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Neural networks are increasingly being applied to problems in acoustics and audio1

signal processing. Large audio data sets are being generated for use in training2

machine learning algorithms and the reduction of training times is of increasing rele-3

vance. The work presented here begins by reformulating the analysis of the classical4

multilayer perceptron (MLP) to show the explicit dependence of network parameters5

on the properties of the weight matrices in the network. This analysis then allows6

the application of the singular value decomposition (SVD) to the weight matrices.7

An algorithm is presented which makes use of regular applications of the SVD to8

progressively reduce the dimensionality of the network. This results in significant9

reductions in network training times of up to 50 percent with very little or no loss10

in accuracy. The use of the algorithm is demonstrated by applying it to a number11

of acoustical classification problems that help quantify the extent to which closely12

related spectra can be distinguished by machine learning.13
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I. INTRODUCTION14

The increasing availability of computational power has enabled the use of large training15

data sets in machine learning in a wide variety of applications, including in the field of16

acoustics (Bianco et al., 2019). The work presented here aims to contribute to acoustical17

research in this field in three ways. The first is by providing an accessible matrix-based18

analysis of classical machine learning. The second is by using this analysis to show how19

the rate of learning can be substantially increased. The third is by seeking to answer a20

basic question in the application of machine learning to acoustics; the extent to which single21

samples of frequency spectra generated by different sources might be distinguished from22

one another, once a neural network has been trained with sufficient data. The answer to23

this question is provided by formulating a multiclass classification problem. This is tackled24

by simulating the generation of a number of spectra from different sources and teaching25

the network to recognise those sources. Tests are then undertaken of the extent to which26

the sources can be recognised when only a single sample of the source time history is used27

to derive an FFT-based spectral estimate. The results show that recognition of different28

sources can be achieved with remarkable accuracy. In particular it is demonstrated that,29

with adequate training, it is possible to distinguish between two or more spectra that might30

not easily be distinguished from one another by using conventional power spectral analysis.31

32

Turning to the application of machine learning, there are now many software packages33

available to assist in the implementation and training of the neural networks that pro-34
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vide the foundation of many machine learning applications (examples include Tensor Flow35

(Abadi et al., 2015), the MATLAB Deep Learning Toolbox (The MathWorks, 2020), Py-36

Torch (Paszke et al., 2017), Keras and Scikit-Learn (Géron, 2019)). One of the difficulties of37

such provision is that the inner workings of the networks are not necessarily readily available38

to the user and this can make it difficult to develop an understanding of the parameters39

that determine the performance of the network. The work described here begins with a rig-40

orous analysis of the classical multilayer perceptron (MLP) (Rumelhart et al., 1985, 1986),41

which forms the foundation for many network architectures that, for example, include recur-42

rent neural networks (RNNs) (Rumelhart et al., 1986), long short-term memory networks43

(LSTMs) (Hochreiter and Schmidhuber, 1997) and convolutional neural networks (CNNs)44

(LeCun et al., 1989). One of the main contributions of this paper is to make explicit, in45

matrix form, the forward and backward propagation equations for an MLP with any number46

of hidden layers. Whilst there are now many good texts on neural networks and machine47

learning (see Aggarwal, 2018; Bishop, 1995, 2006; Goodfellow et al., 2016; Graves, 2012;48

Nielsen, 2015), most descriptions of backpropagation rely on the classical analysis due to49

Rumelhart et al. (1985, 1986). In this paper, the equations of backpropagation are derived50

from first principles using matrix calculus. To the author’s knowledge, this approach does51

not seem to have been widely used previously, but yields results that may prove useful to52

other researchers in acoustical machine learning.53

54

In particular, the equations derived facilitate the application of the traditional tools of55

linear algebra for the further analysis of network parameters. This is demonstrated in the56
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work described below in which the singular value decomposition (SVD) is applied to the57

weight matrices in the network with the objective of reducing computational load through58

effectively reducing the number of weights that have to be updated. Although some work59

has been undertaken previously using such an approach (Cai et al., 2014; Xue et al., 2013),60

an algorithm is presented here that demonstrates the effective reduction in training time61

through the sequential application of the SVD to the weight matrices of an MLP without62

incurring significant losses in training error. In the work described by Cai et al. (2014)63

the authors discarded a number of small singular values at one point during training and64

replaced the weight matrix with two component matrices formed from the SVD. These were65

then trained using backpropagation. A similar approach was taken by Xue et al. (2013)66

who similarly observed significant reductions in training time. The connection between67

the SVD and neural networks has also been discussed by Bermeitinger et al. (2019) and a68

recent helpful review of other approaches to low-rank approximations in neural networks69

has been presented by Choudhary et al. (2020) . In the work presented here an algorithm70

is introduced that is shown to be highly effective in progressively discarding singular values71

as the network is trained. It is also likely that a similar approach could be used to good72

effect with other network architectures.73

74

The equations governing forward and backward propagation through the network have been75

implemented using MATLAB and have been applied to the classification problem described76

above that aims to learn to distinguish between a number of typical acoustical spectra. In77

Section II the paper introduces the basic matrix analysis of the MLP and introduces the78
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modifications to the backpropagation algorithm that can be used to incorporate the SVD79

of the weight matrices. In Section III the algorithm is applied to a number of acoustical80

classification problems and the enhancement of training performance is demonstrated in81

Section IV before conclusions are drawn in Section V.82

II. MATRIX ANALYSIS OF THE MULTILAYER PERCEPTRON83

A. Forward propagation in the basic MLP84

This section presents the analysis necessary to enable the use of the singular value decom-85

position (SVD) in the multilayer perceptron (MLP). An initial description of the forward86

and backward propagation in matrix form has been described previously in a recent paper87

(Paul and Nelson, 2020) but is developed considerably further here in order to make explicit88

the connection to classical backpropagation and its efficient implementation. Most impor-89

tantly, the equations of backpropagation that enable the use of the SVD are also presented.90

Figure 1 illustrates the basic structure of the MLP. The input to the network is defined by91

the I-dimensional vector x. The output of the K neurons in the output layer are denoted by92

the vector z(1) whilst the J neurons in the hidden layer have outputs denoted by the vector93

z(2). This choice of superscripts, working back from output to input, is made to facilitate94

the description of the backpropagation process as shown later in the paper. The estimated95

outputs of the network are denoted by the K-dimensional vector ŷ and the target outputs96

by the K-dimensional vector y. The KxJ matrix relating the outputs of the neurons in the97

hidden layer to the inputs of the neurons in the output layer is denoted as W(1). Similarly,98
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the JxI matrix relating the input vector to the inputs to the neurons in the hidden layer is99

denoted as W(2). The activation relating the input of each neuron to their output will be100

denoted by h(·). The neurons in the output and hidden layers have inputs denoted respec-101

tively by the K- and J-dimensional vectors a(1) and a(2). Similarly, the vectors b(1) and b(2)
102

define the bias added to the neuron inputs in the output and hidden layers.103
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ŷ1

ŷK
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FIG. 1. MLP model with one hidden layer

The forward pass from the input to the output layer through the MLP architecture in104

Figure 1 can be written in matrix form as105

a(2) = W(2)x + b(2) (1)

z(2) = h(a(2)) (2)

a(1) = W(1)z(2) + b(1) (3)

z(1) = h(a(1)) = ŷ. (4)

