POISSONIAN OCCUPATION TIMES OF SPECTRALLY NEGATIVE LEVY
PROCESSES WITH APPLICATIONS

MOHAMED AMINE LKABOUS

ABSTRACT. In this paper, we introduce the concept of Poissonian occupation times below
level 0 of a spectrally negative Lévy process. In this case, occupation time is accumulated
only when the process is observed to be negative at arrival epochs of an independent Poisson
process. Our results extend some well known continuously observed quantities involving oc-
cupation times of spectrally negative Lévy processes. As an application, we establish a link
between Poissonian occupation times and insurance risk models with Parisian implementa-
tion delays.

1. INTRODUCTION

Let X = (Xi),» be a spectrally negative Lévy process, that is a cadlag process with
stationary and independent increments and no positive jumps. We define the first passage
time above b,

le' =inf{t > 0: X; > b},
with the convention inf() = oco. For ease of notation, denote N = {0,1,2,...} and N} =
{1,2,3,...}. We define the following discrete observation scheme {,}, oy where & = 0,
& = e}\ and, for n = 2,3,4...,

B e’S\L’ lf Xﬁn_1 Z 07

where 6 is the Markov shift operator (Xso06; = X,4¢) and {ez}nel\u

dent and identically distributed (iid) exponential random variables with rate A > 0 (frequency
rate of observations). Under the discrete observation scheme , the surplus process is first
monitored discretely at Poisson arrival times with rate A until the surplus is observed to be
negative. Hereafter, the risk process will be observed continuously until it leaves (—o0, 0).

In this paper, we define the Poissonian occupation time below 0 over a finite-time horizon,
by

is a sequence of indepen-

Ot),(A = Z (g 0 ggn)l{X§n<0,fn<t}’ (2)

neNL
which is the total time elapsed during the continuous observation (see Figure . We will
first study the joint Laplace transform of (T(j_ , Oii /\> and, as a consequence, we examine the
b

Laplace transform as well as the distribution of Poissonian occupation time over an infinite-
time horizon, that is,

Oé,x = Z (75r Oeﬁn)l{xgnw}'

neNL
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The analysis of quantities involving the duration of negative surplus (also called the time in
red) under continuous monitoring O;X = fg 1(_o0,0) (Xs) ds has been well studied in the liter-
ature. The Laplace transform of OF = [ 1(_s,0) (Xs) ds was first derived by Landriault et

al. [13|. Loeffen et al. [22] derived the joint Laplace transform of (Tb+ , Oiﬂ), generalizing the
b

results in [13]. For a more general treatment, Li and Palmowski [15] studied weighted occu-
pation times. Wang et al. [24] studied the joint Laplace transform of occupation times over
disjoint intervals for spectrally negative Lévy processes with a taxation structure. Recently,
Landriault et al. [11] obtained an analytical expression for the distribution of the occupation
time below level 0 up to an (independent) exponential horizon for a (refracted) spectrally
negative Lévy risk processes.

In the aforementioned works, the study of continuously observed identities involving occu-
pation times became challenging when surplus process has paths of unbounded variation. In
[13], the e-approzimation approach, which consists of a spatial shift of the sample paths of
the underlying process, was used to avoid the problem caused by the infinity activity of the
process and such that classical conditioning continue to hold. A second approach consists of
introducing a sequence of bounded variation processes, (X;)n>1, which converge to the un-
bounded variation process X as n goes to infinity (see Loeffen et al. [22], Guérin and Renaud
[7]). An important contribution of the Poisson observation approach is the unified proof for
processes with bounded or unbounded variation paths, whereas these two cases need to be
treated separately using the approximation approaches explained above and, when the Pois-
son observation rate goes to infinity, we recover results for occupation times under continuous
monitoring (see e.g. Albrecher et al. |2| and Li et al. [17]).

1.1. Motivation. In actuarial mathematics, occupation times can naturally be used as a
measure of the risk inherent to an insurance portfolio. For instance, the time spent below
a solvency threshold helps quantify the risk related to an insurance surplus process. The
analysis of the duration of the negative surplus is also related to Parisian ruin models in
which insurers are granted a period of time to re-emerge above the threshold level before
ruin is deemed to occur (see e.g. [20,[21]) and (|13,14]). Two types of Parisian ruin are
strongly related to O;X: cumulative Parisian ruin and Parisian ruin with exponential delays.
In the first case, ruin occurs when the surplus process stays cumulatively below a critical level
longer than a pre-determined time period. Guérin and Renaud [8] studied the probability
of cumulative Parisian ruin for the Cramér—Lundberg risk model with exponential claims by
giving an explicit representation for the distribution of Of. A general treatment for Lévy
risk processes has been recently studied by Landriault et al. [I1]. On the other hand, the
probability of Parisian ruin with exponential delays was first studied in [13]| through the
following connection between the occupation time OX and this type of Parisian ruin, for
z€eR,

P, (py < 00) =1 — K, [e—wii} : (3)
where

pr=inf{t>0]t—g >ef}, (4)
and g = sup {0 < s < ¢: X, > 0}, while e is an exponentially distributed random variable
with rate A > 0 and independent of X (see also Baurdoux et al. [3]). Also, it is known that

Parisian ruin time in corresponds to the first passage time when X is observed below 0 at
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Poisson arrival times, that is
T, =min{&: X¢, <0, i € N} (5)

This paper is partly motivated by the study of Parisian ruin with Erlang implementation
delays. Such type of Parisian ruin has already been studied for Lévy insurance risk models
(see, e.g. Albrecher and Ivanovs [1], Landriault et al. [14] and Frostig and Keren-Pinhasik[6]).
However, in contrast to Parisian ruin in , the relationship in Equation does not hold any
more when the delay follows an Erlang-distributed implementation delays. In this paper, we
establish a link between Poissonian occupation time and Parisian ruin with Erlang-distributed
implementation delays (see Section . First, we study Parisian ruin time with implementation
delays given by a sum of two independent exponential random variables with different rates.
Thus, we extend the study to Parisian ruin with Erlang(2,\) implementation delays. We
will also derive several fluctuation identities as well as the Gerber-Shiu distribution. For a
more general case, namely Parisian ruin with Erlang(n, A) implementation delays, a recursive
expression will be derived using the n*-Poissonian occupation time.

