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Neural networks are increasingly being applied to problems in acoustics and audio
signal processing. Large audio data sets are being generated for use in training
machine learning algorithms and the reduction of training times is of increasing rele-
vance. The work presented here begins by reformulating the analysis of the classical
multilayer perceptron (MLP) to show the explicit dependence of network parameters
on the properties of the weight matrices in the network. This analysis then allows
the application of the singular value decomposition (SVD) to the weight matrices.
An algorithm is presented which makes use of regular applications of the SVD to
progressively reduce the dimensionality of the network. This results in significant
reductions in network training times of up to 50 percent with very little or no loss
in accuracy. The use of the algorithm is demonstrated by applying it to a number
of acoustical classification problems that help quantify the extent to which closely

related spectra can be distinguished by machine learning.
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I. INTRODUCTION

The increasing availability of computational power has enabled the use of large training
data sets in machine learning in a wide variety of applications, including in the field of
acoustics (Bianco et al., 2019). The work presented here aims to contribute to acoustical
research in this field in three ways. The first is by providing an accessible matrix-based
analysis of classical machine learning. The second is by using this analysis to show how
the rate of learning can be substantially increased. The third is by seeking to answer a
basic question in the application of machine learning to acoustics; the extent to which single
samples of frequency spectra generated by different sources might be distinguished from
one another, once a neural network has been trained with sufficient data. The answer to
this question is provided by formulating a multiclass classification problem. This is tackled
by simulating the generation of a number of spectra from different sources and teaching
the network to recognise those sources. Tests are then undertaken of the extent to which
the sources can be recognised when only a single sample of the source time history is used
to derive an FFT-based spectral estimate. The results show that recognition of different
sources can be achieved with remarkable accuracy. In particular it is demonstrated that,
with adequate training, it is possible to distinguish between two or more spectra that might

not easily be distinguished from one another by using conventional power spectral analysis.

Turning to the application of machine learning, there are now many software packages

available to assist in the implementation and training of the neural networks that pro-
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vide the foundation of many machine learning applications (examples include Tensor Flow
(Abadi et al., 2015), the MATLAB Deep Learning Toolbox (The MathWorks, 2020), Py-
Torch (Paszke et al., 2017), Keras and Scikit-Learn (Géron, 2019)). One of the difficulties of
such provision is that the inner workings of the networks are not necessarily readily available
to the user and this can make it difficult to develop an understanding of the parameters
that determine the performance of the network. The work described here begins with a rig-
orous analysis of the classical multilayer perceptron (MLP) (Rumelhart et al., 1985, 1986),
which forms the foundation for many network architectures that, for example, include recur-
rent neural networks (RNNs) (Rumelhart et al., 1986), long short-term memory networks
(LSTMs) (Hochreiter and Schmidhuber, 1997) and convolutional neural networks (CNNs)
(LeCun et al., 1989). One of the main contributions of this paper is to make explicit, in
matrix form, the forward and backward propagation equations for an MLP with any number
of hidden layers. Whilst there are now many good texts on neural networks and machine
learning (see Aggarwal, 2018; Bishop, 1995, 2006; Goodfellow et al., 2016; Graves, 2012;
Nielsen, 2015), most descriptions of backpropagation rely on the classical analysis due to
Rumelhart et al. (1985, 1986). In this paper, the equations of backpropagation are derived
from first principles using matrix calculus. To the author’s knowledge, this approach does
not seem to have been widely used previously, but yields results that may prove useful to

other researchers in acoustical machine learning.

In particular, the equations derived facilitate the application of the traditional tools of

linear algebra for the further analysis of network parameters. This is demonstrated in the
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work described below in which the singular value decomposition (SVD) is applied to the
weight matrices in the network with the objective of reducing computational load through
effectively reducing the number of weights that have to be updated. Although some work
has been undertaken previously using such an approach (Cai et al., 2014; Xue et al., 2013),
an algorithm is presented here that demonstrates the effective reduction in training time
through the sequential application of the SVD to the weight matrices of an MLP without
incurring significant losses in training error. In the work described by Cai et al. (2014)
the authors discarded a number of small singular values at one point during training and
replaced the weight matrix with two component matrices formed from the SVD. These were
then trained using backpropagation. A similar approach was taken by Xue et al. (2013)
who similarly observed significant reductions in training time. The connection between
the SVD and neural networks has also been discussed by Bermeitinger et al. (2019) and a
recent helpful review of other approaches to low-rank approximations in neural networks
has been presented by Choudhary et al. (2020) . In the work presented here an algorithm
is introduced that is shown to be highly effective in progressively discarding singular values
as the network is trained. It is also likely that a similar approach could be used to good

effect with other network architectures.

The equations governing forward and backward propagation through the network have been
implemented using MATLAB and have been applied to the classification problem described
above that aims to learn to distinguish between a number of typical acoustical spectra. In

Section II the paper introduces the basic matrix analysis of the MLP and introduces the
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modifications to the backpropagation algorithm that can be used to incorporate the SVD
of the weight matrices. In Section III the algorithm is applied to a number of acoustical
classification problems and the enhancement of training performance is demonstrated in

Section IV before conclusions are drawn in Section V.

II. MATRIX ANALYSIS OF THE MULTILAYER PERCEPTRON

A. Forward propagation in the basic MLP

This section presents the analysis necessary to enable the use of the singular value decom-
position (SVD) in the multilayer perceptron (MLP). An initial description of the forward
and backward propagation in matrix form has been described previously in a recent paper
(Paul and Nelson, 2020) but is developed considerably further here in order to make explicit
the connection to classical backpropagation and its efficient implementation. Most impor-
tantly, the equations of backpropagation that enable the use of the SVD are also presented.
Figure 1 illustrates the basic structure of the MLP. The input to the network is defined by
the I-dimensional vector x. The output of the K neurons in the output layer are denoted by
the vector z(!) whilst the J neurons in the hidden layer have outputs denoted by the vector

(2) This choice of superscripts, working back from output to input, is made to facilitate

z
the description of the backpropagation process as shown later in the paper. The estimated
outputs of the network are denoted by the K-dimensional vector y and the target outputs

by the K-dimensional vector y. The Kx.J matrix relating the outputs of the neurons in the

hidden layer to the inputs of the neurons in the output layer is denoted as W, Similarly,
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the JxI matrix relating the input vector to the inputs to the neurons in the hidden layer is
denoted as W®. The activation relating the input of each neuron to their output will be
denoted by h(:). The neurons in the output and hidden layers have inputs denoted respec-
tively by the K- and J-dimensional vectors a) and a®. Similarly, the vectors b and b®

define the bias added to the neuron inputs in the output and hidden layers.

