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UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF ENGINEERING AND PHYSICAL SCIENCES

School Electronics and Computer Science

Thesis for the degree of Doctor of Philosophy

OPTICAL-OFDM-AIDED WIRELESS COMMUNICATIONS

by Xiaoyu Zhang

Orthogonal Frequency-Division Multiplexing (OFDM) has compelling benefit in Opti-
cal Wireless Communications (OWC). Hence, we analyse the Layered Asymmetrically
Clipped Optical OFDM (LACO-OFDM), which is one of the most advanced Optical
OFDM (O-OFDM) schemes, and improve its overall system performance.

We commence in Chapter 1 with a review of the development of OWC and O-OFDM,
discussing its Spectral Efficiency (SE) and Power Efficiency (PE). Then, LACO-OFDM
introduced for striking a trade-off between the attainable SE and PE. This is followed by
a literature review of its recent development. A more detailed tutorial on LACO-OFDM

is then given in Chapter 2, relying on detailed examples.

To further study the properties of LACO-OFDM, Chapter 3 analyses its 1) Probability
Density Function (PDF) and its statistical moments; 2) Bit Error Ratio (BER); and
3) Peak-to-Average Power Ratio (PAPR). As a further advance, we propose a tone-
injection aided PAPR, reduction design for LACO-OFDM, which in turn improves the
BER performance. Simulations are provided for verifying both the analytical BER
performance and the PAPR distribution of LACO-OFDM. The results show that the
expressions derived match well with the simulations. Furthermore, the PAPR reduction
method proposed attains a 5 dB PAPR reduction at the 10~3 probability-point of the
complementary cumulative distribution function, as well as a better BER performance
than the original LACO-OFDM scheme.

For the sake of improving the BER performance, multi-class channel coded LACO-
OFDM is proposed in Chapter 4, where the channel capacity of the system is derived
based on our mutual information analysis. We conceive a multi-class channel encoding
scheme integrated with the layered transmitter. At the receiver, both the coded and
uncoded likelihood ratios (LLRs) are extracted for inter-layer interference cancellation
and symbol detection, respectively. Simulations are conducted and the results show
that our design approaches the achievable rate within 1.1 dB for 16QAM 4-layer LACO-
OFDM with the aid of a half-rate 8-iteration turbo code at BER = 1073, outperforming

its conventional counterpart by about 3.6 dB.
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In Chapter 5, we propose algorithms for optimising the Discrete-input Continuous-
output Memoryless Channel (DCMC) capacity of LACO-OFDM. Then, an algorithm
is proposed for maximising the capacity for twin-layer LACO-OFDM by optimising the
power sharing between the layers. This is followed by the conception of a more general
algorithm applicable to LACO-OFDM having an arbitrary number of layers. Numerical
results are provided for quantifying the capacity improvement attained by the proposed
algorithm. Moreover, an adaptive layer-activation scheme is proposed for adjusting the

number of layers to be used for maximising the capacity at different SNRs.
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Chapter

Introduction

1.1 Motivation

The ever-growing urban population density, the proliferation of portable devices and the
demanding multimedia streaming requirements result in increased tele-traffic [4]. As a
potential remedy of the spectrum-shortage, the unregulated visible light band is gaining
statistical research attention as an alternative. Hence, Optical Wireless Communication
(OWCQ) is expected to play a role as a potential component of next generation wireless
systems [5-7], given that the substantial unlicensed visible light band spanning roughly
between 400 and 800 THz band can be readily exploited by low-cost off-the-shelf trans-
mitters, such as Light-Emitting Diodes (LEDs) [8]. Therefore, extensive investigations
have been dedicated to the physical layer of OWC [9-16].

As an attractive modulation technique originally conceived in 1966 [17], Orthogonal
Frequency Division Multiplexing (OFDM) has been widely researched and developed
for Radio Frequency (RF) applications [18-21]. As an off-shoot of RF-OFDM, Optical
OFDM (O-OFDM) has been proposed for the Visible Light Communications (VLC)
downlink, as a benefit of its ability to mitigate the multipath-induced inter-symbol
interference [22]. However, O-OFDM has had a shorter history than RF-OFDM [7,22-
24]. There are significant differences between the physical layer of the O-OFDM and
RF-OFDM systems, which are summarised in Tab. 1.1.

This treatise is dedicated to the further development of O-OFDM systems. The rest of
this chapter is organised as follows. In Sec. 1.2, we review the development of O-OFDM,
while in Sec. 1.3, we continue by surveying the evolution of Layered Asymmetrically
Clipped O-OFDM (LACO-OFDM), which is the main topic of this thesis. Finally, our

novel contributions and an outline of this thesis are presented in Sec 1.4.
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Table 1.1: Comparison of typical system characteristics in RF-OFDM and OWC

Topic RF-OFDM OWC
TX Signal bipolar and complex-valued unipolar
Media RF electromagnetic waves lightwave
Detection (majorly) coherent direct detection

1.2 Development of O-OFDM

1.2.1 A Problem of Unipolarity

In [25], Kahn and Barry characterised the physical behaviour of infrared channels using
Intensity Modulation with Direct Detection (IM/DD). In IM/DD systems, the signal to
be transmitted modulates the optical power of the emitted lightwave. At the receiver,
a Photo Detector (PD) is used for converting the optical signal into electronic current
for representing the received signal. The resultant IM/DD systems have been widely

employed both in optical wireless [4,8] and in fibre-optic communications [26].

However, the optical signals must be real- and positive-valued, whereas conventional
baseband OFDM signals relying on Fast Fourier Transform (FFT)-based modulation
are typically bipolar- and complex-valued. As shown in Appendix A, upon satisfying
the constraint of Hermitian symmetry in the Frequency Domain (FD), the Time Domain
(TD) counterpart of the OFDM signal after Inverse FFT (IFFT) is guaranteed to be

real-valued, but we still have to eliminate the negative samples.

To circumvent this problem, DC-Biased Optical OFDM (DCO-OFDM) [27, 28] and
Asymmetrically Clipped OFDM (ACO-OFDM) [29,30] have been proposed, which are

introduced here.

1.2.2 DCO-OFDM vs ACO-OFDM

Carruthers and Kahn [27] have proposed to positively bias the bipolar real-valued signal
generated after satisfying the Hermitian symmetry with the aid of a DC component, so
that the signal became positive, hence the terminology of DCO-OFDM. Since the mag-
nitude of the signal is randomly distributed, some small residual negative samples may
persist after adding the DC offset. Therefore, the DC offset to be used must be care-
fully decided, so that the damage to the integrity of the information conveyed remains
negligible after clipping the negative residual samples. As a common practice [30], the
DC offset of DCO-OFDM is typically in excess of 10 dB. Various experiments have been
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conducted using DCO-OFDM in different scenarios, such as Free-Space Optical (FSO)
wireless [31-33] and optical fibre [34, 35].

In order to avoid the above-mentioned substantial power-loss imposed by the DC-bias,
Armstrong and Lowery [29] proposed the ACO-OFDM concept, where the bipolar modu-
lated signal is directly clipped at zero after IFFT. Explicitly, this is achieved by arranging
for the FD OFDM signals that only their odd-indexed subcarriers are non-zero, hence
creating an opportunity for all the distortions generated by clipping the negative samples
to fall solely on the even-indexed ones. This specific measure allows ACO-OFDM to re-
tain information integrity, despite the drastic clipping process. Armstrong et al. [36] as
well as Armstrong and Schmidt [30] carried out the Bit Error Ratio (BER) performance
analysis of ACO-OFDM and DCO-OFDM, respectively, and compared their optical effi-
ciency to that of on-off keying (OOK). In [37], the clipping distortions encountered both
by DCO-OFDM and ACO-OFDM were also taken into consideration by Dimitrov et
al., and the clipping effects together with the associated BER expression for transmis-
sion both over Additive White Gaussian Noise (AWGN) and over fading channels were
also provided. Experiments have also been conducted for evaluating the performance of
ACO-OFDM and for comparing it against that of DCO-OFDM [38-40].

Moreover, we would also like to mention that similar characteristic features are exhibited
by the Pulse-Amplitude-Modulated Discrete MultiTone (PAM-DMT) scheme, where
the imaginary part of all subcarriers is actively modulated, while the real part is left
blank [41]. The performance of PAM-DMT was compared to that of ACO-OFDM and
other optical schemes in [42], where PAM-DMT and ACO-OFDM have been found to
perform similarly. Other diverse schemes have also been advocated for avoiding the DC
energy wastage, such as Flip-OFDM /U-OFDM [43,44], which transmit the positive and

inverted negative parts of the real-valued symbols separately in the TD .

1.2.3 Power- vs Spectrum-Efficiency

Again, DCO-OFDM meets the unipolar requirement by dissipating a large amount of
DC power for offsetting the negative TD samples, which is clearly inefficient. Hence,
ACO-OFDM was proposed as an alternative solution requiring a reduced power, which

is achieved by halving its effective throughput.

Table 1.2 summarises the pros and cons of DCO-OFDM and ACO-OFDM. More explic-
itly, Fig. 1.1 portrays the Spectral Efficiency (SE) and Power Efficiency (PE) of the two
schemes under same bandwidth and modulation constellation (64QAM). Observe from
Fig. 1.1 that huge gaps exist between DCO-OFDM and ACO-OFDM.
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Table 1.2: Pros and Cons of DCO- and ACO-OFDM Schemes

Scheme Power Domain Spectrum Domain
DCO-OFDM | Less efficient due to DC offset | Half of the subcarriers are
information-bearing
ACO-OFDM | Efficient thanks to the ab- | A quarter of the subcarriers
sence of DC offset are information-bearing
3.5 T T 150
% |- ACO-OFDM ACO-OFDM
Spectral Efficiency Power Efficiency
.- DCO-OFDM - «. DCO-OFDM
Spectral Efficiency Power Efficiency
-1 125
3 H P (> EEEEERS O ----=- O ------ Q------- (0]
'0 - O . O ...... O ..... O O C)
"__O" o NG I O O O o)
o\ o ,
2\ - o o o o ol =
D

Spectral Efficiency (bps/Hz)

Power Efficiency (kbps/J

Figure 1.1: Comparison of spectrum and power efficiency for ACO-OFDM (solid
lines) and DCO-OFDM (dashed lines). Blue lines marked by circles and scaled
on the left axis represent the spectral efficiency, while those in red, marked
by crosses and scaled on the right axis represent power efficiency. In addition,
some dotted lines are depicted to indicate possible trade-offs. The data are
obtained for 64QAM modulation and the DC offset for DCO-OFDM is 13 dB

based on [30].
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1.2.4 A Hybrid Solution

Naturally, the power saved by using blank subcarriers may be invested into the active
subcarriers, either for reducing their BER or for enhancing their throughput, which
is a common practice in improving the performance in the literature [45,46]. As a
compromise, a small amount of the power conserved by ACO-OFDM can be assigned to
transmit additional information on the idle subcarriers, in order to increase the spectral
efficiency, at the cost of degrading the power efficiency. In Fig. 1.1, the compromise
solutions are marked by dotted lines between ACO-OFDM and DCO-OFDM.

In terms of practical implementation, a great variety of designs can be found in the
literature. They are commonly termed as hybrid schemes, since they tend to have mul-
tiple basic unipolar OFDM schemes (e.g. ACO-OFDM, DCO-OFDM, PAM-DMT, etc.)
in their structures. The Asymmetrically Clipped DC Biased Optical OFDM (ADO-
OFDM) scheme was proposed by Dissanayake et al. [47], which utilises both ACO- and
DCO- OFDM by multiplexing the two schemes in the FD. In [48], ADO-OFDM was
analysed and its performance was compared to that of ACO-OFDM and DCO-OFDM.
Relying on a similar multiplexing philosophy, Ranjha and Kavehrad [49] proposed the
Hybrid Asymmetrically Clipped Optical OFDM (HACO-OFDM) scheme, combining
ACO-OFDM and PAM-DMT. In [50], a more advanced hybrid system combining ACO-
OFDM and PAM-DMT was proposed, under the terminology of Asymmetrical Hybrid
Optical OFDM (AHO-OFDM). In contrast to HACO-OFDM, one of the two constituent
signals in AHO-OFDM must be inverted, yielding a bipolar signal, which requires ad-
ditional DC bias for eliminating the negative samples. AHO-OFDM is considered to
be more flexible and more spectral-efficient than HACO-OFDM, which is a benefit of
both its ability to adjust the power ratio between the constituent ACO-OFDM and
PAM-DMT schemes, as well as owing to the full utilisation of all the subcarriers with
the aid of its DC offset. Moreover, Asymmetrically and Symmetrically Clipped Optical
OFDM (ASCO-OFDM) was proposed by Wu and Bar-Ness [51], which relies on an idea
equivalent to multiplexing ACO-OFDM and Flip-OFDM in the FD. In [52], a pair of
hybrid schemes, namely the Absolute Value Optical OFDM (AVO-OFDM) and Asym-
metrically Clipped Absolute Value Optical OFDM (AAO-OFDM) were proposed. The
AVO-OFDM scheme transmits the absolute value of the bipolar Hermitian-symmetry-
constrained signal and uses additional resources to transmit their sign information. On
the other hand, AAO-OFDM amalgamates AVO-OFDM and ACO-OFDM for attaining

an improved performance.

Before we proceed, Tab 1.3 summaries all the O-OFDM schemes® that have been men-
tioned up to this stage. The last column of Tab 1.3 shows the corresponding typical
spectral efficiency, when compared to its RF counterpart having the same bandwidth.
Observe from Tab 1.3 that

'PAM-DMT is classified here as an O-OFDM for the sake of comparison.
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Table 1.3: List of Basic and Hybrid O-OFDM Schemes Introduced

Nature Time Ref. Name Design SE
Apr. 1996 [27] DCO-OFDM  DC offset i
Mar. 2006 [29] ACO-OFDM  Clipping at zero, idle subcar-  }
rier for distortion
Basic  pee. 2009 [41] PAM-DMT  Clipping at zero, only imagi- %
nary part in FD
May. 2012  [44] U-OFDM Transmit positive and nega- 1
tive parts separately
Dec. 2012  [43]  Flip-OFDM  Transmit positive and nega- i
tive parts separately
Sep. 2017  [52] AVO-OFDM  Transmit magnitude and sign < 3
parts separately
Dec. 2011 [47] ADO-OFDM  ACO-OFDM + DCO-OFDM 1
Hobrid Apr. 2014 [49] HACO-OFDM ACO-OFDM + PAM-DMT 3
ybri )
Jan. 2015  [51] ASCO-OFDM ACO-OFDM + Flip-OFDM 3
May 2015  [50] AHO-OFDM  ACO-OFDM + PAM-DMT + 1

DC
Sep. 2017  [52] AAO-OFDM  ACO-OFDM + AVO-OFDM < 1

e Only DCO-OFDM as well as the hybrid schemes relying on it, and AHO-OFDM

can achieve the SE of %, but unfortunately all of them require DC offset;

e The hybrid schemes have fixed SE values, which is dependent on the specific choice

of its constituent schemes.

A further design option is contributed by the recently proposed Layered ACO-OFDM
(LACO-OFDM) [53], which populates the idle subcarriers of ACO-OFDM by creating
an additional layer and mapping an extra set of symbols to the originally un-populated
positions of the ACO-OFDM scheme. To elaborate further, in the next section, we
survey the evolution of LACO-OFDM.

1.3 Survey of Layered ACO-OFDM

In this section, we review the propositions and recent developments of LACO-OFDM,
which are summarised below in Tab. 1.4, where the dates of publications and their main

contributions are listed.
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Table 1.4: Research Timeline

May 2015 [53] The proposition of LACO-OFDM
Jun. 2015 [54] Independent proposition of SEE-OFDM
Dec. 2015 [55] Independent proposition of eACO-OFDM
Feb. 2016 [56] Improved clipping distortion cancellation at RX
Mar. 2016 [57] Independent proposition of EACO-OFDM
Jun. 2017 [58] RX with diversity combining and SIC
[59] RX with diversity combining and clipping distortion
recovery
[60] Performance analysis and comparison
Aug. 2017 [1]  Performance analysis and PAPR reduction
Sep. 2017 [61] Channel coding and experiment
Dec. 2017 [62] Capacity analysis and adaptive modulation
Jan. 2018 [63] SCFDM and reduced PAPR
Apr. 2018 [64] Capacity analysis
Jun. 2018 [65] Improved RX with SIC
Oct. 2018 [66] Performance analysis
Jan. 2019 [67] Improved RX on clipping noise mitigation
[2]  Capacity analysis, channel coding
Mar. 2019 [68] NOMA and network scheduling
[69] NOMA and HPD-LACO-OFDM
Apr. 2019 [3] Channel coding

1.3.1 Philosophy

The LACO-OFDM architecture is constructed from ACO-OFDM, which was proposed
by Armstrong [29]. In the FD, the second half of the subcarriers of an ACO-OFDM signal

are the conjugate complex counterpart of the first half, which satisfies the Hermitian

symmetry and results in a real-valued TD signal. The negative-valued samples in the

TD signal are clipped at a lower boundary (LB clipping), so that the signal becomes

suitable for IM/DD transmission. Moreover, only the subcarriers having odd-valued

indices are modulated, while the even-indexed ones are left blank for accommodating

the clipping distortion generated by the previous clipping process, which would otherwise
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contaminate the subcarrier. Therefore, at the receiver, the first half of the even-indexed

subcarriers can be straightforwardly extracted after FFT.

In LACO-OFDM, the transmitter loads an additional signal on the even-indexed subcar-
riers of an ACO-OFDM signal, using the same ACO-OFDM principle mentioned above,
but with only half the length, which makes up a second layer. This justifies the termi-
nology of layered ACO-OFDM. On the second layer, these signals occupy every other
even-indexed subcarrier and have only half the length of the signals on the first layer. In
order to improve the SE of the OFDM signal, this process can continue with further lay-
ers added to the LACO-OFDM structure, with each layer occupying half the number of
subcarriers of the preceding one. In this manner, the signals and their clipping distortion
can be removed from the structure layer-by-layer at the receiver and the signal can be
detected. However, due to external influences, such as thermal noise, the detection may
not be perfect. This would lead to an unclear clipping distortion cancellation, defined
as the Inter-Layer Interference (ILI), which in turn further degrades the performance of

the higher layers.

The LACO-OFDM signal is subject to clipping at an upper boundary (UB clipping),
due to the linearity limitation of the optical devices. This process causes further distor-

tion, which may be reduced when the signal has a lower Peak-to-Average Power Ratio
(PAPR).

1.3.2 Developments

The original concept of LACO-OFDM was published by Wang et al. [53] in May 2015.
They quantified the spectral efficiency improvement attained by LACO-OFDM, which
eventually converges to that of the DCO-OFDM scheme, as the number of layers is
increased. The BER performance for transmission over AWGN channels under limited

electric and optical powers was also quantified.

Interestingly, during the same time period, three other independently proposed schemes

utilising a similar philosophy were reported in the literature.

e Elgala and Little [54] quantified both the throughput and PAPR of their scheme,
which was termed as spectral- and energy-efficient OFDM (SEE-OFDM).

e As a further development, in [55] the idea of superimposing multiple streams was
proposed by Islim et al., which was then applied to ACO-OFDM. The authors
studied the spectral efficiency of the superimposed signal, where the length of the
OFDM Ciyclic Prefix (CP) was also considered. It was demonstrated that the SE
approached that of the DCO-OFDM. Therefore, they referred to this scheme as
enhanced ACO-OFDM (eACO-OFDM). The BER performance of eACO-OFDM
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was also studied and it was contrasted to that of DCO-OFDM and ePAM-DMT
[70].

e Finally, Lowery [57] metaphorised the symbol-to-subcarrier loading process as the
arrangement of notes into chords of different octaves in music. On a particu-
lar octave, only specific harmonics could be loaded with notes, which resembled
the ACO-OFDM philosophy. The SE improvement attained was calculated and
compared to that of ACO-OFDM, leading to the terminology of Enhanced ACO-
OFDM (EACO-OFDM). The performance of EACO-OFDM was characterised by
the Error Vector Magnitude (EVM) metric through simulations and it was con-
trasted to both PAM-DMT and ADO-OFDM.

1.3.3 Improvements

Several research studies have been carried out since 2017 in order to improve the per-
formance of LACO-OFDM, which are surveyed below.

1.3.3.1 LB Clipping Distortion and ILI

Wang et al. [56] provided an improved LACO-OFDM receiver by further exploring the
characteristics of the TD LACO-OFDM signals. The original receiver of [53] detects
the signal from layer 1 upwards to layer L, successively cancelling out the distortion
generated by each layer after detecting and re-modulating it. By contrast, the receiver
proposed in [56] conducts an additional round of interference cancellation for improving

the attainable BER at the cost of an increased complexity.

When cancelling out the clipping distortion imposed on each layer, the original receiver
of [53] relied on hard decisions. In doing so, the receiver re-maps the detected bits of
each layer back to QAM symbols for reproducing the clipping distortion. By contrast,
in [58], Wang et al. used soft-decision-based Successive Interference Cancellation (SIC)
at the receiver. The soft-value of each bit is used for reproducing the clipping distortion,
rather than the bits after hard-decisions. Simulations were performed for characterising
the scheme advocated, demonstrating that this scheme mitigated the error propagation
imposed by hard-decisions. This scheme was even further improved by Wang et al. [58],
resulting in reduced residual interference and an improved BER. As a further devel-
opment, Mohammed et al. [59] proposed to use diversity combining for improving the
performance. Simulations were conducted for transmission over both flat and frequency

selective channels to verify the improved BER performance.

In [69], Li et al. improved the transmitter signal processing of the LACO-OFDM signal.
Explicitly, in their TX design, the higher layer signals were pre-distorted by subtracting
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the clipping distortions of the previous layers from the signal before LB clipping. There-
fore, the signals became free from clipping distortion contamination at the receiver side
and all layers were directly detected. This new scheme was referred to as Hierarchical
Pre-Distorted LACO-OFDM (HPD-LACO-OFDM). Their solution prevented the error
propagation from the transmitter side and resulted in outstanding BER performance,

despite its complexity reduction at the RX.

1.3.3.2 UB Clipping Distortion and PAPR

Sun et al. [60] analysed the Probability Density Function (PDF), PAPR as well as
the BER performance of LACO-OFDM, and compared its performance to both ADO-
OFDM [47] and HACO-OFDM [49].

Zhang et al. [1] studied the performance of LACO-OFDM and provided the mathemat-
ical expressions of the BER and PAPR, where UB clipping was considered. A novel
PAPR reduction method was also proposed for improving the performance attained.

Simulations were conducted for verifying the accuracy of the formulae derived.

In [63], Zhou et al. designed a layered scheme similar to LACO-OFDM. Instead of using
QAM based ACO-OFDM on each layer as in the original LACO-OFDM [53], the scheme
of [63] applied Discrete Hartley Transform (DHT)-based OFDM for PAM symbols on
each layer, resulting in Single-Carrier Frequency Domain Multiplexed (SCFDM) layered
signals. These signals were then clipped and superimposed in the TX. At the receiver,
they were detected in the same way as in the original LACO-OFDM of [53]. Finally,
its performance analysis was carried out for demonstrating its reduced computational
complexity and PAPR, while the simulations provided revealed its higher immunity to

both transmitter nonlinearity and to the multi-path fading.

In [67], Wang et al. studied the UB clipping distortion in LACO-OFDM by modelling
the distortions imposed on each layer using Bussgang’s theorem, which led to an accu-
rate mathematical expression of the distortion. Using the results derived, an improved
LACO-OFDM receiver was proposed, which is capable of identifying the peaks that are
UB-clipped and therefore it makes improved decisions. Their simulations demonstrated

the improved BER performance under clipping.

1.3.3.3 Multi-User system

In [68], a multi-user LACO-OFDM scheme was proposed by Feng et al. based on the
Non-Orthogonal Multiple Access (NOMA) concept, where the signal of the users super-
imposed at different powers was separated in the power domain on each layer. At the

receiver, the detector employed a pair of nested loops, where the inner loop processed
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the signal of the different users as in conventional RF-NOMA, while the outer loop mit-
igated the clipping distortion and ILI, as in single-user LACO-OFDM. The problems of
power sharing and user-scheduling were also solved and the simulation results verified

the accuracy of the theory.

In [69], Li et al. applied NOMA to their proposed HPD-LACO-OFDM (mentioned in
Sec. 1.3.3.1) in the same manner as in [68], but succeeded in mitigating the source of ILI,
which is a benefit brought about by the pre-distortion invoked at the TX. Hence, they
improved the BER performance in their conventional NOMA LACO-OFDM benchmark

system.

1.3.3.4 Capacity and Coding

Song et al. [61] considered an optical fibre system using LACO-OFDM. Convincing
hardware experiments were conducted for demonstrating an improved BER. performance
both on a layer basis and overall. Yang et al. [62] analysed the channel capacity of LACO-
OFDM for different numbers of layers and provided numerical results. An adaptive
modulation scheme was also proposed by varying the number of layers modulated in
LACO-OFDM for maximising the capacity of the system.

Zhou and Zhang [64] compared the performance in the face of Gaussian optical inten-
sity channel for a variety of unipolar OFDM schemes, ranging from single-component
ones like ACO- and DCO-OFDM, to the multiplexing-based ones like ADO- and LACO-
OFDM. Closed-form expressions were derived for their information rates and compre-
hensive simulations were provided for comparing their behaviour for different parameter

sets.

Sun et al. [66] quantified both the spectral- and energy-efficiency of different O-OFDM
schemes, including PAM-DMT [41], ACO- [29], DCO- [27], ADO- [47], HACO- [49] and
LACO-OFDM [53]. The performance of each scheme was then compared to one another
under an AWGN channel using both theoretical analysis and simulations, while the DC

gain and other hardware-related parameters were also considered.

Zhang et al. [2] derived the achievable rate of LACO-OFDM for the modulation schemes
considered. A multi-class coding architecture was then conceived for LACO-OFDM,
where the Forward Error Correction (FEC) components were embeded into the layered
system and the attainable performance was quantified. A sophisticated multilayered
channel coding was conceived for LACO-OFDM by Babar et al. [3], where the protection
was established not only within each separate layer, but also across different layers.

Hence, a near-capacity performance was attained.
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1.4 Thesis Outline and Novel Contributions

1.4.1 Outline of the Thesis

Figure 1.2 portrays the outline of this thesis, which includes the following highlights:

Chapter 3
e Basic
L Performance )

Chapter 2 ( Chapter 4
LACO-OFDM —p—|  Multi-Class |k
Tutorial L Coding

Chapter 1
Introduction

Chapter 6
Conclusion

Chapter 5
—— Capacity

Main Contributions Maximisation )

____________________________________

Figure 1.2: Organisation of the thesis.

e Chapter 2: A Tutorial on LACO-OFDM
In this chapter, we present a detailed tutorial introduction to ACO-OFDM and
LACO-OFDM. Explicitly, we present the spectral-domain and time-domain char-
acteristics of both the constituent layers and the of superimposed signal, accom-
panied by detailed mathematical proofs and examples. We also briefly introduce

the power allocation strategy that is conventionally adopted generally.

e Chapter 3: Basic Performance Analysis and Improvements of LACO-OFDM
In this chapter, we provide a comprehensive performance analysis of the LACO-
OFDM system presented in Chapter 2, including its BER and PAPR performance.
Meanwhile, a method to reduce the PAPR of LACO-OFDM is also proposed and

verified by simulation.

e Chapter 4: Multi-Class Coded LACO-OFDM
With the uncoded BER performance detailed in Chapter 3, we now focus our at-
tention on designing a dedicated channel coding scheme for LACO-OFDM. We
commence with the channel capacity analysis of LACO-OFDM. First, a concep-
tually straightforward but naive single-class coding system is proposed and eval-
uated, followed by a discussion of its impediments. Then, a more sophisticated
multi-class coding scheme is proposed for enhancing the attainable performance,
which lends itself to harmonised integration with the layered structure of LACO-
OFDM in both of its TX and RX design. A log-likelihood-based layer detection
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and distortion cancellation method is also proposed for improving the performance
attained. Finally, the performance of the proposed system is contrasted to that of

its single-class counterpart, as well as to the uncoded system.

Chapter 5: Optimum Power Allocation in LACO-OFDM

In Chapter 5, we improve the capacity by quantifying the relationship between
the LACO-OFDM DCMC capacity and its layer-power allocation strategy. The
maximum attainable capacity is quantified for different number of layers. More-
over, we propose an adaptive scheme for deciding on how many layers to use for
LACO-OFDM under certain channel conditions, in order to maximise the overall

capacity.

Finally, Chapter 6 summaries the findings of the thesis, and offers a range of future

research ideas.

1.4.2 Novel Contributions of the Thesis

The novel contributions of this theses are listed as follows.

1.

2.

A survey of the short but rapidly-evolving history of LACO-OFDM is provided.

The BER performance of LACO-OFDM is analysed in the face of thermal noise, ILI
and clipping distortion [1]. The bit rate difference between layers is also quantified
and its BER expression is provided, which suggests that the clipping distortion

becomes a major performance-limiting factor in the high-SNR region.

. A novel PAPR reduction method based on tone-injection is also proposed for im-

proving the performance of LACO-OFDM, which relies on formulating an optimi-
sation problem that may be solved by off-the-shelf tools, regardless of the number
of layers [1].

. We quantify the achievable rate of LACO-OFDM systems relying on different

modulation schemes and different number of layers, which is based both on the

theoretical mutual information and on our simulations [2].

. We conceive a novel FEC coded LACO-OFDM system, which intrinsically amal-

gamates the classic FEC codes with our LACO-OFDM system [2]. Our results
demonstrate that the proposed coded LACO-OFDM system significantly outper-
forms the benchmark system consisting of a separate FEC and LACO-OFDM

scheme in terms of its BER performance.

