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Abstract—In next-generation wireless systems ultra-reliable
low-latency communications (URLLC) have to be realized in
support of the Internet-of-things (IoT). However, this is quite
a challenge in the face of channel estimation errors (CEEs) and
hardware imperfections (HWIs). Hence, we consider a variety of
realistic HWIs as well as CEEs and evaluate the average block
error rate (BLER) of a short-packet based cooperative amplify-
and-forward (AF) relaying network. Our simulation and analyti-
cal results reveal that as expected, both the CEEs and HWIs lead
to a substantial average BLER degradation. In particular, CEEs
lead to a BLER floor, which is further aggravated by the increase
in HWIs. A high level of HWIs results in a BLER tending to one,
regardless of the transmit power. Furthermore, it is shown that
the CEEs and HWIs gravely degrade the energy efficiency of the
idealized perfect scenario. This observation shows that both the
CEEs and HWIs constitute critical issues in the design of energy
efficient communication systems. However, through solving the
optimization problems formulated, we conceived several schemes
for mitigating the degradations imposed by the CEEs and HWIs.
e.g. in our adaptive-duration training scheme the total CEE of the
hops is shared in line with the current status of the two channels.
Our simulation results show that this scheme significantly reduces
the BLER and mitigates the deleterious effects of CEE.

Index Terms: Finite block-length regime, Cooperative AF
relaying, Imperfect CSI, Hardware imperfection.

I. INTRODUCTION

IN addition to the so-called Enhanced Mobile Broad Band
(eMBB) mode, the fifth-generation (5G) cellular system is

expected to support both machine-to-machine (M2M) com-
munications and internet-of-things (IoT) [1], [2]. In some
IoT applications such as Industrial IoT (IIoT), having a low
latency is vital for guaranteeing real-time communications [3].
Additionally, applications like remote surgery and autonomous
vehicles cannot tolerate a latency higher than 250 µs [4], hence
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packets of extremely short lengths are needed. However, short-
packet communication (SPC) introduces unique challenges in
wireless applications. Classic Shannon theory is only applica-
ble to long packets, hence providing inaccurate estimate of the
maximum achievable rate in short-packet scenarios. Motivated
by this Polyanskiy et al., [5] investigated the maximum achiev-
able channel coding rate at a given finite block-length and
error probability. Based on this, an error probability bound was
then derived for a given block-length and coding rate. These
results led to a new theoretical framework for analyzing SPCs.
Furthermore, Polyanskiy et al. [5] presented a modification to
the method of analyzing cooperative scenarios on the basis of
classic Shannon theory.

Very recently, the performance of SPC has also been
examined in various wireless communication scenarios [6]-
[13]. By assuming a generalized Nakagami-m fading channel,
the authors of [6] have studied a short-packet based non-
orthogonal multiple access (NOMA) IoT network relying on
partial channel state information (CSI). A pair of IoT networks
- namely a terrestrial and and aerial network - are investigated
and asymptotic as well as exact coverage probability are
derived. In [7], the authors investigated both the maximal
rate achievable for a given block-length as well as the error
probability for transmission over quasi-static multiple-input
multiple-output (MIMO) fading channels. In [8], an optimal
transmission strategy is designed for maximizing the average
achievable data rate of a multiple-input single-output (MISO)
SPC system. The authors of [9]-[11] have investigated SPC
in one-way relaying scenarios. Sum-block error rate (BLER)
performance of two-way amplify-and-forward (AF) relaying is
derived in [12], and an asymptotic expression is obtained for
the sum-BLER at asymptotically high signal-to-noise ratios
(SNR). In [13], hybrid automatic repeat request (HARQ)
assisted decode-and-forward (DF) relaying is investigated in
the context of Nakagami-m fading channels, while selection
combining (SC) and maximum ratio combining (MRC) is
employed at the receiver.

In practical communication systems, all nodes exhibit
hardware-related imperfections, such as phase noise, I/Q im-
balance, non-ideal filters, non-linear power amplifiers, etc.
[14]-[19]. The deleterious effects of hardware impairments
(HWIs) become more significant, when employing inexpensive
hardware. As a result, this effect is expected to be particularly
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pronounced in the IoT and in wireless sensor networks (WSN)
relying on low-cost hardware [17]-[19]. The effect of HWIs
can be alleviated by a sophisticated blend of analogue and
digital signal processing techniques [15], although they cannot
completely eliminate these imperfections. According to [15],
the remaining HWIs can be modeled as an additive distortion
and the experimental results of [16] reveal the accuracy of
the proposed model. Against this background, this is the first
contribution that examines the effect of HWIs in SPC systems.

To elaborate a little further, most of the papers related to
SPC have assumed that perfect channel state information (CSI)
is available at the receiver. However, in practical systems, this
is an over-optimistic assumption. Explicitly, due to realistic
factors such as the feedback delay, limited training power and
duration, limited feedback rate [20], unexpected user mobility,
channel fading variations [21] tend to impair the channel esti-
mation process. Very recently, some authors have studied the
impact of CEEs in short-packet scenarios [21]-[24]. In [21],
the outage probability of a multi-user MIMO (MU-MIMO)
aided SPC system considering CEE is studied. The CEEs in
[21] are treated as signals rather than interference and noise.
The authors of [22] have characterized the trade-off between
the training sequence length and information codeword length.
The results of [22] show that the optimized training sequence
length and rate adaptation strategy reduces the delay violation
probability, compared to conventional strategies that do not
consider the delay constraints. Moreover the authors of [23]
have maximized the finite block-length throughput of a two-
hop DF relaying system under outdated CSI. As a further
advance, the authors of [24] have studied the emerging MU-
MIMO concept in a short-packet aided IoT network under
shadow fading, assuming both perfect and imperfect CSI. We
remark that none of the above-mentioned treatises have studied
the BLER performance of SPCs in an AF relaying scenario in
the presence of CEEs.

In contrast to most of the papers on cooperative SPCs,
which have considered DF relays [9]-[11], [13], in this con-
tribution, we investigate the average BLER of SPC systems
in a two-hop AF relaying network, where all the nodes suffer
from HWIs and the channel estimation process of both hops
is subject to estimation error. Considering AF relays while
assuming imperfect hardware and CEE makes our analysis
mathematically challenging compared to the state-of-the-art.
Furthermore, we generalize the system model of [12] where
both the hardware and the channel estimation are considered
to be perfect. The main contributions of this paper are boldly
and explicitly contrasted to the literature in Table 1 and are
summarized as follows:

• We first calculate the received instantaneous signal-to-
noise-plus-distortion-ratio (SNDR) for our scenario both
at the relay node (RN) and at the destination node (DN).
Based on this, a novel closed-form expression is derived
for the outage probability (OP) when the channel coeffi-
cients in both hops follow the Nakagami-m distribution.

• New exact closed-form expressions are derived for the
average BLER of two special cases, namely imperfect
hardware in the presence of perfect CSI and imperfect
estimation relying on perfect hardware for transmission

over Rayleigh channels. Then using the classic Rieman-
nian approximation, simple closed-form expressions are
extracted for the general scenario of Nakgami-m and
Rayleigh fading channels. Our simulation results show
that using this approximation provides very accurate
results even for low number of channel uses, while
considerably simplifying our expressions.

• To provide practical insights, we have analyzed our sys-
tem model in the asymptotically high-SNR regime. The
resultant high-SNR expressions show that while the CEE
is the dominant source of the error floor, the presence of
significant HWIs will lead to substantial error-floor. This
observation highlights the benefit of having a low level of
CEE. Moreover, using the high-SNR expressions, a pair
of optimization problems is formulated with the aim of
minimizing the average BLER by allocating the optimum
power and by the efficient distribution of the tolerable
HWIs.

• To glean further insights concerning both the imperfect
hardware with perfect channel estimation and the erro-
neous estimation scenario relying on perfect hardware,
we have analyzed the average BLER in the asymptotically
high SNR scenario. In the latter case an adaptive training
scheme is proposed for the most beneficial sharing of the
total tolerable CEE of the system between the two hops.
Our simulation results show that while the presence of
CEE in our SPC scenario can significantly degrade the
system performance, the proposed scheme substantially
reduces the average BLER by mitigating the effect of
CEEs.

• We have also presented a detailed discussion on the
energy efficiency aspects of the proposed system model,
which is vitally important in the design of energy-efficient
systems. The results show that both the CEE and HWI
severely degrade the energy efficiency of cooperative
SPC schemes. In our future work, we plan to tackle
the energy efficiency issues of SPC systems using Pareto
optimization techniques [25].