Inout laver Hidden laver Output laver

FIG. 1. MLP model with one hidden layer

The forward pass from the input to the output layer through the MLP architecture in

Figure 1 can be written in matrix form as

a?® — Wx 1+ b® (1)
22 — h(a®) (2)
a® — W2 1 pO (3)
7z = h(a(l)) =Y. (4)

In general applications of neural networks, the non-linear activation function h(-) is usually
chosen to be the sigmoid, the tanh, the ReLU, or the softmax function (Nielsen, 2015,
p.121-126). In the simulations presented in this paper we will use the ReLLU in the hidden
layer and the softmax function in the output layer. Given that the objective is to train the

6
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network to distinguish between a range of different frequency spectra, the natural loss (or
cost) function for such a multiclass classification problem is the cross-entropy (Graves, 2012,
p.15-16).The softmax function is often used in the output layer when undertaking multiclass
classification tasks, usually in combination with the cross-entropy as the loss function. A
detailed description of the the softmax function and its interpretation in identifying the
probability of class membership is given by Aggarwal (2018, p. 68). The network is thus
trained to minimise the cross-entropy loss function Lg given by the sum of the errors e

where

er = —yrlogyy (5)
K
=1

The classical approach to reducing the cost function is to use the steepest descent algorithm
(Cauchy, 1847) or it’s variants to iteratively adjust the weights in the network. This leads

to the idea of backpropagation (Rumelhart et al., 1986).

B. Backpropagation through the output layer

The process of backpropagation will now be developed for the network architecture shown
in Figure 1. Central to the analysis presented below is the chain rule of partial derivatives
expressed in matrix form. Thus for example if a vector quantity u is a function of another
vector quantity v such that u = fi(v) and similarly that v = fo(w), w = f3(x) then the
chain rule can be written in the form (Magnus and Neudecker, 2019, p.100-102)

du _ dudv ow (7)
ox  Ovow Ox’

7
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Note that this relationship holds irrespective of the dimensions of the individual vectors,
but it does assume that the functions involved are differentiable. Each of the three terms
in the above equation constitutes a Jacobian matrix of partial derivatives, which, if u is a

Mx1 vector and x is a Nx1 vector, is of form

w9y duy.
8{E1 61‘2 e 61‘]\]
Ouy  Juy Ouy
a_u — axl 8$2 e 8(EN (8)
ox ’
| 3x1 8x2 e aSUN ]

It is also very important to understand that such Jacobian matrices are ordered in a partic-
ular way. For example, if u is simply a scalar the matrix du/0x becomes a row vector. This
is often known as "numerator notation”. See for example Magnus and Neudecker (2019,
p.191-210) or the paper by Magnus (2010) for a discussion of this point. Another helpful
description is given by Caswell (2019). So for example, using numerator notation, and in
what follows in this paper, the derivative of a scalar u with respect to a vector x is the row

vector given by

N _ [ou o u (9)
aX 8{131 61'2 U 633]\[
Applying this approach to the network in Figure 1, it is simplest to first consider the depen-

dence of the loss function Lp on the bias vector b®"). The relevant partial derivatives can

be written as

0Ly OLg 92V gal)
8b(1) o az(l) 83(1) ab(l)7

(10)

8
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When the cross-entropy is used as the cost function, the first term in the chain rule in

Eq. (10) results in a row vector d* whose k-th entry is given by

OLg 0 (1) Yk
—— = —— | —yrlog(z = ——— =dj. 11

The second term 9z") /Gal) clearly depends on the form of the activation function since
z() = h(aM). The softmax function defines the relationship between the inputs a* and

outputs z) of the neurons in the hidden layer through the relationship (Bridle, 1990)

exp(al))
S explal’)

This function has the effect of rescaling a vector of values between 0 and 1, by assigning

A

y = zM = softmax(aV) =

(12)

a value closer to one to the largest components in the vector whilst the lower values are
reduced towards zero. The function also ensures that the sum of the components of the
output vector add to unity. The derivative of the output z") with respect to the vector a(")

input to the softmax function can be written element-wise as

(1) ot
8?1) - a(1) - W | (13)

where the indices j, k denote the elements of the vectors. Differentiating these terms results

in two cases where

1 1 . .
9z 20 =2") i =k y
dal) (14)
k 1) (1)

otherwise.

The gradient term 9z(!) /0a'") is therefore given by the Jacobian matrix H](E1 ) whose diagonal

terms have the form z,(:)(l - z](-l)

) with off-diagonal terms given by —z,(cl)z](.l). Finally it

follows from Eq. (3) that the last term da® /ob(") in Eq. (10) is simply the identity matrix

9



157

158

159

161

162

163

164

165

166

167

168

JASA /Sample JASA Article

and Eq. (10) can therefore be written as

OLg

_ 4T
oo — 4H (15)

Now consider the derivative of the loss function with respect to the weight matrix W),

The chain rule is this case can be written in the form

OLg _ OLg 9zM 9al)
ow®) 9z 9a) gw1)’

(16)

where the matrix W has been transformed into a vector w(l) by using the vec(-) operator
(i.e. w = vec(W)) which forms the vector from stacking successive columns of the matrix
(Magnus and Neudecker, 2019, p. 34-36). The new vector w(!) is of dimensions (K.J)x1
and can now be used in conjunction with the definitions of the partial derivative of a vector
with respect to another vector. First note that the first two terms in the above expression
are identical to those computed above when evaluating dLg/db™. In order to calculate the

last term in Eq. (16), Roth’s theorem (Roth, 1934) is used. This states that

vec(ABC) = (C" ® A)vec(B), (17)

where ® is the Kronecker product. This relationship can be used to rewrite the forward

propagation for a™ | given by

a®) = W52 4 1) = TOWDZ@ 4 p1), (18)

where IV is a KxK identity matrix. Application of Roth’s theorem then results in

vee(aV) = (227 @ IW)vec(WH) + b, (19)

10
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As described above, the vec(-) operator reorders the matrix W into the vector w® and

vec(+) of a vector is the vector itself. Thus the final expression is given by
a®) = (27 @ T )w®) 4 b0, (20)

The last term da" /ow(V) in Eq. (16) can then be simplified to give

oa) 0
S = g |27 @I W+ b = 2@ T, (21)

