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1. Introduction

A moment-angle complex Zx over a simplicial complex L on m vertices is built from
ordered products of discs and circles in C™ that are glued together along the face category
of K. The coordinate T™-action on C™ descends to a natural 7™ action on moment-
angle complexes. If K is a triangulation of a sphere, the moment-angle complex Zi is a

* Corresponding author.
E-mail addresses: J.Grbic@soton.ac.uk (J. Grbi¢), A.Linton@soton.ac.uk (A. Linton).

https://doi.org/10.1016/j.aim.2021.107837
0001-8708/© 2021 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.aim.2021.107837
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/aim
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aim.2021.107837&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:J.Grbic@soton.ac.uk
mailto:A.Linton@soton.ac.uk
https://doi.org/10.1016/j.aim.2021.107837
http://creativecommons.org/licenses/by/4.0/

2 J. Grbié, A. Linton / Advances in Mathematics 387 (2021) 107837

manifold that admits a smooth complex structure. These manifolds also generalise many
well-known smooth complex manifolds such as Hopf and Calabi-Eckmann manifolds.

Massey products are higher operations in the homology of differential graded alge-
bras. In the context of commutative algebra, supposing k is a field or Z, the cohomology
algebra of Zi is isomorphic to the Tor-algebra Tory,)(k[K] k) of the face ring k[K],
due to [10] and [4, Theorem 1]. The face ring k[K] is Golod if all Massey products
in Tory[, (k[K], k) vanish. Hence, Massey products in Zx are obstructions to Golod-
ness of k[K]. From the perspective of complex geometry, by identifying Zx with the
complement U(K) of a coordinate subspace arrangement corresponding to K, moment-
angle complexes are LVM manifolds [6,23] when K is the boundary of the dual of a
simple polytope. Massey products are obstructions to the formality of these manifolds.
The combinatorial approach to Massey products in moment-angle complexes has been
used to prove cohomological rigidity of Lobell manifolds [8], which are built from 3-
dimensional polytopes in the Pogorelov class. However, currently, most known examples
of Massey products in moment-angle complexes are sporadic due to how difficult they
are to calculate explicitly.

The first non-trivial Massey products in moment-angle complexes were discov-
ered by Baskakov [5], who constructed an infinite family of triple Massey products.
Limonchenko [18] constructed the first family of non-trivial n-Massey products for n > 2
on lowest-degree classes in moment-angle complexes. Families of non-trivial Massey
products in moment-angle complexes associated to special geometric direct families of
2-truncated cubes (flag nestohedra) are due to Buchstaber and Limonchenko [9], who
also applied these families to the differentials in Eilenberg-Moore and Milnor spectral
sequences. In [20], Limonchenko constructs non-trivial higher Massey products in highly-
connected moment-angle complexes by using the simplicial multiwedge operation (or
J-construction), which takes a simplicial complex and builds a new one that has the
same combinatorial structure as the original.

Using combinatorics and homotopy theory, we give the first systematic and unifying
approach for constructing non-trivial Massey products in the cohomology of moment-
angle complexes. We show that the combinatorics of K encodes Massey products. By
doing this, we expose some of the structural behaviour of Massey products with respect
to combinatorial operations, and spark the ability to construct concrete examples of non-
trivial Massey products in commutative algebra, complex geometry and combinatorics,
as well as toric topology.

Our starting point is the cup product, which is a 2-Massey product. The categorical
product of simplicial complexes is the join, which is mirrored by the product of moment-
angle complexes Zx, .k, = Zx, X Zx, and the existence of a non-trivial cup product in
the cohomology of Zx, «x,. Unlike cup products, Massey products are higher operations
so certain (n — 1)-Massey products must be trivial in order to define n-Massey products.

There is a classification result for 3-Massey products of cohomological classes in lowest
degree in moment-angle complexes [12, Theorem 6.1.1], [15], but it vitally relies on the
fact that the lowest degree classes are represented combinatorially by cycles in the 1-
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skeleton of K. This technique does not generalise to higher dimensions since it is unknown
how to combinatorially realise an arbitrary n-cycle. So far there has not been a systematic
way to construct triple Massey, or any n-Massey, products of higher dimensional classes.
We give two constructions that address these drawbacks.

In Construction 3.5, to construct non-trivial n-Massey products in moment-angle com-
plexes, we start with the join of n simplicial complexes K;. To trivialise the lower Massey
products, we systematically remove certain simplices from the join by an operation called
star deletion and call the constructed simplicial complex K. We show that Zx has a non-
trivial n-Massey product in Theorem 3.17. It is important to emphasise that we do not
impose any restrictions on n-arity of these Massey products, on the choice of simplicial
complexes IC; for any 4, nor on the dimension of classes in the Massey product. This
construction generalises Baskakov’s [5] family of non-trivial triple Massey products in
the cohomology of moment-angle complexes, taking triangulations of spheres for K1, Co
and K. Also it generalises Limonchenko’s [18, Theorem 2] family of n-Massey products,
which are built by removing simplices from the join of n O-spheres.

Notably, our construction produces the first examples of non-trivial Massey products
on torsion classes, as well as examples with non-trivial indeterminacy. Such an example
is constructed by star deleting simplices in the join of the projective plane RP? and two
copies of the 0-sphere, as illustrated in Example 3.21. We also create the first infinite
families of higher Massey products with non-trivial indeterminacy in moment-angle com-
plexes, on arbitrary cohomological classes, by extending our construction in Section 3.2.

The topological properties and homotopy type of X do not determine the topology of
the moment-angle complex Zx. However, unexpectedly, in Construction 4.6 we deform
K up to homotopy to create a new simplicial complex £ such that Z, has an explicitly
constructed n-Massey product if Zx has an n-Massey product. Crucially, the Massey
product in Z, can be of different dimensional cohomological classes to those in Zi.
In this construction, the simplicial complex £ has the same homotopy type as K and is
obtained by systematically “stretching” certain simplices of IC. In Theorem 4.12, we show
that these Massey products are non-trivial, even if they have non-trivial indeterminacy.

Consequently, we can construct infinite families of non-trivial Massey products from
known examples by “stretching” simplices in a controlled way. For example, from each
of the obstruction graphs in the classification of lowest-degree triple Massey products in
moment-angle complexes [12,15], we obtain infinite families of non-trivial triple Massey
products of higher dimensional classes. We give an alternative proof of known examples of
non-trivial triple Massey products in moment-angle manifolds, such as those associated
with Pogorelov polytopes [26] and permutahedra or stellohedra [19,20] using “stretched”
obstruction graphs. Also, the two constructions, Constructions 3.5 and 4.6, can be com-
bined to create new higher Massey products. We use this to create k-Massey products in
moment-angle manifolds associated with n-dimensional permutahedra and stellohedra
for every k < n, including Massey products with non-trivial indeterminacy.

Even though it has been known for decades that Massey products are important ob-
structions in many fields, we have the first general methods to calculate and construct
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n-Massey products of classes in any degree, for any n, including Massey products with
non-trivial indeterminacy. The first infinite family of examples of non-formal spaces
or non-Golod face rings were constructed by Limonchenko [20, Theorem 4.10] using
moment-angle complexes associated to graph associahedra. There are other explicit fam-
ilies constructed in [18], [20] and [9]. More generally, our framework constructs infinitely
many families of such examples, confirming that non-trivial higher Massey products
are much more common in moment-angle complexes and moment-angle manifolds than
previously thought.

Furthermore, these techniques do not just apply to moment-angle complexes. We
study Massey products in moment-angle complexes via combinatorics; one key fact to do
this is that the cohomology of Zi decomposes into a direct sum of cohomology groups
of full subcomplexes of K [4, Theorem 1]. For a topological pair (X, A), a polyhedral
product (X, A)X is a generalisation of a moment-angle complex since Zx = (D2, S1)*.
In the case of a topological space A and its cone C'A, Bahri, Bendersky, Cohen and
Gitler [2, Theorem 1.12] showed that the cohomology of (CA, A)* also decomposes in
terms of H*(A) and the cohomology of full subcomplexes of K when H*(A) satisfies the
strong Kiinneth formula. Using this decomposition and our constructions, it is possible
to produce non-trivial Massey products in (CA, A)* by incorporating cohomological
classes of A to the classes we construct in the cohomology of full subcomplexes of K in
order to create Massey products in Zi.

2. Preliminaries
2.1. Moment-angle complezes

Let K be a simplicial complex on the vertex set [m] = {1,...,m}. The moment-angle
complex Zx |7, Definition 3.2.1] is

Ze=J (D*,8")7 c (D)™
el

where (D%, 817 =2, Y; for Y; = D?if i € 0, and Y; = S' if i ¢ 0. A moment-angle
complex Zx is a manifold if K is a triangulation of a sphere.

In this paper, all coefficients are in k, which is a field or Z. As a subspace of the
polydisc, Zx has a cellular decomposition that induces a multigrading on the cellular
cochain groups C*(Zx). For J C [m], the full subcomplex K is {oc € K | ¢ C J}. Let
é*(K 7) be the augmented simplicial cochain complex. The cohomology ring of Z can
be expressed in combinatorial terms.

Theorem 2.1. [/] There is an isomorphism of cochains

é*—l(ICJ) N C*_|J|’2J(Zlc) c C*—i—\JI(Z’C)
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that induces an isomorphism of algebras

H*(2) = @ H*(K)) (2.1)

JC[m]
where H1(Kg) = k.

We refer to the cohomology decomposition (2.1) as Hochster’s formula [16]. Let
Cp (K y) be simplicial chain complex for K ;. The cochain group C?(K ;)=Hom(C,(K,), k)
has a basis of Xy, for a p-simplex L € K, where Xy, takes the value 1 on L and 0 oth-
erwise. A subset J C [m] has an order inherited from [m]. If j is the rth element of J,
define

e(s,7) = (=" (2.2)

and for L C J, define e(L,J) = [[;cpe(j,J). For simplices L = {l,....l},
M = {mi,...,mq}, we denote {l1,...,l,,m1,...,mq} by L U M. The product on
@D cm) H*(Ky) is induced by CP=HK;) @ CTYHKy) — CPH=1(Kruy),

X, @ Xppr —

X ifInJ =g,
{CLUM Lum 1 (23)

otherwise

where cpun = e(L, 1) e(M,J) Ce(LUM,1UJ) and ¢ = [[cp ek, kU T\ M).
For a cochain a € CP(K ), let the support of a be the set S, of p-simplices o € K
such that a = Zae s, o Xo for a nontrivial coefficient a, € k. For a cohomology class

a € ﬁp(’CJ), we say that « is supported on K.

Lemma 2.2. For a simplicial complex K, let a € CP(K) and b € CI(K ;). Let the order of
vertices in IKC be such that i < j for everyi € I and j € J. Suppose that a = ZUESG s Xy
and b = ZTeSh b X, for p-simplices c € S, C Ky, q-simplices T € S, C le and
coefficients a,,b, € k. Then the product ab € CPTITY (K1, ) is given by

ab = (—l)m(ﬁl) Z Z Aobr XoUr-

€S, TESY

Proof. The product ab is given by

ab = (Z ang> (Z bTXT>
€S, TES)

= Z Z ay by e(o,I) e(r,J) Ce(cUT, TUJ) Xpur

gES, TES)

where ¢ = 1 since all vertices of I are ordered before vertices of J in K.
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By the definition of ¢, and since all elements I are ordered before J, e(c U, TUJ) =
(o, I)e(r, I U J). Furthermore, for each ¢-simplex 7 = {i1,...,i4+1} C J,

e(rrun) = [ et run=J[ =DMy, T)

Je{l,...,q+1} J€{l,....q+1}

— (), ),
Therefore, since e(I, J)? = 1 for any sets I, J, the statement follows. O
2.2. Massey products

Massey products are higher cohomology operations that were introduced in a short
note by Massey [21] and were thereafter first used by Massey and Uehara in [25] to
prove that Whitehead products satisfy the Jacobi identity. They have many applica-
tions for example as topological invariants, obstructions to formality and for calculating
differentials in spectral sequences.

Definition 2.3. Let (A,d) be a differential graded algebra with classes a; in HPi(A,d)
for 1 < i < n. Let a;; € AP be a representative for o;. A defining system associated to
(a1,...,apn) is a set of elements (a; ;) for 1 < i < k < n and (4,k) # (1,n) such that
air € APittpe—k+i gand

k—1
d(aik) = Z Qi Qriy1,k
r=i

where @;, = (—1)1*de8airq, . To each defining system of (ay,...,a,), the associated
cocycle is defined as

n—1
E e +otpp—n+2
a1,rQr4+1n c AP Pnmons,

r=1

The n-Massey product {ay, ..., a,) is the set of cohomology classes of associated cocycles
for all possible defining systems. The indeterminacy of a Massey product is the set of
differences between elements in (aq,...,a,). The Massey product is called trivial if
0e <0517...7Ozn>.

We use Theorem 2.1 to give a correspondence between defining systems in C*(Zx)

and in @ C*(Kj). For any a € CPTVIT1(Zx) with p > 0 and J C [m)], there is a
JC[m]
corresponding a € CP(K ).

Definition 2.4. For a € C?(K;), let deg(a) = p + |J| + 1 and let @ = (—1)'+degag =
(_1)p+|J\a.
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Fig. 1. A simplicial complex K for which Zx has a non-trivial 3-Massey product with non-trivial indetermi-
nacy.

Let (ai,...,a,) C H*(Z2k), where each class a; € HPHJil+1(Zx) corresponds to
a; € HPi(Ky). Let (air) C C*(Zx) be a defining system for (aa,...,a,), where
ai; = a; is a cocycle representative for ;. Then a;j; € CPit TPetlJil-UJl+l(Z, )
and d(a; ) = Zkf,l @; rary1,k- By Theorem 2.1, there are corresponding cochains

=1

a;p € CPitFPr(IC . by, ) and

deg(aik) =pi+- +pe+ iU U] +1
=i+ [Ll+1)+ -+ e+ || +1) —k+i
= deg(a;) + - -+ + deg(ag) — k + i.

By the product in (2.3), d(aix) = S.'_! @ rars1 k. Hence (a;p) C @ C*(Ky) is
JC[m]

a defining system that corresponds to the defining system (a;x) C C*(Z2x) and the

associated cocycle w € CP1H+Pnt|J1UUInl+2( 2} corresponds to the associated cocycle

w € Cp1+~~+pn+1(,CJlu_“UJn).

Let (o, a0, a3) be a triple Massey product on a; € HPitIil+1(Ze) for i = 1,2,3.

The indeterminacy of a triple Massey product is
o .sz+p3+|J2UJ3\+1<Z’C) T as - Hp1+p2+|J1uJ2|+1(ZK>_

By Theorem 2.1, «; corresponds to a; € HP: (Kj,) and the indeterminacy of (a1, s, as)

is
oy - ﬁp2+ps(ch2uJ3) +ag - ﬁp1+p2(ch1uJ2)~ (2.4)

In general, the indeterminacy of an n-Massey product can be expressed in terms of
matric Massey products [22, Proposition 2.3], but this is not a helpful expression for
calculations.

