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Within higher education mathematics, the focus on the teaching of calculus is continuing to be highlighted. 
Researchers have long sought to enhance the quality of calculus teaching at the university level. Even so, 
there is little clarity regarding the Pedagogical Content Knowledge (PCK) of calculus teachers in higher 
education. This study seeks to go some way to closing this identified gap by investigating the PCK of calculus 
teachers.  

This study proposes a model of PCK for calculus teaching and uses this model to identify how calculus teachers 
articulate and demonstrate their PCK to achieve their teaching goals, to deliver the building blocks to 
construct and enable their students’ mathematical understanding, to apply instructional strategies, and to 
utilise calculus connections with other academic subjects and wider applications.  

In order to understand the PCK of calculus teachers, this study is situated in higher education in Saudi Arabia. 
The sample group comprises calculus teachers of first-year university students. This study uses multiple cases 
and qualitative and quantitative data collected through a triangulated approach using survey, semi-
structured interview and observation of teaching. The analysis of the data employs a specially developed 
analytical framework for PCK for teaching calculus. Cross-case analysis identified, in detail, how these 
teachers articulate and demonstrate their PCK to develop learners' cognition of calculus; address the 
developmental aspects of the curriculum, apply instructional strategies to deliver their teaching aims and 
objectives, and to utilise calculus connections.  

This study's findings are steeped in fine detail and have appropriately addressed the research questions. It is 
significant in conceptualising, and analysing empirically, the PCK of calculus teachers. The findings identify 
that all the teachers showed their PCK in relation to how they taught calculus, it was also clear that not all 
aspects of PCK were equally evident among them. Some focused on specific instructional strategies to target 
learners' needs, others highlighted students' misconceptions about calculus in different ways. Knowledge of 
students' thinking about calculus concepts was narrow, while little effort about knowledge of calculus 
connections was identified. Although the teachers attempted to highlight real-world applications of calculus, 
identifying real-world connections that the students could understand was lacking. Significantly, calculus 
relating to other academic subjects was least identified.  

The findings pave the way for future developments of university calculus teaching and provides a model that 
can be developed and used widely within the field of calculus teaching in higher education. It is anticipated 
that this model will support the development of mathematics teaching in higher education in Saudi Arabia 
and elsewhere. 
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Chapter 1 Introduction 

1.1 Overview 

Currently, parts of the Middle East are largely under-represented when it comes to educational 

quality initiatives, but this perspective is slowly changing. Examples include the implementation of 

educational policies, such as Vision 2030 in the Kingdom of Saudi Arabia (KSA) and Education 2020 

in the United Arab Emirates (UAE). The governments of many Middle Eastern countries are seeking 

to improve the quality of education within higher education (Raven, 2011). For Middle Eastern 

students to demonstrate enhanced competence in the global marketplace, and for international 

students considering studying in the Middle East, the quality and type of instruction needs to be 

appropriate.  

As the KSA attempts strategically to place its tertiary institutions on the world stage, teacher quality 

is of significant importance. Teachers need to be able to understand the impact of their teaching 

and have a strong pedagogical background in addition to their research responsibilities. While 

research quality can be, to some extent, measured through numbers of publications, conference 

proceedings, keynote speeches, and other academic appearances, capturing the nature of the 

quality of teacher knowledge in the classroom is considerably more difficult (Mansour et al., 2013). 

While research suggests that one way this can be achieved is through focusing on specific aspects 

of teacher knowledge, Khakbaz (2016, p. 185) argues that “there is little information about the 

teaching knowledge of mathematics university teachers”. As calculus is fundamental for students 

pursuing business, commerce, economics, management, as well as many of the natural sciences, it 

is essential that the teachers working on first-year programmes are able to provide the foundation 

for concepts that require scaffolding during a student's university journey. 

Studies have been conducted on teachers' pedagogic content knowledge (PCK). Such research is 

scattered among quantitative and qualitative approaches, with multiple different focuses (e.g. 

Aydin el at., 2015; Fan, 2014; Krauss et al., 2008; Petrou & Goulding, 2011; Rollnick, 2016). 

Currently, none of this research has specifically targeted calculus teachers within the context of the 

Middle East. Understanding how teachers are applying their PCK to their calculus classroom context 

is necessary, as the Middle East attempts to compete in the global market. In consideration of these 

points, this study sets out to examine the extent to which university teachers of mathematics, and 

calculus in particular, are able to demonstrate an understanding of the PCK that is associated with 

teaching first year university students’ calculus. As a teacher, finding a balance between the 

theoretical underpinnings of pedagogy, and pairing this with the conceptual knowledge of the 
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subject matter to be taught can be particularly interesting. While calculus is necessarily something 

the researcher is acutely familiar with, the education associated with teaching such a crucial and 

important concept is very intriguing. Through a careful analysis of this topic, and carefully chosen 

methods, the researcher seeks to comprehend the overall field of study. The reasons why it is 

necessary to undertake this type of research, surrounding the identified topic and context, include 

there being 1) no studies on teachers' PCK of calculus 1 at university level in the KSA to date, 2) 

closing the gap in the literature related to PCK among calculus teachers in the KSA, and 3) making 

contributions to research that reflect the globalisation of higher education. Biza et al. (2016) 

reviewed studies published after 2014 and summarized theoretical and methodological 

perspectives. They were looking for the link between theories and university mathematics teachers' 

practices and posed the question "how can knowledge and competence developments be 

described and analysed effectively and validly?" (Biza et al., 2016, p.24). 

As a Saudi national, the researcher has witnessed the shift in the educational system in the KSA 

from one of being unorganised, and not well established, to the current model. For more detail on 

the educational system in the KSA, see Chapter 3 and Appendix A. While this model still has issues, 

which the government along with educational institutions are attempting to improve, it is still 

considerably better than the system existing a decade ago. Furthermore, the field of tertiary 

education has been one of the major places where education has undergone expansion (Al-Aqeel, 

2016; Yamani et al., 2000). Along with this expansion, the ‘growing pains’ corresponding to the 

implementation of new programmes, departments, and institutions, raises the need for faculties to 

demonstrate excellent quality. Initially, this was challenging because the demand for teachers 

exceeded the supply (Borg & Alshumaimeri, 2012; Sabah et al., 2014).  

This researcher's personal interest and professional experience in university level mathematics 

education can be considered as the personal motivation for undertaking this study. O'Leary (2017) 

considers that it is important, when conducting research, to select a topic that evokes passion and 

interest in the researcher. The researcher has a personal interest in both the fields of education 

and mathematics. While the researcher's academic strength is in the field of education, both fields 

have played a role in the researcher’s education experiences. The researcher is a lecturer in 

mathematics education and obtained an MSc in Curricula and Teaching Methods in Mathematics 

with a GPA 3.95 out of 4 and overall grade Excellent with First Class Honours, and a BSc with 

Excellent with Second Class Honours from the Department of Mathematics. Not only does the 

researcher have subject content knowledge, he has also has pedagogic experience obtained in his 

role as a mathematics teacher at intermediate and secondary schools for many years and as a 

teaching assistant in the Mathematics Department and for one year when teaching calculus to first 

year students at university, and then teaching subjects related to mathematics education at 
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university level for five years. To stimulate his wider experience and motivation the researcher has 

attended courses in designing educational podcasts, designing interactive lessons using Course LAB, 

conferences on scientific research, its skills, and statistical applications in the field of curriculum 

and educational supervision. Combining the importance of personal interest and research 

motivation and focussing on a topic that links mathematics with education is the choice that this 

researcher has made in order to benefit the academic community and potentially policymakers, but 

also to feed the researcher's passion in the field of calculus education. 

1.2 The Research Gap 

Numerous studies (Hill et al., 2008, Khakbaz 2016; Krauss et al., 2008; Lesseig, 2016; Fan, 2014; 

Marks, 1990; Petrou & Goulding, 2011; Shulman 1986, 1987; Sowder et al., 1998) have indicated 

that teachers require different types of knowledge in facilitating learning in the classroom, yet 

researchers often disagree about what types of knowledge to include. Pedagogical content 

knowledge (PCK) was identified by Shulman (1987) as an essential component of teacher 

knowledge and defined as a “special amalgam of content and pedagogy that is uniquely the 

province of teachers, their own special form of professional understanding” (p.8). More recently 

Miller (2006) argued that “PCK provides a framework that can be used to describe the origin of this 

critical teacher knowledge; i.e., that PCK represents an epistemological approach to constructing 

teaching knowledge” (p.91). In Shulman’s (1987) opinion, it was the interconnectedness of content 

and pedagogy that was vital. He considered that it was necessary for the teacher to go beyond the 

subject and interpret the subject matter and how it is linked to their role in facilitating learning that 

contributes to their effectiveness. 

Research on PCK has been expanding and developing. In recent years, PCK has been examined 

through the lens of technology (Tamir, 1988; Mishra & Koehler, 2006). Though this is not necessarily 

fully relevant to the field of mathematics, where much of the material continues to be taught in the 

classroom on a whiteboard (i.e. not online or through technology-enhanced methods), this does 

not mean to say that PCK itself is outdated, the outcome is quite to the contrary. Despite a gap in 

the research, any previous research that has been conducted on PCK has quickly become outdated 

(i.e. less explicit) as a theoretical framework. In particular, using the notions and assumptions of the 

framework, it is important, for methodological reasons, to make the theoretical framework as 

explicit as possible (Depaepa et al., 2013). This field has not been examined in detail in the Saudi 

context and therefore leaves a research gap that requires filling. The researcher conducted a review 

of literature to identify similar work conducted in the Middle East and, to the best of the 

researcher’s knowledge, no study to date has investigated the PCK of mathematics teachers at 

university level in general and calculus teaching in particular. Moreover, in research reviews of the 
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literature related to the research problem such as those of Biza et al., 2016; Bressoud et al., 2016; 

Larsen et al., 2017; Petropoulou et al., 2016; Rasmussen et al., 2014, there was no research that 

had investigated the PCK of calculus teachers at university level. This study therefore aims to bridge 

this gap by conducting research in the context of university education in the KSA and to provide a 

platform for future research in the field of PCK of not only calculus teachers, but also mathematics 

teachers at university level. 

1.3 Research Aims 

The aim of this study is to analyse the PCK demonstrated by a sample of university level teachers 

teaching a first-year calculus course. This research focuses on both the knowledge of content and 

students seen as essential (Ball et al., 2008; Lesseig, 2016) to this group of teachers, as well as the 

knowledge of content and teaching calculus (Lesseig, 2016; Khakbaz, 2016; COACTIV, 2004 (source: 

Baumert & Kunter, 2013); TEDS-M, 2008 (source: Tatto et al., 2008, p5)). Within this focus, the aims 

are: 

• to verify the extent to, and the circumstances under, which PCK is used;  

• to highlight any issues related to either content and students or content and teaching (Ball 

et al., 2008; Lesseig, 2016); 

• identify areas where PCK can be improved within an analytical framework. 

The types of instructional strategies for teaching calculus and the calculus connections that exist 

within the classroom are also considered especially in areas of demonstrated knowledge of content 

and teaching calculus and learners’ cognition of calculus and developmental aspects of the calculus 

curriculum. These subcategories of PCK are seen as essential components for calculus teachers to 

achieve and could contribute to better overall performance at the university level. This is 

particularly important within the context of the KSA as it attempts to demonstrate exceptional 

quality on a worldwide stage. 

It is also essential to consider the limitations of the research aims and objectives, as this is a small-

scale research project and there is the issue of generalizable results. Hence, one of the aims of this 

research is to expand the aims and objectives of future research projects that seek to gain a better 

understanding of what could be done to further improve university mathematics teachers' practice 

through a broader context. 
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1.4 Objectives and Research Questions 

The focus for this study is to investigate teachers’ calculus teaching with an overarching goal to 

detail the PCK for teaching calculus and to analyse their PCK for teaching calculus. This will be 

achieved through the development of a model of PCK for teaching calculus that represents this 

area. As such, this research project has two overarching objectives: 

OB1. To propose a model of PCK for teaching calculus.  

OB2. To explore calculus teachers’ PCK.  

In line with the objectives, the RQs for the study are: 

1. What would be a model of PCK for teaching calculus? 

               2. Using this model of PCK, how do calculus teachers articulate and demonstrate their 

PCK? 

1.5 Pedagogy and Teacher Knowledge 

This section begins with the term 'pedagogy', leading to the assumption that teachers require 

certain competencies to be successful or effective in the classroom. Overall, these competencies 

are multidimensional and generally consist of three overlying components - content knowledge 

(CK), pedagogical content knowledge (PCK) and general pedagogical knowledge (GPK).  While the 

focus of this research is primarily concerned with PCK, it is important to understand the 

components of all three competencies to define the threshold encompassed by PCK.  

In order to clarify the terminology to be used within this thesis, the researcher reviewed literature 

in relation to other research projects and found three terminologies to describe the method and 

practice of teaching: pedagogy, andragogy, and heutagogy. According to Palaiologos (2011), the 

learning method of pedagogy is 'teacher-driven' while andragogy is 'learner-driven' and heutagogy 

is 'self-determined'. While andragogy or heutagogy may be better ‘literal’ terms given the context 

of this study, they are not best suited for the context of this study. Nevertheless, the definitions 

provide clarity to the framework and scope of this thesis, while providing indications about what is, 

and is not, achievable in relation to the research questions.  

According to Palaiologos (2011), the learning method of pedagogy is 'teacher-driven' and the main 

focus in this study is on university teachers and their knowledge. Pedagogy, in its direct translation, 

seems to relate to the teaching of children, yet the understanding of how it is applied goes well 

beyond this literal translation into how it is employed in the literature. Pedagogy is "the methods 
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and principles of teaching" (MacMillan English dictionary, 2007, p.1101), so “widely assumed to be 

self-evident” (Adams, 2011, p.467). Bernstein in his grand theory of social structure and 

reproduction claimed pedagogy as a "cultural relay" (1990, p.191), but Alexander (2004, p.9) argued 

that “the spectrum of available definitions ranges from the societally broad to the procedurally 

narrow". In this study, the researcher adopts Alexander's (2004, p.8) definition of pedagogy, which 

is "conceived as encompassing both act, and thought, about teaching". In addition, under the 

definition of pedagogy, learning is a process of acquiring subject matter where content is sequenced 

according to the subject matter (Darder & Baltodano, 2003). All of these elements can be combined 

to not only explain pedagogy, but to explain the way that teaching, and learning occurs within the 

context of a Saudi university. As a result, the term pedagogy is used throughout this thesis. 

1.5.1 Pedagogic Content Knowledge (PCK) 

Shulman (1987), defined PCK as “a special amalgam of content and pedagogy that is uniquely the 

province of teachers, their own special form of professional understanding” (p.8). Subsequently, 

Ball et al. (2008, p. 399) divided PCK into “knowledge of content and students”, “knowledge of 

content and teaching”, and “knowledge of content and curriculum”. For the purpose of this thesis, 

PCK is defined as a combination of subject content knowledge and general pedagogical knowledge, 

while taking into account both learners’ conceptions and learning difficulties. Investigating 

teachers' PCK is a useful starting point in determining their classroom practice and professional 

knowledge; it offers insights about them and their pedagogical strategies within a certain context 

(in this case, university calculus teachers in the KSA). 

The overlap between pedagogy and content may differ among teachers, with some more heavily 

influenced by the pedagogical aspect and others by the content. Ultimately, since the purpose of 

this study is to determine the PCK of calculus teachers working in first year calculus courses at 

university level, it is assumed that each teacher, in this study, has the ‘competencies’ to teach the 

first-year calculus course, and would therefore have at least some level of both content and 

pedagogical knowledge that could be investigated. While the definition offered for PCK has some 

limitations, it allows for the scope of this study to be bounded by the definition provided in order 

to provide some sort of analysis. This definition is also consistent with the literature on the subject 

of PCK, and this consistency provides further justification for the definition (see Petrou & Goulding, 

2011; Miller, 2006; Ball et al., 2008; Grossman, 1990; Shulman, 1987). 
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1.5.2 Content Knowledge (CK) 

Shulman (1987) defined CK as that which “refers to the amount and organization of knowledge per 

se in the mind of teacher” (p.8). Ball et al. (2008, p.391) subsequently took CK to include “knowledge 

of the subject and its organizing structures”. CK can be divided into two smaller components: 

syntactic content knowledge and substantive content knowledge (Barnes, 2007). Syntactic content 

knowledge is a set of strategies that can be employed to establish truth, validity, invalidity or 

falsehood (Shulman, 1986), while substantive content knowledge comprises the concepts, models, 

laws and principles associated with a particular discipline (Barnes, 2007). More is said about 

syntactic content knowledge and substantive content knowledge in Section 2.4. 

1.5.3 General Pedagogical Knowledge (GPK) 

Shulman (1987, p. 8) considered that GPK is a “special reference to those broad principles and 

strategies of classroom management and organization that appear to transcend subject matter”. 

Later, Grossman and Richert (1988) stated that GPK “includes knowledge of theories of learning 

and general principles of instruction, an understanding of the various philosophies of education, 

general knowledge about learners, and knowledge of the principles and techniques of classroom 

management” (p. 54). Subsequently, König et al. (2011, p. 189) defined GPK as “Generic theories 

and methods of instruction and learning, as well as of classroom management” (see Section 2.3). 

1.6 The Research Background 

The KSA, located on the Arabian Peninsula, was founded in 1932. It has borders with the Red Sea 

to the west, with Yemen to the south, with Iraq, Jordan and Kuwait to the north, and with the 

Arabian Gulf, Qatar, and the UAE to the east. It is an Islamic state, which means that the Shari’ah 

(Islamic Holy Law) acts as both the legal framework for the country and as its constitution (Yamani, 

2000). Saudi Arabia enjoys a high GDP, which is a result of the discovery of oil in the region paired 

with the increasing worldwide consumption of oil that exists today. Petroleum exports account for 

a significant portion of the country’s financial ties, on which the economy is heavily dependent. It 

should be noted that while the country has enjoyed significant benefits from the worldwide 

demand for petroleum products, experts in the country are attempting to also ensure that the 

country has alternative sources of revenue and a strategy if requests for petroleum, from foreign 

nations, decline (Al-Amri, 2011). 

One strategy for achieving diversification within the country has been through advancements in 

education, and more specifically, advancement in education that strategically aligns the KSA, 

through the implementation of educational policies such as Vision 2030, with other major 
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worldwide experts (MOE, 2017). The government of the KSA has, as a result, spent substantial 

financial resources developing a higher education system (Al-Amri, 2011), expanding its university 

infrastructure (i.e. building more universities) and encouraging more participation in higher 

education. 

Higher education, and more specifically undergraduate education, has become much more 

commonplace in the KSA as the numbers of students enrolled in various programmes continues to 

rise annually. According to recent figures, in 2015 the KSA enrolled 1,454,692 students in higher 

education; of these 1,240,117 were studying at the undergraduate level (Central Department of 

Statistics and Information, 2015). Much of this increase is due to policy, funding, administration and 

regulation of the university environment, with the Ministry of Higher Education (MOE, 2017) and 

the Technical Vocational Training Corporation (TVTC) offering highly subsidised packages for 

students wishing to pursue this path of education. As this growth continues, the Saudi government 

consistently allocates significant resources to developing an education programme that competes 

on an international level (MOE, 2017).  

In 2016, the Saudi government spent in excess of KSA Riyal 80 billion on improvements to the 

education sector, in addition to the allocation of KSA Riyal 184 billion from the national budget 

(which was also the largest single item of the national budget) (MOE, 2017). This money has been 

earmarked for educational developments relating to infrastructure and the development of new 

programmes and courses. The intention of this funding is to develop a Saudi population that can 

sustain the country, so as to diversify the region thus reducing the dependence on oil and oil 

products (Al-Aqeel, 2016). While some steps have been taken to increase participation through the 

creation of new disciplines for study, there has also been a need to refine the current areas of study, 

specifically in STEM subjects (science, technology, engineering and mathematics). One of the main 

focuses is on the development of mathematics and sciences at the undergraduate level. 

While the focus on university-level mathematics may be documented among multiple sections in 

Saudi education policy, how this is to be achieved is much less clear. There is the burden of providing 

an excellent standard of higher education, but this assumes that there are university teachers 

available to teach to such standards. As the KSA moves into a position where it seeks to be 

competitive within the global university rankings, it requires educators with high levels of 

professional knowledge (Krieger, 2007). Teachers at the tertiary level must continue to draw on 

inspiration and innovation to teach students in a variety of different styles and context (Sabah et 

al., 2014). This personal innovation is often stimulated by new and conceptually unique approaches 

to understanding, pedagogy and assessment. Teachers must navigate the field of higher education 

to provide students with a learning experience that not only meets specific learning objectives, but 
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also one that offers students the facility to scaffold and develop their understanding as they move 

through university (Borg & Alshumaimeri, 2012). 

1.7 The Research Context 

The gap in the research identified for this study applies to the university sector not only in the KSA 

but also internationally. This study examines university calculus teachers' PCK, in particular those 

who teach first year calculus programmes, at a reputable Saudi institution. The rationale of 

choosing calculus for this study is that calculus is important at the university level. The course is the 

combination of several subjects in mathematics that include numerical calculation, graphical 

representation, and symbolic manipulation (Alcock, 2014; Tall & Ramos, 2004). For good learning, 

teachers need the professional knowledge to present the course and should attempt to attract 

students’ interest in the learning of calculus by, for example, relating the mathematics to real-life 

applications. It is also important to explore teachers’ knowledge of calculus. Specifically, this 

research aims to investigate the PCK of calculus teachers, focusing on proposing a model of PCK for 

calculus teaching and using this model to identify how calculus teachers articulate and demonstrate 

their PCK to achieve their teaching goals, to deliver the building blocks to construct and enable their 

students’ mathematical understanding, to apply instructional strategies, and to utilise calculus 

connections with other academic subjects and wider applications. 

1.7.1 The Saudi Arabian University Education Context 

The focus of the Saudi education system has four overarching principles. There must be a focus on 

a centralised system of control, educational support, state funding (i.e. all education is free in the 

KSA), and a general policy of gender segregation (Smith & Abouammoh, 2013). While there are 

multiple bodies that oversee these principles, the ones relating to higher education generally 

include the General Presidency of Girls’ Education, which is responsible for the segregated 

education of girls and women (Hamdan, 2005). The MOE, which is responsible for aspects of 

university involvement, and the General Organization for Technical and Vocational Training 

(GOTVT), which is responsible for technical colleges and trade training. At the university level, men 

and women are segregated in different campuses and most universities in the KSA provide 

opportunities for both genders, though in separate locations (exceptions include King Fahd 

University, which is male-only and Princess Nora University, which is female-only) (Al-Aqeel, 2016). 

There are instances where both genders are taught together in higher education; for example, in 

some medical schools (Al-Amri, 2011). While all of these universities offer different benefits, this 

research is solely focused on the male population at one university (that offers female schooling on 

a different campus). 
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1.7.2 University Level Calculus 

University level calculus is a challenging area regardless of which educational institution is offering 

the instruction (Kidron, 2014). Calculus is essentially the study surrounding how things change. It is 

a comprehensive framework for modelling systems, and by utilising such systems predictions can 

be made to deduce consequences (Barrett & Suli, 2012). Calculus requires that a systematic view 

be taken on phenomena involving change, especially along dimensions such as time, force, mass, 

length and temperature (Back & Wright, 2012). Calculus is a method that uses science to provide 

outcomes for quantifiable real-world situations (Doorman & Van Maanen, 2008) and can be viewed 

as a type of language used by mathematicians to communicate clearly as they explain how objects 

behave in nature (Biza et al., 2016; Bressoud et al., 2016; Larsen et al., 2017; Petropoulou et al., 

2016; Rasmussen et al., 2014).  

For the average person, the above definition may not be particularly helpful, especially at the 

university level. Many university students view calculus as just another class where memorisation 

of equations is required in order to pass (Bresoud et al., 2013). As such, students can have the 

impression that these equations are far removed from the ‘real world’ situations. Without a 

concrete demonstration of how calculus is relevant to life beyond the university classroom, it can 

be difficult to convince first-year university students of its benefits. Calculus is important, 

specifically at the university level, because understanding calculus is essentially the first step in 

understanding how the world works. It is a foundation on which other skills can be built. Through 

learning calculus, students become masters of a mathematical language that is essential in many 

real-world applications of mathematics. 

The importance of calculus lies within its application within other disciplines studied at the 

university level.  Calculus does not solely relate to the field of mathematics. It is used within 

engineering, physical, business, and economics to make accurate predictions about systems that 

are constantly in adaptive and fluctuating circumstances, allowing for profit maximisation and wise 

decision making. It is used in engineering to predict how certain elements (e.g. force) might affect 

structures and other infrastructure. It is used in computer science for applications, such as with 

large scale data-analysis problems using large clusters of computers or for machine learning. It is 

also used in the sciences for research purposes. In addition, it is often a requirement or prerequisite 

for many additional programmes (e.g. for engineering chemistry, physics, biology, mathematics, 

computer science, etc.).  

Many of the mathematics theorems taught in first year calculus classes are then applied in upper 

years, suggesting an essential need for students to be fluent in the language of calculus after their 

first semester taking this subject. The influential nature of calculus suggests that studying the 
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teachers who are required to teach the material to students seems beneficial, especially when 

considering the Saudi context and the desire of the KSA to be competitive in worldwide university 

rankings. 

1.7.3 Content Knowledge of Calculus 1 Teachers 

Calculus 1 is a first-level course of calculus at university presenting fundamental topics (functions, 

limits and continuity, the derivatives, and integrals) which are of use to all undergraduate 

mathematics students and is a pre-requisite for many other programmes, including but not limited 

to, Engineering, Chemistry, Physics, Biology, Computer Science, and Environmental Sciences 

(Alamolhodaei, 1996; Alcock, 2014). In the case of teachers’ calculus 1, their CK would typically have 

first been acquired at the undergraduate university level. Calculus is not a subject that is typically 

or consistently taught at the high school level in the KSA, though students are required to take some 

aspects of mathematics that act as a prerequisite to beginning a calculus programme. Calculus 

teachers in the KSA are unlikely to solely have a calculus background; it is much more likely that 

they would have undertaken a degree in mathematics with a calculus focus. As a result, calculus 

teachers at university level demonstrate their knowledge for teaching in this field in accordance 

with the rules and procedures associated with this branch of mathematics. 

1.8 The Sample Location 

The selected research context is a comprehensive public university in the KSA, referred to as 

University X in this thesis. University X supports both graduate and undergraduate programmes for 

both male and female students. There are approximately 100,000 students and associated with this 

population are approximately 5,000 faculty members who are responsible for teaching courses and 

often for conducting the associated research projects typically linked with higher education (MOE, 

2017). University X has a fairly large mathematics department (in comparison with other 

universities of similar size) and this department supports students either as part of a degree 

programme in mathematics or as prerequisites for other subjects (MOE, 2017). 

University X is unique and appropriate for this study for a variety of reasons. University X has one 

of the KSA's top mathematics populations, it is also above the national average on mathematics 

scores (MOE, 2016). The average proportion of males to females is approximately 46% to 54%. The 

mathematics school is known for its positive learning culture, which promotes academic excellence 

and a highly supportive system for mathematics students, which ensures they achieve success. For 

more detail on the sample location, see Appendix A. 
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Being a university that is heavily influenced by the expansion of the higher education system in the 

KSA, the mathematics school has embraced the use of Technology Enhanced Learning (TEL) in some 

of its lessons and is investing in infrastructure, hardware, software, teaching and learning resources, 

and research in a variety of different fields. In 2013, at the onset of the pilot study for their 

foundational calculus programme, the researcher was involved in some of the preliminary 

discussions surrounding the implementation, which has provided a good grounding and positive 

impetus for a study on calculus teaching in the classroom. The selected university may therefore 

provide examples of good practice. While a variety of research has been conducted on university 

education in mathematics and other research has been completed on topics focusing on the KSA, 

the two have never been paired. 

1.9 Theoretical Framework 

Key studies were drawn on in terms of their findings regarding PCK, both generically and specifically. 

This has informed, enhanced and further developed decisions made in the context of this study. 

One key finding is that whilst there is a proliferation of research in the area of the theory of PCK, 

not all of the research is as firmly rooted in practice as might be expected as "research on collegiate 

teachers’ actual classroom teaching practice is virtually non-existent" (Speer et al., 2010, p. 99). 

Being tested in practical surroundings, more often than not meant in professional development 

scenarios of mathematics teachers in schools and universities, became a key criterion for inclusion 

in this research. This is relevant not only for the theoretical underpinnings of this study but also in 

terms of the motivation for, and practice-informed nature of, the research presented here. Smith’s 

(2014) articulation of the importance of a tool acting as a "bridge between research and practice" 

(p.3) has pivotally informed this study. The theoretical underpinning of the proposed model, itself 

informed by numerous researchers engaged in the field, is critical in providing order and the 

opportunity for categorisation within a contested field that, as is shown in Chapter 4, is 

characterised by as much disagreement as it is by agreement amongst scholars. The analytical 

framework provides a construct that is firmly based on the conceptual framework but has allowed 

for the systemisation of historical data gathered by other scholars whose work has informed this 

study, together with the empirical research conducted for this study. In their interaction, the 

conceptual and analytical frameworks ensure focus is retained on the subject at the heart of this 

study. It also ensures that the findings from this research can be re-tested in different contexts, 

given that the conceptual framework and the analytical framework provide a roadmap for future 

research. 
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1.10 Proposed Model 

This thesis is influenced by Khakbaz's (2016) suggestion that “Pedagogical Content Knowledge (PCK) 

provides a suitable framework to study knowledge of teachers’’ (p. 185). By using a relevant and an 

up-to-date theory that combines pedagogical knowledge with content knowledge, this thesis is not 

only able to demonstrate what teachers know, but how the results link to previous research on the 

topic. The proposed model is developed from the work of Khakbaz (2016); COACTIV, 2004 (source: 

Baumert & Kunter, 2013); TEDS-M, 2008 (source: Tatto et al., 2008, p.5); Lesseig, (2016); (see 

Chapter 4). This study set out to develop a framework of PCK, to be tested by investigating how 

calculus teachers articulate and demonstrate their PCK and from which a model of PCK has been 

developed (see Figure 4-6, p.71). 

1.11 Contribution to Knowledge 

This study is highly relevant to teaching and learning and has direct implications for how teachers 

at university level perceive aspects of PCK. It highlights the issues surrounding the form of PCK that 

university teachers and professors have. The concept of PCK is prevalent, not just in the KSA, but 

around the world, as studies have been conducted on PCK in many countries (e.g. Grossman & 

Yerian, 1992; Niess, 2005; Hill et al., 2008; Watson el at., 2008; Toerien, 2011; Khakbaz, 2016; 

Akerson el at., 2017). To the best of the researcher’s knowledge and experience there has been no 

other study on teachers' PCK of calculus 1 at university level. 

This study focuses on first year calculus teachers at university level. It addresses the recurring 

themes and theories corresponding to PCK literature, namely the issues of pedagogy and how this 

affects the relationship and teaching experiences in a calculus classroom. The uniqueness of the 

calculus classroom in the KSA, at the university level, lies in some interesting and interconnected 

factors, which include knowledge of content and teaching calculus, but also knowledge of content 

and students when teaching calculus.  

The university calculus teacher is explored in this study through the lens of interpretive implications 

of PCK which may be employed and/or developed though a strategic approach, specifically to 

enhance achievement and provide a better overall experience for students. The study moves 

beyond a ‘deficit model’ and what the teachers might not express in their current state of PCK, and 

it provides a way forward that is consistent with the growth and expansion of the Saudi model of 

higher education growth. It is acknowledged that the teachers participating in this study may be 

likely to demonstrate a balance of both positive and negative traits, though these traits may likely 

differ between participants. If the KSA seeks to demonstrate excellence in higher education on the 
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worldwide stage, then the PCK of teachers, especially teachers in core subject areas, must also 

demonstrate excellence.  

The findings from this research provide a platform for future research in the field of PCK of not only 

calculus teachers, but also mathematics teachers at university level. The contribution this research 

makes, paves the way for the future development of calculus teachers and students and provides 

a model that can be developed and used widely within the field. Although this research was situated 

within the Saudi university system, which is therefore its priority, it also makes a global contribution 

to the knowledge and understanding of calculus teaching in universities. In addition, it is 

demonstrated throughout the literature review of this study that there is a scarcity of research 

examining the field of PCK within calculus at university level (e.g. Khakbaz, 2016). This is particularly 

problematic because of the way that calculus integrates into so many other subjects within the 

university context (i.e. students must take calculus for entrance into the sciences, engineering, 

finance, business, etc.). 

While diverse studies have been carried out in PCK, none has been carried out in the Saudi higher 

education mathematics context. This research has investigated teachers’ perceptions about PCK, in 

addition to its demonstration, by them, in the classroom. This methodological approach differs 

somewhat from the way data are presented in previous studies. Justification for the approach is 

outlined in the Methodology chapter. 

1.12 Thesis Organisation 

This study comprehensively details the issues surrounding PCK within four main areas: (1) Learners’ 

Cognition of Calculus, (2) Developmental Aspects of the Calculus Curriculum, (3) Instructional 

Strategies of Teaching Calculus and (4) Knowledge Calculus Connections, and how do calculus 

teachers articulate and demonstrate them within the context of the KSA, with initial research 

questions being posed. The thesis structure and outline are presented in Figure 1-1. Chapter 2, the 

Literature Review shares with Chapter 3 Background to University Level Education in the KSA, 

where past and present research in the current field is paired with key concepts that shape and 

inform the study. The theoretical aspect is elaborated in Chapter 4, the theory chapter of the study, 

in order to ensure that a foundation is established from which this research project can be built. 

Chapter 5 then outlines the methodology and explains the methods applied in the study in addition 

to the selection and analysis processes. Chapters 6 presents the data analysis and findings. Chapter 

7 discusses the findings and Chapter 8 sums up the whole study, draws conclusions and identifies 

further research. 
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Figure 1-1: The Thesis Structure and Outline. 

1.13 Chapter Summary 

In the introduction, the principle objectives and the rationale for this study have been outlined 

together with the background information and context of where the research is situated. The 

research questions have been specified (and are addressed in more detail throughout the study), 

and the theoretical framework that informs the study has been established. The potential 

contributions to knowledge within the fields of education, mathematics, calculus, and pedagogy 

have been communicated and the case for research into the PCK of calculus teachers in the KSA 

made. Considerations have been given as to how teachers (and potentially their students) could 

benefit from a better understanding about their own PCK and how it might develop over time in 

different ways. The unique university system in the KSA has been highlighted and this has assisted 

in laying the foundations for this study. In the next chapter – the literature review, the literature 

relevant to this thesis is critically examined and analysed, in order for the reader to gain enough 

background knowledge to fully understand the components of this research project. 
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Chapter 2 Literature Review 

2.1 Introduction 

This chapter is concerned with the identification and analysis of existing literature in the field of 

study. The purpose of this literature review is to delineate some of the key concepts in relation to 

the subject under investigation, as well as how they relate to what other authors have presented. 

To establish the focus for this study, an analysis of the existing literature is undertaken in order to 

reveal the gap in the literature within the field of study.  

The starting point for the literature review is to identify and describe key concepts and constructs 

that relate to the complexities of knowledge. These are articulated and contrasted in terms of their 

relation to the teaching and learning of mathematics, specifically calculus. Different types of 

knowledge are identified with relevance to mathematical and subject content knowledge, as well 

as the knowledge required to teach calculus effectively. 

The chapter then goes on to identify difficulties students have with calculus, and effective teaching 

strategies at under-graduate level, that aim to address those challenges. 

2.2 Teachers’ Knowledge 

Over the past thirty years teachers' knowledge is one of the most important fields which 

researchers are continuing to investigate, including types of knowledge and understanding of 

teachers' knowledge and approaches to knowledge (Barnett & Hodson, 2001;  Cochran et al., 1993; 

Fennema &  Franke, 1992; Grossman, 1990; Halim & Meerah, 2002; Jong, 2003; Marks, 1990; 

Shulman, 1986, 1987; Van Driel et al., 1998). Teachers’ knowledge is “conceived as all profession-

related insights, which are potentially relevant to a teacher's activities” (Verloop et al., 2001, p 24). 

In order to instruct students effectively in mathematics, at whatever level, it is often said that 

teachers need to know more than content or, as Chapman (2017, p. 304) states, “teachers need to 

hold knowledge of their students beyond the content that provides appropriate context to engage 

them meaningfully in the mathematics classroom and the learning of mathematics”. Consequently, 

knowledge required by teachers, encompasses a variety of constructs. Chapman's description 

relates to culture, as one challenge for researchers is defining teachers’ knowledge in that 

knowledge is difficult to define with precision. Approaches to knowledge need to take into account 

varying perspectives on the nature of knowledge such as rational and instrumental constructs, 

declarative versus procedural knowledge, moral determinants, subject matter background, 
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professional knowledge, affective-motivational characteristics, and willingness to teach (Blömeke 

& Delaney 2014; Grossman, 1990; Loughran, 2008; Shulman, 1987). Shulman (1987) introduced the 

characterisation of teacher knowledge, making seven distinct categorisations: 'pedagogical content 

knowledge', 'curriculum knowledge', 'subject matter knowledge', 'general pedagogical knowledge', 

'knowledge of learners' characteristics', 'knowledge of educational context', and 'knowledge of 

educational purposes and values'. Despite the fact that these categorisations are general and not 

specific to mathematics, a number of researchers have nevertheless utilised them within their 

educational research. The diversity of constructs evident in contemporary research in mathematical 

education can be traced back to a fundamental divergence of what Dossey (1992) calls external and 

internal (to the mathematical community) expectations and interpretations of the nature of 

mathematics and the knowledge and beliefs of mathematics teachers. By way of delineation and 

definition, the subsequent sections deal with a number of these constructs, such as GPK, CK, PCK, 

and mathematical knowledge for teaching (MKT). 

2.3 General Pedagogical Knowledge (or Educating Strategies) (GPK) 

Some studies simply refer to GPK as knowledge about teaching (Cochran et al., 1993; Grossman, 

1990) or of the knowledge used for teaching (Vistro-Yu, 2005). In this sense GPK can include aspects 

such as techniques for teaching, processes for teaching, psychological principles and other 

classroom management strategies. Essentially, any GPK encompasses general types of knowledge 

that the teacher needs in order to teach the students in their classroom. As such GPK fuses range 

of knowledge including reasonable frameworks for organising, classroom plans, conducting 

organisational systems, providing various classroom-levelled strategies, and through implementing 

motivational strategies (Stylianides & Stylianides, 2013). 

Other literature suggests that GPK largely encompasses two components, instruction and 

classroom management, though it was a challenge to find consistency within the literature (Konig 

et al., 2011). In the USA, for example, GPK encompasses educational foundations and teaching 

methods, but these cannot be justified in all contexts, as culture seems to play a pivotal role in what 

actually constitutes ‘general pedagogy’ (Konig et al., 2011). In Germany, as another example, 

‘general pedagogy’ is less about teaching methods and more about the underlying theories derived 

from educational psychology, the sociology of education, and educational histories. As such 

underlying ideas can be cultural, teachers are taught to uphold certain roles and identifying 

characteristics related to GPK within their own teaching context. Therefore, applying either the US 

or German examples to the case of KSA is challenging. Nevertheless, despite any differences that 

are in part rooted in cultural traditions, there seems to be consensus on the importance of a positive 
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correlation between GPK and educational outcomes because it includes all principles of teaching, 

such as a body of general knowledge skills (Grossman, 1990).  

In a study by Rollnick et al. (2008), mathematics teachers who were competent in GPK were able to 

manage classrooms effectively, thus leading to more positive learning experiences for the students. 

It is acknowledged that much of the previous work in this area has been conducted at lower levels 

of education (e.g. elementary and secondary), and it is a possibility that aspects like classroom 

management may be more of an issue at lower levels than at the university level being examined 

in this study (Jong et al., 2005; Vistro-Yu, 2003). 

While classroom management may not end up being a focus at the university level, there are still 

aspects of GPK that apply to the university context. Both classroom management and the 

component of psychological processes require a bigger picture approach, much of which falls 

outside the scope of this study.  

2.4 Content Knowledge/Subject Matter Knowledge (CK) 

2.4.1 Overview 

Grossman (1990, p.6) states that CK refers to “knowledge of the major facts and concepts within a 

field and the relationship among them”, while Petrou and Goulding (2011, p.11) define CK as 

including “knowledge of the subject and its organising structures”. Ball et al. (2008, p.403) expand 

on this by defining “subject matter knowledge” as being “composed of three key elements: 

'Common content knowledge' that any well-educated adult should have, Horizon content 

knowledge, and mathematical knowledge that is 'Specialized content knowledge' to the work of 

teaching and that only teachers need know”. Content knowledge is generally obtained during 

disciplinary education (Jong, 2003).  

As noted in Chapter 1, content knowledge can be considered as having two components: syntactic 

content knowledge and substantive content knowledge (Barnes, 2007) and this is considered in the 

next section. 

2.4.2 Syntactic and Substantive Structures/Content Knowledge 

Syntactic content knowledge is a set of strategies that can be employed to establish truth, validity, 

invalidity or falsehood (Shulman, 1986). This contrasts with substantive content knowledge, which 

is defined as the concepts, models, laws and principles associated with a particular discipline 

(Barnes, 2007). In this case, by linking the substantive with the syntactic, teachers should be able 
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to define the concept for the learner, explain the concept in relation to theory and to practice, but 

also be able to relate that concept to external situations as well as to situations within the 

mathematical discipline.  

Both syntactic and substantive content knowledge are essential for calculus teachers when relating 

this to PCK. This is because teachers need to be able to have both an understanding of the material 

being taught in first year calculus, but also should be able to think about how it should be taught. 

Wu (2005) argues that teachers with strong PCK generally have a sound understanding of CK and 

are often able to design instructional strategies that accurately allow learners to best understand 

the concept or material. Content knowledge is also linked to experience. There have been 

numerous studies that have examined the CK of teachers at different stages of their careers (i.e. 

pre-service, novice, intermediate, expert) (see Aydin et al., 2015; Carpenter et al., 1988; Even, 1993; 

Hill et al,, 2008; Krauss et al., 2008; Manoucherhri, 1997; Muijs & Reynolds, 2000; Rollnick, 2016). 

These studies all have determined that PCK is strongly affected by good CK. As such, it is essential 

to both to have a clear definition of CK and also to judge the influence of teachers’ CK in relation to 

first year calculus. For the purpose of this study, CK is a component of knowledge of content and 

teaching and is considered to influence the way the calculus content is taught. 

2.4.3 Mathematical Content Knowledge (MCK) 

French (2005) distinguishes between subject knowledge and mathematical content knowledge 

(MCK) inasmuch as that the former is more all-encompassing in terms of the knowledge of the 

subject in contrast to content knowledge which, he argues, is defined by curricular and assessment 

requirements. Plotz (2007) has a somewhat diverging view, as he references general subject matter 

content knowledge as MCK without, for example, the link being drawn to a curricular specification. 

Plotz (2007) particularly highlights the fact that MCK stems from primary and secondary schooling. 

Other academics, notably Van Driel, et al., (1998), Jong (2003), Jong et al. (2005); Khakbaz (2016) 

and Tamir (1988) reference subject matter knowledge as largely acquired through formal tertiary 

education and training. 

Knowing that much of the literature that exists generally relates to the western context, many of 

the policymakers in these western countries indicate concern when students do not demonstrate 

proficiency on standardised testing in mathematics. Their conclusions, when they occur, generally 

seem to indicate that students would do better if their teachers knew more about mathematics 

(Kahan et al., 2003). For example, in the US context, the US Department of Education suggests that 

teachers should have a ‘deep knowledge’ of the subject matter (US Department of Education, 1998, 

p.22). In their conclusions about the lack of proficient subject matter knowledge, these 
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policymakers indicate that teachers teach in a more authoritarian way (Thompson, 1992). Still 

considering the US context, this ‘authoritarian’ manner is seen as a bad thing because under this 

teaching style, students may be less likely to ask questions. A lack of questions may lead to 

misunderstandings or misconceptions about the topic. As mathematics is very much a scaffolded 

learning process, a lack of understanding at a lower level has the potential to lead to larger 

problems in the future. This poses multiple issues in the Saudi context. First, this outcome may 

suggest that when considering the university context, students previously taught by teachers at the 

high school level may not have the same level of mathematics understanding as those who have 

been taught by a content-expert teacher. This perhaps is not surprising, given the fact that it is 

inevitable that students experience both good and bad teachers. What is, perhaps, more interesting 

are the cultural implications associated with the questioning process. While in the US context, the 

idea of questioning the teacher in order to facilitate better overall understanding of the classroom 

material is seen as a very positive interaction, it appears that, in much of the literature, a 

relationship between teacher and students is formed and that interaction during class is 

encouraged. This is not necessarily the case in the Saudi context. Classes can be quite rigid and the 

idea of an engaging question and answer session, or of the notion of a student disrupting the 

classroom with a question, might typically be discouraged.  

Based on the above, there is some difficulty in determining the nature of MCK if using US style 

approaches, as the definition of teaching may require modification. In the Saudi context MCK, at 

the university level as it relates to calculus, generally includes instructional skills of calculus using 

axiom, definition, relating a definition to an example, theorem, proof, example, diagrams, and 

generality (MOE, 2017). Also included are concepts of function, limits and continuity, differentiation 

rules, application to graphing, rates, and approximations, definite and indefinite integration, the 

fundamental theorem of calculus, applications to geometry (area, volume, and arc length), 

applications to science (average values, work, and probability), techniques of integration, 

approximation of definite integrals, and improper integrals (Neill & Shuard, 1982). It should be 

noted that these topics do vary by programme, department and university. 

How teachers might acquire competencies in these areas relates to their MCK. According to Kahan 

et al. (2003), there are three features to MCK: a deep understanding of factual knowledge, the 

understanding of how this understanding fits within a larger conceptual framework, and an 

organisation of knowledge where retrieval and application are possible. This is contrasted by Kaput 

et al. (1998) who suggest that MCK has only two components: knowledge inventory and 

organisation.  They suggest that knowledge inventory is likely to include what one knows, 

while organisation relates to how this knowledge is accessed. 
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While it is interesting to think of MCK as a specific component of a teacher’s knowledge, figuring 

out how to analyse it poses some considerable challenges. Within those challenges, there are 

suggestions by previous researchers that a quantitative approach might be optimal, as sometimes 

CK is analysed through the number of courses a teacher has completed or by their scores in 

university. These quantitative findings can be challenged on a number of different grounds. First, 

there is not necessarily a relationship between how a teacher scored in a university mathematics 

course and what they know about calculus - even if the subject matter is related. Other researchers 

(e.g. Ball, 1990; Even, 1990; Leinhardt & Smith, 1985; Shulman, 1986; Wilson et al., 1987) have 

suggested a more qualitative approach, which tends to focus more on how knowledge is organised 

and whether knowledge and understanding of facts can relate to what the teacher knows about 

the discipline. This is also problematic, as without at least some sort of quantitative component, 

comparisons are inevitably difficult. 

2.5 Pedagogical Content Knowledge (PCK) 

While research on PCK has been wide ranging, the focus for this thesis relates to mathematics 

education, and therefore it is essential to outline what has previously been studied regarding PCK 

within the field of mathematics and in demarcation to constructs referenced in previous sections 

of this chapter.  

The idea of PCK was initially developed by Shulman (1987) and colleagues in the ‘Knowledge Growth 

in Teaching’ project as a broader perspective model for understanding teaching and learning (e.g. 

Shulman & Grossman, 1988). The focus of their project was on how novice teachers acquired new 

understandings of their content, and how these new understandings influenced their teaching. 

What emerged from this project was the concept of PCK, which was formed by the synthesis of 

three knowledge bases: subject matter knowledge, pedagogical knowledge, and knowledge of 

context. Ultimately, under Shulman (1987, p.8), PCK was defined as a “special amalgam of content 

and pedagogy that is uniquely the province of teachers, their own special form of professional 

understanding”. In other words, PCK can be considered unique to teachers and separates, for 

example, a science teacher from a scientist or a mathematics teacher from a mathematician. Along 

the same lines, Cochran et al. (1991, p.6) differentiated between a teacher and a content specialist 

in the following manner: 

Teachers differ from biologists, historians, writers, or educational researchers, not 

necessarily in the quality or quantity of their subject matter knowledge, but in how that 

knowledge is organized and used. For example, experienced science teachers' knowledge 

of science is structured from a teaching perspective and is used as a basis for helping 
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students to understand specific concepts. A scientist's knowledge, on the other hand, is 

structured from a research perspective and is used as a basis for the construction of new 

knowledge in the field.  

PCK was acknowledged by Shulman (1987) as an essential component to consider because, up until 

that point, research in areas of teaching and teacher education had not necessarily focussed on key 

aspects - such as lesson content, combined with questions posed to students or explanations 

offered by teachers to students’ questions. In Shulman’s opinion, it was the interconnectedness of 

content and pedagogy that was lacking in novices, and that it was necessary to go beyond the 

subject and find out how the teacher interpreted the subject matter and how this linked to their 

role in facilitating learning. In his work, Shulman (1987) acknowledges that there is a knowledge 

base for teachers, and that this knowledge base is going to be a key component in the way that the 

subject matter is presented (e.g. a teacher who has a strong interest in Calculus might present it in 

a clearer way than a teacher who lacks interest). One final key aspect of Shulman’s (1987) theory 

on PCK is that regardless of whether the teacher’s previous knowledge came from teaching or from 

research, the teacher must also be able to navigate the preconceptions and misconceptions of 

students in order to ensure that the teaching is completed successfully.  

PCK may consist of multiple elements, making the analysis of these elements challenging without 

an overarching definition. To further complicate matters, there is a divide between what constitutes 

knowledge and what constitutes a belief. In an attempt to clarify this issue, Phillip et al. (2007) 

suggest that beliefs are an inherent part of knowledge. They suggest that beliefs generally involve 

a level of certainty as perceived by the believer. In this way, beliefs are not consistent among 

individuals but rather that they differ depending on the conceptions of the believer. In this way, 

knowledge can be considered a set of beliefs and more specifically can be a set of beliefs that are 

typically justified in the mind of the teacher (Eichler & Erens, 2014). This relates to PCK because it 

is something that encompasses different types of knowledge, which are significantly influenced by 

the beliefs a teacher has about pedagogy or about learning mathematics. 

PCK is a key construct that sits alongside other constructs such as GPK or specific CK for example. It 

denotes a teacher’s knowledge of ways of helping students to understand specific concepts, as well 

as “relational understanding and adaptive reasoning of the subject matter” (Kathirveloo & Puteh, 

2014, p.1). PCK could thus be interpreted as bridging subject content on the one hand and pedagogy 

on the other. Without a solid understanding of how to teach particular mathematical content, as 

well as a robust understanding of that mathematical matter, teachers may not be able to teach 

well, and students would not learn as well. From the perspective of teaching calculus, this has a 

number of specific implications, not least an understanding of the constituent components of 
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teaching and learning calculus as a cognitive development. Bressoud et al. (2016), for example, 

reference particularly students’ difficulty regarding the conception of the limit process, rooted in 

prior experiences that “can block understanding” (p. 6); therefore PCK denotes a teacher’s 

understanding of the phenomenon, as well as knowledge about pedagogical principles enabling the 

effective teaching of the content matter at heart.  

Some studies (e.g. Ball et al., 2008; Bromme, 1995) have argued that there is a lack of clarity of 

empirical grounding and theoretical explanation for the existence of PCK. While it is acknowledged 

that several studies have included ideas about how PCK can be conceptualised, according to some 

researchers (e.g. Cochran, 1993; Fernandez, 2014: Jong, 2003) the development of a teacher’s PCK 

can be ‘integrative’ or ‘transformative’. To aid clarification, Gess-Newsome (1999) and Jong (2003) 

explain that in the integrative model the types of knowledge become integrated as PCK while in the 

transformative model they are transformed into PCK. The two models are illustrated in Figure 2-1 

(Gess-Newsome, 1999, p. 12). 

 

Figure 2-1: Integrative Model and Transformative Model (Gess-Newsome, 1999, p. 12) 

Fernandez (2014, p.94) explains the differences between the two models as follows: “In the 

integrative model, PCK does not exist as a domain of knowledge, and knowledge of teachers would 

be explained by the intersection of three constructs – subject matter, pedagogy and context” while 

in the transformative model “PCK would be the synthesis of all the knowledge necessary for the 

teacher’s education”. As an illustrative analogy used by the author, the difference is likened to the 

formation of a mixture vs. a chemical transformation that results when two chemical substances 

react; in the former the substances remain chemically distinct while in the latter the initial 

substances cannot be separated, and the initial properties cease to exist. While these models are 

interesting, the development of PCK is not the focus of this thesis. Both models result in PCK and it 

is that result that is PCK that is the focus of the present study. 
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As Depaepe et al. (2013) confirm, “PCK was - and still is - very influential in research on teaching 

and teacher education” (p.12). Depaepe et al. conducted a systematic review of PCK, and how 

researchers in teaching mathematics conceptualised PCK. The findings of Depaepe et al. (2013) 

appear to correspond to the claims of Jong (2003) that PCK can be conceptualised in different ways. 

Depaepe et al. (2013) indicate that PCK is influenced by the methods used. Similarly, Jong et al. 

(2005) say that PCK is heavily influenced by the topic, context, content, and teachers’ feelings on a 

particular day, among other influences.  

Other researchers (e.g. Bednarz & Proulx, 2009; Hodgen, 2011; Mason, 2008; Petrou & Goulding, 

2011) consider PCK as ‘knowing-to-act’, a more dynamic view on PCK that is situated in the act of 

teaching within a particular context. Still others (e.g. Baumert et al., 2010; Bednarz & Proulx, 2009; 

Huillet, 2009; Marks, 1990) ponder the distinction between CK and PCK theoretically and 

empirically. They argue that multiple dimensions affect the act of teaching, for example pedagogical 

and mathematical dimensions. In their review, Depaepe et al. (2013) stated that many researchers 

(e.g. Ball et al., 2008; Cochran, DeRuiter, & King, 1993; Grossman, 1990; Hill et al., 2008; Hill et al., 

2004; Marks, 1990) have adopted Shulman's model and developed it in several subjects, especially 

in mathematics and language, and expanded and refined PCK's definition. Grossman (1990), for 

instance, argued that there are four components central to teachers’ PCK: (1) knowledge of 

students’ understanding, (2) knowledge of curriculum, (3) knowledge of instructional strategies, 

and (4) knowledge of purposes for teaching, while Marks (1990) supported the following structure 

of PCK: (1) knowledge of students’ understanding, (2) knowledge of media for instruction, (3) 

knowledge of subject matter, and (4) knowledge of instructional processes (Depaepe et al., 2013, 

p.13).  

To sum up, while the findings of the discussed empirical research on PCK can be used for exploring 

PCK, it can also provide a platform for future researchers to analyse and explore PCK and develop 

new PCK frameworks. The researcher's experience and knowledge of the situation in the KSA 

suggests that teachers in the KSA would lean towards the integrative end of the spectrum because 

of the lack of teacher education or training in any of the transformative practices. Despite this 

situation, there is a push for teachers to be more innovative in the classroom, so this situation may 

change in the near future (or may have already changed for some university teachers in the KSA), 

though more research on this topic is required. 

2.5.1 PCK Within the Field of Mathematics 

The four-point structure of PCK proposed by Marks (1990) (see above) was specifically about 

mathematics teachers’ PCK and this indicates that mathematics teachers’ PCK may be different to 
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teachers of other disciplines. Nevertheless, Marks’ model does not differ much from Shulman’s 

original conception of PCK, despite the claim that Marks’ model offers unique insights into 

mathematics teachers’ PCK. Hill et al. (2008) suggest that in the field of mathematics, PCK comprises 

knowledge of content and students (KCS), knowledge of content and teaching (KCT), and knowledge 

of curriculum.   

What can be seen from the various models of PCK that have developed over time is that the field 

of mathematics may have aspects of instruction (teaching and learning) that do not necessarily 

coincide with other disciplines. In previous studies there is a lack of identified agreement among 

researchers (e.g. Khakbaz 2016; Krauss et al., 2008; Lesseig, 2016; Fan, 2014; Ijeh, 2012; Petrou & 

Goulding, 2011) regarding, for example, students’ perceptions and students’ learning outcomes. 

Much of the literature seems to focus on instructional models rather than also considering 

perceptions of students’ difficulties, as previously outlined by Shulman (1987). This seems 

problematic, as mathematics is, by its very nature, a scaffolded learning experience where students 

must master more basic concepts before moving onto higher levels (Krauss et al., 2008). Saudi 

Arabia has a clear curriculum in its high school mathematics and foundation year programmes that 

attempt to ensure that students are prepared for university, should they choose to pursue it. There 

are a number of higher order mathematical functions that are essential, should students wish to 

begin a programme in calculus. By thinking about the context of the KSA, it is essential that 

conceptions of students are considered because such conceptions influence how teachers ‘teach’ 

in the classroom. 

Depaepe et al. (2013) point out that some researchers (e.g. Ball et al., 2008; Hill et al., 2004; 2005; 

2008) have worked to reconceptualise mathematics teachers’ PCK and have used MKT or content 

knowledge for teaching mathematics (CKTM) as overall terms while still working with PCK and CK. 

The next section provides more detail about this area. 

2.6 Mathematical Knowledge for Teaching (MKT) 

“What do teachers do in teaching mathematics, and in what ways does what they do demand 

mathematical reasoning, insight, understanding, and skill?” (Ball et al., 2005, p.17). This question 

started Ball et al.’s research about MKT in several studies (e.g. Ball et al., 2005; 2008). Their answer 

to the question was that MKT is knowledge of subject matter (or CK) and PCK, and that PCK has 

three main categories: knowledge of content and students, knowledge of content and teaching, 

and knowledge of content and the curriculum.  

Ball and Sleep (2007) and Ball et al. (2005) suggest that, under their framework, the central tasks of 

teaching mathematics include the following: 
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• mathematical knowledge 

• unpacking and decompressing mathematical ideas  

• sequencing ideas  

• choosing and using representations and examples  

• explaining and guiding explanation  

• using mathematical language and notation  

• analysing errors  

• interpreting and evaluating alternative solutions and thinking  

• analysing mathematical treatments in textbooks  

• making mathematical practices explicit  

• attending to issues of equity (e.g. language, contexts, mathematical practices) 

                                                                        (Ball & Sleep, 2007; Ball et al., 2008; Hill et al.,2005) 

These researchers (Ball & Bass, 2003; Hill et al., 2005; Ball & Sleep, 2007) also note that 

teachers may rely on their own past experiences when attempting to teach mathematics 

lessons in the classroom. This, they say, is typically referred to as ‘practical knowledge’, and 

according to Nisbett and Ross (1980) this typically refers to instances where a teacher’s beliefs 

are derived from personal incidents related to their personal experiences (which are typically 

established early in life) and are resistant to change, even when contradictory evidence is 

supplied. Additionally, Borg (2003) notes that these personal beliefs and experiences are how 

teachers “learn a lot about teaching” (p.86).  

One of the themes of PCK in the MKT literature is that knowledge of content and students 

often occurs as long as prior learning experiences are considered. For calculus, the teacher 

may expect students to employ their critical thinking skills in a step-by-step process and 

through re-evaluation of their prior knowledge of calculus. According to Bressoud et al. (2016), 

it is imperative for teachers to question their own assumptions about students’ knowledge and 

to understand the gap between students’ existing knowledge and the mathematical 

foundation of calculus concepts. If pedagogy is based on cognition and prior knowledge, 

mathematics teachers may not have the PCK they require to be effective in the classroom. This 

current study aims to identify the PCK of calculus teachers. 

The MKT model is considered in more depth, and alongside other models of teacher 

knowledge, in Chapter 4. 
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2.7 Calculus at the University Level 

This study focuses on calculus as "At university level, calculus is among the more challenging topics 

faced by new undergraduates" (Kidron, 2014; p 69). Calculus is a first-year compulsory course 

because of its importance as a platform for many other courses at university level (Artigue, 2001; 

Gueudet, 2008; Nardi, 2008; Maat et al., 2011; Petropoulou et al., 2016). University education 

involves the teaching of large numbers of students, with university lecturers usually assuming the 

role of teacher within lectures, which is the assumed teaching method (Petropoulou et al., 2016). 