Finally, the gradient of the loss function Ly with respect to the first set of weights is given
by combining the results of Eq. (15) and (21) so that

0Ly
ow®)

= d"HY (2?7 @ 1), (22)
This relationship thus specifies a row vector whose elements are the derivatives of the loss
function with respect to each element of the weight matrix W, However, recalling that
w() = vec(WW) it can be shown that this relationship can be cast into the form of a matrix
that explicitly shows the derivatives of the loss function with respect to each element of the

weight matrix. That is, again using numerator notation, the matrix of the partial derivatives

OLg/OWW is given by

OLg OLg OLg

oL ouwly owly T owly

GW(l) = : : e : . (23>
8LE 8LE 8LE
Lol duiey T owi) |

It is shown in the Appendix that, by taking the matrix transpose of Eq. (22) for Lg /0w,
the gradient of the loss function Ly with respect to the weight matrix W can be written

in the form

= HTdz®T. (24)

owt

11
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Similarly, taking the transpose of Eq. (15) that gives the gradient of the loss Ly with respect

to the bias vector b™") results in

T
o]

which is now in the form of a column vector. To summarise, recall that d is the vector
containing the errors d; and the AKxK matrix HSEl ) contains the derivatives 8z§1) / aal(:) of

the non-linear activation functions. If one checks the dimensions, the fraction dLg/OWW

results in a K'xJ matrix of gradients and 0Lg/ obW is a Kx1 row vector.

Finally, it is worth noting that very often in applications of machine learning, the loss

function chosen for minimisation in adjusting the parameters in the network is given by the

sum of squared errors between the elements of the output and target vectors. Thus a loss
K

function Lg = >~ € is defined having elements e, = g — y. In this case, the first term in
i

Eq. (16) given by dLg/0z" results in a row vector e’ with entries e, = 9z — yx, again using

numerator notation. Also, if the sigmoid, tanh or ReLU functions are used in the output

layer, assuming the general notation A(-), the gradient term 9z /9a™ results in a diagonal

matrix HY whose k-th term is given by h’(a,(:)) since the k-th element 8z£1)/8a§€1) can be

written as

o) _ 9 ()

— == ——nh(a;’) = h'(a;’). (26)
8@,(61) 8a§€1) . .

There is thus an important difference between HS ) and HY when implementing backprop-

agation, since the softmax function involves all output neurons in generating every k-th

output.

12
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C. Backpropagation through the hidden layer

The next step in the analysis is to establish the dependence of the loss function on the
bias vector b® and the weight matrix W®. Again, it helps to start with the gradient with

respect to the bias vector which can be written as

OLg  OLg 9z 9z2)
b? 020 920 5@

(27)

The first term in this expression has been calculated above and is simply given by the row

vector d”. The second term in Eq. (27) can be written as

oz 9z Ha®

920 ~ 9al) 02" (28)

The first matrix of derivatives in this expression has been evaluated above in Eq. (26) and

is given by H](E1 ). The second matrix of derivatives is readily evaluated to give

da 0

o = o (W2 1 b0) = W, (29)
Z Z

Finally, it follows from the relationship z® = h(W®x + b®) that the third term in the
chain rule of Eq. (27) is given by the diagonal matrix H® of derivatives of the hidden layer

activation functions. Therefore Eq. (27) can be written as

OLg
ob®

= d"HWOH®?. (30)

Now consider the derivative of the loss function with respect to the weight matrix where the

chain rule can be written in the form

OLg  OLg 0z(H) 9z
ow® 9z 9z ow(2)’

(31)

where again the elements of the weight matrix have been stacked into a vector using w?) =
vec(WP). The first two terms in this expression have already been evaluated above and

13
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yield the product dTHS 'W®. The third term in Eq. (31) can be calculated from the
relationship z® = h(W®x + b®) by writing

0z?)  0h(a®) 9a?

WO~ 020 WD’ (32)

The first term follows from Eq. (26) and is given by the matrix H®. Substituting the

expression for a® results in

2)
g:v(2) =H® 8\3(2) (IPW@x + @), (33)

where I? is a Jx.J identity matrix that has been used to pre-multiply the weight matrix.
This allows the application of Roth’s theorem in an analogous way to that used in Eq. (21)

so that the expression can be written as

az(z) . H(2) @
ow® ow(2)

[(XT 2 I®)vec(W®) + b?| = HO(xT o 1), (34)

The three terms from Eq. (31) used to evaluate dLg/0w® can now be written as

OLg

— ATHOWO @) (7T (2)
% = dTHOWOHO (" 9 17), (35)

where the identity matrix in the above expression has the dimensions Jx.J. Taking the matrix
transpose of this result, and again using the manipulations described in the Appendix, the

matrix of derivatives of the loss function with respect to the weights can be written as

OLg

R HOWOTHDTx™. (36)

Checking the dimensions resulting from the the multiplication of the terms in Eq. (36) shows
the equation to be dimensionally correct. Similarly, taking the transpose of the expression

for the derivative of the loss function with respect to the bias vector shows that

{ OLg

T
T
ab(z)} — H(2)W(1)TH](E) d (37)

14
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The weight matrices can now be updated using the gradient descent algorithm or one of its

variants. Thus the final update equations for the weight matrix W can be written as

oL

(1) _ (1) _
WY (r+1) =W (1) naw(l)

(1), (38)
where 7 corresponds to the iteration and 7 is the learning rate. Similar expressions follow

for updating the second set of weights W® and the bias vectors b and b™®.

D. Backpropagation through any number of layers

The analysis presented above is readily extended to deal with multiple hidden layers.
For example, assume that a second hidden layer is introduced between the input x and the
hidden layer z®®). The output of the neurons in this layer will be denoted by z®, where
it is assumed that the layer consists of P neurons. A third matrix of weights W® with
dimensions PxI[ is then introduced that connects the inputs to the third layer of neurons.
The dependence of the loss function on the weights in this matrix is given by the gradient
OLg/0w® and can be calculated by application of the chain rule. Similarly for the bias

vector associated with the third layer of neurons. It therefore follows that

0Ly 0Ly 0z 92?2 9z3)

Tw® — 920 02® 920 Jwd (39)
OLg  OLg 0z 922 §z3) 40
O 020 92 920 gp®" (40)

The first two terms in the expression for dLg/0w®) have already been computed above, so
that 0Lg /021 = dT and 92V /9z® = HYWW . Application of the same processes as used

above can be used to compute the next two terms. Firstly note that

32(2) 82(2) 8a(2) () 8

_ o (2),(3)
920~ 9a0 028 ~ 1 gum (W2, (41)

15
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and therefore it follows that

oz?)