Example 2.5. Let K be the simplicial complex in Fig. 1. Let oy, as, a3 € H3(Zx) cor-
respond to a; = [Xl] € HO(IClg), g = [Xg] S HO(]C34), a3 = [X5] S HO(IC56). Since
H! (IC1234) and Hl(,C3456) = 0, the products a1 € Hl(IC1234) and Qo3 € Hl(]C3456)
are zero.



8 J. Grbié, A. Linton / Advances in Mathematics 387 (2021) 107837

A cochain ajp € C°(Kja34) such that d(ap) = X:1X3 = 0 is of the form aix =
c1X3 + co(X1 + X4 + Xg), for any cj1,c2 € k. A cochain azs € C°(K3456) such that
d(ags) = X:3-X5 = X35 is of the form as3 = c3(Xq4+X6+X3+X5)+ X5 for any ¢z € k. Then
the associated cocycle w € C1(K) is @1a23 + @10a3 = c3(X14 + X16 + X15) + X15 + €1 X35 +
c2(X15+ Xas). For X1, X5 € C°(K), w = c3d(X1) +X15+ (c1 — €2) X35 + c2d(X5). Also, [w] =
[X15 + (c1 — c2)X35] # 0 for any ¢y, ca, c3 € k. Therefore (ay, ag, a3) C H8(Zx) is non-
trivial with non-trivial indeterminacy, oy ~E[0(IC3456) +as-H° (Ki234) = 3 fIO(IC1234).

3. Massey products via join and star deletion

The categorical product of simplicial complexes K1 and Ky is the join K * KCp. This
induces a product in moment-angle complexes, Zi,.x, = Zx, X Zx,. In this way cup
products in H*(Z,«k,) can be seen combinatorially. Since Massey products are higher
operations, we require lower Massey products to be trivial. The idea is to start with
the join of simplicial complexes and remove certain simplices in order to trivialise lower
Massey products. To remove simplices, we use star deletion.

For a simplicial complex K, the star and link of a simplex I € K are

stc[={Jek | ITuJeK}and ke I={JeK | IuJek,INJ =0}

The boundary of the star of I € K is st l = {J € K| IUJ € K,I ¢ J}. Let
sotK;I:st;CI\ast;CI.

Definition 3.1. The star deletion sd; KC of K at I issd; K =K\ sticl.

Alternatively, sd; X = {J € K | I ¢ J}. Star deletions sd;, and sdj, can be applied
iteratively providing that I1 ¢ I and Is ¢ I;. We show that the order of star deletions
on a simplicial complex does not affect the result.

Lemma 3.2. Let IC be a simplicial complex. Let I, Is € KC be simplices such that Iy NIy #
I1, 12. Then Sd[2 Sd[1 K= Sd]I Sd]2 K.

Proof. Since Iy NIy # Iy, I, neither Iy C Iy nor Iy C I;. Thus I; € sdy, K and
I € sdy, K. So sdp, sdy, K = K\ (stx]y Ustxly) = sdy, sdp, K. O

Example 3.3. Let IC be the boundary of an octahedron with opposing vertices labelled
i,i+1fori=1,3,5. Let I; = {1,6} and I» = {3,6}. The star st [; contains maximal
simplices {1,4,6} and {1,3,6}, and stx [> contains {1,3,6} and {2,3,6}. If the star
of I is deleted from K first, then stsq,, k2 contains the maximal simplex {2,3,6}.
Hence sdy, sd;, K removes the simplices {1,4,6}, {1,3,6} and {2,3,6} from K. The
same simplices are removed from K in sdy, sdy, K, as shown in Fig. 2.
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43 43 43

(a) sdq1,6) K (b) sd(z,6) K (c) sdys,6) sd(1,6) K
= Sd{l’ﬁ} Sd{3’6} K

Fig. 2. The star deleted complex is not affected by the order of star deletions.

yaeya

5

Fig. 3. A stellar subdivision at {1,6} in the octahedron.

Remark 3.4. Star deletion is equivalent to doing a stellar subdivision ss; K = (K '\
sticl ) Us sty 1 cone(Osty I) then restricting to the original vertices V(K). For example,
see Fig. 3 compared to Fig. 2a. If K is a triangulation of an n-sphere on m vertices, then
Zi is an (m + n + 1)-dimensional manifold. As ss; K ~ K, ss; K is a triangulation of
an n-sphere on m + 1 vertices. Hence Zg, k¢ is an (m + n + 2)-dimensional manifold.
Since Massey products are obstructions to formality, a non-trivial Massey product in
H*(Zss, ) implies that Z, k is a non-formal.

3.1. A construction of non-trivial Massey products

We aim to construct a simplicial complex K such that there is a non-trivial n-Massey
product in H*(Zx). We start with the join of n-simplicial complexes K! * --- % K™ and
classes o; € HPi (ICf]) for each i € {1,...,n}. In K'*--- % K", all cup products between
«;s are non-trivial, so in order to define a higher Massey product we first remove simplices
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Fig. 4. For this choice of vertex v, € o, ¢’ € P, but ¢’ ¢ P,.

to make certain cup products trivial. To define which simplices to remove, we define two
sets of simplices, S,, C K’ and P,, C K' for each K. In order to create K, we star
delete k! x -+ % K™ at every simplex o; U oy, for o; € S,, and o € P,,, 1 <i <k <n,
(i,k) # (1,n). The star deletions at o1 Uoy and o9 U o3 trivialise the cup products ajas
and asas respectively, which is required to define a triple Massey product (a1, asg, as).
By star deleting at o1 U o3, we trivialise (a1, ag, as). If we also star delete at simplices
o3 U oy and o2 U oy, then (asg, as,a4) is defined and trivial, so the 4-Massey product
(a1, a0, a3, q) is defined. We define the Massey product (a1, ...,a,) C H*(Zx) by
iterating this process.

Construction 3.5. For i € {1,...,n}, let K be a simplicial complex on [m;] vertices that
is not an (m; — 1)-simplex. Since K is not a simplex, there is a non-zero cohomology
class a; € HP (KY,) for p; € N, J; C [my]. Let a; € CP#(KY,) be a cocycle representative
for ; that is supported on p;-simplices S,, C K so that a; = Zaiesai o Xo, € CPH(KY)
for a non-zero coefficient c,, € k. For every simplex o; € S,,, let v,, denote one vertex
in 0;. Let P,, be the set

P, ={ol € K" | o} is a p;-simplex,o; N o} = 0; \ v, }.

An example is shown in Fig. 4.

We start by constructing the set P,, for each ¢, in order to define star deletions of
Kl - % K™, We fix an order on the simplices in S,, and define an ordered subsequence
of simplices afl), .. .,01@ C S,,. Let 051) be the first element of S,,. Then let S’g) =

Sa; \Pa(”' Let 052) be the next element after agl) in S((l}). Then let 553) = St(li) \PU@.

We continue repeatedly until oV is the last element of S,(lli_l), and let

%

P, = PO',O) U---u Pa’(z) . (3.1)

Since 01@ ¢ P o, the set Sy, \ Py, = St(li_l) \ P o) contains at least the last element al(l).
So Py, # Sa,. '

Let K = K'%- - %K™, so /C[mi} = Kt foreveryi € {1,...,n}. The vertices in each vertex
set V(K?) = [m;] have an order. Suppose that the vertex set V(K) = Lliegr,....ny V(KY)
is ordered so that u < v for all w € V(K*) and v € V(K?) for i < j. We construct a
simplicial complex K by star deleting K at each simplex o; U o), one at a time, where
0; € Sy, and o, € Py, 1 < i <k <mn, (i,k) # (1,n). Let K denote the resulting
simplicial complex.
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6@

4

(a) The simplicial complex

’CQ

(b) K after star deletions at
{1,4},{1,5},{1,6} tions at {3,8}, {4, 8}, {5,8}

Fig. 5. Example of the star deletions in Construction 3.5.

Lemma 3.6. For any i € {1,...,n}, the set P,, is non-empty.

Proof. If p; = 0 and H O9(K) # 0, then K is a disjoint union of at least two vertices.
For any v,w € K, vNw = 0 = v\ v. Hence w € P,. Alternatively let p; > 0. Since
a; € HP(Kj,) is non-zero, there is a non-zero cycle z € C,,(K,) such that a;(z) # 0.
Let v =3 g
Let 0: C,, (ICJ) — Cp,—1(K,) be the boundary homomorphism. Since z is a cycle and
OA, # 0, for any vertex v € o there exists a different simplex 7 € S, with o \ v =
oN7 =7\ u for some vertex u € 7. Hence for any o € S,, N S,, 7 € P, and so P,, is

¢ A; with non-zero coefficients ¢, and p;-simplices 7. Let 0 € S, N Sy.

non-empty. O

Example 3.7. (a). Let K! be the disjoint union of two vertices {1},{2} and K? the
simplicial complex in Fig. 5a. The join ! * K? is homotopy equivalent to 52 Vv S!. Let
a1 € HO(KY), as € HO(K2) be represented by the cochains a; = X; and ag = X5+X4+Xs,
respectively. Then S,, = {{1}}, and S,, = {{3}, {4}, {5}}. Following the construction
above, for oo = {3} there is only one choice of a vertex v = 3. Then Py3y = {{4}, {5}, {6}}

so S5 = {{3}} and P,, = P(3}. The simplicial complex
K= Sd{176} Sd{175} Sd{174} Kl * ,C2

is shown in Fig. 5b. Since I is contractible, the cup product ajas is trivial.

(b). In addition to X! and K2 in Part (a), let K be the disjoint union of two vertices
{7},{8}. Let a3 € HO(K?) be represented by as = X;. Then S,, = {{7}} and P,, =
Py = {{8}}. By Construction 3.5, we star delete K % K? « K? at o; U o), for every
0; € Sy, and o, € P,, for i = 1,2 and k =i+ 1. Since S,, = {{3},{4},{5}}, we obtain
the simplicial complex

IC/ = Sd{578} Sd{478} Sd{3,8} Sd{l)ﬁ} Sd{1)5} Sd{174} ICI * ,CQ * IC3.

The full subcomplex K3 , 5 ¢ 7 ¢ is shown in Fig. 5c. Theorem 3.17 will show that there
is a non-trivial triple Massey product in H*(Zx).



12 J. Grbié, A. Linton / Advances in Mathematics 387 (2021) 107837

Lemma 3.8. The simplicial complex K is independent of the order of simplices in P,, .

Proof. For any oy,0}, € P,,, we have (0; Uoy) N (0; Uo}) # 0; Uok,0; Uoj. So by
Lemma 3.2, the order of F,, does not affect . O

Lemma 3.9. The simplicial complex IC is independent of the order in which the pairs
{i,k}, 1 < i<k < n, are chosen.

Proof. Let {i1,k1} and {i2, k2} be two pairs of indices. For 1 < i; < k; < n, j =
1,2, let 0i; € Sa,, and o, € Py, . The intersection (04, Uog,) N (04, Uoy,) is empty
since the vertices of any o; € S,, are a subset of .J; for every j € {1,...,n} and
(Jiy U dk,) N (Jiy U Jg,) = 0. Therefore by Lemma 3.2, we can star delete at simplices
0, U ok, and simplices o;, U oy, in either order. O

Lemma 3.10. In Construction 3.5, the simplicial complex K depends on the order of
stmplices in S, .

Proof. Suppose that o € S,,, 0}, € Py, and let 0; € S,, forani € {1,...,k—1}. If
o}, € Sq,, N Py, then either o}, > oy or o, < oy in the order of simplices in S,,. In
the first case, o}, € P,, so we perform a star deletion at o; U o},. If there is no simplex
oy € Sq, such that o7/ > oy and oy € Py, then oy & Py, . So 0;U0y, € K and o;Uoy, ¢ K.
In the second case, if the chosen vertex vy € o, is such that o, \ vgr = oy \ vk, then
ok € Py . Since 0}, < Ok, 0k € Py, and therefore 0; Uoy, ¢ K. Hence K is different in the
two cases. 0O

Lemma 3.11. The choice of vertex v,, € oy affects the number of stars deletions per-
formed in Construction 3.5.

Proof. We demonstrate this with an example. Consider the join ! x K2 * K3 of three
simplicial complexes. Suppose that K2 is the boundary of a tetrahedron on the vertices
1,2,3,4. Also suppose that as € C*(K?) is Xi23 + Xa34. We fix the order on S,, =
{{1,2,3},{2,3,4}}. First let v{1933 = 3 € {1,2,3} and v{o343 = 2 € {2,3,4}. By defini-
tion, Ppio3y = {0 € K? | 0 is a I-simplex and 0N{1,2,3} = {1,2,3}N\vf1231} = {1,2,4}.
Similarly Pgo3sy = {1,3,4}. Therefore P,, = {{1,2,4},{1,3,4}}. To construct K from
KL x K2 % K3, we perform Sy, || Pa,y | + [Sasl|Pas| = 2|Sa, | + |Say||Pas| star deletions.
Compare this to the case when v(i23) = 1, so P13} = {2,3,4}. Since {1,2,3} comes
before {2,3,4} in S, and S,, \ Ppi2sy = {1,2,3}, Pa, = Ppi23; = {2,3,4}. In this case,
to construct K we perform |S,,| + |Sa,||Pas| star deletions. Since S,, and P, do not
depend on v(123) OF V(234}, this is fewer star deletions than when v(193y =3. O

We will prove that the Massey product (o, ..., an) C H*(Zk) is non-trivial in several
steps, first showing that it is defined.
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Proposition 3.12. Let K be a simplicial complex constructed in Construction 3.5. Then
(a1, ... ) C H*(Zx) is defined.

Proof. Let a; = ), cg €5 Xs be a representative cocycle for a; € HP (Kj,) for
each i € {1,...,n— 1}. We construct a defining system (@i ) for the Massey product
(... o) C HPrE APt iU Ul 42 23

For 1 <i <k <n, (4,k) # (1,n), let a; € CPiTFPe(K;.1...ug,) be the cochain
given by

Z Z : Z Co; -+ - Coy, zkxalu “Uog \ (vig1U--Uvg) (32)

Jies’lz‘ G’i+1€§ai+1 Ukesak

where S,, = S,, \ Pa,, vertices v; = v,, € o; are fixed, and 6;, = 1 when ¢ = k or
otherwise

0. i(71)k*i+|Ji‘(pi+1+”'+pk)+|tji+l|(pi+2+“‘+pk)+"‘+|]k—1‘pk‘
ik —

s

E(Ui+1,0'i+1)...6(’l}k,a'k). (33)

For any o; € §ai and oy, egak, o;Uop € Kandsoo; U---Uog \ (vip1 U---Uuwg) € K.
Since every coefficient ¢, is non-zero and each Xg,u...ug\ (v, 41 U---Uvy) 18 @ different basis
element of CPi+ Pk (K ...y, ), the cochain a; j is not trivial.