Within a systematic literature review conducted by Speer et al. (2010), teaching was seen to be “an 

unexamined practice” (p.99), and they, and other recent researchers (e.g. Biza et al., 2016; 

Bressoud et al., 2016; Larsen et al., 2017; Petropoulou et al., 2016; Rasmussen et al., 2014), 

highlighted the need for future in-depth empirical research studies to evaluate teaching at the 

university level. Speer et al. (2010) noted that whilst most research had been undertaken in the 

compulsory sector of education, only some had examined mathematics teaching at the university 

level. A case in point is the work of Weber (2004) who analysed lecturing and explained how 

lecturers do their lectures. Weber’s (2004) analysis of lecturing and teaching highlighted tensions 

experienced by lecturers. These tensions generally included higher levels of work-related stress due 

to the wide variety of background mathematical knowledge in the classroom and the challenges 

associated with teaching/designing classes that needed to target a multitude of skill levels. Speer 

el al.'s (2010) review of research on teaching mathematics at university level used a frame to 

distinguish between teaching practice and instructional activities. Their findings identified "six 

different instructional activities used in the course—lecture, reflective teacher presentations, 

student presentations, small group work, whole-class discussions, and individual student work" (p 

106). Speer el al. argue that empirical studies are one of the best research designs that can reveal 

the main differences between teachers’ thinking and their practice. Wagner et al. (2007) referred 

to the dearth of research into post-compulsory education and stated that “post-compulsory 

mathematics teachers’ ‘pedagogical content knowledge […] is closely tied to the nature of 

instructional experiences they have” (p. 251).  

With particular reference to calculus teaching and learning at under-graduate level, Sofronas et al. 

(2011) investigated what a selection of eminent mathematicians, from a variety of backgrounds 

(including calculus textbook authors, calculus committee members, national teaching/scholarship 

award recipients [p. 133]), thought under-graduate students should know about calculus by way of 

defining a common understanding. The researchers reported that the fundamental theorem of 

calculus was cited by all of the participants in their research as a ‘unifying idea’ (p. 142). In addition, 

they all identified ‘the derivative and the integral as concepts foundational to the first-year calculus’ 

(p. 142). 
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In calculus courses, some researchers have attempted to assess new methods in teaching calculus 

in the classroom. For example, Kashefi et al. (2012) suggest an integrated environment of calculus 

learning based on both classroom face-to-face learning and e-learning concepts and added that 

assessments, IT and web-based assistance, and blended learning activities in mathematics would 

effectively facilitate students' learning. Kashefi et al.'s empirical study used multiple methods, 

including semi-structured interviews, in the data collection of students’ written solutions for eight 

problems of difficult topics which students were faced with. Skjelstad (2009) used a quantitative 

study to investigate two correlations of students’ perceptions in calculus about their teacher's 

teaching and strategies used, this was between teachers' 'immediacy behaviors' and teaching 

strategies and students' motivation, and another correlation was studied between 'immediacy 

behaviors' and teaching strategies with student effort attributions. Skjelstad found a significant 

positive correlation between calculus teaching strategies and student motivation and teacher 

behaviour. Furthermore, Barclay (2012), in a qualitative study, identified that in-depth 

understanding and analytical thinking are required during the application of problems, which call 

for an above-average level of mathematics skills. Therefore, investigation of more comprehensive 

abilities of mathematics in students is important, as the in-depth understanding of concepts is 

important to resolve the practical problems in the classroom (e.g. having classes where the students 

have a similar level of attainment) (Barclay, 2012). 

The teaching of particular calculus topics, and the means of doing so, has become the focus of 

contemporary analyses (Rasmussen et al., 2014). One of the most frequent attributes of recent 

research is the focus on a particular aspect of calculus teaching and learning. For instance, Kabael 

(2010) investigated students’ comprehension of the chain rule, while Sealey (2014) proposed a 

framework for characterising student’s comprehension of 'definite integrals' and 'Riemann Sum'. 

As a means of perceiving the entire calculus educational context, such targeted research is useful, 

especially its significant contribution to students being able to comprehend aspects of a particular 

calculus topic. Yet Rasmussen et al. (2014, p.508) state that: “the studies leave the field with a hit-

or-miss map of the terrain in calculus learning, teaching, and understanding”.  

This section has shed light on central aspects of calculus and also the relationship between 

background, research practice and knowledge; the importance of teachers’ research practices in 

their teaching, and resources and preparation for teaching. Some wider aspects of calculus are 

considered in the next section. 
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2.7.1 Wider Aspect of Calculus 

There exist issues with the effective teaching and learning of calculus, especially if the theoretical 

and pragmatic issues do not converge (Robert & Speer, 2001). Mathematics is usually regarded as 

a subject of great precision, of which calculus is often seen as a refined subdivision (Tall & Vinner, 

1981). Yet, this refinement is countered by the fact that future teachers, engineers, doctors, 

economists, scientists, and mathematicians require calculus (Rasmussen, Marrongelle & Borba, 

2014). Despite the fact that many major areas of study require calculus as a prerequisite, many 

students struggle and may ultimately fail at their calculus attempts. 

There has been extensive research on calculus learning and teaching, much of which has followed 

a pattern of (1) identifying the difficulties of students, (2) investigating how students learn a 

particular concept, (3) evolving the classroom to address this concept, and (4) research on the 

teacher, instructor, teaching assistant, or graduate student (Rasmussen, Marrongelle & Borba, 

2014). This is supported by Hitt and Gonzalez-Martin (2016) who suggest that “theoretical 

frameworks only really targeted advanced mathematical thinking through a cognitive approach” (p. 

4). Yet they note that in the last decade, research into calculus has undergone significant 

development, where communication in the classroom has become a key component of much more 

interesting research outcomes. According to Boaler (2002), research into the wider aspects of 

calculus goes beyond the theoretical and that assessments can be made about the learning 

opportunities provided. Boaler (2002) supports the notion that knowledge development is a 

complex process where working through exercises and discussing mathematical ideas were only 

pieces in what was ultimately a much larger and immersive experience necessary for success. In 

determining what opportunities are available for students, Boaler (2002) highlights the benefits 

between the application of classroom knowledge and the real-world perspective. Khakbaz (2016, 

p.190) suggests “that application has more than one meaning (...) application in the real world, 

application in other disciplines and application in mathematics”. 

2.7.2 Influence of Teachers’ Background, Research Practices on Their Teaching 

In an attempt to reflect in terms of university mathematics teachers’ background in pedagogy and 

their preparation for teaching, Petropoulou et al. (2011) demonstrated that lecturers' research 

practices influence their approaches to teaching.  Petropoulou et al. examined two researchers of 

mathematics education and research of mathematicians. They chose a first-year calculus course as 

the context for the study, with the focus being the lecturer's teaching decisions, reflections and 

actions and looking for the link between the lecturer's teaching experiences and research, by using 

counterexamples for refuting invalid claims. Petropoulou et al. (2011) attempted to determine the 
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resources that the lecturer used to make teaching decisions, they argued that the practice was 

influenced by experiences as a research mathematician and involvement in mathematics education 

research. It is noteworthy to mention this, because these experiences seemed to be blended and 

reflected in teaching decisions and actions. Similarly, Mali et al. (2014) conducted their study in 

small group tutorials for first year mathematics students. Mali et al.'s study was part of a PhD 

project and they chose one of three tutors, an experienced lecturer, who holds a doctorate in 

mathematics. Through the lecturer's teaching and using generic examples, they pointed out that 

their teaching practices were influenced by their background as a research mathematician, which 

revealed that "aspects of a mathematical concept and links with the tutor’s particular research 

practice, didactics and pedagogy emerge" (p.161). 

2.7.3 Resources and Preparation for Teaching 

Resources and preparations for teaching are considered one of several sources which can influence 

the teaching process in the classroom. Gueudet (2015) conducted a study, using interview and 

material resources, on six university teachers in France about their “resources and documentation 

work”. The author was looking for teachers' interactions with resources for preparing and delivering 

their teaching and suggested that using resources and preparations for teaching can be addressed 

through professional development or training. Biza et al., (2016) point out that "there is an 

increasing interest by tertiary teachers in non-lecture pedagogies" (p.5) and Hayward et al. (2015) 

argue that "relatively little is known about the impact of professional development on teaching 

practice in higher education" (p.59). Hayward et al. focussed on participant outcomes from a series 

of annual, week-long professional development workshops for college mathematics instructors 

about Inquiry-Based Learning (IBL) in undergraduate mathematics. Hayward et al.  found that 

around 60 % of teachers used IBL strategies in the year following the workshop they had attended. 

From the literature reviewed on the influence of teachers’ backgrounds, perspectives, and research 

practices on their teaching, it can be considered that the practices of teachers in the KSA’s 

universities can be influenced by a number of sources including background and research practice, 

and pedagogic training. 

2.8 Teachers’ Practice 

According to Nardi et al. (2014), the past three decades have seen significant improvements in 

calculus education across the entire academic curriculum (Nardi et al., 2014). For many universities, 

this now means there are multiple programmes within each topic area; therefore, it is appropriate 

for calculus teachers to have a good understanding of these programmes. 
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Weber (2004) argues that students may learn about calculus concepts in distinctly different ways. 

These include the “the natural learning approach, the formal learning approach and the 

rote/procedural learning approach” (pp. 129-130). Weber considers that students who learn best 

through natural learning are most likely to use their pre-existing intuitive understanding of the 

concept to derive meaning and thus understand the definition. Natural learners may benefit from 

teaching practices that offer a pseudo-structural approach where the meaning of the concept is 

discussed but formal definitions are not offered (Habre & Abboud, 2005). In this way, the teacher 

is encouraging students to use their intuition in an attempt to explain ‘why’. Weber (2004) also 

suggested that students that employ the formal learning approach are unlike natural learners in 

that they may not have an intuitive understanding of the concept. Students who employ formal 

learning strategies use a logical or sequential approach to justify why their proofs are valid. 

Contrastive to both the natural and formal approaches to learning, students that rely on 

rote/procedural approach take what their professors have taught them and then apply it to their 

own examples (Weber, 2004). Students who employ rote/procedural learning are generally unlikely 

to be able to link formal theory to the solution to their problem (Sofronas & DeFranco, 2010). 

According to Johnson et al. (2016), the lecture format is still the most predominant teaching 

strategy employed in calculus courses. According to these researchers, one of the reasons why 

teachers suggest that this type of teaching practice is so common relates to the sheer amount of 

material that needs to be covered in each lesson.  

In terms of teachers’ practices, a number of researchers (Hawkins et al., 2012; Jaworkski et al., 

2017; Petropoulou et al., 2016) characterize mathematics teaching as consisting of three inter-

related elements (1) management of learning (ML), (2) sensitivity to students (SS), and (3) 

mathematical challenge (MC). In this ‘teacher triad’, the construct of ML can include the planning 

of classroom tasks, use of textbooks, and setting of norms. The construct of SS describes the 

teachers’ understanding of the students and attention to their cognitive, social, and affective needs. 

Finally, MC describes the challenges experienced by students that affect their mathematical 

thinking and activity, including the questions posed and the emphasis on metacognitive processing.  

Knowledge of instructional strategies can be considered in terms of two categories: “knowledge of 

subject-specific strategies, and knowledge of topic-specific strategies” (Magnusson et al., 1999, p 

109-110). The application of each is highly variable; for example, strategies that are subject-specific 

are likely to be much more widely applicable than those that are topic-specific. Topic-specific 

strategies can only be applied to the specific topic for which they have been developed; as a result, 

subject-specific strategies coincide with “orientations to teaching calculus” within PCK components 
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(Kashefi et al., 2012). They enhance the teaching of calculus in a manner that is consistent with their 

mandated goals. 

There are many subject-specific strategies that can assist in the teaching of calculus topics. Many 

of these strategies include an instructional sequence, for example, lecture, problem solving, 

reflective teacher presentations, inquiry learning, student presentations, small group work, whole-

class discussions, and individual student work (Doorman el at., 2008; Handelsman et al., 2004; 

Kashefi et al., 2012a; Lawson et al., 1989; Speer et al., 2010). When teaching a topic though 

discussion, or small group work, the learning is informative. Fraser's study (2016) identified that 

participants use strategies that are “often aligned with the text used in the unit (subject) and usual 

discipline approaches across the sector and were somewhat dependent upon the lecturers’ 

expertise in the content’’ (p. 152). 

Other teaching strategies include “active exploration that uses critical, logical, and creative thinking 

skills to answer questions by teacher guidance" (Aulia et al., 2018, p.1), drawing out any pre-

instructional conceptions students may have (Doorman el at., 2008), and inciting cognitive conflicts 

in students by highlighting anomalies (Bode et al., 2009). Still more strategies can help students 

identify patterns occurring in the world that they can then “discover” as well as consider when 

explanations must be devised (Kashefi et al., 2012). Many such teaching techniques are referred to 

as ‘scaffolding’, a set of strategies for helping students develop their own thoughts through 

exploring and challenging the validity of their own opinions (Doorman el at., 2008).  

A study by Siyepu (2009) explored the effects of self-study activities on students’ understanding of 

differential calculus, using mixed methods and multiple methods. The study found that "students 

improved their study skills; understanding; positive self-esteem; confidence and lack of insight in 

aspects of mathematics such as substitution, simplification, trigonometry identities, algebraic 

identities, conceptualisation, and derivatives of algebraic expressions and trigonometry functions" 

(Siyepu, 2009, p.136). The study motivated the students to learn challenging problems and to enjoy 

the learning of ‘differential calculus’.  

Another teacher practice is highlighting the difference between pivotal example and counter- 

example (Klymchuk, 2005, 2014). Klymchuk (2014) reported how that usage of counter-examples 

significantly improved students’ performance.  Klymchuk (2016) described his experiences in both 

teaching with, and research on, counterexamples in calculus as a pedagogical strategy and he 

discussed his findings of several experimental studies with students and lecturers of calculus. The 

study found that lecturers and students' attitudes were very positive about using counter-examples 

and this strategy is effective (a form of PCK). Klymchuk (2016) upheld the results of other studies 

that had examined counter-examples in calculus (Coupland et al., 2016; Klymchuk, 2005; 2014). 
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This suggests that using pivotal examples and counterexamples is important for calculus teachers 

to provide better opportunities for students to learn and deepen conceptual understanding and 

eliminate common misconceptions (Klymchuk, 2016). 

To formulate a framework surrounding both the classification and order of the building blocks of 

mathematical theories, it is also important to clarify how these building blocks might be interpreted 

by teachers. As such, there are several terms used in mathematical theory. Hence, “the main 

components of a mathematical theory like analysis are axioms, definitions, theorems, and proofs” 

(Alcock, 2014, p. 8). In addition, there is the use of examples and diagrams to explain mathematical 

concepts. 

In the majority of the mentioned research studies, including more recent studies (e.g. Biza et al., 

2016; Bressoud et al., 2016; Petropoulou et al., 2016; Rasmussen et al., 2014), the aim of the 

analysis has been to analyse data from real-life educational practice. It appears from the teacher's 

understanding, that the knowledge that is needed to teach students is founded upon the 

mathematical requirements of educational lecturing or teaching itself, and this is different to the 

understanding a teacher acquires in their own education (Ball & Bass, 2003; Cooney & Wiegel, 

2003). This aspect of knowledge also stands for the capacity of teachers in calculus teaching to 

derive connectivity in mathematical principles and link this to their application in practical fields 

(Biza et al., 2016; Bressoud et al., 2016). The extension of calculus concepts to other disciplines of 

engineering and physical sciences is also an attribute of teachers’ knowledge (Maciejewski & Star, 

2016); therefore, a holistic approach is required for teachers to develop an understanding of, and 

to employ, the application techniques of calculus in classes.  Apart from subject knowledge, the 

understanding of teaching strategies to convey the material effectively is also an important 

consideration in the development of teachers’ knowledge (Cooney & Wiegel, 2003). Although 

numerous studies have investigated the methods and forms of mathematics knowledge among 

teachers in elementary and secondary schools, there remains a scarcity of research on university 

calculus teacher knowledge (Biza et al., 2016; Bressoud et al., 2016; Maciejewski & Star 2016; Potari 

et al., 2007; Tall, 2010). Therefore, further research is required to better understand the 

discrepancy between acquiring specialised calculus knowledge and the traditional methods and 

implications this has for teachers’ own formal education. The need for training and development is 

quite high for university teachers because of the versatile challenges of calculus courses and their 

application in other science disciplines. 

The questions this research study asks sits within the aims for teaching calculus, from the practical 

to the theoretic as discussed by Martinez-Luaces and Noh (2015). In particular, they stress learning 

calculus for its historical-sociological significance, inasmuch as its study exposes the student to a 
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major shift in mathematical thinking, which influences our scientific worldview today. Such an 

approach clearly influences, not only the content of calculus lessons – by focusing on scientific 

discoveries directly resulting from this shifting world view –, but a pedagogical approach that 

incorporates a sense of wonder and discovery. However, in the context of teaching calculus in the 

KSA, given the MOE’s emphasis on practical application, the calculus teacher should focus more on 

the necessity of calculus in such fields as physics, and engineering (Mesa & Burn, 2015). As far as 

students’ comprehension about the content of this topic, Nardi et al. (2014) discuss the idea that 

learning mathematics in general, and calculus in particular (as the first higher-level mathematics 

students’ encounter in university), often entails substantial discursive shifts for learners. Weller et 

al. (2004) use the term “resolutions of cognitive issues” to describe the mental blocks and 

preconceptions that prevent students from grasping the difficult topic at hand. This was 

demonstrated in Ferrini-Mundy and Graham's (1991) study of first semester calculus students, who 

were unable to provide a general definition of function, despite their ability to write formulae (Buck, 

1970; Nardi, 2008; Seldon et al., 1989; Viirman, 2014).  

Knowledge of students’ inherent preconceptions and conceptual blocks should also influence the 

sequence in which the subject is imparted – at least in its initial stages. Gyöngyösi et al. (2011), in 

Denmark, studied the transition from concrete to abstract perspectives, which mark the transition 

from the secondary school to the university study of calculus, with the former being focused on 

practical-theoretical blocks of concrete analysis, and the latter on more complex praxeologies 

(where praxeologies constitute the basic units into which one can analyse "human action at large", 

Chevallard, 2005, p. 23). In terms of teaching tactics when teaching content, Seldon et al. (1989) 

discussed the use of introducing calculus at the university level through practical problem solving. 

Such an approach would work even at the university level in the KSA, due to the Saudi government’s 

focus, as mentioned above.  

Teaching mathematics requires teachers to demonstrate learning outcomes through more than just 

words, formulae and equations. There are certain picture-related items and strategies that are 

employed in the mathematics classroom that may differ from other subjects (e.g. the humanities 

or social sciences). One of the ways this is highlighted is through knowledge of mathematics 

procedures. This is explained as a symbolic representation system (Star, 2002) and generally 

includes aspects such as algorithms or rules that are specifically employed to complete a 

mathematical task. In the calculus classroom this might include bar graphs, scatter diagrams, 

histograms, axiom, definition, example, theorem, proof, etc. where decisions need to be made on 

aspects such as selecting the scale, drawing the axes, plotting the points, and joining the line of best 

fit (Neill & Shuard, 1982; Leinhardt, 1990). The key difference of knowledge of mathematics 

procedures is that teachers may use it without providing an explanation of the procedures used to 
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complete the task. Knowledge of mathematics procedures can be linked to aspects of 

misconception, as teachers who employ the knowledge of mathematics procedures approach may 

assume students are able to understand and complete tasks related to symbolic representation, 

though this may not necessarily be the case.  

While knowledge of mathematics procedures is an important component in mathematics teaching, 

it is not solely the focus of this research. As it is an intrinsic component of many mathematics 

lessons, it may be considered in the observation component of this research and may be further 

considered briefly in the discussion chapter. 

The focus of teaching calculus has four overarching principles. There must be a focus on the 

content, a pedagogy, students' understanding, and the purpose; which is the framework of PCK 

(Grossman, 1990; Khakbaz, 2016). Lachner and Nuckles (2015) investigated the instructional 

explanations given by university mathematicians, who they considered to have less PCK, with those 

of school mathematics teachers and found that deep content knowledge helped instructors 

generate explanations. Similarly, Hill et al. (2008) have pointed to strong relations between levels 

of teachers’ PCK and the mathematical quality of their instruction in secondary school. All teachers 

who want to be good teachers need deep PCK in order to provide high-quality teaching. 

To sum up, one of the main reasons to choose university calculus teaching as the topic of study is 

the identified the gap in the literature which clearly indicates there is little empirical research that 

focuses on mathematics teacher's practice. A number of researchers (e.g. Biza et al., 2016; 

Bergsten, 2012; Bressoud et al., 2016; Jaworski el at., 2016; Khakbaz, 2016; Speer el at., 2010; 

Petropoulou et al., 2016) suggest more research on teaching practice, teacher knowledge, and how 

teachers do and think in their teaching. 

2.9 Purposes for Teaching Subject Matter (Calculus) 

An important aspect of PCK is an awareness of goals and objectives. This requires a teacher to 

understand exactly what his or her students are required to understand about the given subject 

(Wilson et al., 1987). McCallum (2000) investigated the goals of a calculus curriculum, that "had a 

variety of goals, which may be grouped into three broad areas: conceptual understanding, realistic 

problems, and use of technology" (p 14). This knowledge is not time specific to the current academic 

year; a teacher must consider the wider curriculum, understanding that students may have already 

gained some knowledge of the topic in previous years and will continue to build on their knowledge 

base in the future (Grossman, 1990). A teacher can enhance their understanding of the goals and 

objectives outlined for their curriculum by reading documents at either national or state level that 

articulate frameworks for curricular decision-making. The idea that learning objectives may be 
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shared with students in the lesson is an important one (Hannah et al., 2011) and has been shown 

to be beneficial in the mathematics classroom (Jaworski at el., 2009; Tall, 2004) and furthermore, 

obvious objectives make students actively want to participate to gain concepts (Hannah et al., 

2011). Stating learning objectives also makes more sense for the teacher's actions and that students 

retain more knowledge (Morgan, 1998; Petropoulou et al., 2016). For a calculus curriculum, many 

universities will have their own documentation that outlines specific concepts for individual 

courses, and it is advantageous for calculus teachers to examine these and achieve the objectives. 

McCallum (2000) summarised the goals of first year calculus course in five points: “make 

calculations with agility, accuracy, intelligence and flexibility, explain the basic concepts of calculus 

clearly and reason mathematically with them, solve extended problems with good judgment, and 

make connection between different incarnations of the same idea, and use calculus to model 

realistic situations from engineering, physical, life, and social sciences” (p.17). In relation to this, 

Wagner et al. (2007), by focussing on PCK in the context of teaching undergraduate students, 

acknowledging the vital role of PCK in the process of achieving instructional goals.  

The goals and purposes of teaching calculus include reference to calculus goals and general 

institution goals. The main aim is that students acquire cognitive skills through thinking and 

problem solving. In the KSA, the ‘purpose’ for the calculus course is outlined by the MOE in the 

syllabus, the: 

• Student should mature in their understanding of calculus through the study of 

limits, derivatives, and integrals and their applications.  

• Student acquires knowledge by learning derivatives and integrals of the 

logarithmic, exponential, inverse trigonometric, hyperbolic functions.  

• Student studies the techniques of derivation, tangent line, rate of changes, 

fundamental theorem of calculus, integration, finding the area between two 

curves, volumes of revolution, and volumes of a solid with known cross sections 

and find the length of a curve. 

• Student knows the limit of sequences, sum of infinite series and finding Maclaurin, 

Taylor expansion of functions in one variable. 

• Student acquires cognitive skills through thinking and problem solving. 

• Student acquires cognitive skills by building blocks of mathematical theories. 

• Student becomes responsible for their own learning through solutions of 

assignments and time management (MOE, 2017). 

When considering PCK it is advantageous to consider two distinct aspects. The first is goals and 

objectives that are specifically outlined by governing authorities, and, more often than not, are 
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enshrined in subject specifications and assessment objectives, while the second is understanding 

the curricula and materials. Interestingly, some researchers have argued for a clear distinction 

between the knowledge required to be a teacher (pedagogical knowledge) and the knowledge base 

required for a particular curriculum (content knowledge) (Wilson et al., 1987). 

2.10 Students’ Difficulties with Calculus 

Calculus is one of the most complex fields in mathematics for both teachers and students to 

understand, but the prequalification of this subject is necessary to develop the basis of engineering 

and physical sciences (Kashefi et al., 2012). As a result, the level of calculus taught at college and 

university levels differs and reflects variations in standards because not all universities require the 

same level of calculus in order to obtain an undergraduate degree. The understanding of this 

subject is considered a challenging task and is something not made simpler by students' varying 

conceptual mathematics understandings prior to and during the university experience (DeGeorge 

& Santoro, 2004). One key issue Sofronas et al. (2011) identified additionally, is the fragmented 

nature of instruction at college or university level which results in the students losing oversight and 

context, and subsequently, their grasp on calculus concepts. 

While the learner is not the focus of this study, how the teacher interprets the learner is a key 

component in PCK. Conceptions, as defined for this study, include both preconceptions and 

misconceptions. To this end, a misconception within the field of calculus might include an idea or 

belief that is founded on incorrect of erroneous information about some aspect or detail relating 

to calculus theory (Olivier, 1989; Robert & Speer, 2001; Jones & Alcock, 2014). This notion of 

misconception often arises because pre-existing concepts must exist for students to function in first 

year calculus (i.e. students must have a certain level of understanding about mathematics in order 

to be successful in calculus). Challenges arise, however, when teachers’ preconceptions about 

students’ knowledge differ from the actual competencies. According to Jones and Alcock (2014), 

preconceptions are pivotal in the link between pre-calculus knowledge and new knowledge. This 

idea relates to teaching and to PCK because it is the teacher’s responsibility to address and to 

resolve mathematical misconceptions through the development of a learning approach. The choice 

a teacher makes could potentially be wide ranging, as it is impossible to predict the level of 

knowledge each cohort of students, or even each student, brings to a first-year calculus class. 

Ultimately, what much of the literature does agree upon is that calculus teachers must address 

these misconceptions before moving on to higher levels of knowledge; failure to do this would 

demonstrate poor PCK (Penso, 2002; Cazorla, 2006). Cazorla (2006) indicates that a failure to 

address misconceptions along with the structure of mathematics-based coursework often leads to 

learning difficulties among students. Knowing that students' learning difficulties often arise from 
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the way lessons are taught (Penso, 2002) allows researchers to delve deeper into the reasoning 

behind this. According to Penso (2002) learning difficulties are often the result of lesson 

preparation, the learning atmosphere, lesson content, and how the lesson is implemented in the 

classroom setting (e.g. the lecture approach). In addition to these, learning difficulties can also be 

classified as including misconceptions that learners have, leading to problems later in existing 

courses as well as affective characteristics of the learner (e.g. whether they like calculus, whether 

they are motivated to study, the goal-oriented nature of the student, etc). While learners’ 

motivations are interesting, and certainly worthy of study, their own perceptions are beyond the 

scope of this study. What needs to be considered in this study is the teachers’ interpretations of 

students' challenges and difficulties. First, what needs to be considered is how these are identified. 

This needs to be followed with a discussion on the strategies employed to appropriately deal with 

student misconceptions and with students' learning difficulties. 

Bressoud et al. (2016) argue that the transition from secondary level mathematical education, and 

content requirements, to that at post-compulsory level is inhomogeneous. As a result, students lack 

foundational concepts and knowledge for the effective transition and thus experience difficulties 

in grasping calculus concepts. Gruenwald and Klymchuk (2003) reference the fact that 

"misconceptions or unsuitable preconceptions cause many difficulties" (p. 2). According to Sonnert 

et al. (2015), students who are taking calculus courses at college demonstrate a stymied motivation 

with regard to mathematical courses, and this is something that can have an impact on students’ 

aims, goals and motivation to continue their mathematical learning. It is possible that this is due to 

higher levels of rigour when weighted against coursework completed below the college-level.  The 

challenges faced by students, with regard to calculus, include manipulation of algebraic concepts 

and a poor understanding of such concepts, which are, according to Kashefi et al. (2012), two major 

barriers for student education. In addition, Rasmussen (2012) states that students face difficulties 

as a result of the issues in developing concepts. Additionally, with regard to the study conducted 

by Tall (2010), the author stressed the significance and necessity of educational stratagems and 

tools used for learning, in the context of a wider educational application and setting with regard to 

classroom learning and students’ understanding of the subject.  

Calculus is generally the initial occasion where a student is faced with a concept where calculations 

are unlikely to be solved using algebraic or arithmetical tasks or by infinite processes, which may 

be solved or tackled with the use of indirect argument (Tall, 1993). Indeed, teachers generally 

endeavour to overlook students lack of background knowledge or inability to apply certain basic 

mathematical concepts by applying an ‘informal’ method, which requires teachers to provide 

background information (unrelated to calculus) in order to overcome the fact that many of their 

students are unprepared to learn (Lachner & Nuckles, 2015). Nevertheless, despite the methods 
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used, an overall unhappiness with the ‘calculus course’, as a subject in university, has been 

increasingly evident across a number of universities worldwide (Törner et al., 2014).  

Tall (2010) and Thompson et al. (2010) conducted studies that concluded that learners are not 

succeeding in relating an understanding of the symbol and the terminology utilised within their 

calculus courses and within calculus itself. Thus, conceptualisation is not complete, and the 

significant ideas tend to be neglected, with incorrect meanings being attributed to each and every 

one of them. Consequently, conceptualisation is not realised without relating the correct symbol-

word pairing, and the significance of this problem is generally under-stressed, according to Adams 

(2008). Thompson et al. (2010) consider that calculus teachers and lecturers need to increase the 

extent and level of their students’ understanding, particularly with regard to the more challenging 

concepts within the classroom. Thus, the challenge lies in relating applications to procedures with 

regard to calculus concepts learned within the classroom (Hiebert & Grouws, 2007; Schoenfeld, 

2006). Tall (2010) concludes that writing the ideas and application of calculus principles is more 

helpful than writing only the definitions and summaries of topics. Tall further discusses the 

significance of prior mathematics knowledge and experience among undergraduate university 

students. 

According to Tall (1993), there seems to be a number of fundamental differences that universally 

pose challenges for students in the area of calculus. The first of these is language, especially as 

certain terms such as ‘limit’ have a different colloquial meaning and conceptual meaning in calculus. 

On top of this, particular challenges for students include: 

• Language terminology – terms such as ‘limit,’ ‘tends to,’ and ‘approach’ have both implicit 

and explicit meanings and cause confusion. 

• The notion that students experience difficulties determining whether the ‘limit’ can actually 

be reached.  

• Confusion surrounding the progression from finite to infinite, in an attempt to understand 

what happens at infinity (Broussard et al., 2016; Tall, 1993). 

 Kymnchuk et al. (2010) further elaborate on this by suggesting that the process of translation is not 

only verbal but is also embedded in the difficulty between application of practical situations and 

mathematical notation form. They offer suggestions that translation of language includes symbols, 

because the mental processes that guide students in the construction of equations may utilise 

unfamiliar symbols; the processes used to create such symbols offers challenges in comprehension 

that are sometimes difficult to overcome.   

Muzangwa and Chifamba (2012) consider that students' difficulties are largely associated with 

errors. They classify errors as structural, meaning that students have difficulty grasping a principle 
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that is essential to the solution or that they cannot appreciate one of the relationships essential for 

a solution. This may be, according to Kymnchuk et al. (2010), that students have challenges with 

the mathematical modelling process, which is something that typically affects first year students 

more than it does for more advanced calculus students. This disconnect between the ‘real world’ 

and the mathematical world requires some navigation and offers a particularly unique challenge 

for calculus students that may not be found in other subjects. 

In addition to the above challenges, Tarmizi (2010) suggests that students who experience greater 

difficulties with calculus tend to focus on different targets than students who are more successful. 

In the Tarmizi study, students who experienced difficulties tended to seek a step-by-step 

methodical method to reach a conclusion, whereas students with greater ability were much more 

flexible in their approach to problem solving. Tarmizi equates the ability to understand calculus as 

synonymous with the mathematical thinking process. Tarmizi suggests that the first component of 

this process is building upon real world actions and linking this to conceptual embodiment, whereas 

the second process is much more procedural, which he suggests is perceptual symbolism. Students 

who lack these processes are likely to experience more difficulties.  

Research (such as Carlson, 1997; Clement, 2001; Sierpinska,1992; Thompson,1994) suggests that 

there are specific examples from calculus concepts and procedures that students typically find 

difficult. For example, functions are considered to be the major aspect of calculus formation, but 

students face some difficulty with this concept. The literature indicates that most students have a 

perception that function is a mathematical statement with an equal sign. In addition, some studies 

(e.g. Dubinsky & Wilson, 2013; Clement, 2001; Sierpinska, 1992) have argued that students think 

functions must be continuous, and they cannot imagine that a function can be defined over split 

domains or constant. Viirman (2014) reviewed many studies and found that students' conceptions 

of the function concept show “inconsistencies both within conceptions and between conceptions 

and definitions” (p.17). The definition of concept of function and its representation and determining 

its co-domain are considered to be difficulties faced by students. 

Another specific example from calculus concepts and procedures that students typically find 

difficult is the idea of limit. Tall and Vinner (1981) provided evidence that the difficulty for students 

is to conceive the limit process as a number. Kidron (2014) emphasises that "Conceptual problems 

in learning calculus are also related to infinite processes. Research demonstrates that some of the 

cognitive difficulties that accompany the understanding of the concept of limit might be a 

consequence of the learners’ intuition of infinity"(p.70). In addition, Todorov, (2001) found that 

students have difficulty when they apply the definition of limit. Williams (1991) conducted his study 

on 10 students with concept images of limit by using the formal definition. His data showed that "it 
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is not surprising that the students in this study failed to adopt a more formal view of limit after only 

five sessions". (p.235). Therefore, it can be concluded that the limit concept and applying its 

definition are difficult and could affect students' understanding of other concepts based on them. 

In addition, some literature shows that students can find it difficult to understand the derivative. 

Baker et al. (2000) studied student difficulty in incorporating knowledge about the second 

derivative into sketching the graph and reported how hard it is for many students to utilise all of 

the data that may be available. The authors argued that students have difficulty in understanding 

the derivative as a function. Also, an interesting study was conducted by Zandieh (2000), who 

provided a framework for understanding student difficulties with the concept of derivative and 

shows that multiple representations, or contexts, is important to help students to understand the 

derivative. Moreover, Zandieh (2000) also identified that students can use the derivative to find 

speed without understanding the limit process of this. However, the author argued that this lack of 

understanding can lead to misapplication of the derivative. Zandieh highlighted that another 

difficulty of derivative is moving from the notion of derivative at a point to derivative as a function, 

which presents as an example of understanding the relationship between a derivative as a function 

to the derivative at a point. 

For this present study, it is recognised that students' conceptions exist. These include 

preconceptions and misconceptions that will differ among students. As a result of these 

conceptions, students may experience learning difficulties. This is taken as a fact, and it is necessary 

to approach it this way in order to interpret teacher’s perspectives on these issues. 

2.11 Calculus Reform 

Research has highlighted ongoing 'calculus reform’ which is considered to be crucial for improving 

calculus teaching (Hurley et al., 1999). Hurley et al. (1999) stated in their article that: 

The instructional practices of calculus-reform programs differ markedly from those that 

had persisted for decades (some would say, centuries). It is only natural for faculty to 

question whether the new modes really improve the approach that in their own education 

worked successfully. Some observe little if any improvement in conceptual understanding 

among students from reform courses (p 800). 

Another of the most profound areas of calculus reform has been in the area of technology 

(Schoenfeld 1995). For learners of all disciplines, this has been a fairly substantial modification to 

the teaching of subject matter, but in the case of calculus the implications have affected both 

teaching and learning significantly. Technology in calculus was seen as a way that calculus could 
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become more meaningful for students. It was noted that students' difficulties often stemmed from 

a lack of understanding about the mathematical processes, which were aspects of thought that 

accrued over time. When considering the way technology could be used to reform the way that 

calculus was taught, some saw it as a way to improve on the typical lecture style method that 

existed previously (Schoenfeld, 1995).  

Technology offered a slow change in calculus reform; it began with the introduction of calculators 

that could offer much quicker and detailed responses than the paper-and-pencil option. While 

calculators were expensive at the time, they were seen as a fundamental advancement, because 

they were ‘computers’ that were both portable and accessible. Once the calculator became a staple 

in the calculus classroom, the expansion of technology to include computers was seen as 

particularly helpful in facilitating understanding (Vincent et al., 2015). From this viewpoint, visual 

representations of graphs were deemed to be helpful in assisting students to see the modelling of 

functions. The initial programs that were offered were broadly seen as offering some real-world 

insight into the theoretical models. 

Yet as time has passed, technology continues to flourish and gives students the opportunity to 

develop their skills in calculus, both in and outside the classroom (Kumsa, Pettersson & Andrews, 

2017). Students who are experiencing difficulties with a particular concept in calculus now have 

access to a wide range of videos and tutorials online, which can offer support and explanations in 

a way that differs from what they have experienced in lectures. This reform has allowed for 

underperforming students to gain extra help in areas of weakness, thus possibly contributing to a 

better overall classroom environment. Furthermore, teachers are also using technology more in the 

classroom, which facilitates opportunities for a more active and engaged lesson, thus moving away 

from the more traditional model of instruction. Schoenfeld (1995) identified this shift in technology 

"as one that is more engaging, and activity based, indicating this as an advantage to calculus reform, 

thus assisting students in making the mental constructions necessary for the understanding of 

calculus" (p. 3). Additionally, regardless of the assistance provided to researchers, with respect to 

calculus reform, the problem requires training in order to help the teachers and to facilitate their 

understanding and their use of educational methods (Thompson et al., 2010). 

2.12 Calculus Curriculum 

There has never been one universal calculus curriculum, but Ferrini-Mundy and Graham (1991) 

summarized the area of fundamental calculus concepts as falling into four areas: functions, limits 

and continuity, the derivative, and integral. However, with the advancement of technology, what 

can be accomplished within a single course has expanded (Schoenfeld 1995). Despite the diversity 
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of the topics being selected by each institution, calculus is a subject that is taken by hundreds of 

thousands of students annually (Ferrini-Mundy & Graham, 1991). The outcome of asking this many 

students to think about higher level processes is that many students either fail their courses or 

struggle to achieve the grades necessary to demonstrate complete understanding (Ferrini-Mundy 

& Graham, 1991). The reasoning for why this occurs seems to relate to both the teaching styles in 

the classrooms (and the tutorials) and the students' learning processes.  

In terms of teaching, Ferrini-Mundy and Graham (1991) suggested that curriculum development 

has focused on making the instruction more ‘lean and lively’ (p. 628) as opposed to the operational 

plan of content that is often distributed in a more traditional curriculum. Curriculum development 

in this area may benefit from a number of considerations (1) decisions about content, (2) 

information about student’s previous knowledge, (3) teachers’ perspectives on the process of 

learning, and (4) teachers’ practical knowledge (Ferrini-Mundy & Graham, 1991).  These 

considerations may also be considered in conjunction with reflection, evaluation, and 

redevelopment, to ensure that students are gaining the most benefit from the revised curriculum. 

In addition, Ferrini-Mundy and Graham (1991) indicated that viewing the calculus curriculum as one 

that is a constructive process can be particularly valuable for teachers. This is because by 

reconstructing the classroom so that the learner can attempt to make sense of the information 

through evaluation, connection, and organisation they are more likely to be able to work with the 

problems, in an attempt to solve them. This is contrastive to the more traditional approach where 

students would be passive recipients of knowledge and where an explanation of a concept would 

be repressed by a perfect explanation. 

2.13 Chapter Summary 

This chapter has provided an overall view of teachers' knowledge. It has also given an overview of 

types of teacher knowledge, and then discussed faculty and learning and teaching practices of 

calculus and mentioned knowledge of MCK. In addition, the researcher has reviewed the nature of 

calculus teachers' knowledge and PCK. Finally, the researcher has been motivated to look for what 

influences calculus teachers in implementing their PCK in the classroom setting.  

Chapter 3 details the background to university level education in the KSA.  
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Chapter 3 Background to University Level Education in 

Saudi Arabia 

3.1 Introduction 

The MOE in the KSA is the primary body responsible for making decisions at the university level; 

this responsibility is for planning, coordinating and supervising the universities. It was initially 

established in 1975, though with the recent push by the government on aspects of education, 

several academically focused centres have been established to support the overarching ministry 

(Rugh, 2002). Most notably, the National Centre for Assessment in Higher Education oversees the 

entry tests for students wishing to pursue higher education and the National Commission for 

Academic Accreditation and Assessment, which is responsible for achievement of quality standards 

among Saudi universities (Alamri, 2011). These entities, among others, are particularly important 

for my study because they are responsible for changes made to the universities themselves (i.e. 

through the implementation of a foundation year which includes compulsory calculus 

programmes), that place the universities in direct competition with those from other nations. 

In January 2015, the Saudi government approved expenditure of approximately KSA Riyal 217 

billion to be allocated to higher education (MOE, 2017). This push, to be more focused on 

education, came to the forefront in the Reform Agenda. Over a five-year period, the funds would 

be used to support various aspects of teaching and learning, and include teacher training and 

professional development, curriculum and textbook reviews and the adaptation of certain 

programmes to include electronic components (e.g. e-learning, online courses, etc.) together with 

the creation of programmes that incorporate innovative practice (e.g. active learning). The Reform 

Agenda followed the previous project, the King Abdullah Project, and has been nicknamed the 

Horizon Project because of its mission to span all universities across the Kingdom. This project is 

essential in understanding the nature of the Saudi university context (MOE, 2017). The project 

typically makes the assumption that all universities can operate under the same set of strategies, 

and that consistency and equality among schools is achievable. This set of underlying assumptions 

is based upon the view of cultural association with its sense of compliance and central control 

(Abdullah, 2006; Al-Aqeel, 2016). For institutions, this becomes challenging as there seems to be a 

desire to implement innovative pedagogical strategies, but the lack of experience of institutional 

autonomy has hindered these attempts. Educational leadership is evolving in the KSA, but it is a 

slow process, perhaps a slower process than either the government or the universities have 

anticipated. 
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In its attempt to compete on the world stage, the KSA requires a focused, clear and detailed plan 

that moves beyond the Horizon Project. As a result, two additional strategies were suggested and 

included: 

1. A collaborative higher education system to include all major stakeholders including the 

government, individual universities, industry, and community representatives. This system 

requires: 

• A clear and widely communicated vision requiring 10 and 20 years forward thinking 

initiatives that need flexibility, especially at critical times. 

• Well defined objectives that outline what needs to occur to achieve the future 

components of the vision. 

• Processes that define how each objective will be met. 

• A plan detailed enough to ensure the appropriate allocation of resources. In this 

instance, resources are defined as more than just financial but also include 

equipment and infrastructure. 

• A feedback process that is both rigorous and constructive. 

2. A comprehensive and compatible system that allows (and continues to allow) for the 

collection, analysis, and reporting of progress and performance. This being required at both 

the system and at the institutional levels (Abdullah et al., 2006; Smith & Abouammoh, 

2013). 

These strategies are still underway, as the KSA attempts to abide by its strategic Vision 2030, and it 

can be considered that, through these strategies, the KSA will be able to compete in the field of 

higher education. These strategies have also paved the way for mathematics education in specific 

universities within the Saudi context. 

3.2 Current Teaching Practices at University Level in Saudi Arabia 

One of the main arguments surrounding the need for research into improving the education system 

in the KSA is that the current system is broken, or at the very least inefficient (Al-Husain & Hammo, 

2015; Asiri, 2012). This is not a concept that is unique to the KSA. Many countries have experienced 

issues in demonstrating competencies in mathematics and in literacy (De Lange, 2003; Cai et al., 

2016), but not all countries experience the exact same issues. In the case of the KSA, the education 

system has been repeatedly examined over the last decade. Globally, the country has been 

significantly influenced by several major historical events, the most important being the end of the 

‘oil boom years’, which in turn have influenced the education system. During this volatile period 

criticism arose with respect to the education system, however instead of listening to the criticism 
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(which came from both inside and outside the county’s borders), the government took a firm 

stance. While this stance first suggested that imposing changes on the educational curricula was 

not appropriate (Prokop, 2003), teaching practices at the university level were later identified as a 

point where the KSA could improve (Alshahrani & Ally, 2016). The strong stance against change was 

a significant eye-opener to the people of the KSA, and to university teachers working in the field. 

In the last decades, rote learning has played a role in nearly every part of the educational system 

within the KSA, as well as the wider Gulf Region (Alshahrani & Ally, 2016). Prokop (2003), points out 

the typical teaching method in the Saudi school system includes very repetitive activities and rote 

learning. In addition, “Saudi Arabia has received sustained international criticism over many years 

about the quality of its education system” (Smith & Abouammoh, 2013, p. 6). Furthermore, the 

Saudi population is growing, and with the ‘oil boom years’ receding into the past, there is now fierce 

competition for jobs (Prokop, 2003). Yet with this competition "there is a clear divide between the 

output of the education system and the requirements of the domestic labour market" (p.87). 

Mathematics, in leading up to university, in most courses can be overly complex in relation to the 

level of the students. While this may be problematic in the sciences or some of the arts subjects, it 

is a particularly problematic issue for university level teaching, especially in mathematics (Abu 

Asaad, 2010). This is because most university tasks cannot be effectively taught through rote 

learning and simple repetition. Such strategies can be considered to be archaic in teaching (though 

they are still widely used) and reflect back to the question about why the higher education context 

in the KSA works in the way that it does (Alamri, 2011; Prokop, 2003). There is concern that where 

students are expected to have ‘unquestioning’ attitudes, these do not provide opportunities for 

students to ask questions or to truly engage in the material. While this type of approach may work 

well where memorisation is the key testing mechanism, for interactive material, such as the 

application of theory to context (i.e. mathematics), there is little benefit from such an approach (Al-

Khateeb, 2011). This brings the thought process back to the questions surrounding the delivery of 

education, specifically mathematics education in schools.   

Considerable research has been conducted on some strategies and delivery of material in the 

mathematics classroom (e.g. Finelli et al., 2001). Finelli et al.’s study was inspired by one of the 

technical sessions of the 29th Annual IEEE/ASEE Frontiers in Education Conference and describes 

some strategies which help teachers to improve their teaching and facilitate students' learning. This 

conference gave researchers the opportunity to discuss the strategies to improve learning style and 

teaching. They summarised their ideas into: Planning the Course, Conducting the Course, Active 

Learning, Learning Styles and Class Participation, Face-to Face Interaction, Individual Accountability, 

Interpersonal and Small Group Skills, and Group Processing. The Saudi education system has chosen 
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to focus on thought process development, underpinned by suitable teaching. The dominant current 

pedagogy is based on lectures and there are no other strategies and delivery materials used in 

classrooms. 

There is also the question about the influence of non-Saudis on teaching mathematics in the KSA 

and how they influence the quality of education. The need to enhance the quality of teachers at 

the university level has left the MOE with no choice but to recruit teachers from other countries to 

meet the increasing demand for teachers (Borg & Alshumaimeri, 2012; Smith & Abouammoh, 

2013). These mathematics teachers, currently working in the public system in the KSA, have good 

subject knowledge, mathematics proficiency and competence in mathematics teaching 

methodology (Borg & Alshumaimeri, 2012; Sabah et al., 2014). The choice of teachers is based on 

their high qualifications and considers the strength of their influence on those around them 

because one of the areas of most concern is the pre-service teacher programmes currently available 

in the KSA (Borg & Alshumaimeri, 2012; Smith & Abouammoh, 2013). 

3.3 Statements on University Mathematics by the Saudi Government 

The Saudi MOHE has provided universities with information that is discipline specific as a way to 

maintain consistency, despite offering universities a certain level of independence. These discipline 

specific statements outline both discipline and societal expectations of mathematics. Among these 

statements, the MOE contends that mathematics students must be made aware of problems in the 

physical and social world (within the context of mathematics) and that this should be done though 

aspects of creative and logical reasoning (MOE, 2017). Mathematics is thus regarded as a field of 

study whose primary focus is on problem solving through logical thinking. Through various types of 

exercises, societal patterns can be discerned, providing students with an opportunity to not only 

understand the world, but to use their understanding to improve the world. 

In statements, the MOH has acknowledged the role that mathematics plays in various programme 

streams, in addition to the more quotidian contexts of daily life. Because of mathematics' inherent 

ability to wed theory to reality, students must also be able to think in both the abstract and the 

practical. This can be achieved by discovering relationships and patterns through descriptive, 

numerical and systematic ways of thinking. Learners engage in problem solving exercises, collect, 

organise, interpret and analyse data, and establish abstract models based upon current 

mathematical theories. In a statement issued by the MOE, mathematics generally: 

1. Allows students to analyse situations [in reality or in the abstract] and to justify the 

decisions they have made. Students should be encouraged to seek empowerment to work 

towards a critical decision-making process. 
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2. Provides for equal opportunities and a variety of choices towards many different aspects 

of society. 

3. Contributes to developing the Saudi culture. 

4. Encourages the pursuit of rigorous and elegant patterns and relationships, from which 

pleasure and satisfaction can be attained. 

5. Engages with other political, socio-economic, and organizational bodies to foster critical 

reasoning within a broad range of disciplines (MOE, 2017). 

The overarching framework is provided to all teachers on an annual basis. As the MOE focuses on 

broader overarching concepts rather than individual programmes, it is somewhat difficult to see 

how calculus fits within this framework. Calculus is very much an abstract component of 

mathematics that does not necessarily fit within some of the points outlined in the above 

statement. As such, it is possible that calculus teachers, within the Saudi context, may have difficulty 

in applying the above statements to their teaching in the classroom. Therefore, it is important to 

note that while calculus is part of the mathematics department, it has some unique challenges that 

may not align with the overarching philosophy. Hence, these challenges lead to the question as to 

why calculus is important.  

3.4 Mathematics and Calculus in Saudi Universities 

Students who are accepted into university in the KSA, especially those who wish to pursue 

mathematics, computer science, biology, physics, business, engineering and chemistry are required 

to take some form of calculus as a pre-requisite to their future course work. While the calculus 

courses are offered as half year or full year courses (depending on the university, the programme, 

and the nature of the pre-requisite), students generally opt to take calculus in their first year at 

university (Yushau, 2006). The demographic profile of Saudi university students, (i.e. the majority 

of students are Saudi nationals who have completed high school within the Saudi school system), 

shows that they all come from similar mathematical backgrounds (Al-Aqeel, 2016; Sabah et al., 

2014). In high schools, students are required to take a certain level of mathematics in order to 

qualify for entry into university. While some students may opt to take higher-level mathematics 

classes (e.g. International Baccalaureate (IB) mathematics), the uptake on these courses is low. 

Students are also required to sit standardised final exams in mathematics, contributing to the idea 

that many students come with approximately the same level of background knowledge in 

mathematics. As such, the teachers who work with first year calculus students (should) have a fairly 

strong understanding of what the students were taught in high school mathematics, as the 

curriculum is standardised across the country (Al-Aqeel, 2016). While teachers may have knowledge 

on what the students have learned, this may lead to underlying assumptions as to what the students 
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actually know. This may be problematic, as students' misconceptions can lead to teachers' 

preconceptions about their level of knowledge, further complicating the issue (Bressoud et al., 

2016; Nardi, 2011). 

Compounding the above issue is the actual curriculum taught in high school classrooms. Students 

who complete the Saudi Grade 12 high school mathematics programme generally are taught a 

simple form of calculus, though it is acknowledged that they are taught many of the theories and 

principles on which calculus is built (Alamri, 2011). Therefore, first year university is the first time 

that students are exposed to the full range of knowledge about calculus and teachers need to make 

decisions about how to proceed through the material. A balance is required because, as a pre-

requisite, a certain level of understanding is required in order to complete upper year courses, but 

these outcomes must be achievable, or students will become de-motivated and burn out before 

completing the course. These are essential aspects that teachers must consider in the first-year 

model (Alamri, 2011). 

In addition to considering past experiences, there is a need to consider the present, and how 

calculus is taught in the university classroom. While other countries (France, Germany, USA, United 

Kingdom, Hong Kong, Singapore, and South Korea) have in some instances adopted active learning 

strategies to encourage problem solving within the classroom context (Bressoud et al., 2016), the 

KSA still focuses on a lecture style format. A typical first year calculus lecture would comprise 

approximately 24 hours of taught lecture time fronted by a professor, with certain additional time 

scheduled in tutorials (Al-Aqeel, 2016). Students sit, facing the front of the classroom, where the 

professor typically uses a board and marker (i.e. a whiteboard or chalkboard) to demonstrate 

mathematical equations and formulae related to the course. Multimedia slides may also be 

employed (e.g. PowerPoint slides) and other more basic educational tools often appear in 

classrooms (e.g. overhead projectors and/or cameras). There has been very little push to 

incorporate other forms of technology into the first-year calculus programmes, though the 

textbooks may offer an online lab component where students can complete problem sets. 

This type of teaching style appears in contrast to the Horizon Project vision and the subsequent 

steps that have been employed to encourage innovation (Hamdan, 2005). While it is not for certain, 

one of the reasons for the lack of innovation in teaching these courses could relate to its lack of 

influence on university rankings. If the KSA wants to compete at a world-class level, it must focus 

on aspects that affect the rankings (e.g. research, infrastructure, programming, etc.). Teaching is 

difficult to measure and so is frequently absent from university ranking. Measuring teaching is 

difficult because it is both difficult to quantify, and because it is impossible to compare academic 

teaching across countries (Barnes, 2007). In more recent years, some rankings have attempted to 
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target teaching (e.g. The Times Higher Education [THE] rankings), though these are largely based 

on teacher-student ratios, number of PhDs awarded per faculty member, and other aspects that 

generally are unrelated to first year calculus teaching (Barnes, 2007). 

Because rankings tend to focus on research-oriented processes, much of the ‘innovation’ that the 

KSA tries to achieve is centred around research projects (Al-Aqeel, 2016). Expenditure by the Saudi 

government on supporting university research is increasing, especially in the areas of science (MOE, 

2017). In addition, postgraduate research also has acquired multiple sources of funding; this is 

because the demographics of the university (being primarily Saudi students) means that these 

postgraduate students may go on to work at the university level as faculty, and therefore funding 

their research has more potential for benefit in the future (MOE, 2017). However, teachers must 

take steps to improve their own professional development, this can be challenging because of the 

workload requirements placed on these teachers. It is typically, though not always the case, that 

first year courses are taught by more novice faculty, as experienced faculty tend to gravitate to 

smaller upper year courses that focus more specifically on their area of study, allowing more time 

for research (Borg & Alshumaimeri, 2012; Sabah et al., 2014). 

In summary, many students enrolled in undergraduate programmes must take first year calculus as 

a requirement for their programme of study, even if this programme of study is not solely 

mathematics focused. First year classes are typically large and taught in a lecture style format, 

which in most instances dictates that students are passive learners during these lectures. Teachers 

are often novice faculty members, as first year classes require a significant time commitment. 

Teachers are provided with standard materials in the classroom, including chalkboard, OHP, 

overhead camera, and projection screen. The MOE is focused on improving the rankings of Saudi 

universities through considerable investment, though first year classes are largely overlooked 

because they have very little impact on the rankings.  

3.5 University Faculty Development in Saudi Arabia 

As previously identified, as the KSA has only recently taken steps to be competitive on the world 

stage, there are questions surrounding the quality of the current faculty population. Students' 

experiences in the classroom have the potential to impact on how a university is perceived, and 

while teaching may not be measured in the rankings of universities, student performance and 

perceptions are. As such, it is necessary to continue to improve skills development among faculty 

in order to improve the quality of their teaching. 

Currently, in the KSA the faculty development process consists of faculty evaluation, which is 

generally conducted within the institution. It is touted as a way for faculty members to develop 
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their teaching, improve the quality of their instruction, and ensure that they are meeting their 

responsibilities to the institution (Alebaikan & Troudi, 2010). The central premise, in the KSA, of this 

evaluation process is to provide faculty members with some indication of their performance.   

It is argued in the literature (Borg & Alshumaimeri, 2012; Smith & Abouammoh, 2013) that in the 

Saudi context faculty evaluation is essential in the improvement of the institution in addition to 

faculty development. It offers the opportunity to raise academic standards and is considered an 

essential factor in the overall effectiveness of an institution (Sabah et al., 2014). While the literature 

provided in the KSA on faculty evaluations generally suggests that a faculty should use these 

evaluations at a formative level, in reality administrators in the KSA may use these evaluations for 

quality assurance and to inform decisions related to renewal of contracts and promotions (Al-Aqeel, 

2016; Borg & Alshumaimeri, 2012). This researcher considers that the strengths of faculty members 

should be shared, while the weaknesses should be addressed. 

Literature (e.g. Darandari et al., 2009; Sabah et al., 2014; Smith & Abouammoh, 2013) has identified 

four factors relating to the concerns of higher education, these include:  

• the establishment of the National Commission for Academic Accreditation and 

Assessment (NCAAA); 

• the open acknowledgement that the pedagogical techniques employed by 

teachers are inefficient;  

• the rapid increase in the actual number of universities;  

• the competition for students to enrol in particular universities (Darandari et al., 

2009). 

The NCAAA is responsible for overseeing the improvement of programmes and institutions. Faculty 

evaluations often are used as a means to show that the university is meeting the NCAAA quality 

standards in terms of performance. The issue with this connection is that it is in the best interest of 

the university to provide favourable faculty reviews in order to satisfy this requirement. Satisfactory 

reviews may lead universities to obtain additional government funding and an increase in student 

enrolment (Al-Dakhil., 2011). In addition, because faculty evaluations are generally university 

crafted instruments that are given to all departments to complete, the questions and reflections 

that faculty members are asked to generate may not truly represent the role of the faculty member 

or what they have accomplished (Borg & Alshumaimeri, 2012; Smith & Abouammoh, 2013). 

As such, in the KSA, many faculty members are resistant to these faculty evaluations. This is the 

case because the faculty member feels that they are not being assessed on their own merits but for 

the purpose of either institutional requirements or to satisfy the NCAAA standards. Within this 
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framework, faculty that fall outside the more typical teaching strategies may be in jeopardy of 

receiving negative performance responses. The process of evaluation is conducted by other 

teachers or administrators that typically expect to see certain outcomes in the classroom. In a study 

by Campos and Pinto (2016), in the Brazilian context, considerable challenges were associated with 

the shift between expectations and reality, as internal tensions were highlighted. This is particularly 

influential to the current research, as it highlights the difficulties that teachers face when 

attempting to utilise teaching methods that fall outside the typical classroom expectations.  

The second factor that commonly arises as an issue in the KSA is teaching standards. Saudi 

mathematics teachers generally begin their teaching careers without receiving any formal training 

or pedagogical preparation and, thus not surprisingly, they often lack the effective teaching skills 

they require to teach in a lecture style format (or any format for that matter) (Goldhaber, 2002). 

The literature suggests that while teachers may have good levels of CK in mathematics and may be 

well suited and equipped to conduct research in their discipline, they may not necessarily be able 

to communicate their knowledge effectively to students (Handal, 2003). There is often a desire 

among these teachers (and with other teachers across the world) to teach in the way that they have 

been taught. As such, traditional lecture approaches, which are familiar to the teachers, are 

typically employed in mathematics teaching. In the same way, assessment strategies (i.e. testing in 

a similar way to the way these teachers were tested) also follow a traditional format (Handal, 2003).  

While some universities in the KSA have developed programmes to enhance teaching quality, this 

has not been a governmental initiative and so programmes differ in scope, delivery and content. 

There has also been a push at some universities to encourage professional development for 

teaching assistants (TA). At the current time, TAs in the KSA are typically postgraduate students 

(either Master’s or PhD Candidates). Their selection for a TA position largely relates to their scores 

at the undergraduate level, assuming that CK is the most important point for them to display. This 

is not unlike other universities across various different countries; TAs are in many instances 

responsible for overseeing the tutorials. These tutorials are in addition to the lectures given by the 

professor and the purpose is to provide students with opportunities where they can get additional 

support (Al-Dossary, 2008). It would seem from this description of the tutorial process that teaching 

pedagogy should be very important in such settings, yet training in pedagogy is not a pre-requisite, 

although some institutions are working on a model to correct this discrepancy. 

In the current system, there are opportunities for faculty development but many of the reviews 

that are conducted in the university system relate to aspects of promotion and are not particularly 

useful in assessing teaching improvement. Teachers are hired because they have completed PhDs 

and demonstrate the ability to conduct research in their field. Many teachers have not been 
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exposed to teaching pedagogy, and because much of the promotion process is tied to research, 

many lack the desire to achieve a better understanding of teaching pedagogy. This can be 

frustrating for students, because not only are the professors unenthusiastic about teaching 

pedagogy, the teaching assistants who guide students through tutorials are also typically operating 

with more content knowledge than pedagogical knowledge. For more details see Appendix A. 

3.6 Chapter Summary 

Conclusions can be drawn that indicate that the university education system in the KSA is moving 

from a centralised system of control to one where institutions are obtaining more power to run 

programmes and to make decisions that best fit their student populations. This is a shift from the 

way education has been run previously and offers a good context for research, as these changes 

could mean differences to multiple aspects within higher education. In order to work as a faculty 

member in mathematics, teachers require a PhD in mathematics, though they are not required to 

have any formal pedagogical training (i.e. they do not need a teaching degree).  

