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Fan proximity acoustic treatments for improved noise suppression in turbofan

engines

by Sergi Palleja Cabré

Fan noise is one of the dominant sources of aircraft engine noise, both at approach and
at take-off. Improved attenuation of fan noise with acoustic liners and the reduction of
fan noise at source remain key technology challenges for the foreseeable future. Over-
Tip-Rotor (OTR) acoustic treatments have been investigated experimentally during the
last decade and significant fan noise reductions have been measured, most recently at
NASA by using a rotor-alone rig and multiple lined circumferential grooves. This thesis
aims at improving our understanding of the noise reduction mechanisms of OTR liners
through the development of an analytical prediction model. The fan noise is modelled
with point or distributed monopole and dipole sources based on Green’s functions for in-
finite hard or lined cylindrical ducts containing uniform mean flow; these are combined
with an anechoic or unflanged inlet termination and an embedded lined section of finite
length representing the ‘rotor-alone” source with its OTR liner. Key aspects of the propa-
gation/attenuation and liner impedance modelling are cross verified with reference FEM
solutions. OTR predictions of liner insertion loss are obtained for comparison with the
NASA experimental data, which entailed coupling of the propagation model with that
of a partially non-locally reacting impedance model, and these yielded peak broadband
in-duct noise reductions of up to 4 dB, in line with the measurements. To complement the
analytical work, wind tunnel experiments have been conducted at ECL on a simplified
over-tip liner configuration. The rotor and OTR liner were represented by a static aerofoil
with its tip located over a flat plate containing a flush-mounted liner insert and separated
from the airfoil tip by a small gap. The measured sound spectra exhibit peak broadband
gap noise reductions of 5-10 dB due to the OTR liner and noise reduction in trailing edge
noise of up to 5 dB in the absence of a gap.
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Aircraft noise is a concern for population due to its annoyance and the potential health ef-
fects it may cause on the communities near airports, including cardiovascular problems,
sleep disturbance and children’s cognition problems among others [11, 12]. The con-
tinuous growth in air traffic experienced prior to the COVID-19 pandemic increases the
levels of community noise exposure, rising the pressure on policymakers and resulting in
increasingly stringent noise regulations [13]. Despite the drastic impact of the pandemic
in the civil aviation industry [14], lighter environmental regulations post-COVID are un-
likely [15]. Aircraft noise generated during take-off and landing is key for the certification
of aircraft, influencing airframe and aero-engine manufacturers to treat acoustic pollution

as one of the driving factors in the design of their products alongside the operational costs
[16].

In aircraft with modern turbofan engines, the engine noise is dominant at take-off and
the airframe noise when landing. The main airframe noise sources are the wing trailing
edge, slats, flaps and undercarriage [16]. The main noise sources in turbofan engines are
the fan, the jet, the compressor, the combustion chamber and the turbine [17]. A combined
reduction of airframe and engine noise and all their different components is required to

achieve any improvement in the overall aircraft noise reduction [17, 18].
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The turbofan engine, used in most commercial aircraft, represent a large noise contributor
to the overall aircraft noise. The relative strength of each noise source in the engine has
changed over the years as the different components have been optimised and the bypass
ratio (BPR) has increased, as shown in Figure 1.1. The progressive increase in BPR, the
ratio of mass bypassed to mass through the core, has reduced the speed of the jet, and
hence its noise, and has improved the engine fuel efficiency. In modern high-bypass-ratio
designs, fan noise is one of the dominant engine sources both at approach and at take-off,

resulting in a critical noise-reduction target for the next generation of turbofan engines

[18].

Typical 1960s Design Typical Modern Design
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Figure 1.1: Progress made in reducing aircraft noise noting the increase of the BPR and
diagram of the main noise sources in the engine [1].

Acoustic liners have been traditionally used for fan noise reduction, installed in the in-
take and bypass ducts, as indicated in Figure 1.2. Typical designs are manufactured
with a perforated or porous face sheet supported by a honeycomb structure. These so-
called single-degree-of-freedom (SDOF) and multiple-degree-of-freedom (MDOF) liners
are generally designed to attenuate tonal and broadband noise over certain frequencies
to minimize the certification noise levels [19]. The design of innovative liner configura-
tions, the modelling of the physics involved in the noise reduction and the measurement

of their acoustic behaviour have been subject of research for many years [20-22].

The expected increase of the bypass ratio in the next generation of turbofan engines can
lead to a significant increase in fan diameter (D) but without an increase in liner length
(L) to minimize nacelle weight and drag [2, 23]. Consequently, as the performance of the
liners is proportional to L/D, the relatively shorter nacelles can reduce the overall noise
reduction performance of intake liners [24, 25]. As mentioned before, passive acoustic



treatments or liners are a well-known and efficient ways to attenuate fan noise and max-
imising the treated area is always a key parameter in liner performance. An area that
has not been fully evaluated or exploited in the past is the duct casing in the immediate
proximity of the fan rotor. The so-called Fan Proximity Liners (FPL) consist of the fan
case, the Over-Tip-Rotor (OTR) region and the interstage, depicted in blue, green and red
respectively in Figure 1.2.

Fan Proximity Liners (FPL)
| Over-Tip-Rotor |

I_ Fan case Interstage |
. L ]V Bypass
>, i

«———— propagation | Source propagation —
Figure 1.2: Conventional liners (Intake and Bypass) and Fan Proximity Liners.

Over-Tip-Rotor acoustic treatments have been investigated during the last decade as a
technology with the potential to further attenuate the fan noise in turbofan engines,
mainly at NASA GRC, where significant noise reductions have been measured. The
tests showed a range of noise reductions and associated loss in aerodynamic performance
(measured as loss in adiabatic efficiency), which depend upon the liner design used, the
test rig and the operating conditions. Details of the experimental set-up and discussion

of the results is given in Section 1.1, but a summary of the results obtained is shown in
Table 1.1.

Table 1.1: Summary of OTR published experimental results.

Publication Noise Reduction Loss in Adiabatic
Efficiency
Sutliff et. al. [26] 4 dB PWL (inlet & aft) -
Elliot et. al. [27] 1dB OAPWL -
Sutliff et. al. [28][19] 5 dB inlet PWL / 2.5 dB OAPWL 1-2 %
Hughes and Gazzaniga - 6.5-9.3 %
[29]
Bozak et. al. [30] - 0.75 %
Gazella et. al. [31] 1dB / 3 dB (inlet/aft) PWL -
Bozak and Dougherty [5] 2.5-3.5 dB (inlet) PWL -
Bozak and Podboy [32] - <0.5%




4 Chapter 1. Introduction

1.1 Over-Tip-Rotor Liners: a literature review

The types of Fan Proximity Liners that have been in the spotlight in terms of experimental
evaluation and maturation of its Technology Readiness Level (TRL) are the OTR acoustic
treatments. They have been investigated during the last decade as a technology with the
potential to further attenuate the fan noise in turbofan engines. These studies have been
led by NASA GRC in collaboration with other research centres, companies and univer-
sities. They include any liner design which is embedded in the fan duct wall at or near
the location of the fan rotor plane. The OTR region presents a harsh aeroacoustic envi-
ronment which limits the materials and technologies that can be used for the design of
the liners. These conditions define a series of characteristics that would be required for
the materials, including high acoustic absorption, high-temperature resistance, contain-
ment properties/high impact resistance, low flammability and minimal fluid retention
[19, 33, 34].

The main body of this literature survey aims to summarize the findings published on
OTR liners and group these within the following three categories: the physical mecha-
nism of noise reduction, the experimental data on noise reduction and on aerodynamic
performance. Additional literature review has been required in the project in topics such
as noise generation, source modelling, sound propagation, mode-matching methods and
acoustic impedance modelling, which are described in the respective chapters of this

manuscript.

Interstage liners, located in the region between the fan and the Outlet Guide Vanes (OGVs),
have also been object of interest due to the additional acoustically treated area and the im-
portance of fan-OGYV interaction noise but are outside the scope of this thesis. The main
difficulty in the modelling and design of liners in the interstage region is the swirling
mean flow induced by the rotation of the fan blades. The swirling flow can reduce the
effectiveness of the acoustic treatments by preventing the disturbances from reaching the
duct walls [35]. Recent work in this topic include an analytical Green’s function for home-
ntropic [36] or variable entropy [23] swirling flow in a lined duct, which could potentially

be used to extend the current work to interstage liners.

1.1.1 Physical Mechanism

The idea of placing the liners over-the-rotor is aimed at reducing the noise generated in
the region of the fan tip by modifying the interaction between the unsteady fan tip flow
and the fan case. Primarily it is understood that the liner is placed in the fan case over
the fan blade tip to absorb the pressure fluctuations by different mechanisms explained

below.
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Experimental tests have indicated that OTR liners mitigate the acoustic near-field, show-
ing that noise reduction of this acoustic treatment is caused by a combination of acoustic
attenuation and source modification [26]. To confirm this conclusion, a series of tests
were conducted with different liner concepts installed in OTR configuration and in the
inlet location to assess the relative importance of the physical noise reduction mecha-
nisms. When placed in the OTR location, the liners produced a higher noise reduction
and thereby indicated that the physical mechanism is also attributed to source modifi-
cation [19]. These last experiments also tested the liner designs in two hardware con-
figurations: with and without static vanes, to investigate the impact of this concept in
reducing the rotor-stator interaction noise. The results indicated that the noise reduction
mechanism is not only attributed to source modification but also to a reduction in the
propagating noise from the rotor-stator interaction. A recent study [32] linked the re-
duction in rotor-stator interaction noise to a reduction of the turbulence intensity in the
fan wake cause by the OTR liners, potentially reducing broadband fan-OGVs interaction
noise by 1-2 dB.

In summary, the noise reduction mechanism caused by the OTR liners is attributed to a
combination of three factors: modification of the source itself, conventional absorption of
acoustic waves propagating over the liner and a reduction in the rotor-stator interaction
noise. However, a consensus on the physical mechanism for the noise reduction using
OTR acoustic treatments has not been reached. Further investigation into understanding
of the physical mechanisms and predicting the noise suppression caused by the OTR
liners is required [19][34].

1.1.2 Noise Reduction Performance

Prototypes of foam metal liners for OTR acoustic treatment were tested in the Advanced
Noise Control Fan (ANCEF) test bed [26], which is a low-speed fan used for validation of
noise reduction concepts at the Aero-Acoustic Propulsion Laboratory (AAPL) at NASA
John H. Glenn Research Center (GRC). The foam metal liners were tested at different axial
positions, including the OTR. The best acoustic performance was measured when placed
in the OTR position, resulting in up to 4 dB of broadband noise reduction in both inlet
and aft far fields.

To evaluate the effect of the OTR acoustic treatments in a higher bypass ratio (BPR) turbo-
fan, two liner concepts were tested in the Pratt & Whitney Advanced Ducted Propulsor
(ADP) as it is representative of an ultra-high bypass ratio, low tip speed turbofan engine
[27]. One foam metal liner had the metal foam exposed on the flow surface and the other
had a perforated rigid plastic resin rub surface; both were compared with a conventional
rigid hard wall baseline. It was found that the OTR with a cover sheet showed an Overall
Sound Pressure Level (OASPL) reduction of around 1 to 2 dB for this high bypass ratio
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hardware, which is lower than found in the previous experiments. However, the treat-
ment with the exposed metal foam produced more noise than the hard wall baseline case,
around 1 dB higher.

A Williams International FJ44-3A was used as a test bed at NASA GRC to assess the ef-
fect on the performance of foam metal OTR liners in a high-speed turbofan engine and
its noise reduction benefits were compared against a hard wall baseline and to typical
SDOF liners designed using standard methodologies [19, 28]. The noise reductions ob-
tained with the SDOF liners located at a conventional inlet position (12-inch long) were of
similar magnitude to those obtained with the much shorter (2-4 inch) foam metal liner in-
stalled over-the-rotor, suggesting potential source modification effects. Up to 5 dB noise
reduction in inlet Power Level (PWL) was achieved below fan tip sonic speed, with a total
OAPWL reduction of 2.5 dB. The use of circumferential grooves in the OTR liners showed
a smaller performance penalty, which is explained in the following pages. However, it
was found that grooves generate additional broadband noise that is not fully attenuated
by the OTR liner [34].

The reduction in aerodynamic performance penalty observed in previous publications
[30] was attributed to the circumferential grooves in the casing installed over the fan tip
and its effect on reducing the dynamic pressure on the acoustic treatment, as detailed
in the next subsection. This lead to testing of liner designs consisting of a casing of cir-
cumferential grooves integrated with various acoustic treatments [5]. These tests were
developed aiming to improve understanding of the physical mechanisms of noise reduc-
tion using OTR acoustic treatments to improve the Technology Readiness Level (TRL) of
various OTR liner designs in the ANCF [31] and in the W-8 Single Stage Axial Compres-
sor Facility [5], both installations at NASA GRC.

In the ANCEF tests, the liner designs were (1) compared against a hard-wall baseline, (2)
installed in OTR configuration and in the inlet to assess the relative importance of the
physical noise suppression mechanisms and (3) tested with and without static vanes to
investigate the impact of this concept in reducing the rotor-stator interaction noise. The
best liner concept achieved the noise reductions of up to 3dB. The thin face sheet was a
common factor in the designs with higher noise reduction. Some treatments showed an
increase in noise when comparing the results of rotor-alone vs rotor-stator, which was

attributed to an increase in strength of the rotor tip vortex impinging on the stator vanes.

The results from the W-8 Single Stage Axial Compressor showed a net benefit of the OTR
liner designs of 2.5-3.5 dB of reduction in the PWL of the forward propagating modes. A
noise penalty of 2.5-6 dB from the circumferential grooves was present between 4-8 kHz
at low fan speeds. The impact of the grooves at high fan speeds was found to be minimal
[5]. Recent Grazing Flow Impedance Tube tests at NASA showed that the additional
groove noise is likely to be cavity tones/resonances that are clipped by the fan [37].
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1.1.3 Aerodynamic Performance

The aim of reducing the noise generated by the engine needs to be traded off against
any loss of aerodynamic performance. A number of investigations have been developed
to assess the effect of the OTR liner concepts on the aerodynamic performance of the
engine and to optimize the design for a minimal aerodynamic penalty while presenting
the desired noise reduction [19, 29, 30].

In one of the investigations [29] two OTR metal foam liners where tested, one that had
the metal foam exposed on the flow surface and the other with a perforated rigid plastic
resin rub. Both were compared to a conventional rigid hard wall baseline. The OTR
perforated rub strip showed a drop in performance with respect to the baseline case with
a loss in adiabatic efficiency from 2.7% to 4.0% as the speed increases. The exposed metal
foam OTR showed even worse performance, with a loss in adiabatic efficiency from 6.8%
at 55% speed to 9.3% at 100% speed. Better results were obtained in the tests of FML
OTR on the Williams International FJ44-3A [19], which showed a reduction of 1-2% in the

engine performance, a significant improvement over previous tests.

Further work was undertaken to quantify the impact of OTR liners with circumferential
grooves with respect to a baseline hard wall rub-strip in the aerodynamic performance
of a turbofan rotor [30]. The variation in pressure ratio, fan temperature ratio and fan
adiabatic efficiency were used to quantify the performance loss. The fan pressure ratio
was not affected by the OTR treatment. However, the fan temperature ratio near the
blade tips increased, with a rapid rise near sonic tip speeds. The adiabatic efficiency loss
was 0.75%, indicating a benefit from using the circumferential grooves in the OTR liner
designs to minimize the loss of aerodynamic performance. Further tests evaluating the
acoustically treated circumferential grooves [32] found the loss in adiabatic efficiency to

fall within the measurements repeatability margin.

1.2 Fan noise sources

Fan noise in turbofan engines can be broadly divided into tonal and broadband depend-
ing on the nature of the noise source physical mechanisms. Tonal noise is related to the
periodic rotational motion of the fan blades whilst broadband noise is attributed to the
pressure fluctuations created by unsteady turbulent flow. A brief overview of the main
turbofan tonal and broadband sources is given below based on the work presented in
[3, 16, 35, 38, 39] and following the categorization given by Peake and Parry [35]. A
sketch of the main fan noise sources covered in this section is shown in Fig. 1.3. Tonal

and broadband noise source mechanisms are depicted in green and blue respectively.
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Nacelle turbulent boundary layer (BL) Tip gap vortices
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Figure 1.3: Main flow features and fan noise source mechanisms, adapted from [2].

Broadband noise sources located in the vicinity of the fan proximity liners are of special
interest for this work since they can be subjected to source modification effects caused by
a porous boundary condition in the near field of the source. Candidate rotor blade-based
sources are the trailing edge noise and fan-boundary layer interaction noise radiated from
the blade tip region and tip gap noise. As mentioned previously, a recent study [32]
suggests that OTR liners can also affect the fan-OGV interaction noise by reducing the

turbulence intensity in the fan wake.

1.2.1 Tonal noise
Fan self-noise

Tonal self-noise is produced by the steady periodic forces that the rotating fan blades ex-
ert on the fluid as a reaction of the steady blade loading. This steady forces in the rotating
frame of reference generate a disturbance at the blade passing frequency (BPF) B(), where
B is the number of identical, equally-spaced blades and () the rotation frequency of the
shaft. The time-harmonic modal pressure field generated contains modes of azimuthal
orders that are multiples of the number of blades, m = nB, at harmonics of the BPF,
w = nBQ. A direct consequence of this result is that, for an isolated rotor, the relative tip
Mach number must be supersonic for any mode to propagate and therefore to efficiently
radiate sound.
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Figure 1.4: Typical turbomachinery sound power spectra [3]

However, if the fan tip speed is supersonic non-uniformities in the blades such as profile,
spacing or stagger angles can induce variations in the strength of the shock waves devel-
oping upstream around the blades. Then, noise will be radiated not only at multiples of
the BPF, as it would in an ideal (supersonic) uniform fan in a uniform flow, but also at all
multiples of the shaft rotation frequency (buzz-saw tones). This can be observed in Fig.
1.4b, where a typical sound power spectrum is depicted for supersonic tip speed.

Fan-OGVs interaction

The wakes generated by the fan present steady mean components and unsteady fluctuat-
ing components. The identical mean blade wakes shed from each blade are steady in the
rotating frame of reference and produce a periodic rotating field in the stationary OGVs
frame of reference with azimuthal orders multiple of the number of fan blades, m = nB.
The unsteady components are caused by the turbulence within the wakes and produce
broadband noise when interacting with the OGVs, as outlined in 1.2.2.

The tonal noise produced by the interaction of the fan wakes with the OGVs was mod-
elled by Tyler and Sofrin [40]. The source frequency is again at multiples of the BPF,
w = nB(Q), due to the fan wakes impinging on the stator blades, but now the azimuthal
modes orders are m = nB 4 [V, where V is the number of OGVs and [ is an integer. Note
that the azimuthal interaction modes are not steady in the rotating frame of reference
and they can propagate even at subsonic fan tip speeds, resulting in the dominant tonal
source at this regime. These tones are depicted in Fig. 1.4a for a typical turbomachinery
sound power spectra with subsonic tip speed. With an appropriate choice of fan blades
(B) and OGVs (V) such that V > 1.1(1 + M;)nB, a target n'" BPF harmonic and the lower
harmonics are cut-off over the entire subsonic fan tip speed range.
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Steady flow distortion

The turbofan engine nacelle is often scarfed or drooped to accommodate a non-zero angle
of incidence in flight [41]. These nacelle design features, including non-circular intakes
in some large engines to meet ground clearance requirements, lead to non-axisymmetric
mean flow upstream of the fan. Therefore, the flow that the fan encounters is non-uniform
in the circumferential direction, with azimuthal components unsteady in the rotating
frame of reference that induce loads variations on the fan blades and generate tonal noise.
Depending on the azimuthal periodicity of the flow distortion the tones are analogous to
those predicted by Tyler and Sofrin for rotor-stator interaction [40]. This is also the case
for the scattering of fan tonal noise by liner splices, which break the azimuthal symmetry
of intake liners [42-44].

1.2.2 Broadband noise

Fan self-noise

The dominant source of fan self-noise is the trailing edge noise, caused by the local inter-
action of the eddies within the turbulent boundary layer generated on the suction surface
of the fan blades with the trailing edge. This noise mechanism was described by Ffowcs
Williams & Hall [45] and showed the aerodynamic noise amplification of turbulent flows

in the presence of surface edges.

Tip clearance noise can also be considered as fan self-noise, although it is not clear how
significant it is among other noise sources [46]. The pressure difference in the suction
side and the pressure side of the fan blades creates a jet-like flow through the tip gap
that rolls up into a tip leakage vortex (TLV). The source mechanism is attributed to the
interaction of the jet-like flow with the blade tip edge and to the scattering by the tip edge
and/or the trailing edge of the unsteady perturbations induced by the tip vortex. Recent
computational work has shown that TLV noise can also generate noise at certain engine

operation conditions by impinging on the adjacent blade leading edge [47].

Fan broadband interaction noise

The common noise generation mechanism of fan broadband interaction sources is the
unsteady load fluctuations caused by the interaction of incoming turbulence with the fan
blade or the OGVs. These can be categorised as follows:

¢ Fan-boundary layer interaction: Due to the very small fan tip clearance of typical

turbofan engines, the fan blade tips are immersed into the turbulent boundary layer.
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The eddies within the boundary layer interact with the blade surface and generate
sound by inducing unsteady load fluctuations.

e Fan-OGVs interaction: As mentioned above, the wakes generated by the fan present
fluctuating components caused by the turbulence within the wakes. These fluctu-
ating components produce broadband noise when interacting with the OGVs and

constitute the dominant source of broadband noise.

e Turbulence ingestion: The interaction of turbulence structures in the free stream
upstream of the fan with the leading edge of the fan blades induce random un-
steady loads on the blades that generate broadband noise. The atmospheric free
stream turbulence levels are generally much lower than those in a static test rig.
This motivated the use of inlet turbulent flow control screens to be able to replicate

the in-flight atmospheric environment in static tests.

1.3 Modelling of noise sources

The analytical models for fan noise are often based on some form of acoustic analogy in
which the sound field is governed by a non-homogeneous wave equation and the com-
plex aerodynamic sound generation mechanisms are represented as equivalent acous-
tic sources. The first aero-acoustic analogy was introduced by Lighthill [48] and was
later generalised by Ffowcs Williams and Hawkings [49] (FWH) to include moving solid
boundaries that can represent the fan blades. Goldstein [50] extended the FWH analogy
by replacing the free-field Green’s function with that of an infinite hard wall duct with
uniform axial mean flow. Further extensions have been proposed using the Green’s func-
tion for a hollow or annular lined duct with uniform mean flow [51] and swirling flow
[23, 36, 52].

A large amount of work has been done in modelling the tonal and broadband fan noise
sources. The equivalent acoustic sources in the acoustic analogies can be described by
distributions of static or rotating sources, like monopoles and dipoles, with specified spa-
tial and frequency correlations distributed over the blades. Moreau [2] gives a review of
the state-of-the-art analytical and numerical methods for turbomachinery noise predic-
tion categorised by tonal and broadband noise. However, this section will only review
the fundamental formulation of the wave equation and of simple point sources in free-
field and their physical meaning. Although this formulation can be found in the open
literature it is a useful introduction for Chapter 4, which describes the Green’s function
formulation adopted in this work and the related literature review regarding the mod-
elling of the source strength and correlations.
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1.3.1 The wave equation

The starting point for most acoustic propagation problems is the homogeneous wave
equation. By assuming a homogeneous, adiabatic (no heat exchange) and frictionless (no
viscosity) fluid with uniform entropy, i.e. homentropic, the Euler equations governing
the fluid dynamics of the medium can be written in the form:

e Conservation of mass:

Dp _

ﬁ—kpv-u—o , (1.1
e Conservation of momentum:

Du
oo Vp=0 (12)

e Conservation of energy:

Dp _

ﬁ~|—'ypV~u—O , (1.3)

where Eq. 1.3 is derived from combining the conservation of mass (Eq. 1.1) with the

equation of state
Dp _ Dp

Dt~ Dt ’ a4
and assuming a perfect gas governed by
pt=qp , (1.5)

where p, p, u and <y are the density, pressure, velocity and specific heat ratio of the fluid
respectively, c is the speed of sound and D% denotes the material derivative (time deriva-
tive moving with the flow): % = % +u-V.

The pressure and density fluctuations around a steady state caused by sound waves are
generally very small. In such cases, the Euler equations can be simplified by linearisation.
This assumption would not hold in cases where the amplitude of the fluctuations is very
high, such in the shock systems that cause the buzz-saw tones in turbofan engines. For
the linearisation it is also assumed that the flow can be decomposed into a steady base

flow, po, po, o, plus unsteady small amplitude perturbations, p’, p’, u':

p(x,t) = po(x) +p'(x,t)  p(x,t) =po(x) +p'(x,t)  u(xt)=uo(x)+u'(x1)
(1.6)

By introducing the flow decomposition into Eq. 1.1-1.3 and discarding the non-linear
terms, the following set of linearised Euler equations is obtained:
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e Conservation of mass:

D /
aotp + V- (pou' +p'ug) =0 (1.7)
e Conservation of momentum:
Dou, ,Douo ) /
. = 1.
POy +p O +p0 (' - V)uy+Vp' =0 , (1.8)
e Conservation of energy:
DOP, ’ ’ / _
on + (' - V) po+ypoV -t +4p'Veug=0 , (1.9)

where the material derivative % is defined as % = % +uy- V.

Assuming that the perturbations do not affect the base flow, one could use the base flow
as an input to Eq. 1.7-1.9 and then solve the acoustic problem. The base flow can be
obtained from simplified models (stagnant fluid, uniform flow, etc.), numerically using
CFD (RANS, LES, etc) or from measurements. Only the simple model of uniform flow is
descried here since it forms the basis for work in subsequent chapters.

Considering that the base flow is uniform, i.e. po, po, #o,co are constant, the linearised
Euler equations (Eq. 1.7-1.9) can be further simplified to:

e Conservation of mass:

Dy’ ,
Ty = 1.1
Dt +p0V -u 0 , (1.10)
e Conservation of momentum:
Doul /
= 1.11
e Conservation of energy:
Dop/ ’
D +9poV-u' =0 . (1.12)

The homogeneous convective wave equation (Eq. 1.13) can be obtained by manipulating
Eq. 1.10-1.12 to yield

Op/ _ C2V2 ! O
=5 Vi =0, (1.13)

where ¢ is the speed of sound in the fluid defined in Eq. 1.5. Details of the complete

derivation of the generalised linearised wave equations can be found in [50, 53].

It is common in acoustics to consider a time-harmonic sound field of the form p’(x,t) =

p'(x,w)el“!. Then, the wave equation in Eq. 1.13 is simplified into the convective Helmholtz
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equation:

Vi — (jk+M-V)p =0 , (1.14)

where k = w/cy is the wave number and M = ';—8 the base flow Mach number.

1.3.2 Simple sources

The solutions of the homogeneous wave equations give mathematical forms of sound
waves that can exist in the fluid in the absence of boundaries. These can be used to deter-
mine how the sound propagates within the fluid, but they do not provide any information
of how the perturbations are generated.

The acoustic field can be physically excited by different kinds of sources including injec-
tion of an unsteady mass, external forces (momentum), external stresses or an external
unsteady heat source. These noise generation mechanisms represent the right-hand-side
of the acoustic analogies. This section is limited to the injection of mass (or volume dis-
placement) and momentum since these are the dominant mechanisms in fan noise: the
so-called thickness noise and the unsteady loads normal to the rotor blade surface respec-

tively.

If the assumptions made to obtain the homogeneous wave equations are now modified
such that a mass injection (or displacement of volume) and an external force can be ap-

plied to the fluid, the equations of conservation of mass and momentum are now [53]:

e Conservation of mass:

Dp
X oVu=m (1.15)
e Conservation of momentum:
Du
—_— = 1.1
o T Vp=f , (1.16)

where f is an external force per unit volume and m is the rate at which mass is injected

per unit volume.

Following an analogous linearisation process the following form of the inhomogeneous
convective wave equation can be obtained:
1 D?p’ »,  Dm

The terms on the right-hand side are the source terms that excite the acoustic field. The
solution of Eq. 1.17 and the mathematical representation of these sources in a hard wall
or lined duct play a key role in the modelling of Over-Tip-Rotor liners, which is described
and analysed in detail in Chapter 4.
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1.4 Research objectives and original contributions

The lack of full understanding and consensus on the physical mechanism of noise re-
duction using OTR acoustic treatments and the need for a prediction method to esti-
mate the optimum surface impedance for OTR liners has been identified in the literature
[19, 28, 33, 34].

The modelling of Over-Tip-Rotor liners is a challenge due to the high complexity of the
physics involved. The sound generation, propagation and attenuation in the vicinity of
the fan are each a complex problem on their right. The sources of sound are a combination
of tones of the blade passing frequency and aerodynamic broadband sources that can be
divided into self-noise (trailing edge noise and tip clearance noise) and interaction noise
(fan-OGYV interaction and tip-BL interaction). The suggested modification of the sources
by the liner and the expected high-pressure fluctuations acting on the liner surface make
the modelling of the propagation and attenuation non-trivial, involving non-locally react-
ing cavities and non-linear effects. If the tip relative Mach number is supersonic, shock
waves would be present adjacent to the liner increasing the difficulties of impedance pre-
diction. In addition, the swirling flow component of the mean flow transitions as it flows
through the fan stage, from a practically axial mean flow upstream of the fan to a combi-
nation of axial and a significant swirling flow component downstream in the interstage

region.

This thesis aims at improving understanding of the noise reduction of OTR liners trough
a simplification of the problem described above such that analytical prediction methods
can be developed to guide the choice of low-TRL fan proximity liner designs for optimal
noise reduction. The objectives can be divided into three groups:

1. Analytical modelling: Development of an analytical prediction model for the noise
reduction performance of OTR liners. The model should include the modelling of
the fan sources and the coupling with the OTR liner, the matching of the solution in
sections of the duct with different impedance boundary conditions and the convec-

tive effects of mean flow.

2. Numerical verification: Development of numerical simulations to verify the analyt-
ical tools required for building the OTR prediction model including the modelling
of source proximity effects, unconventional impedance models and mode-matching

in the proximity of a point source.

3. Experimental validation: Comparison of the analytical noise reduction estimates
with published OTR experimental data to validate the analytical OTR prediction
model. Performing fundamental experiments to complement and support the find-

ings obtained with the numerically verified analytical prediction model.
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The work presented here rely on well-established methods that have been extended or
modified to provide a better understanding of OTR liners and a prediction model for
their noise suppression performance. The approach taken in the project has been mainly
analytical, aimed at developing models that simplify the complex physics, yet being rep-
resentative of the acoustic problem. Uniform axial mean flow has been assumed through-
out the formulation, limiting the prediction tools to fan case liners and OTR liners, the lat-
ter representing a bolder assumption. A linear propagation model is assumed and hence
OTR liner effects on supersonic fan noise is also outside the scope of this work. The main
assumptions of the proposed model are summarised in Table 1.2.

Table 1.2: Main assumptions of the analytical OTR liner prediction model.

Geometry Axially segmented hollow circular duct

Propagation Linear

Mean flow Uniform or “plug’ flow

Impedance  Ingard-Myers boundary condition and locally or ‘semi-locally” reacting
liners

Source Point/distributed stationary /rotating monopoles and dipoles

The analytical models presented here are cross-verified with selected numerical high fi-
delity FEM simulation results obtained with the software Simcenter 3D acoustics and are
compared to experimental NASA OTR data. To complement the analytical work, wind
tunnel experiments have been conducted during a secondment at ECL where the rotor
and OTR liner were represented by a static aerofoil with its tip located over a flat plate
containing a flush-mounted lined insert and separated from the airfoil tip by a small gap.
The key achievements and original contributions are listed below:

1. Experimental investigation of the performance of Over-Tip liners in reducing the
noise of an airfoil over a flat surface, including the study of the effects of source
proximity to the liner.

2. Modelling and numerical FEM cross-verification of acoustically treated circumfer-
ential grooves with a semi-locally reacting analytical impedance model, that is lo-
cally reacting in the axial direction and non-locally reacting in the azimuthal direc-
tion.

3. Study of the impact of the source proximity to a hard/lined wall on the power
output of ducted sources, including the effect of the liner impedance, radial source
position and excitation frequency.

4. Development and numerical FEM cross-verification of an extended mode-matching
analytical method to include noise sources close to and within the lined section

and reflections from an inlet termination applicable to OTR and fan case liners,
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including the assessment of ‘back-reaction” effects on the source due to its proximity

to the matching interface.

5. Development of an analytic acoustic model to predict the performance of OTR liner
designs also applicable to fan case liners. An attempt to validate the analytical
model is presented by comparing the predictions with experimental data from the
NASA W-8 test rig. The prediction model is then used in a simple design study
to illustrate the potential benefits of OTR liners in the next generation of turbofan

engines.

1.5 Outline of contents

This report consists of seven chapters, structured in a way that aims to answer the objec-
tives of this thesis and reflect the different areas of acoustics necessary to build a predic-
tion model for Over-Tip-Rotor liners. In particular, the contents of each chapter can be

summarised as follows:

o In Chapter 1, a literature review about OTR liners and the basics of fan noise sources
and their modelling is presented. It also includes the motivation, objectives and

original contributions of this research.

e An experimental study of a simplified configuration for Over-Tip Liners is pre-
sented in Chapter 2, focused on improving understanding of the noise reduction
performance of OTR liners and showing the impact of the proximity of the noise

sources to the acoustic treatment.

e Chapter 3 is focused on impedance modelling. It starts with a review of the ba-
sic impedance boundary conditions for duct acoustics and the modelling of SD-
OF/DDOF locally reacting liners. The core of the chapter is the development of
an analytical model to predict the effective impedance of acoustically treated cir-
cumferential grooves and the cross-verification of the analytical models with FEM

numerical simulations.

¢ Anintroduction to analytical duct acoustics and Green'’s functions for circular lined
ducts with uniform mean flow is given in Chapter 4. The chapter includes the
formulation of static and rotating distributions of point sources and is then focused
on the impact that the source model, the impedance boundary condition and the

source radial location have on the source power output.

e The mode-matching method is introduced in Chapter 5 for a cylindrical finite lined

duct section matched to infinite hard wall duct extensions. The analytical model
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1.6

is then extended to include sources close to and within the lined duct section and
reflections from an inlet termination, which are verified with FEM solutions.

In Chapter 6, all the modelling work described in the previous chapters comes to-
gether to obtain a simplified prediction model for OTR and fan case liners. The
liner performance estimates are compared with experimental data from the NASA
W-8 test rig to validate the analytical prediction model, which is then applied to a
‘design’ engine to show the potential benefits of OTR liners in the next generation

of turbofan engines.

The main conclusions and future work are summarised in Chapter 7.
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Published experimental work (Section 1.1.1) suggest that the distinct feature of OTR liners
with respect to conventional intake or bypass liners is the noise reduction through source
modification. That is, modifying the way the source generates sound due to its proximity
to a lined or porous surface. The aerodynamics of the flow in the tip gap region of a
turbofan engine and the potential modifications that the flow structure may suffer as a
result of the lined surface is a complex problem out of the scope of this thesis. Instead, the
approach taken here is to make use of an acoustic analogy, with the implicit assumption
that the base flow is known and is not influenced by the acoustic sound filed. Therefore,
references to source modification effects do not mean changes in the base flow but purely
acoustic back-reaction effects on the source.

It is well known that the field generated by an acoustic source depends on the boundary
conditions. The presence of rigid or porous surfaces, the distance from the source to the
surface and the source excitation frequency affect the power output and the directivity
pattern of the noise source. These effects are studied here for simplified configurations
and analysed for ducted sources in Chapter 4.
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The rotor-blade broadband self-noise sources of special interest for the modelling of fan
proximity liners are trailing edge noise and tip leakage noised due to its proximity to the
acoustic treatment. Trailing edge noise is caused by the local interaction of the eddies
within the turbulent boundary layer on the suction surface of the fan blades with the
trailing edge. Tip clearance noise is associated with the jet-like flow through the tip gap
driven by the pressure difference between the suction side and the pressure side of the
rotor blades that rolls up into a tip leakage vortex (TLV). The main source mechanism of
tip gap noise is attributed to the interaction of the turbulent structures in the jet-like cross-
flow with the blade tip suction side edge and the scattering by the tip edge and/or the
trailing edge of the unsteady perturbations induced by the tip vortex [46, 54, 55]. Recent
LES simulations of the experimental set-up tested in [46, 54] have shown agreement with
the experiments and identified the former noise mechanism as dominant employing an

acoustic decomposition [56].

The aim of this chapter is to improve understanding of the noise reduction performance
of OTR liners through a fundamental experimental evaluation. The fan rotor and OTR
liner are represented here by a static airfoil with its tip located over a flat plate contain-
ing a flush-mounted lined insert and separated from the airfoil tip by a small gap. With
this configuration, the noise reduction mechanisms related to gap noise can be studied
separately from other noise source mechanisms in the engine. It also means that the
measurements can be performed in an open jet, permitting the use of far-field and noise
localisation measurements. Previous work on the aeroacoustic assessment of tip leakage
noise sources in a similar set-up was performed by Jacob et al. [46] and Grilliat et al. [54],
who showed that the incoming flow combined with the camber of the airfoil and its an-
gle of attack, creates a jet-type cross-flow through the tip gap that resembles the noise
generation mechanism of a tip vortex. This idea is used here to assess the performance of
acoustic liners in reducing such noise source mechanisms, either by modifying the source
and/or attenuating the noise as it propagates over the liner, and to relate the findings to
OTR acoustic treatments. The performance of Over-Tip liners in suppressing airfoil noise
sources in the absence of a tip gap, such as trailing edge noise, is also explored. The
analysis is based on differences in measured far-field sound spectra combined with spi-
ral microphone array localisation techniques to quantify the contribution of each source
region to the measured noise spectra. This experimental approach has been recently ap-

plied to characterise the noise sources in a swept airfoil with a free tip in [57].