In general applications of neural networks, the non-linear activation function h(·) is usually106

chosen to be the sigmoid, the tanh, the ReLU, or the softmax function (Nielsen, 2015,107

p.121-126). In the simulations presented in this paper we will use the ReLU in the hidden108

layer and the softmax function in the output layer. Given that the objective is to train the109
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network to distinguish between a range of different frequency spectra, the natural loss (or110

cost) function for such a multiclass classification problem is the cross-entropy (Graves, 2012,111

p.15-16).The softmax function is often used in the output layer when undertaking multiclass112

classification tasks, usually in combination with the cross-entropy as the loss function. A113

detailed description of the the softmax function and its interpretation in identifying the114

probability of class membership is given by Aggarwal (2018, p. 68). The network is thus115

trained to minimise the cross-entropy loss function LE given by the sum of the errors ek116

where117

ek = −yklogŷk (5)

LE =
K∑
k=1

ek. (6)

The classical approach to reducing the cost function is to use the steepest descent algorithm118

(Cauchy, 1847) or it’s variants to iteratively adjust the weights in the network. This leads119

to the idea of backpropagation (Rumelhart et al., 1986).120

B. Backpropagation through the output layer121

The process of backpropagation will now be developed for the network architecture shown122

in Figure 1. Central to the analysis presented below is the chain rule of partial derivatives123

expressed in matrix form. Thus for example if a vector quantity u is a function of another124

vector quantity v such that u = f1(v) and similarly that v = f2(w), w = f3(x) then the125

chain rule can be written in the form (Magnus and Neudecker, 2019, p.100-102)126

∂u

∂x
=
∂u

∂v

∂v

∂w

∂w

∂x
. (7)
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Note that this relationship holds irrespective of the dimensions of the individual vectors,127

but it does assume that the functions involved are differentiable. Each of the three terms128

in the above equation constitutes a Jacobian matrix of partial derivatives, which, if u is a129

Mx1 vector and x is a Nx1 vector, is of form130

∂u

∂x
=



∂u1

∂x1

∂u1

∂x2
. . . ∂u1

∂xN

∂u2

∂x1

∂u2

∂x2
. . . ∂u2

∂xN

...
... . . . ...

∂uM

∂x1

∂uM

∂x2
. . . ∂uM

∂xN


, (8)

131

It is also very important to understand that such Jacobian matrices are ordered in a partic-132

ular way. For example, if u is simply a scalar the matrix ∂u/∂x becomes a row vector. This133

is often known as ”numerator notation”. See for example Magnus and Neudecker (2019,134

p.191-210) or the paper by Magnus (2010) for a discussion of this point. Another helpful135

description is given by Caswell (2019). So for example, using numerator notation, and in136

what follows in this paper, the derivative of a scalar u with respect to a vector x is the row137

vector given by138

∂u

∂x
=
[

∂u
∂x1

∂u
∂x2

. . . ∂u
∂xN

]
(9)

Applying this approach to the network in Figure 1, it is simplest to first consider the depen-139

dence of the loss function LE on the bias vector b(1). The relevant partial derivatives can140

be written as141

∂LE

∂b(1)
=
∂LE

∂z(1)

∂z(1)

∂a(1)

∂a(1)

∂b(1)
, (10)
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When the cross-entropy is used as the cost function, the first term in the chain rule in142

Eq. (10) results in a row vector dT whose k-th entry is given by143

∂LE

∂z
(1)
k

=
∂

∂z
(1)
k

(
−yklog(z

(1)
k )
)

= − yk

z
(1)
k

= dk. (11)

The second term ∂z(1)/∂a(1) clearly depends on the form of the activation function since144

z(1) = h(a(1)). The softmax function defines the relationship between the inputs a(1) and145

outputs z(1) of the neurons in the hidden layer through the relationship (Bridle, 1990)146

ŷ = z(1) = softmax(a(1)) =
exp(a(1))∑K
k=1 exp(a

(1)
k )

. (12)

This function has the effect of rescaling a vector of values between 0 and 1, by assigning147

a value closer to one to the largest components in the vector whilst the lower values are148

reduced towards zero. The function also ensures that the sum of the components of the149

output vector add to unity. The derivative of the output z(1) with respect to the vector a(1)
150

input to the softmax function can be written element-wise as151

∂z
(1)
j

∂a
(1)
k

=
∂

∂a
(1)
k

(
ea

(1)
j∑K

k=1 e
a
(1)
k

)
, (13)

where the indices j, k denote the elements of the vectors. Differentiating these terms results152

in two cases where153

∂z
(1)
j

∂a
(1)
k

=


z
(1)
k (1 − z

(1)
j ) if j = k

−z(1)k z
(1)
j otherwise.

(14)

The gradient term ∂z(1)/∂a(1) is therefore given by the Jacobian matrix H
(1)
E whose diagonal154

terms have the form z
(1)
k (1 − z

(1)
j ) with off-diagonal terms given by −z(1)k z

(1)
j . Finally it155

follows from Eq. (3) that the last term ∂a(1)/∂b(1) in Eq. (10) is simply the identity matrix156
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and Eq. (10) can therefore be written as157

∂LE

∂b(1)
= dTH

(1)
E . (15)

Now consider the derivative of the loss function with respect to the weight matrix W(1).158

The chain rule is this case can be written in the form159

∂LE

∂w(1)
=
∂LE

∂z(1)

∂z(1)

∂a(1)

∂a(1)

∂w(1)
, (16)

where the matrix W(1) has been transformed into a vector w(1) by using the vec(·) operator160

(i.e. w = vec(W)) which forms the vector from stacking successive columns of the matrix161

(Magnus and Neudecker, 2019, p. 34-36). The new vector w(1) is of dimensions (KJ)x1162

and can now be used in conjunction with the definitions of the partial derivative of a vector163

with respect to another vector. First note that the first two terms in the above expression164

are identical to those computed above when evaluating ∂LE/∂b(1). In order to calculate the165

last term in Eq. (16), Roth’s theorem (Roth, 1934) is used. This states that166

vec(ABC) = (CT ⊗ A)vec(B), (17)

where ⊗ is the Kronecker product. This relationship can be used to rewrite the forward167

propagation for a(1), given by168

a(1) = W(1)z(2) + b(1) = I(1)W(1)z(2) + b(1), (18)

where I(1) is a KxK identity matrix. Application of Roth’s theorem then results in169

vec(a(1)) = (z(2)T ⊗ I(1))vec(W(1)) + b(1). (19)
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As described above, the vec(·) operator reorders the matrix W(1) into the vector w(1) and170

vec(·) of a vector is the vector itself. Thus the final expression is given by171

a(1) = (z(2)T ⊗ I(1))w(1) + b(1). (20)

The last term ∂a(1)/∂w(1) in Eq. (16) can then be simplified to give172

∂a(1)

∂w(1)
=

∂

∂w(1)

[
(z(2)T ⊗ I(1))w(1) + b(1)

]
= z(2)T ⊗ I(1). (21)

Finally, the gradient of the loss function LE with respect to the first set of weights is given173

by combining the results of Eq. (15) and (21) so that174

∂LE

∂w(1)
= dTH

(1)
E (z(2)T ⊗ I(1)). (22)

This relationship thus specifies a row vector whose elements are the derivatives of the loss175

function with respect to each element of the weight matrix W(1). However, recalling that176

w(1) = vec(W(1)) it can be shown that this relationship can be cast into the form of a matrix177

that explicitly shows the derivatives of the loss function with respect to each element of the178

weight matrix. That is, again using numerator notation, the matrix of the partial derivatives179

∂LE/∂W(1) is given by180

∂LE

∂W(1)
=


∂LE

∂w
(1)
11

∂LE

∂w
(1)
12

. . . ∂LE

∂w
(1)
1J

...
... . . .

...

