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Abstract: We present an intuitive and efficient method for modeling light propagation in layered
isotropic and anisotropic media, the Iterated Ray Method. Considering a single layer sandwiched
between semi-infinite layers, the infinite reflected and transmitted rays are summed to obtain
effective Fresnel coefficients for the center layer. Thus, the system can be represented as two
semi-infinite layers with an effective boundary. The model is coupled to a recursive algorithm
to describe an arbitrarily large, layered system in the same way. It is numerically stable in the
presence of evanescent waves and computationally efficient, both in terms of operation counts
and vectorization. We demonstrate its importance for the optical analysis and optimization of
layered media, such as those used in photo-addressable liquid crystal cells, thin film coatings,
and Bragg gratings, by measuring the refractive index and thickness of a thin, azo-benzene dye,
photo-alignment layer, PAAD-22E, on an ITO coated glass slide.
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1. Introduction

Studying the behavior of light waves in layered media is essential to the understanding and design
of elements such as anti-reflection coatings [1–3] and dielectric mirrors [4, 5], or in any optical
device that necessitates the use of multiple materials and layers, ranging from Bragg gratings [6,7]
to Surface Plasmon Polaritons [8]. It is also vital for several techniques and devices. For example,
ellipsometry [9] relies on the combination of experimental data and an understanding of the
reflection properties of an arbitrary sample to determine the unknown refractive indices. The
fitting of the experimental data can be complex if the layer is anisotropic and combined with
additional materials [10]. Furthermore, organic photovoltaic cells, photo-aligned liquid crystal
systems, or those with active command layers, increasingly comprise of a combination of different
layers, including anisotropic materials. Understanding and modeling light propagation through
such multi-layer geometries requires efficient and comprehensive algorithms.
There have been many studies of light propagation in stratified media, even in the more

restricted field of birefrigent media [11–15] that is considered here. The book by Orfanidis [16]
is an excellent introduction and review of the subject. Here we summarize the features of the two
most common classes of methods.

The first and most common method for modeling wave propagation through multiple layers is
known as the transfer matrix, or )-matrix, approach [17, 18]. This method follows intuitively
from applying the usual electromagnetic boundary conditions at each interface and accounting
for the phase change of the fields in each layer to form a set of simultaneous equations. The
equations are written in matrix form, with the result that the electric field on one side of the
system is written in terms of the electric field on the other, i.e., the transmitted field is written as
a linear combination of the incident and reflected fields.
It is well known, however, that this method suffers from problems of numerical instability

in the presence of evanescent waves [19]. This instability arises as a result of the exponential
terms in the model that account for the phase change of the fields across a layer. The backward



waves have a phase shift of exp (−8@!), where @ is the normal part of the wave vector and !
the thickness of the layer. These terms become exponentially increasing when the waves in the
layer are evanescent (and @ is imaginary) and the wave is "back-propagated" to the next layer.
Conversely, the forward waves are exponentially decreasing, and the backward waves dominate
numerically, resulting in the information about the forward wave being lost. There is also the
issue that any numerical errors are grown exponentially by the backwards wave when propagating
across a layer [20].
The scatting matrix, or (-matrix, is an alternative method that, while more complicated to

implement, offers accurate solutions even when evanescent waves are present [19]. This is
achieved by rewriting the )-matrix equations so that the outgoing waves are expressed in terms
of the incoming ones. In the resulting matrix equations the forward and backward modes are
separated and the numerical instability issues are avoided. The (-matrix is thus regarded as the
leading standard in dealing with multi-layer propagation problems.
In this paper we present a method, which we call the Iterated Ray Method, that builds on

a different tradition of beam propagation algorithms. These are based on summing reflected
and transmitted waves, often referred to as Bremmer series [21]. Normally, the summation of
a Bremmer series is performed numerically up to the required precision. However, in the case
of the Iterated Ray Method the infinite sum is performed analytically, leading to a relatively
simple set of exact equations. The method is based on a common textbook example (e.g. [22])
for studying three layer Fabry-Perot resonator systems. By considering the scattered light rays of
the system, the total transmitted and reflected fields are found by summing all of the transmitted
or reflected rays in a geometric series, allowing the system to be modeled as two layers with an
effective transmission and reflection coefficient between them. The Iterated Ray Method extends
this concept to systems with more than three layers. The final three layers of the system can
iteratively be collapsed into two layers until an # layer system is also represented as 2 layer
system with effective coefficients. The method is causal, namely, it follows the rays forward
in time and never "back-propagates" any backward waves. This means that in the presence of
evanescent waves there are only ever exponentially decaying terms appearing, and the Iterated
Ray Method possesses all of the accuracy and stability of the (-matrix formulation. In fact, it
can be shown formally that a Bremmer series is equivalent to the (-matrix method [23].
In the case of layered isotropic media, the reflection coefficient formula provided by the

Iterated Ray Method matches exactly with previously reported results [16] obtained by algebraic
manipulation of the T-matrix equations. In this paper, however, the corresponding transmission
coefficient results (not given in [16]) are also presented. Furthermore, we also demonstrate how
the Iterated Ray methodology is intuitively extendable to any system with multiple mixed modes,
requiring only a knowledge of the reflection and transmission coefficients between the modes
at each interface. As an example of this, we derive analytically the effective transmission and
reflection coefficients of a single uniaxial layer with arbitrary optical axis between isotropic
media (a Matlab code to implement the algorithm is available from Code 1, [24]).
In the next section we discuss the simplest implementation of the iterated ray method, the

propagation through layered isotropic media. In section 4 we outline the steps required to
calculate the reflection and transmission from a single anisotropic layer, with the full details of
the calculations given in the Supplemental document. The calculations required for multiple
anisotropic layers are sketched in section 5. We validate the code against other numerical
simulations in section 6 and discuss its computational efficiency in section 7. In section 8, as a test
of its applicability and speed, we analyze the experimental data of polarized light transmission
through a system of a thin, azobenzene layer on a substrate. The conclusions summarize the
main results of the paper and outline areas of future work.



