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The universal triangular map is the Farey map M5 as shown by David Singerman in
1988. The orientation-preserving automorphism group of M5 is the classical modular
group I' = PSL(2,Z) and M3 is universal in the sense that every triangular map on
an orientable surface is a quotient of M by a subgroup of I'. In this thesis we describe
tessellations ,//Zq of the upper-half complex plane H which are universal for g-gonal maps.
The orientation-preserving automorphism group of //Zq is the Hecke groups H, and we
show that every g-gonal map on an orientable surface is of the form .//Zq /H where H is

a subgroup of Hecke groups H,.

Chapter 1 is devoted to a brief outline of map theory. We define algebraic maps and

topological maps, explaining the connections between them.

Chapter 2 is devoted to discussing the modular group and Hecke groups, and describing

their fundamental regions.

Chapter 3 is devoted to describing the Farey map and the universal g-gonal tessella-
tions %q and showing that ///Aq is universal, in the sense that every ¢g-gonal map on an

orientable surface is a quotient of //Zq by a subgroup of Hj.

Chapter 4 is devoted to discussing the principal congruence subgroups of the Hecke
groups H, and the quotients of //Zq by these subgroups. An important result gives the
index of these subgroups in the Hecke groups in the cases ¢ = 4 and 6, a result given
previously by Parsons with a different proof. We then discuss many of these maps for
g = 4 and 6, and also study the combinatorics and geometry of these maps, including
the graphical distance, diameter, stars and poles particularly nice example is a quotient

of .#4 corresponding to Bring’s curve.

Chapter 5 is devoted to considering the Petrie paths for //Zq. These project to Petrie
polygons on the quotient maps and we relate the sizes of the Petrie polygons on these

maps to the period of the Hecke-Fibonacci sequence modulo n.
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Chapter 1

Maps

The majority of the content in this section is drawn from [Jon81] and [JST78|.

1.1 Topological maps

A topological map .# is a connected graph ¢ imbedded (without crossing) in a
surface ., which we assume is connected, oriented and without a boundary, where
each face of .# (as a connected component of . \ ¢) is homeomorphic to an open
disc. Simply put, it represents a decomposition of . into simply-connected polygonal
cells, called faces (Platonic solids embedded into the Riemann sphere ¥ are examples of
topological maps).

If a topological map has an underlying surface ., and an associated graph ¢, with
a vertex set 7, then that map is represented with a triple (¢,%,.%). Then . is
homeomorphic to surface ., which comprises of a sphere with v handles attached, for
some integers v > 0; we refer to v as the genus of .

Whenever an edge of .# intersects a vertex, we draw an arrow at the edge facing that
vertex, as shown in Figure 1.1; we call every such vertex-edge pair a dart of .#. Usually
each edge of .# carries two darts corresponding to the two vertices on the edge, but it is
convenient to allow edges that carry just one dart as in Figure 1.1 (i.e. edges for which
only one end is incident with a vertex) and we call them free edges.

Let 2 be the set of all the darts formed from .# in this way. Thus, a topological map
A is composed of vertices, edges, faces and darts.

Throughout this chapter the symbol .# will denote a topological map.
1



1.2 Algebraic maps

From a topological map we can describe how to obtain a permutation group. If 2
denotes the set of all darts in ., we can then define three permutations x,y, z of {2 as

follows:

o If an edge of .# carries two darts, o and 8 we define a permutation z of order 2
of Q by ax = f and hence Sx = a. We write our maps on the right, so ax results
from applying x to a. However for a free edge o we must have ax = a. We do this
so that we can always construct a topological map from an algebraic map, even if
the two cycle has fixed points (see below).

The permutation z is a product of two-cycles and one-cycles (fixed points), so

x? =1.
Ficure 1.1
B=ox
e e
Bx=a ax=o
o
Free edge

e The permutation y cyclically permutes the darts directed towards each vertex v in
an anti-clockwise direction. There will therefore be one cycle of y for each vertex
v € A ; thus, y will be a product of k£ cycles, where k is the number of vertices of
A . The order m of y is the least common multiple m of the valencies of the vertex
, s0 y™ = 1. (See Figure 1.2)

Lz of Q, that permutes the darts around every face

e A further permutation z = y~
of ./, whereby the composition is taken from left to right, so zyz = 2 = 1. (See

Figure 1.2)

Thus

where n is the least common multiple of the face valencies, where the valency of a face
is determined by the number of sides of the face. We say that .# has type (m,n) if
m,n € NU {oo} are the orders of y and z respectively. Also we say .# has finite type
if m and n are finite, and we say .# is finite if () is finite; thus every finite map has
finite type. (in some works, e.g Coxeter and Moser [CM57, Chapter 4] m is the least
common multiple of the face valencies, and n is the least common multiple of the vertex

valencies). It is convenient to allow one or both of m or n to be co. For example if

2



m = oo in ./ then we don not care about the vertex valencies as the relation y*>° =1 is

regarded as being vacuous, hence

2 =" =ayz=1.

FIGURE 1.2: Permutations

yr=1
B=ax
oy’ |ay
2 3
\‘ v "'

Note that,
cyclesof x <> edgesof M

cyclesof y <> verticesof M

cyclesof z <> facesof M

Let G be the subgroup generated by x,y and z (or by any combination of two of these,
since zyz = 1) in the group S* of all the permutations of Q. Since ¢ is connected, G is

transitive.

Definition 1.1. An algebraic map & is a quadruple (G, Q, x,y), where Q is a set, and
x,y are permutations of €2; such that:

22 = 1 (the identity on Q) and G = (z,y) is transitive on Q.
We define &7 to have type (m,n) if y and z = y~ 'z have orders m,n € NU {0},
</ has finite type if m,n € N, and is finite if ) is finite.

Example 1.2. Viewing Figure 1.3 consider the set of darts Q = {1,2,3,4,5,6,7} with
3



FIGURE 1.3

the following two permutations in S
z=(1)(23)(45)(67),

y=(712)(43)(65),

then
=y lz=(1642)(357).

The map has type (6,12), since

(Here 1 is a free edge).

We define an associated algebraic map </ = (G, Q, x,y) of a topological map .Z to

be Alg.# where G = (x,y) is a transitive permutation group, and €2 is a set of darts as

defined above.

1.3 Triangle groups

Let I, m,n be the integers > 2, and let T" be a triangle with the angles 7,7, 7.

If

+ % =1, then T is a Fuclidean triangle

+ % > 1, then T is a spherical triangle

~= e~ e~
+ + 4+

1
m
1
m
1
m

+ % < 1, then T is a hyperbolic triangle

Let Ry, R, R3 be the reflections on the sides of the T" as in Figure 1.4.
Let T'*(I, m, n) be the group generated by the reflections Ry, Ra, R3. It has a presentation,
as in the notation of Coxeter and Moser [CM57, Section 4.3],

(R1,Ry,R3| R = R3 = R2 = (R1Ry)! = (RoR3)™ = (R3Ry)" = 1).
4



FIGURE 1.4: Hyperbolic Triangle

Let I'(I,m,n) denote the subgroup of index 2 in I'*(I, m,n) consisting of transformations

designed to preserve orientation. This group is generated by the rotations;
X =RiRs, Y = RoR3, Z = R3R;
and has the presentation

(X, Y, Z| X! =ym=2"=XYZ=1),

where X,Y and Z are rotations. I'(l,m,n) is called a triangle group and T*(I,m,n) is

called an extended triangle group.

1.4 ./ (m,n) and o

The word "tessellation" usually refers to some of the well-known regular maps on

the Euclidean or the hyperbolic plane.
The universal topological map .# (m,n) is the tessellation of one of the three simply

connected Riemann surfaces % , that is

¥ =CU{oco} (Riemann sphere) if % + % > %7

_ L1
Y =< C (complex plane) if L+1=1
H (hyperbolic plane) if % _|_% < %

by regular n-gons with m meet at each vertex.

e In the first case, % + % > % so if m,n > 2 then
(m,n) = (3,5),(3,4),(3,3),(5,3),(4,3),(2,n),(m,2). These figures correspond
to the dodecahedron, cube, tetrahedron, icosahedron, octahedron, dihedron, and

hosohedron (beach ball). The first five are the platonic solids.
5



e In the second case, % +% = % we get the Euclidean tessellations (4, 4), (3,6), (6, 3).

For example (3,6) is the honeycomb tessellation. (See Figure 1.5)

e In the third case, % + % < % we get hyperbolic tessellations. For example, Figure

1.6 is a tessellation of type (3,7).

FI1GURE 1.5: Honeycomb Tessellation

FIGURE 1.6: Tessellation of type (3,7)

Definition 1.3. [Universal algebraic maps| For each m,n > 2 € NU{oo}, let ' = T'(m, n)
be the triangle group I'(2,m,n). We then define the universal algebraic map of type
(m,n) as o/ (m,n) = (I, [T, X,Y), where || denotes the underlying set of I', and each
g € I acts on |I'| by right-multiplication, g : h +— hg for all h € |T|.

1.4.1 Map-subgroups

The triangle group I'(2,m, n) has a presentation of the form
r2,mn)=(X,Y,Z|X?=Y"=2"=XYZ=1). (1.4.1)

If # is a map of type (m,n) with corresponding algebraic map & = (G,Q, x,y), then
there is an epimorphism 6 : I' — G given by X — x, Y — y, Z — z, so I' performs a
transitive action on Q. If G, = {g € G|ag = a} for any a € Q, then M = 071(G,),

and is known as the map-subgroup associated to .#. We can identify 2 with the set of

6



right M-cosets in I'(2,m,n) by the bijection
Mh — «a(hf) (1.4.2)

where h € T'(2,m,n). (The map 1.4.2 is well defined, since if Mg = Mh then gh=* € M
and so (gh~1)0 € G, which implies that a(gf) = a(hf)).
The map-subgroups play a similar role to the fundamental groups in topology; see the-

orem 1.5.

