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Wideband Channel Estimation for IRS-Aided
Systems in the Face of Beam Squint
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Abstract—Intelligent reflecting surfaces (IRSs) improve both
the bandwidth and energy efficiency of wideband communication
systems by using low-cost passive elements for reflecting the
impinging signals with adjustable phase shifts. To realize the full
potential of IRS-aided systems, having accurate channel state in-
formation (CSI) is indispensable, but it is challenging to acquire,
since these passive devices cannot carry out transmit/receive
signal processing. The existing channel estimation methods con-
ceived for wideband IRS-aided communication systems only
consider the channel’s frequency selectivity, but ignore the effect
of beam squint, despite its severe performance degradation.
Hence we fill this gap and conceive wideband channel estimation
for IRS-aided communication systems by explicitly taking the
effect of beam squint into consideration. We demonstrate that the
mutual correlation function between the spatial steering vectors
and the cascaded two-hop channel reflected by the IRS has two
peaks, which leads to a pair of estimated angles for a single
propagation path, due to the effect of beam squint. One of these
two estimated angles is the frequency-independent ‘actual angle’,
while the other one is the frequency-dependent ‘false angle’.
To reduce the influence of false angles on channel estimation,
we propose a twin-stage orthogonal matching pursuit (TS-OMP)
algorithm, where the path angles of the cascaded two-hop channel
reflected by the IRS are obtained in the first stage, while the
propagation gains and delays are obtained in the second stage.
Moreover, we propose a bespoke pilot design by exploiting the
specific the characteristics of the mutual correlation function
and cross-entropy theory for achieving an improved channel
estimation performance. Our simulation results demonstrate the
superiority of the proposed channel estimation algorithm and
pilot design over their conventional counterparts.

Index Terms—Wideband channel estimation, intelligent reflect-
ing surface (IRS), reconfigurable intelligent surface (RIS), beam
squint.

I. INTRODUCTION

The intelligent reflecting surface (IRS) aided communication
concept, which is also named as reconfigurable intelligent
surface (RIS), has emerged as a promising solution for next-
generation systems [1]–[3], which is capable of achieving
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improved bandwidth and energy efficiency at a low cost. In
contrast to traditional amplify-and-forward (AF) relaying, IRS-
aided systems use low-cost passive elements for reflecting
the incident signals with adjustable phase shifts [4]. By
appropriately designing the phase shifts of IRS elements and
the cascaded two-hop channel reflected through an IRS, we
can improve the link quality [5], [6]. Hence apart from active
beamforming at the base station (BS), passive beamforming
has also been harnessed at the IRS in narrow-band scenarios
in [7]–[11]. Specifically, Wu et al. [7] proposed a semidefinite
relaxation (SDR) based method for maximizing the spectral
efficiency, while Huang et al. [8] advocated a gradient descent
approach and sequential fractional programming method for
maximizing the energy efficiency. As a further development,
Feng et al. [10] conceived a deep reinforcement learning
based framework for solving the non-convex optimization
problem of passive beamforming design at the IRS. Moreover,
a geometric mean decomposition-based method [12], a con-
vex optimization-based technique [13] and block coordinate
descent iterative algorithms [14] were proposed for joint pas-
sive and active beamforming in wideband IRS-aided systems.
However, all these contributions relied on the idealized sim-
plifying assumption that the channel state information (CSI)
is perfectly known, even though in reality channel estimation
is quite challenging in IRS-aided systems. This is because the
reflective elements are passive devices, which cannot perform
active transmit/receive signal processing. Since there is a
paucity of literature on this challenging subject, we conceive
an efficient channel estimation method for IRS-aided systems.

Despite the paucity of related solutions, some narrow-band
schemes have been disseminated in [15]–[18]. Specifically,
Mishra et al. [15] proposed an ‘on-off’ state control based
channel estimation method, where only a single element of a
reflecting surface was switched on, while all other elements
remained off at each time slot. In this way, the channel
reflected through the activated element can be estimated
without interference from the signals reflected by all other
elements of the IRS. As a further development, Wang et al.
[16] proposed a three-phase channel estimation method for
the uplink of IRS-aided multiuser systems, which exploited
the fact that the IRS elements reflect the signals arriving from
different users to the BS via the same IRS to BS channel. Lin
[17] et al. proposed a Lagrange optimization based channel
estimation strategy for minimizing the mean-squared error of
channel estimation. However, the above methods require a
large number of measurements for distinguishing the large
number of reflective elements at the IRS. To circumvent this
problem, Wang et al. [18] formulated the channel estimation
of IRS-aided systems as a sparse signal recovery problem by
exploiting the channel’s angular-domain sparsity. Then, they
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applied popular compressed sensing (CS) algorithms, such as
the basis pursuit and simultaneous orthogonal matching pursuit
techniques for recovering the channel at a much reduced
number of measurements.

To expound a little further, some authors have also extended
the realm of channel estimation solutions from narrow-band to
wideband scenarios [19]–[22]. Specifically, Zheng et al. [19],
[20] formulated a wideband channel estimation problem for
IRS-aided orthogonal frequency-division multiplexing (OFD-
M) systems and proposed a least-square (LS) based method
for estimating frequency-selective fading channels. To reduce
the overhead of channel training, Yang et al. [22] proposed
an IRS element-grouping method, where each group consists
of a set of adjacent IRS elements that share a common
reflecting coefficient. Wan [21] et al. designed a CS-based
wideband channel estimation method by assuming that the
path-angle of the BS to IRS channel is known. Then, they
utilized a distributed orthogonal matching pursuit algorithm
for estimating the IRS to user channel. These wideband
channel estimation methods [19]–[22] do indeed consider the
frequency-selectivity of the wideband channel, but they ignore
the effect of beam squint. The challenge is that the beam squint
of wideband systems will lead to a pair of distinct angles of
the cascaded two-hop channel reflected through the IRS for
the same propagation path, which makes traditional channel
estimation methods ineffective. To the best of our knowledge,
this is the first contribution proposing channel estimation for
IRS-aided systems by considering the effect of beam squint.
Hence the main contributions of this paper are summarized as
follows:

• We formulate the estimation problem of the reflected
channel, which is defined as the cascaded BS-to-IRS
and IRS-to-user channel, in the face of beam squint.
Specifically, the cascaded channel is characterized by
the equivalent angles, gains and delays of the asso-
ciated propagation paths. In contrast to the conven-
tional channel model, where the spatial steering vec-
tors are frequency-independent, we consider the realistic
frequency-dependent steering vectors and the extended
angular range of the steering vectors of the reflected
channel.

• We study the effect of beam squint on the channel estima-
tion of IRS-aided communication systems and propose a
twin-stage OMP (TS-OMP) algorithm, which is robust
to beam squint. We can readily search for the peak
of the correlation function between the spatial steering
vectors and the reflected channel, which determines the
equivalent angles. However, due to the extended angular
range of the steering vector, a pair of angles will be
returned for a single propagation path. One of the two
estimated angles is the frequency-independent actual an-
gle, while the other one is the frequency-dependent false
angle, which may substantially erode the performance of
channel estimation. To eliminate the influence of false
angles, we propose a TS-OMP algorithm. Specifically, in
the first stage, we exploit the fact that the false angles are
slightly different for the different subcarriers, while the

[16] [18] [19] [20] [21] Our Proposed Method
Narrowband Scenario X X
Wideband Scenario X X X X

LS/MMSE X X X
CS Based X X X

Beam Squint X

TABLE I
CONTRASTING OUR CONTRIBUTIONS TO THE

STATE-OF-THE-ART

actual angles remain the same for all subcarriers. Then,
we propose a block-sparse method for estimating the
actual equivalent angles, while mitigating the influence of
the subcarrier-dependent false angles. In the second stage,
based on the equivalent angles estimated in the first stage,
we propose an OMP based method for calculating the
gains and delays of the equivalent paths having different
equivalent angles.

