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Coupled pairs of nuclear spins-1/2 support one singlet state and three triplet states. Transitions between the singlet state
and one of the triplet states may be driven by an oscillating low-frequency magnetic field, in the presence of couplings
to a third nuclear spin, and a weak bias magnetic field. The oscillating field is in the same direction as the bias field, and
is called a WOLF (Weak Oscillating Low Field) pulse. Application of a WOLF pulse allows the generation of strong
nuclear hyperpolarization of '*C nuclei, starting from the nuclear singlet polarization of a 'H spin pair, associated with
the enriched para spin isomer of hydrogen gas. Hyperpolarization is demonstrated for two molecular systems.

I. INTRODUCTION

Magnetic resonance experiments usually involve the appli-
cation of a strong magnetic field (typically, from a fraction of
one Tesla up to tens of Tesla) combined with radiofrequency
pulses (for nuclear magnetic resonance, NMR) or microwave
pulses (for electron spin resonance, ESR) that are resonant
with the magnetic Zeeman transitions of the system. In these
high-field conditions, the parts of the spin Hamiltonian that
do not commute with the Zeeman Hamiltonian are usually
removed. This secular approximation leads to a major sim-
plification of spin dynamical theory and is one of the corner-
stones of modern NMR theory!. One consequence is that all
transitions involving combinations or multiples of the Larmor
frequencies are not observed in NMR or ESR spectra. Some
exceptions to this paradigm exist, such as “overtone" transi-
tions in the NMR of nuclei with large quadrupolar moments?,
and the use of non-secular hyperfine couplings in solid-effect
dynamic nuclear polarization® and stimulated nuclear polar-
ization*.

In the case of NMR, the secular approximation breaks down
in very small magnetic fields, such that the Larmor frequen-
cies are comparable in magnitude to the spin-spin interac-
tions>. Here we show that the mixing of states by non-secular
spin-spin couplings in the low-field regime allows selected
“forbidden" transitions to be induced by oscillating magnetic
fields. In suitable circumstances, this phenomenon allows the
generation of strong hyperpolarization in the reaction prod-
ucts of hydrogen gas enriched in the para spin isomer. We
demonstrate the generation of two small molecules in solu-
tion with high levels of *C polarization. One of these sub-
stances, fumarate, is a natural metabolite which has been used
for the characterisation of cancer in magnetic resonance imag-
ing (MRI)®.

II. THEORY

Consider an ensemble of nuclear three-spin-1/2 systems,
each consisting of two nuclei /; and I, of one isotopic type
with magnetogyric ratio ¥;, and a third nucleus S3 of a differ-
ent isotopic type with magnetogyric ratio ¥s. In the isotropic

solution state, the three nuclei mutually interact by scalar spin-
spin coupling terms mediated by the bonding electrons. These
couplings consist of a homonuclear coupling J;,, and two het-
eronuclear couplings Ji3 and J»3. The two heteronuclear cou-
plings are assumed to be different, Ji3 7 J>3. In the absence
of any external fields the Hamiltonian of such a configuration
is given by

H;=2nJi,I,- I, +2nJ 31, - I+ 2131, - I5. @))]

The presence of external magnetic fields is incorporated by
coupling the individual spin angular momenta to the external
magnetic field taking their respective gyromagnetic ratios into
account. For an I,S spin system the magnetic Hamiltonian is
as follows:

Hy (t) = —yB(t) - (I + I,) — vsB(1) - I5. 2)
so that the total spin Hamiltonian is given by
H(t)=H;+Hy(t). 3)

A. WOLF pulses

Consider now the application of a small magnetic field B,
along the laboratory frame z-axis. For a WOLF pulse we
may represent this field as the sum of a time-independent
“bias" field Byj,s, and a time-dependent oscillating field de-
noted BwoLF

B.(t) = Boias + Bworr(?). “4)
The oscillating field is explicitly given by

BwoLr(t) = ByoLp c0S(OwOLF?), @)

where wwoLr is the frequency of the oscillating field, and
BSVOLF is its peak amplitude. Since the applied oscillating
field is small in magnitude and low in frequency, we refer to
the oscillating magnetic field as a WOLF (Weak Oscillating
Low Frequency) pulse.