1.4.2 Map automorphisms

If A; = (94, 7;,.7;) are topological maps (i = 1,2), we can then define a morphism
0 : # — M5 as the covering of surfaces 0 : . — S preserving orientation, such that:
(1) 0=Y(%) = % and 071 () = 11;
(2) all branch-points have a finite order.
We say the topological map .#7 covers .#5 if there is a morphism .41 — 5.
More generally, there is a morphism .#; — .#5 if and only if g~ Mg < M, for some
gel.
Two topological maps are isomorphic if there is a morphism between them, such that
the covering of surfaces 6 is a homeomorphism. Thus an automorphism of a topolo-
gical map is a self-morphism induced by a homeomorphism of the underlying surface
to itself. We can also define morphisms between algebraic maps: an algebraic morph-
ism between Alg.#1 = (G1,Q1,x1,y1) and Alg.#> = (Ga,Q9, x2,y2) is a pair (4,0) of
functions 0 : Q1 — Qo, 0 : G1 — G9, where ¢ is a group homomorphism, 10 = o,
y10 = y2 and the diagram in Figure 1.7 commutes (the horizontal arrows in the diagram
represent the actions of G; and G2). Thus we require that (ag)d = (ad)(go) for all
g € Gi,a € Q1. Two algebraic maps are then isomorphic if there exist an algebraic

morphism (9, o) between them, where o is a group isomorphism and § is a bijection.
FIiGURE 1.7

QIXG1*>91

oo L

QQXGQ*)QQ

We say the algebraic map o covers the algebraic map % if there is a morphism
o — oy,

The set of topological automorphisms of a map forms an infinite group, since its
edges can be continuously deform, and each vertex can be perturbed in some small
neighborhood. We therefore follow Jones and Singerman [JS78, Section 3| in defining
the automorphism group Aut.#Z of a map .# as the group of algebraic automorphisms
of its associated algebraic map Alg.# .



1.4.3 Quotient maps and universal maps

Let o = (G,Q,x,y) be an algebraic map. If T is a group of automorphisms of .o,
then T induces an equivalence relation ~ on 2, that is, o ~ 8 implies at ~ St for all
t € T. There is an action of G on the quotient set Q = Q/ ~ given by g : [a] = [ag], and
if K is the kernel of this action, then K <G and G = G/K acts faithfully and transitively
on Q. Setting Z = Kz and § = Ky, we call A = (G,Q,Z,7) the quotient map of A by
T.

Any subgroup M < T'(2,m,n) acts as a group of automorphisms of o by left action
a:hw a thforall h €|l|, a € M. We can therefore form the quotient algebraic map

o IM = (D/M* T /M, M*X, M*Y) (1.4.3)

where the M-cosets, i.e. I'/M ={Mg|g € I'} is the underlying set of &%A/M , M* is the
core of M (the intersection of all conjugates of M in I' i.e. M* = ﬂger g 'Mg), and
I'/M* acts on I'/M by M*g : Mh+— Mhg for all g,h € T

Theorem 1.4 ([JS78, Theorem 3.4]). Every algebraic map </ of type (m,n) is iso-
morphic to a quotient of the universal algebraic map o of type (m,n) by a map-subgroup

M corresponding to the map as defined above.

Theorem 1.5 ([JS78, Theorem 3.6|). If </, 9/ are algebraic maps, then <) covers <
if and only if we can find map-subgroups M; < T'(m,n) for < (i =1,2) with My < M.

According to Proposition 5.5 in [JS78|, the categories TM(m,n) and AM(m,n)
of topological and algebraic maps are equivalent. Thus, we can restate Theorem 1.5 as

following, and Theorem 1.4 also applied to topological maps.

Proposition 1.6 ([JS78, Theorem 3.7]). Two topological maps A1 and Mo are iso-
morphic if and only if their map-subgroups My and Ms are conjugate in I.

Theorem 1.7. If 4, #5 are topological maps, then #1 covers Mo if and only if we
can find map-subgroups M; < T'(m,n) for #; (i =1,2) with My < Ms.

The proof of the following theorem follows by using the proof of [JS78, Corollary
5.2] and (1.4.3).

Theorem 1.8. Let # and </ be the universal topological and algebraic maps of type
(m,n) respectively, with M < T'(2,m,n). Then Alg(.# /M) = o |M.

We explain this as follows, by the definition of the algebraic map Alg(.# /M) =
(G, Q,z*,y*). The darts of M are permuted by I' = I'(2,m,n), and the set of darts of
MM =T /M = Q (the set of M-cosets of I i.e. |I'/M]|). As there is an epimorphism

8



0:T - Ggivenby X w2, Y —»y, Z— 2 If Gy, ={g € G|lag = a} for any a € Q,
and if M = 671(G,,), then ker(§) = M*, inducing a permutation group I'/M* which we
may identify with G, as well as identifying «* with M*X and y* with M*Y. Hence the
algebraic map corresponds to the quotient M /M is isomorphic to the quotient of the
algebraic map & /M = (I'/M*,T' /M, M*X, M*Y).

Theorem 1.9. If o/ is an algebraic map, then there is a topological map M such that
Algll = o .

Proof. Let < be an algebraic map of type (m,n). Then according to Theorem 1.4 we
have & =~ o /M, where o/ is the universal algebraic map of type (m,n) and M is some
subgroup of I'(2,m,n).

If ./ is the universal topological map of type (m,n), then according to Theorem 1.8 we
have Alg(.# /M) = of . Therefore the required map is .# = .4 /M. O

If A is a topological map of type (m,n), with a map-subgroup M < I'(2,m,n),
then the isomorphism .# = .4 /M defines an embedding of .# into the Riemann surface
X = % /M. In this way, every topological map can be embedded naturally into some

Riemann surface.
Definition 1.10. A map .# is reqular if Aut.# acts transitively on the darts of .Z.

Theorem 1.11 ([JS78, Theorem 6.3]). The following are equivalent:

(i) A is regular;

(ii) (G, Q) is a reqular permutation group, that is, G, =1, for all o € Q;
(iii) M < T.

Corollary 1.12. Every finite map of type (m,n) is the quotient of a finite reqular map
of type (m,n) by a group of automorphisms.

This follows because every subgroup of a finite index in I' contains a normal sub-

group of a finite index in I'.

Remark 1.13. With a topological map .# we can readily construct an algebraic map <.
We simply define €2 as the set of darts, and z,y as permutations of () corresponding to
the edges and vertices respectively. This enables us to go from a topological map .# to
an algebraic map 7. (Using Lemmas 2.1a, 2.1b and 2.1c in [JS78].)

The converse process is given by Theorem 1.9.






Chapter 2

Modular group and Hecke groups

2.1 Modular group

The majority of the content of this section is taken from [JS87].

Definition 2.1. The Projective Special Linear Group PSL(2,R).
Let R be the field of real numbers. The special linear group SL(2,R) is defined as the

group of all 2 x 2 matrices

(a B) o ad—pFBy=1, o,B,7,0 €R.

v 4
The center of SL(2,R) consists of the matrices =1 , where I denotes the 2 x 2

unit matrix. The quotient group of SL(2,R), with respect to its center is the projective

special linear group PSL(2,R).

In addition, we can consider the group PSL(2,R) as the group of real Mobius trans-

formations,

az+f3

Hm’ aé_l@fY:l? aaﬁa’%dER?ZGHURU{OO}.

This is because —1I acts trivially on H. Note: PSL(2,R) also has an action on RU {co},
and that PSL(2,R) acts on HUR U {o0}.

Classifying the elements of PSL(2,R). Before commencing geometric classification
of PSL(2,R), we need to recall that if A is a matrix then the trace of A is defined as
the sum of the diagonal entries of A. That is, if

A= (a ?) , then Trace(A) = a+ 4.

11



Additionally, to find the fixed points of any A € PSL(2,R), we need to solve

Z:A(z)_az—l-ﬁ

_72—1—5’ 045—57:17 a7ﬁ7775€R'

We have A(o0) = %, thus A fixes 0o, if and only if, v = 0. If v # 0, then z € R is a fixed
point of A, if and only if

22 + (6 —a)z — B =0;
(a=d)%y gyﬁa)%ﬁmw unless (§ — )2 +48y =0,
in which case A, then has a unique fixed point. Using ad — 3y = 1, the condition becomes
(a+0)>—4=0, s0 A has a single fixed point if and only if (o + §)% = 4.
If v = 0 then A fixes oo, and we have ad = 1 and A(z) = a®2 + a3, so there is a second
fixed point z = ~22- # oo if and only if a? # 1, or equivalently (o + 6)% # 4.

(1—a?)
The next step is then to classify the elements of PSL(2,R) in terms of their trace and

therefore A has two fixed points in C, z =

fixed points;

A non-identity element is parabolic if |a + 0| = 2, and so A has a single fixed point in
R U {oc},

an element is hyperbolic if |a + §| > 2, then A has two fixed points in R U {oo},

and an element is elliptic if |o 4+ | < 2, and so A has a single fixed point in H.

Definition 2.2. Fuchsian Groups
A Fuchsian group is a discrete subgroup of PSL(2,R). An example of such a Fuchsian
group is the modular group I' = PSL(2,Z).

The results derived from this section come from [JS87, sections 5.7 and 6.8]

Thus, from now on we will define I" as the modular group consisting of all transformations

az+f3

mv 046—5’)/:1, auﬁ77)5€Z°

Z =

I is generated by the transformations

X iz %1
and
Z:z—z+1
Putting Y = XZ : z — (;:1) we see that X and Y generate I' and that satisfies the
relations
X?=v?=1.
In fact I" has the presentation
I=(X,Y|X?=Y3=1), (2.1.1)

12



and so there are no other relations are necessary to define I', see [JS87, Corollary 6.8.6].
The generator Z = XY : z — z+1 is represented by the matrix ((1] %) which is parabolic,
and Z fixes oo (see Figure 2.1 (1)). The parabolic elements of I" are the conjugates of
the non-identity powers of Z, and so they take the form TZ*T~! where k € Z\ {0}, such
that T'(oc0) = a € R, T' € T" (see Figure 2.1 (2)). An elliptic element is conjugate to a
hyperbolic rotation and fixes a point in H, as in Figure 2.1 (3). If the elliptic element has
an order n, (i.e. there are n darts meeting at this fixed point), then the angles between
the hyperbolic geodesics in Figure 2.1 (3) are 2Z. In Figure 2.1 (2) the angles are 0 = 2.
Consequently, a parabolic element can be considered to be an elliptic element of infinite

order.