We will verify that d(a; ) = Zf;l @; ;- Gr41,%- By the definition of the coboundary

map,

az k § E . § Co; - Cok ik

0i€Sa; U"+1ES%+1 O'kESak

Z e(f,jUoiU---Uop \ (Vig1 U UVk)) XjUosUe-Uop\ (0551 U---Ung ) (3.4)
JjEB

where B is the set {j € J;U- - -UJg\(0;U- - -Uop\ (vi41U- - -Uwvg)) | jUoU- - -Uog\ (v41U
--Uvy) € K}. First we show that the only non-zero summands are when j € v; 1 U- - -Uvy.
For fixed oy, ..., 01, suppose that there is a vertex j € J;U---UJg \ (0; U---Uoy) such
that jUo; U+ Uog \ (Vi1 U-+-Uwg) € K. So j ¢ v;41 U---Uwy. Consider two cases,
either j € Jyorje Jy\o, forle{i+1,...,k}
(i) In the first case, j € J;. By the definition of the coboundary map and since a; is a
cocycle,

Yoo S i Uo)Xus =0,

0€Sa, Jje€J\V (o)
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We extend this sum by taking the union of each jUo with o;41U- - -Uoy \ (vi41U- - -Uwg).
Since o ¢ P,, forevery l € {i+1,...,k}, jUcUoiz1U---Uop \ (vig1 U---Uwg) €K
for any jUo € K. Hence

Yo Y. e(jiUoUsi U Uog\ (Dig1 Us - Ug)):

. XjUO’UO'i+1U-“UO'k\(’Ui+1U~--U’U)€) = O

(ii) In the second case, j € J; for Il € {i+1,...,k}, so jUa; \ vy € K, and hence
jUo\v € P,, C P,,. By Construction 3.5, o; UjUao;\ v; ¢ K. Hence jUo; U---Uoy \
(Vig1U---Uw) ¢ Kforany j € J;U---UJg \ (v;41 U---Uuwg).

Since the only non-zero summands in (3.4) are when j € v;41U---Uug, d(a; &) reduces
to

az k § E : E Co; - Cak ik’

U’ES“'L 01+1€S“i+1 UkGSa,k

E e(f,jUaiU---Uop \ (Vig1 U UVk)) XjUosUe U\ (vi41U---Ung ) -
jEvi+1U~-ka|
jUoU--Uo\ (vig1U---Uvg ) EK

Denote j € vi41 U--- Uy by vp4q for r € {i,...,k — 1}, and rewrite d(a; ) as

d(a; k) Zﬁzk Z Z Z Coy v Cop

€854, O'7+1ES a1 O'kEgak
e(Vpy1,0iU--Uok \ (Wig1 U Ubpypr U---Uwg))-
. XO'iU-"UO’)C\(’Ui+1U”'Uﬁ,-+1U---U’Uk) (35)
where 0,41 denotes that v,41 is deleted from the sequence v;41, ..., vk.

To show that d(a; ) = > f;ll Qi Q(py1),k, We Write out a;, and a(,41) so that
k—1—
E :r i Qiyr t Q(r41)k is

k—1
§ : 1+deg(a;, r E E §

(—1) g(ai,r) e Ci,r Xa'iu-~-Ua'T\(v71+1U~-UvT)
r=i 0i€5a; 0;41€8a,,  0rESa,

Z Z Z Cr+1,kXUT+1U~~>U0k\(vr+2U--'U”k)

or+1€5a,1, 0'7'+2e§a7~+2 Ukegak
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where ¢;, = ¢y, ... Cq, iy and ¢y = Coppy - Cop, Org1,k- For any 0,41 € So, 1\ Sa,yys
and o;Uo,. 11 ¢ K. Therefore (o; U---Uo,\ (vi41 U Uw,))U

by definition 0,41 € P, .,

(Org1U---Uop \ (Vg2 U---Uwyg)) € K only if 0,41 € Sa,,,. Then by expanding the
above expression and using the sign from Lemma 2.2, Zf;l @iy - Q(ry1),k 19

kf Z Z Z (—1)L+deaasn) 110 UTn|(pryrttpet).

r=t 0,€Sq, Ui+1€§ai+1 Ukegu.k (36)
*Coy - - Coy, ei,T 07"+1,k XaiU»»-uUk\(quu---uﬁ,,Jrlu---ka)-

Since deg(a; ) = |J; U+ UJp| +pi+ - +pr + 1,

(71)1+dieg(ai,'r')+‘JiU"'UJ'r'I(p'r'+1+"'+pk+1) _ (71)(pi+"'+p1v)+|JiU---UJ1,|(p1,+1+~~+pk).
We next prove that (3.5) is equal to (3.6) by showing that

ei)]f €(UT+1,O'iU"-UO'k\(UH_1U"'U@T+1U~'~ka))

_ (_1)(p'i"l""+pr)+‘J'iU“‘U-]rl(pr+1+"'+pk)9i , 9r+1 - (37)

Since

O = (= 1) @it tp b (0,40, 0440) - 2 (0r, 07)

and

Orir s = (_1)k—T—1+|Jr+1‘(pr+2+"'+pk)+“'+|‘]k—1‘pk E(UT+2, Ur+2) . E(Uk, Uk:)

the right hand side of (3.7) becomes
(71)k7i71+(pi+"'+177-)+|‘]i‘(Pi+1+"'+pk)+|‘]i+l‘(pi+2+"'+pk)+'”+|‘]k*1‘pk
e(Vig1,0i41) - . - €(Vp, 0,)E(Vpy2, Orta) . . . €(Vk, OF).
This is simplified as
()Pt l ey, 0001) O (3.8)

Next consider the left hand side of (3.7). For any r € {i,...,k — 1}, suppose that
Up41 € 041 i the lth vertex in the vertex set of o;U- - -Uoy \ (vip1 U+ -UBpy1 U---Uny).
Then by (2.2),

e(Urg1,0iU--Uop \ (g1 U U U---Uwy)) = (=1)71
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Since v,41 € 0,41, L is given by
U=loi| + (loixa| = 1) + -+ (lor] = 1) + L1

where [,.11 is the position of v, 41 in 0,.41. Since |o;| = p; + 1 for every i, { = (p; + 1) +
Pi+1 + -+ pr + 141, and hence

(g1, 00U -Uop \ (Vg1 U-- U U---Urg)) = (=1)PT 2t oy g o). (3.9)

Thus (3.7) may be rewritten as (—1)P¢ T TPrT1 9, . e(v, 11, 0,41), which is equal to (3.8).
Hence (3.5) is equal to (3.6) so d(a; ) = Zf;;ﬁ - G(p41),k, Which proves that (a; )

5

corresponds to a defining system for {(a1,...,a,). O
We aim to show that the constructed n-Massey product {(aq,...,q,) is non-trivial.
We build a cycle € Cp, 4. 4p,+1(K s 0.0, ) and show that for any [w] € (a1, ..., apn)

there is a cycle 2’ homologous to x such that w(z’) # 0. This will conclude that [w] # 0.

Construction 3.13. Fix 01 € S,,, 0; € §ai =84, \ P, for 2<i<nand o, € P,,. Since
a; € HP*(K;,) is non-zero, there is a cycle 1 € Cp, (K;,) such that ai(z1) # 0. We
write the cycle x; as

Ir1 = E 051 Ag,l

G1€Sz,

for a collection of p;-simplices S;, C Ky, and non-zero coefficients cs,, where Az, is a
basis element of C),, (K, ).

After the star deletion of o2 U g, the boundary complex d(o2 U 0,,) is contained in
K. Let x2 € Cpytp, (0(02 Uay,)) be the cycle

To = § Cuwy AagUan\wg

woEo2Uo,

for vertices wy € o2 U g, and non-zero coefficients ¢,,,. Similarly for 3 <i < n —1, let
x; € Cp,—1(0(0;)) be the cycle given by

Ty = g Cuqui\wi

wi€o;

for vertices w; € o; and non-zero coefficients c,, .
Let € Cp, 4. 4p,+1(Ksu..ug, ) be the chain

T= D D Dt ) Catuluy

G1€8y, w2E02U0o, W3€E0T3 Wn—1€0n—1

. A&lUagu---Uan_lLern\(szman_l)~
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Let S, be the support of x, consisting of simplices

c=061UoaU---Uogp_1Uo, \ (waU---Uwy_1) (3.10)
for a p;-simplex 61 € Sy, , and a choice of vertices we € o9Uoy,, w; € 0; for 3 < i < n—1.
Lemma 3.14. The cochain x € Cp, 4. 4p,+1(K 0.0, ) 15 a cycle.

Proof. We show that x is a cycle by explicitly calculating d(x). By the definition of the
boundary map,

Z Z Z Z Ze(v,a) CorCu  Cun 1 Ao\

G1€8Sz, w2€02Uoy w3€E03 Wn—-1€E0n—1 VEO

where o € S, as in (3.10). Since 61 C Jy, 0; C J; for 2 < i < n, and J; N J; = 0 for
i # j, any choice of vertex v € o is contained in a simplex &y or o; for 2 < i < n. If
v € &1, then e(v,0) = ¢(v,51). Also if v € g; for ¢ > 1, then

(—1)P1+L (v, 00) if wy € 0y, and @ = 2,
(=1)prttpicit2 oy oy \ ) if wo € 0, and i > 2,
e(v,0) = (1Pt tPnitl ¢(y, g,) if wy € 09 and i = n,
(—1)prttricitl o(y gy \ w;) if wy €09 and i < n

where @; = w; for 1 < i < n, and W, = we. We rewrite d(x) as

Z Z Z T Z Z Z E(U’ G) Cs1Cwy " ° Cwnf1AU\v

G1€8z, w2€02Uoy w3€Eo3 Wp—-1€0n—-1 =1 vEF;\W;

where 1 \ w1 = &1 and &; = o; for i > 1. Let Ag\v|s denote the restriction of Agy\, to
its vertices in J C V(K), where V(K) is the vertex set of . Then

2. 2 > X

G1€8Sz, w2€02Uoy w3€0o3 Wn—-1€E0n—1

Z Z Cal Cws """ Cw,pyq (AU\U|J7;)(AJ\U|V(IC)\J1')

i=1 veF; \W;

We rearrange 0(z) into four sums, one in which v € &1, another for v € o9 U 0, \ wa,
and two more when v € g; \ w; for 3 <4 < n — 1 where either ws € o9 or wy € o3. Then
expanding (v, o), O(x) is
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DD D T

wa€02Uoy, W3Eo3 Wp—1€0n—1

(Aovvions) | DL D e,61) ca (Bgvus) | +

5‘16511 VETT

+ Z Z e Z C51Cwz """ Cwp_yq (_1>p1+p3+m+pn_l+l(AU\U\V(IC)\.bUJn)'

G1€Sy, W3EO3  Wnp-1€0n—1

> Y (.02 Uon \wa) uy (Do s, | +

w2E€02U0y, vEoaUoy, \wa

YD YD DD DU

51€85,, w2E02 W3€E0T3 Wp—1€0n—1
n—1
S (=0 e T AL o) |YL e\ wi)(Aoves) ||+
i=3 vET; \w;
S VID DD DR D
G1€85,, W2E0, W3ETT Wp—1€E07—1
n—1
S (=PI AL vaeng) | g0\ wi) (Agvey )
=3 vET; \w;

Each sum can be written in terms of 9(x;), that is,

a(x) = Z Z T Z Cuwy *** Cayy g (AO'\'Ulv(IC)\Jl) 3(1'1)4-

wa€02Uoy, w3€Eo3 Wn—1€0n—1
+ g E E C&lcws ”.Cwn—l.
51€Sz, w3€os Wn—-1€E0n—1

. (,1)p1+p3~~-+pn71+1(AU\UIV(K)\JZUJn) 8(x2)+

n—1 —
+ g E E E ce g e E Ca_lcwz...cwi...cwnil.
G1€Sz, W2E02 =3 wW3€03 w; €0 Wp—1€0n—1
+tpi-1+1
(=P Pt A v on ) O(x)) +
n—1 —
_|_ E g E E oo E PN E C&lcwz...cwi...cwnil.
51€8Sz, W2€0, i=3 wW3€Eo3 w; €04 Wn—-1€0n—1

()PP A v o) O(24))

where 7 denotes omission. Since d(z;) = 0 for every i, x is a cycle as well. O
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/
02
01
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03

(a) A simplicial complex K constructed (b) The cycle .
by star deletions at o1 U Ué and oo U o‘é.

Fig. 6. Example of the cycle x defined in Construction 3.13.

Example 3.15. Let K be the simplicial complex in Fig. 6a, where the simplices o1 U o,
o9 U of were star deleted and S, = {01}, Sa, = {02}, Sus = {03}, Pa, = {05},
P,, = {o4}. The cycle z is supported on simplices of the form

025'1U0'2U0'é\(UJ2)
where & is either o1 or o] and wy € g9 U of. Therefore S, contains o1 U o2, 0] U 09,

o1 Uoj and o1 U 0%, as shown in Fig. 6b.
If ag = X4, € C’O(ICUM,i), ay = X4, € C’O(ICU%UQ) and ag = X,, € C’O(ICUSJé),

then the rest of the defining system constructed in Proposition 3.12 is a1 = —X,, and
a23 = —X,,. The associated cocycle to this defining system is
w = _XO'1UO'3 - X<71U<72-

There is exactly one simplex o1 Uog = S, NS,,. So by evaluating w on z, w(x) # 0.
Proposition 3.16. The n-Massey product (a1, ..., a,) C H*(Zx) is non-trivial.

Proof. For any [w] € (a1, ..., q,), we consider a corresponding cocycle w € CP1 T +Pntl
(Kju--ug,) with the cycle z from Construction 3.13 and aim to show that S, N S,
contains only one simplex. This implies that w(z) is non-zero, and therefore [w] # 0.

First we define a subcollection of simplices in S,,. Let (a; ) be any defining system of
(a1,...,0n). Let Sy, , be the support of a; so that

ik = § CoXg

UESu.i_k
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for non-zero coefficients ¢, € k. The image of the coboundary map is a cochain obtained
by adding a vertex to the simplices in S, ,. Since d(a;r) = Zkil

r=i

@; rQry1,k, for any

Oir €Sq,, and o,q1 €5, there is a simplex 0 € S,, , and vertex u; € 0; ,U0ory1k

Ar41,k
such that o = 0;, Uo,y1 % \ u;. We extend this principle to say that there is a simplex
0 € 8,,, suchthat 0 = o U---Uoy \ (ugU---Uuy_q) for o; € S, = S,, \ Pa, and
vertices u; € oo U---U o, for 2 <4 < n, u; # u;. Let w be the associated cocycle for

this defining system,

w = Z cr Xy

TESy

for non-zero coefficients ¢, € k. The support of the first summand @ as,, of w contains
a simplex of the form

T=01UoaU---Uop_1Uop \ (ug U+ Utp_1) (3.11)

for o1 € S,,, 0; € §ai and vertices u; € oo U---Uoy, for 2 <4 < n, u; # u;. Hence
TES,.
We compare the simplices 7 € S, in (3.11) and ¢ € S, in (3.10) where

o=01UoaU--Uogyu_1Uo, \ (waU---Uwy_1)

fore, € S,,, 04 € gai fori € {2,...,n—1}, 0/, € P, and a choice of vertices wy € goUcy,,
w; € o; for 3 < i <n-—1 Forop € 5, and og; € §ai for 2 < i < n, the simplex
o1 U---Uo, € K was not removed by star deletion in Construction 3.5. Both 7 and o
are (p1 +- -+ pp + 1)-dimensional faces of o4 U---Uoy,. If thereisno7 € S, and o € S,
such that 7 = o, then there is a cochain b € CP1TPn (k) whose support consists of
(p1+ -+ pn)-simplices contained in oy U- - - Uo, and the support of d(b) contains both
7 and 0. Let w' = w + creqp),-d(b) where ¢, is the coefficient of 7 € S, and ¢y~
is the coefficient of o € Sy(). Then S,/ contains o and does not contain 7. Therefore
o € S, NS,. However there could be other simplices in S, NS, that cancel, so we
cannot conclude that w’(x) is non-zero. To resolve this, we change the representatives of
[w] and [x] so that there is only one term in their evaluation.