• Finally, we propose the corresponding pilot design, where
a pair of pilot design requirement are considered. Firstly,
in order to eliminate the interference imposed by false an-
gles in the first stage, we have to reduce the accumulated
values corresponding to the false angles of the mutual
correlation function across the different subcarriers. This
means that the false angles at the pilot-subcarriers cor-
responding to a certain path should be separated from
each other. Secondly, a high grade of orthogonality is
preferred among the columns of the measurement matrix
for the estimation of channel gains and delays in the
second stage. Based on the above-mentioned pair of
requirements, we propose a cross-entropy based pilot de-
sign method, which improves the cascaded BS-IRS-user
channel estimation performance. Finally, our simulation
results demonstrate that the proposed channel estimation
algorithm and pilot design combination outperforms its
conventional counterpart.

To clarify our contributions clearly, we contrast the proposed
channel estimation method against the state-of-the-art in Table
I.

The rest of this paper is organized as follows. In Section II,
we present the system model of IRS-aided wideband systems
considering the effect of beam squint. In Section III, we
analyze the effect of beam squint on estimation of BS-IRS-
user channel. In Section IV, we propose a TS-OMP method
for estimating the channel, which is robust to beam squint,
while in Section V, we propose a pilot design based on cross-
entropy. In Section VI, our simulation results are provided,
followed by our conclusion in Section VII.

Notations: We use the following notations throughout the
paper. We let a, a, A represent the scalar, vector, and matrix
respectively; vec{·} denotes the vectorization of a matrix and
ivec{·} denotes the invectorization of a vector; (·)T, (·)H, and
(·)−1 denote the transpose, conjugate transpose, and inverse
of a matrix, respectively; [a]m:n denotes the m-th to n-th
element of vector a; [A]m,n denotes the (m,n)-th element
of matrix A; [A]:,n denotes the n-th column of matrix A;
The operator ◦, ⊗ and ∗ represent the Hadamard-product,
Kronecker product and convolution, respectively; Finally, 0
denotes the zero matrix, I denotes identity matrix, and 1m,n
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direct channel 

g(t) u(t)

cascaded channel h(t)

user

BS

IRS

Fig. 1. IRS-aided communication system

denotes all 1 matrix of size m× n.

II. SYSTEM MODEL WITH BEAM SQUINT

As depicted in Fig. 1, we consider an IRS-aided wideband
OFDM system, where both the BS and the user have a single
antenna- 1, while the IRS is an (M×1)-element uniform linear
array (ULA) [23] [24]. Let g(t) ∈ CM×1 denote the channel
impulse response (CIR) spanning from the BS to the IRS,
and u(t) ∈ CM×1 denote the CIR of the link spanning from
the IRS to the user. In this paper, we neglect the direct path
between the BS and the user. If however the direct path is
non-negligible, we can estimate it by turning off the IRS and
using traditional channel estimation methods [18]. Based on
this assumption, the direct channel can be neglected in the
IRS-aided channel model. OFDM having Np subcarriers is
adopted for combating the multipath effects. We define the
transmission bandwidth as W , resulting in W/Np subcarriers.
We assume that the cyclic prefix (CP) is longer than the
maximum multipath delay and all the complex-valued channel
envelopes remain approximately constant within the channel’s
coherence time [20].

Assume furthermore that there are L1 propagation paths
between the BS and the IRS, where τTR

l1,m
denotes the time

delay of the l1-th path spanning from the BS to the m-th IRS
elements, where l1 ∈ {1, 2, · · · , L1} and m ∈ {1, 2, · · · ,M}.
Thus, the CIR between the BS and the m-th IRS element can
be expressed as [25]

gm(t) =

L1∑
l1=1

αl1e
−j2πfcτTR

l1,mδ(t− τTR
l1,m), (1)

where fc is the carrier frequency and αl1 is the complex
path gain of the l1-th path. We define the channel vector
g(t) = [g1(t), · · · , gM (t)]T ∈ CM×1. Similar to the definition
of gm(t), the CIR between the m-th IRS element and the user
can be expressed as

um(t) =

L2∑
l2=1

βl2e
−j2πfcτRR

l2,mδ(t− τRR
l2,m), (2)

1The channel estimation method proposed in this paper can be readily
extended to multiple-antenna aided BSs and multiple users relying on single
antennas by using orthogonal pilots. The details are shown in Appendix A.

where L2 and βl2 denote the number of paths between the
IRS as well as the user and the complex gain of the l2-th
path, l2 ∈ {1, · · · , L2}. We denote the delay of the l2-th path
from the m-th IRS element to the user by τRR

l2,m and define
the channel vector by u(t) = [u1(t), · · · , uM (t)]T ∈ CM×1.

1 M

c

-

c

IRS

(a) Illustrate AOA χl1 .

c

1 M

J

-

J

IRS

(b) Illustrate DOA ϑl2 .

Fig. 2. The illustration of AOA and DOA

Let us express the signal reflected by the m-th IRS element
as

rm(t) = θmgm(t) ∗ s(t)

= θm

L1∑
l1=1

αl1e
−j2πfcτTR

l1,m s(t− τTR
l1,m), (3)

where θθθ = [θ1, · · · , θm, · · · , θM ]T =
[ε1e

jφ1 , · · · , εmejφm , · · · , εMejφM ]T represent the reflection
coefficients of the IRS, where φm ∈ [0, 2π) and εm ∈ [0, 1]
are the phase shift and amplitude reflection coefficient of
the m-th IRS element, respectively. To maximize the signal
power reflected by the IRS, we set εm = 1,∀m ∈ M [7].
Moreover, s(t) is the signal transmitted by the BS.

Then, the signal rm(t) is reflected by the IRS to the user
and the received signal is expressed as

ym(t) = um(t) ∗ rm(t) + nm(t)

=

L2∑
l2=1

βl2e
−j2πfcτRR

l2,mrm(t− τRR
l2,m) + nm(t), (4)

where nm(t) is the additive complex Gaussian noise. By
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substituting (3) into (4), we have

ym(t) = θm

L1∑
l1=1

L2∑
l2=1

αl1βl2e
−j2πfcτTR

l1,me−j2πfcτ
RR
l2,m

· s(t− τTR
l1,m − τ

RR
l2,m) + nm(t)

= θmhm(t) ∗ s(t) + nm(t), (5)

where CIR of the m-th cascaded BS-IRS-user element channel
is written as

hm(t) =

L1∑
l1=1

L2∑
l2=1

αl1βl2e
−j2πfcτTR

l1,me−j2πfcτ
RR
l2,m

· δ(t− τTR
l1,m − τ

RR
l2,m). (6)

For the sake of simplicity, we define τTR
l1

= τTR
l1,1

and τRR
l2

=

τRR
l2,1

. Based on the assumption that IRS array size is much
smaller than the distance between the BS and the IRS as well
as the IRS-user distance, the path delay τTR

l1,m
and τRR

l2,m
can

be expressed as

τTR
l1,m = τTR

l1 + (m− 1)
d sinχl1

c
= τTR

l1 + (m− 1)
ϕTR
l1

fc
,

(7)

τRR
l2,m = τRR

l2 − (m− 1)
d sinϑl2

c
= τRR

l2 − (m− 1)
ϕRR
l2

fc
,

(8)

where χl1 denotes the angle of arrival (AOA) of the l1-th path
from the BS to the IRS, as shown in Fig. 2 (a). Similarly, ϑl2
denotes the angle of departure (AOD) of the l2-th path from
the IRS to the user, as shown in Fig. 2 (b). We define ϕTR

l1
=

d sinχl1
λc

and ϕRR
l2

=
d sinϑl2
λc

as the normalized AOA and AOD,
respectively, where λc represents the carrier wavelength. For
the typical half-wavelength element spacing of d = λc/2, we
have ϕTR

l1
∈ [−1/2, 1/2), ϕRR

l2
∈ [−1/2, 1/2).