The rest of the paper is organized as follows. In Section we present the necessary
background material on spectrally negative Lévy processes and scale functions. The main
results, as well as the proofs, are presented in Section [3l Applications to Parisian insurance
risk models are presented in section[dl In the Appendix, a few well known fluctuation identities
with delays are presented.

Xer &1 ) &3 §41&5

o

FiGurg 1. Illustration of Poissonian occupation time below 0.

2. PRELIMINARIES

In this section, we present the necessary background material on spectrally negative Lévy
processes.

2.1. Lévy insurance risk processes. A Lévy insurance risk process X is a process with
stationary and independent increments and no positive jumps. To avoid trivialities, we exclude
the case where X has monotone paths. As the Lévy process X has no positive jumps, its
Laplace transform exists: for all A\,¢ > 0,

E {e”ﬂ — O,
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where

1 oo
BN = YA+ 50202 + /0 (e_’\z 14 Az1(071](z)) T(d2),

for vy € R and 0 > 0, and where II is a o-finite measure on (0,00) called the Lévy measure of
X such that

/00(1 A 2HTI(dz) < oo.
0

We will use the standard Markovian notation: the law of X when starting from Xy = x is
denoted by P, and the corresponding expectation by E,. We write P and E when x = 0.
We recall the definition of standard first-passage time below level b € R,

7, =inf{t > 0: X; < b}.
with the convention inf () = co.
2.2. Scale functions. We now present the definition of the scale functions W, and Z, of X.

First, recall that there exists a function ®: [0,00) — [0,00) defined by ®, = sup{\ > 0 |
¥(A) = g} (the right-inverse of 1) such that

Now, for ¢ > 0, the g-scale function of the process X is defined as the continuous function on
[0, 00) with Laplace transform

/0 e YW, (y)dy = rq(/\), for A > @, (6)

where 14(A) = 9(X) — ¢. This function is unique, positive and strictly increasing for x > 0
and is further continuous for ¢ > 0. We extend W, to the whole real line by setting W, (z) =0
for x < 0. We write W = Wy when ¢ = 0. It is known that

. Wy(z+D)
1 q — <I>qx.
bose Wob) (7)
and when ¢'(0+) > 0, the terminal value of W is given by
1 1
lim W(z) = = . 8
A W@ = Fon = B ®)
We also define another scale function Z,(x, ) by
Zia ) = (1= ,0) [" e wiay) =0 )
0
and Z,(x,0) = e* for z < 0. For 6 = 0, we set
Zy(x) = Zg(x,0) =1+ q/ Wy(y)dy, =z e€R. (10)
0

Using (b)), we can also re-write the scale function Z,(x, 0) as follows
(0.9]
Zy(x,0) = 1/Jq(9)/ W, (x +y)dy, >0, 0>, (11)
0

We also recall the second generation scale function, that is, for p,p+ ¢ > 0 and z € R, we
have

Wép,q) (x) =W, (z) + q/ Wpiq (x —y) Wy (y) dy
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= Wpig (1) — ¢ /0 Wira (2 — ) W, () d, (12)

where the second equation follows using the following identity obtained in [22]

(a=0) [ Wyle =) Wiu)dy = Wylz) = Wy(a). (13)
A slightly generalized version of Eq. has been derived in [16]: for s > 0, > a,
(s—(p+4q) /x Wiz — y) WP (y) dy = W) () = WP (z) . (14)
For later use, we have from Lkabous and Renaud [19] (see Eq. (9))
/OO e WP (44 2)dz = M, 6>, . (15)
0 Up+s(0)

For the sake of compactness of the results, we will use the following function defined in [1]:
for z € R and o, 8 > 0, we have

Vo) Zy(z, B) — 1bq(B)Zg(, )
a—p ’

Zy (w0, ) = (16)

and when o = 3, we obtain
Zq (r,a,c0) = w’(a)Zq(x,a) — wq(a)Z;(ac, a), (17)

where Z(’Z is the derivative of Z, taken with respect to the second argument. We write Z =17
when ¢ = 0.

Finally, we recall Kendall’s identity that provides the distribution of the first upward crossing
of a specific level (see |4, Corollary VIIL.3]): on (0,00) x (0,00), we have

rP(r € dr)dz = zP(X, € dz)dr. (18)
We refer the reader to [10] and [4] for more details on spectrally negative Lévy processes.
More examples and numerical computations related to scale functions can be found in e.g. |9
and [23].
3. MAIN RESULTS
We are now ready to state our main results. First, we provide an expression for the joint

Laplace transform of (le_ , Oiﬂ /\).
b

Theorem 1. For p,q >0, A >0 and z < b,

E [equ:LpOi}’)\l N :| i Zq (l’, (I))\+q,(1)p+q) (19)
x = — )

{Tb <OO} Zq <b7 (I)A+q7 (I)p—i-q)
Proof. See the proof in Appendix [A] [ |

As an immediate consequence of Theorem [1| we obtain the Laplace transform of (’)C)fo A\

Corollary 2. For \,p >0, E[X;] >0 and z € R,

D,P) -
P2 (w00 ®y). (20)

E, {e—p(ﬁi,x} =E[X]
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Proof. Using , and the dominated convergence theorem, we have

Jim Zw/(b(’bg)) = w(:), for 6 > 0.

which leads to ~
lim Z (b, (I)A,Cbp) _ Ap .
b—o0 W(b) (I))\(I)p

Then, using , we obtain

Z (x,®y, ®,) /W(b)

. q)p(I))\ >
lim —
b=oo Z (b, @y, ®p) /W (D)

v Z (z, Py, D)) .

