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Abstract 
[bookmark: _Hlk69241905]The noise inside railway vehicles is transmitted by both structure-borne and airborne paths and, although there are many sources, the rolling noise is often the most important. This paper focuses on the structure-borne transmission of rolling noise in a metro vehicle. Measurements are presented first of the vertical and lateral dynamic stiffness of a primary suspension element consisting of conical rubber/metal elements. Results are presented for various constant preloads over the frequency range 60-600 Hz. An analytical model of the suspension element is also developed, based on a mass-spring system and including wave motion within the rubber elements. The dynamic stiffness results are used in a finite element model of the running gear, consisting of the bogie frame, wheelsets and suspension elements. The excitation is provided by the combined wheel/rail roughness at the contact point. This model is used to calculate the blocked forces at the connection points between the secondary suspension elements and the car body. The blocked forces are combined with measured vibro-acoustic transfer functions from these mounting points to the vehicle interior to determine the structure-borne noise inside the vehicle. The proposed methodology is validated against measurements during operation in terms of acceleration levels, blocked forces and structure-borne noise levels inside the vehicle, showing reasonably good agreement. Including the dynamic stiffness for the primary suspension leads to improved agreement between 100 and 500 Hz compared with using a constant stiffness.  
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Introduction
[bookmark: OLE_LINK4][bookmark: OLE_LINK5]Due to increasing demands for acoustic comfort within trains, interior noise and vibration have become important concerns for railway operators. In order to model vehicle interior noise, understanding is needed both of the various noise sources and of their propagation paths. There are a number of potential sources contributing to the interior noise [1], including wheel/rail interaction and rolling noise, noise and vibration from auxiliary equipment or motive power plants and, at high speeds, aerodynamic noise. In many situations, the major source is the rolling noise caused by wheel and rail vibration induced at the wheel/rail contact. The rolling noise can be transmitted to the interior of the vehicle by both airborne and structure-borne paths. Structure-borne transmission is often dominant at low frequencies and airborne transmission at higher frequencies [1]. A typical railway vehicle has four wheelsets mounted in two bogies and is supported by two levels of suspension: the primary suspension between the wheelsets and the bogie and the secondary suspension between the bogie and the car body. The focus of this paper is on the structure-borne noise path from the wheels, through the primary suspension, the bogie frame and secondary suspension to the car body. 
[bookmark: _Hlk69039350]Depending on the frequency range of interest, different approaches can be applied to predict vehicle interior noise. At low frequencies the conventional Finite Element (FE) approach can be used to model the train structure [2, 3] but, as frequency increases, the model size increases dramatically and it becomes impractical. Statistical Energy Analysis (SEA) is usually preferred at higher frequencies because of its low computation costs. In this method, the vehicle is subdivided into a number of subsystems for which the input powers can be determined from measurements [4] or source strength models [5]. An important limitation of SEA is the requirement that acoustic (and vibration) fields are diffuse. Another limitation is that it provides only an average result within each subsystem and cannot account easily for the spatial variations. In order to apply SEA to model the interior noise of a train car with spatially varying energy density, Forssén et al. [6] made a correction to the solution using a spatial decay rate obtained from literature on sound decay in corridors. 
A hybrid approach combining the FE method and SEA in a single model based on the coupling method has been developed by Shorter and Langley [7]. This approach extends the applicability of SEA to include the low frequency range where the modal density is low by using FE to provide a deterministic analysis and has been given increasing attention in recent years for studying railway vehicles [8]. Sapena et al. [9] applied this approach to the driver’s cab of a Duplex TGV to investigate the structure-borne transmission both of sources induced by structural excitation and of aeroacoustic sources. Good agreement was obtained with experiments between 100 and 300 Hz although discrepancies increased above 500 Hz. They also indicated that reliable estimates of the power input to the structure were difficult to obtain and a large effort is needed for medium and high frequencies. Results of full rail vehicle models using hybrid FE-SEA can be found in Zheng et al. [10]. 
[bookmark: _Hlk69206569]Experimental studies have also been carried out to analyse railway vehicle interior noise. Noh [11] applied operational transfer path analysis (OTPA) on a high speed train at 300 km/h and identified wheel noise and centre pivot vibration to be the main contributions to interior noise and floor vibration respectively. Through OTPA, Li et al. [12] compared the contributions of structure-borne and airborne paths at different speeds in a high-speed train and indicated that the structure-borne path is always more significant whereas the difference between the two paths becomes smaller with increasing speed. Han et al. [13] experimentally investigated the effects of rail corrugation on interior noise of a metro vehicle. Li et al. [14] conducted field measurements to examine the influence of rail fastener stiffnesses on railway vehicle interior noise. Li et al. [15] studied the airborne sound transmission into a metro vehicle using a combination of numerical methods.
[bookmark: _Hlk73023851]The excitation of structure-borne rolling noise occurs at the wheel/rail contact. The mechanism of wheel/rail interaction is well understood and a validated modelling tool, TWINS [16], is widely used for the calculation of wheel/rail noise; this can also be used to determine the contact forces. It is based on a ‘moving roughness’ model [17] in which the roughness excitation of the wheel/rail system is included without directly accounting for the motion of the vehicle. The track system can be modelled as either a continuously or discretely supported beam with the sleepers represented as a mass or a flexible beam. The discrete nature is found to be particularly important for track with a stiff rail pad, which is the case for the example considered in the present study. 