By substituting (7) and (8) into (6), we have

hm(t) =

L1∑
l1=1

L2∑
l2=1

αl1e
−j2πfcτTRl1︸ ︷︷ ︸
αl1

βl2e
−j2πfcτRRl2︸ ︷︷ ︸
βl2

e−j2π(m−1)ϕ
TR
l1 ej2π(m−1)ϕ

RR
l2 δ(t− τTRl1,m − τ

RR
l2,m),

(9)

where αl1 = αl1e
−j2πfcτTRl1 and βl2 = βl2e

−j2πfcτRRl2 . By
applying the continuous time Fourier transform to (9), the
frequency-domain (FD) cascaded channel corresponding to the
m-th element of IRS can be written as

hm(f) =

+∞∫
−∞

hm(t)e−j2πftdt

=

L1∑
l1=1

L2∑
l2=1

αl1βl2e
−j2π(m−1)(ϕTR

l1
−ϕRR

l2
)e−j2πf(τ

TR
l1,m

+τRR
l2,m

)

=

L1L2∑
l3=1

cCl3e
−j2π(m−1)ϕC

l3
(1+ f

fc
)e−j2πfτ

C
l3 , (10)

where the equivalent delay τCl3 , angle ϕC
l3

and the complex
gain cCl3 of the cascaded BS-IRS-user channel can be defined
as

τCl3 = τTR
l1 + τRR

l2 , (11)

ϕC
l3 = ϕTR

l1 − ϕ
RR
l2 , (12)

cCl3 = αl1βl2 , (13)

where l3 ∈ {1, 2, · · · , L1L2} and the range of ϕC
l3

is (−1, 1).
Let us discuss the range of ϕC

l3
in the next section in detail.

Note that if we can obtain the parameters of τCl3 , ϕ
C
l3

and cCl3 ,
the cascaded FD channel can be recovered according to (10).

Based on the convolution theorem and equation (5), the FD
signal received by the user through the m-th IRS element can
be expressed as

ym(f) = θmhm(f)s(f) + nm(f), (14)

where nm(f) is the additive white Gaussian noise (AWGN).
The FD signal s(f) denotes the pilot symbol transmitted by
the BS. Without loss of generality, we let s(f) = 1. Thus, the
FD signal received by the user can be expressed as

y(f) =

M∑
m=1

ym(f)

= θθθTh(f) + n(f), (15)

where n(f) ∼ CN(0, δ2) and δ2 is the noise power. The
cascaded channel vector h(f) = [h1(f), h2(f), · · · , hM (f)]T

can be rewritten as

h(f) =

L1L2∑
l3=1

cCl3a

((
1 +

f

fc

)
ϕC
l3

)
e−j2πfτ

C
l3 , (16)

where

a((1 +
f

fc
)ϕC
l3) =

[1, e−j2π(1+ f
fc

)ϕC
l3 , · · · , e−j2πm(1+ f

fc
)ϕC
l3 ,

· · · , e−j2π(M−1)(1+
f
fc

)ϕC
l3 ]T (17)

is the spatial steering vector. In contrast to the conventional
channel model [26], [27], the spatial steering vector is depen-
dent on frequency and has the following property:

limM→∞
1
M aH

((
1 + f

fc

)
ϕ1

)
a
((

1 + f
fc

)
ϕ2

)
=

δ (ϕ1 − ϕ2), which is termed as the angular orthogonality
property. The proof is similar to that in [28].

The channel model derived in (10) can be directly extended
to the uniform planar array (UPA) scenario. For an IRS of
Mx ×My elements, we have

hmx,my (f) =

L1∑
l1=1

L2∑
l2=1

αl1βl2e
−j2π(mx−1)(uTR

l1
−uRR

l2
)(1+ f

fc
)

× e−j2π(my−1)(v
TR
l1
−vRRl2 )(1+ f

fc
)e−j2πf(τ

TR
l1

+τRR
l2

),
(18)

where hmx,my (f) denotes the cascaded FD channel corre-
sponding to the (mx,my)-th IRS element. We have uxl =
d cos(ux

l
)

λc
and vxl =

d cos(ux

l
) sin(vx

l
)

λc
, where ux

l
and vx

l
denote the

elevational angle and azimuth angle, respectively, l ∈ {l1, l2},
x ∈ {RR,TR}.
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III. EFFECT OF BEAM SQUINT ON CHANNEL ESTIMATION
OF IRS-AIDED SYSTEMS

In contrast to the conventional wideband channel model
[26], [27], where the steering vector is independent of frequen-
cy, in this paper, we consider the frequency-dependent steering
vectors of (16) for wideband IRS-aided systems. We observe
from (16) that the spatial angle

(
1 + f

fc

)
ϕC
l3

has different
angular spread over different subcarriers, which is referred to
as “beam squint” [28]–[30]. The effect of beam squint will
change the equivalent angle range ϕC

l3
of the cascaded channel,

hence the angular range of the steering vectors of the reflected
channel is no longer equivalent to [−1/2, 1/2) [23] and we
should consider the extended angular range of steering vectors
spanning the interval of (−1, 1), which will be discussed as
follows.

According to (16) and the angular orthogonality property of
steering vectors, one can get the estimation of the equivalent
angle ϕC

l3
by finding the peak of mutual correlation function

Γf (x) between steering vectors and the cascaded channel,
which can be expressed as

Γf (x) = aH

((
1 +

f

fc

)
x

)
h(f)

=

L1L2∑
l3=1

M∑
m=1

cl3e
−j2πfτC

l3 e−j2π(m−1)(1+
f
fc

)(x−ϕC
l3
)

=

L1L2∑
l3=1

cl3e
−j2πfτC

l3

sin
(
πM

(
1 + f

fc

)
(x− ϕC

l3
)
)

sin
(
π
(

1 + f
fc

)
(x− ϕC

l3
)
) ,

(19)

where the search range is x ∈ (−1, 1), since ϕC
l3
∈ (−1, 1).

We consider a single path of the channel h(f) for better
elaborating on the effect of beam squint on the range of the
equivalent angle ϕC

l3
. Without loss of generality, we consider

the path of l3 = 1. Then equation of (19) can be simplified as

Γf (x) = c1e
−j2πfτC

1

sin
(
πM

(
1 + f

fc

)
(x− ϕC

1 )
)

sin
(
π
(

1 + f
fc

)
(x− ϕC

1 )
) , (20)

where the range of ϕC
1 is (−1, 1).