∂LE

∂w
(1)
K1

∂LE

∂w
(1)
K2

. . . ∂LE

∂w
(1)
KJ

. (23)

It is shown in the Appendix that, by taking the matrix transpose of Eq. (22) for ∂LE/∂w(1),181

the gradient of the loss function LE with respect to the weight matrix W(1) can be written182

in the form183

∂LE

∂W(1)
= H

(1)T
E dz(2)T. (24)
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Similarly, taking the transpose of Eq. (15) that gives the gradient of the loss LE with respect184

to the bias vector b(1) results in185

[
∂LE

∂b(1)

]T
= H

(1)T
E d, (25)

which is now in the form of a column vector. To summarise, recall that d is the vector186

containing the errors dk and the KxK matrix H
(1)
E contains the derivatives ∂z

(1)
j /∂a

(1)
k of187

the non-linear activation functions. If one checks the dimensions, the fraction ∂LE/∂W(1)
188

results in a KxJ matrix of gradients and ∂LE/∂b(1) is a Kx1 row vector.189

190

Finally, it is worth noting that very often in applications of machine learning, the loss191

function chosen for minimisation in adjusting the parameters in the network is given by the192

sum of squared errors between the elements of the output and target vectors. Thus a loss193

function LS =
K∑
k

e2k is defined having elements ek = ŷk − yk. In this case, the first term in194

Eq. (16) given by ∂LS/∂z(1) results in a row vector eT with entries ek = ŷk − yk, again using195

numerator notation. Also, if the sigmoid, tanh or ReLU functions are used in the output196

layer, assuming the general notation h(·), the gradient term ∂z(1)/∂a(1) results in a diagonal197

matrix H(1) whose k-th term is given by h′(a
(1)
k ) since the k-th element ∂z

(1)
k /∂a

(1)
k can be198

written as199

∂z
(1)
k

∂a
(1)
k

=
∂

∂a
(1)
k

h(a
(1)
k ) = h′(a

(1)
k ). (26)

There is thus an important difference between H
(1)
E and H(1) when implementing backprop-200

agation, since the softmax function involves all output neurons in generating every k-th201

output.202
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C. Backpropagation through the hidden layer203

The next step in the analysis is to establish the dependence of the loss function on the204

bias vector b(2) and the weight matrix W(2). Again, it helps to start with the gradient with205

respect to the bias vector which can be written as206

∂LE

∂b(2)
=
∂LE

∂z(1)

∂z(1)

∂z(2)

∂z(2)

∂b(2)
. (27)

The first term in this expression has been calculated above and is simply given by the row207

vector dT. The second term in Eq. (27) can be written as208

∂z(1)

∂z(2)
=
∂z(1)

∂a(1)

∂a(1)

∂z(2)
. (28)

The first matrix of derivatives in this expression has been evaluated above in Eq. (26) and209

is given by H
(1)
E . The second matrix of derivatives is readily evaluated to give210

∂a(1)

∂z(2)
=

∂

∂z(2)
(W(1)z(2) + b(1)) = W(1). (29)

Finally, it follows from the relationship z(2) = h(W(2)x + b(2)) that the third term in the211

chain rule of Eq. (27) is given by the diagonal matrix H(2) of derivatives of the hidden layer212

activation functions. Therefore Eq. (27) can be written as213

∂LE

∂b(2)
= dTH

(1)
E W(1)H(2). (30)

Now consider the derivative of the loss function with respect to the weight matrix where the214

chain rule can be written in the form215

∂LE

∂w(2)
=
∂LE

∂z(1)

∂z(1)

∂z(2)

∂z(2)

∂w(2)
, (31)

where again the elements of the weight matrix have been stacked into a vector using w(2) =216

vec(W(2)). The first two terms in this expression have already been evaluated above and217

13
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yield the product dTH
(1)
E W(1). The third term in Eq. (31) can be calculated from the218

relationship z(2) = h(W(2)x + b(2)) by writing219

∂z(2)

∂w(2)
=
∂h(a(2))

∂a(2)

∂a(2)

∂w(2)
. (32)

The first term follows from Eq. (26) and is given by the matrix H(2). Substituting the220

expression for a(2) results in221

∂z(2)

∂w(2)
= H(2) ∂

∂w(2)
(I(2)W(2)x + b(2)), (33)

where I(2) is a JxJ identity matrix that has been used to pre-multiply the weight matrix.222

This allows the application of Roth’s theorem in an analogous way to that used in Eq. (21)223

so that the expression can be written as224

∂z(2)

∂w(2)
= H(2) ∂

∂w(2)

[
(xT ⊗ I(2))vec(W(2)) + b(2)

]
= H(2)(xT ⊗ I(2)). (34)

The three terms from Eq. (31) used to evaluate ∂LE/∂w(2) can now be written as225

∂LE

∂w(2)
= dTH(1)W(1)H(2)(xT ⊗ I(2)), (35)

where the identity matrix in the above expression has the dimensions JxJ . Taking the matrix226

transpose of this result, and again using the manipulations described in the Appendix, the227

matrix of derivatives of the loss function with respect to the weights can be written as228

∂LE

∂W(2)
= H(2)W(1)TH

(1)T
E dxT. (36)

Checking the dimensions resulting from the the multiplication of the terms in Eq. (36) shows229

the equation to be dimensionally correct. Similarly, taking the transpose of the expression230

for the derivative of the loss function with respect to the bias vector shows that231 [
∂LE

∂b(2)

]T
= H(2)W(1)TH

(1)T
E d. (37)
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The weight matrices can now be updated using the gradient descent algorithm or one of its232

variants. Thus the final update equations for the weight matrix W(1) can be written as233

W(1)(τ + 1) = W(1)(τ) − η
∂L

∂W(1)
(τ), (38)

where τ corresponds to the iteration and η is the learning rate. Similar expressions follow234

for updating the second set of weights W(2) and the bias vectors b(1) and b(2).235

D. Backpropagation through any number of layers236

The analysis presented above is readily extended to deal with multiple hidden layers.237

For example, assume that a second hidden layer is introduced between the input x and the238

hidden layer z(2). The output of the neurons in this layer will be denoted by z(3), where239

it is assumed that the layer consists of P neurons. A third matrix of weights W(3) with240

dimensions PxI is then introduced that connects the inputs to the third layer of neurons.241

The dependence of the loss function on the weights in this matrix is given by the gradient242

∂LE/∂w(3) and can be calculated by application of the chain rule. Similarly for the bias243

vector associated with the third layer of neurons. It therefore follows that244

∂LE

∂w(3)
=
∂LE

∂z(1)

∂z(1)

∂z(2)

∂z(2)

∂z(3)

∂z(3)

∂w(3)
(39)

∂LE

∂b(3)
=
∂LE

∂z(1)

∂z(1)

∂z(2)

∂z(2)

∂z(3)

∂z(3)

∂b(3)
. (40)

The first two terms in the expression for ∂LE/∂w(3) have already been computed above, so245

that ∂LE/∂z(1) = dT and ∂z(1)/∂z(2) = H(1)W(1). Application of the same processes as used246

above can be used to compute the next two terms. Firstly note that247

∂z(2)

∂z(3)
=
∂z(2)

∂a(2)

∂a(2)

∂z(3)
= H(2) ∂

∂z(3)
(W(2)z(3)), (41)
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and therefore it follows that248

∂z(2)

∂z(3)
= H(2)W(2), (42)

where H(2) results from a similar calculation to that described by Eq. (26). Next, the last249

term for both gradients can be computed in the same way that shown in Eq. (34) so that250

∂z(3)

∂w(3)
= H(3)(xT ⊗ I(3)) (43)

∂z(3)

∂b(3)
= H(3). (44)

It therefore follows that the gradients with respect to the weights and biases is given in251

matrix form as252

∂LE

∂w(3)
= dTH

(1)
E W(1)H(2)W(2)H(3)(xT ⊗ I(3)) (45)