[bookmark: _Hlk69847810]The contact forces excite vibration of the wheel and axle and this is transmitted through the primary suspension, the bogie, the secondary suspension and other connections, resulting in forces which excite vibration of the car body, producing interior noise. The stiffness and damping properties of the suspension elements play a key role in structure-borne transmission. Railway vehicle suspension components may include coil springs, leaf springs, rubber springs, air springs and hydraulic dampers. The modelling of suspension components has been the subject of extensive research in the context of railway vehicle dynamics multibody simulations [18, 19] and different mathematical models have been proposed depending on the required level of detail. In vehicle dynamics simulations, the main frequency range of interest is below 20 Hz, which is sufficient to deal with issues such as car body sway, gauging, wear or ride comfort. However, for application to structure-borne noise, the frequency range of interest extends from 20 Hz to several hundred Hz and more detailed dynamic models are needed to cover this higher frequency range. Internal resonances in suspension springs can cause significant vibration transmission at the corresponding natural frequencies, which may fall within this range.
Lee and Thompson [20] determined the high frequency dynamic stiffness matrix of a helical spring by deriving the equation of free wave motion based on Timoshenko beam theory. Although such a helical spring leads to significant dynamic amplification, it was found in a recent study by Sun et al. [21], for a metro rail vehicle with coil springs, that the force transmitted to the bogie frame can be minimised by including a pivot arm with appropriate moment of inertia and pivot bushing stiffness. 
For rubber springs, Berg [22] proposed a non-linear frequency-dependent model by using a superposition of elastic, friction and viscous forces. An improved model accounting for the frequency dependence by using fractional derivatives was developed by Sjöberg and Kari [23]. Kari [24] modelled a primary suspension isolator with sandwich elements by adopting a frequency-dependent waveguide approach and included the non-linear static load dependence through a shape factor associated with changes in the surface area of the rubber layer during compression. Measurements of the dynamic stiffness were also presented.
[bookmark: _Hlk69241128]A set of international standards for measuring the dynamic stiffness of resilient elements is available [25, 26, 27]. In this context the dynamic stiffness is the frequency-dependent complex transfer function between applied force and resulting deflection, explained further in Section 2.1 below. As such it includes damping as well as stiffness information through its imaginary component. Although resilient elements are often nonlinear, as a good approximation linear behaviour can be assumed for small amplitudes under a steady preload. The direct method [26] is more appropriate for low frequency measurements whereas the indirect method [27, 28] can be used for higher frequencies and for different directions. In [29] improvements to the indirect method were proposed to allow it to be extended to lower frequencies. This improved indirect method has been used in the current measurements and will be introduced later in Section 2.2.
[bookmark: _Hlk73011241][bookmark: _Hlk71647294][bookmark: _Hlk69206532]The damping properties of visco-elastic materials such as rubber are generally represented by a constant damping loss factor [30]. In practice, the magnitude of the dynamic stiffness of such materials is mildly frequency dependent (and also temperature dependent) [31], but they are often represented in a frequency domain model within a limited frequency range by a constant stiffness and loss factor. 
[bookmark: _Hlk71647551][bookmark: _Hlk73043240]The aim of this paper is to present a complete prediction method for the structure-borne noise transmission into a railway vehicle due to wheel/rail forces caused by random surface roughness, taking account of the frequency-dependent stiffness of the primary suspension elements. The main novelty of the work therefore lies in (i) the detailed modelling and measurement of the dynamic stiffness of the primary suspension element (ii) the assembly of a complete modelling approach for structure-borne noise transmission in railway vehicles, and (iii) its validation using field measurements. Although the method is applied to random roughness excitation, it could readily be extended to the case of impact excitation due to discontinuities. 
For this purpose, measurements of the static stiffness and the vertical and lateral dynamic stiffness of a primary suspension element at various preloads are described in Section 2 and analytical modelling methods for the suspension element are also introduced. Section 3 presents a structure-borne noise transmission model that combines an FE model of the running gear with the dynamic stiffnesses of the suspension spring. This is used to predict the blocked forces at connection points with the car body. Transmission into the vehicle interior is obtained by combining these forces with vibro-acoustic transfer functions measured on the car body. Validation of the model against measurements obtained during operation is described in Section 4 in terms of acceleration levels, blocked forces and structure-borne noise levels inside the vehicle. 
[bookmark: _Hlk73003103][bookmark: _Hlk73039827][bookmark: _Hlk73002889]The methodology is applied to a metro vehicle with a primary suspension consisting of conical metal-rubber suspension elements. Two such suspension elements are used between each wheel and the bogie frame, located on either side of the axlebox, as shown in Figure 1. This type of suspension element, using rubber elements in shear to obtain a low vertical stiffness, is widely used in passenger rolling stock, particularly in primary suspensions. There are no separate damper elements in the primary suspension of this vehicle, with damping being provided by the material damping of the rubber. The secondary suspension consists of air springs and there are additional connections between each bogie and the car body through two lateral dampers and two traction rods.
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Figure 1. (a) An example of conical rubber/metal element used in the primary suspension of a Metro de Madrid train; (b) Cross-section of the suspension element (not to scale).
Suspension element measurements and modelling
Dynamic stiffness
[bookmark: _Hlk73043966]The dynamic stiffness of a resilient element is a frequency-dependent quantity that encompasses both stiffness and damping behaviour [25, 26, 27]. If one termination of a resilient element is blocked and a harmonic displacement of amplitude  at circular frequency  is applied at the free termination, the dynamic transfer stiffness is given by the ratio of the force amplitude  at the blocked termination to the deflection amplitude :
	