For the conventional wideband channel model disregarding
the effect of beam squint, the term of f

fc
is ignored in

(20). Hence, the steering vector is expressed as a(ϕC
l3

) =[
1, e−j2πϕ

C
l3 · · · , e−j2π(M−1)ϕ

C
l3

]T
and for the single path of

l3 = 1, Γf (x) = c1e
−j2πfτC

1
sin(πM(x−ϕC

1 ))
sin(π(x−ϕC

1 ))
. Since the value

of M is usually large, the function 1
M

∣∣∣ sin(πMξ)
sin(πξ)

∣∣∣ only has non-
zero value when ξ ∈ Z. Thus, we can estimate the equivalent
angle ϕC

l3
of the cascaded channel h(f) by finding the peak

of the function Γf (x). When we search for x between −1 and
1, the function Γf (x) reaches its peak at x = ϕC

1 , while the
other peak at x = ϕC

1 + 1 (ϕC
1 < 0) or x = ϕC

1 − 1 (ϕC
1 > 0).

Then, we will get two estimated angles, one of which is the
actual angle ϕC

1 and the other one is separated from the actual
angle by 1, which is termed as false angle. The false angle is

frequency-independent, and the steering vector a(ϕC
1 ) of the

actual angle and steering vector a(ϕC
1 ± 1) of false angle are

equivalent. Thus, it is easy to understand that searching across
the range of x ∈ (−1, 1) is equivalent to x ∈ [− 1

2 ,
1
2 ), and the

equivalent angle estimation is formulated as

x =

 ϕC
1 ϕC

1 ∈ [− 1
2 ,

1
2 )

ϕC
1 − 1 ϕC

1 ∈ [ 12 , 1)
ϕC
1 + 1 ϕC

1 ∈ (−1,− 1
2 ],

(21)

where x ∈ [− 1
2 ,

1
2 ). Explicitly, we only have to consider the

range of equivalent angles in the steering vector as [− 1
2 ,

1
2 )

instead of (−1, 1). Similar conclusions can be found in [23].
However, when we consider the effect of beam squin-

t, the range of equivalent angles in the steering vector
a
((

1 + f
fc

)
x
)

can no longer be equivalent to [− 1
2 ,

1
2 ).

That is because the false angles become frequency-dependent.
Specifically, when we search for x between −1 and 1, we
will get the actual peak at x = ϕC

1 and the false peak at
x = ϕC

1 + fc
f+fc

(−1 < ϕC
1 ≤ 0) or x = ϕC

1 −
fc

f+fc
(0 <

ϕC
1 < 1), which is frequency-dependent. Thus, we will get

two estimated angles, one of which is the actual angle of ϕC
1

and the other is the false angle of ϕC
1 ±

fc
f+fc

. The false angle
is separated from the actual angle by fc

f+fc
. Thus, the squint

of false angle over all subcarriers is fc
0+fc

− fc
W+fc

, which is
independent of the specific equivalent angle ϕC

1 .
The false angle has a grave impact on channel estimation.

We will elaborate by considering an example, where there is a
single path with equivalent angle of ϕC

1 = −1/6 in cascaded
FD channel h(f). The angular-domain index x is selected
from −1 to 1, the carrier frequency is fc = 10GHz, the
number of subcarrier is Np = 128 and the system bandwidth is
W = 500MHz. Thus, the subcarrier frequency is f =

np
Np
W ,

where np ∈ {0, 1, · · · , Np − 1}. The function Γf (x) at
subcarriers 30, 60, 90, 120 is shown in Fig. 3. We observe that
there are two peaks over the angular range of (−1, 1), which
correspond to the index of the actual angle and the index of
false angle. The index of the actual angle remains − 1

6 for
these four subcarriers, as well as for all other subcarriers.
By contrast, the index of the false angle varies from about
0.78 to 0.82 between subcarriers 30 and 120. Furthermore,
we note that the peak of the false angle is quite comparable
to that of the actual angle, which will seriously interfere with
the estimation of the actual angle, since we cannot readily
distinguish the actual angle and false angle by searching for
the peak of the mutual correlation function. This motivates us
to propose an efficient estimation method of the cascaded FD
channel h(f), which is robust to beam squint.

IV. IRS-AIDED CHANNEL ESTIMATION

A. Overview of the Proposed Channel Estimation Method
In this section, we propose a TS-OMP based method for es-

timating the parameters of equivalent angles, delays and gains
of cascaded channel. The philosophy of proposed method is
as follows:
• In the first stage, we propose a block-sparse processing

based method for estimating the equivalent angles of
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Fig. 3. The mutual correlation function Γf (x) between steering vectors
a
(

(1 + f
fc

)x
)

and the cascaded FD channel h(f) at different subcarriers,

for ϕC
1 = −1/6 , M = 256, Np = 128, fc =10GHz, W = 500MHz.

the cascaded channel. As shown in Fig. 3, we find that
the index of the actual angle remains the same for all
subcarriers, while that of the false angle is different for
the different subcarriers. Thus, if we accumulate the func-
tion Γf (ϕC

1 ) across the different subcarriers, where ϕC
1

denotes the actual angle of path l3 = 1, the accumulated
value Γf (ϕC

1 ) corresponding to the actual angle will be
quite high. By contrast, when we accumulate the function
Γf (ϕF

1 ) across the subcarriers, where ϕF
1 = ϕC

1 ±
fc

f+fc
denotes the false angle corresponding to the path of
l3 = 1, the value Γf (ϕF

1 ) for the angle ϕF
1 accumulated

over the subcarriers does not increase as fast as the
accumulated value of Γf (ϕC

1 ). Therefore, we propose to
accumulate the mutual correlation function Γf (x) over
the subcarriers for eliminating the influence of the false
angle.

• In the second stage, based on the estimated equivalent
angles, we propose an OMP based method for estimating
the equivalent path delays and gains of the cascaded
channel. Since there may be multiple paths having differ-
ent delays for the same equivalent angle, an appropriate
stopping condition is needed.

B. Equivalent Angle Estimation for the Cascaded Channel

Observe from (16), that there may be multiple paths hav-
ing the same equivalent angle among the L1L2 number of
cascaded channel paths. Thus, (15) can be rewritten as

y(f) =

L1L2∑
l3=1

θθθTa

((
1 +

f

fc

)
ϕC
l3

)
cl3e
−j2πfτC

l3 + n(f)

=

Na∑
i=1

θθθTa

((
1 +

f

fc

)
ϕi

) Ji∑
ji=1

cjie
−j2πfτji + n(f),

(22)

where cji and τ ji denote the equivalent gain and delay of
the ji-th cascaded channel path, ji = {1, 2, · · · , Ji} and Ji
denotes the number of cascaded channel paths having the same
equivalent angle ϕi, where i = {1, 2, · · · , Na} and Na denotes
the number of different values of equivalent angles ϕC

l3
in the

cascaded channel. Thus, we have
∑Na
i Ji = L1L2.

In the np-th subcarrier, i.e., f =
npW
Np

, the signal received
by the user can be expressed as

y(np) = θθθTA(np)z(np) + n(np), (23)

where we denote y(
npW
Np

) and n(
npW
Np

) as y(np) and n(np)

for simplicity. The sparse vector z(np) ∈ CNd×1 has Na
none-zero elements. The matrix A(np) ∈ CM×Nd is the
dictionary matrix composed of Nd steering vectors, which can
be expressed as

A(np) =[a((−1)(1 +
npW

Npfc
)),a((−1 +

2

Nd
)(1 +

npW

Npfc
)), .

