous excitation. (b) Handling under weak continuous excitation.

(c) Comfort under strong continuous excitation. (d) Handling under strong continuous excita-
tion.

Figure 2.3.1: Comfort and handling indices under continuous excitation. High values are
undesirable since they represent high accelerations and tyre force variations, respectively.
Weak continuous excitation corresponds to driving at 10 m/s on a road class B, and strong
continuous excitation, to driving at 40 m/s on a road class D. Thicker markers indicate
minimum value.
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excitation.

Regarding handling, the effect of mean order is highlighted. Lower order means (rms
and rms4) minimises the force variation at very low damping ratio (0.05) while, higher
order mean (rms8) tend to minimise the force variation with higher damping ratios. This
can be explained by two facts. First, in the low order means, the peak forces tend to make
a minor contribution to the mean compared to the rest of the signal because they occur
in very short instants of time. But, as the order of the mean increases, the peak forces are
amplified more than the rest of the signal, increasing their contribution to the mean, and
in the limit when the order is infinite, the mean becomes the maximum value. Moreover it
can be proved [67] that for any non-constant signal the magnitude of the mean increases
with the order, i.e. rms < rms4 < rms8 < rms∞(=max). Second, as the damping ratio is
decreased, there are more force oscillations, the settling time is longer and signal duration
is longer. The longer signal tends to reduce the mean, even though the force variation
is larger. Consequently, unless the force is amplified with higher order means, the peak
forces will tend to be lost as damping is decreased, and the force variation will seem to be
reduced, i.e. improved, while the opposite is actually happening. Both facts can be seen
in the contact force time histories of Figure 2.3.3. First, in all cases the mean force tends
to the maximum force as its order increases. Second, with low damping, rms and rms4 are
decreased with respect to higher damping, suggesting a less variable force, while actually,
peak forces are larger and more oscillatory. Contrarily high order means indicated that
the force variation actually increased. The optimal damping found with rms8 is close to
the experimental damping which represent typical values adopted in the industry.

2.3.3 Discussion

The selection of the model and driving situations seems appropriate, since the results
are reasonable. For example, under strong continuous excitations, most rms accelerations
are below 2 g, and maximum values are about 7-10 g, shown in Figure 2.3.4, as for
the experimental data. Regarding forces, under continuous excitations, the rms is about
1.5, while experimentally is 1, and the rms8 is 3, while experimentally is 2.7. Under
impulsive excitation, the peak force is 10, while experimentally is 7. To understand this
disagreement, it should be considered that the magnitude of the experimental force is not
validated, as we will see in Chapter 3, and therefore, it should not be considered as exact.

Regarding the indices, from continuous excitation, Vliet index is discarded since the
minimum, which is found on the boundary of the damping ratios evaluated, is not repre-
sentative of optimal performance. The flying time is also discarded, because it is unable to
capture the magnitude of force variations. On the other hand, rms and rms4 of weighted
and un-weighted accelerations provide the same results among them in practice. In the
same way, rms, rms4 and rms8 of tyre forces are in agreement.
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(a) Comfort under weak impulse. (b) Handling under weak impulse.

(c) Comfort under strong impulse. (d) Handling under strong impulse.

Figure 2.3.2: Comfort and handling indices under impulsive excitation. High values are
undesirable since they represent high accelerations and tyre force variations, respectively.
Weak impulse corresponds to landing at a vertical speed of 1 m/s and strong impulse to
landing at 4 m/s. Thicker markers indicate minimum value.
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(a) Damping ratio 0.05, weak impulse. (b) Damping ratio 0.25, weak impulse.

(c) Damping ratio 0.05, strong impulse. (d) Damping ratio 0.30, strong impulse.

Figure 2.3.3: Contact force over time with selected damping ratios. The damping ratios
correspond to the minimum of rms and rms8. The tyre force magnitude is normalised by
the static tyre force ft,n.
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(a) Damping ratio 0.10, strong impulse. (b) Damping ratio 0.15, strong impulse.

Figure 2.3.4: Chassis acceleration over time with selected damping ratios. The damping
ratios correspond to the minimum of rms and rms4 under strong impulse.

From impulsive excitation, considering that the experimental data indicates that the
real excitations are intense, ISO 2631 recommends rms4 to assess comfort. Regarding us-
ing weighted or unweighted accelerations, under weak and strong impulses, the minimum
accelerations are obtained with a difference of 0.1 damping ratio, being the unweighted ac-
celeration with higher damping. Regarding handling, rms and rms4 are discarded because
it indicates that the force variation is reduced as damping is reduced, while the opposite
is actually happening. On the other hand, rms8 represents force variation correctly under
weak and strong impulsive excitations, as well as on continuous excitations, finding op-
timal values close to the typical values adopted in the industry. It seems to capture the
average and peak forces with a good compromise.

It should be highlighted that these results have been obtained with one set of parameters
and one particular model. To investigate the sensitivity of the model, we repeated the
tests with a significant change in the model, which was the rider attached to the chassis,
and the same conclusions were obtained. Therefore, it seems to be a robust conclusion.
No parametric tests were carried-out since it is out of scope, however, it can be expected
that the conclusions remain valid, at least, with a similar set of parameters, i.e. off-road
motorcycles. For a different vehicle parameters, such as a four wheeled-vehicle, the results
need to be revised.
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2.4 Summary

In this Chapter, we have determined appropriate metrics to assess performance in off-road
motorcycles. This has been motivated by the need of meaningful quantities that capture
performance, in order to measure it and optimise it.

To select appropriate indices, we compared five comfort indices and four handling in-
dices. For comfort, we considered: Vliet index, two ISO 2631 indices, and the simplified
versions of these ISO indices. For handling, we considered rms of tyre forces, and flying
time from the literature, and in addition, we proposed rms4, and rms8 based on the nth
order average definition. We compared them using a three degree of freedom model under
representative continuous and impulsive excitations.

We found out that to assess comfort, rms4(aw) should be used, however, rms4(a) pro-
vides the same or very close results, with the advantage of less computational cost. For
handling, we found out that rms8, is the most appropriate, since it provides a representa-
tive estimation of force variation in all situations. In this way, we define the performance of
an off-road motorcycles by comfort and road holding, the former measured by the fourth-
order-mean of the frequency-weighted or un-weighted accelerations, rms4(aw) or rms4(a),
and the latter by the eight-order-mean of the contact force, rms8(ft).

Measurement of performance in an experimental situation, requires measuring accelera-
tions and contact forces. Since there is no method available to measure forces, in the next
Chapter we develop a methodology to obtain them.



CHAPTER 3

Estimation of contact forces for performance measurement

Performance assessment requires measuring accelerations and contact forces as defined in
Chapter 2. While measurement of accelerations is straight forward with accelerometers,
contact forces are not since direct measurement is complex, expensive and adds weight.
On the one hand, wheel force transducers are expensive and heavy with respect to the
unsprung mass of the motorcycle. An alternative for the normal force is to measure the
radial deformation of the tyre by optical sensing, however this is not feasible either because
of the exposure of the lenses to dirt from off-road conditions. On the other hand, building
a load cell into the motorcycle parts is complex, since it requires thickness reduction to
increase strain and achieve useful sensitivity. However, this approach is invasive, reduces
structural resistance of parts, and in off-road, can endanger the driver due to the high
loads involved.

As an alternative, we look at contact force estimators for production vehicles and motor-
cycles which are used as lower-cost alternative for control applications [44]. These estima-
tors are based on inexpensive sensors or on the ones already available on-board. Nonethe-
less, they are based on assumptions not applicable to off-road motorcycles. Analysing
them by force components, first, estimators of the vertical forces, commonly assume flat
road or quasi-static state, which leads to neglect the suspension dynamics. In this way,
the normal loads can be estimated based solely on the horizontal and lateral accelerations
of the chassis. Yet, this assumption is not applicable for off-road motorcycles since the
road has large obstacles and a quasi-static state is seldom reached. There are estima-
tors which include the suspension dynamics, however due to the treatment of the pitch
angle their representativeness is questionable. For example Acosta [68] in cars and Delvec-

27
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chio [69] in motorcycles, use a quarter car model to calculate the vertical force measuring
the acceleration at each end of the suspension with accelerometers and its deflection with
a potentiometer. In this model, Delvecchio neglected the pitch angle finding that it did
not affect the estimation performance, while Acosta partly accounted for it by considering
the displacement of the pitch centre due to longitudinal acceleration. This assumption
however, does not seem reasonable in off-road motorcycles, because pitch angle is large,
reaching ±45 degrees, and also this rotation is originated not only by the longitudinal
acceleration but also by road slope, such as on the take-off of a jump, and by the riding
techniques to overcome certain obstacles, such as wheelies.

Second, estimators of longitudinal forces commonly exploit the wheel dynamics since it
is assumed that braking and driving torques are known. In off-road motorcycles however,
these torques are not commonly available. A simpler methodology is also used which
is based on the longitudinal acceleration measurement. The downside is that only the
total longitudinal force can be known. Lastly, estimators of the lateral forces for cars
are not applicable because they do not represent the large roll angle of a motorcycle
in a turn. For motorcycles, an estimator has been developed by Slimi [46], however it
is restricted to on-road since it assumes a flat road and that the characteristics of the
road-tyre interaction are known a-priori. Specifically, it is based on a Pacejka tyre model
which calculates the normal and lateral forces using the dynamic states of the motorcycle
which are estimated using an sliding mode observer. This approach is not representative
of off-road since the road is not smooth. Moreover, a-priori knowledge of the road-tyre
interaction characteristics is not practical since the road changes recurrently and therefore
the estimator would require to consider several road-tyre characterisations. Consequently,
the tyre force estimators available in the literature are not suitable for off road motorcycles
which are characterised by large pitch rotations and suspension motion.

The aim of this Chapter is to develop a procedure to estimate contact forces suitable for
off-road. To this end, first, we derive a the set of equations of the estimator and verify them
with a virtual experiment. Subsequently, we test the estimations with experimental data
from a motocross track. Lastly, we show the advantages and limitations of the procedure.

3.1 Derivation of the set of equations of the estimator

In this section, we derive the equations of the estimator. First we discuss the dynamical
representation of the motorcycle, and derive a set of equations of motion. Next, we derive
a set of constraint equations to improve the accuracy of the estimations, and lastly we
arrange the set of equations and present the solution method.

We decide to base the estimator on a set of inverse dynamics equations, since we consider
that no information is known about the road. This information would allow to calculate
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motorcycle motion with a forward dynamic model, from where the tyre forces could be
retrieved. However, we consider that knowledge of road elevation is limited in practice.
On the one hand, we envisage that it would require a vision based approach, optical or
infrared, which would be disturbed by road elements such as water, mud or dust. On the
other hand, it needs to measure soil deformation, which in case of sand or mud is of equal
or larger magnitude as the tyre deformation. As a consequence, since we can not know the
road disturbance, we decide to calculate it from the motion that it produces, i.e inverse
dynamics.

Since the motorcycle is composed of multiple interconnected bodies, it is a multibody
problem, [47]. These problems can be solved numerically or symbolically. The former
strategy, is well suited for final design stages since detailed information is known; while the
latter is preferred for early design stages, since it captures the essence of the phenomena
[48]. We prefer the second approach since we can additionally manipulate the set of
equations to process the experimental data as efficiently as possible. To derive symbolically
the equations of motion, we use MBSymba, [48,49,70] which is an add-on for Maple [71].

In particular, the mathematical model is derived in three steps. First, we derive the set
of inverse equations of motion, from were we get the dynamics of the system. Second, we
add a set of constraint equations in order to disregard non-physical solutions that may
arise from measurement errors. Third, we manipulate the set of equations to solve them
efficiently.

3.1.1 Equations of motion

The equations of motion of the motorcycle are derived under the following four assump-
tions. First, we consider in plane motion only, since our interest is mainly on manoeuvres
such as braking and accelerating. Second, by neglecting structural vibrations, we can rep-
resent the motorcycle by four interconnected bodies with five degrees of freedom, which
are described by as many coordinates,

q = [xs, zs, µ, zf , αr]T , (3.1.1)

where, xs and zs are horizontal and vertical displacement of the chassis centre of mass, µ
is chassis rotation, zf is the front suspension compression, and αr is the rear suspension
compression defined as the relative rotation between swingarm and chassis. Third, since
the manoeuvres of interest are generally transited in standing position, we consider that
the rider interacts with the handlebar and foot pegs only. Fourth, the contact point
with the ground is considered to be directly under the wheel centre as seen in nominal
condition. This implies that the contact point does not move forward or backwards due to
road irregularities, and therefore, normal and tangential components are always aligned
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Figure 3.1.1: Motorcycle model. xs, zs and µ are horizontal, vertical and angular position
of chassis centre of mass; zf is fork compression, and αr is swing arm angular compression;
Ax, Az, Lx, Lz are rider’s arm and leg forces acting over the handlebar (H) and foot-peg
(P); Nr and Nf are normal forces over the tyres assumed to be along the z3-axis, which
is tilted µ from absolute vertical; Br, Bf are rear and front braking force and Dr is rear
driving force which are assumed to be along chassis x3-axis.

with z3 and x3 axis, respectively. This simplification is based on the observation that only
when transiting large obstacles, such as whoops, Figure 4.3.1, the contact points move
significantly from the bottom of the tyres. In this way, the estimation of the contact
point position, which is not a trivial task, is avoided and there are only four tyre force
components to be determined. Figure 3.1.1, summarises the four assumptions. In-plane
motion, four bodies of the motorcycle and five coordinates used to describe their motion,
rider forces on foot-peg and handlebar, and contact forces under wheel centre in nominal
condition.

We derive five equations of motions, one for each degree of freedom, and collect them
as

Mq̈ + mv = Awg+Asfs + Arfr + Atft, (3.1.2)

where, M is the mass matrix, q̈ is the acceleration vector, g is gravity acceleration, fs, fr, ft

are suspension, rider and tyre force vectors respectively and the matrices Aw, As, Ar, At

project these forces along each of the five coordinates. mv is the pseudo-mass vector which
contains relative acceleration terms, and also the product of wheels rotational inertia by
their angular accelerations. We did not model wheel rotations as coordinates in q since we
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can measure them directly to represent the rotational inertia effect and therefore, we did
not need to derive equations of motion for them. See Appendix B, for explicit description
of matrices and vectors.

In Equation 3.1.2, masses , rotational inertias, and geometry in M,mv and projection
matrices can be measured with no major complication. Accelerations in q̈, velocities and
angular acceleration in mv, and positions can be measured with accelerometers, poten-
tiometers and tachometers or derived from them; suspension forces fs can be estimated
from characterisation of the spring and damper; and the rider forces fr can be estimated
as described in Chapter 4

3.1.2 Constraints on the contact forces

Acknowledging the presence of measurement errors, we derive an overdetermined system
to attenuate them. In particular, Equation 3.1.2 consists of five equations to determine
four unknown tyre force components. Because of the presence of random errors in the
equations, there is no vector ft that can satisfy the five equations simultaneously, i.e

Atft − b1 6= 0, ∀ ft, (3.1.3)

where, b1 = Mq̈ + mv −Awg−Asfs −Arfr, is the vector of known terms of Equation
3.1.2. Then, the alternative problem is to

find ft that :

min
ft
‖Atft − b1‖ . (3.1.4)

The overdetermined system can not compensate the measurement errors completely and
non-physical solutions can be obtained regardless. To reduce these non-physical solutions,
we add equality and inequality constraints to the optimisation.

On the one hand, we add inequality constraints to consider that normal forces and front
tangential force (braking) can physically exist in one direction only. By defining the rear
tangential force as two non-negative forces as well, we add the constraints,

ft = [Nf Nr Bf Br Dr]T ≥ 0, (3.1.5)

where, Nf and Nr are normal forces on front and rear tyres; Bf and Br are braking forces
on front and rear tyre; and Dr is the driving force on the rear tyre. Even though in this
way there are five variables to be determined, the problem still has four unknowns, since
by definition only Dr or Br exist at anytime.

On the other hand, we add equality constraints to impose a solution when some terms
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are known under four driving conditions. These are: Nf = Bf = 0 when front wheel
is detached; Nr = Br = Dr = 0 when rear wheel is detached; Bf = Br = 0, when
motorcycle is driving (accelerating); and Dr = 0 when braking, Table 3.1.2. In order
to impose these constraints only under the corresponding conditions, we multiply each
element of the constraint equation,

ft = 0, (3.1.6)

by an activation weight, Wii, that is 1 when the condition is satisfied, and 0, otherwise.
In this way, we express the constraints as

Wft = 0, (3.1.7)

where, W = diag(Wii).

To make Wii = 1 under the corresponding driving conditions, we define three auxiliary
weights, wf , wr and wd, representing the first three driving conditions: front wheel de-
tached, rear wheel detached, and motorcycle driving, respectively. They take the value of
1 if the corresponding condition is happening, and 0 if not. Since we assume that if the
motorcycle is not driving is braking, we can represent braking as 1− wd.

Next, we read Table 3.1.2 horizontally to determine under which conditions the tyre force
i is null, and when Wii needs to be 1 to activate the constraint. In particular, since each
normal force is null only under one condition, by making the activation weight Wii equal
to the corresponding auxiliary weight, it will be 1 only under that condition. Differently,
the tangential forces can be null under two conditions. To make the activation weight
Wii equal to 1 if any of the two or both conditions are happening, we use the algebraic
representation of an or logical condition, which is to add the weights and subtract their
product. In this way, the activation weightsW11, ...,W55 are obtained, and shown on Table
3.1.2.

With these constraints, some non-physical combinations are implicitly removed, such
as tangential forces combined with no normal forces. Additionally, in this formulation,
three driving possibilities have been omitted as well. These are, driving and braking
simultaneously, front wheel driving, and no driving nor braking. The first, since it is not
expected in normal driving conditions; the second, since front wheel drive motorcycles
are very rare; the third, since it is only possible in motionless condition, which is out of
interest. When there are no inputs from the rider to drive or brake, which apparently
classifies as the third case, actually involves braking because of friction between moving
parts.

This imposition of a solution when some terms are known under certain driving con-
ditions could have been done by removing the known terms from the system instead of
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Table 3.1.2: Known tyre forces under specific driving conditions. The auxiliary weights
wf , wr and wd represent front and rear wheel detachments and motorcycle driving (accel-
erating), respectively. They are 1 if the condition is happening and 0 otherwise, and are
used to calculate the constraint activation weights Wii. The symbol - means that it can
be any value.

Tyre force Magnitude in driving condition Constraint activation

i ft,i

Front Rear Driving Braking weight
detached detached (wd = 1) (wd = 0) Wii

(wf = 1) (wr = 1)

1 Nf 0 - - - wf

2 Nr - 0 - - wr

3 Bf 0 - 0 - wd + wf − wdwf
4 Br - 0 0 - wd + wr − wdwr
5 Dr - 0 - 0 (1− wd) + wr − (1− wd)wr

adding constraints to the system. However this approach requires to reduce the system
of Equation 3.1.4, into min ‖A′tf ′t − b′1‖ for the six driving conditions which are possible:
only braking, only driving, driving or braking with front wheel detached, braking with
rear wheel detached, and both wheels detached. Even though this option solves a smaller
system which would make it faster, we prefer adding the constraints, since numerical
implementation is simpler, and the additional calculation time is not significant.

Adding the constraints, the problem is now formulated as

find ft that :

min
ft
‖Atft − b1‖ ,

subject to: ft ≥ 0
Wft = 0.