Teaching mathematics, in general, is regarded highly in the KSA and the MOE has gradually 

introduced higher order thinking into the schooling system in earlier years of schooling. Based on 

this, there is backing to suggest that mathematics (and the teaching of calculus) is a useful and 

beneficial skill for university students to learn. Therefore, there are still questions surrounding the 

reasoning why research suggests there is little knowledge about mathematics university teachers 

and their teaching knowledge (Khakbaz, 2016). With many jobs requiring mathematical ability, the 

deciding factor (or one of the requirements) is proficiency in calculus because it is "the combination 

of several strands in mathematics that include numerical calculation, graphical representation, and 

symbolic manipulation which contribute to the development in technology" (Maat et al., 2011, 

p.26). This researcher considers that this situation is directly relevant to the mathematics 

programmes at the university level in the KSA, and this current study seeks to analyse the PCK of 

teachers who teach calculus at the university level. 
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Chapter 4 The Theoretical Framework 

4.1 Introduction 

Trochim (2006) suggests that there are two domains in research—theory and observation. A 

suitable theory can guide every aspect of the empirical component of a study from developing the 

research questions and problem statement, analysing the data through to discussing the findings 

and finally drawing and writing conclusions (Trochim, 2006).  

A theory, according to Kerlinger (1986), is "a set of interrelated constructs, definitions, and 

propositions that present a systematic view of phenomena by specifying relations among variables 

with the purpose of explaining and predicting phenomena" (p. 9). The phenomena, in this present 

study, is the PCK of university calculus teachers. A framework is “a set of ideas that you use when 

you are forming your decisions and judgements” (MacMillan English dictionary, 2007, p.561), 

providing the structure within which the relationships between variables of a phenomenon 

function. Kerlinger (1986), also considers that "a theory can be used to successfully make 

predictions and this predictive power of the theory can help guide researchers to ask appropriate 

research questions” (p.9). In other words, to base research on a theory allows the researcher to 

design their study and ask appropriate questions.  

When ‘a theory’ and ‘a framework’ are considered together to create a theoretical framework, this 

can provide well-supported justification to conduct a study and can help the reader understand the 

researcher's perspective. In addition, a suitable theoretical framework indicates that the 

investigation proposed by the researcher is not based entirely as a result of their own instincts or 

guesses, but rather is informed by theoretical and empirical facts obtained from trustworthy and 

verifiable research studies. Since Shulman (1987) introduced the PCK notion several decades ago, 

PCK has been seen as a suitable framework through which to research teachers' knowledge and 

many studies have been conducted using PCK as a theoretical framework (e.g. Khakbaz, 2016; 

Lesseig, 2016; Rollnick, 2016; Aydin el at., 2015; Fan, 2014; Nordin et al., 2013; Ijeh, 2012; Petrou 

& Goulding, 2011; Krauss et al., 2008; Baker & Chick, 2006; Miller, 2006; Duling, 1992; Grossman, 

1990; Tamir, 1988).  

This current research makes the assumption that teachers require certain knowledge in the 

classroom teaching situation. This knowledge is multidimensional and generally consists of three 

overlapping components - content knowledge (CK), pedagogical content knowledge (PCK) and 

general pedagogical knowledge (GPK). This research focuses on the concept of PCK. Therefore 
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understanding, contextualising and investigating the competencies within these three components 

is important to define the threshold encompassed by PCK.  

Shulman’s (1987) ideas have become a part of educational research tradition and as such many 

scholars have offered elaborations on Shulman's ideas, or perhaps different conceptualisations of 

PCK (see Barnett & Hodson, 2001; Cochran et al., 1993; Grossman, 1990; Halim & Meerah, 2002; 

Jong, 2003; Marks, 1990; Van Driel et al., 1998). The use of PCK, as a theoretical framework, has 

presented researchers with a new perspective for collecting and analysing data about teachers' 

knowledge and cognition (Jong, 2003; Rollnick et al., 2008; Toerien, 2011). In order to understand 

how calculus teachers are informed by their pedagogic understanding and skills and their subject 

content knowledge in their teaching, this chapter describes a conceptual framework for PCK, based 

on research carried out in practical teacher development contexts (Lesseig, 2016; Khakbaz, 2016; 

Baumert & Kunter, 2008; Senk et al., 2008). 

4.2 Approaches to Conceptualising Teachers’ PCK 

The concept of PCK, as developed by Shulman (1986), has undergone significant re-interpretations 

and redefinitions over the years. Scholars have used Shulman’s original framework (1987) and 

adapted it in the light of further research and developments, but this does not mean the discrediting 

of one version in favour of another. Rather, it shows how a theory, rooted in the practice of 

teaching, needs to evolve to respond to priorities being revised and being subject to different 

weightings. Hu (2014) concludes that whilst PCK is considered as a holistic conceptual framework, 

its components are nonetheless re-examined over time, not least as it is of “practical significance 

to clarify its components” (p. 411). Referring to Shulman’s original framework (1987) and 

subsequent iterations by other researchers, Hu (2014) refers to clarifications of the components 

when analysing similarities and differences between them. One of the key distinguishing factors is 

whether the components can be described as generic or specific, i.e. applicable only within a 

(specific) certain subject or more widely (generic). 

A great deal of research has been conducted in an attempt to identify and characterise PCK during 

classroom practice, but research communities continue to call for studies to devise methods of 

conceptualising PCK (Miller, 2006). PCK is founded on the interpretivist process and is constantly in 

a state of exploration. This state of exploration can be applied at several levels (i.e. teacher, context, 

institution, etc.) and this requires insight when attempting to measure it. However, knowledge 

construction is collaborative and based upon social negotiation (Vygotsky, 1978) and requires 

thoughtful reflection on experiences and this reflection then needs to be integrated into a larger 

knowledge community. It is assumed that knowledge construction, under PCK, is based on personal 
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experiences and of the continuous testing of hypotheses. Yet PCK also falls within social 

constructivism, a branch of constructivist theory that considers that culture plays a significant role 

in pedagogy, as does the social context (Miller, 2006). 

For the purpose of this research, this study focuses on components that have been identified from 

existing literature in the field. The resulting summary tables show two different approaches: Table 

4.1 based on Van Driel et al. (1998), Park and Oliver (2008) and Ball et al. (2008) and Table 4-2 based 

on Park and Oliver (2008) and Ball et al. (2008). In Table 4-1, looking at columns 1,2 and 4 suggests 

that there is major support for these components, also early focus appeared to be on ‘purpose’, 

‘student understanding’ and ‘instructional strategies’ for teaching. It can be seen that ‘student 

understanding’ and ‘instructional strategies’ are in every conceptualisation of PCK. The purpose of 

Table 4-1 is to demonstrate that PCK has existed in the literature for several decades and has 

consistently been mentioned, researched, and analysed in a wide range of disciplines. This 

contributes to the overall justification for PCK research to continue in different subject areas, such 

as in mathematics. For example, Table 4-1 indicates that 75% of the identified authors consider 

knowledge of the purpose of teaching a subject as one of component of PCK.  

While the summary in Table 4-1 illustrates the components agreed upon by most authors, the 

summary uses general terms and may lead to misunderstandings of PCK components. The summary 

also has the disadvantage that it does not include sub-components of each knowledge component, 

so the summary may not be sufficiently specific. Therefore, re-summarizing the components, in 

some commonly-referred-to conceptualization of PCK, is shown in Table 4-2. In Table 4-2, one 

position is taken for one knowledge component and different conceptualizations of PCK are 

analysed respectively. Moreover, the general knowledge components are divided into sub-

components to make the summary more specific. In Table 4-2 ‘representations’ in knowledge of 

instructional and knowledge of students' understanding of the subject with different sub-

components are in every conceptualisation of PCK. In this table, previous authors’ strategies for 

navigating the topic of PCK are demonstrated through the creation of consistent sub-categories 

that have already been well-established.  

Both summary Tables (4-1 and 4-2) are clearly related, focusing on the components of PCK that 

exist in the literature. However, as is shown in Table 4-2, authors differ in how they conceptualize 

approaches in terms of the definition of, and interaction between, the components. Thus, to avoid 

misunderstandings, the researcher created Table 4-3 to provide more detail about the components 

agreed upon by most authors and distinguished general knowledge components from the amalgam 

of subject matter knowledge and mathematical knowledge in knowledge base for teaching. 
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Authors 

                                                          Knowledge of 

Purposes for 
Teaching a 
Subject 

Student 
Understanding  

Curriculum Instructional 
Strategies 
Representation 

Assessment Subject 
Matter 

Content Pedagogy 

Shulman 1987 * PCK * PCK  * * * 

Tamir 1988 PCK PCK PCK PCK PCK *  * 

Grossman 1990 PCK PCK PCK PCK  *   

Marks 1990 PCK PCK  PCK  PCK   

Smith & Neale 1989  PCK PCK  PCK  *   

Cochran et al. 1993 PCK PCK  **  PCK PCK PCK 

Geddis et al. 1993 PCK PCK PCK PCK     

Femandezbalboa & 
Stiehl 1995 

PCK PCK  PCK  PCK PCK  

Magnasson et al. 1999 PCK PCK PCK PCK PCK    

Hasweh 2005 PCK PCK PCK PCK PCK PCK PCK PCK 

Ball et al., 2008 ** PCK PCK PCK ** * PCK PCK 

Loughran et al. 2009 PCK PCK  PCK  PCK PCK PCK 

*separate category in the knowledge base for teaching                                       **Not discussed explicitly 
Table 4-1: Summary of Components in Different Conceptualisations of PCK (using Van Driel et al., 1998; Park & Oliver, 2008; Ball et al., 2008) 
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*separate category in the knowledge base for teaching                                       **Not discussed explicitly 
Table 4-2 Summary of Components in Different Conceptualisations of PCK (using Park & Oliver, 2008; Ball et al., 2008) 

 

                                                        Authors 
 
Components & sub-components 

Shulman 
 1987 

Gudmundsdotti & 
Shulman 1987 

Grossman 1990 Tamir 1998 Magnusson et al. 
1999 

Ball et al. 2008 

Knowledge of the goals for teaching a subject ** ** PCK ** PCK ** 

Knowledge of students’ 
understanding of the 
subject  

Students’ conceptions of learning  PCK PCK PCK PCK ** ** 

Students’ learning interest in the subject 
area 

** PCK ** ** PCK PCK 

Students’ learning approaches ** ** ** ** PCK PCK 

Students’ difficulties in learning PCK PCK ** ** PCK PCK 

Knowledge of 
curriculum in specific 
subject area 

Selection of content  PCK PCK ** ** ** PCK 

Teaching materials ** ** PCK ** ** PCK 
Organization of content ** ** PCK PCK ** PCK 

Knowledge of 
instructional and 
strategies  

Representations  PCK PCK PCK PCK PCK PCK 

Activities ** ** ** PCK PCK ** 

Knowledge of assessment of students’ learning of the subject 
matter 

** ** ** PCK PCK ** 

General knowledge of curriculum * * * ** ** PCK 

Subject matter knowledge  * * * * * PCK 

Knowledge of context  ** * * ** * PCK 

Knowledge of students ** * * ** * PCK 

General pedagogical knowledge  ** * * * * ** 
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4.3 Developing the Framework 

4.3.1 Overview 

Table 4-3 identifies the stages in development of the PCK framework starting with Shulman (1986), 

its originator, through to Lesseig (2016) and Khakbaz (2016). Table 4-3 was created based on the 

results documented in Table 4-1. and 4-2. It presents PCK components based on researchers’ 

clarifications that were reviewed above as the generic and specific nature of PCK components and 

explains the trend of clarifying PCK components for teaching mathematics. Using the coding 

structures and the interpretation of PCK in the literature, it was possible to demonstrate the stages 

of development that have been modified over time. This is important because when considering 

the conceptualisation of PCK in the modern period, it is imperative to consider its evolution. 

 

 Originator Concept developed 

Shulman (1986/7) Pedagogic knowledge 
(what teachers know about teaching) 

+ 
Subject matter knowledge 

(what teachers know about what they teach) 
= 

Pedagogic Content Knowledge 
(PCK) 

Tamir (1988) Considered teacher's knowledge consisting of six major categories, namely: 
"general liberal education, personal performance, subject matter, general 
pedagogical, Pedagogical content knowledge, and foundations of the teaching 
profession" (p.99), and proposed a fourth component of PCK consisting of two 
categories: 
- knowledge of the dimensions of learning that are important to assess; 
- knowledge of the methods by which learning can be assessed. 

Grossman (1990) outlined PCK as having four main elements: 
- conceptions of purposes for teaching subject matter; 
- knowledge of students' understanding; 
- curricular knowledge; 
- knowledge of instructional strategies. 

The COACTIV 
Project (2004) 

Approaches PCK generically with the research focusing on a theoretical model 
which was tested empirically. Their conclusion is that professional competence 
can be seen ‘as a Multidimensional construct’ (p. 17). The dimensions are: 

- Professional knowledge (= content knowledge, pedagogical content 
knowledge, pedagogical/psychological knowledge, organisational 
knowledge, counselling knowledge). 

- Values and beliefs. 
- Motivational orientations and self-regulation. 
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Ball et al. (2008) The development is based on two categories: 
- Subject matter knowledge (or content knowledge) which is divided into three 
types of mathematical subject matter (or content) knowledge, two of which - 
specialised and common content knowledge.  
- PCK includes three main categories: knowledge of content and students, 
knowledge of content and teaching, and knowledge of content and the 
curriculum. 
The basis of this work is the design of tools for the measurement of teachers’ 
content knowledge in the context of teaching elementary school level 
mathematics. The tools were empirically tested. The resulting framework was 
organised in mathematical topics (such as algebra, number and operations) 
and domains (e.g. knowledge of content, knowledge of students and content). 

Teacher 
Education and 
Development 

Study (TEDs-M) 
(2008) 

Presents three theoretical sub-domains (elements) of mathematics as a 
specific PCK 

- mathematical curricular knowledge; 
- knowledge of planning for mathematics teaching and learning; 
- enacting mathematics for teaching and learning. 

Khakbaz (2016) 

 
 
 

 

a phenomenological study of 10 university mathematics teachers at Bu Ali Sina 
University (Islamic Republic of Iran) resulted in a model comprising four 
cognitive themes:  

- mathematics syntactic knowledge; 
- knowledge about mathematics curriculum planning;  
- knowledge about students’ mathematics learning;  
- knowledge about creating an influential mathematics teaching –

learning environments (p. 1).  
In addition, Khakbaz (2016) identified three contextual themes: 

- the nature of mathematics subjects; 
- university teachers’ features;  
- terms of learning environment. (p. 1)  

Lesseig (2016) 
 

based on data from 35 teacher-leaders from three US school districts, 
investigated PCK on the specific example of mathematical concept of proof by 
establishing two two-pronged frameworks consisting of  

- 'knowledge of content and students' - encompassed explicit 
knowledge of student proof schemes and developmental aspects 
of proof; 

- 'knowledge of content and teaching' - relationship between 
instruction and proof schemes, questioning strategies and 
knowledge of proof connections. 

Table 4-3: Developments in PCK 

4.3.2 Shulman’s Model of Teacher Knowledge 

PCK is a type of knowledge exclusively used by teachers (Shulman, 1986; 1987) and to bring about 

effective teaching, teachers need to combine the subject and pedagogy so that they demonstrate 

“an understanding of how particular topics, problems, or issues are organized, represented, and 

adapted to diverse interests and abilities of learners, and presented for instruction” (Shulman, 

1987, p. 8). Shulman considered that PCK was largely about understanding specific teacher CK and 

how to modify or transform that knowledge into an accessible version for students through the use 

of specific pedagogical strategies. The overall model of teacher knowledge is illustrated in Figure 4-
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1, thus, PCK, in its most basic form, can be described as the blending of aspects of content and of 

pedagogy. However, this blended nature of PCK is not quite as straightforward as simply a 

combination of two components. 

 

Figure 4-1: Shulman’s Model of Teacher Knowledge (Shulman, 1987) 

Shulman's (1987) work provides the foundation in that his original features of PCK still remain 

consistent in much of the subsequent research undertaken (e.g. Khakbaz 2016; Lesseig, 2016; 

Rollnick, 2016; Aydin el at., 2015; Fan, 2014; Nordin et al., 2013; Ijeh, 2012; Petrou & Goulding, 

2011; Krauss et al., 2008; Baker & Chick, 2006; Miller, 2006; Duling, 1992; Grossman, 1990; Tamir, 

1988). PCK is commonly taken to be the transformation of at least two constituent knowledge 

domains: general pedagogical knowledge and subject matter knowledge (Gess-Newsome, 1999 

cited in Hadiyanti et al., 2014).  

4.3.3 Tamir’s Model for Teachers’ Knowledge 

The model by Tamir (1988) is significant as it appeared the year after Shulman (1986/87) and could 

possibly be considered as an early response to Shulman's work. Tamir attempted to develop and 

extend the categories which were suggested by Shulman and Sykes (1986) and the framework was 

suggested as a basis for teacher education. Tamir posed the question “What kinds of knowledge do 

teachers need in order to be effective in their classrooms?”(p.99) and attempted to answer this 

question through his model (see Figure 4-2) which clarifies a framework for teachers’ knowledge, 

consisting of six major categories, namely: “general liberal education, personal performance, 

subject matter, general pedagogical, subject matter specific pedagogical, and foundations of the 

teaching profession” (p.99). 
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Figure 4-2: Tamir's Model for Teacher Knowledge (Tamir, 1988, p.100) 

4.3.4 Grossman’s Model of Teacher Knowledge 

In the book ‘The Making of a Teacher’ (1990), Grossman challenged the assumption that anyone 

who has command of the subject matter can teach well and that experience is the best ‘teacher’. 

Grossman conducted case studies of six novice teachers and focused on pedagogical understanding 

of subject matter that distinguishes between subject expertise and experience. Grossman (1990) 

developed and gave more detail to Shulman's (1987) ideas and outlined PCK as having four main 

components. Figure 4-3 provides an overview of Grossman’s model of teacher knowledge, which 

captures the inter-relation between PCK and the other components of teacher knowledge. 
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Figure 4-3: Grossman's Model of Teacher Knowledge (Grossman, 1990, p.5) 

4.3.5 The COACTIV Project Model of Teacher Knowledge and Competency 

The COACTIV (2004) (source: Baumert & Kunter, 2013) project provided one of the models used to 

develop the proposed framework of this study. It was a mathematics education research project 

funded by the German Research Foundation and linked to the 2003/04 testing cycle of the 

Programme for International Student Assessment (PISA). The aim of the research project was 

twofold, inasmuch as a theoretical model was to be developed for teacher competence and tested 

empirically. The starting point was that while it was acknowledged that many models have been 

developed regarding teacher competence and knowledge, very few were based on empirical 

research in practice.  

The COACTIV model encompasses professional knowledge, values, beliefs, motivational 

orientations, and self-regulation. It builds on the work of other scholars, notably Ball et al. (2001) 

and Senk et al. (2008) but what differentiates their model is that it is based on the fact that “four 

forms of mathematical knowledge are theoretically distinguished” (Baumert & Kunter, 2004, p. 9). 

They divided professional knowledge to five areas of competence, which are CK, PCK, PK, 

organisational, and counselling knowledge. They outlined PCK as having three main elements: 

explanatory knowledge, knowledge of students' mathematical thinking, and knowledge of student 

assessment. The model is shown in Figure 4-4. 
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Figure 4-4: Overarching Framework of the COACTIV Project 

(source: Baumert & Kunter, 2013, p.29) 

4.3.6 The Model by Ball et al. 

The model by Ball et al. (2008) advanced a domain map for mathematical knowledge (Figure 4-5) 

for teaching and explaining the relationship between their model and two of Shulman’s (1987) 

initial categories: subject matter knowledge and PCK and they moved Shulman’s third category, 

curriculum knowledge from a main category to a sub-category of PCK. This is consistent with 

Grossman’s work (1990) who was one of Shulman’s research team (Grossman, 1990). They 

developed measures for mathematical knowledge for teaching and their project indicated that 

there are empirically discernible sub-domains into PCK (knowledge of content and students, 

knowledge of content and teaching, and knowledge of curriculum). Moreover, there is an important 

sub-domain of ‘pure’ content knowledge unique to the work of teaching, specialized content 

knowledge, which is distinct from the common content knowledge. 
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Figure 4-5: Domain Map for Mathematical Knowledge for Teaching (Ball et al., 2008, p.403) 

4.3.7 Teacher Education and Development Study (TEDS-M) 

The Teacher Education and Development Study (TEDS-M) (Tatto et al., 2008) is another theoretical 

model used to develop the proposed framework for this current study. Where Baumert and 

Kunter’s research (2004) is rooted just in the PISA cycle of that year, Senk et al. (2008) linked their 

research to the Trends in International Mathematics and Science Study (TIMSS), inasmuch as they 

aligned their frameworks to the TIMSS cognitive parameters, i.e. "knowing, applying, and 

reasoning" (Mullis & Martin, 2017, p.13). Senk et al. (2008) presented the findings of their multi-

national, longitudinal study about mathematical knowledge for teaching and introduced a 

framework based on two dimensions differentiated as 'mathematics content knowledge' and 

'mathematics pedagogical content knowledge'. Each of these dimensions is underpinned by a 

number of sub-domains. The authors went on to reference three sub-domains which underpin the 

dimension of mathematics pedagogical content knowledge as "mathematics curricular knowledge; 

knowledge of planning for mathematics teaching and learning; knowledge of enacting 

mathematics" (Senk et al., 2008, p. 4). The model is shown in Table 4.4. 
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Table 4-4: Mathematical Pedagogical Content Knowledge as Used in the TEDS-M Framework 

(source: Tatto et al., 2008, p.5) 

4.3.8 Khakbaz’s Model of Mathematics University Teachers’ Perception of PCK 

Khakbaz's (2016) theoretical model also informs the proposed framework for this study. Khakbaz 

undertook research with a group of university teachers who were asked to reflect both on their 

experience of students and their experience of teachers. Based on this research, Khakbaz (2016) 

developed a two-pronged framework for PCK which differentiated between cognitive on the one 

hand and contextual on the other. The model is illustrated in Table 4-5. In order to arrive at a 

definition for contextual PCK, Khakbaz tested the participants’ understanding of ‘application’ for 

context. As the participants’ conceptualisation of application varied between participants, Khakbaz 

(2016) concluded that teachers do not only need subject specific CK but also need an awareness of 

“applications of mathematical concepts and the main ideas behind them” (p. 5).  
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Table 4-5: Khakbaz’s Model of PCK for Teaching Mathematics in Higher Education. 

 (Khakbaz, 2016, p.191) 

4.3.9 Lesseig's Model 

Lesseig advanced a model for the Mathematical Knowledge for Teaching Proof (MKT for Proof), 

which details required knowledge “across subject matter and pedagogical domains” (Lesseig, 2016, 

p. 253). From this model, this researcher adopted and developed Lesseig's framework for the 

present study, as Lesseig's framework uses knowledge about proof, and proof is considered as one 

of the components of calculus.  

Lesseig's data was gathered at four different professional development events across a variety of 

school settings. Lesseig (2016) referred to Smith (2014) who argued that tools employed in the 

elicitation of data can be utilised to articulate "a standard or shared understanding of practice" (p. 

265). Lesseig aimed to develop a framework based on teachers’ responses to a variety of 

assumptions and posed scenarios around the teaching of proof, and then to test the suitability of 

the framework for professional development purposes for teachers of mathematics. Lesseig (2016) 

developed this concept further by stating that the framework presented can be both a data 



Chapter 4 

69 

gathering tool and a tool for the development of teachers. In terms of PCK for teaching proof, 

Lesseig’s framework differentiates between knowledge of content and students on the one hand 

and knowledge of content and teaching on the other. The model is shown in Table 4-6. 

 

Table 4-6: The PCK Components of Lesseig’s MKT for Proof Framework (Lesseig, 2016, p. 257) 

4.4 The Proposed Model of PCK for Teaching Calculus 

As the aim of this study is to propose a model of PCK for teaching calculus and then use this model 

to explore calculus teachers’ PCK, this section presents the proposed model for the study and 

provides justification for choosing the components and codes and why other elements were not 

used. In the thesis, the model is systematically analysed and refined in the light of the data collected 

for this study. 

In exploring potential models for this research, the model mainly considered was the framework 

for teachers’ knowledge of teaching proof used by Lesseig (2016). Lesseig’s model is suitable for 

this study as it can be adapted for use in analysing the PCK of teachers of calculus in higher 

education, primarily to uncover how such calculus teachers articulate and demonstrate their PCK. 

The framework builds on Ball’s and colleagues construct of PCK to include knowledge of content 

and students, and knowledge of content and teaching, Lesseig's model has been chosen and 

integrated with the Khakbaz (2016); COACTIV (2004); TEDS-M (2008) models. The development of 

PCK is critical to effective teaching mathematics, and the codes have been chosen which support 

sub-categories in Lesseig's model. As this current research focuses primarily on teachers’ teaching, 

and how the teachers articulate their teaching, it was decided not to use codes relating to 
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mathematics curriculum planning, knowledge of planning for mathematics teaching and learning, 

and summative assessment of learning. 

Where Lesseig (2016) has two categories: knowledge of content and students, and knowledge of 

content and teaching, the framework proposed for this study uses the categories of knowledge of 

content and students when teaching calculus, and knowledge of content and teaching calculus. 

These categories are underpinned by a number of first-level and second-level sub-categories as 

shown in Figure 4-6. This addresses: 

RQ1: What would be a model of PCK for teaching calculus? 
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Figure 4-6: The Proposed Model of PCK for Teaching Calculus 
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The first-level sub-categories for the category of knowledge of content and students when 

teaching calculus are learners’ cognition of calculus and developmental aspects of the calculus 

curriculum. The former is informed by the systemisation of Baumert and Kunter (2004) who, in turn, 

aligned their analysis to the previous frameworks and models. This led them to include a category 

in their PCK model of student cognition "including misconceptions and strategies" (Baumert & 

Kunter, 2004, p. 32). Khakbaz (2016) echoes the notion of the significance of teacher knowledge of 

students’ misconceptions and learning difficulties in calculus. In the proposed model, therefore, 

students’ misconceptions and error production have fed into the first of two second-level sub-

categories for learners’ cognition, with knowledge of students’ thinking about calculus concepts 

(Baumert & Kunter, 2004; Lesseig, 2016) representing the second. The latter first-level sub-category 

presented here, developmental aspects of calculus curriculum, is informed by Lesseig’s work 

(2016) who argues that teachers’ understanding of application (of proof) changes according to their 

context and students, and notions of curriculum thus evolve as well. Based on this, the sub-category 

has been differentiated further into two second-level sub-categories: identifying the key ideas in 

learning calculus and the establishing of appropriate learning goals for calculus.  

The second category knowledge of content and teaching calculus is underpinned by two first-level 

sub-categories which are instructional strategies and knowledge of calculus connections. 

Instructional strategies are further underpinned by four second-level sub-categories and 

knowledge of calculus connections by two. The second-level sub-categories underpinning 

instructional strategies have been informed by the work of Lesseig (2016) which is testimony to the 

viability of her framework which was developed and tested through a variety of professional 

development settings. These four second-level sub-categories include: relationship between 

instructions and student ideas in calculus; mathematical representation in calculus; questioning 

strategies in calculus and use of pivotal examples or counter-examples in calculus. Similarly, 

knowledge of calculus connections is underpinned by two second-level sub-categories which draw 

on Lesseig (2016) and Khakbaz (2016) in contextualising calculus in real world application of 

calculus in everyday life and calculus in other academic areas.  

In summary, the components listed below and the text within brackets explains this study's 

interpretation of the four sub-elements of the proposed model of PCK for calculus teaching.  

• learners' cognition of calculus (knowledge of what level students are functioning at i.e. 

what they know, what they think they know, what they think they do not know);  

• developmental aspects of the calculus curriculum (how and what for);  
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• instructional strategies (how best to teach the subject matter to meet all students' 

needs and curricular requirements in the context of the students' levels; knowledge of 

instructional strategies relevant to the context); 

• knowledge of calculus connections (what needs to be indicated, so that people benefit 

from the applications of calculus every day and linking between calculus concepts and 

application of calculus in everyday use). 

For more detail on the sources of the model, see Appendix B. 

4.5 Chapter Summary 

This chapter has outlined the theoretical basis for this research. It is acknowledged that, when 

detailing definitions for a study, past researchers did not always agree on the underlying uses of a 

word or a phrase. Further, the use of words in different contexts have been exemplified throughout 

the different examples of research that have been conducted. This chapter has outlined the 

theories relating to teacher knowledge that have provided the foundations for the development of 

the theoretical framework devised and proposed for use in this study.  Furthermore, working on 

the chapter has contributed towards the researcher’s thinking about the research questions for this 

current study. 
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Chapter 5 Methodology 

5.1 Introduction 

This chapter accounts for the methodology and methods used to investigate calculus teachers’ PCK. 

Initially, the research objectives and questions are re-stated. This is followed by the methodology, 

which includes the philosophical approaches associated with this research. The focus on several 

‘cases’ is justified as an appropriate means of research. The methods used, including survey, 

observation, and interview are detailed, as is the pilot study. As part of this, the justification for 

selecting the calculus course within mathematics and the participant sample is explained. The data 

analysis procedures are described followed by considerations regarding validity and reliability. 

Finally, the ethical considerations related to this research study are explained. The chapter 

concludes with a summary. 

5.2 Research Objectives and Research Questions 

The focus for this study is to investigate teachers’ calculus teaching. The overarching goal is to detail 

the PCK for teaching calculus and to analyse the teachers' PCK for teaching calculus. This was 

achieved through the development of a model of PCK for teaching calculus and as such, this 

research project has two overarching objectives: 

OB1. To propose a model of PCK for teaching calculus.  

OB2. To explore calculus teachers’ PCK.  

In line with the objectives, the research questions for the study are: 

RQ1. What would be a model of PCK for teaching calculus? 

RQ2. Using this model of PCK, how do calculus teachers articulate and demonstrate their PCK? 

5.3 Methodology 

One of the main components of this research that needed to be addressed was the perceived gap 

in the literature. A case in point stated by Khakbaz (2016, p. 185) is that: 

Teaching mathematics in university levels is one of the most important fields of research 

in the area of mathematics education. Nevertheless, there is little information about 

teaching knowledge of mathematics university teachers. PCK provides a suitable 

framework to study knowledge of teachers.  
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One of the gaps identified includes the lack of qualitative research findings that relate to PCK within 

the field of calculus teaching, but more specifically within the given context of this study. The 

researcher sought to ensure that this gap is addressed through the formation of the research 

instruments. Through careful discussions with the thesis supervisor, an extensive review of the 

literature, and by attempting to match the methods to the research questions posed, the intention 

was to ensure that the methodology would be appropriate and deliverable.  

Methodology can be described as the lens through which the researcher views and makes decisions 

about the study (Mills, 2013), while Shank and Brown (2007) consider that methodology can be the 

philosophical framework within which the research is conducted. Together these can be 

interpreted as being the philosophical assumptions underpinning the selected research methods, 

including why qualitative or quantitative methods, or a mixture of both, are selected. If 

inappropriate methodology is used, or if appropriate methodology is used poorly, the results of a 

study could be misleading. In this study, the researcher drew on comprehensive paradigms, 

research approaches, research designs, and research methods to identify the most suitable for this 

research. The research process for this study has been developed in order systematically to achieve 

the goal of this research, which is to examine particular levels of sub-sets of the PCK of calculus 

teachers.  

5.3.1 Philosophical Assumptions Underlying the Research  

Creswell (2013) identifies that research paradigms can affect every level of study. A ‘paradigm’ is 

depicted as a full structure or system that influences and directs both research and practice (Willis 

el al., 2007). The assessment of a level suggests the level is measurable, consequently placing 

research into a positivist paradigm. Positivism, while useful for measurement of levels of knowledge 

cannot fully explain all aspects of this study. The research questions needed data that went beyond 

the observable and quantifiable. Consequently, the empirical research within this study needed to 

be based upon an interpretivist research philosophy to interpret the data through a qualitative lens 

to reveal the human-interest perspective. The next sections outline the approaches associated with 

the positivist and interpretivist paradigms adopted.  

5.3.2 Interpretivist Paradigm 

There are certain philosophical assumptions underpinning this research and its methodology. In 

particular, it follows an interpretivist paradigm that recognises that the individual and society are 

inseparable and assumes that the process of research can be used to uncover a person’s 

understanding of a particular phenomenon (O’Donoghue, 2006). It also recognises that everyday 
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life is based in the social and is constructed through “people employed within the system acting 

together and producing their own roles and patterns of action” (Blackledge & Hunt, 2018, p.235). 

This approach follows a long-standing tradition rooted in the social sciences that enables 

understanding of people’s views through interaction with them in their own language and on their 

own terms (Kirk & Miller, 1986). It also recognises that an individual’s sense of self is created 

through their interaction with others (Mead, 1934) and so this must be considered during the 

research process. The philosophical underpinnings of an interpretivist approach also considers that 

conclusions drawn from the research cannot be separated from the participants' own experiences 

and that ‘meaning’ may shift and change rather than remain static and fixed. 

5.3.3 Ontological Reasoning  

Ontology is based upon the actuality of being and of reality of a phenomenon. It is depicted in this 

light as the ‘study of being’; ontology is a systematic account of existence (Crotty, 1998). For 

knowledge-based systems, what ‘exists’ is exactly that which can be represented. In other words, 

things that exist have a reality that can be described and have a relationship with each other. Crotty 

(1998) considers that the language, or vocabulary, used in these descriptions represents knowledge 

of the reality.  

Within the realm of social science, ontology focuses more upon social reality. This notion is 

considered objective in the sense that social reality is an exterior concept, which is what the 

individual sees. However, because it forms and grows within ones’ consciousness it can be 

considered in a subjective sense (Cohen et al., 2013). Thus, the focus of a research project can be 

approached objectively to seek to understand the effect different variables can have on something 

in terms of governing, growing, or altering it. In other words, the reality identifies how human 

actions are controlled and overseen by rules that are all encompassing with a constant nature as 

their foundation (Cohen et al., 2013). In the context of this study, these rules assist with the 

interpretation of culture, not just culture as is associated with a national framework such as the 

Middle East, but the examination of the culture within the educational context, allowing for 

opportunities for theoretical clarity to emerge.  

Social reality is considered a consequence of events, since social individuals construe particular 

connotations from events and situations; they construct or interpret a theoretical structure (Crotty, 

1998).  The ontology, or foundation on which interpretivist research is based, accepts that the social 

world faces ongoing and continual development via the exchanges and relations between people. 

This study, within qualitative aspects, aims to create an understanding of calculus teachers’ actual 

implementation of their PCK within their teaching practices. Thus, their social reality can be 
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explained and recognised by seeking to identify their viewpoints, as they are the individuals who 

are immersed in the development of their sense and comprehension of their reality.  

When seeking to comprehend social phenomena, the perspectives that different people have are 

critical. To truly understand the knowledge teachers, hold and how they impart this knowledge 

necessitates an ontological belief, which incorporates the specificity of circumstances and the 

individuality of different people. This amounts to an interpretive notion. Adopting this perspective 

enabled the researcher to identify how teachers understand and abstractly identify with the world 

they live in together with any subjective interpretations they allocate to internal rather than 

external exchanges (Cohen et al., 2013). 

As part of its interpretivist paradigm this research used inductive reasoning through the 

researcher’s engagement with the data uncovered through its research methods. This approach to 

its adopted paradigm follows Merriam’s (2009) view that a focus on ‘cases’ is an appropriate 

process for carrying out inductive reasoning. The aim is not to test a particular hypothesis, but 

instead generate findings (Kohlbacher, 2006). This form of research is ‘grounded’ in the data 

collected through the study and is particularly appropriate to use in research that focuses its 

attention on everyday situations, such as in educational contexts (Hancock & Algozzine, 2006). 

Eisenhardt (1989) states that analysing data drawn from cases can be challenging; however, it is 

also acknowledged that the process of interpreting data can be illuminating through an inductive 

approach. 

5.4 Studying ‘Cases’ 

Philosophically, the study of ‘cases’ recognises that there are multiple meanings and realities, which 

are, in part, produced by the researcher (Lincoln et al., 2011; Yin, 2014). In studying cases, the 

researcher’s positionality must be considered to ensure the reliability and validity of findings. In 

particular, the researcher’s philosophical position must be acknowledged to understand what 

informs the approach they have used (Harrison et al., 2017). It must also be recognised that the 

researcher must use their own previous knowledge and judgement when interpreting data (Babbie, 

2001). This means that one researcher may interpret the same data differently from another 

researcher and this must be acknowledged, and steps must be put in place to ensure that the 

findings of a study are reliable and valid.  Consequently, the positionality of the researcher must be 

acknowledged as potentially influencing the findings of the research. This research closely follows 

the view of Stake (1995; 2006) that meaning must be uncovered through experience in context.  

The studying of ‘cases’ has undergone shifts over recent decades resulting in a flexible approach to 

research (Harrison et al., 2017). This makes it most appropriate to this study as it provides a flexible 
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approach to looking at an issue from multiple perspectives in a real-world setting. To understand 

this fully, it is important to look to the history of studying ‘cases’ with its roots in qualitative research 

in anthropology, history, psychology, and sociology (Merriam, 1998; Simons, 2009; Stewart, 2014) 

and in education as a way to evaluate curriculum design (Merriam, 2009; Simons, 2009; Stake, 

1995). However, despite the great potential of this approach, it is important to understand how its 

philosophy can be interpreted in a practical sense and how this can be influenced by the presence 

of the researcher.  

Yin's (1998) definition of a case is that it "investigates a contemporary phenomenon within its real-

life context; when the boundaries between phenomenon and context are not clearly evident and 

where multiple sources of evidence are used" (p.23). In addition, Bassey (1999) suggests that a case 

is "a study of a singularity conducted in depth in natural settings" (p.47). According to Stake (2006), 

studying cases enables a researcher to explore complex phenomena. Similarly, Yin (2003) suggests 

that studying cases is useful for examining simple and complex phenomena and further suggests 

that a multiple methods approach is particularly useful (see Section 5.7). In addition to Yin’s (2003) 

interpretation of studying cases, Kennedy et al. (2006) suggest that the study of cases tends to 

employ qualitative strategies for data analysis because one key component of such research is its 

illustrative nature. Berg (2007) elaborates on this by suggesting that by being illustrative, the study 

of cases allows for actualised elements, patterns and nuances to be highlighted. Researchers, such 

as Miles et al. (2014) and Stake (2000) argue that multiple cases are more effective than single 

cases, as they offer more in-depth understanding of the phenomenon. Furthermore, Merriam 

(2009) considers that the use of multiple cases adds to the study’s validity. Acknowledging that the 

findings are not be generalisable across the wider field, instrumental cases can provide a foundation 

on which further research could be built. Researchers, according to Stake (1995), have different 

motivations for selecting cases to research (i.e. not all case research is conducted with the same 

purpose). Stake (1995) identified three types of such research: collective, instrumental and intrinsic. 

For collective research, there are a number of individual case studies (or each one is treated 

separately) and these works together towards a final outcome or research question (Hancock & 

Algozzine, 2017). In an instrumental case, the issue or factor is the focus of the study rather than 

the case (Stake, 1995). Finally, in intrinsic research, the researcher has a personal and specific 

interest in some case, thus making it an ‘intrinsic interest' (Stake, 1995).  

In this research study, the researcher is particularly interested in understanding teachers’ PCK in 

depth. This research study utilised an instrumental approach, in line with Stake's (2000) explanation 

that instrumental cases “concentrate on phenomena instead of the case itself. The case is of 

secondary interest; it plays a supportive role and facilitates our understandings of something else” 
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(p. 437). The phenomenon examined in this study is calculus teachers’ PCK in teaching Calculus 1, 

within the context of university level teaching.  

5.4.1 Justification for the Study of Cases 

This research is justified in selecting the study of cases for several reasons, the first being that this 

approach is commonly used as a method for educational research. More importantly, however, it 

has been used by other researchers in closely related studies (e.g. Sowder et al., 1998; Holton, 

2001). The study of cases of mathematics teachers is not a new phenomenon. Sowder et al. (1998), 

when conducting a two-year research project with mathematics teachers, considered that studying 

cases was the most appropriate method to obtain and analyse data. Sowder et al. (1998) suggest 

that by studying cases there are opportunities for both explanation of individual case narratives 

and for cross-case analysis. Their view supports the strategies adopted for this current research, 

which examined the personal narratives of teachers, and observations of teaching and brought 

these together through the use of cross-case analysis.  

Flyvbjerg’s (2006) argument that studying cases suits research involving practical and professional 

knowledge ultimately supports the purpose of this thesis. Flyvbjerg suggests that theoretical 

knowledge is derived from "rule-based learning" (p.223), whereas practical knowledge is more 

about experiences or reflections that teachers have had. He continues by arguing that practical 

knowledge is in fact context-dependent and that the study of cases is "well suited" (p.223) to 

provide this type of knowledge. Flyvbjerg’s (2006) differentiation between theoretical and practical 

knowledge is acknowledged, as is his view of the case being context dependent. 

5.4.2 Generalisation and the Contribution to Research 

Generalisation, according to Richards (2003), contributes to understanding the nature of the 

problem, “which is different from attempting to classify or to justify the outcomes” (p. 216). While 

Flyvbjerg (2006) indicates that research that uses cases is not generalizable, Eisenhardt (1989) 

argues that "a good cross-case analysis is counteracting these tendencies by looking at the data in 

many divergent ways, one tactic is to select categories or dimensions, and then to look for within-

group similarities coupled with intergroup differences. Dimensions can be suggested by the 

research problem or by existing literature, or the researcher can simply choose some dimensions” 

(p.541). In this current study, the goal was to reveal the PCK of the university calculus teacher 

participants in the selected cases, by analysing the categories and dimensions of PCK that were 

suggested by the research problem. The goal was to examine existing literature, develop a 

theoretical framework, and provide a study of cases. 
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5.4.3 Verification and its Association with Researcher Bias in Studying Cases 

According to Van Wynsberghe and Khan (2007) researchers are generally biased, based upon their 

own preconceived notions towards confirmation rather than falsification of the case. Van 

Wynsberghe and Khan's argument comes down to the nature of selectivity. They suggest that 

researchers interpret data (specifically qualitative data) in a particular way, and that researchers 

also tend to recall certain themes and justifications from memory which may not accurately portray 

the overall findings of the research.  

What Flyvbjerg (2006) and Van Wynsberghe and Khan (2007) are highlighting is, ultimately the 

notion of researcher bias. This is not something unique to the study of cases, though both articles 

seem to highlight this as a particular weakness. Researcher bias happens at all levels, it occurs as a 

result of the types of questions asked in a quantitative questionnaire and can continue into 

qualitative aspects of the study through the interpretations of observations. Steps need to be taken 

to minimise this bias. In this study, this occurred through the use of a pilot study, (see Section 5.10) 

through careful consideration of the instruments (along with my PhD supervisor) (see Section 5.9) 

and through methodical analysis of the data collected (see Section 5.12).  

5.4.4 Limitations of the Study of Cases 

The study of cases is not without limitations. The purpose in the identification of such limitations is 

that by addressing the issues, justification for this type of approach can be made. According to 

Flyvbjerg (2006), there are five topics worthy of identification and debate in examining the study of 

cases. It is essential, considering all of these elements, that these limitations are addressed within 

this study. While Table 5-1 below outlines the limitations, it is clear that for many of those 

identified, a solution, or at least a mitigation of the limitation, needed to be achieved. 
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Table 5-1: Limitations and Mitigations of Studying Cases 

Considering all of these limitations, but also the positive aspects of studying cases, the choice to 

employ this approach was warranted and appropriate within the context of this current research 

study. Through the use of this approach, the researcher has conducted research that adheres to 

the research questions provided at the beginning of this chapter and to look at the intrinsic nature 

of the case under examination (Richards, 2003). 

5.5 Section Summary 

A number of researchers (e.g. Sowder et al., 1998; Holton, 2001) have used the study of cases with 

PCK in different subjects in higher education. In line with this tradition, the study of cases was 

considered suitable, with the primary influence being that of Sowder et al. (1998) who studied cases 

in their mathematics research study. It is acknowledged that bias exists, as it would for any study, 

and that limitations are present. These limitations have been addressed, and while it is not possible 

to entirely mitigate all of these limitations, the researcher has provided an overview of how the 

limitations were addressed within this context. This research answers the research questions while 

still falling within time and budgetary constraints held by the researcher. 

Limitations Mitigations applied in this study 

(Flyvbjerg, 2006, p.219). 
 

Theoretical knowledge can be more valuable for 
teachers to possess than practical knowledge. Cases 
typically focus on practical knowledge. 

In this study, the researcher is particularly interested 
with how practical knowledge and content knowledge 
are intertwined, and so, this limitation can only be 
further justification that the study of cases is suitable for 
this current study. 

It is impossible to generalise from a single case. As a 
result, making a contribution to research can be 
challenging. 

The use of several cases, alongside a cross-case analysis, 
is a suitable means of ensuring the study makes a 
contribution to research. 

The case study approach is not valuable when 
attempting to test and build a theory; it is much more 
appropriate for generating hypotheses. 

This research does not intend to test or build theory in 
the ‘grand’ sense but rather to propose and use a 
theoretical framework for the specific topic.  

There is bias in the case approach, especially towards 
verification.  

By using methodological triangulation, this study is able 
to balance the weaknesses of one research method with 
the strengths of another. Theory triangulation is also 
employed. 

The ability for a researcher to accurately summarise a 
case can be particularly challenging. 

By developing and using a theoretical framework, data 
collected within it allows for accurate analysis and 
summarisation of the cases.  
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5.6 Triangulation 

By recognising that the data collection process is often ‘messy’ and complex, Hartley (2004) 

suggests that researchers studying cases employ triangulation in order to better facilitate research 

validation. Triangulation can help to avoid errors and bring findings closer to the ‘truth’ (Lincoln et 

al., 2011). This is particularly important in this research study as it involves subjective views as well 

as observations. Greene et al. (1989) provide a detailed justification for the use of triangulation in 

research that combines qualitative and quantitative research methods. For them, the process of 

triangulation is one of "convergence, corroboration, correspondence" and during the coding of 

data, there is a strong emphasis on identifying points of corroboration between qualitative and 

quantitative data (p.105). Carvalho and White (1997) propose four reasons for undertaking 

triangulation: 

• Enriching: the outputs of different informal and formal instruments add value to each other 

by explaining different aspects of an issue. 

• Refuting: where one set of options disproves a hypothesis generated by another set of 

options. 

• Confirming: where one set of options confirms a hypothesis generated by another set of 

options. 

• Explaining: where one set of options sheds light on unexpected findings derived from 

another set of options. 

Denzin (1973, p.301) proposes four basic types of triangulation: 

• Data triangulation: involves time, space, and persons 

• Investigator triangulation: involves multiple researchers in an investigation 

• Theory triangulation: involves using more than one theoretical scheme in the 

interpretation of the phenomenon 

• Methodological triangulation: involves using more than one option to gather data, such as 

interviews, observations, questionnaires, and documents. 

Triangulation is, essentially, the “combination of two or more data sources, investigators, 

methodological approaches, theoretical perspectives or analytical methods” (Thurmond, 2001, p. 

253). Triangulation offers researchers the opportunity to approach the data from multidimensional 

perspectives, which in turn increases external and internal validity, as well as reliability within the 

project (Boyd, 2000). Within this research, methodological triangulation was employed as an 

essential component. Under this assumption, researchers that employ triangulation, through the 

use of multiple methods (e.g. surveys, interviews, observations) that produce similar results, would 
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likely be able to demonstrate that appropriate measures have been implemented (Moran-Ellis et 

al., 2006). This notion has also been referred to in the literature as ‘convergence’ (Matheson, 1988); 

but along the same lines, if convergence fails to appear the results may end up being contradictory 

or inconsistent, suggesting flaws in the research instruments (Matheson, 1988).  

Methodological triangulation, also known within the literature as method triangulation, mixed 

method triangulation, or multimethod triangulation is used to limit possible biases generated by 

only using a single method (Barbour, 1998; Greene & Caracelli, 1997). It is preferred in the field of 

education because it allows for the cross-verification of data (Lincoln & Guba, 2000). By using 

methodological triangulation, this study was able to balance the weaknesses of one research 

method with the strengths of another. Furthermore, this research used theory triangulation, 

which involved more than one theoretical scheme in the interpretation of the phenomenon (see 

Chapter 3 where a number of theory approaches were combined to develop the theoretical 

framework used in this study). Table 5-2 below shows this study's research questions and how they 

relate to the methodological and theoretical framework. 

 

            Research Questions Theoretical framework Data Collection Methods 

RQ1: What would be a model of PCK for 
teaching calculus? 

Model of teacher 
knowledge (Lesseig, 2016; 
Khakbaz, 2016; COACTIV, 
2004; TEDS-M, 2008) 

Theory approaches 
are combined to 
develop the 
theoretical 
framework 

Theory triangulation, 
which involved more than 
one theoretical scheme in 
the interpretation of the 
phenomenon  

RQ2: Using this model of PCK, how do 
calculus teachers articulate and demonstrate 
their PCK? 

The proposed model of 
PCK for teaching calculus 

Quantitative  

Qualitative 

 

Survey 

Interview  

Observation 

Table 5-2: Research Questions and Relationship to the Methodological and Theoretical 

Framework 

When planning a piece of multi-stage research, several questions must be asked (Bryman, 2006). 

For example, an early question asked in this research was whether quantitative and qualitative data 

should be collected simultaneously or sequentially and whether qualitative or qualitative data has 

priority (Morgan, 1998; Morse, 1991). As a research study using both qualitative and quantitative 

data collection, no one form of data was more important than the other and triangulation was 

ensured at an early stage to ensure valid and reliable results (Tashakkori & Teddlie, 1998; Creswell, 

2003; Creswell et al., 2003; Greene et al., 1989). This approach to multi-stage research occurred at 

the research question stage and was embedded throughout the research process. 
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5.7 Multiple Methods 

In his definition, Creswell (2003) talks about underlying philosophical assumptions that guide the 

collection and analysis of data and the “collection, analysis and mixing of data”, the central premise 

being "... that the use of quantitative and qualitative approaches in combination provides a better 

understanding of research problems than either approach alone” (p. 5). 

5.7.1 Rationale for Multiple Methods of Quantitative and Qualitative Research 

Teachers’ PCK is a challenging and multifaceted field (Magnusson et al., 1999) and it is, therefore, 

difficult to capture it by using one method alone. It was decided that using a single method of data 

collection would not meet the aims and objectives of this research. Many studies have used 

multiple approaches together to investigate teachers’ PCK (e.g. Duling, 1992; Baker & Chick, 2006; 

Ijeh, 2012; Nordin et al., 2013; Gall et al., 2003). The use of multiple approaches, over many years, 

suggests that using multiple approaches is consistently considered to be appropriate within the 

field of education. 

This study used both qualitative and quantitative methods as the researcher acknowledges that “all 

forms of measurement can be imperfect” (Harrison et al., 2017, p.5) and, therefore prone to errors, 

which may invalidate the findings of a piece of research. To address this, this study used 

triangulation in the form of observations, interviews and survey, to avoid any potential errors in the 

aim of understanding what is happening and reach as close to the ‘truth’ as possible (Lincoln, 

Lynham & Guba, 2011). 

In order to give a clear perspective to the overall research, using quantitative and qualitative 

methods need to be considered together. This comparison of data, as a whole, offers a more 

detailed approach than analysing individual components. In this study, this was achieved through 

survey (quantitative), observation (qualitative) and interview (qualitative) design. While 

quantitative data offers the ‘hard’ data, according to multiple researchers (e.g. Denzin & Lincoln, 

1994; Domegan & Flemming, 2007; Myers, 2009), the use of qualitative methods helps to explore 

and discover issues about the problem at hand and is designed to help researchers understand 

people, and the social and cultural contexts within which they live and/or work. This is particularly 

pertinent to this study, as the examination of calculus teachers, within the context of the university 

setting, required both an understanding of the culture surrounding pedagogy as well as aspects of 

pedagogical knowledge. This group of teachers falls within a specific community of practice, where 

their knowledge, experience, and training all contribute to their setting. As such, a multiple 

methods approach was deemed to be most suitable for this research study. 
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This study aims to identify calculus teachers’ PCK and how they use their knowledge of PCK in 

practice, together with the factors that influence their practical decisions in the classroom, which 

influenced the decision to use multiple methods within a studying cases methodology. Punch (1998) 

suggests that the researcher “... should choose a method that is appropriate to what you are trying 

to find out” (p. 244). The research questions, the focus of the phenomenon being studied, the 

philosophical approach or paradigm were all involved in directing the research methods (Punch, 

1998). Table 5-3 below presents, in detail, the connection between the theoretical framework and 

the data collecting methods. Each selected method of data collection is explained in detail in the 

following sections. 

Table 5-3: Connecting the Theoretical Framework and the Data Collecting Methods 

First Level categories  Second Level Categories (Lesseig, 2016; 
Khakbaz, 2016; COACTIV, 2004; TEDS-M, 
2008) 

Data collecting methods 

 

PCK - Learners’ cognition of calculus 

Students' misconceptions and learning 
difficulties in calculus. 

Survey, Interview, 

Observation 

Knowledge of students’ thinking about 
calculus concepts. 

Survey, Interview, 

Observation 

 

PCK- Developmental aspects of the 
calculus curriculum. 

Knowledge of aims for teaching calculus.  Survey, Interview, 

Observation 

Knowledge of sequencing of building blocks 
of mathematical theories.  

Survey, Interview, 

Observation 

 

PCK - Knowledge of instructional strategies 

Relationship between instruction and 
students' ideas in calculus. 

  

 

Survey, Interview, 

Observation 

Questioning strategies in calculus. 

Use of pivotal examples or  

Counter-examples in calculus. 

Mathematical representation in calculus. 

PCK - Knowledge of calculus connections. Real- world applications of calculus. Survey, Interview, 

 Observation 
Calculus in academic subjects. 
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5.8 Selection of the University Course 

As the researcher had a prior relationship with the mathematics faculty in the college at University 

X, so the location of the study was confirmed, and the researcher decided to choose the calculus 

course. Since this was the only first year calculus course offered at University X, it was deemed to 

be the only option available to the researcher. Yet, despite being the only option, it provided clear 

and consistent messaging through the syllabus to both the teachers and the students. It also 

allowed for data to be compared across the four participants, who teach mathematics students 

only. The researcher's relationship was specifically with the administrator overseeing programme 

development. Based on previous communications with him, along with the researcher’s own 

investigation into the syllabi of other first-year calculus courses across different universities in the 

KSA, these topics seemed to generally be consistent with those which are taught at other 

institutions. This was not necessarily important at this stage of the research process, as with a small-

scale study of multiple cases generalisability is not the aim. However, in future research projects, 

this information may have the potential to be useful.  Table 5-4 shows the topics of the calculus 

lectures selected for observation. 

 

           Proposed Model                   

Lecture 

Learners' cognition of 
calculus 

Developmental aspects of 
calculus curriculum 

instructional strategies Knowledge of 
calculus connections 

Functions    √ √ √  

Limit   √ √ √  

Continuity √ √ √  

Derivatives  √ √ √  

Following the 
Differentiation Rules  

√ √ √  

Applications of 
Differentiation 

√ √ √ √ 

Integrals  √ √ √  

Applications of 
Integration    

√ √ √ √ 

Table 5-4: Topics of the Calculus Lectures Selected for Observation 

5.9 Methods 

One of the main aspects of data collection that is an essential component of any research study are 

ethical issues and considerations associated with each type of approach. Within this current 
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research, both the pilot study and the main study required the researcher to have informal 

conversations with both administrators (i.e. through the organisation of the observations) and with 

the participants (i.e. for scheduling the observations, interviews, and for completion of the survey). 

The researcher applied for ethical approval for his research via the University of Southampton 

Ethics and Research Governance Online (ERGO), see Appendix D and F, and section 5.15 outlines 

the ethical considerations associated with this research. 

All three data collecting instruments were piloted, prior to their final use. Conducting a pilot study 

is an essential component of the research process as it provides further justification for the 

instruments used and ensures that they meet the needs of the research process (Hazzi & Maldaon, 

2015). By involving both the Research Supervisor and PhD peers within this process, the survey, 

observation, and interview were evaluated to a higher level of expectation. In terms of the survey, 

the question types were modified to include questions that were easy to understand and 

appropriate to both the study and the level of the teachers. It was also ensured that ambiguous 

questions were avoided, and that Arabic was seen as the best language to conduct the study in. 

Further, for the interview piloting assured that the grammar, question type, and word choice was 

most appropriate for the situation and that the researcher was well prepared to answer the 

questions that might be posed by the teachers. The observation schedule was revised to better suit 

what the researcher was able to do within the classroom and these results were further discussed 

with the PhD supervisor. It is recognised that no instrument will ever end up being perfect and that 

limitations will always need to be considered. However, through the use of a pilot study, these 

challenges were able to be minimized and addressed prior to the main study. As a result of this pilot 

study, the researcher was able to proceed with the final study from April to July 2017. A thorough 

and detailed report of the pilot study can be found in Appendix E. 

5.9.1 Overview of Survey 

As there may not be a relationship between what a teacher knows and what they score in a test, 

quantitative findings may not present a complete picture. Researchers (e.g. Ball, 1990; Even, 1990; 

Leinhardt & Smith, 1985; Shulman, 1986; Wilson et al., 1987) suggest that a more qualitative 

approach, focusing more on how knowledge is organised and whether it can relate to what the 

teacher knows about the discipline may be beneficial. Without some sort of quantitative 

component, however, comparisons are inevitably difficult. As this research only comprised four 

cases, devising an instrument that would allow for the delivery of a level of feelings from the 

participants was considered necessary in order to support the rich data obtained from the 

interviews and observations conducted in this study.   
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Survey is a widely used instrument for researchers when collecting data (McNeill, 1985). It is 

prepared by developing a form of statements, which may relate to attitudes, facts or beliefs (Ary et 

al., 1979) and presented to a target group or a sample of the population. Kumar (2011) defines a 

questionnaire as “a written list of questions, the answers to which are recorded by respondents” 

(p.145). Using a survey technique in this research study, allowed the researcher to complete a form 

of triangulation. Using observations provided the actuality of what the teacher did, interviews 

allowed the teacher to say what they did and the survey provided the teacher the opportunity to 

indicate what they thought they did.  

One of the major components of survey design is the actual phrasing of the statements. Decisions 

on language can have a significant impact on the data that ends up being collected (Fowler & 

Cosenza, 2009). It is essential to review and evaluate the design of survey research in order to 

assure that the statements being created actually relate to the topic being discussed and the 

research questions posed. Fowler and Cosenza (2009, p.376) identify what constitutes a “good” 

question and outlines four characteristics, which can equally be applied to survey statements as 

they: 

1. must be clearly understood consistently (i.e. by all participants); 

2. must allow for answering/reporting in an appropriate way; 

3. be such that the participants have the information needed and/or required to actually be 

 able to respond; 

4.        be such that the participants are willing to respond. 

5.9.1.1 Discussion of Survey Procedure 

As a first step to answering the research questions, and based on the research objectives, the 

researcher decided to choose a survey-based method for exploring the teachers’ background. This 

included many steps, including starting to review literature (e.g. Cohen et al., 2013) on designing 

the survey. Furthermore, the researcher reviewed many studies (e.g. Eley, 2006; Ijeh, 2012; 

Melibari, 2015; Ng, 1995; Sulaiman, 2011; Thomas, 2012) that employed questionnaire to 

investigate PCK, teaching mathematics, and the nature of mathematics, and used them to inform 

the survey statement development for the present study.  

The survey form was designed to obtain certain demographic information, and to obtain the 

teachers' judgements regarding PCK in relation to their classroom practices within calculus 

teaching, focusing on both their own understanding as well as how they felt about the challenges 

faced by their students. The researcher attempted to target the planning stage (the aims of 
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teaching), the implementation stage, and the reflection stage through the survey statements, while 

also addressing the relationship between this information and students’ prior knowledge. The 

survey targeted their knowledge of calculus teaching, instructional skills/strategies, curriculum and, 

finally, student difficulties and assessment, using a five-point attitude scale (see Appendix I).  

In terms of demographic questions, the researcher was primarily interested in the pedagogical and 

professional backgrounds of each teacher, along with their world experiences. This section began 

with simple questions about the participants’ university experience and qualifications. This simple 

beginning served two purposes: first, it was designed to provide the researcher with a baseline for 

the explanation/results phase of the project. Second, it offered an easy transition into other 

instruments, while attempting to build rapport and trust, something McNamara (2009) highlights 

as essential. After establishing this baseline, questions in the demographic section covered teaching 

or travelling abroad. While not necessarily relevant for this project, these questions provided 

insights into the line of thinking for each teacher and benefitted the researcher moving forward. 

The researcher met the participants and gave them the information sheet and consent form for the 

study (see Appendix I {I.2, I.3, I.4, I.5}) and explained the stages of the data collection, then 

distributed the survey. 

5.9.2 Overview of Observation 

Observation allows the researcher to obtain most of the information from their surrounding 

through looking. Simpson and Tuson (1995) argue that observation is to be the main method and 

most versatile way of gathering data in a small-scale study on the one hand, on the other hand it 

can be complex and difficult to undertake. In this study, observations of teaching were used as the 

main research tool to gain insight into aspects of the PCK of university teachers, in order to examine 

the extent to which they demonstrate an understanding of the pedagogy that is associated with 

teaching a particular group of students within a particular set of circumstances. 