Fig. 1. Principle of the ray method. (a) In a three layer system, the input field in layer 1,
�1

1 is partially transmitted into medium 2 with amplitude �1
2 and reflected back into

layer 1 with amplitude �1
1. At the interface between layers 2 and 3, �1

2 is partially
transmitted with amplitude �1

3 and reflected back into layer 2 with amplitude �1
2, and

so on. (b) Calculation of the optical path length difference between two subsequent
transmitted or reflected rays. (c) Recursive process to compute the effective reflection
and transmission coefficients by representing the # layer system as a three layer system.
The layers 3 to # − 1 are replaced with an effective boundary, represented by a jagged
interface.

2. Transmission and reflection of isotropic layered media

We introduce the iterated ray method by first considering layered structures of isotropic materials,
formed of # layers each with refractive index = 9 , 9 = 1, 2, . . . , # . The first and last layers are
both semi-infinite, as in figure 1(a), which depicts an # = 3 layer system. We assume that a
plane wave with amplitude �1

1 and vacuum wave number :0 is propagating in the first layer, and
that it is incident upon the structure at an angle \1 from the layer normal, as in figure 1(b). We
study the waves propagation through the structure by considering the reflection and transmission
of any rays incident upon a boundary. Starting with only the incident ray, an infinite number
of forward and backward rays arise in each layer, the sum of which describe the total forwards
and backwards fields in each layer. Our aim is to find a simple expression for their amplitudes.
In particular, we are interested in finding the total field reflected back into layer 1 and the total
transmitted field into layer # as a function of the incident field, allowing us to compute effective
Fresnel coefficients for the layered structure. We first analyze this problem for a simple three
layer structure, and then introduce in section 3 the recursion procedure that allows to compute
the effective Fresnel coefficients for an arbitrary number of layers.

2.1. A single isotropic layer

We begin the outline of the iterated ray method by considering a system of three layers. The
layers 1 and 3 are semi-infinite and sandwich layer 2, of finite thickness; see figure 1(a). The
input field, �1

1 , is incident upon layer 2 in the forward direction, where one part of the field is
reflected and the other part is transmitted into layer 2. Similarly, the transmitted field is split into
reflected and transmitted fields at the interface between layer 2 and 3. In fact, every ray that is
incident on an interface is split into two, with each of these split beams also being split each time
they encounter an interface. This results in infinitely many rays arising in each layer, as depicted
in figure 1(a). By summing all of the rays in each layer that are in the same direction, we can
describe each layer 8 as having a single forwards and backwards field �8 and �8 , respectively.
The Fresnel coefficients can be used to describe the various rays in the system and calculate

the total fields. From figure 1(a), we can see that the =’th ray to propagate into layer 3 is given by

�=
3 = C12C234

8 X
2

(
A23A214

8 X
)=−1

�1
1 , (1)



where C8 9 and A8 9 are the Fresnel transmission and reflection coefficients at the interface between
layer 8 and layer 9 , respectively. Similarly, the =’th backward ray in layer 1 is given by

�=
1 =

{
A12�1 = = 1
C12A23C214

8 X
(
A21A234

8 X
)=−2

�1 = > 1.
(2)

The quantity X is the phase difference between two subsequent rays. It is given by, see figure 1(b),

X = :0

[(���−−→����� + ���−−→�����) =2 −
���−−→����� =3

]
= :0 [2! sec(\2)=2 − 2! tan(\2) sin(\3)=3] , (3)

where ! is the thickness of layer 2. Applying Snell’s Law then gives

X = 2:0!=2 cos(\2) = 2@2!, (4)

where @ 9 = :0= 9 cos(\ 9 ). We can see from equation (4) that the phase change is just the normal
component of the wave vector (@ 9 ) multiplied by the layer thickness, as expected from standard
wave propagation theory.

The sum of all of the transmitted and reflected rays can be reduced to a geometric series, which
we can sum to obtain the effective transmission coefficients of the system as

�3 = C13�1, C13 =
C12C234

8 X
2

1 − A23A2148 X
, (5a)

�1 = A13�1, A13 =
A12 + A234

8 X

1 − A23A2148 X
, (5b)

where we have applied the Stokes’ identity C12C21 + A2
12 = 1. Using the fact that A12 = −A21, we can

see that these formulas give the standard reflection and transmission coefficients of a Fabry-Perot
resonator.