(3.1.8)

3.1.3 Formulation of the estimation problem and solution

In order to solve Equation 3.1.8 efficiently, we perform the following transformation. First,
we take advantage that the minimisation argument is in least squares form, which enables
us to use least squares solvers. These solvers are considerably faster than other optimisa-
tion solvers since they exploit the particular formulation. Specifically, to solve an equality
constraint least squares problem, as the one in Equation 3.1.8, there are at least four
algorithms. Lawson and Hanson [72] describe three: by using a basis of the null space,
by direct elimination, and by weighting, while Matlab uses by default the interior-point-
convex algorithm. We chose to solve the problem by weighting, which means appending
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the equality constraints Wft = 0 to the minimisation argument with a heavy weight,
which we do with the diagonal matrix Bc. The main difference with this formulation is
that the constraints are not exactly met, which for this situation is beneficial since it helps
to compensate for errors in the transitions between active and inactive constraints.

Additionally, in this transformation, we add diagonal matrix Bd to weight the dynamic
equations to take into account possible differences in uncertainties that might exist between
equations given that they are obtained from different sensors. In this way, the problem is
written as,

find ft that :

min
ft

∥∥∥∥∥ Bd(Atft − b1)
BcWft

∥∥∥∥∥ ,
subject to: ft ≥ 0. (3.1.9)

Lastly, we re-write Equation 3.1.9 in compact form as,

find ft that :

min
ft
‖B(Aft − b)‖ ,

subject to: ft ≥ 0, (3.1.10)

where,

B =
[
Bd 0
0 Bc

]
, A =

[
At

W

]
, and b =

[
b1

0

]
, (3.1.11)

which is a non-negative least squares problem. We solve it using the Lawson-Hanson
algorithm for non-negative problems, presented in [72], and implemented in Matlab [66]
as lsqnonneg. It is worth remarking that this estimation is for a single instant of time
therefore, to estimate along time, it needs to be solved for each sampled time.

The estimator is summarised in Figure 3.1.3. The motorcycle kinematics needed are
three displacements, five velocities and seven accelerations, adding up fifteen variables.
The suspension and rider forces as well the auxiliary and equation weights need to be pro-
vided by the user. These forces can be obtained from direct measurements or from some
user defined models. These models can possibly use some of the motorcycle kinematics,
such as the suspension models that are commonly based on the displacements and veloci-
ties. The auxiliary weights can be obtained from some user defined model or also possibly
from the motorcycle kinematics. Lastly, the equation weights need to be defined by the
user, and it is reasonable to use constant values, since the relative importance between
equations are not expected to change.



3.2. Verification of estimations with virtual experiments 35

Suspension model

Rider model

Auxiliary weights

Estimation: 

find ft that: 
 min  B(Aft    b) 

ft 

possibly

Motorcycle 
kinematics

m

zf

ar

xs

zs

m

zf

ar

m1

m4

..

..

..

..

..

..

.. 

xs

zs

m

zf

ar

.

.

.

.

. 

zf

ar

zf

ar

.

. 

fr
possibly

W

Equation weightsuser defined

B

fs

ft

subject to: ft > 0 

possibly

Figure 3.1.3: Estimator layout. The estimator requires fifteen kinematic variables of the
motorcycle, together with the suspension and rider forces, and auxiliary and equation
weights. The forces and the auxiliary weights can be obtained from direct measurement
or from a model possibly based on the motorcycle kinematics. Contrarily, the equation
weights need to be defined by the user.

3.2 Verification of estimations with virtual experiments

The estimator is verified using data from a virtual experiment, since measurements are
noise free and it is possible to measure the contact forces directly. Four tests are carried
out. In each test, a specific manoeuvre is simulated and the motorcycle kinematics is
measured. This data is used to estimate the tyre forces with Equation 3.1.10 and are com-
pared to the forces measured directly in the simulation. For the estimator, the suspension
forces are linear with displacement and velocities; the rider forces are obtained using the
simple rider model of Chapter 4; the auxiliary weights are calculated from the motorcycle
kinematics as described in Equation 3.3.6; and the equation weights are defined as 1 for
the dynamic equations, since they are noise free, and 100 for the constraint equations,
to force the constraints to be met. For the simulation, Working Model 2D [73] is used.
The motorcycle is modelled under the same assumptions of the estimator, i.e. in plane
motion, four bodies, rider acting over the foot-peg and handlebar, contact point under the
wheels in nominal condition as shown in Figure 3.2.1. The suspension forces are defined
linear with respect to displacement and velocity. The rider is modelled differently from
the estimator. It consists of a point mass, translating in the plane, located nominally
over the foot-peg and rearwards of the handlebar, and attached to these points by spring
and damper elements. This difference is introduced to investigate the effect of imperfect
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Figure 3.2.1: Virtual experiment in Working Model 2D.

knowledge of these forces by the estimator. The model parameters are listed in Table
3.2.2.

The four tests are as follows. On the first test, 120 Nm of braking torque is applied
on the rear wheel and subsequently on the front wheel, to check if the estimator can
distinguish the origin of the braking force. On the second test, 60 Nm of braking torque
is applied on each wheel simultaneously, to check if the estimator can identify the braking
distribution between wheels. On the third test, 120 Nm of driving torque is applied on the
rear wheel via shaft drive transmission, to compare with the the fourth test, in which 119.4
Nm of driving torque is applied on the rear wheel via chain transmission, to check the
effect of neglecting the chain tension on the estimator. Additionally, in the four tests, the
estimation of normal forces is checked. The braking torques and shaft-drive transmission
are simulated as external torques acting on the wheel; the front one, reacting on the chassis
and the rear one, on the swingarm. The chain transmission is simulated using an engine
and a wheel sprocket, together with a dummy gear located above the latter one, due to the
impossibility to model an actual chain transmission in WM2D. In particular, an external
torque is applied between the chassis and the engine sprocket. The rotation angle of the
latter, is mirrored in the opposite direction by the dummy gear, which applies a force on
the wheel sprocket on the same point and in the same direction as the chain would do,
generating the driving torque on the wheel. Special emphasis has been put in replicating
the chain force and its points of action, because it creates a suspension compression which
is not modelled in the estimator.

The result for the braking tests are shown in Figure 3.2.3. In test 1, it can be seen that
the estimator is able to recognise which wheel is originating the braking force and also
provide a close estimate of the magnitude, though front braking is slightly overestimated.
In test 2, it can be seen that it recognises that both wheels are braking, but the braking
distribution is estimated inconsistently. Specifically, first, it estimates more to the rear,
subsequently, more to the front, and then stabilises, with front braking slightly overesti-
mated. The result for the driving tests are shown in Figure 3.2.4. It can be seen that
in both tests the magnitude of the driving force is closely estimated, and no significant
difference is seen if the motorcycle is shaft- or chain-driven. This implies that neglecting
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Table 3.2.2: Motorcycle parameters of virtual experiment.

Parameter Value Unit

Chassis mass 81 kg
Rear wheel mass 18 kg
Front wheel mass 12 kg
Rider mass 75 kg
Chassis inertia 21 kg m2

Rear wheel inertia 0.7 kg m2

Swing arm inertia 0.8 kg m2

Front wheel inertia 0.5 kg m2

Wheelbase 1.35 m
Vertical position of chassis centre of mass (CoM) 0.59 m
Chassis CoM from rear wheel, horizontally 0.77 m
Footpeg from chassis CoM, horizontally −0.2 m
Footpeg from chassis CoM, vertically 0.14 m
Handlebar from chassis CoM, horizontally 0.10 m
Handlebar from chassis CoM, vertically −0.70 m
Swingarm CoM from main pin 0.28 m
Swingarm length 0.59 m
Rear wheel radius 0.30 m
Front wheel radius 0.30 m
Caster angle 0.40 rad
Swing arm initial angle 0.25 rad
Front suspension stiffness 9800 N/m
Front suspension damping 533 Ns/m
Rear suspension torsional stiffness 4836 N/rad
Rear suspension torsional damping 236 Ns/rad
Rider arm stiffness 8930 N/m
Rider arm damping 1456 Ns/m
Rider leg stiffness 20180 N/m
Rider leg damping 1833 Ns/m
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a) Test 1: Single wheel braking b) Test 2: Dual wheel braking

Figure 3.2.3: Braking tests. On both tests 120 Nm of braking torque are applied. In the
first test it is first applied to rear wheel on time interval t = [1 2] s and then to front
wheel on t = [3 4] s, and on the second is split equally between front and rear wheel. r
are the residuals of the equations, r = B(Aft − b). Absolute value and residuals of the
dynamic equations are shown. Residuals of rotational equations have been normalised by
a representative length to compare them in the same scale.

chain tension does not add significant error. Normal forces are satisfactorily predicted on
the four tests. Load transfer to the front wheel when braking, and to the rear while ac-
celerating are clearly recognized by the estimator. Lastly, it is observed that even though
the rider forces are known imperfectly, the tyre forces are closely estimated, which means
that the estimator is compensating the error.

The residuals r = B(Aft − b) of the estimation are analysed. Each element of r is the
error in the corresponding equation and, on the dynamic equations, they can be interpreted
as a force or torque that needs to be subtracted along the corresponding coordinate. For
example, the first element indicates a missing force acting over the motorcycle along the
xs coordinate, while the fifth, indicates a missing torque acting on the swingarm along αr.
To compare them in the same scale, the residuals of the rotational equations, µ and αr, are
normalised by the representative lengths w and lr and are labelled as µ/w and αr/lr in the
figures. It can be seen that in test 3, when driving torque is being applied, between seconds
1 and 2, the residuals in the five dynamic equations are close to null as expected, since the
transmission is the same in the virtual and estimator models. Contrarily, on test 4, the
residuals are important since the chain tension is missing in the estimator. Specifically,
there is a significant positive residual in the rear suspension compression equation, and
also, a negative residual of the pitch equation. The sign of these residuals are consistent
with the chain tension absence. This is because by pulling between rear wheel and chassis,
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a) Test 3: Shaft drive motorcycle b) Test 4: Chain drive motorcycle.

Figure 3.2.4: Driving tests. On test 3, 120 Nm are applied directly to the rear wheel
via a shaft drive transmission, while on test 4, 119.4 Nm are applied to the rear wheel
via chain drive transmission, which is driven by an engine torque of 38 Nm. Chain drive
transmission ratio is 3.14. r are the residuals of the equations, r = B(Aft − b). Absolute
value and residuals of the dynamic equations are shown. Residuals of rotational equations
have been normalised by a representative length to compare them in the same scale.

the chain exerts a negative torque over the rear wheel and swing arm, and a positive one
over the chassis. Since these two are absent from the equations, if they are added, namely,
a positive torque on the pitch equation, and a negative torque on the swing arm equation,
it would bring the residuals back to null.

In summary, the equations of the estimator are verified. In the four tests, the estimated
forces are in good correspondence with the virtual experiment. The magnitudes and
origin of braking forces and driving force are satisfactorily detected, as well as the normal
forces. Additionally, it was shown that the omission of the chain tension in the estimator
does not affect significantly the prediction of the driving force. Furthermore, the passive
rider model used in the virtual experiment served to illustrate that different rider forces
over the motorcycle as the one assumed by the estimator does not influence significantly
the estimation. Lastly. it should be clarified that in this section we have verified that
the equations are free of algebraic errors, however, we do not claim validation of the
assumptions of the model, since this requires a real experimental test.
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Figure 3.3.1: Shock and fork elastic and damping forces used on the test.

3.3 Application of the estimator to experimental data

In this section, we describe how we use the estimator with experimental data. First,
we describe how to obtain the input variables for the dynamic equations as well as the
activation weights for the constraints considering two alternative measuring systems. The
first one has abundance of sensors and some redundancy of information, but is expensive
and cumbersome to use in practice, while the second one uses a minimal set of sensors.
Subsequently, we discuss the estimated forces along the motocross track as well as the
limitations of the estimator and possible improvements.

3.3.1 Data collection and preprocessing

The test is performed on a motocross scenario. A 2017 motocross motorcycle is used,
which has the suspension behaviour depicted in Figure 3.3.1. It is driven by a professional
rider on the track shown in Figure 3.3.2. It consists of nine straights and nine turns,
abbreviated as S1,...,S9 and T1,...,T9, respectively. S1, S7 and S8 consist of a sequence of
jumps while S6 is the whoops section, which is a sequence of medium size bumps similar
to Figure 4.3.1. Five laps are recorded, each of which is done in approximately 55 s, and
lap four is picked randomly for the analysis.

Data is collected with a set of thirteen sensors mounted on the motorcycle as listed in
Table 3.3.3. These sensors are chosen since are they commonly available on automotive
data acquisition systems. In particular, an inertial unit is located under the seat from
which vertical acceleration (a1) of the chassis, pitch angle (γ2) and forward velocity (v3)
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Figure 3.3.2: Trajectory on the track as measured by GPS. There is a discrepancy on
straight 6 (S6) because the track was modified between the picture was taken and the test
was performed.

are obtained. Additionally, six accelerometers are placed as follows: one at each end of
the fork (a7, a8), one at each end of the shock (a10, a11) and two aligned with z3 axis:
one on steering head (a4) and the another on tail (a5). Also, potentiometers are placed
along the fork (l6) and shock (l9), and angular speed of each wheel (ω12, ω13) is measured
by Hall sensors.

This set of thirteen sensors provide eight out of the fifteen kinematic variables required
by the estimator and the remaining seven can be obtained by numerical differentiation or
integration of the measured ones. It is a redundant set of sensors in the sense that double
differentiation or integration of a measured variable yields another measured variable.
For example, double differentiation of the front suspension compression (l6) yields the
suspension acceleration (a7 − a8). This redundancy of information makes it possible to
compensate the error introduced by numerical differentiation and integration. Given that
an integrated or differentiated variable is only an approximation to the desired variable,
we keep the origin of the variable in the notation. For example dvxs

dt is not substituted by
axs .

The downside of a redundant implementation is that the relatively large number of sen-
sors restricts the practical use of the estimator, therefore, we also consider a minimal set
of sensors. In principle, seven measurements are required (one measurement per coordi-
nate) since the rest can be obtained by differentiation or integration of the available one.
However, if we neglect slippage of the wheels assuming pure rolling, we can calculate the
wheel angular acceleration from the forward speed, reducing the set to five measurements.
From the three variables that we can measure on each coordinate, we choose the acceler-
ations, since accelerometers are the simplest and cheapest sensors. An exception is made
on the forward displacement, in which we prefer the GPS speed since is also a commonly
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Table 3.3.3: Description of sensors on the motorcycle. Vertical and lateral and longitudinal
are with respect to the body in which they are mounted. The redundant set of sensors is
redundant in the sense that double differentiation or integration of a measured variable
yields another measured variable. The minimal set has the minimum number of sensor
required for a satisfactory estimation of forces.

Sensor Magnitude Direction Location Redundant Minimal
set set

a1 Acceleration Vertical Under seat !

γ2 Angle Lateral Under seat ! !

v3 GPS Speed Forward Under seat ! !

a4 Acceleration Vertical Steering head !

a5 Acceleration Vertical Rear seat !

l6 Length Along fork Fork !

a7 Acceleration Along fork Steering head ! !

a8 Acceleration Along fork Front wheel ! !

l9 Length Along shock Shock !

a10 Acceleration Along shock Shock upper mount ! !

a11 Acceleration Along shock Shock lower mount ! !

ω12 Angular speed Wheel axis Front wheel !

ω13 Angular speed Wheel axis Rear wheel !

available measurement. In addition to these sensors, we consider the pitch angle mea-
surement, since without it the estimation of the tyre forces, particularly the rear forces,
are not satisfactory. This is because the estimation of the angle by double integration of
the acceleration is deficient. It is worth remarking that this minimal set of sensors is not
unique since other combinations can be chosen.

The preprocessing with each set of sensors consist in the following steps. First, mea-
surements are filtered by a lowpass FIR filter with passband and stopband frequencies
of 20Hz and 40Hz respectively. Second, algebraic operations are made as specified for
each layout. Third, differentiations and integrations are performed. The former by a FIR
differentiator with the same frequency limits as the lowpass filter and the latter by the
transfer functions H1(z) for single integrations and H2(z) for double, which are

H1(z) = 1
1 + az−1 (3.3.1)

H2(z) =
( 1

1 + az−1

)2
(3.3.2)

where z = ejωt and a = −0.99. Lastly, the average values are corrected. All accelerations
and velocities are corrected to have an average value of zero in one lap, since it is assumed
that the previous and following lap are driven in a very close way. Otherwise the following
lap is started at a different velocity and position, respectively. Additionally on the min-
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Figure 3.3.4: Relative angle between chassis and swing arm (angular compression) as a
function of shock position.

imal set, the average value of each suspension compression is considered to be its static
compression, which is corroborated by the potentiometer measurement of the redundant
set. Furthermore, negative displacements are made zero, since it is known that they are
due to integration error and not to a physical phenomenon.

The preprocessing for the redundant set, is as follows and summarised on Table 3.3.5.
Four variables are obtained directly from sensors: horizontal velocity, vertical acceleration
, pitch angle, and front suspension compression. Four more variables are obtained from al-
gebraic operations on the measured signals. The front suspension acceleration is measured
from the difference between the accelerometers on steering head and front wheel, a7 − a8.
The rear suspension compression angle and acceleration are calculated from the shock
potentiometer l9 and the difference between accelerometers a10− a11, using the procedure
described in Cossalter [40],

αr = αr(zr), (3.3.3)

α̈r = d2αr
dz2
r

ż2
r + dαr

dzr
z̈r, (3.3.4)

where, zr = l9, z̈r = a10 − a11 and shock compression velocity żr is estimated as dl9
dt .

The relationship between shock position and relative angle between chassis and swing
arm αr(zr), is shown in Figure 3.3.4. In particular, we fit a polynomial function to the
data, since it is simpler to obtain the derivatives for the acceleration calculation. The
pitch angle acceleration is measured from the difference between acceleration on steering
head a4 and rear seat a5 divided by the distance between them lst. Next, five variables
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Table 3.3.5: Calculation of variables with the redundant set. It consists of thirteen sensors
with which eight variables are obtained. The remaining seven are obtained by differentia-
tion and integration. Measured magnitudes have a numbered subindex according to Table
C.0.1.

Coordinate Position Velocity Acceleration

Chassis horizontal displ. xs vxs = v3 axs ≈
dvxs
dt

Chassis vertical displ. zs vzs ≈
∫
azsdt azs = a1

Chassis pitch angle µ µ = γ2 vµ ≈
∫
aµdt aµ = a4−a5

lst

Front suspension compr. zf zf = l6 vzf ≈
dzf
dt azf = a7 − a8

Rear suspension compr. αr αr = f(l9) vαr ≈ dαr
dt aαr = g(a10 − a11)

Front wheel rotation µ4 aµ4 ≈ dω12
dt

Rear wheel rotation µ1 aµ1 ≈ dω13
dt

are obtained by differentiation: chassis horizontal acceleration, suspension compression
velocities and wheel angular accelerations. Lastly, two variables are obtained by single
integration: chassis vertical velocity and pitch rate.

The preprocessing of the minimal set, is summarised on Table 3.3.6. The difference from
the redundant set are the following. The vertical acceleration measurement is replaced
by the average of the on-board mounted suspension accelerometers corrected by their
angles with respect to the vertical axis. Similarly, the pitch angle acceleration is obtained
from the difference of these measurements. Additionally, the suspension displacements are
replaced by double integration of the corresponding accelerations. As a consequence, the
suspension rates are obtained from integration rather than differentiation. The suspension
accelerations considered are the wheel acceleration instead of the relative. This is because
we found it to yield better estimation of the displacement after the double integration. We
believe that is because of the degradation that the double integration introduces mainly in
the low frequencies of the signals. According to their frequency spectra (not shown here),
this directly affects the chassis acceleration since their main components are below 10 Hz,
while wheel accelerations get less distorted since they also have important components in
the 10 − 20 Hz range. Lastly, wheel angular acceleration are obtained by differentiation
of forward velocity instead of the corresponding angular velocity.