FIGURE 2.1: Treating parabolic elements as being elliptic elements of order co

Elliptic Element

=N

)

Parabolic Element

From (2.1.1) , I' = PSL(2,Z) can be considered the triangle group I'(2, oo, 3).

The group I' is an example of a free product. If

(X[ X?2=1)=2Cy
and

(Y Y3 =1)=(Cs,

then we have
I'= 02 * 03.

Given a Fuchsian group A, we define z,w € H as a congruent modulo A, written as

w ~ z, if w = Az, for some A € A.

Definition 2.3. F' is a Fundamental region for a Fuchsian group A if F is a closed set
in H such that
(i) U T(F)=H, i.e. every point z € H is congruent to some point in F.

TeA

(i) FNT(F) = @ for all T € A\ {I}, where F is the interior of F, i.e. no pair of points

in the interior of F' are congruent and each orbit of every z € H, meets F at most once.

13



Theorem 2.4 ([JS87, Theorem 5.8.4]).
1
F={z€eH]||z| > 1and |Re(z)| < 5}

is a fundamental region for the modular group.

The fundamental region here is bounded by the vertical lines Re(z) = % and
Re(z) = 3, and the circle |z| = 1. This region is a hyperbolic triangle; it has three
vertices in HUQ U {oo} at % + # , %1 + #, which are the fixed points of the elliptic

generators and oo, which is the unique parabolic fixed point in the region, as shown in

Figure 2.2 below;

FIGURE 2.2: The fundamental region for the modular group

This region is determined in many books, e.g. [Ran77], [For51], [JS87].

2.2 The Hecke groups H,

In [Hec36]|, Hecke introduced the groups H, which are generated by two real Mébius

transformations:

S(z) ==L and T(2) =z + A,

z

where A is a fixed positive real number. Moreover, we can represent .S and T as

() = ()

14



Let R(z) =TS(z) = Azgl.
Hecke showed H, is properly discontinuous, i.e. it is a Fuchsian group, when
(i) A > 2, or when
(i1) A = Aq = 2cos? where ¢ is an integer > 3.
We are particularly interested in the case (ii) as we are considering I'(2, 00, q) groups
and using them to study ¢-gonal maps. Case (i) might be interesting to study for some
Hecke group problems but not in the context of this thesis.
Before we start introducing the representations of the Hecke groups, we first need to
show that

Ri= (X N'=-I

To accomplish this we diagonalize R. i.e. find a diagonal matrix conjugate to R. The
elements on the diagonal are the eigenvalues of R. These are easily computed to be

R . T, i s
cosg :tzsm%. That is e« and e ¢ . Thus

which defines the identity in PSL(2,R).
The Hecke groups in (7i) have the following presentation in terms of the triangle group
(2, 00, ¢);

H,=(S,R|S*=R1=1).

These groups are isomorphic to the free product of two finite cyclic groups of orders 2
and ¢, which is the same argument given for the modular group, see [JS87, Section 6.8];
ie.

Hq = Cg*cq.

These facts are proven using the same method as that described for the modular group,
see [JS87, Section 6.8].

We have the following table of the values of A, for small g;

q|3| 4| 5 |6
)\ql\/§1+2‘/5\/§

The best known example here is when ¢ = 3, and Hs is the modular group I' = PSL(2,Z).

2.2.1 The elements of H,

An element of the Hecke groups H, takes the form

<p1 ()\q) p2(>\q)>
p3(Ag) Pa(Ag)

15



where the p; , (i = 1,...,4) are elements of Z[)\;] and these p; are determined modulo

the minimal polynomial of A;, and thus, these matrices are elements of PSL(2,7Z[\,]).
This means we have the inclusion H, < PSL(2,Z[),]). One of the principal difficulties
when analysing the elements of H, is to determine whether or not a given matrix of
PSL(2,Z[)\]) belongs to the Hecke group Hj,.

The most well known Hecke groups are those for ¢ = 3,4 and 6. In these cases A3 = 1, Ay = /2
and Ag = v/3. Therefore the underlying fields are Q, Q(v/2) and Q(+/3), i.e. they are
quadratic extensions of the field Q of the rationals.

The Hecke groups Hy and Hg are of particular interest, since they are the only Hecke

groups, apart from the modular group I', whose elements are completely known.

For ¢ = 4 and 6, H, consists a set of all matrices of the following two types:

(i) the elements of type

(a by/m

a,b,e,d e Z , ad —mbc=1,
c/m d

(ii) the elements of type

v b
Gy a,b,c,d € Z , mad—bc=1.
c dv/m

Where m = 2 or 3 for ¢ = 4 and 6 respectively. The elements of type (i) are called even,
while those of type (ii) are odd. For ¢ = 4,6 the even elements are a subgroup of index
2 of Hy denoted by Hg, i.e.

|Hy: Hy| =2 (2.2.1)
while the set of the odd elements is the other coset of Hy in Hy, denoted by Hy. Hence
we have

b
H=A=( 1 V) aem, b (2.2.2)
cy/m d
and

o _[(aym b
Hq_{A_< g d\/m>|A€Hq}. (2.2.3)

Note that if we consider the multiplication of these elements, we have
odd.odd=even.even=even

even.odd=odd.even=odd.

Thus, we know all the elements of H3 = I', Hy and Hg. In other cases the elements
of H, are worked out by Rosen [Ros54], using A-fractions given the required conditions
for the substitution of an element of H,, but for a description of the elements of Hs see

[Ros63|, where the underlying field is once more the quadratic extension of Q. These

16



four Hecke groups are the only ones where A, is a root of a polynomial of a degree less
than three which can be easily calculated. However, for ¢ > 7,q € N, the algebraic
number A, is a root of a polynomial of degree > 3. Therefore it is not possible to make
the determination of A\, for ¢ > 7 as effectively as in the first four cases. Consequently,
we shall examine the minimal polynomial of A, instead of A, itself. The following table

presents minimal polynomials of A\, for 3 < ¢ <'8;

TABLE 2.1: The minimal polynomials of A\, for 3 <¢q <38

¢ || The minimal polynomial
3| z—1

4| 22 -2

51 22 —2—1

6| 22-3

70 23 —2?—20+1

8| z* —422 42

Because of the importance of being able to determine the elements of H, in our
work, we can recall Rosen’s ideas;
As shown in [JS87, p. 296-298| elements of I" can be expressed in terms of the generators,
and any relation in I' can be written in the form of a word in X and Y. Here we do so
for the elements of H,, which could be expressed in terms of the generators S and T', as
az+b

V()= = TST"S..8T" (2), (2.2.4)

where the 7;’s, (0 < i < n) are integers, and only ry and r, may be zero. The method
Rosen used is the development of a class of continued fractions, which arise naturally

from H,. In [Hec36|, Hecke gave the following result:

Theorem 2.5. When A > 2 and is real, or when A = Ay = 2 cos%, q €N, q >3, the set
A
F\, ={2 € H||Re(z)| < 2 |z > 1} (2.2.5)
is a fundamental region for the group H,.

R. Evans gave an elementary proof of this fact in [Eva73|.

—Ag
2
Re(z) = % and the unit circle which form a hyperbolic quadrilateral with four vertices

This fundamental region as shown in Figure 2.3, is bounded by the lines Re(z) =

in HUR U {oo} , two of which are the fixed points of two elliptic generators S and R,

these are i and e'@ respectively, the third is infinity which is the unique parabolic point

17



FIGURE 2.3: The shaded and white region together form a fundamental region for H,

T q
_e_jq a’q eiq
-4 2 -1 -4 0 A 102 2
q 2 2 A“ 4

for this region and —e "4, The fixed points for the parabolic elements are called the

cuspset, and these are the images of co, under the elements of H,.

FIGURE 2.4: The fundamental region for Hy
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=
=
NS
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Chapter 3

The Universal g-gonal Map

3.1 The Farey map

In simple terms, the Farey map M (00, 3), abbreviated here to %3, is a tessellation
of the upper half-plane. We construct the Farey map as follows. The vertex set is the set
of the extended rational numbers QU{oo} and two rationals £ and 4, where a and b, and
c and d are coprime pairs, a, b, ¢, d € 7Z, are joined by an edge if and only if ad —bc = +1.
The edges are given by hyperbolic geodesics. This map has the following properties.

1. There is a triangle with vertices %, %, % called the principal triangle.

2. The modular group I' acts by Mébius transformations as a group of automorphisms

of the Farey map, as follows, if

).

A= (% P)er, then A%y = (Qatie
vy 4 c va + dc

a atb b

3. Every triangle has vertices of the form ¢, {25, ; for some integers a, b, c and d.

Constructing the Farey map //23. The edges of //23 are the images of the imaginary axis
under I'. The vertices are the images of co under I',; and the faces are the images of the

principal face under I'.

19



FIGURE 3.1: The edges are the images of the imaginary axis under I"

—lo

FIGURE 3.2: The vertices are the images of co under I'
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FI1GURE 3.3: The principal face
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FIGURE 3.4: The faces are the images of the principal face under I

1
0

Thus the Farey map .#3 (= .#(c0,3)) (Figure 3.5) is a triangular map, meaning

that it is a map in which all the face are triangles. [Sin88| demonstrates this is the
universal triangular map; in the sense that any triangular map on an orientable surface
is a quotient of the Farey map M3 by a subgroup of the modular group I'. In other
words the Farey map //23 covers all triangular maps on orientable surfaces, and by using
the extended modular group, we can extend this theory to non-orientable surfaces.

We give a slightly different proof from [Sin88| (for orientable surfaces) which more easily

generalizes to the corresponding result for universal g-gonal maps as in Theorem 3.4.
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FIGURE 3.5: Farey map

RO e
kelI )
owolw
SN
~|w
Ol
ol
e
[S31[9V]
oolut
Wl
~Jo
N
RelENi
(S
ol
o
00|~y
Rellod]
==

©|=
ool
ESI
o=
(S
=
~N
W=
N

Theorem 3.1 ([Sin88, Theorem 1|). Let T be a triangular map. Then there is a subgroup
M <T(2,00,3), such that .Ms/M ~T.