Suppose that there is 7/ € S,r NSy, 7 # 7. If Ik (77) # 0, then there is a (p1 + ...+
pr + 2)-dimensional simplex A € K ,u...uJ, containing 7 in its boundary. Suppose that
S, does not contain an additional face of A. Then replace = by z’, where the simplex
7/ € S, is replaced by the (p1+...4+pr+1)-simplices in I(A)\ 7’ to form S, as illustrated
in Fig. 7. Therefore 2’ is the cycle x — ¢s €(v, A) (A 4), where ¢,/ is the coefficient of
the summand A,/ in z, v is the vertex such that vU7" = A, and €(v, A) is the coefficient
of A, in O(A4). Thus [z] =[] and 7/ ¢ S N Sy

Alternatively, suppose that ki (7') = 0, or Ik (7') # 0 and S, contains an additional
face 7"’ of A. Since z is a cycle, there is another simplex t # 7/ € S, such that 7/ Nt #
(as shown in Fig. 7c). Let w”’ = W' — ¢ e(7'\7'Nt,7") d(X;n¢) where ¢,/ is the coefficient
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oo, oo,
S _ S
N\a? A
T / T
4 \
° °
¢ ¢ (c) There is a simplex ¢ € S
c ere is a simplex =
(a) The cycle z (b) The cycle z’ L

that shares a boundary with 7/

Fig. 7. If the link of 7’ is non-empty, then the cycle z can be changed to z’.

of the summand X,/ in w’ and (7' \ 7/ Nt,7’) is its coefficient in d(X;/n¢). So [wW'] = [w']
and S, contains t but S, NS, does not contain 7.

By this process of replacing simplices in the intersection of the supports one-by-one, we
obtain a cocycle w’ € CP1+-+PntI(K; ;) and a cycle ' € Cpi 4 4p+1(Kpyuu,,)
such that [w'] = [w], [2'] = [x] and S, NS, contains only one simplex. Thus w’(z’) # 0,
and so [w'] = [w] is non-zero. O

By combining Propositions 3.12 and 3.16, we have proved the main theorem.

Theorem 3.17. Fori € {1,...,n}, let K be a simplicial complex on [m;] that is not an
(m; — 1)-simplex. Then there exists a simplicial complex K, obtained by performing star
deletions on KC! % - - K", with a non-trivial n-Massey product in H*(Zx). O

Example 3.18. For i = 1,2, 3, let K’ be the simplicial complexes as in Example 3.7 and
let

K= Sd{578} Sd{478} Sd{378} Sd{176} Sd{1,5} Sd{1,4} Kl * ’CQ * ]Cs.
Suppose that a; = X; € CY(K!), az = X3 + X4 + X5 € C°(K?), a3 = X7 € C°(K?). Then

Say = {1}, Sa, = {{3}, {4}, {5}}, Sas = {{7}} and P,, = {4,5,6}, P,, = {8}. The rest
of the defining system constructed in (3.2) is

ar2 = 012X1 = —X4

as3 =0623(X3 +Xq +X5) = —(X3 + X4 + X5).
The associated cocycle w for this defining system is
w=—X1(X3 4+ X4 + X5) — X1 X7.
Therefore w € C1(K) evaluates non-trivially on the 1-cycle z = Ap gy —Apsy+Aps—

Ay1,8y- Another defining system could have a’2,3 = Xg + Xg + X7. Then the associated
cocycle w’ for this defining system is given by
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(a) K1 % K2 % K3 (b) $S{oy,00} SS{0a,053 K' % K? % K3 with cone

vertices coloured

Fig. 8. The simplest example of both Baskakov and Limonchenko’s families of non-trivial Massey products
in moment-angle complexes.

W' =X1(X6 + X7 + Xg) + —X1X7 = X17 + X185 — X17 = X15.

Thus w’ also evaluates non-trivially on z. By Proposition 3.16, the associated cocycle
of any defining system evaluates non-trivially on some cycle. Hence ([a1], [az], [a3]) C
H'Y(Zx) is a non-trivial Massey product.

Two particular examples of Theorem 3.17 are the families of Baskakov and
Limonchenko.

Example 3.19 (Baskakov’s family [5]). For i = 1,2,3, let K be a triangulation of a
(ni—1)-sphere on [m;]. Let o1 € K, 09, 0% € K2, 03 € K3 be maximal simplices such that
oy and o) are adjacent, that is, there is a vertex vy € K2 such that (o2 Nob) Uvy = o).
Similarly, let o4 € K? be a maximal simplex adjacent to o3 so that there exists a vertex
vy € K2 such that (03 No}) Uvy = of. Let a1 = Xy, ag = Xo, , and az = X,
be cocycle representatives of a; € H™1(K?) for i = 1,2,3. Baskakov [5] constructed
K = 8S{o1,04} 5S{0,05} K % KC? % K2 and showed that (o, ag, a3) is a non-trivial Massey
product in H*(Zx) where K is the restriction of K’ to the vertex set [mq] U [ma] U [ms].
Since K = sds, 0, } Sd{oy,051 K' % K? % K?, Theorem 3.17 recovers Baskakov’s family of
examples of non-trivial triple Massey products in H*(Zx). The simplest example when
KL, K2, K2 are SY is shown in Fig. 8 and its restriction to the original 6 vertices is in
Fig. 6a after swapping the labels o3, o3/

Example 3.20 (Limonchenko’s family [18]). Let F be a face of a polytope P and suppose
that there is a hyperplane H that does not include any vertices of P but separates the
vertices of F' from the other vertices in P. If Hy, Ho are the half spaces defined by H and
F C Hs, then the polytope PN H; is called a truncation of P at F. A family of non-trivial
n-Massey products is constructed by truncating the unit n-cube I™ = I'x- - -x I as follows.
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F2/ —

Fig. 9. A 3-cube truncated at the faces F; N Fy and F2 N F3/, which is dual to Fig. 8b with the labels o3, 03/
swapped.

Suppose that opposite facets of I™ are labelled F;, Fy for [ = 1,...,n. The boundary
of the dual K = Kr» = 9(I"™)* is the join of n copies of S°, for example ks is shown
in Fig. 8a. To create a non-trivial n-Massey product, Limonchenko [18; Construction 1]
truncated I™ at the intersection of facets F; and Fj for 1 < i < k < n, (i,k) # (1,n).
For example see Fig. 9. These truncations correspond to stellar subdividing Ky~ at the
edges o; U oy, where o;,0, € Kn are the vertices that are dual to the facets Fj, Fj in
I™. Let K be the restriction of the stellar subdivided complex to the 2n vertices o, oy
for I =1,...,n, and let o; be the generator of ETO(IC(,WZ,). Limonchenko showed that
the n-Massey product {(aq,...,a,) C H*(Zx) is non-trivial. Since this construction is
recovered by star deleting Kj» as described in Construction 3.5, Theorem 3.17 gives an
alternative proof that (aq,...,ay,) is non-trivial.

Theorem 3.17 does not just give alternative proofs of existing results about non-trivial
Massey products in the cohomology of moment-angle complexes, it creates non-trivial n-
Massey products from any non-zero cohomology classes supported on a full subcomplex
of any simplicial complex K?. Therefore there is no limit on n or the dimension of the
classes «;. Using this construction it is also possible to construct Massey products on
torsion elements.

Example 3.21. Let K! be a triangulation of RP? on 6 vertices as in Fig. 10. Let K2, K3
be copies of two disjoint vertices labelled 6,7 and 8,9, respectively. Let a; € I:p(lcl)
be represented by Xpi2. For ¢ = 2,3, let «; € I;TO(ICi) be represented by as = Xg and
as = Xg, respectively. By Construction 3.5, P,, = {{7}} and P,, = {{9}}. Then let

K= Sd{0127} Sd{@g} Kl * ’C2 * Kg.

By Theorem 3.17, there is a non-trivial triple Massey product (a1, as, az) C H*(Zx).
This is the smallest example of a non-trivial triple Massey product on a torsion class
since KC! is the triangulation of RP? on the least number of vertices.

Since oy is the generator of H2(K') = H2(RP?), a1 is a torsion element. The associ-
ated cocycle for the defining system constructed in (3.2) is w = —Xg126 — Xo128 € C?(K).
The corresponding class [w] € (a1, as, a3) is not a torsion element in H'(Zx).
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Fig. 10. A 6-vertex triangulation of RP2.

Also, there is a cochain a} 5 = X126 +X124 — X147 — X347+ X037+ X027 such that d(a} 5) =
Xo126 € C3(Ko1234567), which is different to aj o constructed in (3.2). The associated
cocycle to this defining system is w’ = —Xo126 +X1268 +X1248 — X1478 — X3478 +Xo0378 + Xo0278
with [w'] # 0 and [w] # [W']. Therefore (a1, as,as) has non-trivial indeterminacy. In
particular, the indeterminacy is given by aj - ﬁO(ICmgg) + asg - ﬁQ(IC01234567) = a3 -
H2(Ko1234567), where H2(Ko1a34567) = Z.

We also extend Construction 3.5 by allowing more general star deletions in order to
construct more non-trivial Massey products. These often only require a difference in
the technical details of the proof of Theorem 3.17 and do not change the nature of the
construction. For example, if K¢ is the disjoint union of two vertices {i} and {i'}, then
let IC be the simplicial complex that is obtained from IC! x K2 % K3 % K* by the sequence
of star deletions

Sd{1?4} Sd{1y4r} Sd{l/,4r} Sd{gA} Sd{grA/} Sd{274/} Sd{l’g} Sd{ll,s/} Sd{1,3/} Sd{374/} Sd{2,3r} Sd{1,2’}'

This is a full subcomplex of the icosahedron Z as shown in [3, Theorem 4.6]. Also, no
obstruction graph from the classification [12,15] is a full subcomplex of Z. In [3], this
example is given in order to demonstrate a non-trivial 4-Massey product of lowest-degree
classes in H*(Zz) where there are no non-trivial 3-Massey products of lowest-degree
classes in H*(Z71).

Let us consider another example of more general star deletions. Suppose we have a sim-
plicial complex IC with n > 3 disjoint subsets of its vertices Ji, ..., J, C V(K) such that
there are n non-trivial classes a; € HP#(K ). Limonchenko [20, Lemma 3.3] showed that
if a Massey product (o, ...,an) C H*(Zx) is defined and HPit P (K ,..0y) = 0
for every 1 < i < k < n, (i,k) # (1,n), then the Massey product has trivial indeter-
minacy. The following example shows that this is not a necessary condition for trivial

indeterminacy.
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Example 3.22. For i = 1,2,3,4, let K? be the disjoint union of two vertices .J; = {i,4'}.
Let I be a simplicial complex obtained by Construction 3.5 with an additional star
deletion at the edge {1’,2'}, that is,

K = sdyo,ary sdq1,3) sdyz 4y 8d2,3) sdq1r 2y sd1 0y K'x K? 5 K2 5 P
For each 1 < i < 4,let a; = X; € CO(K,) and set a; = [a;] € HO(K,). The star deletions

at {1,2'} and {1/,2'} imply that any cochain a1 2 € C°(K ,u,,) such that d(a;2) = aras
is of the form

ai2 = —X1 + C1(X1 + Xy 4+ Xg) + C/1X2'

for any c1,c} € k. However, a cochain a; 3 such that d(a13) = @rass + a1 a3 is only
defined when ¢| = ¢;. Thus, any defining system for {aq, s, as, as) C H*(Z)) is of the

form
are =—X1+c1(Xy + Xy + Xo + Xor)
ag3 = —Xg + ca(Xo + Xor + X3 + Xg)
az 4 = —Xs + c3(Xg + Xz + Xg + Xu)
(11,3 = 7(62 — l)Xl + 01X3 —+ C4(X1 + Xll + X2 —+ XQ/ —+ Xg —+ Xg/)
agg = —(c3 — 1)Xa + caXyq + c5(X2 + Xor + X3 + X3/ + Xy + Xy)
for coefficients ¢y, ...,c5 € k. These are the same defining systems we would get if we

had not star deleted K % K2 % K3  KC* at the edge {1’,2'}. The associated cocycle w to
any of these defining systems is

w=—Xqg — d(Xl) + ng(Xl) — Cld<X3) + C4d(X4> — C5d<X1)+
+ 6163(—d(X1) — d(Xl/) — d(Xg) — d(XQ/)).

Thus, (a1, as,a3,04) = [w] = [—X14] and hence this Massey product is non-trivial
and has no indeterminacy. However, the star deletions at {1,2'} and {1’,2'} imply that
HO (K,u0.) = Z # 0. Therefore this is an example of a non-trivial Massey product with
trivial indeterminacy that does not satisfy the conditions of [20, Lemma 3.3].

3.2. Infinite families of Massey products with non-trivial indeterminacy

In the last example, we saw that doing Construction 3.5 followed by an extra star
deletion at {1’,2'} produced more choices of cochains aj o such that d(ajs) = aras.
We extend this technique to create the first infinite families of moment-angle complexes
with non-trivial Massey products that have non-trivial indeterminacy. These are the first
known examples of non-trivial indeterminacy in n-Massey products in H*(Zx) for n > 4.



26 J. Grbié, A. Linton / Advances in Mathematics 387 (2021) 107837

The idea in Construction 3.5 was to create a non-trivial Massey product {(ayq, ..., ap)
by defining two sets of simplices S,,, P,, for each 1 < ¢ < n and star deleting the join of
n simplicial complexes at the simplices o; U o}, for o; € S,,, 0}, € Pa,, 1 <i < k < n,
(1,k) # (1,n). A star deletion at o; U 0}, made the Massey product (a,...,as) trivial
by allowing us to define a cochain a;j such that d(a;j) represents a (trivial) class
in the lower Massey product {(a;,...,ax). Supposing that (a1, ...,ax) has non-trivial
indeterminacy, we construct indeterminacy in the higher Massey product {(aq,...,ap)
by making more than one class in the lower product (ayq, ..., ax) trivial. In this version
of the construction, we star delete at oy U o}, for o}, € Py, , k # n, and any p;-simplex
o1 € K, rather than o0y € S,, C K!'. These extra star deletions create choices for ai
in the defining system for (aq,...,a,), and do not affect the proof of Theorem 3.17.
We will show that these choices result in non-trivial indeterminacy in {(«a, ..., a,) when
n > 2.

Theorem 3.23. Let K' be a simplicial complex on the vertex set [m;] that is not an
(m; — 1)-simplex, for i € {1,...,n}, n > 2. Then there exists a simplicial complex K
obtained by star deletions on K1 x---x K™ such that H*(Zx) has a non-trivial n-Massey
product with non-trivial indeterminacy.

