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ABSTRACT The fifty-year progress of faster-than-Nyquist (FTN) signaling is surveyed. FTN signaling
exploits non-orthogonal dense symbol packing in the time domain for the sake of increasing the data rate
attained. After reviewing the system models of both the conventional Nyquist-based and FTN signaling
transceivers, we survey the evolution of FTN techniques, including their low-complexity detection and
channel estimation. Furthermore, in addition to the classic FTN signaling philosophy, we introduce
the recent frequency-domain filtering and precoding aided schemes. When relying on precoding, the
information rate of FTN signaling becomes related to the eigenvalues of an FTN-specific intersymbol
interference matrix, which provides a unified framework for the associated information-theoretic analysis
and simplifies the associated power allocation specifically designed for increasing the information rate
attained. We show that the FTN signaling scheme combined with bespoke power allocation employing a
realistic raised-cosine shaping filter achieves the Shannon capacity associated with ideal rectangular shaping
filters.

INDEX TERMS Capacity, detection, faster-than-Nyquist signaling, interference, precoding.

I. INTRODUCTION

Since the 1960s [1–3], faster-than-Nyquist (FTN) signaling
has attracted researchers in the field of communications, ow-
ing to its potential of increasing the information rate beyond
the bound defined by the classic Nyquist criterion. Most of
the existing wireless standards follow the Nyquist criterion,
hence facilitating interference-free symbol-by-symbol detec-
tion at the receiver in a frequency-flat channel. Classically,
Shannon’s capacity was derived under the assumption of
orthogonal signaling based on the Nyquist criterion relying
on the employment of an ideal rectangular shaping filter [4].
In contrast to Nyquist signaling, FTN signaling relies on the
transmission of non-orthogonal pulses in the time domain.
In FTN signaling, the signaling pulses have a symbol in-
terval T shorter than that defined by the Nyquist criterion,
i.e., T = τT0, where T0 represents the Nyquist-criterion-
based ISI-free minimum symbol interval and the coefficient
τ (0 < τ ≤ 1) denotes the symbol packing ratio. Naturally,

the potential bitrate increase of FTN signaling is achieved at
the cost of unavoidable inter-symbol interference (ISI) effects
even in a frequency-flat channel.

Most of the studies of FTN signaling can be classi-
fied into four categories: information-theoretic analysis [5–
18], reduced-complexity receiver [19–40], channel estima-
tion (CE) issues [35, 39, 41–43], and transmit preprocess-
ing/precoding [13–15, 18, 21, 44–51]. In the information-
theoretic studies, the achievable performance gains of FTN
signaling over Nyquist signaling were investigated in terms
of several metrics, such as the minimum Euclidean distance
(MED), the mutual information, the capacity and the bit
error ratio (BER). Until recently, most of the information-
theoretic studies were conducted for simple FTN signaling
architectures dispensing with precoding.

Attractive reduced-complexity detection schemes have
been developed for FTN signaling operating both in the
time-domain (TD) [19–29] and frequency-domain (FD) [30–
40], in order to combat the fundamental limitations imposed
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TABLE 1. Surveys and Tutorials on Faster-than-Nyquist Signaling

Publication Dates FTN transceiver design CE Information-theoretic analysis
year back to TD FD Precoded issues Unprecoded Precoded

Anderson et al. [4] 2013 1975 X X
Fan et al. [52] 2017 1975 X X X X
This treatise 1965 X X X X X X

by the FTN-specific ISI effects. Following the invention of
powerful near-capacity channel coding schemes [53], such as
turbo and low-density parity-check (LDPC) coding, typically
channel-encoded schemes have been used for eliminating the
ISI effects in FTN signaling systems. The optimal maximum
likelihood sequence estimator (MLSE) is too complex for
demodulating/decoding the ISI-contaminated FTN symbols.
Thus, the development of reduced-complexity detection has
been one of the main issues in FTN signaling studies [4,
52]. Since the received signal model of FTN signaling
is formulated as a block-based representation, similar to
code-division multiple-access (CDMA) and multiple-input
multiple-output (MIMO) systems [54], many of the efficient
detection algorithms originally developed for CDMA and
MIMO systems have been appropriately adapted for FTN
signaling receivers. Moreover, similar to other wireless com-
munication schemes, accurate CE is of pivotal importance for
FTN signaling, where the channels are typically estimated
by using pilot symbols inserted into a data frame [35, 39,
41–43]. Then, the estimated channel coefficients are used
for demodulating the information symbols, and hence the
accuracy of CE critically affects the achievable performance.

More recently, transmit precoding (TPC) schemes have
been extensively investigated in the context of FTN signaling
[13–15, 18, 21, 44–49]. The design objectives of the TPC
schemes include increasing the MED and eliminating the
ISI effects; these schemes operate either at the transmitter or
jointly at both the transmitter and receiver. Furthermore, with
the aid of the recent eigendecomposition-based TPC [14,
15, 18, 44], it becomes possible to consider an ISI-free re-
ceived signal model having parallel substreams. This allows
us to formulate the information-theoretic analysis of FTN
signaling in a simplified manner and obtain novel additional
insights beyond those emerging from the early FTN studies.

Bearing the above history in mind, we provide an ac-
cessible survey and tutorial on FTN signaling. The novel
contributions of this treatise are as follows:
• After introducing the system models of the conven-

tional Nyquist- and FTN-signaling based transceivers,
the low-complexity TD and FD FTN detection schemes
are reviewed. Moreover, CE and noncoherent detection
of FTN signaling are presented. The novel contributions
of this treatise over the pair of existing survey papers [4,
52] are summarized in Table 1.

• In addition to the classic unprecoded FTN signaling
schemes, we introduce the recent FD filtering and TPC
schemes while formulating the associated analytical
framework.

• Furthermore, we provide comprehensive comparisons
of the information rate achievable by FTN signaling
and the gain over the classic Nyquist-based signaling,
employing a realistic RRC shaping filter.

The remainder of this paper is organized as follows. In
Section II, we revisit the system model of the classic Nyquist
signaling transceiver model, while in Section III the conven-
tional unprecoded FTN signaling architecture is introduced.
Then, in Sections IV and V, we review the family of low-
complexity detection algorithms operating in the TD and FD,
respectively. In Section VI, CE issues are discussed. In Sec-
tion VII, the recent advances of the precoded FTN signaling
family are detailed, while in Section VIII, its information-
theoretic analysis is provided. Section IX summarizes the
additional related studies. Finally, this paper is concluded in
Section X with a discussion of future research directions. The
structure of this treatise is shown in Fig. 1.

II. CLASSIC NYQUIST-CRITERION-BASED SIGNALING

In this section, we briefly review the conventional ban-
dlimited orthogonal signaling scheme based on the time-
orthogonal Nyquist criterion.

A. SYSTEM MODEL

Let us consider baseband signals of the form:

s(t) =
∑
n

snq(t− nT0), (1)

where sn ∈ C represents the nth complex-valued infor-
mation symbol, and q(t) is the impulse response (IR) of a
shaping filter. Each symbol is passed through q(t) with a
symbol interval of T0. The signal s(t) is then transmitted to
the receiver over a channel.

Under the assumption of an AWGN channel, the received
signals y(t) ∈ C after matched filtering are given by

y(t) =
∑
n

sng(t− nT0) + η(t), (2)

where we have

g(t) =

∫
q(ξ)q∗(ξ − t)dξ (3)

η(t) =

∫
n(ξ)q∗(ξ − t)dξ. (4)

In (4), n(t) represents noise signals obeying the zero-mean
complex-valued Gaussian distribution of CN (0, N0), which
has a variance ofN0. Then, the symbol yk = y(kT0) sampled
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FIGURE 1. Structure of this treatise.

at the kth interval is represented by [55]

yk =
∑
n

sng((k − n)T0) + η(kT0) (5)

= skg(0) +
∑
n 6=k

sng((k − n)T0) + η(kT0). (6)

The first term of (6) represents the symbol of interest, while
the second term corresponds to the ISI components.

In order to avoid ISI, the second term of (6) has to be
zero. This imposes the condition of time-orthogonality on the
shaping pulse g(t) formulated as follows [55, 56]:

g(kT0) =

{
1, for k = 0

0, for k 6= 0,
(7)

where g(t) is normalized for ensuring that g(0) = 1, and (7)
is referred to as the Nyquist criterion or Nyquist condition for
zero ISI [55, 56].

If we define H(f) as the frequency response of g(t), then
g(t) is given by g(t) =

∫∞
−∞H(f)ej2πft. Hence, (7) can be

rewritten as [55]

g(kT0) =

∫ ∞
−∞

H(f)ej2πfkT0df (8)

=

∞∑
m=−∞

∫ (2m+1)/2T0

(2m−1)/2T0

H(f)ej2πfkT0df (9)

=

∫ 1/2T0

−1/2T0

{ ∞∑
m=−∞

H

(
f +

m

T0

)}
ej2πfkT0df(10)

=

∫ 1/2T0

−1/2T0

X(f)ej2πfkT0df, (11)

where X(f) =
∑∞
m=−∞H(f + m/T0). Since X(f) is a

periodic function having the period 1/T0, the Fourier series
expansion of X(f) is given by [55]

X(f) =

∞∑
k=−∞

cke
j2πkfT0 , (12)

where ck represent the Fourier series coefficients of X(f),
which are calculated by

ck = T0

∫ 1/2T0

−1/2T0

X(f)e−j2πkfT0df (13)

= T0g(−kT0) (14)

=

{
T0, for k = 0

0, for k 6= 0
(15)

Hence, from (12) and (15), we arrive at the Nyquist criterion
in the FD as follows [55, 56]:

∞∑
m=−∞

H

(
f +

m

T0

)
= T0. (16)

This indicates that in order to avoid ISI, the sum of shifted
frequency responsesH(f+m/T0) has to be a constant value
of T0.
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Fig. 2 shows a typical spectrum pattern of X(f), where
the communication channel is strictly bandlimited within the
frequency range of [−W,W ] and W [Hz] is the one-sided
bandwidth. More specifically, Figs. 2(a), 2(b), and 2(c) show
the three scenarios of T0 = 1/(2W ), T0 > 1/(2W ), and
T0 < 1/(2W ), respectively [55]. Observe in Fig. 2(a) that for
T0 = 1/(2W ), the shifted frequency responsesH(f+m/T0)
do not overlap each other and the rectangular frequency
response having the bandwidth of 2W is the unique solution
that satisfies the Nyquist criterion of (16), which is given by
[55, 56]

H(f) =

{
T0 for −W ≤ f ≤W
0, for |f | > W

. (17)

Note also that the TD function corresponding to (17) is
given by a sinc pulse sin(πt/T0)/(πt/T0). Additionally, for
the T0 > 1/(2W ) scenario of Fig. 2(b), diverse frequency
characteristics that satisfy the Nyquist criterion (16) are
conceivable [55], while for the T0 < 1/(2W ) scenario of
Fig. 2(c), there exists no pulse shape that satisfies the Nyquist
criterion (16) due to the presence of spectral nulls in X(f),
which induce unavoidable ISI.

According to the above discussion, in a bandlimited com-
munication channel having a bandwidth of 2W , the Nyquist
criterion (16) is satisfied when the symbol interval is set to
T0 ≥ 1/(2W ). Thus, the ISI-free minimum symbol interval
is defined by T0 = 1/(2W ). By contrast, for the scenario
of T0 < 1/(2W ), which corresponds to FTN signaling [1–
3], the transmission symbol rate becomes higher than the
1/T0 = 2W value defined by the Nyquist criterion at the
cost of introducing ISI.

Although the use of the rectangular filter of (17) allows
the ISI-free maximum symbol rate in a bandlimited channel,
it is a challenging task to implement an ideal sinc pulse [4,
56]. To circumvent this limitation, typically a raised-cosine
(RC) shaping filter is employed [55, 56]. The FD and TD
characteristics of an RC shaping filter are defined by [55]

HRC(f) =


T0 |f | ≤ 1−β

2T0

0 |f | > 1+β
2T0

T0

2

[
1 + cos

{
πT0

β

(
|f | − 1−β

2T0

)}]
otherwise,

(18)

and

g(t) = sinc
(
t

T0

) cos
(
βπt
T0

)
1− 4

(
βt
T0

)2 , (19)

respectively, where the relationship T0 = 1/(2W ) holds.
Moreover, the bandwidth of an RC shaping filter is given by
2(1 +β)W , where β denotes a roll-off factor that determines
the amount of excess bandwidth. The RC shaping filter hav-
ing a roll-off factor of β = 0 corresponds to the rectangular
shaping filter.

Furthermore, in order to allow the employment of identical

Frequency [Hz]

(a) T0 = 1/(2W )

Frequency [Hz]

(b) T0 > 1/(2W )

Frequency [Hz]

(c) T0 < 1/(2W )

FIGURE 2. Spectrum patterns X(f) =
∑∞
m=−∞H(f +m/T0) under the

assumption of strictly limited bandwidth within [−W,W ].

shaping filters at the transmitter and the receiver, while satis-
fying the Nyquist criterion, an RRC shaping filter, having a
frequency response of HRRC(f) =

√
HRC(f), is typically

employed. The TD pulse shape of an RRC filter having a roll-
off factor β is given by [57]

q(t) =



1√
T0

(
1− β + 4β

π

)
for t = 0

β√
2T0

{(
1 + 2

π

)
sin
(
π
4β

)
+
(
1− 2

π

)
cos
(
π
4β

)}
for t = ±T0

4β

sin
(
tπ
T0

(1−β)
)

+ 4βt
T0

cos
(
πt
T0

(1+β)
)

πt√
T0

{
1−
(

4βt
T0

)2
} otherwise,

(20)

where q(t) has a unit-energy of
∫∞
−∞ |q(t)|

2dt = 1 [57].