Proof. Let x,y be permutations of the darts as described in Section 1.2. Let T be any
triangular map, that is a topological map of type (m,3), then 22 = ¢ = 1, so there is
a homomorphism 6 : I' — G =< x,y > as given by X 2, Y — y. Let M = 071(G,)
be a map-subgroup for T" as described in section 1.4. We show that the action of I' on
the darts of .4 is regular (i.e transitive and fixed-point free), as described in Theorem
1.11. It is transitive because, if £ — % is a dart in .5 then (g S) takes the principal
dart 6 = (00,0) = ( %, 9 to 2 — g. To use transitivity to prove there are no fixed points,
we only need to prove that I's = {e}. This is because if (¢}) fixes 0 then b = 0 and if
(‘CLZ) fixes oo then ¢ = 0, then as ad —bc=1and a,b,c,d € Z,a =d=+1,b=c=0s0
(28) ==+(§9) the identity in . Thus the stabilizer of a dart of M is the trivial group
{e}. If T is any triangular map with map-subgroup M < I' then as {e} < M, it follows
from Theorem 1.7 that .#3 covers T. Now by Theorem 1.4 every algebraic map &7 of
type (m,3) is isomorphic to a quotient of the universal algebraic map o of type (m,3)
by a map-subgroup M. As observed in Section 1.4.3, the categories of algebraic maps
and topological maps are equivalent, thus the same result holds for topological maps,

that is .#3/M ~T. O

This means that .#s is the universal triangular map as it covers every other trian-

gular map.
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3.2 The universal ¢g-gonal maps

In this section we generalize the concept of the Farey map to the universal g-gonal
map, involving Hecke groups H,. The universal topological g-gonal map M (00, ), which
we abbreviate to //Zq, is a tessellation of the upper half-plane. First we construct the
universal g-gonal map //Zq. The edges (the hyperbolic geodesics) of //Zq are the images
of the imaginary axis I (which is the edge between the two vertices % and oco) under Hj.
The imaginary axis I consists of two darts one with a vertex oo and one with a vertex
0. As S(z) = _71 takes 0 to oo and oo to 0, these two darts lie in the same H, orbit.
Thus the darts are the images of the directed edge & = (0, 00) along the imaginary axis
from 0 to oo i.e. the darts are all of the form (g(0), g(c0)) where g € H,. It follows that
H, has a transitive action on the darts of //Zq. The vertex set is the images of co under
H,. The principal face in ///11 has vertices, that are the image of oo under the powers of
the elements R, as defined by R(z) = T'S(z) = % of order g. The faces are then the

images of the principal face under H,.

FIGURE 3.6: The edges are the images of the imaginary axis under H,

FIGURE 3.7: The vertices are the images of oo under H,




Example 3.2. (a) The vertices of the principal face in ./ are

w1 ) ) o-(-()

as shown in Figure 3.8.

FIGURE 3.8: Principal face when ¢ = 3

(b) The vertices of the principal face in ,/24, A = V2, are %, %, \/Li’ ‘/Ti as shown

in Figure 3.9.

F1GURE 3.9: Principal face when ¢ =4
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(c) The vertices of the principal face in 5, A5 = 1+2\/5’ are %, %, )\1—5, %5, Af as

shown in Figure 3.10.

F1GURE 3.10: Principal face when ¢ =5

=IO

|~
1
-

24



To generalize Theorem 3.1 to g-gonal maps, we require the following Lemma.

Lemma 3.3. The transformation Uy : z — kz, is not an element of H,, for any
qEZz3wher6)\q:2cos% and k>0, k#1 e R,

T T
—i=

—ke 1 kelg

Proof. Suppose that the transformation Uy, : z — kz € H, for some real k > 0, k # 1.
Replacing Uj, with its inverse if necessary, we may assume that k& > 1. Let I be the
fundamental region for H, shown in Figure 2.3. As F' has width Ay, it follows Uy (F') has
width kA, > A;. Thus we can find zg € Uy(F') such that zp, 2o + A both lie in Uy (F).
As Uy, € H, then Ui (F) would be a fundamental region which is a contradiction as we

have found two points of the same orbit in Uy (F). O

If a real Mobius transformation fixes 0 and oo then it has the form z — kz, k > 0.

az+b
cz+d?

ad—bc:lthend:%soz»—>a2zand2b—>kz, kE>0.)

Suppose z — ad —bc =1, fixes 0 and co. Then b = ¢ =0 so we have z — 22, As
(Supp d

Thus, Lemma 3.3 implies that only the identity element in H, fixes the principal
dart 0 = (00, 0).

Theorem 3.4. Let .# be any q-gonal map. Then there is a subgroup M < H, such that
My/M ~ M.

Proof. Now H, acts as a group of automorphisms of //Zq and we have seen that its action
on the darts of //Zq is regular. That is transitive and free (i.e. the stabilizer of the principal
dart d is {e}), as shown in Lemma 3.3. Also there is a bijection 6 : H, = I'(2,00,q) —

1, where z, y are the permutations of the darts

G=<uzx,y>asgivenby S+— z, R+— y~
as described in Section 1.2, such that 22 = y™ = (y~'2)? = 1 in G. We may identify
the set of darts ) of //Zq with |H,| by means of the bijection g — dg, g € Hy, so that

H, acts transitively on the set of darts by right multiplication. Therefore the algebraic
25



map that is associated to the universal topological ¢g-gonal map //Zq is just the universal
algebraic ¢-gonal map ;z{; defined by <, = (Hy,|Hgl, S, R), as introduced in Definition
1.3, where |H,| denotes the underlying set of H,(=I'(2,00,q) = (S, R|S% = RY

= I), as defined in Section 2.2).

Let .# be any g-gonal map (i.e. .# is a topological map of type (m,q)). By Theorem
1.4 every algebraic map & of type (m,n) is isomorphic to a quotient of the universal
algebraic map o of type (m,n) by a map-subgroup M. As observed in Section 1.4.3, the
categories of algebraic maps and topological maps are equivalent, thus the same result
holds for topological maps, that is //fq /M ~ 7. As the map-subgroup for the universal
g-gonal map is trivial and {e} < M, then by Theorem 1.7 it follows that //Zq covers A
which is isomorphic to .4, /M. O

We have shown that %q is a universal object in the category of g-gonal maps and

their morphisms. This justifies us calling //Zq the universal g-gonal map.

Example 3.5. When we look at My as illustrated in Figure 3.11, we know that oo and
0 are vertices of .//24 but it is convenient to write co = ﬁ and 0 = 0—‘1/5. The vertices
of .4, as in Table 3.1 are of two forms. The first have the form ﬁ,

and (a,c) = 1, these vertices called the even vertices which are the images of oo when

where a is odd

we apply elements of Hf. The second have the form %, where d is odd and (b,d) =1,
these vertices called the odd vertices which are the images of co when we apply elements
of Hf. It follows that the subgroup Hf of even elements in H; maps even vertices to

even vertices and odd vertices to odd vertices, while the set Hf of odd elements in Hy

maps even vertices to odd vertices. As co = 0—\1& is an even vertex and 0 = % is an
odd vertex, and the edges of M) are images under Hy of the edge joining 0—\1/5 to OT‘/E,
the edges of M join even and odd vertices. Therefore, ﬁ is joined to % if and only
if ad — 2bc = +£1 mod n. Also as the principal face of .#, has vertices ﬁ,%,ﬁ,%ﬁ,

the faces of ./, are the images of this principal face under Hy.

Example 3.6. Figures 3.11, 3.12, 3.13 and 3.15 below illustrate the universal g-gonal
tessellation for ¢ = 4, 5,6, 7 and their tables of correspondence for each case. The vertices
of the maps are polynomials in Q()\;), as apparent from the tables. It is evident from
Table 3.4 that the vertices for the case ¢ = 7 are polynomials of degree 2, replacing each
)\g with its equivalent value )\g + 2X\7 — 1, using Table 2.1.

26



vy UOTYe[[9SSo) [RUOS- [eSIATUN Y, 1T € HHNDI]

K
-2
‘m
K

. . 555 :5 m\,as ﬂ Yoo 4w
2w & w ) ?

¢
W o o, ¢ Uy it i o W
@

27




,{“}—4

=
>
5
—
N3]
]
—

9" UOTIYe[[9SSo) [RUOS-G [eSIATUN O], g1 € HHNDI]

i)
0D
<

Ol

28



97/ UOTYe[[9SS9) [RUOS-g [eSIATUN YT, €T ¢ HHNDI]

<

A G
z 1,5 w6 e g er 1w w0 [ o s
& i [ !

29




En

Je
0 SUOI)09s SUIAJTUSRIN
Wy !

S

P1°¢ HUNOL

i
L]
q‘*‘

S
K\‘LO
%

Ll
©

K
12

vm

i

¥, )
g §
¥d soruru
EE .
ra "

n
i

)

t« )

M\/ z

; £
FRUR A 9,
4 [ .
2

4

E

er
T
Y o5 o e

ﬂ& n

B

o 7
e e
s lu b iU uL

d

€

2

S+

19 I

w3
16

1
7

5]

30



o

Ly~ UOTYR[[9SS9) [RUOS-), [BSIOATUN O, :GT'¢ AHNDI]

15
[

4

=4
oﬁt\ Jm/\[

w

Uy f

2

P o q

D

(=l

31



TABLE 3.1: Table of Correspondence for //24

a1:ﬁ 2'1:51—\45 02:4—\7/5 iztﬁ
I L
01:37\1/5 kl:%ﬁ C2i¥ /{2:%
alltzl—\{5 l1:51—*/35 dQ;% 52:%
e1:% mlzg—j/E @:% mQZQT\{Q
fl:? n1:¥ f23$ nz:%
‘611:27\7/5 Ol:ﬁiﬁ 923$ 02:6—*7@
hl:#@ p13¥ hg:% pg;ﬁ

TABLE 3.2: Table of Correspondence for ,//25

R . 2)5 . 22541
a9y v “ Ast2
h: _As o s+l p. 22542

*2A5+1 © 2A5+2 © 2A5+1

. A5 . As+2 . 22541
€32 [ Dotl L T

TABLE 3.3: Table of Correspondence for //26

alir\l/g mlir\l/g 02:% 613:5%/g ay% m;;:%
b1:§ ny% bQ:% bg:%\ég b4:% n;;:%
612% 01:% 62:% 03:% C4:% 04:7%8/?:
dli\l/fgg p1:¥ dg:% dgi% d4:% p4:38W
elzﬁ ql:%/g @:% 632% 64:% (pp%
f11§ 7’11§ fziﬁ f32% f43% 7’43%
9137%/3 813% 92¢¥ g3iﬁ 941% 841%\1/g
hy% ty% hg:% h3:¥ h4:71—\;g t41%
il:ﬁ Ull%\/g iy% ig:% z'4:131\6/§ Uy 121\3/‘5’
j12§ UM% j2181% J3 % j4I% 114!%
kliﬁ wﬂ% k‘zi% k3 % k@% uq:%
ll:g x1:2—\7/g lg:% lg:% l4:25—3 T4 51—\;%