∂LE

∂b(3)
= dTH

(1)
E W(1)H(2)W(2)H(3). (46)

Again these expressions may be transposed as described above and in the Appendix to give253

an explicit expression for the matrix of derivatives of the loss function with respect to the254

elements of W(3). The matrix of derivatives with respect to the weights is given by255

∂LE

∂W(3)
= H(3)W(2)TH(2)W(1)TH

(1)T
E dxT. (47)

It is readily shown that the extension of the network through the addition of further hidden256

layers leads to more general gradient equations having an obvious recurrent structure. Of257

particular importance are the equations of backpropagation in matrix form. Thus note that258

from the above analysis one may define δ(1) = H
(1)T
E d such that δ(2) = H(2)W(1)Tδ(1) and259

δ(3) = H(3)W(2)Tδ(2) and so forth. In general for an MLP architecture with an arbitrary260

number of layers one may write for the n-th layer (where n > 1 and counting back from the261
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output layer n = 1)262

δ(n) = H(n)W(n−1)Tδ(n−1) (48)

Similarly the update equations for the weights and biases in a network where each layer has263

an arbitrary number of neurons, can be written as264

∂LE

∂W(n)
= δ(n)z(n)T (49)[

∂LE

∂b(n)

]T
= δ(n), (50)

where z(n)T is always the input to the set of weights preceding the n-th hidden layer. In265

other words, if n = 1, the input vector z(1)T = xT. An important special case occurs when266

the loss function for updating the network is chosen to be the sum of squared errors. As267

noted above, in that case the matrix H
(1)
E is replaced by the diagonal matrix H(1) such that268

H(1) = H(1)T and the vector d is replaced by the vector e of errors. In this case δ(1) = H(1)Te269

but otherwise the backpropagation relationships above still apply.270

E. Application of the singular value decomposition271

The singular value decomposition (SVD) can be used to approximate a matrix by another272

matrix of lower rank (Eckart and Young, 1936). The technique can be used with matrices of273

any rectangular form, such that a real matrix W of dimensions MxN can be decomposed274

into the product of three matrices given by275

W = UΣVT, (51)

where U is the MxM matrix whose columns are the left singular vectors of W and VT
276

is the NxN matrix whose rows are the right singular vectors of W. The matrix Σ is the277
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MxN diagonal matrix containing R nonzero singular values σ of W, where R = rank(W)278

and where σ1 > σ2... > σR are the rank ordered singular values. The computation of this279

decomposition is a routine matter (Golub and van Loan, 2013). The advantage of the SVD280

in this context is that a weight matrix can be approximated by discarding (setting to zero)281

small singular values and this in turn leads to a reduction in the number of terms that have282

to be updated during backpropagation. The rationale for such an approach dates back to the283

Eckart-Young-Mirsky theorem (Eckart and Young, 1936) that shows that discarding small284

singular values leads to the minimisation of the Frobenius norm of the difference between the285

original matrix and its lower rank approximation (Klema and Laub, 1980; Xue et al., 2013).286

The number of singular values discarded is clearly problem dependent and Xu (1998), for287

example, presents a review of methods that can be used to determine a discarding threshold288

of singular values in linear least squares problems. Discarding more singular values gives289

greater savings in computational time, although the degree to which this will be effective290

is also problem dependent. Of course by discarding singular values, information may be291

lost and this in turn may affect the training of the network. The previous work using the292

SVD (Cai et al., 2014; Xue et al., 2013) showed that it is possible to reduce training times293

without major sacrifices in accuracy provided an appropriate number of singular values are294

discarded. It should also be mentioned that there is also a connection between the SVD295

and the ”autoencoder” network as discussed by Aggarwal (2018, p. 70-76) although in the296

case considered here the component matrices of the SVD simply replace the hidden layer297

and in principle could be used in any number of hidden layers in deeper networks. Here we298

demonstrate that the method is particularly well-suited to spectral classification problems299
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in acoustics, while providing a different technique of iteratively discarding singular values300

during training.301

F. Forward and backward propagation of the MLP-SVD302

The forward propagation through the basic MLP with one hidden layer described in303

Section II A can be rewritten using the SVD of the weight matrix W(2) between the input304

and the hidden layer such that305

a(2) = (UΣVT)x + b(2) (52)

z(2) = h(a(2)) (53)

a(1) = W(1)z(2) + b(1) (54)

z(1) = h(a(1)) = ŷ, (55)

where U, VT and Σ define the SVD of the matrix W(2). It is helpful to simplify these306

equations by making the substitutions p = VTx and q = Σp = ΣVTx. This enables the307

expression for a(2) to be written in the form308

a(2) = UΣp + b(2) = Uq + b(2). (56)

Using the above definitions of the vectors p and q, the interaction between the input vector309

and the output layer can be described by the diagram shown in Figure 2, where the vectors310

p and q have R elements and their dimensions are reduced with every discarded singular311

value of Σ, even though the dimensions of x and z(2) remain the same. It is now possible312313

to apply the process of backpropagation to the MLP-SVD network in a similar way to that314

described in Sections II B and II C. The gradients of the loss function with respect to the315
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FIG. 2. MLP-SVD architecture with the U,Σ and VT matrices between the input and the hidden

layer. There are R connections between the vectors p and q each weighted by a singular value in

the diagonal matrix Σ.

matrices U, VT and Σ can be evaluated by using an identical approach to that used above.316

Since the forward propagation between the hidden and the output layer remains the same317

as for the general MLP, the gradients of W(1) and b(1) are unchanged and are given by Eq.318

(24) and (25).319

Turning to the gradients with respect to the elements of the matrices comprising the SVD,320

the gradient of the loss function with respect to the elements of the matrix U in vectorized321

form where u = vec(U) is given by:322

∂LE

∂u
=
∂LE

∂z(1)

∂z(1)

∂z(2)

∂z(2)

∂u
. (57)

The first two terms of this equation have been evaluated above so that323

∂LE

∂u
= dTH(1)W(1)∂z(2)

∂u
. (58)

Further application of the chain rule then yields324

∂LE

∂u
= dTH(1)W(1)∂h(a(2))

∂a(2)

∂a(2)

∂u
. (59)
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Since the first of the partial derivatives is simply the diagonal matrix H(2) of derivatives of325

activation functions and using the expression above for a(2) shows that326

∂LE

∂u
= dTH(1)W(1)H(2) ∂

∂u
(IUq) . (60)

Application of Roth’s theorem to the product IUq then shows that327

∂LE

∂u
= dTH(1)W(1)H(2) ∂

∂u

[(
qT ⊗ I

)
vec(U)

]
, (61)

and evaluating the partial derivative results in328

∂LE

∂u
= dTH(1)W(1)H(2)

(
qT ⊗ I

)
, (62)

where the vector q is computed from q = ΣVTx. Following the same approach, writing329

σ = vec(Σ) and v = vec(V) the vectors of partial derivatives ∂LE/∂σ and ∂LE/∂v can be330

shown to be331

∂LE

∂σ
= dTH(1)W(1)H(2)U

(
pT ⊗ I

)
(63)

∂LE

∂v
= dTH(1)W(1)H(2)UΣ

(
xT ⊗ I

)
, (64)

where the vector p is computed from p = VTx. The gradient with respect to the bias b(2)
332

is given by the same equation as in Eq. (37). It follows directly from these relationships that333

the matrix elements of the SVD can be updated by using the backpropagation techniques334

developed in Section II D above. This results in the weight matrix update equations given by335