Figure 3.3.7 shows a comparison of some signals resulting from both sets. Forward
velocities and pitch angle are coincident since they have the same origin. Vertical ac-
celerations and front suspension compression are closely estimated with the minimal set,
but peaks are smaller. Contrarily, rear suspension velocity is modestly estimated. It is
possible to improve the estimation by selecting the filter constant a by comparing the
desired signal against the measured one (from the redundant set). However, given that
this is not possible in a practical application of the minimal set, we disregard this option.
Instead, we use the same filter constant for every integration, and accept the disparity of
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Table 3.3.6: Calculation of variables with the minimal set. It consist of six sensors with
which six variables are obtained. The remaining nine are obtained by differentiation and
integration. Measured magnitudes have a numbered subindex according to Table C.0.1. ρ
is the angle between shock axis and z3.

Coordinate Position Velocity Acceleration

Chassis horizontal displ. xs vxs = v3 axs ≈
dvxs
dt

Chassis vertical displ. zs vzs ≈
∫
azsdt azs = a7cε+a10cρ

2
Chassis pitch angle µ µ = γ2 vµ ≈

∫
aµdt aµ = a7cε−a10cρ

lst

Front suspension compr. zf zf ≈
∫∫
azfdtdt vzf ≈

∫
azfdt azf = −a8

Rear suspension compr. αr αr ≈
∫∫
aαrdtdt vαr ≈

∫
aαrdt aαr = g(−a11)

Front wheel rotation µ4 aµ4 ≈
dv3/Rf
dt

Rear wheel rotation µ1 aµ1 ≈
dv3/Rr
dt

estimation.

The next step is to detect the three driving conditions in which part of the solution is
known, using the available variables. On the one hand, driving (accelerating) is detected
directly by the horizontal acceleration of the chassis. On the other hand, wheel detachment
cannot be detected directly with the available sensors, and it is approximated by the
suspension strokes, since full extension is reached when the wheel is in the air. The
limitations of this approximation are the instants right after detachment and right after
contact recovery. The former, since it takes some time for the suspension to reach full
extension due to damping, while the latter, since a minimum force is required to begin
compression due to stiction.

Two rules are defined to determine if the condition is happening. On the one hand,
the motorcycle is driving if the horizontal acceleration is positive. On the other hand,
the wheel has detached from the ground if the corresponding suspension compression is
reduced below a threshold. Since the three signals used for the detection are not just 0
and 1, their magnitudes are mapped onto the interval [0 1], using the saturation function
defined in Appendix A.1,

sat(y, y0) = 1 + sin(atan(y/y0))
2 , (3.3.5)

In this way, the three auxiliary weights, wf , wr and wd are calculated as:

wd = sat(ẍs, ẍs,sat), 1, if motorcycle is driving;
wf = sat(−zf + zf,min, zf,sat), 1, if front wheel lost contact;
wr = sat(−αr + αr,min, αr,sat), 1, if rear wheel lost contact.

(3.3.6)

where, zf,min and αr,min are the threshold values to detect detachment and ẍs,sat, zf,sat
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Figure 3.3.7: Five signals after preprocessing. Forward velocity and pitch angle are the
same since they have the same origin. Vertical accelerations and front suspension compres-
sion are closely estimated with the minimal set, but peaks are smaller. Rear suspension
velocity is modestly estimated due to integration errors.

and αr,sat are parameters that control the transition from 0 to 1, of each signal. Figure
3.3.8, illustrates the three signals used to detect the driving conditions, ẍs, zf and αr, and
their mapping onto the auxiliary weights wd, wf = W11 and wr = W22 according to the
rules defined in Equation 3.3.6. Additionally, W33, W44 and W55 are shown, which are
obtained according to Table 3.1.2.

Lastly, the equation weights in Bd are set to 1 as the default value, and Bc are set to
100, to force the constraints to be met.

3.4 Analysis of contact forces

Using the estimator proposed in Section 3.1 together with kinematic measurements treated
according to Section 3.3.1, we are able to provide, an estimation of the contact forces
generated by an off-road motorcycles in real driving conditions, which are shown in Figure
3.4.1.

The forces estimated with both sets of sensors vary consistently with the obstacles of the
track. Zones of jumps, braking and acceleration can be clearly recognised from the forces.
For example, a zone of three jumps can be identified on S1. There are three absences
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Figure 3.3.8: Auxiliary weights wd, wf = W11 and wr = W22 record the occurrence of
driving, front, and rear wheel detachments, based on horizontal acceleration, front, and
rear suspension compression, respectively. Weights W11 to W55 are obtained according to
Table 3.1.2.

of force, showing the instants when the motorcycle is flying. In between them, normal
and driving forces show that as soon as it lands, it throttles to the next jump. After the
third jump, braking forces can be seen in both wheels, which shows that the brakes are
applied just after landing. After the braking zone, the driving force to exit the turn is
also depicted. A similar pattern can be recognised on S7 and S8. On S6, the transit over
whoops can be clearly identified by the impulsive shape of the normal forces. On S4 and
S5, large jumps can be identified as relatively long absence of forces.

Furthermore, taking a closer look into the normal forces, Figure 3.4.2, it is possible to
distinguish short detachments, for example in the rear wheel while braking before T6.
This is of interest for performance assessment, since if these detachments are reduced a
harder braking could be possible.

In Figure 3.4.2 it is also possible to observe a rear braking force in the middle of the
whoops section. In this section, the bumps get between the front and rear wheels, creating
a normal force tilted backwards, and not aligned with z3 axis as assumed by the estima-
tor. The horizontal component of this force reduces the speed of the motorcycle and is
detected as a braking force. Nonetheless, the detection of this braking is also of interest
for performance assessment, since it creates unwanted braking.

When comparing these forces with preceding and subsequent laps on the test (not
shown here), the same pattern of forces is seen. Small variations such as the number of
detachments in braking or magnitude of peaks in landings, show that variations in driving
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Figure 3.4.1: Contact forces on a motocross track estimated considering a redundant and
minimal set of sensors. Zones of jumps, braking, accelerations can be recognized. Residuals
of the minimal set (absolute value and dynamic equations) are shown. Estimation of
contact forces with a simpler methodology is in good agreement on the normal force but
not on the horizontal ones.
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Figure 3.4.2: Close up of turn 6. Peaks in normal forces show the whoops of S6; absences
of rear normal force between t = 293 and 294, show detachments of the rear wheel on
the braking phase; and rear braking force around t = 290 s shows the braking effect
of the whoops due to the horizontal component of the normal force. Residuals of the
minimal set (absolute value and dynamic equations) are shown. Estimation of contact
forces with a simpler methodology is in good agreement on the normal force but not on
the horizontal ones. Larger residuals on the impact zones and smaller on the turn, shows
that the estimator’s assumption are in better agreement with reality in the latter.
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along tests can also be distinguished.

Comparing the estimations with both sets, it is possible to see that there is a significant
correlation between them. The obstacles on the track as well as the driver inputs can be
identified with both. Moreover the magnitudes are very close among them as well. On
a closer look of Figure 3.4.2 it is possible to distinguish some differences, such as some
absences of peak around t = 290 s in the rear normal force. Nonetheless, a satisfactory
estimation is possible with less than half of the sensors used in the redundant set.

The residuals of the estimation with the minimal set are depicted in Figures 3.4.1 and
3.4.2. Peaks around landings and high impacts zones show that in these parts the es-
timator’s assumptions diverge from reality. From the four assumptions of the dynamic
equations and the simplifications of the rider model, the most feasible cause is the as-
sumption of constant vertical force of the rider since it is unlikely that the rider can
absorb impacts perfectly. Contrarily, around turns, as seen in Figure 3.4.2, the residuals
are significantly lower than on straights, indicating that the estimator assumptions are in
better agreement with reality. The main contribution to the residuals, comes from the
rear suspension equation, αr. This residual is correlated to the estimation of the rear
suspension velocity, as shown in Figure 3.3.7, from where we can deduce that it is its ori-
gin. Also, this can be corroborated by the residuals obtained with the redundant set, not
shown here, which do not show the important contribution from the αr equation, since the
rear suspension velocity is estimated in a better way. Given that this discrepancy affects
directly the rear wheel, it can explain the differences found on the rear wheel forces.

The estimator is compared against simple methodologies of calculation. On the one
hand, the normal forces are calculated using a quarter car assumption as Delvecchio [69]
(although he used it in a Kalman filter architecture) considering only the vertical forces
on the wheels,

Nf =Sf cos(ε) +m4z̈4 (3.4.1)

Nr = TSr
lr

+m1z̈1 (3.4.2)

where, Sf is front suspension force and TSr is rear suspension torque, while z̈1 and z̈4

are vertical accelerations of front and rear wheels. On the other hand, the horizontal
forces are calculated assuming a quasi-static condition with which only the horizontal
acceleration is required. Since it is not possible to estimate the braking distribution with
this methodology, it is assumed to be 70% on the front.

Bf = 0.7mẍs, ẍs < 0 (3.4.3)

Br = 0.3mẍs, ẍs < 0 (3.4.4)

Dr = mẍs, ẍs ≥ 0 (3.4.5)
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where m = m1 + m2 + m3 + m4 + mr is the total mass of the system, and in the case
of ẍs < 0, Dr = 0 and if ẍs ≥ 0, Bf = Br = 0. Results show a modest correspondence
on the normal forces. This implies that the contribution of the perpendicular force over
the fork and the force along the swingarm acting on its main pin are moderate relative
to the normal forces. On the other hand, results for horizontal forces are not in good
agreement with our estimator. For example in Figure 3.4.2, around t = 287 s the braking
forces are less oscillatory and of lower magnitudes, which is the result of assuming a
quasi-static condition. Also, there are horizontal forces in absence of normal forces as
predicted for example at t = 283.5 s, which is the result of not combining the information
on the horizontal and vertical directions. This shows that the wheel dynamics can not be
neglected in off-road motorcycles. Moreover, in a broader sense, this analysis shows that
estimators found in the literature are not representative of these motorcycles.

These results show that the estimated forces vary consistently with the obstacles of
the track. Moreover, it is shown that it can provide additional valuable information for
optimisations such as detachments, whoops braking and variations in driving along tests.
Furthermore, since this information is derived from objective measurements, it is free from
rider’s bias and is reproducible. Furthermore, it has been shown that a satisfactory esti-
mation is possible with a minimal set of sensors which increases the practical applicability
of this method.

A limitation of this estimator is that its precision was not determined, since it was
not feasible, in practice, to measure the contact forces with the envisaged methodology.
Consequently, the magnitude of estimated forces should not be taken as exact, and instead
only as a reference. The estimator has thirty nine inputs: twenty parameters to describe
the motorcycle, fifteen kinematic variables and four external forces. The twenty parameters
are geometrical and inertial, thus, they can be measured with a relatively high accuracy
and fourteen of them do not vary over time. The exceptions are tyre radius, that is reduced
due to compressions, and chassis mass and inertia that is reduced due to fuel consumption,
which also affects the location of centre of mass. The former can decrease up to 25%
and it affects the calculation of moments of tangential forces Bf , Br and Dr around the
chassis centre of mass, and around the swingarm main pin. Since, three equations are not
affected, the compensation effect of the overdetermined system is expected to attenuate
this variation significantly. Due to fuel consumption, chassis mass can decrease by around
10%, and inertia and centre of mass location, less than 2%, because the fuel tank is close
to the centre of mass. Since it affects all the equations of motion, the compensation effect
might not be important, and should be considered if performance is analysed over an entire
gasoline tank. For analysis over a few laps, the effect is expected to be imperceptible.
Regarding the fifteen kinematic variables, they can be measured directly or calculated
from the measured ones. Errors in measurements are expected to be attenuated by the
compensation effect of the overdetermined system and the constraint equations. The
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calculated signals do not incorporate new information to the system, thus, they can not
compensate errors, reducing the accuracy of the estimator. Regarding the influence of
external forces, it is shown in Chapter 4, that the estimated forces have a low sensitivity
to them, mainly due to the compensation effect. A detailed sensitivity analysis is out of
the aim of this Chapter however, given that the inputs are available with a relatively high
accuracy, the precision of the estimations should be reasonably good.

Lastly, considering that, in the preprocessing, the lowpass filter, integrations and differ-
entiations can be performed almost on real time (there is a delay due to the filter), and
that the step of average correction could be modified to be performed on real time, this
estimator has the potential to be exploited as the basis for a controller of a semi-active
suspension system, and if lateral dynamic is added, it could also be used for stability
control in off-road riding.

3.5 Summary

In this Chapter we have developed an estimator of contact forces for off-road motorcycles.
It was developed to solve the need for a procedure to assess performance experimentally.

It is based on kinematic measurements and inverse dynamics to overcome the difficulty of
direct sensing. Measurement errors are attenuated by an overdetermined set of equations,
and non-physical solutions are reduced with a set of constraints that limits the existence
of tensile force on tyres, and of tangential force without a normal one. Verification against
a virtual experiment shows that the estimation is in good agreement despite chain tension
omission and considering a different set of rider forces.

Experimental tests showed that the estimated forces vary consistently with the obstacles
of the track and details, such as wheel detachments and whoops braking, can be distin-
guished. Furthermore, we have shown that a satisfactory estimation is possible with a
minimal set of sensors. Therefore, we consider that it is reasonable to use it as an objec-
tive methodology to assess performance. Although the estimator has been developed to
assess performance, it can be used as a basis to develop an on board control system to
improve riding safety.

In the next Chapter, we discuss a rider model to be used in this estimator.



CHAPTER 4

Rider model for inverse dynamics calculations

In Chapter 3, we derived an estimator of the contact forces considering the rider as external
forces acting on the motorcycle. The magnitudes of these rider forces can be obtained by
any method, since no assumption was made on their characteristics, except that they act
on the foot peg and handlebar. An option is to measure them directly by load cells on
these points, however this approach is invasive, complicates the data acquisition system
and would be reasonable to use only to validate models. An alternative is to estimate
them from other measurements, which is the method we choose, since it is less invasive
and simpler to implement.

In this chapter, we investigate a suitable description for the rider forces to be used in the
estimator. First, we develop a rider model based on the assumption of passive behaviour,
which is the predominant method in the literature. Since there is no evidence on the
validity of this assumption, we develop a second model, which is simpler and based on a
different set of assumptions. We compare them using experimental data collected on a
motocross track and select the best suited for off-road driving.

4.1 Review of rider models

The rider is an important component of the overall motorcycle dynamics. His/her mass
contribution to the motorcycle-rider system is non-negligible [51]. Additionally, in off-road,
the rider drives mainly in the standing position, where arms and legs provide significant
vibration isolation [50].

53
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A comprehensive description of forces at hands and feet is complex and laborious. This is
because the human body is a structure with heterogeneous mass distribution and multiple
degrees of freedom. Moreover, it is controlled by conscious and unconscious decisions
through a combination of passive and active actions of muscles and tissues. Considering
the motion of large joints only and neglecting deformation of parts, the human-body can
be reduced to a collection of interconnected rigid bodies.

Motorcycle models have been developed considering the rider in the seated position since
they were developed with focus on control strategies in on-road driving [52] [53], (see [51]
for a review). The dynamics of a seated and standing rider are significantly different,
consequently these models are not valid for off-road.

Rider models in standing positions are found in similar activities. For example, in
off-road bicycles, the rider also drives in standing position and is exposed to off-road
excitations. These models were developed by Wilczynski [54] and Wang [50] to estimate
frame loads in these bicycles. In particular, the rider was reduced to five rigid bodies: torso,
upper and lower legs and arms, connected by six joints: wrist, elbow, shoulder, hip, knee
and ankle. Only passive action of muscles is considered. Specifically, elastic and damping
elements, connecting hip to ankle and shoulder to wrist, representing muscular action
of legs and arms, respectively. Wilczynski’s model was compared against experimental
measurements showing good agreement, while Wang identified stiffness and damping of
arms and legs for this model. Another interesting example are horse riders. For example,
Cocq et al, [55], had studied rider model requirements for different riding techniques, such
as sitting trot, rising trot and modern jockey technique. They modelled the rider with
a single mass with a vertical degree of freedom, connected to the horse by spring and
damper elements. They confirm the hypothesis that in standing position, the leg spring
stiffness and damping are low.

In summary, the description of rider forces is not simple since there are several bodies
involved and joints are actuated by passive and active elements. On the one hand, con-
sidering fewer bodies is a reasonable simplification in off-road bicycles and horse riding,
and have been validated experimentally in both activities. Likewise, it is a reasonable
simplification in off-road motorcycles, since the relative motion between the heavier parts
of the body (head, torso and upper legs) is small even under large motions of legs and
arms.

On the other hand, neglecting the active action as in both examples can be put in doubt
in off-road motorcycles, because due to the larger amplitude of excitations, the active
actions might be required to control the larger motions. This doubt can be supported by
an observation made by Garret [74] on human landings, which are similar to impulsive
excitations received while riding standing-up. He explains that only during the first 50
to 80 milliseconds immediately after the impact, the reaction is passive, afterwards is
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active as well. In the absence of conclusive evidence to neglect the active action in our
application, we decide to test it, by comparing a passive rider to a rider model with the
basic dynamics. To this end, in the following, we develop both models.

4.2 Derivation of a passive rider model: Rider A

The passive rider model is derived considering a single body since it suffices to test if
the active action of arms and legs can be neglected. In particular, the following four
considerations are made for this simplification. First, head, upper and lower torso masses
are considered on the torso since they show small relative motion among them. Second,
the motion of arms and legs masses is neglected, because the masses are small compared
to the torso. Third, upper arm and leg masses are added to the torso, since their motion
is similar. Fourth, lower arm, lower legs, hand and foot, are considered as point masses
on the handlebar and foot peg, since their motions with respect to the chassis are small
or negligible.

The muscular action of arms and legs is passive only and consists of linear springs and
dampers, as considered in the literature. They act between shoulder and hands and hip
and feet, respectively. Together, these forces provide two constraints on the torso.

Because the torso has three degrees of freedom, a third constraint has to be added. In
the cyclist models, the horizontal translation of the rider has been constrained. However,
we opt to constrain the torso rotation because we have observed that in off-road motor-
cycle driving, head and torso are kept predominantly at about a constant angle, while
the relative distance between rider and chassis changes constantly to overcome different
obstacles. This behaviour is also observed in horse racing riders.

We implement this, by an external torque in the torso which cancels-out any resultant
torque between arms and legs. In reality, this torque is produced at hip and shoulder.
However, to simplify modelling, shoulder torque is neglected because it is expected to be
much smaller compared to the hip counterpart. The reason for this assumption is that
the muscles responsible for hip rotation (glutes, psoas and illacus) are larger and more
powerful than the muscles responsible for shoulder rotation (pectoralis major, latissimus
dorsi and teres major). This is because, the former muscles are responsible for keeping
the torso vertical, which involves around half of body weight, while the latter are for arm
motions which are around 5% of body weight each.

Summing up the assumptions, the rider is reduced to one body connected to the mo-
torcycle by two linear spring-damper elements, and keeps the torso angle constant thanks
to an internal torque at the hip, as shown on Figure 4.2.1.