Rt & (¢)) v 74
o = HOW®, (42)

where H® results from a similar calculation to that described by Eq. (26). Next, the last

term for both gradients can be computed in the same way that shown in Eq. (34) so that

®3)
% = HO T @1¥) (43)
A\

3)
S = He ()

It therefore follows that the gradients with respect to the weights and biases is given in

matrix form as

oL

awgﬂ — I"HOWOHOWOHO (xT @ 10)) (45)
OLp _ d"HOWOHOWOHE), (46)
ob®

Again these expressions may be transposed as described above and in the Appendix to give
an explicit expression for the matrix of derivatives of the loss function with respect to the

elements of W) . The matrix of derivatives with respect to the weights is given by

OLg

S = HOWETHAWOTH] (47)

It is readily shown that the extension of the network through the addition of further hidden
layers leads to more general gradient equations having an obvious recurrent structure. Of
particular importance are the equations of backpropagation in matrix form. Thus note that
from the above analysis one may define 80 = H'Td such that 6® = HOWWOT§D and
66 = HOW®T§® and so forth. In general for an MLP architecture with an arbitrary
number of layers one may write for the n-th layer (where n > 1 and counting back from the

16
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output layer n = 1)

™M = HWwr-1HT gn-1) (48)

Similarly the update equations for the weights and biases in a network where each layer has
an arbitrary number of neurons, can be written as

OLg _ s mr

oW )
T
] -
where z™7T is always the input to the set of weights preceding the n-th hidden layer. In
other words, if n = 1, the input vector z)T = xT. An important special case occurs when

the loss function for updating the network is chosen to be the sum of squared errors. As
noted above, in that case the matrix HS ) is replaced by the diagonal matrix HY) such that

H® = HMYT and the vector d is replaced by the vector e of errors. In this case 8 = HMTe

but otherwise the backpropagation relationships above still apply.

E. Application of the singular value decomposition

The singular value decomposition (SVD) can be used to approximate a matrix by another
matrix of lower rank (Eckart and Young, 1936). The technique can be used with matrices of
any rectangular form, such that a real matrix W of dimensions MxN can be decomposed

into the product of three matrices given by
W=UxV", (51)

where U is the MxM matrix whose columns are the left singular vectors of W and V7T
is the Nx/N matrix whose rows are the right singular vectors of W. The matrix X is the

17



278

279

280

281

282

283

284

285

286

287

288

289

290

201

292

293

294

295

296

297

298

299

JASA /Sample JASA Article

MxN diagonal matrix containing R nonzero singular values o of W, where R = rank(W)
and where o1 > 09... > op are the rank ordered singular values. The computation of this
decomposition is a routine matter (Golub and van Loan, 2013). The advantage of the SVD
in this context is that a weight matrix can be approximated by discarding (setting to zero)
small singular values and this in turn leads to a reduction in the number of terms that have
to be updated during backpropagation. The rationale for such an approach dates back to the
Eckart-Young-Mirsky theorem (Eckart and Young, 1936) that shows that discarding small
singular values leads to the minimisation of the Frobenius norm of the difference between the
original matrix and its lower rank approximation (Klema and Laub, 1980; Xue et al., 2013).
The number of singular values discarded is clearly problem dependent and Xu (1998), for
example, presents a review of methods that can be used to determine a discarding threshold
of singular values in linear least squares problems. Discarding more singular values gives
greater savings in computational time, although the degree to which this will be effective
is also problem dependent. Of course by discarding singular values, information may be
lost and this in turn may affect the training of the network. The previous work using the
SVD (Cai et al., 2014; Xue et al., 2013) showed that it is possible to reduce training times
without major sacrifices in accuracy provided an appropriate number of singular values are
discarded. It should also be mentioned that there is also a connection between the SVD
and the "autoencoder” network as discussed by Aggarwal (2018, p. 70-76) although in the
case considered here the component matrices of the SVD simply replace the hidden layer
and in principle could be used in any number of hidden layers in deeper networks. Here we

demonstrate that the method is particularly well-suited to spectral classification problems

18
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30 in acoustics, while providing a different technique of iteratively discarding singular values

so0  during training.

302 F. Forward and backward propagation of the MLP-SVD

303 The forward propagation through the basic MLP with one hidden layer described in
ws Section ITA can be rewritten using the SVD of the weight matrix W between the input

35 and the hidden layer such that

a® = (UxVDx +b® (52)
2% = h(a®) (53)
a = wz®@ L p® (54)
2 = h@) =y, (55)

ws where U, VT and ¥ define the SVD of the matrix W), Tt is helpful to simplify these
w7 equations by making the substitutions p = V' x and q = ¥p = ¥V'x. This enables the

s expression for a® to be written in the form
a® =UZp +b?® =Uq+b?. (56)

30 Using the above definitions of the vectors p and q, the interaction between the input vector
s and the output layer can be described by the diagram shown in Figure 2, where the vectors
su p and q have R elements and their dimensions are reduced with every discarded singular
sz value of 3, even though the dimensions of x and z® remain the same. It is now possible
s to apply the process of backpropagation to the MLP-SVD network in a similar way to that
a5 described in Sections II B and II C. The gradients of the loss function with respect to the
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FIG. 2. MLP-SVD architecture with the U, ¥ and VT matrices between the input and the hidden
layer. There are R connections between the vectors p and q each weighted by a singular value in

the diagonal matrix X.

matrices U, VT and ¥ can be evaluated by using an identical approach to that used above.
Since the forward propagation between the hidden and the output layer remains the same
as for the general MLP, the gradients of W) and b are unchanged and are given by Eq.
(24) and (25).