∂LE/∂U = δ(2)qT, ∂LE/∂Σ = UTδ(2)pT and ∂LE/∂V = ΣUTδ(2)xT where exactly as in the336

case of the single hidden layer described above, δ(2) = H(2)W(1)Tδ(1) where δ(1) = H
(1)T
E d,337

and use has been made of the relationship Σ = ΣT since it is a diagonal matrix.338

Replacing the matrix W(2) with the three matrices U,Σ and VT actually results in a higher339
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number of weight elements that have to be trained. However, discarding singular values also340

results in a reduction in the number of columns of U and rows of VT which then results in a341

steep decrease of number of weight elements to be trained. Figure 3 shows the reduction of342

the number of weights to be trained in the component SVD matrices as singular values are343

discarded. It is important to note that without discarding singular values, the number of344

weights that need to be trained using the U,Σ,VT matrices is higher than simply using W(2)
345

alone. However, by discarding some of the singular values, the number of weights to train346

decreases dramatically as shown in Figure 3. For the examples shown for weight matrices347

W(2) having (i) 10240 (ii) 5120 and (iii) 2560 elements, the number of weight elements to348

be trained reduces after discarding only (i) 2 (ii) 4 and (iii) 6 singular values respectively.349

It is clear from Figure 3 that the greatest influence of discarding is when weight matrix350

W(2) initially contains more values. The dotted lines in Figure 3 represent the approach351

discussed in Cai et al. (2014) where the two matrices Σ and VT were multiplied to form a352

single weight matrix. It can be seen that the number of weight elements to be trained in353

this case is slightly lower, although the difference is not significant.354355

III. APPLICATIONS OF MLP-SVD356

A. Implementation of the algorithm357

The MLP-SVD algorithm has been developed with the aim of reducing significantly358

the training time of the MLP whilst minimising any reduction in the test (generalization)359

accuracy. The algorithm provides a method for tailoring the dimensions of the weight360
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FIG. 3. The reduction in the number of weight elements to be trained as singular values are

discarded for a weight matrix W(2) with a total number of weight elements: (i) 512x20 = 10240,

(ii) 256x20 = 5120 and (iii) 128x20 = 2560. The solid lines shows the number of weight elements

when all three matrices in the SVD are trained and the dotted lines when these are reduced to

two.

matrices to most efficiently solve the problem presented to the network. The implementation361

and its use is based on previous observations of the behaviour of singular values of weight362

matrices during MLP training (Paul and Nelson, 2020). This showed that, during network363

training, the singular values of the weight matrix evolved over time and that a number of364

singular values would become dominant in magnitude, depending on the difficulty of the365

classification task. An example of the behaviour of singular values of the weight matrix366

W(2) during training of a multiclass classification problem is shown in Figure 4. The general367

MLP was trained to classify five different classes. Each of the five classes corresponded368

to a different time averaged acoustic spectrum generated by passing white noise through369

bandpass filters of different centre frequencies, as described in more detail below. It can370
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be observed that in this case, around 5 singular values became dominant during the weight371

updates. The number of dominant singular values is different depending on the difficulty372

of the task (see Paul and Nelson, 2020). The algorithm presented here is based on the373

FIG. 4. Behaviour of singular values of the weight matrix between input and hidden layer during

training for a classification task with five output classes, each class comprising a different acoustic

spectrum. The number of neurons in the hidden layer was set to 20 and thus W(2) had 20 singular

values. The input layer had 256 neurons and the output had 5 neurons, corresponding to the 5

classes. The network was trained using the Adam optimizer (see Kingma and Ba, 2015).

374

375

progressive discarding of the smallest singular values during training. This is achieved using376

two parameters; a discarding threshold and specific times during training at which singular377

values are discarded. The threshold is defined to be a fraction of the highest singular value at378

each discarding point. The discarding points in time are defined by a vector that specifies the379

number of iterations of the backpropagation algorithm at which singular values are discarded.380

It should also be made clear that training continues as usual (by backpropagation) between381
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the points in time at which singular values are discarded. The three matrices after each382

discarding point are defined as UD,ΣD,V
T
D, which correspond to the truncated versions383

of U,Σ,VT. The network trains with a new architecture after every discarding point,384

such that the component matrices UD,ΣD,V
T
D are updated at each iteration using the385

gradient expressions defined in the equations above. The updated matrices are defined as386

ÛD, Σ̂D, V̂
T

D. It should also be noted that during the update process these matrices then387

cease to be an exact SVD of the weight matrix. At the discarding points, the weight matrix388

is reassembled from W(2) = ÛDΣ̂DV̂
T

D and a new SVD is undertaken before the singular389

values below the threshold are discarded.390

Both key parameters (singular value threshold and discarding points) are defined based391

on initial simulations and previous observations (Paul and Nelson, 2020). During MLP392

training, the cost function usually has the steepest decrease during the initial iterations.393

Based on the observations in Cai et al. (2014) and some initial simulations with different394

lower bounds, results indicate that the MLP needs an initial number of updates to train the395

weight matrix, before the SVD matrices can contain useful information. The largest changes396

in the weight matrices happen during the first iterations and the singular values also tend397

to change rapidly. It is helpful to start discarding singular values as soon as possible to398

reduce the dimensions of the weight matrices. The sequence used to define the discarding399

points has been defined logarithmically, with more frequent discarding points towards the400

start of training and reducing frequency as training progresses. The number of iterations401

that determine the discarding points can be computed from402

d(n) = d(n− 1) · 10(b−a)/(N−1), (65)
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where N is the total number of discarding points, n is the iteration index, and a and b403

define respectively the lower and higher bounds of the sequence of discarding points. In the404

simulations presented here, the lower bound of the sequence is defined to be 5 iterations and405

the higher bound is 67 iterations, or roughly 2/3 of the total number of iterations. Thus406

the values of a and b are given by a = log10(5) and b = log10(67). Being a logarithmic407

sequence, the vector of discarding points contains more values close to the lower bound408

and the spacing of discarding points is increasing while getting closer to the higher bound.409

At every discarding point, the algorithm checks if any singular values are lower than the410

threshold and if this is not the case, the architecture is not changed.411

B. Description of the classification task412

This section describes the classification task used both as an example of network training413

and to evaluate the performance of the MLP-SVD algorithm. The goal is to investigate how414

effectively the MLP might be able to differentiate between acoustic spectra that might not415

be easily distinguishable from one another by using conventional power spectral analysis.416

The training data used in these model problems is synthesised by generating white noise417

signals in the time domain that are passed through bandpass filters having different centre418

frequencies and bandwidths. The difference equation of the second-order bandpass filter is419

presented in Lane (1990) and is expressed as420

y(n) = 2α[x(n) − x(n− 2)] + γy(n− 1) − βy(n− 2). (66)
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The parameters α, γ, β can be computed using the centre frequencies, the Q-factor and the421

sampling frequency fs. Figures 5(a) and 5(b) show the frequency response function of the422

bandpass filters used to generate the training data. Figure 5(a) shows a series of ten ”narrow423

band” filters having bandwidth B = 10 Hz at centre frequencies of between 710 Hz and424

440 Hz with a spacing between centre frequencies of ∆f = 30 Hz. The bandwidth is defined425

as the difference between the upper and the lower frequency points at a 3 dB reduction in the426

gain of the filter. Similarly, Figure 5(b) shows ten frequency response functions of ”broad427

band” filters having a bandwidth B = 100 Hz with a separation ∆f = 30 Hz. Depending on428
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FIG. 5. Frequency response of 10 bandpass filters with centre frequencies between 710 Hz and