The generalised coordinates used to describe the motion of the rider are: displacement
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Figure 4.2.1: Rider A model. Rider A consists of one body connected to the motorcycle
by arm and legs, assumed to act passively, and a torque on the hip, Thip, that keeps the
torso angle constant. The motion of handlebar (H) and foot-peg (P) excite the rider, and
from the spring and dampers models of arms and legs, the forces are retrieved.

along the hip-shoulder direction, xA, and perpendicular to it pointing to the motorcycle,
zA. They are collected in

qA = [xA, zA]T . (4.2.1)

The selection of these coordinates is because eventually, they can be related directly to
an inertial sensor attached to the rider’s torso, as done equivalently on the motorcycle.
The rider is excited by the motion of the chassis, which is assumed to be known from
measurements. This motion is the input to rider and is described by

u = [xs, zs, µ, ẋs, żs, µ̇]T . (4.2.2)

4.2.1 Leg and arm forces

Rider forces are defined in an absolute reference frame as,

fr,A = [Lx,A Lz,A Ax,A Az,A]T = [Lx Lz Ax Az]T , (4.2.3)

where, L and A are leg and arm forces, subindices x and z indicate forward and downward
components, and subindex A refers to rider A. The latter index is dropped in this section
to simplify notation. We express them as functions of the generalised coordinates qA and
the inputs u, to remove them from the equations of motions, as follows.

By definition, since no torque is applied on the shoulder or wrist, the arm force is
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composed of a single force inline with it,

A = [Ax Az]T ,

= fa,

= faûS,H, (4.2.4)

where, fa is its magnitude and ûS,H the unit vector along the arm, defined positive from
shoulder (S) to handlebar (H).

Differently, on the leg, due to the hip torque, the leg force is composed of an inline plus
a perpendicular force,

L = [Lx Lz]T ,

= fl + fl,t,

= flûC,P + fl,tûl,t, (4.2.5)

where, fl and fl,t are inline an perpendicular force at the foot-peg respectively, while,
ûC,P, is the unit vector along the leg, positive from hip (C, from Spanish, cadera) to
foot-peg (P) and ûl,t the unit vector perpendicular to the leg, obtained by π/2 rotation
of the previous one.

The unit vectors are obtained from the distance vectors,

ûS,H = rS,H
‖rS,H‖

, (4.2.6)

ûC,P = rC,P
‖rC,P‖

, (4.2.7)

ûl,t =
[
0 −1
1 0

]
ûC,P, (4.2.8)

where,

rS,H = xH(u)− xS(qA), (4.2.9)

rC,P = xP(u)− xC(qA), (4.2.10)

where, x refers to the position of a point. In this way, all unit vectors are described in
terms of rider qA and the motorcycle u positions only.

The magnitude of the forces inline with leg and arm are due to springs and dampers.
They are considered linear with their length l and rate of change l̇, as on [54] and [50],

fl = kl(ll0 − ll) + cl l̇l, (4.2.11)

fa = ka(la0 − la) + ca l̇a, (4.2.12)
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where, k and c are stiffness and damping coefficients, ll0 and la0 are initial lengths of leg
and arm. These lengths and rate of change are described by

ll = ‖rC,P‖ =
(
rC,P · rC,P

T
)0.5

, (4.2.13)

la = ‖rS,H‖ =
(
rS,H · rS,H

T
)0.5

, (4.2.14)

l̇l = dll
dt
, (4.2.15)

l̇a = dla
dt
, (4.2.16)

In this way, fl and fa are also described in terms of rider qA and the motorcycle u positions
only.

Lastly, an expression for fl,t, is derived using Euler’s equation on the rider,

0 = rA,P × (fl + fl,t) + rA,H × fa, (4.2.17)

where,

rA,P = rA,C + rC,P, (4.2.18)

rA,H = rA,S + rS,H, (4.2.19)

are the distances from centre of rider A, to foot peg and handlebar respectively. Expanding
terms of Equation 4.2.17,

0 = (rA,C + rC,P)× (fl + fl,t) + (rA,S + rS,H)× fa, (4.2.20)

we find that some cross products can be solved directly as,

rC,P × fl = rC,P × fl ûC,P

= fl(rC,P × ûC,P)

= fl(ll · 1 · sin(0)) = 0, (4.2.21)

rC,P × fl,t = rC,P × fl,t ûl,t

= fl,t(rC,P × ûl,t)

= fl,t(ll · 1 · sin(π/2)) = fl,tll, (4.2.22)

rS,H × fa = rS,H × fa ûa

= fa(rs,H × ûa)

= fa(la · 1 · sin(0)) = 0, (4.2.23)

reducing Equation 4.2.20 to

0 = rA,C × fl + rA,C × fl,t + fl,tll + rA,S × fa. (4.2.24)
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This is an implicit expression for fl,t. It is a function of fl, fa and ll only, which in turn, are
expressed as a function of qA and u in Equations 4.2.4 to 4.2.16. The internal distances of
the torso, rA,C and rA,S, are constant terms, since the torso neither rotates nor deforms.

Additionally, we can find an expression for the hip torque as a function of qA and u
using Euler’s equation on the leg,

0 = −Thip + rC,P ×
(
fl + fl,t

)
, (4.2.25)

which, by considering Equations 4.2.21 and 4.2.22, can be reduced to the trivial result
that hip torque is,

0 = −Thip + fl,tll, (4.2.26)

where, fl,t and ll had already been defined in terms rider and motorcycle positions.

In this way, it is shown that in order to estimate the rider forces fr,A it is necessary
to know its motion qA as well as the motorcycle motion u. It is assumed that the lat-
ter is available from measurements for the estimator, since that is the purpose of this
model. However, the former is not measured for the estimator and there are two option
to obtain them, measure or calculate. For measuring, acceleration can be obtained from
accelerometers, while positions can be obtained by a vision based approach described by
Cheli et al. [75]. By combination of integral and derivative of the previous measurements,
the velocities can be obtained. However, this measurement requires cumbersome experi-
mental implementation, and would be more reasonable to spend this effort in load cells
at handlebar and foot-peg to measure the rider forces directly, or use this measurements
in an inverse dynamics model of the rider. Since the first aim of this model is to prove
the hypothesis of passive forces with a simple model, we decide to calculate them. To this
end, we write the equations of motion of the rider, and integrate them to obtain qA.

4.2.2 Equation of motion and solution

Using a Newton approach, two equations of motion are derived in matrix form,

MAq̈A + mA
′ = Bwg + Bm fr,A, (4.2.27)

where, MA is the rider mass matrix,; mA
′ is a pseudo-mass vector containing products of

velocities; Bw, Bm, are matrices that project the weight g and rider force fr,A, into the
generalised coordinates. All of these terms, except g, are dependent on the rider position
qA, while fr, is also dependent on the motorcycle motion u. The system is non linear
because the geometry changes significantly, therefore it can only be solved by numerical
integration for which a Runge-Kutta integrator suffices. This integrator requires to reduce
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the system to a first order differential equation,

v̇A = MA
−1(Bwg + Bm fr,A −mA

′), (4.2.28)

q̇A = vA, (4.2.29)

from where the rider qA motion will be obtained, and by using the equations derived in
Sub-Section 4.2.1, the rider forces are obtained,

fr,A = fr,A(qA,u). (4.2.30)

The codes for the derivation of the equations of rider can be found in Appendix D.

It should be highlighted that this procedure requires the integration of equations of
motion. This process is expensive computationally, so it would require a relatively powerful
processor to be able to calculate rider forces in real time. Considering that this model
might be improved in a second stage by adding degrees of freedom and/or bodies and joints,
it would yield an even more expensive calculation. Nonetheless, after the rider motion is
known, the rider forces are calculated in an economical way, since it only requires algebraic
operations.

4.3 Derivation of a simple rider model: Rider B

The simple rider model is derived with the aim of calculating the fundamental dynamics
of the rider. The motion of the rider is complex, involves several parts, and is unknown.
Partly, the latter characteristic is the reason for the equations of motions of Rider A.
However on certain situations, it is reasonable to assume a simplified motion from where
the elementary nature of the forces can be implied.

First, observation of the rider driving on irregular roads Figure 4.3.1, shows that the
centre of gravity, which is approximately in the hip, is almost on a constant vertical
position, i.e.

∆zB ≈ 0, (4.3.1)

where, zB is the absolute vertical position of the rider. Consequently, velocity and accel-
eration are small,

żB ≈ 0, (4.3.2)

z̈B ≈ 0. (4.3.3)

Then, from a vertical equation of motion, it can be shown that vertical forces of arm
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Figure 4.3.1: Two motorcycles riding through whoops section. It shows that although the
riders moves broadly, the vertical position of their hips shown in white and black dashed
lines, remains roughly at the same height [76].

and leg are close to equilibrium with the rider’s weight, and consequently, are close to
constant:

mrz̈B = − Lz −Az +mrg, (4.3.4)

0 ≈ − Lz −Az +mrg, (4.3.5)

Lz +Az ≈ mrg → const. (4.3.6)

Second, from observation of the rider in braking and acceleration, it can be seen that
his/her centre of mass barely moves horizontally with respect to the chassis, which implies
that their horizontal positions, and hence accelerations, should be similar

xB ≈ xs, (4.3.7)

ẍB ≈ ẍs, (4.3.8)

where, xB and xs are absolute horizontal positions of rider and motorcycle chassis. From
an horizontal equation of motion, it can be shown that the horizontal forces counteract
the inertial force only.

mrẍB = − Lx −Ax, (4.3.9)

mrẍs ≈ − Lx −Ax, (4.3.10)

To further simplify the representation, we assume that the vertical force is completely
exerted through the legs (Az = 0) and the horizontal, by the arms (Lx = 0), as shown in
Figure 4.3.2, resulting in,

fr,B = [Lx Lz Ax Az]T = [0 mrg −mrẍs 0]T . (4.3.11)

Additionally, we consider that all components are zero if contact is lost in front and rear
wheels simultaneously.
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Figure 4.3.2: Rider B model. Rider B consist on two forces explicitly defined on terms of
chassis motion (ẍs).

An interpretation of the resulting model in vibration terms, is that the rider is perfectly
isolated from the motorcycle in the vertical direction, and rigidly attached in the horizontal
direction. Another interpretation of the resulting model is that the rider mass is suspended
vertically by a zero stiffness spring (with an infinite preload) and attached horizontally,
by an infinite stiffness spring. The zero stiffness spring appears to be the limiting case of
a rider, since Cocq [55], detected that horse racing riders, can be modelled with a very
low vertical stiffness.

The underlying difference between both models are the assumptions. On Rider A, they
are made on the equations of motion that calculate the kinematics, while on Rider B,
they are made directly on the kinematics. The consequence of this is that Rider A can
potentially represent accurately the kinematics, but it can also diverge significantly from
reality if any significant phenomenon is being omitted from the equations. Conversely,
on Rider B a simplified version of the real motion is assumed. Taking into account that
the forces depend on the motion, Rider A might provide a very close as well as very far
estimation of rider-motorcycle forces, while Rider B, although not exact, is known to be
similar to the real interaction.

4.4 Comparison of rider models using experimental data

The performance of both rider models are compared for three driving conditions using data
collected with a motocross motorcycle. First, we compare arm and leg forces of both rider
models. The rider mass is 75 kg, and stiffness and damping of arm and leg of rider A are:
ka = 23100 N/m, ca = 515 Ns/m, ka = 74000 N/m, cl = 1350 Ns/m as suggested by [54].
Then, we use these forces as inputs for the estimator described in Chapter 3, to compare
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the estimated tyre forces. Data is collected and processed according to Sub-Section 3.3.1.

Three diverse driving conditions are selected to analyse the performance of the models.
The first situation consists of two consecutive jumps of ≈ 0.8 s flying time; the second
situation consist of ten bumps, usually referred as whoops; and the third situation is a
cornering manoeuvre which includes braking and exit acceleration phases.

The forces of the riders on each situation are shown in Figure 4.4.1. It shows that Rider
A forces are significantly larger and more oscillatory than Rider B forces. For example, on
landings of jumps (t = 1 and t = 2.8 s), Lz and Ax are about 4 and 6 times larger; and on
cornering, Ax oscillates seven times more. These forces are unlikely to be representative
of reality, in the first instance because forces of more than 3000N, (1500 N on each limb)
can hardly be resisted by hands or feet, and second, if they would, it would imply large
motions of the rider, which is not observed in reality.

The unrealistic motion of Rider A explains the unrealistic forces and implies that a
significant phenomenon has been omitted from the equations. A mistake in the algebra
of the equations of motion was discarded by comparing it against a model with the same
assumptions developed in Working Model 2D, showing identical outputs. A mistake in
the parameters was also discarded, since several combinations were tested with similar
results. For example, increasing damping, reduces the number of oscillations but increases
the magnitude of forces. The reduced number of bodies or degrees of freedom is unlikely
to be responsible, since the amplitude and number of oscillations depend on the total
mass, stiffness and damping. Because of this, we presume that the missing phenomena is
the active action of muscles, since it would stop the motion after an event and absorb the
impacts using very low forces. In this way, the assumption of passive representation of the
rider, appears to be invalid for off-road motorcycles.

On the other hand, Rider B does not yield unreasonable forces. However, it misses the
larger vertical forces expected on take-off before jumps and on landings, and the variable
force expected on whoops. Nonetheless, considering its simplicity, it is a valuable model.

The result of using both riders in the tyre forces estimator of Chapter 3, are shown in
Figure 4.4.2. In broad terms, it can be seen that the estimations are similar and in most
of the disagreements, forces with Rider A are larger. In jumps, normal forces, and the
driving force before them, are similarly estimated with both riders, though with Rider A,
Nf and Dr are about two times larger. In whoops, peaks in normal forces and the sequence
braking-driving-braking are detected with both riders. Disagreements are seen in Br and
Dr which are higher with Rider A, and in Nf , where there are extra peaks estimated with
Rider A. In cornering, braking and driving forces, as well as load transfers due to these
forces, are in good agreement with both rider models. The major discrepancies are seen
on Dr and Br which are more oscillatory with Rider A. Considering that the rider forces
are linear in the equations of motion of the estimator, it is expected to obtain larger and
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Figure 4.4.1: Rider forces estimated with both models with data collected at a motocross
track. Rider A dynamics are modelled with passive elements and requires simultaneous
integration of two equations of motion, Rider B dynamics are proportional to motorcycle
measurements.
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more oscillatory forces with Rider A. However, since the equations of motion are solved
in the least squares sense, these larger forces are compensated to fit the remaining data of
the equations.

The compensation effect of the estimator, made that two significantly different rider
forces, yield similar contact forces. This implies that if Rider B is significantly different
from reality, the contact forces will not be significantly affected. Consequently, Rider B,
is an adequate representation for the estimation of the rider forces.

4.5 Summary

In summary, in this Chapter we have investigated a suitable description for the rider
forces to be used in the estimator. After discarding direct measurement because it add
complexity, and chose to estimate them. Validated methodologies for estimation on similar
activities, such as off-road cycling and horse riding, are based on passive behaviour of the
rider, neglecting the active action. However, there is no evidence that this assumption is
valid in off-road motorcycles.

To test this assumption, we have compared, using experimental data, a passive rider
model (Rider A) to an elementary rider model (Rider B) which represents the fundamental
underlying dynamics of the rider. Both models were derived for this purpose, the former
by simplifying and adapting the available ones, and the latter, as a novel approximation.

We found out that Rider A is less representative of reality than Rider B, because the
force are more oscillatory and of larger magnitude. Since with an active element it would
be possible to reduce the oscillations and magnitude, we consider that this is evidence
that the assumption of passive behaviour is not valid for off-road motorcycle.

Parallel to this, we have found that the fundamental dynamics yielded by Rider B is a
reasonable representation of the rider forces to be used in the estimator. This is because
one one hand, Rider B, is not considerably far from the real forces and on the other hand,
we found that the estimator is able to compensate significantly different rider forces (Rider
A and Rider B) due to its least squares formulation.

In this way, we have provided evidence that passiveness is not a valid assumption for an
off-road rider representation, and additionally we have provided an alternative methodol-
ogy to estimate these forces.
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Figure 4.4.2: Contact forces estimated with both rider models. In general similar, but
Rider A shows larger and more oscillatory forces than Rider B.



CHAPTER 5

Optimisation of performance and design recommendations

In Chapter 2, we defined performance metrics for an off-road motorcycle, and in Chapters
3 and 4 we developed a procedure to estimate contact forces and a rider model to assess
performance experimentally. In this Chapter, the aim is to calculate an optimal suspen-
sion for an off-road motorcycle to understand its characteristics. To this end, first, we
investigate the main methods used to calculate optimal suspensions to select a suitable
one. Subsequently, we apply it to a particular class of motorcycle, where we formulate
the optimisation problem by describing the numerical model of the system, the design
variables, objectives and solution method. Then, we analyse optimal damping curves,
Pareto-fronts and relations between variables and objectives, and finish with a summary
of the main characteristics of optimal suspensions.

5.1 Review of optimisation methods in vehicle dynamics

As discussed in Chapter 2, the objectives of the suspension system are to maximise comfort,
road holding and working space in the broad range of conditions in which the vehicle
is expected to be driven. These objectives are assessed by chassis accelerations, tyre
forces, and suspension stroke, respectively. These variables are calculated using models
with different levels of simplifications of reality, from where optimal suspension values are
calculated. In the following, we examine the main models used for optimisations and their
optimal values. First, we describe road modelling, then we explain simple vehicle models
used for analytical optimisations, and we finish with a revision of numerical methods used
to optimise realistic models.

67
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Figure 5.1.1: Road classes bands defined by ISO 8608 [1]. Lower and upper limits of road
classes A and H, respectively, are open.

5.1.1 Road surface description

The road inputs to the vehicle models described in the following sections are generally
road profiles. These profiles are modelled mainly by two approach which are described
next.

Initially, in the 1950s, the road profile was considered sinusoidal [77], but measurements
of aircraft runaways [78] and subsequently on vehicle roads, indicated that road roughness
contains a broad frequency spectra. Specifically, the power spectral density of the road
vertical displacement Gd, can be approximated as a power function

Gd(n) = cn−w (5.1.1)

where, n is the spatial frequency, w the waviness, and c a constant. This approach is widely
used and currently recommended by standard ISO 8608 [1], using c = Gd(n0)

n−w
0

, which is used
to classify roads, as shown in Figure 5.1.1 and detailed in Chapter 2.

The second approach, uses a double slope psd, for improved matching to experimental
data at low frequency. It is implemented for example, as

Gd(s) = A

1 + τs
, (5.1.2)

by Thompson [34], using the values τ = 1/10π and A from 0.2 to 1.0. This approach is
not used as frequently as the first one, but it can be found, for instance, in [34–37].
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Figure 5.1.2: Single-wheel-station model. m, c, k, and z refer to mass, damping, stiffness
and downward displacement, respectively, and subindices c, s, w, t, and g specify chassis,
suspension, wheel, tyre and ground, respectively.

5.1.2 Single-wheel-station model

One of the main models used for optimisations is the single-wheel-station model [2], since
it is simple enough to perform analytical optimisations. It is the most elementary model
able to capture chassis accelerations, tyre forces, and suspension stroke. It represents
the vertical motion of a quarter-car or half-motorcycle by two masses (chassis and wheel)
connected to the ground and between them by springs and dampers, Figure 5.1.2.