III. FTN SIGNALING
In Section II, we reviewed the classic Nyquist criterion,
which has been typically employed in conventional commu-
nication systems for reliable ISI-free information transmis-
sion. In contrast to classic Nyquist signaling whose max-
imum symbol rate is 1/T0 = 2W , the concept of FTN
signaling has been conceived for attaining a symbol rate
higher than 1/T0. In this section, we introduce the general
system model of FTN signaling and review the early studies.
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A. GENERAL SYSTEM MODEL OF FTN SIGNALING

Fig. 3 shows the uncoded FTN transceiver architecture. At
the transmitter, using phase-shift keying (PSK) and quadra-
ture amplitude modulation (QAM), a B-length information
bits b = [b0, b1, · · · , bB−1] ∈ ZB are mapped onto an N -
length complex-valued symbols s = [s0, s1, · · · , sN−1]T ∈
CN , which have E[|sk|2] = σ2

s (n = 0, · · · , N − 1),
where E[·] denotes the expectation operation. Then, the N -
symbols vector s is passed through the RRC shaping filter
having a roll-off factor of β. The symbol interval is set to
T = τT0 (0 < τ ≤ 1), which is lower than the ISI-free
minimum symbol interval T0 defined by the Nyquist crite-
rion. Hence, FTN signaling may achieve a higher symbol rate
than the conventional Nyquist-criterion-based upper bound,
at the cost of introducing ISI. The coefficient τ represents the
symbol packing ratio, where a low τ corresponds to a high
FTN signaling rate. In general, the detrimental effects of an
FTN-specific ISI tend to increase upon reducing the symbol
packing ratio τ . The baseband FTN signals are given by

s(t) =

N−1∑
n=0

snq(t− nT ). (21)

The FTN signaling scheme hence sends 1/τ times more
symbols per second than its conventional Nyquist signaling
counterpart. The average transmit energy EN of an N -length
FTN signaling block s(t) is given by

EN = E
[∫ ∞
−∞
|s(t)|2dt

]
(22)

= E

[∫ ∞
−∞

N−1∑
l=0

N−1∑
m=0

sls
∗
mq(t− lT )q∗(t−mT )dt

]
(23)

= E

[
N−1∑
l=0

N−1∑
m=0

sls
∗
mg((l −m)T )

]
(24)

=

N−1∑
n=0

{
E
[
|sn|2

]
g(0)

}
(25)

= Nσ2
s , (26)

where we have
∫∞
−∞ q(t− lT )q∗(t−mT )dt = g((l−m)T ).

Moreover, E[sls
∗
m] = 0 for l 6= m and g(0) = 1.

The received signal is then matched-filtered with the aid of
q∗(−t) to obtain

y(t) =
∑
n

sng(t− nT ) + η(t), (27)

where g(t) and η(t) are given by (3) and (4), respectively.

Then, the matched-filtered signal (27) is sampled at the
FTN-specific symbol interval T = τT0, where the kth
sample is represented by

yk = y(kT ) (28)

=
∑
n

sng((k − n)T ) + η(kT ). (29)

PSK/QAM
modulation

RRC shaping filter
Channel

EqualizerDemodulation

Source

Transmitter

Receiver

Matched filter

Sampling at 

FIGURE 3. Uncoded FTN signaling transceiver architecture.

Furthermore, (29) is rewritten in form of its block-based
representation, given its received sample block y =
[y0, y1, · · · , yN−1]T ∈ CN as follows:

y = Gs + η, (30)

where the matrix G ∈ RN×N represents the FTN-induced
ISI, which is given by

G =


g(0) g(−T ) · · · g(−(N − 1)T )
g(T ) g(0) · · · g(−(N − 2)T )
g(2T ) g(T ) · · · g(−(N − 3)T )

...
...

. . .
...

g((N − 1)T ) g((N − 2)T ) · · · g(0)

 .
(31)

Furthermore, η = [η(0), η(T ), · · · , η((N − 1)T )]T ∈ CN
in (30) denotes the associated noise samples, which have a
correlation matrix of

E
[
ηηH

]
= N0G. (32)

Note that in the classic Nyquist signaling, which corresponds
to the scenario of τ = 1, the matrix G becomes the (N ×
N)-element identity matrix IN , and hence no ISI or noise
correlation is imposed.

Fig. 4 shows the waveforms of Nyquist signaling and FTN
signaling, each employing an RC shaping filter with the roll-
off factor of β = 0.25. The symbol packing ratio of τ = 0.8
was set for FTN signaling. The transmission of the binary
PSK (BPSK) symbol vector of [1,−1, 1,−1, 1, 1] was con-
sidered. While in Nyquist signaling no ISI was encountered
at each symbol timing of t = nT0 (n = 0, 1, · · · , 5), in
FTN signaling detrimental ISI was encountered at each FTN
symbol timing of t = nτT0, while achieving a higher symbol
rate than its Nyquist signaling counterpart.

Moreover, in an L-tap frequency-selective fading channel
having the channel coefficients of hl (l = 0, 1, · · · , L − 1),
the received FTN signals, corresponding to (27), are given
by [30, 35, 39]

y(t) =

L−1∑
l=0

∑
n

hlsng(t− (l + n)T ) + η(t). (33)

The received sample block y = [y(0), y(T ), · · · , y((N −
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TABLE 2. Key works of FTN signaling and their contributions

Year Authors Contribution
1965 Tufts [1] Proposed FTN signaling for the first time, while considering a simplified model supporting nine to eleven overlapped

PAM-aided symbols per block.
1968 Saltzberg [2] Showed a 3% bandwidth-efficiency gain of FTN signaling over Nyquist signaling in an ideal noise-less channel.
1970 Lucky [58] Introduced the DFE algorithm for FTN signaling.
1973 Salz [59] Proposed the MMSE-based DFE algorithm for FTN signaling.
1975 Mazo [3] Investigated the MED of FTN signaling with the aid of the ideal sinc filter, revealing that if symbol packing ratio τ is

higher than 0.802, then the MED of FTN signaling is the same as that of Nyquist signaling.
1984 Foschini [60] Proposed a shaping filter that maximizes the MED of binary FTN signaling, which achieved a slight performance gain over

Nyquist signaling.
1987 Fihel and Sari [61] Proposed the 16-QAM-aided FTN signaling scheme as an alternative to its 64-QAM-aided Nyquist signaling counterpart.
1995 Wang and Lee [62] Proposed a precoding scheme to maximize the MED based on the error sequence of two different FTN signaling codewords.
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(a) Nyquist signaling.
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(b) FTN signaling with τ = 0.8.

FIGURE 4. Exemplifying the waveform of (a) Nyquist signaling and (b) FTN
signaling. The use of an RC shaping filter having the roll-off factor of β = 0.25
was considered. The symbol packing ratio of FTN signaling was set to
τ = 0.8.

1)T )]T ∈ CN is represented by

y = Ghs + η, (34)

where the ath row and bth column entry of the ISI matrix
Gh ∈ CN×N is given by

Gh(a, b) =

L−1∑
l=0

hlg(aT − (b+ l)T ). (35)

B. EARLY STUDIES OF FTN SIGNALING
In the following, we review the early studies of the FTN
signaling concept [1–3, 58–67]. The seminal treatises and
their specific contributions are listed in Table 2.

1) Establishment of the FTN Signaling Concept
The concept of FTN signaling was established in the earliest
studies of [1, 2, 58, 59]. In [1], Tufts proposed FTN signaling
and a least mean square error (MSE) receiver, where a
simplified model supporting nine to eleven overlapped pulse-
amplitude modulation (PAM)-aided symbols was considered
in an AWGN channel. In 1968, Saltzberg investigated the
effects of FTN signaling on the achievable spectral efficiency
[2]. As a result, it was shown that under the idealized
simplifying assumption of a noise-less channel, binary FTN
signaling relying on a rectangular shaping filter having a sinc-
shaped impulse IR achieves a modest 3% higher spectral
efficiency gain over Nyquist signaling without relying on
equalization. Equalization techniques were developed for
mitigating the FTN-specific ISI effects for improving the
performance gain of FTN signaling in [58, 59]. Specifically,
Lucky [58] introduced decision feedback equalization (DFE)
in FTN signaling, using the term “faster-than-Nyquist" for
the first time. Later, Salz [59] derived an optimal DFE based
on the minimum MSE (MMSE) criterion that suffered from
severe error propagation due to the high MSE of equalized
FTN symbols.

2) MED Analysis
In [3], Mazo investigated the MED of binary FTN signaling,
in order to reveal the potential benefits achieved by FTN
signaling. As a result, Mazo found that when employing the
ideal sinc-shaped signaling pulses, the MED of binary FTN
signaling remains unchanged in the range of 0.802 ≤ τ ≤ 1.
This indicates that binary FTN signaling relying on per-
fect sinc-shaped signaling pulses is capable of achieving a
1/0.802 ' 1.25 times higher rate than the classic Nyquist
signaling scheme, at a given BER even without channel cod-
ing. Note that the maximum τ value that does not cause any
MED degradation is also often referred to as the Mazo limit.
Rigorous proofs of the Mazo limit were provided in [63–65,
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Symbol packing ratio τ

0.00.10.20.30.40.50.60.70.80.91.0

M
E

D

0.0

0.5

1.0

1.5

2.0

2.5
β  = 0, rectangular filter

β  = 0.3, RRC filter

β  = 0.5, RRC filter

FIGURE 5. MED of FTN signaling. The roll-off factor of the RRC pulse was
set to β = 0, 0.3, and 0.5. The length of the symbol sequence was set to 16,
assuming BPSK.

67]. In 2003, Liveris and Georghiades [19] also showed the
validity of the Mazo limit in FTN signaling for RRC shaping
filters. Furthermore, in [68], the Mazo limit was also shown
to be valid for MIMO systems.

To elaborate a little further, we show in Fig. 5 the MED
of FTN signaling for the popular RRC shaping filter, where
the roll-off factor was β = 0, 0.3, or 0.5, and the symbol
packing ratio was varied from τ = 1 to 0.02 in steps of
0.02. In the MED analysis, an exhaustive search was carried
out to find the MED for a block length of N = 16, where
BPSK modulation was assumed for the sake of simplicity.
The Mazo limit decreased upon increasing the RRC roll-
off factor β. More specifically, for β = 0, corresponding
to the rectangular shaping filter, the MED was constant in
the range of 0.8 < τ ≤ 1 as shown by Mazo [3], while for
β = 0.3 and 0.5, the MED remained unchanged in the range
of 0.7 < τ ≤ 1 and 0.64 < τ ≤ 1, respectively. If τ falls
below the Mazo limit, the MED drops.

3) Other Transceiver Designs
Several FTN transceiver architectures were developed during
the 1980s and 1990s [60–62]. In [60], Foschini focused his
attention on an uncoded binary FTN signaling transceiver and
designed a shaping filter for maximizing the MED with the
aid of linear programming. However, in [60], it was reported
that despite the employment of an MLSE, binary FTN sig-
naling did not yield any significant performance advantage
in comparison to Nyquist-sampled QAM. Moreover, in [61],
Fihel and Sari showed that in an AWGN channel, 16-QAM-
based FTN signaling was more robust against carrier-phase
and timing-estimation errors than its 64-QAM-based Nyquist
signaling counterpart. Furthermore, in [62], a TPC scheme
was proposed for increasing the MED of FTN signaling.

C. RELATIONSHIP WITH PARTIAL-RESPONSE
SIGNALING
Similar to FTN signaling, partial-response (PR) signaling in-
creases the bandwidth efficiency by deliberately introducing
controlled ISI [4, 55] which is achieved by using Gaussian
signaling pulses that exhibit the smoothest possible TD evo-
lution and hence have the narrowest possible FD representa-
tion. In other words, the objective of PR signaling is to design
a smooth signaling pulse having a compact spectrum in the
frequency range of [−W,W ], which is achieved by con-
sciously sacrificing the orthogonality of the signaling pulses..
Thus, PR signaling achieves a higher bandwidth efficiency
than classic Nyquist signaling relying on an RRC shaping
filter having a bandwidth of 2W (1+β), but again, the symbol
intervals of both the schemes are identical. So again, the so-
called Gaussian PR signaling pulse has the most smoothly
evolving PR waveform shape and hence the narrowest possi-
ble bandwidth. On the other hand, FTN signaling achieves
a higher symbol rate than Nyquist signaling by reducing
the symbol interval below T0 = 1/(2W ) while employing
the same shaping filter as Nyquist signaling, resulting in
deliberate ISI.

D. NON-ORTHOGONAL FREQUENCY-DOMAIN
MULTIPLEXING
Non-orthogonal symbol multiplexing has also been con-
sidered in the FD under the terminologies of non-
orthogonal frequency-division multiplexing (NOFDM) and
spectrally-efficient FDM (SEFDM) [69–86]. More specifi-
cally, NOFDM employs tighter subcarrier spacing than that
defined by classic orthogonal FDM (OFDM), hence resulting
in higher bandwidth efficiency. Similar to the ISI introduced
by FTN signaling, inter-carrier interference (ICI) is induced
between the subcarriers in NOFDM. Hence, efficient detec-
tion algorithms capable of eliminating the ICI effects have
been extensively studied in the context of NOFDM [70, 72,
79, 81, 82, 84, 85].

Let us introduce the basic system model of NOFDM. The
TD transmit NOFDM signal is expressed by [80, 85]

s(t) =
∑
n

K−1∑
k=0

sknp(t− nTp)ej2πk∆ft, (36)

where skn is the symbol on the kth subcarrier in the nth
transmit frame, while Tp is the frame duration. Moreover,
∆f = α/Tp represents the subcarrier spacing of NOFDM,
where α (0 < α ≤ 1) denotes a compression factor. Note
that when the signaling pulse p(t) is given by a rectangular
pulse and α = 1, the transmit signal s(t) corresponds to the
classic OFDM signal. The system model of NOFDM when
an RRC shaping filter is employed, i.e., when p(t) and Tp are
given by p(t) = q(t) and Tp = T0, respectively, is described
in detail in [80, 85]. Assuming a single-frame transmission
(l = 0) for the sake of simplicity, the NOFDM transmit signal
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is represented by

s(t) =

K−1∑
k=0

skp(t)ej2πk∆ft, (37)

where sk0 is simply denoted as sk.

The NOFDM signal received in an AWGN channel is
given by

y(t) = s(t) + n(t). (38)

The received signal (38) is then matched-filtered by p∗(−t)
and then projected onto the kth subcarrier as follows: [85]

yk =

∫ ∞
−∞

y(t)p∗(−t)e−j2πk∆ftdt, (39)

where yk represents the symbol received on the kth subcar-
rier. The received symbol block y = [y0, · · · , yN−1]T ∈ CN
is expressed by

y = Hs + η, (40)

where η = [η0, · · · , ηN−1]T represents the associated noise
components. The matrix H ∈ CN×N in (40) is a NOFDM-
specific ICI matrix whose ath row and bth column entry is
given by

H(a, b) =

∫ ∞
−∞

p(t)p∗(−t)ej2π(b−a)∆ftdt. (41)

Moreover, the kth noise component is given by

ηk =

∫ ∞
−∞

n(t)p∗(−t)e−j2πk∆ftdt. (42)

Similar to FTN signaling, the noise components η have a
NOFDM-specific correlation as follows:

E[ηηH ] = N0H. (43)

Note that in the scenario of classic OFDM, H is given by the
identity matrix IN .

E. MULTI-CARRIER FTN SIGNALING

Furthermore, the concept of multi-carrier FTN (MFTN) sig-
naling has also been studied [87–112], where non-orthogonal
symbol packing is carried out both in the TD and FD. Note
that MFTN signaling was also referred to as time-frequency
packing [91, 96].