	
	(1)


This is a complex frequency response function, and is the reciprocal of a transfer receptance. Similarly, the driving point dynamic stiffness can be written as
	
	
	(2)


For a lossless spring,  is a purely real stiffness whereas for a viscous damper with damping coefficient ,  is purely imaginary. For a more general massless isolator, the tangent of the phase angle of the dynamic stiffness can be written as a loss factor 
	
	
	(3)


and the dynamic stiffness can be written as  where  is the real part of . Where internal mass cannot be neglected, .
Laboratory measurements
Introduction 
The measurement method used for determining the dynamic stiffness of the primary suspension element has been used previously, for example for rail pads [29]. The international standards [25, 26, 27] describe two basic measurement methods, referred to as the direct method and the indirect method. In the direct method the resilient element is mounted on a blocked termination and excited at the other side. The transfer stiffness is determined by measuring the force amplitude F2 at the blocked termination using a load cell or force transducer and the deflection amplitude u1 input at the free termination using either a displacement transducer or an accelerometer. Their frequency-dependent dynamic transfer stiffness is obtained from Eq. (1). A second force transducer can also be used to measure the applied force amplitude at the input location F1 allowing the dynamic point stiffness to be obtained, Eq. (2). This method is often limited to frequencies below typically 300 Hz and is also limited to the axial direction. 
The indirect method [27, 28] allows measurements at higher frequencies and for other degrees of freedom. Here the blocked force amplitude F2 is not measured directly. The element under test is installed between two blocks which are resiliently mounted in a frame, as shown in Figure 2(a). The transfer stiffness is determined based on the transfer function between the accelerations of the upper and lower block ( and ) together with the mass of the lower block m2. This method was revised in [29] to extend the lower limit of the frequency range. In the revised method, the relative acceleration across the resilient element  is used and the stiffness is derived from . However, the indirect method has a strict lower bound for the valid frequency range that is related to the resonance of the lower block on its mounts.
Measurement apparatus
A schematic diagram of the measurement apparatus is shown in Figure 2(a). The suspension element is located between a length of steel box section (the ‘upper block’) and a large steel block and the whole rig is isolated above and below using soft rubber mounts. The purpose of the box section is to allow both a static preload and dynamic excitation to be applied to the top of the suspension element. The lower block has dimensions 104×74×35 cm and a mass of 2000 kg; its large mass ensures that its resonance on the supporting mounts is as low as possible. A preload is applied by a hydraulic loading cylinder attached centrally to a thick steel plate, and is transmitted to the upper block through the soft isolators. For convenience the suspension element was mounted upside down, opposite to the orientation when mounted in the vehicle (see Figure 1). The shaft of the suspension element was recessed into a hole in the box section and attached using a large nut to the inside of the upper face of the box section. A hollow metal spacer was inserted between the suspension element and the lower block to allow full vertical movement under preload. The tests were carried out at a temperature of approximately 20˚C.
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Figure 2. Schematic diagram of the measurement rig including measured accelerations for (a) the vertical dynamic stiffness and (b) the lateral dynamic stiffness.
Measurements of vertical dynamic stiffness
The excitation was provided by a single electrodynamic inertial shaker which was located centrally on the upper block. It was excited with a pseudo-random noise signal covering a frequency range 10 – 1000 Hz. Different values of applied hydraulic preload were used, from 10 kN to 42.5 kN. 
Figure 2(a) shows the measurement locations used for determining the vertical dynamic stiffness. The vertical vibration of the upper block was obtained by taking the average of the accelerations  and  , which were measured using accelerometers 1a and 1b located on the top plate of the suspension element. The vibration of the lower block was recorded using two accelerometers, 2a and 2b, placed on the diagonally opposite sides of the suspension element. The average of these two signals was used to eliminate rotation of the block. Their position was chosen to ensure a flat apparent mass spectrum up to at least 600 Hz. Although the first bending and twisting modes of the block occur well above 1 kHz, the point accelerance at the centre of the block contains a strong anti-resonance at around 500 Hz due to these modes. Therefore, to minimise the influence of these modes, the accelerometers were placed on the nodal lines of these two modes of the block. 
After obtaining the vibration of the upper and lower block, the vertical dynamic transfer stiffness can be calculated according to [29],
	
	 for ω > 3ω1
	(4)


where m2 is the mass of the lower block and ω1 is the natural frequency of the rigid-body mode of the lower block on the isolators, which occurs at about 19 Hz for this set-up. 
Measurements of lateral dynamic stiffness
A similar method was also used for measuring the lateral dynamic transfer stiffness. However, in this case the excitation was provided by an impact hammer at the vertical centre of the upper block, as shown in Figure 2(b). 
In order to measure the translational component of vibration, accelerometer 1 was attached on one side of the upper block, as near as possible to the top of the suspension element. To measure the lateral vibration of the lower block, accelerometer 2 was placed near its top. For this location, the effective mass of the lower block (ratio between a force applied at the top and the acceleration at this location) is meq = 1312 kg. The lateral complex dynamic stiffness is given as [29],
	
	 
	(5)