The symbols used in this paper are listed in Table II. The
remainder of this paper is organized as follows. In Section
II, we introduce our system model and the main parameters
used. In Section III, the general average BLER problem is
formulated and an approximate expression based on Rieman-
nian approximation is presented for a Nakagami-m fading
channel. The exact closed-form expression of the average
BLER is derived both for the perfect CSI and perfect hardware
scenarios in Section IV for a Rayleigh channel. To gain
some practical insights, in Section V our complex expressions
are tightly approximated for the asymptotic and high SNR
regimes. In Section VI, by using the high SNR expressions
in the previous section, the average BLER is minimized by
beneficially distributing the tolerable HWI and CEE with the
aid of optimal power allocation between the source and relay.
Our numeric results are presented in Section VII, while our
conclusions are offered in Section VIII.
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TABLE I: Contrasting our contributions to the state-of-the art

Contributions This work [8] [11] [12] [21] [22] [23] [24]
Cooperation ✓ ✓ ✓ ✓
Imperfect CSI ✓ ✓ ✓ ✓ ✓ ✓
Imperfect HW ✓

TABLE II: List of symbols

Symbol Description
PS Power of source node
hSR Channel coefficient of source-relay link
ĥSR Estimated channel of source-relay link
ηt
S Impairment term of transmitter

ηr
R Impairment term of relay in receiving

nR Noise term in relay
σ2
eSR

Channel estimation error in source-relay
link

kt
S Impairment factor of source node

kr
R Impairment factor of relay in receiving

m1 Shape parameter of Nakagami-m distribution in
source-relay link

θ1 Scale parameter of Nakagami-m distribution in
source-relay link

β1 Channel parameter of Rayleigh distribution in
source-relay link

m Duration of each time slot quantified in terms of
channel uses

ϵ Block error rate

Symbol Description
PR Power of relay node
hRD Channel coefficient of relay-destination link
ĥRD Estimated channel of relay-destination link
ηr
D Impairment term of receiver
ηt
R Impairment term of relay in transmitting

nD Noise term in destination
σ2
eRD

Channel estimation error in relay-destination
link

kr
D Impairment factor of destination node

kt
R Impairment factor of relay in transmitting

m2 Shape parameter of Nakagami-m distribution in
relay-destination link

θ2 Scale parameter of Nakagami-m distribution in
relay-destination link

β2 Channel parameter of Rayleigh distribution in
relay-destination link

m̂ Number of channel uses in each packet trans-
mission

N0 Thermal noise power

II. SYSTEM MODEL

We consider a one-way relaying network consisting of a
source node, S, relay node, R, and destination node, D.
All the nodes considered in our scenario are single-antenna
aided half-duplex devices. Our assumption is that there is
no direct link between the source and destination due to
obstacles or severe attenuation. The S-R and R-D links
suffer from Rayleigh fading. We assume quasi-static fading,
for which the channel coefficients remain constant during
each transmission block and change independently from one
block to the other. Without loss of generality, we assume
that the thermal noise at the nodes (S, R, and D), obey the
white Gaussian distribution CN (0, N0), in which CN (µ, σ2)
represents a complex Gaussian random variable with a mean
of µ and variance of σ2.

We note that before transmitting data, training is performed
for acquiring the CSI. This process requires pilot symbols
[26] to be transmitted in a time-division duplexing (TDD)
manner. However, in practice, the channel estimation suffers
from CEEs [27], which is explicitly considered in our system
model. The CEEs can be modeled by the superposition
of numerous small quantities representing different noise
sources and interference [28]-[30], Thus, based on the
central limit theorem, it can be modeled by a Gaussian
process [28]. Accordingly, the channels between S, R
and R, D can be defined based on their imperfect estimates
as hSR = ĥSR+eSR and hRD = ĥRD+eRD [28]-[30],where

ei ∼ CN (0, σ2
ei), i ∈ {SR,RD}, (1)

Fig. 1: System model consisting of Tx, Rx and AF relay
nodes.

and σ2
e denotes the CEE variance.

To consider the impact of HWI on the received SNR, we
model the residual HWI in S, R, D as presented in [31].
The transmitted distortion noise can be approximated by a
Gaussian-distributed random variable. The experimental stud-
ies in [32] and analytical derivations in [32] and [33] confirm
this. Accordingly, for modeling the transmitted imperfections
we introduce the following parameter [32]

ηti ∼ CN (0, Pik
t
i
2
), i ∈ {S,R}, (2)

where Pi represents the transmit power of node i. The factor
kti determines the level of imperfections imposed by the trans-
mitter hardware for i ∈ {S,R}. Furthermore, kri represents
the level of imperfections in the receiver hardware. These two
parameters are equivalent to the error vector magnitude (EVM)
characterizing the quality of RF transceivers[19].
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We assume a time-division multiple-access (TDMA) protocol
in our relaying scenario, during which S transmits the unit-
power information signal x at the power PS to R. Accordingly,
the signal received by R can be represented as

yR = (
√
PSx+ ηtS)hSR + ηrR + nR, (3)

where nR represents the additive white Gaussian noise
(AWGN) of R having a zero mean and variance of N0.
The term ηrR models the imperfection at the receiver of R,
which obeys a complex Gaussian distribution, and thus can be
represented as

ηrR ∼ CN (0, krR
2PS |hSR|2). (4)

We note that the aggregated distortion represented by the
hardware impairment terms in (3) for a given channel estimate
ĥSR, has the power of

EηtS ,ηrR
{∣∣∣ηtShSR + ηrR

∣∣∣2} = PS(|ĥSR|2 + σ2
eSR

)(ktS
2
+ krR

2).

(5)
In the second phase, R forwards the scaled version of the
received signal to D with the amplification factor G given as

G =

√
PR

PS(|ĥSR|2 + σ2
eSR

)(1 + ktS
2
+ krR

2) +N0

, (6)

where PR is the transmit power of R in the second phase.
Accordingly, the signal received by D can be written as

yD = (yRG+ ηtR)hRD + ηrD + nD, (7)

where, the term ηrD models the receiver imperfections of D,
which has again a complex Gaussian distribution, and thus can
be represented as

ηrD ∼ CN (0, krD
2PR|hRD|2). (8)

Now, we can write the expression for SNDR for the signal
received by D as

γSD =
α1|ĥSR|2|ĥRD|2

α2|ĥSR|2|ĥRD|2 + α3|ĥSR|2 + α4|ĥRD|2 + α0

. (9)

In (9), if we define γS = PS/N0 and γR = PR/N0 as the
transmit SNR at S and R respectively, then the values of α1

through α4 are given by (10)-(14).

In the first part of our study we will assume that the channel
coefficients hSR and hRD are Nakagami-m random variables.
Then, we will derive the asymptotic BLER expression for
this case. To this end, we firstly have to extract the CDF of
the SNDR in (9), when |ĥSR| and |ĥRD| are Nakagami-m
variables and their squares (X1 = |ĥSR|2, X2 = |ĥRD|2) obey
the Gamma distribution

fXi
(x) =

xmi−1e
− x

θi

Γ(mi)θ
mi
i

, (15)

where, Γ(.) denotes the Gamma function, mi is the shape
parameter assumed to be an integer number throughout our
work and θi is the scale parameter. So, by considering the
distribution of |ĥi|2 as in (15), the CDF of the SNDR in (9)

may be calculated as

P (γ < γth) =


1− g(γth), γth <

α1

α2

1, γth >
α1

α2

, (16)

where, g(γth) is defined in (17) at the top of the next page.
Proof : See Appendix A.
It is worth mentioning that an expression can be found in [34]
for the CDF of the SNDR in (9), when the channel coefficients
obey the Nakagami-m distribution. However, as the CDF does
not have a piecewise form as in (16), we derived the CDF in
detail in Appendix A.

Following the derivation of asymptotic expression for the
BLER in a Nakagami-m fading channel, we will proceed now
by deriving the exact BLER of an AF relay in a Rayleigh
fading channel for the cases of imperfect channel estimation
at R and D as well as for having hardware impairments in
S, R and D. Upon defining β1 = σ2

ĥSR
and β2 = σ2

ĥRD
as

the mean of |ĥSR|2 and |ĥRD|2 respectively, then the CDF of
the SNDR expression in (9) for a Rayleigh channel in case of
γth <

α1

α2
can be expressed as [35]

P (γ < γth) =

1− 2
e
− β2α4+β1α3

β1β2(α1−α2γth)
γth

β1(α1 − α2γth)

√
γ2th(α3α4 − α0α2) + α0α1γth

β2
β1

×K1

( 2

α1 − α2γth

√
γ2th(α3α4 − α0α2) + α0α1γth

β1β2

)
, (18)

and for the case of γth > α1

α2
it is equal to 1. In (18), K1(x)

represents the first-order modified Bessel function of the
second kind.

III. NAKAGAMI-m FADING CHANNEL

In this section, we analyze the BLER performance of a
realistic AF relay having hardware impairments and imperfect
channel estimation under the finite block-length regime in a
Nakagami-m fading channel for integer values of the shape
parameter in both hops. Firstly, we will formulate the exact
BLER expression and in the second subsection we will extract
asymptotic BLER expressions to gain further insights.