TABLE 3.4: Table of Correspondence for //27

1 .2\ L2221 L 22722072 L A2 42a7—1
a3 Ay Ay i v S Jl v v R s v are
h. A L2221 l- 22724207 —2 L 227242071 v 22724+ )7

C a2 9 o ionm—2 U aaZraan—1 4 Tt S W 5y wa
- A72—1 L 22724 A2 L2207 24221 L 2XM72 422y w - 2A72 42271

T 22N —2 T 2A 24207 —1 T 272420 T 2A 2420 —1 2A72 A7 —2
d: A2—1 i Mr24227—1 n - 22724+ )7 s: 22724207 —1 o 22724207 —2

T A724207—1 D) VN T 272201 T 2724207 —2 To2M2—1
o A1 DY | C A2 -1 . 2277471 L 22721

C 241 DY Ny — " AZ4A 2 221 Y7oy

To draw a diagram for the universal g-gonal tessellation //Zq, we must first find the
principal face, Fy. Let R = ()‘1‘1 Bl), then R is an elliptic element of order ¢, as shown
in Section 2.2. The vertices of Fy are R¥(c0), (k = 0,...,q — 1), as apparent from the
Example 3.2. Then, all the other faces are images of the principal face Fy under the
elements A of H,, of the form AFy. Whenever the entries of the matrix involve the
polynomial of A\, for ¢ > 5, we reduce this polynomial using the minimal polynomial for
each ;. Overall, symmetry occurs around the center of each principal face for every
M.

Example 3.7. Applying A = (\}5 0‘1/5) € Hf to the principal face Fj of My, we get the

shaded face, as shown in Figure 3.16.
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Chapter 4

Principal congruence maps .#

4.1 The congruence subgroups of the modular group

We mentioned in Section 2.1 that the triangle group I'(2, 00, 3) is considered to be
I' = PSL(2,7Z), which is defined by

b
= {(a d) | a,b,c,d € Z, ad — bc = 1}/{:&[}.
c

Now for any positive integer n we define the principal congruence subgroup of level

n of the modular group I' as follows

F(n)z{(i Z) EF\(Z Z)Ei[ modn}

that is, the group of elements of the matrices of I' which are congruent to +7 mod n,
while remembering to identify each element of I" with its negative. Any subgroup G of I’
containing a principal congruence subgroup I'(n) is referred to as a congruence subgroup,
and the least n such that G > I'(n) is called the level of G.

Some examples of congruence subgroups of special interest are

I‘o(n):{<i Z) elle=0 modn}

b
Fl(n):{<a d) ella=d=+1 modnandc=0 modn};

and

Cc

each can be defined for any positive integer n. Observe that the congruence d = £+1 mod n
in the definition of I'1 (n) can be deduced from the congruences a = +£1 mod n, ¢ =0 mod n

and the condition ad — be = 1 of the determinant.
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Clearly the inclusions
I'(n) <Ti(n) <Ty(n)<T

hold for any positive integer n. Furthermore, we have

1. T'(n) is a normal subgroup of T, i.e. T'(n) <T and so it is a normal subgroup of
Ty(n) and of T'y(n).

2. T'1(n) is a normal subgroup of I'y(n), i.e. I'1(n) <To(n).

For the indices of the above inclusions we have the following formulae, [Ran77],|[DS05];

T To(n) = n [0+ ;) (4.1.1)
pln
n? 1
D Ti(n)| = % Hu - P) (4.1.2)
n3 1
TP =5 [1a- P) (4.1.3)
pn
Ti(n) : T(n)| =n (4.1.4)
ITo(n) : Ty(n)| = 05(2”) (4.1.5)

for any n > 2 and with the product running over the distinct prime divisors of n. For the
proof of the above indices see [IS05, Section 2.1]. The case n = 2 is treated in Section
4.3.

4.2 The congruence subgroups of the Hecke groups

Let I be an ideal of Z[\;|. We define

C

PSL(2,Z[\), I) = { (“ Z) € PSL(2,ZI\)) |a—1,b,c,d—1 € I} .

Similarly, we define PSL;(2,Z[\,;],I) and PSLo(2,Z[\g], I), as follows,

b
d) € PSL(2,ZI\,)) |a—1,¢,d—1 € 1},
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and

C

PSLo(2,Z[A\], ) = {(“ Z) € PSL(2,Z[\)) | ¢ € I} .

Now for any ideal I of Z[\,;] we define the principal congruence subgroup of the Hecke
group H, as,
Hy(I) = PSL(2,Z[)g],I) N Hy,

that is, the subgroup of H, consisting of elements in PSL(2,Z[\,]). Moreover, analogous
definitions of (Hy), (1) and (Hy),(I) of the form;

(Hq),(I) = PSLy(2,Z[\g), I) N Hy,

and

(Hy)o(I) = PSLo(2,Z[A], I) N H,.

Clearly,
Hy(I) < (Hq),(I) < (Hg)o(I) < Hy.

For the rest of this chapter we take the special case when I = (n) and 2 < n € Z*, i.e.
(n) is a principal ideal of Z[/m] where m = 2,3 for ¢ = 4,6. In particular

Hy(n) < (Hg),(n) < (Hg)y(n) < Hy. (4.2.1)

The even principal congruence subgroup is now

by/m
H;@):{( ¢ m) € HS |a=d=+1modn, bEcEOmodn}. (4.2.2)
c/m d

We define the even subgroups of (H,),(n) and (Hy),(n) as follows;

a bym
(Hq)j(n) = {(c — ) € H; |a=d=+1mod n,czOmodn}, (4.2.3)
a bym
(Hg)g(n) = { <c — ) € Hy | ¢ =0mod n} : (4.2.4)
Also,
ay/m b
(Hg)g(n) = {( o m) € Hj | c=0mod n} (4.2.5)

is the set of odd elements and the other coset of (Hy)g(n) in (Hy)o(n).

As ay/m and dy/m are not congruent to +£1 mod n we can not have odd elements in
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Hy(n) = Hg(n), ie. [Hy(n) : Hy(n)| =1, (4.2.6)
and
(Hg)1(n) = (Hg)i(n), Le. [(Hg)i(n) : (Hy)i(n)] =1. (4.2.7)
Thus
HE(n) < (H,):(n) < (Hy)(n) < HE. (128)

An even element is an element of the even subgroups (4.2.2), (4.2.3) and (4.2.4)
otherwise the element is odd.

Note that if we consider the multiplication of these elements, we have
odd.odd=even.even=even

even.odd=odd.even=odd.

Our aim is to compute the index |H, : Hy(n)| for ¢ = 4,6 and so in the following
pages we compute the intermediate indices |(Hy),(n) : Hy(n)|, |(Hy)o(n) = (Hy),(n)| and
|Hq : (Hq)o(””'

If ¢ = 4 and m = 2, then we have the following lemma;

Lemma 4.1. If n is even then there are no odd elements in (Hyg)y(n).

Proof. If n is even and as ¢ = 0 mod n i.e. n|c by (4.2.5) then ¢ is even. Therefore
2ad — bc is even, which is a contradiction. Hence if n is even then (Hy),(n) contains no
odd elements. O

Now let ¢ = 6 and m = 3, then

Lemma 4.2. If 3|n then there are no odd elements in (Hg)q(n).

Proof. 1f 3|n and as ¢ = 0 mod n i.e. n|c by (4.2.5) then 3|c. Therefore 3|3ad — bc, which
is a contradiction. Hence there are no odd elements in (Hg),(n) when n is a multiple of
3. O

Remark 4.3. If m = 2 then (n, m) = m if and only if n is even. If m = 3 then (n,m) =m
if and only if 3|n. Then
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Proposition 4.4. If (n,m) = m, then (Hapy)o(n) = (Ham)g(n) (i.e. there are no odd
elements in (Ham)y(n)) . If (n,m) = 1, then (Ham)g(n) is a subgroup of index two in
(Hom)o(n), for m =2,3.

Proof. To prove this we just need to show that (Hay,),(n) contains an odd element if
W2 1
+1

no V2
V3 1
+1

no V3

) , where B and C' are odd elements in (Hg),(n). O

(n,m) = 1. Suppose m = 2, then A = ( ) is an odd element in (Hyg)y(n).

Similarly, if m = 3 and n = —1 mod 3, then B = ( ) and if n =1 mod 3

50VE 1
—-n 1\/§

Example 4.5. If m = 2 and n = 3, then the following is the set of cosets representatives
for the subgroup (Ha),(3)

1 0v2 1 1v2 1 2V2
o ) e V) e )
W2 1 2v2 1 5v2 3
(V)= (3 ) = (0 )

In the following table we determine the indices for the vertical inclusions in

then we get C = <

Figure 4.1
TABLE 4.1
[Hq(n) : Hy(n)| =1 by (4.2.6)
[(Hg),(n) : (Hg)j(n)| =1 by (4.2.7)

by Proposition 4.4

|Hy: H| =2 by (2.2.1)

Hg(n) < (Hg)i(n) < (Hy)g(n) < Hg

FIGURE 4.1: The subgroups lattices of H,
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Our aim is to determine the index |H, : Hy(n)| by determining the index of each
inclusion in the lower chain of inclusions in Figure 4.1. As a consequence we can determine
the index of each inclusion in the upper chain of inclusions in Figure 4.1 using Table 4.1
i.e. the indices |(Hy)y(n) : (Hg),(n)], |Hy : (Hy)y(n)| and |[(Hy),(n) : Hy(n)|.