. We further analyse the layered BER of the proposed coded system [2]. It is demon-

strated that the proposed coded LACO-OFDM system is capable of drastically re-
ducing the ILI. Quantitatively, the coded LACO-OFDM system relying on 4-layer
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16QAM LACO-OFDM and turbo coding (8-iteration) completely eliminates the
ILI at E,/No = 10 dB, which is 9 dB lower than that of the uncoded system.

7. We derive the DCMC capacity of LACO-OFDM as a function of the Signal to
Noise Ratio (SNR) and the number of layers in the system, as well as the power

sharing amongst the layers.

8. We provide an algorithm for determining the optimum power allocation strategy
for twin-layer LACO-OFDM at a given SNR, followed by our generalised algorithm

suitable for an arbitrary number of layers.

9. Finally, we compare the optimised capacities of LACO-OFDM systems relying on
different number of layers, which leads to an adaptive scheme using the optimum

number of layers maximising the capacity at a given SNR.
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Figure 2.1: Linkage of Chapter 2 with the thesis structure.

2.1 Introduction

Before commencing our detailed performance analysis, this chapter presents a tutorial
on the basic LACO-OFDM transceiver design, followed by the introduction of the basic

concepts and notations to be used throughout this thesis.

In Sec. 2.2, the transmitter and receiver structures are presented, complemented by a
detailed example of its operation. The ACO-OFDM architecture constitutes the root
of the LACO-OFDM scheme introduced in Sec. 2.3, where the associated transmitters

15
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and receivers are introduced and compared. These discussions are followed by detailed
step-by-step examples of the LACO-OFDM operations. Then, Sec. 2.4 describes the
most commonly adopted power allocation strategy of LACO-OFDM. Finally, Sec. 2.5

summarises in this chapter.

2.2 The ACO-OFDM Scheme

2.2.1 ACO-OFDM Transmitter

Figure 2.2 shows the general schematic of the ACO-OFDM transmitter, relying on M-
ary quadrature amplitude modulation (M QAM). The input bit stream b of length B
is mapped onto the complex FD symbols S based on a given MQAM constellation S.
This provides a total of B/log, M complex symbols, which, together with their B/logy M
conjugate counterparts and with the additional 2B /logy M null placeholder symbols, are
then mapped onto K = 4B /logy, M subcarriers S as follows:

Slul, k=2u+1,
Skl =4 S*[u], k=K — (2u+1),
0, otherwise,
0<u<Z and 0<k<K-1,

where * denotes the conjugate of a complex number.

Since the FD symbols S obey Hermitian symmetry, the TD signal s obtained after IFFT

becomes real-valued and anti-symmetric, i.e. we have:

K K
—s[n}—{—i—n], 0<k<—. (2.2)

2 2
Detailed mathematical proof of this property is provided in Appendix A.1. Therefore,
all negative samples of 5 can be dropped without losing information. The resultant
non-negative electric signal s is converted into optical signal and emitted through an

LED.

MQAM | S S K-point | S Clipping
IFFT at zero

Figure 2.2: An ACO-OFDM transmitter block (ACO TX).
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2.2.2 ACO-OFDM Signals

In Fig. 2.3, an example is provided for further illustrating the signal processing operations
of an ACO-OFDM transmitter. In the example given, the system has a total of 16
subcarriers, hence capable of conveying 4 symbols per OFDM block.

_ S > S S S » > >
S 5 & 5 5 e e eS| & sw
0

T 2 8 4 5 6 7 8 9o 10 11 12 13 11 15 > cartler
Index

(a) Loaded FD Signal

s O
9 931 041 0.2 ‘ 0.45

4 . B
CP . CP . CP . . | | (P | ? | I CP glime
1 78322 3 (I;x 5 |6 8 clg £ 10_83;1 12 &3 14 15 ot

—0.41

F{s}

Sub-
carrier
Index

11

(d) Clipped FD Signal, where the hatched boxes represent clipping distortion

Figure 2.3: Example of ACO-OFDM TX process signal flow.

Figure 2.3(a) shows the FD representation of the signal S. It becomes clear in Fig. 2.3(a)
that the requirements of Hermitian symmetry and blank subcarrier between every pair
of subcarriers specified by Eq. (2.1) are strictly followed. As a result, the TD counterpart
5 of the FD signal S behaves exactly as portrayed Eq. (2.2). In Fig. 2.3(b), example
data samples are provided to verify this property at a glance. Bear in mind that all TD
samples in Fig. 2.3(b) are real-valued. The TD and FD views of the clipped signal s are
provided in Figs. 2.3(c) and 2.3(d), respectively. It can be seen from Fig. 2.3(d) that
all clipping distortions fall on the subcarriers having even indices, as elaborated on in
Appendix A.1.

2.2.3 ACO-OFDM Receiver

Figure 2.4 shows the schematic of the ACO-OFDM receiver.

The received signal r seen in Fig. 2.4 is firstly passed through the FFT to obtain the
corresponding FD signal R. Since the negative clipping distortion only falls on the even-

indexed blank subcarriers (k = 2u), the desired information can be extracted from the
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——————————————————————————————————————————————————————

r | K-point | B | 1stHalf | R . S | MQAM b
| FFT " | Odd Ext. > Detection | Demapping [}
N L . e
Figure 2.4: An ACO-OFDM receiver block (ACO RX).
first half odd-indexed subcarriers, i.e.
_ K
Rlu] = R[2u + 1], 0<u< <4 — 1) . (2.3)

The information symbols S of Fig. 2.4 are then detected from the symbols R based on
the constellation S, which is formulated as

Slu] :arg?eig‘X—2§[uH, 0<u< <{f—1> , (2.4)

where the multiplicative factor of 2 for R compensates the signal power halving during
in the clipping process. Finally, the bit stream b is obtained at the receiver by mapping

the symbols S back to bits, as seen in Fig. 2.4.

It is worth noting that the ACO RX block of Fig. 2.4 has both b and S as its output,

where the latter will be used in due course.

2.3 The LACO-OFDM Scheme

In this section, we introduce the architecture of LACO-OFDM transceivers, which is
based on the ACO-OFDM structures described in Sec. 2.2. We will present two different
designs for the LACO-OFDM transmitters and receivers, respectively, and discuss their

difference, followed by our detailed examples.

2.3.1 LACO-OFDM Transmitter

The LACO-OFDM framework utilises the blank even-indexed subcarriers (k = 2u) of the
classic ACO-OFDM frame for transmitting additional layers of ACO-OFDM symbols,
since clipping distortion only exists at the even indices, which can be removed at the
receiver. Explicitly, the classic ACO-OFDM relying on Kj-point IFFT/FFET constitutes
the first layer (I = 1, hereinafter refers to as ‘layer 1’). The Ky = K /2 blank subcarriers
of layer 1 are then filled by the second layer (I = 2, hereinafter refers to as ‘layer
2’) ACO-OFDM symbol, relying on Ks-point IFFT/FFT. Similarly, additional ACO-
OFDM layers can be added, so that the number of subcarriers occupied by layer [ is

(2.5)
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Below we present a pair of LACO-OFDM transmitters found in the literature, before
discussing their pros and cons. The detailed mathematical proof that these two models
are equivalent and produce exactly the same LACO-OFDM signal can be found in
Appendix A.2.

2.3.1.1 Transmitter Model 1

Figure 2.5 shows the block diagram of a LACO-OFDM transmitter consisting of L
ACO-OFDM blocks as its basic units. The serial input bit stream is firstly split into L

parallel streams, corresponding to the L layers, each of which is independently fed to an
ACO-OFDM TX unit.

___________________________

Layer 1
ACO TX CORE

Mﬁ *K, Eq. (2.6)

Layer 2
ACO TX

S/p
y

Mﬁ *K, Eq. (2.6)

Layer L
ACO TX

br .| MQAM Sr | K-point | 3L, Clipping | 8L

IFFT at zero | |

______________________________________________

Figure 2.5: LACO-OFDM transmitter system model 1, where the zoom-in struc-
ture of ACO TX similar to Fig. 2.2 is provided.

The bit-to-symbol mapping and symbol-to-subcarrier loading strategies of layer 1 is
the same as that of ACO-OFDM in Eq. (2.1), while for higher layers this should be
modified. Since layer 2 occupies all the even-indexed subcarriers, i.e. k =2,4,6,8,...,
to obey the rule of ACO-OFDM by leaving every other subcarrier blank, the symbols
of layer 2 can only be loaded onto those subcarriers whose indices are multiples of 4,
1.e. k=4,8,16,..., leaving the rest blank. Similarly, layer 3 occupies subcarriers k =
2,6,10,14, ... and only load symbols on k = 6,14,22,... This strategy is summarised
in Eq. (2.6), where for layer [ the symbols are loaded onto subcarriers having indices,

which are multiples of 2! shifted by an additional 2!=! positions, and the conjugated
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symbols are followed in a descending order

Siu], k= 2y + 211
Silk] =14 Sflul, k=K — (2lu+ 271,
0, otherwise,
1<I<L,0<u< 2{; for layer [, 0 < k< K —1,

(2.6)

It is pertinent to mention that several factors, such as the throughput demand and
Quality of Service (QoS) requirement, dictate both the number of bits B; (length of b;)
assigned to each layer and the modulation order (M) of each layer. However, the com-

bination of B; and M; must ensure that the [th layer outputs exactly K7 /2! symbols.

Each of these loaded FD symbol streams S; of Fig. 2.5 is independently converted into
a TD signal s; formulated as:

8 = f_l{gl} , (2.7)

while have their negative samples clipped as follows:
s =[5 (2.8)

The resultant unipolar signals s; are finally superimposed to form the LACO-OFDM
signal x of Fig. 2.5, which will be forwarded to the D/A process.

2.3.1.2 Transmitter Model 2

Figure 2.6 provides another portrayal of the LACO-OFDM transmitter, where signal
repetition is required for the higher layers, in exchange for having a reduced number of
IFFT stages. In the design shown in Fig. 2.6, the symbols on all layers are loaded onto
subcarriers in the same manner as in ACO-OFDM, leaving only one blank subcarrier
between each active pair. Since the number of subcarrier symbols conveyed by each
layer is different, the lengths of the loaded signals §l of Fig. 2.6 also vary. Explicitly,

we have:
Silu], k=2u+1,

Silkl = ¢ Sflul, k=K —(2u+1),
0, otherwise,
1<I<L, 0<u<ghyforlayerl, 0<k < K;—1.

(2.9)

This in turn implies that the TD signal must repeat itself several times for [ > 1 for the
sake of aligning the TD signals of all the L layers. Meanwhile, an attenuation factor of

/K /K is added after repetition for energy conservation proposes, yielding:

sin] = % |5] [mod(n, Kj)]. (2.10)
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Finally, the resultant LACO-OFDM signal x of Fig. 2.6 is now ready for electric/optical

conversion.
| M1+ +K1, Fq. (2.9) LACO TX CORE |
by | Layer 1 Lng '
| Y :
. | ACO TX '
: S1 :
| Moy 7K, Ba. (29) :
b | s :
bﬂg 2% ;Caéel;[‘QX L Jé Repeat 1 time —82>@—:Lw>
: ML+ +KL, Eq. (2.9) 5L
bL¢ Layer L |_§J£ Repeat :
" ACO TX = (2F1 —1) times :
*]WL K * *Eq. (2.9) *KL ....................
br | M QAM L . §L‘ K -point EL‘ Clipping :LEJL
. | Mapping = Leeding | IFFT | atzero ||

______________________________________________

Figure 2.6: LACO-OFDM transmitter system model 2, where the zoom-in struc-
ture of ACO TX similar to Fig. 2.2 is provided.

2.3.1.3 Transmitter Design

Despite the fact that the two TX models produce exactly the same LACO-OFDM signals,

in practice, more detailed issues have to be discussed in terms of their implementation.

Model 1 represents a balanced design, where the data processing of all layers follow the
same structure. Therefore, the same layer processing module can be reused for all layers,
hence potentially reducing the complexity. For a standard length-K IFFT operation,
where K is a power of 2, the number of Complex Multiplications and Additions (CMA)
equals K logy K. Therefore, a LACO-OFDM system having L layers requires a total
of 2LK logy K CMAs using Model 1. Since the data processing of each layer can be
operated independently, a parallel structure can be employed for potentially increasing
the bit rate at a given processing power. If the time delay of a single IFFT stage is
TirrT, the total time required for Model 1 will be proportional to Tippt log, K.

On the other hand, TX Model 2 reduces the IFFT complexity by inserting fewer zeros at
the symbol-to-subcarrier loading stage, resulting in shorter S; sequences. The number
of IFFT points for layer [ is K; = K/2"=! according to Eq. (2.5), yielding a total of

% log, 21% CMAs. Therefore, the total number of CMAs for a LACO-OFDM system
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having L layers using TX Model 2 will be

L L L
2K K 1 -1
) (21—1 logy 21—1) = 2K logy K ) o—1 2K ol—1
=1 =1 =1

2K (2.11)

1 L
<2Klogy K, V1> 1.

The reduced IFFT complexity comes at the cost of repeating higher layer TD signals
multiple times for aligning them with the length-K layer 1. However, the repetition
operation can be carried out while waiting for the lower layers’ IFF'T processes to be
completed, which are more time consuming due to having more stages included. There-
fore, the total time delay of the Model 2 IFF'T is dominated by its layer 1 process, which

is the same as in model 1, .e. TippT logy K.

The discussions above are summarised below in Tab. 2.1. Note that the number of CMAs

Table 2.1: Comparison of the two transmitter designs in LACO-OFDM

Model CMA Delay Comment
Model 1 2K logy K Tirrr logy, K Balanced design

4(1-45)Klogy K
Model 2 (2 K 2(5 2 LO 82 1) Tippr logy K Less IFFT complexity
9L—1 - -

is estimated based on the classic RF-OFDM system. Since only a fraction of subcarriers
are loaded with complex-valued symbols in O-OFDM, this number can be reduced by
carefully optimising the IFFT structures. Nevertheless, the IFFT complexity of Model
1 will always be higher than that of Model 2.

It is clear that Model 2 should be employed in practical design, as a benefit of its lower
complexity. However, for the sake of analysing the LACO-OFDM system, both models

are used in this thesis, but different notations are assigned to distinguish them.

2.3.2 LACO-OFDM Receiver

Recall from Fig. 2.3 that layer 1 is free from ILI, while all the subsequent layers are
contaminated by the clipping distortion of the previous layers, i.e. layer [ is contaminated
by the clipping distortion of layers 1 to (I — 1). Therefore, the received LACO-OFDM
signal is detected in a layer-by-layer manner, invoking SIC for removing the clipping

distortion of the previous layers.

Figure 2.7 shows the block diagram of a LACO-OFDM receiver. The received signal r
is firstly fed to the ‘layer 1 ACO RX’, since layer 1 is not contaminated by any clipping
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K-point | Bi | 1st Half | B1 | Layer1 | Si_ | MQAM by
FFT Odd Ext. " | Detection " | Demapping | | 4

Layer 1 ACO RX

Clipping K-point
at zero IFFT

Figure 2.7: LACO-OFDM receiver system, where ACO TX and ACO RX rep-
resent the blocks seen in Figs. 2.2 and 2.4, respectively, and & subtracts the
signal marked with © from the signal marked with &.

distortion. The detected symbols S, are then fed to the ‘layer 1 ACO TX’ for the sake

of locally regenerating the clipped signal s; at the receiver as §;.

Next, 81 is subtracted from the received signal » = 71, hence resulting in the signal 7o,
which is not contaminated by the clipping distortion of layer 1, provided that the layer
bits have been perfectly detected, i.e. we have b, = b;. This SIC process is repeated
for all the subsequent layers, so that the signal r, fed to the ‘ACO RX’ unit of layer L

becomes free from the clipping distortion of all the previous layers.

Unfortunately, the SIC is not perfect, because any residual errors in the detected bits
b, may corrupt the regenerated signal §;. Consequently, the clipping distortion is not
completely eliminated and the residual ones of the successive layers accumulates, as we
move to higher layers. This in turn implies that the higher layers exhibit a higher BER

than the lower ones.
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2.3.3 LACO-OFDM Signals

Figure 2.8 shows the basic schematic of a LACO-OFDM communications system, which
has K OFDM subcarriers, and the final composite signal is composed of L layers. Circled
numbers are used in Fig. 2.8 to mark the different data processing stages, where (D~(4)
belong to the TX, and the rest are carried out at the RX.

S K-point | S1 | Clipping S1
IFFT " at zero

S K-point | S2 _ | Clipping

S2
\ P
IFFT at zero Tx

Sy K-point | 8L _ | Clipping SL
IFFT " | at zero IM/DD
Channel

S, Layer [ R, Ny r Clipping
—-¢—— Extraction —t KFII);,}nt - Distortion <l i 1 Rx
& Detection Subtraction -
$ I—1414
} (26) @)
END ON K-point 5 _ | Clipping
false true IFFT at zero

Figure 2.8: LACO-OFDM in IM/DD optical communication systems.

More specifically, in Figs. 2.9 and 2.10, we present side-by-side FD and TD views of
the respective TX and RX processes for a LACO-OFDM signal that is composed of 3
layers and uses 16-point FFT. The legends for all the items appearing Figs. 2.9 and 2.10
are summarised in Tab. 2.2. The remainder of this part introduces each of the steps

numbered in both figures.

2.3.3.1 Transmitter Signal Flow

(D At the TX side, the serially modulated FD symbol stream generated from the
symbol set S is firstly converted into parallel streams mapped to the layers. ACO-
OFDM having K subcarriers is applied to layer 1, which is capable of accommo-
dating K /4 symbols. This will leave K /2 empty subcarriers according to ACO-
OFDM, which can be filled by the ACO-OFDM scheme on layer 2. In this way,
the number of symbols loaded onto each of the higher layers is halved with respect
to the former, i.e. layer | only has K; = K/2!=! subcarriers for K;/4 symbols.
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Table 2.2: Legend for Figs. 2.3, 2.9, 2.10 and 3.3

Ttem Description

Representation

Empty box with Si[k] in the
middle

The original kth symbol on layer [

Light grey shaded box with
S} k] in the middle

The conjugate of symbol S;[k]

Box with north east hatching

The clipping distortion of layer 1

pattern
Box with vertical hatching | The clipping distortion of layer 2
pattern
Box with north west hatching | The clipping distortion of layer 3
pattern

Dark grey shaded box without
any pattern or text

Thermal noise

Grey shaded box with north
west hatching pattern

The ILI generated by layer 1

Grey shaded box with vertical
hatching pattern

The ILI generated by layer 2

Grey shaded box with

crosshatching pattern

The distortion generated by upper
bound clipping

Circular marker stem TD samples of signals processed at

X

E) NNNNY
> ENNNNN

TD samples of signals received or
processed at RX

Triangular marker stem

On each layer, the symbols themselves (.S;), together with their conjugates (S},
shown as shaded bricks in Fig. 2.9 (1)) generated for satisfying the Hermitian sym-
metry are aligned with their corresponding FD subcarriers, while the unused FD

positions are left zero.

For each layer, the signal S; is transformed by a K-point IFFT to generate the
layered TD signals's;. The resultant layered signals exhibit the half-wave symmetry
of ACO-OFDM, which is also shown in Fig. 2.9 (2). Furthermore, the higher-layer
signals tend to repeat themselves several times. As shown in Fig. 2.9 (2), the first

half of 59 repeats itself, and the first quarter of s3 repeats itself three times.

These TD signals are then clipped at the lower boundary (LB) to zero. The re-
sultant non-negative signals are denoted as s;. Naturally, this clipping imposes
distortions on each of these signals, which appear in the FD at the specific sub-
carriers that were originally left blank by the current layer, like those shown in
Fig. 2.9 6P using the diagonal and vertical patterns. Explicitly, the clipping dis-
tortions of layer 1 fall at all even-indexed subcarriers, layer 2 at subcarriers 0, 4,
8 and 12, and layer 3 at subcarriers 0 and 8. A more detailed explanation of why

they fall on those particular subcarriers can be found in Appendix A.3.
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@

Next, all non-negative layer signals are superimposed on each other to form the
signal . In the FD, the original information symbols and the distortions located
at the same subcarrier index are also superimposed on each other. In this way, the
distortions generated by one layer will contaminate the symbols on higher layers,
while layer 1 always remains free from this contamination. As shown in Fig. 2.9 @¥),
all the symbols of layer 1 occupy their own subcarriers, while those of layer 2 must
share their subcarrier with the clipping distortions of layer 1. Moreover, the two
subcarriers accommodating layer 3 symbols, i.e. subcarriers 4 and 12, also host

the clipping distortions of layers 1 and 2.

2.3.3.2 Receiver Signal Flow (layer 1)

@ is then transmitted over the optical IM/DD channel, and received by the RX
of Fig. 2.8 with the aid of a PD. The received signal » may differ from a due
to the thermal noise imposed. In Fig. 2.10 (5), the received signal is shown in
triangular stems, while the original sent signal « is also provided in circular stems

for comparison.

Meanwhile, layer 1 is free from any clipping distortions based on our previous anal-
ysis. Therefore, at this stage (I = 1) the clipping distortion subtraction operation

does not affect the signal, and r passes as 71 to the next step, yielding r = 7.

The received TD signal is firstly transformed by a K-point FFT into the FD signal
Ry at the RX of Fig. 2.8. The symbols of all layers and their corresponding clipping
distortions, together with the thermal noise, all co-exist at the moment, as shown
in Fig. 2.10 (6). It is worth mentioning that as the thermal noise is the AWGN, it
spreads evenly across the full frequency spectrum, which is reflected in Fig. 2.10 (6)

as the tiny dark grey bricks on top of all the subcarriers.

At the RX of Fig. 2.8, the detection has to be carried out on a layer-by-layer basis,
commencing from layer 1. Since layer 1 has suffered from no clipping distortion,
the symbols located at those subcarrier positions can be directly extracted from

R, as Ry, which is formulated as
Ri[u] = Ry[2u + 1]. (2.12)

This is the inverse operation of Eq. (2.6) for [ = 1. Based on the M;QAM mapping
constellation S1, the estimated transmitted symbols S on layer 1 of Fig. 2.8 can
be detected as

K
Silu] = arg)r(réigl | X — 2R [u]], 0<u< (41 — 1) . (2.13)
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Originally received signal in FD
I = 1 Received signal with no clipping distortion removed in FD

©)

riginally received signal in TD

@O

= 1 Received signal with no clipping distortion removed in TD
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Figure 2.10: Frequency and time domain views of the RX process of a 3LACO-OFDM signal with 16-point FFT. The circled numbers
and the symbol notations follow those defined in Fig. 2.8. All other items are defined in Tab. 2.2.



Chapter 2 A Tutorial on LACO-OFDM 29

(9 Then, S; is assembled into the length-K signal gl as in Eq. (2.6), as shown in
Fig. 2.10 @ (I = 1). Comparing 7)) (I = 1) to (D, it is clear that the receiver’s
copy of layer 1 signal is contaminated by the AWGN.

§1 is then transformed by the IFFT into the corresponding TD signal 3;. Due to
the unavoidable thermal noise encountered, $; would be slightly different from 3,
as seen in Fig. 2.10 (I = 1), where the circles represent the original signal 31,

while the triangle markers represent the locally generated §;.

(1) Then, $; is clipped again at zero for forming the non-negative signal ;. The
clipping distortion of layer 1 may now be generated at the RX of Fig. 2.8 as part
of 1. Viewing in the FD, owing to the noise, the clipping distortion generated
locally at the RX of Fig. 2.8 will be slightly different from the actual distortion, as
shown in Fig. 2.10 @, where this difference is represented by the small light grey
bricks at the top of the clipping distortion bricks constituted by the even-index
bars marked by the North East hatching pattern. Since we are going to cancel
the clipping distortion from the received signal, in order to detect the layer 2’s
signal, the additional light grey bricks will interfere with the detection process and
degrade the performance. Since this interference arises from layer 1 and affects

the performance of layer 2, we refer to it as the ILI imposed by layer 1.

2.3.3.3 Receiver Signal Flow (layer 2)

® (I = 2) At this stage, the iterative receiver now turns to decontaminating layer
2. Hence, locally generated clipping distortion of layer 1 constituted by the even-
index bars marked by the North East hatching pattern is subtracted from r; of
stage (5), so that in the resultant ro the symbols of layer 2 can be detected without
the clipping distortion from layer 1.

(@ (I = 2) Likewise, 79 is transformed by a K-point FFT to form Ry of Fig. 2.8.
(I = 2) The symbols of layer 2 can then be extracted from Ry as Ry, yielding:
Rofu] = Roldu + 2] = Ry[4u + 2] — F{81} [4u + 2], (2.14)
where the ‘4u + 2’ indexing comes from the relationship of ‘.6 = 2'u + 2= in
Eq. (2.6).

©® (I =2) Then, S of Fig. 2.8 is assembled into the length- K signal §2 as in Eq. (2.6),
as shown in Fig. 2.10 (® (I = 2). Upon comparing (9 (I = 2) to (9 (I = 1) and
(2), it becomes clear that the receiver’s copy of the layer 2 signal is contaminated

not only by the noise, but also by the ILI of layer 1.
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(I = 2) Now, the layer 2 symbols may be invoked for regenerating its clipping
distortion for supporting the detection of layer 3, using the procedure mentioned

above.

The RX of Fig. 2.8 keeps on activating the iteration loop (6)~ (1) until all layers become
detected.

2.4 The Equal Power per Bit Power Allocation Strategy

In this section, we introduce the Equal Power per Bit strategy for determining the power
relationship between each layer, in other words, how the total power should be shared
among all the layers!. The Equal Power per Bit strategy has been commonly adopted
in the literature: to allocate the same power to every bit transmitted. Therefore, we
have to use a fair power allocation scheme, where the power assigned is commensurate

with the number of subcarriers occupied by each layer.

The M;QAM mapper of layer | maps every log, M; bits to one symbol, while there
are a total of % = 21% subcarriers to accommodate these symbols. To simplify the
problem, we assume that the same modulation scheme is applied to all layers, thus we
have M; = M VI. The total number of bits on layer [ will be

K I K 10g2 Ml 1

Hence the average symbol power P of layer [ should be half that of layer (I —1), yielding:

1 1
Pb=-P 1=--==P. 2.16
1= 5 51 (2.16)

The transmitter designs of Sec. 2.3.1 automatically meet the Fqual Power per Bit strat-
egy. Explicitly, the length of QAM symbol stream S; of layer [ is

K; K Ky 1

1T omi T 1 g (2.17)
which is by a factor of % lower than that of of layer 1. Therefore, the energy of S;
would be % of S1. The loading and IFFT processes using TX model 1 conserve energy,
while the clipping process halves the energy for all signals, without affecting their ratio.
Therefore, the final TD layer signal s; would also have a factor % lower energy than
that of s1. Since they are now of the same length, their power ratio is also %, which
satisfies Eq. (2.16).

!Unless otherwise specified, electrical power/energy is considered here and hereinafter in this thesis,
instead of the optical power/energy.
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2.5 Chapter Summary

Figure 2.11 provides a detailed schematic diagram of the relationships between each of

the sections in this chapter.

Sec. 2.2 Sec. 2.3 Sec. 2.4
ACO-OFDM LACO-OFDM Structure Power

Structure Strategy
Sec. 2.2.1 o

TX

Y

)
Sec. 2.2.2 Chapter 3
Example Chapter 4

_
Y . ,
| »_ | Layer Detection & | '
= Reconstruction
Sec. 2.2.3 '] Sec. 2.3.2 :
! 1
RX RX m | Clipping Distor- 1
! "] tion Cancellation !
1 1

____________________________

Figure 2.11: Summary of Chapter 2.

In Sec. 2.2, we presented the structure of the ACO-OFDM scheme. We started from its
transmitter design in Sec. 2.2.1, which is based on a symbol-to-subcarrier loading system
obeying the Hermitian symmetry and having gaps between every pair of subcarriers.
Following this, an example depicting the loading and clipping operation of the ACO-
OFDM TX of Fig. 2.2 both in the TD and FD is provided for demonstrating the process
in Sec. 2.2.2. Inspired by the frequency spectrum of the clipped signal, the ACO-OFDM
RX design is discussed in Sec. 2.2.3.

The LACO-OFDM scheme is then introduced in Sec. 2.3, which is an evolved version of
the ACO-OFDM structure in Sec. 2.2.

e In Sec. 2.2.1, the motivation of conceiving a layered transmission system is provided
by reusing the blank subcarriers of ACO-OFDM as an additional layer, but all the
other layers rely on a slightly different loading strategy. In Secs. 2.3.1.1 and 2.3.1.2
we conceived a pair of TX models for orthogonally aligning the symbols of different
layers in the FD. Comparisons of the two models indicate that while Model 2 has
a lower IFFT complexity, both models produce exactly the same LACO-OFDM

signal.
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e In Sec. 2.3.2, the layer-by-layer detection-reconstruction-cancellation method of
LACO-OFDM receiver design is discussed, where the detection of every layer relies
on the ACO-OFDM RX of Sec. 2.2.3 and its reconstruction uses the ACO-OFDM
TX architecture of Sec. 2.2.1.

e A detailed example of the LACO-OFDM processing is provided in Sec. 2.3.3, which
provided the FD and TD view of each key stage of the LACO-OFDM TX and RX.

In Sec. 2.4, the Equal Power per Bit power allocation strategy is introduced, which is
automatically satisfied by the LACO-OFDM TX design models of Sec. 2.3.1. The power
relationship between layers is a key factor in the performance analysis of LACO-OFDM
provided in Chapter 3. Finally, in Chapter 5, a more refined strategy will be proposed

and analysed.
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Figure 3.1: Linkage of Chapter 3 into the thesis structure.

3.1 Introduction

In Chapter 2, we have provided a comprehensive review of the LACO-OFDM system,
with an emphasis on the signal flow of the TX and RX structure. In this chapter, we
will take a closer look into the associated signal’s characteristics. We commence with
the statistical analysis of the LACO-OFDM TD signal, investigating its behaviour, such

33
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as its mean and distribution, as a function of its power, number of layers, number of

subcarriers, etc. We then turn our attention to its BER performance.