In linear models, the system is represented by transfer functions H(s) in the Laplace
domain s. These transfer functions are written to represent the three objectives, i.e.,
between road vertical displacement zg [29, 37] or road vertical velocity żg [2, 19], and
chassis acceleration, suspension deflection or tyre deflection, such as in [2]

HA(s) = z̈c(s)
żg(s)

, (5.1.3)

HSD(s) = zc(s)− zw(s)
żg(s)

, (5.1.4)

HTD(s) = zw(s)− zg(s)
żg(s)

(5.1.5)

where, HA, HSD and HTD are acceleration, suspension deflection and tyre deflection
transfer functions, respectively. Explicit description of these functions are obtained using
different methods, such as graphic [29] or control theory [2, 19]. With knowledge of the
system (H) and the road input G(s), the variance of the output Y (s) is calculated as

σy = 1
2πj

∫ j∞

−j∞
H(s)H(−s)G(s)ds, (5.1.6)

and minimised to find optimal stiffness and damping values, as done for example, by Gobbi
et al. [37] and Thompson [29].
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An alternative approach is followed by Limebeer and Massaro [2] and Shiebe et al. [19].
In particular, they calculate the expected rms of the output y = Hw for a unit variance
white-noise w input, utilising the finite-horizon 2-norm of the system H, which is defined
as

||H||22,[0,tf ] = ε

(
1
tf

∫ tf

0
yT (t)y(t)dt

)
(5.1.7)

where, ε(·) is the expectation operator. If the integral is bounded for tf →∞, it becomes
an infinite-horizon 2-norm, and by writing H as constant state-space matrices A,B,C,
the norm is calculated as

||H||22 = trace(CLCT ), (5.1.8)

where, AL + LAT + BBT= 0. In particular, Limebeer and Massaro [2], derive a general
expression that directly relate suspension parameters to vehicle performance by minimising
the single objective function

J = ||HA||22 + q1||HSD||22 + q2||HTD||22, (5.1.9)

where, q1 and q2 are weighting factors, and q associated to HA has been dropped without
loss of generality. By differentiating J with respect to the suspension parameters, they
derive expressions for optimal stiffness and damping,

kopts = q2ktmcmw

k2
t + q2(mc +mw)2 (5.1.10)

copts =
√
k2
t (mc +mw)(k2

s + q1m2
c) + q2k2

s(mc +mw)3 + q2ktmwmc(ktmc − 2ks(mc +mw))
kt(k2

t + q2(mc +mw)2)
.

(5.1.11)

where, tyre damping ct has been dropped since it is small compared to suspension damping.
For an insight into the general characteristics of optimal suspension, we show three cases
of this solution:

Optimal comfort. Setting q1 = 0 and q2 = 0 yields,

kopt,coms = 0, (5.1.12)

copt,coms = 0, (5.1.13)

which tells that a perfect suspension should not transmit any force to the chassis. In
practice, this is not possible because at least a spring force is needed to support the
chassis weight. For a realisable suspension, a non-optimal stiffness has to be accepted,
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ks > 0, for which the optimal damping is

copt,com,2s =
√
mw +mc

kt
ks. (5.1.14)

Optimal road holding. Setting q1 = 0, q2 →∞, and using l’Hôpital’s rule,

kopt,rhs = ktmcmw

(mc +mw)2 , (5.1.15)

copt,rhs =
√
k2
s(mc +mw)3 + ktmwmc(ktmc − 2ks(mc +mw))

kt(mc +mw)2 . (5.1.16)

Optimal working space. Setting q1 →∞ and q2 = 0 yields,

kopts = 0, (5.1.17)

copts = 0, (5.1.18)

which, as explained for optimal comfort, is not realisable. Accepting a non-optimal stiff-
ness, the optimal damping is

copt,2s = ∞, (5.1.19)

which is not realisable either.

As a numerical example, consider mw = 12 kg, mc = 81 kg, kt = 150 kN/m and
ks = 15961 N/m, obtained from Table A.3.1 assuming the rider to be rigidly attached to
the chassis, then the optimal suspension for comfort and road holding are

copt,com,2s = 397 Ns/m, (5.1.20)

kopt,rhs = 16857 N/m, (5.1.21)

copt,rhs = 1091 Ns/m. (5.1.22)

From these solutions, three general characteristics of optimal suspensions can be ex-
tracted:

1. It is not possible to optimise the three objectives simultaneously. A trade-off must
be made, in this case, by defining q1 and q2. The conflict between comfort and road
holding has been mentioned by several authors, such as in [4, 24, 38], and between
comfort and working space as well, see for example [31,39].

2. For a given ks, optimal damping for comfort is smaller than for road holding, which
agrees with Thompson [34] and Guiggiani [4].
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3. Optimal working space is not realisable.

The model examined here has two basic limitations. First, any interaction between
front and rear ends of the vehicle is ignored. The relevance of this simplification can be
quantified by the coupling mass, which is explained in Sub-section 5.1.3.

The second limitation is that the three force elements (ks, kt and cs) are assumed linear.
On the one hand, this assumption is valid for the spring and tyre only for small oscillations,
such that suspension and tyre ends are not reached nor tyre detaches from the ground.
This is likely to occur on smooth roads, but not on poor roads.

On the other hand, “linear viscous damping” is far from reality [20], since real dampers
present some purpose-built non-linearities. One of these, is the asymmetric behaviour, i.e.
different compression and extension damping coefficients, as illustrated in Figure 5.1.3a.
Dixon [38] indicates that typical values of asymmetry ratio,

(a) (b)

Figure 5.1.3: Damping non-linearities. a) Asymmetry, illustrating Equation 5.1.23 with
fixed compression damping coefficient and variable extension damping coefficient, e = 1
is the symmetric case. b) Progressivity, described according to Equation 5.1.24, where
λ = 0.5 is referred as digressive, λ = 2 as progressive, and λ = 1 is the linear case.

e = cs,extension
cs,compression

(5.1.23)

for passenger cars are between 1 to 4 and for motorcycles between 4 to 19, while Cossalter
[40], indicates that asymmetry ratios for motorcycles are larger than 2. The ratio has been
optimised for particular excitations using numerical simulations. For example, Thompson
[34] found that for steps up and down of 25 mm and 60 mm, which are upward or downward
abrupt changes in road elevation, the acceleration was minimised with asymmetry ratios
between 1 and 3, while for rough roads, with values between 1 and 4.
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Another of these non-linearities is the progressivity factor λ [38], illustrated in Figure
5.1.3b, by which the damping force is described by

f = csżs|żλ−1
s |. (5.1.24)

On the one hand, progressive behaviour, λ > 1, can be desirable for comfort, because at low
damping speeds the damping coefficient is low, thus it approaches to the optimal comfort
damping (c = 0) [39]. On the other, digressive behaviour, λ < 1, can be desirable because
for a given maximum force, it dissipates more energy [40]. Nonetheless, Metwalli [39]
argues that among λ = [0.5, 1, 2], the best progressivity factor is λ = 1, i.e. linear
damping, because λ < 1 degrades comfort for small amplitude inputs, and λ > 1 causes
longer settling times.

Analytical optimisations of suspensions in which non-linearities are included, are labo-
riously derived, and hence no general conclusions are found. Under certain assumptions,
solutions can be found, but they are hardly applicable. For example, for strictly harmonic
excitation, Genta [20] shows that damping asymmetry causes no effect on comfort nor on
handling, evaluated with the maximum acceleration and tyre force respectively. However,
harmonic road excitation is hardly representative of a real excitation, and thus this result
is limited in practice.

5.1.3 In-plane vehicle model

A more realistic model, is the in-plane vehicle model [2]. This model consist of the chassis
connected to the front and rear wheels by suspension systems, and the wheels to the
ground by a spring and possibly a damper, as displayed in Figure 5.1.4. It considers
chassis and wheels vertical motions, as well as chassis pitch motion. Even though no
analytical optimisation of the suspension is found with this model, it is relevant for the
analysis of the simplifications done on the single-wheel-station model. In the following, we
examine the interactions between front and rear wheel-stations, as well as between pitch
and bounce modes.

Regarding interactions between front and rear wheel-stations, [2] shows that if the cou-
pling mass is null, front and rear stations become uncoupled and can be treated as two
separate systems. This mass is,

mcp = mc

(
1− Ic,y

abmc

)
= 0, (5.1.25)

where, the variables are described in Figure 5.1.4. Other authors [4, 5] use the equivalent
criterion of the dynamic index equal to unity ρ = Ic,y

abmc
= 1, to define front and rear

uncoupling. Thompson [29] showed that for a rather high coupling between front and rear
ends (ρ = 0.6), the contribution of the rear wheel excitation to the front tyre deflection
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Figure 5.1.4: In-plane vehicle model. m, c, k, z and µ refer to mass, damping, stiffness
downward displacement, and pitch rotation, respectively, and subindices c, s, w, t, and g
specify chassis, suspension, wheel, tyre and ground, respectively. The appended subindices
r and f indicate rear and front ends respectively. Ic,y is rotational inertia around y-axis,
perpendicular to the plane of the vehicle. a and b are horizontal distances from sprung
centre of mass to front and rear ends, respectively, and w = a+ b is the wheelbase.

is small compared to the deflection due to front wheel excitation, and vice versa. He
adds, that as the dynamic index increases to more realistic values, the contribution is
even less important. Therefore, he concludes that the use of single-wheel-station model
to optimise tyre deflections is an appropriate approximation. Considering that typical
dynamic index for passenger vehicles are 0.95 according to [4] and 0.7-0.9 according to [29],
using the single-wheel-station model to calculate optimal suspensions, is a reasonable
approximation. However, in motorcycles this index is not as high as in cars. Considering
typical values, such as m = 240 kg, I = 50 kgm2, a = 0.8 m and b = 0.9 m as example
6.4 of [2], the index is ρ = 0.37. This indicates that front and rear suspensions interact
significantly in a motorcycle and therefore they should be optimised simultaneously. A
design recommendation aids in reducing the number of variables to optimise. According
to [4] it is desirable to design the suspensions considering proportional viscous damping,
which in a vehicle with no inerters means C = βK and implies

β = csf
ksf

= csr
ksr

. (5.1.26)

where C and K are the dynamic matrices of the in-plane model of Figure 5.1.4. The argu-
ment in favour of proportional damping is that bounce and pitch motions get synchronised,
and that the nodes of each mode are fixed, which does not occur with non-proportional
damping.

Regarding interactions between pitch and bounce motions, Guiggiani [4] shows that if
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the relative stiffness ratio is one,

η = ksfa

ksrb
= 1, (5.1.27)

these motions are uncoupled. Given that it depends on the suspension stiffness, it can be
modified and considered a design parameter, which can aid in the optimisation as well.
Guiggiani argues that η ≈ 0.95 is a reasonable value, since with the typical parameters of
a vehicle, the pitch centre gets located close to front seat, reducing the pitch on the rider
which is more annoying than bounce.

It should be noted that it is possible to satisfy both conditions, i.e uncouple front and
rear with ρ = 1 and uncouple bounce and pitch with η = 1. However, in this situation,
there are infinite mode shapes and nodes are located randomly, therefore is a condition
that needs to be avoided [4].

Analytical solutions of optimal suspensions are not found in the literature, probably
because the equations become cumbersome to deal with analytically [4]. Furthermore, as
noted with the single-wheel-station model, adding non-linearities in the real vehicle, limits
the applicability of conclusions derived from linear models. This is why, the common
approach to optimise suspensions of realistic models is by numerical optimisations.

5.1.4 Numerical optimisations

Numerical optimisations are used in models in which analytical solutions are excessively
laborious or do not exist. Next, we review two formulations of optimisations, followed by
the main solution algorithms.

A common optimisation formulation is to merge the multiple objectives into a single-
objective. The procedure is to define a vehicle model and solve it in the time domain over
one or more road excitations. Next, accelerations and tyre deflections (or contact forces)
are measured and combined them into a single objective function. Then, an optimisation
algorithm minimises this function by iteratively modifying the design variables and at the
end of the process, the optimal values are reported. For example, in [22], a linear in-plane
vehicle is simulated over a bump of 0.1 m at a speed of 60 km/h. The objective function

J = w1J1 + w2J2 + w3J3 + w4J4, (5.1.28)

is calculated, where wi = 0.25 and

J1 = max(z̈c), (5.1.29)

J2 = max(µ̈), (5.1.30)

J3 = rms(ztf ), (5.1.31)



76 Chapter 5. Optimisation of performance and design recommendations

J4 = rms(ztr), (5.1.32)

and minimised with a genetic algorithm modifying front and rear stiffness and damping.

The representativeness of the system can be improved incorporating non-linearities such
as bump stops, detachments, and non-linear damping by directly changing the description
of the force equations and choosing appropriate design variables, but with no changes in
the procedure. For example, Georgiou et al. [16] describes damping force as bilinear; while
Ozcan et al. [14] describes the damping force as fd(żs) = Ae−kżs +Beqżs , where A,B, k, q
are parameters determined empirically; and Catania et al. [41] uses a B-spline description
fd(żs) =

∑r
k=1N

n
k bk, for road motorcycle dampers, where Nn

k are the spline coefficients
and bk are parameters obtained by fitting experimental data.

The benefit of formulating the optimisation with a single-objective is that it yields a
solution with relatively low computational cost, but the shortcoming is that it is difficult
to select the relative importance between objectives [42], and no insight between design
variable and objectives nor between objectives is obtained [30].

This leads to the second approach, which is to formulate the optimisation as multi-
objective as,

min
x∈Rn

f(x) (5.1.33)

h(x) = 0 (5.1.34)

g(x) ≤ 0 (5.1.35)

x ∈ X (5.1.36)

where, x are the design variables, f(x) is the vector of objective functions, h(x) and
g(x) are equality and inequality constraints, and X is the variable space, which can be
continuous and/or discrete [30]. The solutions are the Pareto-optimal set, also called
Pareto front, in which each solution improves at least one objective function and worsen
at least one of the others. In this way, all the possible and optimal design solutions from
which a solution can be selected, are known. The advantage of this formulation is that
the chassis design problem can be addressed comprehensively, optimising several variables
(∼ 40) for multiple manoeuvres (∼ 40) simultaneously, as found, for example, in works of
Gobbi et al. [24,25] and Tey et al. [42]. The main disadvantage of this formulation is that
calculating the Pareto-front is computationally expensive [30].

Regarding the algorithms used to solve these optimisations (single- and multi-objectives),
a basic classification is into iterative or heuristic methods. The former begin at an initial
point, search a direction of movement towards the minimum considering the gradient of
the objective function, and possibly second order derivatives (Hessian), determine a step
size and move into that direction and step size. Examples are BFGS Quasi-Newton Algo-
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rithm, which approximates the Hessian matrix, and Pattern Search, which approximates
the gradient and the Hessian matrix using the objective function. The main limitation of
these algorithms is that they could get trapped in local minima [12]. They are suited for
problems with simple to medium complexity objective functions.

Heuristic methods use diverse strategies to approximate to the global minima with a
certain probability. In vehicle dynamics, genetic algorithms are commonly used [16,21,22,
24,42,43]. It consists of a population being reproduced iteratively, allowing the best fitted
individuals to reproduce to the next generation, leading towards the optimal solution.
A population refers to a set of individuals or genome, each of which is a point xi on the
variable space and the fitness of each individual is the value of the objectives functions f(xi)
in that point. The advantage of these methods is that they approach the global minima of
complex problems efficiently, but as a downside, it requires a large computational effort,
convergence to the minimum is not guaranteed and progress after approaching the global
minima is not efficient.

5.1.5 Summary

In summary, we have examined the main methods used to design suspensions. We have
shown that for the single-wheel-station model, there are expressions for the calculation of
optimal suspensions, which are limited to linear stiffness and damping. Also it is shown
that including non-linear elements can improve performance, however, equations become
cumbersome and analytical solutions are not available. Also, we analysed the in-plane
model to show that the single-wheel-station model is a reasonable approximation to per-
form optimisations, and also explained that calculation of optimal suspensions analytically
with this model, is cumbersome.

Because of this, realistic vehicle models, are optimised numerically. The optimisa-
tions are formulated as a single-objective by merging the objective into one, or as multi-
objectives by considering them simultaneously. The former is less computationally expen-
sive, but it gives no insight into the solution, which is done by the latter. The algorithms
used to solve them are iterative or heuristic. The former are gradient-based, therefore
they can get trapped in local minima, while the latter are non-gradient-based and avoid
this problem, however, they are not efficient in finding the actual minima, and are com-
putationally expensive.

Considering that in an off-road motorcycle non linearities, such as detachments, are
recurrent, and non-linear damping is found on every suspension, a realistic optimisation
of the suspension parameters needs to be done numerically. Specifically, in order to have
a range of optimal solutions that allows a better understanding of the problem and to
avoid arbitrary decisions of weights, multi-objective optimisation seems to be the logical
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approach. As a solution method, the genetic algorithm is chosen, since its efficacy in
vehicle dynamics has been widely proven.

5.2 Formulation of the optimisation problem

In this section, we apply the selected method to calculate the optimal suspension of a cross
motorcycle. The optimisation goal, is to improve performance by modifying stiffness and
damping parameters, and determine relations between design variables and performance.
In this type of off-road driving, three conditions are considered to be critical for perfor-
mance: braking, accelerating out of the turn, and transit through whoops. We consider
a modern motorcycle (KTM-450 SXF, 2017), which possesses state-of-art suspension sys-
tem, and data from the motocross track described in Chapter 3 as the reference for the
optimisation. Next, we build a numerical model able to simulate the forward dynamics of
the three conditions, which is verified with the experimental data. This model is utilised
to calculate accelerations and contact forces, which are used to calculate the objective
functions. The optimisation is formulated as multi-objective and solved with a genetic
algorithm. The optimal solutions are analysed as well as relations between variables and
performance. In the following, we describe the numerical model of the system, the design
variables, the performance indices, and the solution method for the optimisation.

5.2.1 Numerical model of the motorcycle

The virtual representation of the motorcycle is based on a software developed at the
University of Padova called FastBike, a multibody code implemented in Simulink, and
validated experimentally [79–82]. It is chosen as the starting point, essentially because
it includes the lateral dynamics which was not considered in the model developed in
Chapter 3. Its inclusion would have been time consuming since at least three degrees
of freedom are needed to be included (yaw, roll and steering angles), and it would have
needed at least a virtual verification, whereas FastBike is readily available and moreover is
validated experimentally. FastBike consists of a main block which contains the equations
of motion; it accepts as inputs steering torque, front and rear wheel torques, and general
forces and torques on its centre of mass; and the outputs are the position and velocities of
its bodies. We implemented it with a linear tyre force description since the lateral forces are
small and non-linear suspension forces which include the variable relation between shock
compression and wheel displacement. The rider controls roll angle and speed by applying
steering torque and front and rear wheel torques, by means of two PID controllers [52].
Additionally, the simple rider model of Chapter 4 is added to represent the forces, i.e. the
rider is considered driving in standing position exerting a constant force in the vertical
direction and inertial forces in the longitudinal and lateral directions [83]. Details of
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implementation in Simulink are found in Appendix E.

The three critical situations are implemented in the Simulink code by setting appropri-
ately three inputs: road profile, target speed and roll angle. These values are determined
from the experimental data, as explained next.

5.2.1.1 Braking and accelerating out of the turn

The procedure to find the inputs for braking and accelerating out of the turn, consists of
two steps. First, we make sure that simulation is possible with the measured data on a
smooth road. Second, given that the road profile was not measured, we search for a profile
that produces similar suspension velocities to the recorded data.

Simulation of braking using the measured GPS velocity as the target speed input, does
not present major difficulties. Contrarily, simulation of acceleration out of the turn is
more restrictive since a fall to the inner side of the turn, a low-side [40], might occur if
excessive throttle is applied while leaning. However, with the measured data as inputs,
the simulation is completed successfully.

Specifically, the target speed and roll angle imposed are: decelerate in straight line from
10 to 4 m/s in 2 s (-3 m/s2) for braking manoeuvre, and accelerate in 1 s from 7.2 to 11.1
m/s while simultaneously rolling up from 0.7 to 0 rad of roll, for acceleration manoeuvre.