5.9.2.1 Justification for Using Observation 

Ritchie's et al., (2013, p.245) four main components were used to justify the use of observation in 

this research study. In Table 5-5, Column 1 presents the four components of Ritchie et al., and 

Column 2 the applicability of these components in this study. 
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The justification for the use of observations relates to 
four main components identified by Ritchie et al., (2013, 
p.245) 

The applicability of Ritchie's et al., components (2013) in this study. 

1. Studies that examine the way people 
interact with an environment or other physical 
context. 

The participants should be able to demonstrate their content 
knowledge and, to some extent, describe the pedagogical 
approaches underpinning their work; however, the ability to link 
the two together is generally classified as a complex process. 

2. Studies that have complex processes or 
interactions that are difficult to describe 
accurately. 

When addressing complex mathematical issues and student 
responses to these issues, participants are likely to undertake 
instinctive actions in the classroom that they are not aware of; the 
process of classroom observation may help to account for these 
phenomena. 

3. Studies that need the interpretation of 
instinctive actions or subconscious 
behaviours, where participants might not be 
aware of their own behaviours. 

To appropriately assess both the pedagogical and content 
components of teachers, observing the interaction between 
teachers and students in the lecture environment will be essential. 

4. Studies that focus on social norms or 
pressures to conform to certain behaviours 
(for example, situations in which participants 
cannot or may not be willing to verbalise an 
accurate description of their behaviours)  

With pedagogical understanding, there is often a need to be seen 
as “innovative” or to conduct a calculus lesson in a certain way. 
When expressing their own interpretations, teachers may feel 
pressured to suggest that they act or teach in a certain way, though 
this may not be the case in practice; therefore, observing actual 
lessons is an appropriate way to address this. 

Table 5-5: Justification for Using Observation (source: Ritchie et al., 2013) 

5.9.2.2 Discussion of Observation Procedure 

A researcher who chooses to study cases must be sensitive to both opportunistic and planned data 

collection (Hartley, 2004). This is particularly true within the context of this research, as the 

observations allowed for unplanned situations which could produce results not previously 

discussed in the literature. This research project used longitudinal data collecting within the context 

of each case. This choice was made in order to ensure that when the observations were conducted, 

the teachers were given multiple opportunities to demonstrate their PCK in the classroom, as it was 

recognised that some concepts and/or lessons are easier to teach than others, and the researcher 

wanted to provide the teachers with multiple opportunities to demonstrate the relationship 

between knowledge and practice.  

Four participants were observed in this study, with each being observed for one lesson per week 

over the course of eight weeks, totalling 32 total observations. Participants were observed over 

eight separate sessions in order to ensure that an accurate representation of their teaching 

methods and practices were obtained. Teachers have certain strengths in different areas; by using 

a classroom observation sheet and video-recording the calculus lessons over eight weeks, 

participants were given the opportunities to demonstrate PCK over a wider range of topics. This 

also mitigated the notion of ‘having a bad day’, as the participants had multiple opportunities to 

teach. 
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In the KSA at university level, first-year calculus classes are rather large, and auditoriums generally 

hold up to 100 students. Prior to the observations taking place, the researcher obtained consent 

from each teacher to record the classes. After approval has been obtained from both the head of 

the maths department and participant teachers, the students were notified by email, prior to the 

commencement of the study, about the use of video-recording in four of their calculus classes. 

Teachers were notified in advance which classes were to be recorded, and it was the same class 

each week. The researcher relied mainly on the video recordings and the classroom observation 

sheets (see Appendix J). As the students were not part of this research project, the video camera 

was not directed towards the students.  In using both recording methods, the researcher used 

different techniques for capturing what happened in each case and what each case was about. 

Given that each session lasted two hours, the important consideration at this stage of the project 

was that when all these data were obtained the researcher could concentrate on those points that 

would help answer the research questions. The main reason for using classroom observation was 

that it would allow the researcher to keep thinking in terms of, and looking through, the lens of 

PCK. In this way it was considered that other interesting data could be revealed. 

The researcher chose to video-record the lectures for several reasons. First, due to the nature of 

the subject material, the participants would often work on blackboards/whiteboards. Second, the 

researcher wanted to consider aspects of instructional strategies (for example, interactive 

instruction, gestures, movement around the classroom, etc.) as aspects of a pedagogical theory 

that suggests that non-verbal elements also have an effect on delivery and comprehension (Power, 

1998). In addition, the researcher focused on the building blocks of mathematical theories, such as 

axioms, definitions, theorems, proofs and diagrams. 

5.9.2.3 Using an Observation Schedule 

While the researcher video recorded the classroom lessons, there was still the need to be 

methodical in what aspects of the lecture contributed to PCK, especially when considering the 

different teaching styles, the teachers may present and the way that information may be 

communicated. As the researcher lacked experience of using observation within qualitative 

research, using a structured observation schedule offered an added level of support to ensure that 

the research questions were addressed, and the data collected remained focused. 

Four areas were identified as being particularly important to the field of PCK (see proposed model 

Figure: 4-6, p.71). Once the overall themes were identified, the researcher utilised aspects of 

previous observation methods designed by a number of researchers (e.g. Wragg, 1999; Ijeh, 2012; 

Henze & Van Driel, 2015) to fill in the gaps. Then, after adding calculus concepts (Alcock, 2014) to 
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develop the observation schedule, the researcher investigated different versions by applying three 

different observation schedules to existing video recordings of the teaching of calculus 1 that are 

available on YouTube. This was done so that the analysis would best address the research questions 

posed. As a result of this pilot study, the researcher produced a new observation schedule and 

outline for the lecture (Appendix J, J.1). The researcher met the participants and gave them the 

information sheet and consent form for observation (see Appendix, J.1, J.2, J.3, J.4) and explained 

the stages of the data collection, then selected the lectures which the researcher would attend. In 

some instances, aspects of the observation were followed up with a brief interview, for example, 

with the participating teacher (see Appendix K.7). 

5.9.2.4 Sampling Strategy for the Observations 

The sampling strategy was purposive, and the type being critical case sampling, the definition of 

which is the process of selecting a small number of important cases - cases that are likely to “yield 

the most information and have the greatest impact on the development of knowledge” (Patton, 

2002, p. 236).  Also, critical case sampling is: 

Extremely popular in the initial stages of research to determine whether or not a more in-

depth study is warranted or where funds are limited, critical case sampling is a method 

where a select number of important or “critical” cases are selected and then examined. 

The criterion for deciding whether or not an example is “critical” is generally decided using 

the following statements: “If it happens there, will it happen anywhere?” or “if that group 

is having problems, then can we be sure all the groups are having problems? (Etikan et al., 

2016, p.3).  

The reason for using critical case sampling is that, although sampling for one or more critical cases 

may not yield findings that are broadly generalisable, they may allow researchers to develop logical 

generalisations from the rich evidence produced when studying a few cases in depth. To identify 

critical cases, the researcher needed to be able to identify the dimensions that make the cases 

critical. In this study, each case was a university calculus teacher. In this study the PCK of teachers 

teaching calculus is the tightly framed framework by which this research is bounded i.e. university 

level, particular branch (mathematics department) of a particular subject (calculus). 

5.9.2.5 Reasons for Selecting Three Observations for Each Participant 

Observing teachers can be seen as a sensitive process. Conducting eight lesson observations for 

each participant had a number of effects, including: 

• the presence of the observer became normalised to the participant and the students; 
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• the participants did not know which observation was to be analysed; 

• the participant's behaviour in their teaching practice was not atypical of their normal 

classroom practice i.e. they did not do a 'special lesson'.  There was no guarantee that the 

teacher would not make a special effort during each observation, but it reduced this 

possibility; 

• the observer, as well the camera, became a familiar sight in the classroom. 

The researcher took the list of lectures and divided the lectures according to the elements of the 

proposed model of this study into two groups that contained similar characteristics. The researcher 

followed the process of systematic sampling, which according to Cohen and Manion (1994) is “a 

modified form of simple random sampling” (p. 87). The researcher applied this process to the 

observed lectures as a population, rather than the participants. All the lectures were listed in their 

order of 1 to 8 on pieces of paper. Then these were divided into two groups for systematic sampling, 

1,2,3,4,5,7 in bowl 1 and 6 and 8 in bowl 2. Two numbers were picked out of bowl 1 and one out of 

bowl 2. Figure 5-1 illustrates the method of selecting three observations for each participant. It is 

acknowledged that there are advantages and disadvantages to this approach. The advantages were 

that the observations were not subject to additional researcher bias and provided a fair 

representation of the material. The disadvantages were that it was possible that some lessons 

would not necessarily be representative of what actually happened across different lectures by a 

participant. As this disadvantage could not be prevented, even if lessons were specifically selected, 

the method employed for selection was seen as the most appropriate approach. 

 

Figure 5-1: The Process for Selecting Observed Lectures for Analysis 

5.9.3 Overview of Interview 

An interview is a conversation that has a structure and/or a purpose and is led by one party: the 

interviewer. In the current research, to meet the research objectives, it was necessary to interview 

participants to gain their insights and perspectives (Cohen et al., 2013). Mouly (1978) defines an 
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interview as “a conversation carried out with the definite purpose of obtaining certain information” 

(p.201). Asking about the interviewee’s everyday life can reveal powerful insights into the life and 

understanding of the participant (Kvale, 2008). Nevertheless, despite their powerful nature, 

interviews require various other sources of data to reinforce their accuracy (Silverman, 2015), such 

as observation. 

An interview provides an opportunity for the researcher to gain insights into their participants’ 

perspectives and experiences (Cohen et al., 2011). Interviews are also often used for follow-up data 

collection, should a topic of interest arise that requires greater illumination, or triangulation with 

other methodologies to improve reliability (Denscombe, 2003). Therefore, the calculus teachers’ 

PCK was explored using interviews to provide qualitative data. Triandis and Berry (1980) suggest 

that “a research interview is a two-person conversation; it is initiated by the interviewer for the 

purpose of obtaining research-relevant information and focused by him on the content specified 

by research objectives of systematic description, prediction, or explanation” (p.142). Using 

interviews in this study was considered advantageous, as they would generate comparative data 

while permitting greater freedom than the use of a survey.  

Face-to-face individual interviews were used, as they typically result in responses that are more 

accurate than if an interview is conducted by another means (for example, a telephone interview) 

(Silverman, 2010). Furthermore, due to the detailed nature of the topic being discussed, an 

individual interview was deemed appropriate as opposed to, for example, a group interview. Codo 

(2008) suggests that individual interviews provide a more personal environment and are generally 

linked to obtaining more accurate responses. While it is acknowledged that group interviews are 

also useful for the exchange of ideas (Codo, 2008), in this research, the detailed nature of the topic, 

as well as the busy schedule of the participants, meant that face-to-face interviews were considered 

the most appropriate. 

Face-to-face interviews are particularly useful because they allow the researcher to gain access to 

an interviewee’s insights into human affairs and behavioural events, which are essential to studying 

case evidence (Yin, 2003). Furthermore, non-verbal communication can be more easily observed 

during face-to-face interviews. In order to ensure the participants provide honest, in-depth 

responses, the interviewer is required to quickly build a good rapport with the interviewee (Robson, 

2007) as “People tend to enjoy the rather rare chance to talk about their ideas at length to a person 

whose purpose is to listen and note the ideas without being critical” (Denscombe, 2003, p. 190). 

Finally, non-verbal communication can also be observed during a face-to-face interview. 

Despite the many positives associated with interviews, there are also negatives. Yin (2003) suggests 

that interviews should be taken as verbal reports only and that, when reporting such events, it is 
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essential to note that interviews are subject to the “common problems of bias, poor recall and poor 

or inaccurate articulation” (p.109). In addition, the interviewer can be biased with their questions 

or the topics they choose to pursue (Mouley, 1978; Cohen et al., 2011). It is also unlikely that two 

interviewers obtain the same findings, as “interviewers are human beings and not machines, and 

their manner may have an effect on respondents” (Bell, 2005, p. 166). Researchers typically have a 

research question and will be more likely to pursue topics that validate this question, as opposed 

to topics that may call it into question (Borg, 1981). Interestingly, participants can also be biased in 

their responses; rather than being honest, they may try to answer in a manner they think the 

interviewer desires. A further limitation of interviews is the fact that they are highly time-

consuming; they take time to arrange and conduct, and post-interview transcription and analysis is 

a slow process (Drever, 2003). Interview participants also need to be well informed of the ethical 

implications of the interview, including informed consent, confidentiality and the intention to do 

no harm. It was necessary to record the interviews, because taking notes while participants are 

speaking is inherently subjective and it is impossible to record every word, phrase and gesture 

participants produce, thus making a non-recorded interview less reliable. However, in this case, 

participants were encouraged to confirm their interview notes after the event, thus minimising this 

limitation. 

A semi-structured interview was deemed appropriate for this study because the advantages are 

greater than the limitations. This enabled the researcher to delve deeper and obtain greater insights 

from the participants, thus obtaining richer data. 

5.9.3.1 Selecting the Interview Type 

A semi-structured interview is created in such a way that flexibility is allowed within the interview 

process (Silverman, 2015). In a semi-structured interview, a few essential questions are designed 

for the researcher to follow, although leniency is permitted when steering the conversation toward 

topics that arise as a result of the conversation with the interviewee. A semi-structured approach 

was selected for this research study for a variety of different reasons. First, as this study is 

exploratory in nature, semi-structured interviews allowed for topics to be discussed before further 

exploration of topics that were not initially identified by the survey. Second, semi-structured 

interviews allowed the researcher to prepare some key questions allowing the interview to flow, 

but still maintain a focus on the topic of PCK in university calculus. If an unstructured interview had 

been selected, the topic or research questions may not have been fully addressed. The semi-

structured interview format selected allowed for greater flexibility than a structured interview 

(Burns, 2000). However, flexibility can also present limitations, as participants may spend time 

discussing something tangential and unrelated to the interview topic (Burns, 2000). The interviewer 
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will initially have a set of open-ended questions to form some basic structure; however, they are 

then free to ask supplementary questions according to participant responses (Burns, 2000; 

Descombe, 2003; Bryman, 2004). If required, the initial question structure can therefore be 

reordered during the interview, or questions can be deleted if needed (Bryman, 2004; Robson, 

2002).  

Semi-structured interviews were used to explore how the participating teachers articulated their 

PCK on the particular topics they had taught. The interviews also focused on how teachers’ 

educational background facilitated their teaching of calculus (Jong et al., 2005; Rollnick et al., 2008). 

This interview schedule was initially piloted (see Appendix E.2) before the final version was used. A 

mathematics expert and two education specialists evaluated the stipulated questions to identify 

whether sufficient information could be obtained to comprehensively understand the extent to 

which the participants’ PCK background has facilitated teaching calculus. These experts concluded 

that the interview schedule was appropriate. While interviews are semi-structured, meaning they 

contain specific questions for all participants, they also enabled the interviewer to pursue topics of 

interest in greater depth (Bell, 2005) and thus obtain explanations that could not be gathered 

during an observation. 

5.9.3.2 Designing the Interview Schedule 

In designing the interview schedule, the researcher reviewed many studies (e.g. Sowder et al.,1998; 

Sulaiman, 2011; Ijeh, 2012; Henze & Van Driel, 2015) which were also based on theoretical 

frameworks and employed interviews to investigate PCK and teaching mathematics.  

Three main areas required consideration, these included asking questions on knowledge of 

teaching calculus, on knowledge of student understanding within calculus, and the sequencing of 

building blocks of mathematical theories in calculus. These areas were identified as essential in 

relation to the literature and theoretical framework, but also in support of the surveys conducted 

prior to the interviews. 

The remaining parts of the interview included asking participants about their own teaching 

experiences and a variety of questions surrounding pedagogy, content and administrative matters. 

While the purpose of this study is to examine PCK, it was important for the researcher to gain a 

thorough understanding of the participants as people (Kvale, 2008), as people are multifaceted. For 

example, it was important to determine whether teachers were selecting their own textbooks and 

course materials since a lack of consistency in this area may indicate that while some teachers are 

using what they feel to be the best possible resources for their students, other teachers may be 

hindered by administrative bodies (i.e., their topics, texts and assignments may be imposed from 
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above). These factors may play a role in the pedagogical development of the participants. In 

addition, the interview method was designed to further clarify the pedagogical knowledge of the 

participants by investigating their knowledge of the “typical” learner in their university classes. This 

section refers to students’ levels of success and areas of difficulty. The interview also posed 

questions about the understanding of assessment strategies, which are an essential component of 

PCK (see Appendix K.1 for the interview schedule and K.2 for this in Arabic). 

5.9.3.3 Conducting the Interviews 

Much like other research methods, interviews require significant preparation before their actual 

delivery. McNamara (2009) mentions eight principles in the preparation stage of an interview: 

selecting a suitable environment, explaining aim, format and confidentiality, pointing to the length 

of time, asking for questions before starting, giving the researcher’s contact details and utilising 

some kind of video/audio-recording equipment. In this study, all the participants were calculus 

teachers from University X. The researcher provided the Dean of Faculty of University X, and the 

head of the mathematics department with an information sheet and/or letter of research 

introduction with details of the study and what involvement in the study requires from the 

participants. The researcher met the participants and gave them the information sheet and consent 

form for the study (see Appendix, K.3, K.4, K.5, K.6) and explained the stages of the data collection, 

then booked a room for the interviews. 

5.10 Pilot Study 

In order to answer the research questions, it is essential to examine some of the main components 

of this research project that may influence the findings. Within research, some aspects are pre-

testable. For example, a pilot study can test survey instruments, interview schedules and 

observation protocols, with the aim of striving for a high level of accuracy, especially in the terms 

of clarity (Creswell, 2014). Creating and implementing valuable instruments in order to obtain 

useful and helpful data requires a multiple step process which requires several attempts in order 

to provide the clearest instruments possible. This section outlines the benefits of a pilot study 

before discussing the specifics of the data collection and the changes made.  

Pilot studies, also known as feasibility studies, exist for the primary purpose of pre-testing a 

particular instrument which will be used in the research. It is typically a common step in the 

research process when using surveys, observations and interviews (Van Teijlingen & Hundley, 

2002). The advantages of conducting a pilot study include knowing the weaknesses of a current 

instrument and where it might fail, whether or not research protocols might be followed, and to 

determine the appropriateness of the instruments (De Vaus, 1993). Pilot studies can be used in 
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both quantitative and qualitative research and should be completed enough in advance of the main 

study so that changes can be made to the instruments in a timely but organised manner.  

The pilot study for this research was completed in December 2016 through to January 2017 and 

spanned 23 days. During this period the researcher returned to KSA in order to use face-to-face 

meetings in order to ensure that each step in the pilot process was clear and that follow up 

questions could be asked, if necessary. Before leaving to conduct the pilot study, the researcher 

had already completed a working draft of the instruments, which had been seen by the PhD 

supervisor. Once discussions around these instruments had occurred, the researcher contacted two 

participants and asked them to participate in the pilot study process. The participants are calculus 

teachers at the university level, but they teach the foundation year for engineering students. The 

research project was explained to the participants prior to the researcher’s arrival in the KSA (this 

was completed by email) and they were given copies of the Participant Information Sheet (see 

Appendix I.2, I.4, J.1, J.3, K.3, K.5) as a general guideline. 

With respect to the participants, both were seasoned mathematics teachers. Pilot Participant 1 is 

someone who I had observed in the past. He had previously taught calculus and spoke passionately 

about the students in his course. He was considered to be a mid-career mathematician, being 

between 36-50 in age and with 8 years of experience in mathematics teaching. He had completed 

undergraduate, graduate and PhD level study in mathematics and was currently employed as an 

assistant professor. Pilot Participant 2 is also a mid-career professor with 13 years of experience in 

mathematics teaching - 6 of those years as a teacher in the KSA. He is between 36-50 years of age 

and currently employed as an associate professor having completed undergraduate, postgraduate, 

and PhD level study in mathematics. I selected Pilot Participant 2 for the pilot study because I was 

familiar with his teaching philosophies and I had previously observed his classes. For more detail on 

the pilot study (see Appendix E), which includes any changes that were made to the data collecting 

instruments. 

5.10.1 Amendments and Considerations Following the Pilot Study 

It is noteworthy that the pilot study gave the instruments of this study more accuracy and clarity. 

Summary of amendments: 

In the survey, adding the demographic information as the first part; there were several changes for 

example, some statements were unclear in meaning; changing the survey questions in more than 

two directions to discriminate significantly between subjects, and to elicit valuable information 

about PCK.   
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In the observation schedule, the researcher began with three different observation schedules, as it 

was unclear which one would be most appropriate, and the researcher aimed to use different 

observation schedules in order to design a final appropriate observation schedule. It was hoped 

that by collecting the data and then analysing it according to the three different schedules, that the 

outcomes would best represent the research questions posed as a result of the pilot stud. The 

researcher produced a new observation schedule and outline for the lectures (Appendix J), 

informed a little by version 2 and 3 and much by version 1. 

The interview was very long, and many of the interesting questions could lead to lengthy responses. 

Therefore, it was be better to record the demographic information beforehand, by a questionnaire 

rather than as part of the interview and reduce the final interview schedule from five parts to three 

parts. 

5.11 Initial Participant Identification and Sampling 

Participants were selected through purposive sampling. Purposive sampling occurs when the 

participants are selected based upon the judgement of the researcher, and this method is best 

employed when undertaking small-scale research projects (Creswell, 2013), as was the case in this 

study. In addition, it offers the researcher the opportunity to target specific individuals that meet 

the study requirements within bounded criteria set by the researcher. Purposive sampling, which 

is a kind of non-probability sampling, generally offers an appealing solution for a researcher looking 

to study a specific construct (Tongco, 2007; Palys, 2008; Oliver & Jupp, 2006) and can be particularly 

beneficial if the researcher has limited time constraints (Castillo, 2009). 

The research criteria for this study required participants to currently be employed (as either a 

lecturer or professor, or some combination of the two) and to be teaching students enrolled in the 

first-year calculus course at University X. In addition, the researcher selected participants with 

diverse backgrounds (e.g. education level, teaching experience, student class size, etc.) in an 

attempt to maximise the perspectives provided, though this was limited by the number of teachers 

working within the first-year calculus programme. Participants were required to be the main 

contact for the course (i.e. teaching assistants on the course were not considered in the initial 

participant pool). In addition, while knowledge surrounding the implementation of the pre-calculus 

course was beneficial, it was not a requirement for participation in this study. 

In total, there were seven potential teachers in the first-year calculus courses on the male campus 

of University X. I sent requests out to all seven, four responded that they would be happy to 

participate, two responded with a refusal, and the last one responded that he would only 
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participate if I could not find four other participants to do so. As a result, the decision was made 

not to include this final participant, consequently the researcher was limited to four participants.  

The selected participants had different backgrounds, and different levels of experience, but are all 

were teaching first-year calculus using the same syllabus. The demographic questions asked 

enabled the researcher to establish a profile of the sample group (see Table 5-6). All four 

participants fell into the 36-50 age group and held PhDs in Mathematics obtained from non-Saudi 

universities. Their experience of teaching calculus at university level ranged from 4 to 8 years. Out 

of the four participants, only one had experience of prior teaching and the other three were 

students prior to teaching calculus at university level. None of these participants had attended 

academic conferences about the teaching and learning of calculus. These teachers worked 

individually, but with the same preliminary material. They did not have many opportunities to work 

or collaborate because of other demands, such as research, taking up their time.  

Teacher Qualification Research 
activity 

Teaching calculus 
experience 
(in years) 

Background 
pedagogy 

John BSc in mathematics education, 
MSc and PhD in Applied 

Mathematics 

Yes 4 Yes 

Alex BSc in mathematics education, 
MSc and PhD in Applied 

Mathematics 

Yes 4 Yes 

Sam BSc, MSc, and PhD in Applied 
Mathematics 

Yes 6 No 

Tom BSc, MSc, and PhD in Applied 
Mathematics 

Yes 8 No 

Table 5-6: Information About the Participants 

5.12 The Process of Data Collection 

Ethical approval for conducting this research from the University of Southampton (Appendix F) was 

obtained and the data collection process began by sending a letter regarding data collection 

(Appendix G) in order to obtain the consent of University X; the gatekeeper for the selected case 

setting (Appendix H). The researcher provided the Dean of Faculty of University X, and the head of 

the mathematics department, with an information sheet and letter of data collection with details 

of the study and what involvement in the study requires from the participants. Then, the researcher 

sought the consent of the participants after the research project was explained to them. The 

participants they were given copies of the consent forms (see Appendix I.3, I.5, J.2, J.5, K.3, K.5) as 

a general guideline. Creswell (2007) advises that participants should be made aware of all the 
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process of data collection and they should be made aware of objective of the research, procedure 

for collecting data, participant withdrawal right, researcher’s plan to protect the confidentiality of 

the participants, a statement about the risks participation in the study could entail, and the possible 

benefits to the participants. This was achieved through the participant information sheets (see 

Appendix I.2, I.4, J.1, J.3, K.4, K.6) and the consent forms the participants were requested to sign. 

This study adopted a multiple methods research design. Data were collected from calculus teachers 

through the use of questionnaires, interviews and observations to investigate PCK for teaching 

calculus at university level. While each method was very important, and no one form was more 

important than other, each method was designed look at a specific aspect of PCK (e.g. considering 

how the teaching practices of the four teachers, and what they say about this, provides evidence 

of their PCK of teaching calculus) and also aimed at triangulating and supplementing each other 

method. 

The questionnaire was distributed to the four teachers in the first week of data collection. For the 

interviews, the researcher, guided by the interview schedules, recorded the data mainly using audio 

recording. The researcher followed the recommendations of Simons (2009) in being mindful of 

certain factors: for example, the necessity of establishing rapport; using focused questions to fill in 

certain gaps in the data; maintaining an open questioning style and being a good and careful 

listener. The interviews lasted between thirty to forty and minutes and took place in the college in 

a meeting room. All interviews were in Arabic and translated and transcribed into English. The 

researcher interviewed John and Alex in week two of data collection and observation, Tom in week 

three and finally Sam in week four. Some aspects of the observation were followed up with a brief 

interview, this was with John only, on one occasion.  

For the observations, the researcher agreed with each teacher that he would attend eight lectures, 

two hours for each teacher per week. The researcher provided an overview about the research in 

general and about the observation in particular. In the overview, the researcher emphasised that 

his attendance, in each lecture, would be as an observer. Observation schedules were used to take 

notes, make outlines for each lecture, which were video-recorded to enable further reference.  

Figure 5-2 shows the setting of lectures. The number of students in the lectures were between 56 

to 75. The classroom had a whiteboard and data show projector. A benefit from the pilot study was 

that the researcher knew to choose a suitable position in classroom for him, and the camera, for 

successful observation. The data collection process took roughly three months. After finishing the 

data collection process, the researcher transformed the interview data and observation data into 

textual data for analysis. In addition, the researcher made sure all the data collected in the different 

forms were all saved in retrievable formats for any future reference. 
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Figure 5-2: The Setting of Lectures 

5.12.1 Summary of Information on Students’ Background 

The focus of this research is not the students; however, a general overview can be presented. All 

students were from KSA and there are no non-Saudis students, and all the students were in the 

same age band. They were a mixture of city and rural origin and they all had the same curriculum 

input regardless of where they came from in KSA.  

In high school, students are required to take a certain level of mathematics in order to qualify for 

entry into university, contributing to the idea that many students come with approximately the 

same level of background knowledge in mathematics. Students who complete the KSA Grade 12 

high school mathematics programme generally are taught a simple form of calculus, though it is 

acknowledged that they are taught many of the theories and principles on which calculus is built 

(Alamri, 2011). Therefore, first year university is the first time that students are exposed to the full 

range of knowledge about calculus and teachers need to make decisions about how to proceed 

through the material, because students' background influence their teaching of calculus, and 

students come with some misconceptions. A balance is required because, as a pre-requisite, a 

certain level of understanding is required in order to complete upper year courses, but these 

outcomes must be achievable, or students can become de-motivated and burn out before 

completing the course. These are essential aspects that teachers must consider in the first-year 

model (Alamri, 2011).  

Moreover, while all students need to learn the fundamentals of calculus, classes are focused in 

different ways (i.e. students majoring in mathematics to become teachers focus on slightly different 

lessons than engineering students (MOH)). This may mean that the lecturers focus on different 

pedagogical strategies based on the audience - because the students will be mathematics teachers 

in the future - but the concepts being taught (especially in the first few weeks) are quite similar. 
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Typically, students were asked for responses in a lecturer-to-student dialogue, and while there were 

some instances where students were permitted to work in groups, and the lecturer moved around 

these were not always common and the strategies employed varied between teachers. In the KSA, 

it is still very common for the lecturer to stand at the front of the class with chalk and solve problems 

in front of the students. While the students are permitted to ask questions during this process, 

oftentimes they remain silent and do not engage with the teacher.  

The following sections present the data analysis procedures.  

5.13 Data Analysis Procedures 

5.13.1 Overview 

The method for devising and testing frameworks, both conceptual and analytical, is well-tested in 

educational research and social science research more widely (Ritchie et al., 2013). However, 

managing qualitative research is not without challenges, particularly when it comes to the 

presentation of findings and the management of data. This was addressed in this study by 

referencing both the conceptual framework and the analytical framework for the purpose of focus 

and clarity. Drawing on previous research, focused through the two frameworks, provided origin 

and context, whereas the original empirical research, based on the data gathered for this study, 

tested the conceptual framework in practice. 

Identifying and analysing PCK constructs can be achieved by using methods designed for that 

purpose. In this study, the components of PCK were analysed using multiple assessment strategies. 

These multiple assessment strategies were informed by other researches, an example of which is 

presented in Appendix C. This ensured that the conceptual framework would be tested both in the 

context of other researchers’ work and the original empirical data gathered in this study (see 

Appendix L for examples).  

The proposed model of PCK for teaching calculus with characteristics (See Table 5-7) presents the 

categories of knowledge of content and students when teaching calculus and knowledge of content 

and teaching calculus, each underpinned by a number of first and second level sub-categories. 

These sub-categories were informed, created and categorised from previous research in the 

literature. 
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Table 5-7: The Proposed Model of PCK for Teaching Calculus with Characteristics 

Categories  First-Level Subcategories Second-Level Subcategories (elements) Characteristics  

Knowledge of content 
and students when 
teaching calculus 

 

 

- Learners' cognition of calculus. 

 

- Students' misconceptions and learning difficulties in calculus.  

- identifying students’ difficulties with both constructing and evaluating calculus concepts; 

- identifying students’ difficulties, including their inability to state definitions, not knowing how a proof should 
begin, inadequate concept images, and an inability or disinclination to generate and use examples; 

- Using knowledge of learners’ cognitions to address anticipated questions and students' misconceptions. 

Knowledge of students’ thinking about calculus concepts.  

- identifying the characteristics of external, empirical and deductive concepts of calculus; 

- Identifying students’ formation of mathematical concepts in calculus. 

- Identifying students' progression in understanding typical calculus concepts. 

 

- Developmental aspects of the calculus curriculum. 

 

Establishing appropriate learning goals in calculus - demonstrating ways to define and explain the lesson’s goal and objectives to the students. 

- Identifying the key ideas in learning calculus. 

 

- providing and making available definitions, theorems and proofs to students; 

- providing forms of argumentation appropriate for students’ levels; 

- identifying relationships between mathematical and everyday use of terms; 

- demonstrating “routes” to explain calculus ideas, examples, or proofs. 

Knowledge of content 
and teaching calculus 

 

 

- Instructional strategies. 

 

Relationship between instruction and students' ideas in calculus.  

 

- teaching calculus ideas using a systematic approach based on a solid grounding in logic and its associated 
linguistic expressions; 

- presenting and sequencing problems that can lead students to more easily see the structure of certain calculus 
concepts; 

- demonstrating methods of answering questions, responding to students' ideas, using examples; 

- Demonstrating use of appropriate instructional methods. 

Questioning strategies in calculus.  

- obtaining justification beyond just procedures; 

- encouraging thinking about the general case; 

- actively involving students in the lesson through questioning; 

-  develop critical thinking skills, by asking why; 

- Checking understanding on completion of work.  

Use of pivotal examples or counter-examples in calculus.  - Using examples or counter-examples to focus on key ideas in calculus 

- Mathematical Representation in calculus. 

 

- demonstrating the role of representations as recognised in manipulating mathematical objects, communicating 
ideas, and assisting in problem solving;  

- drawing strong connections between the representation’s students use and their understanding; 

- using tasks that require a flexible use of different representations; 

- linking visual, symbolic, and verbal ideas in calculus  

 

- Knowledge of calculus connections. 

 

- Real- world applications of calculus. 

 

- emphasising mathematics as a way of interpreting experience or as a human activity; 

- indicating that people benefit from the applications of calculus every day; 

- Linking between calculus concepts and application of calculus in everyday use. 

- Calculus in academic subjects. 

 

Demonstrating calculus in various academic subjects.  
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The data analysis in this research took an approach influenced by Hancock and Algozzine (2006) 

(see Figure 5-3) however, in this research Step 6 was omitted, as statistical data was not needed for 

analysis. For the purposes of analysis, each lecture was summarised using the field notes and video 

footage and divided each lecture into several episodes, each episode containing one point of the 

lesson. The researcher utilised all episodes in the selected lectures to analyse the PCK of the 

teacher. The approach was manual and involved sorting through the data and coding the data in a 

systematic way. The process was one of categorising data, which relied on secondary data gathered 

through a literature review as well as through primary research methods. It was vitally important 

to ensure that this process of categorisation was rigorous (Harrison et al., 2017). When categories 

had been established, patterns could then be identified and examined. This follows Yin’s (2014) 

view that data analysis involves "examining, categorizing, tabulating, testing, or otherwise 

recombining both quantitative and qualitative evidence to address the initial propositions of a 

study" (p.109) and also supports Neuman’s (1997) view that "data analysis means a search for 

patterns in data" (p.426). The patterns revealed, through the data analysis process, then formed 

the basis of the research findings. 

 

Figure 5-3: Stage Model of Qualitative Content Analysis (Hancock & Algozzine, 2006) 

5.13.2 Cross-Case Analysis 

As a form of analysis that examines themes across several case studies, cross-case analysis is suited 

to this research, in line with Eisenhardt (1989) view that studying cases is "particularly well suited 
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to new research areas or research areas for which existing theory seems inadequate" (pp.549-549) 

and extends this by considering multiple case studies, gathered both through secondary research 

and primary research, using qualitative and quantitative research methods. This approach has been 

termed by Stake (2000, p.437) as the ‘collective case’ and its value can be recognised as drawing 

data from a range of contexts together for analysis as a means to explore new avenues of inquiry. 

This builds a stronger evidence base to answer a research question. This approach has been 

identified as particularly suitable for this research as it seeks to understand a range of experiences 

and perspectives and considers a new area of underexplored research. 

5.14 Research Validity and Reliability 

Reliability can be defined as "the stability or consistency with which we measure something" 

(Robson, 2002, p. 101) and the "degree to which an assessment or instrument consistently 

measures an attribute" (Pellissier, 2008, p.6). A study can be considered reliable if, given either the 

same or similar conditions, there is stability in the results (Lincoln & Guba, 1985). Validity can be 

understood as "the extent to which a measure accurately reflects the concept that it is intended to 

measure" (Pellissier, 2008, p. 6). In this study, reliability and validity have been maintained through 

the process by which the sample was chosen and through rigorous methodological design. 

There are many ways to measure validity and reliability. For the evaluation of instruments that will 

be collecting the data, the researcher tests their validity and reliability to affirm that the control 

measures are correct and will provide solid results. Validity and reliability are utilised to evaluate 

the nature and quality of all "pre-established measures for qualitative and quantitative" methods 

(Lodico et al., 2010). When considering research credibility, validity and reliability are two factors 

that should be carefully considered (Patton, 2002). Whilst the definition of validity is widely 

disputed, it is often considered as "An account is valid or true if it represents accurately those 

features of the phenomena that it is intended to describe, explain or theorise" (Hammersley, 1987, 

p.69). Validity is concerned with whether the measure is actually measuring what it claims to and 

whether it does so accurately (Winter, 2002). Validity is incredibly difficult to ascertain as it "is part 

of a dynamic process that grows by accumulating evidence over time. Without it, all measurement 

becomes meaningless" (Neuman, 2007, p.69). 

Reliability, on the other hand, is "the consistency of a measure of a concept" (Bryman, 2008, p.140). 

Reliability can be measured in terms of stability, internal reliability and inter-observer consistency. 

Stability is the measure’s ability to obtain similar test-retest data under the circumstance of no 

intervention. Internal reliability concerns the consistency or relatedness of the questions or 
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indicators included in the scale. Finally, two markers using the same measure should draw the same 

conclusion or result if the measure has good inter-observer consistency. 

This study utilised semi-structured interviews, structured observations in classrooms providing 

qualitative data, and survey. The validity and reliability were measured for each of these 

instruments, requiring two different approaches. 

Several basic strategies help to enhance internal validity, including triangulation, requesting that 

participants verify the accuracy of collected data, observing the same scenarios over a longer 

period, and requesting peer opinions or validations on findings (Merriam, 1998). Sapsford and Jupp 

(2006) state that: "One form of replication involves examining the extent of agreement between 

two observers of the same behaviour. This technique is more often used in more structured 

observation” (p.88). Structured observations are highly advantageous. It is possible to argue greater 

reliability from this method, as it is possible to obtain information that is more precise in terms of 

time of occurrence, duration and frequency. Moreover, the ordering of variable occurrences and 

reconstructions are more accurate (McCall, 1984). 

Multiple data sources can often contribute to an increase in validity and reliability, as these are 

fundamental in ensuring the results obtained are of scientific use and highly valid and reliable in 

the research process. In this study it was deemed advantageous to triangulate several 

methodological approaches. Triangulation is highly beneficial in ensuring validity; if one of the 

methods is weak, the remaining methodological approaches will maintain strength in the results 

(Cunningham, 1997). Different calculus 1 classes were observed in this study, and to ensure that 

the structured observations were valid method triangulation was used. The two other methods 

were semi-structured interviews with the four participants and survey. In addition, the researcher 

used video recording to allow for re-examination of any uncertain or unclear interpretation by the 

researcher. Video recordings also allowed the researcher to go back to the participants for 

clarifications. 

5.15 Ethical Considerations 

5.15.1 Overview 

One of the main aspects of data collection, that is an essential component of any research study, 

are the ethical issues and considerations associated with each type of approach. It is initially 

acknowledged that ethics, generally, contain ‘grey areas’ and it is the responsibility of the 

researcher to interpret these areas in a methodological way. This can be particularly challenging for 

novice researchers, as while ethics are essentially regulations, the interpretation of these 
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regulations can vary (Felicio & Pienidiaz, 1999). It is suggested that this research study falls within 

the boundaries of ‘standard ethics’ being a low risk project. Despite this low risk, some 

interpretation of research ethics was inherently necessary for the completion of this study. The 

sections below highlight the current ethical practices accepted in research practices and to justify 

how this research project falls within acceptable boundaries. Creswell (2013) acknowledges that 

there are essential steps in the research process that ensure that a researcher maintains 

transparency and honesty within their field of research. Using Creswell’s (2013) guidelines and 

assisted by the accepted standards of the Economic and Social Research Council (ESRC) and the 

British Education Research Association (BERA), the researcher, as noted above, applied for ethical 

approval for the research via the University of Southampton Ethics and Research Governance 

Online (ERGO) (see Appendix F). The following sections outline the ethical considerations 

associated with this research. Saudi letters of consent (see Appendix G and H). 

5.15.2 Creating a Beneficial Research Problem 

According to Creswell (2013), it is essential that the research question(s) identify a problem and 

then provide insight into the benefits of addressing this problem. He argues that this benefit needs 

to go beyond the researchers own interests (e.g. for the purpose of completing a PhD) and 

ascertains that it must also provide benefit to the participants. One of the ways this ‘benefit’ can 

be achieved is by ensuring that participants find their own involvement in the research meaningful.  

Within this current research, both the pilot study and the main study required the researcher to 

have informal conversations with administrators (i.e. for the organisation of the observations) and 

with the participants (i.e. for scheduling the observation, interviews, and for completion of the 

survey). During these conversations, participants (and administrators) were provided with an 

information sheet and consent letter (Appendix I.2, I.3, 1.4, 1.5, J.1, J.2, J.3, J.4, K.3, K.4, K.5, K.6) 

outlining the nature of the research and how they would be affected. They were also given access 

to the research questions. By providing a letter to participants, and through the informal 

conversations conducted with the participants, this researcher considers that the provision of 

beneficial research for both has been met. 

5.15.3 Ethics and Participant Selection 

It was necessary for participants within this research to be carefully selected, yet this needed to be 

paired with what would be achievable for the researcher during the set period of study (i.e. time). 

According to Polkinghorne (2005), it is essential that the researcher selects participants who can 

provide full and saturated descriptions of their experience (in this case PCK - calculus) being 
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investigated. Additionally, Polkinghorne (2005) suggests that, at least in the field of purposive 

sampling, exemplars need to be determined so that the research can learn substantive information 

by conducting the research. In this research, this meant selecting participants where the most 

information could be obtained.  

Polkinghorne (2005) suggests that researchers have considerable freedom (especially in qualitative 

aspects of research) when purposively selecting participants. This freedom expands when studying 

a number of cases. According to Gregory (2003), the researcher will already have a set of morally 

guided principles that will often lead the researcher to select participants that relate to the same 

set of principles. This can be identified as a limitation. Both Gregory (2003) and Polkinghorne (2005) 

suggest that integrity and honesty are essential for the trustworthiness of the data, and that it is 

essential for the researcher to be transparent with all steps taken in the selection of participants.  

In relating the ideas of Polkinghorne (2005) and Gregory (2003) to this study context, both 

participants and administrators were made aware of the purpose of this study and how the data 

collected would be utilised. Participant selection (see Section 5.10) required the researcher to 

balance time constraints with purposive selection of participants. As the research methods and 

participant sampling strategies have been outlined above, this ethical consideration has been met. 

5.15.4 Ethics Involving Consent 

Before beginning the data collection component of a research project two elements of consent 

need to be achieved with the participants. First, they must agree to participate and second, they 

must fully understand what they are participating in. Gregory (2003) highlights that this type of 

consent must be voluntary and that the participants must be ‘fully informed.’ He suggests that ‘fully 

informed’ essentially constitutes that participants should be “free of unwarranted pressures upon 

… arriving at the decision” (p.38). Rosnow and Rosenthal (2011) suggest that this needs to include 

a fair agreement between the researcher and participant. The agreement, as it relates to ethics, 

requires the researcher to avoid deception whenever possible. Creswell (2013) suggests that 

deception occurs when the researcher and the participants have different motivations, when there 

is a lack of trust, or when participants feel an obligation to participate. In order to avoid deception 

in my research, I offered the participants the opportunity to review the information and consent 

letter (see Appendix I.2, I.3, 1.4, 1.5, J.1, J.2, J.3, J.4, K.3, K.4, K.5, K.6) prior to asking for official 

acceptance. This gave each of them the opportunity to think about the topic before agreeing to 

participate. 
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5.15.5 Ethics Involving Confidentiality 

While Gregory (2003) indicates that participants may be unlikely to express their views, attitudes 

and beliefs without the assurance of confidentiality, there are certainly difficulties associated with 

actually implementing confidentiality in practice. With the increasing availability of published 

research accessible through online portals, there is the possibility that participants could be 

identified, despite the best efforts of the researcher. This can be particularly true for qualitative 

research, as the participants may use unique phrasing that makes them more identifiable to people 

who already know their backgrounds. Noting that it is unlikely that total confidentiality can be 

achieved, there are steps that can be taken by the researcher to minimise this risk.  

Crow et al. (2006) explain that confidentiality has, essentially, three main components. First, they 

indicate that data must be separated from identifiable individuals. This was achieved in this study 

by removing observation and survey data from University X's premises immediately after data 

collection, as well as the anonymising of data with participant pseudonyms. Secondly, Crow et al. 

suggest that those who have access to the data maintain confidentiality. This was achieved by 

ensuring that only the researcher had access to the hard copies of the data and that these were 

securely stored. Finally, Crow et al. (2006) indicate that confidentiality can be assured through the 

anonymising of individuals. In this study, this was done at the beginning of the data collection 

process and the pseudonyms being added before the data transcription process began. Participants 

were assured of confidentiality, and anonymity was explained as was the use of pseudonyms. 

5.16 Researcher Bias and Limitations 

The ESRC (2015) suggests that researcher bias can occur for a variety of reasons; one of the ways 

that this can ethically affect data is based on pre-conceived notions that the researcher has on the 

answers to the research questions. Often at times, researchers want to be ‘proven’ correct, and as 

such may even have unconscious bias within the research process. 

The observation method allowed the researcher to indicate what happened at what time. As 

observation was the primary method of data collecting, the researcher utilised themes and sub-

themes to code the transcription, in order to provide a level of consistency across the observations. 

While some level of bias might have existed within this interpretation, this was considered the most 

controlled and methodical way of approaching the qualitative data. In addition, with the use of a 

pilot study, aspects of the observation method were streamlined to maintain a workable 

framework.  



Chapter 5 

111 

While researcher bias is recognised as a limitation, this research study attempted to minimise bias 

by undertaking a pilot study and by having the research instruments reviewed by other researchers 

in the field, for feedback. While it is recognised that this does not fully provide justification for 

researcher independence, it meets the ethical requirements outlined within Southampton 

University (ERGO). 

5.17 Section Summary 

Ethics are an essential and comprehensive component of any research project. This section has 

simply addressed the most relevant ethical issues related to this topic, though further 

considerations were addressed with the research supervisor and through the ethics ERGO form 

submitted prior to this study's commencement. While it is acknowledged that there are some 

limitations to ethical considerations (e.g. maintaining confidentiality), the researcher has 

attempted to ensure that all these considerations have been addressed as fully as possible. 

5.18 Chapter Summary 

This chapter has outlined the methodological framework underlying this research study. Because 

the use of both qualitative and quantitative methods required the need for multiple methods 

research, the associated methods of the observation, interview and survey instrument and 

schedule have been addressed. This information comes in addition to the theoretical framework, 

which was presented in support of minimising the gap in current research. Ethics were also a crucial 

element within the context of this research study, and these have been presented with perspectives 

from both the researcher’s university framework, but also in relation to the larger ethical context 

identified within the literature. The next chapter presents the data analysis and discusses the 

findings. 
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Chapter 6 Data Analysis and Findings 

6.1 Introduction 

This chapter presents the findings of the cases examining the PCK of four calculus teachers at 

university level. In order to maintain anonymity, each has been provided with a pseudonym so that 

their identity is not revealed. For the purpose of this study, they are referred to as John, Alex, Sam, 

and Tom. The research used three different data collection methods: detailed observations of 

multiple class sessions delivered by each teacher, survey, semi-structured interview, and some 

follow-up questions for clarification if there was any ambiguity regarding the data collected. The 

goal of these findings is not to indicate ‘good’ or ‘bad’ teaching, but rather to consider how the 

teaching practices of the four teachers, and what they say about this, provides evidence of their 

PCK of teaching calculus. 

In this study calculus teachers' knowledge is investigated within a PCK theoretical framework for 

teaching calculus composed of four main components which are: 

1. Learners' cognition of calculus (LCCa) - involves students' misconceptions and learning 

difficulties in calculus and knowledge of their thinking about calculus concepts.  

2. Developmental aspects of the calculus curriculum (DACaCu) - establishes appropriate 

learning goals and identifies the key ideas in learning calculus. The establishment of 

learning goals is closely tied to the identification of key concepts in learning calculus. This 

not only requires the teacher to provide the fundamental proofs, theorems and definitions 

to students, but also includes targeting forms of argumentation that are appropriate for 

the level of the students.  

The building blocks of mathematical theories within the calculus classroom start from identifying 

learning goals to identifying the key ideas in learning calculus and covers multiple categories. These 

categories include students' misconceptions and learning difficulties in calculus, mathematical 

representations, use of pivotal examples or counterexamples in calculus and knowledge of calculus 

connections.  

 3.  Instructional strategies (ISs) - focuses on the relationship between instruction and 

students' ideas, mathematical representations, questioning strategies, and use of pivotal 

examples or counterexamples in calculus. In order to effectively demonstrate PCK, both in 

personal understanding of the topic and in practice in lectures, teachers need to be able to 

demonstrate certain types of instructional strategies. These ISs require calculus teachers to 
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use a systematic approach to instruction, for example a solid grounding in logic and the 

corresponding linguistic expressions.  

4.  Knowledge of calculus connections (KCaCos) - identifies recurring characteristics of KCaCos 

being highlighted, and codes established to identify patterns from which calculus connections 

could be generated.  

The interview questions are divided into three parts; part one about knowledge of teaching calculus 

(13 questions), part two about knowledge of student understanding within calculus (8 questions), 

and final part about the sequencing of building blocks of mathematical theories in calculus (7 

questions). Also, the questionnaire is divided into six parts; part one about demographic 

information, part two about knowledge of aims for teaching calculus and included six statements, 

part three and five about knowledge of instructional strategies for calculus and knowledge of 

curriculum for calculus, each one contained seven statements, part four about knowledge of 

student understanding within calculus and included eight statements, part six about knowledge of 

assessment for mathematics and contained four statements. The data collected were analysed in 

respect to the proposed model of PCK (see Chapter 4) and analytical approach (see Chapter 5). The 

data were then re-examined within the four main components to ensure that nothing significant 

was missed.  

6.2 Case Teacher John 

6.2.1 John’s PCK of LCCa 

John displayed his knowledge of learners' cognition of calculus by identifying his students’ 

difficulties with concepts of both constructing and evaluating calculus. At the beginning of the first 

lecture (Lecture 1, Episode 1 (00m18s-13m42s)) John told his students: "Now I am writing a 

diagnostic test on the whiteboard ... think about it until I finish the writing”. The students were 

expected to complete 5 questions in 7 minutes. By composing and administering the diagnostic 

test, John showed that he had some understanding of the fact that students could have 

misconceptions and he needed to understand these.  

In the interview, John suggested that students have "… certain difficulties in the basics of 

mathematics …." (Interview, Part 2, Q1a) identifying mathematical terms, types of functions, 

domain and range as areas of particular focus. He showed consistency in both his interview and 

survey responses. For example, he suggested that logarithmic, exponential and rational functions 

are calculus concepts that are challenging to students. He also identified, in the survey, that he 

modifies his approach, or the content of each lecture, to accommodate these misconceptions. This 
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is demonstrated through his disagreement with the survey statement: "I never adjust my progress 

through the calculus syllabus to take account of students' understanding and misconceptions." 

(Part 4, Statement 2)  

In Lecture 3, Episode 2 (12m01s-22m50s) John spent a considerable amount of time discussing 

limits and promised to include more exercises on this idea. In the next lecture, however, I observed 

that the students were not interacting with John when he started to prove using the precise 

definition of limits. The students had difficulties with the formal epsilon delta definition of limits 

and John reassured them by saying “… we will make some exercises in the next lecture ...”. In 

addition, John showed consistency in his teaching practice and in his thinking in the interview when 

he said: 

 "I feel that students have difficulties to find a technique that helps them evaluate limits, 

also I feel that the student needs a lot of exercises to absorb this idea. Now I tell student 

that ∞/∞ the student feels perplexed - but I give several examples, and then I explain in 

more than one method for them to understand the idea … . " (Part 2, Q1a) 

This approach was evidenced in Lecture 3, Episode 3 (23m01s-32m17s) when he told the students:  

"… what are the indeterminate forms?  There are seven of them I am going to talk about 

what it means to be indeterminate and explain why they are indeterminate ... I am going 

to list them 0
0
 ;  ∞
∞

 ; 1∞; 00; ∞0 ; ∞−∞ ; 0 ∙ ∞”. “…  It will be clear in the following examples 

… we will see a technique that helps us evaluate limits that we otherwise cannot evaluate 

or ... to use more complicated techniques ... ." 

 (with the whiteboard work showing some techniques to evaluate limits in Figure 6-1). 

 

Figure 6-1: Example of Case John in Lecture 3 - Technique to Evaluate Limits 

At this point John asked the students if they understood and the students responded “No”. John 

then re-explained to them. A second time, with another method, students engaged in the 
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discussion and they were interacted with teacher, so it seemed that they understood the examples. 

This approach aligns with his disagreement with the survey statement: "I never adjust my progress 

through the calculus syllabus to take account of common student misunderstandings and 

misconceptions." (Part 4, Statement 2) When he re-explained the examples to his students, he was 

being consistent with his response to the survey statement: "I evaluate my students’ understanding 

of the calculus topic that I am teaching." (Part 4, Statement 6) Likewise, skipping the proofs of some 

theorems by saying these are difficult to prove, showed that John was ensuring that the students 

knew about which theorems they should prove in this course. In Lecture 6, Episode 3 (23m34s-

31m16s) John talked about the extreme value theorem and mentioned that: 

“… it is difficult to prove but we will explain it by examples, but we should know the meaning 

of these terms, endpoints, stationary points, singular points and as we discussed critical 

points ... .” 

 This corresponds with his interview answer when he explained that: 

 “… it depends on the type of theorem. There are difficult theorems for students to 

understand, but if these theorems will be taught, for example at higher levels, we in calculus 

1 do not give great importance to them. I try to give them a brief introduction, which means 

the basic things so that when studying calculus 2, 3 or real analysis, they have the basis of 

this theorem in a simple way and we note that they will study it more widely in the advanced 

levels … ." (Part 3, Q4) 

In other cases, John mentioned to the students that typical misconceptions existed about a certain 

topic. This was evidenced in Lecture 3, Episode 5 (44m00s-50m11s), Example 1: 𝑓𝑓(𝑥𝑥) = 𝑥𝑥2? And 

𝑓𝑓(𝑥𝑥) = �2,   𝑥𝑥 ∈ ℤ
3, 𝑥𝑥 ∉ ℤ . In this example, John asked his students: “When we see this function in the 

general  𝑓𝑓(𝑥𝑥) = 𝑥𝑥2 what are the domain and range of this function?”  

One of the students said:"ℝ → ℝ”. John asked: “Is ℝ the range?” He then addressed this 

misconception by saying that: “... the range is [0,∞)… but we can say for your answer as co-

domain … ." He had noted that students had misconceptions with the definition of the term ‘range’. 

Overall, it was in Lectures 1, 3 and 6 where students' misconceptions were explicitly addressed in 

the class.  

Another area that links PCK with LCCa is in the typical progression that students follow when 

learning new calculus concepts. In his interview, John's perspective on this matter suggested that 

he considered that learners' progression is best achieved through the use of examples. He 

acknowledged that he attempted to use several examples for each concept to ensure that the 
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progression in learners’ cognition continued (Part 2, Q1a). Moreover, in the interview, John seemed 

to recognise that learners process calculus concepts in different ways. John tried to assist this 

progression through the use of examples that demonstrate a multifaceted explanation of the 

concepts. In terms of his PCK, observation of his lectures supported the implementation of this 

knowledge in the classroom setting. For instance, in Lecture 3, Episode 2 (12m01s-22m50s) John 

gave the following example (with the whiteboard work shown in Figure 6-2) 

Example 1: "Evaluate the limit:  𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→3

(𝑥𝑥2 + 𝑥𝑥 − 5). What is the difference between this 

example and when we say prove this lim
𝑥𝑥→3

(𝑥𝑥2 + 𝑥𝑥 − 5) = 7?”. 

 

Figure 6-2: Example of a Multifaceted Explanation of the Concepts 

The students gave many answers and John explained the difference between them: 

“… when we see evaluate the limit in the question and do not give limit of computation, we 

do direct substitution, while if we see in the question prove we should use this the precise 

definition of limit … . ”  

When he realised that the students’ understanding of this topic was flawed, John chose to offer an 

explanation of limits of computation and direct substitution and proof by using the precise 

definition of limit. Despite this explanation, students still demonstrated having challenges with the 

concept, at which point John moved onto further examples. As the weeks progressed John 

continued to use examples, but there were certainly instances where his patience with the class 

thinned, for example, in a somewhat weary tone, he said:  

“... I think you learnt this term in the secondary school?” Lecture 6, Episode 2 (12m09s-

23m00s).  

In his interview, John suggested that students’ formation of concepts and progression through 

varying concepts was best supported by both collaborative and cooperative learning. In Part 1 of 
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his interview (Q4, Q10 and Q11) he highlighted these strategies as a means to final solutions. There 

was some evidence that John applied these concepts in practice; for example, in Lecture 3, Episode 

4 (32m25s-43m40s) John encouraged the students to work in groups of 5 or 6 to solve problems. 

In these cases, John allowed the students to form their own groups. 

6.2.2 John’s PCK in the DACaCu 

While John did not make his teaching aims explicit in all of his lectures, there was evidence that he 

employed this aspect of PCK in Lectures 1 and 6. In Lecture 1, Episode 1 (00m18s-13m42s) he stated 

the aim: 

''In this semester, we will study functions which will help us to understand the rest of this 

course and other courses in upper level, limits ... applications of integration, which will help 

us to understand other subjects as physics, engineering etc."  

John outlined the goals of understanding, which is a basic strategy and likely very appropriate for a 

preliminary lecture.  

He stated in his interview that: “In the mathematics department, we have an existing plan for each 

subject with objectives - general objectives and specific objectives for each lesson …”.  (Part 1, Q5) 

He also stated that: "... I give a simple introduction about the lesson and I explain the objectives." 

(Part 1, Q1b) In Lecture 6, Episode 1 (01m01s-11m02s) John acted in accordance with this interview 

comment, when I observed him tell the class that: 

“The topic which we will learn today can help us solve many types of real-world problems. 

For example, we will see the maximum and minimum values of particular functions how can 

help us to find for example amount of material used in a building, cost, loss, profit, 

strength … lots engineering and science problems which we can solve by using derivatives … 

we will focus on the maximum and minimum values of functions, increasing and 

decreasing."  

As the weeks progressed, John’s establishment of learning goals became much more specific, as 

demonstrated in Lecture1, Episode 7 (70m14s-88m07s): 

“We will see if the function’s graph is symmetric with respect to the 𝑦𝑦-axis, 𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 or no … 

the aim of this idea that leads us to know if this function is even, odd or not and vice 

versa ... ."  

In another example, in Lecture 6, Episode 2 (12m09s-23m00s) John stated: 
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“I am going to set the derivative equal to zero, what is the aim of that?  The aim of finding 

where the slope is equal to zero ...  the critical point what do I mean by critical point?”  

In these two examples John was highlighting very particular and specific aims for what he was 

teaching; asking the students what they felt the aims were before providing his own interpretation. 

What was observed in these instances was consistent with John's interview comment that strongly 

indicated that he is focused on helping his students to understand the new concepts. He 

commented in his interview (Part 1, Q1a) that dealing with problems, understanding the function, 

and deriving the function were all essential goals in many of the lessons, which is supported by his 

strong agreement with the survey statement: “I always know how to organise the main aims of 

each calculus lesson that I teach.” (Part 2, Statement 1) Furthermore, his agreement with the 

statement: “I always select lesson objectives for each calculus lesson by considering suitable 

methods for teaching.” (Part 2, Statement 3) shows that John is linking his lesson teaching aims 

with teaching methods. His disagreement with this statement: “At the start of each calculus lesson 

I never define the aims of the lesson to students." (Part 2, Statement 5) indicated a consistent 

attitude.  

John frequently mentioned key ideas prominently in almost every lecture episode. As such, it was 

evident that he was trying to analyse each calculus topic using definitions, theorems, proofs and 

examples. This is demonstrated through his agreement with the survey statement: “I analyse each 

calculus topic by building blocks of mathematical theories using axioms, definitions, theorem, 

proof.” (Part 4, Statement 2) and in his interview (Part 1, Q1b) he stated that he analyses each topic 

of calculus: 

"... then I give a simple introduction about the lesson and I explain the objectives. I usually 

start with definitions ... then we care for the sequence of the ideas starting from the 

definitions, theorems, proofs ... and then examples ... ."   

This approach was evidenced in Lecture 3, Episode 9 (79m19s-87m38s) when John stated: "I will 

show you some properties of continuity before we talk about them what do you think they are?"  

One student responded: “I think they look like the properties of limits”. John completed his talk: “... 

we will see, let’s say if we have two functions 𝑓𝑓 and 𝑔𝑔… the following function are also continuous 

at … .” John asked a question: “What do I mean by the function is continuous?”.  The students gave 

answers and John mentioned this definition and then kept talking: “… theorem 1. 𝑓𝑓 + 𝑔𝑔… Let’s take 

the first theorem 𝑓𝑓 + 𝑔𝑔 please read the proof in the page 121 … .” John asked his students to read 

the proof before explaining it, in doing so he was using two first-level subcategories of PCK, which 

are DACaCu and ISs. After two minutes, John asked: “How many students understand this proof? ... 
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One; three; seven just …”. John then explained the proof and identified the students’ difficulties in 

understanding the proof. I observed the next lecture given by John where he asked the students: 

 “Do you remember in the second lecture where we studied a catalogue of essential 

functions, who can remember that? … There are lots and lots of kinds of functions like ... are 

polynomials continuous? Why? Let’s prove that … in the proof we will use limits laws and 

obtain justification beyond just procedures ... ." (Lecture 3, Episode 10 (87m50s-95m24s)). 