A. Exact Analysis

Again, Polyanskiy et al. [5] determined the maximum
channel coding rate achievable at a given finite blocklength and
error probability. To elaborate a little further, when the packet
length is high enough, each packet will experience a more or
less similar wireless channel quality. Upon gradually increas-
ing the packet length, this will lead to improved reception
quality and eventually approaching the channel capacity, when
the packet length asymptotically tends to infinity [36]. By
contrast, when the packet length is short, these channel effects
can not be averaged out and the average performance will be
dominated by the low-quality received packets. Accordingly,
the achievable rate will be reduced for short packets compared
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α1 =γSγR (10)

α2 =γSγR[(k
t
R
2
+ krD

2)(1 + ktS
2
+ krR

2) + ktS
2
+ krR

2], (11)

α3 =γSγRσ
2
eRD

[(ktR
2
+ krD

2)(1 + ktS
2
+ krR

2) + ktS
2
+ krR

2 + 1] + γS(k
t
S
2
+ krR

2 + 1), (12)

α4 =γSγRσ
2
eSR

[(ktR
2
+ krD

2)(1 + ktS
2
+ krR

2) + ktS
2
+ krR

2 + 1] + γR(k
t
R
2
+ krD

2 + 1), (13)

α0 =γSγRσ
2
eSR

σ2
eRD

[(ktR
2
+ krD

2)(1 + ktS
2
+ krR

2) + ktS
2
+ krR

2 + 1] + γRσ
2
eRD

(1 + ktR
2
+ krD

2) (14)

+ γsσ
2
eSR

(1 + ktS
2
+ krR

2) + 1,

g(γth) = 2
(α4γth)

m1−1(α3γth)
m2−1

(α1 − α2γth)m1+m2−1

e
− θ2α4+θ1α3

θ1θ2(α1−α2γth)
γth

Γ(m1)Γ(m2)θ
m1
1 θm2−1

2

m2−1∑
k=0

m1−1∑
i=0

m2−k−1∑
j=0

k!

(
m2 − 1

k

)

×
(
m1 − 1

i

)(
m2 − k − 1

j

)
(α1 − α2γth)

k
[
γ2th(α3α4 − α0α2) + α0α1γth

] i+j+1
2

(α4γth)i(α3γth)j+k
θk2

(
θ1
θ2

) i−j+1
2

×Ki−j+1

(
2

α1 − α2γth

√
γ2th(α3α4 − α0α2) + α0α1γth

θ1θ2

)
(17)

to Shannon capacity [1]. This new bound on the achievable
rate in SPC is formulated in [5] as

r = C(γ)−Q−1(ϵ)
√
v(γ)/m. (19)

We reformulate (19) in order to obtain the BLER in terms of
the channel coding rate and the block-length as [7, eq. 15]

ϵ = Q

(
C(γ)− r√
v(γ)/m

)
, (20)

where, Q(.) denotes the Gaussian Q-function, C(γ) =
log2(1+γ) is the Shannon capacity and v(γ) = (log2 e)

2[1−
1/(1 + γ)2] is the channel-induced dispersion. It is assumed
that the source and destination exchange N bits of information
over m̂ channel uses in each packet transmission. This leads to
m = m̂

2 , where m is the duration of each time slot, quantified
in terms of the channel uses. Furthermore, r = N

m denotes the
coding rate. It is worth noting that when the packet length is
asymptotically high (m→ ∞), the SPC maximum rate in (19)
will tend to the Shannonian capacity and the BLER in (20)
will become zero, which is a plausible observation based on
our previous discussions.,
In the following, we average the instantaneous BLER of (20)
in order to characterize the average BLER. Since (20) can
not be evaluated in a closed form, we opt for the linear
approximation of (20) given by [37]

ϵ ≈ χ(γ) =


1 γ ≤ ψ

1
2 − αm√

2π
(γ − θm) ψ < γ < ω

0 ω ≤ γ

, (21)

where, θm = 2r − 1, αm =
√
m√

22r−1
, ψ = θm − 1

αm

√
π
2 , and

ω = θm + 1
αm

√
π
2 . In (21), we face with the approximation

of the BLER in (20) utilizing the first-order Taylor series

expansion around θm. Accordingly, we expect that as the
SNDR level deviates from γ = θm, the approximation error
will be aggravated. This error should be dealt with carefully,
especially when the SNDR is close to ω or ψ, where the BLER
function makes a sharp turn. We will examine the tightness of
this approximation in more details in Section V and Subsection
C. Additionally, we will discuss those special cases in our
scenario, when using (21) will lead to inaccurate results.
Now, with the aid of the above-mentioned approximation, the
average BLER can be expressed as

E

{
Q

(
C(γ)− r√
v(γ)/m

)}
=

∫ ∞

0

Q

(
C(x)− r√
v(x)/m

)
fγ(x)dx

≈
∫ ∞

0

χ(x)fγ(x)dx. (22)

As the direct solution of the above integral is mathematically
tedious, we exploit the partial integration theorem and refor-
mulate (22) as

ϵave ≈
∫ ∞

0

χ(x)fγ(x)dx =
[
χ(x)Fγ(x)

]∞
0

−
∫ ∞

0

Fγ(x)dχ(x)

=
αm√
2π

∫ ω

ψ

Fγ(x)dx (23)

Considering the expression given in (16) and (17), the exact
BLER for a Nakagami-m fading channel can be calculated
by numerically analyzing the integral in (23). Since deriving
an exact BLER expression by analytically solving the integral
in (23) is still tedious, in the next subsection we will focus
our attention on the high-SNR analysis of our problem to
extract an asymptotic BLER expression for a Nakagami-m
fading channel.



IEEE TRANSACTIONS ON GREEN COMMUNICATIONS AND NETWORKING 6

B. High-m Case Analysis

In this part, we seek to derive the analytical average
BLER through the integral in (23). If the block-length m is
sufficiently high in the approximate BLER expression of (21)
(a condition that is generally fulfilled as (19) and (20) are
tight for m > 100 [5], [7]), then the integration interval in
(23) will become small. Thus the first-order Riemann integral
approximation can be employed, [38].∫ ω

ψ

Fγ(x)dx ≈ (ω − ψ)Fγ(
ψ + ω

2
). (24)

We note that for the integration interval of (ω − ψ =√
2π(22N/m − 1)/

√
m) to become small, in addition to m

being large, N should be a small number, which is equal to r
or alternatively the data rate has to be low. By applying the
first order Riemann approximation of (24), we can write the
average BLER as in (25) at the top of the next page, where
we have θm = ψ+ω

2 .
We note that for a sufficiently large m, the upper limit of

the integral will also become quite small. Hence, in (16) the
specific part of the CDF associated with γth < α1

α2
applies in

the low-data-rate case. We will discuss the tightness of (24)
in more details in Section VII.

C. High Data Rate Case Analysis

In the specific case of a high data rate, the lower limit of
the integral in (23) will become large. If ψ gets larger than
the ratio α1

α2
in (16), for the integral in (23) we have

ϵave ≈
αm√
2π

∫ ω

ψ

Fγ(x)dx =
αm√
2π

(ω − ψ) = 1. (26)

This is an important result when dealing with a system having
realistic imperfect hardware components. The average BLER
expression in (26) suggests that for high data rates in a
short-packet cooperative AF scenario having HWIs, if the
transmission rate is so high or equivalently the hardware
impairment factor is significant so that ψ > α1

α2
, the system

will fail to operate adequately, regardless of the transmit power
of the source and relay nodes (note that ψ grows exponentially
by the increase in transmission rate. Furthermore, by the
increase in HWI, α1

α2
will decrease according to (10) and (11)).

This observation enforces an upper bound on the maximum
achievable rate and should not be confused with the maximum
achievable rate inherent in SPC, which is implied through
(19). In fact, as stated earlier, this upper bound is imposed
on our scenario due to the HWIs present in all nodes and it is
independent of the transmit power - unlike the bound in (19).

IV. RAYLEIGH FADING CHANNEL

To extract the expressions of BLER for a specific fading
distribution, we have to solve the integral in (23) for deter-
mining its associated CDF. In the previous section we saw
that the analytical solution of this integral when our channel
coefficients in (9) follow Nakagami-m distribution is tedious.
This also holds for the Rayleigh distribution. This motivated
us to analyze our scenario of joint hardware impairment and
channel estimation error for a Rayleigh channel in a pair of

specific scenarios, namely for the ”BLER in the presence of
hardware impairments” and the ”BLER with channel estima-
tion errors” scenarios.

A. Hardware Impairment with Perfect Channel Estimation

Here we assume that the channel estimation is perfect,
which means that the expression for α0 in (14) is equal to
zero. So Fγ(x) in (18) can be rewritten as

FγA(x) =


1− 2 e

− β2α4+β1α3
β1β2(α1−α2x)

x

β1(α1−α2x)
x
√

α3α4β1

β2
K1

(
2x

α1−α2x

√
α3α4

β1β2

)
, γth <

α1

α2

1, γth >
α1

α2

.