The TD transmit MFTN signal is represented by [97, 104,
105]

s(t) =

N−1∑
n=0

K−1∑
k=0

sknp(t− nτTp)ej2πk∆ft. (44)

At the receiver, similar to NOFDM, the signal y(t) received
from an AWGN channel is projected onto the lth subcarrier

at the mth time slot as follows: [97, 105]

ylm =

∫ ∞
−∞

y(t)p∗(t−mτTp)e−j2πl∆ft (45)

=

N−1∑
n=0

K−1∑
k=0

sknu
k,l
n,m + ηlm (46)

= slmu
l,l
m,m +

N−1∑
n=0,n6=m

slnu
l,l
n,m︸ ︷︷ ︸

The effects of ISI

+

N−1∑
n=0

K−1∑
k=0,k 6=l

sknu
k,l
n,m︸ ︷︷ ︸

The effects of ICI

+ηlm, (47)

where we have

uk,ln,m = Uk,ln,me
j2π(k−l)m∆fτTp (48)

Uk,ln,m =

∫ ∞
−∞

p∗(t)p(t− (n−m)τTp)e
j2π(k−l)∆ftdt.

(49)

The coefficient uk,ln,m represents the effect of interference
between the transmit symbols skn and slm [105]. Moreover,
the noise component ηlm is given by

ηlm =

∫ ∞
−∞

n(t)p∗(t−mτTp)ej2πl∆ftdt, (50)

and its autocorrelation is expressed as:

E[ηlmη
∗k
n ] = N0u

k,l
n,m. (51)

The block-based representations of the received MFTN sig-
nal in AWGN channels and in frequency-selective channels
are detailed in [105] and [109, 111], respectively.

The historical overview of MFTN signaling research is
shown in Table 3. The concept of MFTN signaling was
established in the early studies of [87–91]. In [87, 90], Rusek
and Anderson introduced the MFTN signaling scheme and
derived the two-dimensional Mazo limit for MFTN signaling
employing an RRC shaping filter and a Gaussian shaping fil-
ter. In [91], Barbieri et al. derived the constrained information
rate of MFTN signaling employing a realistic discrete mod-
ulation scheme, showing that when using an RRC shaping
filter and a Gaussian shaping filter, MFTN signaling achieves
a higher bandwidth efficiency than its orthogonal counterpart.
An efficient detection scheme for MFTN signaling has been
developed in [90, 91, 93, 97, 104, 105, 109], which considers
both the effects of ISI and ICI. Moreover, the peak-to-average
power ratio (PAPR) problem of MFTN signaling caused by
multi-carrier transmission has been considered in [100–102,
108, 110]. Furthermore, in [111], Kim and Feng derived the
capacity of MFTN signaling in a frequency-selective channel
for the first time, revealing that similar to single-carrier
FTN signaling [5], the capacity gain of MFTN signaling is
due to exploiting the excess bandwidth of the shaping filter
employed.
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TABLE 3. Studies of MFTN signaling and their contributions

Year Authors Contribution
2009 Rusek and Anderson [90] Introduced the MFTN signaling concept and showed the Mazo limit for MFTN signaling employing an RRC

shaping filter and a Gauss shaping filter. Moreover, a trellis-based detector for channel-encoded MFTN signaling
was developed.

Barbieri et al. [91] Analyzed a constrained information rate of MFTN signaling employing a specified modulation scheme, showing
that when using an RRC shaping filter and a Gauss shaping filter, MFTN signaling is capable of achieving higher
bandwidth efficiency than its orthogonal counterpart.

2011 Dasalukunte et al. [93] Proposed an MFTN receiver based on successive interference cancellation (SIC), while providing the hardware
architecture of the proposed MFTN transceiver. The corresponding hardware implementation was presented in [94].

2015 Secondini et al. [96] Applied MFTN signaling to a fiber optical channel and provided its experimental demonstration.
2017 Peng et al. [98] Proposed MFTN signaling based on the hexagonal lattice to increase the MED, which is an extension of the

hexagonal-lattice-based OFDM that is capable of reducing the effects of interference in dispersive channels [113].
Peng et al. [100] Realized PAPR reduction of MFTN signaling by extending a classic partial transmit sequence scheme developed for

conventional multi-carrier modulation schemes.
2018 Liu et al. [101] Investigated the PAPR distribution of MFTN signaling, showing that it depends on the symbol packing ratio, the

subcarrier spacing, the number of subcarriers, and the shaping filter employed.
Peng et al. [102] Developed a clipping-based PAPR reduction scheme for MFTN signaling, while the symbol packing ratio, the

subcarrier spacing, and the clipping ratio maximizing the bandwidth efficiency are numerically searched.
Peng et al. [104] Proposed an MMSE-based equalization scheme combined with SIC for MFTN signaling, which achieves the BER

performance close to that achieved by the maximum a posteriori probability equalization scheme combined with
SIC with lower computational complexity.

Tian et al. [105] Proposed a factor-graph-based receiver for MFTN signaling, where a Gaussian message-passing (GMP) algorithm
was developed for the derived factor graph representation of MFTN signaling.

2020 Ma et al. [109] Proposed a low-complexity GMP-based receiver for MFTN signaling in a frequency-selective fading channel, while
most of the previous MFTN studies considered the AWGN channel.

Cai et al. [110] Proposed a PAPR reduction scheme for MFTN signaling based on the low-complexity selective mapping methods,
which achieves the PAPR performance close to that achieved in [101] with reduced computational complexity.

Kim and Feng [111] Derived the capacity of MFTN signaling in a frequency-selective channel, revealing that similar to single-carrier
FTN signaling, the capacity gain of MFTN signaling is due to exploiting the excess bandwidth of a shaping filter.

IV. TIME-DOMAIN FTN RECEIVERS
In this section, we review the family of TD FTN equalizers.

A. TRELLIS-BASED FTN RECEIVERS
In [19], Liveris and Georghiades developed an efficient iter-
ative decoding algorithm for turbo-encoded FTN signaling,
as an evolution from the uncoded FTN signaling scheme
reviewed in Section III-B. It was shown in [19] that turbo-
encoded FTN signaling relying on the parameters (τ, β) =
(0.9, 0.1) achieved a BER performance similar to that of its
conventional Nyquist signaling counterpart.

After [19], a range of efficient TD FTN receivers were
reported, as listed in Table 4. In [20], Rusek and Ander-
son developed a parallel-concatenated channel-encoded FTN
system relying on a unity-rate recursive convolutional code
and an iterative turbo equalizer, achieving better performance
than the channel-encoded FTN system of [19]. As a further
development, Rusek and Anderson [21] proposed an efficient
algorithm for determining the MED of nonbinary PAM-aided
FTN signals. This was used for designing a TPC for im-
proving the BER performance, where a trellis-based decoder
employing the M -algorithm was harnessed at the receiver. In
[22], Prlja et al. proposed an improved channel-encoded FTN
signaling architecture based on the Bahl, Cocke, Jelinek,
and Raviv (BCJR) decoding algorithm, and evaluated its
convergence behavior with the aid of extrinsic information
transfer (EXIT) charts. It was also demonstrated that upon
increasing the roll-off factor β of an RRC shaping filter, the
achievable BER performance improved, as a benefit of the
rapidly decaying RRC signaling pulse.

Although the aforementioned FTN receivers are capable
of successfully demodulating FTN symbols even in low-τ
scenario, the computational complexity of the trellis-based
TD receivers exponentially increases upon increasing both
the effective tap length and the constellation size employed.
In response, reduced-state trellis-based FTN receivers were
developed in [24, 118, 119]. In [24], a novel M -algorithm
based BCJR (M -BCJR) decoding algorithm was conceived
for channel-encoded FTN signaling, where M dominant
paths were retained at each trellis stage. Furthermore, in [27],
the M -BCJR algorithm was further developed for striking a
flexible tradeoff between the detection performance attained
and the computational complexity imposed.

While the main focus of the studies in [24, 27] was to
reduce the complexity of the trellis search, in [115] MMSE-
based channel shortening was conceived for reducing the
effective ISI contamination duration of FTN signaling, hence
mitigating the complexity of the Viterbi algorithm without
degrading the achievable BER performance. More recently,
in [29], the channel shortening scheme of [115], which was
originally developed for uncoded FTN signaling, was further
developed by including channel-coding.

B. FURTHER STUDIES OF TIME-DOMAIN FTN
RECEIVERS
In addition to the above-mentioned trellis-based receivers,
other TD detection algorithms have also been developed
for FTN signaling. Explicitly, in [23], McGuire and Sima
constructed a sphere decoding algorithm for efficiently de-
tecting FTN symbols. In [114], a DFE based on QR de-
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TABLE 4. Studies of TD FTN receivers and their contributions

Year Authors Contribution Channel Channel coding
2003 Liveris and Georghiades [19] Showed that the Mazo limit is valid for the FTN signaling scheme employing the

RRC shaping filter, while proposing a channel-encoded FTN system relying on
a truncated VA.

AWGN X

2006 Rusek and Anderson [20] Proposed serial- and parallel-concatenated channel-coded FTN transceivers with
the aid of turbo equalization.

AWGN X

2008 Rusek and Anderson [21] Proposed nonbinary FTN signaling with the aid of a TPC scheme that increases
the MED.

AWGN

Prlja et al. [22] Developed an FTN receiver employing turbo equalization based on the BCJR
algorithm.

AWGN X

2010 McGuire and Sima [23] Proposed the concept of discrete-time FTN block transmission and developed
sphere decoding.

AWGN

2012 Prlja [24] Developed a reduced-state BCJR algorithm for FTN signaling. AWGN X
2014 Baek et al. [114] Proposed the low-complexity DFE, based on QR decomposition of an FTN-

induced ISI matrix.
AWGN

2017 Bedeer et al. [25] Proposed an FTN receiver based on SIC, which enables a low-complexity
symbol-by-symbol detection of FTN signaling.

AWGN

Bedeer et al. [26] Formulated detection of high-order QAM-aided FTN signaling as a non-convex
optimization problem, while developing a sub-optimal demodulation scheme.

AWGN

2018 Li et al. [27] Presented a modified M -BCJR algorithm for FTN signaling to strike a flexible
balance between detection performance and computational complexity.

AWGN X

Fan et al. [115] Introduced a channel shortening filter at the FTN receiver to reduce the complex-
ity of MLSE.

AWGN

Wen et al. [28] Developed a GMP-based receiver for FTN signaling over a nonlinear channel. AWGN X
2019 Li et al. [116] Combined FTN signaling with space-time multi-mode index modulation using

GMP-based iterative detection at the receiver.
AWGN

2020 Yuan et al. [117] Considered FTN signaling in an uplink NOMA scenario. Both FTN-induced ISI
and inter-user interference were mitigated with the aid of a message-passing
algorithm.

AWGN

Li et al. [29] Proposed channel-encoded FTN signaling based on channel shortening, achiev-
ing a near-capacity performance while reducing decoding complexity.

AWGN X

composition of the FTN-induced ISI matrix was proposed.
Moreover, in [25, 120], SIC was employed for reducing the
detection complexity of FTN signaling. In [28], an FTN
receiver relying on a GMP algorithm based on a factor graph
was proposed, where the FTN-specific correlated noise was
approximated by an autoregressive process with the objective
of reducing the detection complexity. A similar message-
passing algorithm relying on a factor graph was developed
for FTN signaling, which was combined with space-time
multi-mode index modulation in [116] and also with non-
orthogonal multiple-access (NOMA) in [117].

V. FREQUENCY-DOMAIN FTN RECEIVERS

In this section, we review the studies of FD FTN receivers.
As discussed in Section IV, the TD trellis-based FTN re-
ceivers are eminently suitable for demodulating FTN sig-
naling. However, the above-mentioned trellis-based receivers
were typically used in the context of AWGN channels, while
frequency-selective fading dispersive channels were not con-
sidered, since the computational complexity may become ex-
cessive owing to the additional ISI. As a remedy, an FD FTN
receiver facilitates low-complexity detection of FTN signals
even in low-τ and high-dispersion channels. Hence, in this
section, we review pertinent studies of FD FTN receivers.
The related literature is summarized in Table 5.

A. HARD-DECISION FDE-AIDED FTN DEMODULATOR
The FD FTN receiver concept was originally proposed by
Sugiura [30]. Historically, the low-complexity frequency-
domain equalization (FDE) philosophy was originally de-
veloped for single-carrier frequency-division multiple access
(SC-FDMA) of Nyquist signaling [122, 123], which was
then further developed by Sugiura [30] for his MMSE-based
FDE of FTN signaling. In Sugiura’s proposal, the first 2ν
symbols of s are copied to the end of s as cyclic prefix
(CP) at the transmitter. Hence, the (N + 2ν)-length symbol
vector [s0, · · · , sN−1, s0, · · · , s2ν−1]T is transmitted using
the FTN-specific symbol interval T = τT0. At the receiver,
the first and last ν symbols are discarded from the (N + 2ν)-
length received sample stream, yielding the received samples
of

y = [y0, y1, · · · , yN−1]T ∈ CN

= Gcs + η. (52)

Gc in (52) is a circulant matrix whose first column is given
by [g(−νT ), · · · , g(0), · · · , g(νT ), 0, · · · , 0]T ∈ CN [30].
The eigenvalue decomposition of Gc is given by [30, 122,
123]

Gc = QΛcQ
H , (53)

where the matrix Q is the normalized discrete Fourier trans-
form (DFT) matrix, whosemth-row and nth-column element
is represented by 1/

√
N exp(−2πj(n − 1)(m − 1)/N).

Moreover, Λc is the diagonal eigenvalue matrix, whose di-
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TABLE 5. Studies of frequency-domain receivers for FTN signaling and their contributions

Year Authors Contribution Channel Channel coding
2013 Sugiura [30] Proposed the MMSE-based FDE of uncoded FTN signaling, which enables

low-complexity detection of FTN signals.
Frequency-
selective

2015 Sugiura and Hanzo [31] Extended the hard-decision FDE of [30] to its SoD counterpart. Frequency-
selective

X

Fukumoto and Hayashi [121] Proposed the hard-decision noise-whitening MMSE-based FDE that takes
into account the effects of an FTN-specific noise correlation.

AWGN

Dinis et al. [32] Incorporated the FTN signaling concept into the HARQ-based transceiver. Doubly selec-
tive

2016 Yuan et al. [33] Considered the MMSE-FDE-aided FTN receiver for a doubly selective
fading channel.

Doubly selec-
tive

Wu et al. [34] Proposed an FD iterative message-passing algorithm for FTN signaling. AWGN X
2017 Ishihara and Sugiura [35] Proposed an FDE-aided iterative joint CE and DD for FTN signaling. Frequency-

selective
X

Ishihara and Sugiura [36] Proposed an FDE-aided FTN signaling combined with the SCIM concept. Frequency-
selective

Nakao et al. [37] Proposed a dual-mode SCIM concept, which was combined with FTN
signaling in order to enhance the achievable spectral efficiency.