A second experimental evaluation was also conducted to further simplify the problem
and confirm the findings related to the source proximity effects on the power output
and directivity pattern of point sources. The test consists of a single-frequency artificial
monopole-like source located over a finite hard /lined insert and the results are compared
with analytical predictions for a point source over an infinite flat lined plane in Section
2.5. A third experiment in which the airfoil tip was modified by drilling two holes at the
tip of the airfoil was explored (Appendix A). The holes are acoustically excited by the
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grazing flow and produce a near tonal noise that dominates the acoustic spectrum. The
tests were unsuitable for the purposes of this study due to the sensitivity of the cavity

excitation to the problem variables and hence are not covered here.

The structure of this chapter is as follows. In Section 2.1 the experimental set-up of the
two experimental tests and the Over-Tip liners are described. The airfoil gap noise gen-
eration and the liner noise suppression for a fixed test case are analysed in Section 2.2
and Section 2.3 using differences in far-field sound spectra and in radiated source power
respectively. A parametric study is described in Section 2.4, which includes the scaling of
gap noise with the free-stream velocity, the effect of gap size and airfoil loading, the use
of different liner configurations and of trailing edge feathers. A comparison of the exper-
imental results of both experiments with an analytical point source model is described in
Section 2.5.

2.1 Experimental set-up

2.1.1 Wind-tunnel set-up

The acoustic measurements presented in this chapter were performed in the low-speed
open-jet anechoic wind tunnel of Ecole Centrale de Lyon (ECL), which has been described
in detail elsewhere [58, 59]. A rectangular nozzle with a vertical exit cross-section of 15
cm x 30 cm delivers a uniform flow, at velocities ranging between 19 m/s to 32 m/s, into
an anechoic chamber of 4 m x 5 m x 6 m. The contraction ratio of the nozzle is 2:1 from
an initial section of 30 cm x 30 cm. The set-up for the two experimental evaluations are
described below.

A. Static airfoil

A cambered airfoil NACA 6512-10 with a chord of ¢ = 13 cm is held vertically between
two horizontal plates. The upper end of the airfoil is placed in a slit disc inserted in the
upper plate such that the angle of attack can be varied by rotating the disc and the gap
adjusted by simply slipping and locking the airfoil in the upper disc. A hard wall or a
liner insert was flush mounted in the lower support, in direct contact with the cross-flow
within the gap. The set-up with and without the airfoil is shown in Fig. 2.1a-2.1b.
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'\ Flush ‘mounte‘;d* pE——
liner

Figure 2.1: Over-tip liner test set-up: (a) Full set-up with the airfoil and (b) Support plates
with a flush mounted liner.

B. No-flow artificial point source

This experiment consists of an artificial single frequency point source located over a (fi-
nite) hard/lined insert, as shown in Figure 2.2. An external speaker isolated inside an
acoustically treated box generates a sinusoidal signal of a prescribed frequency that prop-
agates through a tube connected to a straight probe. The plane wave propagating through
the tube generates a monopole-like source at the end of the probe, which can be displaced
vertically to adjust the distance between the point source and the hard/lined surface. The

wind tunnel is not in operation for this test.

Junction | Tube from speaker

Point source .
: Microphone array

Hard/lined
surface

Figure 2.2: Experimental set-up of the no-flow point source test.
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2.1.2 Over-Tip liners

Simple SDOF cavity liners were used in both tests so that well-established models could
be used to predict the liner acoustic impedance. Non-linear effects were not expected
due to the low sound pressure levels incident on the liner inserts. Three wire meshes
of different acoustic resistance were bonded directly to a honeycomb structure with a
cavity depth of h=2 cm using spray adhesive to minimise blockage. Impedance tube
tests of liner samples were performed using a Bruel & Kjaer two-microphone impedance
measurement tube type 4206. The specific resistance (R) and mass reactance (m,) of the
liners, shown in Table 2.1, are obtained by curve fitting of the impedance tube results to
Eq. 2.1 [60], where k is the wavenumber. The measured acoustic impedance and normal
incidence absorption coefficient (Eq. 2.2) and the corresponding fitted curves are shown

in Fig. 2.3. The notation e/“* is used here.
Z = R+ j[myk — cot(kh)] . (2.1)

4R
(R + 1)2 + [m,k — cot(kh)]?

(2.2)

K =

Table 2.1: Specific acoustic resistance and mass reactance of each liner configuration.

Liner ID 4 5 7
R 1.11 0.36 1.47
m, 047cm 030cm 1.83cm
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Figure 2.3: Characterisation of over-tip liner impedance. In (a) dashed lines are the spe-
cific acoustic resistance and solid colour lines the specific acoustic reactance. In both
figures the black lines are the curve-fitted values.



24 Chapter 2. Experimental study of a simplified configuration for Over-Tip Liners

2.1.3 Far-field and spiral microphone array

The acoustic far-field was measured on a portion of a sphere with coordinates (R,6,¢) em-
ploying a rotating vertical arc of six microphones B&K 1/2” type 4189, equally spaced
along the arc from ¢ = 0 deg. (mid-span plane) to ¢ = 75 deg., as shown in Fig. 2.4a.
The array, of a radius of R = 1.25 m, was aligned with the airfoil LE and is fixed to a
remote-controlled rotating table to modify the azimuthal angle 0 of the meridian plane.
Appropriate values of ¢ and 6 were used to minimise the noise scattered from the sup-
port plates and the hydrodynamic pressure of the wind-tunnel jet respectively. Spurious
reflections or scattering measured on the microphones due to the components of the arc
array itself are addressed by the spectral difference procedure described in Section 2.2.
All far-field acquisitions were made with an external unit PXI-036, averaging over 30
samples of 1 second, with a sampling frequency of 51.2 kHz and a bandwidth of 1 Hz
over the frequency range 0-25.6 kHz.

The spiral microphone array shown in Fig. 2.4b, consisted of 81 sensors and was located
0.55 m away from the airfoil and parallel to the flow direction. The mean polar-azimuthal
array aperture is about 48 deg. relative to the mid-span and leading edge position of
the airfoil. The post-processing technique to localize the noise sources and provide rel-
evant power level spectra for each source is based on a deconvolution algorithm called
CIRA, implemented in LMS software under a MicrodB license; a description of the CIRA
method can be found in [61]. The practical aspects concerning the low-frequency spa-
tial resolution limits and the correction for the apparent flow displacement caused by the
flow convection have been addressed in [59].

-
=

g

(a) Far-field microphone arc array [59] (b) Spiral microphone array as viewed from the air-
foil

Figure 2.4: Far-field and spiral microphone arrays used in the experiments.
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2.2 Differences of Far-Field Sound Spectra

The quantification of the noise reduction of a particular airfoil-noise source mechanism in
the presence of other background noise and additional sources has to be treated carefully
to avoid misleading noise reduction spectra, as noted in [57-59]. The background noise
sources include noise radiating from the wind tunnel upstream of the contraction, the
noise generated by the flow at the edges of the nozzle, noise diffraction at the edges of
the support plates and jet mixing noise. Therefore, to isolate airfoil-noise sources, the
background noise contribution is assumed to be uncorrelated with the airfoil noise and is
removed by subtracting the dimensional noise spectral density measured without airfoil
from the total sound spectral density with the airfoil.

To measure the reduction of gap noise using an over-tip liner, it is necessary to separate
the contributions of gap noise from that of trailing edge noise (TEN) in the total mea-

sured spectra. To measure the contribution of TEN, a zero-gap hard/lined baseline case

H/L
pp.gap

by subtracting the dimensional noise spectra of the baseline case (Slzfp// L gap) from the total

H/L
5 pp,total

hard (H) and lined (L) configurations and the procedure already removes background

is used (i.e. where gap noise is absent). The gap noise contribution (S ) is obtained

measured spectra ( ), as shown in Eq. 2.3. The subtraction is performed both for the
noise sources. The analysis bandwidth of the far-field measured auto spectral densities
(Spp) has been set to 32/64 Hz to avoid the large high-frequency scatter due to statistical
errors. The reduction of gap noise (PSDg,p IL) and total noise (PSDyytq IL) is obtained
following Eq.2.4-2.5.

PSDE/L = 101og, (sgp{gap) = 101og,, (SI;;Ip/,::)tal —sHL gap) . (2.3)

This experiment presents a multi-variable problem: (1) the gap size, (2) the geometrical
angle of attack (AoA), (3) the flow speed (M) and (4) the impedance of the hard/lined
insert. The results presented in this section and Section 2.3 are limited to a fixed gap size
of e = 5 mm, AoA = 18 deg. and U = 27 m/s for a hard wall reference case and two
liner configurations (ID4-5). The baseline case required to isolate the gap noise in each
configuration is performed for e = 0 mm, AoA = 18 deg. and U = 27 m/s. All references
to AoA refer to the geometrical angle between the nozzle exit and the airfoil chord line
and does not account for the jet deflection due to the airfoil. The far-field results presented
in this section have been obtained from the mid-span microphone of the arc array and on
the pressure side of the airfoil, that is (¢,0) = (0, —90) deg.. Note that the spiral array
used for the source localization and extraction procedure of Section 2.3 is located on the
suction side of the airfoil.
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The total PSD measured for a selection of cases is shown in Fig. 2.5a. Small variations
between the baseline (hard + no gap) and reference (hard + gap) cases can be observed
up to 5 kHz. That is, below this frequency the spectra is dominated by TEN, whereas
above 5 kHz gap noise becomes significant. A discussion on the physical mechanisms of
gap noise, which also includes TEN, is given in Section 2.4. The resulting PSD gap noise
spectra for the hard wall and lined cases after the subtraction of the TEN and background
noise are shown in Fig. 2.5b. At those frequencies where TEN dominates over gap noise
the difference of S, with and without gap can be very small, resulting in zero or nega-
tive values after the subtraction and hence does not permit an accurate assessment of the
gap sources at those frequencies. This is less of a problem for frequencies higher than 5
kHz, where the gap noise spectra for the hard and lined cases can be isolated. However,
high variability in the isolated gap noise spectra for the lined configurations is observed
over 12-15 kHz and 18-20 kHz due to, effectively, measuring the background noise with
and without the gap. That is, the PSD levels of the baseline (hard + no gap) and lined
(with gap) configurations are of similar magnitude than the background noise over those
frequency ranges, as shown in Fig. 2.5a.
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(a) Total measured PSD spectra (b) Gap noise reduction spectra

Figure 2.5: Measured total PSD and isolated gap noise PSD spectra
The noise reduction due to the over-tip liners, the PSD Insertion Loss (PSD IL), can now

derived by taking the difference, in dB terms, of the PSD levels in Fig. 2.5a and 2.5b, as
indicated in Eq. 2.4-2.5.

PSDgopIL(dB) = PSDY,, — PSDL,,, = 101ogy (S, 50 ) — 1010810 (Shygep) - (24)

PSDyoiailL(dB) = PSD{gy, — PSDliyyy = 1010gyg (Shh o) — 1010810 (Shpora) - (25)
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The resulting gap noise reduction spectra and the normal incidence absorption coeffi-
cient for each liner are shown in Fig. 2.6a and Fig. 2.7 respectively. Three humps can
be observed in the noise reduction spectra that can be broadly related to the resonances
and anti-resonances of the liners. The normal incident absorption curves show two anti-
resonances at 8.5 kHz and 17 kHz, with peak noise reduction around 11 kHz and 19 kHz.
Although the PSDy, IL achieved with liner ID4 is generally around 1 dB higher than
with liner ID5 (Fig. 2.6b), as expected from the magnitude of the absorption coefficient
curves, the subtraction procedure forces the two PSDg,;, IL spectra to collapse. The results
of this section show that over-tip liners can provide broadband PSD gap noise reduction
of 5-10 dB (Fig. 2.6a), corresponding to 2-3 dB of PSD total reduction (Fig. 2.6b).
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Figure 2.6: Over-tip liner noise reduction performance.
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Figure 2.7: Normal incidence absorption coefficients.
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2.3 Noise localisation and extraction

Corresponding sound power maps can be obtained for each test case and prescribed
frequency range by using the data acquired with the spiral array and the CIRA post-
processing technique, which assumes that the sources are uncorrelated monopoles. How-
ever, the power here is defined as the monopoles source powers integrated over the
source region that is then radiated into the aperture of the spiral array and not the total
power radiated over the sphere surrounding the airfoil. The sources of acoustic power
can be defined as selected spatial areas or regions of interest, such as the trailing and
leading edge of the airfoil or the gap region, to obtain the spectrum of the power radiated
by the sources within that region, subject to the usual resolution limits of the spiral array.

That is, it provides a means of quantifying the contribution of each noise source region.

The results in this section are limited to the zero-gap baseline (hard and lined with ID4)
and the hard wall reference and liner ID4 configurations with a tip gap as described in
Section 2.2. The equivalent sound power maps for these cases are shown in Fig. 2.8 for
three ranges of frequencies of interest based on the analysis of the far-field data: f=[4-6]
kHz, which is expected to be dominated by TEN; f=[6-9] kHz, where both noise sources
may have a prominent role and should capture the first hump of the over-tip liner noise
reduction; and f=[9-12] kHz, which is expected to be dominated by gap noise and capture
the second hump of liner noise reduction. Note that in all the PWL maps the nozzle is
located on the right hand side of the image and the flow goes from right to left.

Starting with Fig. 2.8a, it can be observed that with no gap the dominant source is TEN
centred around the mid-span of the airfoil. A TE contribution towards the tip of the airfoil
can be observed when a tip gap is introduced (Fig. 2.8b), which is attenuated locally in
the vicinity of the liner (Fig. 2.8c). A similar trend can be observed for the range of f=[6-9]
kHz, although the dominant sources when the gap is present are now shifted towards the
tip of the airfoil around the TE (Fig. 2.8e). The over-tip liner mitigates the noise sources
in the gap region but does not affect the TEN radiated from span sections located further
away, as shown in Fig. 2.8f. In the third frequency range, the no gap baseline only shows
weak sources generated at the nozzle exit (Fig. 2.8g). However, with a tip clearance, the
noise sources are much better defined and localized within the gap (Fig. 2.8h) and are
strongly reduced in the presence of the over-tip liner (Fig. 2.8i). It is clear that at this
frequency range the sources located in the gap region are dominant.
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Figure 2.8: PWL maps for the baseline, reference and lined cases for the frequency ranges
of (a)-(c) Af1=[4-6] kHz, (d)-(f) Af>=[6-9] kHz and (g)-(i) A f3=[9-12] kHz.

The definition of the domains for source power extraction is not obvious due to the close
proximity of gap noise and TEN, especially relevant at those frequencies around the
threshold where TEN or gap noise are the dominant sources. A compromise is made
by selecting the gap region and a small part of the TE, here called ‘GAPB’ for GAP-box,
and the rest of the TE, called “TENB’. In should be noted that TEN is the acronym for
Trailing Edge Noise, and TENB is the name for the integration area or box containing
most of the trailing edge. The two areas are defined in red and green respectively in Fig.
2.9a. The power from the full domain and the equivalent integrated power in each area
is shown in Fig. 2.9b-2.9d. The variation in the PWL from TENB between the different
configurations is insignificant (Fig. 2.9d), showing that the noise sources in most of the
TE are independent of the gap flow or the liner and confirms the choice of integration
areas. As expected, the PWL spectra in the GAPB are significantly affected by the prob-
lem variables (Fig. 2.9c). An anomalous behaviour on the power extraction results from

GAPB is observed around 2-3 kHz for the lined configurations. The analysis of the results
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at those frequencies will be drawn from the full domain power spectra of Fig. 2.9b, which
show the same trends as in GAPB but to a lesser extent due to the additional contribution
of TEN.
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Figure 2.9: (a) Definition of the integration areas and (b)-(d) power extracted in different
areas.

An estimation of how much additional noise is generated due to the tip leakage flow can
be obtained by using the power extraction technique, i.e. by subtracting the PWL from
GAPB and from the full domain with and without the gap, as shown in Eq. 2.6. This
operation can be performed both for the hard and lined configuration to assess whether
the presence of the liner affects the noise generation mechanisms. The results shown in
Fig. 2.10 and 2.11 have been filtered with a Savitzky—Golay filter to smooth the data while

maintaining the general trends.

APWLH/H(dB) = PWLE/E — PWLIYL (2.6)
Ignoring the peaks in the lined results from GAPB, it can be observed in Fig. 2.10 that
the noise generated due to the tip leakage flow affects the whole range of frequencies but
is particularly pronounced in the gap region in the range of 6-12 kHz. In this frequency
range, it provides an additional 8-18 dB (Fig. 2.10a) that accounts for 2-3.5 dB over the
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full domain (Fig. 2.10b). However, it does not vary significantly between the hard wall
and the lined configurations and indicates that the noise generation mechanisms are not
modified by the presence of the over-tip liner, at least up to 9 kHz. The full domain PWL
in Fig. 2.10b suggest that the noise generation above 9 kHz is significantly lower in the
lined configuration, which may not have been captured in the GAPB due to the low signal
levels. Note that this procedure and analysis are based on differences of PWLs: although
the trends are the same with a hard or lined insert, the absolute values are smaller in the
lined configuration as shown in Fig. 2.9b-2.9¢c.

20 4
= =
. 16 -
s 2] g
=) =) 9
= =
Aoosl ISy
IQ IQ
) &4
=g N
= =
[al A
0 : : 0 : :
1 5 10 1 5 10
Frequency, kHz Frequency, kHz
(a) GAPB (b) Full domain

Figure 2.10: Quantification of the gap noise generated by the tip leakage flow with the
hard wall and the liner insert.

In the same way, the difference between the PWL for a given gap size (zero or 5mm in
this section) and hard or lined insert quantifies the noise reduced by the over-tip liner (Eq.
2.7), as shown in Fig. 2.11a and Fig. 2.11b for the GAPB and the full domain respectively.
Similar trends to those obtained by differences of the far-field sound spectra are observed
here for frequencies above 5 kHz: the anti-resonance at 8.5 kHz with null noise reduction
and a peak PWL IL around 11 kHz. This approach also gives insight in the frequency
range of 3-5 kHz, where both TEN and gap noise are of similar strength and far-field
differences not reliable, showing that the liner can provide broadband peak PWL IL in the
gap area of up to 5 dB, accounting for 1-2 dB in the full domain. The performance of the
over-tip liner is not significantly modified by the tip-leakage flow, i.e. small variation with
or without a gap, which suggests that the liner suppresses the noise sources located in its
vicinity whether they are TE or gap noise sources. The noise reduction in the absence of
tip gap shows the potential of over-tip liners in turbo-machinery applications even if the
role of gap noise is not fully quantified.

PWLIL(dB) = PWLY — PWLL . (2.7)
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Figure 2.11: Measured Over-tip liner PWL noise reduction with and without tip gap.
2.4 Parametric studies

24.1 Scalinglaws

The baseline (¢ = 0 mm, AoA=18 deg., hard/liner ID4), reference (¢ = 5 mm, AoA=18
deg., hard) and lined (¢ = 5 mm, AoA=18 deg., liner ID4) configurations have been
tested at three different speeds, namely [S1,52,53]=[17,27,32] m/s. Previous work on the
aeroacoustics of tip leakage flow [46, 54] suggests two physical mechanisms of noise gen-
eration of similar magnitude: (1) the interaction of turbulent eddies in the cross-flow and
TLV with the suction side edge and the trailing edge, which varies according to the 5%
power of the free-stream velocity and (2) secondary eddies in the jet-like cross-flow that
radiate with a power of the free-stream velocity of 7 to 8.

The isolated gap noise (PSDg,p) for S=[S1,52,53] has been plotted against the Strouhal
Number based on the free-stream velocity and the airfoil chord in Fig. 2.12. The data
in Fig. 2.12 was acquired with the mid-span microphone of the arc array and in the
pressure side of the airfoil ((¢,0) = (0, —90) deg.). As noted previously, gap noise cannot
be accurately isolated at low frequencies and therefore the spectra in terms of Strouhal
number is less reliable for lower flow velocities. However, at the frequencies where gap
noise is dominant, the curves collapse when scaling with the 5™ power of the free-stream
velocity (Fig. 2.12a). This is not the case with the power of 7 or 8, the later shown in Fig.
2.12b. These results suggest that the interaction of turbulence with the tip edges is the
dominant source of gap noise for the whole frequency spectrum in the current tests. The
low Mach number of the experiments reported here (M=[0.05-0.1]) in comparison to the
M=0.2 used in [46, 54] may cause the masking of any jet-like noise radiation.
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Figure 2.12: Scaling of gap noise with the free-stream velocity U.

Far-field measurements have been performed for a range of meridian positions of the mi-
crophone arc array to assess the directivity pattern of gap noise and the noise reduction
performance of the over-tip liner. The isolated gap noise spectrum for U = 32 m/s mea-
sured at the various meridian positions is shown in Fig. 2.13a with respect to the Strouhal
number. The observation angle () = 6+Ao0A) is the azimuthal angle () corrected with
the angle of incidence of the airfoil (AoA), i.e. the angle relative to the chord. This plot
can be compared like to like with Fig. 11 of [46] by scaling the latter using the Strouhal
number. In both tests, a dipole-like directivity attributed to TE noise can be observed for
St=[1-6], which is stronger in the suction side possibly due to a thicker boundary layer.
The symmetry between the pressure side and suction side is less clear at higher frequen-
cies, showing a discrepancy with the results in [46] and stronger radiation of the gap
sources towards the pressure side in this instance.

The PSDyyt, noise reductions by the over-tip liner at each observation angle is shown
in Fig. 2.13b. The same trends can be observed in the suction and pressure side of the
airfoil, although the magnitude of the reduction is higher in the latter. The three humps of
noise reduction discussed in the preceding sections are consistent for all measured angles.
The bands of anti-resonance centred in 8.5 kHz and 17 kHz are noticeable for St~[40,80]
respectively. The progressive increase of noise reduction with the observation angle can
be linked to the amount of lined surface over which the waves travel from the source to
the receiver. Given the geometry of the liner and the far-field array and assuming that the
dominant sources are located close to the TE, for AoA=18 deg., higher observation angles
correspond to longer distances travelled over the lined surface.
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Figure 2.13: Directivity of (a) gap noise and (b) total over-tip liner noise reduction.

2.4.2 Effect of gap size

The effect of the gap size on the tip-leakage noise and in the over-tip liner noise reduction
performance is discussed in this part of the section. The discussion is based on far-field
measurements acquired at (¢,0)=(0,—90) (pressure side) and (¢,0)=(0,+45) (suction side)
for S3, AoA=18 deg., hard/liner ID4 and a range of gap sizes e = [4 : 3 : 25] mm. Mea-
surements with the spiral array were taken simultaneously and the resulting extracted
power is used to extend the discussion to the GAPB area, which has been shifted up-

wards in accordance with the gap size.

The spectrum of the additional noise due to the gap (APSDtotal:PSDfstgl-PSD?Oi;glap) in the
hard wall case is shown in Fig. 2.14a and 2.14b for the pressure side and the suction side
respectively. The trends of the noise increase with the gap size vary across the spectrum
but can be broadly divided into three groups: f=[2-6] kHz, f=[6-12] kHz and f=[12-20]
kHz, which apply both in the pressure side and the suction side of the airfoil. The inte-
grated spectrum for each frequency range and gap size is shown in Fig. 2.14c-2.14e. An
increase of noise followed by saturation is observed in the first frequency range (f=[2-6]
kHz). Arguably, this is what is expected: a higher velocity of the cross-flow and a conse-
quent noise rise until the gap size is big enough such that it behaves as a free tip vortex.
The noise localization maps for this frequency range and S3 in Fig. 2.15a-2.15d confirm
that although TEN remains of a similar magnitude as gap noise for low gap sizes, the
dominant sources are shifted towards the airfoil tip TE as the gap is increased and even-
tually saturate in accordance to Fig. 2.14c. The second frequency range (f=[6-12] kHz),
for which gap noise is dominant, does not present any saturation at the higher gap sizes
but a monotonic increase of additional noise. This trend is also observed in the PWL
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maps of Fig. 2.15e-2.15h. In contrast, the noise sources at the higher frequencies (f=[12-
20] kHz) are quite insensitive to the gap size. The trends outlined above agree with the
quantification of additional noise from the GAPB shown in Fig. 2.17a. This paramet-
ric study suggests that not two but possibly three different tip-leakage noise generation
mechanisms are present in the current tests. Measurements of the unsteady pressure fluc-
tuations on the airfoil surface and of the flow in the vicinity of the tip could provide more
insight into the noise generation mechanisms and complement the discussion presented

here.
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Figure 2.14: Spectrum of PSD additional noise for different gap sizes and integration for
discrete frequency ranges.

The noise reduction of the over-tip liner is presented in an analogous format in Fig. 2.16
and Fig. 2.17b, the former based on the far-field measurements and the latter on the
PWL extraction from the GAPB. The resonances and anti-resonances of the over-tip liner
can once again be observed for the full range of gap sizes and have been used to define
the integration bands of Fig. 2.16c-2.16e. In the second and third frequency bands, the
dominant noise sources were found to be located at the tip of the airfoil and consequently
they move away from the lined surface as the gap size is increased. As a result, the PSD
IL is reduced with gap size as observed in Fig. 2.16d-2.16e for § = —90 deg. and to a
lesser extend for § = +45 deg.. This trend is clearer for the isolated gap noise from GAPB
shown in Fig. 2.17b and has been predicted with an analytical model of a point source
over an infinite lined surface described in Section 2.5 (Fig. 2.27). In the first frequency
band, the same trend can be observed for gap sizes higher than e=10 mm, i.e. gap noise
dominated, although the increase of PSD IL at lower gap sizes is less clear. It could be
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linked to a predicted shift and increase of the peak of noise reduction towards lower

frequencies with gap size (Fig. 2.27) affecting the frequencies between 1-3 kHz, 8.5-10
kHz and 17-18 kHz.

(e) Afy, e=4 mm (f) Afp, e=10 mm (g) Afz, e=16 mm

Figure 2.15: PWL maps for the hard wall case at different gap sizes for the frequency
ranges of (a)-(d) Afi=[3-6] kHz and (e)-(h) A f,=[9-12] kHz.
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Figure 2.16: Spectrum of PSD noise reduction for different gap sizes and integration for
discrete frequency ranges.
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Figure 2.17: Quantification of the gap noise generated by the tip leakage flow and PWL
noise reduction by the over-tip liner in GAPB.

2.4.3 Effect of airfoil loading

This section investigates the effect of the airfoil loading, controlled by the geometrical
AoA and fixed at 18 deg. in previous sections, on the generation of gap noise and the
noise reduction performance of Over-Tip liners. The loading of the airfoil controls the
pressure difference between the pressure and suction side and has a direct impact on the
cross-flow through the tip gap and hence the noise radiation from the gap region.

The far-field measurements shown in this part of the section were acquired at two fixed
positions of the arc array (¢,0)=(0,—90) (pressure side) and (¢,60)=(0,4-45) (suction side) for
gaps of e=[0,4] mm, U=32 m/s and hard wall and liner ID4 configurations. The sweep
of geometrical angle of attack is performed for AoA=[0,5,10,15,20] deg. The spiral micro-
phone array is also fixed at =90 deg. as in the rest of the experiments of this chapter.
Neither the azimuthal location of the far-field arc array or the spiral array was corrected
to account for the rotation of dipole directivity of the main noise sources. This effect is
estimated with the analytical point source model of Section 2.5 assuming a dipole source
at the TE normal to the chord. The predictions suggest that the change of relative angle
between the airfoil and the microphone arc array modifies the predicted PSD by only 0.2
dB. For the range of AoA tested, the far-field arc array is located within the beamwidth
of the TE dipole.

The measured PSD spectra are shown in Fig. 2.18 for the range of AoA with and without
the gap for an analysis bandwidth of 16 Hz. The main feature that dominates the PSD
spectra is the broadband hump over 2 to 3.5 kHz with discrete narrow peaks, which is
repeated at twice those frequencies over 4 to 7 kHz. This behaviour is attributed to acous-
tic waves scattered by the trailing edge travelling upstream and creating a feedback loop
but there is no consensus on the underlying physical mechanism activating the loop [62].
An exhaustive literature review is not intended here but some of the physical arguments
include oscillations in the wake [63], laminar separation at the trailing edge [64], ampli-
fication of the laminar boundary layer Tollmien-Schlichting (T-S) instability waves [65]
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and more recently of the Kelvin-Helmholtz instability [66]. This aeroacoustic/hydrody-
namic feature is reduced when increasing the angle of attack and has a relatively small
effect over the frequencies of interest in this study.
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Figure 2.18: Measured PSD for a range of AoA with e=0 mm (dashed lines) and e=5 mm
(solid lines).

The spectrum of the additional noise due to the gap (APSDtotal=PSD§§£1-PSD?;§ap) for
each AoA is shown in Fig. 2.19 for an analysis bandwidth of 64 Hz. To support the
analysis of the far-field data, PWL maps obtained from post-processing of the spiral array
data for f=[9-12] kHz are presented in Fig. 2.20 for the hard wall case with/without
gap and the lined configuration (ID4). It can be observed from the measurements at the
pressure side (Fig. 2.19a) that an increase in the AoA results in additional gap noise
radiation, especially for frequencies above 6 kHz. This does not mean that the magnitude
of gap noise increases with AoA, Fig. 2.20e-2.20h show that the magnitude of the sources
close to the gap is higher at AoA=10 deg., for instance, than at higher incidences. The
increase in APSDy, with AoA is linked to a reduction in the strength of the trailing edge
noise sources radiating along the span, as observed in Fig. 2.20a-2.20d.
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Figure 2.19: Spectrum of PSD additional noise for a range of AoA.
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The trend observed for the measurements at the pressure side is not as clear for those at
the suction side (Fig. 2.19b). The lower additional radiation in the suction side has been
also observed in Section 2.4.2 but is not yet fully understood. These results also suggests
that the configuration without gap can be noisier than with gap even for the intermediate
values of AoA.
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Figure 2.20: PWL maps for the hard wall case and the lined configuration (ID5) at differ-
ent AoA for the frequency range Af=[9-12] kHz and [e1,e;]=[0,4] mm.

The effect of airfoil loading on the noise reduction of over-tip liners in shown in Fig. 2.21
in the form of PSD IL (Eq. 2.5). The noise reduction spectra present, as expected, the two
anti-resonances and three humps of attenuation discussed previously and predicted from
the impedance tube tests. The magnitude of the noise follows the same trends discussed
in the previous paragraphs, both in the measurements at the pressure and suction sides.
The over-tip liner continues to reduce the noise sources located in its vicinity, as observed
again in Fig. 2.20i-2.201. However, as the sources located further away from the liner
(TEN) become weaker with increasing AoA, the noise reductions of gap noise become
more apparent. Hence, the improved noise reduction benefit at higher AoA might not be
related to gap noise itself but to the reduction of the TEN along the span of the airfoil.

An analytic exercise is depicted in Fig.2.22 to illustrate the noise reduction rationale out-
lined in the previous paragraph. The analytical model of a point source over an infinite
lined plane described in Appendix B is used here for a distribution of incoherent dipoles
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along the trailing edge of the airfoil and normal to the chord. The strength of the dipoles
at each span position is shown in Fig.2.22a, which assumes an elliptical distribution for
the TEN plus a Gaussian distribution for the gap noise at the airfoil tip. The strength of
the tip sources is kept constant but the TEN noise is progressively reduced to represent
the effect of increasing the AoA. This simple approach provides a predicted PSD IL that
follows the trends observed in Fig. 2.21 over the frequencies where significant additional

gap noise have been measured.
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Figure 2.22: Effect of the source strength distribution in the predicted liner PSD IL.

2.4.4 Source modification tests

The literature on OTR acoustic treatments [5, 19, 26-28, 31] suggests that the noise re-
duction mechanisms of OTR liners are a combination of source modification and con-
ventional attenuation of acoustic waves propagating over the liner. The results presented
here are aimed at providing a better understanding of the relative strength of these mech-
anisms for this particular experimental configuration. Five different liner configurations
were tested using both the far-field and the spiral arrays. Although the results presented
here are based on the far-field array data, the same conclusions can be drawn from re-
sults based on the spiral array data (with the sound power extraction technique). A plan
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view of each liner insert with the location of the aerofoil is depicted in Fig. 2.23. The full
liner ID4 was partially covered with a rigid hard wall surface, flush mounted to minimise
noise attenuation over certain areas. The shaded and light areas of the liners in Fig. 2.23
represent the lined and hard wall areas respectively. The logic behind this selection is
that the ‘local” liner should only reduce sound in the near field of the source, whereas the
‘remote’ liner should attenuate the sound propagating over the liner between the source
and the observer; the ‘pressure side’ (PS) and ‘suction side” (SS) are a combination of both.
Note that this is an engineering approach since the exact location of the source in the top

view is not clear and shielding effects may be present.

The PSD reduction measured with the far-field array in the pressure side ((¢,0) = (0, —90)
deg.) and in the suction side ((¢,8) = (0,+45) deg.) is shown in Fig. 2.24a and Fig. 2.24b
respectively. As in previous figures, the results have been filtered with a Savitzky-Golay
filter to smooth the data while maintaining the general trends. Only the data up to 12
kHz is shown because above that frequency the reduced noise levels approach those of

the background noise and hence all liner configurations exhibit a similar performance.

(a) Full Liner (b) Local Liner (c) Remote Liner (d) PS Liner (e) SS Liner

Figure 2.23: Liner configurations tested for the source modification tests.
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Figure 2.24: Measured noise PSD reductions for different over-tip liners.

The PSD reduction measured on the pressure side position (Fig. 2.24a) is similar for
all configurations up to approximate 9.5 kHz. The following points can be drawn from
the results in the gap noise dominated frequency range (9-12 kHz): (1) the PS liner has
the closest performance to the full liner, as expected since the measurements are made
from a PS position; (2) the SS liner and the local liner have also a similar performance,
which also is expected for the same reason; (3) the remote liner has the lowest noise
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reduction, which could suggest that a potential source modification effect present in the

other configurations is missing in the remote liner configuration.

The same logic is now followed for the measurements on the suction side position (Fig.
2.24b) for the gap noise dominated frequency range (9-12 kHz): (1) the remote liner has
the best performance at some frequencies and practically the same as the SS liner at the
higher frequencies, suggesting no source modification effects; (2) the PS liner has similar

but better performance than the local liner, which is not expected.

In summary, the measurements taken on the pressure side may suggest some weak source
modification effects but the data from the suction side is inconclusive. Measurements
averaged over a range of meridian positions could give a better picture of the problem
and account for any changes in directivity induced by the different liner configurations.
Additional measurements of the unsteady pressure fluctuations on the airfoil surface for a
hard wall case and with the over-tip liner could give more insight on source modification

effects that may occur due to the presence of the lined surface.

2.4.5 Use of TE feathers

The effects of trailing edge feathers is considered next. The motivation behind the use
of TE feathers is to reduce the contribution of TEN such that the dominant noise sources
are located nearer the tip of the airfoil, and hence more prone to over-tip liner noise re-
ductions. Note that the feathers are not installed along the full span of the airfoil section,
leaving the area near the tip with the baseline trailing edge. Besides, the liner configura-
tion with wire mesh ID7 has been manufactured with a shallower cavity depth of 13 mm
to move the first anti-resonance of the liner towards higher frequencies (~13 kHz) and to

avoid a local minimum in the noise reduction spectra at frequencies of interest.

The power from the full domain and the equivalent power radiated from GAPB are
shown in Fig. 2.25a and Fig. 2.25b respectively. The four curves correspond to: (1)
the hard wall reference case with baseline or standard TE (BL), (2) the hard wall reference
case but with feathered TE (TEF), (3) the lined configuration with BL and (4) the lined
configuration with TEF. The corresponding PWL maps for the frequency range f=[6-9]
kHz, for which TEF are most effective, are shown in Fig. 2.25c-2.25f. The effect of the
TEF is most clearly seen in Fig. 2.25a for f=[6-9] kHz, with a drastic reduction of the TEN
hump for both hard and lined configurations, which is also observed in the PWL maps. A
smaller but still significant effect of the TEF is present in the gap region, as shown in Fig.
2.25b. The spectra is dominated by gap noise for frequencies over 9 kHz and the use of
the baseline or feathered trailing edge does not make any difference, both configurations

now collapsing to the hard/lined solution.
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The gap noise generated by the tip leakage flow and the noise reduction by the over-tip
liner can be quantified following an analogous procedure to that in Section 2.3. These are
compared with the baseline and feathered trailing edges in Fig. 2.26. Tip gap noise is not
affected by the use of TE feathers (Fig. 2.26a). That is unlikely to occur if the treatment
were extended to the tip of the airfoil since one of the main noise generation mechanisms
would be modified. The liner noise reduction is also found to be little affected by the
trailing edge treatment in the frequencies dominated by gap noise, although a local min-
imum around 5.5 kHz can be seen for the TEF configuration in Fig. 2.26b. This analysis
is based on the PWL extracted from the measurements of the spiral array but the same
trends in terms of PSD levels and reductions have been found from the far-field measure-
ments made on the suction side of the airfoil. However, the noise reduction minimum at
5.5 kHz does not appear on the pressure side (§ = —90 deg.) and the same performance
is observed for the baseline and feathered trailing edged configurations. The results pre-
sented here reinforce the point made in Section 2.3 that over-tip liners reduce the noise

sources located close to the liner regardless of the noise generation mechanism.
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Figure 2.25: Noise localization and extraction for the baseline (BL,(c) and (e)) and feath-
ered (TEF, (d) and (f)) trailing edged configurations. The PWL maps are rendered for the
frequency range of f=[6-9] kHz.
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Figure 2.26: Quantification of the gap noise generated by the tip leakage flow and PWL
noise reductions by the over-tip liner in GAPB for the baseline (BL) and feathered (TEF)
trailing edged configurations.