= E [Xi]

Remark 3. Our fluctuation identities are arguably compact and have a similar structure as
classical fluctuation identities (under continuous monitoring). Indeed, from Theorem [1| we
recover, by letting A — oo, the identity in [22, Corollary 2.(ii)] which is the joint Laplace

transform of (7';r , Of;) given by

—am P07, Zg (2, Pptq)
z | b 1{T+<OO} T 7P
b Zq (b, Ppq)
which follows immediately from the dominated convergence theorem and ®), — oo when

A — 00, to prove limy oo Z4(b, @544)/A = 0. We also recover the Laplace transform of OX
by letting A — oo in . Indeed, we have

E

D,P) -
E, [e—l’%} ~ lim E, [e—POi‘o,»] = lim E[X1] 227 (z, By, )
A—00 A—00 D
Z (v,®,) ® ® 3,7 (z,®
= lim E[Xi] (2, 2) Py L) limE[Xl]QAm
A—00 A CI)p — &, A—00 p (Q)p — (I))\)
iy
= E[X1]?p2(w7<1>p), (21)
using

= lim @A/ e MW (2 4 y)dy = lim W (z +y) = W (x),
0 y—0

A—00 A A—00

where in the second equality we used the Initial Value Theorem of Laplace transform.
In the next theorem, we give an explicit expression for the density of Offq A\

Theorem 4. For A >0, r >0 and z € R, we have

P o2
P, (0%, €dr) = E[X{] TAZ(:C,@A)% (dr) + E [X1] TAFA (r) Z (z,®y) dr

—E[X;] D) (F,\ (r)yW (z) + /OT Ty(r—s)N (z,s) ds> dr, (22)
where

La(r) = / e@*Z;IP’ (X, €dz),
0
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and
N (z,r) = /OOOW/(J:—i—z) “P(X, € dz).
Proof. See the proof in Appendix [A] [ |
Remark 5. We can rewrite formula as
P, (Ofo,A €dr) =P, (Ty = o00) oo (dr) + Py (Og(o,)\ €dr, Ty <o),
where,
B, (T = o) = B[] 27 (2, 85),
which can be found in [13| (see Corollary 1), and

O,y (1)
A

~E[X1] @ ( /0 Iy (r— ) N (2, 9) ds) dr.

Py (0% ) €dr, Ty <o0) = E[Xi] (®AZ (z,Dy) — AW (x))dr

4. APPLICATIONS : PARISIAN RUIN

In this section, we want to provide a link between Poissonian occupation times and Parisian
ruin models with Erlang distributed implementation delays.

4.1. Parisian ruin with implementation delays given by a sum of two independent
exponential random variables. Under the Poissonian occupation time, occupation time is
accumulated once the process is observed to be negative at Poisson arrival times. In other
words, occupation time is accumulated when process stays below 0 for a period of time equal
to a copy of an exponentially distributed r.v. ey with rate A > 0. Now, if we consider imple-
mentation clock given by an exponentially distributed r.v. e, with rate p > 0 (independent of
X and ey), then P, (Ogg \ > ep) corresponds to the probability of Parisian ruin with imple-

mentation delays modelled by the sum of e, and ey. Hence, we have established the following
connection

P, (p0) < 00) =Py (05 > ¢) = 1 - E, [e70%] | (23)
where p(P*) is the Parisian ruin time given by
pPN = inf {t>0]t—g >ef +el'}, (24)
and for the finite-time case,

P, (p(p”\) < t) =1-E, [efpofi(*} :

One can prove this relationship using similar steps as in the proof of Proposition 2.4 in |3].
Using the relationship in Equation together with Corollary [2| we obtain the following
expression for P, (,o(p*’\) < oo) .

Corollary 6. Let p,\ > 0 where p # X\, x € R and E[X;] > 0,

0D,

L2 (1,008, (25)

P, (p@”” < oo> —1-E[Xy]
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Remark 7. Using the discussion in Remark |3 one immediately recovers the expression for the
probabilities of Parisian ruin with exponentially distributed implementation delays,

. D)\
lim P, (o = 00) = E[X1] S22 (2, @2) = Py (pa = ).

P
lim P, (o™ = 00) = E[X] ~2Z (z,@,) = P (p, = ),
A—00 p
and finally, (25) reduces to the probability of classical ruin in (59) since

. . (I)pq>>\ =
pli}IEO)\h_)IgOE[Xﬂ » Z (z, Py, ®)p)

. . (I)pq>>\ =
Algr;oplggo]E[Xﬂ » Z (z, Py, ®)p)

E[X1]W (2) =Py (. = 00).