In Lecture 6, Episode 4 (32m00s-42m55s) John talked about Rolle’s Theorem and explained the 

proof and then talked about the geometrical interpretation of it and then gave the students an 

example. In addition, in Lecture 6, Episode 5 (43m28s-55m59s) John used the same structure with 

the Mean Value Theorem and talked about it and then asked the students to read the proof in the 

book. There then followed an oral explanation and John talked about the geometrical interpretation 

of it and gave the students an example. John stated in his interview (Part 3, Q3):  

"We have a sequence in lesson plans and a sequence in the same lesson. For the plan of 

lessons, I rely on the textbook and the main reference. I do not try to get out of them because 

they are connected, and I choose the things that fit my students' abilities. They are the basis 

for them and help them understand the higher levels in the future. For the lesson … during 

the lecture, I always have an introduction and an explanation of the idea and then the 

application. The lesson depends on the main idea, definitions, theorems, proof and 

examples ... which are sequenced according to the written book.” 

In the survey John agreed with the statement: “I only use examples and diagrams after having 

introduced the formal calculus theory.” (Part 3, Statement 4) Phrases used by John were specific to 

the calculus context, for example “maximum and minimum value” (Lecture 6, Episode 3 (12m09s-

23m00s)), “extreme value theorem” (Lecture 6, Episode 3 (23m34s-31m16s)), and “applications of 

differentiation and applications of integration” (Lecture 1, Episode 1 ((00m18s-13m42s)). In 

addition to the availability of these definitions, John also demonstrated routes to explain the 

calculus ideas; this was achieved through examples, as stated above, but also through explanations 

and proofs: “… theorem 1. 𝑓𝑓 + 𝑔𝑔 … Let’s take the first theorem 𝑓𝑓 + 𝑔𝑔 please read the proof in page 

121… ” (e.g. in Lecture 3, Episode 9 (79m19s-87m38s)). 

6.2.3 John’s PCK of ISs 

John consistently used both examples and calculus-based definitions in his lectures. In addition to 

these specific strategies, John demonstrated the ability to imagine the bigger strategic picture. In 

his interview, he suggested that he used a scaffolding approach to systematically build students’ 
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knowledge by starting with a simple introduction, moving through to the aims, and then beginning 

to ‘sequence’ the ideas related to the topic: 

“Then I give a simple introduction about the lesson and I explain the objectives. I usually 

start with definitions ... then we take care of the sequence of the ideas starting from the 

definition, theorems … and then examples.” (Part 1, Q1b)   

This strategy consisted of a series of specific moves that utilised what the students already knew 

and then built on their previous knowledge with corresponding topics in a scaffolding approach; for 

example, in Lecture 3, Episode 10 (87m50s-95m24s) (see Section 6.2.2). While John’s understanding 

of scaffolding and the bigger picture represents one component of PCK, he also identified and 

discussed other ISs in his teaching. John stated in his interview that:  

“I sometimes use a wide range of teaching approaches, yes, I often use lecture because it 

helps me to provide as much content as possible as well as the strategy of collaborative 

learning, and discussion that I use in all lessons …." (Part 1, Q11) 

Moreover, elsewhere in the interview he said: 

 "I sometimes use cooperative learning which means that during the lesson after explaining 

the main idea, I give an example or .... We distribute the worksheets to the students then I 

give them time to work together … but we are trying to use cooperative learning by 

encouraging students to try to solve and explore information by cooperation among 

them ...." (Part 1, Q4) 

This approach was clear, for example in Lecture 3, Episode 4 (32m25s-43m40s), when John told his 

students to: “… please make small groups where each group contains 5 to 6 students ….” He then 

distributed worksheets and asked his students to answer the questions together and gave them 10 

minutes answering time. John walked around amongst them and discussed their thoughts (another 

strategy - discussion methods). In taking these approaches, John's actions supported his 

disagreement with the survey statement: "I avoid using a wide range of teaching approaches in a 

classroom setting.” (Part 3, Statement 5) but agreement with the statement: "I am aware of using 

a wide range of knowledge in planning my calculus lessons." (Part 2, Statement 4) 

John would start with a problem and/or a definition that he believed his students would 

understand. This was evident in Lecture 1, Episode 2 (14m03s-26m30s) when he used the example 

and diagram as a tool for introducing the new definition: “... from the final question in this test and 

our discussion, we commence the new lesson .... This is an example of function what is the 

function?”. (see Figure 6-3). 
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Figure 6-3: Example of Function in Lecture 1 

In addition, in Lecture 3, Episode 3 (23m01s-32m17s) when he used the problem in an example 

from a previous episode (12m1s-22m50s) as an introduction for a new idea he made the link 

between two different ideas. He explained three examples by using direct substitution  lim
𝑥𝑥→2

( 3+𝑥𝑥
2

𝑥𝑥+1
) ; 

lim
𝜃𝜃→𝜋𝜋

2

(sin𝜃𝜃 + 2𝜃𝜃) and lim
𝑥𝑥→1

( 2𝑥𝑥
2−3𝑥𝑥+1
1−𝑥𝑥2

)?  And a final example was a problem when they applied the 

direct substitution. John wanted to use it to introduce indeterminate forms which he explained in 

the follow up clarification: 

“… you can see in the short video which you sent, I mentioned in the beginning ‘but it won't 

always work’ this as counter example and would like to use it as an introduction for the next 

idea …” (follow up clarification regarding Lecture 3, Episode 2 (12m1s-22m50s)).  

So, John's claim demonstrated his use of appropriate instructional methods. 

For the most part John used questioning strategies. For example, in Lecture 1, Episode 2 (14m03s-

26m30s) he was observed to do so when he told the students: “… this is an example of function, 

what is the function?”. If the students were successful in answering the problem, John moved on 

to a new question that either introduced a new concept or modified the current one in a different 

way. This was clear in Lecture 3, Episode 6 (51m15s-61m27s) when John stated: 

“We will know the qualifications of continuity, that there are three things that should be if 

𝑓𝑓 is continuous at 𝒶𝒶: 1) 𝑓𝑓(𝑎𝑎) is defined, 2) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→𝑎𝑎

𝑓𝑓(𝑥𝑥) exists and 3) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→𝑎𝑎

𝑓𝑓(𝑥𝑥) = 𝑓𝑓(𝑎𝑎)… .”  

John then requested his students to " … explain how 𝑓𝑓(𝑎𝑎) is defined?”  

John gave three questions where each example was not met by at least one of the previous 

qualifications and “… each example clarified one kind of function discontinuity …”. Another example 

occurred in Lecture 3, Episode 10 (87m50s-95m24s see p130). When the students responded "Yes" 
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John wanted to obtain justification beyond just procedures, so he asked: “Why?... Let’s prove that”. 

As long as the students continued to be correct, the process continued. If the students were 

incorrect or did not answer, John continued to use questioning strategies to determine where the 

fault in the students’ logic occurred and then redirected them, either back to the original problem 

or to another one that addressed the fault in the logic. A case of point being presented in Lecture 

3, Episode 2 (12m01s-22m50s): Example 1: Evaluate the limit:  𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→3

(𝑥𝑥2 + 𝑥𝑥 − 5) … . John asked the 

students: “What is the difference between this example and when we say prove this lim
𝑥𝑥→3

(𝑥𝑥2 + 𝑥𝑥 −

5) = 7?”. Another example of his questioning strategies occurred in Lecture 3, Episode 5 (44m00s-

50m11s) when John tried encouraging thinking about the general case. Example 1: 𝑓𝑓(𝑥𝑥) = 𝑥𝑥2? And  

𝑓𝑓(𝑥𝑥) = �2,   𝑥𝑥 ∈ ℤ
3, 𝑥𝑥 ∉ ℤ ? John asked his students: "I would like to ask you when we see this function in 

the general  𝑓𝑓(𝑥𝑥) = 𝑥𝑥2 what are the domain and range of this function?”. One of the students said: 

"ℝ → ℝ”. “Is ℝ the range?” John responded. He waited for students to think and one of the 

students gave the answer. While John did not explicitly state this process in his interview, he hinted 

in Part 1, Q9 that: “I encourage the students to try to get the idea and they try to answer some 

questions …." He further alluded to instances where he had discussed questioning strategies and 

his use of examples in the classroom. From my observations this was evident in Lectures 1, 3, and 

6, especially in Lecture 3, Episodes 2 and 3, as John moved through the lesson. John was observed 

using different types of sequencing in an attempt to lead the students to understand some of the 

more challenging calculus concepts. John's use of questioning strategies was corroborated by his 

responses in the survey where he agreed with two statements: "I always ask questions to evaluate 

my students’ understanding of calculus topic that I am teaching." (Part 4, Statement 5) and: "I 

always use a variety of ways and strategies to develop students’ understanding of calculus." (Part 

3, Statement 7)  

One of the elements of PCK where John showed particularly strong connections was in his use of 

questioning strategies. For John, questioning was not only about the students’ understanding, as 

highlighted above, but was also used to involve the students in the lesson (i.e. to maintain focus). 

For example, in Lecture 1, Episode 2 (14m03s-26m30s) John said: “The function f is a rule that 

assigns to ... who knows what set X is called?", thus encouraging critical thinking while working on 

a particular case. For instance, in Lecture 3, Episode 7 (61m49s-72m00s) he asked: 

"Is the function 𝑓𝑓(𝑥𝑥) = 1- √1 − 𝑥𝑥2 continuous on the interval⟦−1,1⟧? Before giving me, 

your answer who knows the domain and co-domain in general of this function?"  

John employed significant questioning strategies to evoke active participation. He was clear in his 

interview that:  



Chapter 6 

124 

“At the end of each lesson, I give some exercises. I ask the students in the lecture to solve 

one or two exercises. Through the answers, I discussed their answer, and know how the 

students’ progress and achieve the objectives and I give them 2 or 3 exercises as homework 

….”  (Part 2, Q1a) 

Furthermore, he agreed with the survey statement: “I always ask questions to evaluate my 

students’ understanding of calculus topic that I am teaching.” (Part 4, Statement 6) Sometimes, 

John was observed to ask rhetorical questions and did not expect an answer from the students. This 

was particularly evident in Lecture 1, Episode 5 (48m40s-65m00s) when he asked: “Who can 

remember the definition of absolute value?” When using the word “remember” when discussing 

the absolute value, this was closely linked to John's desire to explain things in a variety of different 

ways. The use of the word "remember" was meant as a trigger, suggesting to the students that they 

had learned this term previously. Another example, in the same episode, occurred when he asked 

the students to “… find the domain and co-domain of function  𝑦𝑦 = |𝑥𝑥|
𝑥𝑥  and sketch that.  What do 

you think?” 

John’s students were observed to willingly participate in the lecture and to engage with the 

material, even when they were not entirely sure of the answer. This was demonstrated when John 

posed a question and received multiple different answers to the same problem. In Lecture 3, 

Episode 2 (12m01s-22m50s) Example 1: "Evaluate the limit:  𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→3

(𝑥𝑥2 + 𝑥𝑥 − 5) What is the 

difference between this example and when we say prove this lim
𝑥𝑥→3

(𝑥𝑥2 + 𝑥𝑥 − 5) = 7?”  The students 

gave dozens of answers. The fact that the students were able to move from a series of incorrect 

answers to ones that were correct demonstrated that the students’ thinking, generally, was 

changing over the course of the lecture, seemingly as a response to both the questioning strategies 

and the use of examples (Episode 8 (72m14s-79m05s)). When John sketched four graphs of 

functions, a discussion about them followed (see Figure 6-4). He said: "We will see three different 

types of discontinuities those are a removable discontinuity, jump discontinuities, and infinite 

discontinuity”. John then asked: “Who can imagine what the kind of functions in those graphs is?” 

There was no response from the students. He continued:  “… the first and third graphs look like 

rational functions and the second graph seems a piecewise function … we will see that later when 

we take examples". For those who were still unable to grasp the concept by the end of the lesson, 

homework was often assigned so that these concepts could be reviewed at a later date.  
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Figure 6-4: Sketching of kinds of discontinuities 

John was able to pair different skill areas in his explanations and in the problems that he chose, so 

that the students were getting different stimuli in simultaneous instances. For example, in Lecture 

1, where John discussed functions (Episode 4 (37m10s-47m30s)) he said: “One-to-one functions if 

it never takes on the same value twice … we will see three different examples”. There were some 

obvious uses of pivotal examples and counter-examples (See Figure 6-5). 

 

Figure 6-5: A Pivotal Example and Counter-Example with Representations 

In another example, John used two of the second-level subcategories of ISs (relationship between 

instruction and students' ideas in calculus and use of counter-examples). In his interview (Part 1, 

Q2) John explained that: "Sometimes I use examples to introduce the new idea". This was observed 

in Lecture 3, Episode 2 (12m1s-22m50s) where he explained three examples by using direct 

substitution  lim
𝑥𝑥→2

( 3+𝑥𝑥
2

𝑥𝑥+1
) ; lim

𝜃𝜃→𝜋𝜋
2

(sin𝜃𝜃 + 2𝜃𝜃) and lim
𝑥𝑥→1

( 2𝑥𝑥
2−3𝑥𝑥+1
1−𝑥𝑥2

)?.  A final example was a problem 

when the students applied direct substitution. John wanted to give his students a counter-example, 

the use of which he justified by explaining that he wanted to use it: "as a counter-example and 
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would like to use it as an introduction for the next idea” (follow up clarification regarding Lecture 3, 

Episode 2 (12m1s-22m50s)). This was also mentioned in his interview (Part 1, Q3): 

“I emphasise that planning is always important ... I am looking for pivotal examples and 

counter examples to show them to students and help me to explain calculus ideas.”  

It was evident that John was using various instructional methods. In these scenarios, John was not 

only offering a verbal explanation of the concept, but also employing other strategies as well 

including numeric and algebraic presentations on a whiteboard. For example, in Lecture 1, Episode 

4 (37m10s-47m30s) when he paired visual representation with the spoken explanation see Figure 

6-5. A case in point, in Lecture 6, Episode 4 (32m00s-42m55s) and Episode 5 (43m28s-55m59s) 

when John explained Rolle’s Theorem and the Mean Value Theorem, he talked about the 

geometrical interpretation of them and used the graphs (see Figure 6-6). 

 

Figure 6-6: Example of a Visual Representation in Lecture 6 

Such choices attempt to get students to really understand the model and to avoid 

misrepresentation of symbols (Berry & Nyman, 2003). In Lecture 3, Episode 8 (72m14s-79m05s) 

John sketched three graphs of functions and a discussion followed and John explained that: "... we 

will see three different types of discontinuities those are a removable discontinuity, jump 

discontinuity, and infinite discontinuity”. Then he asked: “Who can imagine what is the kind of 

functions in those graphs?” There was no response from the students. John continued: “The first 

and third graphs look like rational functions and the second graph seems a piecewise function … we 

will see that later when we take examples.” By doing so John was linking visual, symbolic, and verbal 

ideas in calculus. 
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6.2.4 John’s PCK in the KCaCos 

Khakbaz (2016, p.190) suggests: 

 " ... that application has more than one meaning (...): application in the real 

world, application in other disciplines and application in mathematics”.  

In this study, after revisiting the collected data and field notes, two subcategories (real-world 

applications of calculus and calculus in academic subjects) were derived inductively. Here the 

researcher used specific extracts from the observation, interview and survey to illustrate these 

subcategories and how teachers "make connections between students’ knowledge and 

mathematical content through focusing on the main idea behind a mathematics problem” (Khakbaz, 

2016, p.190). 

In the interview John explained that: “We use real-life examples ... I always focus the derivative 

applications ... and I often mention there is a clear connection between calculus and academic 

subjects such as engineering, physics, chemistry." (Part 1, Q10c) It was somewhat evident, however, 

that he had difficulty in identifying real-world connections that the students would understand. 

John highlighted real-world problems and discussed the application of differentiation using 

examples relating to building, cost, loss, profit and strength. While these real-world examples 

suggest that John was applying the theoretical framework to his lessons, it was unclear how 

relevant these examples of stocks and buildings were to the students’ own experiences. Instead, it 

appeared much more as an attempt to justify to the students why their instructor stated that these 

will happen. An observed example was when he discussed the price calculation in supermarkets 

paired with examples of the stock market:  

"When I explain something, which can be used in another subject ... it is difficult to 

determine one topic because each one has many applications, especially derivatives … real 

examples and physical models on the limits which mean the value of a function at a certain 

point. We can calculate the price calculation in the supermarket stock price.” (Part 1, Q10c) 

John applied the real-world application of the calculus aspect of PCK into his limits lesson, Lecture 

3, Episode 1 (00m45s-12m11s)), where he used examples from simple stock market trading limits 

to best explain his point. He again made use of real-world experiences in Lecture 6, Episode 1 

(01m01s-11m02s) when he explained that: 

“There are a lot of different ways in which we can apply doing derivatives and utilizing 

derivatives and differentiation … in this topic we will see how it is very important with 

specific topics we can see derivatives and the concept in engineering, economics a lot of 
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good applications the engineering and economics with derivatives. The topic, which we will 

learn today that can help us solve many types of real-world problems. For example, we will 

see the maximum and minimum values of particular functions how can help us to find for 

example amount of material used in a building, cost, loss, profit, strength, … lots of 

engineering and science problems which can be solved by using derivatives.” 

And in Episode 2 (12m09s-23m00s): 

 “As we had in the previous lecture rates of changes in the natural and social sciences, we 

remembered that lim
∆𝑥𝑥→0

Δ𝑦𝑦
Δ𝑥𝑥

= 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

  we have seen the interpretations in physics, chemistry, 

biology, and economics … we're going to learn about some applications of the derivative 

one of the applications is to find the maximum and minimum values on a function and 

before we define the absolute maximum and minimum value of f and local maximum and 

minimum value of f ."   

In the interview John went on to highlight that while calculus can be applied broadly, its application 

to these subjects may be somewhat vague because the application can vary depending on the topic. 

Despite this challenge, John was able to suggest these applications in his lectures, and most 

specifically in Lecture 6, Episode 1 (01m01s-11m02s) where he highlighted engineering, economics, 

and science, specifically focusing on the use of derivatives. Nevertheless, the examples he provided 

were in the form of generalisations. However, his agreement with the survey statement: “I am not 

interested in how calculus is taught at other (similar) university institutions in other parts of the 

world.” (Part 5, Statement 7) suggests a somewhat closed approach to his teaching. Statements in 

the lecture such as: “We can see derivatives in subjects like engineering” and “Economics has a lot 

of good applications here” (Lecture 6, Episode 1 (01m01s-11m02s)), do not really tell the students 

much about how the derivatives might be used in other contexts, but simply that they do. 

6.3 Case Teacher Alex 

6.3.1 Alex’s PCK of LCCa 

At the beginning of the first lecture (Lecture 1, Episode 2 (06m03s-25m50s)) Alex administered a 

10-question diagnostic test to the students and informed them that:  "The aim of this diagnostic 

test is to identify your background on the foundations of calculus.” Composing and using a 

diagnostic test to some extent indicated that Alex understood something about students' 

conceptions. During his interview, he stated:  
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“Honestly, I start with the students from the basics because if there is a misconception and 

misunderstanding so I have been with them from scratch and most students currently have 

a problem in secondary education. They do not come with basic information … in the first 

lecture I always give students a diagnostic test for 10-15 minutes.” (Part 2, Q2) 

Alex indicated in the survey response that he felt that students' performance could be reliably 

assessed in the classroom. (Part 6, Statement 1) As the students were completing the test, Alex 

walked between the rows making notes about areas of concern. He then began the lecture with an 

overview of the identified concerns. As a result of this test, Alex was able to offer some suggestions 

for weaker students about the resources they could utilise to ensure that they had enough 

background knowledge in calculus to be successful in the course. This approach was supported by 

his strong disagreement with the survey statement: “I never adjust my progress through the 

calculus syllabus to take account of students' understanding and misconceptions." (Part 4, 

Statement 2) and his agreement with the statement: “I anticipate my students’ prior calculus 

knowledge before the lesson.” (Part 4, Statement 4). 

Another area that Alex was most conscious about was the level of complexity of definitions. He 

indicated in his interview that it was his role, as the teacher, to ensure that the students were 

relying on the essential information because, in the case of calculus, there are a lot of concepts and 

complicated language associated with the field, and his students were just starting out. In order to 

ensure that the learning curve was not too steep for his students, he suggested that it was his goal 

to provide guidance on what information was important for retention and to correct the students' 

misconceptions surrounding the complexities of certain topics:  

"I am with my students to correct their wrong information and misconceptions and tell them 

how to get the information. There are too many sources of information and the role of the 

teacher is to direct the student through proper guidance in obtaining information and 

correcting misconceptions." (Part 1, Q4b) 

In practice, Alex highlighted this in Lecture 1 when he directed the students to deal with particularly 

challenging definitions. He asked his students to define the function and they said: “It is a class of 

ordered pairs”. Alex stated that: “This is a simple definition, and I consider that as a poor definition; 

we need a definition that provides a rich preparation for our study of functions." (Lecture 1, Episode 

3 (26m22s-34m15s)). This suggests that Alex was aware that the definition was probably more 

difficult than the students could handle, or that a simpler explanation would reduce the number of 

difficulties that were being experienced by them. By highlighting, for the students, that the 

definition was poor, Alex was demonstrating PCK in the classroom because he had anticipated an 

area of difficulty and had attempted to mitigate the challenges associated with a particular concept. 
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Another example was observed in Lecture 3, as Alex identified students’ difficulties in adequate 

concept images, saying: 

"... power rule. I want you to analyse this power by taking a very basic binomial of (𝑎𝑎 +

𝑏𝑏) and we will raise it to different powers of n and analyze what is going on in this pattern 

so that when I get to the power rule ... I will give you method ... take (𝑎𝑎 + 𝑏𝑏) and raise it to 

the zero power ... anything to the zero power what does it equal?" 

One of his students answered: “1”.  Alex replied: 

"... (𝑎𝑎 + 𝑏𝑏) to the first power is just itself, and  (𝑎𝑎 + 𝑏𝑏)2 I know many of you have difficulty 

... so (𝑎𝑎 + 𝑏𝑏) times (𝑎𝑎 + 𝑏𝑏) is 𝑎𝑎2 + 2𝑎𝑎𝑎𝑎 + 𝑏𝑏2 ... then if we would like to get this trinomial 

and wrap it in parenthesis and multiply by (𝑎𝑎 + 𝑏𝑏) again is (𝑎𝑎 + 𝑏𝑏)3 we will get 𝑎𝑎3 +

3𝑎𝑎2𝑏𝑏 + 3𝑎𝑎𝑏𝑏2 + 𝑏𝑏3 ... I will give you rule ... the first term starts with the highest power n 

and then counts down, whereas the second term exponents are counting up .... So, when 

we see (𝑎𝑎 + 𝑏𝑏)3, the first term being a and its exponent is counting down in value ...." 

(Lecture 3, Episode 4 (35m16s-46m49s)). 

The third example for addressing students' misconceptions came in Lecture 6, Episode 6 (70m12s-

81m08s) when Alex talked about the definition of the number e. My notes recorded that Alex asked: 

" What is the derivative of   𝑦𝑦 = 𝑒𝑒𝑥𝑥?".  One student applied the rule of  xn, where n is a real number. 

In this case Alex noted a misconception and emphasised the difference among the three terms ex , 

xn and ax. 

Another instance where Alex was particularly cognisant of the students' misconceptions, and how 

to address them, was in the area of homework. This does not necessarily relate to the 

implementation of homework into the students’ course requirements, but rather relates to how 

Alex used the results from the homework as a foundation for addressing the students' 

misconceptions. Alex suggested in his interview that he used homework to address students' 

difficulties by bringing up common errors within the larger lecture setting. He suggested that this 

particularly addressed their misconceptions as “I use the homework to address these difficulties … 

then use their answers to show them their misconceptions….” (Part 2, Q5) This was demonstrated 

through his strong agreement with the survey statement: “I always provide constructive formative 

feedback to calculus students." (Part 6, Statement 4) and in his practice in Lecture 3, where he 

began the lecture by commenting on learning difficulties. He suggested that: “When I marked your 

homework, I saw common learning difficulties when you wanted to find the limits of rational 

functions as X approaches infinity” (Episode 1 (01m02s-12m55s)). He then went on to explain, on 



Chapter 6 

131 

the whiteboard, about the easiest way to find limits at infinity, using different coloured markers to 

highlight the different steps in the process (see Figure 6-7). 

 

Figure 6-7: Finding Limits at Infinity 

In fact, the strategy of using homework in multiple different ways suggests that Alex was confident 

that he would be able to use it to identify students' misconceptions and challenges. 

In terms of knowledge of students' thinking about calculus, Alex was observed to consistently ask 

"Why?" rather than "Do you understand?". For example, in Lecture 3, Episode 8 (95m27s-108m55s) 

he said: "I have a question that I wanted to ask you in the first lecture, but now is a better time, why 

are we studying this kind of function - the trigonometric functions." Another example, in Lecture 3, 

Episode 3 (25m23s-34m51s) was observed. Alex mentioned a theorem: "If f is differentiable at c, 

then f is continuous at c... who can interpret this theorem?" He gave his students the opportunity 

to express their thoughts.  

Student 1: "... repeating the same statement."     

Student 2: "f should meet all the qualifications of continuity."                       

Alex: “What are the qualifications of continuity?” 

Student: “ 𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→𝑎𝑎

𝑓𝑓(𝑥𝑥) exists and  𝑙𝑙𝑙𝑙𝑙𝑙
𝑥𝑥→𝑎𝑎

𝑓𝑓(𝑥𝑥) = 𝑓𝑓(𝑎𝑎)”    

Alex: “Just?”  

No answer. 

Alex: “Do not forget that f is defined.”      

Alex: “We will see the interpretation of this theorem when we prove it ... do you prove that, 

or do we want to prove that together?”  



Chapter 6 

132 

Students: “No, we prefer to prove that together.”  

Alex: “What you think about the inverse of this theorem and why?”  

Most of students answered: “Yes, if f is continuous ….”  

Alex: “Why?” 

Alex: “Let’s see that, we will take this example 𝑓𝑓(𝑥𝑥) = |𝑥𝑥|….”  

Alex: “What do you think now? And why?”  

Students: “No, it is wrong.” 

Alex then sketched a graph (see Figure 6-8) and showed the students where a function can fail to 

be differentiable, when it is discontinuity, corner, or vertical tangent. 

 

Figure 6-8: Types of Discontinuity 

This required the students to employ their critical thinking skills, but it also provided Alex with some 

understanding of how much information the students actually understood. With this information, 

he could both identify the students’ formation of mathematical concepts and determine their 

progression. In his survey response (Part 4, Statement 6) Alex indicated that he always asked 

questions to evaluate his students’ understanding of the calculus topic he was teaching, 

demonstrating his use of this strategy.  

Finally, in linking Alex’s knowledge of students’ thinking to LCCa, Alex was able to, in some 

instances, identify the characteristics of the empirical concepts of calculus. Alex highlighted, in his 

interview, that he valued and always used real-life examples. He mentioned that: "I always look for 

real life example rather than just examples ... if you would like to attract your students to the lesson 

... make linking between that and their life."  (Part 1, Q10) In this way, he was suggesting that it 

attracted his students to the topic and made the empirical relevant to the classroom. This was, in 

some instances, demonstrated in the classroom, such as in Lecture 6, when Alex highlighted real-

world problems when referring to the applications of differentiation and other examples in other 

lectures (see Section 6.3.4 on calculus connections). 
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6.3.2 Alex’s PCK in the DACaCu 

Alex consistently indicated the aims of the lesson at the beginning of the lecture and used certain 

types of scaffolding to ensure that the students were notified of the aims. For example, in Lecture 

1, Alex not only stated the aim of the lecture, but also the wider aim of the course by saying that: 

"The aim for this course is for you to be able to know the functions domain, limits of function, and 

other applications ….” (Episode1 (00m03s-6m11s)). Alex identified these basic, but fundamental 

components, as essential for students' learning development. He commented in the interview that: 

"The most important objectives are that the student has the basic ability or basic concepts that he 

can understand the subject" (Part 1, Q1a) and he disagreed with the survey statement: “At the start 

of each calculus lesson I never define the aims of the lesson to students.” (Part 2, Statement 5) 

Another example, in Lecture 3, Episode1 (01m02s-12m55s) was observed when Alex said that: "We 

will be able to know a derivative presented graphically, numerically … and we will interpret the 

derivative ... then we will find the derivative of the function using the definition …". In this lecture, 

Alex then focused on the specific aim, saying: 

“We will study how to find the derivative using the definition of the derivative formula so 

basically, we need to have the derivative of a function using the limit process and f'(x) as "F 

dash x" and we can say F prime of X ….” (Episode 2 (13m20s-25m00s))  

Moreover, Alex was observed doing this again in Lecture 6, when he said: "As we saw the benefits 

of the first derivative of a function, we now need to find out the benefits of second derivative of a 

function ... that will help us determine the intervals of concavity.” (Episode 7 (68m19s-80m47s)). 

This corresponds to his answer in the interview where he stated that:  

"It starts from the process of preparation for these objectives. Frankly, I know 

the lesson and have a look at it. Do we take advantage of it in future lessons? I 

take into account the lessons in the future in the subject, which can depend on 

those lessons or build on it and then I start explaining the objectives. Then I 

choose the suitable opener (introduction) for the lesson and then I explain the 

lesson." (Part1, Q2)  

In addition, Alex stated: "I always set the learning objectives in mind and then I build the whole 

lesson of planning and choosing the method of explanation … etc. and the goals are actually the 

basics." (Part1, Q3)  

In the survey, Alex strongly agreed with the two following statements: "I always know how to 

organise the main aims of each calculus lesson that I teach." (Part 2, Statement 1), and “I always 
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select lesson objectives for each calculus lesson by considering suitable methods for teaching.” 

(Part 2, Statement 3)  

Alex consistently highlighted ways in which the students could apply the outcomes from the lesson 

to the wider context; this included instances where the students might use the information in the 

real world. For example, in Lecture 6, Episode1 (01m51s-08m15s) Alex was observed to tell the 

students that: "The main aim is to apply our knowledge in this course for solving real-world problems 

... how we find maximum and minimum values...." In order to make this connection, he often 

focused on the basics in the belief that if students could successfully understand and utilise basic 

elements of calculus, they would be able to successfully build on their understanding. For this to 

occur, Alex considered that methodical explanation of the learning goals was necessary.  

In terms of his ability to identify key ideas in the learning of calculus Alex indicated, on several 

occasions, that he had a clear understanding of how to choose both the calculus topics for 

instruction and the teaching strategies to implement them. This was demonstrated through his 

interview response: 

"I focus on concepts ... must have a starting point from which to focus on definitions and 

explain them in detail and give my students what other books say about the concept, maybe 

in the symbols ... open their minds as I can …  because if the student does not understand 

the definition, it is difficult to understand what follows and then sequentially according to 

the textbook, theorem, result, proof and diagram. Nevertheless, the usual sequence begins 

from the definition and then an example or theorem and proof according to the importance. 

My point of view is for them to understand the definition and examples with applications 

then I focus on sketching, if there is the possibility of a graph." (Part 3, Q3) 

These views were supported by Alex's responses in the survey (Part 3, Statement 2) where he 

indicated his strong knowledge between teaching strategies and topic selection. Alex demonstrated 

this in practice where he was observed, in Lecture 1, to highlight the available definitions to 

students when discussing even and odd functions from their curves and was able to explain the 

definition and to support it with a graph and example of each case: 

“The even function curve can be identical on the axis Y and the curve of the odd function 

can be identical on the point of origin …  from a function’s curve we can know if that function 

is an odd or even nor not ….” (Episode 4 (35m00s-46m10s)  

In this way, Alex was essentially providing the students with a ‘route’ to explain calculus ideas, and 

was observed to use a discussion approach in this situation when one of his students asked: “How 

do we know a function is not even nor odd from their curve?" Alex gave his students the opportunity 
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to explain their thoughts on this question and one answered: “Maybe apply or use their definition". 

Alex mentioned the key ideas prominently in almost every lecture episode. As such, it was evident 

that he was trying to analyse each calculus topic using definitions, theorems, proofs and examples. 

For example, when he touched upon the rules of finding derivatives in Lecture 3, he was observed 

telling the students that: 

"We will take the function then will define it then will see its theorem and prove it and take 

an example .... In the first and second lecture we had some commonly used functions ... 

constants function do you remember the definition of that? What is its domain? ...the 

theorem 1 (constants function rule) ... I will prove this theorem ... to help you to understand 

that let's take this example ...what is identity function? ... theorem 2 (identity function rule) 

...  the proof of this theorem is ... take this example for understanding that ... power function 

is ...theorem 3 (Power Rule) ... in your notebook try to prove that ...." (Episode 4 (35m16s-

46m49s)) 

These particular examples demonstrate the link between the theoretical framework surrounding 

DACaCu and Alex’s actions. 

Some of Alex's observed lectures provided clear indications that he was able to identify the key 

learning ideas in calculus. For example, he referred to important issues at the beginning of Lecture 

3 and used them as a tool for introducing the derivatives which are the tangent line - he mentioned 

two axioms:  

“As we had in the second lecture that tangent lines were used as an introduction 

to the concept of limit … today we use it also as an introduction to the concept 

of derivative, and we will see in the future. How we use the concept of tangent 

line to solve several problems such as distance optimisation problems … how 

many straight lines can they pass through a single point?” (Episode 1 (01m02s-

12m55s)) 

When a student commented that "Infinite lines can pass" Alex explained that: “This is one of the 

axioms of Euclidean geometry, and how many straight lines can touch the curve at one point only? 

... and the second issue which is instantaneous velocity … that is related to today's lesson." In 

addition, Alex tried to provide some common alternative notation when he saw this as necessary, 

such as in Lecture 3 where he was observed to ask: "I want you to know some common alternative 

notation for the derivative such as that symbols D, d/dx, Df, f... .” (Episode 4 (35m16s-46m49s) 
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Alex’s teaching practice was not always consistent. For example, in Lecture 6 he was observed to 

go straight into the concept being presented, attempting to get the students to define the local 

minimums and maximums in order to view the function as increasing or decreasing: 

“In this graph I want you to define a local minimums and local maximums and we can see 

the basic idea of what it means for a function to be increasing and decreasing ... then we 

can get their definitions through your understanding." (Episode 2 (09m00s-22m11s))  

He initially asked the students to move forward with the task but did not provide a lot of detail on 

the background of such an exercise. For Alex, this specific example was an anomaly to his general 

practice and the assumption here is that he anticipated either that the students would already have 

this knowledge, because his action supported his agreement with the survey statement: "I 

anticipate my students’ prior calculus knowledge before the lesson." (Part 4, Statement 4) or that 

the students would likely not experience instances of misconceptions associated with this task, 

where Alex's action was supported by his strong disagreement with the survey statement: "I do not 

know where to direct the students if they need assistance with a particular mathematical concept." 

(Part 5, Statement 4)  

One area pertaining to the DACaCu that Alex clearly demonstrated was in regard to the relationship 

between mathematics and the everyday use of terms. In his interview he stated that: "I explain the 

lesson and I rely on the application dramatically ... because it makes the concept clear by intensifying 

examples from our life and exercises within the classroom.” (Part 1, Q2) This was evident in Lecture 

6, Episode 8 (82m19s-95m31s), when Alex was observed to emphasise mathematics as a way of 

interpreting experience or as a human activity, indicating that people benefit from the applications 

of the first and second derivative of a function every day, and linking between calculus concepts 

and application of calculus in everyday use. He asked the students: “Let f(x) be the temperature at 

time t where you live and suppose that time t = 3 you feel uncomfortably hot. How do we feel?" 

In summary, Alex was observed to frequently make the definitions he provided in lectures simpler 

than what was outlined in the students’ textbooks. He indicated that he found visual 

representations easier for the students to understand and this was effective in avoiding 

misunderstanding, as he explained in the interview: “My point of view to understand the definition 

and examples and applications of concepts, I should focus on sketches of the possibility of the graph 

because it is a way to show the concept idea to the students.” (Part 3, Q3) These demonstrate a link 

between theory and practice as it relates to delivering the building blocks required to construct and 

enable Alex's students’ mathematical understanding. 
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6.3.3 Alex’s PCK of ISs 

Alex was observed to be quite methodical in his approach to teaching calculus, but what was most 

apparent was that he required all the students, from the inception of the course, to have the same 

fundamental concepts. This was identified through the diagnostic readiness assessment that he 

provided in Lecture 1, Episode 2 (06m03s-25m50s) but what was apparent was that he expected 

students to self-direct their learning if they felt they did not have sufficient previous knowledge. 

Alex, in this case, suggested supplementary resources, including a particular book, which would 

help to facilitate understanding. This was demonstrated through his strongly disagree response to 

the survey statement: “I am not interested in how calculus is taught at other (similar) university 

institutions in other parts of the world.” (Part 5, Statement 7) and when he told his students that: 

“We will take this book 'calculus early transcendentals' as a main reference and 

we will use "التعامل مع التفاضل والتكامل" as the Arabic reference, I will give you some 

YouTube links to see more than one way to see how the concept of calculus is 

taught in other universities" (Lecture 1, Episode1 (00m03s-6m11s)).  

Seemingly realising that not all the students complete the readings or that they all learn through 

visual text, Alex offered multiple options to supplement his teaching outside of the classroom. In 

Lecture 1, he suggested a list of YouTube links so that students could not only refresh their own 

knowledge but also so that they could see how calculus is being taught at other universities. His 

approach links to the theoretical model of PCK, as Alex demonstrated the use of appropriate 

instructional methods in his teaching. This was exemplified by the sharing of resources, but also by 

assuring students that there were many styles of teaching and that his style embodied resources 

from others that might prove to enhance understanding. 

This approach assumes that students take the initiative to achieve the baseline knowledge required. 

This can be challenging for some students because not only are they trying to learn the concepts of 

the course, but they may also be trying to catch up on previous knowledge. Alex stated in his 

interview that: 

"Getting the information or knowledge is not only from the teacher ... I think 

that the student can get the information from Google or YouTube or he can get 

it from his classmates. He can get it from the program Maplesoft ... I’m with the 

student to correct wrong information and to tell them how to get the 

information. There are too many sources of information and the role of the 

teacher is to direct the student through proper guidance in obtaining 

information and correcting misconceptions." (Part 1, Q4a, b) 
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Alex was also cognisant of his instructional methods when teaching. He indicated that selecting the 

appropriate teaching methods was essential. He indicated in his interview that teachers generally 

have the content knowledge for calculus teaching and that knowing the references and a selection 

of materials, exercises, or activities are valuable, but if not delivered through an appropriate 

method, these can be less effective: 

“… because they are the basics in this subject and they are the starting point. It 

means selecting the appropriate teaching methods as well as knowing more 

than a reference and selection of the material of exercises and examples to suit 

the potential of students. Achieving the goal comes with the concerted efforts of 

the teacher by preparing the lesson and choosing the appropriate teaching 

methods for the lesson. For the students, by reading the lesson before entering 

the room and attention to the lecturer’s explanations.” (Part 1, Q1b) 

Interestingly, in addition to commenting on his own teaching methods, Alex placed a great deal of 

responsibility on the students, suggesting that they should be prepared for the lesson by reading 

and maintaining attention to the lecturer’s explanations. In his interview, Alex suggested that he 

used many teaching methods: 

"I often use the deductive method - sometimes it is how student deduces the solution. 

Sometimes I use the method of inductive.... There is the participation method ... also 

students work in a group which is called cooperative education. I also use another way to 

ask them that they are going to prepare the lesson and explain to their colleagues. The 

students prepare the lesson and in ten minutes they explain to their classmates and here 

the students also need to try to understand the lesson very well in this way." (Part 1, Q4c) 

Alex's comment indicated this aspect of his pedagogical knowledge. This was supported by 

observation of his use of an inductive method in Lecture 3, Episode 4 (35m16s-46m49s)) when he 

talked about: "Power rule. I want you to analyse this power by taking a very basic binomial of (𝑎𝑎 +

𝑏𝑏) ... the first term starts with the highest power n and then counts down, whereas the second term 

exponents are counting up.” Alex applied the deductive method in Lecture1, when he talked about 

linear models: 

"... use the slope-intercept form of the equation of a line to write a formula for the functions 

as 𝑦𝑦 =  𝑚𝑚𝑚𝑚 + 𝑏𝑏,  𝑚𝑚 is the slope of the line and 𝑏𝑏 is the 𝑦𝑦-intercept try to solve this problem 

... dry air moves upwards ... if the ground temperature is 20c ... and the temperature at ... 1 

km is 10c ... draw the graph and what is the temperature ..." (Episode 5 (47m03s-59m50s)). 
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Also in Lecture 1, Episode 10 (104m30s-113m11s) Alex demonstrated use of the instructional 

method, when he asked his students to prepare the lesson and explain it to their classmates: "The 

next lecture will cover some examples and the increase and decrease of functions … please all of you 

prepare these topics and I will choose three of you to explain each topic for ten minutes.” Another 

example occurred in Lecture 3, Episode 9 (102m04s-118m42s) when he was observed telling the 

students that: 

"We will stop there, but please you think and take a look about how to differentiate a 

composite function and the chain rule theorem ... the next lecture I will give some of you ten 

minutes when you can explain these calculus ideas."  

In Lecture 6, Alex used both the instructional and cooperative learning methods when he directed 

his students to: " ... stop here and make groups ... this for some exercises, I will see how you can 

answer them … then I will choose each group to stand in front of the board to explain one of these 

exercises to us" (Episode 9 (98m04s-118m42s). 

Another area where Alex attempted teaching calculus ideas using a systematic approach, based on 

a solid grounding in logic and its associated linguistic expressions, was observed when he explained 

theorem 4 (constant multiple rule) and explained the proof of it, then explained theorem 5 (sum 

rule) and discussed its proof, then he gave an example of each theorem. In theorem 6 (difference 

rule) he explained that: "In this theorem we can use the previous theorems (4 and 5) to prove it. 

How can we do that?" There was no answer and Alex asked the students to: "... think about 𝑓𝑓 −  𝑔𝑔 

as 𝑓𝑓 + (−1)𝑔𝑔 does it not look like theorem 4 and 5” (Lecture 3, Episode 5 (47m00s-69m35s)).  

These approaches align with his agreement with the survey statement: "I have experienced and 

investigated different ways of teaching calculus." and his strong level of disagreement with the 

statements: "I do not know how to choose the teaching strategies to achieve the aims of the 

calculus topics that I teach." and "I avoid using a wide range of teaching approaches in a classroom 

setting." (Part 3, Statements 1, 2, 5) 

Another aspect related to ISs and PCK highlights the benefits of questioning strategies. Under this 

subcategory, teachers are encouraged to actively involve students in the lesson through the use of 

‘why’ questions and by obtaining justification beyond the procedural elements of the task. Alex 

attempted to use questioning strategies, for example in Lecture 1, Episode 7, (73m37s-80m49s) he 

was observed to seek answers to a question about an explicit algebraic function. His class was 

unusually quiet, his students, however, were either not willing or not able to provide a response. 

This lack of response to questions was consistent throughout all the observed lessons. Yet while 

questioning strategies in Alex’s class were not always interactive, he was able to engage the 
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students in other ways. This was demonstrated in Lecture 3, Episode 3, (25m23s-34m51s) where 

Alex was observed attempting to explain a particular theorem: "If f is differentiable at c, then f is 

continuous at c ... who can interpret this theorem?”. He first gave the students the opportunity to 

work in pairs before asking for comments. Alex was able to elicit responses from the students and 

allow them to express their thoughts. In this example, students were verbally working together to 

solve the problem that Alex posed. This group work was much more collaborative than the class 

questioning strategies and allowed Alex to ultimately explain a misconception. The students could 

then describe where they were going wrong and come to a logical conclusion. This links well to PCK, 

as while Alex was not seeking answers to specific questions, the discussions elicited critical thinking 

skills and offered the students the opportunity to reflect on a specific case. Alex was able to 

consistently ask the question ‘why’ of the students. In taking these approaches, Alex's actions 

supported his response in his interview when he said: “I use questions and discussion throughout 

the lesson and at the end of each idea, also from the questions and feedback I know how my students 

think. Also, I always encourage my students to ask questions.” (Part 1, Q7) Furthermore, Alex also 

agreed with the survey statement: "I always ask questions to evaluate my students’ understanding 

of the calculus topic that I am teaching." (Part 4, Statement 6)  

Alex's lessons were indicative of his typical teaching style, although in the later lessons he used 

classroom activities in many ways, including the use of technology. In his interview he explained 

that: “I use both YouTube and Maplesoft personally. I try to use it in my lectures and send links to 

the students that help them understand calculus.” (Part 1, Q13). In the survey he strongly agreed 

with the statement: "I always use a variety of ways and strategies to develop students’ 

understanding of calculus." (Part 3, Statement 7) This was evidenced in a number of lectures 

including Lecture 1, Episode 6 (60m35s-73m19s) where he explained trigonometric functions and 

used Maplesoft to show the students graphs, and in Lecture 3, Episode 8 (95m27s-108m55s) Alex 

mentioned that people benefit from the applications of trigonometric functions every day: 

"These functions are used in modelling real-world phenomena, such as waves, vibrations 

also, in an elastic motion. I remember when I was studying in Australia how the professor 

taught us to use Maplesoft in these functions. I will show you that." 

Another area that links PCK with ISs is the use of pivotal examples and counterexamples. Alex 

always used pivotal examples but did not mention counterexamples in his practice and his 

responses in the survey and interview. He moved to high level examples and made links between 

mathematical and everyday use of terms through examples. From his interview, Alex's perspective 

on this matter suggests that he considered that learners' progression is best achieved through the 

use of real-life examples, as he explained that: "I always use real-life examples, I always look for 
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real life example rather than just examples. if you would like to attract your students to the lesson 

use examples to make linking between that and their life." (Part 1, Q2) He further explained that:  

“I explain the lesson and I rely on the application dramatically because it makes the calculus ideas 

clear by intensifying examples and exercises within the classroom." (Part 1, Q10). 

In terms of using real-life examples to focus on key ideas in calculus, observation during lectures 

identified Alex implementing this practice in the classroom setting, saying:  

"I will leave these simple examples to you to answer them as homework, and we move to 

higher level examples ... let's take one of using of trigonometric functions quantities that 

vary a periodic manner... simple harmonic motion ... an object at the end ... vertical spring 

is ...s=f(t)=4 cos t ...  ." (Lecture 3, Episode 8 (95m27s-108m55s) 

Other examples occurred in Lecture 1, Episode 3 (26m22s-34m15s) “... dry air moves upwards if the 

ground temperature is 20c ...and the temperature at ...", in Lecture 6, Episode 3 (23m09s-31m15s) 

"... Hubble space telescope was deployed on ... “ and Episode 8 (82m19s-95m31s) “… let f(x) be the 

temperature at time t where you live and suppose that time t = 3 you feel uncomfortable.” 

Interestingly, Alex used examples as a tool for introducing formal calculus theory such as in Lecture 

3, Episode 3 (25m23s-34m51s) where he mentioned a theorem: "If f is differentiable at c, then f is 

continuous at c ... let’s see that we will take this example f(x) =|x|… .” He confirmed this approach 

in his survey response when he agreed with the statement: "I often use examples and diagrams as 

a tool for introducing formal calculus theory." (Part 3, Statement 6) 

Alex frequently used mathematical representation in calculus in almost every lecture episode. As 

such, it was evident that he was trying to show all possible ways to represent the calculus concepts 

as revealed in his interview: 

"I always use the representations of functions to show all possible ways to my students. As 

you know there are three or four possible ways to represent a function by formula, graph, 

or description in words ... there is one, but I cannot remember that." (Part 1, Q10) 

In Lecture 1, Episode 3 (26m22s-34m15s) Alex was observed to ask his students: 

"How can we sketch the graph of function? We should look for some of this function 

notation (Cartesian coordinates) then we draw coordinate axes then sketch the graph by 

using Cartesian coordinates. We can see that in these three examples...."  

On another occasion in Lecture 3, Episode 6 (70m12s-81m08s) he asked: "Who can sketch the graph 

of 𝑓𝑓(𝑥𝑥) = 𝑒𝑒𝑥𝑥?" In another example, Alex used two of the second-level subcategories of PCK for 

teaching calculus (establishing appropriate learning goals in calculus and mathematical 
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representation in calculus). In Lecture 3, Episode 1 (01m02s-12m55s) he pointed out the general 

purpose and three specific aims for this lecture: “We will be able to know a derivative presented 

graphically, numerically … and we will interpret the derivative … .” and in Lecture 6, Episode 2 

(09m00s-22m11s) he said: “In this graph I want you to define local minimums and local maximums 

and we can see the basic idea of what it means for a function to be increasing and decreasing."  In 

his interview Alex explained that: "I always set the learning objectives in my mind and then I build 

the whole lesson of planning and choosing the mathematical representation in calculus etc." (Part 

1, Q2)  

The observation and interview responses align with Alex's agreement with the survey statement: “I 

always select teaching approaches that build on student thinking and learning in calculus.” (Part 4, 

Statement 3) In these scenarios, Alex is not only offering a verbal explanation of the concept, but 

also employing other strategies including numeric, graphic, and algebraic presentations. 

6.3.4 Alex’s PCK in the KCaCos 

In order to consider the KCaCos, two second-level subcategories need to be identified: (1) the real-

world applications of calculus and (2) calculus in academic subjects. This is a challenging 

subcategory because the emphasis of mathematics, and particularly calculus to real-world settings 

is not always apparent. In Lectures 1, 3, and 6 for example, Alex was able to demonstrate this 

applicability. When discussing limits and derivatives with the students, Alex mentioned that people 

benefit from the application of calculus every day. He suggested that: “These functions are used in 

modelling real-world phenomena, such as waves, vibrations, and in elastic motions” (Lecture 3, 

Episode 8 (95m27s-108m55s)). In the same lesson, he also talked about simple harmonic motion 

and how this is related to the use of trigonometric function quantities. For students, this link to 

real-world applicability was beneficial because it offered an opportunity for them to see the applied 

value, rather than thinking of calculus in the abstract. It also put the entirety of the lesson into 

perspective for the students through the use of visualisation. Some students may have benefitted 

from visually linking the examples Alex was presenting using actual real-world entities, such as 

waves and vibrations. Alex’s use of these real-world applications was emphasised in his interview, 

suggesting a good connection between his opinion and his implementation of the concept in the 

classroom. Alex suggested that: "I always use real-life examples and I always look for real life 

example rather than just example. If you would like to attract your students to the lesson, make the 

link between it and their life." (Part 1, Q10) While it is recognised that Alex, as a teacher, is more 

likely to have a good knowledge, everyday use of calculus, not only did he attempt to link the 

concepts to real-life examples such as waves and vibrations, but he also attempted to explain, and 

to demonstrate, to students how calculus fits within everyday usage.  
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In terms of the application of calculus in other academic subjects, a subset of the demonstration of 

PCK, Alex’s choice of examples related well to other subjects. The links made by Alex, in this sense, 

however, were not entirely explicit, as he did not often mention other subjects by name. It was not 

clear if the students were actually aware of the link between calculus and other subjects, as while 

the links existed implicitly, there could have been more explicit connections made. For example, in 

Lecture 6, Episode 9 (102m04s-118m42s) Alex explained some of applications of differentiation in 

health science, he told the students that: “the blood vascular system consists of blood vessels … the 

resistance R of the blood as 𝑅𝑅 = 𝐶𝐶 𝐿𝐿
𝑟𝑟4

, as example….” The strategies that Alex used and the 

demonstration of calculus as a real world human activity is a good demonstration of PCK. Alex's 

indication that he commonly used YouTube and Maplesoft in his own work and offering students 

similar resources was particularly valuable in making him relatable to the students. 

6.4 Case Teacher Sam 

6.4.1 Sam’s PCK of LCCa 

In his interview, Sam suggested that: 

“In calculus 1, the student may come without the basic information. As a teacher, in order 

to motivate the students to attend this course and to pay attention, he must start from the 

basics… you cannot present difficult things in calculus while the student does not know what 

x and y are.” (Part 2, Q4)  

This response by Sam not only addresses students' misconceptions but the misconceptions of 

teachers as well. In addressing his students’ cognition of calculus, Sam's interview response 

indicated that his focus is on his students’ preconceived knowledge, or their lack of knowledge, 

prior to entrance into his class. 

The data collected from the observation of Sam's teaching indicated that he used certain strategies 

to interpret the students' misconceptions in his lectures. Sam started out with some basic concepts 

of calculus by asking:  "Can we discuss these term sets, the real numbers, absolute values, square 

roots, and the square, the inequalities involving absolute ... what is the slope of the line?" (Lecture 

1, Episode 2, (08m00s-22m13s)). When he did not receive a response, Sam reviewed the concept 

and determined whether the students understood by asking for their explanation after he had 

finished. His methodical and systematic approach generally meant that each concept was 

presented with an introduction of the most salient points, followed by more detailed explanations 

on the topic.  
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When Sam was teaching the students in Lecture 3 (Derivatives), there were instances in the lecture 

where he anticipated students’ misconceptions. This was particularly evident in Episode 2 (12m18s-

25m40s) where he created a linear stepped progression from one concept to another. This 

progression was indicated through signposting behaviour, where Sam used words such as ‘first’, 

‘then’, and ‘next’ to direct the students’ attention: 

"Let's start with definition of a tangent ... then numerical exploration of gradients of chords 

we can find the gradient of function ... this leads us to study derivatives we can define that  

... and this will be easy when we take this example ... next I want you to think about  the 

relationship between the tangent line and the derivative ... the tangent line to y=f(x) at … ." 

In this case, Sam was using learners’ cognition to address misconceptions, thus indicating aspects 

of PCK in his teaching delivery. This was consistent with his responses to the interview questions 

where Sam highlighted the benefits of sequential teaching as essential for the building of students' 

understanding. He suggested that: “The professor sets several considerations in the order of the 

subject so that it is easy for the students to understand the lesson sequentially.” (Part 1, Q8) 

Furthermore, this approach was confirmed when he stated that:  "We follow step 1, step 2, and 

step 3 in a systematic way to help the students to face up to calculus difficulties." (Part 3, Q2). 

Additionally, in the survey, Sam indicated that he anticipated his students’ prior calculus knowledge 

before the lesson when he agreed with the statement: “I anticipate my students’ prior calculus 

knowledge before the lesson.” (Part 4, statement 4) indicating that his personal reflections 

accurately matched his teaching practices in this instance. This use of sequential teaching was 

consistent in all of his observed lessons and in most instances linked to the identification of 

students' misconceptions. 

Sam used language to determine that a concept existed. He presented difficult concepts in an 

obvious way with examples and included phrases such as:  "Let’s take power functions with negative 

integer exponents … what about n if it is a fraction ... if n is any real number ..." (Lecture 3, Episode 

4 (39m52s-51m21s)). He attempted to make a concept understandable and easy to grasp through 

starting from integer numbers to rational then real numbers. While this was a demonstration of 

PCK, as it relates to students’ cognition of calculus, Sam presented the same logical approach to 

definitions as he did with moving through the concepts of the lecture. Sam presented definitions to 

students, such as when he discussed concavity later in Lecture 6 by simply saying: “The concave 

upward is … and concave downward is … and the concavity test is …” (Episode 7 (69m02s-83m27s)). 

For each of these terms, Sam provided a definition, but from the perspective of the observer, and 

possibly from the students' perspective, the fact that definitions were being provided was not 

always evident. In terms of how this relates to PCK, it is evident that Sam understood that the 



Chapter 6 

145 

students required these definitions for success in the course and he wanted to make linking 

between these definitions. 

In addition to knowledge of misconceptions, Sam also provided evidence in Lecture 3, Episode 5 

(51m40s-63m30s) that he could relate to students’ knowledge of the proof by presenting and 

sequencing the problem of proof. He provided forms of argumentation appropriate for the 

students’ levels, this was in the theorem of product rule, when he started explaining this issue: 

“22=2 + 2 = 2 × 2 then  32 = 3 + 3 + 3 = 3 × 3 then 52 = 5 + 5 + 5 + 5 + 5 then   𝑥𝑥2 = 𝑥𝑥 +

𝑥𝑥 + 𝑥𝑥 + 𝑥𝑥 + 𝑥𝑥. . . +𝑥𝑥 (𝑥𝑥 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) we will take the derivative of each side of final equation 2𝑥𝑥 = 1 +

1 + 1 + 1 … + 1(𝑥𝑥 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡)  → 2 = 1. " Sam asked the students if this was true, however, the 

students did not reply. Sam counted and said: “This is a wrong derivative of 𝑥𝑥 added to itself 𝑥𝑥 

times." He then asked: "Do you think this is a simple linear equation?" The students replied: "No". 

Sam then continued: "Think about the right side we have 𝑥𝑥 × 𝑥𝑥 this means 𝑥𝑥2 = 𝑥𝑥 × 𝑥𝑥. We should 

apply the product rule … . ” He highlighted different ways that the problems provided would be of 

help.  

Beginning with a discussion about what the students actually knew, demonstrated that Sam had 

knowledge of his students' thinking and the calculus concepts that they needed to know. The class 

began with a discussion about what the students knew and this moved onto the theorems that the 

students were required to grasp. This seemed like a logical transition, as Sam was able to discern 

what the students knew, thus minimising a redundancy when presenting information. In his 

interview, Sam commented on how explanations functioned in his class: 

"In each lecture, it is necessary to bring your pedagogical knowledge and to use this 

knowledge to facilitate the learning process. I use these skills so that the students can 

benefit from the explanation and to receive all the information. The information is firmly 

kept in their minds through using a pedagogical knowledge that helps me to communicate 

the information in the right way." (Part 1, Q4) 

Sam was observed to encourage his students to seek support when needed and continued to revise 

the material regularly. This behaviour suggested that Sam had a good understanding about how 

students learn and retain information. His incorporation of study skills and useful practices for 

learning calculus demonstrated an awareness of pedagogy rather than just of calculus concepts. 

Sam’s responses in the interview indicated, however, that his desire for the students to employ 

concepts did necessarily transcend problems of examples: “I present an example. In another 

example, I give enough time for the students to discuss this example, then I try to correct their 

mistakes and write the correct things on the board ….” (Part 1, Q2b) 
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Sam indicated in the survey that he had a ‘neutral’ view regarding the statement: “I never adjust 

my progress through the calculus syllabus to take account of common student misunderstandings 

and misconceptions.” (Part 4, Statement 2) This does not seem to support his practice in the 

classroom and his response in the interview: 

"Most students have some misconceptions they have had from secondary or pre-secondary. 

These misconceptions or misunderstandings have influenced their learning ... in calculus 1 

... we must revise some definitions and concepts again in order to establish the student’s 

information in an excellent way. This helps the continuity of the study in clear ways and the 

concepts are correct in college. When the concepts are right, we form the student correctly 

... we must correct these things of course. There are some students who have right concepts, 

and some have semi-correct concepts. There are others without information, and we must 

re-establish them so that all students have the same level or a convergent level." (Part 2, 

Q2) 

He took account of misconceptions, as they could be concepts applicable across a range of subjects. 

Despite the discrepancy between his teaching practice and questionnaire response, Sam showed 

evidence that his teaching practice aligned with this subcategory of PCK. 