Frequency-
selective

2018 Ishihara and Sugiura [38] Proposed the FDE-aided DFTN signaling concept that dispenses with any
CE in a frequency-flat fading channel.

Frequency-
flat

Shi et al. [39] Proposed an FD CE and DD scheme based on a message-passing algorithm
for a factor graph.

Frequency-
selective

X

2019 Sagayama et al. [40] Extended the DFTN scheme [38] to support 16-point star-QAM. Frequency-
flat

agonal elements are calculated by the non-normalized DFT
of the first column of Gc. Hence, the TD FTN symbols are
estimated as follows:

ŝ = QWQHy, (54)

where W is an MMSE-based FDE weight matrix, given by
the diagonal matrix

Wwhite = ΛH
c

(
ΛcΛ

H
c +

N0

σ2
s

IN

)−1

. (55)

This representation indicates that the complexity order of the
MMSE-based FDE is as low as N logN , since the multi-
plications of the DFT and inverse DFT (IDFT) matrices in
(54) are efficiently implemented by the fast Fourier transform
(FFT). On the other hand, as mentioned above, the com-
plexity order of the TD trellis-based equalization typically
increases exponentially both with the block size and with the
CIR length.

The weight matrix (55) proposed by Sugiura in [30]
was derived while ignoring the effects of the FTN-specific
noise correlation. To improve the achievable detection per-
formance, in [121], a weight matrix taking into account the
effects of noise correlation was formulated as

Wideal = ΛH
c

(
ΛcΛ

H
c +

1

σ2
s

QHE
[
ηηH

]
Q

)−1

. (56)

However, since the FTN-specific noise correlation matrix
E
[
ηηH

]
is not diagonal, the ideal MMSE weights (56)

no longer constitute a diagonal matrix. Hence, in order to
maintain the diagonal weight matrix structure of MMSE-
based FDE [122, 123], the ideal MMSE weights (56) were

approximated by a diagonal matrix as follows:

Wcolor = ΛH
c

(
ΛcΛ

H
c +

N0

σ2
s

Φ

)−1

, (57)

where we have

Φ = diag {Φ[0],Φ[1], · · · ,Φ[N − 1]} (58)

Φ[n] =
1

N

N−1∑
l=0

N−1∑
m=0

g((l −m)T ) exp

(
2πj(l −m)n

N

)
.

(59)

Here, N0Φη[n] is the nth diagonal element of E[ηηH ].
The noise-whitening diagonal MMSE matrix (57) facilitates
low-complexity symbol-by-symbol detection, yet achieving
better BER performance than the original FDE matrix of
(55).

The MMSE-based FDE algorithm is also readily applied
to frequency-selective fading channels [30, 31, 35] by appro-
priately extending the CP length. As an explicit benefit of
the low-complexity MMSE-based FDE, the resultant FTN
receiver is also suitable for highly dispersive fading channels.

Note that in the above-mentioned CP-assisted FTN sys-
tem, the duration of the FTN-induced ISI, which is theo-
retically infinite, is truncated to the finite length ν, in order
to approximate the circulant matrix of (52). Fig. 6 shows
the effects of the modeling error imposed by the approxi-
mated circulant matrix Gc [30]. The block length was set
to N = 1024 and CP lengths of ν = 1 5, 10, 20, 50, 100,
200, and 500 were considered. The symbol packing ratio was
varied from τ = 1 to 0.01 in steps of 0.01, while the roll-off
factor was maintained at β = 0.22. Observe in Fig. 6 that
the modeling error decreased upon increasing the CP length.
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FIGURE 6. Modeling error due to the approximated circulant matrix [30]. Here,
the block length and the CP length were set to N = 1024 and ν = 1, 5, 10,
20, 50, 100, 200, and 500, respectively. The symbol packing ratio was varied
from τ = 1 to 0.01 in steps of 0.01. The roll-off factor was set to β = 0.22.
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FIGURE 7. Achievable BER performance of the uncoded FTN signaling
scheme using the FDE weights Wwhite and Wcolor. We employed a roll-off
factor of β = 0.22, block length of N = 1024, and CP length of 2ν = 20. The
symbol packing ratio was varied from τ = 1 to 0.6 in steps of 0.1. Moreover,
the BPSK modulation scheme was used.

For example, upon increasing the CP length from ν = 5 to
ν = 100, the square error at τ = 0.5 was decreased from 6.47
to 5.02 × 10−7. The CP length has to be sufficiently long
so that the associated modeling error becomes sufficiently
low [30].

Fig. 7 shows the achievable BER performance of the un-
coded FTN signaling scheme employing the MMSE weights
of Wcolor in (57) and Wwhite in (55), where the roll-off factor,
the block length and the CP length were set to β = 0.22,
N = 1024 and 2ν = 20, respectively. The symbol packing
ratio was set to τ = 1, 0.9, 0.8, 0.7, as well as 0.6, and
BPSK modulation was assumed. Note that the power penalty
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FIGURE 8. Achievable BER performance of the uncoded FTN signaling
scheme using noise-whitening FDE weight Wcolor and ideal FDE weight
Wideal. The roll-off factor β was set to β = 0.22, while the symbol’s packing
ratio τ was set to τ = 0.9, 0.83, 0.8, and 0.7.

imposed by the CP was ignored. As shown in Fig. 7, the FTN
signaling scheme employing the noise-whitening MMSE
weights of Wcolor in (57) achieved better BER performance
than that employing the MMSE weights of Wwhite in (55).
The performance advantage of the noise-whitening MMSE-
based FDE algorithm increased upon reducing the symbol
packing ratio τ .

Moreover, Fig. 8 shows the achievable BER perfor-
mance of FTN signaling employing the approximated noise-
whitening MMSE weights Wcolor of (57) and the ideal
MMSE weights Wideal of (56). The symbol packing ratio was
set to τ = 0.9, 0.83, 0.8, and 0.7, while the roll-off factor
was set to β = 0.22. A block length of N = 128 and CP
length of 2ν = 20 were used. As shown in Fig. 8, it was
found that in the low-rate scenario of τ = 0.9, the BER of
the noise-whitening FDE-aided FTN signaling system was
comparable to that of its ideal FDE-aided counterpart. How-
ever, in the range of τ < 0.9, the performance degradation
due to the approximation of noise correlation is visible.

B. SOD FDE-AIDED ITERATIVE FTN RECEIVERS
In general, powerful channel coding and iterative decoding
have to be employed in order to achieve a high throughput
gain with the aid of FTN signaling [4, 31]. In [31], the
hard-decision MMSE-based FDE of [30] was extended to
its soft-decision (SoD) FDE counterpart resulting in a multi-
stage serially concatenated turbo-coded FTN system. As a
result, near-capacity detection performance was achieved
while maintaining low detection complexity. Note that the
SoD FDE of [31] did not take into account the effects of
FTN-specific noise correlation. In [35], an improved SoD-
FDE algorithm was proposed using an extension of the hard-
decision-based noise-whitening MMSE weights (55).

Fig. 9 shows the BER performance of the two-stage turbo-
coded FTN signaling system employing the SoD FDE of [31,
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FIGURE 9. Achievable BER performance of the two-stage RSC-encoded FTN
signaling system, employing the SoD FDE of [35] and the SoD FDE in an
AWGN channel. The roll-off factor was set to β = 0.22, while the symbol
packing ratio was set to τ = 0.8, 0.5, and 0.4. The CP length was set to
ν = 10 for τ = 0.8 and ν = 20 for τ = 0.5, 0.4.

35] in an AWGN channel using BPSK modulation. We con-
sidered the same turbo-coded architecture as that of [31, 35],
where the half-rate recursive systematic coding (RSC)(2, 1,
2) code having octal generator polynomials of (3, 2) was em-
ployed, while the interleaver length and the number of itera-
tions were set to 218 = 262, 144 and 21, respectively. For the
sake of simplicity, the effects of interblock interference (IBI)
were not taken into account. More specifically, 218 channel-
encoded bits were divided into multiple blocks having N
bits. Then, multiple blocks were independently modulated
and transmitted [15, 31, 35]. We employed the FTN signal-
ing parameters of (τ, β, ν) = (0.8, 0.22, 10), (0.5, 0.22, 20),
and (0.4, 0.22, 20). Moreover, we also characterized the ISI-
free Nyquist bound. As shown in Fig. 9, the pair of SoD-
FDE receivers achieved a low BER, even in the high-rate
scenario of τ = 0.4. Furthermore, for τ = 0.4, the noise-
whitening SoD-FDE receiver of [35] achieved a BER close to
the Nyquist-criterion-based achievable bound. Additionally,
note that in [31], the achievable BER performance of the
three-stage-concatenated turbo-coded FTN signaling system
relying on the SoD FDE was also investigated in both AWGN
and frequency-selective Rayleigh fading channels.

While the MMSE-based FDE-aided FTN signaling allows
us to carry out low-complexity detection, the achievable
performance may be exceeded by its TD counterpart, which
has a higher complexity. In [124], FDE and the TD BCJR al-
gorithm were compared in the context of a half-rate channel-
encoded FTN signaling scheme, and the BCJR algorithm
was shown to achieve better BER performance than the FDE
at the cost of increased detection complexity. However, a
relatively low code length of N = 2004 was considered
in [124]; hence, the performance gap may be reduced in a
scenario using a higher code length.

C. FURTHER STUDIES RELATED TO
FREQUENCY-DOMAIN FTN RECEIVERS
In [32], hybrid automatic repeat request (HARQ) was used
in conjunction with the FDE-aided FTN signaling scheme in
the doubly selective fading channel. Similarly, in [33], FDE
was employed by an FTN signaling scheme experiencing a
doubly selective fading channel. In [32, 33], it was shown
that FTN signaling has the potential to achieve a higher
throughput than Nyquist signaling in a doubly selective
channel. Moreover, in [36], FDE was employed by the FTN
signaling scheme combined with single-carrier index modu-
lation (SCIM) [125], which is sometimes referred to as FTN-
index modulation (FTN-IM) signaling. In [36, 126], FTN-IM
signaling achieved a better BER and information rate than
the conventional FTN signaling in a low-rate scenario. More-
over, in [37], the concept of dual-mode IM was combined
with FTN-IM signaling, in order to improve the bandwidth
efficiency. Furthermore, FD CE was developed for FTN
signaling in [35, 39]. In [38, 40], FDE-aided differential FTN
(DFTN) signaling and noncoherent detection were proposed
for dispensing with pilot-assisted CE.

VI. CHANNEL ESTIMATION ISSUES FOR FTN
SIGNALING
A. CHANNEL ESTIMATION FOR FTN SIGNALING
In most studies of FTN signaling, it was typically assumed
that the channel state information (CSI) is perfectly known
at the receiver for the sake of simplicity. In [41], the con-
ventional Nyquist-sampling-based orthogonal pilot symbols
were added in front of the FTN signaling data block, where
a time-limited Gaussian shaping filter was employed for
suppressing the FTN-induced ISI. Exploiting the conven-
tional Nyquist-sampling-based orthogonal pilot symbols is a
straightforward solution for CE. However, when employing
a bandlimited shaping filter, a sufficiently long guard interval
is required between the pilot block and FTN data symbols.

To achieve accurate CE, while reducing the pilot overhead,
FTN-based pilot (FTNP) sequence was exploited in [35, 39,
42]. In [42], Wu et al. proposed a joint CE and data detection
(DD) scheme exploiting an FTNP sequence for the first time,
where a Gaussian message-passing algorithm was employed.
The FTNP-aided CE scheme of [42] achieved good CE
performance. However, the associated complexity grew with
the cube of the effective ISI tap length [39].

In contrast to the TD iterative joint CE and DD scheme of
[42], a low-complexity FD counterpart was developed in [35,
39]. In [35], Ishihara and Sugiura proposed FTNP-aided CE
based on low-complexity MMSE-based FDE [30, 31]. The
FDE-aided joint iterative CE and DD scheme was conceived
for both uncoded and channel-encoded FTN signaling, where
the demodulated FTN data symbols were exploited as a
long FTNP sequence. As a benefit of the iterative CE and
DD process, a detection performance close to the idealized
BER bound assuming perfect CSI was achievable, while
minimizing the FTNP length.

Furthermore, in [39], Shi et al. presented an FD message-
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TABLE 6. Studies of channel estimation for FTN signaling and noncoherent DFTN signaling

Year Authors Contribution
2014 Hirano et al. [41] Exploited Nyquist-based orthogonal pilot to estimate the channel of FTN data symbols, where a time-limited

Gaussian shaping filter was used to mitigate the FTN-induced ISI effects.
2017 Wu et al. [42] Conceived TD message-passing-aided CE for FTN signaling, where an FTNP sequence was exploited to improve

bandwidth efficiency.
Ishihara and Sugiura [35] Proposed FD iterative CE and DD for FTN signaling, where low-complexity MMSE-based FDE [30, 121] was used

to support CE by an FTNP sequence.
2018 Ishihara and Sugiura [38] Proposed DFTN signaling to dispense with CE at the receiver in a frequency-flat fading channel. Noncoherent

detection was carried out after MMSE-based FDE of FTN signaling.
Shi et al. [39] Extended the TD iterative joint CE and DD scheme of [42] to an FD counterpart for a time-varying frequency-

selective fading channel.
2019 Sagayama et al. [40] Developed 16-point star-QAM-aided FTN signaling, where the constellation was optimized to minimize the average

BER.
2020 Yuan et al. [43] Proposed the EM-based message-passing algorithm for carrying out iterative CE and DD as well as user activity

tracking in the uplink FTN-NOMA scenario.

passing-aided CE scheme, motivated by its TD counterpart of
[42]. In [39], FD joint CE and DD without relying on CP was
proposed, where the effects of inter-block interference (IBI)
were taken into account. Moreover, in order to reduce the
CE and DD complexity, the effects of the FTN-specific noise
correlation characterized by (32) were approximately mod-
eled in a circulant channel matrix. In [39], it was shown that
the approximation error increases upon reducing the τ value.
While a quasi-static frequency-selective fading channel was
assumed in [35, 42], a time-varying scenario was considered
in [39]. In [39], it was demonstrated that for τ = 0.6
and β = 0.5, LDPC-coded FTN signaling using quadrature
phase-shift keying (QPSK) achieved a good BER close to that
of its Nyquist-based counterpart in a time-varying dispersive
channel.