Measurement results of static and dynamic stiffness
The vertical static stiffness was measured using the same rig setup as shown in Figure 2(a) by applying the hydraulic preload, F, in steps of 2.5 kN from 2.5 kN to 45 kN. Dial gauges were attached to the two ends of the upper block, from which the relative displacement u on each side could be read. The load-deflection curves are shown in Figure 3(a), and indicate that the suspension element was located symmetrically. The static stiffness as a function of preload is shown in Figure 3(b). This is derived as k = ΔF/Δu, where Δ indicates the increment in values between the adjacent points in the load-deflection curve. It can be seen that the static stiffness remains roughly constant at about 0.5 MN/m for preloads up to about 20 kN, above which it increases to about 1.4 MN/m at 39 kN. The nominal operating point for the suspension element is at around 23 kN without passengers and 34 kN when the vehicle is full.
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Figure 3. Static load-deflection curve (a) and static stiffness derived from it (b).
[bookmark: _Hlk69207054]To show the response to the pseudo-random noise signal, Figure 4 shows the power spectral densities (PSD) of the accelerations of the upper and lower blocks at different preloads, 20 and 30 kN, obtained during the measurements of the vertical dynamic stiffness. The available frequency range is limited by the coherence between the vibration of the upper and lower blocks. Here all the results in the frequency range between 60 and 600 Hz have coherence above 0.9. A peak between 70 and 80 Hz is found in the response of both blocks, which corresponds to the resonance of the system with the two masses moving in anti-phase on the suspension element. For the response of the lower block, there are two further peaks, at around 200 and 450 Hz, which are caused by internal resonances of the suspension element, as discussed below. The frequencies of these two peaks increase slightly when the preload is increased from 20 to 30 kN. 
	
(a)
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Figure 4. Power spectral densities of acceleration of upper (a) and lower (b) block at different preloads.
Figure 5 shows the magnitude and phase of the vertical dynamic stiffness obtained for different preloads. At low frequencies the dynamic stiffness is at around 1 MN/m, increasing slightly with the preload. This is about twice the value of the static stiffness shown in Figure 3(b). At higher frequencies, the stiffness increases by more than a factor of 10 and the result for each preload contains three peaks, which are due to internal resonances of the suspension element. 
	[image: ]
(a)
	
(b)


Figure 5. Magnitude and phase of vertical dynamic transfer stiffness for various preloads.
For the lateral direction, as the excitation was given by a hammer, the coherence at low frequency is adversely affected, and the lower limit of the usable frequency range is increased to 80 Hz. The results below about 150 Hz have been omitted as they are affected by the dynamics of the test rig. The upper limit is still around 600 Hz.
[bookmark: OLE_LINK1][bookmark: OLE_LINK2]The lateral dynamic stiffness results obtained at the preloads of 20 and 30 kN are presented in Figure 6. Unlike the vertical stiffness, the lateral one has only a single peak in this frequency range, occurring between 400 and 500 Hz. With the increase of the preload, a higher dynamic stiffness amplitude is found for frequencies between 150 and 250 Hz, while the peak frequency increases slightly. 
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Figure 6. Magnitude and phase of lateral dynamic transfer stiffness at different preloads.
Suspension element modelling method
[bookmark: _Hlk73004789]The suspension element consists of several conical layers of rubber and steel, as shown in Figure 1(b). An estimate of the area, S, of each layer of the suspension element in contact with the metal parts, averaged between the internal and external surfaces, is listed in Table 1. The estimated thickness of each rubber layer, l, between adjacent metal parts and the masses of the internal metal parts, m, are also given, where m1 refers to the inner mass, l1 and S1 to the thickness and area of the conical rubber suspension element between this and the next mass, etc. These parameters will be used for the modelling.
Table 1. Parameters of internal metal and rubber components used for modelling primary suspension element.
	Metal
	
	Rubber 

	m1 (kg)
	2.84
	
	l1 (m)
	0.0183
	S1 (m2)
	0.0263

	m2 (kg)
	0.82
	
	l2 (m)
	0.0258
	S2 (m2)
	0.0336

	m3 (kg)
	0.99
	
	l3 (m)
	0.0176
	S3 (m2)
	0.0380

	m4 (kg)
	1.00
	
	l4 (m)
	0.0124
	S4 (m2)
	0.0372



The suspension element can be represented as a system of masses connected by four damped springs, as shown schematically in Figure 7. The outer masses will be connected rigidly to the bogie frame and the axlebox and are excluded from the definition of the dynamic stiffness. As a first step, each of these springs is considered to have a constant stiffness, which will satisfy the following relationship,
	
	
	(6)


where  is the overall measured stiffness at low frequencies and  represent the stiffness of each spring. Damping is introduced by making use of a damping loss factor η, replacing  by . The rubber springs are acting in shear but they can be represented by a corresponding system of springs in extension with an equivalent Young’s modulus. By assuming that each rubber element has the same equivalent Young’s modulus, the various values of the constant stiffnesses can be determined from the above equation together with the expressions , where  is the equivalent Young’s modulus for the rubber,  is the surface area of the conical rubber part, and  is its thickness. 
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[bookmark: _Hlk71639200]Figure 7. Equivalent mass-spring system (a) for excitation at the base (axlebox side), (b) excitation at the top (bogie frame side). Note that each ‘spring’ shown in the diagram represents a damped dynamic stiffness which may be frequency dependent.
For this mass-spring system with a harmonic force with amplitude F applied to the degree of freedom u1, and with u5 blocked, as shown in Figure 7(a), the equations of motion can be written in terms of matrices as given below. Writing the displacement vector as , the dynamic stiffness matrix (implicitly including the loss factor in each component) is given by
	