This gives an interpretation of the symmetry in p and X in (25). Indeed, if we reverse the roles
of e, and ey, that is, supposing arrival times wiht rate p > 0 and ey as the implementation
clock, we also have

Px (P(p’A) < OO) =1- ECE [e_kogg’p} .
In the next theorem, we give further fluctuation identities involving the Parisian ruin time
p(pv)‘)_
Theorem 8. For p, A\ >0, a,b,q,0 > 0 and z < b,

—qp(P:N)
qp +6X (p,\)
Ex e p'\P 1{p(p,>\)<7—b

— p g(q,)\) (.73, 0) . Zfl (.Z', (I)A'HI’ (I)p+q)£(q,>\) (b, 9) ’
¢q+>\ (9) ¢q+p (9) Zq (b7 ¢>\+(I7 q)p+q)
where
E@N (1,0) = AZ, (2,0) — g (0) Zy (z,Pr1y) -
Forz e R,

—agp®P:N)
ap'PV+0X (5 A
Ex e P(P )l{p(p’k)<00}i|

= p (@A) wq (9> ((I)q+)\ — 9) ((I)p+q — (I)q) - )

- ¢ 9) - Zy (w0, Prpq, @ . (26

Paix (0) Pgip (0) < (=.6) p(0—D,) g (T, Prtq, Ppig) (26)
For —a <z <b,

i7 (PN
—grt W, (.’IJ, a)
E, |:e qm 1{T;,+<P(p’>‘)/\7:a} = q

4 (27)
W (b,a)
where

W) (7,0) = )\ngq,p) (z +a) Wyia(a) — pr(cq’/\) (z + a) Wpiq(a).
When a — oo, we obtain

4 Zo (2, Prig, P
Ea} [e*qu 1{T+<p(p,x)}i| — ~(I( A+q p+q) ) (28)
’ 24 (0, Prtg q)p+q)
Proof. See the proof in Appendix [A]




Remark 9. Following the same steps as in computation of the limit in , we get

Zq (95"1)/\+q’q)p+q) _ Zq (5Ua‘I>A+q)

11m -—= .
P00 Zl] (bv (I>)\+q, q’p—&-q) Zq (b’ cI)’\JF‘I)

Thus,
. —gpP N 40X (»,\) — 1 (a,A) — 7Zq (.T, (I)/\+q) (@A)
plggoE’” [e P < } A= 1(0) &7 (@,9) Zq (b, <I>,\+q)g (6.)
A ( Zq (b,0) )
= Z,(x,0) — Zy (z,Priy) —d-""2—
A\ — wq(e) q ( ) q ( 'HI) Zq (b, (I)A—‘rq)
—qT, +6X, . —
- {e e 1{T0<T;r}} ’

which corresponds to identity .
Next is an expression of the Gerber—Shiu distribution at the Parisian ruin time p®* .
Theorem 10. Forp,A>0,¢q>0, x <b andy <0,

—ap(P:N) Z (w,q))\+ ,q) + )
E; e 71 —p | @M () - 24 ¢ 2pta) ea)) (1)) dy, (20
{Xp(PJ)edyvp(p’X)<Tb+}:| p< ! ( ) Zq (bv ‘I)M-qu‘bp-&-q) Y ( ) Y ( )

where

Wi (@ — ) = Wt (x — y)
A—p
)‘Wq—i-)\(_y) — pPWpiq (—Y)
A—p '

7)\ J—
N (z) = A

—Zq (7, Pxiyq) (

Remark 11. The Gerber—Shiu distribution in has a similar structure as the one in [3|
(although it is hard to show the convergence when p — o0), that is,

—aTy Z, (maq))\—&- ) (g,\)
E, |e"%0 1 = (qu W) (h— ) = WEN (2 — ) ) dy. (30
[ {XTJ Edy’TO_<T;}] Zqy (b, Priq) " (b=9) (z—y) Jdy. (30)

Using the relationship between the Parisian time p®*) and Poissonian occupation time, we
obtain the following expression for the Laplace transform of (’)gg . Where eq is an exponential
random variable with rate ¢ > 0 that is independent of X.

Corollary 12. Forp >0, g, A > 0 and x € R, we have

_ By (D — Dy) -
EIE pog(,k =1 # g(q,)\) 0) — q g+ p+q q 7 P P .
] A +a)(p+a) (.0) e, (& Daver Prta)

Proof. First, we have

E, [e‘pofqvﬂ =P, (OF\ <ep) =Pu (0P > ¢g) =1 =B, [V (32)



Then, using for 8 = 0, we obtain

X
Em [e_poeq A ]

_ P N qPgix (Ppiqg — Pg) 5
_1—<5<% (2,0) — Zy (2, ®ryqs Ppig) | - (33)
(A+4q)(p+q) P2, ! I

Remark 13. When A — oo, we recover the Laplace transform of Ogg ,

_p0X . —_pOX (0] —&®
5 o8] = 78] =1 2 (- T ).
q

which can be found in [11].

4.1.1. Parisian ruin with Erlang(2, \) implementation delays. As an application of the previ-

ous results, we study Parisian ruin with Erlang(2, \) implementation delays denoted by pE\Q).

Hence, letting p — X in Corollary [6] we obtain the following expression for the probability
of Parisian ruin with Erlang(2, \) implementation delays which has a similar structure as the

one in ([61).
Corollary 14. For A >0, z € R and E[X;] > 0, we have
P, (p(f) < oo) —1-E[X{] %Z (z, By, ). (35)
Similarly, from Theorem [§] we obtain the following results.

Corollary 15. For ¢, A >0, x < b and y <0,

Zo (2, P4y, ®
]Ex efqu?)l o — )\ 5; )(x) . ~q (!L'a A+q> >\+q)g15)\) (b) dy, (36)
{Xﬁ(g)Edy Py <7 } Zq (b7 (b/\+q7 ®/\+q)
A
where
WY (2 — y) OWair(—y)
5;‘ (33) = A B\ - Zq (xa (I)/\—i-q) (Wq-i-/\(_y) + )\qa)\> :
T P YRR S S P78 T 715 ST ST PR
{p)\ <T } (¥a+q (0))? 7 Zq (b, Patg, Pasq)
(37)
and -
Zq P )
E, [e 1 +_ (2 ] == (2, Davgy Dato)
{ <Px Z (b (I)/\Jrqv (I)/\Jrq)
ForzeR
(2)
—qpy +0X o
E, [e A {p(2)<oo}]
_ # g(%/\) (:L') _ wq (6) (q)qu)\ - 9) (q)A+q -9 ) Z (xa q>)\+q’ cI)AH])) ] (38)
(rsq (6))? MO = ®q)

10



Remark 16. Setting § = 2 = 0 in (38)), we recover Equation (22) in [1], that is
) A A @ Oy — @

E [e—qpf 1 o ] _ _ - A+q( AJ/rq q)’

el "0 ve? 2P,

where @', is the derivative of ®) with respect to the sub-index A.