The road profile is determined by trial and error, finding that with a road class D
for braking, and C for accelerating, the suspension velocities are in agreement with the
experimental ones, as shown in Figure 5.2.1. The high frequency of the experimental
signals had been low-pass filtered at 20 Hz, since higher frequencies are out of interest.
Therefore, disagreement on this range is irrelevant. Low frequencies are not expected to
be replicated either since the experimental one contains the effect of large wavelength
obstacles such as purpose-built ramps, which are not present in a regular rough road.
The road is built according to ISO-8608 [1] in the space domain, as detailed in Appendix
A.2. The amplitude considered on each road is the geometric mean of the corresponding
class.

5.2.1.2 Whoops

The inputs for whoops are approximately known, but simulation is challenging. GPS
velocity is variable. It begins at 13.4 m/s, decreases to 10.2 m/s and increases back to
12.2 m/s, while the roll angle is null. The road profile is approximated as a sinusoid of
≈ 3.6 m wavelength and ≈ 0.3 m amplitude. However, simulations with these inputs is
unsuccessful.



80 Chapter 5. Optimisation of performance and design recommendations

(a) Braking - Shock (b) Braking - Fork

(c) Accelerating - Shock (d) Accelerating - Fork

Figure 5.2.1: Comparison of experimental and simulated suspension velocities spectra.
Experimental signals are filtered at 20 Hz as explained in Chapter 2.

In real-life, the motorcycle makes contact only on the crests of the sinusoids, which is
possible because the rider exerts a significant control over the motorcycle, Figure 4.3.1.
It involves shifting frontwards and backwards his/her position relative to the motorcycle
and partial throttling when the rear wheel is in contact. If the sets of inputs are not met,
failure such as frontward or backward flip happens. The mechanism of both failures, is
the generation of a considerable backwards or frontward force under the centre of mass of
the motorcycle. In particular, frontward flip is the most likely to arise, since it occurs if
the positive slope of a bump is hit by either the wheel while flying, creating a considerable
backward normal force. Conversely, backward flip is less likely to arise since it occurs
if excessive throttle is applied while in the positive slope of the bump. To overcome the
simulation problem, we carried out simulations in three increasing size of whoops, 0.1, 0.2
and 0.3 m of amplitude, and applied extra controls through the rider if needed.

On whoops of 0.1 m amplitude, it is hardly possible to transit at 12 m/s, Figure 5.2.2.
It can be seen that the suspension velocities are not replicated properly. Some bumps are
skipped, magnitudes are between 10% to 50% lower, and contact is made not only at the
crests of the whoops but also in between.

On whoops of 0.2 m amplitude, after numerous unsuccessful attempts, we are able to
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Figure 5.2.2: Experimental vs simulated velocities on 0.1 m amplitude whoops.

Figure 5.2.3: Experimental vs simulated velocities on 0.2 m amplitude whoops.

simulate transit at 12 m/s only with a pitch controller, Figure 5.2.3. This controller consist
on an external torque applied on the chassis, replicating coarsely the control exerted by the
rider. It is proportional to the pitch and pitch rate, it is applied only when the motorcycle
is flying so it does not interfere with suspension compressions and it is saturated to ±5000
Nm. In particular, stiffness and damping are selected such that pitch undamped natural
frequency is 1 Hz and a damping ratio of 0.5, both found by trial and error. In this
case, transit is more consistent. Compressions occur synchronised with the experimental
ones and no bumps are skipped. However, the magnitudes are up to 50% lower on front
wheel and up to 70% less on rear wheel. Double compressions are seen on the rear wheel,
which occur because after rear wheel loses contact, pitch controller rotates the motorcycle
backwards, making the rear wheel recover contact again. If the pitch controller is let
to act while contact is happening, larger compression speeds are possible and no double
compression occurs.

On whoops of 0.3 m amplitude, it is possible to transit at 12 m/s with the previous
pitch controller, but the motorcycle skips whoops. For a regular transit, a slight vertical
control is added, Figure 5.2.4. It consist on a vertical force applied on the motorcycle
centre of mass, proportional to the position and vertical velocity, only when there is no
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Figure 5.2.4: Experimental vs simulated velocities on 0.3 m amplitude whoops.

contact. The force is saturated to 30 % of the weight of the rider to replicate coarsely
a possible impulse from the rider and does not becomes extremely unrealistic. Stiffness
and damping are selected in a similar way as for the pitch controller: 1 Hz vertical un-
damped natural frequency and 0.3 damping ratio, both found by trial and error. In this
situation, the replication is also consistent and synchronised with the experimental data.
The magnitudes at the rear wheel are about 30% lower that the experimental ones, and on
the front, they are about 60% lower. Double compressions are produced due to limiting
the pitch controller to act only when there are no tyre forces, as in 0.2 m whoops.

Summarising, we are able to simulate a motorcycle transiting through real size whoops
with the aid of a pitch and vertical position controls, obtaining a reasonably good repre-
sentation of suspension velocities. Using pitch aid only, it is possible to simulate transit on
up to 0.2 m whoops, in which case, the suspension velocities are matched with moderate
differences. Lastly, with no aid, it is possible to simulate only up to 0.1 m whoops, in
which case, the suspension velocities are matched poorly. We acknowledge that by using
pitch and vertical control on 0.3 m whoops, we are intervening excessively, however if no
aid is used, the representation is poor. We consider that simulation with a pitch aid only
on 0.2 m whoops is a reasonable trade-off between intervention and representativeness,
therefore is the one used for optimisations. Better matching of the experimental velocities
requires a more realistic rider model. Possibly enhance the passive nature of the controller
with an active control and/or with a predictive strategy (act before an obstacle) such that
the motorcycle is positioned in a specific way before hitting each bump.

5.2.2 Design variables

We consider the elastic and damping non-linear forces as design variables. An accurate
description of these forces require several parameters, which in a multi-objective algorithm
is computationally expensive. Since, a detailed optimisation is out of our aim, we describe
the forces with a moderate number of parameters. First, we describe the parametrisation
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Figure 5.2.5: Parametrisation of non-linear spring according to Equation 5.2.1. Parameters
used are k = 1 kN/m, FM = 0.5, kN, zsM = 0.3 m, zs,i = 0.2 m, i = 1, and
i = 3.

of the forces, then, a reduction of the number of design parameters, and lastly the design
space.

The parametrisation of the elastic force requires to describe the linear force of the spring
plus the exponential increase due to gas compression and bump-stop, such as

fe = kzs + (FM − kzsM )
(
zs − zs,i
zsM − zs,i

)i
, (5.2.1)

presented in [25] and reproduced in Figure 5.2.5. The first term in this equation, is
the spring force, and the second, a power function representing the spring plus bump
stop effects. zsM and FM are the maximum suspension stroke and force at that point,
respectively, and zs,i is the stroke at which the exponential function begins to act. Design
variables in this description are spring stiffness k, engaging position of bump-stop zs,i, end
exponent of the power function i. A simpler option is to apply a gain to the measured force,
representing if the overall elastic force needs to be increased or decreased, Figure 5.2.6.
Since our main interest is to illustrate the procedure, we consider the second description,
which is applied on each suspension as

fe = kf(x), (5.2.2)

where, k is the gain, and f(x) is the corresponding measured elastic force, as detailed in
Figure 5.2.6.

Parametrisation of the damping force can be done by different methods, such as expo-
nential and B-spline mentioned in subsection 5.1.4, or multi linear (bi-, tri-, quadri-linear,
etc). For the reference dampers Figure 5.2.7, we consider that a quadri-linear function is



84 Chapter 5. Optimisation of performance and design recommendations

(a) Shock (b) Fork

Figure 5.2.6: Springs parametrisation. The elastic force is composed of the spring on
the first ≈2/3 of the stroke, to which, gas compression and bump stop are added on the
last ≈1/3 of the stroke. The parameters for the optimisation are k1 and k2 representing
amplification of the elastic force in all the working range as displayed.

a reasonable description for these curves. The front and rear forces are described as,

fd,f =



C4żf żf ≤ v2

C3żf v2 < żf ≤ 0

C1żf 0 < żf ≤ v1

C2żf v1 < żf

(5.2.3)

fd,r =



C8żr żr ≤ v4

C7żr v4 < żr ≤ 0

C5żr 0 < żr ≤ v3

C6żr v3 < żr

(5.2.4)

where, Ci are damping coefficients and vi are speeds at which the slope changes (knee
velocity). In particular, the optimisation variables are defined as gains with respect to the
reference values as with the elastic force and collected in c = [c1, c2, c3, c4, c5, c6, c7, c8]
and v = [v1, v2, v3, v4].

A reduction in the number of parameters is made to reduce the complexity of the
optimisation. In particular, we decide to fix the knee velocities based on the experimental
measurement of suspension velocities reducing the optimisation variables to eight. The
criterion used is as follows.

We consider the cumulative distribution function (cdf) [84, 85] of the velocities, which
indicates the probability of occurrence of a velocity smaller than a specific real value a
and is defined as,

F (a) =
∫ a

−∞
f(ż)dż, (5.2.5)
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(a) Shock (b) Fork

Figure 5.2.7: Dampers parametrisations. Damping forces are parametrised as quadri-
linear, Equations 5.2.3- 5.2.4 and the optimisation parameters are c1, ..., c8 representing
amplification of damping coefficients. The reference damping coefficients are Cref =
[C1, C2, C3, C4, C5, C6, C7, C8] = [1460, 808, 1155, 693, 6393, 2677, 8388, 3866]
Ns/m, and its knee velocities, which are the points at which the slopes changes, are
v = [v1, v2, v3, v4] = [0.5, −0.1, 0.6, −1.3] m/s, respectively.

where, f(ż) is the probability distribution function (pdf) of the suspension velocity ż. For
discrete random variables, it can be shown [84], that

F (a) =
∑
i

pi, (5.2.6)

where, pi is the probability that the random variable ż assumes the value żi, with żi ≤
żi+1. Each probability can be estimated from the experimental data as the number of
occurrences of velocities nvi in the interval i of the velocity range, divided by the width
of the interval wi and the number of elements of the sample n,

pi = nvi
nwi

(5.2.7)

which, can be plotted as an histogram. As the number of samples n increases, the resolu-
tion of the measurement increases, and width is reduced, the cdf becomes smoother as in
Figure 5.2.8.

A cumulative distribution of 0.5 divides the suspension velocities into two ranges which
are equally probable to occur. In particular, as the sample size increases, the suspension
velocity at which cdf is 0.5, tends to zero, which means that positive and negative velocities
are equally probable to occur, Figure 5.2.8. In the same way, by considering also the
velocities at which cdf is 0.25 and 0.75, the velocities are divided into four ranges which
are equally likely to occur.

Considering that each damping coefficient influences the vehicle dynamics only in a
specific range of damper velocities, by setting knee velocities where cdf is 0.25 and 0.75,
the four damping coefficients will have the same probability to have an influence on the
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(a) Shock (b) Fork

Figure 5.2.8: Cumulative distribution of suspension speeds. * knee velocities of reference
suspension, knee velocities at which cdf is 0.25 and 0.75 which are used for simulations.
These velocities are vks = [0.1 − 0.18 0.05 − 0.14].

dynamics. This optimises the damper to operate on the four damping coefficients in
equal amounts, but this does not necessarily imply that the dynamics of the motorcycle is
optimised. Nonetheless, it sets a way to define and assess the knee velocities. For example,
in Figure 5.2.8 the knee velocities of the reference suspension are shown. It can be seen
that on the shock, these velocities occur on the extremes of cdf, which imply that the
damper operates mostly as a bilinear and thus, the effort of building four slopes into the
damping curve is not being rewarded.

The space of these variables is continuous since each damping coefficient can be amplified
or reduced continuously. For simplicity, it is set to ±20% of the reference suspension
for the dampers, which are achievable values in practice, and to ±10% for the springs,
since simulations on whoops becomes troublesome with softer or harder springs. Discrete
variables could be considered if the variable represent parts that are available only in
specific configurations, such as springs.

5.2.3 Performance indices

According to the conclusion of Chapter 2, comfort should be assessed by rms4 of chassis
frequency-weighted accelerations and road holding by rms8 of contact force. Two consid-
erations are made for the optimisation. First, taking into account that the cost function is
evaluated thousands of times in a genetic algorithm, that the frequency weighting process
is slightly costly computationally, and that the optimal damping found with weighted and
un-weighted accelerations is the same or very close, we decide to evaluate comfort by rms4
of chassis un-weighted accelerations. Second, since there are two contact forces, the selec-
tion for evaluating road holding is not unique, since they could be considered in separate
or in a single index. Given that our aim is to describe the procedure, we consider a single
index, specifically, as the sum of the contact forces.
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The performance indices for the optimisation are defined as comfort and road holding
indices normalised with respect to the indices obtained with the reference suspension,

J1 = rms4(z̈s)
rms4(z̈s)ref

, (5.2.8)

J2 = rms8(Nr +Nf )
rms8(Nf +Nr)ref

. (5.2.9)

In this way, J1 < 1 and J2 < 1 represent improvements with respect to the reference
suspension, since it implies less acceleration and force variations and consequently im-
provement in comfort and road holding. The reference suspension is calculated on each of
the three conditions, before each optimisation.

5.2.4 Optimisation problem and solution

Explicitly, the optimisation is formulated as,

min
x∈Rn

f(x) (5.2.10)

x ∈ X (5.2.11)

where,

f(x) = [J1 J2], (5.2.12)

x = [k1 k2 c1 c2 c3 c4 c5 c6 c7 c8], (5.2.13)

X : 0.9xi < xi < 1.1xi, i = 1, 2 (5.2.14)

X : 0.8xi < xi < 1.2xi, i = 3, ..., 10 (5.2.15)

which is solved for each of the three driving conditions. The algorithm used to find
the Pareto-front is the multiobjective Genetic Algorithm, implemented in Matlab in the
gamultiobj function [86].

An overview of the optimisation process for each driving condition is shown in Figure
5.2.9. First, the genetic algorithm generates a random set of possible solutions x within
the search space X and evaluates the performance indices of each of them. For this,
each configuration of spring and damper, x is plugged into FastBike and transit on the
road profile with the target motion determined for the corresponding driving condition
are simulated. In this simulation, the rider model used is the simple model from Chapter
4. The resulting chassis acceleration and tyre contact forces are evaluated with Equations
5.2.8 and 5.2.9. Next, the algorithm executes operations on the performance of each
solution, creates a temporary Pareto front and a new set of solutions. subsequently, it
evaluates if any of the stopping criteria are met, if so, the last Pareto front is given,
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Figure 5.2.9: Optimisation process. Genetic Algorithm begins with a random set of so-
lutions. Next, each solution is simulated on FastBike with the road profile and target
motion set for each driving condition, from where the performance indices are calculated.
Solutions are treated according to genetic algorithm rules. If any of the stopping criteria
is met, the best ranked solutions are the Pareto front, otherwise, a modified population is
re-evaluated.

otherwise, simulations with the new set of solutions are performed until any stopping
criteria are met.

5.3 Results

For each condition, the optimisation problem is solved, obtaining the optimal elastic and
damping curves shown in Figures 5.3.1 - 5.3.3. It can be seen that there are no values
on the limits of the space variable, which indicates that the solutions are actual minima
and not values limited by the boundaries. Also, the dispersion of results is low, since the
maximum standard deviation of any variable across the set, is lower than 0.1, equivalent to
10% gain. Regarding the elastic gains, the average are between 1 and 1.03, which indicates
that the reference suspension is very close, or it is, the optimal solution and that the three
conditions require very similar stiffness. Regarding the optimal damping curves, in the
shock are lower (softer) than the reference in the three situations, while in the fork, they
are mostly coincident.

The optimal solutions mapped into the objective space, the Pareto front, are shown in
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(a) (b)

(c) (d)

Figure 5.3.1: Optimal stiffness gains and dampings for whoops. Solutions are close to refer-
ence, except damping on rear and on front compression. Overlapping of solution makes dif-
ficult individual distinction. x̄ = [1.00, 1.01, 1.02, 0.90, 0.94, 1.03, 1.02, 0.93, 1.17, 1.14],
σx = [0.030, 0.026, 0.069, 0.078, 0.067, 0.038, 0.087, 0.046, 0.007, 0.008].

Figure 5.3.4 for the three situations. It can be seen that improvements of up to 7% are
achievable in comfort, and 4% in road holding. In whoops, the improvement is mainly
possible in comfort, while in braking and acceleration, both objectives can improve. The
result of larger improvement in comfort than road holding has been obtained by Georgiou
et al. [16] in a numerical optimisation of passive and semi-active suspensions.

To understand the characteristics of optimal suspensions, we analyse how variables and
objectives change in the Pareto front. To this end, we analyse the correlations between
design variables and/or objective values in Figures 5.3.5-5.3.7.

Each matrix of plots, illustrate the correlation matrix R, which is calculated considering
matrix A = [x f(x)] consisting of the design variables concatenated with objective values.
The elements in R have the following meaning:

• Elements in the diagonal matrix Rd = {R(i, j) : i = j}, show the correlation of a
variable or an objective against itself, which is always one. To occupy that space
more fruitfully in the matrix of plots, the histogram is shown instead.

• Elements in sub-matrix Rv = {R(i, j) : i ≤ 10, j ≤ 10, i 6= j}, show the correlation
between design variables. If the correlation between two variables is high, it means
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(a) (b)

(c) (d)

Figure 5.3.2: Optimal stiffness gains and dampings for braking. Larger difference
is obtained on rear damping. Low dispersion makes difficult individual distinction.
x̄ = [1.00, 1.00, 1.04, 1.14, 1.06, 1.04, 0.88, 0.85, 0.98, 1.03],
σx = [0.017, 0.057, 0.035, 0.014, 0.015, 0.091, 0.026, 0.012, 0.075, 0.075]

that they change together as they move along the Pareto-set.

• Elements in sub-matrix Rvo = {R(i, j) : i ≤ 10, 11 ≤ j ≤ 12}, show the correlation
between design variables and objectives. Among both columns there is a negative
correlation, which arises from the definition of a Pareto-set solution, i.e. it improves
at least one objective function and worsens at least one of the others. Positive cor-
relation of a variable with J1, indicates that as it increases, comfort worsens, or
equivalently, as we move rightward in the Pareto-front, the variable increases.

• Elements in sub-matrix Ro = {R(i, j) : 11 ≤ i ≤ 12, 11 ≤ j ≤ 12, i 6= j},
shows the correlation between objectives. In the three situations, the terms are −1,
which means that as one increases the other decreases. This is the trade-off between
comfort and road holding.

To simplify explanations, we describe changes as we move from comfort optimum to road
holding optimum (increase in J1 and decrease in J2).

Figure 5.3.5 shows that in whoops, the variables with higher correlation to performance
are c6 followed by c2, which correspond to high speed compression damping coefficients
on shock and fork, respectively. It is a reasonable result since high speeds are recurrent
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(a) (b)

(c) (d)

Figure 5.3.3: Optimal stiffness gains and dampings for accelerating. Solutions are close
to reference, except on rear damping. Overlapping of solution makes difficult individual
distinction. x̄ = [1.00, 1.03, 1.11, 1.16, 0.93, 1.05, 0.85, 1.01, 0.82, 1.08],
σx = [0.007, 0.021, 0.043, 0.015, 0.047, 0.089, 0.011, 0.022, 0.005, 0.026]

on this section. The correlation of c6 with J1 is positive, while the correlation of c2 with
J1 is negative, meaning that as high speed compression damping in the fork decrease,
chassis acceleration increases, and comfort worsens. This result, together with the rest
of the negative correlations of J1 are non-intuitive, since increasing damping or stiffness,
increases the force transmitted to the chassis, but it results in a reduction on the accelera-
tion. Important correlations (> |0.7|) are also found with c1, c3, c4, c5, c7 and k2 implying
that performance in whoops is the result of the combination of several variables.

