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Compact modeling of the switching dynamics and
temperature dependencies in TiOx memristors: Part
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Abstract—In the second part of this series, we propose a
physics-based model for describing the temperature dependence
of TiOx based memristors, both switching and static. We show
that, current-voltage (I-V) characteristics of memristor in the
non-switching regime, indicating a Schottky emission mechanism,
can be described by minor modifications to the Schottky current
equation. This leads to a physics-based static I-V compact model.
Simultaneously, we show that, the temperature dependence of
the switching dynamics model parameters naturally emerges
as a mere scaling factor from the static I-V model. This is a
computationally efficient approach which does not require any
additional parameters to extend the switching dynamics model
for incorporating thermal dependence.
Index Terms—Metal oxide memristors, TiOx memristors, resistive RAMs, compact model, switching dynamics, static I-V,
Schottky emission, temperature dependence, pulsed resistance
transient measurements, physics based model

I. I NTRODUCTION
TiOx has been shown to be one of the most promising
oxide materials for memristive devices [1], [2], [3], [4], [5],
[6], [7]. It is a CMOS-compatible material that can be used
to realise high density arrays of memristor devices [8], [9].
In this part of the series we focus on TiOx memristors
which have been shown to exhibit Schottky emission [5], [10]
as the dominant conduction mechanism in low-field regime.
These devices exhibit following operating modes: (1) a subthreshold ‘non-switching’ or ‘static’ regime and (2) a suprathreshold ‘switching regime’. Switching and static regimes can
be best understood from Fig. 1 which shows current-voltage
characteristics of a Pt/TiOx /Pt memristor. When the I-V is
traced only up to ±0.5 V, no hysteresis is observed, however
for higher biases i.e. |V |> 0.5 V a hysteresis loop can be
seen indicating resistive switching. For memory applications
of memristors, a bias in the non-switching regime can be used
for read operation whereas a bias in the switching regime can
be used for set/reset operations.
Strukov et. al [1] have used simple linear relationship
to describe the I-V characteristics of memristor devices.
However, in reality memristor I-V characterisitcs can exhibit
non-linear behaviour. Simmon’s tunneling barrier model [11]
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ever, the expected temperature sensitivity of I-V characteristics in tunnelling-based conduction mechanisms is weak.
In TiOx -based devices, however, a significant thermal sensitivity has been observed [10], [16], revealing a barrier
controlled conduction mechanism, i.e. Schottky emission in
metal/TiOx /metal memristors. For this reason we use the
Schottky current equation instead of Simmon’s tunnel barrier
model to describe static I-V characteristics.
In this paper, we propose a physics-based, compact model
for describing the static I-V characteristics of memrsitive
devices. The model is based on the Schottky current equation
with minor modifications to improve accuracy. We then proceed to use static I-V and pulsed resistance transient (PRT)
testing protocols to measure the electrical characteristics of
TiOx memristors at a range of temperatures. Finally, we attempt to predict how the resistive switching behaviour changes
purely as a result of applying the Schottky barrier temperature
correction factor on the baseline model and conclude that
this modification may be sufficient to explain all observed
thermally-induced variations in resistive switching. This is
significant because: i) it shows that to a good approximation
to the thermal dependence of resistive switching is grounded
entirely on the effect of temperature on the static I-V (i.e.
the actual process of resistive switching itself is effectively
temperature-independent) and ii) it allows for a very compact
way of modelling thermal effects on both static and dynamic
electrical characteristics of our memristive devices.
II. E XPERIMENTAL METHODS
The experimental data presented in this work is obtained
from two specimens of TiOx memristors referred to as memristor I-b and memristor II in part I as well as in part II of
the series. For memristor I-b (for memristor II), both the top
and bottom electrodes are deposited using e-beam evaporation
technique. The bottom electrode comprises of 12 nm Pt (20
nm Au) and 5 nm Ti, of which Ti is used as an adhesive
layer between oxidized Si substrate and the Pt layer. In both
the types of memristor devices top electrode is Pt (15 nm for
memristor I-b and 12 nm for memristor II). For memristor I-b
(memristor II) 10 nm (25 nm) TiOx active layer is deposited at
room temperature using magnetron sputtering. Further details
of the fabrication technique can be found in part I of the series.
The memristors are electroformed using an incremental step
pulse train protocol, identical to part I of the series.
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that Richardson’s constant is well defined for crystalline
materials and depends on the effective mass. However due to
the amorphous nature of TiOx and for the purpose of compact
modeling, we empirically assume a temperature dependence
on Richardson’s constant. Eq. (2) can be rearranged as,
√
qα V
qφB
∗
CT
+
(3)
ln(I) = ln(AAm T ) −
kB T
kB T
and let us now consider,
 qφB
A0 = ln AA∗m T CT −
kB T
then,
Fig. 1. A pair of I-V curves from a Pt/TiOx /Pt memristor device. When the
I-V is traced only up to ±0.5 V, hysteresis is absent, indicating no resistive
switching at any point along the trajectory. In contrast, when an I-V is traced
to ±3 V, hysteresis is observed indicating a change in device resistance.