· · · , .a((1− 2

Nd
)(1 +

npW

Npfc
))]. (24)

In order to estimate the equivalent angles {ϕi}
Na
i=1 of the

cascaded channel, we need multiple sets of observations at
the user. We consider Ns OFDM symbols and assume that
the IRS reflection coefficients are reconfigured during different
OFDM symbols. Thus, the signal received by the user in the
np-th subcarrier after Ns OFDM symbols can be expressed as

y(np) = ΘA(np)z(np) + n(np)

= F(np)z(np) + n(np), (25)

where y(np) = [y1(np), y
2(np), · · · , yNs(np)]T and the el-

ement yNs(np) denotes the signal received during the Ns-
th OFDM symbol. The matrix Θ = [θθθ1, θθθ2, · · · , θθθNs)]T ∈
CNs×M and the vector θθθNs ∈ CM×1 denotes the reflection
coefficient vector during the Ns-th OFDM symbol. The noise
vector in (25) is n(np) = [n1(np), n

2(np), · · · , nNs(np)]T
and the element nNs(np) represents the Gaussian noise during
the Ns-th OFDM symbol. While we have matrix F(np) =
ΘA(np) ∈ CNs×Nd . To elaborate, equation (25) represents
a sparse signal recovery problem, where y(np) is the obser-
vation vector, F(np) is the measurement matrix and z(np)
is the sparse vector to be recovered. By using classic OMP
algorithm, we can get the non-zero elements’ indices in the
vector z(np), which are expressed as Ia = {Iai }

i=Na
i=1 . The

equivalent angles ϕi can be estimated as ϕi = −1 +
2(Iai−1)
Nd

.
However, as discussed in Section III, we have to combine

several subcarriers for suppressing the deleterious influence
of false angles. Collecting the signal y(np) received in NP1
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subcarriers where NP1 is the number of pilot subcarriers, we
have

y = Fz + n, (26)

where

F =


F(n1) 0 · · · 0

0 F(n2) · · · 0
...

...
. . .

...
0 0 · · · F(nNP1

)

 ∈ CNsNP1×NP1Nd ,

(27)

and y = [y(n1)T,y(n2)T, · · · ,y(nNP1
)T]T ∈ CNsNP1×1,

z = [z(n1)T, z(n2)T, · · · , z(nNP1
)T]T ∈ CNP1Nd×1, n =

[n(n1)T,n(n2)T, · · · ,n(nNP1
)T]T ∈ CNsNP1×1. Equation

(26) also represents a sparse signal recovery problem. Since
the actual angle is the same for all subcarriers, the vector
z exhibits inherent block sparsity. By exploiting the block-
sparsity, we propose a TS-OMP algorithm for eliminating the
effect of false angles and get an accurate estimate of the
cascaded channel angles, which is summarized in Algorithm
1.

In Step 1 of Algorithm 1, we apply an elementary trans-
formation to (26) for locating those particular elements of
vector z that represent the same equivalent angle in differ-
ent subcarriers, which are then lumped together.. Specifical-
ly, this operation can be expressed as [z̃](nd−1)NP1+np =
[z](np−1)Nd+nd , where np = {1, 2, · · · , NP1} and nd =
{1, 2, · · · , Nd}. To ensure that equation (26) holds, we apply
a similar transformation to the columns of matrix F, which
can be expressed as [F̃]:,(nd−1)NP1+np = [F]:,(np−1)Nd+nd .
Thus, (26) can be rewritten as y = F̃z̃ + n. In this way,
the NP1 adjacent elements of vector z̃ are either all zero
elements or all non-zero elements. In Step 3, we estimate
the indices of non-zero elements of vector z̃. Traditionally,
we can obtain the indices by finding the maximum val-
ue of objective function (OF), which can be expressed as

Iai = arg max
Iai ∈{1,2,··· ,Nd}

NP1∑
k=1

∥∥∥([F̃b1 ]:,t)
H

ri−1a

∥∥∥2
2
, where t = (Iai −

1)NP1 + k and the expression ri−1a can be found in Step
8, while F̃b1 denotes the buff matrix processing in Step 6,
where we set F̃b1 = F̃ in Step 1 of Algorithm 1. We find that
there are many zeros elements in each column of matrix F̃.
To reduce the complexity, we remove those items of ri−1a that
interact with the zero elements of Fb1 . The OF can be rewritten

as Iai = arg max
Iai ∈{1,2,··· ,Nd}

NP1∑
k=1

∥∥∥([F̃b1 ]j:q,t)
H

[ri−1a ]j:q

∥∥∥2
2
, where

j = (k−1)Ns+1, q = kNs and t = (Iai −1)NP1+k. Repeat
Steps 3 to 9 of Algorithm 1 until the stopping criterion is met,
delivering the index set Ia = {Iai }

Na
i=1.

Then, we can use least squares (LS) estimator to estimate
the non-zero elements of vector z(np), which can be expressed
as

LS : [z(np)]Ia =
(

[F(np)]:,Ia
)†

y(np), (28)

where

([F(np)]:,Ia)† =
[
([F(np)]:,Ia)H[F(np)]:,Ia

]−1
([F(np)]:,Ia)H

(29)

denotes the pseudo-inverse of [F(np)]:,Ia .

C. Delay- and Gain- Estimation of the Cascaded Channel

According to (22) and (23), the i-th non-zero element of
vector z(np) can be expressed as

[z(np)]Iai =

Ji∑
ji=1

cjie
−j2π npWNP τji . (30)

Upon collecting [z(np)]Iai of pilot-subcarriers, we have

zI
a
i =

Ji∑
ji=1

cjib (τ ji) , (31)

where zI
a
i =

[
[z(n1)]Iai

, [z(n2)]Iai
, · · · , [z(nNP1

)]Iai

]T
and

b (τ ji,i) can be expressed as

b (τ ji)=

[
e
−j2π n1W

NP
τji,e

−j2π n2W
NP

τji,· · ·, e−j2π
nNP1

W

NP
τji

]T
.

(32)

Equation (31) can also be formulated as a sparse signal
recovery problem, which can be expressed as

zI
a
i = BcI

a
i , (33)

where the sparse vector cI
a
i ∈ CNτ×1 has Ji non-zero

elements and B = [b(0),b(1), · · · ,b(Nτ − 1)] ∈ CNP1×Nτ

is the dictionary matrix for the delay domain composed of
Nτ steering vectors. The vector b(k) of equation(33) can be
expressed as

b(k)=[e
−j2π W

Np

kTτ
Nτ

n1 , e
−j2π W

Np

kTτ
Nτ

n2 ,· · ·,e−j2π
W
Np

kTτ
Nτ

nNP1]T,
(34)

where Tτ is the maximum channel delay in the cascaded
channel. In this way, we can utilize our OMP-based method to
estimate the vector cI

a
i . The non-zero elements of vector cI

a
i

correspond to the channel gain cji and the index corresponds
to the channel delay τ ji . The exact details are shown in
Algorithm 1.

According to (22), the FD channel response of the h(np)
of the np-th subcarrier in (16) can be expressed as

h(f) =

Nd∑
i=1

a

((
1 +

f

fc

)
ϕi

) Ji∑
ji=1

cjie
−j2πfτji . (35)

Thus, after obtain the parameters of {ϕi, cji , τ ji}, where
i ∈ {1, 2, · · · , Na} and ji = {1, 2, · · · , Ji}, the cascaded FD
channel h(f) of all the subcarriers can be obtained according
to (35).

V. PILOT DESIGN

In this section, we propose a cross-entropy based pilot de-
sign for improving the estimation performance of the channel’s
equivalent angles, delays and gains. The pilot design guide-
lines have to consider both the first stage and the second stage
of the proposed TS-OMP algorithm, which are as follows:
• In the first stage of the TS-OMP algorithm, we estimate

the equivalent angles of cascaded FD channel. We define
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Input: Received signal y. Measurement matrix F and
dictionary matrix B.
Initialization: r0a = y, Ia = [ ], F̃b2 = [ ] and iteration
counter i = 1.