Note that the Byi,s and BwoLr fields are applied in the same
direction. This geometry differs from most NMR experi-
ments, where oscillating fields are applied transverse to the



main field, with few exceptions>’-8. The Hamiltonian describ-
ing the interaction with the externally applied fields therefore
reduces to

HM(t) = 7’}/]BZ(I)(IIZ JFIZZ) *YSBz(t)Sz- (6)

If the magnetic fields are low enough that chemical shifts are
negligible, the spin Hamiltonian may be decomposed as a sum
of five terms

H(t) =H;+ Hy (1)

=Hy + Hp + Hc + Hp + HwoLr(?)- @
The individual contributions are given by
Hj = —Byias (}/I(Ilz +12Z) + }/SS3Z)
+2n 120y - I + w(J13 4 J23) (I1- + ;) S3:,
Hp = nn(J13 — J23)(I; — ) S3z,
He = Yn(Ji3+43)
x (IFSy + LSy +1; 8§+ 1, S7),
Hp = $m(J13—J3)
< (IS5 =1y Sy +1y S5 =1, S3),
Hworr(t) = —Bworr(t) (¥1(h: +Dz) + ¥5S3;) - ®)

The terms Hy, Hc, and HwoLr are symmetric with respect
to exchange of the two I-spins, while the terms Hp and Hp
are antisymmetric. If the Larmor frequency of the nuclei
in the bias field is larger than the spin-spin couplings, and
the difference between the heteronuclear couplings is smaller
than the homonuclear coupling (|J;3 — J23| < |Ji2], i.e. near-
equivalenceg), then the H4 term dominates. The terms H¢
and HwoLr commute with H4 and may be regarded as secu-
lar, while the terms Hg and Hp do not commute with H4 and
are non-secular. The terms Hp and H¢ both give rise to small
eigenvalue shifts, which are neglected here, for the sake of
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FIG. 1. Eigenvalues and eigenstates of H4 (equation 8) for a system
of two I-spins and one S-spin, in the near-equivalence limit (|J;3 —
Jr3| < |J12]). The circles represent the population distribution for a
fully populated singlet state between the two /-spins. The Larmor
frequencies in the bias field By, are indicated: w}) = — 7Y Bypjias for
the /-spins, and wg = —7Y¥sBpias for the S-spins. The WOLF pulse is
applied with a frequency @wworLr matching the transition frequency
ws7 between the indicated pair of states (equation 12).

brevity. The exchange-antisymmetric non-secular term Hp is
the most important one for the purposes of this paper. The
eigenstates and eigenvalues of Hy are sketched in figure 1.
The eigenstates are direct products of the singlet and triplet
states of the /-spin pair with the Zeeman states of the S-spin,
such that the triplet product states are symmetric and the sin-
glet product states are anti-symmetric under permutation of
spins 1 and 2:

(12)[Tyms) = (+1)[Tums),
(12)[Soms) = (=1)|Soms),

where M € {—1,0,1} and the Zeeman eigenequations are

9

(Ilz +IZZ)|TM’"S> = M‘TMmS>a

(I; 4 I;)|Soms) = 0,

S3;| Tyms) = mg|Tyms),
)

(10)
S3;|Soms) = mg|Soms).

The symbols o and 8 are used to denoted mg = i% respec-
tively. The symbol (12) indicates the permutation of the two
'H spins.