440 Hz, a spacing between centre frequencies of 30 Hz and a bandwidth of: (a) 10 Hz and (b)

100 Hz.

429

430

the classification task attempted, a database of time histories can be built from the outputs431

of the filters. These time histories, of duration 300 ms at a sampling frequency of 16 kHz432

are then transformed into the frequency domain using an FFT size of 256. The network433

is trained by presenting the magnitude of the FFT to the input nodes of the MLP and434
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comparing the estimated output to a target output where each class is mapped to a binary435

vector. For example, if there are 5 labels to classify, the target output for the first class436

would have the form yT = [1, 0, 0, 0, 0]. The target output for the second class would be437

yT = [0, 1, 0, 0, 0] and so forth. The network is then trained to estimate an output that438

is as close as possible to the defined targets. As an example of the raw spectra presented439

to the input nodes of the MLP, Figure 6 shows a comparison between a single signal and440

1000 averaged signals of the database from 3 filters separated by ∆f = 30 Hz having centre441

frequencies between 620 Hz and 680 Hz. Not surprisingly, since the spectral resolution of442

the FFT in this case is 62.5 Hz, the differences in the spectra are difficult to detect by443

inspection, especially in the case of the FFT based on a single time history sample.444

IV. RESULTS AND DISCUSSION445

A. Network parameters used in evaluating performance446

In order to enable a fair comparison between the standard MLP and the MLP-SVD net-447

work architectures, all initial parameters were chosen to be the same. The training database448

was generated with 1000 signals from each class of bandpass filtered white noise and both449

training and testing datasets were shuffled before starting the training. Each sample of450

time history generated from the bandpass filters was then converted into the frequency451

domain using an FFT before presenting the magnitude spectra to the network. Note that452

no phase information was used in these studies and the possibility of either using both real453

and imaginary parts of the FFT and/or a complex valued neural network (CVNN) remains454
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FIG. 6. Spectrum of: (a) a single 256 point sample of filter output time history for three filter

centre frequencies: 680 Hz, 650 Hz and 620 Hz and (b) 1000 averaged 256 samples of filter output

time history for the same filter centre frequencies.

to be investigated. A good review of the use of CVNNs and related issues is presented by455

Bassey et al. (2021). The FFT size was chosen to be 256 and the input into the network456

architecture was half of the FFT size plus one, because of the mirrored frequency spectrum.457

Both MLP and MLP-SVD networks have one hidden layer. The number of output nodes458

in the network corresponds to the number of classes of bandpass filtered white noise. The459
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number of neurons in the hidden layer is set to 20 for all simulations, unless otherwise460

specified. The learning rate was chosen to be η = 0.0005, since this value was shown in461

initial simulations to be suitable for these applications.462

463

Both MLP and MLP-SVD network are trained using the Adam optimizer (Kingma and464

Ba, 2015), which is a variant of the well established stochastic gradient descent algorithm.465

The Adam optimizer uses ”momentum” information to adapt the learning rate based on the466

behaviour of the training. In our initial simulations, this was shown to help the network con-467

verge faster. For all simulations, a batch size of 64 was used, which means that the network468

is presented with 64 input signals from the database, the gradients for each weight in the469

network are computed for each input signal, and then the average gradient for each weight470

is computed before updating the weights. After the weights are updated using the averaged471

gradients, the next batch of 64 signals is sent into the network. A training iteration (also472

known as a single epoch) ends after all 1000 signals from the database, divided into batches473

of 64, are presented to the network. The use of batches influences the training time and also474

the rate of learning. Since the error is averaged over the number of signals in the batch,475

if the batch is very small and the weights are updated more times during one iteration,476

the cost function will be ”noisier”, and this helps regularise the problem and enhances the477

generalization accuracy. Too small a batch size results in a longer training time, since the478

weights are updated too frequently. Similarly, a large batch size will result in faster training479

time, but with less noisy gradients and therefore a poorer generalization performance. More480

about the batch size implementation and its influence on the training of neural networks can481
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be found in Masters and Luschi (2018). The training of the MLP and MLP-SVD networks482

was stopped after 100 iterations, since initial simulations showed that a longer training483

for these applications will almost always result in overfitting (Hawkins, 2004). In simple484

terms, the occurrence of overfitting means that the network learns the training features too485

well, but can no longer generalize effectively, resulting in a decrease in network performance.486

487

The MLP-SVD network has two additional initial parameters that need to be defined.488

The first one is the threshold for discarding the singular values, which based on initial sim-489

ulations was defined to be 0.1 times the value of the largest singular value at that particular490

iteration. A higher threshold usually results in a discarding of too many singular values at491

one time, which in some cases can cause training difficulties. A lower threshold value results492

in a longer training time, since not enough singular values are discarded at each discarding493

point. The logarithmic sequence of discarding points is the second parameter and as de-494

scribed above, the best lower bound in terms of computational time and performance was495

found to be after 5 iterations whilst the higher bound was set to be 2/3 of the maximum496

number of iterations. This was found to be sufficient to allow the MLP-SVD network to497

converge.498

B. Comparison between MLP and MLP-SVD algorithms499

For the comparison of the two algorithms, six different simulations will be used. The500

number of output classes will be changed, so that the neural networks will be trained for501

tasks of six different difficulties. The classes used are for ”narrow band” spectra and ”broad502
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band” spectra where in each case either 2, 5 or 10 spectra are used. The results presented503

are averaged over 10 trials, meaning that for each set of parameters, both networks were504

trained 10 times. This was undertaken since the network initializes the weights with random505

numbers and therefore the training performance differs slightly between trials. It was found506

that 10 trials were sufficient to be establish a reliable average, since further trials were not507

found to enhance the accuracy or the training time to any significant degree.508

Figures 7(a) and 7(b) illustrate the comparison between the MLP and the MLP-SVD algo-509

rithms in terms of test accuracy as a function of time (iterations) for 3 output classes (2, 5,510

10) and two different bandwidths B = 10 Hz, B = 100 Hz.511

The test accuracy is defined as the accuracy computed by presenting to the network a512

test dataset that is different from the training dataset. The accuracy can be calculated513

from the confusion matrix, which corresponds to the error matrix in classification problems514

(Stehman, 1997). Each of the columns in the confusion matrix contains the total number515

of signals that were estimated to be in one class, while each row corresponds to the number516

of signals presented from one class. This allows evaluation of the number of target signals517

from one class that are correctly estimated by the network. An example of the confusion518

matrix for 3 different bandpass filtered white noises having centre frequencies fc1 , fc2 , fc3519

is illustrated in Table I, where the bold underlined values represent the number of correct520

predictions for each class and the rest of the cells correspond to errors. The accuracy can521

be computed by summing up the correct estimations and dividing by the total number of522

signals. For the example above, this would be (85 + 60 + 80)/(270) = 0.83 or 83 percent.523
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FIG. 7. Comparison between the MLP (solid line) and the MLP-SVD (dotted line) performance for

(i) 2 output classes; (ii) 5 output classes; (iii) 10 output classes with a bandpass filter bandwidth

of: (a) B = 10 Hz and (b) B = 100 Hz.