1: Perform elementary transformation:
[F̃]:,(nd−1)NP1+np = [F]:,(np−1)Nd+nd and
[z̃](na−1)NP1+np = [z](np−1)Na+na . We set F̃b1 = F̃.

2: repeat
3: Estimate angular support:

Iai = arg max
Iai ∈{1,2,··· ,Nd}

NP1∑
k=1

∥∥∥([F̃b1 ]j:q,t)
H

[ri−1a ]j:q

∥∥∥2
2

,

where j = (k − 1)Ns + 1, q = kNs and
t = (Iai − 1)NP1 + k.

4: Update index set: Ia = Ia ∪ {Iai }.
5: Expand matrix:

F̃b2 = F̃b2 ∪ [F̃b1 ]:,(Iai −1)NP1+1:Iai NP1
.

6: Update matrix: [F̃b1 ]:,(Iai −1)NP1
+1:Iai NP1

= 0.
7: Calculate the value zb:

zb =
(

(F̃b2)
H

F̃b2

)−1
(F̃b2)Hy.

8: Update residual: ria = y − F̃b2zb.
9: Set i = i+ 1.

10: until ‖
ri−2
a −ri−1

a ‖22
‖y‖22

≤ ζ
11: Exploit LS estimator to calculate vector z according to

(28).
12: for 1 ≤ i ≤ Nd do
13: Initialization: Bb1 = B, Bb2 = [ ], R0

τ = z
Iai
P1,

Tb = [ ] and the counter t = 1.
14: repeat
15: Estimate delay support:

k = arg max
k∈{1,2,··· ,Nτ}

∥∥∥([Bb1 ]:,k)
H

rt−1τ

∥∥∥2
2

16: Update index set: Tb = Tb ∪ {k}.
17: Expand matrix: Bb2 = Bb2 ∪ [Bb1 ]:,k.
18: Update matrix: [Bb1 ]:,k = 0.
19: Calculate the value cIai :

cIai =
(

(Bb2)
H

Bb2

)−1
(Bb2)HzI

a
i .

20: Update residual: rtτ = zI
a
i −Bb2cIai .

21: Set t = t+ 1.

22: until ‖
rt−2
τ −rt−1

τ ‖22∥∥∥∥zIaiP1

∥∥∥∥2

2

≤ ζ

23: Output the set Tb and vector cIai .
24: We have the channel angle ϕi = −1 +

2(Iai−1)
Na

, the

delay τ ji = {
[Tb]ji

Tτ

Nτ
|ji ∈ {1, 2, · · · , Ji}} and the

channel gain cji = [cIai ]ji .
25: end for
Output: ϕi, cji , τ ji

Algorithm 1: The proposed TS-OMP algorithm

vn1
= ϕC

1 ±
fn1

fn1+fc
and vn

NP1
= ϕC

1 ±
fnNP1

fnNP1
+fc

as

the false angle corresponding to the actual angle ϕC
1 at

the n1-th and nNP1
-th subcarrier, where fn1

= n1W
NP

and fnNP1
=

nNP1
W

NP
denotes the frequency of the

n1-th and nNP1
-th subcarrier, respectively. To eliminate

the interference imposed by the false angle, we should
decrease the accumulated values of function Γf (ϕF

l3
)

over the pilot- subcarriers, as mentioned in Section III.
This means that the false angle ϕF

l3
= ϕC

l3
± fc

f+fc

corresponding to a certain actual angle ϕC
l3

at different
subcarriers should be at a different angular index in Fig.
3. We have defined the resolution of angular-domain
dictionary matric as 2

Nd
in (24). Thus, our first guideline

is formulated as vn1 − vnNP1
> 2

Nd
.

• In the second stage of our TS-OMP algorithm, we for-
mulate the problem of estimating the equivalent channel
delays and gains as a sparse signal recovery problem.
Naturally, a high grade of orthogonality of the mea-
surement matrix columns is preferred for sparse signal
recovery [31] [32]. Hence the second guideline of pilot
design should ensure that the measurement matrix B in
(33), which depends on the pilot-subcarriers, has near-
orthogonal columns.

As for our first guideline of pilot design, we have

fc
fc + fn1

− fc
fc + fn

NP1

≥ 2

Nd
. (36)

Thus, the span D = fnNP1
− fn1

of pilots has to satisfy

D ≥
fn1

(fc + Nd
2 fc) + f2c − fn1

(Nd2 − 1)− f2n1

(Nd2 − 1)fc + fn1

. (37)

As for our second guideline of pilot design, we have to design
B so that BHB becomes an approximately identity matrix,

BHB ≈ NP1INτ , (38)

where INτ is the identity matrix of size Nτ ×Nτ . Thus, our
pilot design problem can formulated as

min
B

µ(B) =
∥∥BHB−NP1INτ

∥∥2
2

s.t. (37), (39)

where the measurement matrix B is dependent of the sub-
carrier index of pilots {n1, n2, · · · , nNP1

}. The optimization
problem (39) can then be solved by exhaustive search. How-
ever, the complexity of exhaustive search is excessive. For
example, if the number of subcarriers is 128 and the number
of pilots is 6, we need 5.4× 109 searches to find the optimal
pilots. Inspired-by the cross-entropy method of [33], we hence
propose the pilot design of Algorithm 2. The design criterion
of the proposed algorithm is to get minimum value of µB
under the constraint of (37).

In Step 1 of Algorithm 2, we define the probability vector
Pi

B ∈ CNP×1 of the i-th iteration, where the np-th element
of Pi

B denotes the probability that the np-th element of
dnc is equal to 1. The np-th element of dnc ∈ CNP×1
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Input: The number of candidates Nc, the number of
elites Ne and the number of iterations Niter. The
number of subcarriers NP and the number of
pilots NP1.

Initialization: P 0
B = NP1

NP
× 1NP,1 and iteration counter

i = 0.
for 0 ≤ i ≤ Niter − 1 do

1. Randomly generate Nc candidate vectors
{dnc}

Nc
nc=1 according to Pi

B and constraint of (37),
where dnc ∈{0, 1}NP×1. Generate the Nc candidate
measurement matrix {Bnc}

Nc
nc=1 according to dnc .

2. Calculate the objective function:
µ(Bnc) =

∥∥BH
ncBnc −NP1INτ

∥∥2
2

3. Sort the objective function µ(Bnc) in ascending
order: µ(Bde,1) ≤ µ(Bde,2) ≤ · · · ≤ µ(Bde,Nc

);
4.
Pi+1

B = (1− w)Pi
B + w

Ne
(dde,1 +dde,2 +· · ·+dde,Ne );

5. i = i+ 1;
end
Output: Designed pilot (the index of none-zero elements

in dde,1 ).
Algorithm 2: Pilot design

indicates whether the pilot found occupies the np-th sub-
carrier. Specifically, if the np-th element of vector dnc is
equal to 1, then the np-th subcarrier is a pilot. Otherwise,
if the np-th element of vector dnc is equal to 0, the np-th
subcarrier is not a pilot. We utilize the probability matrix
Pi

B ∈ CNP×1 to generate Nc candidate vectors expressed
as dnc ∈ {0, 1}NP×1. Then, we check whether the can-
didate pilots satisfy (37). If not, we regenerate the pilots
until the number of candidates reaches Nc. we then use the
candidate pilots chosen to generate candidate measurement
matrix {Bnc}

Nc
nc=1 according to (34). In Step 2 of Algorithm

2, we calculate the OF: µ(Bnc) =
∥∥BH

ncBnc −NP1INτ
∥∥2
2
.