(27)
By changing variables u(x) = 2x

α1−α2x

√
α3α4

β1β2
in the integral

of (23) we arrive at :∫ ω

ψ

FγA(x)dx = η3η
2
2

∫ u(ω)

u(ψ)

[
1− ue−η1uK1(u)

] du

(u+ η2)2
,

(28)
where, η1 = β2α4+β1α3

2

√
1

β1β2α3α4
, η2 = 2

α2

√
α3α4

β1β2
and η3 =

α1

2

√
β1β2

α3α4
. To find a closed-form expression of the integral in

(28), we use a series representation of ue−η1u

(u+η2)2
as

ue−η1u

(u+ η2)2
=

∞∑
i=1

i∑
j=1

j(−1)i+1ηi1
η2(η1η2)j(i− j)!

ui. (29)

Now, the integral in (28) can be evaluated from (29) as

ϵave ≈ 1− αm√
2π
η3η

2
2

∞∑
i=1

i∑
j=1

j(−1)i+1ηi1
η2(η1η2)j(i− j)!

×
∫ w(ω)

w(ψ)

uiK1(u)du. (30)

where w(x) = η2
x

α1
α2

−x .To solve the integral in (30), instead

of writing uiK1(u) in terms of the Meijer-G function as in
[12] and dealing with tedious mathematical operations to solve
the integral, we can use the results in [39]. For ν > 0 and
ν /∈

{
0, 12 ,

3
2

}
, we have

Kν(βx) = exp(−βx)
∞∑
n=0

n∑
m=0

Λ(ν, n,m)(βx)m−ν , (31)

where Λ(ν, n,m) =
(−1)m

√
πΓ(2ν)Γ(n−ν+ 1

2 )L(n,m)

2ν−mΓ( 1
2−ν)Γ(n+ν+

1
2 )n!

in which

L(n,m) =
(
n−1
m−1

)
n!
m! for n,m > 0 represents the Lah numbers

[40]. The final expression is presented in (32) at the top of
page 7. We note that the result in (32) is valid for ω ≤ α1

α2
.

To obtain the average BLER for the case of ω > α1

α2
, firstly

(32) should be evaluated by setting ω = α1

α2
and then added to

αm√
2π

(ω−α1

α2
). The term αm√

2π
(ω−α1

α2
) is the resultant expression

after substituting the part of (27) with γth > α1

α2
into (23). This

term is independent of the transmit power of both the S and R
nodes and shows that if the system is designed so that ω > α1

α2
,

a serious error floor will occur at the D node.
It is worth mentioning that no closed-form expressions were
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ϵave ≈ 1− 2
(α4θm)m1−1(α3θm)m2−1

(α1 − α2θm)m1+m2−1

e
− θ2α4+θ1α3

θ1θ2(α1−α2θm)
θm

Γ(m1)Γ(m2)θ
m1
1 θm2−1

2

m2−1∑
k=0

m1−1∑
i=0

m2−k−1∑
j=0

k!

(
m2 − 1

k

)
(25)

×
(
m1 − 1

i

)(
m2 − k − 1

j

)
(α1 − α2θm)k

[
θ2m(α3α4 − α0α2) + α0α1θm

] i+j+1
2

(α4θm)i(α3θm)j+k
θk2

(
θ1
θ2

) i−j+1
2

×Ki−j+1

(
2

α1 − α2θm

√
θ2m(α3α4 − α0α2) + α0α1θm

θ1θ2

)
,

ϵave ≈ 1− αm√
2π
η3η

2
2

∞∑
i=1

i∑
j=1

j(−1)i+1ηi1
η2(η1η2)j(i− j)!

∞∑
n=0

n∑
m=0

i+m−1∑
p=0

Λ(1, n,m)p!

(
i+m− 1

p

)
×
[
e−w(ψ)

(
w(ψ)

)i+m−p−1 − e−w(ω)
(
w(ω)

)i+m−p−1
]

(32)

derived for BLER performance in the presence of hardware
impairments in the related literature.

B. Imperfect Channel Estimation with Perfect Hardware

Another problem which may be frequently encountered
in practical scenarios is the presence of imperfect channel
estimation. To address this case, we have to rewrite the
expression of Fγ(x) in (18) by setting α2 = 0 in (11), yielding

FγB (x) =1− 2
e−

β2α4+β1α3
β1β2α1

x

β1α1

√
α3α4x2 + α0α1x

β2
β1

.K1

(
2

α1

√
α3α4x2 + α0α1x

β1β2

)
. (33)

Now, we have to insert the expression of FγB (x) in (33) into
the integral of (23) to find the average BLER. After applying
the steps presented in Appendix B, ϵave of (23) can be written
as

ϵave ≈ 1− αm√
2π

α1β1β2
2

∞∑
k=0

k∑
i=0

∞∑
j=0

(−1)k

k!

(
β2α4 + β1α3

2α1α3α4β1β2

)k
(
k

i

)
αi1(−α0α1)

k−i Γ(q + 1)

Γ(q − j + 1)j!
(α2

0)
j(α3α4β1β2)

q−j

×
∫ h(ω)

h(ψ)

h2(q−j+1)K1(h)dh, (34)

where q = i−1
2 and h(x) is defined in Appendix B. We

note that to solve the integral in (34), we can use again the
equivalent expression for the modified Bessel function of the
second kind in (31). The final expression is represented in (35)
at the top of the next page.

Again, we note that no closed-form BLER expressions were
derived in the related literature in the presence of hardware
impairments.

V. ASYMPTOTIC ANALYSIS

To obtain some insights concerning the fundamental impact
of CEEs and HWIs on our cooperative system model, we now
elaborate on the high-SNR regime in this section. Explicitly,
we will drive an asymptotic expression for the BLER in a
Rayleigh channel and will determine the optimum system
parameters for minimizing the BLER.

A. High SNR Regime

The complexity of the expression representing the CDF of
SNDR in a Rayleigh channel (18) makes the derivation of
an analytical BLER expression quite a challenge, when both
CEEs and HWIs are present. This motivated us to analyze
the BLER performance in the high-SNR regime and glean
useful insights into the system performance by the asymptotic
analysis of the BLER. The high-SNR expression of the CDF
in (18) (i.e. PS , PR ≫ 1) for low CEE (i.e. σ2

eSR
, σ2
eRD

≪ 1)
can be written as

FγSD∞
(x) =

β2α4 + β1α3

β1β2(α1 − α2x)
x

=
β1σ

2
eRD

+ β2σ
2
eSR

β1β2(1− xd)
d1d2x+

β1d1γS + β2d2γR
β1β2(1− xd)γSγR

x, (36)

where, d1 = ktS
2
+ krR

2 + 1, d2 = ktR
2
+ krD

2 + 1 and d =
d1d2 − 1. Now, substituting the high-SNR CDF expression of
(36) into (23), will lead to the asymptotic BLER expression
for our scenario

ϵave∞ =
β2α4 + β1α3

β1β2α2
2

(α1αm√
2π

ln
α1 − α2ψ

α1 − α2ω
− α2

)
, (37)

or to

ϵave∞ =
( d1
β2γRd2

+
d2

β1γSd2

)( αm√
2π

ln
1− dψ

1− dω
− d
)

+
d+ 1

d2

(σ2
eSR

β1
+
σ2
eRD

β2

)( αm√
2π

ln
1− dψ

1− dω
− d
)

︸ ︷︷ ︸
error floor term

(38)
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ϵave ≈ 1− αm√
2π

α1β1β2
2

∞∑
k=0

k∑
i=0

∞∑
j=0

(−1)k

k!

(
β2α4 + β1α3

2α1α3α4β1β2

)k(
k

i

)
αi1(−α0α1)

k−i (35)

× Γ(q + 1)

Γ(q − j + 1)j!
(α2

0)
j(α3α4β1β2)

q−j
∞∑
n=0

n∑
m=0

i+m−2j∑
p=0

Λ(1, n,m)p!