Furthermore, in [43], FTN signaling was employed in the
NOMA uplink based on a random access protocol, where
both CE and DD, as well as user-activity tracking were iter-
atively carried out with the aid of the expectation maximiza-
tion (EM)-based message-passing algorithm at a base station.
Moreover, in [127, 128], FTNP sequence was designed for
minimizing the associated FD CE error.

B. DIFFERENTIAL FTN SIGNALING AND
NONCOHERENT DETECTION

Although several CE schemes have been developed, as re-
viewed in Section VI-A, typically an iterative CE and DD
procedure is required at the receiver in order to obtain suf-
ficiently accurate CSI [35, 39, 42, 43]. Moreover, imposing
a pilot overhead is unavoidable, even if FTNP sequence
is used. To circumvent this limitation, a DFTN signaling
concept was proposed in [38], where differential encoding
and noncoherent detection allow us to dispense with CE
at the receiver, hence achieving a pilot-free low-complexity
transceiver. More specifically, the FTN-induced ISI was mit-
igated at the receiver with the aid of FDE based on the FTN
parameters, i.e., τ and β, known in advance of transmission.
Then, noncoherent detection was carried out for the equalized
DFTN symbols. It was shown by the simulation results of
[38] that DFTN signaling and noncoherent detection can

operate reliably in a frequency-flat fading channel while
suffering from a noise-doubling effect, similar to that of
conventional Nyquist-sampling-based differential modula-
tion. Moreover, in a rapidly time-varying fading channel, the
noncoherent DFTN scheme has the potential of achieving
better BER performance than its conventional coherent FTN
counterpart due to the out-of-dated estimated channels. This
is particularly so in high-Doppler scenarios, because every
time the vehicular speed is doubled, the pilot overhead also
must be doubled, hence wasting a lot of pilot-power.

While in the DFTN scheme of [38], PSK was considered,
in [40], 16-point star QAM was employed, where the ring
ratio of the star-QAM constellation was optimized to maxi-
mize the theoretical BER value at each SNR. It was shown
in [40] that the DFTN signaling scheme using 16-point star-
QAM achieved better BER than that of the 16-point PSK
constellation proposed in [38].

VII. PRECODED FTN SIGNALING

Precoding schemes have also been developed for FTN signal-
ing schemes for several reasons. In this section, we review
the family of precoded FTN signaling schemes, which are
summarized in Table 7. Precoded FTN signaling was initially
proposed for increasing the MED of FTN signaling [21, 60,
62].

A. SYSTEM MODEL OF LINEAR PRECODING

To overcome the FTN-induced ISI effects, linear precoding
based on matrix factorization was conceived in [13–15, 44,
45, 49, 134]. Here, we assume that the FTN-induced ISI
matrix G of (31) is diagonalized in order to eliminate the
ISI effects at the receiver. In general, the linearly precoded
symbol block is represented by [15]

x = [x0, · · · , xN−1]T ∈ CN

= Fs, (60)

where F ∈ CN×N is a linear TPC matrix. The corresponding
transmit signal after passing through a shaping filter q(t) is

14 VOLUME 4, xxx



Takumi Ishihara et al.: The Evolution of Faster-than-Nyquist Signaling

TABLE 7. Studies of precoded FTN signaling and their contributions

Year Authors Contribution
1995 Wang and Lee [62] Proposed a precoding scheme to maximize the MED of two different FTN signaling codes.
2008 Rusek and Anderson [21] Proposed a nonbinary FTN signaling relying on a precoding scheme that increases the MED.
2010 Kim and Bajcsy [129] Investigated the possibility of spectrum broadening imposed on precoded FTN signaling, where the bandwidth of

precoded FTN signaling is not broadened if and only if a shaping filter is strictly bandlimited.
2015 Gattami et al. [13] Conceived a precoding scheme based on an ISR of the ISI matrix. It was also proved that ISI matrix G is positive

definite, and hence its unique square root G
1
2 exists.

2016 Kim [14] Revealed several properties of the FTN-induced ISI matrix, including its positive definiteness and eigenvalue
distribution. The capacity of FTN signaling was derived based on EVD of the FTN-induced ISI matrix.

2017 Jana et al. [47] Introduced THP in FTN signaling and extended it to the LPE-aided counterpart.
Qian et al. [45] Conceived a bit-loading scheme for EVD-precoded FTN signaling to increase the MED.

2018 Spano et al. [46] Proposed a precoding scheme that equalizes ISI imposed by FTN signaling and multi-user transmission over a MISO
channel.

Jana et al. [130] Extended the LPE-aided FTN signaling of [47] to dual-polarized FTN signaling.
2019 Che et al. [131] Proposed TD linear filtering to increase a constrained information rate of the FTN signaling with L-point QAM

schemes, where the tap coefficients were optimized with the aid of particle swarm optimization.
Wen et al. [132] Designed a TD MMSE filter that minimizes the MSE between the transmitted symbols and the received symbols

after equalization.
Ishihara and Sugiura [15] Proposed EVD-precoded FTN signaling combined with optimal and truncated power allocation, which was capable

of attaining a higher information rate than the conventional FTN signaling.
2020 Wang et al. [48] Proposed a SIC-based nonlinear receiver to mitigate residual ISI of THP-aided FTN signaling.
2021 An et al. [133] Carried out an experiment employing THP-FTN signaling using 16-point QAM in a single-mode fiber optical

communication channel, showing 21.73% rate enhancement.
Li et al. [49] Introduced Cholesky-decomposition-based TPC into FTN signaling, which has the equivalent system model and the

same BER performance as those of EVD-precoded FTN signaling in conjunction with power allocation [15].
Sugiura [50] Investigated the analytical information and secrecy rates of the EVD-precoded FTN signaling in quasi-static

frequency-flat fading.
Ishihara and Sugiura [18] Proposed EVD-precoded FTN signaling combined with optimal power allocation for the scenario of a frequency-

selective fading channel.
Chaki et al. [51] Amalgamated the SCIM concept with EVD-precoded FTN signaling combined with optimal power allocation, show-

ing that the proposed FTN-IM scheme achieved the ISI-free BER bound in the AWGN channel for τ ≥ 1/(1 + β).

given by

x(t) =

N−1∑
n=0

xnq(t− nT ). (61)

Similar to (24), the average transmit energy of the N -length
precoded FTN signals x(t) is calculated by [13, 15]

Ep = E

[
N−1∑
l=0

N−1∑
m=0

xlx
∗
mg((l −m)T )

]
(62)

= E[xHGx] (63)
= E[sHFHGFs]. (64)

In order to maintain the average power, the relationship of
Ep = EN has to be satisfied.

Under the assumption of an AWGN channel, the matched-
filtered received signal is given by

r(t) =

N−1∑
n=0

xng(t− nT ) + η(t). (65)

Then, the sampled signal block is represented by

r = [r0, · · · , rN−1]T ∈ CN (66)
= Gx + η (67)
= GFs + η, (68)

where rk = r(kT ) is the kth sampled signal. For the sake
of simplicity, we only consider a single block transmission

in the rest of this paper. Hence, the detrimental effects of IBI
are ignored.

Furthermore, the received sample block r of (68) may be
multiplied by the weights W ∈ CN×N as follows:

rd = Wr (69)
= WGFs + Wη ∈ CN . (70)

B. EIGENDECOMPOSITION-BASED PRECODED FTN
SIGNALING
In [44, 45], precoded FTN signaling based on eigenvalue
decomposition (EVD) was proposed.1 To elaborate a little
further, in [44, 45], the FTN-induced ISI matrix G was
factorized based on the singular value decomposition (SVD).
Note that since the matrix G is real-valued and symmetric,
the SVD of G is equivalent to the EVD [44]. Hence, the
SVD-precoded FTN signaling scheme proposed in [44, 45]
is also referred to as EVD-precoded FTN signaling in this
paper. The FTN-induced ISI matrix G is decomposed with
the aid of the EVD as follows:

G = VΛVT , (71)

where V ∈ RN×N is a unitary matrix, and Λ ∈
RN×N is a diagonal matrix consisting of the eigenvalues
of [λ0, λ1, · · · , λN−1] represented in descending order. Note
that since the ISI matrix G deterministically depends on
both τ and β, its EVD is calculated offline in advance of

1EVD-based TPC was also developed for NOFDM in [71, 85].
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transmissions [15, 45]. As proved in [13, 14], for a finite
block length N , G is positive definite, hence there are N
non-zero eigenvalues.

By letting the TPC matrix F and the weight matrix W be
F = V and W = VT , respectively, the received signals of
(70) are reformulated as:

rd = VT r ∈ CN (72)
= VTGVs + VTη (73)
= Λs + ηv, (74)

where ηv = VTη. As seen in (74), the ISI matrix G is
diagonalized, and thus the received signals rd are regarded
as N independent parallel streams. Moreover, the covariance
matrix of ηv is formulated as [15, 44]

E[ηvη
H
v ] = VTE[ηηH ]V (75)

= N0V
TGV (76)

= N0Λ. (77)

Hence, the associated noise components are whitened by the
weight matrix W = VT , and the noise variance in the kth
stream is represented by N0λk. With the aid of precoding
at the transmitter and weighting at the receiver, the EVD-
precoded FTN signals are demodulated in a low-complexity
symbol-by-symbol manner [15, 44, 45].

Furthermore, according to (64), the average transmit en-
ergy per N -length block is calculated by

Ep = E[sHVTGVs] (78)
= E[sHΛs] (79)

=

N−1∑
k=0

λk · E[|sk|2] (80)

= Nσ2
s , (81)

where we have E[|sk|2] = σ2
s and

∑N−1
k=0 λk = trace{G} =

N [15]. Hence, it is confirmed that EVD-based precoding
does not change the average transmit energy.

As seen from (74) and (77), the SNR of the kth stream
is given by λkσ

2
s/N0. Depending on the τ and β values,

the ISI matrix G may include quite low eigenvalues [14,
15, 45], which makes it difficult to detect the associated
symbols. It was shown in [14] that the kth eigenvalue of G is
approximated by

λk '
1

τ
Hfo(fk) for fk =

k

NτT0
, (82)

where Hfo(f) in (87) is the folded pulse spectrum of a
shaping filter having the frequency response of H(f), which
is defined by [5]

Hfo(f) ,
∞∑

k=−∞

∣∣∣∣H (f +
k

τT0

)∣∣∣∣2 . (83)

Since Hfo(f) includes spectral nulls when τ < 1/(1 + β),
the matrix G may have quite low eigenvalues, depending on
τ and β [14]. Fig. 10 shows the distribution of the eigenvalues
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FIGURE 10. The eigenvalue distribution of G, where the block size was set to
N = 10000. The roll-off factor was set to β = 0.25, while the symbol packing
ratio was set to τ = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, and 0.3.

λk for a block size of N = 10, 000, where the roll-off factor
was given by β = 0.25, and the symbol packing ratio was
set to τ = 0.9, 0.8, 0.7, 0.6, 0.5, 0.4, and 0.3. As shown in
Fig. 10, when τ < 1/(1 + β), the partial eigenvalues of the
matrix G were too low to be calculated in a standard double-
precision environment. Hence, the substreams corresponding
to such low eigenvalues may suffer from poor detection
performance. Note that for a finite block lengthN , the matrix
G is guaranteed to be positive definite, hence all eigenvalues
λk are non-zero [14].

In order to mitigate the detrimental effects of extremely
low eigenvalues, in [45] an adaptive bit-loading scheme was
developed for EVD-precoded FTN signaling. In this scheme,
the information bits are assigned to streams by ensuring that
the MED is increased, where the substream associated with
extremely low eigenvalue may be deactivated (truncated).
Furthermore, motivated by the classic waterfilling algorithm
developed for an SVD-precoded spatial multiplexing MIMO
system, in [15] both the optimal and a truncated power allo-
cation schemes were proposed for EVD-precoded FTN sig-
naling, in order to increase the achievable information rate.
The corresponding system model and information-theoretic
analysis will be presented in detail in Section VIII.

C. INVERSE SQUARE ROOT PRECODING OF FTN
SIGNALING
In [13], Gattami et al. presented a TPC scheme relying on the
inverse square root (ISR) of the ISI matrix G. Since the ISI
matrix G is positive definite, the existence of a unique square
root matrix G

1
2 satisfying the relationship G = G

1
2 G

1
2

is guaranteed [13]. Hence, by setting the TPC matrix to
F = G−

1
2 and the weight matrix to W = G−

1
2 , the received

signals are diagonalized as follows:

rd = G−
1
2 GG−

1
2 s + G−

1
2η (84)

= s + ηg, (85)
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TABLE 8. Information-theoretic analyses of unprecoded FTN signaling and their contributions

Year Authors Contribution Channel
2009 Rusek and Anderson [5] Derived the capacity of unprecoded FTN signaling in a rigorous manner for the first time, revealing

that when employing an RRC shaping filter having a roll-off factor of β > 0, i.e., a shaping filter
with excess bandwidth, FTN signaling achieves a higher capacity than classic Nyquist signaling.

AWGN

2010 Yoo and Cho [6] Demonstrated that when τ → 0, binary unprecoded FTN signaling has the potential to attain an
information rate close to the capacity derived in [5].

AWGN

2013 Modenini et al. [7] Presented a design guideline of a shaping filter that improves a constrained information rate of
FTN signaling, which is modeled as a special case of an ISI channel.

AWGN

2014 Hefnawy and Kramer [8] Analyzed the capacity of FTN signaling in the scenario of a spectrum sharing system. AWGN
Modenini et al. [135] Showed a capacity gain of FTN signaling over Nyquist signaling in a measured large-scale MISO

channel, where the base station was equipped with 128 antenna elements.
Frequency-
selective

2015 Feng and Bajcsy [9] Investigated the capacity of FTN signaling over a multiple-access channel. AWGN
Yuhas et al. [136] Evaluated the information rate of FTN signaling over a MIMO channel with receiver-side CSI,

where a non-bandlimited rectangular shaping filter was considered.
Frequency-
flat

2016 Kim et al. [10] Considered the multi-user FTN signaling scenario, and derived the capacity in an AWGN channel.
The achievable performance gain of the proposed scheme over Nyquist signaling counterpart was
demonstrated for equal and unequal power allocation to users.

AWGN

2017 Bogale et al. [11] Investigated the capacity of FTN signaling over a frequency-selective SIMO channel. Frequency-
selective

where we have ηg = G−
1
2η. The covariance matrix of ηg is

given by E[ηgη
H
g ] = N0IN , and hence the associated noises

are uncorrelated. The ISR-based TPC allows us to carry out
low-complexity symbol-by-symbol demodulation, similar to
the EVD-precoded FTN signaling of Section VII-B. A further
point to note is that the square root of G is represented by
using EVD as follows: G

1
2 = VΛ

1
2 VT . Hence, its inverse

is given by G−
1
2 = VΛ−

1
2 VT .