2.5 Comparison with point source analytical model

Analytical methods to model the tip gap noise generated by the turbulence in the cross-
flow as they are scattered by the tip suction side edge and trailing edge have been ex-
plored previously [67]. A modified version of Amiet’s theory [68] with spanwise at-
tenuation to damp the perturbations away from the tip was suggested for the former
mechanism and an adaptation of Dunne and Howe’s [69] model of a vortex through a tip
clearance gap for the latter. Neither of these methods is applicable here because our focus
is not on the noise generation itself but the noise suppression by over-tip liners. Instead,
a simpler approach based on a point source located over an infinite hard /lined plane has
been used.

Analytical predictions have been obtained through a numerical implementation of the
Thomasson formulation [70] of a monopole source over an infinite lined plane. A descrip-
tion of the formulation, the numerical implementation, the verification of an extension to
account for dipoles and quadrupoles and the procedure to obtain comparable PWL to
those captured by the spiral array are detailed in Appendix B. This section covers the
comparison of the analytical predictions with the measured data, first for the more real-
istic configuration with the static airfoil and then for the no-flow artificial point source.

A. Static Airfoil

The predicted PSD IL evaluated at the far-field microphone position (¢,6) = (0, —90)
deg. for a dipole normal to the chord of the airfoil (AoA=18 deg.) and located at the TE
is shown in Fig. 2.27a. The three humps of PSD insertion loss (IL) with the resonances
and anti-resonances are of course captured by the analytical model. The trend of lower
IL as the gap size is increased can be clearly observed here and the rate of the loss of per-

formance with the gap size increases with frequency: at 5 kHz ~ 7 dB less IL is predicted
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when the gap size changes from 5 mm to 25 mm whereas at 10 kHz the variation is of ~
10 dB and at 20 kHz soars up to 15 dB. The resonance peaks become higher but narrower
as the gap size increases, causing the trends outlined here and observed in Section 2.4.2.
The same conclusions can be drawn from the PWL IL predictions shown in Fig. 2.27b,
which are directly comparable to the PWL IL extracted from GAPB shown in Fig. 2.17b.
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Figure 2.27: Predicted (a) PSD and (b) PWL gap noise reduction for different gap sizes
and a dipole perpendicular to the airfoil chord.

A comparison of the predicted PSD IL assuming different types of point source with
the measured isolated gap noise PSDg,;, IL is shown in Fig. 2.28 for a selection of gap
sizes. Although the peak IL is generally overestimated, a qualitative agreement in the
magnitude and spectral shape can be observed for the rest of the spectrum, especially in
the second and third humps of noise reduction. The experimental results follow the trend
of lower broadband noise reduction as the gap size increases and the agreement with
the prediction gets better for bigger gaps, which can be linked to a stronger and more
localised source. The spectral shape of the predicted PSD of a monople and a dipole are
very different, but they collapse when performing the subtraction to obtain the PSD IL.
The quadruple has a lower noise reduction as expected and would only be a candidate
to represent the physical mechanisms if a jet-type source was measured. Based on the
scaling of gap noise with the free-field velocity discussed in Section 2.4.1, a dipole-type

source is the best candidate.

An equivalent comparison is made in Fig. 2.29 between the predicted PWL IL evaluated
over the surface of the spiral array, and the PWL IL from the GAPB area extracted using
the post-processing of the spiral array data. The prediction also overestimates the peak
PWL IL but a better agreement than with the PSD IL is found at lower frequencies. Again,
the predicted and measured data are closer for higher gap sizes and the monopole and
dipole present some agreement both in magnitude and spectral shape for almost the full
frequency range in Fig. 2.29c and 2.29d. The quadrupole source, as expected, is not a
good candidate for the modelling of gap noise reduction in the current experiment as

observed with large differences with the measured data as the gap size is increased.
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Figure 2.28: Measured and predicted gap noise PSD IL for different gap sizes.
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Figure 2.29: Measured and predicted gap noise PWL IL for different gap sizes.
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B. No-flow artificial point source

The frequencies tested in this test were f = [3, 4, 5] kHz, corresponding to wavelengths of
A = [113, 85,68] mm respectively. This provides at least one wavelength of propagation
over the lined surface before the field encounters the end of the lower plate. For each
excitation frequency, a sweep along a range of gap sizes was performed with increasingly
small spacing as the source gets closer to the surface, cases of higher interest for real
applications of tip leakage noise. The gap sizes measured for each excitation frequency
are specified in Table 2.2 rounded to mm. The far-field measurements were all taken at
an angle of 6=-90 deg. with respect to the nozzle exit, with the spiral array located at
6=+90 deg.. The tests at 4 kHz were also performed at azimuthal angles of 6=-45 deg
and 6=0 deg to assess the omnidirectional radiation of the point source and to check any

scattering effects associated to the finite plate and the nozzle.

Table 2.2: Test matrix for the no-flow point source test. Gap size e from the source to the
bottom plane.

Targete/A
0.025 005 01 02 04 08 1
f (kHz) Gap size e (mm)
3 3 6 11 23 45 91 113
4 2 4 9 17 34 68 85
5 2 3 7 14 27 54 68

The measured PSD spectra of the far-field measurements is dominated in all cases, as
expected, by the source excitation frequency, as shown in Figure 2.30a. The measured
spectrum is post-processed to isolate the PSD level at the source excitation frequency to
be able to assess the effect of the problem variables and to compare the measurements to
analytical models. The tone amplitude is integrated over a small bandwidth to account

for variations of the excitation frequency such as in Fig. 2.30b.
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Figure 2.30: PSD spectra at different gaps (¢/A) for a source excited at 3 kHz and hard
wall configuration.
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Equivalent sound power maps can be obtained for each test case and prescribed fre-
quency range by using the data acquired with the spiral array and the CIRA post-processing
technique. A power map is shown in Fig. 2.31a for the hard wall configuration with e=7
mm and f=5 kHz. The equivalent sources of acoustic power from the probe termination
can be defined as a selected spatial area, indicated with the red square, to obtain the spec-
trum of the power radiated by the sources within that region. The extracted PWL spectra
is also dominated by the tone excitation frequency, as observed in Fig. 2.31b, and is inte-
grated over a certain bandwidth to obtain a single PWL value for each frequency and gap
size as in the far-field data. The main advantage of the PWL extraction technique for this
particular application is that it minimises the effects of leakage noise sources from the
tube junction and reflections from the upper support plate, the nozzle, edges and from
the tube itself on the measured data.

4600 4800 5000 5200 5400

L Frequency, Hz
(a) PWL map (b) Extracted PWL spectrum

Figure 2.31: PWL map and power extracted from equivalent sources in the red area for
the hard wall configuration with e=7 mm and {=5 kHz.

B.1. Far-field measurements

The directivity of a monopole source over an infinite plane is azimuthally omnidirec-
tional. However, the measured far-field in the current set-up can be contaminated by
leakage sources and scattering effects associated with the finite support plates, the nozzle
and the tube itself. The far-field PSD measured for three azimuthal positions of the arc
array, 0=[-90, -45, 0] deg., are presented in Fig.2.32 and compared with the analytical pre-
dictions for the hard wall and lined configurations. Note that the polar angles ¢m;c are in
the coordinates of the arc array, centred in the mid-point between the upper and bottom
support plates and measured from the equator and not the zenith. The microphone po-
sitions in the spherical coordinate system used for the analytical predictions (r,8,¢), with
the origin on the bottom plate and below the point source, can be readily obtained with
a translation in the z-direction.

The measured data in Fig.2.32 should ideally collapse on the green analytical solution.
However, variations between measured data within +/- 5 dB for the hard wall and +/-
15 dB for the lined case can be observed. The highest deviations such as for 6=-90 deg
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Figure 2.32: PSD variation with non-dimensional gap distance measured at each micro-
phone at various azimuthal position of the microphone arc array for hard wall and ID5
configurations and f=4 kHz. Symbols: measured data; Solid line: analytical solution.

and e/A=0.4 in Fig. 2.32a may be attributed to changes in the directivity lobes due to
the interference with reflective surfaces. The higher variability in the lined case is likely
caused by spurious leakage sound sources at the junction observed in the noise locali-
sation maps. The sound levels of the leakages are small in comparison to those of the
point source in the hard wall case but increase its relative strength once the liner insert
is present. This first set of data should be used as a reference for the expected variability
in the rest of the PSD results and highlights the need of noise localisation and extraction
methods to isolate the noise radiated from the probe termination. Therefore, the rest of
the analysis of the far-field results is based on the analytical predictions and a qualitative

comparison with the measured PSD data focused on the trends.

The PSD measured at each microphone location for the azimuthal position of § = —90
deg. is shown in Fig. 2.33 for the three frequencies tested and the hard and lined config-
urations. To support the analysis of the data in Fig. 2.33, analytical directivity plots for
the source located at particular e/A values are presented in Fig. 2.34. The normalisation
used in the directivity plots is different for the hard wall and liner cases for illustration
purposes and the polar angles ¢ are expressed in the spherical coordinate system used for

the analytical predictions, for which ¢=90 deg. is normal to the infinite plane. Note that
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the impedance of the liner varies with frequency and hence the measured and predicted
PSD and the directivity plots.
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Figure 2.33: Comparison of measured and predicted PSD at each microphone location for
the hard wall and lined configurations. Symbols: measured data; Solid line: analytical
solution.

The main features of the source radiation over a hard wall surface observed in Fig. 2.34
are (1) the tendency towards a fully omnidirectional source as it gets closer to the sur-
face and (2) the presence of well-defined radiation lobes as the source moves away from
it caused by cancellations of the direct and reflected contributions. The radiation lobes
cause the zeros at ¢/A=0.4 for ¢n;=30 deg. and e/A=0.7 for ¢m;.=15 deg. in Fig. 2.33a-
2.33c. Although the trends in the measured data show some agreement with the analyt-
ical predictions the lobes do not agree and reinforce the idea of directivity modifications
caused by the experimental set-up. The directivity pattern changes significantly when
the liner insert is introduced, the predictions in Fig. 2.34 show that the components ra-
diating at small angles from the surface, close to grazing, are practically cancelled. The
steep pressure gradient results in a vertical dipole-like radiation when the source is very
close to the liner and shifts the radiation lobes upwards for source locations further away
from the surface. These trends on the effect of the liner on the source directivity have
been already reported in [71] and can be also observed in the predicted curves of Fig.
2.33.
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Figure 2.34: Predicted directivity plots at particular source locations for the (a) hard wall
and (b)-(d) lined configurations. The magenta dashed lines indicate the positions of the
arc array microphones.

The PSD Insertion Loss (IL) is computed for all three microphones as the difference, in
dB scale, between the PSD in the hard wall configuration and with the liner insert. The
measured PSD IL and the analytical estimates are shown for each source excitation fre-
quency in Fig. 2.35. Despite the mismatch in the amplitude of the IL between the mea-
sured data and the analytical estimates, both datasets indicate that the noise reduction

increases when the source is located closer to the acoustic treatment.
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Figure 2.35: Comparison of measured and predicted PSD IL at each microphone location.
Symbols: measured data; Solid line: analytical solution.
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B.2. Noise localisation and extraction

The analysis of the far-field results has shown that discrimination of the acoustic field
generated by the artificial source is necessary to minimise the contamination of leakage
noise sources and reflections from other elements of the set-up. Therefore, equivalent
sound power maps have been obtained for each test case and prescribed frequency range.
The selected spatial areas to extract the spectrum of the power radiated by the artificial
source are shifted vertically in accordance with the gap size. The analytical predictions of
the acoustic power incident on the spiral array are computed by the numerical integration
described in Appendix B.

The comparison of the measured and predicted PWL for the hard wall and liner ID5 is
shown in Fig. 2.36. The missing points for the hard wall at 4 kHz are due to faulty
data-files. The predicted PWL for the hard wall configuration presents only small vari-
ation with frequency, which is due to the different relative location of the source with
respect to the spiral array for a given e/A. The agreement of the extracted PWL with
the predictions has generally improved both for the hard wall and lined configurations
with respect to the PSD comparison. However, the hard wall data at 3 kHz still presents
high discrepancies that are still under investigation. The drastic improvement, especially
in the lined configuration, between the predicted and measured PWL supports the hy-
pothesis of spurious sources and reflections contaminating the far-field data. The same
trends can be observed in terms of the PWL IL, shown in Fig.2.37, confirming that the
liner can reduce the power output of the artificial point source up to 20 dB when located

well within the near-field of the source.
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Figure 2.36: Comparison of measured and predicted PWL captured by the spiral micro-
phone array. Symbols: measured data; Solid line: analytical solution.
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Figure 2.37: Comparison of measured and predicted PWL IL captured by the spiral mi-
crophone array. Symbols: measured data; Solid line: analytical solution.

The semi-logarithmic scale used along this part of the section emphasises the source lo-
cations closer to the liner surface, which generally presents a better agreement with the
analytical model. The reason for using this scale is that the comparison with the analytical
model is more meaningful for those small values, as illustrated in Fig. 2.38, where L =250
mm and Ls=350 mm are the width of the liner insert and the bottom support plate. The
three outermost source positions are depicted for f=3 kHz, in red, and {=5 kHz, in green,
which corresponds to values of e/A=[0.4 0.8 1]. The angle ¢ for e/A=1 is 42 deg. for {=3
kHz and 29 deg. for f=5 kHz, showing that the assumption of an infinite plane is quickly

diminished away from the surface and that it can vary significantly with frequency.
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Figure 2.38: Geometric representation of the finite liner insert.
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2.6 Summary and conclusions

Summary

e This chapter has focused on improving the understanding of the physical mech-
anisms of noise reduction of the Over-Tip-Rotor (OTR) liner concept by means of
wind tunnel experiments with two simplified set-ups. The first experiment con-
sisted of a static airfoil mounted vertically between two flat plates and separated
from the lower one by a small gap. The pressure difference between the suction
side and the pressure side of the airfoil creates a jet-like flow through the tip gap
that resembles the noise generation mechanism of a tip vortex. The second uses
an artificial single-frequency monopole-like source in the absence of flow. In both
cases, a hard wall or a SDOF liner insert is flush mounted in the lower plate repre-
senting an over-tip liner. Differences of measured far-field sound spectra and sound
power from spiral microphone-array measurements have been used to isolate and
quantify the noise sources and the noise reduction benefits of over-tip liners.

e A series of parametric studies have been presented: the scaling of gap noise with
the free-stream velocity; the directivity of the dominant sources; the effect of gap
size and airfoil loading in gap noise generation and the noise reduction of the over-
tip liner; modified lined configurations to study source modification effects and the

use of trailing edge feathers.

e Analytical predictions of the over-tip liner noise reduction have been obtained through
a discrete evaluation of Thomasson formulation [70] for a monopole point source
located over an infinite lined plane. The analytical predictions are compared with
the measured PSD IL and PWL IL, both for the gap noise and the artificial source,
for various gap sizes.

e Source localization results from the spiral array show that the over-tip liner reduces
the noise radiated in the vicinity of the liner, which can be dominated by gap noise
or trailing edge noise depending on the frequency range. The over-tip liner gap
noise reduction spectra obtained using differences of far-field sound spectra and
differences of source-power spectra show peak broadband reduction of gap noise
by 5-10 dB, corresponding to 2-3 dB of noise reduction in the full domain.

e The results suggest that the interaction of turbulence with the tip edges is the dom-
inant source of gap noise in the current tests, with a PSD dependence of the 5%
power of the free-stream velocity. The gap noise generally increases with the gap
size, although it can saturate at low frequencies (f<6 kHz) and remain unaffected
at high frequencies (f>12 kHz).
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e The increase of airfoil loading results in an apparent greater noise reduction of the
over-tip liners. However, it is argued that this is a result of the weakening of trailing
edge noise sources along the span when increasing the loading and not an enhanced
reduction of gap noise sources.

e Measurements with various liner configurations might suggest weak source mod-
ification effects but the results are inconclusive. Additional measurements of the
unsteady pressure fluctuations on the airfoil surface could give more insight on
source modification effects caused by the over-tip liner.

e The use of TE feathers concentrate the dominant noise sources towards the tip of
the airfoil for an extended range of frequencies and the results reinforce the point
that over-tip liners attenuate the noise sources located close to the liner regardless

of the noise generation mechanism.

Conclusions

¢ It has been found that the performance of the over-tip liner is not significantly mod-
ified by the tip-leakage flow, which suggests that the liner suppresses the noise
sources located in its vicinity, irrespective of the dominant source (i.e. TE or gap
noise sources). This result highlights the potential of over-tip liners in turbo-machinery

applications even if the role of gap noise is not fully quantified.

e The noise reduction benefits of the over-tip liners are reduced when increasing the
gap size, observed both in the static airfoil and the artificial source tests, in agree-
ment with the analytical prediction model evaluated here. This confirms the impact
of the proximity of the noise sources to the liner, which can significantly modify the
radiated acoustic field with measured PWL broadband gap noise reductions of 5-10
dB and PWL tonal noise reductions of up to 20 dB.

o Although the peak IL is usually overestimated by the analytical predictions, a qual-
itative agreement has been obtained for the gap noise reduction performance of
over-tip liners, the match improving for larger gap sizes or more localised sources.
This shows that simple analytical models can provide guidance on the design of
over-tip liners and encourages the development of the analytical OTR prediction
models for fan noise reduction described in subsequent chapters.
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Impedance Modelling
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Solving the wave equation in the fan duct requires not only a source model but also the
imposition of appropriate boundary conditions at the duct walls. The modelling of the
impedance boundary conditions is essential to solve the acoustic problem. The analytical
Green’s function of the acoustic field in a circular hollow duct described in Chapter 4 re-
quires the impedance boundary condition as an input. The definition and the impedance
model used in this research are presented in Section 3.1 alongside a brief review of the
literature.

Acoustic liners are widely used in turbofan engines and are the most common technology
used to reduce its noise emissions. Liner design relies on the modelling of the acoustic
treatment as an equivalent acoustic impedance that can be used as a boundary condition
in the propagation problem. Determining this impedance such that it behaves like the
real acoustic treatment installed in the engine ducts is a broad topic by itself. The aim
of Section 3.2 is to present the most common liner designs used in industry and its mod-
elling. The main original contribution of this chapter is Section 3.3, which contains the
derivation and verification of two analytical impedance models to predict the equivalent

impedance of acoustically treated circumferential grooves.

3.1 Impedance boundary conditions for acoustics

In the absence of flow, the acoustic impedance in a point of the boundary, i.e. the wall of

the duct, is defined as the ratio of acoustic pressure and acoustic particle velocity normal
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to the wall: .
2(w) = @) (3.1)

A

fi(w)-n

with complex pressure and particle velocity of the form p = pe/! and u = e/t and

where 7 is a unit vector normal to the wall and pointing into it.

This expression is valid under the assumption of locally reacting liner, also called point
reacting liner, which considers that the response of the liner can be obtained at each point
using the acoustic pressure and particle velocity at that point. This is achieved by pre-
venting the propagation of sound within the treatment. In the case of non-locally reacting
liners, the acoustic impedance at a point depends on the acoustic field in other points of

the wall and the propagation inside the liner [60].

It is convenient to non-dimensionalise the acoustic impedance using the fluid character-
istic impedance pocy, resulting in the specific acoustic impedance:

z(w) .

Z(w) = ——= = R(w) +jX(w) (32)

£0Co
where R is the specific acoustic resistance and X the specific acoustic reactance, which
in general are related to the liner dissipation and stiffness respectively. Their physical
meaning is briefly outlined in the next section for cavity liners.

In the presence of flow, the boundary layer of the grazing flow will modify the acoustic
field acting on the liner. The standard model for the impedance boundary condition in
the presence of uniform mean flow over a flat lined surface was derived by Ingard [72]
assuming (1) an infinitely thin boundary layer modelled by a vortex sheet that separates
the mean flow and a vanishingly small region of zero flow within the boundary layer and
(2) continuity of the normal displacement (¢) and pressure across the vortex sheet. These
assumptions are depicted in Figure 3.1.

Lined surface X

Zero flow ® I 6-0
RARARARFRAVFVFVFRERFRFRGRFRGR5
® Vortex sheet

Uniform
mean flow $1 =246
b1 = P2
y v

Figure 3.1: Assumptions in Ingard’s impedance condition for a uniform mean flow slip-
ping over a locally reacting acoustic liner.
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Ingard’s impedance condition at the wall is given by

ﬁ-n:(jw+uo-V)]_£Z (3.3)

which can be expressed in terms of pressure by using Euler’s momentum equation

. P
po (jw +ug- V) p +JWZ£ =0 (3.4)

or
a/\
(jk+Mo-V)2;§+ij£ —0 (3.5)

Ingard’s impedance model was generalised for a curved surface and non-uniform mean

flow by Myers [73], giving

Pon— (i YV —n-(n- b
fen=(jw+u-V—-n-(n Vuo))],wz (3.6)

The vortex sheet used in Ingard and Myers boundary conditions can become unstable
when grazing flow is present under certain impedance and Mach number conditions.
Such instabilities were first identified by Tester [74] and later described analytically by
Rienstra [75], who called them hydrodynamic surface waves, for high Helmholtz num-
bers (He) and azimuthal orders m < He and later extended to arbitrary azimuthal orders
by Brambley and Peak [76]. The existence of the instabilities was confirmed experimen-
tally by Aurégan and Lereoux [77] and Marx et al. [78] and were explained by Bram-
bley [79], concluding that the Myers boundary condition leads to an ill-posed problem
in the time domain due to an unbounded maximum temporal growth rate. Discrepan-
cies between experimental measurements and the predictions with the Ingard and My-
ers boundary condition suggest that it may be inadequate for impedance eduction tech-
niques [80].

The ill-posed problem can be avoided while significantly improving the accuracy of the
predictions by considering a finite boundary layer. Modified versions of the Myers con-
ditions considering a thin but finite boundary layer have been proposed by Rienstra and
Darau [81], Brambley [82] and Khamis and Brambley [83]. A review and benchmark of
modified Myers conditions considering a finite boundary layer is given by Gabard [84],
who assessed the accuracy of these conditions by comparison to a numerical solution
of the Pridmore-Brown equation [85] governing the propagation of sound through the
boundary layer. Recent developments in the impedance boundary conditions with shear
flow include the viscous effects on the stability of the shear layer [86] and the effects of
swirling flow [87].
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The Ingard-Myers boundary condition has been used in this work in line with the objec-
tive of providing simple prediction methods for fan proximity liners and to enable the
use of established eigenvalue solvers. This approach is taken with the awareness of the
instabilities studied in the literature and choosing to ignore those solutions if they ap-
pear. Future improvements of the tools described in this thesis could include using pub-
lished models for a thin finite boundary layer for fan case/OTR liners and the corrected
boundary condition for swirling flow proposed by Masson et al. [87] for the modelling
of OTR/interstage liners.

3.2 Locally reacting SDOF/DDOF cavity liners

The aim of this section is to present well-established models for Single-Degree-Of-Freedom
(SDOF) and Double-Degree-Of-Freedom (DDOF) locally reacting cavity liners, widely
used in the inlet and bypass areas of turbofan engines and hence a realistic estimate for
fan proximity liners. Typical cavity liner designs are shown in Figure 3.2. Bulk absorbing
non-locally reacting liners are not considered in this work. Extensive research [86, 88-96]
has been carried out to model the effect of grazing flow in the impedance of locally re-
acting cavity liners, the non-linear losses in the facing sheet due to high-level excitation
and multiple tone liner response. However, these effects are out of the scope of this re-
search and a detailed review of the state-of-the-art impedance models to predict them is
not presented here. The impedance models used throughout the thesis follow the formu-
lation presented for SDOF/DDOF in this section and for acoustically treated grooves in
the next. The prediction model for the acoustic performance of fan proximity liners pro-
posed in this thesis could a priori accept any locally reacting impedance model as long
as it allows for an analytical solution of the eigenvalue problem in the duct. Therefore, it
could be readily used in conjunction with some of the semi-empirical impedance models
proposed in the literature to include those effects of special relevance such as high-level

excitation.

Porous facing Porous facing

sheet / sheet ~

Cellular
structure

Solid backing Solid backing
sheet sheet

(a) SDOF (b) DDOF

Figure 3.2: Typical design of cavity liners, adapted from [4]



3.2.  Locally reacting SDOF/DDOF cavity liners 61

Single-Degree-of-Freedom Liners

SDOF cavity liners consist of a porous facing sheet, perforated with or without a wire
mesh, over a cell structure, usually honeycomb, mounted on a solid fully reflective back-
ing sheet, see Figure 3.2a. The acoustic behaviour of a single orifice over a cavity can be
regarded as a Helmholtz resonator or a mass-spring damper, with damping due to the
energy dissipation in the orifice, the mass being the air oscillating in the neck inside the
orifice and the spring being the air in the cavity. Motsinger and Kraft [60] modelled the
specific impedance of a SDOF liner as

Z=R+j (Xm + Xc) ’ (3.7)

where R is the facing sheet resistance, X, the facing sheet mass reactance and X, the
cavity reactance. The facing sheet resistance can be obtained experimentally and accounts
for the energy dissipation (acoustic energy converted into heat) in the orifices of the facing
sheet due to friction (viscous dissipation) and vortices (at high sound amplitudes). The
mass and cavity reactance are expressed as follows:

k(t + edy)

Xy = =, (3.8)

where k is the wave number, t and dj, are the facing sheet thickness and hole diameter
respectively, € the non-dimensional end correction and ¢ the facing sheet porosity or
Percentage Open Area (POA), and

X. = —cot(kh) , (3.9)

where k is again the wave number and / the cavity depth. This cavity reactance corre-
sponds to a quarter wavelength resonator (kh = 7t/2). Therefore, the minimum tuning

frequencies will be limited by the maximum depth of the cavity.

Approximate expressions to guess the resistance and to include the effect of grazing flow

with Mach number (M) in the end correction are given in [60] as:

R= M (3.10)
(o
(1-0.7y/0)
=085~ Y/ 11
€ =085 3050 (3.11)

Double-Degree-of-Freedom Liners

The DDOF cavity liners consist of a porous facing sheet, again perforated with or with-
out a wire mesh, over two layers of cell structure separated by a porous septum sheet
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and mounted on a solid fully reflective backing sheet, see Figure 3.2b. Advantages with
respect to the SDOF include (1) the resistance is dominated by the septum (reducing the
effects of grazing flow) and (2) the impedance can be tuned for a wider range of frequen-
cies. The impedance of a DDOF liner can be modelled as shown in Eq. 3.12 [97]. For
liners with more than two panels, Rschevkin [97] derived an expression for a liner with n
degrees of freedom.

Zsp 7@5(';};)(%(%2) — jeot(kh)

1+ ] Zsp sin(kSFEl )(Skl}l;)(kh2) /

Z =2+

(3.12)

where Z¢ and Zgp are the impedances of the facing sheet and septum respectively, /1
and h the depth of the upper and lower cells (assuming facing sheet at the bottom) and
h = hy + h; is the total cavity depth. The impedance of the facing sheet and septum being
of the form

Ztssp = Ressp + [ Xmgp - (3.13)

3.3 Modelling of acoustically treated circumferential grooves

The analytical prediction models developed in this thesis are assessed against the exper-
imental data from the OTR circumferential groove array tested in the NASA-GRC W-8
fan rig [5]. An analytical impedance model equivalent to the acoustically treated circum-
ferential grooves used in the experiments is required as an input to our OTR prediction
models.

The modelled OTR fan case configurations consist of circumferential grooves extending
over an axial length equal to the axial projection of the fan chord. The grooves are formed
of upper and lower parts, this arrangement is illustrated in Figure 3.3b where the lower
and upper parts of the groove are labelled D and @ respectively. The upper part @ is
open at the top and terminated at the base with a ‘septum’. Below the septum the lower
part of the groove (D is partitioned azimuthally and can also be filled with acoustically
absorbing material. This means that the upper portion of the groove in which the prop-
agation is permitted in the azimuthal direction is bounded by a porous interface to the
lower portion which is truly locally reacting due to the azimuthal partitions. The par-
ticular case of a hard ‘septum’ is also considered, in which part @ is terminated by a
hard wall and therefore part (D is not modelled, as illustrated in Figure 3.3a. The case
where the septum is acoustically hard can be considered as a particular case of the an-
nular partitioned bulk-reacting liner model published by Rienstra [98], where the bulk
properties match those of air, or as a limiting case of the spiralling non-locally reacting

liner of Sijtsma et al. [99], when the spiral angle is set to zero.
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This section details the formulation and underpinning assumptions of two analytical
groove impedance models as semi-locally reacting liners and a verification against high-
order FEM simulations performed with the commercial software Simcenter 3D Acoustics
[100]. A number of numerical case studies are presented to demonstrate the acoustic re-
sponse of the groove to incident duct modes. Single and multiple groove configurations
are used for modal solutions in the airway and for the W-8 groove geometry excited by a
point source. Numerical results for the pressure and radial particle velocity are evaluated
at the interface between the groove/s and the main duct, and these are used to obtain an
equivalent impedance which is directly comparable to that obtained from the analytical

models.

3.3.1 Formulation of the analytical models for the groove liner impedance

The analytical impedance models presented here aim at characterising the acoustic be-
haviour of the OTR circumferential groove array tested in the NASA W-8 fan rig. In par-
ticular, two configurations are considered taken directly from the experimental datasets
[5]. Both treatments consist of circumferential grooves that cover the axial projection of
the fan chord, with the base of the upper portion of the grooves terminated by a hard or
porous septum as indicated in Figure 3.3. A photograph of the actual treatment tested in
the W-8 rig is shown in Figure 3.4a. Note that the lower partitioned portion of the groove

is filled in this case with metal foam.

BT—{ : Hard ‘Septum’
Main duct ’ Fan tip ’

No azimuthal
partitions

(a) Hard ‘septum’

BT—{ : Porous Septum
Main duct ‘ Fan tip ‘

No azimuthal
partitions

Azimuthally
partitioned

N R N N
R

(b) Porous ‘septum’

Figure 3.3: OTR circumferential groove array as tested in NASA W-8 fan rig.
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A dimensional diagram of a single groove and the nomenclature used in the derivation
of the equivalent acoustic impedance is shown in Figure 3.4b. Regions (D and ) refer
to the portions of the groove below and above the septum, of depth & and d respec-
tively. I, and I; denote the width of the groove and the (hard wall) separation between
two consecutive grooves and i is the radial distance of the liner surface from the duct
axis. In all that follows distances will be non-dimensionalised with respect to a reference
length l~,ef = d giving non-dimensional quantities: d = d/ iref/ h=h/ l~,ef, etc. Note that
the non-dimensional radius of the duct is consequently equal to unity. The frequency,
pressure and particle velocity are also non-dimensionalised by using reference values:
w = @les/ 80, p = P/ (o) and u = i1/ (fo and & are the density and speed of sound
in the airway). Note that the e/“f-convention is used here.

X

7]
Main duct
r ‘

N

(b)

Figure 3.4: OTR fan case liner: (a) View of the OTR fan case liner installed in the NASA
W-8 fan rig [5] and (b) dimensional diagram of the problem and nomenclature.

Two models will be presented; an exact ‘annular” model and an approximate ‘Cartesian’
model. The groove area of the treatment is annular, but if the groove depth is small
in comparison to the radius, it can be ‘unwrapped” and approximated by a rectangular
channel, as indicated in Figure 3.5. Clearly the ‘annular’ representation is more accurate
than the ‘Cartesian” approximation but both will be shown to give very similar results
for the frequencies and test geometry studied here. In both cases the mean axial flow in
the groove, and the mean azimuthal flow in the groove induced by the rotation of the fan

blades, is currently neglected.
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Annular groove model

The pressure field in the upper portion (region ) of the annular groove can be expressed
as a separable solution of the Helmholtz equation in cylindrical coordinates:

(x,7,0) Z e /e Z Fu(X)gmn(r) (3.14)
m=—co

where

fu(x) = cos(xux) , K= 7;—7( (3.15)
8
Smn (1) = ApnJm (&n7) + By Yo (@nt) (3.16)
and

oy =ty /w2 —x2 . (3.17)

Here, Ay, and By, are arbitrary constants to be determined by boundary conditions at
the septum. If it is assumed also that all higher-order modes are cut-off in the groove,
which is true in the test geometry for all frequencies of interest (below 30 kHz), contribu-

tions to expression 3.14 for n # 0 can be neglected. Expression 3.14 then reduces to

(x,1,0) Z e ]m9 AmoJm(wr) + BuoYm(wr)] . (3.18)

m=—0oo

The boundary condition at the septum is:

M =7 , (3.19)
u”’r:1+d
where Z; is the locally reacting impedance of the septum and azimuthally partitioned

cavity .

The radial particle velocity can be obtained by using the non-dimensional linearised mo-

mentum equation in the radial direction:

u”n( ) - ] al _] Z e ]m9 [ mO];/n(wr) + BmOlen(wr)] . (320)

w or o

By substituting Eq. 3.18 and Eq. 3.20 into Eq. 3.19 and rearranging the summations over
m yields, for each azimuthal mode number,

Jin(cw[t +d]) + jtg e
K, = D _ _ i . (3.21)

Amo Y} (w[1+4d]) +j7Y”’(wZ[}+d])
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Finally, the total effective impedance of a component of the acoustic field varying as e~ Jmo

at the interface between the groove and the airway is given by
Pl Jm(w) + Kip Y (w)

Zelwm) = = T @)+ K@) (3:22)

The dependence of this quantity on ‘m’, the azimuthal mode number, demonstrates that
this ‘impedance’ is not locally reacting in the sense that each azimuthal fourier compo-
nent of the sound field in the airway experiences a different impedance. It is also worth
noting that for the case of a hard septum (Z; — ), K, is real and the impedance Z, is

purely reactive, as would be expected in the absence of any absorbing elements.

Cartesian groove model

An approximate expression can be obtained by assuming that the groove depth is suffi-
ciently small (d < 1) such that the annular casing can be approximated by a rectangular
channel as indicated in Figure 3.5. The pressure field in the upper portion of the groove
repeats itself over a distance z = 27ta(= 27r) and may be written as a separable solution

in Cartesian coordinates as

p(x,y,z) = i e Ikz i cos(knx) [Amn €08 (BmnY) + Bmn sin (Bmny)] (3.23)

m=—0oo n=0

ke=m, kyi="" and Bum=t\/w?—K K . (3.24)

Once again, only terms corresponding to n = 0 need to be considered giving

where

p(x,y,z) = i e~ imz [Amo cos (Bmy) + Bmosin (Bmy)] - (3.25)

m=—oo

y
d] d
¥ 60 z=af
x

Figure 3.5: Approximation of the annular grooves into a rectangular section whend < 1.
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Following an analogous procedure to that for the annular groove, the expression for the
effective impedance of the treatment (Eq. 3.26) can be obtained by applying the boundary
condition at the bottom of the groove (y = 0) and evaluating the pressure and particle
velocity at the interface with the main duct (y = d). Note that the y-axis is defined in the
opposite direction to the radius. This yields

2 (o) = jw cot(Bmd) + % 326)
g\ - jw ’ )
Pm |1 - ﬁ cot(Bmd)

Once again, the configuration with hard septum can be modelled by setting Z = 00 in
Eq. 3.26. As observed in expression 3.22, the acoustic impedance Z; is not only a function

of frequency but also of the azimuthal mode number m.

Comparison of groove models

To assess the accuracy of the approximation of the annular grooves by a rectangular chan-
nel, Figure 3.6 shows a comparison of the impedance obtained with each model for a
range of frequencies corresponding to the experimental data (0 < w < 50) and for the
liner parameters shown in Table 3.1. In the case of the W-8 rig the duct radius is @ = 279.4
mm, giving a non-dimensional groove depth of 0.045. The impedance at the septum (Zy)
is obtained by using the standard non-dimensional expression for a SDOF cavity liner
[60].

Zs = R¢s + j [wm, — cot(wh)] (3.27)

where Rgs and m, denote the non-dimensional resistance and mass reactance of the sep-

tum and cot(wh) is the reactance of the cavity.

Table 3.1: Numerical values used for the impedance parameters.

RfS mr h d
05 239cm 254cm 1.27cm

Results are shown in Figure 3.6 for the cases of a hard and porous septum for m = 22.
The agreement shown between the annular and Cartesian predictions is consistent with
the results obtained at lower and higher azimuthal mode numbers. The two impedance
models show good agreement for the whole range of frequencies used in this study. How-
ever, the annular model is used for the analytical predictions presented in the rest of the

section.
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(a) Hard septum (b) Porous septum
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Figure 3.6: Comparison of the impedance models based on the annular (Model A) and
Cartesian groove (Model B) for m = 22.

Qualitative behaviour of the equivalent groove impedance

As indicated previously, the equivalent impedance for the case of a groove with a hard

septum is obtained by setting Z; — o0 in Eq.3.26, yielding

m

Zy = _‘éw cot(Bmd) . (3.28)

The following implications about the groove behaviour can be immediately drawn

The liner presents a purely reactive response.

o If m = w, Zy = £joo (hard wall).

If m =0, Zg = —j cot(wd) (simple reactance behaviour).

Ifm<wand w=y/m?+ (%)Z, Z, = 0 (pressure-release surface).

The behaviour with the porous septum is not as straightforward as in the hard septum
case. The resistance, reactance and the normal incidence absorption coefficient of the
groove with porous septum are shown in Figure 3.7 for a range of frequencies 0 < w < 50,
azimuthal mode numbers 0 < m < 50 and for the impedance parameters in Table 3.1.
The normal incidence absorption coefficient of the impedance at the septum is also shown
in Figure 3.7 as reference. The resistance of the lined groove, provided by septum, is no
longer constant and depends on the frequency and azimuthal mode number. Both the
resistance and the reactance show peaks around m = w of a finite magnitude (Z; ~ 20)
influenced by the impedance at the septum and the azimuthal propagation within the
groove. However, the absorption coefficient of the groove is not substantially modified

with respect to a SDOF cavity, the maximum attenuation in both cases occurs for Im(Z) =
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0, thatis at w = 10 and w = 38 in this example. The low-frequency limit shows that the
impedance tends to —oo for the plane wave and to zero otherwise for both hard and

porous septum.