For electrical characterisation we use Arc One from Arc
Instruments [17], [18]. Static I-V characteristics are obtained
by sweeping the pulse amplitude. In the static I-V measurements pulse width and inter-pulse off-time both are fixed at
10 ms. Similar to part I, PRT measurements are also obtained
using Arc One from Arc Instruments [17]. For the temperature
dependence measurements for memristor I-b, we use a chuckbased temperature controller which is suitable for devices
on wafer. This approach is different from the micro-chamber
based temperature controller [19] used for memristor II (which
is suitable for packaged devices). Suitable thermal settling
times were allowed in order to ensure that chip temperature
converged in both set-ups.
III. S TATIC I-V M ODEL
For TiOx memristors it was shown that carrier transport
is barrier controlled [10] and the dominant mechanism in the
non-switching regime is Schottky emission, which is described
as:
√ !
q(φB − α V )
∗ 2
I = AA T exp −
(1)
kB T
where, I is measured current, V is applied bias across top and
bottom electrodes, T is temperature, φB is Schottky barrier
height, α is Schottky barrier lowering factor, kB is the Boltzmann constant, A is device area and A∗ is the Richardson’s
constant. Note that, in eq. (1), Richardson constant A∗ and
Schottky barrier lowering factor α in general can have a
temperature dependence. A∗ , α and φB can be extracted (or
fitted) using temperature dependent I-V measurements. For the
purpose of compact modelling, the temperature dependence
of Richardson’s constant can be accounted by modifying the
Schottky current equation to,
√ !
q(φB − α V )
∗
CT
(2)
I = AAm T exp −
kB T
Eq. (2) introduces more fitting parameters, CT , and A∗m . A∗m is
temperature independent and referred to as modified Richardson’s constant from here on. At this point we must mention

ln (I) = A0 +

√
qα V
kB T

(4)

(5)

Eq. (5) is used to fit I-V characteristics at each temperature
in the measured range to obtain A0 (T ) and α(T ). Modified
Richardson’s constant A∗m and Schottky barrier height φB are
obtained by fitting eq. (4). And various non-idealities originating from temperature dependence of electric permittivity
[20], temperature dependence of the barrier height, other nonidealities due to the film quality and resistance drift etc. can be
effectively taken into account in the temperature dependence
of α. And to model the temperature dependence of α, any
suitable function can be used, however for the devices used in
this study we find that, α dependence on temperature can be
described as:
α(T ) = α2 T 2 + α1 T + α0

(6)

Beginning from the Schottky current equation eq. (1) and
modifying it, we developed a physics based compact model
which can accurately describe I-V characteristics in the nonswitching regime. The model introduces fitting parameters
A∗m , φB , CT , α0 , α1 and α2 . At the end of this section we
would like to note that, the Schottky equations (eq. (1) and (2))
described above are valid only in the non-switching regime and
are not intended to describe what occurs within the device
during programming, where much higher voltages prevail,
nevertheless, since the read voltages are well within the nonswitching regime and device resistance is always measured
at read voltage (there is a read-out pulse between the two
programming pulses in the switching bias), we can still use the
Schottky equation to link switching dynamics characteristics
measured at different temperatures which is explained in the
next section.
IV. T EMPERATURE DEPENDENCE IN THE SWITCHING
DYNAMICS MODEL