Between variables, high correlations (> |0.9|) are found on the pairs c1-c3, c2-c4, c2-k2

and c7-k2. From the first two pairs, it can be implied that, in the fork, the asymmetry
ratio should be maintained in low damper speeds and increased at high speeds, since the
correlations are positive and negative respectively. The third pair has a positive correlation
meaning that high speed compression in the fork should increase as rear stiffness increases.
Contrarily, the fourth pair has a negative correlation meaning that as rear stiffness increase,
low speed extension damping in the shock should decrease. Low correlation < |0.1| is found
only in the pair c8-k1, implying that high speed extension damping in the shock and front
stiffness can be modified independently.

In braking, Figure 5.3.6, the variables highly correlated to performance are c7 and k2
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Figure 5.3.4: Comparison of Pareto Fronts

and followed by c8 with a correlation of 0.85. These variables are low speed extension,
elastic gain and high speed extension of the shock, respectively. c7 and c8 are negatively
correlated to J1, implying that a decrease in extension damping in the rear worsens
comfort. Oppositely, k2 has a positive correlation. It is interesting to note that braking
performance is correlated importantly only to rear parameters of the motorcycle. Among
variables, high correlation is found only in the pair c7-k2, as on whoops. Low correlation
is found between variables c1 and c5, which are low speed compression damping in front
and rear respectively.

In acceleration, Figure 5.3.7, the variables with larger correlation to performance are
c2, c3 and c1, corresponding to high speed compression, low speed rebound and low speed
compression dampings of the fork. The three correlations are positive with J1 implying
that as they increase, comfort worsens. Interestingly, no correlation to acceleration per-
formance is found with c8 and very low with k2 and c7. Contrarily to braking, acceleration
performance is correlated importantly only to front parameters. Among variables, high
correlations is found in the pairs c2-c3 and c7-k2. Low correlation is found the pair c1-c8

and c1-k2.

To analyse the relationships of optimal suspensions between situations, let us consider
only the two variables with higher correlation to performance in each situation. Assume
again we want to move from optimal comfort to optimal road holding (reduce J2 and
increase J1). According to correlations in whoops, it requires to raise c6 and decrease
c2. The first change has no major effect on braking nor accelerating, however the second,
implies significant worsening in road holding in acceleration. According to correlations in
braking, it requires increasing k2 and reducing c7, which reduce road holding in whoops
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Figure 5.3.5: Correlation matrix on whoops. Plots in the diagonals are histograms. In
off-diagonal plots, each circle indicate an optimal value, the line is the least squares, the
and number is the correlation between the variables in the column and row.
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Figure 5.3.6: Correlation matrix on braking. Plots in the diagonals are histograms. In
off-diagonal plots, each circle indicate an optimal value, the line is the least squares, the
and number is the correlation between the variables in the column and row.
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Figure 5.3.7: Correlation matrix on acceleration. Plots in the diagonals are histograms.
In off-diagonal plots, each circle indicate an optimal value, the line is the least squares,
the and number is the correlation between the variables in the column and row.
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and has small effect in acceleration. According to correlations in acceleration, it requires
to raise c2 and c3, however both imply a reduction of road holding in whoops, but with
little effect in braking. The trend with the rest of the variables is similar, performance in
whoops is in opposition to performance in braking and accelerating, while performance on
these two are lightly correlated.

We understand from this analysis that the optimisation on whoops is complex, since
performance is correlated significantly to eight of the ten design variables, and is in conflict
with performance in braking and accelerating. On the other hand, optimisation on braking
and acceleration are simpler, since performance is correlation to four design variables each
and are lightly correlated among them. It is also interesting that in these two manoeuvres
the most influencing variables are in the suspension of the wheel that loses load due to
horizontal acceleration, i.e. rear in braking and front in accelerating.

Analysing the reference suspension, we noticed that it is closer to the optimal in braking
and accelerating than to whoops, which is reasonable considering that in a track there are
multiple braking and accelerating zones, and only one whoop section.

Lastly, it would be desirable to verify conclusions for whoops, which requires to develop
a rider that can drive realistically for a better matching with the experimental data.

5.4 Summary

In this chapter, we have calculated an optimal suspension to understand its characteristics.
To this end, first, we investigated methods to calculate optimal suspensions. Using single-
wheel-station and in-plane models we showed that analytical solutions are found only for
the simplest cases, while for realistic models the best approach is to optimise numerically.
Reviewing numerical optimisations, we concluded that the best methodology is a genetic
algorithm due to the complexity of the objective function. Additionally, we determined
that a multi-objective optimisation needs to be considered to analyse the relationships
between design variables and performance.

Next, we applied this method in a particular class of off-road motorcycle, to obtain the
optimal suspensions. For the optimisation, we adapted a validated motorcycle model from
the literature for off-road and determined the inputs by comparing against experimental
data in three situations of interest: whoops, braking and accelerating. We highlighted the
difficulty of simulating transit on whoops. We considered ten parameters of stiffness and
damping as design variables, and, as objective functions, comfort and road holding, and
we solved it using a genetic algorithm. We found that on the front they are close to the
reference suspension, while on the rear, they are softer. Additionally, we found that larger
improvement is possible in comfort than road holding.
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To understand the characteristics of optimal suspensions, we analysed the correlation
between design variables and objectives, where we found three observations not mentioned
before in the literature. First, performance in whoops is in conflict with braking and
accelerating performance, and is importantly correlated to eight of the ten design variables
considered. Second, performance in braking and acceleration are not in conflict between
them, and each of them are importantly correlated to four of the ten design variables.
Third, variables with higher correlation to performance in braking and acceleration, are
in the suspension of the wheel that loses load due to longitudinal inertial force, i.e. rear
in braking and front in accelerating.

In this way, we have shown that the optimal suspension is specific for each condition.
Optimising for whoops is in detriment of braking and acceleration, while these two have
a minor impact on each other, since they depend mainly on a single suspension.
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CHAPTER 6

Conclusions and future work

6.1 Conclusions

In this thesis we had determined assessment and calculation procedures for the optimisa-
tion of off-road motorcycle suspensions. To this end, we defined performance metrics for
assessment based on accelerations and contact forces, we developed an assessment proce-
dure of performance which included a contact forces estimator and a rider model, and we
optimised the suspension of a cross motorcycle.

The first task, has been to determine meaningful metrics to assess performance in off-
road motorcycles. We examined the literature, finding several definitions of terms. We
decided to consider performance as the global behaviour of the vehicle, which depend on
comfort and handling. The former, assessed by chassis accelerations, while the latter, we
choose to assess it indirectly by road holding through the contact forces. We compared
pre-selected indices chosen from the literature and two proposed by us, under weak and
strong continuous and impulsive excitations representative of off-road. On one hand, we
found out that comfort should be assessed by the fourth order average (rms4), since the
levels of chassis accelerations classify as severe according to ISO-2631, instead of the rms.
We also found out that considering frequency-weighted or unweighted accelerations as the
argument of rms4, makes no to minor difference in the suspension damping that minimises
it. On the other hand, we found out that the rms8 is the most appropriate index, since it
provides a good estimate of average and peak forces in all situations. rms of the contact
force is not a convenient index for these vehicles, since under impulsive excitations is
minimised with an excessively low damping.

99
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Experimental assessment of performance with these criteria is not straightforward, par-
ticularly because contact forces are not easily measured. With this as a motivation, we
developed an estimator of contact forces based on kinematic measurements and inverse
dynamics to overcome the difficulty of direct sensing. Measurement errors are partially
compensated by considering an overdetermined system and non-physical solutions are re-
duced by a set of constraint equations that limits the existence of tensile contact forces,
and of tangential forces without the corresponding normal one. Tested with experimental
data acquired in a motocross track, resulted in contact forces varying consistently with
obstacles of the track. Even though the magnitude is not validated, the consistency of the
estimation shows that the methodology derived is appropriate for performance compar-
isons.

The estimator developed requires knowledge of rider forces over the motorcycle, which
are not easily obtained since driving is in standing position. For this reason, we studied
a suitable description of rider forces. First, in the absence of models for this particular
activity, we examined validated models in similar activities, such as off-road cycling and
horse riding, finding that they are based on the passive behaviour of the rider. Due to
the lack of evidence to support this assumption in our vehicles, we compared a passive
rider to a simple rider which represents the fundamental dynamics. When tested with
experimental data, we found that the simple model yielded more realistic results than
the former, leading to presume that the assumption of passiveness is not valid for off-road
motorcycles. We also found that both rider models result in similar contact forces, showing
the compensation effect of the estimator. Because of this, we believe that passiveness is
not a valid assumption to be used in off-road motorcycles and we provided an alternative
method to calculate the rider forces.

Lastly, we calculated an optimal suspension to understand its characteristics. To
this end, we determined that the optimisation should be done numerically, with multi-
objectives and solved with a genetic algorithm. We applied this method to a cross mo-
torcycle, and optimised stiffness and damping for whoops, braking and acceleration. We
found that the optimal solutions are close to the reference suspension in stiffness and front
damping, and are slightly lower in rear damping. Improvement is possible particularly in
comfort over road holding. We analysed the correlations between optimal solutions and
objectives, finding out that performance in whoops is significantly correlated to eight of
the ten design variables established, while performance on braking and acceleration are
correlated to four each. We also found that performance in whoops is in opposition to
braking and accelerating, but these two are not conflict among them. Interestingly as
well, we found out that performance in braking and accelerating is mostly correlated to
the suspension of the wheel that loses load due to longitudinal acceleration. Briefly, it was
shown that optimal suspensions is specific for each condition, and that there is conflict
between whoops, and braking and accelerating, while not among the latter two.
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Summarising, the main findings and contributions of this thesis are:

• Selection and recommendation of rms4 of frequency-weighted or un-weighted chassis
accelerations and rms8 of contact forces as adequate indices to measure performance
in off-road motorcycles based on comparative tests.

• A procedure to estimate contact forces in these motorcycles, for experimental as-
sessment.

• Evidence that the rider does not behave passively, and proposed a simple model to
estimate the interaction with the motorcycle.

• Outlined optimal suspension parameters for whoops, braking and accelerating; spec-
ification of the variables with higher correlation to performance in these situations;
description of conflict between whoops performance and braking and accelerating
ones, but not among these two.

6.2 Future Work

From the research done, we observed that off-road motorcycles is a relatively unexplored
area in scientific terms, and thus, several opportunities for research exist.

On one hand, there are topics pendent from this thesis such as the validation of the
estimator and the rider model. This requires measuring forces at the tyres, and at foot-
pegs and handlebar to be contrasted against the estimations. If validated, it could provide
a basis for on-board control systems, such as braking assistance or semi active suspensions.
Also pendent is the development of a rider controller to drive the motorcycle over whoops
to perform more realistic simulations and verify the optimisations obtained here.

On the other hand, there are topics that derive from this thesis such as extension of
the optimisations to include other driving situations like jumps or non-motocross terrains
like forest or desert. Also, we suggest to investigate the possible effect of friction in the
optimal values. Regarding suspension development, we suggest to explore non-linearities
in stiffness or damping that might enhance performance, and possibly, resolve the conflict
between whoops and braking-accelerating. In the same line, we suggest to explore the
benefits of adding an inerter to the suspension. Regarding suspension design, we suggest
to develop a simplified methodology to calculate approximately optimal damping and
stiffness, to be used by suspension engineers on a routine basis. This could be achieved,
for example, by expressing optimal damping coefficients in terms of damping ratios of a
single-wheel-station model. Lastly, a significant improvement on the estimation of rider
force could be done by measuring accelerations of rider complemented with positions,
which can be obtained by visual methods.
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6.3 Publications derived from this thesis

Conference publications

• Vasquez F., Lot R., Rustighi E. (2017) Optimisation of off-road motorcycle suspen-
sions. Proceedings of 15th European Automotive Congress, Madrid, Spain

• Vasquez F., Lot R., Rustighi E. (2019) Off-road motorcycle tyre force estimation.
Journal of Physics: Conference Series 1264 012020

• Vasquez F., Lot R., Rustighi E., Pegoraro R.(2019) Rider model for the estimation
of tyre forces in off-road motorcycles Proceedings of 4th Symposium on the dynamics
and control of single track vehicles, Padova, Italy

Journal publications

• Vasquez F., Lot R., Rustighi E., Pegoraro R.(2020) Tyre force estimation for off-road
motorcycles Mechanical Systems and Signal Processing, under review
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APPENDIX A

Numerical considerations for index selection.

A.1 Saturation function

The saturation function s is essentially a step function with a continuous and smooth tran-
sition between zero and one to reduce numerical issues that may arise from a discontinuous
transition. It is defined as,

s(y) =
1 + sin

(
arctan

(
y
y0

))
2 , (A.1.1)

where, y is the argument, and y0 is a parameter that controls the width of the transition,
Figure A.1.1. In particular, 98% of the transition (from 0.01 to 0.99) is 10y0 wide.

A.2 Rough road generation

The random road profile is generated based on the procedure described by [87]. The profile
zg(x) is represented by a summation of sinusoidal functions at increasing frequencies,

zg(x) =
N∑
i=1

Ai sin(2πnix+ φi), (A.2.1)

where, Ai is the amplitude at frequency i and the φi, is the phase chosen from a uniform
probabilistic distribution on the interval (0, 2π).
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Figure A.1.1: Saturation function. Example values s(−5y0) ≈ 0.01, s(−y0) ≈ 0.146,
s(0) = 0.5 and s(y0) ≈ 0.854. s(5y0) ≈ 0.99

The amplitudes Ai are derived from the discretised definition of the psd, for a given
spatial frequency n and frequency step ∆n,

Gd(n) = Ψ2(n,∆n)
∆n (A.2.2)

where, Ψ2(ni,∆n) is the mean-square of the time signal filtered by a band-pass filter at
central frequency ni with bandwidth ∆n. For a sinusoidal function, the root-mean-square
is related to the amplitude by

Ψ2(ni,∆n) = A2
i

2 . (A.2.3)

From Equations A.2.3, A.2.2 and 2.2.15, the road amplitude is written in terms of road
class by,

Ai =

√
2∆nGd(n0)

(
ni
n0

)−Kr
(A.2.4)

Substituting Equation A.2.4 on A.2.1, and considering that ni = i∆n the road amplitude
is described by Equation A.2.5.

zg(x) =
N∑
i=1

√
2∆nGd(n0)

(
i∆n
n0

)−Kr
sin(2πi∆nx+ φi) (A.2.5)

Figure A.2.1 show the reference power spectral density used to generate road profiles
class B and D, and the power spectral density of the generated road.
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(a) Class B road (b) Class D road

Figure A.2.1: psd of road amplitudes. Class A and D roads built according to ISO 8608,
considering the geometric mean of each class as the reference.

A.3 Motorcycle and rider parameters

The numerical parameters considered for the simulation are from a KTM SX-450 2017, a
typical motocross motorcycle, Table A.3.1. In particular, its front end is considered. The
equivalent mass of the rider mr and chassis mc on the front, are estimated as,

mr = Mrbr/w, (A.3.1)

mc = Mcb/w, (A.3.2)

where, Mr is total rider mass, br is position of rider centre of mass from rear wheel centre,
Mc is total chassis mass, b, is chassis centre fo mass from rear wheel centre, and w is
wheelbase.

The equivalent rider stiffness kr and damping cr on the front, are calculated such that
the natural frequency and damping ratio, are the same as with total mass Mr, stiffness
Kr and damping Cr, as

kr = mrKr/Mr, (A.3.3)

cr = mrCr/Mr. (A.3.4)

The total stiffness and damping are considered from the legs of a cyclist, since are the
closest values available in the literature, [54].

The equivalent suspension stiffness and damping are calculated from values at the fork
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with a procedure as described by [40],

ks = Ks/ cos(ε)2, (A.3.5)

cs = Cs/ cos(ε)2, (A.3.6)

where, Ks and Cs are stiffness and damping along the fork, and ε is the caster angle. The
fork parameters are obtained from the company. In absence of tyre parameters, they are
estimated from typical values of vehicles [2], the same as the maximum compression values.
The bottoming factor of the suspension is estimated from the company data, and for tyre
and rider they are assumed as the suspension, therefore, a single value n is considered.
Lastly, the constant y0 is imposed to be 1/10 mm such that 98% of the transition occurs
in 1 mm.

Table A.3.1: Data of simulations

Variable Magnitude

mr 24 kg
mc 57 kg
mw 12 kg
kr 26464 N/m
cr 483 Ns/m
ks 15961 N/m
cs 966 Ns/m
kt 150000 N/m
ct 100 Ns/m
n 50 -
zrM 0.3 m
zsM 0.3 m
ztM 0.1 m
y0 10−4 m

A.4 Frequency-weights according to ISO 2631.

In order to weight the frequency components of the accelerations, the standard proposes
two methods: using a filter defined as a transfer function or by frequency weights defined
in one-third octave bands. We implement them as filters, since it is simpler and clearer.

The standard defines the filter as the product of four transfer functions: high-pass Hh,
low-pass Hl, velocity-acceleration transition Ht, and step up Hs,

Hh(s) =
∣∣∣ 1

1+1/(Q1w1s)+(w1/s)2

∣∣∣ , (A.4.1)

Hl(s) =
∣∣∣ 1

1+s/(Q2w2)+(s/w2)2

∣∣∣ , (A.4.2)
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Table A.4.1: Parameters of the transfer functions for frequency weightings. Angular
frequencies wi are calculated as wi = 2πfi.

Band-limiting Acceleration-velocity Upward step
transition

Weighting f1 Q1 f2 Q2 f3 f4 Q4 f5 Q5 f6 Q6
Hz Hz Hz Hz Hz Hz

Wk 0.4 1√
2 100 1√

2 12.5 12.5 0.63 2.37 0.91 3.35 0.91

Ht(s) =
∣∣∣ 1+s/w3

1+s/(Q4w4)+(s/w4)2

∣∣∣ , (A.4.3)

Hs(s) =
∣∣∣∣1+s/(Q5w5)+(s/w5)2

1+s/(Q6w6)+(s/w6)2

(
w5
w6

)2
∣∣∣∣ , (A.4.4)

where, s is Q1, ..., Q6 are resonant quality factors and w1, ..., w6 are corner frequencies,
defined in Table A.4.1.

We convert the continuous filter to a discrete filter, using the bilinear transform,

s = 21− z−1

1 + z−1 , (A.4.5)

The final transfer function filter, shown in Figure A.4.3, is obtained by combining the
four of them as,

H(z) = Hh(z)Hl(z)Ht(z)Hs(z). (A.4.6)

We test the filter with a signal composed of the sum of sinusoidal functions with unit
amplitude,

a =
∑
i

sin(2πfit), (A.4.7)

and frequencies fi chosen from Table A.4.2 which are the nominal frequencies of the one-
third octave bands. Figure A.4.3 shows that the filter is implemented correctly.

Table A.4.2: Frequency weights Wk, defined by ISO 2631.