Naturally, O-OFDM also has its impediments, such as its high PAPR, which is defined as
the quotient of the maximum to the average power of the TD symbols [71]. Conventional
RF-OFDM systems have a high PAPR, which is further increased as the number of
subcarriers increases. Hence, the TX power amplifiers have to rely on a backoff and
therefore the RX analogue-to-digital converters suffer from an increased granular noise
[71]. For this reason, plenty of literature can be found on the PAPR reduction of
OFDM in RF systems [72-74]. The situation in IM/DD systems is even worse, because
the lifespan of LED emitters and the overall indoor lighting functionality would be
affected by the high PAPR. However, the PAPR analysis of RF OFDM signals cannot
be applied to the IM/DD optical scenario, due to its unipolar nature [4,72]. A study by
Wang et al. [75] has characterised the PAPR performance of several typical O-OFDM
schemes, such as DCO-/ACO-/Flip-OFDM and PAM-DMT, where the Complementary
Cumulative Distribution Function (CCDF) expressions have been derived and verified

by simulations.

Naturally, the layered nature of the LACO-OFDM signal composition also leads to a
significantly different statistical characteristics with respect to the Gaussian or truncated
Gaussian distributions of the aforementioned schemes. This makes the reduction of
PAPR in LACO-OFDM more difficult, since most of the methods proposed for O-OFDM
only perform well for the Gaussian distribution, which is not the case for the multiple
layers of LACO-OFDM and for the solution conceived in [76] for HACO-OFDM, which

is composed of two base layers of equal weight.

Against this background, the BER performance of LACO-OFDM is analysed in the face
of thermal noise, ILI and clipping distortion. The bit rate difference between layers is
also quantified. Its BER expression is also provided, which suggests that the clipping
becomes a major performance-limiting factor in the high SNR region. Since the clipping
distortion is closely related to the PAPR of the signal, the PDF of the PAPR is studied. A
novel PAPR reduction method based on tone-injection is also proposed for improving the
performance of LACO-OFDM, which formulates an optimisation problem that may be
solved by off-the-shelf tools, regardless of the number of layers. Monte-Carlo simulations
are conducted to verify the analyses of PAPR and BER.

The contributions of this chapter is listed as follows.

1. The statistical behaviour of the LACO-OFDM signal is characterised versus its
power, versus the number of subcarriers as well as the number of layers. The

expressions of its statistical mean, various, total power and PAPR are formulated.

2. The BER performance of LACO-OFDM is analysed in the face of thermal noise, ILI

and clipping distortion. The bit rate difference between layers is also quantified
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and its BER expression is provided, which suggests that the clipping distortion

becomes a major performance-limiting factor in the high-SNR region.

3. A novel PAPR reduction method based on tone-injection is also proposed for
improving the performance of LACO-OFDM, which formulates an optimisation
problem that may be solved by off-the-shelf tools, regardless of the number of

layers.

Monte-Carlo simulations are conducted to verify the PAPR and BER analysis.

The structure of this chapter is as follows. In Sec. 3.2, a slightly modified LACO-
OFDM system aligned with the main topics of this chapter is presented. The basic
statistical characteristics of the LACO-OFDM TD signal is studied in Sec. 3.3, while
the analyses of the LACO-OFDM BER and PAPR distribution are given in Sec. 3.4 and
3.5, respectively. A novel PAPR reduction method is proposed in Sec. 3.6 for improving
the system performance. Finally, our summary and conclusions are offered in Sec. 3.7

and 3.8, respectively.

3.2 System Models

In this section, we introduce the LACO-OFDM transmitters that are slightly modified
from Fig. 2.8. Explicitly, the transmitter model of this chapter includes two additional
modules: Tone-Injection (TI) and Upper Bound (UB) clipping. The structure and
signal processing of these two modules are described in this section, while the reasons
for including them, as well as their mathematical characterisations are also provided in

this chapter.

3.2.1 LACO-OFDM TX with UB Clipping

@ @ ®

S1 K-point | S1 LB s1
poin
— | o
IFFT Clipping
@ @)
S2 | K-point | %2 LB $2 z UB []
IFFT " | Clipping Clipping
Sy K-point | Sz LB SL
IFFT " | Clipping

Figure 3.2: LACO-OFDM transmitter with upper bound clipping included.
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Figure 3.2 shows the schematic of the LACO-OFDM transmitter when UB clipping
is considered. Recall from Fig. 2.8 that the transmitter of LACO-OFDM generates
superimposed signal  at Stage (4). However, the IM/DD transmission process is subject
to the maximum power emitted by the LED and to the limited linear range of other
components. Hence, x will be further clipped at a specific upper bound, resulting in the

upper-bounded signal [x|, shown at Stage (2 in Fig. 3.2.
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(d) UB-clipped FD Signal, where the grey boxes with crosshatches represent UB clipping
distortion

Figure 3.3: Example of LACO-OFDM TX UB clipping process signal flow, as
a supplementary to Fig. 2.9 and also follows the legend in Tab. 2.2.

As a supplementary to Fig. 2.9, in Fig. 3.3 we present an example of the same TX signal
going through UB clipping. In Fig. 3.3 (4), B, is used as the UB clipping threshold and
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the TD symbol at the 14th sample is clipped to By, i.e.

By, l’[k‘] > By,

. (3.1)
x[k], otherwise.

[2][k] = z[k] - u(Bu — x[k]) = {
In the FD, the UB clipping distortion will spread across the entire spectrum and will

contaminate all subcarriers, as seen in Fig. 3.3 (), where the dark grey crosshatched

bricks on the top represent the UB clipping distortion.

3.2.2 LACO-OFDM TX with Tone-Injection
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Figure 3.4: LACO-OFDM transmitter with tone-injection and upper bound
clipping included.

Figure 3.4 shows the schematic of the LACO-OFDM transmitter relying on tone-injection,
where the TX processes the data in the same way as without tone injection (Stage (3)),
and obtains the unclipped signal s;. In other words, the TX repeats Stages (1) to (3)
of Fig. 2.8. The signals obtained are then forwarded to the PAPR reduction processor
of Fig. 3.4, which takes the information and generates a group of signals T} to be in-
jected into the FD of the signal in a beneficial way for reducing its PAPR. More detailed

information about this process will be provided in Sec. 3.6.

Next, a tone-injection block is placed at the very front of each layer’s symbol processing,
directly processing the QAM symbols S; as its input. Upon injecting, the tone-injector
block generates Y; from S; and the injecting signals T}, as shown in Fig. 3.4 (3. These
injected signals are processed the in same way as for the normal LACO-OFDM layer
signals, which were subjected to symbol-to-subcarrier loading (1)), IFFT ((5), LB
clipping ((19)) and superposition (7). The resultant LACO-OFDM TD signal is denoted
as & in Fig. 3.4. This signal is finally clipped by the UB clipping block of Fig. 3.4, yielding
[], which is similarly to that of Eq. (3.1).
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The receiver design of the tone-injected LACO-OFDM system is similar to that of the
original ones shown at the bottom of Fig. 2.8, apart from using a more sophisticated
layer symbol detector at stage of Fig. 2.8, which will be further detailed in Sec. 3.6.

3.2.3 Simulation Parameters

All the simulations in this chapter rely on the Equal Power per Bit power allocation

strategy of Sec. 2.4, with the overall signal power transmitted set to
Piaco =1 W. (3.2)

Table 3.1 summaries the parameters to be used in the numerical simulations throughout

this chapter, if not been specified otherwise.

Table 3.1: Parameters Used for Simulation Results in Chapter 3

Symbol Definition Value Applicable Figures

M Size of the constellation pattern 16 3.6, 3.7, 3.8, 3.9, 3.10, 3.11,
3.12, 3.13, 3.14, 3.15, 3.16,
3.17, 3.18, 3.19

2 3.11, 3.13, 3.16

Number of layers composing

L the LACO-OFDM signal 3 319
3.11, 3.17
K Number of FFT/IFFT points for 64 3.17, 3.18
scenarios without UB clipping® 1924 3.6, 3.7, 3.8, 3.9, 3.10, 3.11,
3.12, 3.14, 3.15, 3.16, 3.19
T UB clipping ratio 9dB 3.12
p Scaling factor for injecting signal 1.2 3.17, 3.17, 3.19

Z Number of candidate vectors for 200 3.17, 3.19
PAPR reduction optimisation

t Optimisation target for the sim- 0.7 3.17, 3.19
plified PAPR reduction algo-
rithm
N/A Channel AWGN 3.11, 3.12, 3.19

“For scenarios with UB clippings, longer FFT length is required.

3.3 Basic Statistical Characteristics

In this section, we discuss the basic statistical characteristics of the time domain LACO-

OFDM signals. To begin with, we derive the PDF of the individual layers as well as
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that of the superimposed signal. Typical statistical moments, including the mean and

variance, followed by the electric power are covered in this section.

3.3.1 PDF of Base Layers

Recall from the schematic diagram of the LACO-OFDM transmitter of Fig. 2.8 that for
each of the layers, the IFFT process converts the FD signal S; into its TD counterpart
5;. With the help of the Central Limit Theorem (CLT), the amplitude of the real-valued
signal s; can be considered to be Gaussian-distributed, when the number of subcarriers
is reasonably high (typically K > 64). Explicitly, the PDF of §; with variance o7 can

be written as )

\/%exp {—;2] , (3.3)
2

where ¢(z; o7) is the PDF of the standard Gaussian distribution with zero mean and

f3,(2) = &(z; 012) =

variance of Ul2, while z € R is used as the independent variable of the PDF. The clipping
process following the IFFT in Fig. 3.2 removes all negative samples in S; to provide s;.
Consequently, the distribution of positive samples in s; remains the same as in 5;. On
the other hand, all negative elements are condensed as a single impulse at z = 0, because
the clipping process replaces those samples with 0. Therefore, the PDF of s; evaluated
at z should be

fol2) = 36(2) + 9(5 oP)ul), (3.4

where §(+) is the Dirac delta function

8(z) = { oo, 2=0, and /+OO §(z) dz =1, (3.5)

0, otherwise, —o0

with u(-) being the Heaviside step function

u(z) = { L z>0, (3.6)

0, otherwise.
Figure 3.5 plots the PDFs of a LACO-OFDM layer signal before and after the clipping
process, assuming that its variance before clipping is 0l2 =1.

Moreover, by relying on the Equal Power per Bit strategy of Sec. 2.4 in the power control
part, all the variances 012 for I > 2 can be replaced by o?. Under these circumstances,

the PDF of the layer signals s; is given by:

0.2
For(2) = %5@) + (z; 21_11) u(z). (3.7)
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fEl(z) fSl (Z)

l

(a) Before Clipping (b) After Clipping

Figure 3.5: PDF plots of an example LACO-OFDM base layer signal (a) before
and (b) after the clipping at zero.

3.3.2 Moments of the Layers

With the help of the PDF formula of Eq. (3.7), the statistical moments of the base layers

can be derived.

The mean of the signal is the first order moment, expressed as

+oo
E{s;} = / z- fs,(2)dz

:/:O B (2 )+¢>< 2‘1721)11(;;)} dz

0><1+/+OO o 2 14 (3.8)
— — X — z .
2 Jo Vo P 2-(=1)g2
90— (=1)/2, [+ ; 2 ;
= exp|— | ——— d{ ————
V2T 0 (2(11)/20'1> (2(11)/20'1>
PEN

The electric power of the signal is the mean of its squared samples, i.e. its second order

moment, given as
2 e o?
E{s;} = 2. fa(2)dz = 2° - 55(2) +o |z o1 u(z)| dz. (3.9)
Alternatively, the Equal Power per Bit strategy of Eq. (2.16) simply implies that

1 1,

E{s{} = P = 5P = 501 (3.10)
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The variance of the signal can be calculated as
5 0% o1 21 1
D{s;} =E{s}} — (E{s;})* = 2% — ( ) =5 <1 — > o3 (3.11)

3.3.3 Moments of the Superimposed Signal

Since the signals of different layers are independent of each other before their superpo-

sition, the co-variance between any two of them is zero. Hence, the mean and variance

of the combined signal x, where we have:

L
T=s1+8+ - +sL=) s,
=1

becomes:
L L
E{x} = E{ZSZ} => E{s;}
=1 =1
_i o} _Uli 1 _(1—2_L/2)01
= V2 T \/§l (\/i— 1)/ ’
and

Thus, the power of an L-layer LACO-OFDM signal « can be expressed as
Paco = E{z?} = D{z} + (E{z})’
_ o} [(1 _g-L/2)? Y. (1 B 1>] .
T 3— 22 2L
It is worth noting that

1. Eq. (3.16) only holds under the Equal Power per Bit strategy, and

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

2. it is a function of the total number of layers L, and thus can be written as

Praco(L).

3.3.4 PDF and CDF of the Superimposed Signal

Based on Eq. (3.7), the PDF of an L-layer LACO-OFDM signal’s amplitude «, de-
noted as fz(z), can be obtained by successively convolving (®) the PDFs of all L of its
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constituent layers s; (please see Appendix B.1 for detailed proof), yielding:

fa(2) = f6,(2) ® fsr(2) @+ ® [, (2)

Z[,—1—=00 Z[,—2=00 Z1=00
2 _1=—00 J 2z _o9=—00 21=—00

for (2= 20-1) fsp 1 (2L—1 — 20—2) - -+ fep (22 — 21) fs,(21) dzp—1 - - - d21.

In this way, the PDF of a 2-layer LACO-OFDM signal, namely that of xs can be
expressed as
2

5(5) + %qﬁ(z; o})u(z) + ;QZ)(Z; U;) u(z) +

5 bliga) (i) o

where ®(-) is the CDF of the standard Gaussian distribution given in Eq. (B.11). The
detailed derivation of fg,(2) can be found in Appendix B.2.

fas (Z) =
(3.18)

However, due to the involvement of the term

/ <¢>(2) / ¢(z')dz’> dz —> / &(2)®(2)dz, (3.19)

it has been shown in [77] that no closed form expression can be obtained for L > 3
layers. Therefore, we have to resort to numerical computation of the PDF solution,
which is extremely time-consuming. Fortunately, the complexity of this calculation can

be slightly reduced by combining pairs of convolutions, yielding;:

f2(2) = [f5:(2) ® f5,(2)] © [f55(2) ® fas(2)] @ - -- (3.20)

since the double-layer PDFs of fq,(2) and fs,(2) have been derived in closed-forms.

When UB clipping is applied to the combined signal « with the clipping voltage set to
By, Volts (B, > 0), the PDF of z < B, remains the same, while the z > B, part is
truncated and replaced with a pulse §(z — By)D, where D is given by

“+o0o Bu
D= fe(z)dz=1— fa(z)dz. (3.21)
Bu 0—

This leads to the following expression for the PDF of the final transmitted signal [x]:

fw(2) = fz(2) u(=2 + By) +6(z — By)D. (3.22)

Finally, the Cumulative Distribution Function (CDF) of signal  can be expressed as

Fo(2) = /_ T f(2)ds = ; ful2)dz, (3.23)
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while for [x], its CDF would have fg(-) substituted by fy(-).

Remark 3.1. Given Eq. (3.12), where the signal of interest x is the sum of L independent
signals, one would intuitively consider the PDF of & being Gaussian (or at least close to
Gaussian), based on the CLT. However, the CLT can only be applied when a sufficiently
high number of signals having arbitrary PDFs are superimposed. Therefore, a LACO-
OFDM signal can only be considered to be Gaussian distributed, when more than 30
layers are superimposed, i.e. L > 12 [78]. Since the highest layer (layer L) requires at
least 4 subcarriers to operate ACO-OFDM (the symbol, its conjugate and two nulls),

the corresponding minimum total subcarrier number per OFDM block is
Kuin > 2571 > 213 = 8192, (3.24)

Bear in mind that this is the minimum requirement and it is highly inefficient to utilise
all 12 available layers when having Ky, subcarriers, since layer 12 can only convey
a single symbol. Therefore, the assumption of a Gaussian distribution shall never be
unconditionally made for LACO-OFDM.

3.3.5 Numerical PDF Results

In this subsection, the LACO-OFDM signals’ PDF is further explored with the aid of

numerical simulations.

Figure 3.6 shows the PDF of LACO-OFDM signals utilising different total number of
layers L, ranging from 1 up to 6, while the remaining simulation parameters are set
according to Tab. 3.1 on page 38. The impulses at z = 0 are not depicted. When the
Equal Power per Bit strategy is employed, the total power of all LACO-OFDM signals

has to be 1 W for a fair comparison.

While the PDF of single-layer LACO-OFDM is a truncated one-sided Gaussian distri-
bution, the peaks gradually move rightwards as more layers are added. The mean is

increased and the variance is reduced, as total number of layers L is increased.

More quantitatively, in Fig. 3.7, the mean and variance of the LACO-OFDM signal are
plotted against the total number of layers L. Observe in Fig. 3.7 that both the mean
and variance tend to converge to a certain value for a sufficiently high number of layers,

as stated in Remark 3.1.

To elaborate a little further, in Fig. 3.8 we provide a plot of the same PDF as in Fig. 3.6
on a logarithmic vertical axis to explore the characteristics of LACO-OFDM signals at
high amplitudes. It can been seen from Fig. 3.8 that the signals having more layers
statistically speaking tend to have lower amplitude, which determines their respective
PAPR. This issue will be further elaborated on in Sec. 3.5.
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z, amplitude of

Figure 3.6: PDF of LACO-OFDM signal x’s amplitude for different number of
layers L and 64QAM modulation.

To expound further, in Fig. 3.9, we provide a 3-D view of the UB-clipped signal [x]’s
PDF, with the UB set at z = B, = 2.818 V. The impulses representing the LB and
UB clipping are also shown in Fig. 3.9, noting that the impulses representing the UB
clipping at z = B, are amplified by a factor of 20 for a better view of their relationships.
Observe that the single-layer LACO-OFDM, i.e. ACO-OFDM system, has the highest
UB clipping distortion, as indicated by its highest impulse D at z = B,,.

3.4 Bit Error Ratio

Compared to conventional RF communications, four major differences appear in the
IM/DD LACO-OFDM scheme.

e Despite the fact that the signal suffers from complex-valued noise during commu-
nication, the optical signal modulated according to IM/DD scheme only processes
the real-valued parts. Therefore, the imaginary part of the TD noise does not affect

the communications quality, which halves the degradation imposed by AWGN.

e The diodes at the TX have limited dynamic ranges, hence they require clipping
of the signal amplitude at the UB. Due to the non-Gaussian PDF of the LACO-
OFDM signal, the clipping effects require particular attention.
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Figure 3.7: Mean and variance of the LACO-OFDM signal x’s amplitude for
different number of layers L, under a normalised signal power of Praco =1 W.
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Figure 3.8: Fig. 3.6 plotted on a logarithmic y-axis.
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1

z, amplitude of [z]

Figure 3.9: PDF of UB-clipped LACO-OFDM signal [x] at an upper boundary
B, = 2.818 V. The impulses at z = B, have been amplified 20 times for a better
legibility.

e For LACO-OFDM, the decision errors of a specific layer degrade the following

layers. Furthermore, the RX also imposes clipping distortion.

e Due to the multi-layer nature of LACO-OFDM, both the number of layers and the
modulation scheme utilised on each layer would affect the overall bit rate, which

in turn affects the energy per bit, Ej.

The following parts of this section discuss the influence of the last three points on the
BER.

3.4.1 Clipping

According to Sec. 3.2.1, LACO-OFDM experiences both LB and UB clipping. Their

effects will be discussed separately.

For each of the layer signals s; that is clipped at the LB, the power is halved, but no

information loss is observed, due to the symmetric nature of ACO-OFDM. The clipping

distorts the signal and reduces its power, which may be amplified to compensate for

the clipping-induced power-reduction. More details about the LB clipping capable of

avoiding information-loss can be found in Appendix A.3.
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However, the UB clipping of the combined signal  has a more severe effect. Specifically,
the UB clipping reduces the signal energy of &, which again may be modelled by a simple
attenuation factor x that is related to the clipping threshold B, (with the unit being

Volt), which corresponds to a clipping ratio of

By
=20 loglo (\/m> dB, (325)

where Ppaco is the power of & given in Eq. (3.16).

This UB clipping can be compensated in the same way as for LB clipping, while the
estimation of the value x can be performed at the RX with the aid of a training sequence.
On the other hand, the non-linear process also introduces upper harmonics that may
spread across all subcarriers. A simplified model of clipping distortion based on [79] is

given below, where the power of the clipped part quantifies the clipping distortion of

+oo
o2 = / (2 — Bu)2fu(2) dz (3.26)

Therefore, the clipping process affects the equivalent communication SNR by reducing
the power of the signal and by increasing the noise power, which undoubtedly degrades

the BER performance, as shown below:
@] = Kz + ne, (3.27)

where n. is the UB clipping noise with variance o2 defined in Eq. (3.26).

Remark 3.2. Similar to Remark 3.1, Bussgang’s theorem cannot be applied to the clip-
ping analysis of LACO-OFDM associated with L > 2, because the amplitude of the
signal is no longer Gaussian distributed. Therefore, despite n. being statistically uncor-

related with « in theory, it is not necessarily Gaussian distributed.

Example 3.1. To further illustrate this, an example of UB clipping for a 2-layer LACO-
OFDM signal has been provided in Fig. 3.10.

To elaborate, in Fig. 3.10(a), a LACO-OFDM signal having a total of 2 layers is pre-
sented, whose average sitgnal power has been normalised to 1 W. The signal is then
subjected to an UB clipping having a clipping ratio of T = 9 dB, corresponding to a
clipping boundary of By, = 2.818 V, according to Eq. (3.25).

The clipped signal [x] is shown in Fig. 3.10(b), together with the attenuated signal Kz,
based on the model of Eq. (3.27). We then obtain the clipping noise n. in Fig. 3.10(c).
While the majority of the samples in m. is positive, there is a pair of negative values,
corresponding to the two clipped samples in x. Finally, we analyse the distribution of

ne and provide its PDF in Fig. 3.10(d), which is clearly non-Gaussian.
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Figure 3.10: Example of a 3-layer LACO-OFDM signal’s UB clipping process
at 7 =9 dB.
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3.4.2 Inter-Layer Interference

Each base layer of LACO-OFDM generates its own ILI and influences that of its higher

layers.

At the RX, layer 1’s signal (represented as S in FD) is immune to ILI and can be
detected directly, as it has been shown in Eq. (2.13). More generally, the detection
process for layer | of the LACO-OFDM signal after the removal of the previous layers’
clipping distortion is given by:

Slu) = arg)r(neigl | X — 2Ry [u]], 0<uc< ( - 1) , (3.28)

where S is a length-K; /4 stream of symbols from the modulated symbol set S; for
layer [, while R; is the FD signal of layer [ obtained at the RX by subtracting all the

distortions generated by the former layers from the originally received signal r, yielding;:

Ri[u] = Ri[2u + 2 = Ry 2w + 274 — I, [2'u 4 2171

- L (3.29)
=...= R1[21u + 21—1} _ li[QlU + 21—1}.
1

i

Here, I, represents the clipping distortion created by layer [ at the receiver, which, based

on Fig. 2.8, is generated by

12 Fay F{|&]} 10} F{ {f*l{gl” } , (3.30)

where F{-} and F~!{.} denote respectively the Fourier transform and inverse Fourier

transform, while |-] indicates the clipping of a signal at its lower boundary (LB) z = 0.

Therefore, if an error is made when making a decision for layer I, so that Sj[u] # Sj[u],
it will not only affect the BER behaviour of the current layer, but also spread across all

of its following layers (layers (I + 1) ~ L).

More specifically, as we have assumed previously, only single symbol detection errors are
considered, which is equivalent a Hamming distance of 1. In this way, the interference
generated by a single decision error can be quantified as the nearest constellation pattern
distance dpin from the symbol set §;. Tab. 3.2 summarises the respective dpyin values for
some of the popular modulation schemes, under the assumption of the average symbol

power being unitary.

After the re-generation process including the IFFT, asymmetric clipping and FFT, this
error propagation process will contaminate all the K/2/~1 subcarriers, just like its clip-
ping noise does. Hence, when considering the BER of a specific layer, in addition to the
AWGN noise inflicted by the channel, the interference imposed by all its previous layers

should also be taken into account.
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Table 3.2: Minimum Distance dp;, for Different Modulation Constellations

Scheme dmin Scheme  dmin
BPSK/2PAM 2 4QAM V2
4PAM 2\5/5 16QAM \T
8PAM 2\2/1271 64QAM \é?

The ILI G; generated by the layer ¢ can be calculated from the Symbol Error Rate (SER)
PP, ; of layer i (to be derived later) and its corresponding quantified interference dmin ;

for each single symbol error, yielding:
G =P dfmni‘ (3.31)

Thus, for layer [, the cumulative sum of all its previous layers’ interference, namely
Ei;} Gi, should be included when calculating the energy-per-bit-to-noise-power-spectral-

density ratio ~ ; of layer /.

3.4.3 LACO-OFDM Bit Rate

Based on the previous discussions in Sec. 2.4, assuming that layer [ uses a constellation
size of M;, the corresponding number of information bits transmitted by this layer
becomes:
K
Bl = ﬁ IOgQ Ml. (332)

Then, the total amount of information transmitted by an L-layer LACO-OFDM signal
would be
L L
> Bi=K-Y 27" log, M. (3.33)
I=1 I=1
Hence, for LACO-OFDM, the overall energy-per-bit-to-noise-power-spectral-density ra-
tio v, ; and the symbol-energy-to-noise ratio Es/Ny have the following relationship

Es

L
Ny - bl Z 27" log, M;. (3.34)
=1

Moreover, when using the Fqual Power per Bit strategy and the common assumption

of employing the same modulation scheme for all layers, we could simplify the variables

as follows:
’be = b, Vl (335)
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3.4.4 Overall BER Performance

The BER and SER performance under an AWGN channel for layer | of the LACO-
OFDM, which relies on an M;-QAM modulation scheme, will be dependent both on the
clipping distortion as well as on the BER performance of all its previous layers, which

can be expressed as [71]

4(v/M; — 1 3l ; log, M,
Py & ( =1 Q ols, 11082 My : (3.36)
\/Ml : 10g2 \/Ml Ml -1
4(v/M; — 1 3. ; log, M,
P~ WAL o [t log M) (3.37)
e M —1

where Q(+) is the tail probability of the standard normal distribution given by

2,2

Q) = \/127?/00 exp <—2> dz, (3.38)

and I'y ; is the signal-to-noise-and-interference-plus-distortion ratio of layer [.
For I > 1, I's ; can be expressed as

(a1) (b) ()

AN T
) w2 wNo Y (27" log, My)
- KB - =1 3.39
s, — NO n Zl_i gl —|—0‘2 - -1 ; ( . )
= C
' No +> Gi+ ot

(d) (e) (a2)

where the interpretation of the components in Eq. (3.39) is given below in Tab. 3.3.

Table 3.3: Interpretation of the Components in Eq. 3.39

Label Component Meaning Definition
N (a1) K2 UB clipping attenuation Sec. 341
(ag) o2 UB clipping noise power
b b No Signal power per bit
c S (275 og, M) Overall bit rate Sec. 3.4.3
d Ny AWGN power

e Yig ILI Sec. 3.4.2
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For layer 1, the cumulative sum in the middle of the denominator (part e) can be
neglected. Furthermore, if no UB clipping is considered, both x and o2 (part a) can be

omitted.

Finally, the overall BER performance of the LACO-OFDM system is given by the

weighed average of each layer:

1 L

T L o_
21 27 ogy My 1

Pb 2_l]P)b7l 10g2 Ml- (340)

It is worth noting that for [ > 2, the BER of the layer signal Py, ; always depends on
the BER of its previous layers (P 1,...,Pp ;—1), due to the cascading ILI term ), G;.
Therefore, in line with its receiver signal processing, the theoretical BER calculation of
LACO-OFDM should also be carried out in a layer-by-layer manner, commencing from
layer 1, where > . G; = 0.

3.4.5 Numerical Results

Figure 3.11 shows the BER versus =, performance of each layer in a 4-layer LACO-
OFDM (4LACO-OFDM) system without any UB clipping. The simulated BER results
of each of the four layers are represented by the markers, while their analytical curves
are marked by solid lines in all figures. The overall average BER performance of all four

layers is also provided.

According to Fig. 3.11, the four layers exhibit different BER behaviours at low SNRs.
Naturally, the first layer has the best BER, since no interference is imposed by the higher
layers. By contrast, observed from Eq. (3.39) that all higher layers suffer from the ILI
inflicted by the previous layers. As the SNR increases, the four BER curves tend to
converge to the 16QQAM BER curve. More explicitly, Eqs. (3.31) and (3.37) show that
as the SNR increases, the SER of the lower layers is reduced. Hence, the interference
imposed to the higher layers is also reduced, which in turn decreases the SER of the
higher layers. Gradually all the interferences turned to zero and in this way all layers

start to behave the same way as the first layers, since no more ILI exists.

Figure 3.12 shows the BER of LACO-OFDM both with and without a 7 = 9dB UB

clipping operation.

The derivation of Egs. (3.39), (3.40) is verified here by the simulations. As expected,
the lower-throughput LACO-OFDM composed of less layers exhibit a better BER per-
formance. On the other hand, since the PAPR, of more layers is lower, they have better
immunity against distortion, when clipped at the UB. Therefore, the BER curves of
unclipped and clipped situations are closer to each other for signals composed of more

layers. Furthermore, the BER curves of clipped signals tend to converge at a certain
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Figure 3.11: BER of all layers of 4LACO-OFDM signals for 16QQAM modulation.
Lines represent the theoretical values of Eqgs. (3.36), (3.40) and markers the
simulation results. All parameters are summarised in Table 3.1.

level, when the UB clipping distortion dominates the performance. Thanks to their
lower PAPR, the schemes having more layers suffer from less distortion at the same

clipping ratio, which leads to their lower BER.