In the previous part of the series we have proposed a
physics-agnostic empirical model for switching dynamics.
The key equations are restated here to maintain the reading
continuity. The initial state-referred resistance is defined as,
∆R = R − R0

(7)
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where R0 is the resistance value of the memristor before the
application of a switching bias. The change in the ∆R at nth
pulse is given by,


−stw
∆Rn = −Rp ln
+ 1 , for n = 1
R
 p


−stw
−∆Rn−1
∆Rn = −Rp ln
+ exp
, for n > 1
Rp
Rp
(8)
where tw is the pulse width and s and Rp are the fitting
parameters. For the very first pulse in the switching bias
∆R0 = 0.
In contrast, the temperature dependence in the physics-based
model begins from the modified Schottky equation. Eq. (2)
implies that the resistance of the memristor can be calculated
as:
√


q(φB − α Vr )
Vr
exp
(9)
R=
AA∗m T CT
kB T
where, Vr is the read voltage which is typically chosen in the
non-switching regime and throughout this study we use it to be
200 mV. Using eq. (2) to take a temperature ratio we obtain:
√
 CT


T1
q(φB − α Vr )(T1 − T2 )
R(T2 )
=
exp
(10)
R(T1 )
T2
kB T1 T2
= κ(T1 , T2 )
(11)
where κ(T1 , T2 ) is a function typical to the Schottky emission
conduction mechanism. In the next section, from the PRT
data, we will show that, irrespective of the pulse number, the
measured resistance ratio R(T2 )/R(T1 ) always follows this
typical κ(T1 , T2 ) characteristic. Now, from eq. (7), (8) and
(11), and dropping the (T1 , T2 ) argument of κ for convenience
we can write:
Rn (T2 ) = κR0 (T1 )
(12)



−κs(T1 )tw
κ(Rn−1 (T1 ) − R0 (T1 ))
−κRp (T1 ) ln
+ exp
κRp (T1 )
κRp (T1 )

which allows us to predict R(Tx ) for any temperature within
the valid range of the approximation, so long as we know
R(Ty ) for some temperature Ty within said range.
This links with our empirical formulation of the model from
part I of the series. Specifically, we can compare eq. (12) and
eq. (8) in order to infer:
s(T2 ) = κ(T1 , T2 )s(T1 )

(13)

Rp (T2 ) = κ(T1 , T2 )Rp (T1 )

(14)

Eq. (13) and eq. (14) essentially state that the device resistance and the switching dynamics model parameters are
scaled down/up according to the Schottky current equation
temperature scaling factor κ, which then needs to be tested by
experiment.
V. R ESULTS AND D ISCUSSION
Fig. 2(a) and (b) show the I-V characteristics of Pt/TiOx /Pt
memristor (memristor I-b) in the first and third quadrants in
log and linear scales respectively. Since we use a small positive
voltage as a read out voltage which falls in the first quadrant,
likewise a third quadrant read-out voltage can also be chosen.

parameter
qφB
A∗m
CT
α2
α1
α0

first quadrant value
third quadrant value
units
0.277
0.279
eV
0.002386
0.002675
A/(K2 cm2 )
2.0
2.0
√
−5.261 × 10−6
−4.265 × 10−6
(√V/K2 )
3.288 × 10−3
2.542 × 10−3
( √
V/K)
−2.643 × 10−1
−1.456 × 10−1
( V)
TABLE I
PARAMETERS OF MODIFIED S CHOTTKY MODEL USED TO DESCRIBE THE
I-V BEHAVIOUR OF OUR TEST DEVICE IN THE NON - INVASIVE REGIME .