3. Multiple isotropic layers

We now build on the ideas of a three layer system to find the effective coefficients of an # layer
system. To do so, we consider the system of # layers as a 3 layer system, replacing the layers
3 to # − 1 with an effective boundary between layers 2 and # . This is depicted in figure 1(c),
where a jagged line indicates an effective boundary. Applying the same methodology as before,
we derive the effective coefficients of the # layer system as

C1# =
C12C2# 4

8
X2
2

1 − A2# A2148 X2
, (6a)

A1# =
A12 + A2# 4

8 X2

1 − A2# A2148 X2
, (6b)

where we have written the phase difference as X2 to make clear that it depends on the refractive
index and thickness of layer 2. To calculate the coefficients from layer 1 to # we must know
the effective coefficients from layer 2 to # , which will in turn require the effective coefficients
from layer 3 to # , and so on. This means that the coefficients can be built recursively, working
backwards from the final layer.

To calculate the effective coefficients between two general layers 9 and : , we consider the same
configuration as in figure 1(c), but replace the layers 1, 2, and # with 9 , 9 + 1, and : , respectively.



We can then write that, for any 9 and : in our # layer system (excluding | 9 − : | < 2, in which
case we just need the regular Fresnel coefficients)

C 9: =
C 9 , 9+1C 9+1,:48

X 9+1
2

1 − A 9+1,:A 9+1, 948 X 9+1
, (7a)

A 9: = A 9 , 9+1 +
C 9 , 9+1A 9+1,: C 9+1, 948 X8+1

1 − A 9+1,:A 9+1, 948 X 9+1

=
A 9 , 9+1 + A 9+1,:48 X8+1

1 − A 9+1,:A 9+1, 948 X 9+1
(7b)

if we are traveling forwards, i.e. 9 < : . If we are traveling backwards, that is, 9 > : ,

C 9: =
C 9 , 9−1C 9−1,:4

8
X 9−1

2

1 − A 9−1,:A 9−1, 94
8 X 9−1

, (8a)

A 9: =
A 9 , 9−1 + A 9−1,:4

8 X8−1

1 − A 9−1,:A 9−1, 94
8 X 9−1

. (8b)

In both cases, by working iteratively backwards from the final layer, the only terms that appear
are the effective transmission and reflection calculated at the previous iteration, and the regular
Fresnel coefficients for the new boundary that is added at each step. One simply needs to start
with A:−2,: and C:−2,: and work back to A 9: and C 9: by using equations (7) and (8) for forward
and backward travel, respectively.
Finally, we can also evaluate the forwards and backwards fields in each layer. To find the

forwards and backwards fields �8 and �8 in layer 8, we once again consider the # layer system as
a 3 layer system. By replacing layers 2 to 8 − 1 with an effective interface between layers 1 and 8,
and replacing layers 8 + 1 to # − 1 with an effective interface between layers 8 and #, we can see
that we must have that

�# = C8# �8 and �8 = A8# �8 . (9)

On the other hand, we also know that �# = C1# �1, from which it follows that

�8 =
C1#
C8#

�1, (10a)

�8 =
C1# A8#
C8#

�1. (10b)

4. Transmission and reflection of anisotropic layers

4.1. General multi-mode formalism

So far we have only considered systems of isotropic media. There is no polarisation rotation
upon transmission and reflection and all rays have the same tangential wave vector component.
As a result, all of these rays can be thought of as a single mode of the system, and the iterated ray
method is a scalar calculation. In general, however, a system may possess distinct modes that
mix with one another. In the presence of anisotropic media, for example, the o- and e-waves,
with distinct polarisation states and directions of propagation, must be considered separately.
Alternatively, there may be a layer that acts as a diffracting element, in which case there will be
mixing between diffracted orders that must also be considered separately. We therefore generalize
the scalar method of the previous section to account for mode mixing.

We first define the mode vectors in each layer = as L (=) and H (=) for the forward and backward
fields, respectively. The 8’th component of the vectors gives the total field of the 8’th mode in layer



=, i.e., � (=)1 is the sum of all the forward traveling rays of mode type 1 in layer =, etc.. The number
of components is therefore equal to the number of independent modes in the corresponding layer,
e.g. 1 for an isotropic medium and 2 for a birefringent material.
We assume that the modes in each layer are known, and also that we know the various

coefficients describing their transmission and reflection at their layer boundaries. The effective
transmission and reflection from layer 9 to : of the various modes are then derived in the same
manner as the isotropic case, equations (7) and (8), with scalar quantities replaced by matrices.
For a system of < modes they are

T 9: = T 9+1,:
[
I −Φ+9+1R 9+1, 9Φ

−
9+1R 9+1,:

]−1
Φ+9+1T 9 , 9+1, (11a)

R 9: = R 9 , 9+1 + T 9+1, 9
[
I −Φ−9+1R 9+1,:Φ

+
9+1R 9+1, 9

]−1
Φ−9+1R 9+1,:Φ

+
9+1T 9 , 9+1. (11b)

Here I represents the < × < identity matrix. The matrices T8 9 and R8 9 are also < × <, and
they contain the transmission and reflection coefficients of the modes going from layer 8 to layer
9 . The :; element

(
T8 9

)
:;
is the transmission of the :’th mode to the ;’th mode going across

layers 8 to 9 (and similarly for the R matrices). The matrices Φ+
8
and Φ−

8
contain the phase

changes of the modes going across layer 8 in the forwards and backwards direction, respectively.
These phase changes are not, in general, the same, since the forwards and backwards waves in an
anisotropic layer have different refractive indices and normal wave vector components. While the
Φ matrices are always diagonal the T and R matrices are only diagonal when they correspond to
an isotropic–isotropic interface.
To increase computational efficiency, we note that the above equations can be rewritten as