4.1.2. Ezamples. In thissubsection, we compute the probability of Parisian ruin with Erlang(2, \)
delays using Eq. for the cases of Brownian risk process and Cramér-Lundberg process
with exponential claims.

1. Brownian risk process. Let X be a Brownian risk process, i.e.

X, =x+ ut+ 0By,
where > 0, u > 0 and B = {By,t > 0} is a standard Brownian motion. Then, we have

() = pb + %292 and @) = (x/uz + 202\ — u) o~2. In this case, for x > 0 and ¢ > 0, the
scale functions of X are given by

(1 2l

Z@,g):w(@)(ée‘”m),

0+ 2uc—2

and

The derivative of Z with respect to 6 is given by

/ —2uo 2z
/ I N
v) (et 1
+ 2 p2
poo\(0+2u0-2)° 0
Z(@0) o) (e 1
¥(0) po\(6+2u0-2)? 6%)
Using the expression in , we obtain

. A1 e
T(e, @y, ) =2 = - —S" — _.
(2,2, 23) 1 <<I>§\ (D +2u0‘2)>

= '(9)

Putting all the terms together, we get the following expression for the probability of Parisian
ruin with Erlang(2, A) delay,

P2 1 6—2;107230
P ( @ - ):1——A — -]
z\PA = A \®y  (Pr+2u072)
2. Cramér-Lundberg process with exponential claims. Let X be a Cramér-Lundberg
risk processes with exponentially distributed claims, i.e.
Nt
Xt :m—i-ct—ZCi,

i=1
11



where N = {NN;,t > 0} is a Poisson process with intensity n > 0, and where {C}, Cs, ...} are
independent and exponentially distributed random variables with parameter . The Poisson
process and the random variables are mutually independent. Then, we have

1
¥(0) 209—77—1'700_:_7704 and @) = % <)\+77—ca+\/()\+?7—ca)2+4ca)\> :
The scale functions of X are given by
1 n (n_
_ 1— L (LT—a)z
W(z) c—n/a ( ca’ ) ’

and

Z (z,0) = Y (0) (1_77‘M>_

c—n/a\0 cab+a—n/c
The derivative of Z with respect to € is given by

Vg Y(O) $O) (m e 1
2@ =e =0 (Ca (6+a—n/c)] 92)’

and consequently,

~ A 1 g elrerek
Z(2, @), 0\) = —F | =5 — — '
(z, ®@x, D) c—nja <¢?\ co (dy +a —n/c)?

Putting all the pieces together, we obtain

(<o) =1 B (L a e )
A A\® ca(®y+a—n/c)’

4.2. Parisian ruin with Erlang(m,\) implementation delays. Now, we suppose that
occupation time is accumulated after two consecutive observations of the surplus process
below 0, we denote the Poissonian occupation time by

X _ +
OOO,/\,Q - Z Ty © 0&512) 1{Supte[ ) §(2>] (X¢)<0}>

2
n>2 fn1én

where discrete observation scheme {57(?)} is defined such as 582) =0, 59 = ei, 52) —59) =

neN
e?\ and for n > 3

ex, if Supte[ﬁflg,éffﬁl] (X¢) >0,
(@ @ ](Xt) <0,
n—2'5n—1

51(12) - fgl = (39)

+ n :
T 065512_)1 +ey, if supte[

The Laplace transform of (’)gg} A2 Can be computed using the following a standard probabilistic
decomposition

E, [e—q(’)fo,x,z} =P, <p§\2) _ OO) +E [e—qofo,xz} E, |:e<1>qX,,E\2) 1{pg\2><00} . (40)

Letting ¢ — X in (40} combined with the results in the previous subsection (4.1)), one can
obtain an expression for probability of Parisian ruin with Erlang(3, A) implementation delays.

12



More generally, we denote the m!"-Poissonian occupation time by (’)tX/\m. In this case,
occupation time will be accumulated when the process X has been observed to be negative at
the last m Poisson arrival times. Then, for m € N, we define

Oc)fo,)\,m = Z T(;r o 9&(:71)1
.

n>m
n—m-+41’51

)

where &(Im) — 57(17@1 = el for n < m, and

N if my Lom1(X3) >0,
G ez
To © 957(:?)1 + ey, if Supte[ﬁ(m) §(m>] (Xt) <0,

n—m’Sn—1
for n > m + 1. Also, we denote pE\m) as the Parisian ruin time with Erlang(m, \) implemen-
tation delay, that is,
pg\m):inf{t>0]t—gt>Tj\n’gt},

where T, follows an Erlang(n, ) distribution. In particular, we have pg\o) =17, and pg\l) =

Ty . Similarly, we have the following connection
P, ( (m < oo) —1-F, [e—wi{omﬂ} . (42)

Thus, we obtain the following recursive formula for the probability of Parisian ruin with
Erlang(m, \) implementation delays.