As
Hg(n) < (Hq)1(n) < (Hg)g(n) < Hy < Hg, (4.2.10)

we will show

1. Hf(n) < Hy, and so Hg(n) is normal in (Hy){(n), (Hy)g(n) and Hy.

2. (Hq)i(n) < (Hq)g(n)~

a /mb
Vme d

S—(O _1> and T—(l m)
1 0 0 1

respectively, we get

To prove (1) suppose A = ( ) € H(n), then we conjugate A by the gener-

ators of H,

S’AS_1:< \dfb —ﬁc) =+ mod n,
—v/m a

so SAS™ € H¢(n), and

a+mec /m(b+d—a—mc)

TAT ! =
Vme d—mec

)Ei] mod n

so TAT™! € HE(n). To prove (2), let U(n) denotes the group of units modulo n and

consider the ring homomorphism

0: (Hy)o(n) = Un)/{#1}

+d mod n .

b
defined by 6 ( “ vm )

Vmne  d

Because

o( a V/mb a’ vmb' - aa' +mndb  /m(ab’ + bd')
vmne vmnd d — \nymled +d¢)  mnet + dd’

= +(mncb’ + dd') mod n = +dd' mod n

(v 0 (e )
Vmne d vmnd d

40



6 is a homomorphism. To prove 6 is epimorphism, let d € U(n)/{£1} and we need to
find A € (Hg)g(n) such that §(A) = +d mod n. We first consider the case m = 2; if n is
even, then d is odd as (n,d) = 1. If n is odd, by replacing d with d+ n if needed, we may
assume as well that d is odd. Then d is coprime to 2n and by Bézout’s identity, there
s ) e i)
has determinant 1 and we have §(A) = +d mod n as desired. For m = 3; if 3|n, then
3tdas (n,d) =1. If 31n, by replacing d with d + n when d = 2 mod 3 and replacing d
with (d+1) +n when d = 1 mod 3, if needed, we may assume as well that 3 t d. Then d
is coprime to 3n and by Bézout’s identity, there exist integers a, b such that ad+3bn = 1.

bv/3
Then the matrix ¢ f) € (Hg)g(n) has determinant 1 and we have 6(A) = +d

(—n\/g d

mod n. Hence # is an epimorphism.

If d = +1 mod n, then because ad = 1 mod n, then a = +1 mod n, showing that the
kernel of 0 is (H,){(n) and hence (Hy){(n) < (Hy)g(n) with index @

For the indices of the quotient groups in the above chain (4.2.10), working out the index

exist integers a, b such that ad 4+ 2bn = 1. Then the matrix

of Hi(n) in (Hy){(n), we define a homomorphism

i(an—i—l \v/mb

) = b mod n.
eny/m o dn+1

1) is homomorphism because

W an+1 /mb an+1 /mb )
vmen dn+1) \y/mdn dn+1

_y n(aa’'n +a+a +mbd)+1 /m(ban+ b + bd'n + b)
B vmn(end' +c+ddn+ ) n(meb +ddn+d+d)+1

= (Van+V +bd'n+b) modn = (b +b) modn
—y an+1 /mb ” an+1 /mb
B vmen  dn+1 vymdn dn+1)

Also given any b € Z,,, then € (Hy)i(n) and is mapped to b under 9, hence

/mb
1
1 is clearly an epimorphism. The kernel consists of those elements with b = 0 mod n.

As b=0mod n, ad = +1 mod n. Then the kernel is HZ(n) which shows that
|(Hg){(n) : Hy(n)| = n. (4.2.11)
41



Using (4.2.6) and (4.2.7), as there are no odd elements in Hy(n) and (Hy)1(n), we
get
|(Hy),(n) : Hy(n)| = n. (4.2.12)

From (2) as the kernel is (H,)](n), so the index of (Hy)](n) in (Hy)g(n) is

|(Hq)g(n) = (Hy)1(n)] = —— (4.2.13)

Now as

(4.2.14)

The index of (Hy),(n) in H, was worked out by Keskin [Kes98, Lemma 3|. In order

to show the proof of this lemma we need to mention the following proposition.

Proposition 4.6. The groups Hf , H§ are conjugate to the congruence subgroups I'g(2)
and T'o(3) respectively inside PSL(2,R).

Proof. For ¢ =4,6 and m = 2,3. Let
-1
T 0 b
A=("" " )ePSLER) and B=| ° vm) o He,
0 ms cv/m d

then

ABA™! = ( ¢ b) € To(m).

cm d

Then the mapping x : Hg — T'g(m) defined by

a bym\, (a b
X (c\/rn d >) B (cm d) € o(m)

shows that H is conjugate to I'o(m). O

Theorem 4.7.

n]_[p|n(1+}%) if (n,m)=1

|Hq : (Hg)y(n)| = .
2n ] pem (I +5) if (n,m) =m.

(4.2.15)

Proof. First assume that (m,n) = m, where p # m. It is clear that (H,)g(n) C H; C H,.
Let x be the mapping defined in Proposition 4.6. Then x is a mapping from Hg to I'g(m).
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Also since the map x is conjugation by an element of PSL(2,R) then y is an isomorphism
and x((Hy)g(n)) = Lo(mn). Since T'o(mn) C To(m) C T, we get

|Hy = (Hg)o(n)| = [Hy : Hg||Hg : (Hq)o(n)| = 2|Hg = (Hg)g(n),
where

[HE < (H,)5(n)| = [To(m) : To(mm) = 20 T 14 L),

- r:r
| o(m)| p|n,p#m
Now if m = 2 and p # 2 , we have
. T To(2n 1
H s (Ha)o(n)| = 215 : (HL)S(n)] = 2T0(2) s To(2n)| = 220200 o T (14,
T To(2)] ’
pln,p#2
Similarly when m = 3 and p # 3, we have
e I':To(3n 1
(He + (Ha)o(n)| = 2HE : (Ho)y(n)] = 2[To(3) : To(3n)| = 220Gl o T (14]y,
DETTCEE S W

For the case where (m,n) = 1, since (Hy)5(n) C HS and (Hy)g(n) C (Hy)y(n). Tt is clear
that
[Hy : Hy| = [(Hg)o(n) : (Hg)g(n)| = 2.
Thus we have
|Hq : (Hq)g(”)|
[(Hq)o(n) : (Hg)o(n)]
_ ’Hq : HSHHE : (Hq>e(n)‘

|Hq : (Hq)o(”)| =

0
|(Hy)o(n) = (Hg)g(n)]

Using Proposition 4.6 and the map y as defined above, we have

= [Hy : (Hg)g(n)]-

. . B . _|F:F(mn)|_ 1
[+ (H5()] = [To(m) : To(mn)| = =g 8 = [0+ ).

If (n,m) = 1, using the first factors given by Theorem 4.7 and (4.2.14) with
¢(n) =n]l,,1 - %), we have

Hy: (Hy (0] = [Hy : (o[ (Ho) : () ()] = w2 [0 = 5.
Pl

As the case (n,m) = m can be calculated in a similar way, we get

n? [T (1 — 1%) if (n,m)=1
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Now as a conclusion, using Theorem 4.7, (4.2.14) and (4.2.12) as defined above we
can derive the following index formulae.

For (n,m) = 1, we have
[Hy : Hy(n)| = [Hq : (Hq)o(n)[[(Hg)o(n) : (Hqg)y (n)[[(Hg)y (1) : Hy(n)]

1 1
= nH(l + E)n H(l - E)n

pln pln
3 ].
=n*JJ- ﬁ)'
pln
For (n,m) = m, we have
1. n 1
|Hy: Hym)|=2n [ 1+ )y [Ja- ];).n
pln.p#m pln
1 1
I | T
m p
pln.p#m
Let us define pq4(n) as follows:
n® Hp|n(1 - Z%) Zf (n7m) =1

pg(n) = (4.2.17)

nd(1— 1) [ pom (1 — 1%) if (n,m)=m.
Now we have the following theorem which confirms Parson’s result [Par76, Theorem 2.3].

Theorem 4.8. p4(n) = |Hy : (Hy)(n)].

As we know this is valid for ¢ = 4 and 6, and only for n > 2. In the next section

we discuss the corresponding results for Hs,Hy and Hg where n = 2.

4.3 The case n =2

Every element of Hs =T is congruent mod(2) to precisely one of:

10 0 1 11
e== ,81 == ,80 ==+ ,
(0 1) (—1 0) (0 1)
10 1 1 0 -1
83::|: ,leﬂ: ,TQZ:E .
11 -1 0 1 1

The group I'/T'(2) is generated by s1,rs which obey the relations

s =13 = (s1m2)% =e,
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so I'/T'(2) is isomorphic to the dihedral group D3 of order 6. Also for n = 2 we have
I'p(2) =T'1(2), a subgroup of index 3 in I.

Every element of Hy is congruent mod(2) to precisely one of:
1 0v2 1 1v2 1 0v2
e== V2 ,81 == V2 ;80 = & V2 ,
0v2 1 0v2 1 W2 1
-1 —1v2 1v2 1 1v2 1
s3 == v2 84 =% v2 ;11 =% V2 )
W2 1 1 1V2 ~1 0v2
ov2 -1 0v2 -1
S5 = + \/> s T = + \f .
1 0v2 1 1V2

The group Hy/Hy(2) is generated by s1,71 which obey the relations

so Hy/H4(2) is isomorphic to the dihedral group Dy of order 8.

Also for n = 2 we have (Hy4),(2) = (Ha),(2), is a subgroup of index 4.
Every element of Hg is congruent mod(2

1 0V3
:*Qﬁ 1)

to precisely one of:

)
1 1v3 1 0v3
ﬂ:iQﬁ 1) *@ﬁ 1)
5 1v3 2 1v3
e T e Ve e |
1v3 V3 7 0vV3 -1
=i<2 ol et )
B 5\/§ . V3 1 N 0v3 1
- 7 EEL ) o3 1 1v3)

The group Hg/Hg(2) is generated by s, 71 which obey the relations

st =10 = (s111)% =e,

so Hg/Hg(2) is isomorphic to the dihedral group Dg of order 12. Also for n = 2 we have
(He)y(2) = 2(Heg),(2), is a subgroup of index 3.

The following table summarizes the corresponding indices;
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r Hy Hg
’(HQ)l(Z) : Hy(2)] 2 2 2
[(Hq)o(2) : (Hg),(2)] 1
|Hq : (Hq)o(2)| 3
|Hq : Hq(2 | 6 12
Hy/Hq(2) = D3 Dy || Dg

As a conclusion, when n =2, ¢ = 4,6 and m = 2,3, the index |H, : Hy(2)| = 4m.