Turning to the gradients with respect to the elements of the matrices comprising the SVD,
the gradient of the loss function with respect to the elements of the matrix U in vectorized

form where u = vec(U) is given by:

OLg  OLg 9z 9z

= ) 57
ou 0z 90z? Ou (57)
The first two terms of this equation have been evaluated above so that
aLE T aZ(Z)
—= =d"HOW® = 58
ou ou (58)
Further application of the chain rule then yields
OLg  .r Oh(a?) ga®
—dTHOW® a ) 59
ou 0a®  Ou (59)
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Since the first of the partial derivatives is simply the diagonal matrix H® of derivatives of
activation functions and using the expression above for al® shows that

e _ irgOWOHO aa

o Ha 1D (60)

Application of Roth’s theorem to the product ITUq then shows that

0Lk 0
= dTH(l)W(l)H(Q)% [(a" ®I) vec(U)], (61)

and evaluating the partial derivative results in

— =d"™HOWYH®? (" o1 62

where the vector q is computed from q = ¥V x. Following the same approach, writing
o = vec(X) and v = vec(V) the vectors of partial derivatives 0Lg/do and OLg/0v can be

shown to be

% =d"HOYWVHOU (p" @ 1) (63)
Oy _ qrpOwOHCUS (x"®1), (64)
ov

where the vector p is computed from p = V'x. The gradient with respect to the bias b®
is given by the same equation as in Eq. (37). It follows directly from these relationships that
the matrix elements of the SVD can be updated by using the backpropagation techniques
developed in Section I D above. This results in the weight matrix update equations given by
OLg/0U = 63 q", 0Ly /0% = UTd@pT and Lg/0V = ZUT§PxT where exactly as in the
case of the single hidden layer described above, 8@ = HOWWT§D) where 1) = H(El)Td,
and use has been made of the relationship ¥ = X7 since it is a diagonal matrix.

Replacing the matrix W with the three matrices U, ¥ and VT actually results in a higher
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number of weight elements that have to be trained. However, discarding singular values also
results in a reduction in the number of columns of U and rows of V' which then results in a
steep decrease of number of weight elements to be trained. Figure 3 shows the reduction of
the number of weights to be trained in the component SVD matrices as singular values are
discarded. It is important to note that without discarding singular values, the number of
weights that need to be trained using the U, 3, V' matrices is higher than simply using w®
alone. However, by discarding some of the singular values, the number of weights to train
decreases dramatically as shown in Figure 3. For the examples shown for weight matrices
W® having (i) 10240 (i) 5120 and (iii) 2560 elements, the number of weight elements to
be trained reduces after discarding only (i) 2 (ii) 4 and (iii) 6 singular values respectively.
It is clear from Figure 3 that the greatest influence of discarding is when weight matrix
W initially contains more values. The dotted lines in Figure 3 represent the approach
discussed in Cai et al. (2014) where the two matrices ¥ and V' were multiplied to form a
single weight matrix. It can be seen that the number of weight elements to be trained in

this case is slightly lower, although the difference is not significant.

IITI. APPLICATIONS OF MLP-SVD

A. Implementation of the algorithm

The MLP-SVD algorithm has been developed with the aim of reducing significantly
the training time of the MLP whilst minimising any reduction in the test (generalization)
accuracy. The algorithm provides a method for tailoring the dimensions of the weight
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12000
10000 | ™
8000 |
6000 &

4000 r

Nr. of weight elements

2000 r

0 5 1‘0 15 20

Discarded singular values
FIG. 3. The reduction in the number of weight elements to be trained as singular values are
discarded for a weight matrix W(?) with a total number of weight elements: (i) 512x20 = 10240,
(i) 256x20 = 5120 and (iii) 128x20 = 2560. The solid lines shows the number of weight elements
when all three matrices in the SVD are trained and the dotted lines when these are reduced to

two.

matrices to most efficiently solve the problem presented to the network. The implementation
and its use is based on previous observations of the behaviour of singular values of weight
matrices during MLP training (Paul and Nelson, 2020). This showed that, during network
training, the singular values of the weight matrix evolved over time and that a number of
singular values would become dominant in magnitude, depending on the difficulty of the
classification task. An example of the behaviour of singular values of the weight matrix
w® during training of a multiclass classification problem is shown in Figure 4. The general
MLP was trained to classify five different classes. Each of the five classes corresponded
to a different time averaged acoustic spectrum generated by passing white noise through

bandpass filters of different centre frequencies, as described in more detail below. It can
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be observed that in this case, around 5 singular values became dominant during the weight
updates. The number of dominant singular values is different depending on the difficulty

of the task (see Paul and Nelson, 2020). The algorithm presented here is based on the

Magntiude of singular values [log]

0 2000 4000 6000 8000
Number of weight updates

FIG. 4. Behaviour of singular values of the weight matrix between input and hidden layer during
training for a classification task with five output classes, each class comprising a different acoustic
spectrum. The number of neurons in the hidden layer was set to 20 and thus W® had 20 singular
values. The input layer had 256 neurons and the output had 5 neurons, corresponding to the 5

classes. The network was trained using the Adam optimizer (see Kingma and Ba, 2015).

progressive discarding of the smallest singular values during training. This is achieved using
two parameters; a discarding threshold and specific times during training at which singular
values are discarded. The threshold is defined to be a fraction of the highest singular value at
each discarding point. The discarding points in time are defined by a vector that specifies the
number of iterations of the backpropagation algorithm at which singular values are discarded.
It should also be made clear that training continues as usual (by backpropagation) between
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the points in time at which singular values are discarded. The three matrices after each
discarding point are defined as Up, ¥p, V), which correspond to the truncated versions
of U,3, VT, The network trains with a new architecture after every discarding point,
such that the component matrices Up, ¥p, V), are updated at each iteration using the
gradient expressions defined in the equations above. The updated matrices are defined as
fJD, ED,VE. It should also be noted that during the update process these matrices then
cease to be an exact SVD of the weight matrix. At the discarding points, the weight matrix
is reassembled from W® = fJDﬁlDVE and a new SVD is undertaken before the singular
values below the threshold are discarded.

Both key parameters (singular value threshold and discarding points) are defined based
on initial simulations and previous observations (Paul and Nelson, 2020). During MLP
training, the cost function usually has the steepest decrease during the initial iterations.
Based on the observations in Cai et al. (2014) and some initial simulations with different
lower bounds, results indicate that the MLP needs an initial number of updates to train the
weight matrix, before the SVD matrices can contain useful information. The largest changes
in the weight matrices happen during the first iterations and the singular values also tend
to change rapidly. It is helpful to start discarding singular values as soon as possible to
reduce the dimensions of the weight matrices. The sequence used to define the discarding
points has been defined logarithmically, with more frequent discarding points towards the
start of training and reducing frequency as training progresses. The number of iterations

that determine the discarding points can be computed from

d(n) = d(n — 1) - 10(-0/N=1, (65)
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where N is the total number of discarding points, n is the iteration index, and a and b
define respectively the lower and higher bounds of the sequence of discarding points. In the
simulations presented here, the lower bound of the sequence is defined to be 5 iterations and
the higher bound is 67 iterations, or roughly 2/3 of the total number of iterations. Thus
the values of a and b are given by a = log;,(5) and b = log;,(67). Being a logarithmic
sequence, the vector of discarding points contains more values close to the lower bound
and the spacing of discarding points is increasing while getting closer to the higher bound.
At every discarding point, the algorithm checks if any singular values are lower than the

threshold and if this is not the case, the architecture is not changed.