The radial propagation within the groove depends on the frequency and azimuthal mode
number. The line m = w separates two regions in the colormaps of Figure 3.7 that deter-
mine the propagation in the radial or y-direction that also apply to the hard grooves. If
m < w, ky is real and waves are propagative in the radial direction (cut-on); if m > w, k;

is imaginary and waves are exponentially decaying in the radial direction (cut-off).
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Figure 3.7: Groove impedance and normal incidence absorption coefficient for a range
of frequencies 0 < w < 50 and azimuthal mode numbers 0 < m < 50.

3.3.2 High fidelity FEM simulations

A number of FEM computations have been conducted to cross-verify with the analytical
models in terms of predicting the equivalent impedance of the circumferential grooves
both for hard and absorbing septums. The numerical simulations have been performed
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using the FEM commercial software Simcenter 3D Acoustics [100]. A high-order FEM for-
mulation is used within Simcenter, which uses adaptive polynomial order (p-refinement)
in each element based on an a priori error indicator. The solver selects automatically
the polynomial order in each element to obtain a target accuracy while minimizing the
computational cost. This approach, described in Beriot et al. [101], is designed to tackle
realistic large-scale 3D problems over a large number of frequencies and only requires a
single mesh.

The mesh creation process used in this instance follows the guidelines given in [101]. The
mesh element size is selected as large as possible, constrained by the highest frequency
of interest and the maximum polynomial order available. A target accuracy of 0.5% has
been used. It should be noted that smaller elements are still required to ensure that the
geometry at the boundaries is well represented and in regions where singularities are
present.

Three test cases have been performed, as shown in Figure 3.8:

(a) Single groove with incident modes: the aim is to obtain the acoustic impedance
within the open groove and at the interface with the main duct when excited by

incoming duct modes of azimuthal and radial mode orders (m, n).

(b) Multiple grooves with incident modes: extension of the first case to six grooves,
as used in the W-8 rig, to assess the variations on the impedance of each groove due
to the interaction with adjacent grooves.

(c) Multiple grooves with a monopole source: consists of the full groove geometry
and a monopole point source located at 95% of the radius. The aim is to assess the
suitability of the analytic groove impedance model as an input wall impedance for
OTR analytical prediction models described in [102].

Il L Ty
e

~

;|  Monopole Point
Source

Single groove Multiple grooves

(m, n) (m' n)

Anechoic Termination

Anechoic Termination
|

Anechoic Termination

Anechoic Termination

Anechoic Termination

Anechoic Termination

1] LT T Uy

(a) Single groove with incident (b) Multiple grooves with incident  (c) Application to OTR liners
modes modes

Figure 3.8: Diagrams of the FEM cases used for the verification of the analytical groove
models.
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All cases have been defined as 3D finite ducts, numerically modelled by using a PML-
type anechoic boundary condition at each end of the duct section [100]. The geometry of
each circumferential groove is consistent with the dimensions of the grooves tested in the
NASA W-8 fan rig. A hard septum and a SDOF locally reacting cavity impedance are im-
posed at the bottom of the open groove/s for the ‘hard” and ‘lined” groove configurations

respectively.

A convergence study has been carried out for the single and multiple groove cases focus-
ing on the refinement of the mesh close to the groove neck, of special interest to evaluate
the equivalent impedance of the groove, and around the point source location. The cross-
section of the mesh used for case (c) and a zoom around the groove region are shown in
Figure 3.9.

ke,

Figure 3.9: Cross-section of the mesh used for case (c) and a zoom around the groove
region.

3.3.3 Cross-verification of the analytical model with FEM results

Single groove with incident duct modes

In both of the analytical impedance models an assumption is made that the acoustic field
is uniform across the width of the groove, i.e. that only the plane wave can propagate
within the groove in the radial direction. However, it is expected that evanescent ‘cut-oft’
components may contribute to the acoustic field at the open end of the groove where it
matches to the external acoustic field in the airway. The standard deviation in acoustic
pressure across the groove at a particular normalised depth, (r — a)/a, measured from

the open end, is defined as

_VAElpi PP

s(p) 7] , (3.29)
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where N is the number of nodes across the groove, p; is the nodal value, and the mean
value (p) is given by

1 N
L 3.30
P=n Lt (3.30)

The standard deviation across the groove of the pressure and radial particle velocity mag-
nitudes in the FEM solution are shown in Figure 3.10 to assess the validity of the above
assumption. The plots only show the results for the lined groove but the same behaviour
has been observed for the hard groove. It can be observed that, as expected, the standard
deviation is higher at the groove ‘neck’ (groove depth = 0), specially for the radial particle
velocity: s(p) ~ 10% and s(u,) ~ 100%, and is monotonically reduced when moving to
the groove bottom (groove depth = 1): s(p) (%) ~ O(1072) and s(u,)(%) ~ O(1072).

Lined/Hard
Septum

Normalised groove depth
Normalised groove depth ((r — a)/a)

Normalised groove depth ((r — a)/a)

7
0

0 ‘ ‘ 0 ‘
. —2 —1 0 1 —2 0
Main duct 10 10 10 10 10 10
Pressure Standard Deviation (%) Particle Velocity Standard Deviation (%)

Figure 3.10: Axial standard deviation (in %) of the pressure and radial particle velocity

within the lined groove for different incident modes (m=1-18) at 3900 Hz. Each colour

represents a different azimuthal mode number and results are shown for the first three
radial modes.

These results indicate that standard deviation in pressure and particle velocity is small
across the groove and that an average value can therefore be compared to the analyti-
cal predictions. The equation of the groove effective impedance derived from the semi-
locally reacting analytical model is based on a continuous solution of the wave equation
throughout the groove and therefore the radial impedance at any point within the groove
can be computed by evaluating the pressure and radial particle velocity at any radius,
giving
Jm(wr) + K Y (wr)
]],’n(wr) + K Y;, (wr)
A comparison of the analytical and numerical effective impedance is shown in Figure 3.11
for a hard and lined duct, limited to modes (5,1), (15,1) and (20,1). In the hard groove case,

the resistance is zero and the reactance results are in good agreement, tending to minus

Zo(w,m,r) =

(3.31)

infinity when moving towards the hard wall boundary condition. In the lined groove
case, both the resistance and the reactance satisfy the imposed boundary condition at the

septum and generally present a satisfactory agreement.
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Figure 3.11: Radial impedance within the groove for different incident azimuthal modes:
comparison of analytical annular model and numerical results at 3900 Hz. In the legend,
A refers to Analytical and N to Numerical.

It is reassuring that the agreement between the analytical models and the FEM results
is close within the groove. However, a good match of the equivalent impedance at the
interface between the main duct and the groove, i.e. at normalised groove depth of zero,
for the whole range of frequencies of interest and azimuthal mode numbers is the main
objective. This comparison is shown in Figure 3.12 for the lined groove and modes (5,1),
(15,1) and (20,1). The numerical results are plotted for each mode only for the cut-on
frequencies. Very good agreement can be observed, which has been shown to hold for
other azimuthal mode numbers and for the hard groove case.
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Figure 3.12: Frequency dependence of the effective groove impedance: comparison of
analytical model and numerical results for the lined groove case.
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This cross-verification of the FEM and analytical model for the single groove means that
the latter can be used with confidence to predict the impedance boundary condition for

the uniform-duct propagation models used in later chapters.

Multiple grooves with incident duct modes

The analytical impedance models are derived for a single groove but, in practice, multiple
grooves are usually present, as in the fan casing tested in the W-8 rig. The extent to which
the effective impedance of each groove is affected by the presence of adjacent grooves
is now investigated using model (b) of Figure 3.8. Following a procedure analogous to
that for the single groove, the numerical effective acoustic impedance Znym(w, m, n,r) is
evaluated at each of the six grooves considered in the geometry of Figure 3.8b.

A comparison of the impedance predicted by the analytical single groove model with the
numerical effective acoustic impedance obtained for the 6 grooves FEM model is shown
Figure 3.13. The numerical values of the resistance/reactance at the interface of each of
the six grooves are shown with the same symbol. It can be observed that the numeri-
cal impedance of each groove tends to cluster around the ‘single groove’ prediction with
fairly small variations except at the peaks, where the impedance of the grooves is similar
to that of a hard wall. In terms of relative error with respect to the single groove pre-
diction, the results in Figure 3.13 range from 1% to 15%. This indicates that reasonable
acoustic predictions can be expected if a multiple groove case is treated by assuming the
effective impedance of a single groove applied to an extended duct length equivalent to

that of the multiple groove liner.
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Figure 3.13: Frequency dependence of the effective groove impedance for multiple
grooves: comparison of analytical model and numerical results for each groove for the
lined groove case.
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Application to OTR liners: multiple grooves excited by a point source

The ultimate aim of the groove impedance models is their application in predicting OTR
liner fan noise suppression performance so that the analytical and numerical prediction
models can be compared directly to the NASA W-8 rig experimental data. The descrip-
tion of the OTR analytical prediction model for propagation in the fan duct and a com-
parison with the experimental data is covered in Chapter 6. The model relies on a Green
function approach for a point source close to the liner surface. This study is a check of the
validity of representing the grooved liner in the Green’s function model by an equivalent
local impedance at the groove/airway interface derived from the theoretical impedance
model described in section 3.3.1. This is done by comparing the Green’s function solu-
tion for a source close to the liner to a full FE prediction for the same problem in which
the grooves are explicitly modelled. The comparison also quantifies the effect on axial
sound power reduction of applying the single groove impedance when multiple grooves
are present in the geometry.

The OTR analytical model, called Green/FINF, represents a cylindrical finite lined sec-
tion connected to infinite hard wall duct extensions. The acoustic field is excited by a
monopole or dipole point source located close to the lined surface. This is a simplifi-
cation of a more realistic configuration where an OTR liner (modelled by the lined sec-
tion) is used to suppress fan sources (modelled with equivalent point sources above the
liner). The simplified problem is shown in Fig.3.14. The acoustic field is calculated in
Green/FINF by imposing continuity of mass and momentum at the two interfaces, I-
II and II-III, and has been cross-verified for a constant impedance in the lined section
against FEM simulations for zero and uniform mean flow (thus verification is described
in Chapter 5). The numerical FEM model in the current study is that shown Figure 3.8c.
This represents the full geometrical character of the six grooves and their hard or lined
septums. A monopole source is used both in the analytical estimates and in the FEM
solution. It is located at the middle of the lined section and at 95% of the duct radius:
(xs,7s,0s) = (0.51,0.954,0).

Hard Wall ~ Monopole/Dipole .\ vt pard wall

Point Source
2N e —— =,
3 " ___________________
M I 1I 111

Figure 3.14: Diagram of the OTR analytical prediction model.
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The lined circumferential grooves are defined in the Green/FINF model by a corrected
impedance obtained from the analytical groove models and taking account of the length
of the treatment (/). Two alternatives have been explored and compared to the FEM
results. These are:

(a) The impedance of a single groove is used over a shortened liner length equal to the
groove open area or groove-duct interface. This approach does not account for the
effect of the hard walls between grooves. i.e. define

(b) A corrected impedance is used based on the continuity of mass in the radial direc-
tion to account for the rigid surfaces between the groove cavities. i.e. the length
of the liner is defined as the total length of the acoustic treatment and a porosity
correction is used with o = I; /I, which in this case is ¢ = 3/2. i.e. define

Zetf =02, lp=1=6(lg+1) . (3.33)

The computation of the non-dimensional acoustic axial power and the definition adopted
for the PWL IL is as described in Section 4.5. The PWL IL obtained with the analytical
prediction model and the two alternatives described above are compared to the FEM
results in Figure 3.15. Although both methods of estimating the impedance generally
show a close agreement, the use of a corrected impedance applied to the total length of
the acoustic treatment (alternative (b)) is marginally closer to the FEM solution, especially
in the region of higher attenuation (1-2.5 kHz). The differences between the analytical
prediction (b) and the FEM solution are less than 0.2 dB for the whole frequency range.
The alternative impedance prediction (a) without the porosity correction over-predicts
the IL of the acoustic treatment by up to 1 dB relative to the FEM solution. This result was
expected since the porosity assumption is a better representation of the physical problem
and has been widely used in liner modelling [60].

A key factor of the existence of grazing flow over the grooves is the excitation of cav-
ity resonances. Additional groove or cavity noise in the presence of the OTR grooves
treatment was measured at certain frequency ranges in the tests conducted in the W-8 rig
[5]. Testing of the same OTR casing treatments in the NASA Grazing Flow Impedance
Tube showed the generation of cavity noise at the same frequency range than when in-
stalled over a turbofan rotor [37]. The lengthwise tones caused by the feedback loop of
the unstable shear layer over the cavity [103] cannot be predicted in the analytical groove
impedance model nor the FEM solver due to the inviscid nature of the Helmholtz equa-
tion and it is outside the scope of this work.
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Figure 3.15: Comparison of PWL Insertion Loss analytical predictions against the FEM
results for a monopole point source.

3.3.4 Inclusion of mean swirling flow in the groove impedance model

Swirling flow characterised by a non-zero azimuthal component of the base flow is usu-
ally negligible in the intake but is significant in the fan and interstage sections induced
by the rotation of the fan blades. Numerical simulations indicate that a transition from
a purely axial base flow upstream of the fan to an axial and swirling base flow down-
stream of the fan occurs along the blade passage. Therefore, a natural extension of the
work presented in this thesis could include the Green’s function for swirling flow [36] in
the fan section and a mode-matching between the duct sections with different swirling

flow characteristics.

It can be argued that the rotation of the fan blades could also induce a steady mean flow
within the grooves in the azimuthal direction. In fact, different modal wall SPL Insertion
Loss (IL) for the positive and negative spinning modes has been measured in tests con-
ducted in the W-8 rig [5]. The experimental data was acquired with an azimuthal array
installed at the duct wall 2.2 radii upstream of the fan stacking axis as described in [5].
Fig. 3.16a-3.16b show the measured SPL for the hard wall datum and the acoustically
treated grooves. Fig. 3.16c shows the modal IL obtained by subtracting the SPL in Fig.
3.16b from that in Fig. 3.16a. All contours are plotted against frequency and azimuthal
(or spinning) mode number. The measurements indicate that the plane wave is dominant
at low frequencies and that the modes co-rotating with the fan (m > 0) are dominant for
the rest of the frequency range, as previously reported in [5]. The first two BPFs (at 2.32
kHz and 4.64 kHz) can also be observed, possibly suggesting strong flow distortion. It
can be observed from the slightly asymmetric contours of SPL IL (Fig. 3.16¢) that the
noise reduction is higher for the co-rotating modes.
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Possible mechanisms to explain the bias towards co-rotating modes are (1) the “direct’
effect of mean flow swirl in the duct on the modes attenuation and, (2) the ‘indirect’
effect of swirl in modifying the effective impedance due to induced swirl in the grooves.
Since swirl in the airway has not been implemented in this thesis the effect of (1) cannot
be analysed. However, mechanism (2) is explored here by assuming that the positive
and negative azimuthal Fourier components of the sound field in the airway experience
different effective impedances. The difference originates from the fact that the azimuthal
propagation in groove occurs in the same or opposite direction to that of the induced

mean swirling flow.
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Figure 3.16: Measured SPL and SPL IL spectrum as a function of azimuthal mode order
at 50% fan speed, based on measured time history data supplied by R. Bozak (NASA
GRO).

The Cartesian groove model assumes that the groove depth is sufficiently small (d < 1)
such that the annular casing can be approximated by a rectangular channel, as indicated

in Figure 3.5. Uniform axial flow in the airway is considered with M = (M,,0,0). It
Up (1)
co 7

is also assumed here that the swirl Mach number, My(r) = is constant within the
groove and equal to the azimuthal component of the tip Mach number My(r = 1) = Myp.
A diagram of the Cartesian groove model with the inclusion of ‘swirling” flow and the
assumed shear layers is shown in Fig. 3.17. The base flow conditions in the groove and
the airway have been divided into regions to clarify the formulation that follows and
are summarised in Table 3.2. Region (D is in the groove, immediately above the cavity
liner and below the vortex sheet caused by the azimuthal flow. Region @) is where the
azimuthal propagation within the groove occurs and is connected to the airway (region
@) through a ‘double’ shear layer: @ to @ and Q) to @. The effective impedance of the
groove Z, is derived at region @) since the shear layer from @ to @ is already modelled
in the formulation of the Green’s function of a lined duct with uniform axial mean flow

presented in Chapter 4.
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Table 3.2: Base flow conditions in each region of the groove model.

Region Axial mean flow Azimuthal mean flow
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Figure 3.17: Diagrams of the Cartesian groove impedance model with ‘swirling’” mean
flow.

The material derivative in the groove with swirling mean flow is expressed as

D() . d MQ(T) 0

D= 3 P I (3.34)
which can be simplified for the rectangular channel with constant My = M;;p as
Dy o d

Therefore, the convective Helmholtz equation governing the sound propagation within

the upper section of the groove is

. 2 \?
v%—ow+M@&>p:o. (3.36)

The solution of the non-dimensional Helmholtz equation for the pressure field can be
written again as a separable solution in Cartesian coordinates (Eq. 3.23) but with a differ-

ent dispersion relation:
(w —k:Mip)” = ki + B + K2 (3.37)
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resulting in the eigenvalues of Eq. 3.23 now given by

ke=m, kn="" and Pun=/(w—mMp)2—K2 —K2 (3.38)

where only n = 0 is considered as in the original formulation. Application of the Ingard-
Myers boundary condition at the bottom of the groove (y = 0, D to @) yields

(w— mMﬁp)2 + jaJngi =0 , (3.39)
and )
_ j(w—mMyp)
Buo = ——¢ Z, Ano . (3.40)

Similarly, the boundary condition is applied at the interface between the groove and the
airway (y = d, @ to @) to obtain

(w — mMygp)* — jwzgg;’ -0 , (3.41)

and allowing to retrieve the groove effective impedance Z,

‘02
]'02 COt(,Bmd) + r]Zf‘Bm

whm |1 — w]Z(;;m cot(Bmd)

Zo(w, m, Myp) = —

(3.42)

where () = w — mMyp.

The expressions for the effective impedance of the Cartesian groove model derived earlier
in the section for zero flow and here to include a uniform azimuthal flow are summarised
in Table 3.3, which also includes the dispersion relations. The zero flow expressions are

recovered if My, is set to zero and for m = 0.

Table 3.3: Summary of the expressions for the Cartesian groove model with and without
azimuthal mean flow.

Groove conf. Effective Impedance Dispersion Relation
‘- cot(‘Bmd)Jr%
— _Jw _ fhm 2 _ g2 2
Zero flow Zg = —4. ot ) w* =By, +m

_ 02
¢ d _Jjos
oMt iy 0% = B2, +m?
. m
wﬁm 1_% COt(ﬁmd)

‘Swirling” flow Zg = —
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The sound propagation in the upper section of the groove is now different for m > 0 and
m < 0 as dictated by the radial wavenumber ,,, which translates to a different value of
impedance for each spinning direction for a given azimuthal mode number. The effective
groove impedance with and without azimuthal flow is shown in Fig. 3.18 in a format
analogous to that used in Fig. 3.7. The cut-off condition for the propagation in the groove
is given by w = (1 & Myp)|m| for modes m = +|m| respectively, indicated with the
dashed lines in Fig. 3.18.
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Figure 3.18: Groove impedance with and without azimuthal flow in the groove region
for a range of frequencies 0 < w < 50 and azimuthal mode numbers 0 < m < 50.

In a ‘real’ OTR configuration, e.g. the W-8 test, swirling flow will exist in the airway above
the liner and in the open groove (induced by the flow in the airway). The performance of
the liner will be affected, as suggested before, in two ways:

1. The effect of the impedance on the sound field will be modified by the mean swirling

flow in the airway.

2. The effective impedance will be changed by the presence of the mean swirling flow

in the groove.

Effect (1) cannot be modelled by the current Green’s function, which has been formulated
for axial flow without swirl, and effect (2) is modelled by expression 3.42. While both ef-
fects cannot be predicted by the current model, effect (2) can be studied in isolation by
using the modified impedance with the current (non swirling) Green’s function. This may
indicate whether or not the modified impedance due to swirl in the groove, contributes
independently to the asymmetry of the measured Insertion Loss form the W-8 test. To
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this end, the predicted SPL IL for an axial dipole located at (x,75,65) = (0.5I1,0.954,0)
for M;=0.236 and a range of M;p is shown in Fig 3.19a, indicating that the overall noise
reduction is marginally affected by the azimuthal flow in the groove. However, compar-
ison of the predicted modal noise reduction with or without the azimuthal flow in Fig.
3.19b-3.19¢ shows a shift of the noise reduction towards the positive (co-rotating) spin-
ning modes. These predictions can be qualitatively compared with the measurements
of Fig. 3.16c and suggest that the modified groove impedance model is able to predict

an asymmetry on the noise reduction of the co-rotating and counter-rotating spinning

modes.
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Figure 3.19: SPL IL spectra for a range of My, and modal SPL IL spectra with and with-
out azimuthal mean flow in the groove.

The asymmetry in the noise reduction of the co- and counter-rotating modes is most
pronounced for the near cut-off mode numbers (1,,4x). This is used to obtain a measure
of such asymmetry by subtracting the modal SPL IL in Fig. 3.19c for m = £m,,, which
can also be computed for the experimental data in Fig. 3.16¢c. The resultant measured and
predicted ASPL IL is shown in Fig. 3.20. As mentioned before, the modified impedance
model with the current assumptions is able to qualitatively predict the asymmetry on the
noise reduction but cannot capture the full physics, which requires further investigation.
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Figure 3.20: Measured and predicted ASPL IL spectra between m = %14y.

The modified version of the impedance groove model has not been verified with FEM
simulations due to the difficulties of recreating the underlying assumptions numerically.
The verified annular impedance groove model without axial or annular flow in the groove

is used in subsequent chapters.

3.4 Summary and conclusions

Summary

o A brief review of impedance boundary conditions used in the modelling of the
sound propagation in turbofan engines has been presented and the formulation for
the impedance of conventional SDOF and DDOF cavity liners used in this thesis
has been described.

e The validation of the analytical predictions developed in this thesis against exper-
imental data from a recent OTR circumferential groove array tested in the NASA
W-8 fan rig requires an analytical model for the impedance of the OTR configura-

tions used in the experiments.

e The OTR treatments modelled consist of circumferential grooves extending over
the axial projection of the fan chord. Two analytical models have been developed,
one exact and the other approximate. Both are ‘semi-locally reacting” in the sense
that local reaction is assumed in the axial direction, but non-local reaction in the
azimuthal direction. That is to say, the impedance depends on the frequency and
the azimuthal mode number. Good agreement between the two impedance models

has been established for the geometry and frequencies of interest in this project.

e The locally /non-locally reacting behaviour assumed in the development of the an-
alytical models have agreed with the FEM high-order, high-fidelity numerical sim-
ulations for the range of frequencies of interest, which consist of a 3D axisym-
metric duct with a single groove and incident duct modes. Good agreement has
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been found between the predicted analytical groove impedance and the numerical

impedance evaluated in the groove-duct interface of the FEM model.

An extension of the FEM model to include multiple grooves has indicated also that
the effective impedance of each groove tends to cluster around the ‘single groove’
prediction with fairly small variations except at peak values, where the behaviour
of the grooves is practically that of a hard wall. This suggests that the use of the ana-
lytical single groove impedance model in cases with multiples grooves can provide

reasonable predictions.

The groove model has been coupled with a simplified OTR liner analytical pre-
diction model, Green/FINE. The test case consists of a cylindrical finite lined duct
section matched to infinite hard wall duct extensions excited by a monopole point
source located within the lined section. The analytical predictions for PWL insertion
loss obtained by using the ‘single groove” impedance corrected by a porosity factor
have been compared to FEM predictions accounting for the full groove geometry.
The predictions and FEM solutions agree within 0.2 dB for the whole frequency

range.

The groove impedance model has been extended to include a simplified swirling
flow within the upper section of the groove that results in a different impedance for
positive or negative spinning modes. The overall predicted SPL IL is marginally
affected by the azimuthal flow in the groove. However, the noise reduction is en-
hanced for the modes co-rotating with the fan and diminished for those counter-
rotating, as observed in the NASA W-8 measured data.

Conclusions

e The analytical groove impedance models have proven to most effectively represent

the acoustic behaviour of the physical groove geometry in the absence of grazing
flow by applying the corrected effective impedance of a single groove to an ex-
tended duct length equivalent to that of the multiple groove liner. This impedance
model permits a comparison of our analytical OTR prediction model to the NASA
W-8 measured data in Chapter 6.

Additional noise generated by grazing flow over the grooved liner cannot be mod-
elled within the analytical impedance models and is outside the scope of this work.
It will be assumed that the mean flow in the airway does not interact with the
grooves, whose existence is modelled by an equivalent continuous impedance at
the duct wall.

Future work in groove modelling could include a formal consideration of the effects
of the swirling flow in the annular (rather than the simpler rectangular) groove
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model induced by the rotation of the fan blades. A further more substantial im-
provement would be to also model the swirling flow in the Green’s function for the

main duct.
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The fan sources and the acoustic treatments are located and installed within a duct.
Therefore, this chapter starts with a review in Section 4.1 of the formulation of time-
harmonic acoustic propagation within infinite circular ducts with rigid or lined walls in
the presence of uniform mean flow. This propagation is reduced to solving the homoge-
neous convective wave equation and applying the hard wall or lined boundary condition
at the duct walls. Then, in Section 4.2, the Green’s function for a point source within the
duct is described as a solution of the inhomogeneous wave equation. The Green’s func-
tion for a hard/lined circular duct with uniform mean flow is the basis for the noise
generation and propagation modelling used in this thesis. The section also contains an
overview of the method used to solve the eigenvalue equation and its challenges.
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The modelling of the acoustic field of various types of static and rotating noise sources
to represent the fan rotor blade is detailed in Section 4.3 and Section 4.4. Section 4.5
describes the definition and expressions to compute the axial acoustic power. Finally,
Section 4.6 focuses on assessing the impact of the hard/lined duct boundary condition
on the power output of simple noise sources and a comparison with a reference model
of a point source over an infinite hard/lined plane. The study is focused on the effect of
locating the sources in close proximity to the wall.

In all analytical expressions of this chapter, distances are normalised by the duct radius
a, time by a/cq, frequency by cp/a, pressure by poc%, and particle velocity by co. The
intensity is normalised by pocj and the power by poc3a®. The e/“! convention has been
used to define time-harmonic variables.

4.1 Sound propagation in alined circular duct with uniform mean

flow

4.1.1 Formulation

The time-harmonic sound propagation in an infinite circular hollow duct in the presence
of mean flow is governed by the convective Helmholtz equation (Eq.1.14). A cylindrical
coordinate system is used for convenience: the duct axis is defined in the x-direction
and its cross-section in terms of the radial and circumferential coordinates » and 6. For

reference, the Nabla and Laplace operators in cylindrical coordinates are

Jd, Jd,. 10,
2 9° 19 1 92
2_ 9o o 1o 10
Vi = 8x2+8r2+r8r+r2 002 7 (4.2)

where %, 7 and 6 are the unit vectors in the axial, radial and circumferential direction.

The convective Helmholtz equation for uniform axial mean flow, M = (M, 0, 0), in cylin-

drical coordinates, can be expressed as

?p ?p 19p 1% /(. 3\’
S e g (Mg p=0 “3

Modal solutions of the convective Helmholtz equation can be obtained by separation of
variables [50, 53]. By assuming solutions of the form

p(x,r,0) = F(x)G(r)H(8) , 4.4)
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Eq. 4.3 can be divided into three second order ordinary differential equations:

d*F dF

(1-M?) Tz~ 2jwM—— + (W*—a®)F=0 , 4.5)
d?’G 1dG , m?
117’2—}_7’617’—}_(“_7’2)(;_0 , (46)
and 2
H
T m*H=0 , (4.7)

where m and « are arbitrary complex constants to be determined by boundary conditions

on the solution.

The solutions of Eq.4.5-4.7 are of the form:

i i —wM+/wr—(1-M2)a2
o F(x) = Cie /¥'* 4 Coe /¥, where x* = —~ 1“_]M2( e

e G(r) = C3Jm(a®r) + CyY;n(aFr), where J,, and Y, are the Bessel functions of first
and second kind.

o H(§) = Cse im?.

Note that «, « and m are the wavenumbers in the axial, radial and circumferential direc-

tion respectively.

Since the duct is assumed to be infinite in the positive and negative axial directions, the
solution must radiate or decay as x — +oo0. Hence, C; = 0 for x > 0 and C; = 0 for x < 0.
Boundary conditions must also be satisfied in the radial and circumferential directions.

These are :
o Circumferential direction: The solution must be periodic in 8 at period 27, giving
H() =H(0+2mm) m=0,£1,£2, etc (4.8)

o Radial direction: The pressure must be finite at r = 0, hence C4 = 0, and condition
3.5 must be satisfied at the outer wall, giving

2
(jw—i—Maax) p+ij3f:O at r=1 . (4.9)

The substitution of expressions for F(x) and G(r) into Eq. 4.9 above then gives

P T (&) + waZ]), (&) =0 , (4.10)
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where () = w — xM is obtained from the dispersion relation
O =a®+x> . (4.11)

The above generic solutions in each dimension can be recombined to recover expressions

for the pressure of the form
p(x,r,0) = (cl Cse X (atr) 4+ CrCae™ ¥, (ofr)) Cse /™0 (4.12)

This poses a coupled eigenvalue problem for a and x. For each integer value of m (from
—o0 to —c0) a set of eigenvalue pairs («;,,x;,,) and (;,,,%,,,) satisfy Eq. 4.10 for n =
1,2,3,..

The eigenvalue statement is valid for any value of wall impedance Z, an input to the
acoustic problem in the duct. The eigenvalue equation for a hard wall case can be ob-
tained by setting Z = oo in Eq. 4.10 to give J,,(#mn) = 0. The radial eigenvalues «ay,, can
then be directly obtained from the zeros of the derivative of the Bessel function of the first
kind. All axial and radial eigenvalues have been expressed for m = (0,+1,+2,...) and
n = (1,2,3,...) since for each azimuthal mode number m there are infinite n solutions of
the eigenvalue equation. Each combination of (m,n) is known as a duct mode and
and «;-, are used for the right-running (+) and left-running modes (-). In the case of a
hard wall or lined wall with zero mean flow the right and left-running modes are the
same and no sign distinction is made. Finally, by superposition, the pressure solution of

the wave equation can be written as the modal expansion

p(x,r,0)= Y e /™ <Z [Nntn]m(ac,i;nr)ej"’t"x—kNmn]m(ucmnr)ej"W"]) , (4.13)

m=—o0 n=1

where N,,, and N}, are complex modal amplitudes.

4.1.2 Numerical method to solve the eigenvalue equation

The description of the sound field in the lined duct requires determining the solutions
Xy and K, of the eigenvalue equations (Eq. 4.10 and Eq. 4.11). It is not trivial to solve
all the eigenvalue solutions for a lined case. A routine developed by Rienstra has been
used in the current study and is outlined in this part of the section. The computational
scheme is based on the dynamics of the eigenvalues in the complex plane described in
[75]. The main steps involved in the routine are:

1. Calculation of the hard-wall eigenvalues: as mentioned before, these are the solu-
tions of J, (@) = 0 which can be directly obtained from the zeros of the derivative
of the Bessel function of the first kind j,,,.
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2. Eigenvalue tracing to obtain the lined solution: a contour in the complex impedance
plane is defined from the hard wall condition Z = oo to the target impedance Z,,
and the eigenvalue equation is solved taking small steps along the contour and us-
ing the previous solution as starting values. Contours parallel to the imaginary axis
are used of the form Z = R + jX with a constant resistance Ri,r and the reactance
varying from X = —co for M > 0 and X = +oo for M = 0 to X = Xi,,. Starting at
Z = oo ensures that all the surface waves are captured [75]. Two approaches have
been used:

A. Express the eigenvalue equation in terms of an admittance function of a dummy
variable 77 such that A(y = 0) = 0 is the hard wall admittance and A(y =
Ntar) = Atar is the target admittance. The eigenvalue equation can then be ex-
pressed in the form of an ordinary differential equation (ODE) and integrated
numerically as an initial value problem for 7 = [0, #jtar] to yield the solutions
of the eigenvalue equation for the target impedance/admittance. The solution
is then refined using a Newton-Raphson routine. A more detailed description

including the formulation is given in [51].

B. Solving directly the eigenvalue equation at each point of the impedance con-
tour with a zero-finding routine, starting with the hard wall initial values and
then using the solution of the previous step as the initial values of the current
step until reaching the target impedance.

Both options permit the computation of the eigenvalues for a desired number of radial
mode numbers for a given azimuthal mode number, frequency, wall impedance and
mean flow Mach number. Solving the eigenvalue equation with a Newton-Raphson
method with nearly hard wall eigenvalues as the initial condition was introduced by
Ko [104] and the idea of tracing the eigenvalues by transforming the eigenvalue equa-
tion to an ODE was first proposed for a 2D duct by Eversman [105]. The main differ-
ence between the ODE strategies proposed by Eversman and Rienstra is the choice of
the parametrisation of the impedance, which in the latter is based on the classification of
modes as acoustic modes and surface waves.

The strategy adopted in this thesis has been the transformation of the eigenvalue equation
into an ODE since it has proven to be a faster routine more suited for problems involving
a large number of modes and frequencies. However, the groove impedance model de-
scribed in Chapter 3 is purely reactive when a hard groove is considered and can lead to
values of resistance close to zero even for the lined groove configuration. Strategy (A) can
diverge under certain conditions with these zero/small resistances, for which strategy (B)
with small steps along the contour appears to be more reliable. An alternative impedance
contour has also been explored using strategy (B) and starting from the pressure-release
condition Z = 0, with analytical solutions J,,(a,n) = 0, i.e. &py = jmn, instead of the

hard wall solution, which has provided reliable solutions for |Z| < 1 even when R = 0.
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The numerical integration of the ODE has been implemented with the MATLAB func-
tion ode45 based on an explicit Runge-Kutta (4,5) solver and with ode113, a variable-step,
variable-order (VSVO) Adams-Bashforth-Moulton PECE solver [106]. The latter has been

found to be more stable at low resistances and hereby is used as default.

After the considerations outlined above, the ODE strategy has been used with automatic
monitoring to (1) remove duplicated eigenvalue solutions, (2) remove modal solutions
when appearing as convective instabilities [74], (3) flag if the solution has not reached
convergence and (4) make sure that the surface waves with the analytical solution, i.e.
for M = 0, have been captured by using the analytical solution as starting value and a
zero finding routine. Only cases with null or very small resistance R < 0.1 have been an
issue and are addressed with the use of an artificial resistance detailed in Chapter 6.

4.2 Green’s function for a lined circular duct with uniform mean

flow

The Green’s function represents the impulse response of the wave equation for specific
boundary and initial conditions. This section describes a tailored Green’s function in the
frequency domain for a lined circular duct with uniform mean flow adopted in this thesis.
The infinite circular duct problem is sketched in Figure 4.1.

) o)
“«—

[ J
¥~ Source
l a

Figure 4.1: Lateral and cross-section of the infinite circular duct problem.

The Green function G(x|y) represents the pressure field generated at x = (x,7,0) by a

point source located aty = (xs, 7, 05). For an infinite lined cylindrical duct with uniform

mean flow:
?*G  9°G 139G 139G /[, 2\?
with the impedance boundary condition at the wall:
. a\* . . 3G
]w+Ma G+]wZW:O at r=1 . (4.15)

An analytic Green’s function for this problem was proposed by Tester et al. [43, 107]

based on a previous formulation for a 2D lined duct with uniform mean flow [74]. An
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equivalent formulation was independently obtained by Zorumski [108], although some
of the expressions were not given explicitly. Alonso et al. [109-111] derived a Green’s
function by solving a linear system of equations based on a modal expansion of the solu-

tion and enforcing continuity of the solution at the source plane.

The analytic Green’s function adopted here is the version derived by Rienstra and Tester
[51], expressed as a sum of non-orthogonal modes obtained by representing the solution
as a Fourier integral evaluated as a summation over the residues. The formulation is
explicit and agrees with the Green’s function of Alonso et al. when a sufficient number

of modes in both solutions are considered.

The Green’s function is expressed as a sum of non-orthogonal modes

Gixly)= Y e ™ %G,(r,x) , (4.16)
m=—co
where (i ) (i )
1 & Tt r)Jm(as rs) _ix oo
Gu(r,x) = —=— 1 mn7S) =Ky (X—Xs) , (4.17)
m(7%) zmgl Qi o (5 )2
with
2 O 2IMOE
= _ 4 + 10t 1_m7_ mn 4 mn 41
an (Kmn+ mnM) 0‘%;21 <warinnz)2 w7 s ( 8)

Qi,, a, and x5, are used for the right-running (+) and left-running modes (-), in the
regions x > xs; and x < x, respectively. The axial and radial modal wavenumbers can
be obtained by finding the solutions of the eigenvalue equation (Eq.4.10). More details
of the formulation and the analogous expressions for an annular section can be found in
[61]. The expressions given by Eq. 4.16-4.18 are also valid for the semi-locally reacting
impedance models described in Section 3.3, for which Z = Z(w, m).

The delta function on the right hand side of Eq. 4.14 can also be understood as a monopole

volume acceleration point source of constant unit strength, as explained in Section 4.3.1.

The axial particle velocity is a key variable to analyse the behaviour of the acoustic field
and necessary to compute the in-duct sound power radiated by the source/s, as described
in Section 4.5. The axial particle velocity, uy, can be obtained from the modal expansion
of the pressure field and the non-dimensional linearised momentum equation in the axial
direction: 3. 3

X
5x T ar 0 (4.19)

which gives, for the Green’s function pressure field,

jwuy + M

00 ) 00 + + + .
ux(x,w> — Z ef]m(é)f@s) (_1 Z Kimn ]m(‘xmnr)]m(ffcmnrs)ejxin(xx5)> (4.20)

27Tj n=1 Qr:trm Qrinn]m(“mn)z

m=—oo
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4.3 Acoustic field generated by ducted static sources

The non-dimensional inhomogeneous convective wave equation in uniform axial mean

flow is: 2

(th _ v2> R (4.21)
where D 3 3

Di ot +Ma , (4.22)

and g represents the source term.