T 9: = T 9+1,:L 9+1T 9 , 9+1, (12a)
R 9: = R 9 , 9+1 + T 9+1, 9Φ

−
9+1R 9+1,:L 9+1T 9 , 9+1, (12b)

where
! 9+1 =

[
I −Φ+9+1R 9+1, 9Φ

−
9+1R 9+1,:

]−1
Φ+9+1 (12c)

is the layer matrix for layer 9 + 1. The layer matrix takes a forward field at the 9 , 9 + 1 boundary
and creates the total forward field at the 9 + 1, : effective boundary that results from all of the
reflections of the initial field. L 9+1T 9 , 9+1 is then the total forward field at the 9 + 1, : effective
boundary, arising from field incident on the layered structure from layer 9 . Intuitively, the total
transmission is then found simply by multiplying this with T 9+1,: , while the reflection is found by
reflecting, propagating, and transmitting back into layer 9 (and of course adding the contribution
from the initial external reflection, R 9 , 9+1).
Common with existing (-matrix methods, we note that the calculation of R 9: is independent

of T 9: . This means that if only the reflection from the layered structure is desired, we need only
calculate the effective reflection at each iteration. This is known as the quarter matrix recursion
in (-matrix terminology (since we are only calculating one of the four (-parameters). If T 9: is
desired, which depends on R 9: , then both must be calculated, known as the half matrix recursion.
If either T: 9 or R: 9 is required, then we must perform the full matrix recursion. The effective
coefficients in the backwards direction can be obtained using

R: 9 = R:, 9+1 + T 9+1,:L 9+1R 9+1, 9Φ
−
9+1T:, 9+1 (12d)

T: 9 = T 9+1, 9
[
I +Φ−9+1R 9+1,:L 9+1R 9+1, 9

]
Φ−9+1T:, 9+1 (12e)

We also note that, in analogy with equations (10), this formulation allows us to describe the
fields within each layer by

L (8) = T−1
8# T1# L (1) and H (8) = R8# T−1

8# T1# L (1) . (13)



Fig. 2. Calculation of the optical path length difference between two subsequent
transmitted or reflected rays in a birefringent medium. The incident and reflection
angles, \ 5 and \1 , are in general not equal.

4.2. A single anisotropic layer

As an example application of the multi-mode formulas derived in the previous section, we now
consider the case of a uniaxial anisotropic material bounded by isotropic media, and derive in
full the transmission and reflection coefficients. We represent the input and output fields in terms
of their B and ? components, and so we first look to write

©«
�
(3)
?

�
(3)
B

ª®¬ = T13
©«
�
(1)
?

�
(1)
B

ª®¬ . (14)

We will chose the first mode in the uniaxial layer to be the ordinary rays (indicated by the suffix
>) and the second mode to be the extraordinary rays (indicated by the suffix 4), that is,

L (2) =
©«
�
(2)
>

�
(2)
4

ª®¬ and H (2) =
©«
�
(2)
>

�
(2)
4

ª®¬ . (15)

Using equations (12a) and (12c), the transmission matrix is then found to be

T13 =
©«
C23
>? C23

4?

C23
>B C23

4B

ª®¬ L (2) (16)

where

L (2) = [I − R]−1 ©«
C12
?>4

8@+>! C23
B>4

8@+>!

C12
?44

8@+4! C12
B44

8@+4!

ª®¬ (17)

and

R =
©«
A23
>>A

21
>>4

8(@+>−@−>)! + A23
>4A

21
4>4

8(@+>−@−4 )! A23
4>A

21
>>4

8(@+>−@−>)! + A23
44A

21
4>4

8(@+>−@−4 )!

A23
>4A

21
444

8(@+4−@−4 )! + A23
>>A

21
>44

8(@+4+@+>)! A23
44A

21
444

8(@+4−@−4 )! + A23
4>A

21
>44

8(@+4+@+>)!
ª®¬ . (18)

The symbols A 8 9
UV

and C8 9
UV

are the Fresnel reflection and transmission coefficients between the
modes U and V in layers 8 and 9 , with U and V equal to B or ? in the isotropic layers, 9 ∈ {1, 3},



or > and 4 in the uniaxial layer, 9 = 2. Finally, the symbols @±U are the normal components of the
wave vector for the U mode in the forward (+) or backward (−) direction. The phase shift terms
in RC are found by considering figure 2, where the forward and backwards rays are described by
their angles \ 5 and \1 , and by their refractive indices = 5 and =1 . In general, the path difference
is given by

X = :0

[���−−→����� =1 + ���−−→����� = 5 −
���−−→����� =3

]
= :0!

[
=1 sec(\1) + = 5 sec(\ 5 ) − =3 |sin(\3) |

(
|tan(\1) | +

��tan(\ 5 )
��) ] (19)

=
(
@ 5 − @1

)
!, (20)

where we have used Snell’s law to simplify the last step. With the same notation used in equa-
tion (18), @ 5 and @1 are the normal components of the wave vectors of the forward and backward
rays, respectively. This formula is used in equation (18) for the four possible permutations of
a backwards ordinary/extraordinary wave reflecting back as a forwards ordinary/extraordinary
wave.