B. Description of the classification task

This section describes the classification task used both as an example of network training
and to evaluate the performance of the MLP-SVD algorithm. The goal is to investigate how
effectively the MLP might be able to differentiate between acoustic spectra that might not
be easily distinguishable from one another by using conventional power spectral analysis.
The training data used in these model problems is synthesised by generating white noise
signals in the time domain that are passed through bandpass filters having different centre
frequencies and bandwidths. The difference equation of the second-order bandpass filter is

presented in Lane (1990) and is expressed as

y(n) = 2afz(n) — z(n —2)] +yy(n — 1) — By(n — 2). (66)
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The parameters «, 7, 5 can be computed using the centre frequencies, the Q-factor and the
sampling frequency fs. Figures 5(a) and 5(b) show the frequency response function of the
bandpass filters used to generate the training data. Figure 5(a) shows a series of ten "narrow
band” filters having bandwidth B = 10 Hz at centre frequencies of between 710 Hz and
440 Hz with a spacing between centre frequencies of Af = 30 Hz. The bandwidth is defined
as the difference between the upper and the lower frequency points at a 3 dB reduction in the
gain of the filter. Similarly, Figure 5(b) shows ten frequency response functions of ”broad

band” filters having a bandwidth B = 100 Hz with a separation Af = 30 Hz. Depending on

-20 -

Gain [dB]
Gain [dB]

-30 -

-40 -40

0 500 1000 1500 0 500 1000 1500
Frequency [Hz] Frequency [Hz]

(a) (b)
FIG. 5. Frequency response of 10 bandpass filters with centre frequencies between 710 Hz and
440 Hz, a spacing between centre frequencies of 30 Hz and a bandwidth of: (a) 10 Hz and (b)

100 Hz.

the classification task attempted, a database of time histories can be built from the outputs
of the filters. These time histories, of duration 300 ms at a sampling frequency of 16 kHz
are then transformed into the frequency domain using an FFT size of 256. The network
is trained by presenting the magnitude of the FFT to the input nodes of the MLP and
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comparing the estimated output to a target output where each class is mapped to a binary
vector. For example, if there are 5 labels to classify, the target output for the first class
would have the form y* = [1,0,0,0,0]. The target output for the second class would be
y' =[0,1,0,0,0] and so forth. The network is then trained to estimate an output that
is as close as possible to the defined targets. As an example of the raw spectra presented
to the input nodes of the MLP, Figure 6 shows a comparison between a single signal and
1000 averaged signals of the database from 3 filters separated by Af = 30 Hz having centre
frequencies between 620 Hz and 680 Hz. Not surprisingly, since the spectral resolution of
the FFT in this case is 62.5 Hz, the differences in the spectra are difficult to detect by

inspection, especially in the case of the FF'T based on a single time history sample.

IV. RESULTS AND DISCUSSION

A. Network parameters used in evaluating performance

In order to enable a fair comparison between the standard MLP and the MLP-SVD net-
work architectures, all initial parameters were chosen to be the same. The training database
was generated with 1000 signals from each class of bandpass filtered white noise and both
training and testing datasets were shuffled before starting the training. FEach sample of
time history generated from the bandpass filters was then converted into the frequency
domain using an FFT before presenting the magnitude spectra to the network. Note that
no phase information was used in these studies and the possibility of either using both real

and imaginary parts of the FFT and/or a complex valued neural network (CVNN) remains
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FIG. 6. Spectrum of: (a) a single 256 point sample of filter output time history for three filter
centre frequencies: 680 Hz, 650 Hz and 620 Hz and (b) 1000 averaged 256 samples of filter output

time history for the same filter centre frequencies.

to be investigated. A good review of the use of CVNNs and related issues is presented by
Bassey et al. (2021). The FFT size was chosen to be 256 and the input into the network
architecture was half of the FFT size plus one, because of the mirrored frequency spectrum.
Both MLP and MLP-SVD networks have one hidden layer. The number of output nodes

in the network corresponds to the number of classes of bandpass filtered white noise. The
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number of neurons in the hidden layer is set to 20 for all simulations, unless otherwise
specified. The learning rate was chosen to be n = 0.0005, since this value was shown in

initial simulations to be suitable for these applications.

Both MLP and MLP-SVD network are trained using the Adam optimizer (Kingma and
Ba, 2015), which is a variant of the well established stochastic gradient descent algorithm.
The Adam optimizer uses ”momentum” information to adapt the learning rate based on the
behaviour of the training. In our initial simulations, this was shown to help the network con-
verge faster. For all simulations, a batch size of 64 was used, which means that the network
is presented with 64 input signals from the database, the gradients for each weight in the
network are computed for each input signal, and then the average gradient for each weight
is computed before updating the weights. After the weights are updated using the averaged
gradients, the next batch of 64 signals is sent into the network. A training iteration (also
known as a single epoch) ends after all 1000 signals from the database, divided into batches
of 64, are presented to the network. The use of batches influences the training time and also
the rate of learning. Since the error is averaged over the number of signals in the batch,
if the batch is very small and the weights are updated more times during one iteration,
the cost function will be "noisier”, and this helps regularise the problem and enhances the
generalization accuracy. Too small a batch size results in a longer training time, since the
weights are updated too frequently. Similarly, a large batch size will result in faster training
time, but with less noisy gradients and therefore a poorer generalization performance. More

about the batch size implementation and its influence on the training of neural networks can
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be found in Masters and Luschi (2018). The training of the MLP and MLP-SVD networks
was stopped after 100 iterations, since initial simulations showed that a longer training
for these applications will almost always result in overfitting (Hawkins, 2004). In simple
terms, the occurrence of overfitting means that the network learns the training features too

well, but can no longer generalize effectively, resulting in a decrease in network performance.