According to Eq. (3.39), the clipping distortion is the major BER contributor when ~,
is high. Meanwhile, Eq. (3.26) shows that the clipping distortion is closely related to
the upper tail of the signal’s PDF, in other words to the signal’s PAPR. Therefore, the
next section will analyse the PAPR distribution of the LACO-OFDM signal in order to

reveal the major factors influencing the clipping distortion.

3.5 Peak to Average Power Ratio

In this spirit, we embark on analysing the LACO-OFDM PAPR with the goal of avoiding
the typically high BER performance degradation imposed by the clipping distortion.
This section studies the LACO-OFDM PAPR as a function of the number of its layers
L and in the next section develops a PAPR reduction method.
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Figure 3.12: Overall BER performance of LACO-OFDM signals with different
number of total layers L for 16QAM modulation. Lines represent the theoretical
values of Egs. (3.36), (3.40) and markers the simulation results. Dashed lines
represent simulations with UB clipping 7 = 9 dB considered, while solid lines
the absence of it. All parameters are summarised in Table 3.1.

3.5.1 Derivation of the LACO-OFDM PAPR

We commence with the mathematical definition of the PAPR.

Definition 3.3 (PAPR). For a signal  having K elements {z[0], z[1],...,z[K — 1]},
its PAPR is defined as the power ratio of the element with the maximum power over

the signal’s average power, yielding:

max |z[k])?
0<k<K-1

1 K-1

PAPR{z} = .
% & lolh]

(3.41)

For a length-K LACO-OFDM signal & composed of L layers, the CDF of its PAPR can

be formulated as

max z2[k]
0<k<K-1

Pr(PAPR{z} < z) =Pr
Praco

<z, (3.42)



Chapter 3 Performance Analysis and Improvements 55

where Ppaco is the average signal energy of the L-layer LACO-OFDM signal x expressed
in Eq. (3.15). This can be further simplified as

Pr(PAPR{z} < ) = Pr <0<1]r€n<al)((_1 w[k] < \/m> (3.43)

= Pr(ac[k‘] < PLACO«Za Vk = 0,.. .,K— 1) .

Since  can be expanded as the sum of its L unipolar layer signals, for the kth symbol

within the signal, we have:
2lk] = s[K] + salk] + - + sp[K]. (3.44)

Recall that the energy of the symbols on each layer s; decreases exponentially as the layer
index [ increases. Hence, the statistical characteristics of the signal & are dominated by

layer 1’s signal s7.
Due to the Hermitian symmetry and asymmetrical clipping, the relationship between

the symbol pairs s;[k] and s;[k + & (assuming 0 < k < &) becomes as follows:

e If the symbol obeys s1[k] > 0, indicating that it was not clipped during the LB
clipping process, the corresponding symbol s; [k: + %] will then become 0, because

the unclipped 51 (k] = —351 [n + %] and the symbol on the right hand side is clipped;

e Conversely, s;[k + %] > 0 also indicates s1[k] = 0.
The probability of having s;[k] > 0 is %, which is a consequence of their independent
distribution. Moreover, the event of having (s1[k] > 0) is independent of the rest of the

symbols (s1[k], K # k or k + %) in the signal stream. Therefore, Eq. (3.43) can be

re-written based on [75]

2
K
X Pr<l‘[1} <V Piacoz, z|—+ 1:| < \/PLACOZ> X ...
K
X Pr(x |:2 — 1] <V PLacoz, x[K — 1] < \/PLACOZ>

Pr(PAPR{z} < z) = Pr(az[O] < v/Pracoz, x[K] < PLAcoZ>
2

(3.45)
_ ﬁlpr<x[1«] < v/PLacoz, :1:[[2( +k] < m)
k=0
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The law of full probability can assist us in further simplifying Eq. (3.45) by considering

the cases, when either s;[k] or s1 [4 + k] is zero, yielding:

Pr<m[0] < /Piacos @
Pr<:c[0] < VPiacoz, «
Pr(x[()] < /Piacoz, @
- Pr(:v[O] < VPiacoz, 1]0] > 0) +Pr<a: [2{] < v Pracoz, s1 []2{] > 0)

- 2Pr(a:[0] < /Priacoz, s1[0] > 0)

- <Fw<\/m> - 1) — 2Fw(\/m> _1, (3.46)

2

where Fy(-) is the CDF of the signal & according to Eq. (3.23).

Therefore, the CDF of the PAPR can be expressed as

Pr(PAPR{z} < z) = {QFm(\/PLAcoz) - 1} 3
p— K (3.47)
= 2/00 fa(zp)dzr — 1]

Finally, the Complementary CDF (CCDF) of the signal’s PAPR can be easily obtained
as
Pr(PAPR{z} > z) = 1 — Pr(PAPR{z} < z2). (3.48)

3.5.2 Discussion

For LACO-OFDM consisted by more layers, less zeros would be found on the TD signal,
due to the superposition of more layers. Meanwhile, the average power of the signal

increases faster than the peak power as more layers are utilised.

More specifically, if we are to fix the average signal power of the different layers, we will
find that the CDF of the higher layer LACO-OFDM would become more steep, which
is formulated as:

Fpp (2) > Fyp (2), for L1 > Lo (3.49)

where

Lo
T, = Z S and xL, = Z sy, (3.50)
=1

=1
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while ensuring the same P aco for both signals by

This yields that the probability Pr(PAPR{zx} < z) increases with L. In other words,
the higher layer LACO-OFDM signals tend to have a lower PAPR than the lower layer
signals. Therefore, it is plausible that LACO-OFDM mitigates the PAPR problem.

3.5.3 Numerical Results

Figure 3.13 provides the CCDF of a 2-layer (i.e. L = 2) LACO-OFDM signal. Different
number of FFT points K are used, which results in different length of the LACO-OFDM

signal/symbol. A logarithmic vertical axis is selected for the CCDF axis for a more clear

view.
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Figure 3.13: CCDF of the 2-Layer LACO-OFDM TD signal’s PAPR using
different number of subcarriers K. Lines represent the theoretical values of
Eq. (3.47) and markers the simulation results. All parameters are summarised
in Table 3.1.

According to Fig. 3.13, the PAPR generally increases upon increasing the number of FFT
points, which corresponds to the length of each OFDM symbol. This trend is identical
to those found in RF-OFDM systems, where increasing the number K of subcarrier

increases the chance of having more FD symbols adding up during the IFFT processing,
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hence resulting in a TD sample of higher amplitude. On the other hand, the hypothetical
curves based on the theoretical analysis of Eq. (3.47) closely match the simulation results,

which verifies the above derivations.

Figure 3.14 compares the CCDF of several LACO-OFDM time-domain signals’ PAPR,

where the number of subcarriers K is fixed to 1024. Various number of layers L are

used.
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Figure 3.14: CCDF of the PAPR of 1024-subcarrier LACO-OFDM TD signals.
Lines represent the theoretical values of Eq. (3.47) and markers the simulation
results. All parameters are summarised in Table 3.1.

The trend that LACO-OFDM signal having more layers tends to exhibit lower PAPR
can be clearly observed when the total number of subcarriers is fixed. This means that
the peak power increases slower than the average power upon combining more layers.

This is consistent with the analysis in this section.

3.6 PAPR Reduction

Although increasing the number of layers reduces the PAPR, further improvements may
be achieved with the aid of tone injection [74,76], as demonstrated in this section. We
continue with the signal model of the proposed method, followed by the conversion of the
PAPR reduction problem into a Mixed Integer Linear Programming (MILP) problem. A

further simplification of the optimisation problem using ¢;-minimisation is also proposed.
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3.6.1 Tone-Injected LACO-OFDM Signal

3.6.1.1 Signal Formulation

For each of the symbols in the original FD signals S;, an additional symbol is added to
it, i.e.
Yi[u] = Sifu] 4 Ti[ul,

(3.52)
1=1,2,....,L, u=0,1,....K/4—1

where T; is the injecting signal and Y] is the resultant signal. The modified symbol will
shift the corresponding point in the constellation diagram to one of a few legitimate
locations and can be recovered losslessly at the RX by the modulo operation, regardless

of which location it was shifted to.

Figure 3.15 shows an example of the constellation pattern of a 16QQAM signal, demon-

strating the tone-injection method.

&2

[]
[]

i

@)
@)
>
>
@)

O S

Figure 3.15: Constellation diagram of 16QAM featuring tone-injection tech-
nique. Hollow points in the centre are from the original constellation, while
the shaded points around are additional after injection. Points of same marker
indicate possible shifting locations when modified.
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The 16 hollow markers in the centre are the constellation patterns S; of the original
signal S. The real and imaginary parts of the symbol may or may not be shifted by
a constant distance DD for mitigating the PAPR. When shifting by D is invoked, this
may shift the related constellation point to other quadrants. The full set of markers
shown in Fig. 3.15 represents the legitimate constellation points in Y;, while the shaded
ones represent the shifted points, whose original markers are of the same shape but left

hollow and located in the centre.

3.6.1.2 Signal Detection

Clearly, a decision threshold of % can be set for both the real and imaginary branches
in order to classify the points into two categories, namely those that are shifted and
those that remain in their original place. Based on the quadrant symmetry observed in
Fig. 3.15, the RX eliminates the shifting of the points by invoking the modulo—% oper-
ation to find the corresponding original position, hence recovering the signal losslessly.
Explicitly, the detection process, which is step of Fig. 2.8 and originally formulated
in Eq. (3.28), has to be modified into

. D K,
Siu] = arg )r(nelgl X — Mod <2Rl[u], 2) , 0<u< (41 — 1) , (3.53)
where the complex modulo function Mod(,-) is given by:
Mod(a + bj, ¢) = mod(a, ¢)+ jmod(b, c), a,b,c € R. (3.54)

3.6.1.3 Signal Injection for Reducing the PAPR

The injected signal T; is appropriately selected, so that the resultant signal Y; exhibits

a reduced PAPR, where each subcarrier symbol of it can be decomposed as
Ti[u] = —sgn(R{Si[u]}) pruD> — jsgn(S{Si[u]}) q,.D, (3.55)

where sgn(R {-}) and sgn(3{-}) return the sign of the real and imaginary parts of the
symbol, so that only un-shifted symbols will stay within the original quadrant. The sign

function is defined as

-1, ifz <0,
sgn(z) =< 0, ifz=0, for z € R. (3.56)
1, ifz>0,

The variables p and q in Eq. (3.55) are Booleans used for indicating whether or not the

real and imaginary parts will be shifted, respectively, where 1 represents shifting and 0
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the absence of it, formulated as

YURN € {07 1}7 qlu S {07 1}7
K, ) (3.57)

Vi=1,2,...,L, Vu:O,l,...,<4—1

Still referring to Eq. (3.55) and Fig. 3.15, the shifting D is quantified by
D = pdminV M, (3.58)

where p > 1 is a scaling factor, dpiy is the minimum distance for symbols with unitary
average power detailed in Tab. 3.2, and M is the number of constellation points in the

modulation scheme.

The subcarrier symbols of the resultant signals Y; are then mapped to their desired
subcarriers in the usual manner to form Y in the FD as in Eq. (2.6), which have a
length of K and satisfy the Hermitian symmetry for all layers, as shown in Fig. 3.4 (19).
Then, the IFFT is performed on Y, and the resultant TD signal ¥, of layer [ can be

expressed as

(26) 1 Lytol=1)n N _(2lysol=1\In
BO 3 [Mlawie ™ vy
u=0
B
@52 1 3 (@ut2"n o ] (K —(2lut2=1)n
—_— (Silu] + Tifu]) Wy + (ST ] + T [u] )Wy
77 2 | )
By
(A9 1 Z (2lu+2t-1)n * * — (242"
= (Silu] + Ti[u]) Wi + (7 [u] + T} [u]) Wy
\/E u=0 ( )
Ky _
4 lu - 17L _ lu -1 n *
Z ((Sufed + )W 4 [(Sifu] + Tl >0
e
! -1
—2.R ﬁZ(Sl[u]+Tl[u])Wl(?u+2 mt (3.59)

which follows a similar method as in Appendix A.1.1. Meanwhile, by splitting the
summations of S; and 7T} in Eq. (3.59), the second part becomes

Ty W2 = [—sgn(R {Si[u]}) prul — jsen(S {Sifu]}) guuD]

0 2lu+2171 o 5 2lu+2l71 (360)
X | cos WHT + 7sin WRT .
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The real part of Eq. (3.60) only contains two terms in the product, i.e.

1 l -1
%%{Tnunmgﬁyu+y >n} :<—sgn@%{SAu”)pth.cos<2Wn2?L+22)

K

3.61
) 2lu 4 2[*1 ( )
+ sgn(3{S;u]}) ¢,,D - sin 27rnT .
Substituting Eq. (3.61) back into Eq. (3.59) gives
7 — (21u+2l ) 2lu+2l 1)
yn]=2-R ZS W +2-R ZTZ
5 _
3.61) 9. % 1 42 g [U]W(2lu+21_l)n N
CALP L :
\/? u=0 *
K
2 2y + 2!
— —sgn(R4{S;[u A cos | 2mn——m——
v SIREEICTIIERE Gy
l -1
+sgn(S{S;[u]}) g1, D - sin <27m2u_;(2) }
1 il
(3.63) 2lu+21)n
— 2. R — Sy lu|W +
\/E ~ [ ] K
i I -1
2 2'u+ 2"
TR Z:: {—sgn(%{Sl[u]})pl’u]D) - cos <27mK>
2[ 2l71
+sgn (S {S;[u]}) ¢, - sin <27mu—;(> } (3.62)

In the last equality of Eq. (3.62), the mapped symbols S; belonging to layers | > 2 are
padded with 0, so that they are all of length K /4 and properly aligned with layer 1.

Explicitly,
K;
Si[u] =0, YVu > R (3.63)
and consequently,
K
Plu = qQuu =0, Vu > Zl, (3.64)

based on the definition of the sign function in Eq. (3.56). This operation allows us to

prepare the structure of the signal for the optimisation process.

As shown in Fig. 3.4, these signals y; will be clipped at 0 and superimposed as in

L
#ln) = 3 ln] =
=1

Mh
.
<l

n=0,1,...,(K-1), (3.65)
=1
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where & denotes the composite L-layer LACO-OFDM signal. The PAPR of the resultant
LACO-OFDM signal & can then be expressed by substituting Eq. (3.65) into Eq. (3.42).

3.6.2 Problem Formation and Solution

Since the signals T} are independent from the original signals S for all layers, their sum
will have a higher average signal power than either of them in isolation according to the
law of energy conservation. According to Eq. (3.42), in order to reduce the PAPR, we

have to minimise the peak power of the TD signal Z[n].

. < 1\2

min | max (Z[n])”, s.t. Eq. (3.57) and Eq. (3.64). (3.66)
Proposition 3.4. The problem formulated in Eq. (3.66) represents minimising the max-
imum amplitude of the composite LACO-OFDM signal constituted by all the lower layers,

which may be expressed as:

L,
min | max Zyl[n], s.t. Eq. (3.57) and Eq. (3.64). (3.67)

Proof. Given that the TD signal obeys Z[n] > 0 and Eq. (3.65), the optimisation problem
in Eq. (3.66) can be formulated as

L
i 4. Eq. (3.57) and Eq. (3.64). 3.68
rg}quo<gl<a;{<_1;yz[n], s.t. Bq. (3.57) and Eq. (3.64) (3.68)
Let hy, hs, ..., hy, ... represent the random layer indices of the LACO-OFDM signal
that are not equal to each other. Since clipping guarantees that y;[n] > 7;[n], it can be
deduced that at each time slot n, the composite symbol Z[n] has a higher power than

the sum of any combination of its constituent layers 7, [n] + 7, [n] + ..., i.e. we have:

VL' € {1,2,...,L},

L/
En) = U, lnl,  Vhe €{1,2,...,L}, (3.69)
w=1 vn € {0,1,..., K —1}.

Assuming that the sample index of the TD peak is n*, i.e. that max{x} = Z[n*],
equality applies in Eq. (3.69) for this particular TD sample of n*, yielding:

I
#[n*] = max Y, [n"]. (3.70)
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Given the specific nature of the higher layers detailed in Chapter 2 and Appendix A.3,

as well as the Hermitian symmetry, the TD samples of each layer have to satisfy

_ _ K
yl[n]:_yl TL+? )
_ _ K| _ K _ 3K
Yalnl = =7 n+ :yg[n+2]:—y2[n+4],
_ [ K| _ K _ 3K _ K
Y3[n] = —y3 nt g :yg[”+4]:y3[n+8]:ya[”+2]
_ oK _ 3K _ TK
= Y3 ”+8] :ys{n‘f‘ll} :—yg{n+8},

(3.71)

Let us now assume that the maximum in Eq. (3.70) is found when L' = 1, i.e. the
maximum sample is located at a time slot, when only the layer with index h; (at the

moment we do not know the exact layer index) is not clipped, yielding:
y[n*] =0, Vi # hy. (3.72)

Let us assume furthermore that A; = 2 and n* < % — 1, where n* is the TD sample
index of the maximum, when the symbols of all layers other than layer 2 are clipped.
This further implies that

K1 . .
" [n + 2} G im0, viso2. (3.73)
Since at n = n*, the layer 1’s symbol is clipped, 7;[n*] < 0, and obviously

K| 371
U, [n* + 2} = —7,[n"] > 0, (3.74)

—

as shown in Fig. 3.16.

On the other hand,

z *+N = *+K + *+K +§L: *+K
rn o | T 5 Y2 (n 5 z—3yln 5

3.71), (3.73 . K X

> ya[n*] =04 y2[n*] +0 (3.75)
L

= yi[n] + pa[n*] + Y wln*] = En*],
=3

which contradicts to the assumptions stipulated above, as shown in Fig. 3.16. The same

conclusion can be made, when n* > & — 1. Therefore, the probability of Z[n*] = y2[n*],
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Figure 3.16: Time domain views of a 2-Layer LACO-OFDM signal, where y;,
1o and & represent the layer 1, layer 2 and the overall signal, respectively. n*
and n* + % are the time slots of interests. The vertical dashed line separates
the first and second half of the time slots.

or equivalently (L' =1, hy = 2), is negligible.

This process can also be further expanded to cover all situations, when
VL' > 1, 3hy, st. hy > L. (3.76)

The only legitimate combinations of the different layer-symbols left would be
L/
Z[n*] = max ;yl[n ]. (3.77)

By substituting Eq. (3.77) back into Eq. (3.68), the equivalent problem Eq. (3.67) is
obtained, which concludes the proof. O

Let us now return to our PAPR optimisation problem. Let ¢ be the target of the

optimisation. Then, a linear programme prototype can be formed as

min t

p,q
L/

st. Y wy]<t, YO<n<K-1V1<L<L (3.78)
=1

and Eqgs. (3.57), (3.64).

With the aid of Eq. (3.62), the term ZzL:,1 yi[n] can be expressed in a linear form by

introducing the following vectorial and matrix constants.

Since Eq. (3.62) considers the possibility of all (n, L") combinations, the final linear form
has to contain a total of (VL) rows, where each row represents the sum of the first L’

layers’ nth TD sample from 7 [n].
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The first term in Eq. (3.62) represents the participation of the original signal S; in Y,

and it is identical to s;[n], i.e.

K
K

1 (2lu42=Nn
=2-R — SilulW . 3.79

A vector of length (LK) can then be formed, with the ((L' — 1)K + 1)th row to the
(L' K)th row representing the length-K summation of the first L’ layers, expressed as

= 81[0], 81[1], ey Sl[K—l],
Sall S alll e, Y slK -1l
=1 o= =1 (3.80)
L L ' L T
l; 510], l; s1[1], , z; sK —1]|

where []7 represents the transpose of a vector or matrix.

For the second summation term in the last equality of Eq. (3.62), the two parts within
it can be expresses separately. For the nth time slot sample of the layer I’s TD signal,

the contribution of the uth mapped symbol in the corresponding FD signal T; would be

2 2l 2l71

Clinu = \/?sgn(%{sl [u]}) D - cos (27mu—;(> , (3.81)
! -1

Ginn = \/Zfsgn(%{Sl []}) D - sin (27Tn2u—;(2> . (3.82)

The terms corresponding to different time slot samples can be grouped into vectors,
and the vectors corresponding to different FD symbols of the same layer can be further

grouped into vectors, yielding:

Cln = [Cl,n,O; Clindy -+ Cl,n,K/471]Ta (3~83)
C =lao, ci, ---, cl,K,l]T, (3.84)
9in = 9in0, Gn1s - gl,n,K/4fl]Ta (3.85)
G =910, 91,1, ---» gl,K—l]T (3.86)

In this way, a large matrix can be constructed with the /th block row (multiple rows

from the same smaller matrix) being used to calculate the summation within Eq. (3.78)
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when L' = [.
-C, Gy
-C; G -Cy; Go

A= , (3.87)

-C1 G -Cy Gy -+ —-CL Gy
where the upper right region of the matrix is left blank, because those are zero-padding

areas, as shown in Eq. (3.63). Meanwhile, the minus signs of all C; elements correspond

to the negative sign in the penultimate line of Eq. (3.62).

Likewise, the parameters p and g can also be grouped as vectors, yielding:

T
P = [pros Pras -5 DL/ S (3.88)
T
Q= [QZ,0> a1, .- ql,K/4—1] ) (389)
T
v=[pl, a!, P, @3, ..., PL, 41 (3.90)

Concerning the vectors {pl}uK:/‘f_l, {ql}f:/%_l defined above, note that for all u > K;/4,
the corresponding vector elements should always be zero, because they are padded for
alignment purposes, according to Eq. (3.64). In other words, for the length-(K L/2)
vector v, the elements having the following indices are always left zero:

K,

K
vy = 0, if 31, s.t. mod (u, 4) > R (3.91)

In this way, the original PAPR reduction problem of Eq. (3.66) can be rewritten as

min t
v
s.t. g"’AvSt‘l(NLxl)
(3.92)
S {0, 1}, u < Kl/4,
Pl diu

=0, otherwise,

which is now transformed into a mixed integer linear programming (MILP) problem.

Hence, off-the-shelf solvers can be applied [80].

3.6.3 Optimisation Simplification

It has been shown in [74,81] that the majority of the elements in the optimisation
variable vector v would be zeros, indicating that with a few subcarrier symbol shifts,
the PAPR may be considerably reduced. This result also shows that the vector v is
sparse. Hence, based on [74,76,82] we can further simplify the optimisation problem by
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minimising the ¢;-norm |[|v||; of the desired sparse vector v as

min |lv|l1
v

st s+ Av <t Lvpx, (3.93)

Onr/2x1) S v < Linpjaxt),

Wuo = 0(nL/2x1)

where W is a diagonal matrix employed for ensuring that the subcarriers not controlled
by the current layer would not be shifted, the majority of whose elements are 0. This is
achieved by setting all illegitimate indices to 1, while forcing their corresponding element

in v to 0, which is formulated as:

1, i=jand FEq. (3.91
Wi,j:{ » i=7and Bg. (391), (3.94)

0, otherwise.

Furthermore, ¢’ is a pre-determined peak amplitude reduction target that varies both
with the number of layers L and with the number of FFT points K according to [74,76].
In this thesis, empirical values of ' = 0.7 is used for 4LACO-OFDM.

It is worth mentioning that Eq. (3.93) relaxes the restriction formulated in Eq. (3.57).
Thus, the resultant vector v* contains floating-point numbers within [0, 1]. Then, ac-
cording to [74], a total of Z candidate vectors containing only 0 and 1 will be generated,

each of which has a probability of being 1 given by the corresponding value in v*.

Given the resultant solution vector v*, for the zth of the Z independent and identically
distributed (i.i.d.) candidate vectors {p*), q(*)}, the associated generation process is

formulated as:

Py ~ B(Lv*[2u)), (3.95a)
g2 ~ B(L,v*[2u + 1)), (3.95b)
where B(1,p) is the Bernoulli distribution with success probability p.

The PAPRs of each candidate signal are then calculated by applying Eq. (3.52), in order
to obtain the injected LACO-OFDM signal Z*). The one achieving the minimum PAPR

would be selected as the final solution, which is given by:

* = in PAPR{z"*) :
2" = arg oin R{x‘*}, (3.96)
where z* is the index of the optimum pair p(*7), ¢(*"), while the PAPR is calculated
using Eq. (3.41).

This simplified algorithm has been summarised in Alg. 1, which describes the operation
of the ‘PAPR Reduction’ block in Fig. 3.4.
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Algorithm 1 The simplified LACO-OFDM PAPR reduction algorithm
Input: {s1,s9,...,s.}, K, L, D, ¢/, Z
Output: {T1,T5,..., 11}
: Construct vector ¢ using Eq. (3.80);
Construct matrix A using Eq. (3.81) ~ Eq. (3.87) and W using Eq. (3.94);
Solve the MILP problem of Eq. (3.93) and obtain v*;
z:=0;
repeat
z=z+1,
Generate p(*) and ¢(*) according to Eq. (3.95a),
Obtain the injected signal Yl(z) using Eq. (3.52) and Eq. (3.55),
Take Yl(z) through the LACO-OFDM TX processing shown in Fig. 3.4 and get
the injected LACO-OFDM signal &%),
10: Calculate PAPR{Z®)} using Eq. (3.41),
11: until z = Z;
12: Find z* based on Eq. (3.96);
13: Find the corresponding plE) g&");
14: Obtain the final T} using Eq. (3.55);
15: return {71,715, ..., T}

3.6.4 Numerical Results

Figure 3.17 portrays the CCDF of the proposed PAPR reduction method for 3LACO-
OFDM 16QAM signals for a total of 64 subcarriers. The number of candidate solution
vectors generated Z is treated as a variable and its PAPR improvement is quantified.
At the CCDF = 1073 level, our tone-injection technique provides a PAPR reduction
of around 5 dB, provided that sufficient candidate vectors are generated. Naturally,
a higher PAPR improvement can be observed, when a larger Z is used, albeit at a
higher computational complexity. Therefore, we struck a compromise at Z = 200 for

our further simulation.

On the other hand, the PAPR improvement is a function of the number of layers L.
Fig. 3.18 characterises this feature by comparing the PAPR improvement of different
LACO-OFDM signals. The improvement of the PAPR at the CCDF = 1073 level is used
for our evaluation. It is clear that the PAPR improvement is reduced as the number
of layers increases. A plausible reason for this trend based on Fig. 3.14 is that the
PAPR decreases as L increases, which in turn makes further improvements even harder
to achieve. However, if we compare the PAPR of the injection-aided 4LACO-OFDM
signal to the original 2LACO-OFDM, the improvement now appears more dramatic.

The influence of the proposed PAPR reduction method on the BER performance is char-
acterised in Fig. 3.19. The BER versus 7}, performance of the 3LACO-OFDM signals
under various clipping ratios featuring the proposed PAPR reduction method are de-

picted by the solid lines, together with their original direct-clipping based counterparts
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Figure 3.17: CCDF of the PAPR of LACO-OFDM TD signals from our PAPR
reduction technique with different number of candidate vectors generated Z.
All parameters are summarised in Table 3.1.
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Figure 3.18: CCDF of the PAPR of LACO-OFDM TD signals. Solid lines
represent the resultant signal from our PAPR reduction technique and dashed
lines their original counterparts. All parameters are summarised in Table 3.1.
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represented by the dashed lines. The proposed method expands the size of the con-
stellation pattern by shifting the constellation points to locations farther apart, while
keeping the minimum distance between each pair of points the same. In this way the
effective v, for the resultant signals becomes lower than that of their original signals,
which imposes a higher information loss. However, for +, > 20 dB, the proposed PAPR
reduction technique starts to outperform its direct-clipping counterparts for both 7 dB

and 9 dB clipping ratios. This is an explicit benefit of its reduced clipping distortion.

100 E T El
107" E
1072 1 - E

. |
&) -3 L )|
o 10 g E
107 E
- |-6—7 = 7dB, Original .
I |-©- 7= 7dB, Proposed .
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Figure 3.19: Comparison of BER performance over AWGN channel for 16QAM
3LACO-OFDM signals under different UB clipping ratios (7). Shown in solid
lines are signals gone through the proposed PAPR reduction method, while
those in dashes lines are the signals without PAPR reduction. All unmentioned
parameters are summarised in Table 3.1.

3.7 Chapter Conclusions

In this chapter, new theoretical expressions of its BER and of its PAPR have been de-
rived and verified by simulations for the state-of-the-art of the LACO-OFDM scheme.
Explicitly, the BER performance has been analysed in the face of noise, ILI and clip-
ping distortion. The higher layers tend to have worse BER performance due to the
interference imposed by the lower layers, while the first layer has the same performance
as ACO-OFDM. We demonstrated that the LACO-OFDM PAPR is significantly in-
fluenced by that of its first layer. The PAPR expression indicates that adding more
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layers will result in a TD signal with lower PAPR, hence LACO-OFDM attains PAPR
reduction. A novel PAPR reduction method based on tone-injection was also proposed
for LACO-OFDM, which is capable of achieving in excess of 5 dB PAPR reduction on
top of LACO-OFDM’s own reduction capability. The BER simulations also match with
our analysis, demonstrating that the signals composed of more layers exhibit a better
resistance against clipping, albeit their BER performance becomes much worse when,
no clipping is imposed. The proposed PAPR reduction method also helps improve the
BER. As a result, our LACO-OFDM solution exhibits excellent spectral and energy

efficiency.

3.8 Chapter Summary

3.8.1 Structure of the Chapter

Figure 3.20 provides a detailed schematic diagram of the relationships between each of

the sections in this chapter.

In Sec. 3.2, we commenced with the introduction of the UB clipping module of Fig. 3.2,

and the introduction of the tone injection module of Fig. 3.4.

Next, the basic statistical characteristics of the LACO-OFDM TD signal was studied in

Sec. 3.3. The PDF and moments of each of the layers was considered first.

Then, the BER performance of the LACO-OFDM signal was formulated mathematically
in Sec. 3.4. The expression of the BER takes into consideration the UB clipping, ILI
and the layer bit rate. We emphasised that the PAPR has played an important role
in predetermining the BER performance. Therefore, the PAPR of the LACO-OFDM

signal was discussed in Sec. 3.5.