Note that even though the spectral resolution is 62.5 Hz, both network architectures are524

able to make a distinction between the different filter outputs, where the difference between525

the centre frequency of the signals is ∆f = 30 Hz. In the case where the bandwidth of526

the bandpass filter is increased to 100 Hz, it can be observed that the performance of both527

networks is lower, since the signals are harder to distinguish. As expected, the general-528

ization accuracy decreases in both cases if there are more output classes. Jumps in the529

test accuracy of the MLP-SVD algorithm during training sometimes appear at the singular530

33



JASA/Sample JASA Article

TABLE I. Example of a confusion matrix for 3 classes of different centre frequencies

S = 270 Estimated fc1 Estimated fc2 Estimated fc3

Target fc1 85 5 0

Target fc2 15 60 15

Target fc3 2 8 80

value discarding points. For all three applications, the biggest jump appears at iteration 5,531

since that is the point where the algorithm first discards singular values and the network532

needs some time to train with the new architecture. Whilst the curves illustrate an average533

over 10 test trials, there are no other large deviations during training, even though singular534

values are being discarded until 2/3 of the total number of iterations.535

536

Table II compares, for both choices of bandwidth, the final test accuracy, the number537

of singular values remaining at the end of training, and the total computational time. Since538

for every trial the weights are initialised randomly, the final number of singular values re-539

maining can differ slightly. This can be seen in Table II, where for the B = 10 Hz case, the540

number of singular values remaining for the easy task (2 output classes) is only 2 or 3, where541

most trials end with 2 singular values. If the difficulty is increased (5 output classes), the542

10 trials end with 2 or 3 singular values, however most trials end with 3 singular values. For543

the hard task (10 output classes) all 10 trials ended with 4 singular values. However, for the544

case where the bandwidth of the bandpass filter is increased, there is no obvious increase545

in the number of remaining singular values. The regular MLP has a very slightly higher546

34



JASA/Sample JASA Article

accuracy than the MLP-SVD algorithm for almost all simulations, although this difference547

is not significant. The main conclusion from these results is that the MLP-SVD algorithm548

needs around 2/3 of the training time of the MLP algorithm to achieve almost the same549

accuracy.550

TABLE II. Comparison between the MLP and the MLP-SVD for three different applications

Bandwidth 10 Hz 100 Hz

MLP MLP-SVD MLP MLP-SVD

Test

Accuracy [%]

2 classes 82.5 82 72.25 72

5 classes 71.4 71.5 54.3 54.2

10 classes 67.7 67.6 49 48.5

Singular

values

2 classes n/a 2-3 n/a 2-3

5 classes n/a 2-3 n/a 2-3

10 classes n/a 4 n/a 2-4

Training

time [s]

2 classes 6 4 5.4 4.8

5 classes 17 11 11.2 7

10 classes 36.3 24.7 33.7 23.7
551

552

The results demonstrate that the number of discarded singular values plays a significant553

role in the training time and performance of the MLP-SVD algorithm. From some initial554

simulations it was observed that if the threshold is set to be too high, only few singular values555

are discarded during training and therefore the training time is not significantly reduced.556

On the other hand, if the threshold is set too low, too many singular values are discarded557
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at each stage and useful information is lost. This results in a reduction in the ability of the558

network to learn the patterns in the data presented.559

C. Influence of filter bandwidth and hidden layer dimensions560

Further simulations were undertaken to investigate the performance of the MLP-SVD561

for different values of ∆f and for different hidden layer dimensions. In the first case, the562

difference between centre frequencies is changed, so that ∆f = 5, 30, 60 Hz. The number563

of output classes is set to be 5 and the hidden layer is defined to have 20 neurons. Figure564

8 illustrates the test accuracy of the MLP-SVD for the three tasks, averaged again over565

10 trials. Even though the spectrum resolution is 62.5 Hz, the MLP-SVD can differentiate566
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FIG. 8. Test accuracy of the MLP-SVD for five output classes with three different values of filter

centre frequency separation ∆f given by 5 Hz (dotted line) 30 Hz (dashed line) and 60 Hz (solid

line).

567

568

between the 5 classes for both ∆f = 60 Hz and ∆f = 30 Hz with an accuracy of above569
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50%. As might be expected, the most difficult task where ∆f = 5 Hz, cannot be successfully570

accomplished by the network with a test accuracy of only 30%.571

The influence of the dimension of the hidden layer was investigated by using 5, 10, 20 and572

50 neurons. The number of output classes was set to 5 and the centre frequencies of the573

bandpass filters are spaced by ∆f = 30 Hz. Figure 9 illustrates the averaged results of the574

MLP-SVD for the four cases in the left plot, while comparing the reduction in training time575

for two of these cases in the right figure.576
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FIG. 9. (a) Test accuracy of the MLP-SVD for different dimensions of the hidden layer and (b)

training time saved depending on the dimensions of the hidden layer

The results show that an increased dimension in the hidden layer does not necessarily577

increase the network performance, but helps it to achieve a high test accuracy faster. A more578

detailed discussion about the influence of the hidden layer on the performance is presented579

in Paul and Nelson (2020). The right figure shows that a larger hidden layer dimension (50580

neurons) increases the training time regardless of the applications, since more parameters581
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need to be trained. It is important to note that even with an increased number of neurons582

in the hidden layer, the same number of singular values remain after the discarding process.583

Thus the greater the number of neurons in the hidden layer, the greater the number of584

singular values discarded during training, and greater is the saving in training time. This is585

shown in the right figure, where for a hidden layer of 50 neurons, the time saved for any of586

the three cases is higher than for a network with 5 neurons in the hidden layer.587

V. CONCLUSIONS588

This paper has presented a detailed analysis in matrix form of the multilayer perceptron589

(MLP) and the associated backpropagation algorithm. The approach taken enables the ap-590

plication of the singular value decomposition (SVD) of the weight matrices in the MLP and591

shows how the component matrices of the SVD can also be updated by backpropagation.592

A training algorithm, the MLP-SVD algorithm, has been introduced that is based on the593

sequential discarding of singular values during training. The algorithm has been successfully594

applied to some model audio signal classification tasks and compared in performance with595

the standard MLP algorithm. It was shown that for the classification problems considered596

here, the technique can reduce training time typically by 1/2 and still achieve a similar clas-597

sification accuracy. The performance of the MLP-SVD approach will be problem-dependent598

and requires the parameters of the algorithm to be chosen accordingly. However, the method599

seems well-suited to acoustical problems where the training data, such as acoustic spectra,600

has high dimensions. It is also likely that this technique can be successfully applied to other601

neural network architectures.602
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APPENDIX:606

The gradient of the loss function with respect to the weights in the output layer is given607

by the row vector608

∂LE

∂w(1)
= dTH

(1)
E (z(2)T ⊗ I(1)), (A.1)

This expression can be transposed to give the column vector609

[
∂LE

∂w(1)

]T
= (z(2) ⊗ I(1))H

(1)T
E d, (A.2)

where the identities (ABC)T = CTBTAT and (A ⊗ B)T = AT ⊗ BT have been used.610

Note that the term involving the Kronecker product can be written as611

z(2) ⊗ I(1) =



z
(2)
1 I(2)

z
(2)
2 I(2)

...

z
(2)
J I(2)


(A.3)

and the weight matrix W(1) can be written in terms of its J component column vectors612

W(1) =

[
w

(1)
1 w

(1)
2 . . . w

(1)
J

]
, (A.4)

39



JASA/Sample JASA Article

where each column vector has K values. The transposed gradient expression can thus be613

written as614



∂LE

∂w
(1)
1

∂LE

∂w
(1)
2

...

∂LE

∂w
(1)
J



T

=



z
(2)
1 I(1)H

(1)T
E d

z
(2)
2 I(1)H

(1)T
E d

...

z
(2)
J I(1)H

(1)T
E d


, (A.5)

where each element ∂LE/∂w
(1)
j is a Kx1 row vector. Since z1I

(1)H(1) = z1H
(1) the above615

expression can be rewritten as the matrix given by616

[(
∂LE

∂w
(1)
1

)T (
∂LE

∂w
(1)
2

)T

. . .