In the acoustic analogy, the source term g represents the noise generation mechanism
exciting the acoustic field. The main physical excitation mechanisms usually considered
in aeroacoustics are unsteady volume acceleration, velocity and displacement, external
forces and external stresses, which are represented by distributions of monopoles, dipoles
and quadrupoles respectively. The expressions in this section and the next are limited to
the volume velocity and the external force since these are the dominant mechanisms in
rotor blade noise [50]: the so-called thickness noise and the unsteady loads normal to the

fan surface respectively. These two source terms are defined as

_DQ
1= = (4.23)
where Q is the volume velocity per unit volume, and
9=V f , (4.24)

with the vector f defining the external force per unit volume. Although these are the
only type of sources used in the thesis, Joseph et al. [7] showed that any ducted source
could be generalised as a distribution of temporal and spatial derivatives. They provided
the following general expression for the pressure modal amplitudes p;,,, of an incoherent
source distribution of arbitrary spatial order y and temporal order v in a hard wall duct

1 (M- M= E M\
P2 o - < 1_]\621;) ( 1_5%2 > , (4.25)
where
G = /1~ (1= M2) (/)2 . (4.26)

These relations will be compared with the point source expressions formulated in this

section.
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4.3.1 Monopole point source

The solution of the inhomogeneous wave equation for the volume velocity source can be
solved by using the Green’s function. Goldstein [50] showed that the acoustic field, in the

time domain, generated by the monopole source is of the form

// Qly, 1) xt‘y’ Dty 4o yar (4.27)

where the sources are distributed over the blade surface S and Q is the non-dimensional
unsteady flow velocity normal to the blade surface. Note that the material derivative
is now applied to the time-domain Green’s function instead of the source term. The
time-domain Green’s function is related to the frequency-domain form of Eq. 4.16 by the

inverse Fourier transform:
17 w(t—7)
g(x, tly, 1) = = / G(x|y)e dw . (4.28)

In the frequency domain, the material derivative is transformed, for each modal compo-

nent, to
D d d . )
D= <aT+Ma ) — —j(w— Mxun) = —jQumn (4.29)
S
leading to
p(x, 1) = / / / S / Q(y, 1)e TG (x|y)e dwdS (y)dt . (4.30)
—o0 S —00
The integral over emission time of the source strength is interpreted as a Fourier trans-
form -
/ Qly, T)e /"dt = Q(y,w) , (4.31)

which allows writing the pressure field in the frequency domain as

pixw) = [[ Q)G xly)ds(y) - 4.32)
S

Note that the material derivative term (), is applied within the double summation over
the azimuthal modes m and radial modes 7 inside the Green’s function and has been
placed outside only for conciseness. For a single point source, one can avoid the surface

integral and write, now including the full Green’s function,

p(x,w) = Q(w) i o~ im(0—05) <1 0 Q,:,En]m( )]m( )2 )e—jx,%n(x—xs)> . (4.33)

m=—co 21 n—1 an]m(“mn
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It can be shown that the modal amplitudes of the above expression for a hard wall duct

1 (1—CEunM\?
2 mn

are of the form

in agreement with the generalised formulation of Joseph et al. for the volume velocity
source used here, i.e. with spatial and temporal orders (y,v)=(0,1).

The monopole representation in Eq. 4.33 has been used for the cross-verification with
the FEM simulations with uniform mean flow since this is the monopole interpretation
implemented in the software Simcenter 3D [100]. However, the physical interpretation
used for the rest of analytical studies and predictions involving monopoles has been in
terms of the volume acceleration of unit strength g = 1 with (y,v)=(0,0). This monopole
source model does not involve the material derivative on the right hand side of the wave
equation and permits a direct implementation of the pressure Green’s function without

any additional modification.

4.3.2 Dipole point source

A dipole source model is described here to account for the lift fluctuations due to the
turbulence impinging on the fan blade and the trailing edge noise. The dipolar sources
are regarded as the dominant contribution of rotor blade noise at subsonic tip speeds [50].
The dipole considered here is orientated at a certain angle <y relative to the duct axis as
indicated in Fig. 4.2. The dipole is depicted at the leading edge for illustration purposes
but any distribution of dipoles over the blade surface S can be modelled.

Figure 4.2: Row of fan blades as viewed over the tip and the dipole source model, with
7 the angle relative to the duct axis, ® the stagger angle and f the fluctuating lift force.

Again, the non-dimensional version of the Goldstein acoustic analogy is used to derive

the pressure field of a dipole source distribution:

pat) = [ [[ fw0n Vg tly asyyar (4.39)
— S
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where f is the strength of the dipole normal to the blade surface S and located at y =
(xs,7s5,05). The normal fi, and therefore the dipole alignment v, could be defined as a
function of y but a flat plate assumption is taken here such that it is constant and given
by

fi = [£,7,0] = [cos,0,siny] . (4.36)

An analogous procedure than for the volume velocity monopole source is followed and
the integral over emission time of the dipole strength is again interpreted as a Fourier

transform such that

/f(y,T)e’j“’TdT:f(y,w) . (4.37)

The pressure field generated at x = (x,r,0) by a dipole source in a lined circular duct with
uniform mean flow can be then obtained by using the analytic Green’s function solution

of the wave equation with:
pixw) = [[ fly,w)n-9,6(xy)ds(y) - (4.38)
S

The nabla operator in cylindrical coordinates applied to the Green’s function of Eq. 4.16

gives:
oG Xs + %G, + 196,
oxs *s ars ° rsdbs ©

resulting in the following expression of the pressure for a single point dipole in the fre-

V,G = (4.39)

quency domain:

I ol o s

m=—o0 —1 an]m(“mn)z

KL cosy + rﬁ sin 'y} ) , (4.40)

S

where Q, and Qj;, are the same as for the monopole Green’s function. The sign logic

and nomenclature also apply here.

Once again, it can be shown that the modal components of the above expression for an

axial dipole (y=0) in a hard wall duct are of the form

1 (M=Cm\*
2 mn
| Pin |~ o 7 (1 Y7 ) (4.41)

in agreement with the generalised formulation of Joseph et al. for an axial dipole with
spatial and temporal orders (u,v)=(1,0).
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4.4 Acoustic field generated by ducted rotating sources

The expressions presented in the previous section always consider that the source/s are
stationary in the reference frame relative to the duct. However, in reality, rotor-blade
sources are spinning with the rotor. The modelling of free-field and in-duct rotor-blade
noise has been often based on the formulation of the Goldstein’s version of the acoustic
analogy adapted for each target source type. In-duct prediction models based on Gold-
stein’s formulation include the works of Ventres [112] and Meyer and Envia [113] for
tonal interaction noise and of Glegg [114], Glegg and Jochault [115] and Lowis et al. [116]
for broadband self noise amongst others. Alternative approaches based on the direct
solution of the convective wave equation and including uniform mean flow have been
proposed such as the formulation of McAlpine and Kingan [117] for modelling the noise
of installed open rotors or Wang et al. for rotating dipoles in a plug jet flow [118].

This section describes the dipole formulation based on the Goldstein version of the acous-
tic analogy using the Green’s function for a lined circular duct with uniform mean flow.
Then, the approach based on the direct solution of the convective wave equation is adapted
to the in-duct lined problem and it is shown that both approaches yield the same re-
sult if equivalent underlying assumptions are taken. The derivations can be formulated
with an equivalent procedure for rotating monopoles but it has not been included in this
manuscript. The last part of the section describes the modelling of the dipole source
strength adopted in this thesis. The effects of considering static or rotating sources in the

predicted noise generation and reduction are covered in Chapter 6.

44.1 Solution based on the Green’s function

The effect of the dipole rotation is included in the Green’s function formulation by ex-
pressing the azimuthal source position 6,(7) in the stationary frame of reference relative
to the duct as

0s(t) =0+ Qt (4.42)

where f; is the source azimuthal position in a rotating frame of reference spinning with

the fan at a non-dimensional angular frequency Q.

Substitution of Eq. 4.42 and the Green'’s function (Eq. 4.16) into the pressure expression
in the time domain (Eq. 4.35) gives

27T e

—0o0

pen = [ [[ramg: [ f‘-Vy[ Y e CIG,, (x|g)e e T | deodS(y)dT
S '5

(4.43)
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The integral over the emission time can now be solved as

[ee]

/ @, T)e 1@ = f(y,0 —mQ) (4.44)
which yields
p(x,t) = // % / n-Vv, [e’jm(e’gs)f(]’],w — mQ)Gm(x\g)ej‘”t} dwdS(y) .  (4.45)
S —0o0

The pressure field for a single point rotating dipole in the frequency domain can then be
obtained by taking the Fourier transform and applying the gradient as in Eq. 4.39:

(-6, 1 - )]m( nls) it (x—
X, w) = e jm(6—06s) ( W — mQ e JKm (X—X5)
P = L 2/ DI AR

K,T;n cosy + rﬂ sin fy} ) . (4.46)

S

m=—oo

Comparison of the equation above with its counterpart for a static dipole (Eq. 4.40) show
that the effect of the source rotation is to shift the frequency of the source strength term
f by —mQ) but does not modify the propagation terms in the Green'’s function, which are
still evaluated at w. The physical interpretation of this result is that the steady loading,
ie. @ = w—mQ = 0, will only generate tonal noise at multiples of the shaft frequency
w = mQ) and the unsteady perturbations will generate broadband noise that will be
perceived with a frequency w in the static frame of reference and generated with a shift
of —m() in the rotating frame of reference, analogous to the Doppler factor. Therefore,
the source strength and its propagation become coupled through the azimuthal mode
number. An equivalent result for the hard wall Green’s function has been derived in the
literature by, amongst others, Ventres [112] and Lowis et al. [116]. Note that this solution
requires the modelling or measurements of the dipole source strength spectrum, which
is covered in more detail in Section 4.4.3.

4.4.2 Direct solution of the inhomogeneous wave equation

This formulation follows the approach taken by McAlpine and Kingan [117] based on
the direct solution of the convective wave equation in free-field with uniform mean flow,
which is extended here for an infinite circular lined duct. The derivation starts with the
non-dimensional convective wave equation with a dipole source on the right hand side:

?p *p 1ap 1% 3\’
w2 T Trar T e (fw+Ma > p=V-f o (447
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The magnitude of the force is assumed to be harmonic with a source excitation frequency
wp and the direction given, as previously, by the normal to the blade surface fi. Only the
axial and azimuthal components are considered in the formulation. The source position

is fixed in the axial and radial direction and rotates azimuthally with the fan such that
(x(t),r(t),0(t)) = (0,15, 2t) . (4.48)

Therefore, the force term f can be expressed as
flx,r,0,t) = foﬁej“’ot(s(rr_rs) < Y. 6(6—Ot —27'[;4)) 5(x) . (4.49)
p=-—o00

The solution of the convective wave equation is obtained by introducing the Fourier
transform in x and t and Fourier series in 6 given by

m(r, K, w) = 7’ /”

p(x,r,0, 1)l M= dxdods (4.50)

8\8

and

p(x,1,0,t) = (27103 (/ /pm r,K,w)e” jlex— “’t)dxdw) —jmé (4.51)
m=—oo

— 00 —00

This procedure transforms the derivatives such that

0 _ 0 d ,
5 7 55 —jm 5 "W (4.52)
and the inhomogeneous wave equation transforms to
d?pm  1dpm m2 _
a2 + Y dr + ( 1’2> Pm=Fm (4.53)
where
22 = (w+KxM)?—x2 =% —«? (4.54)

is the radial wavenumber and the Fourier transform of the source term results in

20(—1)"*si
mQ) — (w — wg)

Fn=—j (Kcosv%—?sin'y) Z 5w — [wo + uQY])

]17—00
(4.55)
Details of the integrations involved in the Fourier transform of the source term above can

be found in [117]. The solution of Eq. 4.53 is found by using the method of variation of
parameters and noting that the homogeneous version of Eq. 4.53 (F,;, = 0) has solutions
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of the form J,,(ar) and Yy, (ar), i.e. Bessel functions of the first and second kind respec-
tively. The method of variation of parameters is applied by taking J,,(ar) and Y, (ar)
as the linearly independent solutions of the homogeneous differential equation, which

yields
pm = Jm(ar) | Am(x, w) — f/]-'m (as sds] +

Y (ar) {Bm(K,w) —I—g/}"m(s)]m(ws)sds . (4.56)

0

After substitution of Eq. 4.55 and evaluation of the inegrals one gets

pm = AmJm(ar) if r <,
T & .
or Ju(ar) (A + ]-"m (ocrs)> Y (ar) (Bm + E.Fm]m(zxrs)> if r>ry , (457)

where

20(—1)"*sin e
): S(w — [wo +uQ)]) . (4.58)

p=—0c0

Fu = —j (Kcos’y+ Tsiny)

s mQ — (w — wp)

The constants A, (x,w) and By, (x,w) are now determined by applying the boundary

conditions:

e p,; must remain finite as r — 0. Since Y;,(x) is singular as x — 0 it immediately
follows that
By (x,w) =0 (4.59)

e The Ingard-Myers boundary condition is applied at the wall (r=1)

d
iOPp + wz% —0 (4.60)
which leads to
T - Y (a) + jwZaY! ()

Jm (ars) (4.61)

Ap(k,w) = Efm You(ars) — JO2 T () + jwZa]), ()

Substitution of Eq. 4.59 and Eq. 4.61 back into Eq. 4.57 and rearranging the terms, the
solution for p;, can be expressed as

JO2F(r>, &) + WZHy(r>, &)
En(x) ’

pm(r, €, w) = gfm]m(m’<) (4.62)
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where the nomenclature of Rienstra and Tester [51] has been adopted such that

En(x) = jO%Tu(a) + wZa]),(x) (4.63)
Fo(r,0) = Jo () Yo (1) — Yo () Jn (ar) (4.64)
Hpu(r,a) = af,, («) Y (ar) — aYy(a) Jm(ar) (4.65)
and
r~ =max(r,7s) and ro =min(r,rs) . (4.66)

The inverse Fourier transform in x is defined as

[ee]

1 ,
pm(x,1,w) = oy / pm(r, k,w)e ™dx . (4.67)
The back transformation can be performed by noting the isolated poles of E,,(x*), x =
K;:,- The integral is evaluated as a sum over the residues in the poles at ¥ = ), for x > 0

and « = «x,,, for x < 0 [51]. By noting that

dE,, m? Ot 2jMQ)
T - = —wZ]n(a) [(QM— K) <1 v (cuZ(x)Z) =7 } , (4.68)
introducing an equivalent quantity that in Eq. 4.18
Qe — 4+ [(x—amy (172 9 ) _2/MO (4.69)
e a2 (wZw)? wZ ’ '
and using the eigenvalue equation E,, (x;,) = 0 and the Wronskian to obtain
2wZ
iOFy(rs, 0) + WZHy (1>, 0) = —————Ju(ars) 4.70
J m (7>, &) (r>,«) n]m(zx)]M( >) (4.70)
the integral of the inverse Fourier transform results in
Jm lxmn7’<)]m (D‘mnr>) —i
(x,r,w0) = — F g Jlmn* 4.71
P / 2 " Qun ()2 @70
So the distinction between r~. and r- can be skipped to obtain
pm(x, 7, w) iﬁ Jm am"r)]m(am”rs)e Jmn (4.72)
=1 an]m(“mn)z
Finally, we define the inverse Fourier time-transform as
1 ji jwt
pm(x,1,t) = 7 / pm(x, 1, w)e“ dw -, (4.73)

—00
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in which the integration over w is performed by noting that the zeros of the delta function

occur when w = wy + p() and rewriting

20(—1)"*! sin g sin [mrc - nw})wo}
= =27
= (w0 — o) [

(4.74)

The evaluation of the inverse Fourier time-transform yields

[ee]

pm(x,r,w) =—fo Y, { ) sin(mm — n7) (KCOS’)’—i— ?sin'y)
n=1

(mm —nm)

m\&omn? ) Jm\&0mnTs) ik, x i(wotnC
Gt ]

in which the summation over y is reduced to a single term by the fact that

i — 1, n=m
sin(mrm — nr) _ (4.76)
(mm —nr) 0, n#m

Therefore, the final time-domain expression for a rotating single-frequency dipole in a

infinite lined duct with uniform mean flow writes

_ —jmb :
pm(x,1,0,t) = —Zﬂfo E e n§:1 <K cosy + - sin fy)

m=—0o0

Jin (@0mn®) o (&0mn?s) o i+ mO)t

4.
Qomn Jm (@omn )? , (4.77)

where the ‘0" subscripts in agy, and Qo indicate that they are evaluated a the shifted
frequency w = wp + mQ).

An equivalent expression can be obtained by taking the approach based on Goldstein’s
acoustic analogy. Starting from Eq. 4.43 and taking the same assumption of an harmonic
dipole source than for the current formulation, i.e. f(§, T) = foe/“07, the integral over the

emission time is now of the form

/ foe HwlwotmONT g — f5(y, w — [wo 4+ mQ)) . (4.78)
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After the w-integration, the pressure expression for the equivalent problem based on the

former approach results in

p(x,t) = fo Z ¢~ im(@=0:) E (Kmncosv+msm'y>

m=—o00 n=1 Ts
Jm (‘anr)]m (amnrs) e—jK,ﬁn(x—xs)
Q%n}m (“%n)z

ej((ua-l—m(_))t , (479)

where &, and Qy, are also evaluated at the shifted frequency w = wg + mQ.

The former model based on the Goldstein’s acoustic analogy and the Green'’s function is
used in Chapter 6 since it has been conveniently derived in the frequency domain. This
exercise has been a useful cross-verification of the two different approaches taken in the
literature to model the effect of rotating sources and has shown that they yield the same

expressions provided equivalent assumptions on the source model.

4.4.3 Modelling of the dipole source strength

It follows from the expressions in this section that the dipole strength function f(§, w)
is required for the modelling of the effects of source rotation in the frequency domain.
Indeed, a realistic estimate of this magnitude would also make the source modelling used
for comparison with the OTR W-8 NASA data more representative of a rotor blade.

The modelling of fan self-noise is more suitably expressed, due to its broadband nature,
in terms of the pressure cross-spectrum S,, between two observer positions x and x’
expressed as

Spp(x,x',w) = lim TE{p(x w)p*(x,w)} (4.80)

T—o0

where * denotes the complex conjugate and E{} the expectation value.

For a distribution of dipole sources given by the generalisation of Eq. 4.43, the pressure

cross-spectrum in a lined cylindrical duct with uniform mean flow can be expressed as

Spp(x, 2/, w) = //// Z Z St 9, w —mO,w—m'Q)

Mm=—00 m'=—o0

Gm(x,y,w)Gm/(x’,y’,w)e’fm(g’gs)e]m(el’oé)dg(g)dg’(g/) ., (4.81)

where

]Wl < mnrs) —ixE — m .
Gu(x,7,w) = e T (x=Xs) |4k o5 1 T gin , (4.82)
(g ; anJmmmn)z o COSTY 70, 7SIY
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and
~ o~ . 7T ~ %/~
S11(3,7,0,0') = lim ZE(f(,0)f (7,0} (4.83)

is the source spatial and frequency cross-spectrum, which is often based on models of the
boundary layer pressure fluctuations on the blade surface [114-116, 119] due to Amiet’s

theory [68] of trailing edge noise in isolated blades.
The simplifying assumptions for the fan noise model that follows are based in the ap-
proach of Lowis et. al [116] and can be summarised as:
1. The acoustic sources of each blade are concentrated at the trailing edge (xs = x7).
2. The fan consists of B identical uncorrelated blades.
3. Each rotor blade is considered a flat plate with zero pressure gradient.

4. The surface pressure fluctuations are assumed to be concentrated at the trailing
edge and the scattering of the hydrodynamic pressure field as it sweeps past the

trailing edge is not considered.

The source cross-spectrum can be rewritten from assumptions (1) and (2) as
Str(, 7, w,w') = Sgp(rs, 78, 65, @, w")6(6s, — Bép)é(esp —2mtp/B) , (4.84)

where 65, is the azimuthal position of the trailing edge of each pth rotor blade.

An additional assumption (5) has been taken here to consider a homogeneous turbulent
boundary layer such that

S¢r(, 7, w,w) = St (7, 7, w)b(w—w') . (4.85)

The flat plate turbulence model used here to describe the spatial cross-spectrum follows
assumptions (3)-(5) and is given by Blake [120] as

_wlrs—rl]

Ser(rs, 15, w) = ¢pps(rs,w)e” " w , (4.86)

where ¢y is the single-point spectrum of wall pressure fluctuations beneath the turbulent
boundary layer, ¢ is an experimental constant (typically 0.7 [116]) and U, is the non-
dimensional turbulent eddy convection velocity given by

Uc(rs) = 0.7/ (Ors)2 + M2 . (4.87)
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The expressions implemented for ¢, are the non-dimensional version of those provided
by Blake [120], that is

. 2
u: (u%) (‘i’l—f) for “’—‘5 <1
brr(w,rs) & { Ubw™! for 1< @ <alld (4.88)

—4
4, ,—1 [ wo wd 3ou J
UTCU (E) for u. > e

where U;, 6 and v are the non-dimensional hydrodynamic friction velocity, boundary
layer thickness, and kinematic viscosity. The non-dimensional boundary layer thickness

¢ is estimated as [120]
c

where c is the non-dimensional rotor-blade chord and Re, the Reynolds number Uec/v.

The three ranges of 4%

in Eq. 4.88 correspond to the regions where the dominant con-
vected eddies are in the outer region of the boundary layer, the logarithmic region and
the viscous sublayer respectively. Note that the variables involved in Eq. 4.88 vary for
each radial source position, which means that the radial distribution of source strength is

affected by Q, the spanwise rotor-blade chord distribution and frequency.

The final expression for the pressure cross-spectrum for the fan self-noise model adopted
in this thesis can be obtained by substitution of Eq. 4.84-4.86 in Eq. 4.81 to yield

Spp X, x (,() = B// Z ¢ff Fo, W — mQ) (w— mQ)\rb rs‘

s rh

G (%, 7, )G (2, w)e MO0t drdr! . (4.90)

The integrals over the source region S and S’ in the pressure cross-spectrum of Eq. 4.81
are reduced to integrals over the radial source position due to assumptions (1) and (2)
expressed in Eq. 4.84 and assumption (5) reduces the double summation over m and m’
to a single sum over m. The two integrals are discretised and evaluated numerically for
a source separation distance that provides a converged solution for the frequency range,

axial Mach number and non-dimensional shaft rotation frequency of interest.

This model allows for a radial variation of the rotor blade chord as well as variable twist
by modifying the dipole stagger angle ® in the Green’s function. The impact of these
variables in the predicted OTR noise reduction is analysed in Chapter 6.
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4.5 In-duct sound power

The non-dimensional acoustic axial power at each axial cross-section (S) can be used to
assess the performance of liners. It is computed by integrating the intensity field over the
duct cross-section, resulting in [121-124]:

P(x) = /S LdS = % /S Re {pu} (14+ M?) + Mpp* + Mu,u}} dS (4.91)

The power computation can be done either fully numerically using the pressure and par-

ticle velocity resultant of the mode summation, or by considering that the total power can

be computed as the sum of individual modal powers. The second approach is more accu-

rate because the circumferential integration can be obtained analytically, leaving only the

radial integration to be computed numerically. It is common to analyse the liner acoustic

performance using the Sound Power Level (PWL) Insertion Loss (IL) or just IL, defined
as the power relative to the hard wall case in dB scale.
Pr(x)

IL(x) =10lo dB 4.92
(x) 810 P (x) [4B] (4.92)
where Py and Pj, are the acoustic power for the hard wall and lined configurations ob-

tained using Eq.4.91.

As usual, the infinite number of modes that define the analytical solution of the acoustic
field cannot be computed. Therefore, a parameter to control the series truncation is used,
which determines the number of modes considered in the computation. This parameter
is called Cut-Off Ratio (COR) and the definition that has been used is:

_ 2
COR — % (4.93)

The radial wave number increases with the mode order, which means that for a given

COR all the modes with &« smaller than “’1(10]\1;2 are included in the modal summation.

Note that COR=1 corresponds to only cut-on modes and that COR>1 will include a cer-

tain number of evanescent modes. The evanescent modes play an important role in the

near-field of the source [51] and therefore CORs sensibly higher than one have been used.

4.6 Effect of the boundaries in the source power output

In this section, an analysis is presented of the effects that the impedance boundary con-
dition, the source radial position and excitation frequency have on the acoustic power
generated by a monopole and axial dipole point source in an infinite hard and lined duct

with and without axial uniform mean flow. The axial acoustic power is computed at the
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source plane by integrating the axial intensity over the cross-section of the duct using Eq.
4.91. The intensity field is obtained from the Green’s function modal expansion of the
pressure (Eq. 4.14) and the axial particle velocity (Eq. 4.20). Hence, in practice, the in-
tensity field is truncated to a finite number of modal contributions and can be integrated
analytically. The total power radiated by the source P is obtained by adding the absolute
power radiated upstream |P~| and downstream |P*|, as indicated in Fig. 4.3.

o0 (0]
<——-_| [
[
M PJ«»PJ

la

Figure 4.3: Lateral and cross-section of the infinite circular duct problem and axial acous-
tic power evaluation at the source plane.

Any axial position upstream and downstream of the source would be sufficient in the
case of a hard wall duct because there is no energy loss as the modes propagate axially.
However, the evaluation of the power at the source plane is key for the lined case because
it omits any energy dissipated by propagation over the lined walls. The axial power
results of this section are normalised by the power radiated by a monopole/dipole source
in free-field and zero flow. That is, P;/ Py, the subscripts d and f referring to ducted and
free-field respectively. A similar analysis for monopoles and dipoles has been previously
published for a hard wall duct [125], which is extended here to lined ducts. The total
non-dimensional power radiated in free-field by a volume acceleration monopole of unit
strength and a dipole point source without flow are:

e Monopole: Py = sin

e Dipole: Pf = %

The power output of a monopole source over an infinite plane is included in the analysis
of this section and compared to the results obtained with the in-duct expressions. The
analytical solutions of Levine [6] described in Appendix B are used for the comparison
with the in-duct results presented here. The first part of the section deals with a hard wall
duct, which also includes a cross-verification with FEM numerical solutions. The second
part is focused on a lined duct and the comparison with the half-space problem. The
third combines the hard wall and lined results to assess the source modification effects in

terms of Insertion Loss.
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4.6.1 Source power output in a hard wall duct

Cross-verification with FEM numerical results

The numerical solutions in this section were obtained using the FEM commercial soft-
ware Simcenter 3D Acoustics [100]. A brief description of the FEM formulation used has
been outlined earlier in Section 3.3.2. An ‘infinite’ 3D duct has been numerically mod-
elled by using a finite duct terminated with a PML-type anechoic boundary condition at
each end of the duct section [100]. A diagram of the problem and a cross-section of the
unstructured tetrahedral mesh used is shown in Fig. 4.4. The white spheres indicate the
different source radial locations tested. As in Section 3.3.2, the mesh has been created fol-
lowing the guidelines given in [101], including smaller elements in the cylinder surface
to ensure that the geometry at the boundaries is well represented and around the source

locations.

This cross-verification is limited to the hard wall case with and without mean flow. The
total power radiated by a monopole source is computed analytically and numerically
for different excitation frequencies, radial source positions and base mean flow Mach
numbers. This comparison does not target high-resolution computations that minimise
the relative error between the numerical and analytical results but aims to ensure that the
trends observed in the analytical solutions are also present in the FEM solution.

————e
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(a) Diagram of the problem (b) Cross-section of the mesh

Figure 4.4: (a) Numerical implementation of the infinite duct and (b) cross-section of the
tetrahedral mesh with refinement in the source region.

A sample of this comparison is showed in Figure 4.5. The total power radiated by the
monopole source is plotted against the radial source position at different excitation fre-
quencies, the solid lines are analytical solutions and the symbols the numerical results.
The agreement in the absence of mean flow is excellent (Figure 4.5a). The addition of
mean flow introduces some errors in the solution, but the trends are still well modelled
(Figure 4.5b). This agreement holds for other frequencies and Mach numbers tested, only
giving higher errors if the mode is near cut-off, where the numerical solution becomes

ill-conditioned.
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Figure 4.5: Power radiated by a monopole source at different source radial positions:
analytical (solid line) and numerical (symbols) results: (a)M = 0.0 and (b)M = 0.2.

Parametric analytical analysis

The effect of the source radial position and the excitation frequency in the normalised
power output is shown in Fig.4.6 considering a hard wall case. The results indicate that
the power tends to the free-field value when the source is located away from the wall
and tends to twice this value when located at the wall itself. It can be seen that the wall
acts as an image source if the source is located very close to it. The variation in radiated
power gets progressively confined to the vicinity of the wall as the frequency is increased.
However, the effects of the source position are minimal in the low frequency range, where
the power spectrum is dominated by the cutting-on process. The power output of the
source at high frequency tends to be that of a source over an infinite rigid plane. This
behaviour occurs both for a monopole and a dipole source, the latter not being included
here for brevity.

2.5

ot
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() (b)

Figure 4.6: Power generated by a monopole in a hard duct for various radial source
positions and excitation frequencies with COR=5 and M = 0 and comparison with a
half-space equivalent problem [6].
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The results in Fig.4.6 are plotted in Fig.4.7 in terms of the radial distance from the source
to the wall (¢ = 1 — rs) normalised by the wavelength (A). The curves collapse and
show the relation between the source radial location and frequency outlined above. The
same trends can be observed for the ducted solution and the half-space problem and the
agreement improves at higher frequencies.
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Figure 4.7: Power generated by a monopole in a hard duct for various normalised radial
source positions (¢ = 1 — rs) and excitation frequencies with COR=5 and M = 0 and
comparison with a half-space equivalent problem [6].

The total power generated by a monopole and an axial dipole source for various base
flow Mach numbers is shown in Figure 4.8. The results obtained here are compared with
the multi-mode high-frequency Mach number expressions of Joseph et al. [7] relating the
dependence of axial sound power with and without flow for an incoherent uniform dis-
tribution of sources of arbitrary spatial and temporal order over the duct cross-section. In
particular, for the monopole ((¢, v) = (0,0)) and axial dipole ((u,v) = (1,0)) considered
in this section:

pt(M) J1+M, (pv)=(0,0)

- 4 3_ A2 _ _ A2 n
P+ (0) 3[M*+M°—M M%](\/{f%é) M?)1 (1+M)]’ (]/l, 1/) _ (1, O)

(4.94)

Note that these expressions are for the acoustic axial power radiated downstream and
that to obtain the total power radiated by the source one should add the contributions of
Pt =P (+M)and P~ = PT(—M).

It can be observed in Fig 4.8a that the effect of the Mach number in the power generated
by a monopole is minimal, especially at high frequencies. The differences observed at
lower frequencies are attributed to a different number of modes being cut-on, since the
cut-off frequency of each mode changes with Mach number. However, the total power
radiated by an axial dipole increases with Mach number, as shown in Figure 4.8b. These
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trends agree with the high-w expressions of Eq. 4.94, shown in both figures as dashed

lines.
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Figure 4.8: Power spectra of a monopole/dipole source for various base flow Mach num-
bers and rs/a = 0.8. Dashed line: multimode high-w limit [7].

The monopole and axial dipole show the opposite behaviour regarding the ratio of power
radiated downstream and upstream as indicated in Fig. 4.9. The monopole radiates more
power downstream than upstream and, on the contrary, the dipole radiates more power
upstream than downstream. It can be shown that Eq. 4.94 can be rearranged to obtain
the ratio of downstream to upstream power in the high-frequency limit (Eq. 4.95), shown
as the dashed lines in Fig. 4.9 and in good agreement with the point source tendency
presented here.
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= 4.95)
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Figure 4.9: Spectra of the ratio of power radiated downstream and upstream by a
monopole/dipole source for various base flow Mach numbers and r;/a = 0.8. Dashed
line: multimode high-w limit [7].



4.6. Effect of the boundaries in the source power output 113

4.6.2 Source power output in a lined duct

This part of the section aims at extending the analysis of Section 4.6.1 to lined ducts, for
which three values of impedance have been used to assess the impact of this parameter
on the trends observed in Fig.4.6-4.7. As mentioned before, the power is evaluated at
the source plane to capture the power generated by the source before it starts decaying
as the modes propagate over the lined surface. Note that the acoustic field in a lined
duct at the source plane is a singularity formed by an infinite summation of modes with
complex axial wavenumber. A consistent comparison of the power at the source plane is
obtained by limiting the number of modes in the solution (truncating the infinite mode
summation) and maintaining the COR constant for all cases. The effect of the COR in the

predicted trends is also addressed.

The effect of the lined surfaces is shown in Fig.4.10, where the results are again plotted
in terms of e/A. The trends are similar to those for the hard wall case: the duct wall
has almost no effect in the power output provided that the distance between the source
and the wall is large enough, this distance depending on the source excitation frequency.
That is, the source proximity to the wall is only important if the source is located within
1/2 a wavelength from it. This result holds for all values of impedance tested and is
also applicable to a dipole source. The same trend has been measured experimentally
and discussed in Section 2.5. However for e/A < 0.5 the value of the impedance has a
significant impact on the source power output, which is up to 10 times higher than in
free-field when e/ A tends to zero. In those circumstances, the solution given by Levine
and the in-duct Green’s function start diverging unless the number of cut-off modes in
the in-duct solution is substantially increased.
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Figure 4.10: Power generated by a monopole in a lined duct for various impedance
values, normalised radial source positions (¢ = 1 — r5) and excitation frequencies with
COR=5 and M = 0 and comparison to a half-space equivalent problem [6].
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As pointed out in the last paragraph, the number of modes considered in the solution,
controlled with the COR, has a significant impact on the predicted power output for
source positions acoustically close to the lined wall. The results in Fig. 4.11 show how
the progressive increase of COR moves the solution closer to Levine’s solution for a half-
space problem. The power output in the case of a source over a lined plane tends to
infinity for e/A — 0 but the power absorbed by the lined plane too in such a way that the
actual radiated power in the hemisphere remains finite. The interpretation in the lined
duct is that an infinite number of modes with a non-zero real part of the axial wavenum-
ber are present at the source plane, but these are highly evanescent and have little effect
away from the source plane. The maximum azimuthal mode order and the total number
of modes included in the calculations for a He=10 are indicated in Table 4.1 for reference.

——COR=1.5
——COR=5
3 COR=10
- - -Inf-plane
-
A
A
f\\_\
1 — =
0 0 0
0 01 02 03 04 05 0 01 02 03 04 0.5 0 01 02 03 04 0.5
e/ e/ e/
@zZ=1+j b)yz=1 ©Z=1-j

Figure 4.11: Power generated by a monopole in a lined duct for various impedance val-
ues, normalised radial source positions (¢ = 1 — ;) and CORs with He = 10 and M =0
and comparison to a half-space equivalent problem [6].

Table 4.1: Modes included in the solution for He = 10 and various COR.

COR mmax N

1 9 17
5 48 333
10 97 1294

The main implication of this section is that the power generated by simple point sources
is modified if the source is located in the proximity of a lined surface. The power modifi-
cation will vary for each combination of impedance, source location and source excitation
frequency, especially for e/A < 0.5. Therefore, the predictions of power IL will combine
the effects of the liner attenuation when the sound propagates over the lined surface and
the variation in the power generated by the source due to the wall impedance. This idea
is addressed in greater detail in the next part of the section.
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4.6.3 Implications on PWL Insertion Loss

This part of the section aims at evaluating the implications of the power modifications
described in Sections 4.6.1-4.6.2 in the context of predicting the acoustic performance of
Over-Tip-Rotor liners. To this end, the ducted axial power is no longer normalised by the

source power output in free field but compared for a hard and lined configurations.

The axial variation of the absolute PWL for a hard and lined wall is shown in Fig. 4.12
for two radial locations of the source e/A=[0.1,0.3] corresponding to r;/a=[0.94,0.81] re-
spectively. The PWL IL at each axial position is obtained, as defined in Eq. 4.92, by
subtracting the PWL obtained with a hard wall and a lined configuration. The former is
constant and does not vary in different axial locations since there is no dissipative process
but the latter decays as the waves propagate upstream away from the source due to the
liner absorption. It has been observed earlier in this section that the source power output
varies with the wall impedance and frequency. Therefore, the PWL IL can be separated

into two contributions as follows

P
+101og,, Wi) (4.96)

PL(XS)
PL(X)

IL(x) = TL(x) + APs = 10log,,

where TL(x) is the Transmission Loss, measuring the liner attenuation, and AP, accounts
for the variation in the source power generation due to a different boundary condition
and the back-reaction effects. Note that the axial dependence in the hard wall power (Pg)
is omitted because is constant along the duct and that Py (x;) refers to the axial acoustic
power evaluated at the source plane for the lined duct. This separation of the IL into two
components is indicated graphically in Fig. 4.12a for the absolute PWL and in Fig. 4.12b
directly for the PWL IL.
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Figure 4.12: Axial variation of the PWL and PWL IL for a monopole source located at
xs/a = 0in a lined (solid lines) or hard wall (dashed lines) duct for Z = 1 + j, COR=5,
He =10and M = 0.
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As discussed previously, the source power output in a hard wall duct is bounded to
twice the free-field power but it can be larger for a lined duct. Hence, close to the source
plane, the PWL in a lined duct can exceed, under certain conditions, that in a hard wall,
leading to noise amplification (negative IL). Noise amplification near the source plane can
be observed both in Fig. 4.12a comparing the hard and lined PWL at the source, and
explicitly in Fig. 4.12b, when the source is located at e/ A=0.3.