In Step 3 of Algorithm 2, we sort the OF µ(Bnc) in
ascending order and retain the first Ne elements. Then,
we select the corresponding Ne candidates {Bnc}

nc=de,Ne
nc=de,1

as elites and record their indices as {de,1, de,2, · · · , de,Ne}.
In Step 4 of Algorithm 2, we update the probability ma-
trix as Pi+1

B = (1− w)Pi
B + w

Ne
(dde,1 +dde,2 +· · ·+dde,Ne ),

where w is smooth parameter and we set as 0.8 in this paper.
After Niter iterations, we arrive at the pilot subcarrier index
set of {n1, · · · , np, · · · , nNP1

}, where np is the index of non-
zero elements in dde,1 . The design principle of the parameter
Nc, Ne and Niter is an open question. Usually, the number of
elites Ne is smaller than the number of candidates Nc. In the
simulation, we will show the effect of different values of Nc,
Ne and Niter on the performance of the proposed Algorithm
2.

VI. SIMULATION RESULTS

In this section, we present our simulation results for charac-
terizing the performance of the proposed channel estimation
and pilot design method. We assume that the IRS elements
of our ULA have a half-wavelength spacing. The carrier
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Fig. 4. The NMSE performance of cascaded channel estimation against the
system bandwidth. The number of IRS elements M = 256. The number of
subcarriers Np = 128. The frequency fc = 20 GHz and the pilot overhand
is 5%.

frequency is fc = 20 GHz, The AOA is ϕTR
l1
∈ [−π2 ,

π
2 )

and the DOA is ϕRR
l2
∈ [−π2 ,

π
2 ). The maximum delay spread

of the cascaded channel is 200 ns. The signal bandwidth is
W = 510 MHz and the other parameteters are set to M = 256,
Np = 128, Nc = 100, Ne = 20 and L1L2 = 6. We define
the normalized mean-squared error (NMSE) of the cascaded
channel at all subcarriers as

NMSEh =

E

(
Np∑
np=1

∥∥∥ĥ(
npW
NP

)− h(
npW
NP

)
∥∥∥2
2

)

E

(
Np∑
np=1

∥∥∥h(
npW
NP

)
∥∥∥2
2

) , (40)

where ĥ(
npW
NP

) denotes the estimate of h(
npW
NP

).Furthermore,
we define the NMSE of vector z(np) in (25) and cI

a
i in (33)

as

NMSEz =

E

(
NP∑
np=1

‖ẑ(np)− z(np)‖22

)

E

(
NP∑
np=1

‖z(np)‖22

) , (41)

NMSEc =

E

(
Nd∑
i=1

∥∥ĉIai − cI
a
i

∥∥2
2

)
E

(
Nd∑
i=1

∥∥cIai ∥∥2
2

) , (42)

where ĉI
a
i and ẑ(np) denote the estimate of cI

a
i and z(np).

Fig. 4 shows the NMSE performance of the cascaded IRS
channel vs. the bandwidth. The curves representing Method
[23] and Method [34] characterize the NMSE performance of
the conventional compressive sensing based method proposed
in [23] and [34], where the range of equivalent angles is
assume to be [−1/2, 1/2) and the effect of the beam squint is
ignored. The curve representing Method [19] characterizes a
LS estimator used for estimating the channel h(f) in (15). In
the simulations, we set the number of measurements to 35 for
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Fig. 5. The NMSE vs. SNR performance of cascaded channel gains and
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subcarriers Np = 128. The frequency fc = 20 GHz and the signal bandwidth
is 510 MHz.

0 5 10 15 20

SNR (dB)

-30

-25

-20

-15

-10

-5

0

N
M

S
E

(d
B

)

Pilots without constraint
Random pilots, N

P1
=6

Designed pilots, N
P1

=6

Fig. 6. The NMSE vs. SNR performance of cascaded channel angles
estimation. The number of IRS elementsM = 256. The number of subcarriers
Np = 128. The frequency fc = 20 GHz and the signal bandwidth is 510
MHz.

the methods of [23], [34] and also for our proposed method,
which is defined as the number of OFDM symbols required
for channel estimation. Furthermore, we set the number of
measurements to 1000 for the method of [19]. We observe that
when the system bandwidth is small, the conventional method
and the proposed method have a similar NMSE performance.
However, as the bandwidth grows, the effect of beam squint
becomes more severe, which degrades the performance of the
traditional channel estimation method proposed in [23] and
[34]. Furthermore, we find that although both the method of
[19] and our proposed method are robust to the effect of beam
squint, the number of measurements required by our proposed
method is much lower than that of the method [19].

Fig. 5 shows the impact of different pilot designs on the
channel estimation of delays and gains vs. SNR. The Y-
axis represents the NMSE of vector cI

a
i . In Fig. 5, we

estimate the channel delays and gains with known equivalent
angles. The curve Designed pilots, NP1 = 6 and Designed
pilots, NP1 = 4 rely on the pilots obtained by Algorithm 2,
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Fig. 7. The NMSE vs. SNR performance of cascaded channel estimation. The
number of IRS elements M = 256. The number of subcarriers Np = 128.
The frequency fc = 20 GHz and the signal bandwidth is 510 MHz.

respectively. The curve Random pilots, NP1 = 6 and Random
pilots, NP1 = 4 correspond to the randomly selected pilots,
where the number of pilots is 6 and 4, respectively. The curve
Pilots without constraint denotes the pilots whose subcarrier
indices obtained by Algorithm 2, except that our first pilot
design guideline is ignored. Fig. 5 shows that the proposed
pilot design substantially improves the channel gain and delay
estimation performance, and the constraint of (37) has a minor
effect on the delay and gain estimation performance of the
second stage.

Fig. 6 shows the impact of different pilot designs on the
equivalent angle estimation vs. SNR. The Y-axis represents the
NMSE of vector z(np). We consider the range of equivalent
angles as (−1, 1). Fig. 6 shows that the proposed pilot design
substantially improve the algorithm’s equivalent angles esti-
mation performance. However, since the curve Pilots without
constraint does not consider the first guideline, it represents
poor performance. Observe in Fig. 5 and Fig. 6, that the pro-
posed pilot design obtains both good equivalent angle as well
as gain and delay estimation performance, simultaneously.

Fig. 7 shows the impact of different pilot designs on the
estimation of cascaded channel against SNR. The definition
of curves in Fig. 7 is the same as those in Fig. 6. Fig. 7
shows that the proposed pilot design benefically improves the
algorithm’s cascaded channel estimation performance.

Fig. 8 shows the NMSE performance comparison of the
proposed TS-OMP algorithm and of the conventional methods
[23] [34] [19] vs. the SNR. The curve Proposed TS-OMP and
designed pilots represents the NMSE of the cascaded channel
estimated by the proposed TS-OMP algorithm based on our
designed pilots. The curves representing Method [23] and
random pilots, Method [34] and random pilots and Method
[19] and random pilots characterize the NMSE of the cascaded
channel estimated by the conventional IRS channel estimation
methods proposed in [23] [34] [19] based on random pilots.
The curve representing Ideal solution represents the NMSE
of channel estimation relying on known equivalent angles
and delays of the cascaded channel. In the simulation, we
set the number of measurements to 35 for the methods of
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Fig. 8. The NMSE vs. SNR performance of cascaded channel estimation.
The number of IRS elements M = 256. The frequency fc = 20 GHz and
the signal bandwidth is 510 MHz. The pilot overhand is 5%.

