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Abstract—Message passing (MP) aided detectors are designed
for orthogonal time frequency space (OTFS) modulated system.
We first characterize the transmit-receive relationship of our
OTFS-modulated system in the delay-Doppler (DD) domain by
designing a joint factor graph. Based on this joint factor graph,
we then conceive a joint message passing aided (JMPA) detector.
Furthermore, a novel low-complexity Gaussian approximate MP
(GA-MP) detector is also conceived, which models the a posteriori
probabilities propagated through the proposed joint factor graph
by Gaussian distributions. Finally, we demonstrate that the
proposed GA-MP detector outperforms the state-of-the-art MP
detector by at least 1.5 dB at a bit error ratio (BER) of 107%,
while keeping the same complexity order.

OTFS modulation, message passing, Gaussian approxima-
tion, Doppler frequency, time-varying channel.

I. INTRODUCTION

Orthogonal frequency division multiplexing (OFDM) stan-
dardized in the current 3GPP Release 16 suffers from signif-
icant performance loss when the Doppler spread is relatively
high, as in high-velocity railway, unmanned aerial vehicle
(UAV) or aeronautical communications [1]. As a remedy,
orthogonal time frequency space (OTFS) modulation has been
proposed [2-4], which employs the symplectic finite Fourier
transform (SFFT) before the classic discrete Fourier transform
(DFT) of OFDM modulation, for transmission over multi-path
delay-Doppler (DD) channels.

Optimal OTFS detection can be achieved by the maximum
a posteriori (MAP) algorithm at the cost of exponentially
increasing complexity. For mitigating this potentially excessive
complexity, Li er al. [S] designed an attractive hybrid OTFS
receiver integrating parallel interference cancellation (PIC) and
MAP detection, while low-complexity message passing (MP)
detection was proposed in [3], which models the inter-symbol
interference (ISI) by a Gaussian distribution. However, this
coarse model resulted in a degraded bit error ratio (BER),
compared to that of the MAP detection. A whole suite of
sub-optimal detectors has been proposed in [6—10], which
demonstrate different performance vs. complexity trade-offs.
For example, Yuan et al. [9] improved the convergence rate
of the MP detector by proposing a variational Bayes (VB)
technique, whereas Yuan et al. [10] adopted a unitary trans-
formation for diagonalizing the system’s transfer matrix, hence
improving the BER performance. However, due to the sparsity
existing in the DD domain, the number of interfering symbols
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TABLE I
CONTRASTING THE CONTRIBUTIONS OF THIS WORK TO THE LITERATURE.

Contributions this work | [3] [ (5] | [8] [ [9] [ [10]

Factor graph design v v

JMPA detection v

Gaussian approximation v v v v v
Interference cancellation v v v

for a certain symbol is typically low [2,3], which leads to
a performance degradation when employing the MP detector,
because the central-limit theorem-based Gaussian interference
assumption is rather inaccurate [3,9, 10].

Against this backdrop, we propose a novel Gaussian ap-
proximate MP (GA-MP) detection by modeling the individual
transmit signals by Gaussian distributions, rather than approx-
imating the ISI. The novelty of this contribution is boldly
and explicitly contrasted to the state-of-the-art in Table I at
a glance and the main contributions of this letter are further
detailed, as follows.

o We first characterize the transmit-receive relationship of
the OTES system in the DD domain by proposing a joint
factor graph, comprising all transmit symbols generated
in the DD domain, which will be transmitted by M
subcarriers over N time slots, as variable nodes (VNSs)
and all received symbols in the DD domain as check
nodes (CNs). Based on the joint factor graph, we apply
the joint message passing aided (JMPA) detection for our
OTFS-modulated system.

e A novel low-complexity GA-MP detector relying on
Gaussian approximation is proposed in this letter, which
models the a posteriori probabilities of each transmit
symbol as a Gaussian distribution. This is in contrast
to the MP detection originally proposed in [3], which
approximates the ISI by a Gaussian random variable.

e We benchmark the proposed GA-MP detector both
against the JMPA and other low-complexity MP-based
detectors found in the open literature by Monte-Carlo
simulations, demonstrating that at least 1.5 dB gain is
attained by the proposed GA-MP detector over the state-
of-the-art low-complexity detectors at the BER of 1074

The rest of this letter is structured as follows. Section II re-
views the system model of the OTFS-modulated system, while
Section III details our proposed GA-MP detector. Following
this, Section IV characterises the BER performance and com-
putational complexity of the JMPA and GA-MP detectors for
the OTFS-modulated system. Finally, main conclusions of this
letter is summarised in Section V.