	
	
(7)


and the mass matrix by
	
	
	
(8)


while the displacement can be obtained from 
	
	
	(9)


The dynamic point and transfer stiffnesses for the whole system can then be derived as 
	
	; 
	(10)


When the suspension element is excited at the top, the lower degree of freedom u1 is constrained whereas u5 is free, as shown in Figure 7(b). The displacement vector is , and the stiffness and mass matrices are
	
	
	
(11)


and
	
	
	
(12)


The displacement can be obtained from  
	
	
	(13)


and the dynamic point and transfer stiffnesses for the whole system are
	
	; 
	(14)



Model extension to include wave motion 
[bookmark: _Hlk73008866]Instead of using constant values for each stiffness, frequency-dependent point and transfer stiffnesses are introduced to include wave motion in each rubber element. The point stiffness for rubber element i, which can be represented by a finite rod, can be expressed as [32],
	
	)
	
	(15)


and the corresponding transfer stiffness as
	
	)
	
	(16)


where ρ is the density,  is the wavenumber, and c ( ) is the wave speed. The stiffness matrix is then modified to (e.g. for excitation at the base),
	
	
	
(17)


and the point and transfer dynamic stiffnesses for the whole system excited at the base are,
	
	
	(18)


and similarly, for excitation at the top:
	
	
	(19)



Comparisons of measured and modelled dynamic stiffness
The computed transfer stiffness results obtained using the two different models, for constant and frequency-dependent stiffness elements, are presented in Figure 8(a) and (b) for the vertical stiffness and Figure 8(c) and (d) for the lateral stiffness; these are also compared with the measured data. Here ρ is set to 900 kg/m3 and η to 0.12 for the rubber elements. The calculation procedure is similar for the two directions; a value of 1.0 MN/m is used for KT for the vertical direction, and 5.0 MN/m for the lateral direction, corresponding to the low frequency limit. For both the vertical and lateral directions, the mass-spring model based on constant stiffness values gives peaks at higher frequencies than the measurement, whereas the extended model gives very good agreement with the measurement. 
	
(a)
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(c)
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Figure 8. Comparisons between the measured and modelled magnitude and phase of vertical ((a) and (b)) and lateral ((c) and (d)) dynamic transfer stiffnesses. The measured data is from the preload of 20 kN. ―, Measurement;   , mass-spring model;    , model including wave motion.
The model can also be used to obtain the point stiffnesses at both ends of the suspension element. These are shown in Figure 9 together with the transfer stiffness.
It would also be possible to extend the model to use frequency-dependent material properties, as in [23, 24]. However, for a loss factor of 0.12 it is expected that the modulus of the rubber will only increase by about 20% for a ten-fold increase in frequency [33], which is negligible compared with the effects considered here.
	
(a)
	
(b)

	
(c)
	
(d)


Figure 9. Vertical ((a) and (b)) and lateral ((c) and (d)) point and transfer stiffnesses (magnitude and phase) obtained from the model for preload 20 kN. ―, transfer stiffness;   , point stiffness with excitation at the top;    , point stiffness with excitation at the bottom.
Structure-borne noise transmission model 
[bookmark: _Hlk73038950]An FE model of the running gear has been established in the frequency domain to obtain the point and transfer receptances at the wheel-rail contact points and sets of transfer functions between the wheel-rail contact point and various response points on the bogie as well as the connection points with the car body. The receptances are used to calculate the wheel/rail contact forces using a linearised frequency domain approach based on a ‘moving roughness’ model excited by the measured roughness spectrum [17]. This approach is similar to that used for example in the TWINS model of rolling noise which has been previously validated [16]. The wheel/rail contact forces are then combined with the bogie transfer functions to obtain estimates of the vibration levels on the bogie as well as the blocked forces acting on the car body under operational conditions. The computed blocked forces are finally combined with measured vibro-acoustic transfer functions to determine the structure-borne noise contribution to interior noise.
The FE model
The work focuses on a trailer vehicle of a Metro de Madrid train. A complete FE model has been produced including the bogie frame, front and rear wheelsets, axleboxes, primary suspension elements, lateral dampers and traction rods. An overview of the FE model is shown in Figure 10. The wheelsets, bogie frame and axleboxes are modelled using solid elements. There are about 1.36 million nodes in the whole model and 0.7 million elements. The damping loss factor in the FE model is set to 0.08 for the metal parts of the bogie to correspond to static measurements.
[bookmark: _Hlk73040443]Special attention is given to modelling the primary suspension elements, for which the point and transfer dynamic stiffnesses obtained from the previous sections are applied using the user-defined generalised spring-damper elements (CBUSH element in Nastran). This is a general spring and damper element with the capability of including frequency-dependent stiffness and damping. The element is defined between two points in the model and its stiffness and damping include translational and rotational directions. In practice, it is common to define two coincident points to model a suspension component, with a dynamic stiffness only given for the three translational degrees of freedom. The rotational stiffness is set to an arbitrary large value.
To represent a simple spring connecting points 1 and 2 in a single direction, the stiffness matrix of such an element is given by,
	