The MLP-SVD network has two additional initial parameters that need to be defined.
The first one is the threshold for discarding the singular values, which based on initial sim-
ulations was defined to be 0.1 times the value of the largest singular value at that particular
iteration. A higher threshold usually results in a discarding of too many singular values at
one time, which in some cases can cause training difficulties. A lower threshold value results
in a longer training time, since not enough singular values are discarded at each discarding
point. The logarithmic sequence of discarding points is the second parameter and as de-
scribed above, the best lower bound in terms of computational time and performance was
found to be after 5 iterations whilst the higher bound was set to be 2/3 of the maximum
number of iterations. This was found to be sufficient to allow the MLP-SVD network to

converge.

B. Comparison between MLP and MLP-SVD algorithms

For the comparison of the two algorithms, six different simulations will be used. The
number of output classes will be changed, so that the neural networks will be trained for
tasks of six different difficulties. The classes used are for "narrow band” spectra and ”broad
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band” spectra where in each case either 2, 5 or 10 spectra are used. The results presented
are averaged over 10 trials, meaning that for each set of parameters, both networks were
trained 10 times. This was undertaken since the network initializes the weights with random
numbers and therefore the training performance differs slightly between trials. It was found
that 10 trials were sufficient to be establish a reliable average, since further trials were not
found to enhance the accuracy or the training time to any significant degree.

Figures 7(a) and 7(b) illustrate the comparison between the MLP and the MLP-SVD algo-
rithms in terms of test accuracy as a function of time (iterations) for 3 output classes (2, 5,

10) and two different bandwidths B = 10 Hz, B = 100 Hz.

The test accuracy is defined as the accuracy computed by presenting to the network a
test dataset that is different from the training dataset. The accuracy can be calculated
from the confusion matrix, which corresponds to the error matrix in classification problems
(Stehman, 1997). Each of the columns in the confusion matrix contains the total number
of signals that were estimated to be in one class, while each row corresponds to the number
of signals presented from one class. This allows evaluation of the number of target signals
from one class that are correctly estimated by the network. An example of the confusion
matrix for 3 different bandpass filtered white noises having centre frequencies f.,, fe,, fes
is illustrated in Table I, where the bold underlined values represent the number of correct
predictions for each class and the rest of the cells correspond to errors. The accuracy can
be computed by summing up the correct estimations and dividing by the total number of
signals. For the example above, this would be (85 + 60 + 80)/(270) = 0.83 or 83 percent.
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FIG. 7. Comparison between the MLP (solid line) and the MLP-SVD (dotted line) performance for

(i) 2 output classes; (ii) 5 output classes; (iii) 10 output classes with a bandpass filter bandwidth

of: (a) B =10 Hz and (b) B = 100 Hz.

Note that even though the spectral resolution is 62.5 Hz, both network architectures are
able to make a distinction between the different filter outputs, where the difference between
the centre frequency of the signals is Af = 30 Hz. In the case where the bandwidth of
the bandpass filter is increased to 100 Hz, it can be observed that the performance of both
networks is lower, since the signals are harder to distinguish. As expected, the general-
ization accuracy decreases in both cases if there are more output classes. Jumps in the

test accuracy of the MLP-SVD algorithm during training sometimes appear at the singular
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TABLE I. Example of a confusion matrix for 3 classes of different centre frequencies

S =270 Estimated f, Estimated fe, Estimated f,
Target f, 85 5 0
Target f, 15 60 15
Target fe, 2 8 80

value discarding points. For all three applications, the biggest jump appears at iteration 5,
since that is the point where the algorithm first discards singular values and the network
needs some time to train with the new architecture. Whilst the curves illustrate an average
over 10 test trials, there are no other large deviations during training, even though singular

values are being discarded until 2/3 of the total number of iterations.

Table II compares, for both choices of bandwidth, the final test accuracy, the number
of singular values remaining at the end of training, and the total computational time. Since
for every trial the weights are initialised randomly, the final number of singular values re-
maining can differ slightly. This can be seen in Table II, where for the B = 10 Hz case, the
number of singular values remaining for the easy task (2 output classes) is only 2 or 3, where
most trials end with 2 singular values. If the difficulty is increased (5 output classes), the
10 trials end with 2 or 3 singular values, however most trials end with 3 singular values. For
the hard task (10 output classes) all 10 trials ended with 4 singular values. However, for the
case where the bandwidth of the bandpass filter is increased, there is no obvious increase

in the number of remaining singular values. The regular MLP has a very slightly higher
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accuracy than the MLP-SVD algorithm for almost all simulations, although this difference
is not significant. The main conclusion from these results is that the MLP-SVD algorithm
needs around 2/3 of the training time of the MLP algorithm to achieve almost the same

accuracy.

TABLE II. Comparison between the MLP and the MLP-SVD for three different applications

Bandwidth 10 Hz 100 Hz

MLP MLP-SVD MLP MLP-SVD

2 classes 82.5 82 72.25 72
Test
5 classes 71.4 71.5 54.3 54.2
Accuracy [%]
10 classes 67.7 67.6 49 48.5

2 classes n/a 2-3 n/a 2-3

Singular

5 classes n/a 2-3 n/a 2-3
values

10 classes n/a 4 n/a 24

2 classes 6 4 5.4 4.8
Training

5 classes 17 11 11.2 7
time [s]

10 classes 36.3 24.7 33.7 23.7

The results demonstrate that the number of discarded singular values plays a significant
role in the training time and performance of the MLP-SVD algorithm. From some initial
simulations it was observed that if the threshold is set to be too high, only few singular values
are discarded during training and therefore the training time is not significantly reduced.
On the other hand, if the threshold is set too low, too many singular values are discarded
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at each stage and useful information is lost. This results in a reduction in the ability of the

network to learn the patterns in the data presented.

C. Influence of filter bandwidth and hidden layer dimensions

Further simulations were undertaken to investigate the performance of the MLP-SVD
for different values of Af and for different hidden layer dimensions. In the first case, the
difference between centre frequencies is changed, so that Af = 5,30,60 Hz. The number
of output classes is set to be 5 and the hidden layer is defined to have 20 neurons. Figure
8 illustrates the test accuracy of the MLP-SVD for the three tasks, averaged again over

10 trials. Even though the spectrum resolution is 62.5 Hz, the MLP-SVD can differentiate

100
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FIG. 8. Test accuracy of the MLP-SVD for five output classes with three different values of filter

centre frequency separation Af given by 5 Hz (dotted line) 30 Hz (dashed line) and 60 Hz (solid

line).

ss0  between the 5 classes for both Af = 60 Hz and Af = 30 Hz with an accuracy of above
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50%. As might be expected, the most difficult task where A f = 5 Hz, cannot be successfully
accomplished by the network with a test accuracy of only 30%.