(
i+m− 2j

p

)
×
[
e−h(ψ)

(
h(ψ)

)i+m−p−2j − e−h(ω)
(
h(ω)

)i+m−p−2j
]

Here, we state a pair of important remarks concerning the
condition of low CEE variance (σ2

eSR
, σ2
eRD

≪ 1) in obtaining
(38):

Remark 1: Assuming low CEE variance in a cooperative
scenario is a common assumption in the related literature [41].
Furthermore, in a practical scenario low CEE can be attained
when the power level of the training phase is asymptotically
high. The expression of the CEE variance in the S-R and R-
D links can be expressed by considering the HWI effects as
[41]

σ2
eSR

=
1 + (ktS

2
+ krR

2)γPΩ1

1 +
[
nt + (ktS

2
+ krR

2)
]
γPΩ1

, (39)

σ2
eRD

=
1 + (ktR

2
+ krD

2)γPΩ2

1 +
[
nt + (ktR

2
+ krD

2)
]
γPΩ2

, (40)

where, nt is the training length and γP = PP

N0
, in which PP

is the power of the training phase, while Ω1 and Ω2 are the
mean of |hSR|2 and |hRD|2, respectively. When the transmit
SNR is very high, the CEE variances in (39) and (40) reduce
to [41]

σ2
eSR

≃ ktS
2
+ krR

2

nt + (ktS
2
+ krR

2)
≈ ktS

2
+ krR

2

nt
, (41)

σ2
eRD

≃ ktR
2
+ krD

2

nt + (ktR
2
+ krD

2)
≈ ktR

2
+ krD

2

nt
. (42)

We note that, without the assumption of σ2
eSR

and σ2
eRD

being
very small, the BLER floor term in (38) will have a significant
value. Furthermore (38) shows that, this error floor becomes
more severe in the presence of considerable HWI in the nodes.
To mitigate this effect in the high-SNR regime, one should
consider minimizing the CEE and HWI. According to (39)
and (40) the CEE variance itself becomes more serious upon
increasing the HWI level in the nodes. Observe that according
to (41) and (42) increasing the training power, reduces the
CEE variances, but they still remain non-negligible, if the
HWI is significant. We note that for reasonably long training
sequences applied in an SPC scenario, e.g., nt > 10 [22]
and assuming typical impairment levels, the CEE variance
terms can be considered to be very low, which was indeed
was exploited in deriving our asymptotic expression. We also
emphasize that reducing the impairment level is also capable
of mitigating both the CEE variances and the BLER floor in
(38).

Remark 2: As we stated in Remark 1, typical values found
in the literature for nt result in low CEE variances at high

training power, even in the presence of HWI. But one may
assume that the delay in the transmission process, which is
an important factor in a short-packet application, will become
low upon reducing the nt value and this can challenge the
aforementioned assumption. Here, we note that according to
(39) and (40), reducing the training length will lead to higher
CEE variances. In a practical layered scheme presented in [22],
one has to account for the consequences of transmission errors
and low data rates as regards to the transmit bufferqueue-
length, since the data is only removed from the buffer once
an acknowledgment indicates its correct reception. Due to the
increased CEE variances imposed by reducing the training
length, the probability of error at the receiver becomes higher,
hence leading to repeated transmission of the same data block
and therefore increasing the delay rather than decreasing it.

B. High SNR and High-m regime

In the previous section, we formulated the high-SNR BLER
in a Rayleigh fading channel. However, to obtain further
insights concerning the impact of CEE and HWI, we have
to evaluate the BLER in the high-SNR regime, when the
block-length “m” is sufficiently high. The assumption of “m”
being sufficiently large in subsection “A” has a good accuracy
comparing with the exact analytical result as being showed in
the following sections and is used in the related work [38].

By considering the high-SNR regime (i.e. PS , PR ≫ 1)
as well as low CEE (i.e. σ2

eSR
, σ2
eRD

≪ 1) and assuming
a sufficiently high “m”, the asymptotic average BLER for a
Rayleigh channel can be written as

ϵave∞ =
β2α4 + β1α3

β1β2(α1 − α2θm)
θm =

d1θm
β2γR(1− θmd)

+
d2θm

β1γS(1− θmd)
+
β1σ

2
eRD

+ β2σ
2
eSR

β1β2(1− θmd)
d1d2θm︸ ︷︷ ︸

error floor term

. (43)

The expression in (43) gives us useful insights concerning
the system performance in the high-SNR regime, since it is
more simple than (38), even though the difference between the
two performance metrics is negligible, as it will be shown in
Section VII.

Expressions (38) and (43) show that there is a BLER
floor, which depends both on the CEE and on the level of
HWI. We note that even though the HWI alone does not
produce a BLER floor, but it aggravates the CEE effects. Thus
having a considerable level of HWI will mask the benefits of
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having a low level of CEE, if the HWI and CEE are studied
independently.

C. Asymptotic SNR Regime

1) Perfect Hardware: In this subsection, we want to gain
practical insights into the effects of CSI errors on the BLER by
analyzing our scenario for asymptotic SNRs. Here we assume
that HWI is equal to zero and study the special case of our
discussion in Section 4-A for a Rayleigh channel.

Corollary 1. Let us assume that γS , γR grow large with γS =
βγR for some β > 0, while the relay gain in (6) remains finite
and strictly positive. The instantaneous SNDR can be written
as

lim
γS ,γR→∞
k21=k

2
2=0

γSD =
|ĥSR|2|ĥRD|2

σ2
eRD

|ĥSR|2 + σ2
eSR

|ĥRD|2 + σ2
eSR

σ2
eRD

.

(44)

To calculate the average BLER in this case, we can set
α1 = 1, α3 = σ2

eRD
, α4 = σ2

eSR
and α0 = α3α4 in (34).

The resultant error floor expression caused by the imperfect
CSI can be used for arbitrary values of σ2

eSR
and σ2

eRD
.

However, the expressions for the error floor terms in (38)
and (43), require the assumption of having low CEE (i.e.
σ2
eSR

, σ2
eRD

≪ 1) in both hops.
2) Perfect Channel State Information: In this subsection,

we quantify the HWI effects on the BLER by analyzing our
scenario for asymptotic SNRs. Here we assume that the CEE
is equal to zero and study the special case of our discussion
outlined in Section 4-B for a Rayleigh channel.

Corollary 2. Let us assume that γS , γR grow large with γS =
βγR for some β > 0, while the relay gain in (6) remains finite
and strictly positive. For any arbitrary random distribution of
the estimated channel gains ĥSR, ĥRD, one can write the
average BLER as

ϵasy = Q

(
log2(1 + γasy)− r√

(log2 e)
2(1− 1/(1 + γasy)2)/m

)
, (45)

where, γasy = 1
d .

Proof. Considering the SNDR value in (9) and by setting
σ2
eSR

= σ2
eRD

= 0 in (10) through (14), followed by taking
the limit γS , γR → ∞ (assuming γS = βγR) will lead to
instantaneous SNDR, which converges to

lim
γS ,γR→∞

σ2
eSR

=σ2
eRD

=0

γSD =
1

d
. (46)

Note that as the resultant SNDR is deterministic, the average
BLER can be readily obtained through (20).

Note that (46) exhibits a saturation effect for SNDRs in
the asymptotic regime, which may limit the BLER parameter
in (45). This phenomenon shows a fundamental difference
between the non-ideal and ideal hardware scenarios, since for
the latter the SNDR grows without bound upon increasing
the transmit power of the S and R nodes. We also note that
the SNDR ceiling in (46) and the resultant average BLER in
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Fig. 2: Normalized square error between exact and
approximate BLER expressions.

(45), are independent of the channel coefficient distributions.
So these results apply for both the Rayleigh and Nakagami-m
distributions.

Remark 3: In Section II, Equation (21) was introduced,
as it was intractable to evaluate the closed-form expression
in (20). This linear approximation is widely used in the
literature, but one should note the special cases, in which
the error between the exact and approximate expressions is
non-negligible. In (21), when ψ < γ < ω, the closed-form
expression is approximated by the first two terms of a Taylor
series expansion around γ0 = θm. So we expect that by
increasing the distance from γ0 = θm the error will escalate.

Fig.2 shows the normalized square error between (20) and
(21) for different values of the SNR for the two cases of
channel use parameter m (m = 1500 and m = 2500). It
is evident that when the SNR is close to ψ or ω, the error is
maximized. So upon averaging the BLER through using the
approximate expression, one should ensure that the mean of
the SNDR in (9) is not close to ψ and ω.

In our scenario, this effect can make our analysis inaccurate
when using Equation (30) to evaluate the exact average BLER
for perfect CSI at high SNRs and at specific levels of the HWI.
This is because according to (46), the mean of the SNDR at
asymptotic power values becomes equal to 1

d and if this value
is close to ω (ω ≈ 1

d ), then using (30) will lead to error
in calculating the average BLER. Hence, when ω ≈ 1

d and
the analysis considers low or medium values of SNDR, then
Equation (30) is indeed accurate, but when dealing with high
values of SNDR, we recommend using (45) instead.

VI. OPTIMUM SYSTEM PARAMETERS

Optimal resource allocation in a resource-limited wireless
network such as battery-limited IoTs and WSNs, is a salient
network design aspect [42]. The network life-time clearly
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depends on the power consumed by the nodes [43]. This
motivated us to conceive and solve an optimization problem
under a total transmit power constraint. Hence, we formulate
an optimization problem for minimizing the average BLER in
our scenario.