6.4.2 Sam’s PCK in the DACaCu 

In terms of teaching aims and learning goals, Sam was quite clear about both the learning goals of 

the course and the teaching aims of each lesson, and he consistently shared this information with 

the students at the beginning of each lecture. In his interview, Sam explained that: 

“At the beginning of each term, I must set the objectives of the course completely. At the 

beginning of each lesson, I must set the objectives of the lecture. I should set the main 

objective and get there by the end of the lecture." (Part 1, Q5) 

Sam employed this logical and sequential process of instruction. This was clear from the 

observations when he defined the learning goals at the beginning of each lesson. For example, in 

Lecture 1, Episode1 (02m07s-07m41s) he told the students that: "The main aims of this course and 

our aims in this lecture we know the functions, their domain ..." and also, in Lecture 3, Episode 1 

(02m17s-12m15s) he told them: " ... today we aim to understand a derivative ... we are looking to 

know how ... why is it important? And why do we study it?" This approach by Sam is supported by 

his strong agreement with the survey statements: "I always know how to organise the main aims 

of each calculus lesson that I teach." (Part 2, Statement 1) and "I always select lesson objectives for 

each calculus lesson by considering suitable methods for teaching." (Part 2, Statement 3) Sam's 
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strong agreement with these two statements and his explanations of the aims of his lectures 

showed that he was employing aspects of PCK consistent with the theoretical model. His insights 

seemed to be based on outcomes of learning, as supported by a response in his interview: 

“Every lesson has its objectives. Through the objectives you expect to achieve you know if 

the lesson is effective or not? For example, you set three objectives in the beginning of the 

lecture and you see if you have achieved them then by the end of the lecture. If you do not 

achieve an objective, you will feel that this lesson is ineffective and that you presented it in 

the wrong way. But if you achieved all the objectives and you have benefitted the students 

and they have developed their skill, I consider that the lesson is effective. Achieving the 

objectives is done by choosing the right way.” (Part 1, Q12) 

In continuing with DACaCu, Sam was also able to demonstrate ‘routes’ in the classroom by 

explaining calculus ideas, definitions, examples, theorems or proofs. In Lecture 3, Sam used the 

Theorem of the Quotient Rule prior to beginning an example with his students (Lecture 3, Episode 

5 (51m40s-63m30s)). In this lecture, Sam explained to his students that: “From this example, we 

want to deduce the quotient rule …”. He indicated in his interview that: 

"Each university professor sets several considerations in the order of the subject so that it is 

easy for the student to understand the lesson in a sequential way. The students can build 

their information from this course. In calculus, there are certain ideas in the order of the 

subject. We start with definition, then an example or a definition then a theorem and proof 

or an example and a theorem, then I ask for the definition according to the lesson and the 

background of the student for this lesson." (Part 1, Q8)  

This approach was supported by his agreement with the survey statement: “I often use examples 

and diagrams as a tool for introducing formal calculus theory." (Part 3, Statement 6) This suggests 

that Sam attempted to make a connection between the theoretical calculus ideas and the examples 

that were used to demonstrate these theories. Through this method, Sam was identifying the key 

ideas in learning calculus, consistent with the PCK framework. 

While Sam demonstrated PCK in relation to DACaCu, there were areas where his abilities to 

determine students' learning may have been challenged by some of the strategies he chose to 

implement. In terms of his ability to identify key ideas in the learning of calculus Sam indicated, on 

several occasions, that he had a clear understanding of how to choose both the calculus topics for 

instruction and the teaching strategies to implement them. This was demonstrated through his 

interview response: 
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"There is a logical sequence of ideas. This sequence is logical .... we follow step 1, step 2, 

and step 3 in a systematic way. There is a sequence within the lesson which depends on 

the analysis of the lesson in terms of theories and definitions, examples and evidence. I use 

definitions and I sometimes explain examples. Then I move to theorem, proof and then an 

example ...." (Part 3, Q2) 

In addition, Sam often linked his organisational structure of the topic with the course syllabus and 

the textbook and following the textbook. This corresponds to his answer in the interview when he 

explained that: 

"I use the sequence of the textbook which is acceptable. Every professor tries to strive and 

develop according to the quality of the students. Sometimes you enter the lecture room 

and you find students with no background in this area. It means you have to do a review 

for the basics, for example, to review many things in order to benefit the students to 

understand the remaining part...." (Part 3, Q3) 

 Sam was recorded in Lecture 3, Episode 4 (39m52s-51m21s) and Episode 5 (51m40s-63m30s) to 

provide available definitions, theorems and proofs to students:  

“We will use our knowledge of derivatives definition to find the rules of finding Derivatives 

... we will have definitions, theorems and proofs, we will start with constants function ... ." 

Furthermore, Sam was able to use the sequence of calculus ideas, definitions, theorems and proofs 

with pivotal examples together in his lessons to give the students a sequence of calculus ideas and 

as a way to link theory to more practical applications. This was particularly noted in Lecture 3 

(mentioned above) and Lecture 6 where Sam was explaining the maximum and minimum values, 

as in Episode 2 (11m43s-25m32s) and used the sequence of calculus ideas when he explained 

Rolle's Theorem in Episode 5 (45m41s-56m06s) and the Mean Value Theorem in the same lecture. 

While Sam demonstrated PCK in relation to DACaCu, there was a logical sequence of ideas, he used 

the sequence of the textbook and argued this sequence is logical and he considered that most 

professors use it. 

6.4.3 Sam’s PCK of ISs 

In the case of Sam, nowhere was his demonstration of PCK more profound than in his systematic 

approach to teaching and he was very clear that this was his foundation and justification for the 

way that he approached his teaching. Sam, in his interview, commented on this approach: 
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“There is a logical sequence of ideas... You cannot know integration without knowing the 

derivation .... All things are related; of course, we follow step 1, step 2 and step 3 in a 

systematic way. There is a sequence within the lesson which depends on the analysis of the 

lesson in terms of the theorems and definitions, examples and evidence.” (Part 3, Q2)  

This systematic sequencing was demonstrated often in his lectures, with a useful example of this 

being observed in Lecture 1, Episode 8 (85m10s-99m10s) where Sam presented sequencing 

problems leading students to determine the structure of trigonometric functions. He told his 

students: "Let's take the super hexagon that will help us to remember all the trigonometric formulae 

and identities and can help us in the future to remember them and we can find their derivative." 

(see Figure 6-9). He highlighted the difficulties with both constructing and evaluating calculus 

concepts in order to ensure that the students were aware of areas that were particularly 

challenging. 

 

Figure 6-9: Super Hexagon for Trigonometric Functions 

Another example was observed in Lecture 3, where Sam presented sequencing problems that could 

lead the students to more easily see the structure of certain calculus concepts: 

"If 𝑓𝑓 a differentiable function, then its derivative f’ is also function we can see its domain... 

so f’ might have a derivative of its own is called the second derivative we can use f’’ ...and 

we can see the third derivative... we can have this example 𝑓𝑓(𝑥𝑥) = 5𝑥𝑥6 + 2𝑥𝑥2...this is called 

higher derivatives …" (Episode 3 (26m03s-37m45s)).  

This approach was corroborated through his strong agreement with the survey statement: “I always 

use a very mathematical way of teaching calculus.” (Part 3, Statement 3) 

While Sam’s systematic approach to instruction meant that his students were well aware of how 

the lesson would proceed, I noted that there was an abundance of teacher talk within his lessons. 

In his interview Sam indicated that he valued group work and collaboration as he mentioned that: 

"I use cooperative learning, homework and discussion ... " (Part 1, Q4a), but in many of the lectures 

that I observed, he did most of the speaking and he did not ask for the involvement of students. 
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While there were instances when Sam asked the students for an answer (e.g. when he asked the 

students to deduce the rule from the example in Lecture 3, Episode 5(51m40s-63m30s)), more 

often he was telling them to remember certain mathematical concepts, as demonstrated in Lecture 

3. In this lecture he reminded the students to: “... remember all of the laws to make the table of 

differentiation formulas” (Episode 6 (64m28s-70m05s)). Part of the challenges associated with 

Sam’s linear progression, through the objectives of the lessons, seemed to be the cause for the lack 

of questioning. In Sam’s case, from his interview response it appeared that his ultimate goal was to 

teach the students the objective of the day, as he explained: “... we reach the ideas and conclusions 

then write them on the blackboard after all the discussions with the students" (Part 1, Q4b), rather 

than to facilitate or check for the students' understanding of the concepts. Sam's linear approach 

to meeting course and lesson objectives somewhat deviated from the questioning strategies 

subcategory, as outlined in the theoretical model. 

Despite Sam’s lack of questioning strategies, he did use a significant number of examples to help 

him to explain the concepts that he was trying to teach. In Lecture 6, Episode 6 Sam utilised multiple 

examples as he encouraged the students to think about the general case: "Now we will take some 

examples to explain these ideas... the final example I will change the idea of question ... suppose the 

first derivative of a function g is g'(x)= (𝑥𝑥 + 1)2(𝑥𝑥 − 3)5(𝑥𝑥 − 8)4...” (57m43s-68m12s)). In this case, 

he did utilise some questioning but was primarily focused on using the pre-prepared examples to 

help focus and explain the ideas of the lesson.  

Sam was more forthright in his responses to the survey and interview components, suggesting that 

he frequently used questioning strategies as a means to encourage thinking about the general case. 

During his interview, he stated: 

"The discussion is the most important thing to achieve objectives. This gives the students 

freedom so they can speak and discuss and that there is no fear of the professor.We 

motivate all students to work in groups. We give them worksheets to work on outside of 

class. They find solutions as assignments. The last example of this is the homework that was 

presented in groups yesterday. Formation of the groups is free among students. Each 

student chooses his colleague as he wishes… I always ask students questions and use 

discussion on a permanent basis.” (Part 1, Q9) 

Sam indicated in his survey response that he agreed with the statement: “I always ask questions to 

evaluate my students’ understanding of the calculus topic that I am teaching.” (Part 4, Statement 

5) However, this was not as evident in practice, suggesting some discrepancy between his 

pedagogical understanding and his practical application. 
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 In terms of relating this to the PCK model, there are questions surrounding what constitutes a 

‘pivotal’ example, as described by the theoretical framework. The examples Sam presented were 

useful, but because they were pre-prepared, they often relied on assumptions about what the 

students would find valuable. Sam highlighted in his interview that he valued and always used 

examples: 

"... because all the definitions and theorems are the same in all the resources and only the 

examples differ. What examples can you provide for the benefit of the student?  The 

students benefit from the examples not only the definition or the theorem ...." (Part 1, Q6).  

Correspondingly, in the survey, Sam agreed with the statement: “I often use examples and diagrams 

as a tool for introducing formal calculus theory.” (Part 3, Statement 6) and I noted that Sam used 

examples in almost every lecture episode. As such, it was evident that he was trying to explain 

calculus ideas through examples. A case in point was noted in Lecture 1, Episode 3 (22m16s-

31m25s) where he told his students: "Let's take these examples find the domain and range and 

sketch the graph of these functions ...." Sam always attempted to present his examples in different 

ways, for example in Lecture 3, Episode 8 (83m00s-104m00s) (See Figure 6-10). This corresponds 

to the answer he gave in the interview when he explained that: "I present an example then another 

example, I give enough time for the students to discuss this example ... I teach the students different 

approaches and methods in solving examples." (Part 1, Q2a) Moreover, Sam used the 

counterexample once in Lecture 1, Episode 7 (72m00s-84m17s) when he explained to the students 

that: "We will take these examples on the even, odd functions and counter-example to show you 

the non-odd and non-even function ...." Therefore, while they were likely very important, Sam’s 

direct line of thinking may have influenced which examples could be seen as pivotal for the students 

and which ones were simply helpful within the context of the lesson. 

 

Figure 6-10: Example of Presenting an Example in Different Ways 

An area that was particularly prominent in the lessons taught by Sam related to the mathematical 

representation in calculus, as described in the theoretical framework. In his lectures, Sam was 
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observed to be a good communicator when it came to the topic being discussed. As everything had 

clearly been planned out in advance, he was able to draw on the strong connection between the 

representations that students used and their understanding. For example in Lecture 1, Episode 8 

(85m10s-99m10s) he explained that:  "... these functions' examples, we will try to sketch their 

graphs we are going to start with the trigonometric functions ... ." Sam highlighted that there were 

instances where students could make good connections if they were able to use diagrams and 

explanations as tools for understanding theory (in line with his response to the survey statement 

Part 3, Q6). In his interview, Sam's perspective on this matter suggested that he considered that 

mathematical representations are best achieved through the use of many ways. He acknowledged 

that: "These things, of course, are algebraic symbols and we can express them with graphics. We 

can represent function, derivative and limit ... graphically with real examples. We can express many 

images in these things … .” (Part 1, Q10)  

Furthermore, Sam was able to use many different representations, such as visual, symbolic and 

verbal ideas together in his lessons to give the students a wide range of perspectives and as a way 

to link theory to more practical applications. This was particularly noted in Lectures 1 and 3 where 

Sam was discussing the basic properties of trigonometric functions, in Lecture 6, when he talked 

about maximum and minimum values such as in Episode 2 (11m43s-25m32s) and use the role of 

representations as recognised in communicating ideas when he explained Rolle's Theorem in 

Episode 5 (45m41s-56m06s) and the Mean Value Theorem in the same lecture. 

6.4.4 Sam’s PCK in the KCaCos 

In Sam’s classroom, there were certain instances where he made reference to ideas that went 

beyond the actual learning of the materials associated with calculus. For example, in Lecture 3, 

Episode 9 (102m04s-118m42s) Sam discussed James Gregory, giving a historical overview of this 

person and how he was associated with mathematics: 

" I will stop as a lecturer of calculus and will talk as a history teacher about the chain rule ... 

this is what we will have next lecture, but I would like to give you a summary about the 

history of that and help you to prepare ... the first person to formulate that was James 

Gregory ... he was a Scottish mathematician .... then Andrews ...."  

This historical piece was, from Sam’s perspective, fundamental to the students understanding of 

calculus because knowing the origin could provide context for future learning. In addition to linking 

calculus to a historical component, Sam was very focused on linking calculus to real-world 

applications as well. One of the ways that Sam was able to demonstrate the connections to the real 

world occurred in Lecture 6 where he was discussing the applications of differentiation. In this 
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scenario, Sam was highlighting not only the real-world components but how enjoyable this lesson 

was because of its practicality. In this lecture the researcher recorded that Sam stating that: "I really 

like these lectures, which are enjoyable ... today we will apply what we have learned ... we will 

combine functions with (domain, range, interval), limits, continuity, and derivatives in real-life 

examples ..." (Episode1 (04m09s-11m22s)).  

Sam indicated in his interview that he felt that representations and images were of particular 

importance when teaching. He suggested that examples gave context to students and this assisted 

in the avoidance of misconceptions. He explained that: "We can represent function, derivative and 

limit ... graphically with real examples. We can express many images in these things….”  (Part 1, 

Q10). While a suggestion of real-world examples is necessarily a component of the PCK theoretical 

model that has been identified, it is generally posited that if a teacher has more interest in a specific 

area of study, they may be more inclined to show real-world applications.  

Additionally, in terms of Sam’s demonstration of the real-world application of calculus, there were 

instances where he emphasised the benefits of calculus and linked it to specific applications, as 

described in the theoretical model. In Lecture 6, Episode 3 (25m59s-34m15s) Sam spent some time 

talking about the Hubble telescope and used a pivotal example for identifying relationships 

between mathematics and application by telling the students that: "... the Hubble space telescope 

was deployed on ... is given by ... estimate the absolute max and min values of the ..." where he 

focused on minimum and maximum values. By putting this example in the perspective of a calculus 

model, Sam was able to hold the students’ interest and express value in the application of the topic. 

This teaching practice, and others, generally demonstrated that in certain instances, Sam was able 

to demonstrate his knowledge of the calculus connections in wider real-world applications. 

6.5 Case Teacher Tom 

6.5.1 Tom’s PCK of LCCa 

In the case of Tom, this teacher seemed to be drawn to the weaker students and making sure that 

they were being supported. However, he seemed to find it difficult to find a balanced approach in 

teaching the students that were weaker and those that excelled in his course. For example, he was 

observed to indicate that he knew his students were going to experience difficulty with functions 

when he asked them what "… exponential functions are... if 𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 𝑦𝑦 are positive numbers and 

𝑛𝑛 𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚 are any real numbers, can you find 𝑥𝑥𝑛𝑛+𝑚𝑚 =?𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥𝑛𝑛−𝑚𝑚?” (Lecture 1, Episode 7 (72m13s-

84m44s)) There was no response from the students so Tom continued “… we will review the laws 

of exponents ... ." As a result, he suggested to the students that this would be an area to focus on. 
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These types of recommendations were consistently deployed by Tom in his lectures. For example, 

they were noted in Lecture 3, Episode 5 (42m15s-55m44s) where he discussed the challenges 

behind proofs: 

" ... the limit of a sum is the sum of the limits ... I will prove the first law and the third ... then 

we will take the law and give an example ... I will leave the proofs of the rest of theorems to 

you to read them at home ... I know you have difficulties how a proof should begin ... these 

proofs will help you to know how you can use other laws in manipulating mathematical 

ideas."  

And when he explained the difficulties students might have with constructing and evaluating limits 

at infinity, as demonstrated by his comment: "We have some laws which will help you to know 

evaluating limits at infinity …." (Episode 5 (61m00s-68m22s)) (See Figure 6-11)  

 

Figure 6-11: Laws of Infinity 

Tom spoke directly to the students and forthrightly highlighted areas where the students tended to 

struggle. This type of approach is a type of signposting of students' misconceptions and learning 

difficulties. Tom was ensuring that essential concepts that were fundamental to success throughout 

the course were flagged up for the students. There are many benefits to this type of approach that 

relate to supporting the student. In the case of Tom, this type of behaviour indicated that, from a 

PCK perspective, he was aware of the misconceptions and able to address them in the classroom. 

Should weaker students in a class be struggling with the comprehension of certain topics, their 

stress may be reduced simply by knowing that these topics are likely to be common challenges 

among students overall.  

The way that Tom addressed the students' misconceptions was paralleled by his own knowledge 

about students’ thinking about calculus concepts. Tom attempted to anticipate areas of particular 

concern and to make these important aspects in the course structure. In the very first lesson, Tom 

was observed to suggest to his students that they: “you will be mathematics teachers ... must have 

a background in the functions and derivatives ... and limits and a background in differentiation and 

integration.” (Lecture 1, Episode1 (02m02s-09m532s)). He also indicated that this was an essential 

component of calculus when he spoke in his interview, where he said: 
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“There is little difference in objectives, for example, between teaching calculus for 

mathematics students and chemistry, physics students or any other subjects. For example, 

in mathematics, the focus of our conversation is mathematics students, who will be maths 

teachers ... my goal for students to have a better understanding of calculus at the end of 

the course, they must have some knowledge prior to attending and my role is to correct 

their misconceptions and I help them overcome difficulties.” (Part 1, Q1a)  

While Tom seemed to inherently know the fundamental challenges that his students were likely to 

have in the classroom, there were some deviations from this way of thinking in his responses in the 

survey. For example, Tom indicated ‘neutral’ to the statement: ‘I anticipate my students’ prior 

calculus knowledge before the lesson.’ (Part 4, Statement 4) This response is surprising, as it was 

clear that Tom both understood the fact that some students were weak at calculus and that there 

were many common areas where students tended to struggle. Therefore, it was evidenced in his 

teaching practice that he did anticipate students’ prior knowledge, though the self-reflection on 

this aspect of PCK was not as clear.  

Tom also provided evidence in his teaching that he could identify students’ progression in 

understanding typical calculus concepts. This was demonstrated in Lecture 1, Episode 6 (61m05s-

70m40s) when Tom explained to the students that there were foundational requirements of 

algebraic and trigonometric functions that were paramount to moving forward in the course. He 

asked them: "... what does it mean algebraic functions?  ... classify the following functions as one of 

the types of functions that we have learned ...". By establishing some of the mathematical concepts 

that were necessary, but that were identified as previous mathematical knowledge, such as in the 

end of this episode, Tom sought to obtain justification beyond just procedures. He asked the 

students: “What is the difference between 𝑓𝑓(𝑥𝑥) = 5𝑥𝑥  𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔(𝑥𝑥) =  𝑥𝑥5?" and was indicating to them 

the logical sequencing of mathematics, to ensure that they had the building blocks needed to be 

successful in the course. This was a demonstration of PCK, in relation to the theoretical framework, 

as Tom's approach was highlighting the learners’ cognition; furthermore, he was indicating that 

students learning follows a scaffolding strategy. 

Other than the slight anomaly with the survey, Tom seemed to be cognisant of both the challenges 

that the students have in calculus and how he, as a teacher, can most effectively address these 

challenges. In his interview, Tom was forthcoming about the types of students that enrolled in his 

class. He suggested: 

“When the students come to the mathematics department, they vary at different levels: 

distinguished students, modest students and weak students. So, what do I do in this case? 

Of course, if you follow every weak student, this will hurt the distinguished; and the opposite 
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is true. There are people who are not good, because they are not bad, because they have 

not worked on themselves, I have to find a balance.” (Part 2, Q2)  

This was demonstrated through his strong disagreement with the survey statement: "I never 

consider individual differences among students when planning my calculus lessons." (Part 2, 

Statement 2) When considering his response to this statement, it is clear that Tom is demonstrating 

aspects of PCK as they relate to the theoretical model because he is demonstrating an ability to 

address misconceptions and knowledge of students’ thinking in his explanations and in the 

classroom setting. 

6.5.2 Tom’s PCK in the DACaCu 

When considering the developmental aspects of calculus, one area where Tom was particularly 

vocal about a particular concept was in the area of learning goals. In the first lecture, Tom set out 

the learning goals for the students by explaining ways of thinking: “You will be maths teachers ... 

must have a background in the functions and derivatives ... and limits and a background in 

differentiation and integration, you should know the best methods to understand them ....” 

(Episode1 (02m02s-09m532s)). Tom suggested to the students that they should think like future 

maths teachers, indicating that they should able to fully explain a concept to someone else and 

have them be able to understand the material. In terms of written material, Tom pointed to the 

syllabus as a particularly useful resource for students. He suggested in the interview that important 

objectives were set in the course syllabus and these assisted the students in knowing the objectives 

of the lesson. He suggested that: "… through the course syllabus I set the important objectives and 

I often explain them to the students. Sometimes through the lesson, the student knows the 

objectives of the lesson….” (Part 1, Q5) Tom’s explanation of the goals of the lessons continued 

throughout the observation period. For example, at the beginning of Lecture 3 (Episode1 (05m20s-

07m58s) he told the students that: "Our topic today is limits, and this lecture is considered as an 

introduction to limits and the most important lessons in calculus 1 ... by the end of this topic of limits, 

you will be able to find the limit of the function ... ."  Tom again highlighted the goals of the lesson 

and what the students should be able to accomplish by the end of the lesson. The same was true in 

Lecture 6 where he stated that:  "... derivatives which can be applied to solving problems in several 

subjects such as engineering, physics...etc ...." (Episode1 (03m01s-10m48s)). He outlined the aim of 

the lesson along with a definition and a practical example of derivatives to demonstrate to the 

students what they would be discussing in the class. This was supported through his strong 

agreement with the survey statements: "I always know how to organise the main aims of each 

calculus lesson that I teach." and "I always select lesson objectives for each calculus lesson by 

considering suitable methods for teaching." (Part 2, Statements 1, 3) All of the above examples 
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indicate that Tom was establishing learning goals in his calculus lessons. As the students were able 

to progress through the course, it can only be assumed that these learning goals were ‘appropriate’ 

as outlined in the theoretical model of PCK. 

In addition to his continuous description of learning goals, Tom also prominently discussed 

definitions, theorems, and proofs that the students required for success in his course. For example, 

at a critical moment in Lecture 1 (Episode 2 (10m01s-22m58s)) Tom provided a definition of one-

to-one functions to his students when he told them that: " ... we will talk about functions definitions 

... focus on this example on the whiteboard ... look at representations of functions by a graph ... we 

define one-to-one functions ... and we have piecewise defined functions ... ." Tom felt that this was 

a pivotal moment for his students to have the definition because they would be working with it 

throughout the lecture and it would be something that was required knowledge for further 

concepts later in the course. He suggested that definitions were essential as they related to formal 

calculus theory (survey, Part 3, Statement 3) and that examples and diagrams were generally better 

used after this definition was presented. Tom's response to this survey statement was generally 

supported in his teaching as he went on to use the familiar structure of (1) providing a definition, 

(2) providing an example/graphic, and (3) explaining the value of the concept throughout the 

lectures observed. Tom showed consistency in his teaching practice and in his thinking in the 

interview also, as exemplified when he said: 

"I start with the definition and give examples to simplify this definition. Then after giving 

these examples, I give theorems, and the basic properties with proofs. If the characteristics 

of the theorem and proofs are facilitated and simplified, I try to demonstrate simplified ... 

." (Part 1, Q2a) 

In terms of the building blocks of mathematical theories, Tom often linked his organisational 

structure of the topic with the course syllabus and the textbook and followed the textbook. He was 

recorded in Lecture 3, Episode 5 (42m15s-55m44s) to provide available definitions, theorems and 

proofs to students: 

" ... the limit of a sum is the sum of the limits ... I will prove the first law and the third ... then 

we will take the law and give an example ... I will leave the proofs of the rest of theorems to 

you to read them at home ... I know you have difficulties how a proof should begin ... these 

proofs will help you to know how you can use other laws in manipulating mathematical 

ideas ...."  

In addition, this approach was obvious in Lecture 6, Episode 3 (30m00s-40m10s) when he told the 

students to: "Look to your textbook we will have the Fermat’s theorem and explain the proof" and 
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Episode 7 (81m24s-96m11s) when Tom provided available definitions, theorems and proofs to the 

students when he explained Rolle's Theorem with three cases and did the same structure with the 

Mean Value Theorem in Episode 8 (97m18s-113m07s). In all these instances Tom was essentially 

providing a route for the students to follow in order to achieve success in this topic and provide a 

valuable overview of the material for the students. This corresponds to his answer in the interview 

when he explained that: 

"I try to adhere to the Arabic reference “التعامل مع التفاضل والتكامل” in the sequence so that I 

do not confuse the students. Teaching topics based on their sequence in references and 

syllabus is better. I don’t use other references except in rare cases." (Part 3, Q2)  

Moreover, Tom justified his actions in his answer to another question in the interview when he 

explained that: 

"I respect the plan, the programme and the existing approved course elements. If there is 

an addition, there is no objection to this so as not to change the order. I adhere to the 

reference that I use in the lecture through the arrangement of ideas and lessons so as not 

to make a difference for the students between what that takes in the lecture and the 

approved reference." (Part 1, Q8)  

Tom's response to the survey statements: “I am aware of how the calculus material I teach fits 

within the bigger university context.” and "I am not interested in how calculus is taught at other 

(similar) university institutions in other parts of the world." (Part 5, Statements 5, 6) was ‘neutral’. 

This does seem to support both his practice in the classroom and his response in the interview, 

when he stated that he was interested in following the textbook. From these data, it can be 

assumed that Tom is less concerned about where the material appears in the lecture, but rather 

that theorems are appropriately explained to students in a way that is clear and logical for the 

particular situation. Again, while this seems like a valuable use of building blocks to construct, it 

was not always demonstrated in practice. Tom did not introduce any theorem in Lecture 1, and in 

Lecture 3, he did not focus on the theorem, but it was presented as any information in the lecture. 

This also occurred in Lecture 6, though theorems were heavily targeted in this lecture right at the 

beginning. In both of these instances, Tom highlighted the value of the inclusion of theorems into 

his teaching, though less was provided on the building blocks of mathematical theories that enable 

students’ mathematical understanding. 
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6.5.3 Tom’s PCK of ISs 

Tom, in his responses in the interview, generally suggested that he did not have particular ISs or 

teaching methods that he specifically employed. He suggested that this was because he did not 

have enough experience in this field: 

"I do not claim knowledge of the full teaching methods, but I consider myself that I have 

little experience that allows me to evaluate the level of the student in front of me. I do not 

have a particular teaching method, or I’m not interested in the ways of presenting a lesson 

which I consider to be more formal than useful. I do not have enough experience in this field, 

as I told you. I do not prepare teaching methods, but I try to make links between visual, 

symbolic, and verbal ideas in my lesson ...." (Part 1, Q4)  

This was supported by his responses in the survey, where he indicated that he did not have a wide 

range of knowledge in planning calculus lessons and had not experienced or investigated different 

ways of teaching calculus (Parts 2 and 3, Statements 4,1).  In terms of his instructional methods, 

Tom tended to follow the same strategy throughout. He began with the lesson overview and an 

evaluation of the homework. Definitions and examples were then provided for the students with 

strategies for continued study appearing at the end. He stated in his interview that: "I do not like to 

use different teaching methods ..." (Part 1, Q9) indicating that he preferred the lecture style when 

he said: "... the lecture and urge the students to work on their own through doing a lot of exercises." 

(Part 1, Q11)  

In considering the link to PCK, one of the characteristics that falls into the category describing the 

relationship between instruction and students’ ideas suggests that teachers should demonstrate 

appropriate instructional methods. While Tom may not have necessarily acknowledged that the 

methods he utilised were thought out in detail, from the lessons observed they appeared to be 

appropriate to meet the needs of the students. This was discerned from the observation in Lecture 

6, Episode 2 (11m09s-29m15s) where Tom explained to his students that: 

"We face a lot in our daily lives the problem of finding the best way for doing something, 

sometimes the problem turns into a matter of searching for maximum and minimum values 

... can you give me examples of that .... "  

In the middle of this episode he said: "I want to mention the issue of existence case ... this includes 

type of set and also, type of function ... who can talk to us about that?"  Finally, at the end of this 

episode, Tom actively involved the students in the lesson through questioning, as demonstrated 

when he asked his students: “… where do extreme values occur?”  Here, the students were able to 

participate in the lesson on the applications of differentiation. In this lecture, the students were 
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required to discuss and talk and because of this interaction there was some evidence of Tom using 

ISs, however, in his interview he did not recognise that he had done so.  

Another aspect of PCK relates to questioning strategies, which Tom did not employ consistently. 

Areas where he did use these strategies appeared most prominently in Lecture 6, Episode 2 

(11m09s-29m15s). In this episode, he initially asked the students some questions about the 

applications of differentiation. This relates to the point above about appropriate ISs. Tom then 

continued the lesson and used questioning techniques to ensure that the students understood the 

various points of the lesson. This also gave the students the opportunity to participate in the lecture 

and to be able to demonstrate their knowledge. This also allowed the students to employ their 

critical thinking skills, as they looked for answers to the questions posed. Throughout this process, 

Tom was employing PCK when he encouraged students to think about the general case and when 

he checked their understanding in this lecture only, the students were interacting with him. Tom 

indicated a 'neutral' response to the survey statement “I always ask questions to evaluate my 

students’ understanding of the calculus topic that I am teaching.” (Part 4, Statement 6). He stated 

in his interview that: 

"I sometimes ask in the lesson “do you understand?” As I told you before, there are some 

students who do not answer if they understand or not. But when I expect the majority to 

understand, I move to the second part because I am obliged to a particular curriculum ... ." 

(Part 2, Q6) 

In the observed lessons, Tom used many pivotal examples, moreover there were many obvious 

situations where he demonstrated knowledge of using examples to focus on key ideas in calculus 

in practice. It is acknowledged that Tom certainly used example strategies to determine 

explanations of calculus ideas. These examples, however, were largely directed at students who 

were weaker, thus not necessarily addressing the distinguished students in the class that Tom 

highlighted were a subset of his student population. He tried to provide some examples for the 

distinguished students, such as in Lecture 1 when he provided an example of linear function: "This 

example for distinguished students ... dry air moves upwards ... if the ground temperature is 20c ... 

and the temperature at ... 1km is 10c ... draw the graph and what is the temperature  ..." (Episode 

5 (46m01s-60m12s)). Another example occurred in Lecture 3, Episode 8 (85m20s-108m56s) when 

he told the students that: "The signum function denoted by 𝑠𝑠𝑠𝑠𝑠𝑠 is defined by ...." Tom told the 

students to copy some examples from the whiteboard and practice the questions for homework. In 

his interview Tom suggested that examples are very important, as indicated by his comment: "I 

start by definition and giving examples to simplify this definition. Then after giving these examples, 

I give theorems, and the basic properties with proofs ...." (Part 1, Q2a) He suggested that the 
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examples were essential as they related to explaining and clarifying calculus concepts (survey, Part 

3, Statement 3) and that examples and diagrams are generally better used after the definition has 

been presented. 

One of the ways that teachers can move beyond CK to aspects of PCK is through the enhancement 

of linking visual, symbolic, and verbal ideas in calculus. This approach was evidenced in Lecture 1, 

Episode 2 (10m01s-22m58s), where Tom drew strong connections between the representations 

use and the students’ understanding when he told them that:  

" ... we will talk about functions definition ... focus on this example on the whiteboard .... 

look at representations of functions by a graph ... we have three item domains?  Range? Co-

domain? the domain ...."  

Another example observed in Lecture 6, Episode 3 (30m00s-40m10s) was given by Tom: "How to 

find maximum value or minimum value? Let's have these examples to focus on max-min values, and 

I am sketching their graphs ...." A teacher with strong PCK in calculus is likely to ensure that multiple 

mathematical representations are employed in order to ensure individual comprehension. 

According to Tom: 

"I give them a way to understand and do not memorise. You know that mathematics does 

not encourage or advise to memorise, but [for the students to] understand and know how 

to retrieve information ... graphs. Sometimes, they play this role, may be one of the means 

by which we remember certain laws and certain relations or specific theories ... I use the 

diagrams in my teaching." (Interview, Part 1, Q10)  

Tom was more forthright in his response to the interview questions, suggesting that he frequently 

used mathematical representations as a means to encourage thinking about the general case (see 

interview Part 1, Q4, p 171).  

6.5.4 Tom’s PCK in the KCaCos 

In presenting the KCaCos to the students, Tom completed this undertaking as it relates to the 

theoretical model but generally did so in a rather vague way. For example, in Lecture 6, Episode 2 

(11m09s-29m15s) Tom stated to the students: “We face a lot in our daily lives, the problem of 

finding the best way for doing something, sometimes the problem turns into a matter of searching 

for maximum and minimum values ….” Yet despite this general interpretation of how calculus might 

fit into the larger picture, Tom was quite aware of the challenges that students could face trying to 

link the abstractness of some of the calculus concepts with everyday use. In his interview, he 

commented on that see (interview part 1, Q10 above). 
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This demonstrates the applicability of Tom’s knowledge of the real-world applications of calculus 

despite not fully realising this vision in the classroom. In addition, when Tom participated in the 

interview on this subject, he highlighted the link between "... calculus and physics and how 

derivatives were a useful example of how these two academic subjects could coexist." (Part 1, Q10) 

He suggested that the mathematical diagrams and the associated laws may help students to 

consider which application to use when attempting to solve a problem. In considering this 

connection, Tom is suggesting links to other academic subjects, which is a product of the theoretical 

model of PCK. Yet despite Tom’s conscious understanding of these connections, his ability to relay 

this information to the students was lacking. He briefly mentioned physics in Lecture 6, Episode 1 

(03m01s-10m48s) but did not go into any detail about the connection that students should form. 

Instead, he required the students to make the connection between the two implicitly, but with very 

little emphasis on this component, it is difficult to determine whether students were actually able 

to draw the conclusions Tom expected of them. 

6.6 Cross-Case Analysis 

This cross-case analysis, related to the PCK elements, is built on the findings from the four specific 

cases. This cross-case analysis is presented in the sequence of the research question. 

RQ2: Using this model of PCK, how do calculus teachers articulate and demonstrate their 

PCK? 

6.6.1 Learners’ Cognition of Calculus 

Learners’ cognition of calculus comprises two second-level subcategories; students’ 

misconceptions and learning difficulties in calculus, and knowledge of students’ thinking about 

calculus concepts.  

6.6.1.1 Students’ Misconceptions and Learning Difficulties in Calculus 

In terms of students' misconceptions, the calculus teachers in this study addressed these aspects in 

different ways. All of the teachers, however, presented a clear understanding of what students had 

learned at the secondary school level and all indicated that the students did not have much prior 

calculus knowledge upon entering university. For these teachers, the outcome was a need to have 

the students learn the material of the course, but also to really understand the ‘why’ associated 

with the fundamental concepts that exist for each calculus topic taught. For John, this came 

primarily from explanations, whereas Alex suggested that misconceptions were best addressed 

through cooperative education. John's methodical approach ensured that every concept received 
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diligent teacher-talk associated with it; however, Alex provided opportunities for students' 

participation. Both John and Alex used their knowledge of learners’ cognitions to address 

anticipated questions and students' misconceptions and identified the students’ formation of 

mathematical concepts in calculus. Furthermore, John always asked his students if they understood 

and if they answered no, he attempted to re-explain the examples using more than one method.  

John’s challenges to engage students in the classroom was not unique, as other teachers 

experienced difficulties with interaction. What made John’s case unique was how he demonstrated 

consistency, suggesting that he knew what the students’ misconceptions and difficulty were and 

did his best to address them. While Teacher Alex tended to use a more implied approach by using 

other examples and sometimes tended to use cooperative learning methods in this situation. In the 

instances where the proofs were considerably difficult, the teacher allowed the students to work 

in peer groups prior to a general group discussion for comprehension, as occurred in one class 

conducted by Teacher Alex. While Tom did not re-explain any example, but Sam used the discussion 

approach when he has to re-explain the example. 

Both John and Alex used diagnostic tests in their first lecture with their new students, devising 

suitable diagnostic tests, which posed appropriate questions. Alex, while having a clear 

understanding of what challenges the students faced was willing, or proficient, in finding strategies 

that would effectively address these misconceptions in the calculus classroom. He was able to offer 

some suggestions for weaker students about the resources they could utilise to ensure that they 

had enough background knowledge in calculus to be successful in the course. In contrast, Sam did 

not use a diagnostic test, but rather started his first lecture with some basic concepts of calculus 

through discussion. Sam's interview response not only showed his awareness the students' 

misconceptions but the misconceptions of teachers as well. Sam’s comment suggests that teachers 

also come to a class with a certain set of preconceived notions about what students are expected 

to know. If students' knowledge is very basic, then the construction of calculus concepts, necessary 

for the class, may not be fully understood, leading to significantly more difficulties. In addressing 

his students’ cognition of calculus, Sam's interview response indicated that his focus on his 

students’ preconceived knowledge, or their lack of knowledge, and his methodical and systematic 

approach generally meant that each concept was presented with an introduction of the most 

salient points, followed by more detailed explanations on the topic. It seemed different in the case 

of Tom, who did not start by reviewing his students’ knowledge, but appeared to be generally very 

supportive of his students. He chose another way to address his students' misconceptions. While 

Tom seemed inherently to know the fundamental challenges that his students were likely to have, 

there were some deviations from his way of thinking in his responses in the survey. For example, 

Tom indicated ‘neutral’ to the statement: ‘I anticipate my students’ prior calculus knowledge before 
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the lesson.’ This response is surprising, as it was clear that Tom understood both the fact that some 

students were inherently weaker at calculus and that there were many common areas where 

students tended to struggle.  

In the survey, both John and Alex showed that they were willing to modify their approach, or the 

syllabus, to accommodate the students’ misconceptions.  It was clear that they both understood 

that some students were inherently weaker at calculus and that there were many common areas 

where students tended to struggle. On the other hand, Sam indicated in the survey that he had a 

‘neutral’ view regarding the statement: “I never adjust my progress through the calculus syllabus 

to take account of common student misunderstandings and misconceptions." This, however, was 

not his practice in the classroom nor his response in the interview. He recognised that not all 

students came to his calculus classroom with the same level of knowledge and therefore he made 

the homework difficult to ensure that students were both challenged and sought out collaboration 

to complete the activities to address their misconceptions. To address the students' misconceptions 

in practice, Alex challenged the students in another way by directing them to deal with particularly 

challenging definitions. This suggested that Alex was aware that the definition was probably more 

difficult than the students could handle, or that a simpler explanation would reduce the number of 

difficulties that were being experienced by the students in order to ensure that the students were 

only receiving material on calculus functions that they could reasonably evaluate. 

Both John and Tom closely adhered to the textbook without reference to correcting the previous 

concepts of definitions, whereas Sam attempted to make a concept understandable and easy to 

grasp. Both Alex and Tom were particularly cognisant of the students' misconceptions and how to 

address them using homework as a foundation to build on. This approach does not relate to the 

implementation of homework in the students’ course requirements. Furthermore, rather than 

assuming that all calculus students would have the same misconceptions as past and present 

students, Alex used the identified learning difficulties of his students, which goes beyond the notion 

of general misconceptions. Alex used real-world challenges to address the students' difficulties. On 

the other hand, Sam selectively chose structures, (see Lecture 3), where he felt that his choices 

would alleviate some of the misconceptions that the students experienced. John encouraged the 

students to work in self-determined groups of 5 or 6 to solve problems, however, by putting the 

students in pre-designed groups may have been preferable because students would then be able 

to use their differing knowledge and skills levels to correct each other’s misconceptions. 

6.6.1.2 Knowledge of Students’ Thinking About Calculus 

The second aspect of the theoretical model that addresses learners’ cognition of calculus relates to 

the knowledge of students' thinking about calculus. Sam began with a class discussion about what 
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the students knew, and this moved onto the theorems that the students were required to grasp. 

On the other hand, Alex seemed to assess whether the students were able to employ the thinking 

skills that would allow them to move to the next level of calculus understanding. 

6.6.2  Developmental Aspects of the Calculus Curriculum 

In considering the developmental aspects of the calculus curriculum, two second level 

subcategories require consideration; the establishment of appropriate learning goals, and the 

identification of key ideas. 

6.6.2.1 Establishment of Appropriate Learning Goals for Calculus 

All four teachers demonstrated the use of PCK in identifying their teaching aims. They 

demonstrated strategies for presenting the learning aims, objectives, and/or learning goals for the 

lessons in different ways and supported the observed strategies by their responses in the interviews 

and questionnaires.  

Sam was the most linear of the four participants as his lectures followed a similar format. Not only 

did he explicitly present the teaching aims of each lesson at the beginning, but he also stated the 

overall objectives for the course. For Alex, the learning goals seemed to be more flexible, depending 

upon the students’ understanding. He often focused on the basics in the belief that if students could 

successfully understand and utilise basic elements of calculus, they would be able to successfully 

build on their understanding. Alex made many more links between the learning goals and the topics 

and the way that students progressed through the course. He consistently highlighted ways in 

which the students could apply the outcomes from the lesson to the wider context; using instances 

where the students might use the information in the real world. For this to occur, Alex considered 

that a step-by-step methodical explanation of the learning goals, based on the level of students' 

understanding, was necessary. Similarly, John's use of learning goals to facilitate students' 

understanding and comprehension mirrored this strategy. John highlighted very particular and 

specific aims for what he was teaching, asking the students what they felt the aims were before 

providing his own interpretation. In contrast, Tom was particularly vocal about what a particular 

concept was in the area of learning goals. In the first lecture, Tom set out the learning goals for the 

students by explaining ways of thinking and suggested to the students that they should think like 

future maths teachers, indicating that they should be able to fully explain a concept to someone 

else and have them be able to understand the material. In terms of written material, Tom pointed 

to the syllabus as a particularly useful resource for students. He suggested in the interview that 

important objectives were set in the course syllabus and these assisted the students in knowing the 

objectives of the lesson. 
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When establishing the appropriate learning goals, the different strategies used by the four teachers 

ranged from using the objectives set in the course syllabus to step-by-step explanation of the 

learning goals, based on the level of students' understanding. The definition of key ideas to show 

how teachers use their PCK include: 

• focusing on the basics to enable students to successfully understand and utilise basic 

elements of calculus to build their understanding; 

• applying the outcomes from the lesson to the wider context; use the information in the real 

world; 

•  using learning goals to facilitate students' understanding; 

• enabling students to fully explain a concept to others and have them understand it. 

6.6.2.2 Identifying the Key Ideas in Learning Calculus 

The PCK theoretical framework requires calculus teachers to provide, and make available, 

definitions, theorems and proofs to students as well as to provide them in a sequence appropriate 

for their levels of understanding. The teachers in the current study used different methods to 

demonstrate these key ideas. John, Alex and Sam frequently mentioned key ideas prominently in 

almost every lecture episode. As such, it was evident that they were trying to analyse each calculus 

topic using the definitions, theorems, proofs and examples. Sam, in addition, used his background 

in teaching and experience which enabled him to give the students a sequence of calculus ideas 

and as a way to link theory to more practical applications. In contrast Alex indicated, on several 

occasions, that he had a clear understanding of how to choose both the calculus topics for 

instruction and the teaching strategies to implement them. Alex, for example, when describing 

theorems, used a ‘think, pair, share’ tactic that allowed students to have a bit of time to discuss 

their thoughts before actually having to produce output in front of the entire class. Tom often linked 

his organisational structure of the topic with the course syllabus, set by the MOE, and followed the 

textbook. Tom began with a definition and specifically highlighted ideas that students tended to 

struggle with in relation to the concept. In this way he was demonstrating signposting, which can 

assist in creating the building blocks (definition, theorem, and proof) for students' learning. This 

outcome not only assisted students in identifying key ideas, but it flagged specific areas where 

weaker students could focus their attention. In contrast, but still pedagogically relevant, Sam, John, 

and Alex also used an example as a foundation to present the theorem and went on to explain the 

definition, theorem and proof, and the relevance to the aims of the lesson. These three teachers 

used the example and diagram as a tool for introducing the new definition, theorem, and then 

proof. John, however, differed in this aspect of demonstrating PCK when he asked his students to 

read the theorem and proof before explaining it. In doing so he was using three second-level 
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subcategories of this study's PCK framework, which are identifying the key ideas in learning 

calculus, relationship between instruction and students' ideas in calculus and students' learning 

difficulties in calculus. John then explained the proof and identified the students’ difficulties in 

understanding the proof. All the teachers were able to explain the definition and to support it with 

a graph and example of each case, in this way they were essentially providing the students with a 

‘route’ to understanding calculus ideas. Alex and John were observed to use a discussion approach 

in this situation and only Alex referred to important issues at the beginning of Lecture 3 and used 

them as a tool for introducing the derivatives and mentioned two axioms. Alex was observed to 

frequently make the definitions he provided in lectures simpler than what was outlined in the 

students’ textbooks. He indicated that he found visual representations easier for students to 

understand and this was effective in avoiding misunderstanding. These demonstrate a link between 

theory and practice as it relates to delivering the building blocks required to construct and enable 

Alex's students’ mathematical understanding. 

Overall, all the teachers suggested that definitions were essential as they related to formal calculus 

theory. The lectures observed showed that they used the similar structure of (1) providing a 

definition, (2) providing an example/graphic, and (3) explaining the value of the concept 

throughout. To deliver the building blocks to construct and enable students’ mathematical 

understanding, calculus teachers use their PCK in a number of ways.  

6.6.3 Instructional Strategies  

In terms of instructional strategies, there are four second level subcategories identified in the 

theoretical framework; relationship between instruction and student ideas in calculus, questioning 

strategies, use of pivotal examples or counterexamples, and mathematical representation.  

6.6.3.1 Relationship Between Instruction and Student Ideas in Calculus 

The teachers in the current study had different ways of demonstrating these instructional 

strategies. For Alex, in general, all four elements were prominent in both his teaching practice and 

his responses in the questionnaire/interview. While John utilised counterexamples and questioning 

strategies, which were prominent in both his teaching practice and his responses in the survey and 

interview.  

In terms of the teachers demonstrating the relationship between instruction and student ideas in 

calculus, John suggested that he used a scaffolding approach to build students’ knowledge by 

starting with a simple introduction, moving through to the aims, and then beginning to ‘sequence’ 

the ideas related to the topic. This strategy consists of a series of specific moves that utilise what 
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the students already know and then to build on previous knowledge with corresponding topics in a 

scaffolding approach. While John’s understanding of scaffolding and the bigger picture represents 

one component of instructional strategies, he also identified and discussed in his interview other 

instructional strategies in his teaching, such as lecture, collaborative learning and discussion and he 

gave reasons to use cooperative learning to encourage the students to try to solve and explore 

information by cooperating among themselves. In an attempt to lead the students to understand 

some of the more challenging calculus concepts, John used different types of sequencing such as 

starting with a problem and/or a definition that he believed his students would understand. 

While Alex was observed to be quite methodical in his approach to teaching calculus but what was 

most apparent was that he required all the students, from the inception of the course, to have the 

same fundamental concepts. He expected the students to self-direct their learning if they felt they 

did not have sufficient previous knowledge. Alex, in this case, suggested supplementary resources, 

including a particular book, which would help to facilitate understanding. This approach assumes 

that students will take the initiative to achieve the baseline knowledge required, which can 

challenge some students while trying to learn the concepts of the course and concurrently to catch 

up on previous knowledge. 

Alex was also cognisant of his instructional methods when teaching. He indicated that selecting the 

appropriate teaching methods was essential. He indicated in his interview that teachers generally 

have the content knowledge for calculus teaching and that knowing the references and a selection 

of materials, exercises, or activities are valuable, but if not delivered through an appropriate 

method, these can be less effective. Interestingly, in addition to commenting on his own teaching 

methods, Alex placed a great deal of responsibility on the students, suggesting that they should be 

prepared for the lesson by reading and maintaining attention to the lecturer’s explanations. In his 

interview, Alex suggested that he used many teaching methods and he was able to use the 

deductive method, inductive method and cooperative learning. He also told the students that they 

would prepare a lesson and explain it to their classmates. 

John and Alex appeared to regard instructional strategies as important for students in their practice, 

they attempted teaching calculus ideas using a systematic approach, based on a solid grounding in 

logic. Both teachers identified and discussed other instructional strategies used in their teaching 

such as lecture, collaborative learning and discussion. Both provided reasons for their use of 

cooperative learning in order to encourage their students to cooperate among themselves when 

solving problems and exploring information. 

With Sam, nowhere was his demonstration of PCK more profound than in his systematic approach 

to teaching and he was very clear that this was his foundation and justification for the way that he 
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approached his teaching. This systematic sequencing was demonstrated often in his lectures, for 

example he highlighted the difficulties with both constructing and evaluating calculus concepts in 

order to ensure that the students were aware of areas that were particularly challenging. Sam’s 

linear progression through the objectives of the lessons, rather than facilitating or checking the 

students' understanding of the concepts, presented some challenges. In his interview Sam indicated 

that he valued group work and collaboration, but in many of the lectures that I observed he did 

most of the speaking. Sam's linear approach to meeting course and lesson objectives somewhat 

deviated from the questioning strategies subcategory as outlined in the theoretical model.  

Tom considered that he did not have particular instructional strategies or teaching methods that 

he specifically employed. He suggested that this was because he did not have enough experience 

in this field. This was supported by his responses in the questionnaire. In terms of his instructional 

methods, Tom tended to follow the same strategy throughout. While Tom may not have necessarily 

acknowledged that the methods he utilised were thought out in detail, from the lessons observed 

there was some evidence of Tom using instructional strategies, however, in his interview he did not 

recognise that he had done so. 

6.6.3.2 Questioning Strategies in Calculus 

In terms of questioning strategies, John's teaching practice showed that if the students were 

incorrect or did not answer, he continued to use the questioning strategies to determine where the 

fault in the students’ logic occurred and then redirected them, either back to the original problem 

or to another one that addressed the fault in the logic. This type of active learning is not generally 

a typical strategy used in education in the Middle East, where passive learning is often employed. 

He further alluded to instances where he had discussed questioning strategies. John's questioning 

was not only about the students’ understanding but used to involve the students in the lesson (i.e. 

to maintain focus) and to evoke active participation. Sometimes, John was observed to ask 

rhetorical questions and did not expect an answer from the students. While Alex's use of 

questioning strategies was not always interactive, he was able to engage the students in other ways. 

This was demonstrated in Lecture 3 when he first gave the students the opportunity to work in pairs 

and the students were verbally working together to solve the problem that Alex posed. This group 

work was much more collaborative than the class questioning strategies and allowed Alex to 

ultimately explain a misconception. The students could then describe where they were going wrong 

and come to a logical conclusion. While Alex was not seeking answers to specific questions, the 

discussions elicited critical thinking skills and offered the students the opportunity to reflect on a 

specific case. Alex was consistently asking the question ‘why’ of the students.  
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In contrast, Sam and Tom did not employ questioning strategies consistently. Despite Sam’s lack of 

questioning strategies, he did use a significant number of examples to help him to explain the 

concepts that he was trying to teach. Sam was more forthright in his responses to the survey and 

interview components. Tom used questioning techniques to ensure that the students understood 

the various points of the lesson. The use of questioning strategies, however, were not consistently 

evident in their practice, suggesting some discrepancy between both Sam and Tom's pedagogical 

understanding and their practices. 

6.6.3.3 Use of Pivotal Examples or Counter-examples in Calculus 

In terms of the use of pivotal examples and counterexamples, John was able to pair different skill 

areas in his explanations and in the problems that he chose, so that the students were getting 

different stimuli in simultaneous instances. There were some obvious uses of pivotal examples and 

counter-examples. Along the way, his questioning strategies also allowed for assessment of 

students’ knowledge and largely constituted appropriate instructional methods. The use of pivotal 

examples and counterexamples allowed the students to think about the general case, and to make 

sure that their conclusions mirrored the views of the lesson; John was able to check their 

understanding and develop, to some extent, their critical thinking skills. While Alex, Sam, and Tom 

always used pivotal examples they did not mention counterexamples in their practice and in their 

responses in the survey and interview. On the other hand, Alex moved to high level examples and 

made links between mathematical and everyday use of terms through examples, while Sam focused 

on using the pre-prepared examples to help focus and explain the ideas of the lesson. Sam’s direct 

line of thinking may have influenced which examples could be seen as pivotal for the students and 

which ones were simply helpful within the context of the lesson. In contrast, Tom used many pivotal 

examples; moreover, there were many obvious situations where he demonstrated knowledge of 

using examples to focus on key ideas in calculus in practice. However, these examples were largely 

directed at students who were weaker. He suggested that the examples were essential, as they 

related to explaining and clarifying calculus concepts and that examples are generally better used 

after the definition has been presented. 

6.6.3.4 Mathematical Representations in Calculus 

In the use of mathematical representation, all of the teachers were linking visual, symbolic, and 

verbal ideas in calculus. Their use of mathematical representation was consistent. All four teachers 

were not only offering a verbal explanation of the concept, but also employing other strategies as 

well, including numeric and algebraic presentations on a whiteboard when pairing visual 

representation with the spoken explanation. Such choices aimed to get the students to really 
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understand the model and to avoid misrepresentation of symbols. By doing so all of teachers were 

linking visual, symbolic, and verbal ideas in calculus.  

6.6.4 Knowledge of Calculus Connections in Calculus 

In order to consider the knowledge of calculus connections, two second-level subcategories are 

identified; the real-world applications of calculus, and calculus in academic subjects.  

6.6.4.1 Real-world Applications of Calculus 

All four teachers made some effort in this instance, but for many it was simply mentioned in passing. 

For example, John attempted to highlight real-world applications of calculus, but had difficulty in 

identifying real-world connections that the students would understand. His approach required a 

great deal of trust of the students that this would occur. It was unclear how relevant examples of 

stocks and buildings were to the students’ own experiences John's agreement with the survey 

statement: “I am not interested in how calculus is taught at other (similar) university institutions in 

other parts of the world.” (Part 5, Statement 7) suggests a somewhat closed approach to his 

teaching and does not really tell the students much about how the derivatives might be used in 

other contexts, but simply that they do. While Tom generally did so in a rather vague way, he was 

quite aware of the challenges that students could face trying to link the abstractness of some of the 

calculus concepts with everyday use. 

In contrast, Alex was able to demonstrate applicability and mentioned that people benefit every 

day from the application of calculus, such as the applications of differentiation in health science. 

For students, this link to real-world applicability was beneficial because it offered an opportunity 

for them to see the applied value, rather than thinking of calculus in the abstract. It also put the 

entirety of the lesson in perspective for the students through the use of visualisation which could 

benefit some students to visually link the examples. Not only did Alex attempt to link the concepts 

to real-life examples, such as waves and vibrations, but he also attempted to explain, and to 

demonstrate, to students how calculus fits within everyday usage.  

6.6.4.2 Calculus in Academic Subjects 

Alex’s choice of examples related well to other academic subjects which is a subset of the 

demonstration of PCK. Sam, in certain instances, made reference to ideas that went beyond the 

actual learning of the materials associated with calculus, to facilitate the students' understanding 

of calculus because knowing the origin could provide contexts for future learning. Sam also focused 

on linking calculus to the real-world by discussing the applications of differentiation. In this 

scenario, Sam was highlighting not only the real-world components but also how enjoyable this 
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lesson was because of its practicality. Sam indicated in his interview that he felt that 

representations and images were of particular importance when teaching and suggested that 

examples gave context to students, and this assisted in the avoidance of misconceptions. While a 

suggestion of real-world examples is necessarily a component of the PCK theoretical model that has 

been identified, it is generally posited that if a teacher has more interest in a specific area of study, 

they may be more inclined to show real-world applications.  Sam spent some time talking about the 

Hubble telescope and used a pivotal example to identify relationships between mathematics and 

application, being able to hold the students’ interest and express value in the application of the 

topic. 

6.7 Cross-Case Analysis Summary 

This section presented the elements identified in the cross-case analysis which draw on the 

characteristics set out in the framework proposed in Chapter 4. The characteristics to emerge from 

the observations, questionnaire and interview are how calculus teachers articulate and 

demonstrate their PCK to achieve their teaching goals, to enable students' mathematical 

understanding, to apply instructional strategies, to deliver their lesson, and to utilise calculus 

connections. The participant teachers did, thought, and talked about how they articulate and 

demonstrate their PCK. The interview and questionnaire responses and analysing observation were 

labelled under ten sub-categories (see Table 6.1), either deductive, which have already been built 

from the proposed model of PCK for teaching calculus with characteristics (see Table 5-7), or 

inductive, based on the codes and categories.  

There are new characteristics extracted from the data from the observations, interview, and 

questionnaire. These were where the teachers articulated and demonstrated their PCK in their 

teaching or responses. The information collected through the instruments was classified under the 

ten sub-categories of the proposed model. Modifying lessons or syllabus, awareness of 

misconceptions of teachers coming with preconceived notions, and simplifying definitions provided 

in lectures compared with those outlined in the students’ textbooks are considered as 

characteristics of knowledge of students’ misconceptions and difficulties in calculus. Providing 

contexts for future learning is considered as relating to establishing appropriate learning goals for 

calculus. In the relationship between instruction and student ideas in calculus were found new six 

characteristics, which are using ‘think, pair, share’ tactic, knowing that group work influences 

students’ collaborative learning, students taking the initiative to facilitate understanding, students 

explaining the lesson’s concepts to their classmates, expecting students to self-direct their learning 

to improve insufficient previous knowledge, and placing a great deal of responsibility on the 

students (mentioned by some of the teachers). The categories and first level sub-categories are 
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presented below. The second level sub-categories are presented in Table 6-1. Some elements 

appear in more than one characteristic column. The elements shaded in beige in Table 6-1 are those 

identified from the cross-case analysis that meet the second level sub-categories but do not meet 

the characteristics, indicating that they are proposed by this study. 

Categories 

6.7.1 Knowledge of Content and Students when Teaching Calculus 

6.7.1.1 Learners’ Cognition of Calculus 

6.7.1.2 Developmental Aspects of Calculus Curriculum 

• expecting all students to have the same fundamental concepts; 

• directing students to deal with particular challenges; 

• being aware of students' misconceptions; 

• focusing on the basics to enable students to successfully understand and utilise basic 

elements of calculus to build their understanding; 

• using learning goals to facilitate students' understanding; 

• analysing each calculus topic using the definitions, theorems, proofs and examples. 

6.7.2 Knowledge of Content and Teaching 

• having content knowledge for calculus teaching;  

• having a background in teaching and experience;  

• identifying discrepancies between pedagogical understanding and practical application.  

6.7.2.1 Instructional Strategies 

• knowing instructional strategies are important for students in their practice;  

• having instructional strategies or teaching methods;  

• selecting appropriate teaching methods;  

• using teacher-talk and explaining;  
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• following methodical approach and appropriate instructional methods;  

• linking visual, symbolic, and verbal ideas in calculus;  

• scaffolding approach to systematically build students’ knowledge;  

• using different types of sequencing of ideas related to the topic e.g. starting with a problem 

and/or a definition;  

• using lecturing style;  

• using strategy of collaborative learning and involving the students in the lesson;  

• using cooperative learning/ opportunity to work in pairs;  

• encouraging deductive and inductive learning;  

• using a linear progression through the objectives of the lessons rather than not checking 

for the students' understanding of the concepts;  

• teaching strategies to implement calculus topics;  

• being supportive;  

• using homework as a foundation to build on.  