Proof. Since K is not an (m; — 1)-simplex, there is a non-trivial class o; € HP: (K%)
for J; C [m;]. We will construct two different defining systems for a Massey product
(a1,...,a,) and show that the two associated cocycles are non-zero and not cohomolo-
gous. Therefore this concludes there is non-trivial indeterminacy in (a1, ..., a,).

Let a; be a cocycle representative for «;. Recall that in Construction 3.5, we had a
set of p;-simplices S,, C K for each i such that a; = Eaiesa, Cs; Xo;- For any o; € S,
the set P,, C K¢ contains all p;-simplices o/ € K! such thatL there is a vertex v,; and
0i \ Vo, = 0} \ vsr, where v,, is a fixed choice of vertex in o;. We will use these fixed
choices of vy, € 0; € 54, and vy € o, € P,, throughout this proof. Also recall the set

P, = Pagl) y---u Pal(z)
1(1)7 ce UZG) C Sq,;- To define a simplicial complex K so that (a1, ...,a,) C H*(Zk)
has non-trivial indeterminacy, we star delete K! - --% K™ at o1 Uc}, for every p;-simplex
o1 € K'and o), € P,,, 1 < k < n, as well as at each o; U o}, for o; € S, and o}, € Py,
1 < i < k < n. This is more star deletions than in Construction 3.5, where we used

o1 € 8, instead of o1 € K. Let gak = Sa, \ Pa,. If there are simplices oy, € S, \gak
for any k, then we also star delete at o;Uoy, for every o} € P,,, i < k. This is for technical

for o

purposes, to ensure that oy € S,, and o, U oy, € K implies that oy € §ak.

We construct two different defining systems for {aq,...,a,). Recall from (3.2) in
Proposition 3.12 that a;, € CPiT TP (K .ug,) for 1 <@ < k < n, (i,k) # (1,n) is
the cochain



J. Grbié, A. Linton / Advances in Mathematics 387 (2021) 107837 27

§ E : E Co; -+ Coy, szUlU Uog\ (vig1U---Uvyg)

O"iesai oit1 €§Qi+1 ok GSak
where S,, = Sg, \ Pa, and 0, = 1 when ¢ = k or otherwise

0. _(_1)k*i+|Jz‘\(Pi+1+'--+17k)+|-711+1|(Pi+2+'“+pk)+“'+|~]k—1\pk
i,k —

)

 €(Woyp11Tig1) -+ (Vo 0%).  (3.12)

The defining system (a; 1) is a defining system for (a1, ..., a,) by the same proof as for
Proposition 3.12, since neither the simplices o1Uoy, for o1 ¢ Sy, and o, € P,,, 1 < k <mn,
nor o} Uay, for o} € P,, and oy € (Sa,, \ Say), i < k, play an active role in the proof. To
construct a different defining system, for any 1 < k < n, let by p € CP*T 4Pk (IC 1 .0,
be the cochain

b = Z Z Z Z 01,k Xva;uUlu---uUk\(valU»--UU%)

91€5a; 0,€85,, 01 €8, 01E sy U UPy,

where 01 % = Coy -+ Co,E(Vg1, Vor U1 U+~ Uoy \ (g, U+~ U, )01 k. Also let bj, =0
fori#lori=k=1,s0a;, =aj,+bforalll <i<k<n, (i,k) # (1,n). We will
show that (aj ) is a defining system for (al, ceey Q).

First we check that d(by ) = Zr:l b1 g1k, Where

dbu)= D D D D 2. o

01€5a; 0’2€Sa2 U'kesak Ty GPUQU Ung_ JEK U0

E(jvj U Vo UoyU---Uog \ (U(rl U---u ng)) XijU;U01U~~Uak\(va1U--AUvak)'

Fix a simplex 7 = vy Uoy U+ Uoy \ (Vg, U---Uuwg,) € Sp, . For any 1 < r <k,
recall from the definition of P, that since o, € S,,, if there is a vertex v € K" such that
vU (0 \vs,) € K", then vU (0, \ vy,) € Py, . Thus 0} = vy U (05 \ vy,) € Pp,. Consider
the link of 7 in K s,...u, - There is no vertex v € K! in this link since if vU0oq \ vy, € K1,
then (vU oy \ vy, ) Ual ¢ K because there was a star deletion at that simplex. Similarly,
for any r < 4, there is no vertex v,, in the link of 7 because o, U o} ¢ K. Therefore the
only vertices in the link of 7 are v,/ for o,» € P, and any r, and v,, for o, € S,, and
> .

Consider the summands of d(b; ;) when j = (2% for o,» € P,, and any r. If Vgt Uvgr U
o1U---Uog\ (Vg U---Uvg, ) € K, then the coefficient of deéuvc,/ruolu~~um\(valU~~~Uvak)
is the product of ¢4, ...cs, 01 and

(gt Vor Uar U= Uog \ (Vo U+ U g, ))e(Vor,Vor Uvgr Uor U=+ Uog \ (Vo U---Uvg )+

e(Vor,Vor U1 U+ Uy \ (Vg U+ Uvgy,))e(Vor, Vo Uvgr Uor U+ Uog \ (Vo, U+ Uvg,)).
(3.13)
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First suppose that o},0]. € K, s0 0} Uvy, = o} U Vg1 € K. Also suppose, without loss
of generality, that vy, < vy, in the order of the vertex set of K and that v, is the
Ith vertex in o). Since vy, < vy and (vgr,vor U1 U - Uk \ (Vg, U+ Uy, )) =
(=1)prt*Pizig(v,s, 0f) by the definition of € in (2.2), we rewrite (3.13) as

(Vor,07)e(Vor, 07 Uor ) + (Vg1 ,0,)e(Vor, 07 Ugr) =

(—1)'e(vor, 00) = (=1) " te(vor, 0} Uvgr).
Also e(vgr, 07) = €(vgr, 07 Un,r ) because vy < Vg7, 50 (3.13) is zero. In particular, when
k =i =2, then d(by2) = 0. So d(a} ) = d(a12) = G1az.

Alternatively, suppose that o} € K%, o/ € K" and, without loss of generality, i < 7.
By using the definition of € in (2.2), then (3.13) becomes

(71)P1+“'+Pi71€(vg§’O.Z{)(71)P1+---+P7~71+16(UU;’ O';,)+
(_1)p1+~~~+p7~71€<v04, 07/“)(_1)171+~"+pi71€<vg;7O.;) =0.
Since all of these summands cancel out, we conclude that d(by ;) only has non-zero

summands when j = v, for o, € S, and r > i. By rewriting r as r+1 for r € {1,...,n}
and ¢ € {2,...,7}, d(b1 &) is equal to

DD Db DD SIS

01€Sa1 Uz€§a2 U'kegak r=1 U;GPUQU”'UPUT
'€(Ua,r+1 ) Uoé U Vo, UorU---Uoy \ (val U---u U(Tk)) Xvaz_U'uawrlU0'1U~~»Ua'k\(vglU-~~Uvgk)-
4 :

(3.14)

Since the simplices o/ U o, were star deleted for o € P,, and o, € Sy, \ S,, , this sum is
the same whether weuse | s or) g . Therefore we split this sum into products

so that d(b1 ;) = Zf;ll ﬁawl,k, by using the fact that

01,kE (Vg Vot UVo, ., Ui U= U0y \ (Vg U+ U, )) =

P | J1 U U | (P14 P
(_1)p1 P ‘ ! ‘(p + pk)Ql,T‘ Co'/y‘+1 e CO']COT‘-‘rl,k"

Then

d(ag ) = d(a; ) + d(bi )

k—1 k—1 k—1

— — /

= Q1,rQr41,k + E bl,rarJrl,k: = E a17rar+1,k-
r=1 r=1 r=1

Hence (aj ;) is a defining system for (a1,...,an).
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The associated cocycle for (a; ) is

n—1

/
w =w+ § bl,rar—i-l,n

r=1

where w is the associated cocycle for (a; ). We show that the difference w’ — w is not a
coboundary by constructing a cycle 2’ € Cp, 1. 1p, +1(K 0.0, ) such that (W' —w)(z) #
0. We use a similar method to Construction 3.13. Fix o; € §ai fori=1,3,...,n—1and
fix o}, € P,,. Since it was star deleted, o1 Uoh ¢ K but the boundary complex 9(o1 U %)
is contained in K. Also, since a,, € HP» (K, ) is non-zero, there is a cycle z,, € C,, (K,)
such that a,(z,) # 0. Define 2’ € Cp, +.. 4p, +1(Kj,u.-.us,) to be the chain

DI RS>

wyEo1Uch w3€Eog Wn—1€0n—1

E Cuwy * " Cwn,lc&nAa'lUo’éUag»--Uo’n,luﬁn\(wgu---an,l)
&W,Gstcn

where ¢z, are the non-zero coefficients from x,, and cy,,...,cy,_, are the coefficients
of cycles in Cp,4p,(0(01 U b)), Cp,(0(0y)) for 3 < i < n— 1. Every simplex o in the
support S, of x is a simplex in K since none of them were star deleted. By an analogous
proof to Lemma 3.14, the chain 2’ is a cycle.

We want to compare the supports S,/ of w' —w and Sy of ’. The cochain W' —w =
Z::ll b1 @ry1, i given in (3.14) when k = n. A simplex o is in S, _,, N S,/ precisely
when we = vy, wj = v,; for 3 < j<n—1,r=n-—1so that 0,41 =0, € 5;,, and
i=2¢€{2,...,r} so that o} = 04 € P,,. Hence S,,_,, NS,/ contains only one simplex,
o. Thus (W' —w)(z) = £X,(A,) # 0. Therefore w’ — w is not a coboundary and so
] # ]

The proof that (a1, ..., a,) is non-trivial is the same as the proof of Proposition 3.16
since neither the simplices 01 U gy, for o1 ¢ S,, and o}, € P,,, nor o, U oy, for 0; € P,,
and o4, € (Sa, \ Sa,), i < k, play a role so the extra star deletions do not change the
proof. Hence (a1, ..., a,) is non-trivial with non-trivial indeterminacy. O

Example 3.24. For i = 1,2, 3, suppose K’ is a pair of disjoint vertices labelled o, o/. Let
a; € H°(K?) be represented by the cocycle a; = X,,. Then S,, = {0;} and P,, = {o}.
Following the construction in the proof of Theorem 3.23, we define

K = sdgs, 004 8dot oy Sdoyuoy ICL s K2 % KC3.

This simplicial complex is shown in Fig. 11. The Massey product (o, as,as) is one of
the simplest examples of a Massey product in a moment-angle complex with non-trivial
indeterminacy. It is one of the obstruction graphs in the classification of lowest degree
non-trivial triple Massey products in [15]. Since it is a triple Massey product, its inde-
terminacy is given by o - HO (Ko, 04 04.0) + 03 HO (Ko, 0 ,05,00) = @3- HY (Ko, 01 0.04)-
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Fig. 11. A simplicial complex K such that a triple Massey product in H*(Zx) has indeterminacy.

4. Massey products constructed by edge contractions

A simplicial homotopy map ¢: K — K induces a map on the cohomology of moment-
angle complexes ¢*: H*(Z¢) — H*(Zx). However, a property of Massey products [17,
Section 2] is that ¢* (41, ..., ) C (©*(&1),...,¢*(&y)). Hence if (©*(&1),..., 9" (é&n))
has non-trivial indeterminacy, it may be trivial even if (41, ..., &) is non-trivial.

In this section we use edge contractions ¢: K — K as a simplicial homotopy op-
eration to construct non-trivial Massey products. Given a non-trivial Massey product
(G1,...,60,) C H*(Zg) with &; € HP (I@,), Ji # J; for i # 7, we explicitly construct a
defining system to show that (a1, ..., a,) C H*(Zx) is defined where ¢ is the pullback
of &; along ¢. Then we also show that it is non-trivial to conclude the main result of
this section, Theorem 4.12.

Definition 4.1. Let C, K be simplicial complexes with an edge {u,w} € K, and a vertex
z € V(K) such that V(K) \ {z} = V(K) \ {{u}, {w}}. The simplicial complex K is

A

obtained from K by an edge contraction of {u,w} if there is a map @y : V(K) = V(K)

)z forv e {u,w}
pv(v) = {v for v ¢ {u,w}

that extends to a surjective map ¢: K — K, where o(I) = {ovy(v1),...,ov(v,)} for
I={v1,...,v,} € K. The map ¢: K — K is called the edge contraction of {u,w} € K.

Edge contractions are simplicial maps, but they do not preserve the topology of K in
general. Attali, Lieutier and Salinas [1, Theorem 2] showed that the homotopy type of a
simplicial complex is preserved under edge contractions that satisfy the link condition.

Theorem 4.2 ([1]). For any simplicial complex IC, if an edge {u,w} € K satisfies the link
condition

lee ({u}) Nl (fw}) = e ({u, w}) (4.1)

then the edge contraction of {u,w} preserves the homotopy type of K.
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Example 4.3. The following is a series of edge contractions that satisfy the link condition.
q

> | :I> ’ D ’ A
L

Example 4.4. Without the link condition, the homotopy type of a simplicial complex
under edge contractions can change, such as in the following example.

2
z
A
1 3

The links of the vertices {2} and {3} both contain the vertex {1}, but lkx({2,3}) is
empty, so the link condition is not satisfied.

Example 4.5. An edge contraction that does not satisfy the link condition may cre-
ate a non-trivial cycle. For example, suppose that K is a triangulation of S? on four
vertices, and let L be a 2-dimensional simplicial complex on 5 vertices with facets
{1,2,3}, {1,2,4}, {1,3,4}, {3,4,5}, {2,5} as shown in Fig. 12. There is no non-trivial
2-cycle in K so H2(K) = 0, but the contraction {2,5} + z results in a 2-cycle and
H2%(K) # 0. In this case the link condition is not satisfied because lkx{2,5} = 0 but

lke{2} Nlkx{5} = {{3}, {4}}.

A\, -
Zay

Fig. 12. An edge contraction without the link condition can create a non-trivial cycle.

3

We construct cohomological classes in H*(Zx) on which a new pulled-back Massey
product will be defined.

Construction 4.6. Let K be a simplicial complex with a non-trivial n-Massey product
(G1,...,4,) C H*(Zy). By Hochster’s theorem, every class &; € H*(Zy) has a corre-
sponding class

&; € H"(K ;)
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for a set of vertices J; C V/(K). When (d,...,d,) is non-trivial, the sets of vertices .J;,
jj are disjoint for any i # j.

Suppose that there is a simplicial complex K and a series of edge contractions ¢: I —
K satisfying the link condition. Let the vertices in V(I@) be ordered and suppose that all
of the vertices in .J; come before those of ji+1. For a set of p-simplices P C K, let

go;l(P):{aelC | l[o]=p+1and (o) =6 for 6 € P}.

Suppose that the vertices V(K) are ordered in such a way that for any vertex ¢ that
comes before @ in K, each vertex v € ;' (#) comes before every w € ¢y (). Let
Ji = 5 1(Ji) € V(K). Then by the order on V(K), all vertices in J; come before those
in Ji11. Also J; N J; = 0 for any i # j since J; N.J; = 0 and oy (0) Ny L (w) = O for
any vertices 0, % € K, © £ .