Consider the transition between the |Sof) and |T_;c)
states, indicated in figure 1. This transition is “forbidden"
since all off-diagonal matrix elements of the form (Sof| (/1 +
by)|T- ) are zero for u € {x,y,z}. In fact, all Hamilto-
nian terms in equation § have a zero matrix element connect-
ing these two states, except for the non-secular antisymmetric
term Hp, with matrix elements given by

(SoB|Hp|T-10t) = (T_10t|Hp|SoB) =272 1(J13 — J3).
1D
The difference between the corresponding diagonal elements
of Hy is given by

st = (T_10t|Hy|T_10t) — (SaB|Ha|SoB)

T (12)
5(4112 —J13 —J3),

= Bbias (V1 — ¥s) +
where the notation @sr indicates “singlet-triplet transition".
Note that this transition frequency includes a combination of
I-spin and S-spin Larmor frequencies.

The term Hp induces a slight mixing of these two Hy eigen-
states. The small degree of state mixing would have very little
effect, if it were not for the time-dependence introduced by
the coupling to the oscillating magnetic field, Hworr(?). If
the oscillation frequency matches the singlet-triplet transition
frequency (|oworr| ~ |wsr|), the periodic time-dependence
drives coherent transitions between these two eigenstates. For
example, suppose the initial state of the system consists of
a strongly populated state |Sof3), and a completely depleted
state |T_ o). The density operator is described by

(SoB|p(0)[SoB) =1,
(T_1|p(0) T ) = 0. (13)

Consider a WOLF pulse applied for a duration 7, on the res-
onance condition Wworr = Wst. As discussed in more detail



in appendix A, the spin-state populations after the pulse are
approximately given by

(SoBlp(7)ISoB) = 5 (1+cos(wpy 7)),
(T-ralp(T)[T-1a) =~ 5 (1 —cos(apg 7)),  (14)
where the singlet-triplet nutation frequency under the WOLF
pulse is given by

O3 =270\ [T + I3, sin(9 + 0/2)J1(A). (15)

The angles 6 and ¢ are given by

0 = arctan2(2J12,J13 — J23),

(16)
¢ = arctan2(J13 +J23,J13 — J23),
such that 6, ¢ < 1 in the near-equivalence regime.
The symbol J; denotes a Bessel function of the first kind
with its argument given by

A= (Y1 —5)BWoLr/ Os7- )
These equations apply approximately in the limits
|J13 —J23‘ < |J12‘ and J]23 —|—J%3 < ng'

It is therefore possible to transport population completely
from one state to the other by applying a WOLF pulse of du-
ration 7r/@3L. The inversion speed is maximised by choos-
ing the peak amplitude of the WOLF pulse to equal B%VOLF ~
2Buias, at which point the Bessel function J;(A) reaches its
approximate maximum. Since there are practical limits on the
generation of large oscillating magnetic fields, this technique
is most appropriate for low-field magnetic resonance.

Note that an oscillating transverse field at the frequency
owoLr has negligible effect, since all matrix elements of the
form (@ |11, + hy|¢’) are equal to zero, where |¢) and |¢’) are
either |Sof3) or [T_ ).

The use of oscillating magnetic fields for the selective exci-
tation of transitions has previously been explored in the con-
text of ultralow-field NMR8. However, those experiments fol-
low the familiar paradigm of resonant excitation, in which
transitions are induced by modulating off-diagonal Hamilto-
nian terms at a frequency that matches the transition energy.
In the current case, on the other hand, the off-diagonal non-
secular terms are time-independent, and it is the diagonal
terms that are given a periodic time-dependence by the os-
cillating applied field. There is a distant relationship with se-
lective excitation in magic-angle-spinning solid-state NMR ',

B. Parahydrogen-induced polarization

The resonant driving of singlet-triplet transitions is partic-
ularly useful in the context of parahydrogen-induced polar-
ization (PHIP), a technique which is widely used to enhance
NMR signals'!'=2°. In this method, hydrogen gas is enriched in
the para spin isomer and reacted with a substrate in the pres-
ence of a catalyst. The proton pair of the product molecule
exhibits excess population in the singlet state. The strongly

enhanced singlet spin order is converted into hyperpolarized
magnetization of heteronuclei such as '3C by applying a se-
quence of magnetic fields. A range of suitable techniques has
been developed!>-2326,30:31

We now show that the application of a WOLF pulse in a
small bias magnetic field leads to strong hyperpolarization of
13C nuclei in the reaction products of para-enriched H, gas,
with potential advantages over other methods, as discussed
below.