4.4 The principal congruence maps .Z5(n)

The majority of the content in this section is drawn from [IS05].

Definition 4.9. Let .#3(n) be the triangular map .3 /T(n).

We call .#5(n) the principal congruence map, PC-map or the Farey map modulo n.

The vertices of this map are the Farey fractions mod n. These are of the form %

where a,c € Z and (a,c,n) = 1, excluding %. We can think of these vertices as fractions

2 where now a,c € Z, (not both zeros), and we identify ¢ with

—a
P —

=. Essentially these
are ordered pairs (a,c) where (a,c,n) =1, (a,c) # (0,0) and where (a,c) is identified
with (—a, —c). The edges and triangular faces of .#5(n) are the projections of the edges
and triangles of the universal triangulation %3; thus two vertices are joined by an edge

a+c
b+d

faces with ¢ and 5. These are the only faces in the map.

if and only if ad — bc = +1 mod n, and and 3=7 are the vertices forming triangular

Example 4.10. The vertices of .#3(4) are & %, 2 3 1 %.
The vertices of .#3(5) are %, %, %, %, %, g, %, %, %, %, 51
As we can notice that 2 is a vertex in .#5(5) as (2,2,5)

as (2,2,4) = 2.

1 but not a vertex in .#5(4)

101
01T
an edge and so .#3(2) is a triangle embedded in the sphere. For n = 3,4 we obtain a

Example 4.11. If n = 2 there are three vertices Any two vertices are joined by
tetrahedron and octahedron respectively, as in Figure 4.2. Also for n = 5 we obtain an
icosahedron; thus all the regular triangular maps on the sphere are PC-maps. Moreover,
for n > 6 the maps .#3(n) give some interesting geometric objects, such as the map of
type {6,3}22 of genus 1 on a torus for n = 6. Also Klein’s Riemann surface of genus 3

and the Fricke-Klein surface of genus 5 when n = 7 and 8 respectively.

The vital statistics for PC-maps .#3(n) were discussed in [IS05]. As .#3(n) is a
regular map, using |I" : I'(n)| as defined in (4.1.3), we have: the number of edges is equal
to |T': T'(n)|/2, the number of faces is equal to |T" : T'(n)|/3, and the number of vertices
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(=R

FIGURE 4.2: Left: .#3(3); tetrahedron.

=N

e

e

Right: .#5(4); octahedron

=W

e

k=]

is equal to |I': T'(n)|/n. Every vertex has valency n. The genus g3(n) of .#5(n) can be

found using the following well-known formula [Ran77]

The case n = 2 was discussed in Section 4.3. The following table gives some inform-

ation (number of vertices and edges, valency of faces, genus, etc.) for n =2,3,4,5,6,7.

n | V]| I|E] | |F| | g3(n) | |T:T(n)| | Aut(#5(n)) | Description of .#3(n) | Riemann surface
2] 3 3 2 0 6 Ss Triangle Riemann sphere
3| 4 6 4 0 12 Ay Tetrahedron Riemann sphere
41 6 12 8 0 24 Sy Octahedron Riemann sphere
5112 | 30 | 20 0 60 As Icosahedron Riemann sphere
6| 12 | 36 | 24 1 72 PSLy(Zs) {6,3}2,2 Hexagonal torus
7|24 | 8 | 56 3 168 PSLy(Z7) Klein’s surface Klein’s quartic

TABLE 4.2: Vital statistics for some .#5(n) maps

Here Aut(.#5(n)) is the automorphism group of the maps .#5(n). Also S,, and A,

are the symmetric and alternating groups on n letters, respectively.

4.5 The principal congruence maps .Z,(I)

In this section we generalize the concept of the Farey map modulo n to the Hecke

groups H,. We deal with ideals in Z[\,] of the form I = (n), where n is an integer, and

with the cases ¢ = 4 and 6.

Definition 4.12. If ./, is the universal ¢-gonal map, and I is an ideal of Z[\,] then a

PC-map is a map of the form .#Z,/H,(I).
We call .#,(I) a principal congruence map or PC-map.
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The maps //Zq/Hq(n) for ¢ = 4 and 6 lie on the Riemann surface H*/H,(n), where
H* = HUQU {oo} and H*/H,(n) denotes the quotient surface H/Hy(n) compactified
by adding the points in Q(y/m) U {0} to the plane H.

4.5.1 Vital Statistics for PC-maps .#4(n)

As described in Example 3.5 the vertices of My are classified as even and odd
Vertices and the same applies in .#4(n). The even vertices of .#4(n) form the orbit of

o0 = under even elements of Hy. For a,b,c,d € Z,,, even vertices have the form f

of 2
where (a,c,n) =1, and a is odd whenever n is even. The odd vertices form the orbit of

0= 0‘[ under even elements of Hy. Odd vertices have the form b\[ where (b,d,n) =

As co = —L- is an

cﬁ To0v2
that is an odd vertex, so edges of .Z4(n) must

and d is odd whenever n is even. Also we identify 7
OW

even vertex which is joined to 0 =
join even and odd vertices c\‘}i and b‘[ if and only if ad — 2bc = +1 mod n. Because the
edges never join two vertices of the same type we have a bipartite graph. The faces of

AMy(n) are just the images of the principal face of M, under Hy.

Elements of Hy has been discussed in Section 2.2. H,4 acts transitively on the darts

of My. A dart of .4y is an ordered pair (%, %) and elements of H4 map the principal
dart § = (1= 0\—@) to (—%= M) and so Hy/H,(n) acts transitively on the darts of

0v2) 1 o2’
//14/H4( ). By Definition 1.10 .4y is a regular map and for a similar reason so is .#4(n).
As V is joined to k—‘l/ﬁ in #y(n) for k € Z,, it follows that 0—\1/5 has valency n and
hence by regularity every vertex of .#,(n) has valency n. Using Theorem 4.8 helps us in

working out the numbers of darts, edges, faces and vertices of .#y(n), therefore we have:

The number of darts = pa(n)

The number of edges = | p4(n)/2

The number of faces = | pg(n)/4
The number of vertices = | pg(n)/n

Here |Hy : (H4)(n)| = pa(n) as defined immediately before the Theorem 4.8.
If g4(n) is the genus of the map .#,(n) then the Euler characteristic is given by

2= 2gu(m) = pa()(; = 5+ ) = ra(m) ()
n—4
94(n) = pa(n)(——=) + 1,



from which we deduce the following formulae for the genus of .Z4(n)

0 ifn=2
ga(n) = 1+ % - )L, 01— %)  if (n,2)=1 (4.5.1)

n2 .
1+ g (0 —4) [T ppa(l — Lz) if (n,2) =2.
g4(n) is also the genus of the surface H*/Hy(n) which carries the map .#4(n).

Let us see what these vertices are for low values of n, say n = 2,3, ...,8. As shown

in Figures 4.4, 4.6, 4.7 and 4.3, these maps give interesting geometric shapes.

TABLE 4.3: .#4(n) vertices for low values of n

n | #y(n) vertices
9 1 1 0vV2 1/2

0\[1\@’171

3 77¢¢MMMM
0\[1\/571\[2\/571711 9

4 77i¢MiMM
0\/’ 1\f’1\f2\[7 1 1 » )

5 77L7LLLLLLLL

0v27 0v/27 1v27 1727 1vV27 1v27 1v27 2v27 227 2v27 2v/27 22’
O\f o\f 1\f 1\f 1\f 1\f 1f zf 2\f 2\f 2\f z\f

1
0v2’ 1\/5’1\/ 1v27 2v27 2v/27 227 3v2’
of 1\/ 1\f 1\f z\f z\f Q\f 3v2

2v/27 3v/27 3v/27 3v/27 3v2’ 3v27 3v/2 3v2’
O\f of of 1\/ 1\/ 1\/ 1\/ 1\/ 1\f 1\/ 2[ zf 2\/ 2\/ 2\/ 2\f

) ii#iiiiiii#iii#i
0v27 0v/27 1v27 1727 1v27 1v27 2v/27 227 227 227 3v/27 3v27 3v27 3v27 42 42’
0v2 02 1\f 1\f 1\f 1\f 2\/ 2[ 2\/ 2\/ 3\f 3\f 3\/ 3\/ 4[ 4\f

The corresponding maps .#4(n) for these values of n are as follows:

—_
~E,
[NV}
[u—y
-
[\

02

FIGURE 4.3: .#4(2); Square embedded in a sphere

(@)
n—l%
[\
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FIGURE 4.4: .#4(3); Cube embedded in a sphere

1
1 W2

FIGURE 4.5: The cube with its bipartite structure
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2v2
/,\
1 ’/, 72\/5 \\\\ 1
3V2,¢° T 1 \l\m
1 //// 1\1/§ 0\1/—_2 ":3\/5 \\\
4 AN 1
p . 1
2v2 & ? T 222
1\\ l ./’/1
1\/§ \‘\ O\/i /’/ 3\/§
AN 1 /’/
\"
1
2v2

FIGURE 4.6: #4(4); {4,4}22 embedded in a square torus of genus 1

[The square torus is obtained by identifying the opposite sides of the outer square].