Finally, in Sec. 3.6, we proposed a PAPR reduction algorithm based on tone injection.
The linear problem of reducing the PAPR was formulated by minimising the sums of
first L’ layers, which can be solved by MILP. A further simplification of the algorithm
was also proposed. The PAPR reduction also improved the BER performance under

clipping, as discussed in Sec. 3.4.

3.8.2 Summary of Simulation Results
In Sec. 3.3.5, the PDF of LACO-OFDM was investigated as a function of the number
of layers L, while the total power Paco of the signals was normalised to 1 W.

The BER performance of LACO-OFDM is evaluated by simulations in Sec. 3.4.5. In

Fig. 3.11, the performance of each separate layer is compared, which shows that the
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Figure 3.20: Summary of Chapter 3.

higher layers have worse performance, due to their higher ILI contamination by the pre-
vious layers. In Fig. 3.12, the BER performance of LACO-OFDM composed of different
number of layers is compared. When no UB clipping is considered, the signals having
fewer layers have better performance, because the higher layers have worse performance
according to Fig. 3.11, hence degrading the average BER. However, when UB clipping
is considered, the advantage of having a low PAPR associated with more layers becomes
clear, which is reflected by their better BER performance of Fig. 3.19, because they

suffer from less UB clipping distortion.

The PAPR related simulations are discussed in Secs. 3.5.3 and 3.6.4, respectively, where
the former considers the original PAPR, while the latter the reduced PAPR. Fig. 3.13
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shows that the PAPR of LACO-OFDM increases with the number of subcarrier K,
while Fig. 3.14 demonstrates that it is reduced upon increasing the number of layers
L. Figs. 3.17 and 3.18 quantify the PAPR performance improvement of our Alg. 1.
Fig. 3.17 portrays the PAPR reduction against the number of candidate solutions Z,
while Fig. 3.18 compares the PAPR reduction for different number of layers L, with Z
fixed at 200, which exhibits a maximum of 5 dB PAPR reduction.

Finally, Fig. 3.19 connects the BER and PAPR analyses of this chapter by comparing
the UB-clipped signal’s BER performance both with and without our PAPR reduction
method. The results show that our method beneficially reduces the PAPR and ultimately
improves the BER performance by reducing the UB clipping distortion.



Chapter

Multi-Class Coded LACO-OFDM

Single-Class Multi-Class
Coding 4 . AN Coding
A Chapter 3 /
—— Basic
L Performance )

J

{ A
Chapter 2 Chapter 4
Chapter.l LACO-OFDM Multi-Class Chapte? 6
Introduction . . Conclusion
Tutorial Coding

{ A
Chapter 5
—— Capacity
\/ 1 Maximisation ) \
Channel Simulations

Figure 4.1: Linkage of Chapter 4 within the thesis structure.

4.1 Introduction

In Chapter 3, the BER performance for LACO-OFDM system has been mathemati-
cally analysed and evaluated. In this chapter, we focus our attention on improving the
performance by employing sophisticated FEC techniques for approaching the channel

capacity.

Since the higher layers of a LACO-OFDM frame rely on the lower layers for estimat-

ing interference, any residual detection errors in the lower layers propagate through all

75
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the successive layers. Consequently, the higher layers exhibit a higher BER than the
lowers layers [1]. As a further advance, Q. Wang et al. [56] also conceived an improved
detection method, which exploits the TD signal for reducing the ILI. Another improved
LACO-OFDM receiver relying on soft SIC was proposed by T. Wang et al. [58], which
exploits the idea of diversity combining for eliminating ILI. Parallel to those develop-
ments, Mohammed et al. [59] studied both FD and TD diversity combining conceived
for LACO-OFDM systems.

Against this background, in this chapter we conceive an integrated multi-class FEC
code and LACO-OFDM framework, which invokes carefully harmonised FEC codes for
correcting channel errors as well as for eliminating the ILI. Our main contributions in

this chapter are:

e We quantify the achievable rate of LACO-OFDM systems relying on different
modulation schemes and different number of layers, which is based on both the

theoretical mutual information and simulations.

e We conceive a novel FEC coded LACO-OFDM system, which intrinsically amalga-
mates the classic FEC codes with our LACO-OFDM system. Our results demon-
strate that the proposed coded LACO-OFDM system significantly outperforms
the benchmark system consisting of a separate FEC and LACO-OFDM scheme in

terms of its BER performance as well as the decoding complexity.

e We further analyse the layered BER of the proposed coded system. It is demon-
strated that the proposed coded LACO-OFDM system is capable of drastically
reducing the ILI. Quantitatively, the coded LACO-OFDM system relying on 4-
layer 16QAM LACO-OFDM and turbo coding (8-iteration) completely eliminates
the ILI at Ey/Ny = 10 dB, which is 9 dB lower than that of the uncoded system.

The structure of this chapter is as follows. In Sec. 4.2, we define and derive the CCMC
and DCMC capacity of our LACO-OFDM system. This is followed by a simple single-
class coded LACO-OFDM system in Sec. 4.3. As a further improvement, our multi-class
coded LACO-OFDM architecture is presented in Sec. 4.4. Our numerical simulation
results, together with our further discussions on the attainable coding performance are
given in Sec. 4.5. Finally, our conclusions and chapter summary are offered in Sections
4.6 and 4.7, respectively. Again, the Fqual Power per Bit power allocation strategy
developed in Sec. 2.4 is followed.

4.2 Channel Capacity Analysis

In this section, we study the channel capacity of a LACO-OFDM system. Both the
Continuous-input Continuous-output Memoryless Channel (CCMC) capacity and the
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Discrete-input Continuous-output Memoryless Channel (DCMC) capacity are quantified
[83,84).

Definition 4.1 (CCMC). In CCMCs, the channel input is a continuous-amplitude,
discrete-time Gaussian-distributed signal. The CCMC capacity is only restricted either
by the signalling energy or by the bandwidth. Therefore, the CCMC is also often referred

to as the unrestricted channel.

Definition 4.2 (DCMC). In DCMCs, the channel input is a discrete-amplitude, discrete-
time signal. More specifically, the input of the channel contains a groups of symbols
belonging to a finite and discrete symbol set S, while the amplitude of channel’s output
is continuously distributed and may potentially take any value. The DCMC capacity
is therefore additionally characterised by the finite symbol set S. Hence, the DCMC is

often referred to as the restricted channel.

We will firstly quantify the capacity of the ACO-OFDM system, followed by that of
LACO-OFDM. Explicitly, we will quantify the CCMC capacity for different number
of layers, and the DCMC capacity for different modulation schemes. Naturally, the
throughput of a LACO-OFDM system increases, as more layers are incorporated and
higher-order modulation schemes are used. The channel capacity derived in this section
will be subsequently used in Sec. 4.5 for benchmarking the performance of the proposed
coded LACO-OFDM system.

For simplifying our analysis, the influence of the OFDM CP on the capacity has been
ignored, and an AWGN channel is assumed. More detailed discussion on these topics

may be found in [85].

4.2.1 CCMC Capacity
In this subsection, we firstly review the pioneering works of [85,86] in the derivation of

CCMC capacity for RF and ACO-OFDM systems, before presenting the corresponding
results for LACO-OFDM systems.

4.2.1.1 CCMC Capacity of RF and ACO-OFDM Systems

The most well-known and generic capacity formula was proposed by Shannon for RF

systems, where the capacity for a limited frequency bandwidth of W Hz is given by:

Es :
CEEMC — W log, <1 + N) (bits/s), (4.1)
0

E.
where ﬁs is the SNR of the received signal.
0
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Recall from Sec. 2.2.1 that ACO-OFDM has distinctive loading strategies for even-
indexed (k = 2u) and odd-indexed (k = 2u+1) subcarriers. The odd-indexed subcarriers
have QAM symbols loaded onto them in the same manner as in RF systems, which

contributes to the total capacity by an amount of

E K
CREO% = Wy, 10g2(1 + Ng’;) (bits/s), k=1,3,..., 5 - 1, (4.2)

)

S,

=5k is the effective SNR of the kth subcarrier, defined as the energy ratio of
0,k
the of the symbol on the subcarrier and its corresponding effective noise. Sadly, for the

where

even-indexed blank subcarriers, we have:
CRe0G =0, k=24, . K-2 (4.3)

Note that for Eq. (4.2)

1. The term W,

e The OFDM system employed has a total of K subcarriers, and given the total
bandwidth of W, the bandwidth per subcarrier becomes:

Wk:E (Hz), VO0<k<K,; (4.4)
e The subcarrier indices k in Eq. (4.2) only occupy the first half of the odd val-
ues, because the second half has to have the conjugated symbols transmitted,

which do not carry any new information.

E
2. The term effective SNR sk
No

e The SNR expression is identical for all odd-indexed subcarriers, given our the
assumption of having (statistically) uniform power spread across the subcar-

riers, when communicating over an AWGN channel;

e The LB clipping process averages the energy distribution among the subcar-
riers, while accommodating all the clipping distortions on the even-indexed
subcarriers, which are assumed to have the same energy as those on the odd-

indexed subcarriers, yielding:
Es,2u+1 = Es,2u = E;, Vu € Z; (4'5)

e Despite the fact that the noise is complex-valued, the receiver drops the
imaginary component of the signal, because the intensity-modulated signal is

always real-valued, which effectively halves the power of noise, yielding:

1
Nojy = §N0; (4.6)
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E. E
e This leads to the following relationship betwee ® an sk,
No No i
Eq _ 2F; (@7
Nor  No

Therefore, the total CCMC capacity of an ACO-OFDM system having a bandwidth of
W is

»\w

CCMC CCCMC CCCMC
ACO ACO,k — ACO,2u+1

Ky
Eq 1, 1 2F; .
= UZ:O Wy log, <1 + NO,k) = 4W10g2< No ) (bits/s).

4.2.1.2 CCMC Capacity of LACO-OFDM Systems

In LACO-OFDM, the spectral efficiency has been improved by actively exploiting the idle
subcarriers left blank in ACO-OFDM. This implies that LACO-OFDM systems achieve
a higher CCMC capacity than ACO-OFDM systems within the same bandwidth.

According to Sec. 2.3.1, each of the LACO-OFDM layers constitutes an ACO-OFDM
signal, which has the same subcarrier bandwidth W, but different number of subcarriers
K;. More specifically, adding the [th layer may “activate” a total of 2,% subcarriers,
enabling them to carry useful information, and thus increases the total capacity. There-
fore, for a LACO-OFDM system having a total of L layers, the capacity contribution of

each of the K subcarriers becomes:

Es ) K L
cooMe _ Wy, log, (1 + No,k:) (bits/s), k<% —1 and mod(k, 2¥) #0,

LACOk =

0, otherwise,
(4.9)
where the restriction of mod (k‘, 2L) # 0 ensures that subcarrier k£ has a symbol on one

of the L layers.

However, for LACO-OFDM, the relationship between Esj; and Eg is more complicated
than the ACO-OFDM’s case in Eq. (4.5). According to Fig. 2.9, upon denoting the
LB clipped signal of layer [ in the FD by F{s;}, the information symbols occupy a
total of 5 subcarriers, while the clipping distortions of the same layer occupy another

% subcarriers. Therefore, the relationship between the subcarrier energy Eg; and the

layer’s average power E{s?} is given by:

2
By =2 1E{s?} &2 71 (4.10)

where o is the variance of the unclipped layer 1 signal D{s;}.
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On the other hand, according to Sec. 3.3.3, we have:

1 -2 L/2)?
Es = PLACO@W[( ) +(7r—1)<1—1)

: 4.11

E E
which yields the relationship between FS and —% for an L-layer LACO-OFDM system
0 0,k
formulated as
Esr  Es m

=1 % — )
foe o JO2E) -1 (- )|

(4.12)

Therefore, the CCMC capacity of a LACO-OFDM having a total of L layers can be

expressed as
1 1 1 Ey
ceeMe CCMC k
LACO—ZCLACOk ( +8+"'+21+1>><Wk10g2< ka>

11
_<2_W“>XWX (4.13)

Since LACO-OFDM systems having different number of layers have different throughput,
it is unfair to directly compare their capacities at a given % Therefore, we introduce a
new metric. For quantifying the CCMC capacity, we define the information bit to noise
power ratio vj, as the energy assigned to each successfully received bit. Since the energy
of each OFDM symbol is Fg and the amount of deliverable information per symbol at
a particular SNR is quantified by the CCMC capacity itself, it is straightforward to see

that we have:
FEq \%%

Yib = No X CCCMC (4.14)

CcCCMC

where the term has a unit of (bits/symbol).

4.2.2 DCMC Capacity of ACO-OFDM Systems

For DCMC capacity, let us first analyse a simple single-layer LACO-OFDM system,
which is basically ACO-OFDM. The majority of the notations in this subsection are the
same as those in Sec. 2.2, where the system model of ACO-OFDM was defined.

If an FD symbol S[k] is transmitted from TX of Fig. 2.2, the FD symbol received at the

RX side can be expressed as

R[k] = S[k] + N, (4.15)
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where N is the halved power-effective AWGN represented in the FD.

Let dykm be the Euclidean distance between the received symbol R[k] and the mth
symbol 8™ of the M;QAM constellation set S (m=20,1,...,M; — 1), which is given
by:

di o = HRUC] —§tm HZ - HS[k:] FN S H2 : (4.16)

where ||-||2 is the £2-norm operator.

Then, the soft channel information Pr(R[k] | S[k] = S"™), which denotes the probability
of receiving the symbol R[k] at the kth instant when S[k] = S is transmitted, is

computed by the demapper using the distance d j ,,, and the Gaussian-distributed noise

N as [87] ,
dl k,m
exp [— 2 ’
02/2

Here, 02 /2 is the power of the effective AWGN N of Eq. (4.15), which may be expressed

as

2
N ~CN (0, U;) . (4.18)
E
It is pertinent to mention that if the channel SNR is FS for unit symbol energy, then
0
the effective noise power may be estimated by:
E; 1 1
=Sy Zlogo M | = —— 4.19
= (o) = (119)
which yields
2
1
In _ — (4.20)
2 rglogg M

for ACO-OFDM.

Using Bayes’s Theorem, the a posteriori probability of the transmitted symbol S[k] =

S™) given a received symbol R[k] becomes:

Pr(R[k] | S[k] = S™)) - Pr(S[k] = $™)
Pr(R[k]) '

Pr (S[k] = sm) | R[k}) - (4.21)

Since the transmitted symbols are uniformly distributed over the same constellation

pattern, the a priori probability for any of the M transmitted symbols is given by

Pr(S[kz] - s<m>) - % v m. (4.22)

Furthermore, the probability of received symbols R[k] may be computed using:

Pr(R[k]) = f: [Pr(R[k:] | S[k] = 5<M>) X Pr(51 k] = s<m>)} . (4.23)

m=1



82 Chapter 4 Multi-Class Coded LACO-OFDM

Substituting Eqgs. (4.22) and (4.23) into Eq. (4.21) yields:

Pr(RIK] | S[k] = S¥™) (4.24)

Pr (sl = S | RlK]) = —; |
> Pr(R[K] | S[k] = Stm")

m/=1

Hence, Eq. (4.24) implies that Pr(S[k] = S™) | R[k]) is equivalent to the mormalised
counterpart of Pr(R[k] | S[k] = S(™), when the transmitted symbols S are equiproba-
ble.

According to Shannon’s theorem [86], the capacity of a channel is equivalent to the
maximum information conveyed, which equals to the entropy of the source minus the
average information lost. The DCMC capacity, based on its definition on page 77, is
restricted by the specific modulation scheme used, which discretises the input of the
channel. Therefore, we express the DCMC capacity as

ACO ACO
CMAAM — ax I(S, R) = max [H(S) —H(S | R)] :

(4.25)
where I(-, -) is the mutual information function and H(-) is the information entropy
function, while S stands for the source/Tx and R the sink/Rx.

Since we have considered equiprobable source symbols, we have [88,89]

ACO K/4 1
H(S) = IélOgQ M = 1 logy M. (4.26)

On the other hand, the conditional entropy H(ASC|OR) relies on the normalised probability
of Eq. (4.24), which can be further expressed in Eq. (4.27) on the next page. The
term of KTM = I incorporated in both Eq. (4.26) and Eq. (4.27) indicates the four-fold
spectral efficiency reduction of ACO-OFDM, which is reflected in the CCMC capacity
analysis. Explicitly, the expectation operator E{-} of Eq. (4.27) computes the average
of all TD symbols across all occupied subcarriers. Therefore, a factor of KTM has to be

incorporated to get the average entropy of a LACO-OFDM frame.

Finally, the DCMC capacity of an ACO-OFDM system can be expressed as
1
CREMC — 7 loga M —H(S |R)  (bits/symbol), (4.29)

where the unit of capacity is (bits/s) for CCMC, and it is (bits/symbol) for DCMC

capacity.
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4.2.3 DCMC Capacity of LACO-OFDM Systems

Next, we extend the aforementioned DCMC capacity analysis to the more complex
LACO-OFDM system, which also relies on the classic information theoretic capacity
Eq. (4.25), i.e.

CPRMS = max [H(S) — H(S | R)] . (4.30)

For an L-layer LACO-OFDM scheme, the overall conveyed information quantified by

the channel capacity can be expressed as
CEE%\J/IOC:I(Sl,SQ,...,SL ; Rl,RQ,...,RL), (431)

where the first half represents the source symbols of each layer, while the second half

denotes their corresponding sink symbols.

Recall that each layer of LACO-OFDM is an ACO-OFDM signal and the transmitted
symbols of each layer are independent, while the received symbols are correlated due to

the presence of ILI. Therefore, Eq. (4.31) can be rearranged as

L
CEACé/Ig = Z‘[(Sl ) Rlu R2) sy RL)
=1

(4.32)
:I(Sl; Rl,RQ,...,RL)—FI(SQ; Rl,RQ,...,RL)—l-”-

—|—I(Sl; Rl,RQ,...,RL)+~--—|—I(SL; Rl,RQ,...,RL).

For the sake of simplifying this cascaded ILI in the capacity calculation, we exploit
the widely used chain rule [90]. Consequently, each of the terms in Eq. (4.32) can be

rewritten as

I(Si 5 Ri,Re, .., Ri, Riya, o Re
( +1 ) (4.33)
:I(Sl;Rl,...,Rl)—|—I(Sl;Rl+1,...,RL’R1,...,Rl).

Recall that each layer is only affected by the ILI of lower layers. Consequently, the
symbols R; received on layer [ are independent of the symbols {R;i1, Riyo,..., R}
received in the upper layers. Hence, the second term in Eq. (4.33) is always zero, while

the first term can be further expanded as
I(S; ; Ri,Re,...,R) =H(S;) —H(S; | Ry, ..., Ry), (4.34)

which is the source entropy of layer [, minus the loss of information caused by layers
1~1.

As it will be demonstrated in Sec. 4.5, the ILI can be substantially reduced by appropri-

ately incorporating FEC codes. Hence, under the assumption of perfect error correction
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(or equivalently, perfect detection), the ILI can be completely eliminated. Consequently,

it is reasonable to assume that we have:
H(Sl | Rl,...,RZ)%H(Sl ‘ Rl) VlSZSL, (4.35)

where H(S; | R;) related to layer [ can be computed using Eq. (4.27). This in turn
implies that the overall conveyed information can be estimated by adding together the

information conveyed by each independent ACO-OFDM layer.

Hence, the DCMC capacity of an L-layer LACO-OFDM system can be expressed in
bits/symbol as follows:

L
CENOI™M =327 [logy M — H(S; | Ry, (4.36)
=1

where the factor 27/=! denotes the spectrum efficiency of layer I. If all layers invoke
the same modulation scheme, i.e. we have M; = M, V [, then Eq. (4.36) can be further

simplified as follows:

CMQAM (4:38),(4.39) (1 1 > logy M — H(S1 | Ry)] (bits/symbol), (4.37)

LACO 5~ oLt
because
H(S: | R)) = H(S1 [ Ry), (4.38)
and
L 1 1 1 11
-1 B
>2 —4+8+"'+2L+1—<2_2L+1>' (4.39)

=1

Moreover, similar to the CCMC capacity, the information bit to noise power ratio +;, can
also be defined based on the DCMC capacity, which represents the amount of deliverable

information at a certain SNR using a certain modulation scheme, expressed as

E; 1
Mb = 3 X IQAM- (4.40)
No  Cixéo

Again, the capacity Cﬁ%%M has the unit of (bits/symbol).

It is also worth mentioning that when calculating H(S; | Ry) for LACO-OFDM, the
noise power should be higher for a given value of — | because the total symbol energy
increases as more layers are superimposed and moreoidle subcarriers are filled up. More
specifically, if equal symbol energy is assigned to every subcarrier, as in [1,53], the total

unnormalised LACO-OFDM symbol power is equivalent to Eq. (3.16). Consequently,
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Eq. (4.19) should be modified as

L
E; 1 L
ey > oy loga My ) = o 4.41
N~ <2’“ o ’) 0%/2 A

which in turn modifies Eq. (4.20) into

2 [(1—271/2)° 1
2 [f P <1_2L>]

2 ™
% = : (4.42)

= T < .
% (e o)
=1 2l+1

for LACO-OFDM.

4.2.4 Numerical Capacity Results

CCMC Capacity (bit/symbol)

Yib (dB)

Figure 4.2: CCMC capacity versus information bit to noise power ratio =i,
of LACO-OFDM systems having different number of layers L. The CCMC
capacity of RF systems is also shown for reference.

Figure 4.2 plots the CCMC capacity of LACO-OFDM against the information bit to
noise power ratio, based on the analysis of Sec. 4.2.1. LACO-OFDM systems having
different number of layers L are compared to each other, as well as to the RF capacity,

where the influence of throughput difference has been eliminated by normalisation using

Yib-
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It is firstly clear that all the IM/DD optical schemes have a lower capacity than their
the RF counterparts, due to the loss of the imaginary part of the TD signal. Meanwhile,
LACO-OFDM schemes with less layers tend to perform better in the low-SNR region.
This is mainly due to the overall poor performance under such channel conditions,
preventing the lower layers from being correctly detected, which in turn imposes excessive
ILI and further degrades the performance. Once sufficient power becomes available, the
schemes having more layers start to exhibit more steep capacity improvements. However,
at a high SNR, such as for example 7, = 20 dB, it can be observed that the gaps between

the capacity curves is reduced as L increases.

2
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0 | |
-5 10 15 20

Yib (dB)

Figure 4.3: DCMC capacity versus the information bit to noise power ratio ~;,
of 16QAM LACO-OFDM systems for different number of layers L. The CCMC
capacity of an RF system is also plotted for reference.

By contrast, Fig. 4.3 shows the DCMC capacity of LACO-OFDM systems for different
number of layers L, when 16QQAM is used. The CCMC capacity of RF systems is pro-

vided again for reference using ;p as x-axis. However, bear in mind that the definitions
of i, are slightly different for the CCMC and DCMC models.

Similar capacity trends can also be observed by comparing Fig. 4.3 to the CCMC models’
of Fig. 4.2, where the low-SNR, and high-SNR region have performance curves ranked
in opposite order, when parameterised by the number of layers L. Meanwhile, since
the DCMC capacity is ultimately restricted by the choice of modulation scheme, all the

curves converge to a level corresponding to % (% - QL%) logy M.

Finally, Figs. 4.4 and 4.5 compare the capacities of LACO-OFDM systems by fixing the

number of layers L and varying the modulation constellation size M.
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Capacity (bit/symbol)
o
T

—_
T

20

Yib (dB)

Figure 4.4: DCMC capacity versus the information bit to noise power ratio ~;,
of 3-layer LACO-OFDM systems for different QAM constellation sizes M. The
CCMC capacity of a 3-layer LACO-OFDM system is also plotted for reference.

In Fig. 4.4, the 3-layer LACO-OFDM systems’ DCMC capacities are presented, together
with the CCMC capacity of the same system, where all the curves are plotted vs ~ip.
By contrast, Fig. 4.5 depicts the 3-layer and 4-layer LACO-OFDM systems’ DCMC ca-
pacities vs ]€(S) , namely the SNR. It is clear that for all figures, the DCMC capacity is
tightly bounded by the CCMC capacity, especially in the low-SNR region. The DCMC
capacity curves representing lower modulation orders branch off from the CCMC capac-
ity earlier and converge to a lower capacity level, due to the limitation of the individual

modulation schemes. This trend is similar to those of the RF systems [87].

4.3 Single-Class Coding System

One of the most important reasons to study the channel capacity is to numerically
evaluate the performance of FEC codes - in other words, how much closer they allow us

to approach the capacity limit.

In this section, we firstly conceive a naive coding system, where the channel coding
is simply implemented by cascading the transceiver with the corresponding codec. We
refer to this system as a single-class coding scheme, as opposed to the multi-class coding

scheme of the next section.
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Capacity (bit/symbol)

Es

- (@B)

(a) 3-layer

Capacity (bit/symbol)

Es

N (@B)

(b) 4-layer

E
Figure 4.5: DCMC capacity versus the symbol to noise power ratio FS of (a)

0
3-layer and (b) 4-layer LACO-OFDM systems for different QAM constellation
sizes M. The CCMC capacity of 3-layer and 4-layer LACO-OFDM systems are
also plotted for reference, respectively.
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4.3.1 System Model

Layer 1 TX Process

___________

Layer 2 TX Process

b . ghanélel
: neoder Layer 3 TX Process
| Layer 4 TX Process
E Layer 1 RX Process
. Layer 2 RX Process
b | ghan(rllel
! ccoder Layer 3 RX Process
E Channel Layer 4 RX Process
+ Coding
i Process Conventional LACO-OFDM Process

Figure 4.6: Single-Class coded LACO-OFDM transceiver for a 4-layer LACO-
OFDM system.

Figure 4.6 depicts the schematic of a single-class LACO-OFDM system. The top half
represents the transmitter, where each of the “Layer [ TX Process” blocks in the middle
uses the ACO-OFDM-style modulation for each layer, similar to those seen in Fig. 2.6.
The bit stream s is passed through the channel encoder, which produces the coded
sequence b. Then, the LACO-OFDM transmitter separates the single stream into several
sub-streams by, each corresponding to a LACO-OFDM layer. The FEC-coded bits are

then mapped into symbols and modulated according to Sec. 2.3.1.

The receiver of the system is seen at the bottom of Fig. 4.6, where the received signal
r is detected on a layer-by-layer manner as in Sec. 2.3.2, and each of the “Layer [ RX
Process” stages includes both the layer detection and its clipping distortion cancellation
processes, as detailed in Fig. 2.7. The detected bits of each layer ?)l are combined into
a single stream li in a chronological order before channel decoding, resulting in b of
Fig. 4.6.

Again, as shown in Fig. 4.6, in this single-class scheme, the channel coding components
receive the hard-decision bit stream from the LACO-OFDM scheme.

In the next subsection, we will conduct Monte-Carlo simulation for characterising this
single-class coded scheme for various choice of FEC codes, as well as LACO-OFDM

configurations.
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4.3.2 Numerical Results

Unless otherwise specified, the following parameters given in Tab. 4.1 apply to all the
simulations both within this section for our single-class system and the next section for

the multi-class system.

Table 4.1: Parameters Used for Simulation Results in Chapter 4

Symbol Definition Value Applicable Figures

M Size of the constellation pattern 16 4.7, 4.8, 4.11, 4.12, 4.13,
4.14

L Number of layers composing the 4 4.7,4.11, 4.12, 4.13, 4.14
LACO-OFDM signal

K Number of FFT/IFFT points 2048  4.7,4.8,4.11, 4.12, 4.13
N/A Channel AWGN 4.7, 4.8, 4.11, 4.12, 4.13,
4.14

Figure 4.7 shows the BER performance of a 4-layer 16QAM-modulated LACO-OFDM
system employing the above-mentioned single-class scheme, where the choice of FEC
codes is varied. A weaker convolutional code with memory M = 2 (Scheme 2) and the
octally represented generator polynomial (7,5) as well as a code-rate of R = % is used.
A stronger turbo code relying on a pair of M = 3 Recursive Systematic Convolutional
(RSC) codes (Scheme 4) using the generator polynomials (15,13) and a maximum of
7 = 8 decoding iterations is also employed for comparison. The coding rate was again
R= % after puncturing. The performance is also compared against the uncoded results
of Scheme 1 characterised Fig. 3.12 in Chapter 3. Meanwhile, the BER performance of
a convolutional code with memory M = 7 (Scheme 3) is also provided, which is of the

same complexity as the turbo code Scheme 4.

As shown in Fig. 4.7, utilising the single-class coding system does improve the BER per-
formance of our LACO-OFDM system. Explicitly, employing the M = 3 convolutional
code (Scheme 2) starts to produce a lower BER than its uncoded counterpart (Scheme
1) for SNR beyond 41, &~ 15.5 dB, while having a coding gain of around 0.25 dB at
P, = 10~3. Moreover, the performance can be further improved by the Z = 8, M = 2
turbo code (Scheme 4), which outperforms both the convolution code scheme with the
same complexity (Scheme 3) and its uncoded counterpart for SNRs in exceeds of 71, = 8.5
dB, giving a 3.9 dB gain at P, = 1073,

Furthermore, we have used %—rate FEC codes for the three coded Schemes. Hence,
the overall throughput (or rate) of the resultant coded LACO-OFDM system can be
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Figure 4.7: BER performance of 4-layer single-class coded LACO-OFDM for
16QAM modulation. All parameters are summarised in Table 4.1. Details
about the simulation schemes are also summarised in Table 4.2 on page 98.

formulated as follows:

16QAM 1 1 1 15 .
RirACO 12" (10g2(16) X7 X > 211) = 1 Dits/symbol. (4.43)
=1

Based on Shannon’s information theorem [86], the achievable rate under such throughput
would be % bits/symbol, which corresponds to a limit SNR Es;/Ny = 7.38 dB (or
equivalently v, = 7.66 dB) according to Fig. 4.5(b).