6.7.2.2 Knowledge of Calculus Connections 

• if a teacher has more interest in a specific area of study, they may be more inclined to show 

real-world applications.   
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 Table 6-1: Second Level Sub-Categories with their Identified Elements 

(A1) Knowledge 
of students’ 
misconceptions 
and difficulties in 
calculus 

(A2) Knowledge 
of students 
thinking about 
calculus concepts 

(B3) Establishing 
appropriate 
learning goals 
for calculus 

(B4) 
Identifying 
the key ideas 
in learning 
calculus 

(C5) Relationship 
between 
instruction and 
student ideas in 
calculus 

(C6) 
Questioning 
strategies in 
calculus 

(C7) Use of 
pivotal examples 
or counter-
examples in 
calculus 

(C8) Mathematical 
representations in 
calculus 

(D9) Real-world 
applications of calculus 

(D10) Calculus in 
academic subject 

modify lessons or 
syllabus A1 

making concepts 
understandable 
and easy to grasp 
A2 

linking between 
theory and 
practice B3 

 

identifying 
the key ideas 
in learning 
calculus B4 

encouraging 
cooperation C5 

 

discuss basic 
concepts of 
calculus C6 

introducing 
salient points 
followed by more 
detailed 
explanations C7 

recognising that visual 
representations are 
easier for students' 
understanding and 
effective in avoiding 
misunderstanding 
(visual) C8 

presenting real-world 
challenges D9 

applying derivatives 
in other contexts 
D9 & D10 

using diagnostic 
tests to identify 
learners' 
cognition A1 

having 
knowledge of 
learners’ 
cognition A2 

ensuring that 
students are 
challenged B3 

 

establishing 
relationships 
between 
instruction 
and students' 
ideas in 
calculus B4 

seeking 
collaboration C5 

using discussion 
C6 

analysing each 
calculus topic 
using the 
definitions, 
theorems, proofs 
and examples C7 

explaining the 
definition and 
supporting it with a 
graph and example 
(visual) C8 

making links between 
mathematical and 
everyday use of terms 
through examples D9 

relating well to 
other academic 
subjects D10 

being aware of 
students' 
misconceptions 
A1 

Ensuring that the 
students are 
aware of areas 
that are 
particularly 
challenging A2 

 

 

 

providing 
contexts for 
future learning 
B3 

placing a 
great deal of 
responsibility 
on the 
students B4   

providing 
opportunities for 
students' 
participation C5 

using 
questioning 
strategies to 
assess students’ 
knowledge C6 & 
A2 

understanding of 
how to choose 
the calculus 
topics for 
instruction C7 

 

delivering through an 
appropriate method 
e.g. pairing visual 
representation with the 
verbal explanation of 
the concept  (visual, 
verbal) C8 

offering opportunities 
for students to see the 
applied value D9 

referring to ideas 
that go beyond 
actual learning of 
the materials 
associated with 
calculus D10 
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identify learning 
difficulties of 
students A1 

identifying the 
difficulties with 
both constructing 
and evaluating 
calculus concepts 
A2 

 providing a 
‘route’ to 
understandin
g calculus 
ideas B4 

directing students 
to deal with 
particular 
challenges C5 

asking 
rhetorical 
questions C6 

using examples as 
a foundation C7 

facilitating 
understanding of a 
model to avoid 
misrepresentation of 
symbols C8 

making lessons 
enjoyable through 
practical means D9 

 

discussing what 
the students 
know A1 

   provide students 
with material on 
calculus functions 
that they can 
consciously 
evaluate C5 

questioning 
strategies to 
determine 
where the fault 
in the students’ 
logic occurs C6 
& A2 

 giving students 
different stimuli in 
simultaneous instances 
C8 

using representations 
and images to emphasis 
particular importance 
C8 & D9 
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(A1) Knowledge of 
students’ 
misconceptions and 
difficulties in calculus 

(A2) Knowledge 
of students 
thinking about 
calculus 
concepts 

(B3) Establishing 
appropriate 
learning goals 
for calculus 

(B4) Identifying 
the key ideas in 
learning calculus 

 

(C5) Relationship 
between 
instruction and 
student ideas in 
calculus 

(C6) Questioning 
strategies in 
calculus 

(C7) Use of 
pivotal examples 
or counter-
examples in 
calculus 

(C8) 
Mathematical 
representations 
in calculus 

(D9) Real-world 
applications of 
calculus 

(D10) Calculus in 
academic subject 

awareness of 
misconceptions of 
teachers coming with 
preconceived notions A1  

using discussion 
to elicit critical 
thinking skills A2 
& C6 

  using ‘think, pair, 
share’ tactic C5 

using discussion 
to elicit critical 
thinking skills A2 
& C6 

using examples 
and 
counterexamples 
C7 

using 
visualisation to 
provide the 
appropriate 
perspective for 
students  C8 

highlighting real-
world 
applications of 
calculus D9 

 

simplifying definitions 
provided in lectures than 
those outlined in the 
students’ textbooks A1 

using 
questioning 
strategies to 
assess students’ 
knowledge C6 & 
A2 

 

 

 getting students 
to read the 
theorem and 
proof before 
explaining it C5 

 knowing that 
examples are 
essential as they 
relate to 
explaining and 
clarifying calculus 
concepts C7 

using 
representations 
and images to 
emphasis 
particular 
importance C8 & 
D9 

identifying real-
world 
connections D9 

 

highlighting ideas that 
students tend to struggle 
with A1 

facilitating 
students' 
understanding of 
calculus A2 & C5 

 

  knowing that 
group work 
influences 
students' 
collaborative 
learning C5 

 

 

 

 

 

 focusing on use 
of pre-prepared 
examples C7 

using examples 
and diagrams as 
a tool C8 

applying 
derivatives in 
other contexts 
D9 & D10 
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establishing relationships 
between instruction and 
students' learning 
difficulties in calculus A1 

using 
questioning 
strategies to 
determine where 
the fault in the 
students’ logic 
occurs A2 & C7  

  students will take 
the initiative to 
facilitate 
understanding 
C5 

 using examples 
as they are 
generally better 
used after 
definition C7 

 demonstrating 
the applicability 
and benefit from 
the application 
of calculus in the 
everyday D9 

 

being aware of the 
challenges that students 
face trying to link the 
abstractness of some 
calculus concepts with 
everyday use A1 & D9 

checking 
understanding 
and 
development A2 

  students will 
reflect on a 
specific case if 
given the 
opportunity C5 

   explaining and 
demonstrate to 
students how 
calculus fits 
within everyday 
usage  D9 
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(A1) Knowledge of 
students’ 
misconceptions and 
difficulties in calculus 

(A2) Knowledge of 
students thinking 
about calculus 
concepts 

( B3) 
Establishing 
appropriate 
learning goals 
for calculus 

(B4) 
Identifying 
the key 
ideas in 
learning 
calculus  

(C5) Relationship 
between instruction and 
student ideas in calculus 

(C6) 
Questioni
ng 
strategies 
in calculus 

(C7) Use of 
pivotal 
examples or 
counter-
examples in 
calculus 

(C8) 
Mathematical 
representation
s in calculus 

(D9) Real-world 
applications of 
calculus 

(D10) 
Calculus in 
academic 
subject 

assisting in the 
avoidance of 
misconceptions A1 

expecting students 
to self-direct their 
learning to improve 
insufficient previous 
knowledge A2 

  students explain the 
lesson's concepts to their 
classmates C5 

   providing examples 
that give context D9 

 

flagging specific areas 
where weaker students 
could focus their 
attention A1 

   expecting students to 
self-direct their learning 
to improve insufficient 
previous knowledge B3 & 
C5 

   identifying 
relationships 
between 
mathematics and 
application D9 

 

    placing a great deal of 
responsibility on the 
students B3 & C5 

   being aware of the 
challenges that 
students face trying 
to link the 
abstractness of 
some calculus 
concepts with 
everyday use A1 & 
D9 
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Table 6-1: Second Level Sub-Categories with their Identified Elements 

 

 

    facilitating students' 
understanding of 
calculus A2 & C5 

 

   holding students’ 
interest and express 
value in the 
application of the 
topic D9  

 

    having a solid grounding 
in logic and its associated 
linguistic expressions C5 

     

    the use of methodical 
and systematic approach 
C5 

     

    using a linear 
progression through the 
objectives of the lessons 
rather than not checking 
for the students' 
understanding of the 
concepts C5 
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6.8 Chapter Summary 

The teachers in this study displayed their PCK in a variety of different ways by taking different 

approaches in their instructional strategies with some choosing a more top-down lecturing 

approach to teaching while others favoured a more collaborative bottom-up approach. While all 

the teachers showed their PCK in relation to how they taught calculus, it was also clear that not all 

aspects of PCK were equally evident among them. Some were more inclined to focus on specific 

instructional strategies to target learners needs (e.g. the use of discussion over lecture). Others 

chose to highlight students' misconceptions about calculus in different ways (e.g. a discussion about 

what students already know, versus an all-around overview on basic mathematical concepts in 

order to solidify key foundational mathematics skills).  

However, more importantly this cross-case analysis has provided the foundations to identify, in 

extensive detail, how teachers use their PCK: to develop learners’ cognition of calculus; to set their 

teaching aims; deliver the building blocks to construct and enable their students’ mathematical 

understanding; to develop their strategies to deliver their teaching aims and objectives and to use 

their PCK to apply calculus connections. The next chapter discusses these findings in terms of the 

existing research. 
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Chapter 7 Discussion 

7.1 Overview 

The previous chapter, the cross-case analysis, presented the similarities and differences among the 

teachers in this study in terms of the outcomes from the observations, interviews and survey. All of 

the teachers in this study demonstrated most of the aspects of PCK that fell within the theoretical 

model, and it was also clear that not all aspects of PCK were equally evident among them. Yet they 

were able to demonstrate their PCK in a multitude of different ways. What was demonstrated in 

the analysis was, largely, that the first research question posed at the beginning of this thesis has 

been fully addressed. Despite this fulfilment, there are still areas where the PCK framework may 

not fully document the nature of PCK and the differences among the teachers. 

This discussion chapter positions the findings from the current study within the context of previous 

literature. For the purpose of this study, a PCK framework was employed as the means of analysis. 

It is necessary not only to highlight the successes and the links to the literature, but also to indicate 

any areas that could benefit from future research. In this chapter, the findings are interpreted and 

are presented within five key syntheses and the discussion relates to the research objectives and 

questions, theory, data, and existing research. In this section, the first-level subcategories, which 

form the framework for the above case studies for each of the four participants, is used as a 

foundation for the discussion. 

7.2 Synthesis 1: Learners’ Cognition of Calculus 

Students' misconceptions and learning difficulties in calculus 

Beginning with learners’ cognition of calculus, this section seeks to demonstrate that there were 

many different approaches to both the identification of students’ misconceptions of learning 

calculus as well as the details surrounding the knowledge of students’ thinking about calculus. 

Calculus is one of the most complex fields in mathematics for students to understand (Kashefi et 

al., 2012). However, all four teachers were able to identify their students’ difficulties with both 

constructing and evaluating calculus concepts. What did vary among the teachers were the 

particular topics that they felt to be imperative to focus on. For example, Alex's particular concern 

was with any misconception that developed as a result of a lack of previous knowledge as this may 

inhibit students' future understanding. This was highlighted in Lecture 1 when he directed the 

students to deal with particularly challenging definitions. He asked his students to define the 
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function and they said: “It is a class of ordered pairs”. Alex stated that: “This is a simple definition, 

and I consider that as a poor definition ... " (Lecture 1, Episode 3 (26m22s-34m15s)), which is in line 

with Buck's view (1970, p. 255) "that 'a function is a class of ordered pairs' is one which imposes 

severe limitations upon the student and provides a poor preparation for any further work with 

functions ...".  Students’ intuitive ideas are in conflict with the formal definition of the calculus 

concepts (Sierpinska, 2013; Davis & Vinner, 1986; Cornu, 1991; Williams, 1991; Tall, 1993), a point 

that Alex showed awareness of that indicates that a suitable definition was probably more difficult 

than the students could handle, or that a simpler explanation would reduce the number of 

difficulties that were being experienced by them. In this sense Alex was demonstrating his 

knowledge of students’ misconceptions and learning difficulties and, as Kidron (2014) suggests, 

challenges and difficulties can diminish when teachers provide the formal definition of the concepts 

to their students. In this way, while it is acknowledged by Kidron (2014) that a definition can make 

it more straightforward for students to understand the material, Alex is suggesting that the 

definition needs to be appropriately detailed and targeted at the students’ current level of 

understanding to be effective. A misconception within the field of calculus might include an idea or 

belief that is founded on incorrect or erroneous information about some aspect or detail relating 

to calculus theory (Olivier, 1989; Robert & Speer, 2001; Jones & Alcock, 2014). Alex considered that 

in order to ensure that his students were only receiving material on calculus functions that they 

could consciously evaluate, he considered that students could access practical solutions to 

overcome their lack of previous knowledge. He encouraged his students to utilise a variety of 

resources.   

It is reasonable to make the assumption that calculus teachers need to know something about 

students' thinking and misconceptions, otherwise they are unlikely to be able to devise a suitable 

diagnostic test which poses appropriate questions. The notion of misconception often arises 

because pre-existing concepts must exist for students to function in first year calculus (i.e. students 

must have a certain level of understanding about mathematics in order to be successful in calculus). 

Challenges arise, however, when teachers’ preconceptions about students’ knowledge differs from 

the actual competencies. According to Jones and Alcock (2014), preconceptions are pivotal in the 

link between pre-calculus knowledge and new knowledge, which Alex uniquely, in this study, 

presented. At the beginning of their observed first lectures, both he and John gave a diagnostic 

assessment in order to ensure a clear interpretation of where the problem areas existed. The 

assessments identified that most of the problems the students encountered with calculus 

conceptions came from their previous experiences (Bressoud et al., 2016). Both teachers used their 

knowledge of learners’ cognitions to address anticipated questions and students' misconceptions 

and identified the students’ formation of mathematical concepts in calculus.  
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All four teachers presented clear knowledge of what their students had learned at the secondary 

school level and all indicated that the students did not have much prior calculus knowledge upon 

entering university. Bressoud et al. (2016) argue that the transition from secondary level 

mathematical education, and content requirements, to that at post-compulsory level is 

inhomogeneous. As a result, students lack foundational concepts and knowledge for the effective 

transition and thus experience difficulties in grasping calculus concepts which can lead to 

misconceptions or unsuitable preconceptions that cause many difficulties (Gruenwald & Klymchu, 

2003, p. 2). Interestingly, one of the teachers in this study, Sam, suggested that teachers also come 

to a class with a certain set of preconceived notions about what students are expected to know. If 

a student's knowledge is very basic, then the construction of the calculus concepts, necessary for 

the class, may not be fully understood, leading to significantly more difficulty. In addressing his 

students’ cognition of calculus, Sam's interview response indicated that his focus is on his students’ 

preconceived knowledge, or their lack of knowledge, prior to entrance into his class. For the 

teachers in this study, the outcome was not only the need to have their students learn the material 

of the course, but also to really understand the ‘why’ associated with the fundamental concepts 

that exist for each calculus topic taught. This concept is elegantly summarised by an extract from 

Kidron (2014): 

The cognitive difficulties that accompany the learning of central notions like functions, 

limit, tangent, derivative, and integral at the different stages of mathematics education 

are well reported in the research literature on calculus learning. These concepts are key 

concepts that appear and reappear in different contexts in calculus. The students meet 

some of these central topics at school, then the same topics appear again, with a different 

degree of depth at university. We might attribute the high school students’ cognitive 

difficulties to the fact that the notions were presented to them in an informal way (p.70). 

In considering misconceptions, the way that the four teachers addressed their students also 

differed. For example, in the case of Tom, he identified that the weak students were likely to 

experience considerable difficulties with the foundations of calculus and because, possibly, of a lack 

of previous knowledge, they would be unsuccessful. Tom indicated his level of uncertainty about 

how to address this gap. In contrast, Alex's strategy of using homework in multiple different ways 

suggested that he was confident that he would be able to use the student’s homework solutions to 

identify misconceptions and challenges among the students. This indicates a valuable 

demonstration of PCK, according to the proposed model, by constructing a representation of the 

problem to address students' difficulties (Park & Oliver, 2008). This goes beyond the notion of 

general misconceptions. What Alex was doing, in this case, was using the learning difficulties of a 

specific group of students rather than assuming that this group of calculus students would have the 
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same misconceptions as those who took the course previously. In addition to the above challenges, 

Tarmizi (2010) suggests that students can overcome their difficulties when learning calculus 

through building upon visualizing, which constructs a representation of the problem. Other 

teachers in the study did not express such levels of uncertainty; instead, they encouraged students 

to seek out other means of support in an attempt to draw out the weaker students. Sam, for 

example, wanted the students to employ certain study skills based on his own preconceived notions 

on what students were likely to know. Overall, while differences were observed between two 

teachers (Alex and John) and the other two teachers, these could be related to number of factors 

including the length of their teaching experience and or experience with the particular course 

taught, it is interesting to note that on checking their demographic information both Alex and John 

hold educational diplomas. 

According to Weller et al. (2004), students must find resolutions to their ‘cognitive issues’. The 

literature previously highlighted on this topic clearly indicates that learners’ cognition of calculus is 

a shift in thinking. In order to determine how the calculus teachers addressed this issue, it was 

necessary to look to the strategies they employed to help students overcome the cognitive 

challenges. As the teachers were primarily teaching first year calculus classes, this would be the first 

time that the students would be working through some of the challenging concepts in calculus. The 

findings showed that the teachers worked more slowly through certain concepts, such as 

derivatives and limits, as the teachers indicated that they knew these were common areas where 

students’ tended to struggle. All the teachers agreed that students face difficulties in understanding 

the subject of limits, especially Evaluating Limits of Indeterminate Forms (Tall & Vinner, 1981; 

Bressoud et al., 2016). The choice to focus on these areas appears to reaffirm what has been 

identified in the literature as a cognitive challenge. Moreover, all four teachers acknowledged that 

their students had difficulties with the formal epsilon delta definition of limits. This aligns with 

Kung's (2010) view that "limits have proved to be extremely difficult for students to learn, especially 

in the modern epsilon-delta definition" (p.148). 

Examining learners’ cognitions of calculus, especially students' misconceptions and learning 

difficulties in calculus, under the PCK framework, has identified that teachers use their PCK to 

anticipate using diagnostic tests to identify learners' cognition and by being aware of students' 

misconceptions. The teachers identified students' learning difficulties and discussed what the 

students know and provide simpler definitions in lectures than those in the students’ textbooks, 

highlighting ideas that students tend to struggle with. Establishing relationships between 

instruction and students' learning difficulties in calculus and being aware of the challenges that 

students face in order to assist in the avoidance of misconceptions, flags specific areas where 
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weaker students can focus their attention and use more than subcategory when linking the 

abstractness of some calculus concepts with everyday use.  

In addition, using their PCK allows teachers to anticipate students’ questions along with their 

misconceptions.  By asking appropriately tailored questions, teachers engender mathematical 

thinking and activity (Hawkins et al., 2012; Petropoulou et al., 2016). If one considers the types of 

questions posed by the teachers, it is evident that some of the teachers consistently posed the 

questions that would foster cognitive stimulation. These questions were supported by other means 

of evidence such as visual representation and collaborative learning. 

Knowledge of students’ thinking about calculus concepts 

Calculus concepts often ask students to consider the abstract, which can be difficult for those who 

are accustomed to learning facilitated by tangible outcomes and links to real world events. In order 

for teachers to demonstrate PCK, they must have knowledge of students’ thinking about calculus. 

One way that this can be demonstrated is through the identification of characteristics of external, 

empirical and deductive concepts of calculus. According to Kashefi et al. (2012), two major barriers 

for student education are the manipulation of algebraic concepts and a poor understanding of such 

concepts. These are, essentially, the very basics required for an understanding of mathematics, and 

core to the ideas of calculus. If students are unable to demonstrate competence in the development 

of concepts, they are likely to face significant difficulties (Rasmussen, 2012). Based on these notions 

from the literature, it seems fairly evident that teachers must not only be aware of the way students 

identify the concepts of calculus, but they must also be able to navigate the structure of the course 

to ensure that students are able to identify the corresponding characteristics. In the findings from 

this study, the students were noted by both Alex and Sam to have varying levels of calculus 

competency (Sofronas & DeFranco, 2010). Therefore, ways that PCK was demonstrated took this 

into consideration. For example, Sam encouraged struggling students to seek out extra support 

beyond the classroom if they were having challenges with the most basic representation. In 

addition, Alex consistently pointed out areas that were fundamental to the students' 

understanding, specifically in relation to algebraic concepts (in Lecture 6). In both of these cases, 

the teachers are essentially ensuring that the students have the external, empirical and deductive 

concepts of calculus in order to successfully complete the lessons.  

The outcome from exploring how calculus teachers use their knowledge of students’ thinking about 

calculus concepts, shows that teachers might make concepts understandable and easy to grasp by 

having knowledge of learners’ cognition (Sofronas & DeFranco, 2010). They ensure that the 

students are aware of areas that are particularly challenging and identify the difficulties with both 

constructing and evaluating calculus concepts. Using discussion to elicit critical thinking skills and 
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using questioning strategies to assess students’ knowledge facilitates students' understanding of 

calculus (Tataroğlu-Taşdan & Çelik, 2016). Additionally, by using questioning strategies, teachers 

determine where the fault in the students’ logic occurs, check understanding and development, 

and lead students to self-direct their learning to improve insufficient previous knowledge. What 

can be drawn from the data provided by Alex and Sam is evidence linking teaching practices and 

thoughts about knowledge of students thinking about calculus concepts (Stacey, 2008). This was 

not true in every instance, as certainly, some examples provided clearer links than others, but 

overall it is possible to link teaching practices with knowledge of students thinking. 

Another characteristic that was both prominent in the literature, and in the findings, related to 

students’ formation of mathematical concepts in calculus. From a theoretical perspective, this 

characteristic seems largely to describe knowledge about how students are thinking during a lesson 

(and beyond when completing a calculus-related task, such as homework). According to Lachner 

and Nuckles (2016), students of calculus are generally unprepared to learn and, because students 

tend not to be able to easily overcome this lack of preparedness, they often indicate levels of 

dissatisfaction and unhappiness. If the KSA intends to be a player on a global scale, this general 

unhappiness could be mitigated by teaching strategies that aim to overcome the frustration 

associated with cognitive strategies employed by students. What the literature seems to lack, in 

this instance, is specific innovative strategies that teachers can utilise to encourage the shift in 

cognitive thinking among students (Stacey, 2008; Sofronas & DeFranco, 2010). In the case of Alex, 

his questioning strategy specifically targeted the level of understanding “why”. This differs from the 

binary yes/no response to the general ‘do you understand?’ question, which John used constantly. 

While the shift is minimal it is a significant one because using Alex’s, approach assists in determining 

which mathematical concepts are understood completely, which ones are understood partially, and 

which ones require more work.  

Overall, the outcome from exploring how calculus teachers use their PCK of learners’ cognition of 

calculus, as it relates to the research question of this study, requires a comprehensive answer. The 

issue with pedagogical knowledge is that it requires various aspects of innovation and a real 

understanding of the challenges in the discipline. In this case, the teachers all indicated that they 

knew where the potential challenges arose (Burton, 1984). Some of the teachers based this 

information on what had occurred in previous years, while others used questioning strategies in 

the classroom to obtain real time information about the comprehension of the students. What is 

evident from the findings is that this study contributes to the literature already in existence because 

it has highlighted different strategies that the teachers use in the classroom to determine learners' 

cognition (Sofronas & DeFranco, 2010). Moreover, by highlighting the fact that the teachers all used 
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different strategies in the classroom and still experienced success, there are indications that the 

small steps they have taken towards innovation have been positively received by learners. 

7.3 Synthesis 2: Developmental Aspects of the Calculus Curriculum 

Establishing appropriate learning goals in calculus 

Moving into the developmental aspects of calculus, learning goals were a common feature among 

the participants, as all four teachers’ demonstrated strategies for presenting the lecture's aims and 

objectives particularly in Lecture 1. Sam was the most linear of the four participants as his lectures 

followed a very similar format with the learning goals most explicitly presented at the beginning of 

each lecture. Not only did Sam lay out the goals for each lecture, but he also laid out the overall 

objectives for the course (Tall, 2010; Pritchard, 2015). Similarly, the other teachers also 

demonstrated places where learning goals were highlighted. All used their knowledge of 

establishing appropriate learning goals for calculus for linking between theory and practice, 

ensuring that students would be challenged, and provided with contexts for future learning. For 

Alex, the learning goals seemed to be more flexible, depending upon the students’ understanding. 

For example, he made many links between the learning goals and the topics and the way that 

students were progressing through the course (Pritchard, 2015; Petropoulou et al., 2016). John, 

who used the learning goals to facilitate his students' understanding and comprehension, mirrored 

this strategy. Tom pointed out that important objectives were set in the course syllabus and he 

used them in his teaching (Speer & Smith, 2010). Ultimately, all four teachers identified learning 

aims, objectives, and/or learning goals within the lesson, demonstrating application of PCK in this 

instance. The idea that learning objectives may be shared with students in the lesson is an 

important one (Hannah et al., 2011) and the literature suggests that obvious objectives make 

students actively want to participate to gain concepts. Stating learning objectives also makes more 

sense for the teacher's actions and that students retain more knowledge (Morgan, 2014; 

Petropoulou et al., 2016). 

Literature on establishing appropriate learning goals for calculus is somewhat sparse. According to 

Sonnert et al. (2015), students who are taking calculus courses at university demonstrate a stymied 

motivation with regard to mathematical courses. This generally has a negative impact on how they 

perceive their own aims and course goals. In order for calculus learning, especially calculus 1, to be 

successful students have to demonstrate the motivation and dedication to pursue a different and 

sometimes challenging line of thinking. For example, Sam was quite expressive of the learning goals 

in each lesson. His methodical approach to stating the goals at the beginning seemed to lay out the 

plan for his students, thus identifying an end point (Morgan, 2014). By having the students know 
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where they were to finish for the day, it was possible that Sam was inherently contributing to their 

motivation, as his step-by-step process encouraged focused attention on core areas. Alex took on 

learning goals in an entirely different way. For Alex, the learning goals were highlighted by 

encouraging learners to think in certain ways, yet this was not completed in a prescriptive way, but 

rather in way that allowed the students ample opportunities to learn in a way that best suited their 

needs. Tom encouraged his students to refer to the syllabus, where the learning goals were clearly 

outlined. In this way he was also encouraging motivation, but in a different way (Tall, 2004; 2008). 

These three teachers displayed differing, but successful methods of imparting the lessons' learning 

goals, to enable the students to progress in their calculus learning. 

Identifying the key ideas in learning calculus 

There is much literature on calculus instruction (e.g. Biza et al., 2016; Bressoud et al., 2013; 

Bressoud et al., 2016; Schoenfeld, 1995; Robert & Speer, 2001). Rasmussen et al. (2014, p.508) 

classify the existing literature as focusing on: (1) identifying and studying student difficulties and 

cognitive obstacles; (2) investigations of the processes by which students learn particular concepts; 

(3) classroom studies, including the effects of curricular and pedagogical innovations on student 

learning, and more recently, (4) research on teachers’ beliefs, and practices. What was noted in the 

literature review in Chapter 2 were many methods that were employed in the calculus classroom 

and the extent to which these would be applicable in the KSA context. The KSA is not only 

attempting to demonstrate proficiency but is attempting to excel in this field; the KSA MOE has 

identified innovation in teaching as a fundamental component to success. 

Yet while there is disagreement about the pedagogical approach in calculus, and no best way for 

teaching, researchers on calculus (e.g. Biza et al., 2016; Bressoud et al., 2016; Bressoud et al., 2016) 

agree that there are a set of key ideas for learning calculus. These include definitions, relating a 

definition to an example, axioms, theorems, proofs, examples, and diagrams (Alcock, 2014). The 

fundamental piece of placing these key ideas into the PCK theoretical framework is the requirement 

of teachers to provide, and make available, definitions, theorems and proofs to students as well as 

to provide relationships between mathematical and everyday use of terms. The teachers in the 

current study used different methods to demonstrate these key ideas and illustrated how the 

teacher could use their knowledge of calculus teaching to sequence the building blocks of 

mathematical theories of the concepts of calculus. 

Alex, for example, when describing theorems in Lecture 3, used a ‘think, pair, share’ tactic that 

allowed students to have a bit of time to discuss their thoughts about the key ideas before having 

to produce output in front of the entire class (Escudero & Sanchez, 2007). Contrastively, but still 

pedagogically relevant, Sam, John, and Alex also used an example as a foundation to present the 
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theorem and went on to explain the definition, theorem and proof, and the relevance to the aims 

of the lesson (Bardelle & Ferrari, 2011; Klymchuk, 2012; Wagner, 2017). In yet another example, 

Tom, in Lecture 3, began with a definition and specifically highlighted ideas that students tended to 

struggle with in relation to this concept. In this example, Tom was demonstrating aspects of 

signposting (Biggs, 2003), which assists in creating the building blocks for students' learning. This 

outcome not only can assist students in identifying key ideas, but also flags specific areas where 

weaker students can focus their attention. 

What can be gleaned from these examples of building blocks of mathematical theories is that they 

can be used in several ways, such as the teacher suggesting that definitions are essential as they 

relate to formal calculus theory. The lectures observed showed that the teachers used the similar 

structure of (1) providing a definition, (2) providing an example/graphic, and (3) explaining the value 

of the concept throughout (Alcock, 2014). To deliver the building blocks to construct and enable 

students’ mathematical understanding, calculus teachers use their PCK in a number of ways. 

Calculus teachers use their knowledge for identifying the key ideas in learning calculus, establishing 

relationships between instruction and students' ideas in calculus, placing a great deal of 

responsibility on the students, and providing a ‘route’ to understanding calculus ideas. 

7.4 Synthesis 3: Instructional Strategies of Teaching Calculus 

Relationship between instruction and students' ideas in calculus 

There is inevitably a relationship between what the calculus teacher teaches and the calculus ideas 

that students have. What becomes more interesting in the framework of PCK is how the 

relationship between instruction and students' ideas is connected to logic. It is expected that 

calculus teachers be somewhat systematic in their approach to teaching, as the content of calculus 

follows a series of building blocks, such as definitions, theorems, and proofs (Alcock, 2014). 

Furthermore, recent literature has highlighted that students are influenced by teacher content 

knowledge, preparation, use of routines and content coverage (Rowan et al., 2002; Weber, 2015), 

indicating worthwhile connections between instruction and students' ideas in this area. 

In shifting the focus to the instructional strategies in calculus, one of the areas of focus is on the 

relationship between instruction and students’ ideas in calculus. In terms of the systematic 

characteristic that underlies this approach, John and Sam were both able to demonstrate this, as 

their lessons were pre-planned and methodical. This allowed them to present what they felt were 

sequencing problems for students in order to facilitate scaffolded learning (Vygotsky, 1987) to 

assess whether the students were able to employ the thinking skills that would allow them to move 

to the next level of calculus understanding. In doing this, the students seemed largely to understand 
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what they were supposed to learn and when they were supposed to ask questions. Alex was also 

methodical in his approach to teaching calculus. Unlike the other teachers, he provided the 

students with a ‘readiness’ assessment in the first week. From this assessment, he designed the 

course so that students could more easily understand the structure of certain calculus connections 

(Speer et al., 2010). Additionally, John employed sequencing that made it easier for his students to 

provide feedback on areas of concern, thus strengthening the relationship between himself and his 

students (Kashefi et al., 2012; Bergsten, 2012). John also applied a not otherwise seen strategy 

when asking students to read the proof before explaining it. This strategy is akin to what Weber 

and Mejia-Ramos (2011) pointed out, that the aim of mathematicians in reading a proof is not only 

to understand but also to get the techniques and ideas of the proof. Three of the case teachers 

particularly commented on the value of this logical progression. In contrast, Tom did not identify 

his own personal teaching methods as a way to build a relationship with his students. He indicated 

that he did not seek out additional teaching strategies and was not entirely aware of teaching 

methods that would assist his pedagogical instruction further than what it was (see Sullivan, 2011). 

Despite this difference in perspective, Tom employed teaching methods in the classroom that were 

to some extent similar to those of the other teachers. He used examples consistently, described the 

lesson aims, and attempted to scaffold the learning of the students. Therefore, while Tom may not 

have been aware of his teaching methods, the ones that he employed could generally be deemed 

as suitable. Tom mentioned a major point in distinguishing mathematics from many other subjects 

that “mathematics does not encourage ... memorisation”. Tom’s strategy, when reminding students 

about memorisation, is consistent with how the other teachers represented calculus in the 

classroom. An alternative to stressing memorisation might entail the teachers expecting students 

to employ critical thinking skills, which can be achieved through higher order thinking. This 

alternative is not something that is often promoted in the KSA because, in general, there is an 

emphasis on passive lecture-led styles, yet this lack of stress on memorisation presents something 

unique in how calculus is taught in the classrooms in the KSA. Teachers’ PCK is realised through the 

conscious shift in perspective when teaching calculus concepts. 

One of the challenges with this subcategory, in terms of the theoretical model of PCK, is the 

somewhat abstract concepts that contribute to the list of characteristics. For example, encouraging 

cooperation, seeking collaboration, providing opportunities for students' participation, directing 

students to deal with particular challenges, providing students with material on calculus functions 

so that they can consciously evaluate, using ‘think, pair, share’ tactics. By getting students to read 

the theorem and proof before explaining it and knowing that group work influences students' 

collaborative learning, students will take the initiative to facilitate understanding. They can reflect 

on a specific case if given the opportunity and explain the lesson's concepts to their classmates. 
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Expecting students to self-direct their learning to improve insufficient previous knowledge places a 

great deal of responsibility on the students. However, facilitating their understanding of calculus 

gives them a solid grounding in logic and its associated linguistic expressions. Using a methodical 

and systematic approach and using a linear progression through the objectives of the lessons, 

rather than not checking for students' understanding of the concepts, is a characteristic of this 

subcategory. A demonstration of ‘appropriate’ instructional methods and ‘leading students to more 

easily see the structure of certain calculus concepts’ requires subjective bias (Holton, 2001; Nardi 

et al., 2005). Sofronas and DeFranco (2010) highlight that teachers' knowledge affects instruction 

and those comparisons can be made to enhance the field of pedagogical logic within the field of 

calculus.  

When considering the background and nature of the instructional experiences the teachers have, 

it is evident that John can appropriately express the structure of his lessons. This is not surprising 

as his educational qualifications, including his degree in mathematics education and his extensive 

experience working in international contexts, would suggest that he is likely to have a sophisticated 

pedagogical framework for understanding how to offer different strategies for teaching. 

The main notion behind making use of discussion in the classroom is different from lecture and 

from question/answer sessions, as discussions give students the opportunity to share both what 

they know and what they are unsure about. Discussions do not have to be entire group sessions, 

nor do they need to be led by the teacher; they can be small group or pair-work activities designed 

to determine comprehension in some way of a particular concept.  The participant teachers did not 

always share the same perspective on the value of discussions. John has four years of teaching 

experience and a diverse background in education; he obtained his undergraduate degree from his 

home country and studied abroad extensively. While his PhD and Master’s degree did not offer any 

specific training in pedagogy related to mathematics, his undergraduate degree was in mathematics 

education. John has not participated in research or academic conferences related to the scholarship 

of teaching and learning, related to mathematics. For both John and Alex, discussion was seen as a 

means to solidify information that already existed, indicating that it was likely students would be 

able to learn from each other and that they required the teacher to be the guidance for all 

knowledge. Interestingly, and based upon the observed lessons, John is not discussing the macro 

view of the lecture (i.e. talking about the lecture from start to finish), instead, what he is referring 

to are mini lessons within the larger lesson framework. When reviewing these lessons, the 

definition process for John begins a cycle – of which there might be multiple cycles within the same 

lecture. John seems to follow the cycle: 1) definition, 2) representation, 3) lecturing, and 4) 

discussion throughout the course of the class. Alex sees the inclusion of tasks and assignments given 

to students as a different and more innovative way to teach. There is no definitive reasoning as to 
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why this approach seems to be the strategy for Alex. Alex received his graduate degrees from 

overseas, though also had educational experiences in KSA. While his undergraduate degree was in 

mathematics education, signalling some pedagogical understanding of the connection between 

teaching and calculus, his post-graduate degrees centred on applied mathematics. During his four-

year teaching career in calculus, he has never attended a conference specifically related to the 

teaching and learning of calculus. His comments are another way to consider explanation. From a 

pedagogical perspective, he is not only ensuring that the explanations he is providing are clear, but 

he is also supporting students in being open and honest about the lessons they are participating in. 

This is another form of assessment, this time by students, which allows Alex to reflect upon his own 

teaching practice in order to ensure that the learning objectives are being achieved. 

Tom has eight years of teaching experience after having achieved his undergraduate degree and 

both post-graduate degrees from a university from his home country. His PhD in mathematics is 

not supported by any pedagogical background courses, nor has he studied abroad or engaged in 

any sort of academic conferences related to the teaching and learning of calculus. Sam obtained 

much of his schooling overseas, living there more than ten years while obtaining both 

undergraduate and post-graduate degrees (Master and PhD). In his six years of teaching, he has not 

participated in any conference related to mathematics education nor has he studied any pedagogy 

associated with mathematics education. Looking at his background information, it can be gleaned 

that he has never had any formal pedagogical training and generally shows no interest in attending 

teaching and learning events related to educational development. For Tom, there seems to be a 

comfort that lecturing will provide students with the knowledge that they need to understand the 

concepts of calculus in a way that they may not get from their peers. As previously noted, Alex 

highlighted the need for detailed explanations in order to facilitate student understanding. While 

this was demonstrated by Alex and something he commented on during the interviews, Sam also 

applied a similar strategy in practice. But Sam did not necessarily use explanations as prominently 

as Alex. However, explanations still featured prominently in the lessons of Sam, especially 

surrounding challenging areas, such as theorems. Sam tended to use a lecture approach in most of 

his practice. 

Questioning strategies in calculus 

Another area of similarity among the teachers was the use of questioning strategies. All four 

teachers employed questioning strategies in the classroom, though the purpose of the questions 

and the amount of questions asked, differed. For John, questioning and student assessment went 

hand in hand. If the students were able to answer the question correctly, John moved on to the 

next topic. If students were unsuccessful, John either asked the question in a different way or 
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moved on to an easier question that would allow the students to build up their knowledge (Stolk, 

2013).  Alex, on the other hand, used questions much less frequently than John and modified future 

questions based upon the responses from the students. Instead, when Alex asked students to 

respond to questions, these came from his knowledge of critical thinking skills (Mills, 2013). Sam 

and Tom also indicated in the survey that they frequently used questions, but compared to the 

other teachers, this was not entirely true in practice. Furthermore, for Sam and Tom, questioning 

strategies were used sparsely, and they largely related to the homework, which is another approach 

altogether. In all, questioning strategies are complex and can be deployed in a variety of different 

ways (Boaler & Brodie, 2004). In this study, all the teachers demonstrated the characteristics of PCK 

as they align with the theoretical model. In examining questioning strategies in calculus, under the 

PCK framework, teachers using PCK would anticipate discussing basic concepts of calculus, using 

discussion, using questioning strategies to assess students’ knowledge, asking rhetorical questions, 

questioning strategies to determine where the fault in the students’ logic occurs, using discussion 

to elicit critical thinking skills. 

The use of these types of questioning strategies are clear indications that the Saudi system of 

education is shifting its focus towards student engagement. In the last decade, rote learning has 

been a fundamental component in the Saudi education system (Alshahrani & Ally, 2016), and as a 

result the KSA has received criticism on this rigidity (Smith & Abouammoh, 2013). Most tasks in 

calculus require significant cognitive engagement, and scholars such as Abu Asaad (2010) have 

identified the problems that ‘rote learning’ can engender in the university context. Seeing all four 

teachers employing questioning strategies suggests that even in the few years since the publication 

of these articles, the KSA is attempting to shift its focus from an entirely rote learning-based model 

of instruction. As this relates to the PCK theoretical framework, it is evident that with the 

characteristic that encourages teachers to ‘actively encourage students to think about the case’ – 

the participants of this study are meeting this requirement. This in turn allows for the development 

of critical thinking skills, which have been identified as fundamental for the more abstract case of 

calculus. 

Use of pivotal examples or counterexamples in calculus 

In building upon the expansion from rote learning, the literature highlights that students who are 

taught through rote learning are generally unlikely to be able to link formal theory to the solution 

to their problem (Sofronas & DeFranco, 2010). This is problematic because it means that students 

are not be able to take what they have been taught and then apply it to their own examples (Weber, 

2004). Therefore, teachers must not only employ potentially useful examples or counter examples 
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(Gruenwald & Klymchuk, 2003; Klymchuk, 2005) but must do so in a way that encourages critical 

thinking (Klymchuk, 2010). 

Some teachers in this study employed examples as a means to both assess students’ challenges and 

mitigate certain instances of students' misconceptions (Gruenwald & Klymchuk, 2003). For 

example, in his interview, John highlighted that he used examples in the classroom setting and that 

he found this to be a valuable tool in addressing the different learning styles of the students 

(Klymchuk, 2005). In practice, John demonstrated this approach by allowing his students to submit 

their answers in class and then working with the problematic areas by providing multiple more 

examples in order to ensure that the students could demonstrate the knowledge required to move 

on to the next level. Alex was also able to demonstrate this effectiveness through the use of 

examples. Like John, he tailored his examples specifically to the class. Alex was not just classifying 

all university students as having certain misconceptions about calculus, but instead he was focusing 

on this particular cohort and the challenges that existed in this group. This is particularly valuable 

in the academic setting, as no two cohorts are likely to present with exactly the same types of 

misconceptions. 

While the use of examples was a common theme among the teachers, not all of the teachers used 

the examples in the same way. In the case of Sam, examples were used methodically and in a 

systematic way (Gruenwald & Klymchuk, 2003). In terms of his lecture, these examples were pre-

prepared. Alex, Sam and Tom used examples as homework as a means to assess students’ 

misconceptions, and then configured their lectures so these challenges were addressed (Klymchuk, 

2010). In addition to this, they used pre-selected examples that they felt would meet the 

requirements for the students' learning. For any issue that fell beyond Alex's own teaching became 

the responsibility of the student to overcome. Alex would suggest the use of YouTube or other 

materials that would allow the student to take the initiative to catch up on the required material 

(Jones & Cuthrell, 2011). The fact that the students did not know some aspects of mathematics, 

prior to entering the course, was not unusual, though teachers like John took a different approach. 

With John, when students demonstrated deficiencies, he simply told them, somewhat sarcastically, 

that they should have learned the material in secondary school, though unlike Sam, he did not offer 

any support that students could have used to address their weaknesses. This outcome 

demonstrates that while all the teachers used examples in some form, they do not all use them in 

the same sort of way or for the same sorts of functions. 

In terms of the PCK theoretical model, this subcategory captures a focus on the key ideas in calculus 

when introducing salient points followed by more detailed explanations and analysing each calculus 

topic using the definitions, theorems, proofs and examples, understanding of how to choose the 
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calculus topics for instruction, using examples as a foundation, using examples and 

counterexamples, knowing that examples are essential as they relate to explaining and clarifying 

calculus concepts, focusing on use of pre-prepared examples, and using examples as they are 

generally better used after definition. Having previously established that the teachers in this study 

are competent in identifying these key ideas, the characteristics that have been highlighted are 

clearly demonstrated by them, in this study. This is consistent with the literature, which suggests 

the benefits of examples and counter examples as links to effective critical thinking (Bardelle & 

Ferrari, 2011; Peled & Zaslavsky, 1997) 

Mathematical representation in calculus 

The final aspect of instructional strategies that requires discussion is mathematical representations 

in calculus. The literature suggests that visual representations are deemed to be particularly helpful 

in the mathematics classroom (Vincent et al., 2015). Calculators and other mathematical tools (e.g. 

computer programs) are deemed to be useful in assisting students to see the modelling of 

functions. Furthermore, students have the ability to obtain mathematical representations and 

visual representations outside the classroom, after the end of lectures (Kumsa et al., 2017; Holton, 

2001). This is because there are many resources available that can facilitate learning on a more 

regular basis. Most of the teachers were able to link the visual, symbolic, and verbal ideas in calculus 

in ways that facilitated students’ understanding (Biggs, 2003). Alex demonstrated this most 

prominently in Lecture 1 with trigonometric functions, while John tended to focus on visual 

representations paired with verbal explanation. Certainly, all four teachers were able to 

communicate ideas that assisted students in problem solving, another fundamental characteristic 

of the theoretical framework. 

Yet mathematical representations, as they relate to the PCK theoretical framework, go beyond the 

link between visual and verbal ideas (Ostebee & Zorn, 2002; Przenioslo, 2004). It also encompasses 

the flexibility that goes along with the creation of such ideas. In the context of this study, flexibility 

was demonstrated by all of the teachers in how they encouraged students to think about calculus 

(Speer et al., 2010). Alex used different coloured pens on the whiteboard to not only portray the 

representation, but to identify the different steps (Lecture 3). Moreover, some of the teachers used 

diagrams to ensure that learning was facilitated more regularly (Tall & Vinner, 1981). For Alex, visual 

representations were independently applied, and he used these to ensure that the students were 

taking the representations that had been provided in class and using them in their own context. All 

the teachers also used linking visual, symbolic, and verbal as a way to ensure that students were 

receiving calculus ideas in different ways (Ostebee & Zorn, 2002; Przenioslo, 2004). It is recognised 

that visual representations enable students' understanding and are effective in avoiding (visual) 
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misunderstandings. They can also explain the definition and support it with a (visual) graph and 

example, delivered through an appropriate method (e.g. pairing visual representation with the 

verbal explanation of the concept (visual, verbal)). This can facilitate understanding of a model to 

avoid misrepresentation of symbols, giving students different stimuli in simultaneous instances. 

Using visualisation to provide the appropriate perspective for students, using representations and 

images to emphasis particular importance, and using examples and diagrams as a tool, fit within 

the larger model of PCK, suggesting that there is strong evidence that the characteristics assigned 

to this subcategory are applicable. In this study, teachers’ pedagogical strategies that related to 

mathematical representations generally coincided with the findings that were previously presented 

in the literature. 

Classroom activities vary by teacher and by class, as certain tasks are better suited to meet specific 

learning objectives than others. Classroom activities serve multiple purposes; first, they are 

valuable for the teacher in gaining knowledge about students’ thinking about calculus concepts, 

and more specifically, identifying students’ progression in understanding typical calculus concepts. 

Second, classroom activities often seek to focus on key ideas in calculus by using pivotal examples 

and counter examples as a form of instructional strategy (Klymchuk, 2014), specifically from an 

active learning perspective. Third, classroom activities and tasks that require students to flexibly 

use a wide range of representations generally offer benefits to both students and teachers. In this 

instance, teachers are able to identify student progress and comprehension relatively quickly 

through the use of classroom activities, allowing subsequent lessons (and even parts of the same 

lesson) to be appropriately adapted. 

Tom was quite focused on leading the class through the lecture, which is evident in his teacher-

centred approach to instruction, where the teacher is responsible for directing the learning to a 

particular concept. This macro view of the classroom continues with Tom’s inclusion of definitions 

in the classroom. In his self-described response, he indicates a focus on providing students with the 

larger view without necessarily highlighting each individual component. Both Tom and Sam tended 

to prioritise teacher-talk-time, leaving virtually no room for in-class discussions or assessment of 

knowledge. It is possible that this type of teacher-centred instruction may not necessarily be the 

norm in all of Sam’s lectures or that he is even aware of his own teacher-centred focus, though the 

outcome does coincide with what is known about a more teacher focused pedagogical approach. 

This is a very different approach to the other teachers (e.g. Tom) because in this case, Sam is 

indicating that it is not only about retention, but it is about understanding. He makes the link 

between the use of representations, the learning outcomes, and the understanding of the students 
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In the case of Alex and John, the idea of discussion among groups at the end of the lesson seems 

like a plausible approach to assess comprehension, though in practice, this strategy did not appear 

in some of the observed lessons. Both John and Alex are using students’ misconceptions to frame 

the concept in a way a student would be able to understand, but John is scaffolding students 

learning, culminating in the use of the theorem followed by an explanation, lecture, or discussion. 

This was again demonstrated in the classroom setting; it was especially evident in the way that the 

lecture was built to make the students self-sufficient by the end of the class. In the observation of 

some of John's lessons, after setting out the expectations at the beginning and having students 

work through the different problems, time was left at the end of the class for students to undertake 

problems with very little guidance from the teacher. Time was left at the end for any questions that 

had arisen from this self-directed activity. 

Both John and Alex offered different strategies for teaching the same material, suggesting that they 

had a similar learning objective in mind in their attempt to guide students to achieve it. They had 

the aim of successfully completing the lesson. With a lecturing style approach, students are often 

very comfortable to become passive learners in the classroom, as this is typically how they have 

been taught in secondary school, particularly in Arabic countries (Alrashidi & Phan 2015). The shift 

to a more active and collaborative approach may offer students greater opportunities to put their 

knowledge into practice, which can offer significant benefits in the long run. Interestingly, John and 

Alex suggested that they felt they did not teach mathematics in a purely ‘mathematical way’ when 

responding to the question in their interviews. One area of future research might be to examine 

what exactly these teachers understand to be a ‘mathematical way’ and to determine how that 

response fits within the larger components of the curriculum. 

Alex and John highlighted the value of group work as beneficial to better comprehension for the 

students as long as it is structured – in this case by a worksheet. Bringing the focus to a single 

problem, or objective, directs the students to a particular task, which would align with the 

curriculum objectives. From a pedagogical perspective, this seems very practical, as students see 

the benefit of the task and are forced to explain their thinking to others, which should solidify the 

concept within long term memory. In addition, Alex gave his students the opportunity to work with 

other students of their choosing. By allowing students to select their own groups, it is likely that the 

discussion will be more free flowing, as there may be less social or cultural implications that would 

hinder the discussion process. 
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7.5 Synthesis 4: Knowledge of Calculus Connections 

Real world applications of calculus 

The final element that requires consideration is the knowledge of calculus connections, which was 

analysed by assessing the real-world application of calculus. The PCK model includes characteristics 

as a way of interpreting experience or human activity as well as the application of calculus in 

everyday use.  

In this study, all four teachers made some effort in this instance, but for many it was simply 

mentioned in passing. For John, he mentioned it in the interview and then linked this to real world 

problems in Lecture 6; for Tom, the application to the real world was only discussed in the 

interview. It was Alex who made the most connections, demonstrating some real-world 

applications, which Khakbaz (2016, p.192) suggests makes for “a coherent and meaningful 

content”. 

In terms of this topic, there were weak links between the participants and the theoretical model of 

PCK. Yet despite the fact that the links were weak, there were places where the theoretical aspects 

of calculus were linked with elements that were physical in nature, which gave the students a more 

well-rounded interpretation of the topic overall. What can be gleaned from this category is that the 

interpretation of experiences and relations to human activity can broadly be understood by the 

interactions that occur in the classroom (Harcharras & Mitrea, 2007). The teachers were trying to 

present real-world challenges, making links between mathematical and everyday use of terms 

through examples and offering opportunities for the students to see the applied value. By making 

lessons enjoyable through practical means and using representations and images to emphasise 

particular importance, highlights real-world applications of calculus, identifies real-world 

connections, and apply derivatives in other contexts. Demonstrating the applicability and benefit 

from the application of calculus in the everyday explains and demonstrates to students how 

calculus fits within everyday usage. Providing examples that give context identifies relationships 

between mathematics and application and being aware of the challenges that students face trying 

to link the abstractness of some calculus concepts with everyday use can hold students’ interest 

and express value in the application of the topic.   

Working together to solve a problem and collaborating with others who demonstrate various 

strengths and weaknesses is of paramount importance when it relates to everyday life (Harcharras 

& Mitrea, 2007). These skills are likely new to the Saudi university classroom because in a rote 

learning setting, the ability for interaction would be minimal (Neill & Shuard, 1982; Harcharras & 

Mitrea, 2007). According to the literature, many university students view calculus as just another 
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class where memorisation of equations is required in order to pass (Bresoud et al., 2013) and they 

recognise that calculus does not fit easily into the real world. It is possible that more can be done 

to ensure that students see the connections to subjects such as engineering, physical, business, and 

economics, but aspects of PCK are being addressed. 

Calculus in academic subjects 

It is difficult to compare academics across countries (Barnes, 2007) because of the differences 

between students, learning, and teaching in different contexts, but while these challenges exist 

across countries, one of the components of PCK is whether calculus can be relatable to other 

subjects. The answer, in this instance, is only minimally. Mainly, the closest link to other academic 

subjects was identified to be physics, which is arguably another science that asks students to think 

cognitively in a slightly different way than they would in other classes (Khakbaz, 2016). In this study, 

Sam made a passing reference to James Gregory in Lecture 3, which highlighted one instance in the 

entire observed section that went beyond references to physics (Harcharras & Mitrea, 2007). 

Additionally, there were some basic references made to physics, among the four teachers, but 

generally, the link to other academic subjects was minimal. 

In terms of the PCK model, the characteristic for this subcategory is the demonstration of calculus 

in various academic subjects (Neill & Shuard, 1982; Harcharras & Mitrea, 2007). If the key word in 

this sentence is ‘various,’ then the applicability of this subcategory to the teachers in this study is 

not fully addressed. This is because there was simply not the evidence that this exists. This outcome 

does not indicate that the teachers lacked PCK, but rather that more needs to be done to possibly 

redefine this subcategory in the PCK model. If calculus requires students to think in a way that is 

different from many of their other classes, then it seems unlikely that useful comparisons could be 

made in this way, such as applying derivatives in other contexts, relating well to other academic 

subjects, and referring to ideas that go beyond actual learning of the materials associated with 

calculus. 

7.6 Synthesis 5: Additional Issues 

 Discrepancies between intended or declared practice and actual practice 

What was made evident by the findings of this study is that teachers do not always undertake in 

practice the things that they indicate are important to them in ‘theory’. There were several 

instances where the survey responses and the observed outcomes from the lectures did not 

coincide. This outcome could simply have been due to instances where the teachers completed 

certain tasks in lectures that were not observed, but it could also demonstrate that the teachers 
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had the pedagogical knowledge but were unable to accurately demonstrate this knowledge in 

practice. More research is required in this area for clarification. 

From the literature, it is evident that calculus teachers can be confident about students' 

misconceptions, but that this could lead to preconceived notions about students’ capabilities 

(Eichler & Erens 2014). This was largely consistent among the teachers in this study, especially with 

those who had taught the lesson many times previously. For example, Sam indicated that he 

frequently used questioning strategies in his lectures, but this was not generally observed. Tom 

acknowledged that he used questioning strategies, but this was also not observed in his classes. 

These examples indicate that the calculus teachers have a set of beliefs about their calculus 

teaching, and these beliefs were provided in detail in both the interviews and the survey. In another 

example Tom suggested that he did not have particular ISs or teaching methods that he specifically 

employed, this supports the issue that there is a divide between what constitutes knowledge and 

what constitutes a belief (Phillip et al., 2007). The PCK theoretical framework offers some support 

for this connection through the description of the various characteristics. Additionally, the 

methodological approach of using triangulation has provided a more well-rounded picture of how 

these findings fit within the larger realm of PCK. The difficulty occurs when attempting to link the 

beliefs expressed to what is being undertaken in the classroom. More research is required in this 

area to clarify the practice of these beliefs. 

Calculus teachers’ technological pedagogy 

Recent literature on the subject of calculus has suggested new methods that can be utilised to 

facilitate learning among students. One study by Kashefi et al. (2012) suggests that a combination 

of both face-to-face learning and e-learning would be valuable for students. Kashefi et al.'s study 

suggests that IT and web-based assistance could provide the innovation necessary to encourage 

students to use their critical thinking skills along with new ways of approaching problem solving in 

mathematics. The teachers in the current study used technology to varying degrees. The classrooms 

were generally equipped with standard technology which included a chalkboard, OHP, overhead 

camera, and projection screen, indicating a somewhat limited availability of technological 

innovations in the classroom. However, the teachers encouraged the students to use external 

sources to enhance their learning; for example, both Alex and Sam suggested that students utilise 

YouTube videos to support their learning. Alex also used Maplesoft as a means to enhance the 

visual experience for students. Finally, all the teachers required the use of calculators in the 

classroom, as these were seen as a necessary tool to facilitate the calculation/graphing process, 

providing further justification that the teachers felt technology was a beneficial tool for their 

students. 
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The PCK theoretical framework designed for this study, does not entirely specify areas of 

technological advancement that would be helpful to the teachers’ pedagogical methods. Although 

the characteristics of each of the subcategories allow for considerable flexibility, there were areas 

where technology could be placed or discussed within a subcategory. Adding a category that 

identifies specific technological related undertakings could possibly be a future addition to the PCK 

theoretical framework. 

Knowledge of mathematical procedures  

The participants in this study demonstrated knowledge of mathematics procedures in many 

instances. The teaching practice of teachers usually takes into account the various learning 

approaches of students, especially when it refers to the visual component. According to Weber 

(2004), students learn about calculus concepts in three distinctly different ways. These include the 

natural learning approach, the formal learning approach and the rote/procedural learning approach 

(pp. 129-130). Students take what has been learned in class and apply it to their own examples 

(Weber, 2004, p. 130), but they may have challenges linking formal theory to their problem. This is 

a fairly consistent outcome in calculus and one that is considered problematic. 

In the case of the participants of this study, there were still many places where knowledge of 

mathematics procedures approach was implemented. However, what stood out among these four 

teachers were the other instances in the classroom where they attempted to take the rote learning 

examples and employ collaborative work, such as group work, to facilitate problem-solving 

processes. One example in particular was the case of John, who employed a significant amount of 

teacher talk within his classroom, and from his teaching approach, he was very systematic in the 

delivery of the lessons. Yet John and Alex also used collaborative work to encourage students to 

use their critical thinking skills and employed questioning strategies so that the students could 

demonstrate success at their own level. 

While the teachers in this study did not employ large demonstrations of teaching, specific to the 

natural and formal approach, they did attempt to move beyond rote learning, thus knowledge of 

mathematics procedures could be an area for future research. 

7.7 Successes and Limitations of the PCK Model 

PCK in the theoretical model proposed in Chapter 4 has been divided into four first-level 

subcategories. This is in line with Shulman’s (1987, p.8) definition of PCK as “a special amalgam of 

content and pedagogy that is uniquely the province of teachers, their own special form of 

professional understanding”, with the suggestion of Marks (1990) that mathematics offers a unique 
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take on how PCK could be implemented in the classroom, and with the views of Hill et al. (2008) 

that PCK in calculus is particularly unique because teachers must demonstrate mathematics content 

knowledge, specialised calculus knowledge, and pedagogical knowledge. Looking back upon this 

final point, after the completion of this study, it is clear that calculus instruction is specifically unique 

because it is a specialised focus of mathematics. It is acknowledged that, for students, calculus 

requires different cognitive actions, but from a teaching perspective it is clear how this relates to 

PCK. There were indications from this study that teachers can demonstrate specifically how to get 

students to think in a certain way through building mathematical theories, using mathematical 

representations, and calculus connections. The misconceptions the teachers in this study identified 

among their students could be measured, as could the challenging areas of learning; yet the actual 

strategy to teach the cognitive development/shift was little apparent. This is not to say that the 

teachers were not doing something to encourage this development, but rather evident from the 

model it requested a higher level of knowledge. Additionally, while this is noted, there were 

underpinnings that the teachers were successful in their undertakings. The students, as observed 

in the lectures, generally seemed to be passing the course, thus indicating that they were following 

the building blocks as outlined by the teachers. It is suggested that more research is required on 

the student experience in order to determine whether this component could be an addition when 

exploring PCK of calculus teachers. 

Overall, when judging how the model functioned in establishing evidence of PCK in the Saudi 

classroom, the four first-level subcategories offered useful evidence that could be linked to each of 

the teachers in some way. More research is required on the PCK of calculus teachers in order to 

further justify the workings of the characteristics. 

7.8 Reflections on the Methodology 

The methodology chosen for this research draws on a range of perspectives identified by 

researchers. It challenges the view articulated by Crasnow (2011, p.28) that studying cases can be 

held in ‘low regard’ in research, though her viewpoint relates specifically to using just one or only a 

few cases to draw firm conclusions. This research does not set out to draw conclusions, but rather 

to illuminate and understand an existing situation. This recognition of the potential limitation of 

studying cases, as a foundation to a piece of research, is challenged by Yin (2004) who recognises 

that studying cases can be a successful research method when ‘a how or why question is being 

asked about a contemporary set of events over which the investigator has little or no control’ (p.9). 

This is certainly the case in this research as the researcher was not able to control the context in 

which the research took place. During the early stages of the development of this research, this 

provided a challenge that the researcher needed to overcome. It was clear that the context and 
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situation needed to be interpreted and understanding this through multiple case studies was the 

most appropriate method. The approach is also supported by Rowley (2002) who recognises that 

one key strength of studying cases is the strong contextualisation with ‘real life’. This study seeks 

to understand a real-life context of the experiences and understanding of calculus teachers. By 

choosing an instrumental case approach and applying multiple methods, the research was able to 

incorporate the most suitable aspects of several approaches and build a successful and rigorous 

methodology. During the coding process the researcher paid specific attention to grain size and 

inferring. When starting with the second level sub-categories, then going to first level, this was clear 

when analysing the observations. When focusing on small grain size there were more colours and 

more overlap, when using big grain size there would be less overlap, but this would not provide the 

detail about the phenomenon. Another issue was the inferring. For example, when analysing the 

interviews, it was important to understand how the interviewees ‘felt’ about a particular situation 

or context through what they inferred about it. Through this process, it became clear that the 

findings of the research would not be accurate if only explicit thoughts and opinions were 

considered. There was value to be found in what the participants hinted at or did not explore fully. 

Such issues were important to identify before the research took place. It was decided what would 

be included and what would not and these clear ‘rules’ guided the research methods.  

7.9 Chapter Summary 

What the discussion chapter has indicated is that the research questions have been fully addressed. 