The principle of the experiment is shown in figure 1. The
spin state populations (indicated by balls) are given for the
case that the spins /1 and I, are protons originating from the
para-enriched hydrogen and the spin S3 is a '3C nucleus in
the product molecule. The populations of the |Sycr) and |Sof3)
states are strongly enhanced due to their provenance as the
nuclei of the para-enriched H, spin isomer. Since these two
populations are equal there is no polarization of the S-spin at
this stage. However, if the WOLF pulse transports the pop-
ulation from the [Sof3) state to the |T_ot) state, as shown in
equation 14, the resulting population distribution has excess
population in the |Spa) and |7T_ ) states. Since the S-spin is
in the state |¢t) in both cases, this corresponds to a high de-
gree of 1°C polarization. A '3C polarization of the order of
unity represents an enhancement of the '>*C NMR signals by
around 5 orders of magnitude, relative to ordinary NMR based
on thermal equilibrium polarization in a strong magnetic field.

We propose the acronym WEREWOLF (Whopping En-
hancement Realised by Excitation With Oscillating Low
Fields) for para-hydrogen-induced polarization of heteronu-
clei using WOLF pulses for the singlet-triplet population
transfer.

TABLE 1. Spin-spin coupling parameters for (1-'3C)fumarate and

(1-13C)maleate, adapted from reference!”.

Compound Ji12(Hz) Jr3(Hz) Ji13(Hz)
Fumarate 159 5.8 3.3
Maleate 12.3 12.9 2.5
1l. METHODS

A. Materials

The substances fumarate (E-butenedioate) and maleate (Z-
butenedioate) were used for demonstrations of WEREWOLF.
The chemical structures are shown in figure 2. The precur-
sor solution for fumarate was prepared by dissolving 100 mM
disodium acetylene dicarboxylate, 100 mM sodium sulfite,
and 6 mM [RuCp*(MeCN)3]PFs (CAS number: 99604-67-
8) in D, 0, heating to 60°C, and passing through a Millex®
0.22 um PES filter.

The precursor solution for maleate was prepared by
dissolving 100 mM acetylene dicarboxylic acid and 5 mM
[Rh(dppb)(COD)|BFs; (CAS number: 7440-16-6) in
methanol-d4. All materials and consumables were purchased
from Merck.
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FIG. 2. 1H—decoupled 3¢ spectra of (a) fumarate and (b) maleate at
a field of 9.41 T. Single-transient WEREWOLE-hyperpolarized 13C
spectra are compared with conventional '3C NMR spectra acquired
at thermal equilibrium, averaged over 360 transients (for fumarate) or
512 transients (for maleate). The strong '3C peaks are from hyperpo-
larized naturally occurring '3C nuclei at the molecular sites indicated
by filled circles. The 13C peaks at 160 ppm and 76 ppm in (a) cor-
respond to unreacted disodium acetylene dicarboxylate. The small
signal at 172 ppm in (b) is attributed to succinate generated by sec-
ondary hydrogenation. The change in chemical shift for the maleate
13C peak in (b) is provisionally attributed to a change in sample tem-
perature.

Para-enriched hydrogen was produced by passing hydro-
gen gas over an iron oxide catalyst packed in 1/4 inch stainless
steel tube and cooled by liquid nitrogen.

Under the reaction and solvent conditions used for the ex-
periments, maleate is expected to exist mainly in the form of
the protonated singly-charged mono-hydrogen maleate anion,
while fumarate is expected to exist as the doubly-charged non-
protonated fumarate anion. These protonation states are ig-
nored in the current report, for the sake of simplicity.