Still referring to Fig. 4.7 at the P, = 1072 level, the two convolutional codes (Schemes 2
and 3) are 8.68 dB and 8.26 dB far away from the capacity, respectively. On the other
hand, the stronger turbo code (Scheme 4) narrows the gap down to 5 dB.

The above-mentioned coding gains are achieved at the cost of the following decoding
complexities. The 8-state convolutional code of Scheme 2 has 8 Add-Compare-Select
(ACS) arithmetic operations, while the 128-state convolutional code of Scheme 3 has
128 ACS operations. By contrast, the turbo code has a pair of identical 8-state RCS
decoders, which rely on Z = 8 iterations. Hence, it has a maximum complexity of
8 x 2 x 8 =128 ACS operations.

Meanwhile, Fig. 4.8 shows the BER performance of 16QQAM-modulated LACO-OFDM

systems employing the single-class scheme, where the number of layers is varied. The
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two convolutional coding schemes (Scheme 2 and Scheme 3) are applied for comparing

their error correction abilities.
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Figure 4.8: BER performance of single-class coded LACO-OFDM for 16QAM
modulation having different number of layers and employing convolutional codes
with different memory lengths. All parameters are summarised in Table 4.1.
Details about the simulation schemes are also summarised in Table 4.2 on page
98.

Observe in Fig. 4.8 that the 32-times more complex 128-state convolutional code of
Scheme 3 achieves a modest 7}, gain of about 1.5 dB at P, = 10~* for our single-layer
scheme. Moreover, its v, advantage gradually erodes for the 2-; 3- and 4-layer schemes,
owing to the increased ILI. Hence, a better trade-off is struck by the 4-state convolutional

code of Scheme 2.

4.3.3 Discussions

Although the single-class coded LACO-OFDM succeeds in slightly improving the BER
performance, this structure has several impediments that limit its overall performance.

Specifically,

1. The original TX of Fig. 2.5 has a parallel structure. The signal processing of all
layers can be carried out simultaneously, before their respective clipped signals are

superimposed onto each other. However, in case of the conventional single-class
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coded LACO-OFDM system, the encoder operates serially. Hence, the higher
layers have to wait for their bits to be encoded. This introduces delay at the TX.

It is also worth noting that the delay increases upon increasing the frame length.

. The conventional coded LACO-OFDM system fails to exploit the full potential of

FEC codes. The FEC codes are capable of alleviating the impact of ILI, if invoked
in a carefully matched layered manner. As it will be detailed later in this section,

ILI in the conventional system is the same as that in the uncoded system.

. One of the benefits of a LACO-OFDM system is its flexibility [1]. Specifically, the

number of layers, the modulation scheme as well as the power allocation invoked
for each layer can be adjusted to achieve a desired QoS or throughput requirement.
However, since all bits are encoded jointly in a single-class coded system, the same
coding rate, and more importantly the same code, must be used for all input
bits; hence, the system loses flexibility. This can be particularly disadvantageous
in scenarios, where one would like to use stronger codes for particular layers to

provide a higher level of protection.

Against this background, we present our new multi-class coded LACO-OFDM system,

where the encoding and decoding components are integrated within the original layered

structure. In this way, the system avoids the aforementioned problems, since each layer

has its own encoding and decoding units.

4.4 Multi-Class Coding System

In this section, we present our multi-class coded LACO-OFDM architecture, where
Sec. 4.4.1 introduces the TX design, while the RX is presented in Sec. 4.4.2.

4.4.1 Transmitter Design

Layer 1 FEC Encoder H—1>’ Layer 1 TX Process

Layer 2 FEC Encoder H—2>’ Layer 2 TX Process

1

i

Layer 3 FEC Encoder H—3>’ Layer 3 TX Process

Layer 4 FEC Encoder %—4>’ Layer 4 TX Process

i

Laa

I
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
\

Channel Coding Process !

Figure 4.9: A LACO-OFDM transmitter integrated with FEC encoders. The
‘LACO TX CORE’ block is given in Fig. 2.5.
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Figure 4.9 shows the schematic of the proposed multi-class LACO-OFDM transmitter,
which intrinsically integrates layer-specific FEC encoders within the layered structure
of the LACO-OFDM system. Each layer of the LACO-OFDM system of Fig. 4.9 has
its own choice of constellation size M;, coding rate r; as well as the type of FEC code.
First, the S/P block divides the input bit stream b into L blocks, so that the Ith layer
has B; uncoded bits, denoted as b;. Each layer then independently encodes its input bits
b; using an FEC code having a coding rate of r;. The resultant encoded bits b; and the
desired constellation size M, are then fed to the ‘LACO TX CORE’ block of Fig. 2.5 for

further processing.

The multi-class FEC encoder of Fig. 4.9 simultaneously processes each layer. Since each
layer only has a portion of the original bit stream b, it takes shorter time to complete the
entire encoding process. Moreover, this design allows us to individually choose the FEC
code type and the coding rate for each layer, hence facilitating adaptive LACO-OFDM
FEC coding.

4.4.2 Receiver Design

Figure 4.10 shows the schematic of the proposed LACO-OFDM RX, where the FEC
decoders are integrated into the multi-class coded structure of LACO-OFDM, similar
to the transmitter of Fig. 4.9. Analogously to the uncoded RX of Fig. 2.7, the RX of
Fig. 4.10 operates layer-wise, commencing from the first layer, which is not contaminated
by ILI. However, the clipped signal |s;] of the [th layer is now regenerated based on
the output of the FEC decoder, rather than relying on the hard-output of the QAM
demapper. More specifically, the soft QAM demapper of Fig. 4.10 computes the a priori
LLRs L, (5;) of the encoded bits Bl from the bit-based counterparts of the symbol-based

likelihood probabilities of Eq. (4.17). The a priori LLRs L, (E)l) are then fed to the FEC
decoder of Fig. 4.10, which is essentially a Soft-In-Soft-Out (SISO) decoder. This SISO
decoder yields the a posteriori LLRs L, (b;) of the uncoded bits b;. Finally, hard-decision
is applied both to £, (5;) and to L, (by), yielding b, and l:)l, respectively. The resultant

by is then fed to the ‘ACO TX’ block of Fig. 2.2 for estimating the ILI imposed on the
(I + 1)st layer. The rest of the process at RX of Fig. 4.10 is the same as that of the
uncoded system. Hence, the proposed RX estimates the ILI based on the output of the
FEC decoder. Since the FEC decoder corrects most of the channel errors, the resultant
ILI estimations become more accurate. Consequently, the ILI is substantially reduced,
provided that the receiver design of Fig. 4.10 is invoked. Therefore, the FEC encoders
of Fig. 4.10 substantially mitigate the impact of ILI.



Chapter 4 Multi-Class Coded LACO-OFDM

96

IIIIIIIIIIIIIIIIIIIIIIII

)
™ 2| K-point | Ba 1st Half | S1 M;QAM ||
Demapper | !

FFT 0Odd Ext.

Layer 1 ACO TX

r2

Layer 2 ACO RX

Layer 2 ACO TX

' Layer
2 Decoder

Layer
1 Decoder

£,(br)

|

Q»

Q
<

Layer 3 ACO RX

Layer 3 ACO TX

LLHBOQ X

IIIIIIIIIIIIIIIIIIIIIIIIIIII

Layer
1 3 Decoder

c, Amwv

83! | Clipping 83 | K-point S3
at zero IFFT

M;QAM | ! by
Mapper

Figure 4.10: Multi-Class Coded LACO-OFDM RX
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4.5 Simulations and Discussions

In this section, we evaluate the performance of our proposed multi-class coded system.
First we benchmark the BER performance against the single-class coded LACO-OFDM
system as well as the achievable rate limit. Then we will analyse the detailed influence
of FEC codes on each LACO-OFDM layer. In all simulations we have used a 4-layer
LACO-OFDM scheme communicating through an AWGN channel relying on a total of
2048 subcarriers and 16QAM.

Similar to the discussion for the single-class coded system on page 92, the SNR corre-
sponding to the capacity limit of a 4-layer LACO-OFDM system using a half-rate FEC
channel code is at v, = 7.66 dB.

4.5.1 Performance of Different FEC Codes

Figure 4.11 shows the BER performance recorded for different coding scenarios listed in
Table 4.2. Specifically, we have invoked both convolutional codes having a memory of
M and turbo codes relying on I decoding iterations. The performance is benchmarked

against the corresponding single-class scenarios as well as the achievable rate limit.
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Figure 4.11: BER performance of a 4-layer LACO-OFDM system operating
16QAM on all of its layers communicating in AWGN channels. The channel
coding schemes of Table 4.2 are used.
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Table 4.2: Channel Coding Schemes Used for Simulations

Ne Structure Code Parameter Rate | Polynomials | States

1 N/A N/A N/A N/A N/A
9 Single-Class _ M=2 (7,5) 4
— Convolutional

3 M=T7 (371,247) 128
4| Turbo M=37T=8 (15,13) 128

5 M=2 . (7,5) 4
6] Convolutional M=5 2 (75, 53) 52

7 M =6 (171,133) | 64
8 | Multi-Class M=7 (371,247) | 128
9 | M=3,7T= 32
10 | Turbo M=3T=4 (15,13) 64

11 M=3,7T=38 128

We may observe in Fig. 4.11 that the multi-class Scheme 5, Scheme 8 and Scheme 9 sig-
nificantly outperform their single-class counterparts of Scheme 2, Scheme 3 and Scheme
4, respectively. Quantitatively, the layered turbo coded system Scheme 9 operates within
1.1 dB of the achievable rate at a BER of 1073, while Scheme 4 of the single-class turbo
coded system is 4.7 dB away from the achievable rate. Hence, our layered design offers
a 3.6 dB gain at the same encoding and decoding complexity. We may also observe in
Fig. 4.11 that even the less sophisticated multi-class convolutional coded Scheme 5 of
Table 4.2 outperforms the single-class turbo coded Scheme 4, which has a significantly
higher decoding complexity.

More explicitly, the decoding complexity as well as time delay of trellis codes is pro-
portional to the number of trellis states invoked during the decoding process [71]. A
memory-2 convolutional code invokes only 22 = 4 trellis states. By contrast, a turbo code
relying on two parallel concatenated memory-3 convolutional codes invokes (23 x 2) = 16
states in each iteration; hence invoking a total of (16 x 8) = 128 states in 8 iterations.
This implies that the layered convolutional-coded system imposes 32 times lower de-
coding decoding complexity than the single-class turbo-coded system in addition to
providing a better BER performance. In Fig. 4.12 we plot the distance to the achiev-
able rate limit versus coding complexity for a 4-layer LACO-OFDM system utilising the
proposed multi-class coding architecture. The coding complexities are quantified by the
number of states used, and are also summarised in Table 4.2. As shown in Fig. 4.12,
a closer match to the achievable rate limit can be obtained upon increasing the cod-
ing complexity by increasing the memory of the convolutional codes and the number of

turbo iterations.
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Figure 4.12: Distance to the achievable rate limit for multi-class coded 4-layer
LACO-OFDM using different coding schemes. Convolutional code with various
memory size and turbo code concatenating two memory-3 convolutional code
with various iterations are used.

4.5.2 Performance of Different LACO-OFDM Layers

Next, we embark on a more detailed analysis of the coding of each LACO-OFDM layer.
Turbo coding with a maximum I = 8 iterations (scheme 10 of Table 4.2) is considered

here owing to its best performance.

Figure 4.13(a) records the layer-wise BER performance of the uncoded system, while
Fig. 4.13(b) depicts the BER performance of the layered turbo coded system. We may
observe a dramatic performance improvement for all layers. However, the BER curves
of the layers in the turbo-coded scenario do not converge even for very high SNRs. This
is because the turbo interleaver length is reduced, as we move up the layers and the
performance of the turbo code degrades upon decreasing the interleaver length. More
specifically, the first layer has a turbo interleaver length of 2! bits, while that of the
fourth layer is only 28. Consequently, the turbo code of the first layer performs better
than that of the fourth layer, since it is widely recognised that the performance of the

turbo code improves upon increasing the interleaver length.

For the sake of demonstrating that the coded system is capable of completely eliminating
the ILIL, in the investigation of Fig. 4.14 we use a frame length of 2% bits for all layer.
Since the first three layers are capable of conveying more bits, their input frames are

partitioned into sub-frames of length 2% which are encoded (and similarly decoded)
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Figure 4.13: BER performance on each layer of a 4-layer LACO-OFDM sys-
tem operating 16QAM on all of its layers communicating in AWGN channels.
(a) without FEC. (b) with 8-iteration turbo code, and each layer having its
maximum achievable interleaver length.
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Figure 4.14: BER performance of each layer of a 4-layer LACO-OFDM system
invoking 16QAM on all of its layers communicating in AWGN channels with
8-iteration turbo code, and each layer having the same interleaver length.

separately. The resultant BER performance curves are recorded in Fig. 4.14. As shown
in Fig. 4.14, all layers now converge around BER = 107°, which echoes the same trend
as that in Fig. 4.13(a). This implies that the layered turbo coded system is capable
of completely eliminating the ILI around E,/Ny = 10 dB. By contrast, this was only
possible around Ej/Np = 19 dB in the uncoded regime, as demonstrated in Fig. 4.13(a).

4.6 Chapter Conclusions

In this chapter, a layered channel coding system was proposed for optical IM/DD com-
munications. We first detailed the LACO-OFDM system architecture, and derived the
achievable rate with the aid of our mutual information analysis. Next, we discussed
the limitations of the single-class system, which was followed by the introduction of
our proposed layered LACO-OFDM architecture. Finally, we quantified the benefits of
the proposed coded optical communications system by invoking both convolutional and
turbo codes. Quantitatively, it was demonstrated that our turbo coded system operated
within 1.1 dB of the achievable rate at a BER of 10~3. Furthermore, our convolutional
coded system outperformed the single-class turbo coded system despite the 32 times
lower decoding complexity of the former. We also demonstrated that the layered coded

system is capable of drastically reducing the ILI.
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4.7 Chapter Summary

Figure 4.15 portrays relationships between each of the sections in this chapter.
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Figure 4.15: Summary of Chapter 4.

As a key technique of improving the BER performance of LACO-OFDM developed
in Chapter 3, the multi-class coded LACO-OFDM system has been conceived in this

chapter based on the structure introduced in Chapter 2.

Section 4.2 quantified the capacity of LACO-OFDM. Explicitly, in Sec. 4.2.1, the CCMC
capacity was analysed, while the DCMC capacity of ACO-OFDM and LACO-OFDM
was quantified in Secs. 4.2.2 and 4.2.3, respectively. In both cases, we commenced by
analysing the capacity of RF systems, before appropriately modifying our formulae for
the optical domain for ACO-OFDM, and finally dealing with the more sophisticated
LACO-OFDM system.

In Sec. 4.3, a naive single-class coding was conceived for LACO-OFDM by simply cas-
cading the layered LACO-OFDM transceiver of Chapter 2 with a hard-decision FEC
encoder/decoder, as detailed in Sec. 4.3.1. In Sec. 4.3.2, the performance of the single-

class coding system was evaluated and compared to the uncoded results of Chapter 3,
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while the limitations of this scheme were further discussed in Sec. 4.3.3, ultimately

leading to the proposal of our novel multi-class coded system in Sec. 4.4.

Explicitly, in Sec. 4.4, our multi-class coded LACO-OFDM scheme was conceived for
improving the FEC performance. The layered encoding and decoding scheme was inte-
grated with the LACO-OFDM structure of Chapter 2 in Secs. 4.4.1 and 4.4.2, respec-
tively. The performance of the proposed scheme was evaluated and compared to that of

the single-class system of Sec. 4.3 as well as to the uncoded results of Chapter 3.

Moreover, the LACO-OFDM capacity derived in Sec. 4.2 was used for benchmarking
the performance of the different coding schemes. With the aid of the proposed multi-
class coding scheme, we have attained a substantial coding gain and approached the to

channel capacity within about 1.1 dB.
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5.1 Introduction

In the previous chapter, we derived the channel capacity of LACO-OFDM systems and
employed the multi-class coding structure for achieving near-capacity communication.
Up to this stage, we have used the Equal Power per Bit strategy for sharing the power
amongst the layers, in order to be “fair” to all the bits conveyed. However, it has yet to

be justified, whether this strategy achieves the best performance.

105
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According to Chapter 4, the channel capacity of LACO-OFDM depends on the SNRs
experienced by each of the layers, which in turn is related to the effective power of each
layer. As a result, adjusting the power assigned to each layer may potentially result
in a higher channel capacity, and the sophisticated coding scheme of Chapter 4 may
help further improve the system’s throughput. This topic was briefly touched upon
in [60]. However, the DCMC capacity, which is the more practical bound and related
to the attainable throughput, has never been used. In the spirit of this, we analyse
the relationship between the power sharing among the layers and the overall DCMC
capacity of the LACO-OFDM system for maximising the throughput. Explicitly, our

contributions may be summarised as follows:

e We derive the DCMC capacity of a LACO-OFDM system as a function of the
SNR and the number of layers in the system, as well as the power sharing amongst
the layers. In this paper, the DCMC capacity is hereafter referred to as “channel

capacity” or simply “capacity”.

e We provide an algorithm for determining the optimum power allocation strategy
for 2-layer LACO-OFDM system at a given SNR, followed by our generalised

algorithm.

e Finally, we compare the optimised capacities of LACO-OFDM systems relying on
different number of layers, which leads to an adaptive scheme using the optimum

number of layers maximising the capacity at a given SNR.

This chapter is organised as follows. In Sec. 5.2, the architecture of the LACO-OFDM
transceiver is discussed, followed by our DCMC capacity expression derived in Sec. 5.3.
Section 5.4 focuses on the optimisation of a 2-layer LACO-OFDM system’s capacity,
which is also applied to a system having three or layers in Sec. 5.5. The algorithm pro-
posed is further evaluated in Sec. 5.6. Finally, this chapter is concluded and summarised

in Secs. 5.6 and 5.8, respectively.

5.2 System Model

In this section, we briefly review the multi-class coded LACO-OFDM system proposed

in Chapter 4, while introducing the power control modules into the scheme.

5.2.1 Power-Controlled Transmitter

Figure 5.2 shows the detailed layer-based schematic of a multi-class coded LACO-OFDM

transmitter.
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Figure 5.2: Schematic diagram of a multi-class coded LACO-OFDM transmitter
with power controllers.

As discussed in Chapters 2 and 4, the information bits of each layer are parallelly FEC-
coded (Sec. 4.4.1), QAM-mapped, IFFT-modulated and clipped at zero (Sec. 2.2). In
this chapter, these clipped layer signals are denoted by sj, where the subscript [ is the
layer index, while the superscript ‘c’ stands for clipping. After power control (to be
detailed later in this section), each layer’s signal @; is superimposed in order to form the
LACO-OFDM TD signal « (Sec. 2.3), which would be forwarded to the electrical /optical

front-end for further IM process.

Assuming that all layers use an M QAM constellation for mapping, the average effective
energy on all modulated subcarriers would be same. Since the Ith layer has K/2/*!
modulated subcarriers for conveying its information, the power ratio between each layer
would be P, = %Pl according to Eq. (2.16). Based on Parseval’ theorem [71] and the
central limit theorem, which indicate that the clipped TD signal sj retains half the
power of the original QAM-mapped FD signal S;, the power ratio between s; is still

E{(s)°) = HE{(57) (5.1)

Observe in Fig. 5.2 that a power control module is employed after clipping for ensuring
that each layer has the most appropriate power share. A set of power sharing factors
a = {a1,as,...ar_1} is used by these power controllers for ensuring that the signal s;
has an electric power of P;:

%Pl, FEqual Power per Bit,
* %Pl, otherwise,

(5.2)

E{(s1)’} = Pl{

where “Z” indicates that the ratio between P, and P; is no longer fixed, which is in

contrast to Eq. (5.1). This process will be further discussed in Secs. 5.4 and 5.5.
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5.2.2 Power-Controlled Receiver

Let us now present the receiver design of multi-class coded LACO-OFDM, which is
shown in Fig. 5.3, where a stands for the power control factors, while the rest of the

signals were defined in Sec. 4.4.2.
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Figure 5.3: Schematic diagram of a multi-class coded LACO-OFDM receiver
with power controllers.

The multi-class design of the layer-by-layer receiver follows the philosophy of Figs. 2.7
and 4.10. Explicitly, the general layer detection, clipping distortion regeneration and
cancellation were covered in Sec. 2.3.2, while the detailed LLR calculation and decoder

design were developed in Sec. 4.4.2.

However, in the absence of the Equal Power per Bit restriction Eq. (5.1), the layer
detection method introduced in Sec. 2.3.2 has to be modified. Explicitly, in Eq. (2.13)
(and more generally in Eq. (3.28)), the factor 2 was employed for normalising the signal
to a unitary average power, so that the demapper could compare it to the standard
constellation. As a result, o must now be taken into account within the “Layer [
ACO RX” blocks, so that suitable compensation can be made for each layer signal.
Meanwhile, « is also required when estimating the LLR, because the effective SNR, of

the different layers will vary. Moreover, the “Layer [ ACO TX” blocks also need « for
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re-generating the clipping distortion, ensuring that the clipping distortion cancellation

operates correctly.

5.3 DCMC Capacity for Variable Layer Power

5.3.1 DCMC Capacity of an RF-OFDM System

Let us define the channel SNR T" as the channel energy per symbol (FEy) to noise power
spectral density (V) ratio, namely as I' = E/Ny for an RF system. Using an approach
that is different from that given in Eq. (4.25), we define the channel capacity of an
M-QAM scheme as [89,91]

Crp(T") = (Sink Entropy) — (Noise Entropy)

—— [ ) tog, ()] dR-tog, (). (5.3)

—0o0

(a) (b)
where part (b) in Eq. (5.3) represents the entropy of the noise, which is complex-valued
having a variance of Ny. Furthermore, in part (a) of Eq. (5.3), the integration should
take place across the entire complex-valued plane, if high order modulation (M > 2) is

applied, where the probability of received symbols Pr(R[n]) is given by

M M nl — Sm |2
i o) 45 [ o (5

m=1 m=1
. mii: L exp (0t )] (5.4
_ FL f exp <_r- [Rln] - $<m>\2> ,
m=1

where S{™ is the mth points in the MQAM constellation S having a unity average
power, and Pr(r!S <m>) is the complex-valued Gaussian distribution PDF with a mean
of ™ and variance of 1 /T. This part cannot be analytically evaluated, due to the
summation within the logarithm shown in Eq. (5.4). However, Monte-Carlo method can
be used for approximating it by generating a sufficiently high number of the realisations
of the received symbols (R = R[1], R[2],..., R[n],...), yielding:

N
() = B{~Toga(Pr(R))} ~ — - > log, [Pr(Rln])], (55)
n=1
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where E{-} is the statistical expectation, and the approximation converges as N — 0.

Hence, Eq. (5.3) can be simplified as:

Cr(l') = —log, (ﬂe> be:logz [WF i exXp <—F‘ ‘R[n] - S<m>‘2>]

_ _nzlmgg [ ¢ miexp< ‘_[n] —$<m>)2> : (5.6)

1))

where the “~” sign can be replaced by

W

as N — oo.

Moreover, the derivative of Czp with respect to I' indicates the sensitivity of channel

capacity to SNR changes, expressed as

M
> R[] - St exp (—r | Rln) — Stm) \2)
m=1

n=1 M m) |2
Cp ln2-mz::16xp (—F-‘R[n]—8< )| )
or N

5.3.2 DCMC Capacity of an ACO-OFDM System

Recall from Chapter 2 that in ACO-OFDM only K/4 symbols can be conveyed by a
total of K subcarriers. Therefore, the channel capacity contribution can be divided into

two parts:

e The 3K /4 subcarriers loaded either with the conjugate of the transmitted symbols
or with the FD-product of the TD clipping distortion, whose capacity-contribution

is 0 because they provide no new information, and

e The K /4 subcarriers loaded with the desired transmitted symbols.

The K/4 FD subcarriers in the second part may be viewed as isolated RF carriers, where
Eq. (5.3) can be applied. Therefore, the capacity of an ACO-OFDM system is given by

CacoD) = Ly + 2B 0 = L), (5.9

where the coefficient 1/4 represents the bandwidth efficiency.

Since the total signal power Paco is equally spread across the K /4 transmitted subcarrier
symbols (25%), the K /4 conjugate symbols (25%) and the K /2 distortion symbols (50%),
we have: .

Eq 1Paco  Paco

= ; (5.9)
%NO K/4 1Ny 3No

Faco =

where the factor % in the denominator is because the imaginary part of the complex-

valued TD noise has no effect on the performance.
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5.3.3 Power Relationships in LACO-OFDM

Recall from Sec. 3.3.2 that the means and variances of each LACO-OFDM layer signal
s; can be represented by the power of the layer P;:

E{si} = \ﬁ \/Z
D{s;} = <1 - ﬂ) P,

while Sec. 3.3.3 showed that the mean, variance and power of the superimposed signal
x of Fig. 5.2 is given by Egs. (3.13), (3.14) and (3.15)

(5.10)

L L
E{m}:E{Zsl} = E{s;} (5.11a)
=1

=1
L L
D{x} = ]DD{Z sl} =Y Dfs;} (5.11b)
=1 =1
Praco = D{x} + (E{z})*. (5.11c)

However, in the absence of the Fqual Power per Bit strategy, as detailed in Sec. 2.4
and Eq. (2.16), the means and variances Eq. (5.10) are no longer geometrical series.
Therefore, the power P aco could not be simplified and expressed as a function of the

number of layers L, as in Eq. (3.16). Instead, the contribution of each layer’s power P

(&)

to Ppaco should be individually reflected, given as

Piaco = (g D{s,}> + (Z ]E{sl}> [; <1 _ )

(5.12)

5.3.4 DCMC Capacity of a LACO-OFDM System

Table 5.1 shows the composition of each layer of a LACO-OFDM signal. On the [th layer
of a LACO-OFDM scheme, only 21% information-earning symbols can be transmitted,
complemented by 21{{1 subcarriers for themselves, and another 21% subcarriers for their

conjugates, and by & 5 additional subcarriers that are occupied by the FD-products of
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Table 5.1: Composition of an LACO-OFDM signal showing the number of sub-
carriers (N) and average symbol power (P) of the four parts of each layer:
Desired Transmitted Symbols (TX), Conjugate Symbols (Conj.), Clipping dis-
tortions of the current layer (Dist.) and idle subcarriers after clipping (Idle).

Layer Layer TX or Conj. DlSt Idle

Index Power N P N P N P
1 P K/4 P K/2 P 0 0
2 Py K/8 2P, K/4 2P K/2 0
3 P3 K/16 4P3 K/8 4P3 3K/4 0
l P K/2H1 2-lp K90 2-'p K —K/271 0

the TD clipping distortion. The power allocated to the Ith layer shall be (statistically)
equally shared among these QZL_I subcarriers, which results in 2/~1 P, for each subcarrier.

The remaining (1 — 2[71,1) K subcarriers are left empty, having zero power.

Given a sufficiently high SNR, the receiver can be expected to fully cancel out the TD-
clipping distortions with the help of FEC codes [2]. When detecting the [th layer at the
receiver, its SNR I'; would be calculated using the power of the subcarriers loaded with

the symbols, yielding:
_ 2l_1-Pl
T Ng2

(5.13)

For LACO-OFDM, its first layer signal is constituted by an ACO-OFDM signal. As a
result, the capacity contribution of LACO-OFDM from its first layer is:

C,(T1) = Caco(T) = 3 Cae(T). (514

Similarly, for the second and higher layer signals, their transmission rate contribution

can be written as ) )
C(Ty) = FCACO(FZ) = ﬁCRF(Fl)- (5.15)

Therefore, the overall capacity of a LACO-OFDM system having a total of L layers can
be written as .
1
CLaco = Y G(T) = o1 Cre(l)- (5.16)
=1
Explicitly, Craco is a function of the individual SNR of each layer (I'1,Tg,...,T'1),

which is in turn a function of the power allocated to each layer (Py, P, ..., Pr), subject
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to the constraint

0< P <Paco, VI,

and Eq. (5.12). (5.17)

5.4 2-Layer LACO-OFDM System

In this section, the total power and capacity of a 2-layer LACO-OFDM system, i.e.
PézA)CO and CS&CO, represent Praco and Cpaco, respectively.

5.4.1 Capacity of 2-layer LACO-OFDM

Let us consider a LACO-OFDM system consisting of 2 layers only and define the power
sharing factor o (0 < a < 1) as the specific fraction of the total power belonging to the
first layer. Naturally, the second layer has then (1 — «) portion of the power, i.e. we
have:

P1 «

h_ , 1
P2 11—« (5 8)

Substituting this into Eq. (5.12), we arrive at

2 1« 2 1l -«
PLACO:P1+P2+;\/P1P2:P1+ > P1+; Py - Py

1 o 1 (5.19)
—

=P < + — ) .
« ™ «

Therefore, P; can be represented as

a- Praco

P = . 5.20
it 2/a(-o) (5.20)

Similarly,
(1 —a)- PLaco (5.21)

P = .
? 1+2/a(1-a)

For a given power constraint P aco and noise power Ny, the overall channel SNR of
LACO-OFDM is defined as I'paco = Poaco/No. Using Eq. (5.13), the corresponding
SNR of each of the two layers becomes

Py a-I'taco
T = = ) 5.22a
! No/2 1+ 2\/a(l—a) ( )
2P 2(1 — -
and Ty — 12 _ 2 —a)-Traco (5.22b)

No/2 1+ 2a(l-a)
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Note that the layer SNRs defined in Eq. (5.22) can be treated as a function both of the
overall SNR I' oco and of the power sharing ratio a.