II. SYSTEM MODEL

In this section, we review the transmitter and receiver model
of an OTFS-modulated system, along with the assumptions of
this letter.
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Fig. 1. Orthogonal time frequency space (OTFS)-modulated system.

When considering an end-to-end communication system
employing OTFS modulation, as shown in Fig. 1, we first
employ the S-ary amplitude phase modulation (APM) at
the transmitter to map the information bits generated in
the DD domain to the APM symbol z[k,l] € S, where
k=201---,N—1,1=0,1,--- ,M — 1 are the Doppler
shift index and delay index in the DD domain, respectively,
and S is the APM symbol set. Then the inverse SFFT (ISFFT)
converts the DD domain APM symbol z[k,l] to the time-
frequency (TF) domain, which can be expressed as
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Then the Heisenberg transform' converts the signal to the con-
tinuous waveform, giving the transmit signal s(¢), formulated
as
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where g, (t) is the pulse shaping filter, Af is the subcarrier
spacing and 7" is the symbol duration.

In this letter, we assume that the channel experiences time-
varying Rayleigh fading having L paths, which has a channel
impulse response (CIR) of

n=0 m=0

L
h(r,v) = Z hed(T — 70)0(v — 1), 3)
=1
where 7y and v, are the delay and Doppler shift associated with
the ¢-th path, respectively. Following the conventionally used
notations, we define 7, = [, ﬁ and vy = k,, ﬁ where the
integers [, and k,,, are the delay and Doppler index associated
with the ¢-th path, respectively. Additionally, i, follows the
Gaussian distribution N¢(0,1/L) with a mean of zero and a
variance of 1/L. Then the continuous received signal is given
by

= //h(T, v)explj2rv(t — 7)]s(t — 7)drdv + 2(t),
“)

where z(t) is the complex additive white Gaussian noise
(AWGN) with a mean of zero and a variance of o2.

Heisenberg transform is the general form of the IFFT for OFDM [3].

At the receiver, we adopt g,..(t) as the receive filter and
transform the received signal to the TF domain by the Wigner
transform?. By sampling at t = nT" and using f = mAf, the
received samples are given by

Y[n,m] = /r(t)gm(t — nTexp[—j2rmAf(t — nT)]dt.
)

The corresponding DD domain signal is obtained after the
SFFT, as shown in Fig. 1, which can be expressed as
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n=0 m=0
Under the assumption of ideal pulse shaping [11], the vec-

torial form of the received signal y = [y[0,0],--- ,y[0, M —
1],---,y[N —1,M —1]]7 is formulated as
y=Hz+z, ™)

where z = [2[0,0],--- ,z[0,M —1],--- ,2[N —1,M —1]]T
and H = Y0 h/T® is the (NM x NM)-dimensional
effective channel matrix in the DD domain, where the element
T,SQ in the p-th row and g-th column of T is given in (8),
where n = L%J and m = p — nM. This also indicates that
each row and column of H only has L non-zero values. An
example of H for 3 DD taps of (0,0),(1,1),(0,2) can be
expressed in (9).

III. DETECTION ALGORITHMS

In this section, we detail the optimal MAP detection in
Section III-A. Following this, we design our joint factor graph
representation for the OTFS system and propose the low-
complexity GA-MP detector in Section III-B.

A. Maximum a posteriori Detection

Given the received signal y and H of (9) estimated at the
receiver, the optimum MAP detector finds & that maximizes
the a posteriori probability of the transmitted symbol z, i.e.,
Pr(z|y) by the full search process, which can be formulated
as

T = argzgéaNxMPr(ﬂy). (10)
The u-th element x,,,0 < u < NM —1 of £ may be estimated
by maximizing its a posteriori probability mass function
(PMF). By calculating the marginal of the a posteriori PMF
function given by (10) with respect to x,,,0 <u < NM —1,
we have

Fy = arg max > Pr(zly), (11)
IeSN]VI—l
According to Bayes’ rule, we have
P P
Pr(zly) = STWEP@) b @), (2)

Pr(y)

where Pr(z) = []°20 " Pr(x,) is the joint a priori PMF of
all the symbols in the DD domain under the assumption that
the transmit signal  is independent and identically distributed

2Similar to the Heisenberg transform, the Wigner transform is the general
form of the FFT for OFDM [3].
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(i.d) and Pr(y) = >, g~ Pr(ylz)Pr(x) is the probability
density function (PDF) of the received signal y.