Fig. 2(a) and (b) also show the model fits to the measured I-V
characteristics. Fig. 2(c) and (d) show the values of A0 and α
at different temperatures which are obtained by fitting eq. (5)
to the data. Next, By fitting eq. (4) we obtain the values of CT ,
A∗m and φB . Temperature dependence of α for this particular
memristor is described using second order polynomial (eq.
(6)). Table I presents the extracted model parameters and Fig.
2(c) and (d) show the corresponding equation fits. From Fig.
2(a) and (b), it can be seen that the physics-based static I-V
compact model can accurately describe the I-V characteristics
of the memristor in the non-switching regime.
We now discuss the switching dynamics of the memristor
I-b. Fig. 3(a) show the PRT data of ∆R at 313 K and the
corresponding train of pulses of the switching bias is shown
in Fig. 3(b). The alternate polarity sequence of switching
biases of magnitudes 0.84 V to 1.16 V with step size of 0.04
V is used to obtain the PRT characteristics. The switching
dynamics model described in eq. (8) is fitted to extract the
model parameters s and Rp . Fig. 3(c) and (d) show the
extracted values of s and Rp at different bias values. The
bias dependence of s and Rp is approximated by exponential
expressions.
s = As exp (V /V0,s )
Rp = ARp exp (V /V0,RP )

(15)
(16)

The switching dynamics modeling methodology up to this
point is identical to that of part I of this series except that
PRT data is fitted at only one temperature (313 K in this
case). In the next step of the methodology we adopt a physicsbased approach and use eqs. (11)-(14) in order to derive (and
model) the temperature dependence of switching dynamics
model parameters from the static I-V equations.
Measured results, shown in Fig. 4(a), illustrate the PRT data
of the memristor obtained at temperatures 313 K - 353 K.
Fig. 4(b) presents ratios of resistance at various temperatures
vs a baseline value taken at 313 K. The ratios are taken for
resistance values measured at the end of the first, middle
and the last pulse of the each switching bias in the PRT
measurement experiment. The figure also presents the ratios
predicted by eq. (11) i.e. from the fitted static I-V model. It
can be seen that, irrespective of the pulse number and the
amplitude of the switching bias, experimentally determined
ratios closely follow the theoretical predictions. Using eq. (11),
(13) and (14) values of s and Rp at elevated temperatures can
indeed be predicted. The corresponding switching dynamics
characteristics obtained from the predicted values of s and
Rp are overlaid on the PRT data in Fig. 4. The agreement
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Fig. 2. (a) and (b) are first and third quadrant I-V characteristics respectively of an electroformed Pt/TiOx /Pt memristor (memristor I-b) in log and linear
scales. For third quadrant I-V, we have dropped the negative sign in both bias and current. The figures also show the static I-V model fit to the data (dashed
lines). (c) and (d) show extracted temperature dependence of A0 and α for first and third quadrant I-V fits respectively. For both the quadrants fits eq. (4) is
used to fit A0 (T ) whereas a second order polynomial, eq. (6), is used to fit α(T ).

Fig. 3. (a) PRT characteristics of initial state-referred resistance (∆R) of Pt/TiOx /Pt memristor and the switching model fit using eq. (8). (b) Applied
switching bias of alternate polarity. In each switching bias train of 500 pulses with pulse width 100 µs and 10 ms inter-pulse off-time is used. Switching
model parameter values obtained by fitting eq. (8) to the data for applied switching bias and corresponding equation fits for (c) parameter s and (d) parameter
Rp . Additional subscripts p and n indicate the polarity of the switching bias.

between calculated PRT characteristics and measured data is
good everywhere, except at large amplitude switching biases at
343 K and 353 K. The reason for the discrepancy is not clear
and further studies are required in that direction. Nevertheless,
our proposed physics-based approach presents a direction
for obtaining a computationally efficient switching dynamics
model which can accommodate range of temperatures (low
and elevated) near the room temperature.
We further show that the proposed physics-based model can
be applied to another type of TiOx memristor device. We use
the PRT measurements data of memristor II mentioned in part

I of the series and are presented in Fig. 5(a). We use eq. (10) to
obtain R(T )/R(300K) the characteristics shown in Fig. 5(b).
Here,
√ we use apparent barrier height defined as φB,app = φB −
α Vread as a fitting parameter. The visual fit using qφB,app
= 0.13 eV is also shown in Fig. 5(b). Fig. 5(a) Also shows
the PRT characteristics predicted at elevated temperatures.