Similarly, using equation (12b), the reflection coefficient R13 from the anisotropic layer, defined
by ©«

�
(1)
?

�
(1)
B

ª®¬ = R13
©«
�
(1)
?

�
(1)
B

ª®¬ , (21)

is given by

R13 =
©«
A12
?? A12

B?

A12
?B A12

BB

ª®¬ + ©«
C21
>? C21

4?

C21
>B C21

4B

ª®¬ ©«
A23
>>4
−8@−>! A23

4>4
−8@−>!

A23
>44
−8@−4 ! A23

444
−8@−4 !

ª®¬ L2 (22)

The transmission and reflection for backward travel are given by interchanging all superscript
1’s and 3’s and changing all @±U to −@∓U.

We emphasize that in this anisotropic case, although the method presented in this paper is
known as the Iterated Ray Method, it is the wave vectors that must be used to calculate the various
fields. In anisotropic media the extraordinary rays (which are in the direction of the Poynting
vectors) and their wave vectors are not parallel, and it is the directions of the wave vectors that
must be used in Snell’s law and to calculate the various Fresnel coefficients.
The full procedure for obtaining the directions of propagation and the Fresnel coefficients is

described in the Supplemental document. A graphical interpretation of the extension of Snell’s
law to anisotropic media is shown in figure 3 for the case that the optical axis c is in the plane of
incidence (though the equations and methodology presented in this paper are general and apply
to any orientation of c). The method relies on the use of the so-called wave normal surfaces,
which describe the orientation and magnitude of the wave vectors that are solutions of Maxwell’s
equations in a given medium, and on the continuity of the tangential component of wave vectors
at a material discontinuity. The directions of propagation of the various waves in the anisotropic
layer are used to find the corresponding electric fields, and the usual electromagnetic boundary
conditions are used to find the Fresnel coefficients. A more detailed explanation of the wave
normal surfaces and their derivation, along with the calculation of the electric fields, can be
found in [22].

5. Multiple anisotropic layers

The procedure for modeling a single anisotropic layer, outlined in the Supplemental document, is
fully analytic, and the Fresnel coefficients are derived by hand. In the case of multiple, neighboring
anisotropic layers, while the procedure to find the normalized fields in each anisotropic layer is
exactly as in section 1 of the Supplemental document, the algebra required to find the Fresnel



Fig. 3. A graphical interpretation of the wave normal calculations at an interface
between an isotropic (top) and an anisotropic (bottom) layer shown in the plane of
incidence. The red circle is the wave normal surface in medium 1, and k1 is the incident
wave vector. The tangential wave vector component :G (orange) must be conserved
across the boundary, and there are two possible waves in medium 2 that satisfy this.
The first is the ordinary wave, with wave vector k> lying on the ordinary wave normal
surface (blue circle). The second is the extraordinary wave, with wave vector k4 lying
on the extraordinary wave normal surface (green ellipse). The vector c is the optical axis
of the medium and also the minor axis of the extraordinary wave normal surface [22].

coefficients will be more intensive, and we now highlight how the necessary coefficients can
easily be found numerically through a matrix method. We take the layer normals to be parallel to
the I axis, the plane of incidence to be the GI plane, and the wave vector of each wave KU is
kU = :0

(
 , 0,

√
=2
U −  2

)
. The boundary conditions that need to be satisfied are the continuity

of �G , �H , mI�H , and mI�G − 8 �I . Considering, for instance, the case of an o-wave incident
upon the boundary from the first anisotropic medium to the second, the boundary conditions can
be written as

©«

�>+
G

�>+
H

@>+�>+
G

�>+

ª®®®®®®®¬
=

©«

−�>−
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G
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H −�4−
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H
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H @̃4+�̃4+

H
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ª®®®®®®®¬
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>4

C12
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C12
>4
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, (23)

where
�>+ = @>+�

>+
G −  �>+

I (24)

and a tilde denotes that it is the electric field/wave vector component in the second medium.
Denoting the vector

vU =
(
� U
G � U

H @U�
U
G �U

))
, (25)
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Fig. 4. (Left) The amplitude of the transmission across a four layer system and
reflection from the initial three layer subsystem. (Right) The corresponding phase
of the transmission and reflection coefficients. The layer refractive indices are = 9 =
{2, 1, 2, 2.5}, for 9 increasing from 1 to 4. The thicknesses of the second and third
layers are 1.5 and 0.5 wavelengths respectively.

we can consider the cases of each of the four waves incident upon the anisotropic/anisotropic
boundary to write out the four sets of four boundary conditions as

(
v>+ v4+ ṽ>− ṽ4−

)
=

(
−v>− −v4− ṽ>+ ṽ4+

) ©«
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44 −C21
>4 −C21

44

C12
>> C12

4> −A21
>> −A21

4>

C12
>4 C12

44 −A21
>4 −A21

44

ª®®®®®®®¬
. (26)

The Fresnel coefficients can be found from the obvious matrix inversion, with the necessary
matrices for the Iterated Ray Method given by

©«
R 9 , 9+1 −T 9+1, 9

T 9 , 9+1 −R 9+1, 9

ª®¬ =
(
−v>− −v4− ṽ>+ ṽ4+

)−1 (
v>+ v4+ ṽ>− ṽ4−

)
, (27)

to be substituted straight into equations (12a) to (12c).