Furthermore, since the noise vector n is assumed to be i.i.d.
as well, we have

NM—1
Pr(ylz) = [] Pr(y;lx), (13)
j=0

where Pr(y;|x),0 < j < NM—1is the conditional probability
of the j-th observation y;, given the transmitted signal z.
Additionally, following the expression of H in (9), we can
see that each symbol has only (L —1) (L < N M) interfering
symbols. Hence, by exploiting the sparsity of H in (13) we
arrive at

Pr(y;|z) = Pr(y;|z;), (14)

where [j] represents the column index set of the L non-zero
elements in the j-th row of H. Furthermore, by combining

(12), (13), and (14) into (11) and removing all unnecessary
constant scalars, we arrive at:

>
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where V), is the non-zero index set for the u-th column of H
and Pr (y;]z(;) is formulated as

1 1 _ 2
Pr (yjlzp;) = Vong P (‘202 lyj — Hijzy| ) - (16)

Observe from (15) that the detection complexity of this MAP
algorithm is O(|S|X(E=Y N M), which is unaffordable for
large-scale OTFS-modulated systems. Hence, low-complexity
detection is required for practical system implementations.

B. Gaussian Approximate Message Passing (GA-MP) Detec-
tion

Before we discuss our GA-MP detection, we propose our
joint factor graph design tailored for the OTFS system. In
contrast to the factor graph that was used for representing
mmWave channels in the TF domain [12, 13], we illustrate the
input-output relationship of the channel in the DD domain.
We commence by mapping our u-th non-zero DD-domain
signal z, to the wu-th variable node (VN). Similarly, the
received signal y; can be treated as the j-th check node
(CN). Considering the example of H in (9), the factor graph
representing the connections between the received signal y and
the DD-domain transmitted signal z is demonstrated in Fig.

2, where we have M N = 6 and L = 3. In this example, the
connections between the VNs and CNs indicate the positions
of non-zero elements in (9). For example, the 1-st VN in Fig. 2
is connected to the 1-st, 4-th and 5-th CNs, which corresponds
to the non-zero positions of the first column in the matrix H
given by (9).

Fig. 2. An example of joint factor graph representation as (9) of an OTFS
system with M N =6 and L = 3.

Based on the joint factor graph, we can simultaneously
calculate the messages of all x exchanged via the edges of the
factor graph, rather than modelling the interference imposed
by other symbols as a Gaussian random variable, which is
referred to as the MP detection in [3, 6].

As shown in Fig. 2, each VN u/ CN j is connected
to L CNs/ VNs. Hence, we can define an index set V),
comprising the CNs that have connections to VN u as
Vu=1{j:0<j<NM-—1Hj,#0}. Similarly, an index
set C; representing the connections to CN j can be defined as
Cj:{u:OgugNMfl,Ejm;éO,}.

Following the factor graph and the principles of the sum-
product algorithm [14, 15], the information transmitted from
CN j to VN u is the sum of all CNs that have connections to
VN u, which can be expressed as

- (I
z;1ESL L, \z, €xp\zu
j=0,1,-+ NM—1,u=0,1,--- ,NM — 1,

(I7)

where Pr(y;|z(;)) is given in (16). By contrast, the information
conveyed from VN u to CN j is the product of the information
collected from the VNs connected to CN j excluding VN u,
which can be expressed as

(z!,,i—1)
u—j

Pr(y;lz(;)),

e =eusy T o%,
VRS ZAV]
j=0,1,-- ,NM—1,u=0,1,--- ,NM — 1.
(13)

Observe from (17) that the complexity order of JMPA detec-
tion is O(|S|LN M), which increases exponentially with the



increase of L. Hence, with the objective of further reducing the
detection com 1ex1ty, we approximate the downward oriented

information 7, l“’l ) transmitted from the VN u to the CN j

A(Ty,i—1)

in the (i — 1)- th 1terat10n by the Gaussian function 7, %,

which can be expressed as
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where uff;? and a(l ;) are the mean and variance of the

(i-1)

Gaussian variable z,,. The corresponding expression of j,,_, ;

(i-1)
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Then, the upward-oriented information 6;2‘;) conveyed
from the CN j to the VN wu in the i-th iteration can also
be approximated by a Gaussian function expressed as

and o will be detailed later in this section.