(
∂LE

∂w
(1)
J

)T
]

=

[
z
(2)
1 H

(1)T
E d z

(2)
2 H

(1)T
E d . . . z

(2)
J H

(1)T
E d

]
.(A.6)

The matrix on the left hand side is now in the form of the required matrix of derivatives of617

the loss function with respect to the matrix W(1). The right hand side can be written in618

terms of the transpose of the vector z(2) and therefore the above expression can be written619

as620

∂LE

∂W(1)
= H

(1)T
E dz(2)T. (A.7)

In order to compare the results of the current analysis with classical approaches to back-621

propagation (see Bishop, 1995 p. 146; Rumelhart et al., 1985, 1986), it is helpful to consider622

the case where the loss function is the sum of squared errors and the matrix H
(1)
E is replaced623

by the diagonal matrix H(1). The diagonal terms of this matrix are given by h′(a
(1)
k ) and can624

be conveniently written as h
′(1)
k . Using this abbreviation, the element-wise multiplication of625
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terms in the above matrices results in626

∂LE

∂W(1)
=



h
′(1)
1 d1z

(2)
1 h

′(1)
1 d1z

(2)
2 . . . h

′(1)
1 d1z

(2)
J

h
′(1)
2 d2z

(2)
1 h

′(1)
2 d2z

(2)
2 . . . h

′(1)
2 d2z

(2)
J

...
...

. . .
...

h
′(1)
K dKz

(2)
1 h

′(1)
K dKz

(2)
2 . . . h

′(1)
K dKz

(2)
J


. (A.8)

The individual terms in this matrix can be clearly identified as corresponding to those627

resulting from classical analyses (see Bishop, 1995 p. 146; Rumelhart et al., 1985, 1986).628

Now turning to the weights in the hidden layer, the transpose of the gradient equation in629

this case can be written as630 [
∂LE

∂w(2)

]T
= (x ⊗ I(2))H(2)W(1)TH

(1)T
E d. (A.9)

Using an identical approach to that used for the output layer above, the matrix of the631

derivatives of the loss function with respect to the weights of the matrix W(2) can be written632

as633

∂LE

∂W(2)
= H(2)W(1)TH

(1)T
E dxT. (A.10)

Again, if the loss function is considered to be the sum of squared errors and the matrix H
(1)
E634

is replaced by the diagonal matrix H(1), and the matrix H(2) has diagonal elements written635

as h
′(2)
k , then the element-wise multiplication of this matrix product results in636

∂LE

∂W(2)
=



h
′(2)
1

∑K
k=1w

(1)
k1 h

′(1)
k dkx1 h

′(2)
1

∑K
k=1w

(1)
k1 h

′(1)
k dkx2 . . . h

′(2)
1

∑K
k=1w

(1)
k1 h

′(1)
k dkxI

h
′(2)
2

∑K
k=1w

(1)
k2 h

′(1)
k dkx1 h

′(2)
2

∑K
k=1w

(1)
k2 h

′(1)
k dkx2 . . . h

′(2)
2

∑K
k=1w

(1)
k2 h

′(1)
k dkxI

...

h
′(2)
J

∑K
k=1w

(1)
kJ h

′(1)
k dkx1 h

′(2)
J

∑K
k=1w

(1)
kJ h

′(1)
k dkx2 . . . h

′(2)
J

∑K
k=1w

(1)
kJ h

′(1)
k dkxI


.

(A.11)
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This matrix of gradients again corresponds to the element-wise equations derived from clas-637

sical analyses (see Bishop, 1995 p. 146; Rumelhart et al., 1985, 1986).638
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Géron, A. (2019). Hands-on machine learning with Scikit-Learn, Keras, and TensorFlow:683

Concepts, tools, and techniques to build intelligent systems (O’Reilly Media, 1005 Graven-684

stein Highway North, Sebastopol, CA 95472), pp. 1–541.685

Golub, G. H., and van Loan, C. F. (2013). Matrix Computations, fourth ed. (JHU Press,686

Baltimore, Maryland, United States), pp. 1–756.687

Goodfellow, I., Bengio, Y., and Courville, A. (2016). Deep Learning (The MIT Press,688

Cambridge, United States), pp. 1–773.689

Graves, A. (2012). Supervised Sequence Labelling with Recurrent Neural Networks (Springer,690

Berlin), pp. 1–131.691

Hawkins, D. M. (2004). “The problem of overfitting,” Journal of chemical information and692

computer sciences 44(1), 1–12.693

Hochreiter, S., and Schmidhuber, J. (1997). “Long short-term memory,” Neural computa-694

tion 9(8), 1735–1780.695

Kingma, D. P., and Ba, J. (2015). “Adam: A method for stochastic optimization,” in 3rd696

International Conference on Learning Representations, ICLR 2015, San Diego, CA, USA,697

May 7-9, 2015, Conference Track Proceedings, http://arxiv.org/abs/1412.6980.698

Klema, V., and Laub, A. (1980). “The singular value decomposition: Its computation and699

some applications,” IEEE Transactions on automatic control 25(2), 164–176.700

44

http://http://arxiv.org/abs/1412.6980


JASA/Sample JASA Article

Lane, J. E. (1990). “Pitch detection using a tunable iir filter,” Computer Music Journal701

14(3), 46–59.702

LeCun, Y., Boser, B., Denker, J. S., Henderson, D., Howard, R. E., Hubbard, W., and703

Jackel, L. D. (1989). “Backpropagation applied to handwritten zip code recognition,”704

Neural computation 1(4), 541–551.705

Magnus, J. R. (2010). “On the concept of matrix derivative,” Journal of Multivariate Anal-706

ysis 101(9), 2200–2206.707

Magnus, J. R., and Neudecker, H. (2019). Matrix Differential Calculus with Applications in708

Statistics and Econometrics (WILEY; Third Edition, Chichester, United Kingdom), pp.709

1–479.710

Masters, D., and Luschi, C. (2018). “Revisiting small batch training for deep neural net-711

works,” arXiv preprint arXiv:1804.07612 .712

Nielsen, M. A. (2015). Neural networks and deep learning, 25 (Determination press), pp.713

1–216.714

Paszke, A., Gross, S., Chintala, S., Chanan, G., Yang, E., DeVito, Z., Lin, Z., Desmaison,715

A., Antiga, L., and Lerer, A. (2017). “Automatic differentiation in pytorch,” .716

Paul, V., and Nelson, P. A. (2020). “Matrix analysis of neural network architectures for717

audio signal classification,” in Proceedings of the Institute of Acoustics Vol. 42. Pt. 3.,718

Milton Keynes, United Kingdom.719

Roth, W. E. (1934). “On direct product matrices,” Bulletin of the American Mathematical720

Society 40(6), 461–468.721

45



JASA/Sample JASA Article

Rumelhart, D. E., Hinton, G. E., and Williams, R. J. (1985). “Learning internal represen-722

tations by error propagation,” Technical Report.723

Rumelhart, D. E., Hinton, G. E., and Williams, R. J. (1986). “Learning representations by724

back-propagating errors,” Nature 323(6088), 533–536.725

Stehman, S. V. (1997). “Selecting and interpreting measures of thematic classification ac-726

curacy,” Remote sensing of Environment 62(1), 77–89.727

The MathWorks, I. (2020). Deep Learning Toolbox, Natick, Massachusetts, United State,728

https://www.mathworks.com/solutions/deep-learning.html.729

Xu, P. (1998). “Truncated svd methods for discrete linear ill-posed problems,” Geophysical730

Journal International 135(2), 505–514.731

Xue, J., Li, J., and Gong, Y. (2013). “Restructuring of deep neural network acoustic models732

with singular value decomposition.,” in Interspeech, Lyon, France, pp. 2365–2369.733

46

http://https://www.mathworks.com/solutions/deep-learning.html