6. Numerical validation

We have validated the Iterated Ray Method by comparing its results with the gold standard in
light propagation methods in layered media, the (-matrix algorithm [20]. We have focused on
structures that have evanescent waves in internal layers because these are well known to have the
potential to give rise to numerical instabilities.

The stability of the ray method is evident from equations (7) and (8). There are only forward
propagating exponential terms. Therefore, in the presence of evanescent fields, the coefficients
display only exponential decay, never growth as in the )-matrix method [20]. The stability of
the method and its accuracy are evidenced by the example in figure 4. We observe the total
internal reflection across the evanescent layer (layer 2 with refractive index 1) at approximately
30◦, shown by |A13 | going to one. Correspondingly, we see the transmission across the entire
system, |C14 |, go to zero. The agreement between the Iterated Ray method and the (-matrix is to
numerical precision, both in modulus and phase (left and right panels of figure 4 respectively).
To validate the anisotropic formulas we have compared the output of equations (16) and (22)

with the output of a finite elements simulation of the three layers, implemented in Comsol. The
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Fig. 5. A comparison of the modulus of the various transmittances, ) , and reflectances,
', for B- and ?-polarized incident fields to B- and ?-polarized output fields. The system
refractive indices are =8= = 1, =4 = 5, => = 1.5, and =>DC = 2. The layer thickness
is two wavelengths and the optical axis is at an angle of c/3 with the H axis, with its
projection in the GI plane (plane of incidence) equal to c/5. The I axis is perpendicular
to the plane of the layers.

model consists of a 2D rectangular geometry made up from five layers. These are the three
layers considered in the Iterated Ray method sandwiched between perfectly matched layers
(PMLs). The PMLs are near perfectly absorbing until high angles of incidence and prevent any
non-physical resonance effects being observed. The electric field is then solved for using the
electromagnetic waves module, subject to Floquet periodic boundary conditions to simulate
a plane wave incident on an infinitely extending layer. In figure 5 we plot the transmittance,
) = |C13 |2=3 cos(\3)/(=1 cos(\1)) and the reflectance, ' = |A13 |2, computed using the two
methods. The layer is highly anisotropic and asymmetric with respect to the angle of incidence so
as to induce very large, asymmetric polarization rotation effects for the purposes of comparison;
the agreement between the two is exact to the precision of the finite element simulation. The
agreement in the phase of the emerging waves is to the same level of accuracy. The graphs
depicting this are omitted, however, as they are highly oscillatory and hard to show in clear
enough detail with limited space.

7. Computational efficiency

We now consider the efficiency of the Iterated Ray Method and its comparison with existing
(-matrix methods, where we have found that the Iterated Ray Method compares favorably in
speed with respect to the (-matrix method. It is arguably hard to compare different algorithms as
the speed of a code depends on many factors, such as the number of floating point operations,
vectorization and memory requirements. We have taken two approaches to compare the two
methods. In the first one, we have coded equations (6a) and (6b) and the (-matrix algorithm
(as originally presented in [20]) in Matlab, and have optimized their performance to the best
of our abilities. We have run the two codes on a large sample of random, isotropic, layered
structures (in terms of layer thicknesses and refractive indices), for a large range of number of
layers (3-20) and number of angles of incidence/modes (10-1000). The Iterated Ray Method
code was between 25 and 65 times faster than the (-matrix code, with the larger increases of
speed found for larger numbers of incident angles/modes; fixing the number of incident angles
and increasing the number of layers did not noticeably affect the speed increase.
This approach, while holistic, suffers from the drawback of being affected by our coding of

the two algorithms. It must also be considered that there are many different formulations of the
(-matrix algorithm, each with different running speeds. Handily, Li [25,26] has already presented
a detailed a comparison of the various versions of the (- (and '-) matrix algorithms, including a



count of the floating point operations required by each to run. This is done for the quarter, half,
and full recursions discussed in section 4.1. The algorithms account for mode mixing (in the
setting of layered diffraction gratings where the different modes are described by their tangential
wave vector components), and for # modes the recursion formulas are constructed from # by #
matrices. Li therefore counts the number of floating point operations that are of largest order
($ (#3)), such as matrix multiplications and inversions, and matrix additions are ignored. The
fastest methods, in the notation of Li, are the, → ( and, → C → ( variants, depending on
whether a certain symmetry in the boundary condition matrices (the,’s) can be exploited.

Considering first the case of layered isotropic media where there is no mode mixing, the
matrices in all (-matrix variants become diagonal. The order of the matrix multiplications
is only $ (#) in this case, which is the same as additions. We have therefore repeated the
counting process for this isotropic case, where the, symmetry can also be exploited for faster
computation, and counted the total number of real floating point operations (remembering that
the multiplication of two complex numbers requires four multiplications and two additions etc)
required per layer per mode, the results of which are shown in table 1.

Algorithm
Operation Counts

Quarter Half Full

, → ( 53 59 107

, → C → ( 48 60 100

Iterated Ray Best 31 45 60

Iterated Ray Worst 38 50 75

Table 1. The total number of floating point operations required per layer per mode to
compute the various effective Fresnel coefficients/(-parameters for a layered isotropic
structure.