o) =N (Hjuzaial80.), @0
where the mean is ag_))u =y;— Zu'ecj\u (Hj u’ﬂfj)_U) and
the variance is ﬁj_m =2+, ree;\u |Hjw | 0y HJ [16].
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Later, n, %’ is updated by the values 6(“;) obtained in
the i-th inner 1terat10n as follows
n =ewny [T 880, @1
jlevu\]

where &,_,; is the normalisation factor ensuring that
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Upon substituting (20) into (21), we have
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Additionally, for improving the overall detection performance
by controlling the convergence rate, we apply a damping factor
d (d € (0,1]) before proceeding to the next iteration, which
can be expressed as

ney) =don) + =) -n T @)
Let us now discuss the expressions of niﬁj). A pop-
ular technique of finding the GA of n(w“’l) is to min-

imize the 1nclu51ve Kullback-Leibler (KL) divergence of
KL<77 Zu i) [l 7 (@, 1)) [9, 17], which gives the expression of
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Furthermore, the a posteriori probability 7, *) before damp-

ing is expressed as
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In order to mitigate the ISI and reduce the detection
complexity, we set a threshold € € (0,1] for 7", When
7Y > ¢, we stop updating 7" in the followmg iterations
and treat the corresponding detected gAcq(f ) as the final detection
result. By contrast, a lower ¢ may significantly reduce the
complexity but it also leads to error propagation. Based on
our experiments, we select € = 0.99 in our simulations, which
shows a good BER vs. complexity trade-off.

Now, based on (19) to (28), we observe that the complexity
order of the GA-MP detection becomes O(|S|LNM).

IV. RESULTS

In this section, we characterize the BER performance and
computational complexity of our proposed GA-MP detector
under different system set-ups in Sections IV-A and IV-B,
respectively, using the parameters of Table II.

TABLE II
SIMULATION PARAMETERS
Parameters Values
Carrier frequency 4 GHz
No. of subcarriers (M) 16
No. of OTFS symbols (V) 8
Maximum delay index (lr,,,) 3
Doppler index range ([—Kunuy > Kvmax)) [-3,3]
Velocity 150, 300 Kmph
No. of Paths (L) 4,8
Damping factor (d) 0.5
No. of iterations (1) 10

Specifically, we consider an OTFS-modulated system op-
erating at 4 GHz frequency band and M = 16 subcarriers
are employed for all simulations in this section. Since the
focus of this short letter is on detector design, we assume
that the channel state information (CSI) has been perfectly
estimated at the receiver. The channel estimation techniques
that have been proposed for OFDM systems relying on signal
processing in the TF domain can also be readily extended for
estimating the DD-domain channel for OTFS system [18, 19].
Additionally, the Doppler index of the ¢-th path is generated
with equal probabilities from the set [k, , k., ], while the
delay index set is [1,[,,, ] and I;, = 0. The damping factor of
d = 0.5 is selected by trivial experiments and is employed for
all MP-based detectors considered in this work. The number
of iterations employed for all MP-based detectors is fixed at
I =10.

A. BER Performance

We commence by comparing the BER performance of our
proposed GA-MP to that of various low-complexity state-of-
the-art OTFS detectors. Specifically, Fig. 3 shows the BER
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Fig. 3. BER comparison of the MMSE [7], MP [3], VB-MP [9], IMPA and the
proposed GA-MP detection for the OTFS-modulated system communicating
over time-varying Rayleigh fading channels having L = 4 paths in the DD
domain, where the mobile speed is 150 Kmph.
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Fig. 4. BER comparison of the MMSE [7], MP [3], VB-MP [9] and the
proposed GA-MP detection for the OTFS-modulated system communicating
over time-varying Rayleigh fading channels having L = 8 paths in the DD
domain, where the mobile speed is 150 Kmph.

performance of the MMSE [7], MP [3], VB-MP [9], JMPA
and the proposed OTFS GA-MP detectors for L = 4 paths in
the TF domain. Furthermore, the conventional MMSE OFDM
detector is also included in Fig. 3 as a benchmark. We can
see that the JMPA detector achieves the best BER performance
among these detectors, since this relies on the exact calculation
of the a posteriori probabilities exchanged within the factor
graph. Furthermore, the BER performance of our GA-MP
detector approaches that of the JMPA detector and outperforms
all the other state-of-the-art low-complexity detectors.

Furthermore, when the number of paths L increases from
4 to 8, the complexity of the JMPA detector, which increases
exponentially with L, becomes unaffordable. By contrast, the
low-complexity detectors including the MMSE [7], MP [3],
VB-MP [9] and our proposed GA-MP detector can reliably de-
tect the received OTFS signal. Hence, Fig. 4 characterizes the
BER performance of the above-mentioned detectors, among
which our proposed GA-MP detector still achieves the best
BER performance.