Frequency Hz Weight

1 0.482
1.25 0.484
1.6 0.494
2 0.531
2.5 0.613
3.15 0.804

Frequency Hz Weight

4 0.967
5 1.039
6.3 1.054
8 1.036
10 0.988
12.5 0.902

Frequency Hz Weight

16 0.768
20 0.636
25 0.513
31.5 0.405
40 0.314
50 0.246
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Figure A.4.3: Implemented frequency-weight filter test. The test function composed of
the sum of sinusoidal functions at selected frequencies, is filtered with Equation A.4.6,
resulting in the weighted signal. It is clear that the amplitudes of this signal match the
exact values given by standard ISO 2631 in Table A.4.2.



APPENDIX B

Equations of motion of the estimator

The equations of motion are derived under the four assumptions described in Chapter 2,
namely, in plane motion, four bodies with five degrees of freedom, standing rider, and
contact point under wheel centres.

We derived an equation per degree of freedom using Newton-Euler equations in the
following order. First and second equations are sum of forces acting over all bodies along
xs and zs respectively; third equation, is sum of torques on all bodies around centre of
mass of chassis; fourth equation is sum of forces acting on front wheel along zf ; fifth
equation is sum of torques acting on rear wheel and swing arm, around the connecting
point between body 2 and 3 (P23). Organizing the equations in matrix form, we get

Mq̈ + mv = Awg+Asfs + Arfr + Atft,

where the elements on the matrices are the following:

M1,1 = m4 +m1 +m3

M1,2 = 0

M1,3 = ((S (µ+ αr0 − αr)− S (µ+ αr0 )) lr + C (µ) (h−Rr) + S (µ) b)m1

+ (−zfC (µ+ ε) + C (µ) (h−Rf ) + (b− w)S (µ))m4

M1,4 = −m4 S (µ+ ε)

M1,5 = − lrm1 S (µ+ αr0 − αr)

M2,2 = m4 +m1 +m3
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M2,3 = ((C (µ+ αr0 − αr)− C (µ+ αr0 )) lr + (−h+Rr)S (µ) + C (µ) b)m1

+ (zfS (µ+ ε) + (Rf − h)S (µ) + (b− w)C (µ))m4

M2,4 = −m4C (µ+ ε)

M2,5 = − lrm1C (µ+ αr0 − αr)

M3,3 =
(
(−2C (αr) + 2) lr2 + ((−2Rr + 2h)S (αr0 − αr) + 2C (αr0 − αr) b+

(−2h+ 2Rr)S (αr0 )− 2 bC (αr0 )
)
lr +Rr

2 − 2Rr h+ b2 + h2
)
m1

+
(
(zf )2 + ((2 b− 2w)S (ε) + (2Rf − 2h)C (ε)) zf +Rf

2

− 2Rf h+ b2 − 2 bw + h2 + w2
)
m4 + I1 + I2 + I3 + I4

M3,4 = ((Rf − h)S (ε) + (w − b)C (ε))m4

M3,5 =
(
(C (αr)− 1) lr2 + ((−h+Rr)S (αr0 − αr)− C (αr0 − αr) b) lr

)
m1

− I1 − I2

M4,4 = m4

M4,5 = 0

M5,5 = lr
2m1 + I1 + I2

mv1,1 =
(
((C (µ+ αr0 − αr)− C (µ+ αr0 )) lr + (−h+Rr)S (µ) + C (µ) b) (µ̇)2

−2 (α̇r)C (µ+ αr0 − αr) (µ̇) lr + (α̇r)2C (µ+ αr0 − αr) lr
)
m1

+
(
(zfS (µ+ ε) + (Rf − h)S (µ) + (b− w)C (µ)) (µ̇)2 − 2C (µ+ ε) (żf ) µ̇

)
m4

mv2,1 =
(
((−S (µ+ αr0 − αr) + S (µ+ αr0 )) lr − S (µ) b+ (−h+Rr)C (µ)) (µ̇)2

+2 (α̇r)S (µ+ αr0 − αr) (µ̇) lr − (α̇r)2 S (µ+ αr0 − αr) lr
)
m1

+
(
(zfC (µ+ ε) + S (µ) (w − b) + (Rf − h)C (µ)) (µ̇)2 + 2S (µ+ ε) (żf ) µ̇

)
m4

mv3,1 =
((

2S (αr) lr2 + (2S (αr0 − αr) b+ (−2h+ 2Rr)C (αr0 − αr)) lr
)

(α̇r) µ̇

+
(
−S (αr) lr2 + (−S (αr0 − αr) b+ (h−Rr)C (αr0 − αr)) lr

)
(α̇r)2

)
m1

+ (2 zf + (2 b− 2w)S (ε) + (2Rf − 2h)C (ε)) (żf ) (µ̇)m4 + I1 µ̈1 + I4 µ̈4

mv4,1 = (−zf + (w − b)S (ε) + (h−Rf )C (ε)) (µ̇)2m4

mv5,1 =
(
−S (αr) lr2 + (−S (αr0 − αr) b+ (h−Rr)C (αr0 − αr)) lr

)
(µ̇)2m1 − I1 µ̈1

Aw1,1 =0

Aw2,1 =m4 +m1 +m3

Aw3,1 = ((C (µ+ αr0 − αr)− C (µ+ αr0 )) lr + (−h+Rr)S (µ) + C (µ) b)m1

+ (zfS (µ+ ε) + (Rf − h)S (µ) + (b− w)C (µ))m4
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Aw4,1 =−m4C (µ+ ε)

Aw5,1 =− lrm1C (µ+ αr0 − αr)

Ar =



−1 0 −1 0
0 −1 0 −1

Ar3,1 Ar3,2 Ar3,3 Ar3,4

0 0 0 0
0 0 0 0


Ar3,1 = S (µ)x3p − C (µ) z3p

Ar3,2 = C (µ)x3p + S (µ) z3p

Ar3,3 = S (µ)x3h − C (µ) z3h

Ar3,4 = C (µ)x3h + S (µ) z3h

As =



0 0
0 0
0 0
−1 0
0 −1



At =



−S (µ) −S (µ) −C (µ) −C (µ) C (µ)
−C (µ) −C (µ) S (µ) S (µ) −S (µ)
At3,1 At3,2 At3,3 At3,4 At3,5

C (ε) 0 S (ε) 0 0
0 At5,2 0 At5,4 At5,5


At3,1 = −zfS (ε)− b+ w

At3,2 = C (αr0 ) lr − lr C (αr0 − αr)− b

At3,3 = zfC (ε)− h

At3,4 = S (αr0 ) lr − lr S (αr0 − αr)− h

At3,5 = −S (αr0 ) lr + lr S (αr0 − αr) + h

At5,2 = lr C (αr0 − αr)

At5,4 = lr S (αr0 − αr) +Rr

At5,5 = −lr S (αr0 − αr)−Rr
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The equations are derived using the following MBSymba [49,70] code:

> interface(displayprecision=3, rtablesize=50):

> with(LinearAlgebra):
> q := [x__s(t),z__s(t), mu(t), z__f(t), alpha__r(t)]:

> PDEtools[declare](q,u,prime=t,quiet):

> alias(C=cos,S=sin):

Frames:
> T__R := ground:

> _gravity := make_VECTOR(ground,0,0,g):

> T__3 := T__R * translate(b,0,-h) * translate(x__s(t), 0, z__s(t) )

> * rotate(’Y’,mu(t)) :

> T__3 * translate(-b, 0, h - R__r) * rotate(’Y’, alpha__r0) * translate(l__r,0,0):

> P__S := project( origin(%), T__3):

> T__2 := T__3 * translate(comp_X(P__S), 0, comp_Z(P__S))

> * rotate(’Y’, alpha__r0 - alpha__r(t)) * translate(-l__s, 0, 0):

> T__1 := T__2 * translate(-(l__r - l__s), 0, 0):

> T__4 := T__3 * translate(w - b, 0, h - R__f) * rotate(’Y’, epsilon)

> * translate(0, 0, -z__f(t) ):

Bodies
> rear_wheel := make_BODY(T__1, m__1, 0, 0, 0): show(rear_wheel):

> swing_arm := make_BODY(T__2, 0, 0, I__2, 0): show(swing_arm):

> chassis := make_BODY(T__3, m__3, 0, I__3, 0): show(chassis):

> front_wheel := make_BODY(T__4, m__4, 0, 0, 0): show(front_wheel):

Points
> cp_front := project(CoM(front_wheel),T__R) + make_VECTOR(T__R, 0, 0, R__f):

> cp_rear := project(CoM(rear_wheel ),T__R) + make_VECTOR(T__R, 0, 0, R__r):

> P__3h := make_POINT(T__3, x__3h, 0, z__3h): handlebar

> P__3p := make_POINT(T__3, x__3p, 0, z__3p): footpeg

Forces
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> front_cont := make_FORCE(T__3, -B__f, 0, N__f, cp_front, front_wheel):

> rear_cont := make_FORCE(T__£, D__r - B__r, 0, N__r, cp_rear , rear_wheel):

> leg_force := make_FORCE(T__R, -flx, 0, -flz, P__3p, chassis):

> arm_force := make_FORCE(T__R, -fax, 0, -faz, P__3h, chassis):

> front_susp := make_FORCE(T__4, 0, 0, S__f, origin(T__4), front_wheel,
chassis):

> rear_susp := make_TORQUE(T__2, 0, TS__r, 0, swing_arm, chassis):

Equations of motion of all motorcycle
> all_bike := {rear_wheel, swing_arm, chassis, front_wheel, rear_cont, front_cont,
leg_force, arm_force}:

> eqnsN__A := newton_equations(all_bike):

> eqnsN__Ax := comp_X(eqnsN__A):

> eqnsN__Az := comp_Z(eqnsN__A):

> eqnsE__A := euler_equations(all_bike, origin(T__3)):

> eqnsN__Ay := combine(comp_Y(eqnsE__A),’trig’):

Equation of motion of Front Wheel
> front := {front_wheel, front_cont, front_susp}:

> eqnsN__4 := newton_equations(front):

> eqnsN__4z := collect(comp_Z(project(eqnsN__4,T__4)),m__4):

Equation of motion of Rear Wheel + Swing arm
> rear_swing_arm := {rear_wheel, swing_arm, rear_cont, rear_susp}:

> eqnsE__12 := euler_equations(rear_swing_arm, P__S):

> eqnsE__12y := combine(comp_Y(eqnsE__12),’trig’):

Solution
> all_eqns := [eqnsN__Ax, eqnsN__Az, eqnsN__Ay, eqnsN__4z, eqnsE__12y]:

> x__m := [N__f, N__r, B__f, B__r, D__r ]:

> GenerateMatrix(all_eqns, x__m):

> A1:= combine(%[1],’trig’):

> b1:= -%%[2]:
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APPENDIX C

Instrumentation of experimental motorcycle.

The instrumented motorcycle carries sensors detailed in Table C.0.1. Sampling frequency
is 1600Hz.

Table C.0.1: Description of sensors of experimental motorcycle. Vertical and lateral and
longitudinal are with respect to the body in which they are mounted.

Name Magnitude Direction Location

FbAob Acceleration Along shock Shock upper mount
FbAun Acceleration Along shock Shock lower mount
FbHub Length Along shock Shock

FzgPhiNick Angle Lateral Seat
GaAlat Acceleration Front wheel axis Front wheel
GaAlon Acceleration Forward Front wheel
GaAob Acceleration Along fork Steering head
GaAun Acceleration Along fork Front wheel
GaFw Length Along Fork Fork

HaALonRe Acceleration Forward Rear wheel
HaAverRe Acceleration Vertical Rear wheel
HeAlat Acceleration Lateral Rear seat
HeAver Acceleration Vertical Rear seat
MoAlat Acceleration Lateral Engine
MoAlon Acceleration Longitudinal Engine
MoAver Acceleration Vertical Engine
RdVVo Angular speed Wheel axis Front wheel
RdVHi Angular speed Wheel axis Rear wheel
StkAver Acceleration Vertical Steering head
V_GPS Speed Forward Seat
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Figure C.0.2: Location of sensors in experimental motorcycle.



APPENDIX D

Equations of motion of passive rider

The equations of motion of the passive rider model are derived under the assumptions
detailed in Chapter 4 using the following MBSymba [49,70] code:

> interface(displayprecision=3, rtablesize=50):

Coordinates
> q := [x__7(t), z__7(t)]:

> u := [x__s(t), z__s(t), mu(t)]:

> PDEtools[declare](q,u,prime=t,quiet); alias(C=cos,S=sin):

Frames and points
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> T__R := ground:

> _gravity := make_VECTOR(ground,0,0,g):

> T__3 := T__R * translate(x__s(t) + x__03, 0, z__s(t) + z__03 ) * rotate(’Y’,
mu(t)) :

> T__7 := T__R * translate(x__07, 0, z__07) * rotate(’Y’, theta__07 ) *
translate(x__7(t) , 0, z__7(t)):

> G7 := make_POINT(T__7, g7x, 0, g7z):

> P__3h := make_POINT(T__3, x__3h, 0, z__3h): handlebar

> P__3p := make_POINT(T__3, x__3p, 0, z__3p): footpeg

> P__7s := make_POINT(T__7, x__7s, 0, 0): shoulder

> P__7c := make_POINT(T__7, x__7c, 0, 0): hip (cadera)
> PS := project(P__7s, T__R): shoulder point in ground coordinates

> PC := project(P__7c, T__R): cadera (hip) point in ground coordinates

> ua := < uax, 0, uaz, 0 > / l__arm:

> va := < 0, 1, 0, 0 > :

> wa := < wax, 0 , waz, 0 > / l__arm:

> T__arm := < ua | va | wa | < comp_X(PS), 0, comp_Z(PS), 1 > >:

> ul := < ulx, 0, ulz, 0 > / l__leg:

> vl := < 0, 1, 0, 0 > :

> wl := < wlx, 0, wlz, 0 > / l__leg:

> T__leg := < ul | vl | wl | < comp_X(PC), 0, comp_Z(PC), 1 > >:

Bodies and forces
> rider := make_BODY(G7, m[7], 0, I[7], 0):

> arm_force := make_FORCE(T__arm, 0, 0, F__a, PS, rider):

> leg_force := make_FORCE(T__leg, F__lt, 0, F__l, PC, rider):

> hip_torque := make_TORQUE(T__R, 0, F__lt * l__leg, 0, rider ):

Implicit equations of motion
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> collect_list := [ diff(x__7(t),t,t), diff(z__7(t),t,t), m[7], g, F__a,
F__l]:

> rider_system := {rider, arm_force, leg_force, hip_torque}:

> eqnsN := newton_equations( rider_system ):

> dyn_eqnsN1 := collect([comp_X(eqnsN), comp_Z(eqnsN)], collect_list):

> eqnsN_Y := comp_Y( euler_equations(rider_system, G7)):

> flt1 := F__lt = collect(solve(%, F__lt), collect_list):

> dyn_eqnsN0 := collect(subs(%, dyn_eqnsN1), collect_list):

Expressions for arm and leg lengths, vectors, unit vectors and forces
> v__sh := project(join_points(P__7s, P__3h), T__R): Shoulder to handlebar

> v__cp := project(join_points(P__7c, P__3p), T__R): Cadera to footpeg
> l__armi := sqrt(dot_prod(v__sh,v__sh)):

> l__legi := sqrt(dot_prod(v__cp,v__cp)):

> lengthi := l__arm = l__armi, l__leg = l__legi, v__arm = diff(l__armi,t),
v__leg = diff(l__legi,t):

> v__shx := project(rotate(’Y’,Pi/2, v__sh ),ground):

> v__cpx := project(rotate(’Y’,Pi/2, v__cp ),ground):

> unit_vectors := uax = comp_X(v__shx), uaz = comp_Z(v__shx), wax = comp_X(v__sh),
waz = comp_Z(v__sh), ulx = comp_X(v__cpx), ulz = comp_Z(v__cpx), wlx = comp_X(v__cp),
wlz = comp_Z(v__cp):

> forces := F__a = c__a * v__arm + k__a * (l__arm - l__arm0 - l__armp),

> F__l = c__l * v__leg + k__l * (l__leg - l__leg0 - l__legp) :

Explicit equations of motion
> subs(forces,dyn_eqnsN0): subs(lengthi,%): subs(unit_vectors,%): dyn_eqns:=%:

Initial conditions in rider frame
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> P7 := project(origin(T__7), T__R):

> V7 := velocity(P7, T__R):

> P7_c := [ comp_X(P7), comp_Z(P7) ] :

> V7_c := [ comp_X(V7), comp_Z(V7) ] :

> Pg70 := [ x__g70, z__g70]:

> Vg70 := [vx__g70, vz__g70]:

> P7_Pg := op(combine( solve(P7_c - Pg70 , [op(q)] ), trig)):

> op( combine(solve(V7_c - Vg70 , [op( diff(q,t)) ]))):

> V7_Vg := subs( P7_Pg, %):

> X7i := < rhs(op(1,%%%)); rhs(op(2,%%%)); rhs(op(1,%)); rhs(op(2,%)) >:

First order formulation
> fo_vars, fo_eqns := first_order(dyn_eqns, q, t):

> A2, b2 := GenerateMatrix(fo_eqns, diff(fo_vars,t)):

Motorcycle forces over rider - f__r
> fl_tr := project(leg_force,T__R):

> fa_tr := project(arm_force,T__R):
> Flx1 := comp_X(fl_tr):

> Flz1 := comp_Z(fl_tr):

> Fax1 := comp_X(fa_tr):

> Faz1 := comp_Z(fa_tr):

> f8_i := [Flx1, Flz1, Fax1, Faz1]:

> subs(flt1, f8_i): subs(forces, %): subs(unit_vectors, %): subs(lengthi,
%): fr := %:



APPENDIX E

FastBike implementation

FastBike is a multibody code developed at the Department of Mechanical Engineering of
the University of Padova and has been validated experimentally in several works [79–82].

The motorcycle model considers six bodies: front and rear wheel, chassis (includes frame,
engine and tank), front chassis (includes fork, handlebar and steering column ), swingarm
and front unsprung mass. The degrees of freedom considered are: forward, downward
and rightward translations, yaw, roll and pitch angle, steering angle, front suspension and
swingarm compressions and rear and front wheel rotations, as shown in Figure E.0.1.

External torques are on the steering and front and rear wheels are applied by the rider
to control the motorcycle. Additionally, forces and torques can be applied on the centre
of mass. The equations of motion are derived symbolically using MBSymba [48, 49], and
implemented in a Simulink block, as shown in Figure E.0.2

For off-road, we added the rider in standing position, using the simple rider model
derived in Chapter 4. We apply this forces over the centre of mass of the motorcycle
and added the torques arising from the translation of the forces from the handlebar and
footpeg to the centre of mass. Additionally, we added pitch and vertical controls used
only for whoops simulations. The simulink model is shown in Figure E.0.3

The suspension forces are described in terms of the design variables. For the elastic
forces, a look-up table, which contains the measured relation of force against displacement
are multiplied by the elastic gains. The damping forces are described using four damping
coefficients and two knee velocities, for which we used a look-up table. Additionally,
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Figure E.0.1: FastBike’s degrees of freedom, reproduced from [80].

on the rear wheel, the relationship between shock compression and swingarm rotation is
considered, as seen in Figure E.0.4
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Figure E.0.2: FastBike implemented in Simulink. FastBikeRT v3 block (big orange block)
is the main block, which accepts several intpus to calculate the motion. Rider block is
shown at its left and suspension blocks, at its bottom.
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Figure E.0.3: Rider block in Simulink. It considers a standing rider acting over footpeg
and handlebars only, and a pitch and vertical controls used only for whoops simulations.
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(a)

(b)

Figure E.0.4: Suspension blocks in Simulink. a) front suspension block, b) rear suspension
block. It considers a standing rider acting over footpeg and handlebars only, and a pitch
and vertical controls used only for whoops simulations.
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