The effect of the source proximity to the wall in the power output can be presented in
terms of the PWL IL evaluated at the source plane, providing insight on the noise mod-
ification component. This is readily obtained by combining the results of Fig. 4.7a and
Fig. 4.11, as shown in Fig. 4.13. The noise modification effects tend to produce a positive
IL when placed away from the source (large e/A) but can lead to up to 3 dB of noise am-
plification as e/A — 0. As long as enough liner surface can be acoustically treated, the
transmission loss will eventually compensate for a negative AP;. However, it may not
always be the case for a short lined section, such as in OTR applications, when negative
IL can be obtained. The implications of this phenomena in the mode-matching technique
and the related challenges are described in Section 5.2.2.
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Figure 4.13: PWL IL evaluated at the source plane for a monopole in a lined duct for
various impedance values and CORs with He = 10 and M = 0.
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4.7 Summary and conclusions

4.7.1 Summary

e The formulation adopted in this thesis to model the acoustic field of static monopoles
and dipoles in a lined circular duct with uniform mean flow has been presented as

well as the approach taken to solve the eigenvalue equation.

e The static expressions for dipole sources have been adapted to rotating dipoles us-
ing two approaches based on the Goldstein acoustic analogy and the direct solution
of the inhomogeneous wave equation.

e The model of a point rotating dipole source is extended under certain simplifying
assumptions to provide a model for the pressure cross-spectrum of in-duct rotor-
blade fan noise that is compared with OTR NASA experimental data in Chapter
6.

e The definition and expressions to compute the axial acoustic power and to control
the number of modes included in the solution of the acoustic field are given.

e The impact of the hard and lined boundary conditions, the source frequency and
the Mach number of the base flow on the power output of in-duct point monopoles
and dipoles is assessed. The analytical axial acoustic power is cross-verified with
FEM solutions and compared with the analytical formulation of Levine [6] for a

half-space problem.

4.7.2 Conclusions

e It is found that the two approaches for the modelling of rotating in-duct sources
yield equivalent expressions if the same assumptions on the source strength are
taken. The approach based on the Goldstein’s acoustic analogy is used in Chapter

6 since it has been conveniently derived in the frequency domain.

e The in-duct source power output is dominated by the cutting-on process of the
modes at low frequencies and tends to the free-field at the high frequency limit. The
effects of the source proximity to the wall are more pronounced when the source is
very close to the wall (/A < 0.5), in agreement with the experiments of Section 2.5.

e The in-duct power is found to tend to the half-space solution as the number of
modes included in the modal summation is increased. The results suggest that pre-
dicted in-duct PWL IL combine the effects of the liner attenuation and the variation
in the power generated by the source due to the wall impedance, which can lead to

a negative liner insertion loss (IL) for some parameter combinations.
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This chapter describes the mode-matching method implemented in this thesis to com-
pute the acoustic field in circular ducts with an axially-segmented wall impedance and
uniform mean flow. Two types of impedance discontinuities are presented: (1) a sim-
ple lined-hard discontinuity, which is effectively a cylindrical semi-infinite lined duct
matched with a semi-infinite hard wall duct, and (2) a hard-lined followed by a lined-
hard discontinuity, which represents an infinite cylindrical duct containing a finite lined

section.

The first section of the chapter reviews two alternative formulations of the mode match-
ing method for a single interface and a generic time-harmonic acoustic field. The second
section includes a point source within the duct that excites the acoustic field and extends
the single interface to a two interface problem, i.e. a finite length liner. The inclusion of a

duct termination in the mode-matching method is described in the third section.
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5.1 The mode-matching method

The mode-matching technique is a well-known method to compute the acoustic field in
ducts with changes in wall impedance. It has been used in the field of aircraft engines
since the 70s, when it was introduced by Lansing and Zorumski [126] to study the ef-
fect of axially-segmented liners on the transmission loss in jet engines. Similar matching
methods are described in the literature [126, 127], including a comprehensive formula-
tion in a more recent publication of McAlpine et. al. [128]. The standard approach of
the mode-mode matching method is based on the continuity of acoustic pressure and
axial particle velocity on the matching interface. Then, a Galerkin method of weighted
residuals is often applied using the inner product of duct eigenfunctions with chosen test
functions to transform the problem into a set of algebraic equations.

An alternative mode-matching technique based on the continuity of mass and momen-
tum across the matching interface was formulated by Gabard and Astley [129]. This
approach results in a finite contribution from the contour of the interface that, in the
presence of flow, improves the accuracy of the solution in the vicinity of the impedance
discontinuity. The contour term vanishes in the absence of flow and the standard conti-

nuity of pressure and axial particle velocity is recovered.

More recently a new mode-matching method was devised by Oppeneer et al. [130] based
on closed-form analytical integrals of the modal solutions of the Pridmore-Brown equa-
tion allowing for parallel non-uniform mean flow. However, since uniform mean flow is
assumed throughout the thesis only the classical mode-matching forms will be consid-
ered in the formulation that follows.

5.1.1 Formulation based on the continuity of pressure and particle velocity

The conventional formulation of the matching equations is based on the continuity of
pressure (dynamic condition) and acoustic particle velocity (kinematic condition) at the
interface between the lined and hard duct sections, i.e. at the impedance discontinuity.
Alternatives to the acoustic particle velocity for the kinematic continuity condition have
been proposed, such as continuity of axial acoustic displacement or a hybrid condition
that lies between the two [131]. A diagram of the interface and the nomenclature used
are depicted in Figure 5.1.

The time-harmonic pressure field in a generic cylindrical duct can be expressed as the
superposition of right-running (+) and left-running (-) duct modes, see Section 4.1 for the

derivation of this expression.

p(x,r,0) Z e~ /m? (Z Al Tu(ach r)eTKm* +A,‘nn]m(u¢,,_mr)e_f"mnx> . (51

m=—oo
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H L
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Figure 5.1: Detail of the matching interface and nomenclature.

The impedance of the liner is assumed to be axisymmetric, which restricts any scattering
between azimuthal modal orders. Under this condition, scattering is only possible be-
tween radial modes. Therefore, the matching problem can be solved separately for each
azimuthal mode number m. The pressure field in the hard and lined ducts for each m is
given by Eq. 5.2-5.3. Note that the radial eigenvalues in the hard section are the same for

both axial propagation directions (a7 = all- = all).
Pl Ger0) = Y (AL Tu(afhyr)e M0 4 AL (@ e i) et (52)
n=1
pan(x/ 1"/ 6) = Z (AL+]m( )e ]Kmn +Aann]m( )e ]Kmn )ef]me . (53)
n=1

The axial particle velocity can be obtained from the modal expansion of the pressure field
and the non-dimensional linearised momentum equation in the axial direction:
ouy dp

a + g 0 7

jwuy + M (5.4)

resulting for the hard and lined duct sections as

H - KH+ jkk rlgn H- jxH —jmé
(e, 0) = 0 (e AL i fr)e M 4 B AT e e

n=1 Q"I_{; "
(5.5
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(5.6)
Imposing continuity of pressure and particle velocity at the interface implies:

H L

= / 5.7

Pu| o= Pl _, (5.7)
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= 5.8
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The Galerkin method of weighted residuals is used to solve the above matching equations
for a truncated value of radial modes N. This method uses the property that if a function

is orthogonal to all members of a complete set, then the function must be zero [127].
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The hard wall eigenfunctions can be used as weighting functions because they form a
complete set and are orthogonal to each other both in the absence and in the presence of

uniform mean flow. Using the Galerkin method, the matching equations result in
1
/ Jn(adt, ) [P5(0,7,0) = pli(0,7,0)[ rdr =0, #' =1t0N (5.9)
r=0
1
/ () [ (0,7,0) =l (0,7,0)| rdr =0, W' =TtoN . (510)
r=0

The expressions above (Eq. 5.9-5.10) can be expanded to 2N algebraic equations. As-
suming that two sets of amplitudes are known, then the other two can be calculated by
solving the resultant matrix equation. This derivation is explained in detail for cases with

a point source within the duct in Section 5.2.1.

5.1.2 Formulation based on the continuity of mass and momentum

An alternative mode-matching technique starting from the first principles of continuity
of mass and momentum at the matching interface was proposed by Gabard and Astley
[129].

The method deals with the impedance discontinuity at the junction between the hard
and lined sections at x=0, say, by introducing a transition region [-€, +€] over which the
impedance is continuous and varies from Z; (at x=-€) to its final value Z; (at x= +€). The
Ingard-Myers boundary condition then holds at all points in this region with no ambi-
guity at the previous liner discontinuity. The momentum and continuity equations are
multiplied by a continuous weighting function and then integrated over the correspond-
ing transition volume of the duct. The Ingard-Myers condition is incorporated weakly
into these volume integral equations by applying Green’s theorem to volume integrands
involving the divergence of the acoustic velocity, introducing an additional boundary
contribution. Finally, the transition volume is made vanishingly small by taking the limit

as € approaches zero.

The detailed derivation is not included here and can be consulted in reference [129], but
the resultant non-dimensional corrected matching conditions with uniform mean flow

can be written as

Wips — _ M 1/ PP
/SW(pz p)dS = 15— W7 Z ar , (5.11)

Wity — __iM 1/ p_pn
/SW(uxZ ) = L= rw(z2 Z1>dr , (5.12)
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where S is the cross-sectional surface of the duct, I its contour, W a weighting function
and the subscripts 1,2 refer to each side of the matching plane. The terms on the right-
hand side show a finite contribution of the contour at the matching plane in the pres-
ence of mean flow. These additional terms improve the accuracy of the mode-matching
scheme when compared to reference FE solutions, especially at the vicinity of the impedance
discontinuity [129].

Gabard [132] showed that the additional contour or boundary terms can be linked to
the normal flux of mass and momentum across the vortex sheet and are consistent with
the additional term of acoustic power proposed by Eversman [133] accounting for the
acoustic power contained within the vortex sheet. It was also shown that the agree-
ment between the analytical mode-matching schemes and the FE formulations rely on
the underlying assumptions regarding the continuity of the impedance across the inter-
face. That is, the mode-matching based on the continuity of mass and momentum with
a continuous transition of impedance matches well with the variational FE formulation
assuming a smooth variation of the impedance; but equally the conventional continuity
of pressure and particle velocity agrees with the FE formulation for an abrupt change in
impedance, obtained evaluating the contour integral from [134] in the lined section.

Analogous matching equations to Eq. 5.9-5.10 for a hard-lined interface can be obtained
by substitution of the generic solutions of pressure and axial particle velocity into the
expressions above. The hard wall eigenfunctions have been used again as weighting
functions in this instance. The corrected matching equations for each azimuthal mode

number m assuming a truncated value of radial modes N can be expressed as

1 iM? 1 L(0,1,0
[ madtr) [p50,7,0) — pi(0,r, 0] rir = 0 Lyt )OO (53
1 : L
H L _ . H M 1 u Pm(0,1,0)
/r:O T (ap,y7) [uxm(O, r,0) —uy, (0, r,G)} rdr = TP w]m(”‘mn/> ~ , (5.14)

where in both equations n’ =1to N. Eq. 5.13-5.14 can be expanded to 2N algebraic equa-
tions in the same way than Eq. 5.9-5.10. The resultant coefficients in the matrix equation
will be modified with respect to Eq.5.9-5.10 by the contributions of the discontinuity con-

tour terms. This derivation is also explained in more detail in Section 5.2.1.

5.2 Theinclusion of a point source in the mode-matching method

The mode-matching formulation outlined in the previous section assumes that 2 out of
the 4 sets of unknown modal coefficients are known. In fan noise applications is common
to assume that the incoming modes from the fan are known (from a CFD solution or
particular duct modes) and that the amplitudes of the incoming modes from the inlet are
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zero (anechoic termination). Therefore, the matching equations result in 2N equations
with 2N unknowns: the reflected and transmitted modal coefficients at the matching

plane.

In the context of over-tip-rotor liners, the noise sources are located within a finite length
liner. In this section, the matching equations are applied for a given source model de-
scribed in terms of a tailored Green’s function. A similar approach was proposed by
Zorumski [108] for a circular duct without flow and a monopole source located at the
duct axis, hence considering only azimuthal modes with m = 0. The description of the
mode-matching matrix equations for a semi-infinite lined-hard duct is shown in the first
part of the section and the expressions are then extended to a finite length liner (two
matching interfaces). The coefficients of the matrix equations are detailed for the two ap-
proaches described in the previous section: based on the continuity of pressure and axial

particle velocity and based on the continuity of mass and momentum.

5.2.1 Analytical formulation
Semi-infinite lined-hard duct

The problem considered here consists of a cylindrical semi-infinite lined duct matched

with a semi-infinite hard wall duct in which the pressure field is generated by a monopole/dipole
point source. A diagram of the problem is shown in Fig. 5.2. The acoustic field gener-

ated by the source can be obtained by using Eq. 4.16(monopole)/Eq. 4.40(dipole) and
solving the matching problem at the interface between the lined and hard regions. By

using this approach, one can modify the radial and axial position of the source to define

the tip clearance and lined surface available respectively. Then, the axial power radiated

into the upstream hard wall section can be computed to assess the performance of the

liner. Furthermore, it allows to study any ‘back-reaction” effects on the source that the
proximity of the matching interface may cause.

Hard Wall Monopole/Dipole 1 11,04 wall
o \ Point Source o
< ___. L - __;._o>
, Ry
M Propagation Propagation

Figure 5.2: Semi-infinite hard-lined duct.
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The pressure and particle velocity at the hard and lined section evaluated at the matching

plane are:
H = H+ H .\ ,—jxix H- H —jmf
P 0,r,0) = Y- (Al n(wfpyr)e 05+ AT (affyr) ) e, (5.15)
n=1
L - L L L L KEim jmo
Pi(0,1,0) = Y, (At T (ler) + Al Jun (whr)e ¥ ) &7 (5.16)
n=1
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where x; is the axial distance from the source to the matching plane and x, the distance
from the anechoic condition to the matching plane. The value assigned to x, in this case
is irrelevant because the anechoic condition implies that Af" = 0. The coefficients of
the incoming modes from the source plane can be obtained by direct comparison with

Eq.4.16 for a monopole source or Eq.4.40 for a dipole source:

e Monopole point source:
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Substitution of Eq. 5.15-5.18 into the matching equations! leads to 2N sets of equations
which can be used to obtain the 2N unknown coefficients, corresponding to the reflected
(AL1) and transmitted (A%, ) modes. The equations can be solved directly if arranged in
the following form adopted from [128]:

H—
Amn

L+
Amn

L—
Amn

H+
Amn

) (5.22)

1Eq. 5.9-5.10 if using continuity of pressure and particle velocity or Eq. 5.13-5.14 if using continuity of
mass and momentum across the matching interface.
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where T and D are 2Nx2N transfer matrices. T is a square matrix which describes the
pressure-velocity modal relations and the analytic integrals of the products of the Bessel
functions. D is a diagonal matrix which contains the axial decay rates at the hard and

lined duct sections. The matrices are given by:

a‘—cJr - c“ —a
] -

where each element (i, j) of the matrix is defined as

T =

1
/ ]fn(ucnlfir)rdr if i=j
r=0

aij = , (5.24)
0 if i#j
H+
K
oz if i=]
b = i : (5.25)
0 if Q]
1
¢ = /r:O T (gt Jn () + Mg, (5.26)
H+
K 7
d; = ngi []m(wﬁﬂ)]m(a%r)rdr} —gﬁ , (5.27)
o)
and n
efni¥s if i=1,..,N
Dii = VT (5.28)
e Jmi Y if i=N+1,..,2N

The term g?; represents the additional contributions one gets by using the continuity of
mass and momentum at the matching interface instead of the standard condition of con-
tinuity of pressure and particle velocity. Therefore, this term is zero in the standard ap-
proach and is defined as follows when using continuity of mass and momentum:

T ]—A;I\/Pé]’”m

M) (%) (5.29)

mj

The integrals of the products of the Bessel functions can be solved analytically by using
[135]:

a 2
/0 ],%1 (ars)rsdrs = %],%1(0661) (1 - Z;) , (5.30)

[} mtar g (Brordrs = - (Bl(wa) (Ba) —af(aa)n(B)} . (B3D
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Finite length liner within an infinite hard wall duct

The semi-infinite lined-hard case is extended to a finite length liner within an infinite
hard wall duct. This configuration is more representative of the problem targeted here:
the modelling of OTR liners. In particular, this model is a simplification of a rotor-alone
arrangement with (1) an OTR liner modelled by the lined section and (2) the fan noise
modelled with point sources within the lined section. A diagram of the problem is shown
in Fig. 5.3. Note that this arrangement can be easily extended to model the noise reduc-
tion of fan case liners by placing the noise sources just downstream of the lined section
and in the hard wall semi-infinite duct. Although this work does not include the noise
predictions of fan case liners the mode-matching equations for such configurations are
summarised at the end of this section.

Hard Wall  Monopole/Dipole

o \ Point Source Ll‘\@ Wall Hard Wall

Figure 5.3: Finite length liner within an infinite hard wall duct.

The pressure field and particle velocity at each section are evaluated at the matching
interfaces I-1I and II-III. The contributions of the point source can be added in region II by
using the superposition principle. This contribution is represented by the sets of known
coefficients AH;E/S. Note that Ag;/s and A}}[,t/s only exist for 0 < x < x;and x; < x <[,
respectively. The axial particle velocity expressions are omitted to shorten this derivation.

However, they can be easily recovered given that

Ki
uf = _mnpd (5.32)

Xmn Q%n mn
e Pressure field evaluated at x = 0 (I-1I):

N . .
Pin(0,7,60) = Y (ApsJun(aiyr)e 705 4 AL L(wffyr) ) e (5.33)

n=1

L

N . — . _ .
pr,r,0) =Y (A%Z]m(ocfnﬁr) + J(alr) [Ag;e+]annlL +A£I1;’Se+m%mxs}> o= imé
n=1
(5.34)
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e Pressure field evaluated at x = [ (II-1II):

N . _ . _ .
p(1y,r,0) = Y (]m(a%r) [A%eﬂxfnnh +A%seﬂxﬁm (lfos)} +A}}1;]m(a,€1;r)) o imd
n=1
(5.35)
N . — .
P, 7, 0) = 3 (AR Jn(ahhyr) + A L (ahhr)e /¥ (=) ) =i (5.36)

n=1

Substitution of the above expressions into the matching equations? leads to 2N sets of
equations at each matching interface, totalling 4N sets of equations:

I— ] [ Al
Amn Amn

T | T ThDy o |t T1,sD1s [ Al } , (5.37)
mn | L ‘imn

Alll+ ] [ Al

Afﬁn_ = T2D; AI’rﬁn_ + To,sDas [ A%—,’Z_’S } . (5.38)
mn | L “*mn

As in the single matching interface, T;, T>, D1 and D; are 2Nx2N transfer matrices. How-
ever, the introduction of noise sources within the lined section results in the additional
terms T 5, T> s, with dimensions of 2NxN, and D, 5, D> s, with dimensions of NxIN. These

matrices are given by

a | —ct ¢ | —a
T, = ) 5.39
e[ et ] [a [ -et ] (5:39)
- - _1 - -
S —c” ct | —a (5.40)
R '
- -1 r -
.- | = c 541
1s — ] bi —d+ ] - dﬁ | ’ ( . )
- - 71 - -
T, — |21~ cr 5.42
2,5 — ] b+ —dﬁ ] - d+ | ’ ( . )

where each element (i, j) of the matrix is defined as per Eq.5.24-5.27, and

et if j=1,..,N
Dui=9§ _we .. ] (5.43)
e MMmi X if j=N+1,...,2N

2 Again, Eq. 5.9-5.10 if using continuity of pressure and particle velocity or Eq. 5.13-5.14 if using continuity
of mass and momentum.
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e iR if i=1,.,N
Doi=1" ., | ) (5.44)
einmi (fo,,) lf 1= N + ]., ceey ZN
Dygii = e ™, (545)
Dy = e Jm (Lmx) (5.46)

The known sets of coefficients are those defined by the source model (Ag:,f,s) and those

resultant of assuming anechoic conditions at both infinite duct sections (AL, = Alll- =

0). The unknown coefficients are AL and A* corresponding to the transmitted modes
mn mn p g

I+

i, Telated to the reflections

upstream and downstream into the hard wall sections, and A
at the matching interfaces. This results in a system of 4N algebraic equations with 4N

unknowns. The source coefficients are given by

e Monopole point source:

e _ L J(egrs) (5.47)
e 21 Qi T (ki )2
° Dipole point source:
1 Ju(akiyy) m .
Allx — = amimn S gLt g 4 T sin , 5.48
with
2 +4 : L+
L+ L+ L+ m Qs 2iMQy5
= — — — — . 4

mn ([Kmn + anM] [1 <0‘an:’5) (W‘X%ﬁiz)z wZ (5 9)

The system of equations formed by Eq. 5.37-5.38 can be solved by using simple iterative
schemes. The routine used in this instance is depicted with the diagram in Figure 5.4,
where Eq. I-II and Eq. II-III refer to Eq. 5.37 and Eq. 5.38 respectively. An equivalent
routine used for this purpose is outlined in the literature [136]. In this case, the scheme
starts with Al initially set to zero and computing AL, and ALl using Eq.5.37. Then,
AT is used to obtain AILF and the new value of ALl . This loop is repeated until the
coefficients converge, i.e. the variation of each coefficient with respect to the previous
iteration is lower than a specified tolerance é.

As mentioned previously, an analogous formulation can be adapted to model a fan case
liner configuration or a conventional intake liner by placing the point source downstream
of the lined section (x > I1). Eq. 5.37-5.38 can then be re-written as

-
Amn

I+
Amn

IR
Amn
I+
Amn

— TyDy , (5.50)
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AIH+ JIRS
S| =TaDy || 4 oD | AT | (5.51)
mn mn

where all the matrices are the same except for the source contributions T, ; and D; s now

-1
a ‘ —C —a
bt ‘ e ] [ - ] , (5.52)

Dysii=e/ o (=) (5.53)

given as

TZs:

%

The hard wall source amplitudes A}l can be obtained using Eq. 5.19-5.19 with the hard
wall eigenvalues and setting Z — oo in Eq 5.21.

D=0
[AL): — (Al izl -
|(Af)i-1 |
5 (Aji:n_n)i
Eq.1—1I
(i) I+ I+
(Amn )i - (Amn )i—li - v
[(AT i1 |
(alll+).
(All+). iatah
mn/t
» Eq.II—II
(AL
|(Ama)i — (An)ical '
(A1 |

Figure 5.4: Iterative scheme used to solve the matching equations.

5.2.2 Source proximity to the matching interface

Analytical mode-matching techniques are a well-known method to model the propaga-
tion in ducts with lined sections and simple geometries and assess the noise attenuation
of inlet and bypass liners. For such applications, the source is often assumed to be a pre-
scribed duct mode propagating from the source plane, such as the fan section. However,
for an OTR application, it has been argued that a modal Green’s function representation is
preferred in order to compute the mode amplitudes excited by a realistic fan noise source
distribution and to allow for back-reaction effects due to the close proximity to the lined

surface. The relatively short length of OTR liners, usually limited to the axial projection
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of the tip fan chord, involves the modelling of the fan noise source distribution located
acoustically close to the matching interface. The problem poses a number of challenges
with respect to conventional mode-matching applications outlined below and analysed

in this part of the section.

It has been shown in Section 4.6.2 that an increasingly higher number of evanescent
modes are required to capture the back-reaction effects in the power output of a source
within a lined duct as it is moved closer to the wall. Therefore, the mode-matching must
consider, at least, as many radial terms as those included in the point source representa-
tion. The current implementation is controlled with the COR and uses the same number
of modes for the source terms and the mode-matching, i.e. N = #nmax. The inclusion of
cut-off modes in the matching equations generally increases the accuracy of the computa-
tions and allows for a more accurate representation of the near-field close to the matching
plane. However, the large number of evanescent components included in the solution to
represent the near-field of the source can also compromise the conditioning of the matri-
ces.

In practice, if the source is located relatively far from the matching plane, the amplitude of
the evanescent modes excited by the source are highly attenuated when evaluated at the
impedance discontinuity and have a small effect in the solution. Conversely, for a leading
edge or trailing edge source located in close proximity to a matching interface the cut-off
modes can significantly affect the mode-matching calculations. To illustrate this issue,
the PWL of the field propagating upstream of the OTR liner in the hard wall section
is evaluated for a range of source positions and CORs as shown in Fig. 5.5. The non-
dimensional length of the OTR liner used for this study is that of the NASA W-8 test rig
[5] Ir = 0.2045 and the point source an axial dipole. Apart from source positions within
the lined section, two additional cases are included where the source is downstream of
the lined section and close to the interface (fan case liner config.) and well downstream

as a reference case.

It can be observed in Fig. 5.5 that a COR=5 is generally sufficient to obtain a converged so-
lution unless the source is very close to the matching interface, regardless of the technique
used in the mode-matching, i.e. the conventional continuity of pressure and particle ve-
locity, referred here as ‘conv.” or the corrected equations based on continuity of mass and
momentum, referred as ‘corr.”. The convergence is faster for the reference case (x;/1;.=10),
which is not affected by the source proximity, and both matching formulations provide
PWL estimates within 0.1 dB. The back-reaction effects on the source power caused by the
proximity to the matching interface can be observed by comparing the PWL! for source
positions x; /11 =[1.25,10]. Even though both source locations are in the downstream hard
wall section, the axial power reaching the upstream section can be up to 7 dB lower for
the “fan case’ position (see curves for x;/[;=[1.25,10] in Fig. 5.5d), suggesting potential

benefits of this liner configuration.
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Figure 5.5: PWL in the duct section I for w=15, rs/a = 0.99, a range of source positions
xs/1; and CORs. Solid line: corrected ; Dashed line: conventional

When the source is located at 1% or 99% of the liner length a converged solution has not
been always achieved with non-zero uniform flow. It has been found that this limitation
can be related to the distance from the source to the nearest matching plane relative to
the wavelength, resulting in a more stringent constraint at low frequencies. A value of
COR=5 appears to be sufficient for sources located 0.1A or more from a matching plane.
For a practical implementation of the proposed methodology, it is suggested that the liner
be slightly extended beyond the leading/trailing edge position to avoid this issue.

Note that the lack of convergence at the limiting conditions is related to the modal point
source representation; the evaluation of the PWL in an infinite lined duct at an axial
plane in the near field of the source presents an analogous behaviour. All lined modes
carry energy, even if they are highly evanescent, leading to a slower convergence rate of
the solution closer to the source plane. This reasoning is illustrated in Fig. 5.6 by showing
the PWL along an infinite lined duct for various COR. The asymptotic axial decay away
from the source is of course that given by the least attenuated mode, but the higher-order
modes dominate the near-field and cause the slower convergence of the solution when

the power is evaluated close to the axial source location.

The accuracy of the mode-matching is assessed in terms of the continuity of axial power
across the matching plane with the power defined as in Section 4.5. The power disconti-
nuity in dB terms is shown in Fig. 5.7. The continuity of power in the converged solutions
is always within 0.1 dB for a COR=5 and generally improves with COR and with the dis-

tance between the source and the matching plane.
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Figure 5.7: PWL continuity across the interface I-II for w=15, s /a = 0.99, a range of axial
source positions xs/I;, and CORs. Solid line: corrected ; Dashed line: conventional

The higher power discontinuities observed in Fig. 5.7 with flow when using continuity of
mass and momentum have been reported by Gabard [132], who justified the different be-
haviour when using the two mode-matching techniques by linking the boundary terms
of the mass and momentum formulation to an additional term of the axial power account-
ing for the energy contained within the vortex sheet in the lined section. This additional
power term was derived by Tester [137] using Mohring’s [138] definition of intensity for
shear flow by taking the limit of vanishing boundary layer thickness and was later de-
rived from energy conservation principles by Eversman [133]. Since the additional term
is null for a hard wall section and the OTR noise reduction predictions presented in this
thesis are based on the PWL evaluated in the duct region I this topic is not discussed
further.
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5.2.3 Cross-verification with FEM results

Reference FE computations have been performed to cross-verify with the analytical so-
lutions obtained with the mode-matching methodologies presented in this section. As
in previous chapters, the numerical simulations have been obtained using the FEM com-
mercial software Simcenter 3D Acoustics with adaptive polynomial order [100]. The do-
main used for the computations is shown in Fig. 5.8, which consists of a 3D hard walled
duct terminated at each end with a PML-type anechoic boundary condition and a lined
section, highlighted in orange, containing a monopole point source. The mesh has been
refined around the source position (rs/a = 0.95) and in the interface between the hard

and lined duct sections.
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(a) Isometric view with lateral section (b) Lateral view

Figure 5.8: Isometric and lateral view of the mesh used in the FEM simulations for the
cross-verification with the mode-matching scheme.

A number of cases have been considered for the frequencies w=[5,10,15], specific acoustic
impedances Z=[1+j,1,1-j] and source positions in OTR and fan case configurations xs /I, =
[0.25,0.50,0.75,1.25]. This test matrix has been repeated with zero mean flow and M=0.3.
Only the results for w=15 and Z=[1+j,1-j] are presented here for conciseness but a similar
agreement has been found in most cases. The analytical results are computed for the vol-
ume displacement monopole with the convective source term since this is the interpreta-
tion of the monopole source in the FEM software. Both the conventional mode-matching
technique based on the continuity of pressure and particle velocity and the corrected
based on continuity of mass and momentum are included in this cross-verification.

The analytical and numerical solutions are compared in terms of the sound pressure level
along the duct wall, shown in Fig. 5.9 for the zero flow case and in Fig. 5.10 for M = 0.3,
where the vertical dashed lines indicate the position of the source plane in each case. Note
that no difference is made between the two mode-matching formulations in the cases with
zero uniform mean flow because both reduce to the same set of equations under these

conditions. In all analytical results presented in this comparison, a COR=5 has been used
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since it provides converged solutions for the cases presented here. The analytical and FE
solutions show an excellent agreement both with and without flow except in the vicinity
of the point source and the matching plane. It is in the latter where, with uniform flow,
the two matching techniques differ more significantly and the continuity of mass and
momentum results in a better match with the FE solution close to the matching plane, as
previously reported [129, 132].
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Figure 5.9: Sound pressure level along the duct wall for w=15, M=0.0 and COR=5. Solid
line: FE solution; Squares: analytical; Blue-shaded area: lined section.
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Figure 5.10: Sound pressure level along the duct wall for w=15, M=0.3 and COR=5. Solid
line: FE solution; Squares: analytical-corrected; Circles: analytical-conventional ; Blue-
shaded area: lined section.

The above results are compared in Fig. 5.11 in terms of the relative error in pressure
between the analytical solutions and the FE results and in Fig. 5.12 as the SPL difference,
in dB’s. The relative error in the hard wall section falls within 1 % in the absence of flow
or up to 5 % when flow is included using the continuity of mass and momentum. The
error is higher for the conventional matching conditions, especially close to the matching

interface as expected, but falls within 10 % further away:.
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Figure 5.11: Relative error of the pressure magnitude at the duct wall for w=15 and
COR=5. Solid line: corrected ; Dashed line: conventional

The same observations can be made in terms of the difference in SPL. The results in Fig.
5.12 indicate errors within 0.2 to 0.5 dB away from the source using the corrected mode-
matching conditions and up to 1 dB when using the continuity of pressure and particle
velocity. Apart from the matching plane, the most significant discrepancies are in the
immediate vicinity of the source, accounting for errors over a 100 % or 7 dB at the source
position itself. This is attributed to the numerical modelling of the point source and
the mesh size when using an adaptive polynomial order solver (FEMAO) based on an
a priori error indicator. This approach allows the use of a single mesh for a wide range
of frequencies and the polynomial order is suitably adjusted for each frequency for an
efficient calculation while ensuring a target accuracy. However, as mentioned earlier in
the thesis, the adaptive order does not account for singularities such as a point source
and then the element size of the mesh (h-refinement) around the source must be small

enough to capture the high gradients with a polynomial order of p = 1.
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Figure 5.12: SPL error at the duct wall in dB for w=15 and COR=5. Solid line: corrected ;
Dashed line: conventional

Although a local mesh refinement is implemented in the mesh used in this section around
xs/11=0.5 and r,/a=0.95 it does not seem to provide a significantly better agreement.
Again, since the OTR prediction models proposed in the next chapter are based on the
PWL and SPL evaluated at the hard wall section upstream of the OTR liner, where the
agreement with the FE solution is below 1-5 %, a detailed refinement to capture the near

field in the FE solution has not been pursued.

Two additional numerical cases have been considered to confirm the superposition prin-
ciple applies when a mode-matching procedure with potential back reaction effects is
involved. In particular, the aim is to ensure that multiple sources within the lined section
can be modelled by computing analytically the acoustic field in the duct caused by each
source separately and then superimpose the solutions. The first case, in Fig. 5.13, con-
siders 3 sources distributed axially along the lined section at x;/I; = [0.25,0.50,0.75] and
the second, in Fig. 5.14, distributed radially for r;/2=[0.8,0.9,0.99]. All three sources are
considered simultaneously in the FE solution (axially or radially distributed).



138 Chapter 5. Mode-matching in circular ducts with uniform mean flow

20

—FE
- - - Analytical

—FE
- - - Analytical

SPL, dB arb. ref.

SPL, dB arb. ref.

-0.2 -0.1 0 0.1 0.2 0.3 -0.2 -0.1 0 0.1 0.2 0.3

x/a x/a
(a) Z=1+j;M=0.0 (b) Z=1-; M=0.0

25 T T LA B - 25 T T T T T
—TFE )L —FE P
20L|--- Analytical-corr. | 1 | 201 |-~ - Analytical-corr. | ¢ ik
) Analytical-conv. : : ) Analytical-conv. ! <
ks 11 kS 4R
= 15 o~ = 15 1
% o £ D
m 10} D m 10¢ D
kS [ < T
- T - T
) [ — 5L [
Ay o A [
»n T wn T
0} B of B
T T

T T

_5 L 1 1 1 1 L 1 1 _5 L L I 1 1 I L L
-0.2 -0.1 0 0.1 0.2 0.3 -0.2 -0.1 0 0.1 0.2 0.3
x/a x/a
(c) Z=1+j;M=0.3 (d) Zz=1-;, M=0.3

Figure 5.13: Comparison of the predicted sound pressure level along the duct wall for
w=15 and COR=5 and the FE solution with multiple axial sources. Blue-shaded area:
lined section.

An excellent agreement is achieved between the FE solution with multiple sources and
the analytical predictions based on the superposition of the acoustic fields of each sepa-
rate source, both for the axial and radial distributions. As mentioned before, the higher
discrepancies observed in Fig. 5.13 and 5.14 in the near-field of the sources can be ex-
pected and is not a problem for the OTR liner prediction model proposed in this thesis.
The results with uniform mean flow show clearly how the mode-matching technique
based on the continuity of mass and momentum (corr.) yields results closer to the FE

solutions, especially in the vicinity of the matching interface.

This cross-verification with multiple sources provides confidence in applying the analyt-
ical mode-matching techniques described in this chapter for a single point source to cases
where the source is modelled as a distribution of point sources in the fan region, whether
they are distributed axially or radially.
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Figure 5.14: Comparison of the predicted sound pressure level along the duct wall for
w=15 and COR=5 and the FE solution with multiple radial sources. Blue-shaded area:
lined section.

5.3 The inclusion of a duct termination in the mode-matching
method

The modal representation of the acoustic field excited by a point source in an infinite hard
wall duct can contain a singularity at the cut-on frequency of each mode depending on
the source type and the presence of mean flow. This behaviour is shown explicitly in
Eq. 4.34 and 4.41 for a monopole, with and without flow, and a dipole with flow since
Cmn — 0 at cut-on. This is also an issue in ‘lift” dipoles without flow due to the azimuthal
component. This singularity can also be observed in the Green’s function approach taken
here (Eq. 4.16 and Eq. 4.40) by noting that (., + QunM) — 0 at cut-on and hence
Qmn — 0 for a hard wall. However, this is not an issue for a source within a lined section
due to the last term in Q,;, remaining finite at cut-on. This singularity has been identified
frequently in the literature [7, 50, 115, 139] with some suggesting the coupling of the
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source strength with the blade response function of a rectilinear cascade [115], which

tends to zero at the cut-on frequency [50], to mitigate the problem.

The approach taken here to address this issue and to improve the physical model is to
include reflections from an inlet termination®, specifically an unflanged duct termination
for which a coded model was readily available. The addition of this termination has been
found to effectively nullify the hard wall singularity at the cut-off/cut-on transition since
at this condition the just cut-on mode is completely reflected at the duct termination. In
a fully hard wall duct the reflected acoustic field can be added coherently to the acoustic
field generated by the source in an infinite duct using superposition and in a hard-lined-
hard configuration the reflections need to be included in the mode-matching formulation.
This section describes the extension of the expressions in Section 5.2.1 to include the re-
flected modes from the inlet termination and shows the impact of the reflections in the

cut-on/cut-off singularities.

5.3.1 Analytical formulation

The inclusion of reflections from a duct termination is implemented in the current mode-
matching model by assuming that the incident and reflected modes at the duct termina-
tion are linked by a reflection coefficient C,,,,;. The complex amplitude of the reflected
right-running modes can be obtained from the complex amplitudes of the left-running
incident modes evaluated at the duct termination (x = x;) as
N
Al = Y CpppAle T (5.54)
n=1
Cpuni relates the complex amplitude of the incident mode of azimuthal and radial order
(m, n) with that of the reflected mode (m,1). Hence, the amplitude of the reflected mode

(m,1), Al is the summation over all the contributions of the incident modes (m, 1) al-

lowing for radial scattering.

The problem modelled in this section is sketched in Fig. 5.15 and is concerned with the
resultant acoustic field inside the duct and not the radiation to the far-field. Therefore,
the assumption on the type of duct termination would only affect the model required to

compute the reflection coefficients, described below.