[23], [34] and also for our proposed method. Furthermore,
we set the number of measurements to 1000 for the method
of [19]. We observe that the proposed TS-OMP algorithm
and cross-entropy based pilot design substantially improve
the channel estimation performance in IRS-aided wideband
systems. Furthermore, we find that although both the method
of [19] and our proposed method have a similar NMSE
performance, the number of measurements required by our
proposed method is much lower than that of the method [19].
Observe from Algorithm 1 that the complexity of the proposed
TS-OMP algorithm mainly comes from the angular and delay
support estimation in Step 3 and 15. The method proposed
in [23] and [34] also have to estimate the support. However,
the proposed TS-OMP algorithm removes a large number
of zero-valued elements of measurement matrix F in (26)
when we estimate the support. Therefore, the dimension of the
measurement matrix is reduced. In this way, the complexity
of the proposed TS-OMP algorithm is lower than that of the
solutions in [23] and [34]. Due to the fact that the number
of OFDM training symbols Ns required by [19] is much
higher than the proposed TS-OMP, we may conclude that the
complexity of [19] is higher than that of TS-OMP.

Fig. 9 shows the NMSE performance of the proposed
channel estimation method vs. the number of measurements,
which is defined as the number of OFDM symbols required for
channel estimation. The SNR is 10dB. The curves representing
Method [23] and random pilots and representing Method [34]
and random pilots show that we cannot achieve the accurate
channel estimation, not even for a high training overhead of
OFDM symbols, which is due to the effect of beam squint.

Fig. 10 show the NMSE performance of the cascaded
channel estimation against the number of OFDM training
symbols and the number of pilots. In the simulation, we set
that the number of pilots to 10 for Fig. 10 (a) and the number
of OFDM training symbols to 100 for Fig. 10 (b). The SNR
is 10dB. The curve ‘Proposed TS-OMP with known channel
path number’ represents the case, where we know the number
of cascaded channel paths, which means that the stopping
criterion is ideal. Observe from Fig. 10 (a) and Fig. 10 (b) that
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Fig. 9. The NMSE performance of cascaded channel estimation against
the number of measurements. The number of IRS elements M = 256. The
frequency fc = 20 GHz and the signal bandwidth is 510 MHz. The SNR is
10dB. The pilot overhand is 5%.

the proposed TS-OMP algorithm may attain a similar NMSE
performance to that of the ideal solutions when the number
of measurements Ns and the number of pilots NP1 are very
high.

Fig. 11 shows the symbol error rate (SER) against SNR. We
use 16-QAM transmitted symbols. The curve Random phase
represents the SER performance, where the IRS phases are
chosen randomly. The curve Method [23] and designed phase
represents the SER performance when the CSI is estimated
by the method proposed in [23]. In the simulation, we use
the IRS phase parameter design method proposed in [14],
which formulates the problem of phase parameter design as a
MSE minimization problem and utilizes the classical iterative
block coordinate descent (BCD) algorithm to solve it. The
curve Designed phase and designed pilots represents the SER
performance, where the IRS phase is designed when the CSI
is estimated by the proposed TS-OMP algorithm based on
our designed pilots. The curve Designed phase and random
pilots represents the SER performance, where the IRS phase
is designed when the CSI is estimated by the proposed TS-
OMP algorithm based on random pilots. The curve Designed
phase and perfect CSI represents the SER performance, where
the IRS phase is based on the perfect CSI. The curve Random
phase and Designed phase and perfect CSI shows that the
appropriate design of the IRS phase substantially reduces the
SER. The curve Designed phase and perfect CSI and Designed
phase and designed pilots shows that the proposed TS-OMP
algorithm based on our pilot design achieves similar SER to
the perfect CSI scenario.

Fig. 12 and Fig. 13 show the effect of the parameters
Nc, Ne and Niter on the performance of Algorithm 2. In
Fig. 12, we set the number of iterations to Niter = 20
and the number of subscarriers to Np = 128. The optimal
solution is found by exhaustive search. We find that the
performance of the proposed Algorithm 2 is improved as Nc
increases, and the performance is not sensitive to the parameter
Ne. Observe from Fig. 13 that performance of the proposed
Algorithm 2 is improved as Niter increases and converges
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Fig. 10. The NMSE performance of cascaded channel estimation. (a) The
NMSE performance of cascaded channel estimation against the number of
OFDM training symbols. (b) The NMSE performance of cascaded channel
estimation against the number of pilots

towards the optimal solution, when Niter is sufficiently large.
Our proposed Algorithm 2 is a cross-entropy based method,
whose convergence is not effected by the constraint [35]. Thus,
the proposed Algorithm 2 is capable of finding the globally
optimal solution with a sufficiently high probability, when
Niter and Nc are large. The details of the proof can be found
in [36].

VII. CONCLUSIONS

Cascaded channel estimation of IRS-aided systems have
been investigated in wideband scenarios considering the effect
of beam squint. The cascaded channel is characterized by
the equivalent angles, gains and delays of propagation paths.
We demonstrated that it is hard to distinguish between the
actual angle and false angle, which is occurred due to the
effect of beam squint. We proposed a TS-OMP algorithm,
which can estimate the cascaded channel with small training
overhand. Moreover, to further improve the channel estimation
performance, we propose a pilot design method based on
cross-entropy theory. Our simulation results confirm that the
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Fig. 11. The SER performance against SNR. The number of IRS elements
M = 256. The number of subcarriers Np = 128. The frequency fc = 20
GHz and the signal bandwidth is 510 MHz. The pilot overhand is 5%.
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Fig. 12. The value of µ(B) against the number of candidates Nc. The
number of subcarriers Np = 128. The frequency fc = 20 GHz and the
signal bandwidth is 510 MHz. The number of pilots NP1 is 6. The number
of iterations Niter is 20.

proposed TS-OMP algorithm and pilot design method achieve
better performance than their conventional counterparts.

APPENDIX A

We consider an IRS-aided wideband OFDM system having
NP subcarriers, where the BS has N antennas and the user
has a single antenna. We assign NP1 subscarriers as pilots
in each OFDM symbol and transmit N OFDM symbols in
a frame. The n-th BS antenna transmits pilots at the np-th
subscarrier, which is expressed as sn(f) ∈ CN×1. According
to (15), the FD signal y(f) ∈ CN×1 received by the user from
the N -antenna BS is expressed as

y(f) =

N∑
n=1

θθθThH
n (f)sn(f) + n(f), (43)

where hn(f) denotes the frequency-domain (FD) cascaded
channel of n-th antenna installed at the BS. The vector n(f)
is Gaussian noise. We adopt orthogonal pilots sn(f) for the
different BS antennas, i.e., |sHn (f)sn′ (f)| = 1, when n = n

′
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Fig. 13. The value of µ(B) against the number of iterations Niter . The
number of subcarriers Np = 128. The frequency fc = 20 GHz and the signal
bandwidth is 510 MHz. The number of pilots NP1 is 6.

and |sHn (f)sn′ (f)| = 0 when n 6= n
′
. Thus, multiply s∗n(f)

both sides of (43), we have

yn(f) = θθθThn(f) + n(f), (44)

where n(f) = nT(f)s∗n(f) follows the complex Gaussian
distribution. Our task is to estimate the FD cascaded channel
hn(f) from (44), and (44) is similar to (15). In this way,
the proposed method to estimate FD cascaded channel h(f)
for BS equipped with one antenna can be directly utilized to
estimate FD cascaded channel hn(f).
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