In this way, the overall capacity of this 2-layer LACO-OFDM system can be written
according to Eq. (5.16) as

+ Srll2) (5.23)

Craco = Cy(T'1) + Cy(I'g) = 5

Cre(l'1)
4

The chain rule of functions indicates that Cpaco shall also be a function of I'yaco and
a. Therefore, the maximum throughput at a given SNR I' can be determined by solving

the following problem:

moééxx Craco(T'Laco, @)
st. 0<a<l1 (5.24)
and Eq. (5.19).

5.4.2 Characteristics of Ciaco
5.4.2.1 Existence of Maxima

For a given I', Cpaco is non-negative by definition, having a lower bound of zero. On the
other hand, the DCMC capacity is upper bounded by the general CCMC capacity [87]
of

0 < Craco(l, a) <logy(1+T), Va. (5.25)

Since Cpaco is formed of elementary functions, it is also continuous within « € [0, 1].
According to the extreme value theorem [92], at least one maximum must be attained

by Craco for any given T’ within the interval a € [0, 1].

5.4.2.2 Monotonicity of SNRs

If we take the partial derivative of Cpaco in Eq. (5.23) with respect to «, we have:

0Craco _ 0 Cyr(I') n 0 CgeT2) _ 1 OCgp 01 1 0Cgyp 0T

Ox Oa 4 Oa 8 4 9Ty Oa 8 Oy Oa
(c1) (c2) (d1) (d1)

(c) (d)

Since the channel capacity is always monotonically non-decreasing vs. the SNR [87], we

have:
Cpp >0, and USTI 0. (5.27)
or,

o'y —
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Using Eq. (5.22), the partial derivative of I'; with respect to « is

(5.28)

6F1 3 ( o FLACO > . @ (a +7 (]‘ - Oé)Oé) FLACO

9o~ da\1+2/al—a) \/(1—a)a(2\/(1—a)a+7r>2’

where Cpaco is locally treated as a positive constant. Symbolic analysis of Eq. (5.28)

in Sec. 5.4.4 shows that — is always positive within a € [0,1], with a minimum of
a
0.7241 - T'aco > 0 at @ = 0.3074. Similarly, the partial derivative of I'y with respect to
a is
or 2w (1—a+7r (1—0&)0&) T'raco
2= : (5.29)

O V(I —a)a (2\/(17a)a+7r>2

which is always negative within a € [0, 1] having a maximum of —1.4483'aco < 0 at

a = 0.6926. Therefore, upon referring to Eq. (5.26), we have:

= — > .
(€)= 7 or, oa 20 (5.30a)
19Cqp OT
and (d) = 88815588042 < 0. (5.30b)

5.4.2.3 Maximum of Cyaco

As a approaches 0 from the right hand side, i.e. for o — 0T, the majority of the power
would be assigned to layer 2 according to Eq. (5.18), resulting in P; — 0 and in turn
I't — 0 (linear) or I'y — —oo (dB). Therefore, (c1) in Eq. (5.26) tends to plus infinity

according to Sec. 5.3.1, while (¢2) is a smaller value based on I'paoco. In this case, we

have: 1 1
(¢) = () - (€2) > — £ (d1) - (d2) = ~(d), (5.31)
which yields
9Craco
—5 ) > 0. (5.32)

By symmetry, when o = 1, part (d) in Eq. (5.26) obeys

oC

ZELACO L . (5.33)
Oa |
oC
According to Bolzano’s theorem [92], due to having opposite sign for Z-LACO ot the
two edges, we arrive at
9CLaco

Ja*e|0,1 t. ———| =0. 5.34
0t €01, st oA (5:34)

o*
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oC
Z-LACO g actually monotonically decreasing

As it will be shown in the next Section,
Je!
throughout the interval « € [0,1]. Hence, the maximum of Cpaco for a particular T is

obtained at o = o*.

5.4.3 Maximum Search

Here, we propose an algorithm for finding the maximum of Cpaco for any given I, as

well as the corresponding optimum o*.

Algorithm 2 Power allocation in 2-layer LACO-OFDM
Input: M, I'taco, IV, €
Output: o, Cf s¢o

1: p:=0, q:=1;
2: repeat
3 a:=(p+q)/2
4: Calculate I'; (@) and I's(@) using Eq. (5.22),
oC oC
5: Calculate —=221  and 2291 by substituting I'i(@) and T'e(@) into
ory My |4

Eq. (5.7), respectively, ¢

or or
6: Calculate —~| using Eq. (5.28) and =2

using Eq. (5.29),

da |5 Oa |5
oC
7: Calculate —291 4t by substituting the above 4 terms into Eq. (5.26);
@ g
oC
if —=LACO) 5 0 then
oo |,_a
9: pi=q,
10: else
11: q:=aq,
12: endaig
13: until | —=299 ;
(oo’

14: return o* =@ ;
15: return Cj oo = Craco(o*) ;

As seen in Alg. 2, we commence by entering the modulation order M and the overall
channel SNR I'taco, as well as the number of Monte-Carlo simulations N used for
approximating the capacity and a decision threshold e to determine if the stationary

point of Craco is sufficiently accurate.

A binary search philosophy is adopted to find the optimum «*. A pair of variables, p
and ¢, are employed as the left and right search boundaries, having initial values of 0
and 1, respectively. The testing point of « is their average o = p—;q. As elaborated on
before, the optimum value o is the stationary point of Ciaco. Therefore, a subroutine

is provided for calculating the derivative of Cpaco at ap.

The program commences by calculating the SNR T'y(«) and I'y(a) of each layer at

the initial @, using their corresponding relationships with « presented in Eq. (5.22).
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These two SNR values are subsequently substituted into the partial derivatives of the
capacity expression with respect to the layer SNR formula, which is provided in Eq. (5.7)
by differentiating Eq. (5.6). This leads to the value of (c1) and (d1) in Eq. (5.26).
Meanwhile, @ is also substituted into Eqs. (5.28) and (5.29) for obtaining (¢2) and (d2)
of Eq. (5.26), respectively. Having all components of Eq. (5.26) available, the algorithm

oC
becomes capable of providing % for the current a.
o
oC
With the process of calculating % completed (corresponding to states 4-7 of
@ la
Alg. 2), the problem can be simplified to finding the root of an equation. We have

0Craco

shown in Sec. 5.4.2 that there is only a single root a* and that is monotonically

o
decreasing from a positive value down to a negative value as a function of «. Therefore,
9CLaco

Oa

[0
shrinking the searching window, the root can be eventually obtained within an accuracy

by checking the sign of

at both ends of the search region of [0, 1] and gradually

of e.

5.4.4 Numerical Results

ory
— /TrLaco
da
31 ary
— /TrLaco
da

—
I

min: (0.3074,0.7241)

0.2 0.4 0.6 0.8 1

Normalized Derivative Value
|
—

max: (0.6926, —1.4483)

|
o

,

;

4 1

Figure 5.4: The normalised derivatives of I'; and T’y in Egs. (5.28) and (5.29)
vs. Q.

Figure 5.4 plots the partial derivatives of I'y and I'y with respect to a based on Egs. (5.28)

and (5.29), whose derivatives have been normalised by 't aco. It is clearly shown that

or
% is always positive, while 2 always negative, in line with Eqgs. (5.32) and (5.33).

a Oo
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Figure 5.5: a and SNR versus channel capacity of a 2-layer LACO-OFDM using
16QAM.

Figure 5.5 shows the channel capacity of 2-layer LACO-OFDM using 16QAM both vs.
the overall SNR and vs. the power sharing factor a. Focusing our attention on the SNR
axis, it is clear that the channel capacity converges to 1.5 bits/symbol upon increasing
the SNR. This agrees with Eq. (5.23), because we have F11_)1(1010 Crr(ry = 4 for 16QAM.
Similar trends can be found for all SNR values, namely that as « is increased from 0 to
1, the corresponding capacity first significantly increases and then decreases, albeit its

maximum is not very pronounced.

A more clear view is provided in Fig. 5.6, where both the capacity as well as its derivative
are plotted against o at SNR = 12 dB. The channel capacity increases up to the power
sharing factor of a = 0.6841, reaching a maximum of 1.3498 bits/symbol, before falling
again. The corresponding derivative is monotonically decreasing and has a zero-crossing
at a = 0.6841, which verifies Alg. 2.

Meanwhile, Fig. 5.6 also indicates that the conventional power allocation strategy of
P : Pob=1:2 corresponding to o = % ~ 0.6666, yields a lower capacity. Up to this
point, the derivative still remains positive, hence the capacity still increases with a. This

trend will be further discussed in Sec. 5.6.

Moreover, the optimum channel capacity versus SNR for 2-layer LACO-OFDM associ-

ated with different modulation schemes is summarised in Fig. 5.7.
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Channel Capacity (bits/symbol)
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Figure 5.6: Channel capacity and its derivative for 2-layer LACO-OFDM using
16QAM at SNR = 12 dB vs. the power sharing factor a.

Capacity (bit/symbol)

Figure 5.7: Optimised capacity of 2-layer LACO-OFDM using Alg. 2 vs. the

SNR.
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5.5 3- and Higher-Layer LACO-OFDM System

In this section, we explore the capacity maximisation problem of 3-layer LACO-OFDM
systems, before generalising it to multi-layer LACO-OFDM systems. In subsections 5.5.1
to 5.5.3, the variables Praco, I'aco and Cpaco represent the corresponding metrics of
a 3-layer LACO-OFDM system, while in subsection 5.5.4, they are for L-layer LACO-
OFDM systems.

5.5.1 Capacity of 3-Layer LACO-OFDM

For 3-layer LACO-OFDM systems, the relationships between the power of the three
base layers can be reflected by introducing a pair of power sharing factors: a; and as:
Py aq Py Qg

A d == 5.35
PQ 1—@1 an P3 1—@2’ ( )

where 0 < a3 <land 0 <ag <1.

Based on Eq. (5.12), the overall power for the 3-layer LACO-OFDM system can now be
expressed in terms of P; only as in Eq. (5.36). Therefore, with the additional help of
Eq. (5.35), the SNR of each layer can be expressed as

Py aras - I'naco

I = = :
' No/2 Pr (9:3%)
2P, 2(1 —ar1)ag - I'naco
Ty = = .38b
27 NoJ2 P ’ (>:35)
4P;  4aq(1 — a2) - Traco
I'g = = .
3 N0/2 p* ) (5 38(3)

where P* was defined in Eq. (5.36), which is a function of both a; and ap. The overall
DCMC capacity of a 3-layer LACO-OFDM can then be expressed as the sum of the 3

layers’ capacities:

Cre(l2) n Crll's) (5.39)

Craco = C(I'1) + Cy(I'2) + C3(I'3) = 3 16

_|_

Cre(l'1)
4

Apparently, for any given total SNR (I'aco), Craco depends! on both a; and as.

Bearing this in mind, let us now study the associated capacity maximisation problem.

5.5.2 Maximisation of 3-Layer LACO-OFDM Capacity

The extreme values of the dual-variable function Craco will only occur at points, where

its gradient equals zero. Therefore, the partial derivatives of Cpaco with respect to oy

LAt the moment, all other variables, such as M and N, are treated as constants.
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and g are expressed as:

0Cr,ACO 1 8CRF or; 1 8CRF oIy 1 8CRF ol's
8@1 _Z 81“1 80&1 g 6F2 8@1 E 8F3 8041
0Craco 10Cpp Ty  19Chp Ty 1 dCqp AT
80&2 _Z 8F1 6@2 g 8F2 8042 E 8F3 8042'

(5.40a)

(5.40b)

The characteristics of Caco are similar to those of its 2-layer counterpart shown in
Sec. 5.4.2, which is monotonically increasing and then decreasing within [0, 1] for both

a1 and agy. The optimum point (o, o3) can be found by solving

diag{VCLAco(Ozl,OQ)} =0. (5.41)

To proceed, we provide the expressions for each of the components in Eq. (5.40), shown
at the bottom of page 121. Since oy appears in the expressions of (5.37e-5.37h) and ao
in (5.37a-5.37d), a nested algorithm is required for solving Eq. (5.41).

Algorithm 3 Power allocation in 3-layer LACO-OFDM
Input: M, I'yaco, N, €
Output: of, o3, (iAo

1: p1:=0,q:=1

2: repeat
3 = (pt@)/2,
4: Find @y under current @; using Alg. 4;
5 Calculate I'j(aq, @) for [ = 1,2,3 using Eq. (5.38),

oC
6:  Calculate —=AC0 for { = 1,2,3 using Eq. (5.29),

or, |- -
(a1,@2)

ory .
T: Calculate — for I =1,2,3 using Eq. (5.37),

day (@1,a2)

oC
8: Calculate ——299 by substituting the above 6 terms into Eq. (5.40a);

A l(@,a)
oC
9. if —rA%Q > 0 then
day (a1,a2)
10: p1 = Oq,
11: else
12: q1 = oq,
13: end if
14: until —LACO <eat (a1, q9);
dan (@1,a2)

15: return of = @y, of = @y ;
16: return Cj o = Craco(a], a3) ;

As shown in Alg. 3, the search is conducted in the twinned directions: of a; and as,
respectively. The inner loop is detailed in Alg. 4, which takes a given value of @y
and substitutes it into Eq. (5.40b), followed by finding the corresponding «y coordinate

where the zero-crossing occurs using similar methods to those in Alg. 2. The outer loop
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Algorithm 4 Zero Crossing Finder for Eq. (5.40b)

Input: M, I'taco, N, €, a1
Output: as
L p2:=0, g2 :=1;
2: repeat
3: oo := (p2 + (]2)/277
4 Calculate I'j(aq, az) for I = 1,2,3 using Eq. (5.38),

oC _
5: Calculate % at I'j(aq, ag) for [ = 1,2,3 using Eq. (5.29),
l
or
6: Calculate —" for I =1,2,3 using Eq. (5.37),
a2 (an1,002)
oC
T: Calculate —AC9 by substituting the above 6 terms into Eq. (5.40b);
daz (a1,0i2)
C
s i JCLaco > 0 then
Q2 (@)
9: D2 = ag,
10: else
11: q2 := Qo
12: endaéf
13: until —ZACO <€
@2 l(ai,a2)

14: return o = a9 ;

of Alg. 3 then takes the returned value @, to determine whether a zero-crossing has
also be found for Eq. (5.40a). If not, @; will be updated in a binary-search manner and
forwarded to Alg. 4 for the corresponding new @s. The process continues by checking
and updating @; and @s, until a zero-crossing occurs in both directions, thus reaching

the stationary point.

5.5.3 Numerical Results

In Fig. 5.8, we portray the channel capacity of a 3-layer LACO-OFDM system vs. its
power sharing factors oy and as, using 16QAM modulation at an SNR of 12 dB. Observe
that the capacity first increases and then decreases with respect to both a1 and as,

resulting in a global peak in the middle.

To elaborate a little further, in Fig. 5.9 we provide sectional views of the capacity
by slicing the 3D surface of Fig. 5.8 along «; and g, respectively. The derivatives
with respect to the corresponding variables are also depicted in the same figure. In
Fig. 5.9(a), the capacity peak can be found at the zero crossing of its derivative, namely
at a1 = 0.701. Fig. 5.9(b) is then sliced by the vertical plane at a3 = 0.701, leading to
same capacity peak at ag = 0.6841, which in turn decides where to slice for Fig. 5.9(a).
Since the capacity derivatives are zero in both directions at (ay, ag) = (0.701,0.6841),

the peak can be recognised as a global capacity maximum.
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Channel Capacity (bit/symbol)

0.6

Figure 5.8: Channel capacity of 3-Layer LACO-OFDM using 16QAM at SNR =
12 dB vs. a7 and as.
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Figure 5.9: Channel capacity of 3-layer LACO-OFDM extracted from Fig. 5.8
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Figure 5.10: Optimised DCMC capacity of 3-Layer LACO-OFDM vs. SNR
using the proposed algorithm.

To provide further insights, Fig. 5.10 depicts the optimum channel capacity versus SNR
for 3-layer LACO-OFDM in conjunction with different modulation schemes.

5.5.4 Generalisation of the Algorithm

Let us now continue by summarising the optimum power allocation of 3-layer LACO-
OFDM systems and by generalising it for L-layer LACO-OFDM.

1. Let us establish the power sharing factors using a = [y, ..., ¢y, ..., ar_1], and
Py a1
o ML < <1 5.42
P 1—o == (5.42)

2. Let us then express the SNRs of each layer I'; in terms of the total SNR I'taco
and o, using Egs. (5.12) and (5.13).

3. Obtain the total capacity formula Cy,aco using Eq. (5.16), and differentiate it with

respect to every element of c.

4. Using an (L — 1)-stage nested loop, in the power-sharing algorithm to find the
maximum of Cpaco:
9Craco

Oar_q
root az—1 using binary search within [0, 1] and return to its upper loop.

(a) Fix the values of v, ...ar_2 and substitute them into = 0. Find the
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(b) Sweep the value of ay_o across its legitimate range and calculate the corre-
9CLaco

= 0 is reached. Forward ay_1 and
Oay_o

sponding a1 each time, until
ay,_9 to the upper loop.

(c) Repeat this procedure until the top stage of the loop is reached and find the
values of all elements in a so that we have diag{VCraco} = 0.

5.6 Discussions

5.6.1 Comparison to Conventional Power Allocation Strategy

In previous contributions on LACO-OFDM [1,3,53], the Equal Power per Bit strategy
has been employed, where the same amount of power is assigned to all information bits in
the system, regardless of their location in the layers. Explicitly, if the same modulation
order is applied for all layers, each layer should have twice the energy of its directly-
following layer, because the former transmits twice the amount of information bits than
the latter. This leads to a fixed a = {ay, 2, ... ar_1} vector, regardless of the channel
SNR. According to Eq. (5.42), we have:
Py 2'P 44 1

= = = 1 — . 5.43
Pi+ Py 2Py + Py 2141 (5.43)

107/

In Fig. 5.11, we compare the capacity improvement attained by using the Algorithm pro-
posed. Observe that the Equal Power per Bit strategy is outperformed by the proposed

one.

Specifically, at SNR = 12 dB, a beneficial capacity improvement of about 0.18 bits/sym-
bol can be attained by 3-layer LACO-OFDM using 16QQAM. From a different prospective,
this can also be equivalently expressed as a 1.8 dB SNR gain, because the conventional
strategy reaches the same capacity at a 1.8 dB higher SNR. By contrast, the difference

for a 2-layer system remains negligible.

5.6.2 Adapting the Number of Layers

It may also be observed from Fig. 5.11 that the capacity curves do cross each other,
before saturating for SNR > 20 dB. LACO-OFDM schemes having more layers have
lower capacity in the low-SNR region before crossing all other curves. In the spirit of
achieving the maximum capacity, we propose to adapt the number of layers based on
the overall SNR.

In Fig. 5.12, an example is provided for 16QAM LACO-OFDM, where the number of
layers ranges from 1 to 4, with 1 representing ACO-OFDM instead of LACO-OFDM.
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Figure 5.11: Capacity comparison for LACO-OFDM schemes using conventional
and proposed power allocation algorithms. 16QAM modulation is used for all
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In this case, when SNR is lower than 0.7303 dB, using the second layer is detrimental,
because the power has to be shared between two layers. After that, utilising a LACO-
OFDM shows to be more profitable capacity-wise. The handover between 2- and 3-layer
LACO-OFDM occurs that SNR = 6.0653 dB, where they have equal capacity, and for
3- and 4-layer it is at SNR = 10.4124 dB.

The transmitter would require the channel SNR to be fed back from the receiver side
and determine the number of layers to use, based on which interval the SNR lies in
Fig. 5.12. It will then find the optimum power allocation strategy using our proposed
algorithm, which can be made as a look-up table. These decisions made send to the
relevant part in Fig. 5.2 to generate the transmitting signal, which has the maximised

capacity under the current SNR.

5.7 Chapter Conclusions

In this chapter, we derived the DCMC capacity of LACO-OFDM for a given number
of layers and their power allocation strategy. The formula is used as object function
to maximise the capacity by tuning the power allocation factors and later the number
of layers as well. Specific algorithms have been proposed for the optimisation prob-
lem with the help of partial derivative analyses. Recursive algorithms are designed for
systems with more than 2 layers. Numerical results shows an up to 0.18 bits/sym-
bol increase of capacity after adopting the proposed power allocation strategy instead
of the conventional one for 4-layer LACO-OFDM. An adaptive layer number selection
scheme further maximising the capacity is also proposed based on the DCMC capacity
for LACO-OFDM with different number of layers.

5.8 Chapter Summary

Figure 5.13 provides a detailed schematic diagram of the relationships amongst the

sections in this chapter.

The chapter commenced with a discussion in Sec. 5.1 about the factors influencing the
capacity of LACO-OFDM, which leads to the requirement of an optimum layer power
allocation solution. In Sec. 5.3, a review of the multi-class coded LACO-OFDM system
proposed in Chapter 4 and the Equal Power per Bit strategy given in Chapter 2 was
provided, while our new power control modules used in both the TX and RX designs

were introduced.

Sec. 5.3 analysed the DCMC capacity of the LACO-OFDM system, in preparation for
the power optimisation discussed in the ensuing sections. The analysis started with

reviewing the capacity of an RF system in Sec. 5.3.1, before moving to the ACO-OFDM
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Figure 5.13: Summary of Chapter 5.

system in Sec. 5.3.2. Sec. 5.3.3 detailed the power and information composition of
LACO-OFDM, assisted by the statistical analysis results of Chapter 3, which ultimately
led to the DCMC capacity expression of LACO-OFDM in Sec. 5.3.4. Explicitly, the
derivation used in this section differs from the one given in Chapter 4 in the following

ways, as summarised in Tab. 5.2.

Table 5.2: Comparison of the DCMC analysis in Chapters 4 and 5

Topic Chapter 4 Chapter 5
Purpose Benchmarking the coded BER ~ Optimising the overall through-
performance put
Formula Entropy of the Sink minus that Entropy of the Source less
of the noise Eq. (4.25) the average information lost
Eq. (5.3)
Commencement ACO-OFDM (Sec. 4.2.2) RF (Sec. 5.3.1)

Parameters L, M, T L M, T, «
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In particular, for the parameter comparison in Tab. 5.2, the capacity expression derived
in this chapter contains the SNR of each individual layer, so that the influence of different
power allocation strategies can also be reflected, while the results of Chapter 4 relied on

the Fqual Power per Bit strategy.

With the general capacity expression in hand, Sec. 5.4 optimised a 2-layer LACO-OFDM
system. The channel capacity was expressed in Sec. 5.4.1 as a function of the SNRs of the
two constituent layers, which are in turn the function of the power allocation factor. The
characteristics of this function were studied in Sec. 5.4.2, which showed the existence of
an optimum power allocation factor that corresponds to the maximum DCMC capacity.
Then, an algorithm was proposed in Sec. 5.4.3 for finding the optimum point. The

corresponding numerical results followed in Sec. 5.4.4.

Sec. 5.5 followed the path of Sec. 5.4 and extended the analysis to 3-layer system.
Explicitly, Sec. 5.5.1 defined the capacity as a function of the three layer-SNRs, which are
in turn functions of their pairwise power allocation factors. An optimisation algorithm
was proposed in Sec. 5.5.2 for a 3-layer system by nesting the work of Sec. 5.4.3. The
corresponding numerical results are given in Sec. 5.5.3. A more generalised algorithm

applicable to systems having more layers was proposed in Sec. 5.5.4.

Finally, Sec. 5.6.1 showcased the capacity improvement attained by the proposed algo-
rithm by comparing to the Equal Power per Bit results obtained in Chapter 4, which
showed that improved capacity can be attained without increasing the system complex-
ity. Finally, an adaptive system was proposed in Sec. 5.6.2 for maximising the capacity

by determining the number of layers and the power allocation based on the overall SNR
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Conclusions and Future Research

In this chapter, we summarise the findings of this thesis, and provide a bird’s-eye per-
spective of our work in Sec. 6.1, followed by Sec. 6.2 providing a selection of potential

future research directions.

6.1 Thesis Summary and Conclusions

Recall from Sec. 1.4.1 that we commence on discussions with the structure of this thesis in
Fig. 1.2. Chapter 2 introduced the basic system model, followed by the three substantial
chapters dedicated to the performance analysis and improvement of LACO-OFDM. In
Fig. 6.1, we depict the main topics discussed at each stage and elaborate on their

connections.

6.1.1 Design Guidelines

As discussed in Sec. 1.2, the inspiration of LACO-OFDM is to strike a trade-off between
the power and spectral efficiencies of ACO-OFDM and DCO-OFDM. While ACO-OFDM
avoids the requirement of a substantial DC offset and hence achieves power-efficient
transmission, this is at the cost of reducing the spectral efficiency by a factor of two,
again, striking a trade-off between the power and spectral efficiency. The relationship

of various techniques discussed throughout this thesis are summarised in Fig. 6.2.
The rest of this subsection discusses the three trade-off pairs depicted in Fig. 6.2 with

reference to the topics mentioned in Chapters 1 and 2.

e The amount of information that may be conveyed at a given power efficiency (PE)

is directly related to the amount of spectral efficiency (SE).

131
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— Recall from Fig. 1.1 that ACO-OFDM and DCO-OFDM may be deemed to
have a high SE and PE, respectively. Therefore, the simplest way to improve
PE is to switch from DCO-OFDM to using ACO-OFDM, while reconfigura-

tion the other way around improves the SE.

— According to Tab. 1.3, hybrid O-OFDM schemes, such as ADO-OFDM [47],
HACO-OFDM [49] etc., strike a compromise in terms of the SE and PE,
compared to ACO-OFDM and DCO-OFDM, because they are designed to
amalgamate the advantages of the basic O-OFDM schemes by relying on a

pair of schemes simultaneously.

— As one of the most advanced solutions in terms of the SE-PE trade-off, LACO-
OFDM provides even higher flexibility, since the number of layers L can be
readily adapted in response to different operational requirements. In the
example of Fig. 1.1, the dotted lines represent LACO-OFDM schemes hav-
ing different number of layers L. By increasing L, the SE curves gradually
move from the low-efficiency ACO-OFDM scheme to the high-efficiency DCO-
OFDM arrangement. By contrast, the PE curves would move in the opposite
direction, as we increase the SE by using more layers at the cost of more

power.

e Naturally, in LACO-OFDM, the relationship between the BER and PE also has
to obey a trade-off, where generally reduced BER can be achieved at increased

power consumption.

— The relationship between the BER performance and the channel conditions
(i.e. SNR, SINR) have been characterised in Eq. (3.40) and Fig. 3.11.

— On the other hand, due to the limitation of the linear range in optical front-
end components (such as the LEDs), the signal at high power inevitably
suffers from non-linear distortions. Hence, UB clipping (UBC) must be used,
but this increases the BER.

— A problem closely related to the UBC is the PAPR of the signal, where the
UBC distortion can be reduced when the signal has a lower PAPR, leading
to a better BER performance. As proposed in Fig. 3.4 and Alg. 1, the tone-
injection-based solution is capable of reducing the PAPR. However, the BER
is also related to the minimum Euclidean distance (dmyin) between the mod-
ulated constellation points, which may be improved by using more power for

increasing the minimum distance, hence reducing the PE.
e Finally, we discuss the trade-off between the SE and BER.

— The most obvious relationship between the SE and BER is related to the spe-
cific choice of the QAM constellation utilised for each subcarrier. According

to Tab. 3.2, given the total power and the number of layers L, by reducing
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the number of information bits conveyed, upon reducing the modulation order

and the SE, duyin is increased, which in turn increases the BER.

— Another popular performance improvement technique is constituted by FEC.
As covered in Secs. 4.3 and 4.4, a powerful FEC is capable of drastically
reducing the BER, provided that the SNR is high enough. However, the
transmitter has to send additional redundant bits for error correction, which
reduces the SE, since the portion of information bits is reduced and so is the

energy per bit.

6.1.2 Performance Analyses

As shown in Fig. 6.1, the PAPR, BER and capacity of LACO-OFDM constitute the
salient parameters analysed in this thesis. The main contributions to analysing the
performance of LACO-OFDM in this thesis are summarised in Tab. 6.1.

1. The study of LACO-OFDM performance commenced with the basic statistical
characteristics of its TD signal in Sec. 3.3. The PDF of each layer was shown
in Fig. 3.9, which helped us derive the expression of the superimposed signal by
exploiting to the statistical independence of each layer, as detailed in Appendix B.
The UB clipping module is considered in Sec. 3.3.4 when deriving the PDF. Ta-

ble 6.2 summaries the simulation results related to this topic.

2. We then proceed in Sec. 3.3 to derive the means and variances of each layer of
LACO-OFDM using the PDF. The statistical moments of the composite LACO-
OFDM signal were formulated by summing the metrics characterising the indi-

vidual layers. Table 6.3 summaries the simulation results related to this topic.

3. One of the more important statistics is the (electric) power of the LACO-OFDM
signals, because it is directly related to the SNR. By exploiting the relationship
amongst the statistical parameters, the Equal Power per Bit strategy was con-
ceived in Sec. 3.3.3. On the other hand, in the absence of the Fqual Power per Bit
restriction, Sec. 5.3.3 provided an expression for quantifying showing the indepen-

dent contribution of each layer to the overall power.

4. We observed that the PAPR has played an important role in the BER perfor-
mance. Therefore, a further analysis of the LACO-OFDM signal PAPR. was pro-
vided Sec. 3.5.