The listed number of operations required by the Iterated RayMethod (equations (7b) to (8b) and
the calculation of the isotropic/isotropic Fresnel coefficients) covers the best and worst possible
cases. The calculation of the p-polarized Fresnel coefficients requires a few more multiplications
than the s-polarized, and an evanescent field makes for a greater number of operations in the
recursion formulas owing to the fact that the Fresnel coefficients become complex. Thus, the
best case covers the addition of a layer with an s-polarized propagating field, and the worst case
covers the addition of a layer with a p-polarized evanescent field. Even in the worst case, we see
that the Iterated Ray Method requires around 15%-25% fewer operations, again confirming that
the iterated Ray Method is a computationally efficient algorithm.
In terms of the Iterated Ray Method applied to anisotropic media, we can apply the counting

methodology of Li to count the number of $ (#3) matrix operations performed in the calculation
of equations (27) and (12a) to (12e). The operation counts are found to be 15, 16, and 64/3 for
the quarter, half, and full matrix recursions, respectively. These are in exact agreement with the
counts for the , → B → B̃ → ( variant of the (-matrix given in [25], the third fastest of the
algorithms (sitting behind the second place, → C → ( variant by only a small margin). This is
maybe unsurprising given that we could describe the Iterated Ray Method as a, ′ → B → (

variant, where we use , ′ to distinguish that the boundary condition matrices are different to
those in [25], relating the various components of the normalised o- and e-fields, rather than
relating the amplitudes of the various up and down diffracted orders. While it is unclear if a
, ′→ ( variant for the anisotropic problem exists, and if this would also be the fastest variant
(an interesting possibility for future exploration), given the results of Li it seems likely that the



Fig. 6. Experimental setup to measure the transmittance coefficients as a function of the
angle of incidence, of PAAD-22E isotropic thin film, ) (\1). A HeNe laser was used
at 632.8 nm wavelength and 1.4 mW power as measured at the surface of the sample.
The polarization of the incident light beam was controlled through a half wave-plate
(HWP) and a polarizer (P). To reject background noise, we used a lock-in amplifier,
where an optical chopper modulated the signal. A long wave pass trim filter (LWP)
helped further into cutting down the unwanted signals.

Iterated Ray Method provides one of the most efficient means to solve the anisotropic problem.

8. PAAD thin film refractive index measurement

Photo-aligning azobenzene dyes (PAADs) are known to exhibit strong, selective photo-sensitivity
due to their capability to convert efficiently between their trans and cis states when subjected to
UV and visible light illumination [27–31]. Upon irradiation, the PAAD molecules undergo a
realignment process. In thicker layers it is known that this results in all of the molecules being
oriented perpendicularly to the polarization of light [32–34]. Therefore, optically controlled films
of such PAAD layers can form high resolution patterns, enabling their use for polarization gratings
and spiral phase liquid crystal wave-plates [35–37], and to be effective in the photo-alignment of
liquid crystals [35,36,38–42]. However, despite their extensive use, the optical properties of thin
PAAD layers are not yet fully understood.
We have used the Iterated Ray Method to obtain the intrinsic properties (i.e. refractive index

and film thickness) of isotropic PAAD layers in their unaligned state. The material that we
investigated in this work has the commercial name PAAD-22E (BEAMCo.), with two absorbance
peaks at 375 nm and 440 nm [30]. Thin films of PAAD-22E dyes were fabricated by dissolving
the dye powder in methanol at a concentration of 1% g/ml, and sonicated for 5 minutes until
a transparent solution was obtained. Thin films were then deposited on ITO covered glass
substrates by spin coating at 3000 rpm. After deposition, the films were annealed on a hot plate
for 10 minutes at 90 ◦C. In our experiments we used 1 mm thick glass substrates.

To monitor the transmittance of incident light through the samples, a HeNe laser at 632.8 nm
and 1.4 mW was used as a probe. The choice of the probe wavelength was due to the low



absorption of the PAAD films at 632.8 nm, minimizing any realignment effects as the probe
passes through the PAAD-22E films. The polarization of the probe was controlled with the aid
of a polarizer (P) and a half wave plate (HWP), as depicted in figure 6. Finally, with the aid of
two mirrors (M), we controlled and focused the beam on the sample.

The incident angle and polarization of the probe beam was varied to monitor the transmittance
of the s- and p-polarized outputs. In order to achieve this, the sample was held in rotation stage.
The stage consists of a 360 degree rotating base, with a holder to keep the sample centered on the
stage’s rotational axis (as depicted in figure 6, the axis points out of the page). In this way, the
incident light remained focused on the same spot of the sample as the stage was rotated, enabling
us to monitor the transmission of the same spot of the sample for all of the different angles of
incidence (depicted by the red dashed arrows around the sample in figure 6). After propagating
through the sample, the transmitted light was collected by a photo-diode (PD), measuring its
intensity.

In order to remove background noise we used a lock-in amplifier and an optical chopper. The
amplifier increased the signal to noise ratio and the chopper was used to modulate the signal
and provide a reference frequency. Further unwanted background signals were then filtered
with a long wave pass trim filter (LWP) before the PD. The experiment was fully controlled by
Matlab software, performing experimental apparatus control, data acquisition, and subsequent
data normalization with respect to the reference data. Finally, to reduce the experimental noise,
we also averaged the data points at opposite incident angles, as the transmission across isotropic
layers is symmetric about normal incidence.
To form the theoretical model for comparison with the experimental results, the Iterated

Ray method was applied to the five layer system (air/PAAD-22E/ITO/glass/air) to calculate the
transmittance as a function of the angle of incidence. The refractive indices and thicknesses
of the PAAD and ITO layers were unknown, and are the four fitting parameters used in the
fitting/optimization routine.