BER comparisons between uncoded EVD-precoded FTN
signaling and ISR-precoded FTN signaling can be found in
[44, 45, 134].

D. TOMLINSON-HARASHIMA PRECODING-AIDED FTN
SIGNALING

In contrast to the linear-precoding-aided FTN signaling
of [13–15, 44, 45, 134], non-linear Tomlinson-Harashima
precoding (THP) was exploited for FTN signaling in [47, 48,
133, 137–141]. The first THP-aided FTN signaling scheme
was proposed in [47], based on the spectral factorization for-
mulated as G(z) = D(z)D∗(1/z∗), where G(z) represents
the z-transform of the τT0-spaced samples of g(t) [47]. In
order to further improve the detection performance attained,
linear pre-equalization (LPE) was introduced into THP-aided
FTN signaling. The BER results of an LDPC-encoded co-
herent optical channel showed that an ISI-free performance
bound was achievable for τ = 0.85 and τ = 0.8 using
QPSK modulation and β = 0.3. Moreover, in [130], the
LPE-aided THP-FTN signaling scheme was extended to one
supporting dual-polarized FTN signaling. However, since the
spectral factorization of G(z) is infeasible when the folded
pulse spectrum (83) has spectral nulls [22, 47], the symbol
packing ratio τ was restricted to the range of [1/(1 + β), 1]
in [47, 130]. Moreover, it was revealed in [48] that significant
residual ISI is encountered in THP-FTN signaling, albeit its
detrimental effects may be mitigated by SIC at the receiver. In
[133], THP-based FTN signaling was proposed for a single-
mode fiber optical communication channel.

E. PRECODING-INDUCED SPECTRUM BROADENING

It was pointed out in [129] that the precoded FTN signaling
schemes may result in the broadening of the transmit signal’s
spectrum. In [129], the power spectral density (PSD) of
precoded FTN signaling was investigated and it was shown
that spectrum broadening is not imposed if and only if the
associated signaling pulse employed is strictly bandlimited.
Hence, the precoded FTN signaling scheme relying on an
RRC shaping filter does not broaden the associated spectrum,
since the RRC pulse is strictly bandlimited to the frequency
range of [−(1 + β)W, (1 + β)W ]. However, since an ideal
bandlimited shaping filter having an infinite IR is not im-
plementable in practice, we may have to check the PSD of
precoded FTN signaling [129].

VIII. INFORMATION-THEORETIC ANALYSIS OF FTN
SIGNALING
This section analyzes FTN signaling from an information-
theoretic perspective by providing comprehensive compar-
isons of the information rate improvements attained over
conventional Nyquist signaling.

Classically, capacity was defined as the achievable upper
bound of the information rate [142]. More specifically, in a
bandlimited complex-valued AWGN channel having a band-
width of 2W [Hz] and noise variance N0, the capacity of
Nyquist signaling having E[|sk|2] = σ2

s is formulated as

C = 2W log2

(
1 +

σ2
s

N0

)
[bits/sec]. (86)

The capacity of FTN signaling was derived for several
scenarios, revealing the achievable gain of FTN signaling
over its Nyquist signaling counterpart. Here, we consider
three FTN signaling scenarios, namely, unprecoded FTN sig-
naling [5, 6, 8–11, 135, 136], FTN signaling relying on FD fil-
tering [12, 131, 143, 144], and precoded FTN signaling [13–
15, 17]. The related literature is summarized in Tables 8, 9,
and 10, respectively.

VOLUME 4, xxx 17



Takumi Ishihara et al.: The Evolution of Faster-than-Nyquist Signaling

SNR (P / N0) [dB]

-10 0 10 20 30 40 50

N
o
rm

a
liz

e
d
 c

a
p
a
c
it
y
 [

b
p
s
 /

 H
z
]

0

2

4

6

8

10

12

14

16

18

20

Nyquist signaling,

rectangular filter (β  = 0)
FTN signaling,

rectangular filter (β  = 0)

SNR ( ) [dB]

(a) Rectangular filter, β = 0.

SNR (P / N0) [dB]

-10 0 10 20 30 40 50

N
o
rm

a
liz

e
d
 c

a
p
a
c
it
y
 [

b
p
s
 /

 H
z
]

0

2

4

6

8

10

12

14

16

18

20

Nyquist signaling,

rectangular filter (β  = 0)

FTN signaling,

RRC filter (β  = 0.22)

Nyquist signaling,

RRC filter (β  = 0.22)

SNR ( ) [dB]

(b) RRC filter, β = 0.22.

SNR (P / N0) [dB]

-10 0 10 20 30 40 50

N
o
rm

a
liz

e
d
 c

a
p
a
c
it
y
 [

b
p
s
 /

 H
z
]

0

2

4

6

8

10

12

14

16

18

20

Nyquist signaling,

rectangular filter (β  = 0)

FTN signaling,

RRC filter (β  = 0.5)

Nyquist signaling,

RRC filter (β  = 0.5)

SNR ( ) [dB]

(c) RRC filter, β = 0.5.

SNR (P / N0) [dB]

-10 0 10 20 30 40 50

N
o
rm

a
liz

e
d
 c

a
p
a
c
it
y
 [

b
p
s
 /

 H
z
]

0

2

4

6

8

10

12

14

16

18

20

Nyquist signaling,

rectangular filter (β  = 0)

FTN signaling,

RRC filter (β  = 1)

Nyquist signaling,

RRC filter (β  = 1)

SNR ( ) [dB]

(d) RRC filter, β = 1.

FIGURE 11. Capacities CFTN and C of FTN signaling and classic Nyquist signaling (τ = 1), where an RRC shaping filter having roll-off factor β was employed.
The symbol packing ratio of FTN signaling was varied from τ = 0.9 to 0.1 in steps of 0.1. The roll-off factor was set to (a) β = 0, (b) β = 0.22, (c) β = 0.5, and
(d) β = 1. The symbol interval satisfying the Nyquist criterion was fixed as T0 = 1 sec.

A. UNPRECODED FTN SIGNALING

The first information-theoretic analysis of FTN signaling
was presented by Rusek and Anderson in [5], where the
capacity of unprecoded FTN signaling in an AWGN channel
was derived by extending the classic capacity of Nyquist
signaling over an ISI channel, as follows [5]:

CFTN =

∫ 1/(2τT0)

−1/(2τT0)

log2

(
1 +

σ2
s

N0
Hfo(f)

)
df [bits/sec],

(87)

where Hfo(f) is the folded signaling pulse spectrum defined
by (83). Furthermore, the complex-valued independent and
identically distributed Gaussian symbol is assumed. For τ =
1, the capacity formula (87) coincides with that of its Nyquist
signaling counterpart (86). The capacity, normalized by the
bandwidth of the RRC shaping filter having a roll-off factor
β [5], is formulated by

RFTN =
CFTN

2(1 + β)W
[bps/Hz], (88)

In [5], Rusek and Anderson showed that when employing
an RRC shaping filter, the capacity of unprecoded FTN
signaling (87) becomes higher than that of its classic Nyquist
signaling counterpart (86) employing the same RRC shap-
ing filter. However, when employing the ideal rectangular
shaping filter (β = 0), no performance gain is obtained by
FTN signaling in terms of bandwidth efficiency. This implies
that the bandwidth efficiency benefits of unprecoded FTN
signaling are attainable owing to an excess bandwidth, which
cannot be exploited in the conventional Nyquist signaling
scheme.

Fig. 11 shows the normalized capacity (88) of unprecoded
FTN signaling, where an RRC filter having a roll-off factor β
was used both for unprecoded FTN signaling and for Nyquist
signaling. The symbol packing ratio was varied from τ = 0.9
to 0.1 in steps of 0.1, and the roll-off factor was set to
β = 0, 0.22, 0.5, and 1 in Figs. 11(a), 11(b), 11(c), and 11(d),
respectively. For the sake of normalization, we assumed
that the Nyquist symbol interval was T0 = 1 sec, and the
corresponding bandwidth was given by 2W = 1 Hz. The
SNR was defined by σ2

s/N0 dB. Observe in Fig. 11(a) that
when the sinc signaling pulse (β = 0) was employed, FTN
signaling did not achieve any capacity gain over conventional
Nyquist signaling. However, as shown in Figs. 11(b), 11(c),
and 11(d), the FTN signaling achieved higher capacity than
its Nyquist signaling counterpart employing the same RRC
shaping filter owing to the capability of exploiting the excess
bandwidth. Upon increasing β, the capacity gain of FTN sig-
naling over Nyquist signaling monotonically increased. More
specifically, the highest capacity was achieved at τ = 0.8,
0.6, and 0.5 for the scenarios of β = 0.22, 0.5, and 1,
respectively. However, further reducing τ did not yield any
additional capacity gain. Moreover, the normalized capacity
of FTN signaling employing an RRC shaping filter (β > 0)
was lower than that of Nyquist signaling employing the ideal
rectangular shaping filter having β = 0.

Fig. 12 illustrates the fundamental benefits of FTN signal-
ing over classic Nyquist signaling, which is achievable owing
to the exploitation of the excess bandwidth. We assumed
using an RRC shaping filter having the roll-off factor of β =
0.6 and the symbol packing ratio of τ = 1/(1 + β) = 0.625.
The FTN signaling scheme achieves a higher capacity than
its Nyquist signaling counterpart employing the same RRC
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FIGURE 12. The fundamental benefits of FTN signaling over classic Nyquist signaling, which are achievable owing to the exploitation of the excess bandwidth
attained. An RRC shaping filter having the roll-off factor of β = 0.6 and the symbol packing ratio of τ = 1/(1 + β) = 0.625 were assumed.
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30 dB and 60 dB. The symbol packing ratio was varied from τ = 1 to 0.4 in
steps of 0.02, while the roll-off factor was set to β = 0, 0.22, 0.5, and 1.

shaping filter due to exploiting the resultant excess band-
width. Further reducing τ below 1/(1 + β) does not lead to
any additional capacity gain, since the folded pulse spectrum
Hfo(f) includes spectral nulls when τ < 1/(1 + β) [5].

To elaborate a little further, in Fig. 13 we show the normal-
ized capacity of unprecoded FTN signaling for each τ value
for SNRs of 30 dB and 60 dB. The symbol packing ratio was
varied from τ = 1 to 0.4 in steps of 0.02. The other system
parameters were the same as those used in Fig. 11. As shown
in Fig. 13, the capacities of unprecoded FTN signaling using
the roll-off factors of β = 0.22, 0.5, and 1 were highest for
τ ≤ 0.82, 0.66, and 0.5, respectively. This confirmed that
the achievable capacity gain of unprecoded FTN signaling is
upper-bounded by τ = 1/(1 + β), which corresponds to the
excess bandwidth of the RRC shaping filter.

Furthermore, the capacity gain of FTN signaling employ-
ing an RRC shaping filter over Nyquist signaling employing
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FIGURE 14. Capacity gain ψ for the SNRs of 10 dB, 100 dB, and 500 dB. The
symbol packing ratio was varied from τ = 1 to 0.4 in steps of 0.02, while the
roll-off factor was set to β = 0.22, 0.5, and 1.

the ideal rectangular shaping filter is defined by [5]

ψ =
RFTN

C/2W
. (89)

In [5], Rusek and Anderson proved that the capacity gain
(89) approaches 1 when σ2

s/N0 → ∞. Fig. 14 shows ψ (89)
for the SNRs of 10 dB, 100 dB, and 500 dB. The symbol
packing ratio and the roll-off factor were the same as those
used in Fig. 13. As seen from Fig. 14, the capacity gain ψ
for τ ≤ 1/(1 + β) approached 1 at the extreme SNR of
500 dB. Hence, unprecoded FTN signaling employing an
RRC shaping filter approaches but does not outperform the
Nyquist signaling employing the ideal sinc signaling pulse.

In [6], the information rate of binary FTN signaling was
investigated; it was shown that when τ → 0, binary FTN
signaling is capable of attaining an information rate close
to the capacity of unprecoded FTN signaling CFTN derived
in [5]. Furthermore, the information rate of unprecoded FTN
signaling has been studied in a multi-user scenario [8–10]. In
[10], FTN signaling was considered in a multi-user downlink
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TABLE 9. Information-theoretic analysis of FTN signaling with frequency-domain filtering and their contributions

Year Authors Contribution Channel
2011 Kim and Bajcsy [143] Evaluated the capacity of cyclostationary FTN signaling, employing the RRC shaping filter. The

waterfilling algorithm was exploited for FD filtering, which is used for increasing the information
rate, where a limited performance gain over Nyquist signaling was reported for a two-path fading
channel.

Frequency-
selective

2014 Hefnawy et al. [144] Designed an FD filter to improve the achievable information rate of FTN signaling, with the aid of
the Lagrange multiplier method.

AWGN

2019 Che et al. [131] Investigated a constrained information rate of FTN signaling, employing L-point QAM. The time-
truncated pulse of an RRC shaping filter was designed such that the constrained information rate
was maximized, based on the particle swarm optimization algorithm.

AWGN

2020 Ganji et al. [12] Presented the design guideline of an FD filter to increase the information rate of FTN signaling both
for the AWGN and frequency-selective fading scenarios, based on the Lagrange multiplier method.

AWGN and
frequency-
selective

scenario, where the different user’s data symbols were broad-
cast by superimposing multiple different FTN signals. The
associated capacity was derived, and the presented scheme’s
performance gain over its Nyquist signaling counterpart was
quantified.

Although most of the capacity expression of unprecoded
FTN signaling were derived for an AWGN channel [5, 6,
8–10], those of a frequency-flat MIMO channel and of
a frequency-selective single-input multiple-output (SIMO)
channel were quantified in [136, 145] and [11], respectively,
assuming having perfect receiver-side CSI. Moreover, in
[135], the capacity of FTN signaling was calculated based on
a measured large-scale multiple-input single-output (MISO)
channel, where the base station employed 128 antenna ele-
ments.

B. FTN SIGNALING RELYING ON FD FILTERING
To further increase the information rate, an FD filter was
invoked in unprecoded FTN signaling [12, 143, 144].

In [143], the classical waterfilling algorithm was used
for FTN signaling, where the PSD of transmit signals was
reshaped by filtering for ensuring that the information rate
was maximized under a specific average power constraint.
However, almost no performance improvement was achieved
when a practical RRC shaping filter was employed.