About 2% of fumarate and maleate molecules contain a
naturally-occurring '3C nucleus at the sites shown in figure 2.
The two 'H nuclei and the '3C nucleus form a three-spin-1/2
system of the type discussed above. The J-coupling parame-
ters for the two molecular systems are given in table 1.

B. Equipment

A sketch of the equipment is shown in figure 3. The hydro-
gen gas is bubbled through the solutions using a 1/16 inch
PEEK capillary tube inserted inside a thin-walled Norell®
pressure NMR tube. The Rheodyne MXP injection valves
and the Keysight 33500B waveform generator were triggered
and controlled by an Arduino Mega 2560 micro-controller
board. The waveform generator was connected to the 3 cm
wide and 30 cm long solenoid coil of 300 turns placed in a
TwinLeaf MS-4 mu-metal shield and used for generating the

oscillating magnetic field. The bias field was generated by the
built-in Helmholtz coil of the Twinleaf shield, powered by a
Keithley 6200 DC current source. A ~200 turn solenoid guide
coil was wound around the orifice penetrating the mu-metal
shield and continuously driven by a second Keithley 6200 DC
current source to produce 6 uT field. The guide coil was used
to avoid zero-field crossings during sample transportation'?.

C. Experimental Procedure

Figure 4 shows a timing diagram of the WEREWOLF ex-
periment, showing the magnetic fields experienced by the
sample as a function of time. Each experiment starts by warm-
ing 250 uL of the sample mixture to ~ 90°C in the ambient
magnetic field of the laboratory (~ 110 uT), followed by in-
sertion into the magnetic shield. Para-enriched hydrogen gas
is bubbled through the solution at 6 bar pressure. The bub-
bling time 7;, was set to 30 s and 10 s for experiments involv-
ing fumarate and maleate, respectively. The oscillating WOLF
pulse is applied for an interval 7 in the presence of a bias field
of Bpias = 2 UT. For the experiments shown here the WOLF
pulse was arbitrarily set to BQNOLF = 2uT, which is one half
of its optimal value according to theory. At the end of the
WOLF pulse the bias field is increased for a few seconds, and
the sample manually removed from the shield and inserted by
hand into the 9.41 T NMR magnet.

The 3C free-induction decays were excited by a hard pulse
of 14.7 kHz rf amplitude and recorded with 65 k point density
at the spectral width of 200 ppm using a Bruker Avance Neo
spectrometer. Additional 'H decoupling was used for all ex-
periments. Thermal equilibrium '>C spectra were recorded at
room temperature with recycle delays of 120 s, averaging the
signals from 512 and 360 transients for maleate and sodium
fumarate, respectively.

IV. RESULTS

Figure 2 shows single-transient hyperpolarized '3*C NMR
spectra for (a) fumarate and (b) maleate, obtained using
the WEREWOLF procedure. The WOLF pulse parameters
were OworLr/2% = 77.3Hz and 7 = 0.65s for fumarate, and
oworLr/2% = 74.0Hz and © = 0.12s for maleate.

Conventional '>C NMR spectra obtained by multiple signal
acquisitions on the hydrogenated samples after thermal equi-
libration are also shown in figure 2. Comparison of these
spectra allows the estimation of the '3C polarization levels
achieved by WEREWOLF, which are p ~ 8% for fumarate
and p ~ 19% for maleate. These results are highly compet-
itive with previous work?31:33:34 " especially when the rela-
tively low para-hydrogen enrichment levels, crude apparatus,
manual sample transport, and sub-optimal reaction conditions
are taken into account.