This did not form the entire model, however. From standard Fabry-Perot theory, and that of the
Iterated Ray Method, we see that the large thickness of the glass layer (approx. 1 mm) induces
many rapid oscillations of the transmitted intensity as a function of the incidence angle. This is
the case, at least, for an incident plane wave. In the experimental data, however, the oscillations
are averaged out by the filtering caused by the finite size and coherence of the Gaussian laser
beam. It was therefore also necessary to smooth the theoretical transmission data ) (\1) using a
Gaussian filter, calibrated by fitting the transmission data of single glass slide. We note that the
resonant effects of the glass are still evident in the narrow region near normal incidence (see the
small sharp peaks in the experimental transmitted intensity visible in figure 7). In this region the
phase difference between neighboring, emerging rays (and hence the overall transmission) varies
with angle of incidence on a far slower scale, and, consequently, the averaging is less effective.

The Iterated Ray solution plus the Gaussian averaging formed the complete theoretical model.
This model was used in a Matlab minimization routine to fit to the experimental data and obtain
values for the unknown refractive indices and thicknesses. In the fitting process we excluded
the data points for incident angles larger than ±56° due to the steep slope of the data. The steep
slopes meant that, while the experimental and theoretical curves could be very close to one
another, the errors between the two in the least squares sense (difference vertically) could lead to
enormous errors and make successful fitting impossible. We also ran the fitting in two stages,
fitting first the larger angles of incidence for the PAAD and ITO parameters, and then fine tuning
the glass thickness to fit the center region where the glass resonance effects were observable.

The experimental and best fit curves are shown in figure 7, and the fitted parameters are shown
in table 2. The ITO thickness given by the fitting process is consistent with the specifications
of ITO/glass substrates offered by many manufacturers, usually in the 100-200 nm range. The
refractive index is also in good agreement with values in the literature, e.g 1.87 [43] and 1.78 [44].



Fig. 7. Graphs showing the experimental (blue) and fitted (orange) transmission curves
for an s-polarized (left) and p-polarized (right) 632.8 nm beam incident onto the
PAAD/ITO/glass system.

The thickness and refractive index of the PAAD-22E layer are consistent with the values of
45±20 nm and 1.8±0.1 found in [30], in which samples created with the same methodology were
studied, and the thickness and refractive index were found using profilometry and ellipsometry,
respectively.

Material Ref. Index Thickness [nm]

PAAD-22E 1.73 27

ITO 1.85 142

Table 2. Refractive index and thickness of a PAAD-22E and ITO layers deposited on a
glass slide obtained by fitting the experimental data in figure.

Before concluding this section, we would like remark that the PAAD film analyzed here was
placed on a glass substrate that contributed significantly to the shape of the transmitted light
intensity. This is a different geometry from ellipsometry studies, which are instead based in
detecting polarization changes in the light reflected by the thin film. The aim of the experiment
examined here was to analyze the PAAD film on the same type of substrate and conditions in
which it would be used once in a liquid crystal cell, wave plate, or other component. Our analysis
is, thus, inspecting a more realistic and practical photo-alignment system. This imposed severe
constraints on the fitting procedure because of the need to average over the multiple Fabry-Perot
resonances in the glass substrate. We have used a very fine angular resolution of around 0.04°
to capture the oscillations of the theoretical transmission and ensure the convergence of the
averaging process. The fact that we have been able to do this on a standard desktop in a reasonable
time is a further confirmation of the computational efficiency of the Iterated Ray Method.

9. Conclusion

The Iterated Ray Method is a highly efficient and accurate algorithm to compute the reflection
and transmission coefficients of layered structures. It is based on the intuitive picture of rays
being partially transmitted and reflected at each interface and uses series sums of each reflection
and transmission coefficient to build an efficient recursive algorithm for the total reflectance



and transmittance of the multi-layered structure. The associated coding of the algorithm
is straightforward and a sample code for isotropic and anisotropic media is available from
Code 1, [24]. The Iterated Ray Method code is very efficient and has the potential of speeding
up considerably beam propagation and refractive index optimization in multi-layered structures,
which should be particularly beneficial for more complex structures with anisotropic layers.

We have tested its accuracy and reliability against numerical simulations for both propagating
and evanescent waves. Its results are identical to (-matrix and finite element simulations, for both
isotropic and anisotropic media, respectively. In this paper we have focused on the application
of the Iterated Ray Method to the determination of the refractive index and thickness of thin
films of interest for photo-addressable liquid crystal devices, and have obtained very good
agreement with literature values. The method, however, is of general use, and could be applied,
for example, to the optimization of Bragg gratings in wave guides or film coatings on surfaces.
Finally, the Iterated Ray Method, in common with other layered structured algorithms, assumes
that the electromagnetic field is a plane wave. This, however, is not a strong constraint on the
method. Coupling its efficient handling of plane waves with the angular spectrum (plane wave
decomposition) of an electromagnetic field should yield a computationally efficient and general
method for light propagation through locally flat layered media.
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