As shown in Fig. 14, unprecoded FTN signaling [5] using
an RRC shaping filter (β > 0) achieved a normalized
capacity close to that of its Nyquist signaling bound when
using a rectangular shaping filter, i.e., ψ ' 1, at sufficiently
high SNRs. However, at low SNRs, a non-negligible capacity
gap was found between the two schemes. To reduce the
capacity gap, in [144], Hefnawy et al. designed an FD filter
based on the Lagrange multiplier method. As a result, a
higher information rate than unprecoded FTN signaling in [5]
was achieved. Furthermore, spectral shaping similar to [144]
was used in [12], where both AWGN and frequency-selective
fading channels were considered.

In [131], the information rate of FTN signaling using
QAM was investigated, where the signaling pulse of an
RRC filter was truncated to reshape the spectrum with the
aid of particle swarm optimization under the constraint of
a specific maximum out-of-band emission. Both analytical

performance results, as well as simulation-based BER perfor-
mance results were reported for a multi-stage-concatenated
channel-coded system. It was demonstrated that the FTN
signaling scheme using a time-truncated signaling pulse, 4-
QAM and τ = 0.25, exhibited a BER advantage over its
Nyquist signaling counterpart employing 256-QAM.

C. PRECODED FTN SIGNALING
In [14], the capacity of EVD-precoded FTN signaling was
derived. More specifically, based on the approximation of
(82), the capacity of EVD-precoded FTN signaling is formu-
lated as follows [14]:

CFTN
EVD =

∫ 1/(2τT0)

−1/(2τT0)

log2

(
1 +

σ2
s

N0
Hfo(f)

)
df (90)

= CFTN. (91)

As shown in (91), the capacity of EVD-precoded FTN sig-
naling is consistent with that of unprecoded FTN signaling
of (87). Hence, EVD-precoded FTN signaling does not yield
any information-rate gain over its unprecoded counterpart
[14, 15].

To overcome this limitation, EVD-precoded FTN signal-
ing combined with power allocation was proposed in [15].
More specifically, motivated by the classic waterfilling algo-
rithm conceived for an SVD-precoded spatial-multiplexing
MIMO system [56], in [15], both optimal and truncated
power allocation schemes were developed for increasing the
achievable information rate of EVD-precoded FTN signal-
ing. In [15], the precoding matrix was set to F = VΓ,
where Γ is a diagonal matrix having the diagonal elements of
[
√
γ0, · · · ,

√
γN−1]. The received signals of EVD-precoded

FTN signaling are decoupled to parallel streams with diag-
onalization, and mutual information of EVD-precoded FTN
signaling with power allocation is formulated as [15]

I(s; rd) ≤
N−1∑
k=0

log2

(
1 +

λkγkσ
2
s

N0

)
, (92)

under the assumption of complex-valued Gaussian symbol
transmission. The associated capacity is obtained by assum-
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TABLE 10. Information-theoretic analyses of precoded FTN signaling and Their Contributions

Year Authors Contribution Channel
2013 Kim [146] Designed a precoding matrix, where the precoded symbols x = Fs has covariance matrix

E[xxH ] = PG−1, in order to maximize the information rate of FTN signaling in an AWGN
channel.

AWGN and
frequency-
selective

2015 Gattami et al. [13] Conceived precoding of the square root of the FTN-induced ISI matrix and derived the
associated capacity.

AWGN

2016 Kim [14] Derived the capacity of precoded FTN signaling based on EVD of the ISI matrix. The derived
capacity agreed with that of the unprecoded FTN signaling of [5].

AWGN

2019 Ishihara and Sugiura [15] Proposed EVD-precoded FTN signaling combined with optimal and truncated power allo-
cation. Information-theoretic performance analyses showed that a higher information rate
than unprecoded FTN signaling and Nyquist signaling was achievable by EVD-precoded
FTN signaling combined with power allocation, when a practical RRC shaping filter was
employed.

AWGN

2020 K. Masaki et al. [16] Evaluated the effects of the eigenvalue distribution of ISI matrix G on the achievable
information rate of EVD-precoded FTN signaling combined with truncated power allocation
of [15]. The tradeoff between the information rate and the calculation precision was
demonstrated, with the aid of multiple-precision floating-point number calculations.

AWGN

2021 Mohammadkarimi et al. [17] Analyzed the achievable information rate of FTN signaling with a finite code length, showing
that FTN signaling achieved a higher information rate than Nyquist signaling using the same
finite code length.

AWGN

Ishihara and Sugiura [18] Extended EVD-precoded FTN signaling combined with optimal power allocation assuming
an AWGN channel [15] to that supporting a frequency-selective fading channel, which was
capable of achieving an information rate close to the ideal rectangular-filter bound, while
employing a practical RRC shaping filter.

Frequency-
selective

ing an infinite channel code length as follows [15]:

CFTN
opt = lim

N→∞

1

NτT0

N−1∑
k=0

log2

(
1 +

λkγkσ
2
s

N0

)
. (93)

Moreover, the average transmit energy Ẽp of EVD-
precoded FTN signaling combined with power allocation is
expressed as:

Ẽp = E[sHΓVTGVΓs] (94)

= σ2
s

N−1∑
k=0

λkγk. (95)

In [15], based on the Lagrange multiplier method under the
energy constraint of Ẽp = Ep, the coefficients γk were
optimized for ensuring that the mutual information (92) was
maximized. The associated Lagrange function is given by

J =

N−1∑
k=0

log2

(
1 +

λkγkσ
2
s

N0

)
− α

(
N−1∑
k=0

λkγk −N

)
,

where α represents the Lagrange multiplier. By solving the
optimization problem of ∂J/∂γk = 0 subject to γk ≥ 0, the
optimized coefficients γk are as follows:

γk =
1

λk
for k = 0, · · · , N − 1. (96)

Note that the constraint γk ≥ 0 is always satisfied for all the
substreams [15].2 Hence, the TPC matrix that maximizes the
information rate achieved by EVD-precoded FTN signaling

2In the conventional SVD-precoded MIMO transmission scheme based
on the waterfilling algorithm [56], some of the available substreams are
truncated in order to maximize the associated information rate under a
given power constraint. By contrast, in EVD-precoded FTN signaling with
optimal power allocation, truncation is not imposed, and all of theN parallel
substreams are used for data transmission.

is given by F = VΓ = VΛ−
1
2 . The associated received

signal model is given by

rd = Λ
1
2 s + ηv, (97)

where the SNRs of all the N substream in (97) are identical,
since E[ηvη

H
v ] = N0Λ. Note that in [14], when the folded

pulse spectrum (83) includes spectral nulls, i.e., when τ <
1/(1 + β), the subset of the eigenvalues λk approaches zero,
as the block size N goes to infinity. Since the optimal coef-
ficients γk of (96) associated with the asymptotically zero
eigenvalues cannot be defined, the associated substreams
have to be deactivated in order to correctly generate the FTN
signal for τ < 1/(1+β).3 By contrast, for τ ≥ 1/(1+β), the
folded spectrum does not include spectral nulls, and hence
all the eigenvalues are positive. Hence, for τ ≥ 1/(1 + β),
the capacity of EVD-precoded FTN signaling with optimal
power allocation is given by substituting (96) into (93) as
follows [13, 15, 146]:

CFTN
opt = lim

N→∞

1

NτT0

N−1∑
k=0

log2

(
1 +

σ2
s

N0

)
(98)

=
2W

τ
log2

(
1 +

σ2
s

N0

)
[bits/sec], (99)

where we had T0 = 1/(2W ). For τ = 1, the metric (99)
matches the capacity formula of conventional Nyquist sig-
naling in (86). The associated normalized capacity is defined
by

RFTN
opt =

CFTN
opt

2(1 + β)W
[bps/Hz]. (100)

3In [15], under the idealistic assumption that all the eigenvalues are
positive even for N → ∞, the capacity of EVD-precoded FTN signaling
with power allocation was formulated.
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FIGURE 15. Normalized capacity (100) of EVD-precoded FTN signaling
combined with optimal power allocation. The roll-off factor was set to
β = 0.25, while the symbol packing ratio was set to τ = 1/(1 + β) = 0.8.

Moreover, when τ = 1/(1 + β), the normalized capacity
(100) becomes

RFTN
opt = log2

(
1 +

σ2
s

N0

)
[bps/Hz]. (101)

This normalized capacity in (101) corresponds to that of the
Nyquist-criterion-based system employing the sinc signaling
pulses having the rectangular frequency support of [−W,W ].

Fig. 15 shows the normalized capacity (100) of EVD-
precoded FTN signaling combined with optimal power al-
location, employing an RRC shaping filter having the roll-
off factor of β = 0.25, while the symbol packing ratio was
set to τ = 1/(1 + β) = 0.8. The normalized capacities of
the Nyquist signaling scheme (τ = 1) and the unprecoded
FTN signaling scheme with τ = 0.8 were plotted as the
benchmarks, where both the schemes employed the same
RRC shaping filter as that used by the EVD-precoded FTN
signaling scheme. Moreover, the Shannon capacity assuming
the use of the ideal rectangular shaping filter of β = 0
was also shown. Observe in Fig. 15 that EVD-precoded FTN
signaling combined with optimal power allocation achieved
the capacity bound assuming the ideal rectangular shaping
filter (β = 0) while outperforming the capacity of the
corresponding Nyquist signaling scheme using a practical
RRC shaping filter having β > 0. Hence, EVD-precoded
FTN signaling combined with optimal power allocation is
capable of fully exploiting the excess bandwidth of an RRC
shaping filter, while Nyquist signaling and unprecoded FTN
signaling using an RRC shaping filter are not.

Note that in the earlier study of [13], Gattami et al. inves-
tigated the information rate of precoded FTN signaling with
the aid of the ISR-based TPC matrix of G−

1
2 = VΛ−

1
2 VT ,

and the capacity derived was the same as in (99). Moreover,
in the Ph.D. thesis of Kim in 2013 [146], it was shown

that if the TPC matrix F is designed for ensuring that
the covariance matrix of the precoded symbols x becomes
E[xxH ] = E[FssHFH ] = σ2

sG
−1, the information rate

achieved by FTN signaling is maximized. The corresponding
capacity was formulated as (99). The TPC matrices G−

1
2

and VΛ−
1
2 advocated in [13] and [15], respectively, result in

such a covariance matrix [146]. Hence, these TPC matrices
were optimal in terms of the achievable information rate
[146]. Most recently, the concept of EVD-precoded FTN
signaling combined with power allocation was extended to
the scenario of NOFDM in [85]. It was demonstrated in
[85] that the EVD-precoded NOFDM scheme combined with
power allocation is capable of achieving a higher capacity
than the conventional OFDM scheme.

It is worth mentioning that the optimal power allocation
of (96) designed for EVD-precoded FTN signaling is not
the classic water-filling solution, while it was the water-
filling solution for the SVD-precoded spatial-multiplexing
MIMO system. More specifically, in the conventional SVD-
precoded MIMO system, a higher power is allocated to the
active substreams associated with higher singular values,
while the remaining substreams may be deactivated. As a
result, the optimal power allocation is reminiscent of water-
filling [56]. By contrast, in the EVD-precoded FTN signaling
scheme combined with optimal power allocation, non-zero
power is allocated to each substream for ensuring that all N
substreams have an identical equivalent SNR of σ2

s/N0, as
shown in (97); explicitly, this is not waterfilling.

Furthermore, in [18], EVD-precoded FTN signaling com-
bined with optimal power allocation [15] was extended to
that supporting a frequency-selective fading channel, which
achieves an information rate close to the ideal rectangular-
filter bound in dispersive channels.4

D. NUMERICAL ILL-CONDITIONING CAUSED BY
EXTREMELY LOW EIGENVALUES
As mentioned in Section VIII-C, for an infinite channel code
length, optimal power allocation (96) is only possible in the
range of τ ≥ 1/(1 + β) and the associated capacity is given
by (99). However, it was proved in [14] that for finite N ,
the ISI matrix G is always positive definite regardless of
the values of τ and β. Thus, for finite N , EVD-precoded
FTN signaling combined with optimal power allocation is
theoretically implementable even in the high-rate scenarios
of τ < 1/(1 + β).5

However, in a low-τ scenario, EVD-precoded FTN sig-
naling combined with optimal power allocation suffers from
numerical ill-conditioning due to the presence of extremely

4In [146], a similar precoded FTN signaling system was presented, but no
analytical and numerical performance results were provided.

5To rigorously analyze the information rate for a finite code length, the
effects of the non-zero block error has to be considered [147]. In [17], the
achievable information rate of FTN signaling for a finite code length was
analyzed, showing that FTN signaling outperforms its Nyquist signaling
counterpart at the same finite code length.
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low eigenvalues of the ISI matrix, when τ < 1/(1 + β).6

Since the TPC matrix F = VΛ−
1
2 of EVD-precoded FTN

signaling combined with optimal power allocation requires
the reciprocals of the eigenvalues, its numerical computations
become ill-conditioned in a low-τ scenario.7 The TPC matrix
G−

1
2 = VΛ−

1
2 VT contains the reciprocals of the eigen-

values, hence it also suffers from the same ill-conditioning
problem. Note that as shown in Fig. 10, when τ ≥ 1/(1+β),
the ISI matrix G has no extremely low eigenvalues. Hence
the associated matrix inversions are accurately computed in
the standard double-precision environment.

E. EVD-PRECODED FTN SIGNALING RELYING ON
TRUNCATED POWER ALLOCATION
To solve the above-mentioned numerical ill-conditioning
problem, suboptimal truncated power allocation was pro-
posed for the first time in [15]. More specifically, in [15],
the optimal power allocation of (96) was modified to

γk =

{
1
λk
· NM (λk ≥ th)

0 (λk < th)
, (102)

where th represents a threshold value. The M out of N
substreams satisfying the condition of λk ≥ th are used for
data transmission, while the remaining (N −M) substreams
are deactivated. Hence, truncated power allocation of (102)
allows us to dispense with the reciprocals of the extremely
low eigenvalues [15]. The coefficient N/M in (102) is re-
quired to satisfy the energy constraint of Ẽp = Ep.

In [16], the effects of the eigenvalue distribution on the
achievable information rate were further explored. More
specifically, the eigenvalue decomposition of G was carried
out based on the multiple-precision floating-point arithmetic
library of [150] that enables more precise computation than
the standard double-precision environment.

F. EFFECTS OF IBI ON INFORMATION RATE
The detrimental IBI effects were ignored in the previous
FTN studies by assuming single block based transmissions
in FTN signaling. To provide further insights, we include
Figs. 16(a) and 16(b) for providing examples of the baseband
transmit signals x(t) of the EVD-precoded FTN signaling
schemes without power allocation and with truncated power
allocation, respectively. We employed the system parameters
of τ = 0.1, β = 0.22, and N = 1, 000. Moreover, the ISI-
free minimum symbol interval was set to T0 = 1 sec. Hence,
the expected total block duration was given by NτT0 = 100

6In [14–16, 146], it was mentioned that the FTN-induced ISI matrix G
based on the sinc filter is known as a prolate matrix [148, 149]. A prolate
matrix with large N typically has extremely low eigenvalues, and hence the
computation of its inverse is numerically ill-conditioned [148, 149].