Integrated '3C signal amplitudes as a function of the WOLF
pulse duration 7 are shown in figure 5. The coherent oscilla-
tions of the hyperpolarized magnetization are striking. Each
experimental point was obtained from a separate experiment
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FIG. 3. Schematic diagram of the experimental setup. (a) Mu-metal shield and associated components. During the WOLF pulse, the Helmholtz
coil generates the bias field Byj,s whereas the solenoid coil produces the oscillating field Bworr(f) (b) Gas-handling apparatus including a
thick-wall NMR tube equipped with a capillary for the para-enriched H, gas. MCU - micro-controller unit.
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FIG. 4. Timing diagram for the WEREWOLF procedure, involving
bubbling of the sample with para-enriched hydrogen gas and a se-
quence of magnetic fields. (a) '>C radio-frequency pulse applied in
high magnetic field at the end of the procedure and NMR signal ac-
quisition. (b) Magnetic field along the z-axis, showing the ambient
laboratory field during sample heating, the reduction in field as the
sample is placed in the shield, the bias field Byj,s during the WOLF
pulse, the removal of the sample from the shield and insertion into
the high-field NMR magnet. (c) Oscillating WOLF pulse field, ap-
plied for a duration 7, with a frequency Wworr and peak amplitude
B(V)(‘QO(L? The total field experienced by the sample is the sum of (b)
and (c).

on a fresh sample. The normalized experimental data is com-
pared with numerical simulations and analytical curves de-
rived from equations 14 and 15. The agreement between both
curves and the experimental data is gratifying. The oscilla-
tions are much faster for maleate than for fumarate, mainly

because the difference in heteronuclear J-couplings is 10.4 Hz
for maleate but only 2.5 Hz for fumarate (see table I).

As discussed in section II A the singlet-triplet transition is
effectively driven once the condition wwoLr = wsr is ful-
filled. This is evident in Fig. 6 which displays hyperpolar-
ized 13C signal intensity as a function of wworr at fixed
WOLF pulse duration. The experimental data points indi-
cate a sharp resonance for fumarate with full-width-at-half-
maximum (FWHM) of ~ 0.4 Hz whereas a larger FWHM of
~ 6 Hz is observed for maleate. The experimental frequency
profiles match well the numerical simulations indicated by
solid lines. The good agreement indicates that the effects of
field inhomogeneity were minor in this case.

V. CONCLUSIONS

Magnetic resonance phenomena involving non-secular
spin-spin couplings are normally encountered in systems with
large nuclear quadrupolar couplings® or hyperfine couplings
to unpaired electrons, as in solid-effect dynamic nuclear po-
larization (DNP)? and stimulated nuclear polarization in pho-
tochemical reactions involving transient radical pairs*. The
work described here shows that non-secular out-of-pair cou-
plings may also be exploited in purely nuclear spin systems,
albeit at an energy scale which is ~ 9 orders of magnitude
lower than in solid-effect DNP. Here too, non-secular effects
allow “forbidden" transitions to couple to the electromagnetic
field, allowing the generation of strong nuclear hyperpolariza-
tion.

Many other methods have been described for the trans-
formation of 'H singlet order to '*C magnetization, includ-
ing pulse techniques!31?, field-cycling and level-anticrossing
phenomena?®-23, and low-field methods?>>32%30 However
most of these schemes are active either in the “ultralow field"
regime (Larmor frequencies less than or comparable to J-
couplings), or the “high-field" regime of conventional NMR
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FIG. 5. Hyperpolarized fumarate (a) and maleate (b) '3C signal in-
tensities as a function of the WOLF pulse duration 7. The WOLF
pulse frequencies are 77.3 Hz for fumarate and 74.0 Hz for maleate.
The black dots depict integrated experimental signal amplitudes, nor-
malized to 1 for the maximum value. The grey lines represent nu-
merical SpinDynamica>? simulations for the coupling parameters in
table I. The blue lines show analytical solutions given by equa-
tion 14. All values of 7 used for the experiments are integer numbers
of the WOLF period 27t/ @woLE, Which is 12.94 ms for fumarate and
13.51 ms for maleate.