Let a; be a cocycle representing &; € HPi (I@,) Let Sa, be the support of a;, that is,
the set of p;-simplices &; € K j, such that
a; = Z csXs € C’“(I@L)

6€Sa,

for non-zero coefficients cs, € k. Define a; € CPi(K;,) to be the cochain

a; = Z Cs Z Xo. (4.2)

6€Sa;  oepp(6)
Since a; is a pullback of &; along ¢, a; is a cocycle and o; = [a;] € HP*(K,) is non-zero.
Example 4.7. Let K, K 7, be the simplicial complexes as shown below, where K j, s

obtained from K, by contracting the edges ex = {2,3} — {2} and e5 = {4,5} — {3}.
The cohomology class &; € H(K 7,) 1s represented by the cocycle Xe, so let S;, = {é}.

e i L i
e
€5 €3 2 q (&
€9 A A
Y — 3 5
Y3

The contraction of ey satisfies the link condition, since lki(e2) = ki {2} Nlkx {3} = {1}.
Under the map ¢: K — K, ¢7*(é) = {e1, e3}. So by (4.2), a; is the cochain

a; = Xey + Xey € Cl(,CJz)
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This is a cocycle since d(a;) = X{1,2,3) — X{1,2,33 = 0.
For the Massey product (&i,...,d&,) C H(p1+"'“’")Hjlu”'uj"HQ(Z,@), there is a
defining system (a; ) for cochains a; ) € CPitTre (’Cjiu...ujk)v 1 <i<k<nand

(i,k) # (1,n). Suppose that

(AJ,Z'JC: Z C+X+ (43)

%ES[” ®

for simplices 7 € Sa, , C K, ,j,, non-zero coefficients ¢+ € k. Then

d(di’w = Z [ Z 5(375 U 7A—)X}u-i—

?ESai’k 3€jiu...ujk\v(7ﬁ)
is equal to
k—1 k—1
1+deg(ai, ) s, A 1+deg(ai,r
Y (1)@, a, = (1)@ [N Y cenXoun (4.4)
r=g r=i f/ESai ” ﬁGSdT_H %

where ¢ = (—1)|j7?U"'UjT‘(1’7‘+1+'“+p’“+1) comes from the product of a;, and a,y, as in
Lemma 2.2, and (—1)1+des(@ir) — (_1)@itetpr)+lJi0UJr] We use this defining system

to construct a defining system for {aq, ..., ap).

Proposition 4.8. Let K be a simplicial complex that maps to K by edge contractions
satisfying the link condition. Then there is an n-Massey product (a1, ..., an,) defined on
H*(Zx).

Proof. For every i € {1,...,n}, let a; = [a;] for a; as in (4.2). We start by constructing
a defining system (a; ) for (aa,...,an) C H*(Zx), where a; € CPiT Pk (K ;.00 )
Define

aip = 0;k Ok Z ct Z X, (4.5)

‘T'ESai,k Tegap_ilJr”,erk (‘f’)
for S, , and c; € k from (4.3), 0;; =1 = HAZ@ and

ei,k _ (71)|Ji‘(pi+1+”'+pk)(71)‘Ji+1‘(17i+2+”'+pk) . (71)|Jk—1lpk (4 6)

~

O = (_1)|ji\(Pi+1+-~-+Pk)(_1)\ji+1\(m+2+~-+pk) . (_1)|jk—1|Pk.

Since 6, ;, = 1 = ém, a;; = a; as in (4.2). We show that d(a; ) = Zf;l @; rar ., where

@iy = (—1)1tdegdirg, = as in Definition 2.4.
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Applying the coboundary map to a; x, d(a; ) is

0i 1 O 1 Z cs Z Z (4,7 UT)X;ur

#E€Sa, ), TEPL Ny, (F) TESU UV ()

= 0,1, 0; 1 Z cr Z Z e(d,JUT)Xjur | +

7€k \T€ep iy, () JESU-UL\GG  (V(H))
(4.7)
+O0ixbik Y cr > > (4,7 UT)Xjur
TE€Sa; ), TE€Pp gy (F) €05 H(V(R)\V(7)
(4.8)

For any (p;+- - -+py)-simplex 7 € S;, , and any 7 € ap;ilJr,__ﬂ)k (7), first suppose that there
is a vertex j € 5 ' (V(#)) \ V() such that jUT € K. Then jUT =7 € ga;lJr___erkH(?)
and there is a vertex i € V(1) such that ¢(i) = ¢(j). Thus jUT\ i € <p;i1+,,,+pk (7).
Moreover, ,j are consecutive vertices in V(7) by the order of vertices in IC defined in
Construction 4.6, so £(j,7) = —&(i, 7). Therefore (4.8) is zero since all summands cancel
out in pairs, that is, for any 7 € Sz, , ,

> > el iunXur

T€P, Nt (F) GEQGH(V(E)\V(7)

= > (4, F)X7 + (i, 7)Xz = 0.

— —1 A
T€Pp 4 etppy 1 (T)s
LIET | p(1)=0(j)

Consider summands in (4.7). For any j € J;U---UJ \ g (V(7)), ¢(j) & V(7). So for
any simplex jUT € K with j € J;U---UJi \ ¢y 1(V (7)), there is a simplex ¢(j) U7 € K.
Therefore any summand in (4.7) has a corresponding summand in the expression for
d(a; ). Hence we rewrite (4.7) as

d(ai ) = 01 ;1 Z cs Z Z (4,7 UT)X;jur

FE€8a; 4 FEHUUT\V(F) jUTEQ, i 1(FUP)
(4.9)

where, by the order of vertices in K, £(j, jUT) = &(j, JU7). Since d(d; 1) = Zf;l ﬁdr,kv

the expression in (4.9) can be written in terms of the expression in (4.4). Thus d(a; ) is
equal to
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k—1
ei,k éi,k Z (_1>1+d_eg(f1i.r)c Z Z coch Z XC (410)

v€Sa; . NE€Sa, ge%ji;_‘ﬂk“(ouﬁ)

where ¢ = (—1)|j’~'u'”uj"‘(”"“*”'*m“) comes from the product of a;, and a,, as in
Lemma 2.2, and (—1)1+de8(@ir) — (—1)pittpo)+Jio-0T|

Any simplex ¢ € ‘P;il+~~+pk+1(9 U4) is on p; + -+ + pr + 2 vertices and so can be
written as v U n for v the restriction of  to its first p; + --- + p, + 1 vertices, and 7
the restriction of ¢ to its last pry1 + -+ + pr + 1 vertices. Then v € ‘P;il-s-«-~+pr(ﬁ) and
S ‘P;r1+1+~~+pk (7). Furthermore, f; 5 (—1)'+d8(@ir) ¢ = (—1)@it+pr) 4, 6, ;. So
(4.10) may be rewritten as

k—1
d(a”i,k) = Z (_1)(pi+---+pr) 91'7k éi,r éT‘-‘rl,k'

r=t

Z Z Cp Cﬁ Z Z XVUn (411)

. A - 1 N 1 N
vES, TIES.;H_Lk VEgppiJr,,,err(u) neappr+1+m+pk (7)

Comparatively, the product Zf;il(—1)1+d7°g(““)ai7rar7k is

k—1

Z (71)1+d76g(ai,r)(,1)|JiU~~UJr\(pr+1+--~+pk+1)91, v Org1 i 0; ér—&-l .-

r=1

Y Y e > 3 Xoun | | (a12)

DESa; . NE€Sa,yy VEDy hip, () MEPL Ly, ()

where the sign (—1)/iYUrl(Preat4pe+1) comes from the product of a;r and a,41) as

in Lemma 2.2, and (—1)1*desgair) — (—1)@it+pr)+ iUl Using the expression for
, g p

91‘)].C in (4()),

(_1)1+d_eg(ai,r)(_1)|Jz‘U"'UJrl(Pr+1+~-+Pk+1) ;0 (_1)(Pi+‘“+pr) 0; k.

r+1,k —
Therefore the expressions in (4.11) and (4.12) are equal.
Hence d(a; ;) = Ef;l @i rarg, and so (a;x) is a defining system for the Massey

product {(a1,...,q,). O

Example 4.9. Let J; = {1,2,3}, Ji = {1,2}, J, = {4,5} and Jo = {4,5}. Suppose that
Kug, and K jiuj, are the simplicial complexes shown below, where Kz, .7, maps onto
’leujz by the edge contraction {2,3} — {2}.
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IS
o

—_

ot
|l
ot

Suppose that a; = X5 € Co(l@jl), Gy = X; € CO(ICjQ), and d12 = —X5 € Co(l@jluj2).
Then d(a12) = X35 = (—1)'9°8%1a,a5. By (4.2), a1 = X2 + X3 € C°(Ky,) and ay =
X4 € C°(Ky,). By (4.5), a12 = —Xa — X3 € C%(K ,u1,), since ;2 = 1. We check that
d(a12) = (Xou + Xo3) — Xog = Xo g = (—1)1 19814, 4,. Hence d(a1) = aras.

Example 4.10. (a). Let K1 be a triangulation of S on three vertices, {1,2,3). Let Ky =
{{5},{6}}, and let K3 = {{7},{8}}. Let &, = [Xi3] € HY(Ky), éo = [Xs] € H°(K5) and
a3 = [Xs] € H(K3). Let K = sdys 8y 8dyi 5.6) K1 % K2 % K3 be a simplicial complex on

Theorem 3.17, there is a non-trivial triple Massey product (&1, o, d3) C H*(Z¢).

5 5
. 3
3 5
4
6 6

Let K be the simplicial complex on vertices {1,...,8} that edge contracts to K by
contracting the edge {1,4} + {1}, which satisfies the link condition. The contrac-
tion of the full subcomplex Kz, is shown in Fig. 13a. By Construction 4.6, there
are cocycles a; = X153 € CY(Ky,), a2 = X5 € C°(Ky,), a3 = X7 € C°(Ky,). The
product ajas is X13Xs = (—=1)*X135 = Xi35. If G410 = Xis, then using (4.5) we con-
struct a1 2 = 01,29}72){13 = —Xi3. Alternatively, if a12 = —Xj3 — Xj5 — Xj3s, then

an,z = {{176}7{172}’{1’5}} So 901_1({1’6}) = {{1’6}’ {456}}) 901_1({172}) = {{274}}7
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and o7 ({1,5}) = {{1,5}, {4,5}}. By (4.5), a1,2 = —01 201 2(X16+Xag+Xoa+Xa5+X15) =
X16 + Xa6 + Xog4 + Xg5 + Xy5.
(b). In the proof of Proposition 4.8, we showed that the pullback of a defining system

(Q1,...,4y) is a defining system for (o, ..., a,). However there are defining systems
for (aq,...,ay) that are not pullbacks of defining systems for (&1, ..., &,). For example,
let a1, as9,as,a1,a2,43 be as in Part (a). Let a12 = —Xi6 — X14 — X15. For the edge

{1,4} € K, {1,4} ¢ ;' (é) for any edge é € K, so a; 2 is not a pullback of any a; ».
However for X; € C*(K1,2,3,456),

a2 —d(X1) = —X16 — X14 — X15 — (X16 + X14 + X15 + X13)

= —Xy3 = 03 901 Z X

T699;11+p2 (13)
Therefore a; o differs from the pullback of @1 2 = X34 by a coboundary.

In order to prove that (a1, ..., a,) is non-trivial, we show that for every defining sys-
tem for (a1, ..., a,), its associated cocycle is homologous to the pullback of an associated
cocycle for a defining system for the non-trivial Massey product (41, ..., a&,).

Proposition 4.11. The n-Massey product (o, ..., ay) is non-trivial.

Proof. Suppose that ¢: K — K is the contraction of just one edge {u,v} € K. By
Construction 4.6, {u,v} C J; for i € {1,...,n}.

For a; ; = a; the representative cocycle for «; as defined in (4.2), let (a; %) be a defining
system for (aq,...,an),

ai,k = 5 Co'Xa' € Cpi+"'+Pk (ICJiU"‘UJk)'
0€Sa; 1

We show that any defining system (a; ) corresponds to a defining system (d; ) for
(G1,...,Gy) in H*(Zy). There are two main stages to this proof. Firstly, for a defining
system (a;) such that for any {i,k}, {u,v} ¢ o for any o € S,,,, we construct a
corresponding defining system (¢*(a; 1)) for (&1, ..., &y). Secondly, for any other defining
system (a; ), we change a; i, to create a different defining system (a; ) for (o, ..., an,)
such that the associated cocycles are homologous and for any {7, k}, {u,v} ¢ o for any
o € Sg,,. Applying the first step to (a;x), we have a defining system (¢*(a;x)) that
corresponds to (a; k).

For this first step, suppose that for any {i,k}, {u,v} ¢ o for any o € S,,,. We
define a tool ¢*, which will only be well-defined for certain specified cochains such as
aix € CP(Kju.ug,) O @ rary1x € CP(Kju..ug,) Where p = p; + -+ pp or p =
pi + -+ + pr + 1 respectively. We check three properties of ¢* in order to construct a
defining system (¢*(a;)) for (&1,...,ay,). Let a € CP(K,u...uJ,) be a general cochain
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such that {u,v} ¢ o for any o € S,, where either p = p;+---+pr or p=p;+---+pr + 1.
For J C [m], let J = ¢(J). Define

@*(a) =Cik Z C&X(g S Cp(lé.fiumujk) (4.13)
G€p(Sa)

where ¢; = ¢, for any o € S, such that ¢(0) =6, ¢;; =1 and

Cigp = (_1)(|J71\*\ji|)P7ﬁ+1+(\JiUJi+1\*\jinwl\)Pi+2+"'+(\JiU"'UJk—1|*|jiU"'Ujk—1\)Pk.
(i) First note that for any constant ¢’ € k and for X, X in CP(K ,u...uJ, ) Where p is
either p; +---+pg or p; + -+ px + 1 and {u,v} ¢ o, T,

©* (' eoXo) = ik €' CoXy(r) = ' @*(coXs) and

(4.14)
0" (coXo + c:X7) = Cik (CoXy(o) + CrXop(r)) = @™ (coXo) + 0" (cr X7).

(i) Next we show that ¢*(d(a;x)) = d(¢*(a4,x)). Suppose that for a simplex o € S, ,,
there is a simplex jUo € Kj,u...ug, for j € J;U---UJg \ o that is contracted. That is,
{u,v} € jUo. By the definition of a defining system, d(a; %) = Zf;l @; . Therefore
either ¢, €(j, j U o) X,us is cancelled by other terms in d(a; ), or there exists i <r < k
and simplices 7 € Sy, ., 1 € Sa,,,
{u,v} € jUo, then {u,v} € 7 Un. This implies that either {u,v} € 7 or {u,v} € n,
since by construction {u,v} C J; foran 1 < i < nand 71 € S, C J;U---UJp,
N € Sarpry C Jrg1U--- U Jg. This then contradicts the assumption that {u,v} ¢ o for
any o € S,,, and any {i,k}. Hence a summand of the form c, £(j,j U o) Xjus, where

such that 7 Un = j U o. In the latter case, if

{u,v} € jUo, is cancelled out by other summands.