	
	(20)


where K11 = K12 = K21 = K22 is the stiffness defined in the CBUSH element. However, for the primary suspension elements, as seen above, the point stiffnesses K11 and K22 are different from each other and from the transfer stiffnesses K12 = K21 and each contain damping. To represent a primary suspension element in the FE model, three generalised spring elements are needed for each coordinate direction. The first element is defined between points 1 and 2 including only the transfer dynamic stiffnesses. The other two elements are defined by introducing grounded generalised springs at points 1 and 2 respectively with the dynamic stiffness defined by the difference between the point and transfer dynamic stiffness. Thereby, the dynamic stiffnesses of the primary suspension elements can be readily modelled by using the combination of these three generalised spring elements, 
	
	
	(21)


[bookmark: _Hlk73023371]where each element  is frequency dependent and complex. 
A close-up view of the FE mesh in the vicinity of the primary suspension element is shown in Figure 11. The locations of the primary suspension elements are indicated by vertical yellow lines on either side of the wheel centre. They are attached to multiple nodes on the underside of the bogie frame and the upper side of the axlebox frame by a series of rigid connectors.
[bookmark: _Hlk73039663][bookmark: _Hlk73042111]The dampers and traction rods in the secondary suspension are modelled approximately using one-dimensional beam elements. There are rubber bushings at each end which are represented by damped springs of constant stiffness, with the values listed in Table 2, in which the convention used for the global coordinates x, y and z is also indicated (see also Figure 10). These damped springs are assigned a damping loss factor of 0.1. The secondary suspension consists of air springs with a very low stiffness and so are neglected in the model.
Table 2. Constant stiffnesses used for bushing elements
	Global coordinate 
direction
	
	Lateral damper (MN/m)   
	Traction rod (MN/m)

	x (longitudinal)
	
	5
	10

	y (lateral)
	
	20
	2

	z (vertical)
	
	20
	10



[image: ]
Figure 10. Overview of the finite element model of a complete trailer bogie.
[image: ]
Figure 11. Detail of the part of the finite element model of the trailer bogie showing the location of the primary suspension elements (yellow lines).

Contact forces
[bookmark: _Hlk73039286][bookmark: _Hlk73044628]The FE model is excited by four wheel/rail contact points, see Figure 10. The interaction forces  at a given wheel-rail contact point, in vertical and lateral directions, are calculated from the wheel/rail roughness  and the receptances of the wheel , rail  and contact  using a linearised frequency domain approach based on a ‘moving roughness’ model [17]. This approach is similar to that used in the TWINS model of rolling noise [16] but here includes all four wheels in the bogie simultaneously. This can be expressed as 
	
	
	(22)


Here, coupling between the vertical and lateral directions is considered, as well as between wheels 1 and 2 of a wheelset. Coupling through the axle takes account of the fact that both wheels of a wheelset can vibrate when one wheel is excited. Therefore, the contact force vector is given as . The roughness excitation at each contact point is considered to be the incoherent sum of the wheel and rail roughness which are obtained from measurements. For excitation on wheel 1,  and for excitation on wheel 2, . The input roughness spectrum is filtered by the contact patch using an analytical formula that depends on speed and wheel load [1].
The wheel receptance matrix is given by 
	
	
	(23)


The off-diagonal terms represent coupling between vertical and lateral directions as well as between the two wheels of a wheelset. The wheel receptances are obtained from the FE model. 
Similarly, in principle the rail receptance matrix includes the cross terms with subscripts 1 and 2 indicating coupling between the two rails: 
	
	
	(24)


In the present case, however, the rail receptances are calculated using a a Timoshenko beam model with discrete supports [1] and the coupling between the two rails is not included. Alternatively, an FE model of the track could be used to include this coupling. 
The contact receptance matrix is diagonal and is given by
	
	
	(25)


[bookmark: _Hlk71643648]The vertical contact receptance is given by 1/KH, where KH is the linearised contact stiffness. The lateral receptance also includes a term representing the creep force as used in the TWINS model [1, 16]. The linearised model has been shown in [34] to be acceptable for all practical levels of roughness provided that loss of contact does not occur.
Response on the bogie and at the car body connection points
From the FE model, the vibration transfer functions  between forces at the contact point and a response point on the bogie can be obtained. Together with the contact forces  obtained in Section 3.2, the vibration response at a certain point on the bogie is calculated according to
	
	
	(26)


The above calculation is repeated for roughness excitation at each of the four wheels in turn and these vibration responses are combined by incoherent addition to estimate the total response spectrum.
In the present study, the car body is not included in the FE model and instead the blocked-force method is used. The four connection points on the bolster, to which the traction rods and lateral dampers are attached, are constrained as fixed. The force transmissibility functions  between the wheel/rail contact points and the blocked force at each connection point are obtained from the FE model. Similar calculations to those used for the vibration response are applied to determine the blocked force spectrum at each connection point,
	
	
	(27)


The total blocked force spectra are then obtained by taking the incoherent sum over the results for excitation at the four wheels. 
Transmission to interior noise
The sound pressure amplitude p at a position inside the vehicle due to structure-borne transmission can be determined using 
	
	
	(28)