The model adopted to obtain the reflection coefficients for an unflanged termination is
that of Gabard and Astley [8] for the modal propagation and radiation through a semi-
infinite unflanged duct exhaust, based on a Wiener-Hopf approach, which is an exten-
sion of the solutions of Munt [140, 141] and Rienstra [142]. The problem modelled in
[8] is shown in Fig. 5.16 and consists of an annular (or hollow) duct with an unflanged

3Suggested by Professor Morfey (Personal Communication).
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termination containing a uniform jet flow (M) and surrounded by an ambient uniform
flow (Ms). The model has been applied to the inlet problem by setting the hub-to-tip
ratio to zero, using the inlet flow as the ambient and jet flows, My = Mo = —Minlet,
and deactivating the Kutta condition at the edge controlling the vortex shedding since it
is now assumed to be a leading edge. An existing routine has been used to obtain the
reflection coefficients using this model, which are then included in the mode-matching
scheme described here.

Hard Wall Point Source Lined Wall Hard Wall
Unflanged

termination \

M : 1

Matching interface

Figure 5.15: Finite length liner within a semi-infinite hard wall duct with an un-
flanged/flanged termination at x = x;.

7

Ambient flow

Outer wall Ry Vortex sheet .

H}—w Jet —s

Centre body

A
/
0

Yu

Figure 5.16: Sketch of the unflanged termination modelled in Gabard and Astley [8] .

The introduction of a duct termination in terms of a matrix of reflection coefficients in the
mode-matching scheme has been previously explored in the literature. Gabard and Ast-
ley [129] integrated their mode-matching formulation based on continuity of mass and
momentum with the unflanged duct exhaust model outlined above, but with the focus on
assessing the noise reduction in the far-field directivity rather than in the in-duct power.
More recently, Yang et al. [143] proposed an analytical model for a semi-infinite rectan-
gular hard-lined-hard duct, which was targeted at impedance eduction techniques and
included the mode-matching based on continuity of mass and momentum and reflections
from a termination. However, they argued that the influence of the duct termination in
the eduction results is small and hence assumed to be zero throughout.
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The approach implemented here simply adds a set of equations to the system formed by

Eq. 5.37-5.38 to account for the new set of unknowns AL! previously set to zero. That is
Al =~ |am] (5.55)
where R is a full square matrix with dimensions of N x N and
Rij = Cyjie i
ij = Cpjie =™ . (5.56)

The system formed by Eq. 5.37-5.38 and Eq. 5.55 is solved following an equivalent itera-
tive scheme to that outlined in Fig. 5.4.

5.3.2 Effect of the reflections on the predicted noise reduction

The experimental data for the OTR liners tested in the W-8 NASA rig [5] used to com-
pare with the prediction model developed in this thesis is in the form of the SPL of the
azimuthally averaged pressure at the duct wall. The predicted SPL for an OTR liner of /1.
equal to that in the W-8 geometry, evaluated at the position of the W-8 azimuthal array
(Xarray = —2.2a) is shown in Fig. 5.17a for an anechoic and unflanged inlet and for the
lined and hardwall baseline. The position of the termination is estimated as x;/a = —3,
which is the upstream end of the cylindrical duct and the beginning of the inlet ‘flare’
or bellmouth in the W-8 rig [5]. The impedance model used for the lined configuration
is that of the lined grooves derived in Chapter 3. The predictions are also presented in

terms of the axial PWL evaluated at the position of the azimuthal array in Fig. 5.17b.

The singularities at the cut-on frequencies can be clearly observed in the hard wall SPL
prediction in Fig. 5.17a by the narrow high amplitude spikes. The dashed vertical lines
indicate the cut-on frequencies of the first radial order modes (m,1) but the singularities
occur for the higher radial orders too as it can be observed in other ‘secondary’ spikes. As
mentioned in the introduction of the section, the predictions with the OTR liner are free
from singularities because, even if the SPL is evaluated in the hard wall region, the source
is located within the lined section and therefore the modal amplitudes are not singular
at the cut-off/cut-on transition. The duct termination proves effective in cancelling the
mathematical singularity in the hard wall baseline due to a complete reflection of the
cutting-on mode at the termination. The same observations apply to the hard wall PWL
spectrum in Fig. 5.17b, where the issue of the singularities is hardly visible when the

termination is included.

The high-amplitude spikes appearing in the SPL spectrum and to a lesser extent in the
PWL spectrum for the lined configuration are attributed to axial resonances enhanced
by the reflections at the impedance discontinuity of the right-running reflected modes

originating from the duct termination. In fact, a sensitivity study for a range of values
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Figure 5.18: Predicted (a) SPL IL and (b) PWL IL spectrum at the axial position of the W-8
azimuthal array for a hard wall and lined configuration and an anechoic and unflanged
termination.

of the duct termination location (x;) has shown that the frequency and magnitude of the
spikes depend on x; and the standing wave patterns created in the duct. The predictions
with the unflanged termination yield SPL and PWL IL spectra centred in the anechoic
results but free from the cutting-on singularities, as observed in Fig. 5.18.

The analysis presented in Section 5.2.2 is repeated for the configuration with the duct ter-
mination to ensure that the axial resonances do not compromise the continuity of power
across the matching plane. Only a subset of cases is shown in Fig. 5.19 using the con-
tinuity of pressure and particle velocity but the same conclusion apply for all the cases
tested in Section 5.2.2: the trends in the continuity of power are barely affected by the

introduction of the duct termination.
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Figure 5.19: PWL continuity across the interface I-1I for w=15, rs/a = 0.95, a range of
source positions xs/[; and CORs. Solid line: anechoic; Dashed line: unflanged.

5.4 Summary and conclusions

5.4.1 Summary

e The main mode-matching techniques in the literature used to model noise propa-

gation in ducts with uniform mean flow and changes in wall impedance have been

reviewed and the model adopted in this thesis is described in detail.

e The existing formulations for mode-matching have been integrated with the point

source representation described in Chapter 4 to enable the modelling of OTR liners
and include back-reaction effects. The implications of the source proximity to the
matching plane have been studied and the models cross-verified with reference FE

solutions.

e The adopted mode-matching technique is extended to include an unflanged duct

termination and coupled with a Wiener-Hopf-based routine to model the reflection
coefficients at the duct inlet. The aim of including a duct termination being to cancel
the point source singularities appearing in wall SPL predictions at the cut-on/cut-
off transition in an infinite hard walled duct.

5.4.2 Conclusions

e The rate of convergence of the proposed model to predict the noise reduction of

OTR liners is affected by source proximity to the matching plane. It is found that a
CORS=5 is generally sufficient as long as the source is separated from the matching
plane by at least 0.1 wavelengths since the rate of convergence is rapidly reduced
as the source gets closer to the matching plane.
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The agreement between the prediction model and the FE solutions in the hard wall
section upstream of the OTR liner has been found to be within 1-5% in terms of

relative error of the pressure at the wall or 0.5 dB in terms of ASPL.

Comparison of analytical solutions with FE simulations containing multiple sources
has confirmed that a source distribution can be modelled analytically as the su-
perposition of the acoustic field of the individual sources, even when the mode-
matching process with back reaction effects is involved.

The inclusion of an unflanged termination successfully cancels the hard wall point
source singularity at the cut-on/cut-off transition. However, in a hard-lined-hard
configuration the reflections can cause axial resonances in an otherwise smooth
spectrum. Overall, the unflanged termination provides predicted SPL/PWL IL
spectra centred in the anechoic results but free from the cutting-on singularities.
The choice of termination for the modelling of the W-8 bellmouth is discussed in
Section 6.1.5.
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The modelling efforts described in the preceding chapters to represent the liner impedance,
the fan noise sources, mode-matching techniques and the duct termination are combined
in this chapter to provide a prediction model for the noise reduction of OTR liners. In the
first section, the main features of the analytical model are summarised and predictions
are compared with experimental measurements available from the NASA W-8 test rig. In
the second section, the prediction model is applied to a liner design study for a UHBR en-
gine to show the potential benefits of OTR liners and guide the choice of liner parameters

for their implementation in the next generation of turbofan engines.

6.1 Comparison of the OTR prediction model with NASA W-8
data

6.1.1 Summary of the prediction model

The outcomes of the previous chapters are combined here to obtain an analytical Green’s
function model of a Finite length liner connected to INFinite hard wall extensions, Green/FINF,
for the prediction of the acoustic noise suppression of Over-Tip-Rotor liners. This model
provides a simplification of a rotor-alone configuration with (1) the OTR liner modelled
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by a finite lined section and (2) the fan noise modelled with point or distributed sources
within the lined section based on Green'’s functions for lined cylindrical ducts. A diagram
of the problem is shown in Fig. 6.1 and the modelling options of the main features are
summarised below.

Hard Wall Point Source Lined Wall Hard Wall

Anechoic/Unflanged 0
termination \ ----- :

M ' 1

»i Matching interface

Figure 6.1: Diagram of the simplified Over-Tip-Rotor problem considered for the
Green/FINF model.

1. Liner modelling: the liner impedance is applied using the Ingard-Myers boundary
condition. Any locally reacting SDOF/MDOF model predicting the frequency de-
pendent impedance or the semi-locally reacting equivalent impedance, such as the
groove model described in Chapter 3, can be coupled with the current approach.

2. Source modelling: the fan noise sources are prescribed within the lined section
based on the Green’s function expressions presented in Chapter 4. Point/distributed
static/rotating monopoles and dipoles have been considered, with constant or ra-
dially varying source strength. The ability to model the back-reaction effects of the
source when it is located in close proximity to the liner surface is a key feature of
the model.

3. Mode-matching technique: existing formulations for mode-matching wall impedance
discontinuities have been integrated with the Green’s function point source repre-
sentation, both based on continuity of pressure and particle velocity and continuity

of mass and momentum.

4. Termination modelling: any type of inlet termination can be included provided
that a model to predict the matrix of reflection coefficients at the duct termination
is available. The two options considered in this work are a purely anechoic (or
infinite duct) and an unflanged termination. An existing model for the latter has

been coupled with the mode-matching technique described in Chapter 5.
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6.1.2 Modelling of the liner configurations

This part of the section describes the choice of parameters for the modelling of the acous-
tically treated grooves tested in the NASA W-8 rig [5]. A detailed description of this
liner arrangement and the formulation of analytical models to predict the equivalent
impedance of lined grooves is described in Section 3.3. However, a brief summary is
given below and Fig. 3.4a-3.4b are repeated in Fig. 6.2 to support the explanation in this

section.

The acoustically treated circumferential grooves cover the axial projection of the fan chord,
as shown in Fig. 6.2a. The grooves are formed of upper and lower parts as indicated in
the diagram in Fig. 6.2b. The upper part ) is open at the top and terminated at the
base with a hard or porous ‘septum’. Below the septum, the lower part of the groove D
is partitioned azimuthally. The equivalent groove impedance at the main duct - groove

interface Z, obtained using the annular groove model is given by Eq. 3.22 and repeated

below. I (@) + KorYor (@)
Jm (W mLm (W
Zo(w,m) = _]L'n(w) KoY (@) (6.1)
where
Tt +d]) + g0
K, = — f , (6.2)

Yy, (w[L +d]) + jreleptd)
Zy is the locally reacting impedance at the septum and d the groove depth.

X

0
Main duct
r

g

(a) (b)

Figure 6.2: OTR fan case liner: (a) View of the OTR fan case liner installed in the NASA
W-8 fan rig [5] and (b) dimensional diagram of the problem and nomenclature.
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Diagrams of the actual OTR liners tested in the W-8 rig are shown in Fig. 6.3. Note that a
lateral cross-section parallel to the duct axis is used in Fig. 6.2b, i.e. the flow goes from left
to right, whereas a transversal cross-section perpendicular to the duct axis is adopted in
Fig. 6.3 such that the flow direction is normal to the paper. The configuration in Fig. 6.3a
is referred to as "hard grooves’ or ‘hard septum’ since there is no acoustic treatment in
(D. An SDOF cavity liner is used with a ‘thin” and ‘thick” perforate in the configurations
shown in Fig. 6.3b-6.3c. The configuration with the thin perforate was also tested with
a Foam Metal Treatment inside the cavity D (Fig. 6.3d), and an expansion chamber (Fig.
6.3d).

@
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@
% SAASIAHY.

(@) (b) (© (e)

Figure 6.3: Cross-sections of the OTR fan case liners tested in the W-8 rig [5]:(a) Hard
grooves, (b) Thin Perforate, (c) Thick Perforate, (d) Foam Metal Treatment, and (e) Ex-
pansion Chamber.
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The comparisons in this section are limited to configurations (b)-(c), although it could be
extended to the configuration with the metal foam treatment by changing the properties
of the air in the cavity to those of the metal foam. The groove impedance model predicts
vanishing values of resistance for some combinations of frequency and azimuthal mode
number, which can lead to technical difficulties in the eigensolver described in Section
4.1.2. This can be overcome by postulating a small artificial resistance R, at the groove
neck adding to the groove impedance Z,. A value of R, = 0.1 has been used in the
predictions of this section. The technical difficulty is particularly pronounced for the
purely reactive ‘hard grooves’ (Fig. 6.3a). Predictions of configuration (a) are not included
since the measured groove effect in the range of frequencies of interest is minimal and of
less engineering interest than the lined cases.

It has been assumed that the impedance at the septum (Zy) for the ‘thin” and “thick” per-
forates can be obtained by using the standard non-dimensional expression for a SDOF
cavity liner [60]

€dh

Zp = Ry + | w5 cot(wh)| 6.3)
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where R denotes the resistance of the septum, t and d, are the facing sheet thickness
and hole diameter respectively, € the end correction, ¢ the facing sheet porosity and # is

the cavity depth. All variables are non-dimensional unless specified with a tilde.

The geometry of the grooves is specified in [5] and summarised in Table 6.1. The groove
depth d is common for all configurations and the facing sheet and cavity parameters are
also common for the ‘thin” and ‘thick” perforates, except for the facing sheet thickness,

indicated as ¢; and ¢, respectively.

Table 6.1: Dimensional parameters of the acoustically treated grooves.

1/8”7 1/47 1/2”7 17 0.06” 1/4” 0.035” 0.1

The missing variable required in the analytical groove models is the facing sheet resis-
tance Ry, for which the predicted groove impedance for a range of values of resistance
has been compared to the measured impedance in the NASA Langley Normal Incidence
Tube (NIT) [20]. The measured data in Fig. 6.4-6.5 was obtained using a tonal source for
frequencies between 400 to 3000 Hz and at various SPL levels from 120 dB to 150 dB to
assess the non-linearity effects [20]. The liner samples tested in the NIT are rectangular,
which restricts the azimuthal propagation in the groove section @ that would normally
occur when mounted in the fan casing. Hence, the predicted curves in Fig. 6.4-6.5 are ob-
tained using m = 0. The predictions include the porosity correction of Eq. 3.33 to account
for the rigid surfaces of width [; between the grooves of width [,.

The results in Fig. 6.4 show a reasonable agreement between the measurements and
predictions for the tested range of resistances, especially for the thick perforate. The effect
of additional non-linear losses at high SPL excitation corresponds, as expected, to higher
values of facing sheet resistance. Measurements of the dynamic SPL at the fan leading
edge for a tip Mach number of M=0.596, corresponding to the 50% fan speed data used
in this section, can be as high as 160 dB [144]. However, data of the SPL at the septum
position with the fan in operation, which could be lower, is not available.

The choice of the facing sheet resistance for the model is also supported by the mea-
sured and predicted normal incidence absorption coefficient, the latter obtained using
the groove impedance model and Eq. 2.2. Based on the impedance and absorption co-
efficient comparisons a compromise of Rr; = 0.5 is taken for the ‘thin” perforate and
Rys = 0.7 for the “thick’. A sensitivity study around the chosen resistances showed very
limited variability in the PWL IL spectrum and provided confidence in the current choice

of parameters.
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Figure 6.4: Comparison of the predicted (lines) and measured (symbols) impedance of
two lined grooves for a range of facing sheet resistances (R ).
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dence absorption coefficient of lined grooves for a range of facing sheet resistances (R ;).
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6.1.3 Measured noise reductions and implications on the OTR model

This part of the section reviews the main features of the OTR NASA W-8 test [5] and
the measured data, used for the comparisons with the prediction model described in this
thesis. The tests were performed at the W-8 Single-Stage Axial Compressor Facility at the
NASA Glenn Research Center using the Source Diagnostic Test (SDT) fan rotor R4, which
consist of 22 blades, 22” in diameter and a design speed of 12657 rpm.

The W-8 test rig is an internal flow facility in which the flow is conditioned in a plenum
chamber upstream of the fan and guided through a bellmouth into the cylindrical section
containing the instrumentation, the fan and the acoustic treatments. Two types of exhaust
can be used, atmospheric and altitude, which can lead to additional background noise as
described below. A schematic of the facility is provided in Fig. 1 of [5]. The data used
in this section were acquired using a circumferential array of microphones located at 2.2

radii upstream of the fan.

The SDT fan rotor R4 was previously tested in a Rotor Alone Nacelle (RAN) hard wall
configuration in the Low Speed Wind Tunnel at NASA GRC, as documented in [9, 145].
Bozak and Dougherty [5] compared the averaged in-duct SPL measured in the W-8 az-
imuthal ring and that acquired in the RAN configuration, in which an in-duct azimuthal
array of microphones upstream of the fan was also installed. Their comparison for a hard
wall case is shown in Fig. 6.7 to highlight two features of the W-8 data which are key for
the comparison with the analytical predictions. Published pictures of the SDT RAN and
W-8 rig are shown in Fig.6.6 to support the description below.

(a) SDT RAN (b) W-8 rig

Figure 6.6: Pictures of (a) the NASA SDT RAN in the Low Speed Wind Tunnel at NASA
GRC [9] and (b) the NASA W-8 test rig with the fan and case acoustic treatment on the
right and the inlet in-duct array on the left [5].
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Figure 6.7: Comparison of the SPL spectrum measured with the fan rotor R4 in the SDT
RAN and W-8 rigs at 61.7 % speed [5].

Noise contamination: comparison of the measured spectra with the atmospheric or alti-
tude exhaust showed that, with the former, an additional broadband noise source around
800 Hz and 4 kHz is contaminating the data. This exhaust noise source is referred to as
a ‘background’ source in [5] and can be observed in Fig. 6.7 by comparing the solid and
dashed blue lines. All the measured data with the acoustic treatments contains exhaust
noise contamination, which can be attenuated by the OTR liners. Therefore, the reduc-
tion of fan noise cannot be easily extracted at the contaminated frequencies and predicted
analytical fan noise reductions could be masked by the exhaust noise in the experiments.
This additional source could potentially be included in the prediction model by using an
analytical source distribution located downstream of the fan and considering the relative
strength of the fan and exhaust noise sources. However, this is out of the scope of this
work and the approach taken here has been to restrict the comparisons to frequencies

which lie outside the contaminated frequency range.

Dominant noise sources: broadened or ‘haystacked’ cut-on tones are observed at Blade
Passing Frequency (BPF) in the W-8 in-duct SPL spectra which do not appear in the SDT
RAN results (Fig. 6.7). This feature is linked to the thicker inlet boundary layer in the W-8
rig [146], with higher turbulence intensity and length scales than in the SDT RAN wind
tunnel tests, interacting with the fan rotor blades. Differences in the inlet boundary layer
characteristics are expected due to the significantly distinct geometry of the bellmouth
in the W-8 rig and the flight inlet used in the SDT RAN wind tunnel tests. Besides, the
thicker W-8 boundary layer also causes the fan broadband noise in the W-8 to be about
3 dB higher than that in the SDT up to 6.5 kHz. As a consequence, leading edge (LE)
broadband sources should be included in the OTR prediction model when comparing
with the W-8 experimental data to include the interaction noise as well as other main
sources such as trailing edge (TE) noise. Depending on the relative strength of the LE
and TE sources, the OTR liner benefits could be significantly lower than if a TE source
were dominant, which could be the case for a cleaner inlet flow such as in the case of the
SDT RAN tests. These considerations are assessed by using the analytical OTR prediction
model in section 6.1.4.
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The pressure measurements are obtained with flush-mounted wall microphones and
hence both fan broadband acoustic noise and boundary layer broadband pressure fluc-
tuations are present in the in-duct measured signals. The boundary layer noise in the
SDT RAN tests is probably lower than in the W-8 rig due to a thinner boundary layer
associated with the flight inlet nacelle, which can also contribute to the differences in the
broadband noise spectra of the two rigs, in addition to the BL-fan interaction noise men-
tioned above. The noise reduction benefits of the OTR liners could therefore be masked,
depending on the relative strength of the BL and fan noise. Since BL broadband spectra
typically decay monotonically with frequency, this could be a reason for over-prediction
of the measured insertion loss data at low frequencies but not at the higher frequencies.

The noise reduction performance of the OTR liners tested in the W-8 rig was assessed in
[5] in terms of the PWL Insertion Loss by processing the measured wall pressures with a
modal beamforming method [147]. It was found that the repeatability of the PWL results
was within 1 dB and that the circumferential grooves can have a noise penalty of 2.5-6
dB. Grazing Flow Impedance Tube tests at NASA suggested that the groove noise can be
attributed to cavity tones/resonances clipped by the fan [37]. An additional complication
was that the hard wall and grooved configurations tested in the W-8 rig had a different
tip clearance, in the former a nominal (0.000”) tip clearance was used whereas in the later
was 0.030”. The effect of tip clearance was estimated from processing far-field data of
the SDT RAN tests, showing up to 1 dB PWL additional noise for the larger tip gap at
frequencies above 2 kHz [5]. The combined effect of the tip clearance and the additional
noise generated by the circumferential grooves were treated separately and assumed in-
dependent from the noise reduction of the OTR liners. The resultant PWL IL (with a hard
wall datum) due to the tip clearance and the effect of the grooves and the PWL IL (with
a hard groove datum) of the acoustic treatments were presented in the form of contour

plots for 1/12 octave frequencies and % fan speed.

The processed PWL data was not available for the current project but the measured pres-
sure at the microphone arrays was provided by NASA. Therefore, the comparisons be-
tween the measured and predicted noise reductions in section 6.1.4 are based on the az-

imuthally averaged SPL at the wall instead of the more conventional PWL IL assessment.

The measured SPL at the duct wall is shown in Fig. 6.8 for the hard wall datum, the hard
groove configuration and the two OTR liners (‘thin” and ‘thick” perforates) described in
section 6.1.2. The two broadband humps of exhaust Background Noise (‘BN’) contami-
nating the data are roughly indicated at 50 % fan speed with the “BN" blue arrows. At this
fan speed, the hard grooves generate additional broadband noise that becomes dominant
at frequencies above 4 kHz, attributed to the aerodynamic interaction of the flow in the

fan tip region and the grooves. The acoustic treatments in the lined grooves can reduce
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the additional noise. However, the SPL is still higher than in the hard wall case for fre-
quencies above 5 kHz in the ‘thin” perforate and above 4 kHz for the ‘thick” one. The area

dominated by groove noise is indicated in Fig. 6.8 with the red arrow.
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Figure 6.8: W-8 SPL spectra at 50 % fan speed (analysis bandwidth of 5 Hz).

The noise due to grazing flow over the grooves is not modelled by the analytical impedance
groove models of Section 3.3, in which it is always assumed that the uniform mean flow in
the duct does not interact with the grooves. It can be argued that additional uncorrelated
axially distributed sources at the vicinity of the wall could be included to approximate
the additional groove noise by adjusting their relative source strength based on the hard
wall - hard groove measurements. However, this involves additional major assumptions
on the source model and would complicate the understanding of the predictions. In-
stead, it is noted from Fig. 6.8 that the effect of the hard grooves in the range of 1.5-3.5
kHz is minimal and relatively free from the exhaust noise. Hence, the comparisons be-
tween the measured and predicted noise reductions in section 6.1.4 are restricted to this
frequency range to avoid including additional noise sources other than fan noise in the

current prediction model.

The measured SPL IL based on the hard wall or hard groove datum are shown in Fig.
6.9a - Fig. 6.9b respectively. Note that the tip clearance effect is not taken into account
when using the hard wall datum since this data is not currently available. However, as
mentioned before, this variation is within 1 dB PWL, which is also the repeatability of the
experiments. The noise reduction spectrum in Fig. 6.9a shows more clearly the minimal
impact of the hard grooves up to 3.5 kHz and supports the choice of the frequency range
for the comparison with the model. Above this frequency, the additional groove noise
dominates and masks the benefits of the OTR liners. However, by assessing the SPL IL
with the hard groove datum (Fig. 6.9b) it can be observed that the OTR liners are indeed
also reducing the noise in the tip area, where both fan and groove noise are confined, at
frequencies above 3.5 kHz with broadband 2-4 dB SPL IL.
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Figure 6.9: W-8 SPL IL spectra based on (a) the hard wall datum and (b) the hard groove
datum at 50 % fan speed (analysis bandwidth of 5 Hz).

6.1.4 Comparison of predicted and measured Insertion Loss

Of the fan source models described in Chapter 4, arguably the most physically repre-
sentative is the distribution of rotating dipoles coupled with Blake’s model [120] for the
pressure spectrum of the turbulent boundary layer on the rotor blade surface. The de-
scription of the model in Section 4.4.3 is given for a fixed fan stagger angle and without
indications on the assumed fan chord at each source radial location. Hence, the following

assumptions are introduced and compared in Fig. 6.11:

e Stagger angle distribution ©(r;) : the fan chord at each radial location is assumed
to be parallel to the incident flow (Fig. 6.10a with AoA~0) such that

O(rs) = atan <£]\)/£j> . (6.4)

e Chord distribution c(rs) : the axial projection of the fan chord remains constant
along the radius and equal to the OTR liner length /1 (Fig. 6.10b):

C(rs) - Cos[g(rs)] . (6.5)
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The measured axial mean flow at the fan section, M, = 0.236, and the non-dimensional
shaft rotation (or tip Mach number) at 50% fan speed, () = 0.545 have been used to
determine the radial distribution of stagger angle and chord. In practice, for the OTR
liner length in the W-8 test of [; =57.2 mm, this results in @=30 deg. and é=66.0 mm at 25
% radius and ©=66.6 deg. and ¢=143.9 mm at the fan tip.

HW  OTR Liner HW

(b)

Figure 6.10: (a) fan row diagram with nomenclature and (b) definition of the radial fan
chord distribution.

All predictions in this part of the section assume an anechoic inlet termination. The fre-
quency range presented in the comparisons of the predicted and measured noise reduc-
tions is 1-3.5 kHz, even though 1-1.5 kHz is contaminated by the exhaust noise and not
included in the discussion. This choice of frequencies is to show the expected peak noise
reduction of the “thick” perforate configuration.

The effect on the SPL IL predictions of considering a twisted flat plate (radially varying
stagger angle) with a constant or variable chord distribution in the source model is shown
in Fig. 6.11 by comparing with a case of constant stagger angle and chord. For all three
curves the relative Mach number at each radial position has been used to compute the
eddy convection velocity required in Blake’s model and for the local stagger angle and fan
chord, when applicable. However, the frequency shift in the source cross-spectrum due
to source rotation is omitted here but considered in the next step. The effective impedance
of the lined grooves is shown in Fig.6.12 for different azimuthal mode orders to support
the analysis of the results in Fig. 6.11.

Comparison of the predictions with constant chord and constant or variable stagger an-
gle in Fig. 6.11 shows a minor effect on the predicted noise reductions (< 0.1 dB). How-
ever, a radially varying chord in accordance to the fan twist yields up to 0.6 dB of ad-

ditional noise reduction due to a concentration of the source strength towards the tip
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region (larger chord) and closer to the OTR liner, which leads to higher noise suppres-
sion. This source model is used in the rest of the comparisons in this part of the section

unless specified otherwise.
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Figure 6.11: Effect of variable stagger angle and chord in the predicted SPL IL for the
‘thin” perforate and a distribution of static dipoles at mid-chord position with M=0.236,

() = 0.545 and COR=5.
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Figure 6.12: Impedance of the ‘thin” perforate OTR liner for different azimuthal mode
orders m. Key: solid lines - Re(Z), dashed lines - Im(Z).

The effect of the source rotation in the predicted noise reduction is now analysed. To
this end, the SPL spectrum for the hard wall and lined configurations (thin perforate)
are shown in Fig. 6.13 assuming static or rotating sources. The hard wall spectrum is
marked by the cut-off/cut-on singularities while the lined curve is free from spikes due
to a complex Lorentz wavenumber in the OTR liner section. The frequency shift in the
source strength caused by the source rotation yields additional /reduced 0.5-1 dB SPL
below/above 2.8 kHz. However, when computing the SPL IL, shown in Fig. 6.14, the
effect of the rotation is reduced due to the similar shifting trends in the SPL spectral
shape of the hard and lined configurations, leading to differences of less than 0.5 dB.
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Figure 6.13: Effect of the source rotation in the predicted SPL for a distribution of dipoles
at mid-chord position with M=0.236, ) = 0.545 and COR=5.
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Figure 6.14: Effect of the source rotation in the predicted SPL IL for a distribution of
dipoles at mid-chord position with M=0.236, () = 0.545 and COR=5.

The main features of the measured data have been highlighted in the previous part of
the section. It has been argued that LE noise may well be a major source contributor
in the W-8 experiments. Therefore, noise predictions have been obtained for a source
distribution located at x; = 0.75[;, ‘close’ to the TE, and at x; = 0.25[;, ‘close’ to the
LE. The choice of axial locations is conservative to avoid COR-convergence issues. Both

source distributions are assumed to have the same strength and to be uncorrelated.

The predictions for the ‘thin” and ‘thick” perforates are compared with the W-8 measured
data in Fig. 6.15. Leaving the singularity-induced spikes aside, broadband noise reduc-
tions of up to 6 dB are predicted in Fig. 6.15a when the source plane is located closer to
the TE due to a higher lined surface available, overpredicting the measured IL by up to 4
dB over 1.5-2.5 kHz. However, if LE sources are included in the model, the predicted IL
is reduced and gets closer to the measured data due to the LE sources being less attenu-
ated by the OTR liner. Naturally, the impact of the assumed axial location of the sources
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is more pronounced around the peak attenuation but has a lower effect at frequencies
above 2.5 kHz, where the analytical model underpredicts the SPL IL by 1-2 dB.

Analogous trends can be observed in Fig. 6.15b for the ‘thick” perforate configuration,
although the predicted and measured IL present a closer agreement. The causes of the
spikes have been discussed in Section 5.3 and motivated the inclusion of a duct termi-
nation in the Green/FINF model. The choice of anechoic or unflanged inlet termination
is discussed in greater detail in the next part of the section by comparison with an FE
model of the W-8 geometry. Therefore, at this point of the analysis, ignoring the spikes
and keeping in mind the 1 dB repeatability of the experiments and the differences in
tip clearance (also accounting for up to 1 dB), a reasonable agreement in magnitude and
spectral shape can be drawn from the comparisons of the predicted and measured data
consistent across the two liner configurations.
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Figure 6.15: Comparison of the measured and predicted SPL IL for a distribution of

dipoles located at x; = 0.75]; (TE) and x; = 0.25]; (LE) with M=0.236, () = 0.545 and
COR=5.
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Based on the results shown here for the ‘thin” perforate, it can be concluded that the key
parameter controlling the peak noise reductions is the chordwise location of the dominant
source mechanism, followed by the radial distribution of source strength, the maximum
noise suppression benefit coming from close proximity to the OTR liner. The stagger
angle and the source rotation would follow, being the parameters with the lowest impact
on the SPL IL predictions. The latter could be expected due to the relatively flat spectrum
of fan broadband noise over the range of frequencies of interest.

The PWL is less affected by the singularities at the cut-on frequency of each mode, as dis-
cussed in Section 5.3. Joseph et. al. [7] defined expressions that relate the axial acoustic
power in a hard wall duct with the averaged pressure across the duct cross-section for
various distributions of uncorrelated sources. They also proposed a relationship between
the averaged pressure across the duct and that measured at the wall but showed some
variability for monopoles and dipoles with flow. Therefore, a conversion from SPL IL
to PWL IL is not attempted here but there is evidence that the former is a good repre-
sentation of the latter for distributed noise sources. Both the SPL IL and the PWL IL are
computed for the ‘thin” perforate and compared with the measured SPL IL in Fig. 6.16.
Although the broadband peak attenuation between the two predicted curves differs up
to 1 dB, the PWL IL spectrum presents the same behaviour as the SPL IL prediction with
the benefit of lower spikes at the cut-on frequency of each duct mode.

8 I
—o—W-8 Exp. Data - SPL IL
6 Green/FINF - SPL IL
“ r Green/FINF - PWL IL
o
= 4 |
g ! Al !
o S| N 3| A 0 . 'S
A2 N ‘ YE R[22 af
5% LU R
= = — ‘.
@ L *
-9 ‘ ‘ ‘

|
2.5 3 3.5
Frequency, kHz

1 1.5

[\

Figure 6.16: Comparison of the measured SPL IL and predicted SPL IL and PWL IL for
the “thin’ perforate and a distribution of LE and TE dipoles with M=0.236, ) = 0.545
and COR=5.
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6.1.5 FE solutions of the W-8 rig and modelling of the termination

Inspection of the W-8 test facility schematic in Fig. 1 of [5] shows that the rig consists
of a bellmouth guiding the flow into a cylindrical section containing the instrumentation
and the fan itself. The choice of duct inlet in Green/FIFN to closer predict the bellmouth
termination, either anechoic or unflanged, may not be immediate. Hence, a FE model of
the W-8 rig, shown in Fig. 6.17, has been developed to guide the choice of the inlet duct
termination. A 3D FE model is used to reproduce the W-8 geometry and with a PML-type
boundary condition at the termination of the cylinder and a spherical PML at the end of
the bellmouth. The same guidelines and procedures to generate the mesh and set-up the
cases described in Section 3.3.2 have been applied here.

W-8 Azimuthal ring location ~ Source location for Case B

EOZERONE
AR PONORRIAR
AR ORI
SOCANAI
S
RO KKt

Source location for Case A

Probe location along the
duct axis for Case A

Figure 6.17: Diagram of the FE model to study the reflections of the W-8 geometry.

Two test cases are described and compared with the analytical predictions in this part of
the section. This exercise is focused on the hard wall configuration since it is responsible
for the singularities in the SPL/PWL IL predictions. However, it could be easily extended
to the OTR lined configurations to assess the issue of the axial resonances when consider-
ing an unflanged termination. The two cases described here are for zero flow and hence
a point volume velocity monopole is used to retain the cut-on/cut-off singularities. The
location of the source and the probes for the cases described below is also indicated in
Fig. 6.17.

e Case A: it represents the simplest case and aims at providing fundamental under-
standing of the reflections induced by the bellmouth. The point source is located at
the duct axis such that it can only excite modes with m = 0 and at mid-chord po-
sition, (xs,75,6s) = (I./2,0,0) in Green/FINF coordinates, and probes are located

along the duct axis.
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e Case B: it aims at reproducing a simplified version of the W-8 experimental ar-
rangement by placing the source at 95% radius, (xs,7s,0s) = (1./2,0.954,0) in
Green/FINF coordinates, and the probe at the wall (r = a) and axial location of

the azimuthal microphone array (x = —2.24).

The predicted SPL spectrum evaluated on the duct axis at x = —2.2a for case A is shown
in Fig. 6.18. This figure shows the behaviour of the cutting-on process for an infinite
duct (anechoic inlet termination), with the sharp high amplitude singularity at the cut-
on frequency of a particular mode He(,) = 3.832. The coloured squares only indicate
the frequencies at which the FE solution is compared with the analytical results for an
anechoic or unflanged inlet termination in Fig. 6.19, to easily identify at which point of
the cutting-on process the comparisons are being made.

Two distinct axial locations are key in the predicted SPL when reflections are included
in the solution: the relative position of the termination and the azimuthal array. In this
section, it is assumed that the termination is located at the end of the cylindrical part and
beginning of the bellmouth (x; ~ —3a). The position of the termination and azimuthal
array are indicated with black and blue dashed lines in Fig. 6.19. The predictions using
Green/FINF are only plotted for the cylindrical section of the duct x; < x < 0.

It can be observed that the FE solution and the anechoic results present an excellent agree-
ment at frequencies well away from cut-on/cut-off, as observed in Fig. 6.19a and Fig.
6.19f. At those frequencies, the FE W-8 does not show any signs of reflections, marked by
the oscillations in the predicted solution with an unflanged duct. However, at frequen-
cies immediately before and at cut-on (Fig. 6.19b-6.19c) the W-8 results lay closer to the
unflanged duct configuration. The singularity with the anechoic termination is clearly
observed in Fig. 6.19c with an SPL 20-40 dB higher than in the FE or unflanged results.
Once cut-on, the FE solution initially falls somewhere in between the unflanged and ane-
choic predictions (Fig. 6.19d- 6.19¢) but tends to an anechoic solution (it flattens) within
the cylindrical section. The difference between the predictions and the FE solution at each
frequency at the axial location of the azimuthal array are summarised in Table 6.2.

Table 6.2: Difference between the FE and predicted SPL at x = —2.2a for Case A.

He
2.800 3.275 3.832 3.835 3.875 4.400
Inlet termination ASPL (dB)
Anechoic 006 751 3380 8.01 057 0.04

Unflanged 076 125 256 776 613 193
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Figure 6.18: SPL of mode (0,2) cutting-on. Squares show the frequencies at which the FE
and analytical predictions are evaluated in Fig. 6.19.
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Figure 6.19: Comparison of the FE and predicted SPL along the duct axis for Case A.
Key for dashed lines: black - end of the cylindrical section and start of the bellmouth
(x/a=-3), blue - axial location of the azimuthal array in the W-8 rig (x/a=-2.2).