A. High-SNR and High-m Regime

In this subsection, we seek the optimal power and im-
pairment sharing directly minimizing the average BLER. In
the previous section we analyzed the average BLER in the
“High-SNR Regime” as well as in the “High-SNR and High-m
Regime”. For the sake of providing practical insight concern-
ing the optimum system parameters, we have considered the
latter case in our study of the optimal system parameter allo-
cation. To this end, we rewrite the average BLER expression
in (43) in terms of f and g as

ϵave∞ = f(γS , γR) + g(d1, d2), (47)

where f is a monotonically decreasing function both with
respect to γS as well as γR and g is independent of both
γS as well as γR, representing the BLER floor term, which
depends on the HWI parameters. We intend to minimize f
under the total transmit power constraint of γS + γR = γtot.
Furthermore, for minimizing g we assume having a fixed total
EVM constraint of kR at R besides having a joint EVM
constraint kSR in S and D, so that ktR + krR = kR and
ktS + krD = kSD. To this end, we break the minimization
problem of the expression in (47), into two separate steps and
provide the associated solutions in the following corollaries.

Corollary 3. Assume that γS + γR = γtot. Then f(γS , γR) is
minimized if γS = γtot

1+
√

d1β1
d2β2

and γR = γtot

1+
√

d2β2
d1β1

.

Proof. substituting γS = γtot− γR into f(γS , γR) and then
taking the derivative of the resultant expression with respect
to γS and setting it to zero will yield

(d1β1 − d2β2)γ
2
S + 2d2β2γtotγS − d2β2γ

2
tot = 0. (48)

The quadratic equation in (48) will reduce to a first order
equation if d1β1 = d2β2, leading to γS = γR = γtot

2 . When
d1β1 ̸= d2β2, there exists two roots for the equation. To
determine the feasible root, the equation can be solved both
for d1β1 > d2β2 and d1β1 < d2β2. Then by taking the sign of
∂f
∂γS

into account, one can readily see that γS = γtot

1+
√

d1β1
d2β2

and

γR = γtot

1+
√

d2β2
d1β1

are the feasible solutions. We also note that

the power allocation factors obtained satisfy the total power
constraint (γS + γR = γtot) as their sum is equal to one and
both factors are larger than zero but less than one for any
arbitrary value of d1, d2, β1 and β2 (All of these parameters
are strictly positive).

Corollary 4. Assume that, the total tolerable HWI of the R
node is ktR + krR = kR. Furthermore, we assume the joint
EVM constraint in the S and D nodes to be ktS + krD = kSD.
The BLER floor g(d1, d2) is minimized if ktS = krD = kSD

2

and ktR = krR = kR
2 .

Proof. Since d1d2 = d+ 1, we can rewrite the BLER floor

term as a function of d as g(d) =
β1σ

2
eRD

+β2σ
2
eSR

β1β2(1−θmd) (d+ 1)θm.
Taking the derivative of g with respect to d reveals that ∂g∂d > 0,
which means that g is a monotonically increasing function
of d. So the minimum value of g will be obtained if d is
minimized. The steps of minimizing d are presented in detail
in Appendix C. This finally leads to the conditions of ktS =
krD = kSD

2 and ktR = krR = kR
2 .

In the above corollaries and through the rest of the paper,
we mostly discuss the BLER and the associated minimization
methods. In the following corollary, we also design the con-
sidered communication network from energy efficiency (EE)
perspective. Toward this end, we will try to minimize the total
SNR available to the system given a specific BLER constraint
using the high-SNR expression in (47).

Corollary 5. Assume that the maximum tolerable BLER is ϵt,
implying that ϵave < ϵt. Under this condition, the total nor-
malized transmission power of the network will be minimized
if

γS =
θm

1− θmd

√
d2
β1
.

√
d1
β2

+
√

d2
β1

ϵt − g(d1, d2)
(49)

and

γR =
θm

1− θmd

√
d1
β2
.

√
d1
β2

+
√

d2
β1

ϵt − g(d1, d2)
. (50)

Additionally, the minimum total normalized transmission
power required for satisfying the maximum tolerable BLER
condition is

γtot =
θm

1− θmd

(√
d1
β2

+
√

d2
β1

)2
ϵt − g(d1, d2)

. (51)

Proof. To address the EE strategy in this corollary, we have
to solve the following optimization problem

minimize γT (52)
s.t. γT = γS + γR,

ϵave < ϵt.

To solve (52), we can use the classic Lagrange multiplier
method. Using (47) will lead to

L(γS , γR, λ) = γS+γR+λ
( d2θm
β1(1− θmd)

.
1

γS
+

d1θm
β2(1− θmd)

.
1

γR
+g(d1, d2)−ϵt

)
.

(53)
Upon jointly solving the equations ∂L

∂γS
= 0, ∂L

∂γR
= 0 and

∂L
∂λ = 0, the expressions in (49), (50) and (51) will be obtained.

B. Asymptotic SNR Regime

In the previous section, we discussed the asymptotic average
BLER both in the cases of perfect hardware and perfect
channel estimation. Here, we intend to minimize the average
BLER in both these cases subject to a total CEE and total
EVM constraint, respectively.

1) Perfect Hardware: In this part, we consider the instan-
taneous SNDR expression of (44) and minimize the BLER as
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a function of the CSI error in the two hops. To do this, we
present the following corollary.

Corollary 6. Assume the total CEE constraint to be σ2
eSR

+
σ2
eRD

= σ2
etot . The SNDR expression (44) is maximized if σ2

eSR
= 0 , σ2

eRD
= σ2

etot |ĥSR|2 < |ĥRD|2

σ2
eRD

= 0 , σ2
eSR

= σ2
etot |ĥSR|2 > |ĥRD|2

. (54)

When we consider an arbitrary function f(x) and we define
fν,κ = f(κ) − f(ν), then the average BLER of a Nakagami-
m channel relying on adaptive-duration training can be ex-
pressed as

ϵ∞ave = 1 +Ψψ,ω + Ξω,ψ, (55)

where Ψ(x) and Ξ(x) are defined at the top of the next page.

Proof. Please see Appendix D.
Corollary 6. suggests that for maximizing the instantaneous

SNDR, the total CEE of the hops should be shared in line
with the current status of the two channels. According to
(39) and (40), this can be arranged by appropriately adjusting
the training power and training duration of each hop. This is
termed here as “adaptive-duration training”, which is a well-
known technique of enhancing the robustness of a wireless
system [44].

2) Perfect Channel State Information: In this part, we
consider the average BLER expression of (45). This expression
shows that transceiver impairments can dramatically degrade
the AF relaying performance and should be taken into account
when designing the system. To this end, we assume having a
joint total EVM constraint in the S and D nodes in addition
to another EVM constraint only related to the R node.

Corollary 7. Assume that the total tolerable HWI of the R
node is ktR + krR = kR. Furthermore, we assume the joint
EVM constraint in the S and D nodes to be ktS + krD = kSD.
The average BLER is minimized if ktS = krD = kSD

2 and
ktR = krR = kR

2 .

Proof. As Q( 1d ) is a monotonically decreasing function of
1
d , to minimize the average BLER, 1

d should be maximized or
equivalently d should be minimized. The steps of minimizing
d are presented in detail in Appendix C, which finally leads
to the conditions ktS = krD = kSD

2 and ktR = krR = kR
2 .

We note that according to the above corollary, having the
same hardware quality in the S and D nodes is better than
having a high-quality and a low-quality node. Furthermore, the
maximum tolerable HWI in R should be equally distributed
among the transmit and receive front-ends.

Here, we highlight that the level of HWIs directly depends
on the quality of hardware utilized in RF section of the
nodes. In designing low-cost IoT relaying networks, these
inevitable impairments may become particularly grave [18].
As such, the financial budget and revenue for implementing
the network will eventually determine the total tolerable HWIs.
Equivalently, the HWI allocation can be interpreted as the
total revenue dedicated to the nodes involved. Thus, the
optimization result can be exploited at the design stage of
the system.

0 5 10 15 20 25 30 35 40

SNDR (dB)

10-5

10-4

10-3

10-2

10-1

100

B
L

E
R

Rayleigh

Nakagami

m=100

m=200

Simulation
Numerical Analysis
Riemannian Approximation

Fig. 3: Riemannian approximation of (25) and numerical
method for (23).

VII. NUMERICAL RESULTS AND DISCUSSIONS

In this section we discuss and analyze the exact and
approximate results derived in the previous sections for the
average BLER and will validate their accuracy by Monte
Carlo simulations. In the simulations, we assume γS = γR,
m̂ = 1000, N = 256, E{h2SR} = E{h2RD} = 1, unless
otherwise stated.

Fig. 3 shows the average BLER versus SNR for different
values of m in Nakagami-m and Rayleigh fading channels.
In Section III we stated that deriving an exact analytical
expression for the general case of our scenario through solving
the integral in (23) is not feasible and requires a numerical
solution. Accordingly, the Riemannian approximation of (25)
was proposed. This figure shows a very good match between
the proposed approximate expression as well as the numerical
and simulation results. We note that even for the low values
of m as m = 100, the approximation is tight for both the
Nakagami-m and Rayleigh channels. This shows that the
Riemannian approximation is a useful tool when the integrand
in (23) has a complex form for various wireless channels.