5. Then, the BER and SER performance of LACO-OFDM signal was mathematically
formulated in Sec. 3.4. The BER and SER expressions take into consideration the
UB clipping, ILI and the layers’ bit rate. Table 6.4 summaries the simulation

results related to this topic.
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Table 6.2: Summary of Simulation Results for PDF and CDF Performance

Analysis
Item to Compare Notation Fig. Number of Layers L
1 2 3 4
Lower Tail Amplitude fz(1.0) 3.6 2.20_; 3.63_; 4.35; 4.85,
Upper Tail Amplitude fa(4.0) 3.8 5.15_3 1.83_3 7.65_4 3.75_4

Coefficient of the impulse = 3.9 500, 250, 125, 625,
at LB

Coefficient of the impulse fm(f('g)lg) 3.9 229, 123, 7.75.3 5.38_3
at UB 7=9dB

Table 6.3: Summary of Simulation Results for Statistical Moments Performance

Analysis
Item to Compare Notation Fig. Number of Layers L

1 2 3 4
Mean E{x} 3.7 5647 6.90_; 7.52_; 7.88_;
Variance D{x} 3.7 6.02_7 5.24_7 435_7 3.80_1

Table 6.4: Summary of BER Simulation Result
Item to Compare Notation Fig. Number of Layers L
1 2 3 4

Ey/Ny (dB) when P, = 7];1(10*3) 3.12 13.63 14.87 15.84 16.55
1073 w/o UBC
Ey/Ny (dB) when P, = fyb_l(l()*?’) 3.12 169 17.08 17.08 17.26
1073 w/ UBC
E,/Ny (dB) when P, = 7];1(1()*5) 3.12 16.55 177 185 19.12
1075 w/o UBC
E,/Ny (dB) when P, = 7};1(10_5) 3.12 20.71 21.15 23.1 28.94
107° w/ UBC

6. To benchmark the BER performance, in Sec. 4.2, we derived the CCMC and
DCMC capacities of LACO-OFDM. Table 6.5 summaries the simulation results
related to this topic.

7. When our No Equal Power per Bit strategy is applied, in Sec. 5.3, we also provide
the expression of DCMC capacity as a function of the SNR for each individual
layer.

6.1.3 Performance Improvements

Recall from Fig. 6.1 that the PAPR, BER and capacity of LACO-OFDM have been the

salient performance metrics in this thesis. The main contributions on improving the
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Table 6.5: Summary of Simulation Results for Our Capacity Analysis

Number of Layers L

Item to Compare Notation Fig. 3 1

4QAM ultimate capacity C(o0) 4.5 0.875 0.938
4QAM half-rate limit capacity %C(oo) 4.5 0.438 0.469
4QAM halfrate limit E,/Ny (dB) ~ C7![(3C(c0)] 4.5 1.85 2.037
16QAM ultimate capacity C(o0) 4.5 1.75 1.875
16QAM half-rate limit capacity £C(00) 4.5 0.875 0.938
16QAM half-rate limit E;/Ny (dB) C![(3C(c0)] 45 6.3 7.38
64QAM ultimate capacity C(o0) 4.5 2.625 2.815
64QAM half-rate limit capacity %C(oo) 4.5 1313 1.408
64QAM half-rate limit E,/Ny (dB) C7'[(1C(c0)] 4.5 10.93 10

performance of LACO-OFDM in this thesis are summarised in Tab. 6.6.

Table 6.6: Summary of LACO-OFDM Performance Improvement Contributions
in this Thesis

Ne o Symbol(s)  Section Contribution

1 PAPR{z} 3.6 A PAPR reduction method based on tone injec-
tion

2 Py, P 4.4 A multi-class channel coding system for reduc-
ing the BER

3 Craco(l,a) 5.5 An optimum power allocation algorithm for

maximising the capacity

1. In Sec. 3.6, we proposed a PAPR reduction technique based on tone injection,
which relied on the module introduced back in Sec. 3.2 and on the LACO-OFDM
TX architecture of Fig. 2.8. An optimisation problem aiming for reducing the
PAPR by minimising the sum of the first L’ layers was formulated, which was then
resolved by MILP. A further simplification of the algorithm was also proposed.
The results of the PAPR reduction also helped improve the BER performance
under clipping, as discussed in Sec. 3.4 and demonstrated in Fig. 3.19. Table 6.7

summaries the simulation results related to this topic.

2. A layered channel coding system was proposed for LACO-OFDM in Chapter 4.
We discussed the limitations of the single-class system in Sec. 4.3, which was
followed by the introduction of our proposed layered LACO-OFDM architecture in

Sec. 4.4. The benefits of the proposed coded optical communications system were
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Table 6.7: Summary of Simulation Results for PAPR Reduction

Number of Layers L
2 3 4

PAPR (dB) at PAPR™'(107%) 3.18 75 7.902 8.661
CCDF= 1073 w/o re-

duction method

PAPR (dB) at CCDF= PAPR7'(107%) 3.18 12.589 13.125 13.75
1073 w/ reduction method

Improvement (dB) 3.18 5.089 5.223 5.089

Item to Compare Notation Fig.

quantified by invoking both convolutional and turbo codes. Quantitatively, it was
demonstrated that our turbo coded system operated within 1.1 dB of the achievable
rate at a BER of 1072, as seen in Fig. 4.11. Furthermore, our convolutional coded
system outperformed the single-class turbo coded system despite the 32 times
lower decoding complexity of the former. We also demonstrated that the layered
coded system is capable of drastically reducing the ILI. Table 6.8 summaries the

simulation results related to this topic.

3. Finally, we expressed the DCMC capacity of LACO-OFDM as a function of the
number of layers and their power allocation strategy. This formula was used as our
object function for maximising the capacity by tuning both the power allocation
factors and the number of layers as well. Our optimisation algorithms relied on the
partial derivative of Egs. (5.26) and (5.40) followed by a binary search in Algs. 2

and 4. Table 6.9 summaries the simulation results related to this topic.

6.2 Future Research

Downlink /Uplink Decoupling

Although both downlink and uplink VL.C transmissions have been investigated literature
[93-95] and efforts have also been dedicated to bidirectional VLC transmissions [96,97],
much of the research has been focused on the downlink. This is partially due to the
difficulties of uplink VLC implementations. Hence, RF WiFi solutions have been adopted
as the uplink counterpart of a VLC downlink [98], which decouples the transmission links
and creates heterogeneous networks (HetNets). Apart from its simpler implementation
and lower deployment costs [99], RF uplink solutions have been shown to have lower
TX power requirements and/or better SNR [100], resulting in higher data rates [101].
Therefore, further research should be devoted to the design of a decoupled HetNet
RF/VLC system relying on LACO-OFDM, where further cooperation and scheduling
challenges have to be tackled.
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Table 6.9: Summary of Simulation Results for Capacity Optimisation

Item to Compare Number of Layers L

2 3 4
Ultimate capacity 1.5 1.75  1.813
Half-rate limit capacity 0.75 0.875 0.906

half-rate limit E;/Ny (dB) w/o Optimisation 4975 6.361 6.87
half-rate limit Es/Ny (dB) w/ Optimisation 4.981 7.006 8.308

Improvement (dB) 0.006 0.645 1.438

Power Line Backhaul

Apart from the uplink issues discussed above, the backhaul also plays an important
role in VLC networks, which should ideally be provided by Power Line Communications
(PLC) [102] instead of laying an extra Ethernet link. However, typical PLC trans-
missions are susceptible to the impulse noise and the multipath reflections, which are
commonly found in this hostile medium [103,104], creating a unique type of system,
which requires dedicated tools for equalising the channel effects and mitigating the er-
rors. As a result, despite the huge throughput potential of VLC, the PLC-based backhaul
requires much more research attention. Therefore, a joint system design must be con-
ceived, considering both what the end user requires and what the PLC backhaul can
offer. Fortunately, the flexibility of LACO-OFDM provides us with increased design
freedom, thanks to its flexible SE and PE trade-off.

Fibre Optics Communications

A more reliable but more costly wired communications technique of connecting the
LED transmitters is over the optical fibres, which have a higher than PLC throughput.
Experiments have been conducted using LACO-OFDM signals over short-haul (~ 20 km)
fibre-optic links with data rates ranging from 4.375 Gb/s [61,105] up to 9.375 Gb/s [106].
These experiments have demonstrated notable improvements in spectral efficiency over
conventional optic-fibre links based mainly on DCO-OFDM. However, similarly to PLC,

optic-fibre channels also have their unique impairments, hence requiring further research.

Multiuser LACO-OFDM

Original conceived way back in the 1960s [107], Multiple-Input Multiple-Output (MIMO)
systems have been widely studied in the RF field [108-110] for supporting simultaneous
communications for multiple users within the same spectral resources. More recently,
adopting MultiUser MIMO (MU-MIMO) techniques for VLC systems has also attracted

much attention [111,112] for further improving the system’s performance. However, due
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to the unique structure of LACO-OFDM and its requirement of layer-by-layer detection
at the receiver, conventional Orthogonal Multiple Access (OMA) techniques cannot be
readily applied, since each user requires the knowledge of all users’ information for
cancelling the clipping distortion in each layer. As a remedy, NOMA may be harnessed
[113] for supporting multiple users with the aid of LACO-OFDM, where other users’
information can either be cancelled out or regarded as noise [68]. However, scheduling
and power allocation still remain us challenging upon issues, when applying NOMA
techniques in MU-MIMO LACO-OFDM systems, which requires further investigations.

Outdoor VLC

At the time of writing, the vast majority research on VLC have been dedicated to
indoor scenarios, given the vulnerability of optical signals to the shot noise induced
by the filtered sunlight [114]. However, given the recent development of sophisticated
techniques and the better understanding of the outdoor channel characteristics [115],
powerful adaptive bandwidth based counter-measurements have been proposed to im-
prove the performance and mitigate the shot noise [116]. More recently, the performance
of the basic ACO-OFDM and DCO-OFDM schemes operating in outdoor scenario have
also been characterised [117], calling for more sophisticated, robust and power-efficient
schemes relying on strong FEC techniques, such as our multi-class coded LACO-OFDM

scheme.






Appendix

Mathematical Proof of Asymmetry in
ACO- and LACO-OFDM Signals

A.1 Asymmetry in ACO-OFDM

In this section, we provide mathematical proof of the asymmetry in ACO-OFDM TD

signals’ amplitude formulated in Theorem A.1.

Theorem A.1 (Asymmetry in ACO-OFDM). If the FD subcarriers of a signal S are
loaded in the following way:

e (Hermitian Symmetry) The second half of the subcarriers have to satisfy the con-

jugate complex property formulated as:

Skl =S"[K —k], 1<k< <§—1>, (A.1a)
So]j==S8 [ﬂ =0, (A.1b)

where K is the total number of subcarriers, bearing in mind that the subcarriers
S[0] and S[X] are left blank for the DC components. Furthermore:

o All even-indexed subcarriers are left blank, i.e.

S[2k] =0, 0<k<(K-1), (A.2)
Then, the TD signal s satisfies the Hermitian symmetry, i.e.

e it is all real-valued, and
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e the second half of the samples is the negative counterpart of the first half, which is

expressed as:

—s[n]:[I;Jrn], O§n<§. (A.3)

A.1.1 The TD Modulated Signal Is Read-Valued

Proof. Using the definition of the Inverse Discrete Fourier Transform (IDFT), the TD

signal can be written as

<in _LK717 kn_igilf o LKfli .
[]_\/EkZOS[k]W _\/Ek:OS[k]WK +\/Ek§S[k]W : (A.4)

where Wi = e/ % is the Kth root of unity, e.g. Wi = eI Thn, Using (K — k) to replace
k in the last term yields

1 = Fg (Aab) 1 A
ral n £4 <Q n
Wit Z S[k]Wlk( Wite Z S[k]WIk( (A.5)
K K
k:7 K:7+1
. Ky 1 51
k—(K—k) ¥ (K — k]W[((K—k:)n (A-1b) = S[K — k]WI((K—k)n
K=1 k=0
(A.6)
o L
(A.1a) — (K—k)n (A.9) o kn\
— S kW = — S k] (W A7
VR 25 I VE = K (W) (A7)
K4 K4 :
=3 (W) = | = s (A8)
= — (& == —— K ) :
K = VK =

where the second equalities in Egs. (A.5) and (A.6) are add /remove the blank subcarriers
reserved for the DC counterpart, which do not affect the summation process. The first

equality of Eq. (A.7) is based on Eq. (A.1), while the second equality is valid because
K—k)n nyrr—kn nyrr—kn —kn n) "
kI gy gy ke gy ke pyokn (W;z ) = (A.9)

Given that Eq. (A.8) proves that the two terms of Eq. (A.4) are conjugate pairs, Eq. (A.4)

can be simplified as

*

1 il 1 py
snj=——= > SEWZ + [ —= > S[kwg"
K k=0 \/E k=0

(A.10)



Appendix A Proof of Asymmetry 145

because adding its conjugate cancels out the imaginary part of a complex number. [J

A.1.2 Asymmetry of the Signal Amplitude

Proof. The (% + n)th 0<n< %) sample in § can be expressed as

=

1

=

1

K 1 «—= Kin |
3 {2 —i—n] = L NS smwt ) — L NT el (A
K5 K5
Meanwhile,
e when k is an odd number, /™ = —1, we have:
S[kle’™ = —S[k], k=2u+1, u€Z; (A.12)

e when k is an even number, ¢/™ = 1. However, now the rule of Eq. (A.2) should
apply, and the value below is zero:
= (A2) _
Skle’™ = S[k]| == 0= —S[k], k = 2u, u € Z. (A.13)

Since Eqgs. (A.12) and (A.13) unify the expression of S[k]e/™ as —S[k], Eq. (A.11) can
be simplified to

K = =
5|l=+n|=—— —SE) Wk = ——— —S[k]) Wk = —3[n], Al4
5|5+ 77 2 (-5 7 2 (CSW) R = sl (A
which concludes the proof. O

A.2 The Two LACO-OFDM TX Models of Section 2.3.1
Are Equivalent

In this section, we prove that the pair of LACO-OFDM TX models introduced in

Secs. 2.3.1.1 and 2.3.1.2, respectively, are equivalent. In other words,
Theorem A.2. For a FD symbol stream S; of length 21% on layer 1 (1 <1< L), the
following two methods provide identical TD (clipped) layer signal s;.

1. TX Implementation Model 1 of Sec. 2.3.1.1

(a) Load the symbols on each layer according to Eq. (2.6) to construct S; of
Fig. 2.5,
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(b) Apply the K -point IFFT to S, resulting in 8, of Fig. 2.5,
(¢) Clip all negative samples in §; to obtain s; of Fig. 2.5;

2. TX Implementation Model 2 of Sec. 2.3.1.2

(a) Load the symbols on each layer in the ACO-OFDM way according to Eq. (2.9)
to construct S; of Fig. 2.6,

(b) Apply the K;-point IFFT to ?l, resulting in 3; of Fig. 2.6,
(¢) Clip all negative samples in 5; to obtain 3|, of Fig. 2.6,

d) Repeat |5, for (271 — 1) times, attenuate its output by a factor o 2(-1)/2
l
for energy conservation, to construct the length-K s; of Fig. 2.6.

Proof. When using model 1, the unclipped signal §; produced for layer [ can be repre-

sented using the original symbols S as

| K1
siln] = > SikWE
k=0
B
(26) 1 2y 21 1) “ K—(2lu+2!-1)n
::V?E:@mm§+ " S (A.15)
u=0
K4
(A9 1 [ 2=1(2u+1)n . —2l=1(2u+1)n

The clipping process used for obtaining s (the superscript is employed to distinguish

it from the signal generated using model 2) can be modelled as follows:
sWn) = si[n] - u(zi[n)), (A.16)

where u(-) is the Heaviside step function defined in Eq. (3.6).

On the other hand, the intermediate length-K; TD signal 5; generated using model 2

can be represented as

L Kl
si[n] = Wice Z SilkWi
I k=0
B
(2.6) 1 (2u+1)n’ « (K —(2u+1)]n/ Al
__¢muﬂ(&mw& + 57 Wi ) (A.17)
K
(a9 1 S (2u+1)n’ * —(2u+1)n/
TR = (Sl 4 Sifu w20

where the second equality is used for replacing §l by the original symbol stream S; of

Fig. 2.6 using the loading rule of Eq. (2.9), while the last equality exploited the property
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of Wk, similar to that of Eq. (A.9). The clipping process of §; can be similarly modelled
as

LEJZ [n] =3[n'] - U(El [n/]) . (A.18)
In model 2, the final output signal 31(2) is obtained by repeating the length- K signal L?J .
up to a length of K, while attenuating (dividing) each sample’s amplitude by /K/K

for energy conservation. Therefore, we have:

o) = R 5] mod(n, K0} = VAL (5], o k]
= II{{Z -Sin — aKj) - u(Si[n — aKj)) (A.19)

- Y2 Sl - ki) u(g -s,[n—aKl]> ,

where mod(n, K;) is the modulo-K; operator for n, and a € N is the integer quotient of
the Euclidean division (n + Kj), such that 0 < (n — aK);) < Kj, while the last equality
is valid because multiplication by a positive number (in this case 1/1/K/K)) does not

change the sign of 5;[n’]. Therefore, it does not change the value of the Heaviside

function.

Meanwhile, we have:

K

—~

Si[n — aK))

N

7l
42 ( (2u+1)(n—zzKl) e (2u+1)(n— aKl)>

ﬁ

=

-1

(S 4] Wl(?luﬂ)nwl(zuﬂ)a e [U]Wg(2u+l)nwl(2u+1)a>

1

%F
o

u=0 (AQO)
LY
S (2u+1)n —(2u+1)n
- = @AM’ + i w2 ")
u=0
K4
(A21) \1ﬁ 4}: ( 21 1 2u+1)n+S?[u]wg21*1(2u+1)n)
(A.15)
[n],

In the penultimate equality, the denominator K; in W, is replaced by K according to
(2.5), i.e

j 2 j—2m -1
Wi, =K = 52T = T2 = Wi, (A.21)

Therefore,
s [n) = si[n) - u(z[n)) = sV[n], (A.22)
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which concludes the proof. O

A.3 Lossless Clipping in LACO-OFDM

In this section, we provide the mathematical proof of the facts that in LACO-OFDM,
the clipping distortion of each layer falls only on the null subcarriers controlled by the

same layer. The kth subcarrier is controlled by layer [, if and only if we have:
mod(k, 2°71) = 0. (A.23)

It is worth mentioning that LACO-OFDM inherited these characteristics from ACO-
OFDM. Therefore, these conclusions also apply to ACO-OFDM by letting [ = 1.

Theorem A.3 (Lossless Clipping in LACO-OFDM). The clipping distortion of layer [
in LACO-OFDM only falls onto the subcarriers indexed by

K
k:u-21,0§u§?—1. (A.24)

Proof. The theorem mentioned above states the fact that no clipping distortion can be

found on the rest of the subcarriers controlled by layer [, where
/ I, ol—1 K
K=u-2"+2 ,Oguga—l. (A.25)

The corresponding symbols on these subcarriers after clipping can be expressed as

K—

F{si} [k Z [ Wk (A.26)

If we segment the summation of Eq. (A.26) into % = 271 parts, each of which adds up

K subcarriers, then we have:

1 K;—1 2K;—1
Fla W] = —= | 2 slnlWi™ + 3 silnwi™
n=0 n:Kl

(b+1)K;—1 (A.27)

K-1
+ Y sw e+ Y

n—= bKl ’I’L:K—Kl



Appendix A Proof of Asymmetry 149

Replacing n by (n + bK;) in the (b + 1)st summation yields

e /
Flsip K] = Z [\/E (Sl [n+ bKW" ("+sz)>]
n=0

b=0
(A30) 1 Kl 2!
: —k'n —bk' K,
== 3" |siwtm | YT wtt (A.28)
\/E n=0 b=0
K;—1
(A.29) Bl k! Z _k'n,
— : Sl[n]WK )
\/E n=0
where
2l71_1 2l71_1 2l71_1
/ —bk'K —bk’
—bk'K, A
By = ; W = ; exp[ I }— 2 exp[w} (A.29)

is a constant only dependent on [ and &', thus can be taken outside. The second equality

in Eq. (A.28) takes advantage of the repetition in the layer signal formulated as:
siln] = sin+ Kj] = siln + 2K = . .. (A.30)

The final summation in Eq. (A.28) can be further split into two parts as

B k-1 K;—1
Floh K] = 2 | 37 slWi ™+ 3 sl
\/? n=0 n:%
ﬁ_l ﬁ—1 _ - K
Bl k! 2 —k E Kl 7kl<7l+n>
= sin]W " 4 S| |—+n| W
Vi | 2 e 2 s Wi
K K
By g N B (K | tiny o
_ 5, snlWi™ + 3 st |5 +n| W We T L (A3
where
_ KK 2m KK} (A.25) 2m (2lu + 2071 (K /271
W 2 — [ S— _ — ) —=
K exp[ I 5 } PN\ 2 (A.32)

=exp[—jr(2u+1)] = -1, Yu € Z.

Bearing in mind that the this equality only holds when (2u41) is an odd number, namely
that this only happens to fall on subcarriers loaded with the current layer’s symbols or

their conjugates, we have:

F{si} K] = Buw Z <s,[n] s [I;l + nD Wik (A.33)
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Given the asymmetry of ACO-OFDM signal specified in Sec. A.1, for each element in
the summation of Eq. (A.33), either s;[n] or s; [% + n} should be zero.

e If we have s [% + n} = 0, then 3 [% + n} in the unclipped signal s; must be
negative and must have been clipped. Therefore, based on Eq. (A.3), 5;[n] should

be positive and retained after clipping, yielding:

K K, _KK
sln] =5i[n] = =5 [25 +n] =5 [Ql +n] Wy 2. (A.34)
Substituting this back to Eq. (A.33) gives
K K
By s Y By ks K
Fis;} K ’ )W Fm : (si[n] + sy[n])W "™
(o} ) = 7 3 Wik = % 3 (ol + s Wi
l_l ,
= nl 5|5 | Wy 2 | W
Wie ; ( il +351 |5 K K
K K )
Bl k' 3 —k 3 _ |:Kl :| *k’( 2l +n)
= — S W2+ 51|l —+n| W
2\/}? Tgo l[ } K nzzo l 9 K
G- K—1
Blk:’ 22 [ }W K i [ }W k'
= — S n)Wm" + 5 n|W 2
2\/F n=0 ® K K
==
K
B S (A.35)
= ’ E n n’ .
2K = K

where the equality on the 2nd line of Eq. (A.35) replaces the two s;[n]s by §; and
_KE)

5 [% + n} W,y * , respectively, according to Eq. (A.34), while the equality on

the 4th line of Eq. (A.35) substitutes n in the second summation by (n — %)

Substituting B; ;s back into the summation can expand the summation range back

up to (K —1):
L]
11 /
F S| ]{7/ = T Ean_k"BW
W] =577 X stV
1 1 %—1 2l71_1
= —k'n —bk' K,
= _——= Si[n]W w !
N> ( S
11 21—1_1%—1
_ —k'(n+bK7)
= —— 81[n+ bKl]W
2 VK b=0 n=0 "
K—
11 _ e 1
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o If 5;[n] = 0, we can arrive at

— 5 [I;l—}—n} = -3 [I;’ﬁtn} =3 [l;l+n] W;@ = 3[n]. (A.37)
Substituting this back into Eq. (A.33) leads to
%
Flon )= 2 5 (< | 5] Jwiks
| vE %:0_1 Rk 3 | (A.38)
- 23\1/% j;) (sl[n] + 3 {I;l +n} W;kfl> ng/”,

which takes the track of the maths back to that of Eq. (A.35) in the previous case,
because the result is the same as the second line of Eq. (A.35). Naturally, the

same conclusion as Eq. (A.36) can be given.

It has now been shown that only the subcarriers with indices k' satisfying Eq. (A.25)
have their energy halved after the clipping process, with no information loss observed.
Therefore, the clipping distortion can only fall onto other subcarriers controlled by the
layer, which follows the rule of Eq. (A.24). O






Appendix

Probability Distribution of LACO-OFDM
Signals

B.1 Probability Distribution of the Sum of Independent
Signals

In this section, we review the derivation of the PDF of the signal xy, which is the
sum of L independent signals {s1,s2,...,8;,...,sr}. The variables x[k] and s;[k]
represent general symbols within the signals @y and s;, obeying their own probability
distributions denoted by fz,(2) and fs,(2), respectively. Meanwhile, the cumulative

distribution function (CDF) of the signal xy, is expressed as

Fa, (2) = Pr(alk] < 2) = / T fay () d2 (B.1)

We start from the simplest situation, where only two signals are added up, before ex-

tending the analysis in multi-variable scenarios.

B.1.1 Sum of Two Signals

When L = 2, the elements in the sum signal are
xg[k] = Sl[k] + S92 [k] (B.2)
Due to their mutual independency, the joint probability density function obeys

fS1732(Zlv ZQ) - f81 (2'1) ’ fsz (22) : (B'?’)
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Therefore, the CDF of x5 is formulated as:
Fyr,(2) = Pr(xa[k] < z) = Pr(si[k] + s2[k] < 2)

= / fs1,80(21, 22) dz1d 22

s1[k]+s2[k]<z

-/ :_Z (fslzxz) / :_; foa(2) d22> .

Therefore, the PDF of x5 is

frale) = S22 2 [T <fsl<zl> [ e d@) dz

dz dz J, = =00

#1=00 d 220=2—21
= /Zl_oo <fs1 (21) & /Zz_oo st (Z) d22> dz;

- /Oo Far(21) - faoy(2 — 1) day
= fsl(z) ®f52(2’),

where ® represents the convolution.

(B.5)

This indicates that the PDF of the sum of two independent signals is given by the

convolution of their own PDF's.

B.1.2 Sum of Three or More Signals

For L > 3, we have to consolidate the sum of the first L — 1 signals as 1, i.e.

xrlk] = (si[k] +...sp-1[k]) + sp[k] = xp—1]k] + s [k,
which leads to the PDF expression of
wa(Z) - Pr(xL—l[k} + SL[k] - Z) = wa—l(Z) ®fSL (z) )

while
Jop 1 (2) =Pr(wpo[k] + sp[k] = 2) = fa, ,(2) ® fs,_,(2).

Recursively, we have:

me (Z) = me71 (Z) ®fSL (Z)
= for s (z) ® fSL71(Z) ® far, (2)

= fS1(z)®'"®fSL71(Z)®fSL(Z)'

(B.6)

(B.9)
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This indicates that the PDF of the sum of multiple independent signals is the convolution
of all of their own PDFs.

B.2 PDF of 2-layer LACO-OFDM Signal

In this section, we provide the mathematical PDF derivation for a LACO-OFDM signal

composed of 2 layers, denoted as xs.

+oo
faa(2) = / Fon(21) fop (2 — 21) 2y

—0o0

:/_:O {5(2) (21:0%) (zl)} [5('2;21)—1—¢(z—z1;02%> u(z—zl)] dz
_ /_;OO {5(21)5(: —a) 5(;1)q§<z — Uj) u(z — 21)+

=28 oot u(a) + ;b(‘;) )+ [ oleriat) o= - 2 ;) a2
_ 5(:) +50(z03) u(z) + ;¢<z; "j) u(z)+
0'2 z z
: 321) Pb(ﬁal) +‘I’<\/§al/2> _ 1} " (B.10)
where B(2) = . /_OO /2 qt (B.11)

is the CDF of the standard Gaussian distribution.

With a clipping threshold B, (B, > 0), the additional pulse D2d(z — By) in the PDF of
the UB-clipped signal [z], will be

= [T oot e+ g0 ) uo bas +

fo =) () o (as) - o)e e
(%)) ()

L 5 o) (5 o ()

Due to the involvement of the term on the last line of (3.19), it is unfortunately impos-

sible to obtain the closed form of Ds.
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AWGN
BER
CC
CCDF
CCMC
CDF
CMA
Ccp

CS

DC
DCMC
DD
DHT
EVM
FD
FEC
FFT
FSO
HD
HetNet
IDFT
IFFT
ILI

M

LB
LBC
LLR
MILP
MIMO

Additive White Gaussian Noise
Bit Error Ratio

Convolutional Code

Complementary Cumulative Distribution Function

Continuous-input Continuous-output Memoryless Channel

Cumulative Distribution Function

Complex Multiplications and Additions

Cyclic Prefix
Compressed Sensing

Direct Current

Continuous-input Discrete-output Memoryless Channel

Direct Detection

Discrete Hartley Transform

Error Vector Magnitude
Frequency Domain

Forward Error Correction

Fast Fourier Transform

Free-Space Optical communication
Hard Decision

Heterogeneous Networks

Inverse Discrete Fourier Transform
Inverse FFT

Inter-Layer Interference

Intensity Modulation

Lower Bound

LB Clipping

Log-Likelihood Ratio

Mixed Integer Linear Programming
Multiple-Input Multiple-Output
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LIST OF ACRONYMS

MMSE
MU-MIMO
NOMA
OFDM
O-OFDM
ACO-OFDM
DCO-OFDM
LACO-OFDM
ADO-OFDM
HACO-OFDM
ASCO-OFDM
AVO-OFDM
AAO-OFDM
EACO-OFDM
SEE-OFDM
OMA

OWC
PAM-DMT
PD

PE

PLC

QAM

QoS

RSC

RX

SCFDM

SE

SIC

SINR

SISO

SNR

TC

TD

TI

TX

UB

UBC

VLC

Minimum Mean Square Estimation
MultiUser MIMO

Non-Orthogonal Multiple Access

Orthogonal Frequency Division Multiplexing
Optical OFDM

Asymmetrically Clipped O-OFDM
DC-Biased O-OFDM

Layered ACO-OFDM

Asymmetrically clipped DC biased O-OFDM
Hybrid ACO-OFDM

Asymmetrically and Symmetrically Clipped O-OFDM
Absolute Value O-OFDM

Asymmetrically clipped AVO-OFDM
Enhanced ACO-OFDM

Spectral and Energy Efficient OFDM
Orthogonal Multiple Access

Optical Wireless Communications
Pulse-Amplitude-Modulated Discrete MultiTone modulation
PhotoDiode

Power Efficiency

Power Line Communications

Quadratic Amplitude Modulation

Quality of Service

Recursive Systematic Convolutional (code)
Receiver /Receiving

Single-Carrier FD Multiplexing

Spectrum Efficiency

Serial Interference Cancellation
Signal-to-Interference-and-Noise power Ratio
Soft-In Soft-Out

Signal-to-Noise power Ratio

Turbo Code

Time Domain

Tone Injection

Transmitter/Transmitting
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