Here  contains the measured vibro-acoustic transfer functions between forces at the bogie-car body connection points and the pressure at the interior microphones. The subscript ‘connected’ indicates that the measurements were carried out without disconnecting the traction rods and lateral dampers from the car body. The pressure is determined as the incoherent sum of the contributions from each connection point.
Validation using field measurements  
The vibration levels on the bogie and the blocked forces at the connecting elements as well as the structure-borne component of the interior noise predicted from the model have been compared with field measurements [35] which are briefly described below. 
Field measurements 
[bookmark: _Hlk69214795][bookmark: _Hlk69240049]An extensive set of field measurements was carried out on a trailer vehicle of a Metro de Madrid Series 8000 train. This consisted of static measurements to characterise the structure-borne transmission path and running measurements on a test track at about 50 km/h. The track was a 1 km long, straight test track that was level with the adjacent ground. It was fitted with continuously welded rail and concrete sleepers with a sleeper spacing of 1 m.
In the static tests, a large number of transfer functions were measured on the bogie frame using an impact hammer to identify modes of vibration and verify the FE model. Updating of the FE model was not carried out but, despite some discrepancies, the agreement was generally reasonable. A matrix of frequency response functions was measured at the connection points between the bogie and the car body which was used to identify the blocked forces through a transfer path analysis (TPA) approach. These connection points consist of the lateral dampers, traction rods and secondary suspension springs, at each of which forces in three directions were taken into account. The vibro-acoustic transfer functions  from each of these force positions to the interior sound pressures were also measured. 
[bookmark: _Hlk73038577]Measurements were made of the track dynamic properties, including track decay rates and mobilities, from which the rail pad stiffness was identified as 800 MN/m in the vertical direction and 156 MN/m in the lateral direction, in each case with a damping loss factor of 0.2. The rail receptances are estimated using a model of a Timoshenko beam on a two-layer foundation, with damped springs representing the rail pads and the ballast and flexible beams used to represent the sleepers [1]. Figure 12 compares the point receptances of the rail, the wheel (obtained from the FE model) and the contact zone used in the model. These are the most important elements in Eq. (22), with the cross terms having a much smaller influence. 
[bookmark: _Hlk68982941]The wheel and rail roughness were also measured. The combined roughness of the wheel and rail is shown in Figure 13. The wheels were very smooth but the rail roughness levels can be seen to be considerably higher than the reference curve from ISO 3095:2013 [36]. A simple modal analysis of the wheelset was also carried out and used to verify the FE model of the wheelset.
In the running tests, vibration was measured at various locations on the bogie and at all the connection points to the car body. In particular, the traction rod, lateral damper and secondary suspension connection points were instrumented with accelerometers in all three coordinate directions to obtain the acceleration levels in operational conditions. These were used together with the accelerance matrix at the car body connection points to estimate the blocked forces using an experimental TPA technique [37]. The interior sound pressure was also measured during operation. A typical interior microphone position labelled 2004, for which results will be presented, is shown in Figure 14.
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Figure 12. Predicted point receptances of wheel, rail and contact zone: (a) vertical, (b) lateral.
[image: ]
[bookmark: _Hlk68981861]Figure 13. Wheel and rail roughness spectra.
[image: ]
Figure 14. A typical interior microphone position used for comparison with predictions. 