Proposition 17. Form > 1, A > 0 and z € R,
PAX (m-1)

i M T
e e e S
1-— e

Px 1{pg\m_1><00}:|
(43

)

Remark 18. When m tends to infinity, it is possible to approximate the probability of Parisian
ruin with fixed delay, that is P (k, < 0o) where

Ky =inf{t > 0:t — gt > r}, (44)
and g, = sup{0 < s <t: Xy >0}, by the probability of Parisian ruin with Erlang(m, A
m/r) distributed implementation delays (see Bladt et al. [5] and Landriault et al. [13]).
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APPENDIX A. PROOFS

A.l. Proof of Theorem [I} First, we set

+
—dqT, 7POT+
g (.’E) =E; |e b 7A1{ler<oo} :

13
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For z < 0, by the strong Markov property and the spectral negativity of X,
g(@) =E, =@ | g (0). (45)
For 0 < z < b, again by the strong Markov property,
—_grt —qT ™
9(r) =B [V 1 gy | + B |7 (Xp ) gy (16)

Hence, plugging into and using , we obtain

g(x)=E, {e_qT; 1{7’:<T0_}:| +E, |:e_qT0_+‘I>p+qXTO 1{T0‘<rlf}] g(0) (47)
Letting z =0 in and using and , we obtain
B[ 1] )
9(0) = —qT5+<1>p+{qT£<TO} N (%j—g ) Z, (b, ® : Dpyy)
£ [0 (RTR Lo e T

Thus, substituting g(0) into combined with and (64), yields

7 x, (I))\ A — D 1
gl@) = (b ta) | -
Zq (b, ®Prtq) (Prtg = Ppra) Zg (b, Prtgr Ppig)

A (Zq (z, ‘I’p+q) Zq (b, ‘I)/\+q> — 24 (=, Prtq) Z4 (0, ‘I’p+q))
A—p Zq (b, Priq)

Zg (2, Prig, Ppig)
Zq (b» (I)M-q’ (I)erq)

A.2. Proof of Theorem [} From (20, we have

O, (pZ (x,P)) — NZ (z, D))
Ap o, — Dy
Z
(@, 20) @ (P
A ¢, — @)
Using Kendall’s identity, Tonelli’s Theorem and , we obtain

i 1
/ e "I'y\(r)dr = ———, p> A\ (48)
0

X

E, [e—poii,x} — E[X]

Py 7 (2, Pp)

= E[X{] (@, —By)

)—E[Xl]@A

We also have the following identity from Landriault et al. [11] (see Eq. (16)),

‘W _ /0 e (W () + W () 8o (dy)) d, (49)

By Laplace inversion, we deduce

P, (0%, €dr) = E[X1]Z(z,®)) %50 (dr) + E[X1] Z (z, ®)) @fm (r)dr
—E [X;] §) [F,\ (r) W (x) + /OT Ty (r—s)A (z,s)ds| dr.
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A.3. Proof of Theorem [8. Let
—qpPN 10X
v(z) =E, [e v P 1{p(pv)‘><1'b+}:| ‘

For z < 0, by the strong Markov property and the spectral negativity of X, we have

_ 0Xe — +
v(z) = E,; [e qep+0X. pl{T;>ep}} +E, [e (pt+a)7o ] v (0). (50)
For 0 < z < b, using again the strong Markov property, we obtain
T~
v(z) =E, [e o v <XTO—) [Ty <rt } . (51)
Plugging in (51, we obtain, for all z € R
_ —qTy —qep+0Xe
o) = B e et T )
—aT = —(p+q)rT
+E, |:e qio EXT(; [e (p+a)7g } 1{T0<Tb+}:| v (O) (52)
For z < 0, 8 > p+ ¢ and using the potential measure in Eq. , we have
0X ° 0
E, |e"%rT0xep 1{7J>ep}} = / e”?P, (Xep € dz, e, /\7'5r > ep)
—00

0
= p/ e (e¢P+4pr+q (—2) = Wpyq(z — 2)) dz

—00

pe<Dp+qx ee:;:p

Uprq (0)  Wpiq (0)

Thus, we obtain

—qTy —peq+0Xe _ p =Ty +®ptq X~
e { TEx [y 1{%@}} = U (0 { " Ny <ot}
P —qTy +0X,
—F o 1g,.—

and plugging the above expectation in and using , the expression of v(x) is now equal
to

_ b =Ty +®p g X~ B D —qTy +0X
"0 = )|~ T )|
—qTy +Pp4+q X, —
+E, [e LT 1{TO—<T;}]U(0)- (53)

For x = 0 and using and , we have

» —qT5 +Pprq X, — B —qTy +0X,—
T ®) (E [e "y iy TE e " Uy <ty

—qTy +PptqX -
0 1{To<n,+}]
_-p p ( (A—p) £ (b,0) )

Vp+q (0) - Vptg (0) \ Ygin (0) (Potg — Pprg) Zy (b, ®rtg, Ppog)
15
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Now, plugging the last expression in combined with , we have, after few manipulations,
p

v(z) = Urra @) Unra ) (AZy(x,0) — g (0) Zy(x, Priq))

_ p Z (95 (I))\Jrqv p+q)
Vp+q (0) ¢>\+q( ) (b Pt p+q)
(

p T, Pryg, Ppig)
— @A) (49 q 0> Pptq glaN) b,0
Va+a (0) Ygip (0) ( (0= Zq (b, Patq, Ppiq) ( )>

which proves the first identity.
To prove the second identity, we need compute the following limit

E@N) (b, 0)
im — .
b—o0 Zq (b7 q))\-i-qa q)erq)
Using again ((11)), it follows by the dominated convergence theorem,
Zq (b, Priq) _ A — D)

(AZq(0,0) = g () Zg(b; Prrq))

P T2, (0.0) g (0) (Brrg— )
and then, )
lim Zq (b; Partq, Ppig) _ Ap (0 — @) '
b—oo Zg (b, 0) Vg (0) (Prtq — ) (Ppig — D)
We finally obtain
im — £@N (v, ) — lim — g (b, 0)/2,(b,0) _ Pq (0) (Pgir — 0) (Ppyqg — (I)q).
0200 Zg (b, Pasgs Ppg) 0700 Zg (b, Priq, Pprq) /Zq (b, 0) p(0— )

Now, we prove identity in Equation . We set

o+
w (.%') =E, {e am, 1{T;r<p(p,)\)/\7_:a}] .