Leta=),cq.
jUo € Kju..ug, foro € S, and j € J;U---UJg\ o, either ¢, e(j, jU0) XU, is cancelled
by other terms in d(a) or j U o does not contract. Applying ¢* to

co Xy € CPiTFPr (K5 .1y, ) be a cochain such that for any simplex

d(a) = Z Z Co E(j,j UU) XchTa

0€Sy jEJ;U---UJk\ o,
JUoER ;U Uy,

we write

P (d@) = e Y ( 2 €<5’5U5’>X3w>
5€¢(Sa) jGjiL{"'Ujk\&v
ju&elcjiumujk

where £(j,7U o) = £(J,7 U&) due to the order on vertices in K and since j U o does not
contract. Let S = {p(0) | 0 € Sy, |p(0)| =pi +--+pr+1}and let b=}, _scsXs €
CpitFpr (Kj.u..05,)- Then
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¢*(d(a)) = d(b). (4.15)

In particular, ¢*(d(a; ) = d(¢*(air))-
(iii) We also show that

z_: az r ar-i—l k (Z Qi r e, k) (416)

Let a;, € CPT 1P (K u.0g,) and apq1 € CPH1TFPR(IC; . ug,) be represented
by > cs, eXrand 30 g cpXy, respectively. The left hand side of (4.16) is

Arplk

E 90* azr ar+1 k)

k—1
Z 14+deg ¢* (a; 2: }:

= (—1) +deg @™ (ai,r) Cir X4 |- Cr+1,k CnXﬁ
r=i 7€p(Sa; ) N€p(Sa,q )

k—1
= Z C Z Z C‘rch‘i'Uﬁ

726‘/’(5@1-1,4) ﬁGW(Sa7,+1,k)
where

C = (—1)tHdeee” (@i )t S0 Ul (prattputle, oo
Using the expressions for ¢;, and ¢;41,%, and using deg ©* (aip) =14+pi+--+pr +
[J;U---UJy,

pittpet]| JiU Uy |+ ;U Udy | (Drg1+-+pr+1)

=(-1)?

1)U (T U0

(= 1)(\JT+1| [Tr41Nprgote+(|Trgp1UUdg 1| = | Jrg1U--Udk—1])pi
( 1)Pz+ Apr (| Ji| =i Dpsgr+-+( T U -Udr 1 | = | LU U1 o+ Ji U U [prga

(-1 (1T | =W U1 Dprgatoo (| Trp1 U UTp 1 | = [JiU-- U1 )y

( 1)1+dega“«( )|JiU"'Ujrl(pr+1+'+pk+1)ci7k

By assumption, {u,v} ¢ o for any 0 € S,,, and any {i,k}. Thus {u,v} ¢ 7 and
{u,v} ¢ n for any i < r < k and any simplices 7 € S4, ., 7 € Sa,, . Also, {u,v} C
J; for an index 1 < ¢ < n, so {u,v} ¢ 7Umn. Hence o(tUn) = (1) U p(n) is a
(pi + -+ + pr + 1)-simplex. Therefore using the definition of ¢*, the property (i), and
the fact that (7 Un) = ¢(7) U p(n) =7 UM,
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k-1
Z e*(air )™ (ars1n)
r=i

k—1 k-1
=Y cC cregXeun | = @7 Tir@ri1k | -
Yol ¥ % (X s
=1 r=1

#€¢(Sa; ) NEP(Say 41 .4)

Using properties (i), (ii) and (iii), we prove that a defining system (a;j) for
(aq,...,ap) and its associated cocycle w are mapped by ¢* onto a defining system

for (4q,...,4&,) and its associated cocycle is ¢*(w). By the definition of a; = a;; in
(4.2), ¢*(ai,;) = @;; = G;. By properties (ii) and (iii), we see that

k—
d(¢*(aik)) = ¢*(d(aik) (Z Qirlry1, k) Z (@i,r)@" (ar+1,k)-

Hence (¢*(a;x)) is a defining system for (&1, ..., &y,) if (a; %) is a defining system such
that {u,v} ¢ o for any o € S,, , and any pair {i,k}. Also, for the associated cocycle w
for (a; ),

s0 ¢*(w) is the associated cocycle for (¢*(a;x)).

Lastly we prove that [w] # 0. If [w] = 0, then there is a cochain a € CP1++Pn
(Kj,u---u.,, ) such that w = d(a). Since {u,v} € J; for some j € {1,...,n} and {u,v} ¢ o
for any o € S,,, and any {i,k}, no simplices in S, contract. Thus no simplices in
Sd(a)- So by applying ¢* and (4.15) from property (ii), ¢*(w) = ¢*(d(a)) = d(b) for a
cochain b € CPit +Pk (ICJ Uu)- S0 [¢*(w)] = 0, which contradicts the non-triviality
of (41,...,a,). Therefore [w] # 0.

For the second stage of this proof, suppose that (a;j) is a defining system for
(a1,...,ay) such that there is a pair of indices {4, k} with {u,v} € o for some o € S, .
We will define a new defining system (a; ) such that {u,v} ¢ o for any o € Sz, , and
such that [w] = [@] where w and @ are the associated cocycles for (a;x) and (a;x),
respectively.

The cocycle a; = a;; as defined in (4.2) is such that {u,v} ¢ o for every o € S,,.
Therefore, let {i,k} be a pair of indices such that there is a simplex o € S, , with
{u,v} € 0, and for every i <" < k" <k, {u,v} ¢ 7 forany 7 € Sy, ,,. Let 0 € S, ,
be a simplex such that {u,v} € o, and let ¢, be the non-zero coefficient of X, in a; .
Then for every pair {i',k'} C [n], let ¢ = (—1)38% k¢, e(u, o) and define
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ik — Co €(u,0) d(Xg\u) ifil =i<k=FK,

Qjr g = ai g+ Co €(u,0) i1 Xg\,, i <i<k=F, 417
ikt + € X\ Okt 1,k! ifi'=i<k<k,
s ifi'<i<k<kori<i <k <k

where Xp\, € CPiT P (K .0y, ). We show that (@ k) is a defining system for
(a1, ...,an,). Firstly since k—i > 1, @y i = ay v for every ¢’ € [n]. We also need to show
that d(a; 1) = Zf:;,l Qi Qg1 g Tor every {7/, k'}.

(i) For i < i’ < k' <k, we have @, = ai/ 1 SO

k'—1 k'—1
d(ai/,k’) — d al/ k’ § ag! rar—i-l k' = § it rQry1 k! -
r=i’

(ii) For i/ =i <k =F,
d(@i k) = d(asr — co €(u,0) d(Xp\y)) = d(ai).

Also d(Xp\y) € CPiFTPE(Cu.0,) since Xg\,, € CPHPR=1(KC ;). Hence a; €
Cpit Pk (’Cjiu...ujk) and d_egai’k = Fﬂgam. Additionally,

d(XU\u) = E E(j,j Uo \ u)XjU,,\u.
JEJ U Ui\ (o\u),
jUo\u ey

So X, is the only summand of d(X,\,,) such that {u,v} € 0. Thus a; x —c, £(u,0) d(Xs\u)
no longer contains the summand X, and also

Hr €S, [ {uwvr e <|{r€Sa, | {w,v} €T}

(iii) Next, for i' < i < k = K/, we have ay ;1 € CPV T TPi-1(K;, ..us_,). SO
ai/ﬂ-_lXU\u € Cpittpk (]Cji,u...ujk). Hence ai/7k € Cpirt+pk (’CJWUMUJ,C). Also,

d(ai ) = d(air g + o €(u,0) airi—1Xp\y)

k—1
= § ai/,rar+1,k+

r=i’

+cs€ (Z Qg Qi1 ,4— 1) Xa\u E(U, U) ai’,i—ld(xa\u)

i—2
=Y @i (ars1k + Co €(1,0) rp1io1Xovu)+

r=i/



42 J. Grbié, A. Linton / Advances in Mathematics 387 (2021) 107837

k-1
+@ri—1(aik — co e(u,0) d(Xp\u)) + Z @it O 41,k

r=t

k—1
= E Qi Qr41,k-

r=i’

(iv) For ' =i < k < K/, we have @; ,» € CP*T P (K yu..ug,,) since Xo\ypy1,p0 €
CPit P (K 0.0, ). Furthermore, d(a; ) is

d(ai’k/ =+ (_1)deg ks 5(”70) Xa\uak+1,k/)
k' —1 o
- Z Tirarii g + (1B ke, e(u,0) d(Xo\u)aps1,p-
r=1

k' —1

. (fl)diegai,kco. {—:('LL, O') (*1)diegxa\uxo_\u Z ak+17rar+17k/
r=k+1

= Qi r Gyt 1,k — (_l)deg ik (az’,k — Co 6(11,, 0) d(Xo\u))ak+1,k’+

+ Z ((71)dega7‘,,kca €(u’ O’) (71)degXa\u Xo\uak+1,7“ + ﬁ) Qg1 k! -

More specifically, let ¢ = (—1)389ik ¢, g(u, o). Then in the last sum,

c (_1)ng XU\HXU\uak-‘rl_,T

(_1)Pi+"‘+Pk+\JiU'“UJk\+;Dk+1+-~+Pr+|Jk+1U'“UJr| cX

U\ua'k—i-l,r

_ (_1)1+dcga7:,r c Xfr\uak+1,r-

Therefore

k—1
d(@ig) =Y Tirarsrp+ (—1) 9B (054 — 5 e(u,0) d(Xo\u))ari1,00

k' —1

+ Z (_1)1+dcga1,r( c Xa\uak+1,r —+ ai,r)ar—i-l,k'
r=k+1

k—1
= E Qi rQr41 k-

r=i’

(v) Lastly when i’ < i < k < k', @y j» = ay  and we want to show that d(a; p/) =
Zﬁ::,l Qi rQr41,k- The right hand side is
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-1
E az rar—i-l k' = az Ji— 1G; k! +CL1/ kOk+1,k + g Qg rQri1 k!
re{i, ... i— 1 -1}

where ~ denotes omission. By expanding a; 7, @i’ and the signs in this expression,

K—-1=—
Do Gt plpg 1 v 18

(—1)1+diegai/*i*1ai/’i,1 (ai’k/ + (—1)T%ai’kca 5(“7 U) Xo\uakJrl,k’) +

+ (_1)1+degai/,k (ai’,k + ¢y 5(11,7 o') ai/,iflxa\u) A1,k +

+ § Tty 1 b7

re{i,...i— i1, -1}
kK —1 7 L -
= S T + ((—1)1“&%%4*@% " <—1>1*deg““*’“) |
r=4/
* Co 8(11,,0’) ai@i_lxa\uakﬂ,k/
al/ k’ ( degai',k + (71)1+d76g<1,:f,k) Co 6(u70‘) ai’,i—lxa\uak+l,k’

d(al/ k/) d(all k’)

since deg a; = |Ji U+ U Jg| +pir + -+ pr + 1 = degair .

Therefore for all {¢,k'}, Gy € CP/T 4P (K uouy,) and d(ayp) =
Zf _1,1 61 rGrt1kr- S0 (G k) is a defining system for (aq,...,a,). Also o ¢ 7 for any
T € Sz, ,, and any {7, k"}. The associated cocycle w for this defining system is given

n—-1=~ . n—1=~ . o . .
by >, @1,4Gr41,n- By calculating > ") a1,r0r41,, in a similar manner as in the above

calculations,
w ifi#1,k+#n,
w=qw+t Co € ( U, ) d(ai’,iflxo\u) if1=1i<k=n, (418)
w— (—1)+degaike, e(u,0)d(Xp\yaps1r) ifl=i<k<n

where w is the associated cocycle for (a;/ x/). So [0] = [w]. Therefore [w] = 0 if and only
if [w] = 0.

If there is cochain @y s in the defining system (a; ) such that there is a simplex
o € Sz, with {u,v} € o, then we repeat the above procedure to construct (51-/’;“/),
ete. After a finite number of iterations, we obtain a defining system (@; i) such that

for any {¢',k'} and any simplex o € S5 the edge {u,v} is not contained in o. Then

il k!

we can construct a defining system (¢*(a; /) for (41,...,4,). Let w and & be the
associated cocycles for (a; ) and (a; 1), respectively. If [w] = [@] = 0, then [¢*(W)] =0,
which contradicts the assumption that (&1, ..., &,) is non-trivial. Hence if (4q,...,4y)

is non-trivial, then (aq,...,ay) is non-trivial.



44 J. Grbié, A. Linton / Advances in Mathematics 387 (2021) 107837

(b) A simplicial complex K such that Zy has
(a) A full subcomplex K C Kp, when P is a non-trivial triple Massey product with inde-
truncated octahedron terminacy.

Fig. 14. Edge contraction example.

If K— K by a series of more than one edge contractions, we repeat the steps in this
proof for each edge contraction in turn. 0O

Putting together Proposition 4.8 and Proposition 4.11, we have proved the following
statement.

Theorem 4.12. Let K be a simplicial complex with a non-trivial n-Massey product in
H*(Z2g). Let K be a simplicial complex that maps onto K by a series of edge contractions
p: K — K that satisfy the link condition. Then there is a non-trivial n-Massey product
in H*(Zx). O

By construction, oy € HI7il#Pit1(Zx) and 4, € H'jiniH(Z,%) with |J;| > |.J;| for

each . Hence the degree of (a,...,a,) C HI/1YUnlt it +pn)+2( 2, is greater than
the degree of (&1,...,a4,) C HINU Ulnlt@ittpnt D4l (Z ) Also, if (A, ... ,d,) has
non-trivial indeterminacy, then {aq, ..., a,) also has non-trivial indeterminacy. As noted

earlier, the converse does not necessarily hold: the pullback Massey product in H*(Zx)
might have non-trivial indeterminacy even if it is a pullback of a uniquely defined Massey
product in H*(Zg).

Example 4.13. Let K be the simplicial complex in Fig. 14b. Since the 1-skeleton of K
is one of the obstruction graphs in the classification of lowest degree non-trivial triple
Massey products [15], there is a non-trivial triple Massey product (&4, a2, &) C H®(Zg)
where &; € H(Ky5), Gy € EIO(I@%) and &3 € ﬁo(légé). This Massey product has non-
trivial indeterminacy, since the indeterminacy of this triple Massey product is given by
dn - HO(Kygs6) + s - HO(Kis35) = ds - HO(Kja37). )

Let K be the simplicial complex on 9 vertices in Fig. 14a. Let ¢: K — K be the
simplicial map that takes i — 7 for ¢ = 1,2,3,6 and contracts the bold coloured edges
{4,5} — 4, {7,8},{8,9} — 5. By Theorem 4.12 and Construction 4.6, there is a non-
trivial Massey product (ay,as,as) C H'(Zxc) where oy € HO(K12), oy € HO(Ksus)
and a3 € H 9(Kg7s9). Also the indeterminacy of this Massey product is non-trivial since
it is given by a1 - H(Ksuserso) + @3 - HO(K1a345) = a3 - HO(K12345)-
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“o_y (b) An edge-contracted full subcomplex of
4 a simplicial complex corresponding to any
Pogorelov polytope

\

(a) A full subcomplex K C Kp when P is
any Pogorelov polytope [26]

Fig. 15. Massey products in Pogorelov polytopes.