Results 
Figure 15 shows comparisons for different locations between the predicted acceleration levels and the results measured during operation. This shows the vertical direction (z) for the axlebox and on either side of the primary suspension element, the lateral direction (y) for the lateral damper and the longitudinal direction (x) for the traction rod. Figure 15(a) and (b) also include the results predicted using the constant stiffness of the primary suspension for comparison with those obtained using the dynamic stiffness. Results are calculated with a frequency resolution of 0.25 Hz and are presented in one-third octave bands between 50 and 1000 Hz. 
For the axlebox vibration, Figure 15(a), the spectral shape is well predicted between 100 and 400 Hz although the levels are found to be around 5 dB higher than the measurement. These discrepancies are transmitted to the positions below and above the primary suspension element, Figure 15(b), leading to slightly higher levels in the prediction between 100 and 400 Hz. The effect of using the dynamic stiffness is clearly seen at the position above the suspension element in Figure 15(b), at which the levels predicted by using the constant stiffness are generally lower than those obtained using the dynamic stiffness above 100 Hz, with differences of up to 20 dB. The predicted results based on the dynamic stiffness show better agreement with the measurements. 
Good agreement with the measurements is obtained for the position on the bogie side of the lateral damper (Figure 15(c)) and the traction rod (Figure 15(d)). At the vehicle side of these components, reasonable agreement is also obtained at frequencies up to 500 Hz for the lateral damper and up to 200 Hz for the traction rod. At higher frequency, however, the levels are considerably under-predicted, indicating that the vibration filtering by the rubber bushings at the extremities of the lateral dampers and traction rods is overestimated in the model. This suggests that the dynamic stiffness values used for the bushings in the model are too low at these frequencies. 
Below 80 Hz the levels are over-predicted for all the locations shown in Figure 15. A possible reason is that the rail roughness used to calculate the excitation forces (Figure 13) may be too high. Rail vibration predicted using this roughness (not shown here) was also found to be over-predicted at low frequency in comparison with measurements [35].
	[bookmark: _Hlk57041668][image: ]
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Figure 15. Comparisons between measured and predicted acceleration levels in one-third octave bands (a) on the axlebox in the vertical direction, (b) below (grey) and above (black) the primary suspension in the vertical direction, (c) bogie (black) and vehicle (grey) side of the lateral damper in the lateral direction and (d) bogie (black) and vehicle (grey) side of the traction rod in the longitudinal direction. ―, measured;  , predicted using dynamic stiffness;   , predicted using constant stiffness (a and b only).
The blocked forces from the connections at the lateral damper and the traction rod with the largest contributions to the interior noise are shown in Figure 16. The results obtained from the model are compared with those estimated from the TPA measurements (see Section 4.1). It is evident that, compared with using the constant stiffness, the consideration of the dynamic stiffness for the primary suspension can give better predictions of the spectral shape. Similar to the results in Figure 16(c) and (d), the predictions are mostly satisfactory at low frequencies, but large discrepancies are observed above 500 Hz for the lateral damper and above 200 Hz for the traction rod. 
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[bookmark: _Hlk71644052]Figure 16. Main contributing blocked forces in one-third octave bands from (a) the lateral damper in the lateral (y) direction and (b) the traction rod in the longitudinal (x) direction. ―, measured (from TPA);  , predicted using dynamic stiffness;   , predicted using constant stiffness.
Figure 17 shows the structure-borne component of noise at a typical location inside the vehicle (indicated in Figure 14). From the model the individual contributions from the lateral damper and traction rod are also identified. As discussed in relation to Figure 15, the difference with the measurements below 80 Hz may be associated with the uncertainties in the measured rail roughness. In addition, the overestimation of the vibration levels on the axlebox is propagated through the whole chain to the interior noise. The prediction using the dynamic stiffness for the primary suspension shows satisfactory agreement with the measurements between 80 and 500 Hz although the levels are higher than the measured ones. Above 500 Hz, the predicted levels are much lower than the measurements due to the over-estimation of the filtering effect of the rubber bushings, as demonstrated in Figure 15. 
To eliminate the differences caused by the calculation of wheel/rail forces seen in Figure 15, these results have been recalculated to correspond to the measured axlebox vibration and are shown in Figure 18. Apart from the 500 Hz band, the agreement with the measured spectrum obtained from TPA is much improved, especially when the dynamic stiffness of the primary suspension is taken into account. The overpredictions found in Figures 15-17 may therefore be due to discrepancies in the transfer function from the contact point to the axlebox; for example, the bearings may introduce some isolation whereas these are considered as rigid in the FE model.
From Figures 17 and 18, it can be found that both the lateral damper and the traction rod are important paths at frequencies up to 200 Hz although the contributions from the traction rod are smaller. Above 200 Hz, the levels estimated for the traction rod drop significantly due to over-estimated filtering effect and the lateral damper is predicted to be the dominant path (also when using forces obtained from TPA the lateral damper is predicted to be the dominant path). From Figure 17, the overall A-weighted sound pressure level over the frequency range between 80 and 1000 Hz predicted using the dynamic and constant stiffness for the primary suspension are 47.7 and 43.7 dBA respectively, and the corresponding measured result is 43.8 dBA. The predicted contributions from the lateral damper and the traction rod are 47.2 and 38.4 dBA respectively. 
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Figure 17. Comparison of predicted A-weighted structure-borne noise levels in one-third octave bands with measured estimates from TPA for position inside the vehicle at microphone 2004. (a) Prediction based on dynamic stiffness; (b) prediction based on constant stiffness.
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Figure 18. Predicted A-weighted structure-borne noise levels in one-third octave bands based on measured axlebox vibration for position inside the vehicle at microphone 2004. (a) Prediction based on dynamic stiffness; (b) prediction based on constant stiffness.

Conclusions
A method to investigate the structure-borne noise transmission from the wheel/rail contact to the interior of a train has been presented. A model of wheel/rail interaction is used to determine the contact forces and a detailed finite element model of the bogie is used to determine the blocked forces at the connection points with the car body. The frequency-dependent dynamic stiffnesses of a conical metal/rubber suspension element have been determined through both measurements and analytical models and are used in the FE model of the bogie. The blocked forces are then combined with vibro-acoustic transfer functions of the car body, in this case obtained by measurement, to predict the structure-borne interior noise. 
The vertical dynamic stiffness magnitude of the primary suspension element at low frequencies is found to be about twice the value of the static stiffness. Furthermore, there are peaks caused by internal resonances at around 200 and 450 Hz with amplitudes that are more than 10 times greater than the low frequency stiffness. Both the frequency and magnitude of these peaks increase with increasing preload. A model based on a mass-spring system including wave motion in the rubber elements gives good agreement with the measured dynamic stiffness. Both the internal resonance frequency and the magnitude of the peak can be well predicted by including wave motion in the rubber. 
The approach for predicting the structure-borne transmission has been validated against field measurements. Apart from discrepancies below 80 Hz, believed to be due to uncertainties in the measured rail roughness, good agreement has been obtained for acceleration levels on different components. The vibration of the axlebox is overpredicted and this is propagated through the whole model. The effect of the frequency dependence of the primary suspension element dynamic stiffness is clearly seen, indicating that it is necessary to include this in the FE model. The computed blocked forces at the car body connection points show satisfactory agreement with those obtained from measurements up to 500 Hz. 
[bookmark: _Hlk73041062]The structure-borne component of noise inside the vehicle, predicted from the computed blocked forces and measured vibro-acoustic transfer functions of the car body, agrees well with estimates from experimental TPA. In addition, by assessing the contributions from different elements, it is found that both the lateral dampers and the traction rods are important structure-borne paths. To reduce the structure-borne noise transmission, attention should be given to reducing the stiffness of the bushings at either end of the lateral dampers and the traction rods, provided that they can still sustain the static loads required of them.
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