For —a < x < 0, using , the strong Markov property and the spectral negativity of X, we

have
Wptq (2 + a)

- E [ ~(rt+a)mg 1 } 0) = 0). 54
For 0 <z < b, using again the strong Markov property, we obtain
P
w(e) =B [TV Ly g | 4B [0 (X ) e enmy ] 69)

Plugging in , we deduce, for z € R

o w (O) —q1,

w (@) =By [ 1{r+<T et B [T Wt (X +0) g ey
For z = 0, using (63) and , we have
gt

E [e B 1{Tb+<T7/\7'7a}:|
1—-E [e qTy Wp+q (X +a> 1{T <T+/\T a}} /Wp+q (a)
(= 5) Wy (a) Wsa (a)

AP (b)

w(0) =
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Now, plugging the last expression in , we deduce

(g,M)
w(z) = W (z + a) L+ Wi (a) (W(q,p) (2 + a) — WD (J:Jra))
(a:2) 77 (p,A) z x
W, (b+a)  We ™ (b)
(a:2) (P
_ IZV‘(H'i (CL) (WIS‘LP) (b + a) _ W[SQM\) (b + a)) z (x + CL) _ VYQ (:C)7
A (b)
q

W b+a) WP (0)
which concludes the proof for the third identity.
Now, taking a — oo in , we have

7 -(p, 7 -(p,A
po WY @) WY (@,a) [ (Wheg (@) Wi (@)
= Wb (b,a) 92 WP (b,a) [ (Wyiq (@) Wyix (a))
and
57 (D, s A
po WPV @) I (@4 a) Weaa(a) — oW (@ + @) Wiig(a)
a=00 Wptq (a) Wq+>\ (a) a—00 Wp+q (a) Wq+)\ (a)

= /\Zq (@, Pprq) = pZq (2, Pgin)
where in the last equality we used (7)) and the fact that,

lim m — lim Wyiq (x+a) —p [§ Wypiq (z +a —y) W, (y) dy,
o Worgla) e Wipq(a)

= Zq (z, (I)erq) )

and similarly,
. Wg(cq’k) (x+a)
lim ———————~
aoo Wyypa(a)
which both follow using . This ends the proof.

A.4. Proof of Theorem [10l We have

= Zq (337 (bq+)\) s

0
—gp®PN4oXx 0 —qp(®:X)
E [e % o) } = [ ME, [e*"M1 . (56
T {p(p >\)<T } - z {Xp(p,k) Gdy,p(p’k)<7';'} ( )
. . g(qyk)(xyg) .
More precigely, we need to compute the Laplace inverse of RN ( I ()] with respect to 6.

First, using (6)), we have

g (6) B 1 N A

¢q+/\ (6) wq—l-p (9) B wq—i—p (‘9> ¢q+>\ (9) wq—&-p (9)
0 -y
= [ e (Wora e [ W (cr = Wy (2045 ay

_ /0 o0y <)‘Wq+>\(y) — pWhiq (y)> dy
oo A—p ’

where the last equality follows using . Using and , we deduce
Zy (2,0 0 v
e (2,0) = / e </ Wy (—y — 2) WP (2 + 2) dz> dy
—0o0 0

¢q+k (9) ¢q+p (9)
0 ( =A) _ _ ( > ) —
_ / oy Wy (z —y) WP (z —y) dy.
—00 )\ - P
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The desired expression follows by Laplace inversion.

APPENDIX B. FLUCTUATION IDENTITIES WITH AND WITHOUT DELAYS

In this subsection , we present some of the existing fluctuation identities.
For ¢ > 0 and x < b, we have

] -
and
E, {e_qu:L 1{Tb+<oo}} = ¢ Palb—7), (58)
Moreover, the classical probability of ruin is given by
Py (rg < o00) =1 (E[X1])+ W (), (59)

where (z)4 = max(z,0). Also, for < a, we have the following expression for the p-potential
measure of X killed on exiting (—oo, al:

/ e PP, (Xt edy,t < 7';_) dt = (e%(x_“)Wp (a—y)—Wp(x— y)) dy, (60)
0

see, for instance, Chap. 8 of Kyprianou [10].
Now, Here is a collection of known fluctuation identities with delays. For z € R and
E[X1] > 0, we have form [13]

P
P, (Ty <oo) =1-E, [e*wiﬁ] = 1-E[X\] 2 (2, 9y). (61)
We also have the following identities has been derived by Albrecher et al. 2] (see Eq. (14) of
Theorem 3.1) and by Landriault et al.[12] (see Theorem 2 and Corollary 2).

Lemma 19. For A >0, a,b,q,0 > 0 and x < b, we have
—qTy +0X, A Zg (b, 0)

E, To 1y,.— =— | Z 0)— Z i) o). 62

e 0 {To <Tb+}:| N\ — wq(a) ( q (x7 ) q (:C, )\JrQ) Zq (b, (I))\—i-q) ( )

Fora >0 and —a < x <b,

W;S;q’A) (x +a)

—am, AR G )
. {e et ”:a}} Wy (b +a)’ o
and for x < b,
_q7-+ _ Zq (3:'7 (I)A‘i’q)
Ba [e " ety }} Zq (b, Priq) (4

We also have the following useful identity one can extract from [18].