Fig. 4 validates our expressions in (32) and (35) for the
average BLER of the imperfect hardware and imperfect CSI
cases, respectively. As a benchmark, the results of the perfect
hardware-CSI scenario are also depicted in the figure, where
the analytical result is derived through setting α0 = 0 in (35).
This will reproduce the result given in [12, eq. 6], which is
a special case of our imperfect CSI scenario. To reproduce
this result, k and n in (35) are set to 2, and j is set to
zero. This yields a perfect match between the simulation and
analytical results for this case. For the case of perfect hardware
associated with CEE, the analytical results are plotted through
setting k = 2, j = 6, n = 2 in (35), which again produces
a good match between our simulations and theory for this
case. Here, the truncation error is dependent of the CEE level,
hence upon reducing the CEE variances, we will need more
terms to reproduce the floor effect in the series. However,
in this figure, the CEE variances are set to very low values,
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Ψ(x) =

m1−1∑
k1=0

k1∑
i=0

xk1−iσ2k1−i−1

etot

(k1 − i)! θk1−i−1
1

e−
xσ2

etot
θ1 +

m2−1∑
k2=0

k2∑
j=0

xk2−jσ2k2−j−1

etot

(k2 − j)! θk2−j−1
2

e−
xσ2

etot
θ2 , (56)

Ξ(x) =

m1−1∑
k1=0

m2−1∑
k2=0

k1+k2∑
k=0

k!xk1+k2−kσ2k1+k2−k−1

etot

k1!k2!θ
k1
1 θ

k2
2

( θ1θ2
θ1 + θ2

)k+1
(
k1 + k2

k

)
e−x(

1
θ1

+ 1
θ2

)σ2
etot , (57)
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Fig. 4: BLER vs SNDR for Perfect Hardware in (35) and
Perfect CSI in (32) in Rayleigh channel.

hence resulting in the worst case for the associated truncation
error. Hence in practical scenarios, there will be no need to
consider more terms. Furthermore, for the perfect CSI with
HWI, the analytical results are plotted by setting i = 4 and
n = 2 in (32). Again the figure shows that the truncation
error is negligible and a perfect match is seen. Here, the
truncation error depends both on the SNDR and on the level
of impairments, hence upon increasing the SNDR and HWI
the truncation error will be aggravated. However, in Fig. 4,
we have plotted the curves of this case for the high-SDNR
regime and for the maximum levels of HWIs found in the
related literature [18], [41]. This can be interpreted that we
have considered the worst-case of truncation error and there
is no need to increase the number of terms in a practical
scenario. Additionally, the figure shows that the degradation of
the average BLER for the perfect hardware scenario is more
serious than the case of the perfect CSI. This is due to the floor
formation caused by CEE, which has a more grave effect than
the error floor caused by HWIs.

To get further insights concerning the impact of imperfect
CSI, Fig. 5 shows the outage probability (OP) for our scenario
in a Rayleigh channel based on the expression in (18). Three
group of curves are plotted, each for different values of CEE
variances for the high SNR values of 30, 35 and 40 dB.
As shown in the figure, by increasing the CEE variance, the
related high-SNR curves merge at 100% OP. Explicitly, the
system is always in outage for large values of σ2

eSR
and σ2

eRD

according to (23). The average BLER may be determined by
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Fig. 5: visualization of CEE Effects: OP vs SNDR based on
(18)
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Fig. 6: BLER vs SNDR for High-Power and High-m
approximations in equations (38) and (43).

integrating these curves.
It is shown in Fig. 6 that our expressions derived for the

high-SNR regime for the Rayleigh channels is tight, regardless
of the value of m. This observation is vital, as the exact
expressions derived for the average BLER failed to give clear
practical insights into the problem, including those obtained
through using the Riemannian approximation. In this figure,
the expressions (38) and (43) are compared to the simulation
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results by considering two different values of CEE variances
namely σ2

eSR
= σ2

eRD
= 0.005 and σ2

eSR
= σ2

eRD
= 0.001 and

also a pair of different total impairment levels of d = 0.0252
and d = 0.1664. This figure shows that the dominant error
floor effect is due to the CEE. However, the level of total
impairment d further degrades the deletion effect of a high
CEE variance. We also note that the expression in (43)
represents a very tight approximation for high SNRs, just like
(38). Given its simplicity and tightness, we use it for our
further analysis in the optimization problem, rather than using
the more complex expression of (38).

In Fig. 7 our proposed adaptive-duration training scheme
is compared for the case of perfect hardware to the equally
distributed CEE level used in both hops. The following con-
siderations should be taken into account : 1) the proposed
scheme is not limited to a specific fading channel, it can be
readily used for any wireless channels. Here both the Rayleigh
and Nakagami-m channels are investigated. 2) The proposed
scheme is not limited to low CEEs. In this figure the CEE
levels are considered to be σ2

eSR
= σ2

eRD
= 0.2. According

to the simulation results, our proposed scheme significantly
enhances the average BLER performance of the short-packet
system for both Rayleigh and Nakagami-m channels. This
is an important observation, since we discussed in Fig 4.
that the effect of even very low CEEs lead to severely
degraded average BLER. Fortunately, the adaptive-duration
training scheme substantially mitigates the effect of CEE. The
asymptotic expression derived in (55) is also plotted in the
figure.

In Fig. 8, our proposed hardware design and power alloca-
tion schemes are studied. In this figure, the CEE variances are
set to σ2

eSR
= σ2

eRD
= 0.005, while the impairment levels are

assumed to be ktS+k
r
D = 0.2 and ktR+k

r
R = 0.3. Furthermore,

we have assumed β1 = 4β2. Four cases are considered
here regarding the power allocation and hardware design.
As expected, 4 in which the power is optimally allocated
and the hardware design is optimal outperforms the other
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Fig. 9: Optimum total normalized transmission power vs
target BLER for various CSI and HWI conditions.

three cases for the whole range of SNRs. In minimizing the
average BLER, the following considerations should be taken
into account : 1) The hardware cost of the relay node and also
the joint cost of the hardware of the source and destination
nodes, should be equally divided between the transmission
and reception RF front ends. 2) The power sharing between
the source and relay depends on the level of impairments in
the two hops. According to Corollary 3, if we increase the
impairment level in the first hop, the power allocated to the
source node should be decreased. This is because increasing
the power of nodes in a link having a considerable level of
HWIs does not necessarily improve the BLER performance.
For instance, when using a non-linear power amplifier, al-
though increasing the output power will improve the message
signal, it will also lead to higher distortion at the output. Thus
the power in such systems has to be allocated bearing in mind
the level of impairment present in them.
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In Fig. 9, the optimum total normalized transmission power
expression in (51) is plotted for σ2

eSR
= 0.001, σ2

eRD
= 0.001,

d1 = 1.08, d2 = 1.08 and r = 0.4. Firstly, the perfect hard-
ware and perfect CSI scenario is used as our benchmark and
it is contrasted to the scenarios associated with the imperfect
cases. At low target BLERs, our benchmark performs close
to the perfect CSI scenario associated with HWIs. However,
when realistic CSI imperfections are imposed, a significant
performance gap is introduced compared to the idealized
perfect scenario and this gap is further aggravated by the
presence of HWIs, as shown in the fourth scenario of Fig.
9. We also note that the curves associated with the second
and third scenarios exhibit a cross over. In a nutshell, it
depends on the target BLERs, which of these scenarios is
the most power-efficient. Consequently, the point in which
the curves of the latter scenarios cross over depends on the
BLER floor level which is itself mainly determined by the CSI
imperfection. Accordingly, we note that by properly adjusting
the impairment levels in nodes similar to our approach in
Corollary 4, we can minimize the BLER floor term and get
better results in terms of EE. Finally, Fig. 9 clearly illustrates
that the realistic imperfections considered tend to have a grave
impact on the EE of a cooperative SPC system.

VIII. CONCLUSIONS

We considered an AF relaying system and examined the
average BLER performance of this system in the presence of
realistic HWIs and CEEs. We derived the outage probability of
this system for Nakagami fading channels. Then, we obtained
the approximate expression of the average BLER using the
Riemannian approximation and showed that the resultant ex-
pression is tight even when the block-length is as low as 100.
At the next step, novel closed-form expressions were derived
for a Rayleigh fading channel for the two cases, namely
for perfect CEE with HWI and perfect hardware with CEE.
The latter exact analysis along with the former Riemannian
approximate BLER, are useful in low SNR scenarios which
might be quite common in IoT applications. Furthermore,
simplified high-SNR and asymptotic-SNR expressions were
derived and several optimization problems were solved for
minimizing the average BLER and total power. Our numer-
ical results showed that the CEE can result in a significant
performance loss by introducing BLER floor even if it has
a very low value. We also observed that significant HWIs
can lead to an excessive BLER. Additionally, both the CEEs
and HWIs degrade the energy efficiency compared to the
idealized perfect-CSI and perfect-hardware scenario. Finally,
our numerical results showed that the proposed adaptive-
duration training method can significantly enhance the average
BLER performance in a perfect hardware scenario, despite
having non-negligible CEE.