Fig. 6 shows a comprehensive comparison of model errors
for memristor I-b and memristor II. For a fair comparison we
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Fig. 4. (a) PRT data of memristor, at a range of temperatures from 313 K to 353 K. It can be observed that the resistance values are decreasing with
temperature. This can be easily shown to be the case according to the Schottky current equation (1). It can also be observed that the magnitude of change
in resistance is also progressively reduced. (b) Characteristic temperature dependence originating from the Schottky emission based conduction mechanism.
Irrespective of pulse number, the ratio of resistances measured at any pair of different temperatures follows the characteristic (solid line) predicted by the
Schottky emission mechanism.

Fig. 5. (a) PRT measurement data of memristor II for temperatures 300 K-360 K. Stage II fitting of PRT characteristics is overlaid for 300 K data whereas for
elevated temperatures predicted PRT measurements are overlaid. (b) Characteristics temperature dependence of memristor II exhibit a very similar behaviour
to that of the Pt/TiOx/Pt memristor (memristor I-b) characteristics shown in Fig. 4(b).

define the root mean square % error as,
v
u
X  ∆Rdata − ∆Rf itted 2
100 u
t
% RMS error =
(17)
N
∆Rdata
N

For the error comparisons we choose N = 5 which corresponds to the pulses at the end of each switching bias. Fig. 6(a)
and (b) present fitting errors in behavioural modelling (part I of
the series) and physics-based modelling (this part). The errors
are calculated as mentioned in eq(17) for memristor I-b and
memristor II for all temperatures and switching biases. For
memristor I-b (Fig. 6(a)), behavioural model exhibit smaller
errors at all temperatures and switching biases, whereas errors

for physics-based model exhibit significantly large errors at
higher temperatures. However, for smaller temperatures, there
is no clear criterion on which one model can be chosen
over another. A similar observation follows for memristor II.
For higher temperatures, physics-based model does exhibit
significantly large errors, nevertheless, it does provide a qualitative explanation for the reduction in resistive switching with
temperature.
VI. C ONCLUSIONS
The key conclusion of this paper is experimentally showing
that directly applying the Schottky equation-based temperature
dependence of subthreshold I-V behaviour to supra-threshold

6

Fig. 6. Root means squared values of percentage error calculated using eq. (17) for each bias and temperatures. Fitting errors are sampled at 5 pulses at
the end of each switching bias (N=5) for (a) memristor I-b and (b) for memristor II. In (a) and (b) colour key determines the temperature whereas the other
legend key which shows open and coloured bar distinguishes between the model. Coloured bars correspond to the behavioural model (previous part) and open
bars correspond to the physics-based model (this part).

switching yields a remarkably accurate prediction of how
resistive switching is affected by variations in temperature.
Indeed, the magnitude of resistive switching scales down (or
up). This work on physics-based model helps to explain this
behaviour which is rooted in the Schottky emission as the
conduction mechanism which holds at the low voltages (in
non-switching regime) typically applied when reading the
device. We find that Schottky equation based physics-based
model holds for a significant part of the PRT data except
at higher switching biases and at higher temperatures. The
mismatch at sufficiently elevated temperature conditions is of
as yet unknown origin, but we may speculate that beyond
a certain degree of invasiveness (high voltage) and at a
sufficiently high temperature, thermal effects could begin to
appear, which would deviate the trends in fitting parameters
s(T ) and Rp (T ). To this end, further investigation is needed
for uncovering memristor behaviour at temperatures outside
the range used in this study (and in particular towards higher
temperatures) for determining the limits of the present model.
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