Lemma 20. For a,b,p,q >0, \,r >0, z € reals and —a < x < b, we have

T~
e [om7 Wy (X +2) Ly <opner, )

(a:\)
_ )\ W;p . (-’L‘ + a) <Wl§q,p7q) (b + Z) . WISQV\) (b + Z))
P=(@+X) W (b4 a)
A
A (¢.p—q) R VYICRY)
Y (W= (@ 4 2) = WD (2 4 2)) . (65)
18




REFERENCES

[1] H. Albrecher and J. Ivanovs, Strikingly simple identities relating exit problems for Lévy processes under
continuous and Poisson observations, Stochastic Process. Appl. 127 (2017), no. 2, 643-656.

[2] H. Albrecher, J. Ivanovs, and X. Zhou, Ezit identities for Lévy processes observed at Poisson arrival times,
Bernoulli 22 (2016), no. 3, 1364-1382.

[3] E. J. Baurdoux, J. C. Pardo, J. L. Pérez, and J.-F. Renaud, Gerber-Shiu distribution at Parisian ruin for
Lévy insurance risk processes, J. Appl. Probab. (2016).

[4] J. Bertoin, Lévy processes, Cambridge University Press, 1996.

[5] M. Bladt, B. F. Nielsen, and O. Peralta, Parisian types of ruin probabilities for a class of dependent
risk-reserve processes, Scandinavian Actuarial Journal 2019 (2019), no. 1, 32-61, available at https:
//doi.org/10.1080/03461238.2018.1483420.

[6] E. Frostig and A. Keren-Pinhasik, Parisian ruin with erlang delay and a lower bankruptcy barrier, Method-
ology and Computing in Applied Probability (2019Jan).

[7] H. Guérin and J.-F. Renaud, Joint distribution of a spectrally negative Lévy process and its occupation
time, with step option pricing in view, Adv. in Appl. Probab. (2016).

8] , On the distribution of cumulative Parisian ruin, Insurance Math. Econom. 73 (2017), 116-123.

[9] A. Kuznetsov, A. E. Kyprianou, and V. Rivero, The theory of scale functions for spectrally negative Lévy
processes, Lévy Matters - Springer Lecture Notes in Mathematics, 2012.

[10] A. E. Kyprianou, Fluctuations of Lévy processes with applications - Introductory lectures, Second, Univer-
sitext, Springer, Heidelberg, 2014.

[11] D. Landriault, B. Li, and M.A. Lkabous, On occupation times in the red of Lévy risk models, Insurance:
Mathematics and Economics 92 (2020), 17 —26.

[12] D. Landriault, B. Li, J.T.Y. Wong, and D. Xu, Poissonian potential measures for lévy risk models, Insur-
ance: Mathematics and Economics 82 (2018), 152 —166.

[13] D. Landriault, J.-F. Renaud, and X. Zhou, Occupation times of spectrally negative Lévy processes with
applications, Stochastic Process. Appl. 121 (2011), no. 11, 2629-2641.

, An insurance risk model with Parisian implementation delays, Methodol. Comput. Appl. Probab.
16 (2014), no. 3, 583-607.

[15] B. Li and Z. Palmowski, Fluctuations of omega-killed spectrally negative Lévy processes, Stochastic Pro-
cesses and their Applications (2017).

[16] Y. Li and X. Zhou, On pre-ezit joint occupation times for spectrally negative Lévy processes, Statist.
Probab. Lett. 94 (2014), 48-55.

[17] Y. Li, X. Zhou, and N. Zhu, Two-sided discounted potential measures for spectrally negative Lévy processes,
Statist. Probab. Lett. 100 (2015), 67-76.

[18] M. A. Lkabous, A note on Parisian ruin under a hybrid observation scheme, Statistics & Probability
Letters 145 (2019), 147 -157.

[19] M.A. Lkabous and J.F. Renaud, A unified approach to ruin probabilities with delays for spectrally negative
lévy processes, Scandinavian Actuarial Journal 2019 (2019), no. 8, 711-728, available at https://doi.
org/10.1080/03461238.2019.1598890.

[20] R. L. Loeffen, I. Czarna, and Z. Palmowski, Parisian ruin probability for spectrally negative Lévy processes,
Bernoulli 19 (2013), no. 2, 599-609.

[21] R. L. Loeffen, Z. Palmowski, and B. A. Surya, Discounted penalty function at Parisian ruin for Lévy
insurance risk process, Insurance Math. Econom. (2017).

[22] R. L. Loeffen, J.-F. Renaud, and X. Zhou, Occupation times of intervals until first passage times for
spectrally negative Lévy processes, Stochastic Process. Appl. 124 (2014), no. 3, 1408-1435.

[23] B. A. Surya, Evaluating scale functions of spectrally negative lévy processes, Journal of Applied Probability
45 (2008), no. 1, 135-149.

[24] W. Wang, X. Wu, X Peng, and K.C. Yuen, A note on joint occupation times of spectrally negative lévy
risk processes with tax 140 (2018), 13 —22.

[14]

SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF SOUTHAMPRON, HIGHFIELD, SOUTHAMPTON,
SO17 1BJ, UniTtep KiNGDOM
E-mail address: m.a.lkabous@soton.ac.uk

19


https://doi.org/10.1080/03461238.2018.1483420
https://doi.org/10.1080/03461238.2018.1483420
https://doi.org/10.1080/03461238.2019.1598890
https://doi.org/10.1080/03461238.2019.1598890

	1. Introduction
	1.1. Motivation

	2. Preliminaries
	2.1. Lévy insurance risk processes
	2.2. Scale functions

	3. Main results
	4. Applications : Parisian ruin
	4.1. Parisian ruin with implementation delays given by a sum of two independent exponential random variables
	4.2. Parisian ruin with Erlang(m,) implementation delays

	5. Acknowledgements
	Appendix A. Proofs
	A.1. Proof of Theorem 1 
	A.2. Proof of Theorem 4 
	A.3. Proof of Theorem 8 
	A.4. Proof of Theorem 10 

	Appendix B. Fluctuation identities with and without delays
	References