APPENDIX A

In (9) if we define X1 = |hSR|2 and X2 = |hRD|2, we can
write

Pr(γ < γth) = 1− Pr
(
X2 >

α3γthX1 + α0γth
(α1 − α2γth)X1 − α4γth

)
=


1− g(γth), γth <

α1

α2

1, γth >
α1

α2

, (58)

where, g(γth) = Pr
(
X2 >

α3γthX1+α0γth
(α1−α2γth)X1−α4γth

)
, if γth <

α1

α2
. By defining p(X1) = α3γthX1+α0γth

(α1−α2γth)X1−α4γth
and X1∞ =

α4γth
α1−α2γth

we have to solve the following integrals

g(γth) =

∫ ∞

X1∞

fX1(x1)

∫ ∞

p(X1)

fX2(x2)dx2dx1, (59)

where fX1(x1) and fX2(x2) obey the distribution described
by (15). By applying [45, eq. 2.32-2], (59) can be written as

g(γth) =

m2−1∑
k=0

θk+1
2 k!

(
m2−1
k

)
Γ(m1)Γ(m2)θ

m1
1 θm2

2

×
∫ ∞

X1∞

xm1−1
1

(
p(x1)

)m2−1−k
e−

x1
θ1

− p(x1)
θ2 dx1. (60)

By changing variables u = (α1 − α2γth)x1 − α4γth, and by
defining ϕ1 = α4γth, ϕ2 = α1 − α2γth, ϕ3 = α3γth

α1−α2γth
and

ϕ4 = α0γth+
α3α4γ

2
th

α1−α2γth
, the expression in (60) can be written

as

g(γth) =

m2−1∑
k=0

θk+1
2 k!

(
m2−1
k

)
Γ(m1)Γ(m2)θ

m1
1 θm2

2

exp
(
− ϕ1

θ1ϕ2
− ϕ3

θ2

)
ϕm3

ϕn+1
2∫ ∞

0

(
u+ ϕ1

)n(
u+ ϕ4

ϕ3

)m
um

exp
(
− 1

θ1ϕ2
u− ϕ4

θ2

1

u

)
du,

(61)

where, n = m1 − 1 and m = m2 − 1 − k. Applying the
binomial expansion to the integrands in (61) and using [45,
eq. 3.471-9] will lead to the final expression for g(γth)

g(γth) =
2 exp

(
− ϕ1

θ1ϕ2
− ϕ3

θ2

)
ϕm2−1
3

Γ(m1)Γ(m2)θ
m1
1 θm2

2 ϕm1
2

m2−1∑
k=0

m1−1∑
i=0

m2−k−1∑
j=0

k!

(
m2 − 1

k

)(
m1 − 1

i

)(
m2 − k − 1

j

)
θk+1
2 ϕm1−i−1

1 ϕ−k3(ϕ4
ϕ3

)j(θ1ϕ2ϕ4
θ2

) i−j+1
2

.Ki−j+1

(
2

√
ϕ4

ϕ2θ1θ2

)
. (62)

APPENDIX B

By inserting (33) into (23) we obtain

ϵave ≈ 1−
√

2

π

αm
β1α1

∫ ω

ψ

e−
β2α4+β1α3

β1β2α1
x

√
α3α4x2 + α0α1x

β2
β1

.K1

(
2

α1

√
α3α4x2 + α0α1x

β1β2

)
dx. (63)
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Using a series representation for e−
β2α4+β1α3

β1β2α1
x =∑∞

k=0
(−1)k

k! (β2α4+β1α3

β1β2α1
)kxk will lead to

ϵave ≈ 1−
√

2

π

αm
β1α1

∞∑
k=0

(−1)k

k!

(β2α4 + β1α3

β1β2α1

)k
∫ ω

ψ

xk

√
α3α4x2 + α0α1x

β2
β1.K1

(
2

α1

√
α3α4x2 + α0α1x

β1β2

)
dx.

By changing variables as h(x) = 2
α1

√
α3α4x2+α0α1x

β1β2
we can

write

ϵave ≈ 1− αm√
2π

α1β1β2
2

∞∑
k=0

(−1)k

k!

( β2α4 + β1α3

2β1β2α1α3α4

)k
∫ h(ω)

h(ψ)

(
√
α2
0α

2
1 + α3α4α2

1β1β2h
2 − α0α1)

k√
α2
0 + α3α4β1β2h2

h2K1(h)dh.

(64)

Using the binomial expansion for(√
α2
0α

2
1 + α3α4α2

1β1β2h
2 − α0α1

)k will lead to

ϵave ≈ 1− αm√
2π

α1β1β2
2

∞∑
k=0

k∑
i=0

(−1)k

k!

( β2α4 + β1α3

2β1β2α1α3α4

)k
(
k

i

)
αi1(−α0α1)

k−i
∫ h(ω)

h(ψ)

(α2
0 + α3α4β1β2h

2)
i−1
2 h2K1(h)dh.

(65)

Finally, using the binomial expansion for (α2
0 +

α3α4β1β2h
2)

i−1
2 =

∑∞
j=0

Γ(q+1)
Γ(q−j+1)j! (α3α4β1β2h

2)q−j(α2
0)
j

will lead to (34), where q = i−1
2 .

APPENDIX C

Let us substitute krD = kSD − ktS and krR = kR − ktR into
d. This will lead to

d =
[
ktR

2
+ (kSD − ktS)

2
][
1 + ktS

2
+ (kR − ktR)

2
]
+ ktS

2

+ (kR − ktR)
2. (66)

Now, we evaluate ∂d
∂ktS

as well as ∂d
∂ktR

and set them equal to
zero, leading to

∂d

∂ktS
=−

[
1 + ktS

2
+ (kR − ktR)

2
]
(kSD − ktS)

+ ktS

[
1 + ktR

2
+ (kSD − ktS)

2
]
= 0, (67)

∂d

∂ktR
=− (kR − ktR)

[
1 + ktR

2
+ (kSD − ktS)

2
]

+
[
1 + ktS

2
+ (kR − ktR)

2
]
ktR = 0. (68)

Comparing (67) and (68), one can infer kRktS + kSDk
t
R =

kRkSD. Substituting this into (67) and (68) will lead to the
following third-order equations for optimum values of ktS and

ktR.

2(k2SD + k2R)k
t
S
3 − 3kSD(k

2
SD + k2R)k

t
S
2

+ k2SD(k
2
SD + k2R + 2)ktS − k3SD = 0, (69)

2(k2SD + k2R)k
t
R
3 − 3kR(k

2
SD + k2R)k

t
R
2

+ k2R(k
2
SD + k2R + 2)ktR − k3R = 0. (70)

Substituting ktS = kSD

2 and ktR = kR
2 into (69) and (70),

respectively, unveils that these values are the roots of the above
equations. We note that (69) and (70) have a single real root
and two non-real complex conjugate roots. So the only solution
for these equations are ktS = kSD

2 and ktR = kR
2 , respectively.

APPENDIX D

For maximizing the instantaneous SNDR in (44), we can
alternatively minimize the expression below

µ = σ2
eRD

|ĥSR|2 + σ2
eSR

|ĥRD|2 + σ2
eSR

σ2
eRD

. (71)

By substituting σ2
eRD

= σ2
etot − σ2

eSR
into µ of (71) and

calculating the second derivative with respect to σ2
eSR

, we can
find that ∂µ

∂σ2
eSR

< 0. Thus, µ is a concave function with respect

to σ2
eSR

and it is minimized in the boundaries 0 and σ2
etot ,

µ(σ2
eSR

= 0) = σ2
etot |ĥSR|

2 (72)

µ(σ2
eSR

= σ2
etot) = σ2

etot |ĥRD|
2. (73)

Any of the above values which are less than the other, will
determine the optimum σ2

eSR
and σ2

eRD
. This is expressed in

(54).
To calculate the average BLER we first rewrite the maxi-

mized SNDR expression as

γmaxSD∞
=
max(|ĥSR|2, |ĥRD|2)

σ2
etot

. (74)

Since we have assumed a Nakagami-m fading channel, |ĥSR|2
and |ĥRD|2 have gamma distribution, with their CDFs defined
in (15). So the CDF of the maximized SNDR can be written
as

Fγmax
SD∞

(x) =

1−
m1−1∑
k1=0

σ2k1
etotx

k1

k1!θ
k1
1

e−
xσ2

etot
θ1 −

m2−1∑
k2=0

σ2k2
etotx

k2

k2!θ
k2
2

e−
xσ2

etot
θ2

m1−1∑
k1=0

m2−1∑
k2=0

σ
2(k1+k2)
etot xk1+k2

k1!k2!θ
k1
1 θ

k2
2

e−xσ
2
etot

( 1
θ1

+ 1
θ2

). (75)

Substituting (75) into (23), after some further manipulations,
will arrive at the average BLER in (55).
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