By comparing Figs. 3 and 4, we can observe a 1.5 dB SNR
gain at the BER of 10~* when the number of channel paths

o =4 QPSK. V=300km/h
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Fig. 5. BER comparison of the MMSE [7], MP [3], VB-MP [9], IMPA and the
proposed GA-MP detection for the OTFS-modulated system communicating
over time-varying Rayleigh fading channels having L = 4 paths in the DD
domain, where the mobile speed is 300 Kmph.

in the DD domain increases from L = 4 to 8 and when the
GA-MP detection is employed. This is because a higher L
leads to a denser factor graph, hence the decision of each
VN is determined by a higher number of CNs of the factor
graph. Hence, a higher L in the DD domain also enhances
the system’s BER performance, albeit at the cost of a higher
detection complexity.

Finally, Fig. 5 investigates the BER performance of the
OTFS system employing above-mentioned detectors a higher
mobile speed of 300 Kmph, with the rest parameters being the
same as in Fig. 3. By comparing Fig. 5 to Fig. 3, we can see
a slight performance degradation for the higher mobile speed
of 300 Kmph, due to higher Doppler frequency. For example,
when the proposed GA-MP detector is employed, only less
than 1 dB erosion is observed, showing a promising potential
of high-speed communication scenarios in the next generation
communication networks, such as air-to-air and air-to-space
communications.

B. Complexity

Now we compare the complexity of the MP-based detectors
mentioned above in terms of the number of floating point
operations (FLOPs) required per iteration. The computational
complexity of the JMPA detector is mainly determined by
the VN update of (17) and CN update of (18). Following the
analysis of [20], the number of FLOPs required to perform
JMPA detection in each iteration is expressed as

Comea =NML[(TL — 1)|S|* + (L —1)|S]]. (29

We can see that the increase of L will lead to an exponen-
tial escalation of Cjvpa. By contrast, the number of FLOPs
required by the MP detector of [3] per iteration is expressed
as

Cup =27|S|NML + AMNL. (30)

Note that we did not consider the employment of the threshold
€ and the damping factor d for focusing on the dominant steps
of the detection process.

Finally, the detection complexity of the GA-MP detector is
dominated by the computation of the VN update of (22) and



TABLE III
COMPUTATIONAL COMPLEXITY OF JMPA, MP AND GA-MP DETECTORS.

Detector Complexity | Example of Fig. 3 (FLOPs) | Example of Fig. 4 (FLOPs)
JMPA (29) 3.55 x 100 3.69 x 109
MP (30) 5.73 x 104 1.15 x 10°
GA-MP (31) 5.89 x 10% 1.18 x 10°

CN update of (20). Hence, the number of FLOPs required for
the GA-MP detector per iteration is expressed as [16]

Conmp =23|S|NML + 23MNL. 31)

Table III shows the number of FLOPs required for the
simulations of Figs. 3 and 4, where we can see that compared
to the JMPA detector, both the MP detector of [3] and our
proposed GA-MP detector require a much lower number of
FLOPs due to the approximation of the messages propagated
via the factor graph. In particular, 3.69 x 10° FLOPs are
required for the JMPA detector to obtain the simulation results
employing the parameters of Fig. 4, where L = 8 paths
are considered, which is hardly affordable for real-time im-
plementations. Hence, low complexity detectors are required
for the family OTFS systems, motivating us to propose the
GA-MP detector. Additionally, while our proposed GA-MP
detector achieves at least 1.5 dB SNR gain at the BER of
10~*, compared to the MP detector of [3], a slightly higher
number of FLOPs per iteration are used.

V. CONCLUSIONS

The low-complexity GA-MP detector has been proposed
for OTFS systems. We first characterized the transmit-receive
relationship of the OTFS signal by proposing a joint factor
graph and designed a JMPA detector for the OTFS system.
Furthermore, the novel low-complexity GA-MP detector mod-
els the a posteriori probabilities propagated through the factor
graph by the Gaussian distributions. This is in contrast to the
MP detector of [3], which approximates the ISI by a Gaussian
random variable. Our simulation results demonstrated at least
1.5 dB SNR gain over the state-of-the-art detection algorithms
at the BER of 10~*, while maintaining the same complexity
order. The promising application of the GA-MP algorithm
to solve channel estimation and/or data detection problem
in future wireless communication networks, such as index
modulation-aided [19] and reconfigurable intelligent surface
(RIS)-based systems [21,22] may also be investigated in the
future.
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