spectroscopy. Both of these regimes are associated with some
disadvantages: The ultralow field regime is associated with
short coherence lifetimes through couplings to quadrupolar
nuclear isotopes®’ such as H and '*N, while the high-field
regime of conventional NMR is associated with singlet-triplet
conversion of the dissolved para-hydrogen gas, leading to re-
duced polarization levels of the product molecules3-33-3¢,

The WOLF method described here provides a fast exchange
of singlet and triplet populations. The bias field is conve-
niently applied in the same direction as the WOLF pulse and
may in principle be set to any value, within technical con-
straints. A small bias field of a few uT is sufficient to re-
solve the Larmor frequencies of the different nuclear isotopes.
In principle, this should make it possible to implement het-
eronuclear spin decoupling by resonant transverse oscillating
fields. Furthermore, the coherent nature of the singlet-triplet
conversion should allow deployment of the full palette of
“pulse tricks" developed for conventional high-field NMR, in-
cluding error-compensating composite pulses>’. Applications
are envisaged to other hyperpolarization techniques, such as
the SABRE (Signal Amplification by Reversible Exchange)
method!??6. The method described here might be related to
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FIG. 6. Hyperpolarised fumarate (a) and maleate (b) '3C signal in-
tensity as a function of WOLF pulse frequency wworp. The pulse
duration 7 is set to 0.65 s for fumarate and 0.12 s for maleate. The
black dots depict integrated experimental signal amplitudes, normal-
ized to 1 for the maximum value. The grey lines represent numerical
SpinDynamica®? simulations for the coupling parameters in table I.

some recent variants of SABRE which also use periodically
modulated magnetic fields?*%°.
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Appendix A: WOLF pulse dynamics

The complete Hamiltonian given by equation 7 preserves
the total z-angular momentum of the system

[H(t), 11+ Db+ 53] = 0. (A1)
|
[H(t)ly =
T(B(t)ys—3ml2)  Z(Jz—J13)
Z(n—N3)  3(B@)ys+7mi2)
%(113 —J3) %(113 +J23)
where
B(t) = Bpias + By op g cOS(OWOLE?). (A4)

Although small, the mixing between the states |Spo) and
|Toar) is not negligible during the WOLF pulse dynamics. To

J

This suggests that the basis states highlighted in figure 1 sep-
arate the matrix representation of H(¢) into two 3 x 3 and two
1 x 1 blocks. The 1 x 1 blocks may be disregarded, the 3 x 3
blocks are generated by the sets

V= {|S()OC>, |T()Ot>, ‘T+1ﬁ>}v
W= {|SOﬁ>a |TOB>a |T,1a>}.

The standard WEREWOLF experiment (Fig. 4) aims to create
positive heteronuclear magnetisation which may be achieved
through a population swap of states |Sof8) and |7T_; ). We
thus consider the restriction of H(t) to W, which may be ex-
plicitly given as follows

(A2)

(J13—J23)
(J13+J23) ,
1)+ 512 —J13—J23)

(A3)

Bl

(% —3%)B

(

account for the mixing we define a set of rotated basis states
Wo ={[S0B).|ToB).[T_ o)}
={cos(8/2)|SoB) +5in(6/2)[ToB), (AS)
cos(8/2)|ToB) — sin(6/2)|S0B). 171 0)},

parameterised by the angle 6. The angle 6 is chosen to satisfy

In the near-equivalence regime the matrix representation of H () restricted to Wy is given by

0

3(B(t)ys + mJ12)
|

3(B(t)ys —3mJ12)
0
||

[H(t)]y,

0 :arctan2(2J12,J13—Jz3). (A6)
%(005(9/2)(.}13 —J23) +sin(0/2)(J13+J23))
%(cos(G/Z)(llg +Jp3) —sin(0/2)(J13—J23)) |, (A7)

(= 3¥%)B(t) + Z(J12 — J13 — J23)

where the black squares should be replaced by the elements on the opposite side of the diagonal, so that the matrix is invariant

under transposition.