For any simple polytope P, define Kp = 9(P*) to be the boundary of the dual
polytope. This is a simplicial complex and the moment-angle complex Zp = Zk, is a
moment-angle manifold. The simplicial complex K in Fig. 14a is a full-subcomplex of Kp
when P is a truncated octahedron, otherwise known as the 3-dimensional permutahedron.
A truncated octahedron is a 3-dimensional simple polytope whose facets are 6 squares
and 8 hexagons, so there are 6 vertices of Kp with valency 4 and 8 with valency 6.
Since K C Kp, the non-trivial Massey product in H*(Zx) lifts to a non-trivial Massey
product in H*(Zp) with non-trivial indeterminacy. Hence we found a non-trivial Massey
product in H*(Zp) using only Theorem 4.12 and the classification of lowest-degree non-
trivial triple Massey products in [12,15]. This technique also recovers the first example
of a triple Massey product in H*(Zp) that was given in [20, Lemma 4.9(2)], where the
constructed full subcomplex edge contracts to one of the obstruction graphs that give
trivial indeterminacy.

Example 4.14. A Pogorelov polytope is a 3-dimensional polytope that can be realised
in hyperbolic (Lobachevsky) space as a bounded right-angled polytope. The Pogorelov
class is large and includes all fullerenes, whose facets are pentagons and hexagons. Zhu-
ravleva [26, Theorem 3.2] showed that for any Pogorelov polytope P, Kp = 9(P*) has
a full subcomplex K as shown in Fig. 15a. This full subcomplex was used to explicitly
construct a non-trivial Massey product (aq, s, a3) C H*(Zp) where a; € ﬁO(IC567),
oo € I}O(bio_“bn) and a3 € I;TO(ICM). Moment-angle manifolds Zp have a non-trivial
triple Massey product using the full subcomplex in Fig. 15a.

Edge contracting the coloured edges of K, {b;,bis1} — bo, {6,7} — 6, we obtain the
simplicial complex in Fig. 15b. This simplicial complex has a non-trivial triple Massey
product, since its 1-skeleton is one of the obstruction graphs from the classification in
[12,15]. Since the edge contractions satisfy the link condition, Theorem 4.12 gives an
alternative proof of non-trivial triple Massey products in Zhuravleva’s work.



46 J. Grbié, A. Linton / Advances in Mathematics 387 (2021) 107837

4.1. Massey products constructed by edge stretching

For an edge contraction I — K that satisfies the link condition, we call the inverse
K — K edge stretching.

Corollary 4.15. Let K be a simplicial complexr with a non-trivial n-Massey product
(G1,...,Gpn) C H*(Zg). Suppose that 1: K — K is a series of edge stretchings. Then
there is a non-trivial n-Massey product in H*(Zx).

Proof. Since ¢: K — K is a series of edge stretchings, there is a series of edge contractions
0: K — K. Given (41,...,4,) in H*(Zy.), there is a non-trivial n-Massey product
(aq,...,an) C H*(Zx) by Theorem 4.12. O

We may use edge stretchings to build infinite families of examples of Massey prod-
ucts in moment-angle complexes given any known Massey product in a moment-angle
complex. For example we can start with one of the obstruction graphs for lowest-degree
triple Massey products [12,15] and produce infinite families of simplicial complexes that
contain non-trivial triple Massey products of classes on different degrees. This illustrates
that non-trivial Massey products are very common in moment-angle complexes, contrary
to previous belief.

5. Non-trivial Massey products in nestohedra

Theorems 3.17 and 4.12 can be applied together to construct non-trivial higher Massey
products of classes in various degrees in the cohomology of moment-angle complexes.
Recall that for any simple polytope P, there is a simplicial complex Kp = 9(P*) and
Zp = Zx, is a moment-angle manifold. In this section we show that there are families
of polytopes P for which H*(Zp) has non-trivial higher Massey products.

Nestohedra are a large family of simple polytopes built out of Minkowski sums
of simplices, introduced by Feichtner and Sturmfels [14]. They include all simplices,
permutahedra, Stasheff’s associahedra and more generally Carr and Devadoss’ graph as-
sociahedra [11]. Alternatively nestohedra are interpreted as hypergraph polytopes [13].
The first examples of Massey products in moment-angle manifolds associated to nesto-
hedra were in [19, Proposition 4.1] and [20, Lemma 4.9] and were triple Massey products
constructed either by explicit calculation or using the classification of lowest degree
Massey products [12,15]. We will use Theorems 3.17 and 4.12 to construct families of
new non-trivial higher Massey products in moment-angle manifolds associated to certain
nestohedra. We use a construction of nestohedra due to Postnikov [24, Theorem 7.4].

Definition 5.1. A building set B is a collection of non-empty subsets of [n + 1] such that

1. {i} € B for every i € [n + 1],
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2. S1US; € B for any S1,59 € B with SlﬂSQ%(Z).

A convex polytope is the convex hull of a finite number of points in R™. If M; and
Ms are convex polytopes in R™, then the Minkowski sum

Mi+My={zeR" | z =z +x9,21 € My,25 € Ms}
is also a convex polytope.

Definition 5.2. For a building set B C [n+1], a nestohedron Pp is the polytope > ¢ A5,
where A% = conv{e;,i € S} is the convex hull of the basis elements e; € R" 1,

For example, the n-simplex is a nestohedron with building set {{1},...,{n+1},[n+
1]}. Other key examples of nestohedra are graph associahedra Pp,., which are associated
to a graph I' on the vertex set [n + 1]. The graphical building set Br consists of subsets
S C [n+ 1] such that the restriction of I" to the vertices in S is a connected graph.

Since every nestohedron Pp is simple [14,24], we will consider the corresponding sim-
plicial complex Kp, = 9(P}), which is the boundary of the dual polytope. Let Byax be
the set of maximal sets in B with respect to inclusion.

Proposition 5.3 (/2/]). The simplicial complex Kp, is isomorphic to the nested set com-
plex N'(B), which contains a simplex {S1,..., Sk} C B\ Bmax if

1. for any Si,Sj S {Sl,...,Sk}, etther S; C Sj, SJ‘ C S; or SiﬂSj = @,
2. for any Si17~-~7Sip € {Sl,...,Sk} with Sz'j ﬂSil :(Z), Sil |—|"'|—|Sip %B O

For example if Pp is the polytopal n-simplex, then Kp, is the boundary of an n-
simplex. Another example is shown in Fig. 16. We denote the moment-angle complex
Z)CPB by ZPB.

5.1. Permutahedra

A permutahedron is an example of a graph associahedron, when the associated graph
is a complete graph on n + 1 vertices. Limonchenko [18, Theorem 3] showed that the
3-dimensional permutahedron P has no non-trivial triple Massey product {«1, ag, as) for
three-dimensional classes a; € H3(Zp), using the classification by [12, Theorem 6.1.1]
and [15]. However, there are other non-trivial triple Massey products in H*(Zp), as illus-
trated in Example 4.13. Via an explicit example, it was also shown in [19, Proposition 4.1]
and [20, Lemma 4.9] that there are triple Massey products of three-dimensional classes
in H*(Zp) for n-dimensional permutahedra P with n > 3. Here we will generalise this
and show that Zp, for the n-dimensional permutahedron P, has a non-trivial k-Massey
product for k < n.
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V2 V124

V123 V1

V23 V13 V14

U3
13

V34

V234 Vg

Fig. 16. The simplicial complex Kp, without the vertex vs4, when P is the 3-dimensional permutahedron.

Proposition 5.4. When P is the n-dimensional permutahedron, H*(Zp) has a non-trivial
k-Massey product for every k < n.

Proof. The building set B of the n-dimensional permutahedron P contains all possible
subsets of [n + 1]. Let vg be the vertex in p, corresponding to a set S € B\ [n + 1].
By Proposition 5.3, {vs,,...,vs, } is a simplex in Kp, if for any S;,S; € {S1,...,Sk},
either S; C S;, S; C S;. From now on we denote Kp, by K. We construct a k-Massey
product (o, ...,a;) C H*(Zx) by explicitly defining .J; and oy € HO(K,). Then we
edge contract K y...us, to a simplicial complex that by Construction 3.5 has a non-
trivial Massey product. For k < n, let

a1 € ﬁO(IC
770
a € H (ICU{I ..... 7:,1@+1),U(2,...,i+1})

ap € EO(K

U{1}7U{2})
forl<i<k

V{1,..., k+1}5V{1,..., k,k+2})

so a; corresponds to a class a; € H3(Zx). In this case |J;| = 2, so there are no edges to
contract. Let K = K1,0..ug, - There is no edge {vi1},v{2,...i+1} } in K for v(1y € J1 and
V{a,..i+1} € Ji since {1} & {2,...,i+1}. Also there is no edge {v{1,.. i k+1},Vi2,...j+1}}
0ot {U{1,. i k413> V{1,....kk+2} } TOT Vg1 ikg1y € :]i, V2,..j+1) € Jj with 1 < <2 <k
and vy1, . gkt2)y € Jk- :All the other edges are in KC. That is, {v{1},v(1,...ik+13} € K and
{vay, v, kkr2y ) € K for vggy € Jh, V(1. ik41} € J; for any i < k and vy, g kq2y €
Jy.. Similarly, {vg1, k1301, k+1) ) € K for vy, ikt1y € Ji and vgy | ke1y € Jj
with 1 <@ < j <k. Also {vga, . it1y,vs,} € K for vgy . 41} € J; and any v, € J; with
1 < i < j < k. Therefore K is obtained from the join Ky, *--- % Ky, by star deleting
at the edges {vi1y, V2, . i+1} ) 1001, ik+1}s V12, g1y ) @A {Vg1 k1) V(L. ko k42) |
for vy € Ji, V{2,..i+1} € Ji, V(1,..0k+1} € Ji, V{2, j+1} € Jjwith 1 <i<j<k
and vy, kkt2y € Jr. Hence by Theorem 3.17, the Massey product (au,...,ax) C
H?k*2(Z) is non-trivial.
For k = n, let
o] € EO(K:

V{1},V{2,..., n+1},Y{3,..., n+1})
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~4 .
a; € H (Kv{l,...,i}ﬂf{Q ..... i}vv{3,...,i+1}) for1 <i<n
770
O € H (Kv{l ..... n}>V{2,..., 'n}vv(l,3,.,.,n+1})'
Since |J;| = 3 for every i € {1,...,n}, we will perform n edge contractions in order to

obtain a simplicial complex K on 2n vertices. There is an edge {0{27___77,,_5_1}, 0{3,_“7"“}} €
K, since {3,...,n+ 1} C{2,...,n+ 1}. Also there are edges {v{1,.. 4}, v(2,...i}} € K,
for 1 < ¢ < n. Since P is a simple polytope, K is a triangulation of a sphere so the
contraction of these edges satisfies the link condition. Let K be obtained from K JyU-UT,
by contracting these n edges. Then as in the case when k£ < n, Kis a simplicial complex
obtained from the join of n pairs of disjoint vertices by star deletions as described by
Construction 3.17. Hence by Theorem 3.17, there is a non-trivial k-Massey product in
H*(Zy). By Theorem 4.12, the Massey product (aq,...,a) C H*(Zx) is also non-
trivial. O

A similar technique to that used in Proposition 5.4 can be applied to other simple
polytopes. An example is the family of stellohedra: graph associahedra corresponding
to star graphs, which are graphs with a central vertex and edges attaching every other
vertex to the central one. It was shown in [18, Theorem 3] that there are 3-Massey
products on 3-dimensional classes in H*(Zp) when P is a 3-dimensional stellohedron,
using the classification in [12,15]. By applying Theorems 3.17 and 4.12, we generalise
that result by constructing non-trivial n-Massey products in moment-angle manifolds
over n-dimensional stellohedron.

Proposition 5.5. When P is the n-dimensional stellohedron, H*(Zp) has a non-trivial
n-Massey product.

Proof. As in Proposition 5.4, we construct a; € }NIO(}CL_) where K = Kp. Let the star

graph associated to P be labelled so that the central vertex is 1 and the other vertices
are 2,...,n 4+ 1. The building set for P is

{1}, {n+1}1{1,2},.. ., {,n+1},...{1,...,n},{1,....,n— L,n+ 1}, [n+ 1]}
Let

oy € HO(IC
770
a; € H (ICU{l ..... i}.V{1,3,..., i+2}v7}{1,4,4..,i+2})

o, € HY(K

71{2}»17{1})
forl<i<n

V{1,3},V{3}>V{1,2,4,...,n+1} )

By contracting the edges {v(1 3, .. i12},V{1.4,....i+2}} € Ky, for 1 <4 < n and the edge
{vf1,31, 31} € K, we obtain a simplicial complex K that is constructed from the join
of n disjoint points by star deletions as in Construction 3.5. O
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Propositions 5.4 and 5.5 reiterate that the moment-angle manifolds associated to
permutahedra and stellohedra are non-formal [20]. Also, the families of permutahedra
and stellohedra are examples of geometric direct families of polytopes, whose moment-
angle manifolds are studied in [9]. Hence, Propositions 5.4 and 5.5 answer Problems 5.32,
5.34 and 5.35 in [9], which ask if there are geometric direct families of polytopes with
non-trivial higher Massey products.

5.2. Non-trivial indeterminacy and permutahedra

Massey products with non-trivial indeterminacy can be found in moment-angle man-
ifolds. We illustrate this in moment-angle manifolds associated with permutahedra. We
first construct an example of a 4-Massey product with non-trivial indeterminacy in a
moment-angle complex using Theorem 3.23, then find a full-subcomplex of a permuta-
hedron that edge contracts to this example and apply Theorem 4.12.

Example 5.6. Let K be a pair of disjoint points J; = {i,4'} for i = 1,...,4 and define
K= Sd{172/} Sd{l’?’/} Sd{2)3/} Sd{2)4/} Sd{3,4/} Sd{1/72/} Sd{1/)3/} ,Cl * IC2 * ICS * ’C4.

Let a; = [a;] and a; = X; € C°(K;,). By Theorem 3.23, (a1, ag, a3, a4) C H*(Zx) is
non-trivial with non-trivial indeterminacy.

Proposition 5.7. There are non-trivial Massey products with non-trivial indeterminacy
in moment-angle manifolds corresponding to permutahedra.

Proof. Let P be the 5-dimensional permutahedron. Denote p by K. Recall that by
Proposition 5.3, {vg,,...,vs,} is a simplex in K if for any S;,S; € {S1,..., Sk}, either
S; C Sj or Sj C S;. Let

J1 = {vf1y, 42y, V42,50, U5}
Jo = {vf1,2), 03} }
J3 = {v{1,2.3), V{2.,3}, V(3,41 }
Jy = {v{1,2,3,4},V{2,3,4},V{1,3,4,5} }
and let o € HO(K 7). Let K be the simplicial complex in Example 5.6, so there is a non-

trivial 4-Massey product in H*(Zy ). Consider the map ¢: K — K that takes J; — {i,i'}
by contracting the edges

{vy vias b {vgesy, vy b = 1
{vi2,8y:v02,31) = 3

{va,2,3.4), V(2,341 ) — 4
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Since K is a triangulation of a sphere, these edge contractions satisfy the link condition.
Therefore by Theorem 4.12, there is a non-trivial 4-Massey product (ai,as,as,aq) C
H*(Zx) for a; € H°(K;), and this 4-Massey product has non-trivial indeterminacy. 0O

This example of a non-trivial n-Massey product with non-trivial indeterminacy can
be reproduced in any (n + 1)-dimensional permutahedron.
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