The comparison of the analytical solution and the FE results for Case B is shown in Fig.
6.20 for a wider frequency range that includes the cutting-on process of four modes. The
solution is computed at intervals of 5 Hz since the small Af used to capture the detail
of the cut-on process in Fig. 6.18 is rarely used in practical applications due to the com-
putational cost. In practice, the wider intervals result in reduced singularity-induced
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spikes (solution evaluated at frequencies further away from the exact cut-on/cut-off) and
therefore the FE and anechoic solution seems to show a better agreement for most of the
spectrum. However, as mentioned earlier, a closer evaluation in the vicinity of the cut-
on/cut-off frequency would show that at those conditions the FE W-8 bellmouth cancels
the singularity as in the case of an unflanged duct. Overall, the FE W-8 bellmouth re-
sults seem to be in closer agreement to an anechoic termination but without the inherent

singularities of the infinite duct representation.
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Figure 6.20: Comparison of the FE and predicted SPL spectra with an anechoic or un-
flanged termination for Case B.

The predicted SPL IL and the PWL IL computed for the ‘thin” perforate and the distri-
bution of dipoles of Fig. 6.16 are recomputed for an unflanged inlet termination and
shown in Fig. 6.21. The predicted SPL IL spectrum suffers from the axial resonances in
the inlet hard wall section described in Section 5.3. However, the PWL IL predictions
show the benefits of including an unflanged termination in reducing the cut-on singular-
ity spikes. The unflanged duct termination is therefore useful for realistically suppressing
the cut-off / cut-on singularity, as shown above by comparing with the FEM solutions, but
is unrealistic in that it causes much larger modal reflections, in general, than would be

expected to occur with the slowly varying W-8 bellmouth intake.
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Figure 6.21: Comparison of the measured SPL IL and predicted SPL IL and PWL IL for
the ‘thin’ perforate and a distribution of LE and TE dipoles with M=0.236, ) = 0.545
and COR=5.
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Even though there are no signs of the aforementioned cut-on/cut-off spikes in the mea-
sured W-8 hard wall data, the SDT RAN test may suggest evidence of this phenomenon.
The measured hard wall SPL spectra at the wall for the SDT RAN test are compared with
Green/FINF predictions with anechoic and unflanged inlet in Fig.6.22. The source model
used in the predictions is a static axial dipole located at mid-chord position and 95%
radius. The azimuthal microphone ring used in the SDT RAN test was installed much
closer to the fan, only 0.55 radii upstream of the fan stacking axis, and the termination
is estimated at x;/a = —1. The actual SPL level is not predicted by the analytical model
and an arbitrary reference is used in each subfigure for comparison purposes only. The
unflanged termination is a better representation of the flight inlet used in the wind tun-
nel experiment than the bellmouth of the W-8 rig. Distinct humps can be observed in
the measured data, appearing with a similar periodicity to that of the cut-on/off spikes
in the predicted spectra, which can be more clearly observed in the predictions with the
unflanged inlet. The amplitudes of the predicted singularities are limited when including
the reflections at the termination and not far from those of the measured humps. The sim-
ilar periodicity and amplitudes might suggest evidence of the cut-on singularities in the
measured data that could be masked in the W-8 test by the noise of the thicker boundary

layer.
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Figure 6.22: Comparison of measured hard wall SPL spectra in the SDT RAN wind tun-
nel test with predictions for an (a)-(c) anechoic inlet and (d)-(e) unflanged inlet and a
static axial dipole at (xs,7s,65) = (0.5[1,0.954,0) with M=0.236 and COR=5.
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The section concludes with a simple comparison of the measured SPL IL in the W-8 rig
and the predicted SPL IL (Fig. 6.23) and PWL IL (Fig. 6.24) for a static axial dipole located
at mid-chord position and 95% radius, both for the anechoic and unflanged inlet termi-
nations. As mentioned earlier in Fig. 6.21 and explained in Section 5.3, even though the
hard wall spikes are reduced by the introduction of the termination, axial resonances can
appear in the OTR configuration, leading to the high variability shown in Fig. 6.23. How-
ever, both the SPL IL and the PWL IL predictions indicate that using either an anechoic
or an unflanged termination the broadband levels of noise reduction and spectral shape
remains unchanged. In addition, such a simple point source representation can predict
within roughly 3 dB the measured noise reductions and is computationally cheaper than
distributed dipole point sources. This last point is used in the next section for a liner
design study to guide the choice of future OTR liner configurations, using PWL insertion
loss as the liner performance parameter. It is interesting to note that the PWL IL spectra
in Fig. 6.24 are similar in shape to that of conventional liners.
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Figure 6.23: Comparison of the measured SPL IL and predicted SPL IL for the ‘thin” per-
forate and a static axial dipole at (xs,7s,6s) = (0.5[1,0.95a,0) with M=0.236 and COR=5.
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Figure 6.24: Comparison of the measured SPL IL and predicted PWL IL for the “thin’ per-
forate and a static axial dipole at (xs,7s,6s) = (0.5I1,0.95a,0) with M=0.236 and COR=5.
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6.2 OTR liner design study

The Green/FINF model is applied in this section to guide the design of Over-Tip-Rotor
liners for the next generation of Ultra-High-By-pass-Ratio (UHBR) engines. The expected
increase in fan diameter can lead to relatively shorter nacelles [2, 23] and reduced noise
attenuation performance of intake liners [24, 25]. OTR liners have the potential to com-
pensate for these reductions and maintain fan noise levels.

The UHBR ‘design” engine considered in this section is supposed to have a diameter
of 140” and slower shaft speed such that the Blade Passing Frequency is assumed at
BPF=250 Hz (He=8.2). The study is performed over f=[50-1000] Hz and evaluated at the
1/3 octave frequencies. The non-dimensional liner length I; is assumed to be that of
the W-8, implying that the axial projection of the fan chord scales with radius. A Mach
number of 0.3 is used through the section.

The use of circumferential grooves as part of the OTR acoustic treatments has been adopted
as the OTR liner technology has developed at NASA due to the benefits in reducing losses
in the fan aerodynamic performance while protecting the structural integrity of the ro-
tor blades and the liner. Therefore, the first part of the section assumes a grooved liner
modelled with the impedance groove model of Section 3.3 for a selection of parameters.
Then, in the second part of the section, PWL IL predictions are obtained for a range of
resistances and reactances to find the optimum impedance at each 1/3 octave frequency.
In both cases a stationary point axial dipole source is used, located at 95% of the radius

and multiple axial locations.

6.2.1 Design study of a grooved liner

Once again, the septum impedance within the analytical groove model is assumed to be
that of an SDOF cavity liner. The mass reactance (1,) of the facing sheet is kept con-
stant for all cases and equal to the same non-dimensional value as for the ‘thin” perforate
configuration tested in the W-8 tests, m, = % = 1.36 - 1072. Three cavity depths are
considered, i = [1,3,6]”, and three values of facing sheet resistance, R = [0.5,1,1.5].

Three scenarios have been considered for the choice of the axial source location within the
lined section: high distorted inflow leading to a fan noise spectra dominated by Leading
Edge Noise (LEN), for which x; = 0.1/, a clean inflow leading to dominant Trailing Edge
Noise (TEN), by setting x; = 0.9/, and a combination of both with uncorrelated sources
of equal strength. The predicted PWL IL for each range of parameters specified above

and for each source scenario is shown in Fig. 6.25.
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Figure 6.25: PWL IL predictions using a grooved liner for a range of facing sheet resis-
tance, cavity depths and source locations. Cavity depth of 1” (black), 3” (blue) and 6”
(red).

For a LEN-dominated fan, shown in Fig. 6.25a, there is very small room for liner attenu-
ation and the source modification effects become significant, which become apparent at
low frequencies with negative predicted values of IL. Likewise, additional noise reduc-
tion can also occur with predicted IL of up to 3 dB. An OTR lined grooved in a TEN-
dominated fan (Fig. 6.25b) is predicted to yield up to 12 dB inlet PWL IL. In this scenario,
any noise amplification linked to source modification is compensated by the axial atten-
uation along the (larger) liner length available. The benefits of OTR liners are reduced
when a combination of LE and TE noise of equal strength are considered but could still
provide up to 5 dB PWL IL for the right choice of parameters. A deeper cavity shifts the
peak IL towards lower frequencies, as expected, with significant noise reductions at and
above BPF for the 6” cavity. The trend is that a low facing sheet resistance is beneficial,
although it is not always the case for the shallow 1” cavity.

6.2.2 Optimum impedance for OTR liners

This part of the section is not restricted to a particular liner design but explores the pre-
dicted PWL IL using OTR liners for a range of impedances Z = R + jX at each 1/3 octave
frequency. In particular, the evaluation space is for R varying from 0.5 to 5 and X from
-5 to 5. The lower bound of resistance has been selected to avoid issues in the solution of
the eigenvalue equation as R — 0.

Contour plots of the predicted PWL IL for each source scenario in Section 6.2.1 are pre-
sented in Fig. 6.28-6.30. The impact of source modification effects mentioned earlier
when x; = 0.1]; can be observed in Fig. 6.28 by the large areas of noise amplification,
especially at the lower frequencies. However, this is not an issue for x; = 0.9/, in Fig.
6.29, when almost all impedances tested provide positive PWL IL with values up to 15
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dB. When including both uncorrelated sources at x; = 0.1/, and x; = 0.91;, (Fig. 6.30) the
source modification effects dominate once again but are not as severe due to the signifi-

cant noise reductions of the TE noise source.

The impedance for maximum PWL IL at each frequency and scenario is shown in Fig.
6.26. As observed before, low resistance is beneficial in most cases. The predicted opti-
mum reactance is reduced with increasing frequency, unlike the standard behaviour of
SDOF/DDOF models, forcing to choose a target frequency range of peak attenuation to

determine the liner design parameters.
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Figure 6.26: Resistance (blue) and reactance (red) for maximum PWL IL within the inter-
rogated impedance space with rs = 0.954, M=0.236 and COR=5.

The two contributors to the PWL IL outlined in Section 4.6.3, the liner attenuation and
the source modification, can be readily separated in the form of contour plots for zero
mean flow, as illustrated in Fig. 6.27 for an axial dipole source at mid-chord and =400
Hz. It can be observed that the liner attenuation or transmission loss is always positive,
as expected since the liner is a passive device. Fig. 6.27c shows that the back-reaction ef-
fects can modify the power generated at the source plane by up to 1 dB of addition noise
reduction and 10 dB of amplification. However, large values of amplification often ap-
pear in conjunction with pronounced noise attenuation. By adding the two contributions
one recovers the power IL map shown in Fig. 6.27a. Furthermore, the region of large
amplification only occurs when the resistance is very small, which is unlikely in practice,

given the very high sound pressure levels present close to the tip of the fan rotor.

The evaluation of the acoustic power in the near field of the source in the presence of
mean flow should include the finite contribution of the power contained within the vortex
sheet, not considered in the definition of acoustic power adopted in this work. Hence, the
separation between liner attenuation and source modification with flow is not included

here but is suggested for future work on this topic.
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Figure 6.27: Contour maps of (a) the total PWL IL and the contributions of (b) the liner
attenuation and (c) the source modification for an axial dipole at =400 Hz (x;,7s,6s) =
(0.511,0.954,0) with M=0.0 and COR=5.
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Figure 6.28: Contour maps of the PWL IL for an axial dipole at (xs,7s,065)
(0.111,0.954,0) with M=0.3 and COR=5.
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Figure 6.29: Contour maps of the PWL IL for an axial dipole at (xs,7s,0s) =
(0.911,0.95a,0) with M=0.3 and COR=5.
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Figure 6.30: Contour maps of the PWL IL for an axial dipoles at (xs,75,60s) =
(0.11;,0.954,0) and (xs, 75, 8s) = (0.91;,0.954,0) with M=0.3 and COR=5.
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6.3 Summary and conclusions

6.3.1 Summary

e The modelling work of previous chapters is combined here to provide a predic-
tion model for the noise reduction of OTR liners. The impact of various features of
the source model in the predicted SPL IL is studied, including the effect of rotat-
ing sources, radially variable stagger angle and chord and the axial position of the

dominant noise mechanism/s.

e The OTR liner tests conducted in the W-8 rig [5] are reviewed and compared with
the analytical OTR prediction model. The main points that need to be considered
in the comparisons of the measured and predicted SPL IL are highlighted and the
choice of parameters in the impedance and source models is described accordingly.

e A liner design study is performed by applying the OTR liner prediction model to
a ‘design” UHBR engine to show the potential benefits of OTR liners and guide
the choice of liner parameters for their implementation in the next generation of

turbofan engines.

6.3.2 Conclusions

e For a given OTR liner impedance, the main two features in the source model driving
the predicted noise reductions are (1) the axial location of the dominant sources,
related to the noise attenuation and (2) the radial distribution of the source strength,
linked to the source modification effects.

e Comparisons of the measured SPL IL in the W-8 test rig with the analytical pre-
dictions show a reasonable agreement within the 1-2 dB uncertainty of the data,
ignoring the cut-off theoretical singularities, that holds for the two liner configura-
tions considered. This exercise shows that peak broadband noise estimates can be
obtained with the analytical prediction model given the right assumptions in the

source distribution.

e Comparison of the measured hard wall SPL in the SDT RAN test and the analytical
predictions suggest evidence of cut-off spikes/humps present in the measured data,
which could be masked in the W-8 tests by the boundary layer noise of the thicker
boundary layer.

e A liner design study for a UHBR engine has shown the potential of OTR liners for
improved noise suppression in the next generation of turbofan engines. Predictions

suggest that OTR grooved liners covering the axial extent of the fan could yield up
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to 4 dB inlet PWL IL for a fan with leading and trailing edge sources of similar
strength and up to 9 dB for a trailing-edge noise dominated fan with a cavity depth
of 3” and specific acoustic resistance of 1. For typical values of resistance the con-
tribution of the source modification effects can be up to 2 dB of additional noise

reduction and 5 dB of noise amplification.
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Chapter 7

Conclusions and future work

This thesis describes an investigation into Over-Tip-Rotor (OTR) liners with the dual ob-
jective of improving our understanding of the noise reduction mechanisms and assessing
the potential for additional fan noise suppression in turbofan engines. This has been
achieved through the development of an analytical prediction model, based on Green’s
functions, for the noise reduction performance of OTR liners, which includes the cou-
pling of the fan sources, the sound propagation and the noise suppression. This work
represents the first documented attempt at modelling the noise suppression of OTR liners
analytically, in contrast to previously published research, which has concentrated solely
on experimental modelling. Key characteristics of the analytical model are cross verified
with reference FEM solutions. Noise reduction estimates obtained with the prediction
model are compared with experimental data measured in the NASA W-8 test rig. In ad-
dition to the analytical work, a fundamental experiment has been conducted in a wind
tunnel with the fan rotor represented by a static airfoil separated from an over-tip liner by
a small tip gap. Finally, the OTR liner prediction model is applied to a rotor-inlet config-
uration of a typical future UHBR type engine to show the potential benefits of this liner
technology and to indicate the choice of liner parameters for improved noise suppression.

The main findings and suggested future work are summarised below.

7.1 Conclusions

Experimental evaluation in the wind tunnel of over-tip liners has shown that the acoustic
treatment can suppress noise sources located in its vicinity, with measured peak broad-
band reductions of gap noise of 5-10 dB, corresponding to 2-3 dB of overall noise re-
duction when other sources are included. The noise suppression benefits of the over-tip
liners are reduced as the gap size is increased, which confirms the benefit of proximity to
the liner. This behaviour is also captured by evaluating an existing model for the acous-
tic field generated by a point source located over an infinite lined plane, which showed

qualitative agreement with the measured data.

The power output of in-duct sound sources depends on the wall impedance, the source
proximity to the wall, the frequency and the mean flow Mach number. To evaluate these
effects, an existing Green’s function is used for an infinite cylindrical duct containing uni-
form axial mean flow with a hard or lined wall. The source power output is computed

by evaluating the axial acoustic power at the source plane. If the source power for a lined
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configuration is lower than for its hard wall counterpart, there is an additional noise re-
duction benefit to that of the conventional noise attenuation as the waves propagate over
the liner. Hence, it is proposed that the PWL Insertion Loss achieved by an OTR liner can
be divided into two contributions: (1) the noise attenuation, measured with the Transmis-
sion Loss (TL), and, (2) the source modification, measured as the power difference between
a hard and lined configuration at the source plane. A detailed study of contribution (2)
shows that the effects of the source proximity to the wall are more pronounced when the
source is very close to the wall (¢/A < 0.5), in agreement with the simplified over-tip

liner experiments and classical half-space analytical models.

Acoustically treated circumferential grooves developed at NASA are a promising OTR
liner configuration as these appear to minimise the aerodynamic performance losses and
protect the acoustic liner septum, to some extent, from the severe aeroacoustic environ-
ment of the rotor blade tip. Two analytical impedance models have been formulated
to represent the acoustic behaviour of physical grooves in the absence of grazing flow,
one exact and the other a good approximation. Both models are ‘semi-locally reacting’
(locally reacting in the axial direction and non-locally reacting in the azimuthal direc-
tion) and result in an impedance that depends on the frequency and the azimuthal mode
number. Predictions obtained with the OTR prediction model coupled with the groove
impedance model agree with FEM predictions to within 0.2 dB for the same configuration
but the latter includes the full multiple groove geometry.

Existing mode-matching techniques have been coupled with the Green’s function repre-
sentation to model the impedance discontinuities between the OTR liner section and the
hard wall casing upstream and downstream of the fan section. The relatively short axial
extent of the OTR liners can lead to fan noise sources located close to the impedance dis-
continuity, particularly when the dominant sources are located at the leading or trailing
edge as it is often assumed. It is found that power continuity across the matching inter-
face can be compromised by source proximity to the matching plane. A cut-off ratio of
five is generally sufficient if the source is separated from the matching plane by at least
10% of the plane wave mode wavelength.

The noise reduction spectra obtained with the OTR prediction model exhibit the char-
acteristic hard wall cut-on/cut-off singularities for in-duct monopole type sources in an
infinite duct, with or without flow, and dipoles with flow but the singularities are not
observed in the experimental data from the NASA W-8 rig. It has been then realised that
reflections from a duct termination would in effect cancel out the singularity. A termina-
tion has been implemented by coupling the mode-matching scheme with the reflection
coefficients from an unflanged duct termination, evaluated numerically with an existing
Wiener-Hopf-based solution. This approach has been found to successfully cancel the
hard wall point source singularity at the cut-on/cut-off transition. However, in the OTR

hard-lined-hard configuration, the reflections can cause axial resonances in an otherwise
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smooth spectrum. Comparison of the predictions with results of a FEM model of the W-8
bellmouth geometry has shown somewhat closer agreement with an anechoic termina-
tion except at the vicinity of the cut-off frequency, where the singularity is nullified as in
the unflanged termination. This is not unexpected as the inlet bellmouth geometry of the
W-8 rig is smoothly varying and should only produce weak reflections, except at cut-on.
Comparison of the measured hard wall SPL in the SDT RAN test and the analytical pre-
dictions suggest evidence of cut-off spikes/humps present in the measured data, which
could be masked in the W-8 tests by the noise of the thicker boundary layer.

The impact of various features of the source model in the predicted noise reduction
spectra has been evaluated by comparison with the measured SPL Insertion Loss (IL).
It is found that for a given OTR liner impedance, the main two features in the source
model driving the predicted noise reductions are (1) the axial location of the dominant
sources, which determines the noise attenuation and (2) the radial distribution of the
source strength, linked to the source modification effects. The source rotation and stagger
angle have a smaller effect in the predicted IL of only 4= 0.5 dB.

The limitations of the prediction model and specific issues of the measured data restrict
the range of frequencies over which the two can be compared. The analytical predictions
fall within the 1-2 dB uncertainty of the data for both two liner configurations considered
over the comparable frequency range. That is, ignoring the cut-off/cut-on theoretical
singularities and focusing only on the broadband spectral shape. The comparisons have
shown that given some information on the fan noise sources, particularity regarding the
axial location of the dominant source mechanisms, reasonable peak broadband noise es-
timates can be obtained by using the analytical OTR liner prediction model developed
here. This model is presented as a low-TRL tool to guide the design of OTR liners. The
model has been applied to a liner design study for a UHBR engine, predicting a peak
inlet PWL IL within 4 and 9 dB depending on the axial location of the dominant fan noise
source mechanism, using a SDOF liner resistance of 1 and a cavity depth of 3 inches. For
typical values of liner resistance close to 1 the contribution of the source modification
effects can be up to 2 dB of additional noise reduction and 5 dB of noise amplification.

7.2 Future work

Several aspects of the current work would benefit from further improvements both in the
modelling and to improve understanding of the OTR liner physical mechanisms. This
section summarises recommendations for future work.
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Physical mechanism of noise suppression

The source modification effects predicted in the OTR liner model are always purely acous-
tic and caused by the back-reaction effects on the source. However, it is not clear what the
impact of the liner might be on the aerodynamically generated sources at the tip region.
The experimental wind tunnel evaluation of over-tip liners with a static single airfoil de-
scribed here included measurements with various liner configurations partially covered
with a rigid hard wall surface, flush mounted to minimise noise attenuation over certain
areas. These results suggested weak source modification effects but the results are in-
conclusive. Additional measurements of the unsteady pressure fluctuations on the airfoil
surface with the over-tip liner or with a hard wall could give more insight into source

modification effects caused by an over-tip liner.

Further work is suggested in the study of the back-reaction effects on the source power
output in the presence of uniform mean flow by taking into account the power confined
within the vortex sheet. The additional power term could be obtained with the expres-
sions derived by Tester [137] using Mohring’s [138] definition of intensity for shear flow
or those of Eversman [133] obtained from energy conservation principles, as in [132].

Further developments of the prediction model

The current OTR liner prediction model could also be capable of predicting the noise re-
duction of fan case liners upstream of the rotor leading edge by placing the noise sources
in the hard wall region downstream of the finite lined section. An obvious extension to
this work would be to obtain estimates and perform a liner design study for a fan case

liner.

One of the main assumptions in the current model is that of uniform mean flow in the
lined fan and hard wall sections. However, numerical simulations indicate that a transi-
tion from a purely axial base flow upstream of the fan rotor to an axial and swirling base
flow downstream of the fan occurs along the blade passage. Therefore, a natural exten-
sion of the work presented in this thesis could include the Green’s function for swirling
flow [36] in the fan section, which would also require a potentially challenging mode-
matching between the duct sections with different swirling flow characteristics. The ex-
tended model could also be used as a design tool to guide the choice of interstage liners
and include distributions of sources both for the fan and the OGVs.

The modelling of swirling flow in the duct would also permit study of the differing OTR
liner noise reduction of co- and counter-rotating modes observed in the W-8 data with
(1) the proposed modified groove impedance model with ‘swirling” flow in the groove
and, (2) the mean swirling flow in the duct. The groove impedance model with swirling
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flow could then also be extended to the annular groove model rather than the simpler

rectangular assumption adopted here, in order to include mean flow swirl in the grooves.

The cut-on/cut-off singularity problem has been solved by including reflections from an
unflanged duct termination but clearly it is not the best physical representation of, for
example, the W-8 test rig inlet. Therefore, it would be desirable to use a more realistic
termination, but which still has the required behaviour at cut-on/cut-off singularities. In
addition it should be recognised that in reality, non-linear effects would dampen the high
amplitude singularities and viscous-thermal dissipation would reduce the strength of the
singularity at the source. The latter might have a stronger effect on the modal wavenum-
ber at and near cut-on and could be modelled through an additional acoustic admittance
such as in [148], which would effectively generate an imaginary part to Lorentz axial

wavenumber and prevent the singularity.

Application of the OTR liner technology

Over-tip-rotor liners have the potential to also be an effective noise suppression technol-
ogy in applications other than turbofan engines. Some examples are urban ducted wind
turbines, emerging air taxis or smaller transport and surveillance UAV vehicles. Testing
and numerical investigation of tip noise and its noise suppression with OTR liners could
benefit from the current and future modelling capabilities.
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Appendix A

Flow-induced cavity noise tests

This test aimed at introducing an airfoil to represent the fan blade and the effect of grazing
flow into the point source problem. The set-up used for this experiment is similar to
the one described in Section 2.1 for the assessment of over-tip liners in reducing airfoil
noise. However, it was modified by drilling two holes of different depth at the tip of the
airfoil, which are expected to be acoustically excited by the grazing flow and to produce
a near tonal noise that dominates the acoustic spectrum. The holes are circular with a
diameter of W=3 mm, depths of L;,,=[22,18] mm and located at x’f:O.ZSC and xZ:O.75c,
where c is the airfoil chord. This test set-up is shown in Fig. A.1 and the liner inserts
and measurement techniques utilised are the same described in Section 2.1. The far-field
spectra was measured for gap sizes e=[2,5] mm, angles of attack AoA=[10,18] deg. and
three flow speeds [S1,52,53]=[17,27,32] m/s for each insert configuration: hard wall, liner
ID4 and liner ID5.

Figure A.1: Experimental set-up of the flow-induced cavity noise tests.

Rossiter [149] described two noise generation mechanisms for grazing flow over cavities
that define the cavity resonance: (1) depthwise oscillations, related to the cavity modes
and (2) lengthwise oscillations caused by the impingement of vortices shed in the up-
stream corner of the cavity impinging in the downstream corner. Block [103] provided
semi-empirical expressions to predict the frequencies where these resonances occur and
found that maximum excitation takes place around the frequencies where the two excita-
tion mechanisms intersect.
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e Depthwise oscillations:

Co 1
= Al
fo 4D 1+ 0.65(W/D)075 (A1)
where W/ D is the with-to-depth ratio and ¢y the speed of sound.
o Lengthwise oscillations:
u n
=% (A2)

1 0.514

where 7 is the depthwise mode number and U the mean flow velocity.

Therefore, the predicted frequencies of the cavity noise depend on the geometry of the
hole and the grazing flow over the cavities. Assuming the latter to be the mean flow
from the nozzle, the estimated resonance frequencies of each hole are shown in Table
A.1, which also includes the quarter wavelength frequency as reference. Note that these
expressions are for a rectangular rather than a cylindrical cavity. In reality, the grazing
flow over the cavities will be a combination of the incoming mean flow and the cross-
flow through the gap, which will be influenced by the turbulent structures generated by
the separation at the tip edges. Therefore, the flow topology of the grazing flow over the
cavities is expected to be complex and bound to be affected when varying the gap size
and the loading of the aerofoil.

Table A.1: Predicted cavity tone frequencies.

Depth  fp  fan fw
S1 S2 S3

22mm 337 386 284 421 483
18mm 4.04 472 2.89 432 498

The measured far-field spectra for a selection of cases is shown in Fig. A.2 and Fig. A.3
to analyse the effect of airfoil loading and gap size respectively in the excitation of the
cavities and the PSD spectra. Both sets of figures contain essentially the same data but
presented differently to illustrate the findings more clearly. The spectra have been filtered
with a Savitzky—Golay filter to smooth the data while maintaining the general trends.
Note that quantitative comparisons of the tonal magnitude between two cases with dif-
ferent AoA can be misleading since the position of the far-field arc array remains constant
for all the measurements of cavity noise.

Cavity tones can be clearly observed in the measured PSD spectra of Figs.A.2-A.3. How-
ever, the excitation of the cavities is highly sensitive to the problem variables, which
would not necessarily be a problem for this study as long as it holds for a lined con-
figuration. The loading of the airfoil can significantly change the flow topology at the

tip region, as measured in the literature [46, 54] for a similar configuration without tip
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cavities, and therefore the grazing flow over the cavities. Typical tip-gap aerodynamic
structures, dominated by the gap jet, also suggests that the grazing flow over the first

and the second cavity is likely to be different and to also change with the airfoil loading

differently.
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Figure A.2: Measured PSD noise spectra: effect of the airfoil loading and predicted cavity
noise frequencies. Key: red-hole 1, greed-hole 2 ; solid- fp, dashed-f /4, dot-dashed- fy.

The comparison of the measured and predicted frequencies of the cavity tones are in-
terpreted in two ways. The first and most likely follows the argument that the high
variability in the magnitude of the grazing flow over the cavities makes the predicted
frequencies based on Eq. A.1-A.2 not reliable. The presence of the support plate repre-
sents a significantly different configuration than those studied in [103, 149]. However,
the standard quarter wavelength resonator consistently predicts reasonably well the two
main tones. This would suggest that the first and second main tones correspond to the
standard modal excitation of the first and second hole. Measurements in a different air-
foil reported in [46, 54] showed that the gap jet can move from 75% of the chord at an
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A0A=5 deg. to almost the leading edge for an AoA=18 deg. Although the topology can
change here for a different airfoil and flow speed, this effect can be linked to the observed
changes in the excitation of the first cavity when changing the AoA. The second interpre-
tation of the cavity tones observed in Fig. A.2 links them to the excitation mechanisms
rather than the hole location: the first one is attributed to the depthwise excitation and
the second one to the lengthwise. This second approach could be acceptable at U = 32
m/s (Fig. A.2e-A.2f) but does not hold for the other cases at lower flow speeds.
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Figure A.3: Measured PSD noise spectra: effect of gap size and predicted cavity noise
frequencies. Key: red-hole 1, greed-hole 2 ; solid-fp, dashed-f, ,4, dot-dashed-fyy.

The effect of gap size on the cavity excitation is illustrated in Fig. A.3. The inclusion of a
tip gap generates additional broadband noise at higher frequencies, analysed in Chapter
2, and can also permit the excitation of the cavity tones. It can be observed that the first
tone excited for a gap of 2 mm can be weakened for a larger gap of 5 mm. Following
the hypothesis that each tone corresponds to one hole, this change can also be linked to
a change in flow topology related to the gap size. An increase of gap size can move the
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location of the mean gap flow towards the trailing edge [54] and significantly modify
the grazing flow over each cavity. A general trend for the second tone is a shift towards
higher frequencies that could also be attributed to the movement of the gap jet towards
and over the second hole.

A detailed characterisation of the flow topology for this set-up would be necessary to con-
firm the hypothesis outlined in the analysis of the cavity excitation. Although this is an
interesting aeroacoustic problem, this experiment does not serve its original purpose for
this research and was not investigated further. The main reason for not perusing this line
of work was that the cavity excitation can also depend on the liner impedance. Ideally,
the acoustic excitation, i.e. the effective noise source, should be consistent for a hard or
lined configuration for a given flow speed, gap size and AoA. This would allow a para-
metric study of the noise reduction of the over the tip liners tested in this experiment.
However, the tones are not present or highly diminished when a liner insert is placed
over the airfoil tip, as shown in Fig. A.5 for U=32 m/s and consistent with the results at
lower flow speeds. The reduction in noise could either be that the liner suppresses very
effectively the tonal noise or, more likely, the cavity is not excited due to the presence of a
porous boundary near the gap entrance. The aeroacoustic interactions of the cavity exci-
tation mechanisms with the hard/lined insert could be significant, especially considering
that the gap is of the order of the hole width, as illustrated in Figure A.4.

N w
A A
D D
— v’ e
Hard/Lined

u HEEREENERNEER
(a) (b)

Figure A.4: (a) Typical cavity problem and (b) inclusion of a hard/lined surface close to
the cavity entrance.

An alternative test to include the modifications on the Green’s function due to the pres-
ence of the airfoil and account for convective effects would be the introduction of an
artificial source as in Fig. 2.2 with the probe termination flush-mounted in the airfoil tip.
This configuration would provide more control on the source amplitude and frequency
and provide a benchmark for point source analytical models that include the effect of

complex reflective surfaces.
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Figure A.5: Measured PSD spectra for U=32 m/s and hard/lined configurations.
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Appendix B

Analytical modelling of a point source over
an infinite lined plane

The analytical model adopted in this Appendix is based on the Thomasson [70] formula-
tion of the pressure field of a monopole source over a lined surface in the form presented
in [150]. The e/“!-convention is used here. A diagram of the problem illustrating the
method of images and the coordinate system is shown in Fig. B.1.

zZ
4

>

Receiver

Source

e
A

e

—C Impedance plane

Figure B.1: Half-space problem indicating the positions of the source and the receiver,
the coordinate system and the nomenclature.

The total pressure field is a superposition of the direct field radiated by the source ps, by
the image source p; and a contribution to account for the lined boundary condition of the
surface pc. Expressed in cylindrical coordinates (7,z), where r is the radius in the (x,y)

plane, that is
p(r,z) = ps(r,z) + p1(r,z) + pc(r,z) , (B.1)
with
ps(r,z) = —Le_ijS (B.2)
s\, 47TRS , .
1 ,
- __ - —]kR[
pi(r,z) IR, , (B.3)

where Rg = |xgr — xg| and R; = |xg — x| with xg, xs and xj being the position in space
of the receiver, the source and the image source respectively and k the wavenumber. The
reflected contribution from the lined surface pc is given by Eq. B.4, the details of the

derivation can be found in [70, 150].

+ if Re(y1) < —1 andIm(A) >0
pe = {PSD PB (711) (A) , B4

psp otherwise
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with
kR e ! dt (B.5)
= —7(3 —J / , .
PsD = =0 /(=1+jt—70)(=1+jt—71)

Py = 7H(gZ) (krﬂ) pkzraA (B.6)

where
Yo = Acosby+ v1— AZsinf, , (B.7)
71 = Acosby— V1— AZsinb, |, (B.8)

Im (70 +1) (71 +1)]
Re[(y0o+1) + (71 +1)]

e is the vertical distance from the source to the plane, A = 1/Z the admittance of the

, (B.9)

lined plane and 6y the angle between the the z-axis and R; = xg — x1. As indicated in
the literature [70], the square root in Eq. B.5 is taken with a negative real part unless the
conditions (1) Re(y1) < —1, (2) Im(A) > 0 and (3) f > t; are simultaneously fulfilled.

A prediction of the PSD IL can be obtained by assuming that the sources are concentrated
at the tube end/aerofoil tip, hence separated vertically from the surface by the gap size
e, and making use of Eq. B.1 with the coordinates of the receiver as the relative locations
of the far-field microphones. The model can be numerically extended to dipoles and
quadrupoles by considering monopole sources of opposite phase separated by a distance
¢ such that € << A and € << ¢, as indicated in the third column of Table B.1.

The computation of the power radiated by a point source over a hard/lined plane across
an arbitrary surface S in space is required to obtain an analytical prediction compara-
ble with the measured PWL from the spiral microphone array. In particular, it should
be possible to integrate the intensity field through the surface of the spiral array used in
the experimental set-up, as indicated in Fig. B.2b. The computational domain has been
discretised to allow for a numerical approximation of the acoustic particle velocity com-
ponent normal to the surface of the spiral array (uy) and the associated acoustic intensity

(L):

j x4+ Ax,y,z) —p(x,y,z
) = L PEEARSE ) (B.10)
1 .
Ix(x,y,z):§Re(p(x,y,z)ux(x,y,z)) , (B.11)

and for numerical integration of the acoustic intensity over the spiral array surface to
obtain the acoustic power. Note that the spiral array extent goes beyond the end of the
support plate and therefore the numerical integration is only performed for the red area
indicated in Fig. B.2b.

P= [ 1S = LY Lxyiz)bybz . (B.12)
a
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Figure B.2: Geometries used for (a) the verification of the source power computation and

(b) the comparison with the post-processed spiral array data.

The numerical procedure described above is verified with the analytical solutions of In-
gard and Lamb [10] and Levine [6]. The problem of a static point source (monopole,
dipole and quadrupole) over an infinite rigid plane was considered by Ingard and Lamb
[10]. Their analysis was based on the use of the method of images and the power output
obtained by integrating the energy flux away from the source. They gave explicit analyt-
ical power amplification factors, defined as the ratio of power radiated in the presence of
the plane (P) to the power radiated in free-field (Pf). A summary of the analytical expres-

sions is shown in Table B.1, where z = 2ke, k is the wave number and e the distance from
the source to the plane.

Table B.1: Summary of Ingard and Lamb [10] power amplification factors for a point
source in the presence of a rigid plane and diagrams of the discrete models used for each

type of point source.

cpe es Discrete
Source Power amplification factor Model
Monopole L 1 sinz
Ps ®
e
Dipole p 1 3 [sinz  cosz €
. — = = - == >
(horizontal) Py z2 z ®O
e
Quadrupole &
PP p 5 12 24 4 24
(longitudinal, =1+ [(1 -+ 4) sinz + < — 3) cosz} e|©
vertical) f z z S °

@Le
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An alternative approach was introduced by Levine [6], consisting of a direct evaluation
of a secondary source at the source position to account for the presence of the surface.
The method was applied for a monopole point source with several plane and half-plane
configurations, including an infinite lined plane. The power amplification factor corre-
sponding to the power radiated away from the surface is expressed as

p£ =1+ % +2Re (AejAZ [E1 (j[1+ A)z) — E (jAz)]) —2Re(A) /1 ey .
y " Ja+yi=i
(B.13)
where z = 2ke as before and E;({) is defined as the integral
© e=ldE
Q)= [ S5 las@l < (B.14)

The power obtained by integration of the intensity field through the hemisphere above
the half-space is requited to compare the proposed procedure with the exact analytical
expressions: Eq. B.13 for a monopole over a lined plane and the equations in Table B.1 for
multipoles over a rigid surface. It is convenient to express the acoustic field in spherical
coordinates for this verification exercise outlined in Fig. B.2a.

The comparison of the computed numerical amplification factors with the exact solution
(Eq. B.13) is shown in Fig. B.3 for three values of liner impedance. The results are plotted
as a function of e/ A: the gap size (e) normalised with the wavelength (A). Note that the
power output of the point source can be drastically reduced when located very close to
the lined surface (relative to the wavelength): from 0.6Pf at e/A=2 to 0.2Pf at e/A=0.01
for Z = 1 (Fig. B.3b). An analogous comparison to verify the discrete model used for
multipole sources is shown in Fig. B.4 for a hard wall plane. The results also present an
excellent agreement and show the well-known result that the point source radiates twice
the power when e = 0 (due to the image source) and tends to the free-field values as it

moves away from the surface.
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Figure B.3: Verification of the discrete numerical integration for the power output of a
monopole source over a lined infinite plane.
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Figure B.4: Verification of the discrete model for the power output of multipole sources
over a hard infinite plane.
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