According to equation A7 the transition frequency between
states |.SJ0 B) and |TL1 o) in the near-equivalence regime is
given by

st = (T_yot|Ho|T_y 0t) — (SoB|Ho|SpB)

T (A8)
= Bias(¥1 — ¥5) + §(4J12 —Ji3—3),

whereas the transition frequency between \Tém and |Ti1 a)is

given by

wrr = (T a|Ho|T' &) — (SoB|Ho|SB)

T (A9)
= Buias (1 — ¥5) — §(J13 +J23).

Application of a WOLF pulse with wwoLr = @sr causes a
resonant modulation of the energy difference between states

Y and Ti a), but causes an off-resonant modulation of
0 1

the energy difference between states |T(; B) and |TL1 o) on the
order of ~ Jj>. To a first approximation we may neglect the



state |T0/ B) altogether, and consider a fictitious two-level sys-
J

SBIHISB)  (SyBIH (T a0
(T alH(1)[SoB) (T4 |H(1)|T_,ex)
$(B(t)ys —3mJ12)
2 (cos(0/2)(J13 —Ja3) +sin(0/2)(J13 4+ J23))

h(r) =

S

In terms of normalised Pauli matrices (o;/2) the Hamiltonian
h(t) may be expressed as shown below
h(t) = wOGOJFa’xGX/2+wz(t)Gz/2a (AT

with

1 T
wy = i’)/[(Bbias +B°WOLF cos(wsrt)) — Z(2]12 +J13+J23),
0, = TV2(cos(0/2)(J13 — Jo3) +sin(0/2)(J13 4 J3)),

(1) = —Byorr (1 — ¥) cos(@srt) — s
(A12)
The Pauli coefficient @, may alternatively be expressed as fol-

lows
Wy =27\ /I3 + T3 sin(¢ + 6/2),

(A13)
¢ = arctan2(J3 + J23,J13 — J23),
where we made use of the following relations
I3+ Jazsin(@) = (Ji3 — J»3)/ V2,
13+ 238in(9) = (13 —J23)/ (Al4)

Vs + D3 cos(9) = (i3 +J23) / V2.

Within our approximations the @y-term introduces an over-
all phase shift and may be discarded. The WOLF pulse dy-
namics may now be approximately described within a “jolt-
ing” interaction frame!?. The jolting frame represents a ro-
tating frame with a time-dependent rotation frequency. The
time-dependent rotation frequency and the rotation angle y(7)
are related as follows

t
() = / o, (5)ds. (A15)
0
The jolting frame Hamiltonian /(¢) is then given by
~ (0] . .
h(t) == exp(+iy () 0./2) oxexp(—iy (1) 0:/2)
(A16)

Wy

2 (exp(+y (1)) 0 +exp(—iw(1)o- ).

We may expand the jolting frame Hamiltonian as a Fourier
series

i)=2 (an(A)eXP(i(n -
" (A17)

—i—ZJ_,,(A)exp(—i(n—i— l)wgrt)c_) ,

tem evolving under the Hamiltonian A(t)

(c08(8/2) (13 — Jos) + sin(8/2) (13 +J3)) (AL0)

(= 3¥%)B(t) + Z(J12 — J13 — J23)

e

2

(

where J,,(x) is the n’th Bessel function of the first kind and the
argument A is defined as follows

A= (% — ¥5)BWoLp/ Os- (A18)
For |,/ wsr| < 1, which is bounded from above by
v/ wst| < 270\ [ T3 + 03 /| st |, (A19)

we may neglect the time-dependent terms of A(t). This ap-
proach is equivalent to truncating the average Hamiltonian af-
ter first order’®

h(1)

g%(Jl(A)c++Jl(A)c,),

—w.J) (A)0, /2.

(A20)

The effective nutation frequency of a WOLF pulse is thus
given by

w3t = o (A) = 27r\/1123—|—7]223sin(¢ +6/2)J1(A). (A2D)
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