It has been shown that the teachers have used their PCK to develop unique and innovative 

strategies in order to target some of the misconceptions’ students have. This means that some of 

the teachers are employing strategies that move away from the traditional and passive style of 

instruction. In the context of KSA, this is unique and innovative and therefore a significant 

contribution of the four cases. The teachers made their aims for the lessons clear by regularly 

stating these at the beginning of the lesson and by consistently referring to the aims and objectives 

at various key points throughout the lecture. The teachers focused their attention on scaffolded 

learning and cooperative learning in order to ensure that students have the understanding 

necessary to continue and they encouraged students to seek outside/additional support when 

needed. Each teacher demonstrated his own strategy to deliver the lesson, but all the teachers 

focused on providing examples, formulae, and definitions in a way that they felt best assisted the 

students’ learning. While most of the lectures were predominantly teacher-focused and had a high 

percentage of teacher-talk time, there were indications that these timings were less than in 

previous research studies. Finally, there were also places where the teachers used their PCK to 
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apply calculus connections, referring to real-world scenarios and to other academic subjects, such 

as physics. 

In summary, this study has highlighted many of the main ideas identified in the literature and the 

discussion of the findings have considered the success of PCK and provided reflections on the 

methodology and grain size and inferring. 
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Chapter 8 Conclusion 

8.1 Introduction 

This research project set out to examine the PCK of four university level calculus teachers through 

the use of survey, interviews, and observations. The triangulation of the data allowed for a 

comprehensive picture to be established surrounding their PCK of learners' cognition, teaching and 

the way that teaching is specifically implemented in the classroom. The data from this study were 

analysed using a specially designed framework. While this qualitative research took on ambitious 

goals, the outcome is a study steeped in fine detail, in order to appropriately address the research 

questions. Furthermore, the findings from this research provide a platform for future research in 

the field of PCK not only of calculus teachers, but also of teachers of other areas of mathematics at 

the university level. The contribution this research makes paves the way for the future development 

of calculus teachers and students and provides a model that can be developed and used widely 

within the field. Although this research was situated within the KSA university system, which is 

therefore the focus, it also makes a global contribution to the knowledge and understanding of 

calculus teaching in universities.   

This final chapter begins with the key findings, which indicate how, and in what way, the study 

findings have addressed the research questions. This is followed by the study limitations, which are 

presented for clarity and cohesiveness, and is followed by the implications for future research. It is 

acknowledged that this study is only a first step in the connection between PCK and calculus 

teachers, and thus there are many future opportunities for development. A section on the 

reflections of the researcher with an overview of the role of the researcher outlines the growth and 

development that has occurred along this challenging research journey. 

8.2 Summary of Findings Related to the Research Questions 

RQ1: What could be a model of PCK for teaching calculus?  

To address this research question, the researcher drew upon a number of frameworks of teacher 

knowledge (Lesseig, 2016; Khakbaz, 2016; COACTIV, 2004; TEDS-M, 2008) leading to a new two-

two-pronged framework for PCK for teaching calculus being devised and adopted for this study. 

Lesseig (2016) organises her framework into two categories: knowledge of content and students 

and knowledge of content and teaching. This present study's framework, however, differentiates 

between the categories of knowledge of content and students when teaching calculus on the one 



Chapter 8 

208 

hand, and knowledge of content and teaching calculus on the other. These categories are 

underpinned by a number of first level and second level sub-categories (See Figure 4-4). Figure 8-1 

shows this framework as a model of PCK for teaching calculus. The key feature of this model is that 

there is no prescribed point of entry, as each element within the categories and sub-categories has 

equal significance. Furthermore, as the point of entry may be at any point, it can be used, not just 

at university 1 level alone. 
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Figure 8-1: The Proposed Model of PCK for Teaching Calculus. 
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RQ2: Using this model of PCK, how do calculus teachers articulate and demonstrate their 

PCK? 

Learners’ cognition of calculus 

This research question has been addressed throughout the findings and analysis chapters, and the 

answer is, broadly, that teachers demonstrate and use their PCK in many different ways. It is evident 

that the sample group of teachers are aware of the difficulties their students face, largely through 

preconceived notions from previous classes taught. In order to ensure that their students' 

misconceptions are addressed, a variety of strategies are employed. Examining learners’ cognitions 

of calculus, especially students' misconceptions and learning difficulties in calculus under the PCK 

framework, has identified that teachers using PCK anticipate using diagnostic tests to identify 

learners' cognition and are aware of students' misconceptions. It is clear teachers identify students' 

learning difficulties and discuss what the students know and simplify definitions provided in 

lectures, further than those outlined in the students’ textbooks, highlighting ideas that students 

tend to struggle with. They establish relationships between instruction and students' learning 

difficulties in calculus and are aware of the challenges that students face in order to assist in the 

avoidance of misconceptions, flag specific areas where weaker students can focus their attention 

and use more than a subcategory when linking the abstraction of some calculus concepts with 

everyday use. Definitions on challenging topics are universally provided by the teachers in separate 

instances and while they do not focus on the definitions in the same way, they take what they know 

about their students and attempt to encourage them to address the misconceptions in a way 

appropriate for the context. What is fairly evident, from these teachers, is the use of specific 

strategies that can be helpful to their learners, thus encouraging them to advance through the 

course material. From the way the teachers in this study demonstrate and use their knowledge of 

students’ thinking about calculus concepts, indicates that by having knowledge of learners’ 

cognition of concepts gives teachers the ability to make these concepts understandable and easier 

to grasp. Teachers need to ensure that their calculus students are aware of areas that are 

particularly challenging and identify the difficulties with both constructing and evaluating calculus 

concepts. 

Developmental aspects of the calculus curriculum 

For many of the case teachers, the topics that were being discussed were pre-assigned and the 

students needed to learn the material in the course and have a strong foundation in the course in 

order to proceed onto the more advanced classes. While the outcomes may have been pre-

assigned, however, the teachers in this study were free to design lessons that allocated certain 
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amounts of time to each concept. The participants in this study were clear when providing their 

students information regarding the aims of the lesson. These aims were either highlighted at the 

beginning of the lesson or flagged at fundamental points throughout the lesson to ensure that 

students were focusing their attention on key concepts, and all the teachers demonstrated places 

where learning goals were highlighted. All used their knowledge of establishing appropriate 

learning goals for calculus for linking between theory and practice, ensuring that their students 

would be challenged and provided with contexts for future learning.  

The teachers addressed the aims in different ways, which ranged from a very rigid approach to the 

course material, being methodical and structured, to more fluid ways of delivering these aims. If 

the aim was not achieved by the end of the lesson it would be carried over, whereas a more rigid 

approach ensured that the aim was covered. In addition, building blocks are fundamental to this 

project and the teachers used various techniques to ensure that the students understood the 

material and consequently were able to move on to the next concept. The fundamental reason for 

placing these key ideas into the PCK theoretical framework is the requirement of teachers to 

provide, and make available, definitions, theorems and proofs to students as well as to provide 

relationships between mathematical and everyday use of terms. The teachers in the current study 

used different methods to demonstrate these key ideas and illustrates how a teacher can use their 

knowledge of calculus teaching to sequence the building blocks of mathematical theories (BBMT) 

of the concepts of calculus. 

Instructional strategies of teaching calculus 

This category was somewhat challenging, as some of the characteristic descriptions associated with 

the strategies were vague (i.e. the use of ‘appropriate instructional methods’). The calculus 

teachers were mainly systematic in their delivery of the calculus lessons to the students. While all 

demonstrated ways that they used their PCK in lessons, it was clearly evident that a number of 

strategies used focused around using ‘think, pair, share’ tactics. These strategies encourage 

cooperation, collaboration and students' participation. By directing and providing students with 

material on calculus functions they can consciously evaluate enables them to deal with particular 

challenges. By encouraging students to read the theorem and proof before explaining it and 

knowing that group work influences students' collaborative learning and they will take the initiative, 

in a number of ways, to facilitate understanding.  It was noted that students would reflect on a 

specific case, if given the opportunity, and explain the lesson's concepts to their classmates. 

Facilitating their understanding of calculus, gives them a solid grounding in logic and its associated 

linguistic expressions. Expecting students to self-direct their learning, rather than checking for their 

understanding to improve insufficient previous knowledge, places a great deal of responsibility on 



Chapter 8 

212 

them. However, when teachers use a methodical and systematic approach and linear progression 

through the objectives of the lessons meets the characteristic of this subcategory.  

It was also evident that the calculus teachers in this study tried to get their students involved in the 

lesson, to varying degrees. In the past, calculus teaching mainly took the form of a lecture-type 

teaching strategy, where knowledge was imparted to the students and where teachers wrote on 

blackboards while students sat quietly and copied down the examples. In the observed classes, 

while this was still a common method for instruction, there were many more instances where 

students were encouraged to actively get involved in the class. This was often identified through 

group work activities or other collaborative undertakings (e.g. group homework). In terms of 

teaching strategy, the inclusion of students within the learning process facilitates their critical 

thinking skills and can minimize misconceptions through the use of practical learning strategies. 

Most of the case teachers demonstrated the characteristics of PCK described in the theoretical 

model. In examining questioning strategies in calculus, under the PCK framework, the teachers in 

this study show that utilising PCK anticipates discussing basic concepts of calculus. By using 

questioning strategies to assess students’ knowledge and asking rhetorical questions together with 

questioning strategies to determine where the fault in the students’ logic occurs allows for the use 

of discussion to elicit critical thinking skills. Sometimes teachers used a combination of both. As 

calculus is unusual in its application (i.e. a student must understand the basic formulas and concepts 

before proceeding to the next topic), ensuring that students actually firmly grasp ideas before 

moving on, is fundamental. 

Additionally, pivotal examples or counter examples were used to ensure that students achieved the 

level of understanding required to continue. In terms of the PCK theoretical model, the focus for 

this subcategory is to ensure a focus on the key ideas in calculus when introducing salient points 

followed by more detailed explanations and analysing each calculus topic using definitions, 

theorems, proofs and examples. Teachers are expected to understand how to choose the calculus 

topics for instruction, use examples as a foundation, use examples and counterexamples, know that 

examples are essential as they relate to explaining and clarifying calculus concepts, focus on use of 

pre-prepared examples, and use examples as they are generally better used after definition. Having 

previously established that the teachers in this study are competent in identifying these key ideas, 

the characteristics that have been highlighted are clearly demonstrated by them. This is consistent 

with the literature, which suggests the benefits of examples and counter examples as links to 

effective critical thinking. 

The participants in this study utilized mathematical representations, recognising that visual 

representations enable students' understanding and are effective in avoiding misunderstandings. 
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Explaining the definition and supporting it with a graph and example (visual), delivered through an 

appropriate method e.g. pairing visual representation with the verbal explanation of the concept 

(visual, verbal), can facilitate understanding of a model to avoid misrepresentation of symbols, 

giving students different stimuli in simultaneous instances. Using visualisation to provide the 

appropriate perspective for students, using representations and images to emphasise particular 

importance, and using examples and diagrams as a tool, provide strong evidence that these 

characteristics, assigned to this subcategory, fit within the larger model of PCK. In this study, these 

were met by the teachers and their pedagogical strategies, related to mathematical representations 

and generally coincide with the findings that have previously presented in the literature. 

Knowledge of calculus connections 

While the teachers in this study were able to apply their PCK to calculus connections, this was an 

area of the research where there were not many instances of application during the observations. 

It was not quite clear that the teachers were able to link calculus to other academic subjects, except 

physics. This outcome does not necessarily indicate that the teachers lacked PCK, but rather that 

more needs to be done to possibly redefine this subcategory in the PCK model. If calculus requires 

students to think in a way that is different from many of their other classes, then it seems unlikely 

that useful comparisons could be made in this way, such as applying derivatives in other contexts, 

relating well to other academic subjects, and referring to ideas that go beyond actual learning of 

the materials associated with calculus. Some teachers were able to tie the concepts to everyday 

‘real-world’ situations (e.g. waves or vibrations), but the amount of time spent applying these 

practical ideas to the lessons was minimal. This is not necessarily an indication of a fault of the 

teachers or a lack of PCK usage. Certainly, the number of times something is mentioned is less 

important than when it is mentioned, and the participants of this study attempted to highlight 

instances of connections at the most opportune moments. Therefore, the teachers were trying to 

present real-world challenges, making links between mathematical and everyday use of terms 

through examples and offering opportunities for the students to see the applied value. By making 

lessons enjoyable through practical means and using representations and images to emphasis 

particular importance, highlights real-world applications of calculus, identifies real-world 

connections, and apply derivatives in other contexts. Demonstrating the applicability and benefit 

from the application of calculus in the everyday, explains and demonstrates to students how 

calculus fits within everyday usage. Providing examples that give context identifies relationships 

between mathematics and application and being aware of the challenges that students face trying 

to link the abstractness of some calculus concepts with everyday use can hold students’ interest 

and express value in the application of the topic. 
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Finally, based on the results from the observations, interview, and survey this research question 

was fully addressed. 

8.3 Justification of Theoretical and Methodological Choices 

The justification for the research theories in this study is based upon the notion that students who 

use rote/procedural learning may have difficulty linking theory to practice (Sofronas & DeFranco, 

2010). One of the reasons why this was deemed to be the case was due to the teacher-centred 

approach that often exists within the calculus/mathematics classroom. The underlying premise is 

that teachers are not provided with the pedagogical training to offer effective and innovating 

strategies in the classroom, and while they are generally likely to have content knowledge, they 

may not always have PCK. Because of this, there is a need to establish a theoretical framework that 

can demonstrate whether PCK exists within the calculus teachers’ practice, at university level. Given 

that calculus is a subject area that has not previously been examined in relation to PCK, it becomes 

a worthwhile undertaking, especially in the case of the KSA. For a nation that is predominantly 

centred around lecture-style approaches and memorisation, calculus offers a break from the norm 

because memorisation is not so effective for this problem-based subject area. As a result, not only 

does the examination of PCK allow for a glimpse into what other subject areas might look like as 

teachers venture into a more active style of teaching and learning, but PCK also gives current 

calculus teachers an understanding of why calculus instruction is so important to the larger 

understanding of pedagogy. 

In order for this to occur, the methods of interviews, survey, and observations were employed to 

answer the research questions. This methodology not only provided a solid framework for the 

triangulation of data, but it also linked what teachers said they did in the classroom to what they 

actually did. This provided significant benefit when writing up the findings, as the multi-methods 

approach made the outcomes more thorough and rigorous. 

8.4 Contributions of the Study 

8.4.1 Research Contribution to Teacher Education 

University teacher education in KSA has leaned towards the integrative aspect of the PCK spectrum 

because there is very little teacher education prior to being able to teach at the university level. 

Teachers at the university level, in many subjects not just in mathematics, tend to lecture rather 

than to integrate students into the learning process. As a result, there has been a recent push in 

university teacher education in Saudi that encourages teachers to be more innovative in the 
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classroom. The outcomes from this study suggest that teachers are gradually making changes to 

their teaching practice that allows for such innovation to occur. In terms of how this contributes to 

research in a larger perspective, is that clearly more work needs to be done in this area. According 

to Shulman (1987), the interconnectedness of content and pedagogy is lacking, and it is necessary 

to go beyond the subject matter when considering how teachers can facilitate learning. Now, over 

three decades on from Shulman's writings, calculus teaching has not made great strides in this area. 

Therefore, one of the main areas where this research can contribute is not only to identify places 

where improvement can occur, but also to identify the elements of PCK that are now, 

encouragingly, being utilised in the classroom. 

8.4.2 Research Contribution to Educational Practice and Theory 

The Saudi MOE has been tasked with the implementation of Vision 2030 and the Saudi 

government has spent a significant amount of financial resources developing higher education 

within the KSA (Al-Aqeel, 2018). The focus on educational practice has been targeted at the 

creation of a centralised system of control and support, ensuring that education is state-

funded (i.e. it is free for Saudi citizens). Furthermore, the government has spent considerable 

efforts on the Horizon project, which is a higher education system that includes all major 

stakeholders including the government, individual universities, industry, and community 

representatives. This contributes to educational practice because it puts KSA as a contender 

on the world stage, a fundamental goal of the Ministry of Education and of the Saudi 

government. 

In order for such large goals to be obtained, it is imperative that the impact of change related 

to pedagogy be documented. This study is essentially one step in this process. If the KSA wants 

to be competitive on a global scale and to be able to liaise with other universities, industry 

and community representatives, actual data must be obtained to show that the changes being 

implemented are successfully leading towards the goals outlined. What has been 

demonstrated by this study is that changes are being made in the classroom within the field 

of calculus. Teachers are, to varying degrees, demonstrating PCK in each one of the 

subcategories. 

Furthermore, because this research project is based upon the PCK framework and a specific 

set of characteristics, the outcomes from this project are easily identifiable and could 

contribute to a much wider participant pool. As a result, not only did these specific teachers (i.e. 

the participants involved in the study) benefit from reflection on their own PCK, but the study offers 

insight into the future development of PCK in the KSA, as the context of this study. There is also the 
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global contribution to the knowledge and understanding of calculus teaching in universities. Not 

only does this study demonstrate that the framework can be applied in calculus in the context 

of this study, but it can also be replicated elsewhere. This could in turn contribute to the 

overall Vision 2030 project. 

8.4.3 Methodological Contribution 

The use of qualitative data analysis is the foundation for this research. Qualitative research is 

particularly useful when considering a particular concept and attempting to obtain in-depth 

information from the participants. However, qualitative data can also be associated with 

researcher bias.  Every effort was taken to ensure that the results were presented as 

objectively as possible, as multiple data sources can often contribute to an increase in validity 

and reliability. In this study it was deemed advantageous to use triangulation as it is highly 

beneficial in ensuring validity; if one of the methods is weak, the remaining methodological 

approaches will maintain strength in the results (Cunningham, 1997). Different calculus classes 

were observed in this study, and to ensure that the structured observations were valid, 

method triangulation was used. The two other methods were semi-structured interviews with 

the four participants and questionnaires. In addition, the researcher used video recording to 

allow for re-examination of any uncertain or unclear interpretation by the researcher. Video 

recordings also allowed the researcher also allowed the researcher to go back to the 

participants for clarifications. 

Up until this research study, much of the previous literature on this topic has focused on the 

cognitive approach to learning. Previous research literature largely followed the pattern of (1) 

identifying the difficulties of students, (2) investigating how students learn a particular 

concept, (3) evolving the classroom to address this concept, and (4) research on the teacher, 

instructor, teaching assistant, or graduate student (Rasmussen, Marrongelle & Borba, 2014). 

The frameworks which were developed for these patterns were inefficient at addressing the 

links between pedagogy and content knowledge (Hitt & Gonzalez-Martin, 2016). Identifying 

the links between pedagogy and content knowledge through the application of multiple 

methods, this study has made a methodological contribution. Mathematical knowledge 

development is a complex phenomenon and teachers must address a wide range of topics 

through opportunities that create an immersive learning environment for students. Therefore, 

strategies that highlight these opportunities and their modes of development are 

fundamental. 
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The PCK model that has been developed makes a significant contribution to research because 

it links both pedagogy and content, but then breaks these two concepts into manageable units 

that can be individually addressed. This is important, as it allows for replication across 

universities and topics in mathematics. Thus, the justification that PCK can be identified 

through the use of the theoretical framework is particularly helpful. 

8.5 Limitations of the Study 

Every study has limitations in one way or another, and this study is no different. Choices had 

to be made along the way that would allow this project to proceed, but sacrifices resulted. 

These sacrifices were not problematic, but should nonetheless be identified as, in the next 

section, implications for future research can thus materialise. 

The first limitation relates to sample size. The very nature of research that studies cases does 

not allow for significant numbers of participants. Instead, it asks a very select group to provide 

extensive and detailed information in order to contribute to a very specific research question. 

The sample size limitation restricts the generalisability of the study's findings. Yet, despite this 

limitation, the study of cases offered intricate details into the link between theory and 

practice. Furthermore, because this study sample were all teaching calculus in one particular 

country, the expectations of these teachers may be significantly different than other parts of 

the world, making the participant profiles an additional limitation.  

Another limitation of this study was the creation of the instruments. This was the first attempt 

by the researcher to create instruments that would be implemented in a research study, and 

so every effort was taken to ensure that the instruments could stand up to a test of rigour. 

Every care was taken to make sure that the observations were carefully documented, and the 

researcher tested more than three observation schedules, the survey was piloted, and that the 

interviews were annotated appropriately, the design of the questions and the delivery of these 

questions, during both the survey and interview, were conducted by a novice researcher.  

Additionally, in terms of the data collection process, timing and financial resource limitations 

were significant in the comprehensiveness of this research project. With more time, the 

participant pool could have been expanded beyond four. This would have provided more data 

for this study and further contributed to answering the research questions. Yet, time links to 

financial resources. Not only was time limited by the deadlines imposed on this project, but at 

some point, the researcher had to recognise that sufficient time had been spent on this 

research project. 
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8.6 Recommendations for Future Research 

The comprehensive literature review undertaken for this study revealed a paucity of research 

on the PCK of calculus teachers, and while this was challenging for the current study, it 

identified a gap in knowledge regarding calculus teaching at university level (Biza et al., 2016; 

Bressoud et al., 2016; Petropoulou et al., 2016; Rasmussen et al., 2014). As a result of this 

research project, there appear to be three possible options for the development of future 

research. These include further examination of the model, an expansion of the sample group, 

and comparisons made among university level teachers. 

In the first instance, the model for PCK can be further examined. When using this framework, 

there were certain areas where the characteristics outlined provided a definition that was not 

sufficiently accurate for the purpose of this study. Teachers tended to fall into a category no 

matter what they did or how many times they did it. For example, a teacher who employed 

questioning strategies in a lecture could be either a teacher who used questioning extensively, 

or a teacher who used questioning only sparingly. Both are deemed to be demonstrating PCK, 

but in very different ways. Yet the theoretical framework did not account for this. Further, 

some of the phrases, such as ‘appropriate’ require subjective interpretation by the researcher, 

which limits the reliability of the results. These misgivings could be remedied through further 

research on this topic and more extensive use of the theoretical framework. 

The second area of development relates to the expansion of the sample group. The initial study was 

small, using only four participants in one single country. Future research could examine the 

relationship between PCK and calculus teachers in other countries around the globe, as it is likely 

that the subjects being taught in first year calculus are largely similar worldwide. Furthermore, the 

current study could be adapted for application with a larger participant pool. For expansion to 

occur, time must be considered; therefore, if the interviews with participants were omitted and the 

survey instrument refined for clarity and to include some markers from the interview questions, 

the study could be expanded. In this way, through the use of survey and observations, the PCK 

framework could still be applied but the amount of time for transcription and analysis should be 

appropriate for the larger participant pool. This type of research expansion would only further 

justify the theoretical framework that has been developed and the link between its applicability 

among different contexts and/or participants.  

Lastly, one of the interesting points that emerged about university teachers in this study is that they 

are rarely trained in pedagogy. It is much more common for teachers to be content level experts 

and then be instructed to teach students what they know. Yet this is not true for all teachers, as 

some have both content knowledge and a pedagogical background. One area that lacks current 
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data is the comparison of PCK among teachers with and without formal pedagogical experience. By 

connecting teachers who have training with those that do not, or by comparing teachers with many 

years of experience to novice teachers, the PCK framework may become more developed. 

Furthermore, it may show the movement or development among teachers in mathematics who are 

seeking to further advance their professional careers. 

8.7 Researcher's Reflections 

Any man who keeps working is not a failure. He may not be a great writer, but if he applies 

the old-fashioned virtues of hard, constant labour, he’ll eventually make some kind of career 

for himself as writer. – Ray Bradbury 

This research process has been long and somewhat arduous, filled with challenges and struggles 

that were expected initially, but not fully appreciated until much later in the study. However, the 

outcome of this thesis has allowed for growth; this is true both intellectually and emotionally. From 

an intellectual perspective, I had anticipated what I thought this research programme was going to 

include. I knew what the chapters ‘looked like’ and felt that I could, at least somewhat easily, apply 

this to my own context. I had research questions, and what I thought was a clear and 

straightforward path to follow. Yet, what I have learnt from this process is that the reality can be 

much different from the perceptions. Collection of the data took much longer than I had 

anticipated; organisation and analysis took much longer than that. As time slipped away, there was 

a point where I felt that the end would never come. As this occurred, a transition began. Pieces of 

the research process began to come together. First, I finalised the methodology and began to work 

with the research instruments. I identified a plausible theoretical framework that could be applied 

in the context of mathematics, which was an exciting first step. I obtained results that I felt I could 

use in the writing up process, and then found a presentation style that eventually worked for my 

purposes.  

I gained confidence in my ability and achieved much more understanding about my topic. This does 

not mean that I came to be an expert researcher. Sure, I am further along than I was at the beginning 

of this process, but there are still things that I can identify where I lack the knowledge to pursue 

this type of methodology. However, as I peruse through my notebooks full of scribbles and my failed 

attempts at chapter designs, the output reads much like a diary. I can see days of frustration, 

especially in the middle of this project, but I also can see progress. I also can see my notebooks after 

each meeting with my supervisor, which was a great guide. 

From an emotional standpoint, this project has placed me both in the depths of despair and at 

points of jubilation, and this rollercoaster of performance has meant that I have had to deal with 
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many challenging issues. Data collection, data analysis, and writing a thesis is somewhat of a lonely 

process. These are because while people can help you with general advice, no one really 

understands your topic in the way you do, meaning that the explanation of the topic is only ever 

done in a simplified manner and this, to a point, takes away from the value of the research. I hope 

that as the reader continued through this thesis, he or she was be able to see the confidence and 

passion that undertaken this thesis has given me. 

8.8 Chapter Summary 

As has been shown in this research project, the research questions have been fully addressed. Yet 

what is more important is that the findings and analysis of the data within this thesis have led to 

even more questions in the field of PCK research. These findings, therefore, make it helpful for 

leaders, decision makers, policy makers, teachers, and other researchers to focus their attention 

on particular aspects of PCK that are most relevant to their situations. Calculus, it has been noted 

in the findings, is a challenging topic for students and has been one where the method of instruction 

has remained largely unchanged in the university setting. Yet, as has been shown in this project, 

steps are being taken to modify aspects of the learning experience to include students more actively 

in the classroom. Many useful outcomes have been suggested by the participants in this study as 

ways to negotiate the calculus classroom. Change is not an easy thing to come by, and it requires 

considerable work. By addressing the aims and objectives of this project and through the detailed 

findings provided, this research project has demonstrated a valuable contribution to knowledge. 
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Appendix A  The context 

A.1 Introduction 

It is necessary that the context is identified to give a well-rounded description into the nature of 

the study. This appendix describes the nature and location of the university with the Saudi context 

before discussing the location, classes examined, and the participants. 

A.2 The University (University X) in Saudi Arabia 

Saudi Arabia has 28 public and 10 private universities. All but two cater to both men and women 

with segregated areas for each gender. All of the private universities and 16 of the public 

universities have been created in the last decade (Smith & Abouammoh, 2013). The university in 

this study is one of these anciently created universities 

The University X (UX) is one of the most well-known education establishments based in Saudi 

Arabia. It offers a high level of education to the students and is consistently rated among the top 

schools in the region by external university assessment agencies. While each top university in Saudi 

Arabia has multiple colleges and/or institutes, this university has over 100 departments, five 

institutes and multiple centres with a combined count of over hundred academic departments. The 

university offers both graduate and undergraduate programs for both male and female students. 

Over 100,000 students are enrolled in different colleges and institutions of the university, and 

nearly 5000 faculty members are responsible for teaching courses there (MOE, 2017). UX has 

extensive calculus programs which are considered a vital part of the college of mathematics 

(Ministry of Education, 2017). 

There are many reasons for choosing this particular college from university (UX) to base this 

research study on. They are: 

• “The university greatly contributes to the enrichment of human knowledge” (MOE, 

2017). This college helps students to expand their knowledge. Recently, in 2013 this 

university has started to offer the preparatory pre-calculus courses (MOE, 2017). 

The Ministry of Higher Education, (Date N.K) states that the aim of this preparatory 

year is to expand the students’ knowledge in mathematics (and more specifically 

calculus preparation) and prepare them for specialism in their field. Thus, it is 

worthwhile to investigate a high-level university so that a variety of results can be 

obtained. The university has a good standard in education however; it has just 
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recently started the preparatory pre-calculus courses which identify that there is 

scope for investigation. The University X competes against other universities in 

Saudi Arabia because other universities also offer this type of preparation 

programming, though not to the same level of development.  

• The selected college has seen tremendous growth (MOE, 2017). This confirms that 

these universities have expanded to a great extent and therefore there is the 

potential to obtain useful information along at an important time in the 

development of the mathematics programming, which is beneficial to this 

research. 

Classes at this college are widespread; with over 12 academic departments, the majors/minors 

available to students are extensive. Yet, regardless of which program or specialization area that 

undergraduate students choose to pursue, they must take certain core requirements that 

demonstrate breadth (i.e. a science student must take a certain number of humanities and arts 

courses in order to obtain a degree). In addition to fulfilling the breadth requirement, many 

undergraduate students must also take first-year calculus because it is a pre-requisite for many 

programs, including but not limited to, Mathematics, Engineering, Chemistry, Physics, Biology, 

Computer Science, and Environmental Sciences. 

Students are welcome to enrol in any calculus course, though are encouraged to select the calculus 

course in alignment with their major (i.e. Engineering students would be encouraged to take 

Fundamentals of Integral Calculus for Engineers Students). Only one section of each course is 

offered per term. Classes at University X generally run from 8 in the morning to 8 at night; students 

select their schedule based on course requirements and availability. Students are required to take 

a pre-test prior to enrolment. Because of the rapid changes to the university model in Saudi Arabia, 

there are currently some concerns that the high school model does not always teach the necessary 

components that prepare students for the mathematics they will be taught at university. Students 

who do not meet the criteria for enrolment must take a foundational year pre-calculus program 

(there are also other foundational year courses on offer at University X) in order to ensure that they 

are more likely to be successful and have the necessary skills required to pursue their degree. 

Class sizes vary considerably from one programme to another and also by year. While these calculus 

classes are capped at 100, some of the first-year nature science courses are capped at 150, while 

other first year courses might have a capacity of only 50. As students move up into second, third, 

or fourth year, class sizes are generally reduced with most having a cap of 40 students (Al-Dakhil, 

2011). 
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The student population at University X is largely homogenous with most of the students being Saudi 

nationals. Student demographics provided by the institution generally suggest that there are 

slightly more female students (56%) to male students (44%), that most students are between the 

ages of 18 and 25, and that over 90% of the student population was receiving some sort of funding 

package to attend the university (MOE, 2017). The funding (generally in the form of scholarships) 

could have been provided by the government, the institution, or a combination of the two, though 

students do not pay fees to attend public universities in Saudi Arabia. 

The faculty population at University X is more diverse than the student population. As indicated 

previously, the university environment has rapidly expanded in Saudi Arabia over the last decade. 

As a result, it has been difficult for universities to find and employ professors of high educational 

quality and with the appropriate qualifications necessary to teach at the university level (Smith & 

Abouammoh, 2013). The mathematics faculty are a diverse group demographically, with many 

having degrees in mathematics as well as in other subjects. Some have studied abroad while others 

have received their schooling solely within the borders of home countries. Despite their wide range 

of backgrounds, none of the teachers has any formal teacher training (in the form of degrees, 

diplomas, or certificates), though many have taken Professional Development (PD) courses.     

A.3 Overview of class selection 

A.3.1 Overview of the Course 

Students studying at University X have the opportunity to select from a range of first year calculus 

courses. These courses are often targeted at offering skills development relating to a specific major 

(e.g. First-year calculus for nature science students). Despite having different names for each of the 

courses, the materials that the students use and the course description are largely similar across all 

first-year courses. One of the reasons why the university has chosen to operate under this 

framework is that it puts all the potential students hoping to enter the same major into the same 

first-year calculus class, creating direct competition among students (i.e. all the mathematics 

students are together and study under the same teacher). In this way, upper year professors can 

gain insight into student performance based on first-year results.  

The class chosen for review was titled Fundamentals of Integral Calculus and specific track was 

identified; this was for BSc in Mathematics. In the course description for this first-year class, the 

only pre-requisite was high school mathematics. Enrolment was capped by the university at 70 

students per class (Al-Dakhil, 2011). 
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In this course, the traditional method of lecturing was employed, with no online components taught 

(though the textbook offered some online problem sets). Lectures were held twice weekly for two 

hours each session and the course lasted for 14 weeks, making the contact hours in the class equal 

to 56 hours. Lecturers were also required to maintain weekly office hours with 2 hours being 

officially scheduled and communicated to students per week. In addition to the class time and office 

hours, students were required to complete a one-hour tutorial weekly with a Teaching Assistant. 

The total contact time students would have with the Teaching Assistant was 12 hours. Students 

were also required to complete work outside of the class. The syllabus indicated that the students 

were expected to spend 12 hours per week on additional private study/learning hours. The required 

textbook for this course was Calculus Early Transcendental, International Edition, and seventh 

Edition, edited by James Stewart (UX). This is a common textbook across university programs in 

Saudi Arabia and is used worldwide.   

The ‘purpose’ for this course was outlined in the syllabus as follows: 

• Student should mature in their understanding of calculus through the study of 

limits, derivatives, and integrals and their applications.  

• Student acquires knowledge by learning derivatives and integrals of the 

logarithmic, exponential, inverse trigonometric, hyperbolic functions.  

• Student studies the techniques of integration, finding the area between two 

curves, volumes of revolution, and volumes of a solid with known cross sections 

and find the length of a curve. 

• Student knows the limit of sequences, sum of infinite series and finding Maclaurian, 

Taylor expansion of functions in one variable. 

• Student acquires cognitive skills through thinking and problem solving. 

• Student becomes responsible for their own learning through solutions of 

assignments and time management. 

Based on these criteria for student learning, the Course Description for Fundamentals of Calculus 

was as follows: 

Week Topic to be Covered 

1 Functions and Models. 

2 Limits and Derivatives 

3 Differentiation Rules 
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4 Implicit differentiation, derivatives of logarithmic, linear approximations and 

differentials, hyperbolic function. 

5 Applications of Differentiation 

6 Integrals, Areas and distances, Integration by substitution, Definite integral, The 

fundamental Theorem of calculus, Definite integral by Substitution. 

7 Midterm Exam #1   Applications of integration. 

8 Techniques of Integration, Integration by parts, Trigonometric Integrals. 

9 Trigonometric Substitutions, Integrating Rational fractions. 

10 Improper Integrals, Sequences, Monotone Sequences, Infinite Series 

11 Further Applications of integration and Differential Equations  

12 Alternating Series; Conditional convergence. 

13 Maclaurin and Taylor series and Power Series. 

14  Maclaurin and Taylor polynomials and Applications of Taylor polynomials. 

15 Review for Final Exam 

  

Appendix A1: 1 Course Description for the First-Year Calculus Course 

The syllabus for the course also targeted specific course learning outcomes that were provided to 

students including topics of (a) knowledge, (b) cognitive skills, (c) interpersonal skills and 

responsibility and (d) communication, information technology and numeracy. This information can 

be found (Mathematics Department). 
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Appendix B  Sources of the Model 
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Appendix C  Example of data identified from previous 

research in the literature 
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Appendix D  Ethical Approval for Pilot Study 
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Appendix E   Pilot Study 

E.1 The Pilot Survey Instrument 

The survey was one of the main components used in this research and is, perhaps, the instrument that 

required the most care. The survey went through several stages before the final draft was distributed 

teachers. The information below outlines how this process occurred.  

The first step in the process was to ensure that the PhD Supervisor had an input into the design. Once 

the researcher had read significant information of the design of surveys and questionnaires, initial 

discussions were had with the Supervisor in order to start the brainstorming process. A first draft of the 

survey was then designed (in English) and given to the PhD Supervisor to review. Discussions were had 

on formatting, language and the motivation behind some of the statements. The survey was then 

revised, translated into Arabic and given to the two pilot participants (Arabic speaking teachers) to 

complete. It is important to note that these two participants did not participate in the final study.  

Each of the Arabic speakers was a colleague of the researcher. They were initially briefed on the research 

proposal and asked to comment on any statements that they did not understand. The researcher met 

with each pilot participant individually, and a record was kept of their queries. Once the two participants 

had completed the survey, the group met as a whole for a small-group type discussion. This was in order 

to alleviate any conflicting views and it was important for the researcher to get the underlying reasoning 

from the participants in order to best improve this survey.  

As the small group session was completed, the researcher then modified the survey based on the 

responses from their points and small group session. The researcher then gave the revised survey to the 

same 2 pilot participants and asked for feedback. 

E.1.1 Changes made to the survey instrument as a result of the pilot study 

The survey instrument was one of the most influential components of the study as it not only set the 

benchmark for the calculus teachers’ pedagogical knowledge, but it provided a benchmark from which 

the rest of the findings could relate to. As it was such an influential anchor, getting it to be just right was 

a challenging process. Because it was so challenging, a significant amount of effort went into getting it 

right before the pilot study commenced.  

The researcher provided the survey to two participants. These were the same two participants who also 

completed the pilot interviewing and who were observed during the lessons. These participants were 

chosen primarily out of convenience. Both were experienced teachers with a strong familiarity with 
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calculus. The survey was provided to each participant under similar conditions to what would occur in 

the main study. There were four parts and participants needed to respond with an answer ranging 

between strongly agree (5) and strongly disagree (1). 

Changes made to this part of the pilot survey were minimal but important. The participants stressed 

that the first statement: “I have sufficient knowledge about calculus” might be insulting to the teachers 

who were actually teaching the course. It was particularly challenging to translate ‘sufficient knowledge’ 

into Arabic. As a result, the wording was changed to ..."had enough knowledge". Some of the feedback 

provided by the pilot participants included: 

This survey is very long and I am not enjoying the completion of it. I understand that it will go to 

first year calculus teachers but I teach a range of mathematics students, not just first year ones. 

With the upper year ones, I know that there is a certain level of mathematics knowledge because 

they have taken other courses with our professors, so I am much more confident answering the 

survey questions when I think of them. With my first year students, it is much more difficult to 

assess. (Pilot Participant 2) 

This survey is interesting but very long. I am tired! (Pilot Participant 1) 

Based up on this feedback, the researcher further strengthened the position that first year calculus 

teachers are in a unique position for PCK because of the uncertainty associated with first year students.  

In part 2, pilot participants suggested that the statement: “I can anticipate my students’ prior calculus 

knowledge before the lecture” was not a good statement because the anticipated knowledge would 

differ between the time a teacher met the students for the first time and the time period later in the 

course. As such, the pilot participants suggested that this statement would not provide accurate feelings. 

They also indicated that the two statements at the end of section 2 relating to homework could be 

amalgamated into one. As a result, these statements were reworded to: “I assign enough homework for 

students to work through the points while facilitating an understanding of calculus”. Other than these 

changes and the addition of numbering for each of the statements, the Likert scale part of this survey 

remained the same. A final version of the survey instrument can be found as Appendix H.1, H.2. 

E.2 The Pilot Interview Schedule 

The interview was the secondary form of data collection though in the longitudinal timeframe of this 

research it came first. There were two interviews held - one with each of the participants in the pilot 

study. Both interviews were held in the Arabic language. In the first section, the primary focus was to 

ensure the questions flowed logically, as this section was largely comprised of demographic questions. 

This meant that the researcher needed to be prepared to restate these questions in order of logical flow, 
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and to take into consideration that when translated into English, the flow might not necessarily ‘flow’ in 

the same way. The second, third and fourth parts of the interview targeted questions on aims of teaching 

calculus, instructional strategies, analysing calculus. Again, in these sections the researcher was looking 

to determine if there was a good flow, but in addition, it was necessary to ensure that the questions 

provided were particularly relevant to the field of mathematics. This was also true of section five, which 

asked about questions on learning. As the participants had a background in mathematics, they were able 

to comment on aspects of this and to make suggestions that would help the researcher to ensure the 

appropriateness of the questions. 

The interview was semi-structured, and questions were designed in order to gain information about the 

teachers while providing detailed information about aspects of PCK. It was also necessary for the 

researcher to listen to the questions and concerns of the participants about the design and delivery of 

the questions. According to McNamara (2009), interviewing is a skill that requires practice. As such, 

these interviews gave the researcher the opportunity to practice delivery of the questions and to hone 

in on some of the non-verbal communication aspects of interviewing, both on the part of the researcher 

and of the participants.  

Question preparation occurred several weeks in advance of the interview. Questions were initially 

written and given to the PhD Supervisor for discussion. These questions were then discussed at a 

supervision meeting (the final interview questions can be found in the Appendix J.1, J.2). Initially, the 

researcher had five main sections, each which had multiple questions. The PhD Supervisor had 

previously indicated that this was perhaps a lot of work for participants. 

After the discussion with the PhD Supervisor, the questions were revised in order to ask for more 

detailed responses, though one of the challenges for this research was that the interviews were 

conducted fully in Arabic and the PhD Supervisor did not speak Arabic and perhaps did not fully 

understand the cultural aspects of the interviewing process. Thus, it was particularly important that the 

two interview participants provided as much feedback as possible in order to ensure that the questions 

were appropriate, necessary, and linked to the research questions. 

The two pilot interviews were then conducted with the two participant teachers at University X. In these 

pilot interviews, all three sections of the interview were asked, and the participants were asked not only 

to respond to the questions but to indicate any associated problems, concerns, or confusion. As these 

interviews were audio recorded, the researcher had records of what issues were identified, these could 

then be amended before the final study. Further, the researcher was able to answer all of the questions 

posed by the participants in relation to the study. As these pilot interviews were successful, the final 

questions are drawn up for the final interviews in the main study with the calculus teacher participants. 



Appendix E 

234 

E.2.1 Changes made to the interview schedule as a result of the pilot study 

Two interviews were conducted, one with each participant. The researcher began by going through the 

questions that were outlined in the pilot instrument in order to get an idea about the amount of time 

that would take. In both instances, the timing was about 45 minutes to one hour. Once the interview 

was completed, the researcher asked each participant to comment on any issues associated with these 

questions. None of the questions were particularly problematic. They had been translated appropriately 

into Arabic and the participants indicated that the questions were clear and relatively easy to answer.  

While the questions were answerable, there was some concern by both participants that the research 

questions were not fully addressed as a result of the questions that were asked. This did not seem to be 

particularly problematic, as many of the research questions were more appropriately addressed within 

other areas (e.g. the survey). It was possible that the researcher had not translated the questions 

appropriately into Arabic, or that some of the meaning was getting lost in translation. This specifically 

had to do with the ‘Questions on Teaching’ section of the semi-structured interviews. One participant 

responded: 

Why are you asking me these questions? I thought that your research had to do with how much 

I know about calculus and about teaching. What does it matter about how I feel about 

mathematics? Of course, I like mathematics, but that does not mean that I like every course I 

teach. It also does not mean that I do a bad job or teach differently in the courses that I don’t 

like as much. It is my job to teach and we cannot always like our job all of the time. (Pilot 

Participant 1) 

Based on this response, the researcher removed the second question from the ‘Questions on Teaching’ 

section of the semi-structured interview. This allowed for more discussion to occur within the remaining 

questions. A question was also added which asked participants to list all courses that they were teaching 

in that year (both in the term examined and the previous academic term). This was in response to the 

participants indicating that they were responsible for several mathematics classes - as would likely be 

true of the main participants in the study. 

In response to the section on ‘Questions on learning’ or Part 3 of the semi-structured interviews, the 

pilot participants both indicated that the learning preconceptions really depended on the mathematical 

level of the students (i.e. first year students versus upper year students). Both participants indicated 

that with upper year students the class sizes are smaller and so there is more time available for the 

professor to ensure that the students are on track. There are also opportunities for the professors to 

know the students. One participant indicated: 
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For our third-year students, there are only twenty students. By this point, I know their names and 

for many of them I can identify the areas where they are weak. If there is a problem for multiple 

students, I can address it in the class and make sure that everyone is staying on track. With the 

first-year students, the classes are much larger, and I cannot possibly know all the students. I can 

guess about what they know or what they do not know, but if many students struggle with an 

issue, I cannot spend time on it. All I can suggest that they do is study that area really hard. I 

have to keep up with the other classes and stay on track, so there is much less time to work with 

students. While I am interested in having the students learn, I am faced with many more 

obstacles in these situations. (Pilot Participant 2) 

In this instance, this issue could be mitigated by asking the participants about what other classes they 

are teaching. It is acknowledged that class sizes differ and that within the context of this project, the 

first-year model comes with a syllabus that is typically adopted by all professors teaching the same 

course - with some flexibility related to the different disciplines (e.g. calculus for chemistry, 

mathematics, and engineering students). This notion will be considered in relation to the final study and 

choose the participants who teach calculus for mathematics students only. 

 Some of the more general feedback from the two participants (obtained after the interview was 

completed) included statements such as: 

You are asking a lot of questions about a typical calculus 1 class, but I am unsure if such a thing 

really exists…my classes are all very different. It is not only the size of the class but the 

personalities of the students. When I think of a typical class, context is really important. (Pilot 

Participant 1) 

I enjoy talking about my classroom teaching with you in this way. It gives me time to reflect on 

my own teaching and my own students…maybe this takes up a lot of my time though…I could 

talk about some of these points a lot more and I feel somewhat rushed by you.  (Pilot Participant 

2) 

In response to these qualitative comments, the researcher confirmed that, at least for the interviews, 

harm was avoided (in terms of ethics) and that there was some benefit to asking the participants to 

undertake this study. As this is an essential component of this research, this response was particularly 

invigorating. This was paired with a more negative comment by Participant 2 that the researcher was 

somehow rushing him to finish. This seems somewhat typical of novice interviewers, as both Creswell 

(2013) and McNamara (2009) suggest that interviewing is a skill that requires considerable practice and 

is a learned behaviour. Prior to the final interviews, the researcher continues to practice asking questions 

(with colleagues) and focused on limiting non-verbal communication during the interview proceedings. 
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After receiving this feedback from the pilot participants, the researcher reviewed the translation of the 

questions. A few modifications were made to some of the words to ensure that the core of the question 

was being maintained. The researcher then brought the English and Arabic translations (versions 1 and 

2) to a colleague who spoke excellent English and Arabic. A conversation ensued about the best ways to 

word the translation and the colleague made some further suggestions. These suggestions were then 

implemented in the final interview schedule. 

The researcher also took the time to practice asking questions outside of the formal research questions. 

The purpose of the semi-structured model was that its design allowed the researcher to pursue 

participants’ responses when the need arose. The researcher needed to be able to do this fluidly in 

Arabic and this was a considerable challenge, as many of the researcher’s colleagues did not speak 

Arabic and therefore practicing this skill became difficult. To overcome this challenge, the researcher 

obtained a list of general interview topics from the internet and practiced interviewing friends and family 

members (in Arabic) with unstructured interviews. Constructive feedback was then requested from 

these friends and family members. Through this practice, the researcher was able to further develop 

interviewing skills to a more comprehensive level. 

Ultimately, the researcher needed to not only improve the interview instrument but needed to develop 

personal skills within this model that allowed a certain standard to be maintained. Language also arose 

as a considerable challenge. In summary, the interview schedule was changed by removing question 

from the ‘Questions on Teaching’ section and by adding a question asking for all courses taught. The 

‘Questions on Learning’ section remained unchanged in the English version, though the Arabic 

translation was modified. The researcher also took on professional development opportunities to 

improve the interviewing strategies and to ensure that non-verbal communication was considered 

during the interview process. 

E.3 The Pilot Observation Schedule 

The observation schedule was perhaps the instrument that required the most work as the initial 

schedules created had multiple different components within each subsection, and the researcher had 

concerns that this may create too many categories during the coding process. The researcher began with 

three different observation schedules, as it was unclear which one would be most appropriate. The 

researcher aimed to use different observation schedules in the process of designing a final appropriate 

observation schedule. It was hoped that by collecting the data and then analysing it according to the 

three different schedules, the outcomes would best represent the research questions posed. 
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There were also concerns in relation to the coding process. The initial concerns were that coding and 

sub-coding for this instrument would require too many codes to be produced. As a result, the findings 

would be difficult to analyse in any sort of useful way.  

Once an initial draft of each of the observation schedules was created, the researcher approached the 

PhD Supervisor for an initial discussion relating to these concerns. On one hand, the researcher wanted 

to use aspects from previous research to justify the creation of these instruments. On the other hand, 

the researcher was unsure how this would work within the overarching framework of this multiple 

methods study. As such, the researcher required both comments on the observation schedules and 

actual implementation. In first step, the researcher used the PhD supervisor's idea when he suggested 

using YouTube to develop the observation schedule. 

The researcher began by approaching other PhD candidates, also within the field of education at the 

same institution, who were also using observation schedules. The researcher is part of a study group 

with some of the other students and so this discussion offered initial insight into the concerns of the 

researcher over the complexity and how this might apply in practice. This discussion occurred prior to 

the researcher leaving for the Pilot Study in December. As a result of this discussion, the researcher 

decided that since the observations were being recorded, the multiple categories and sub-categories 

were not necessarily problematic, as these codes did not necessarily have to translate into actual codes 

within the quantitative data framework being used. That said, the researcher did not want to employ 

too many codes as to overcomplicate the research or stray away from the research questions posed. 

The researcher chose to maintain several categories as they were and to see how difficult the coding 

process was following the pilot. 

The researcher approached the two participants by email and explained about the pilot study and the 

observation schedule. Both participants indicated that there would be an exam break in January and so 

if the researcher wanted to conduct these observations that it would need to be done early in the visit. 

As such, the researcher conducted the observations for the pilot study prior to the interview. In the final 

study, the researcher had planned to conduct the survey and interviews prior to the observations. 

The researcher videotaped six lectures during the pilot study phase, each lasting approximately two 

hours. For Pilot Participant 1, the researcher observed them on December 19th, 20th and 27th. The first 

two observations occurred at different times in the afternoon while the final observation occurred in 

the morning. For Pilot Participant 2, the researcher also conducted three observations of lectures 

(approximately 2 hours each). These were held on December 21st, 26th and 28th, and again the first 2 

observations took part in the afternoon and the final observation took place in the morning. The 

researcher did not have control over the timings, as these were pre-scheduled classes being held within 

the academic term.  
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For the observations, the researcher knew that the audio feeds would need to focus on the podium, but 

that also the researcher would need to pick up audio feeds from the points near the blackboards. During 

classes, the professor often wears a microphone so that he can communicate with the students either 

at the lectern or when doing work at the blackboard. As such, the researcher needed to position the 

camera so that it took into account both the blackboards and the lectern. In practice, this proved to be 

much more difficult than in theory. When the researcher set up the camera, there were some issues. 

For example, in order for the researcher to get the entire blackboard section into the camera picture, 

the text that was being written was much too small and the researcher could not make out the formulas 

being examined. This formulaic information would be essential in the research process, so the 

researcher needed to choose a clear indication of the most appropriate place to locate the recording 

equipment and researcher within the classroom, so the researcher needed to implement a two-camera 

system (see Figure Appendix E 2).  

In the set up for the observation, the rooms that each participant was in were different. While they still 

operated under the general premise that the instructor stood at the front and worked on the board, one 

classroom was considerably larger than the other was. This was not something that the researcher had 

taken into consideration. However, with the implementation of another camera, the researcher could 

position one camera of the left of the room that would encompass most of the blackboard, and a camera 

on the right of the room that would capture the lectern and the remaining bit of blackboard not picked 

up by the other camera. In this way, the researcher could not only read the formulas and information 

written on the boards but could pick up better audio feeds at both ends of the room to ensure for better 

transcription. The researcher chose a location that allowed him to see the full classroom, and the 

researcher used the observation schedule to write notes. 

The researcher applied this double camera strategy in both of the observations undertaken. First, the 

two participants were told about the camera strategy and that two cameras would be positioned in their 

classroom. They were told that the purpose of the observation was largely to test whether the 

instrument (designed by the researcher) was appropriate. Each class lasted for approximately 2 hours 

and the researcher video recorded each of these sessions. Once completed, the researcher was able to 

review the footage with footnotes of direct observation and determine the appropriateness of the 

observation schedule. 
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Figure Appendix E 8-2: The location under calculus teacher observation of the pilot of the study 

E.3.1 Changes made to the observation schedule as a result of the pilot study 

Changes made to the pilot study observation schedule required two elements. Initially, the researcher 

needed to determine which observation schedule was preferable and also whether or not the data could 

be appropriately coded. 

First, in the classroom, the first observation, the researcher used version 2 and the second observation 

the researcher used version 3 and the third observation used version 1. Second, the researcher needed 

to consider how the video recordings would be used. There were two cameras, and so employing a 

strategy that effectively documented the lecture was an initial hurdle. The researcher used timeline (see 

table below) and began by quickly reviewing the footage to determine where the lecturer stood during 

the majority of the teaching time with his footnotes of direct observation. This footage then became the 

primary focus for the observation. As both videos were time-stamped, the researcher could pull up 

footage from the secondary camera any time that the lecturer moved out of range or if alternative 

accommodations needed to be made (e.g. if a student asked a question that could not be heard on the 

primary camera). The researcher chose to use a timeline approach (see table 1) for all six of the 

observations. This choice was made fairly easily once the footage was obtained because the footage was 

so detailed and could be clearly aligned with several of the observation schedules being utilized. 

Once the researcher had made this initial decision, the first two observations were coded using all three 

instruments. Based upon the choice of a timeline model, the third observation schedule was discounted 

as being inappropriate because it focused on General Pedagogical Knowledge and it looks like to require 

a ‘tick box’ framework that did not align well with the research questions or presentation of the data, 

except the fifth point in the second section (explanation of the subject) which is (provide alternative 

explanations of difficult point). This left two models to be assessed. These two schedules were then 

applied to the second observation sessions for each lecturer. By this time, the researcher was becoming 

more familiar with both of these research instruments and with the organization of the material within 

the schedule. Based on this familiarity, the second observation schedule was discounted because the 

information that needed to be recorded in each of the boxes was overly qualitative. It also focused on 
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GPK. In primary attempts to code this data, there were too many discrepancies and it did not produce 

outcomes that were feasible in answering the research questions or aligning with the other research 

instruments. therefore, the researcher picked question two from this observation schedule which is 

(Explain how the calculus teacher makes lecture objectives clear to students). As a result, the second 

observation schedule was discounted, leaving the researcher with the first observation schedule as the 

preferred option with some changes. The researcher produced a new observation schedule (Appendix 

J, J.1), informed a little by version 2 and 3 and much by version 1. 

The researcher then organised the final observations from the third video recording for each lecturer 

and used the selected observation schedule to record the results. These observations could then be 

used to pilot the implementation of the schedule. Moreover, from the pilot study the researcher decides 

to use a camera system and knows how choose the suitable position in classroom. 

At this stage, the researcher was simply trying to learn how the main data analysis might be approached 

given the theoretical framework and research questions. Some of the observations were not linked to 

the actual lesson (e.g. the planning stages) - this material was either obtained from the professor prior 

to class or was listed on the course syllabus (e.g. learning outcomes). Therefore, while this information 

was important for organizational purposes, it was not considered a part of the final observation 

schedule. For the pedagogical practices section, the researcher was able to apply a code to some of the 

10 sub-categories and input time stops at each instance where one of these occurred. Again, in this 

instance, some of these required pre-class information (such as the seating arrangements). These were 

removed from the final observation schedule (though noted by the researcher).  

 

 

 

 

 

 

 

 

 

Table-Appendix E 8-1: Timeline (A typical lecture) (Functions and models). 

 

Title: function Day/data     Room: …..          case: 
teacher ….  

0-10      Aims and objectives of the course, significance of the calculus, diagnostic test. 
10-20    Warm up activity on definition of function. 
20-30    Q+A on function; uncovering common mistake codomain= range with some examples 
30-40    Graph sketching. 
40-50   Representation of one to one function definition algebraically and visually with some examples+ using a 

reverse example (question strategies). 
50-60    Some commonly-used function+ verbally, Graph sketching, and algebraically representation 
60-70    Graph sketching and verbal representation of Piecewise-defined function 
70-80    The geometric significance of even and odd function. 
80-90    Counter-examples in odd and even function. 
90-100   Identifying the key ideas in Increasing and decreasing functions 
100-110 Verbal and algebraic representation 
110-120 Assessing students' understanding - some exercises (classroom activity) + homework. 
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Appendix F   Ethical Approval for Main Study 
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Appendix H  Approval from Mathematics Department in 

University X 
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Appendix I  Data Collection Instrument - Survey (in 

English) 
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I.1  Data Collection Instrument - Survey (in Arabic) 
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I.2 Participant Information Sheet for Survey 
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I.3 Consent Form to Participate in the Research: Survey 
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I.4 Participant Information Sheet for Survey (in Arabic) 
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I.5 Consent Form to Participate in the Research: Survey (in Arabic) 
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Appendix J  Observation Schedule 
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J.1 Participant Information Sheet for Observation 
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J.2 Consent Form to Participate in the Research – Observation 
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J.3 Participant Information Sheet for Observation (in Arabic) 
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J.4 Consent Form to Participate in the Research - Observation (in Arabic) 
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Appendix K Data Collection Instrument - Interview 

Schedule (in English) 

K.1  Final Interview Schedule 

The Semi-Structured Interview Schedule for Calculus Teachers. 

Thank you again for agreeing to participate in my research project. This part of the project includes 
an interview that should last approximately 40 minutes. Let us begin the interview now. 

Questions on knowledge of teaching calculus. 

1. What are your most important objectives when teaching calculus? Why? How do you 
intend to reach them? 

2. How do you teach your typical calculus class? 

3. How do you create a plan for a calculus lesson prior to teaching it? Do you consider 
learning objectives or learning outcomes for each lesson? 

4. Are you aware of using a range of knowledge in planning your calculus lessons? If 
so, what are some examples? 

5. How do you select your calculus topic aims? To what extent do you explain your 
calculus topic aims to your students at the beginning of the lesson? 

6. How do you select the textbook and materials used in the calculus class? 

7. How do you know that your calculus lesson objectives have been achieved? 

8. What do you consider the most important ideas in this instructional topic for students 
at this level? 

9. Have you used a range of teaching approaches in your calculus classroom setting? If 
yes, could you provide examples? 

10. To what extent are various mathematical representations (real-life examples, 
physical models and manipulatives, digital manipulatives and visuals, pictures and 
diagrams, graphs, algebraic symbols) important when you are teaching Limits? 
Derivatives? Integrals? Which, if any, are most important? Which, if any, are least 
important? 

11. What are your primary instructional strategies when teaching calculus? 

12. How do you know that your calculus teaching is effective? 

13. Do you employ the use of technology when teaching calculus? If yes, what and how? 

Questions on knowledge of student understanding within calculus. 

1. What difficulties in learning calculus do you remember having as a student? Do you 
take these into consideration when teaching your students? If yes, how? 

2. What preconceptions do learners have about learning calculus? How, if at all, do you address 
these preconceptions? 
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3. What is it about calculus that makes learning it easy or difficult? 

4. In order for students to be successful in your calculus course, what prior knowledge do they 
require? Do they generally come prepared with this knowledge? 

5. What is the primary difficulty learners experience in calculus in your classes? How do you 
address these difficulties? 

6. How do you know whether or not the learners have understood the calculus material you 
have taught in a lesson? 

7. How are students assessed on their calculus knowledge? (i.e. midterms, Final exams, 
Assignments, etc.) 

8. Do learners provide feedback on your course? (e.g. end of term evaluations) Are there any 
suggestions that students consistently make? 

Questions on the sequencing of building blocks of mathematical theories in calculus? 

1. Based on your own opinions and experience, how do you see the topic of calculus 
within the field of mathematics? 

2. How do you decide which calculus topics to teach and the order in which these topics 
are sequenced in your lessons to students? 

3. To what extent is there a usual sequence of teaching calculus topics? If there is, what 
are your comments on this usual sequence of teaching? 

4. Do you explain the nuances of every calculus proof? Why, or why not? 

5. What calculus topics do you find easiest to teach? Why? 

6. What calculus topics do you find most difficult to teach? Why? 

7. Identify three characteristics that you think a good calculus teacher should have. Why 
are these important?  

Thank you very much for taking part in this interview. The interview is now finished.  
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K.2 Data Collection Instrument - Interview Schedule (in Arabic) 
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K.3 Participant Information Sheet for Interview Schedule 
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K.4 Consent Form to Participate in the Research: Interview Schedule 

 

 



Appendix K 

272 

K.5 Participant Information Sheet for Interview Schedule (in Arabic) 
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K.6 Consent Form to Participate in the Research: Interview Schedule (in 

Arabic) 
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K.7 Example of Following up Interview Question after Watching Video 

with Case John 
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Appendix L   Example of empirical data collected and 

analysed for this study 
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Appendix M       List of Publications 

Alzubaidi, I., & Jones, K. (2018). A case study of a university teacher of Calculus 1. In V. 

Durand-Guerrier, R. Hochmuth, S. Goodchild, & N. M. Hogstad (Eds.), Proceedings of 

INDRUM 2018: the Second Conference of the International Network for Didactic Research in 

University Mathematics (pp. 452-453). (Proceedings of the International Network for Didactic 

Research in University Mathematics; Vol. 2). Kristiansand, Norway: University of Agder and 
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Alzubaidi, I. and Jones, K. (2018). Poster about ‘What do I need to know about teaching to teach 

calculus?. Southampton University, the UK: Doctoral Research Showcase. (Presented). 

Alzubaidi, I. and Jones, K. (2018). Poster about ‘How can I teach calculus. Southampton University 
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