7In our additional simulations, it was observed that for low τ , the average
energy of the transmit EVD-precoded FTN signals with optimal power allo-
cation did not match its theoretical value, where we carried out the associated
computations based on standard double-precision floating-point numbers.
This is because the precoding matrix VΛ−

1
2 and the corresponding transmit

signals x(t) were not precisely computed due to the presence of extremely
low eigenvalues.
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FIGURE 16. Snapshots of the signal waveforms x(t) of (a) EVD-precoded
FTN signaling without power allocation and (b) EVD-precoded FTN signaling
with truncated power allocation, where the ISI-free minimum symbol interval
was set to T0 = 1 sec. We employed τ = 0.1, β = 0.22, and N = 1, 000.
Moreover, the threshold for truncated power allocation was set to th = 10−10

and 0.1.

sec. For the truncated power allocation scheme, the threshold
value was set to th = 10−10 and 0.1. For the sake of
simplicity, BPSK symbols were assigned to the symbols of
activated substreams. In Fig. 16(a), most of the transmit
energy was within the block interval [0, NτT0], while in
Fig. 16(b), the transmit energy was not concentrated within
the block interval. More specifically, in EVD-precoded FTN
signaling operating without power allocation, the energy
outside the block interval was on average only 0.34% of the
total transmit energy. Hence, no severe IBI occurs between
the adjacent transmitted blocks. However, in EVD-precoded
FTN signaling combined with truncated power allocation, on
average 10.2% and 1.59% of the total energy was outside the
block interval when th = 10−10 and 0.1, respectively. This
energy leakage may cause severe IBI, hence the achievable
information rate may be reduced [15]. For G−

1
2 -precoded

FTN signaling, a similar issue associated with the energy
outside the block interval was also pointed out in [13]. Note
that for practical packing ratio range of τ ≥ 1/(1 + β),
no severe IBI is induced. In [86], in the scenario of EVD-
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precoded NOFDM combined with power allocation, the im-
pact of inter-frame interference on the achievable information
rate was investigated.

IX. ADDITIONAL STUDIES OF FTN SIGNALING
In addition to the aforementioned FTN signaling studies, a
variety of other transceiver designs and applications have
been investigated [4, 52], which are summarized in Table 11.

A. FTN SIGNALING IN MIMO CHANNEL
While most of the previous FTN signaling studies consid-
ered a single-input single-output (SISO) channel, nonethe-
less FTN signaling in a MIMO channel has also been
studied [11, 68, 116, 151–155]. In [68], the Mazo limit of a
MIMO channel was derived and a space-time block-coded
FTN transceiver was developed for a 2 × 2 MIMO scenario.
Most recently, the FTN-MIMO system combined with the
space-time multi-mode IM concept was developed in [116],
showing that the proposed FTN-MIMO system is capable of
achieving better energy efficiency than the Nyquist signaling
counterpart.

B. FTN SIGNALING COMBINED WITH NOMA
Moreover, FTN signaling has also been combined with the
NOMA concept [43, 117], where the data symbols of each
user are transmitted with an FTN-specific symbol inter-
val [117]. In [117], FTN signaling was amalgamated with
sparse code multiple access (SCMA) in the uplink, where CE,
DD, and user-activity tracking were jointly carried out using
a factor-graph-based message passing algorithm. Moreover,
the proposed FTN-SCMA scheme was applied to a grant-
free transmission scenario. In [43], FTN signaling was ex-
ploited in the random-access based NOMA uplink, where
similar to [117], iterative joint CE, DD, and user-activity
tracking was developed. In [43, 117], it was demonstrated
that the bandwidth efficiency is further improved compared
to conventional NOMA system by exploiting FTN signaling.
Furthermore, similar to the FTN-NOMA system concept, the
combination of NOFDM and NOMA was considered in [83].

C. FTN SIGNALING COMBINED WITH IM
As briefly reviewed in Section V-C, FTN-IM signaling,
which incorporates the IM concept into FTN signaling,
has been studied in [36, 37, 116]. IM is an energy-efficient
modulation scheme that implicitly conveys extra information
by switching the activation pattern of the TD or FD com-
munication resources, hence it is capable of outperforming
classic modulation schemes, such as the PSK and QAM
schemes [126, 156]. In [36], IM was combined with FTN
signaling for the first time, where the TD SCIM concept
was introduced into a FDE-aided FTN system. Owing to
exploiting SCIM, higher energy efficiency was achieved than
that of conventional FTN signaling operating without IM.
In [126], it was shown that FTN-IM signaling achieves a
higher constrained information rate than conventional FTN

signaling, especially in a low-rate scenario. To further in-
crease the energy efficiency, the dual-mode SCIM concept
was embedded into FTN signaling in [37]. In [116], the
space-time multi-mode IM concept was applied to a GMP-
aided FTN-MIMO system. Most recently, in [51], the TD
SCIM concept was amalgamated with EVD-precoded FTN
signaling combined with optimal power allocation. Further-
more, the IM concept has also been combined with NOFDM
[81, 84].

D. OTHER ESTIMATION ISSUES
While the family of CE schemes designed for FTN sig-
naling was reviewed in Section VI-A, a diverse range of
other estimation issues such as carrier phase estimation and
synchronization designed for FTN signaling were considered
in [157–165] and [166–171], respectively. To elaborate, in
[170], a timing synchronization scheme based on exploit-
ing the higher-order cyclostationarity of FTN signaling was
proposed. The robustness of this scheme against frequency
offsets was characterized in a simple AWGN channel. Fur-
thermore, in [171], a pilot-aided timing estimation scheme
was proposed for FTN signaling, where the optimal pilot
sequence was designed for ensuring that the Cramér-Rao
lower bound of estimation error was minimized.

E. OTHER FTN TRANSCEIVER ARCHITECTURES AND
APPLICATIONS
Furthermore, diverse FTN transceiver architectures have
been investigated, including a message-passing-based FTN
receiver [34, 42, 172–175], a convex-optimization-based
FTN detector [176, 177], offset-QAM-aided FTN signal-
ing [41, 151, 178–181], high-order modulation scheme-
assisted FTN signaling [26, 168, 182], and low-resolution
analog-to-digital converter (ADC) based FTN signal-
ing [183]. The physical-layer security of FTN signaling was
also characterized, for example in [50, 184]. Moreover, FTN
signaling has been applied to several specific scenarios other
than microwave communications, such as optical communi-
cations [47, 130, 137, 139–141, 158, 185–193], digital video
broadcast [160, 194–197], the 5G cellular backhaul [198] and
visible light communications [199].

X. CONCLUSIONS AND DESIGN GUIDELINES
A. SUMMARY
In this treatise, we reviewed the entire suit of FTN signaling
schemes, including low-complexity detection and CE. We
then surveyed the information-theoretic framework of un-
precoded, filtered and precoded FTN signaling transceiver
designs. Furthermore, we presented the theory and funda-
mental design of the recent EVD-precoded FTN signaling
schemes combined with power allocation. We demonstrated
that FTN signaling has indeed the potential of achieving
a higher capacity than its conventional Nyquist signaling
counterpart under the employment of a realistic RRC shaping
filter, rather than the ideal rectangular shaping filter.
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TABLE 11. Additional studies related to FTN signaling and their contributions

Year Authors Contribution
2012 Zhou [200] Introduced the concept of generalized FTN signaling with the aid of arbitrary shaping pulses.
2013 Hefnawy and Taoka [201] Provided an overview of the system model and the capacity of FTN signaling.

Anderson et al. [4] Provided the first comprehensive survey on FTN signaling studies.
2014 Dasalukunte [202] Organized the basic theory of FTN signaling and its hardware implementations with the aid of TD detection

algorithms.
Han et al. [176] Formulated a detection problem of binary FTN signaling as a convex optimization problem. Based on the formulated

optimization problem, the l∞-minimization-based symbol recovery method was proposed.
2016 Lucciardi et al. [203] Revealed that when taking into account the effects of an amplifier’s non-linearity, FTN signaling with lower-order

modulation has the potential to outperform Nyquist signaling with higher-order modulation.
Kang and Oh [204] Presented a novel coded FTN system where multiple coded frames were correlated by FTN-induced ISI to construct

a long coded frame and increase the coding gain.
Zhu et al. [199] Applied the FTN signaling concept to an indoor multi-user visible light communication scenario.
Sasahara et al. [177] Proposed a sum-of-absolute-values optimization detector which is a more efficient convex-optimization-based FTN

receiver than that in [176].
2017 Fan et al. [52] Reviewed the previous FTN signaling studies and provided the basic system model of FTN signaling.

Soltanpur et al. [205] Evaluated the achievable performance of binary FTN signaling in the presence of an unknown jitter at the receiver.
Landau et al. [183] Exploited the FTN signaling concept to improve the information rate in the scenario of a communication channel

using a 1-bit quantized ADC at the receiver.
2018 Zhu et al. [206] Considered a terabit FTN signaling system with the aid of the wavelength-division multiplexing scheme over an

optical fiber channel.
Wang et al. [184] Proposed an FTN-based physical-layer security scheme by exploiting the fact that FTN-induced ISI is unknown at

the eavesdropper.
2019 López et al. [170] Proposed a timing synchronization scheme based on the higher-order cyclostationarity of FTN signaling.
2021 Mounsif et al. [171] Developed a pilot-aided timing estimation scheme for FTN signaling, where the optimal pilot sequence was designed

for ensuring that the Cramér-Rao lower bound of estimation error is minimized.

B. DESIGN GUIDELINE
1) General Transceiver Structures

In general, an FTN transceiver is structured as follows:

• At the transmitter, the information symbols are passed
through an RRC shaping filter, having a roll-off factor
of β, and are transmitted at an FTN-specific symbol
interval of T = τT0. The symbol packing ratio and the
roll-off factor are set to the range of 0 < τ ≤ 1 and
0 ≤ β ≤ 1, respectively.

• At the receiver, the FTN signal is matched-filtered and
then sampled at the intervals of T = τT0.

• The received samples have to be equalized to eliminate
the FTN-induced detrimental ISI effects.

2) Precoded FTN Signaling

The design criteria of precoded FTN signaling are summa-
rized as follows:

• The total energy per block of the precoded FTN signal
has to be Nσ2

s , according to (26).
• In EVD-precoded [15, 16] and ISR-precoded FTN sig-

naling [13], the substreams associated with extremely
low eigenvalues may have to be truncated in a low-τ
scenario of τ < 1/(1 + β). For example, in [15], the
threshold was set to th ≥ 10−10 for the scenario of
β = 0.22, τ < 0.8, N = 10, 000 and standard double-
precision numbers. It is practical to set τ ≥ 1/(1 + β)
to avoid the complicated truncation.

• As discussed in Section VII-E, there is a possibility of
spectrum broadening when a shaping filter is not strictly
bandlimited [129]. Hence, the PSD of precoded FTN
signal has to be checked.

C. FUTURE RESEARCH DIRECTIONS
1) Further Efficient CE and DD
Although a suite of efficient detection algorithms has been
conceived for striking compelling performance versus com-
plexity tradeoffs, the associated receiver complexity tends
to remain high, especially in a realistic frequency-selective
fading scenario. Similarly, further studies of low-complexity
iterative CE and DD schemes [35, 39, 42, 43] are required.

2) Experimental Campaign of Precoded FTN Signaling
As shown in Section VIII-C, the recent TPC schemes devel-
oped for FTN signaling exhibit attractive gains over Nyquist
signaling schemes employing a practical RRC shaping filter.
However, in the precoded FTN signaling schemes, there is
a paucity of experimental campaigns in realistic applica-
tion scenarios. The potential performance benefits of EVD-
precoded FTN signaling combined with power allocation,
illustrated in Fig. 15, have to be validated experimentally.

3) Block-Based FTN Transmission under the Presence of IBI
In most conventional FTN signaling studies, the detrimental
IBI effects were typically ignored for the sake of simplicity.
Formulating the block-based FTN system model in the pres-
ence of IBI and developing its efficient detection algorithm is
also an open issue at the time of writing.

GLOSSARY
ADC Analog-to-Digital Converter
AWGN Additive White Gaussian Noise
BCJR Bahl, Cocke, Jelinek, and Raviv
BER Bit Error Ratio
BPSK Binary PSK
CDMA Code-Division Multiple-Access
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CE Channel Estimation
CP Cyclic Prefix
CSI Channel State Information
DD Data Detection
DFE Decision Feedback Equalization
DFT Discrete Fourier Transform
DFTN Differential FTN
EM Expectation Maximization
EVD EigenValue Decomposition
EXIT EXtrinsic Information Transfer
FD Frequency-Domain
FDE Frequency-Domain Equalization
FFT Fast Fourier Transform
FTN Faster-than-Nyquist
FTNP FTN-based Pilot
FTN-IM FTN-index modulation
GMP Gaussian Message-Passing
HARQ Hybrid Automatic Repeat Request
IBI Inter-Block Interference
IDFT Inverse DFT
IR Impulse Response
ISI Inter-Symbol Interference
ISR Inverse Square Root
LDPC Low-Density Parity-Check
LPE Linear Pre-Equalization
MED Minimum Euclidean Distance
MIMO Multiple-Input Multiple-Output
MISO Multiple-Input Single-Output
MLSE Maximum Likelihood Sequence Estimation
MMSE Minimum MSE
MSE Mean Square Error
M -BCJR M -algorithm based BCJR
NOFDM Non-Orthogonal Frequency-Division Multiplexing
NOMA Non-Orthogonal Multiple-Access
OFDM Orthogonal Frequency-Division Multiplexing
PAM Pulse-Amplitude Modulation
PR Partial-Response
PSD Power Spectral Density
PSK Phase-Shift Keying
QAM Quadrature Amplitude Modulation
QPSK Quadrature PSK
RC Raised Cosine
RRC Root RC
RSC Recursive Systematic Coding
SC-FDMA Single-Carrier Frequency-Division Multiple Ac-

cess
SCIM Single-Carrier Index Modulation
SCMA sparse code multiple access
SEFDM Spectrally-Efficient Frequency-Division Multiplex-

ing
SIC Successive Interference Cancellation
SIMO Single-Input Multiple-Output
SISO Single-Input Single-Output
SNR Signal-to-Noise Ratio
SoD Soft-Decision
SVD Singular Value Decomposition
TD Time-Domain
THP Tomlinson-Harashima Precoding
TPC Transmit PreCoding
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