The influence of the dimension of the hidden layer was investigated by using 5, 10, 20 and
50 neurons. The number of output classes was set to 5 and the centre frequencies of the
bandpass filters are spaced by Af = 30 Hz. Figure 9 illustrates the averaged results of the
MLP-SVD for the four cases in the left plot, while comparing the reduction in training time

for two of these cases in the right figure.

100 T T T ; 70 ,
——MLP - 50 neurons
60 |- |~ = ~MLP-SVD - 50 neurons
----------- MLP - 5 neurons

O B =50 77 MLP-SVD - 5 neurons
> (0]
g E40f ]
3
o D €
g Sa0f -~
g g
i ——Hidden = 5 Foor 7 e tT e ¢

_____ Hidden = 10| |

- — —Hidden = 20 10 R s SaS R Bt H ¢

---------- Hidden = 50 i___z__.:..:-:-::“_‘:'_____ o

0 ‘ : ‘ ‘ 0 ‘ ‘ :
0 20 40 60 80 100 2 4 6 8 10
Iterations Number of output classes
(a) (b)
FIG. 9. (a) Test accuracy of the MLP-SVD for different dimensions of the hidden layer and (b)

training time saved depending on the dimensions of the hidden layer

The results show that an increased dimension in the hidden layer does not necessarily
increase the network performance, but helps it to achieve a high test accuracy faster. A more
detailed discussion about the influence of the hidden layer on the performance is presented
in Paul and Nelson (2020). The right figure shows that a larger hidden layer dimension (50
neurons) increases the training time regardless of the applications, since more parameters
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need to be trained. It is important to note that even with an increased number of neurons
in the hidden layer, the same number of singular values remain after the discarding process.
Thus the greater the number of neurons in the hidden layer, the greater the number of
singular values discarded during training, and greater is the saving in training time. This is
shown in the right figure, where for a hidden layer of 50 neurons, the time saved for any of

the three cases is higher than for a network with 5 neurons in the hidden layer.

V. CONCLUSIONS

This paper has presented a detailed analysis in matrix form of the multilayer perceptron
(MLP) and the associated backpropagation algorithm. The approach taken enables the ap-
plication of the singular value decomposition (SVD) of the weight matrices in the MLP and
shows how the component matrices of the SVD can also be updated by backpropagation.
A training algorithm, the MLP-SVD algorithm, has been introduced that is based on the
sequential discarding of singular values during training. The algorithm has been successfully
applied to some model audio signal classification tasks and compared in performance with
the standard MLP algorithm. It was shown that for the classification problems considered
here, the technique can reduce training time typically by 1/2 and still achieve a similar clas-
sification accuracy. The performance of the MLP-SVD approach will be problem-dependent
and requires the parameters of the algorithm to be chosen accordingly. However, the method
seems well-suited to acoustical problems where the training data, such as acoustic spectra,
has high dimensions. It is also likely that this technique can be successfully applied to other

neural network architectures.
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APPENDIX:

The gradient of the loss function with respect to the weights in the output layer is given

by the row vector

0Ly
ow®)

=d"HY (2?7 @ 1V), (A.1)

This expression can be transposed to give the column vector

[ OLg

ow®)

T
} = (2?9 o IH"q, (A.2)

where the identities (ABC)T = CTBTA" and (A ® B)" = AT ® BT have been used.

Note that the term involving the Kronecker product can be written as

2@ o1 —

A

12

ez and the weight matrix W can be written in terms of its J component column vectors

W(l) = w(l) ng)

1
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where each column vector has K values. The transposed gradient expression can thus be

written as
— -— T _ _
aavfﬁ)‘ 252)1(1)HSE1)Td
2 )T
aa“fgf) B Zé )I(l)Hg) d (A5)
aif(% ZSQ)I(I)HS)Td
L J - -
where each element aLE/8W§~1) is a Kx1 row vector. Since 211(1)H<1) = le(l) the above

expression can be rewritten as the matrix given by

T T T
[(;}VL@) (aavfgf)) (88‘5(%) ] = [2§2)HS)Td zémHg)Td zf,Z)HfEl)Td (A.6)

J

The matrix on the left hand side is now in the form of the required matrix of derivatives of
the loss function with respect to the matrix W, The right hand side can be written in
terms of the transpose of the vector z® and therefore the above expression can be written

as

=H{Tdz®T (A.7)

In order to compare the results of the current analysis with classical approaches to back-
propagation (see Bishop, 1995 p. 146; Rumelhart et al., 1985, 1986), it is helpful to consider
the case where the loss function is the sum of squared errors and the matrix HSEI ) is replaced
by the diagonal matrix H®Y. The diagonal terms of this matrix are given by b’ (a,gl)) and can

)

be conveniently written as h;f(l . Using this abbreviation, the element-wise multiplication of
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terms in the above matrices results in

KV 2P pWa 2 h’f”dlzf,?’

L hVdy2® Va2 R dy2

S = (A.8)
W diea? WD diez? R de |

The individual terms in this matrix can be clearly identified as corresponding to those
resulting from classical analyses (see Bishop, 1995 p. 146; Rumelhart et al., 1985, 1986).
Now turning to the weights in the hidden layer, the transpose of the gradient equation in

this case can be written as

OLg
ow2)

T
] = (x® IP)HOWWOTH] g, (A.9)
Using an identical approach to that used for the output layer above, the matrix of the

derivatives of the loss function with respect to the weights of the matrix W) can be written

as

OLg

W HOWOTH dxT, (A.10)

Again, if the loss function is considered to be the sum of squared errors and the matrix Hx(al )

is replaced by the diagonal matrix H, and the matrix H® has diagonal elements written

as h;@), then the element-wise multiplication of this matrix product results in

2) 1);/(1 (2
Zkl kl dk lh/( Zkl ()h )dk )Zkl kl dk L1

(1 2) K 1,1 2) K 1),/(1
OLg Zk; 1 k2 )d ,2( )Zk:1 w](CQ)h;C( )dkl‘? h/2( )Zkzl wl(CQ)h;f( )dka

3w ey WY S e s 1Y S wig bV dya
(A.11)
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This matrix of gradients again corresponds to the element-wise equations derived from clas-

sical analyses (see Bishop, 1995 p. 146; Rumelhart et al., 1985, 1986).
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