Perhaps the most famous example of a regular map of type {n,4} corresponds to a
Riemann surface of genus 4 with 120 automorphisms (having S5 as automorphism group)

when n = 5. We can construct this by defining an epimorphism w : I'(2,5,4) — S5. If
[(2,5,4)=(X,Y,Z|X?=Y> =2 =XYZ=1),

then wis given by X — z=(15),Y —y=(15432),and Z +— z=(2345). If
K is the kernel then H/K is a Riemann surface with 120 automorphisms. Then by the

Riemann-Hurwitz formula
1 _
2 —294(5) = M4(5)(5 -5 7 —) = 120(

therefore the genus of the quotient surface is g4(5) = 4. The surface underlying this map

is the unique Riemann surface of genus 4 with 120 automorphisms, namely Bring’s curve.
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1 H2

F2 E1

J2
B1
F2%7/ L2 A2 L

A1 B2

B1
J2

C2 E1 G1 C2

J1

K2
B1

L1

G2 K2

B1
B2

B2
F1

E2

F1

J2 F2

D1

J2

K1 C1

H1
B1

K2

B1 B2

H2 K2

C2

FIGURE 4.7: #,(5); {5,4} embedded in Bring’s curve of genus 4

TABLE 4.4: Table of Correspondence for .#,(5)

A1iﬁ B110%/§ C’l:loW DI:%
Elzl%/5 F1:13W Gl;%\/ﬁ H1:%
h:ﬁ leﬁ Kl;% leﬁ
Ay: 02 By 02 g, W2 p) L2
E2117ﬁ FQ::lgﬁ Gg:lT*/§ H2:¥
I23¥ J%% K2:¥ L2:¥

Bring’s curve is famous because it has the largest possible automorphism group of
any Riemann surface of genus 4, namely S5. Every compact Riemann surface corresponds
to a complex curve, which in this case is the complete intersection of the three hyper-

surfaces

3 _

in four-dimensional projective space P* [Web05] and [RR92]. The regular map .#4(5) of
genus 4 has 120 automorphisms as shown in Table 4.5. In [CDO01] a list of regular maps
of genus 2 < g < 101 is given. From this we find that there is a unique regular map of

type {5,4} with 120 automorphisms.
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FIGURE 4.8: An early picture of Bring’s curve which is associated to the small stellated
dodecahedron [Web05]. It appeared as a mosaic by Paolo Uccello on the floor of San
Marco cathedral, Venice ca. 1430.

This picture actually denotes a map of type {5,5}, but because of the inclusion
I'(2,5,5) < I'(2,4,5) it can be shown that the underlying Riemann surfaces are the
same. In [SS03] it is shown that this map of type {4,5} is the medial map of the map of
type {5,5}. Start with a map .# of type {5,5}. Two edges are adjacent if they intersect
in a vertex. We define a medial to be a geodesic joining the midpoints of two adjacent
edges. The medial map of .#, denoted by Med(.#), has a vertex set the mid-points of
the edges of .Z, the edge set of Med(.#') are the medials of .#Z and there are two kinds
of face centers of Med(.#); firstly those at the vertices of .# and secondly, those at the
face-centers of .#. It is easy to see that the vertices of Med(.#) have valency 4, and
the face sizes are equal to 5, so the Med(.#) has type {4,5}. Our map in Figure 4.7 of
type {5,4} is just the dual map of the medial map of type {5,5} and so corresponds to

Bring’s curve.

Example 4.13. The following table provides the vital statistics for some examples of

maps #4(n)

() [ 1B [ VI ] 1] ] galn)
8 4 0
24 12 0
32 16 8 8 1
4
5

120 60 | 24 | 30
96 48 | 16 | 24
336 | 168 | 48 | 84 19
256 | 128 | 32 | 64 17

|||~ |Ww|N| 3

TABLE 4.5: Vital statistics for some maps .#4(n)
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The following is the technique of drawing any .#4(n):
To draw .#4(n) we do the following.

e Find out the number of edges, vertices and faces, using the formulae in (4.5.1), as
demonstrated in Table 4.5.

e Knowing the valency n of each vertex, accordingly we can work out the n neigh-
bor vertices of each vertex, applying the relations ad — 2bc = 4+1 mod n, and
2ad — bc = +1 mod n.

e Finding the principal face as has been shown in Section 3.2, Example 3.2.

1 V2 V2

-1
e Applying the generators T' = 01 and R = ) 0 > or words in them to

the principal face to form all others equilateral faces.

e Depending on the neighborhoods and the valency of each vertex, we can arrange

the quadrilateral faces to get geometric objects as in Figures 4.3, 4.4, 4.6,4.7.

Let us discuss the drawing of .Z4(5) in details.

Example 4.14. e Listing the 24 vertices as shown in Example 4.13, working out the

number of vertices from (4.5.1). The even and odd vertices are;

AlZﬁ,B1=$,Clzﬁ,Dlz%ﬂ,Elz%ﬁ,ﬂ:%ﬁ,
G1:%7H1:%711:27\1/§7J1:%7K1:2%/§7L1:%;
AQZOT\E,B2=¥,C'QZIT&,D2=¥,EQZIT\/Q,F2=17\3/§7G2ZIT‘/§7
Hy=22 [ =22 J, 22 [, =22 1,22

Also there are 30 faces.

e The valency of each vertex is 5. Applying the relations ad — 2bc = +1 mod 5, and
2ad — bc = £1 mod 5, among the vertices to find the neighborhood vertices of each

vertex. We have;

e The principal face, call it face 1, has the vertices Do, D1, As, A;.
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Al <~ A27D27 I27 L27 G2

A2 e A17D17117L1aG1

B1 < By, By, Fs, Jo, Ko

By <+ By, Ev, Fy, Ji, Ky

Cy < Ha, I3, Jo, Ko, Lo

Co < Hy, I, J1, K1, Ly

Dy <+ Az, Dy, Fy, Hy, K>

Dy <+ Ay, Dy, F1, Hy, Jh

E1 < By, F,Ga, Ho, Lo

Ey < By, F1,Gy, Hy, Ly

Fy < By, Do, Fo, Hy, I5

Fy <5 B1,D1, Eq, Hy, It

G1 <+ Ag, Ey,Go, Ha, Jo

Go < A1, E1,G1, Hy, Ky

Hl A 027D27E27F2>G2

H2 <~ ClaDlyElaFlaGl

Il <~ A27 027 F27 J27 L2

I2 <~ A17017F17K17L1

Jl e BQ? 027 D27K27 L2

JQ e BlvchGl?Il?Kl

K1 < By,C,12,Go, Jo

Ky < By,C1,Dq, J1, Ly

Ly < Ay, Cy, Ea, I, Ko

Ly < A1,Ch, Eq, I, Jy

TABLE 4.6: Vertices Neighborhoods

H2
F2 J2
Cc2 B1 G1 B1 C2
J2 3 E125 0 Y 92
ST\ B ) VAD
e | 46" Moo e
B1 14 8 B1
F2 35 - 5 J2
36\ /L1 B P 5 49
H2 D1 K2 20 6 K2 c1 H2
24 2 11
e’ 10
J2 C1 3 1 D1 F2 E1
J2 &3] X 2% B2
B1/3: 17 9 47 \ B1
F2 L2 A2
1 4 5 1 J2
18 13
Cc2 E1 G1 Cc2
g/ A 12 \u
K2 oo 2 a6 K2
B1 877 /"B2 15 22 E2 \45X B1
26, F1
J2 B s F2 0230°? B2
D1 s Gl K1 Rasdas c!
B1
B1 B2
H2
H2 K2 E2 K2
Cc2

FIGURE 4.9: Faces of .#4(5)

e Applying the generators T and R to get some faces as follow;
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T over Face 1— Face 2

T? over Face 1— Face 3

T3 over Face 1— Face 4

T* over Face 1— Face 5

R over Face 34— Face 43

R over Face 3— Face 7

R over Face 4— Face 8

R? over Face 2— Face 9

R? over Face 19— Face 35

R? over Face 4— Face 11

R3 over Face 17— Face 46

R3 over Face 4— Face 13

T over Face 6— Face 14

T over Face 46— Face 39

T over Face 31— Face 35

T over Face 7— Face 16

T? over Face 7— Face 18

T3 over Face 7— Face 19

T over Face 8 Face 20

T? over Face 8— Face 21

T3 over Face 8— Face 22

T over Face 10— Face 23

T2 over Face 10— Face 24

T3 over Face 10— Face 25

T over Face 11— Face 26

R3 over Face 22— Face 47

R3 over Face 27— Face 31

T over Face 39— Face 34

T2 over Face 24— Face 30

T over Face 34— Face 38

e Arranging the faces to build up the final shape of the map, depending on the

common neighbor vertices of each vertex and the edge in common.

4.5.2 Vital Statistics for PC-maps .#;(n)

Discussion of the vital statistics for .#s(n) is analogous to that for .#4(n), with
slight differences. The vertices of Mg are partitioned into even and odd vertices, as in
1

Ms(n). 03
Hg. For a,b,c,d € Z,, even vertices have the form % where (a,c,n) =1, and 3 1 a

The even vertices of .#s(n) are the orbit of co = under even elements of

whenever 3|n. The odd vertices are the orbit of 0 = % under even elements of Hg. Odd
vertices have the form % where (b,d,n) = 1 and 3 { d whenever 3|n. Edges and faces

are exactly the same as described in .#Z4(n). As in case ¢ = 4, the edges never join two
vertices of the same type this implies that the graph is bipartite. Finding the numbers

of darts, edges, faces and vertices of .#g(n), using Theorem 4.8 we have;

The number of darts = pi6(n)

The number of edges = | ug(n)/2

The number of faces = | ug(n)/6
The number of vertices = | pg(n)/n

Here |Hg : (Hg)(n)| = pe(n) as defined immediately before the Theorem 4.8.
If g¢(n) is the genus of the map .#s(n) then the Euler characteristic is given by

2~ 2g5(n) = o) . — 5 + ) = is(m) (5,
n—3
96(n) =1+ pe(n)(—5 =),



from which we deduce the following formulae for the genus of .#s(n)

0 ifn=2
g6(n) = Q1+ % =3, (1 - %)  if (n,3)=1 (4.5.2)
2 .
14 %5 (n = 3) [T pes(1 = %) if (n,3)=3.
The vertices for low values of n, say n = 2,3, ...,6 are;
TABLE 4.7: .#g(n) vertices for low values of n
n | Mgs(n) vertices
o | L 0 1 0v3 1V3 V3
0v3'1/3°1./3° 1 00 0 1
3 LLLMMM
0\/571\/372\/57 1 0
1 2
L) vE Ve TV VR TV VB
M@%%i&
1 720 1 2
5 7L7LL7LLLLL7
0v3’ 0v3’ 1v37 1v37 1v37 1v37 1v37 2v/37 2v/3° 24/37 2/37 23’
MMM%MM@MMMMM
1 4 270
6 LLLLLLLLL
0v3’ 1v37 1v37 137 1v37 24/37 2/37 337 3V/3
0v3 1v3 1v3 1v3 1v3 2v3 2v3 3v3 3v3
1=1727475’1’5=1=2
5

0\/5’0\/ 0\/5’1\/5’1\/’1\/5’1\/5’1\/5’1\/ 1v37 2v/37 2v/37 2/37 2v/37 2v/37 23’

0v3 0\/5 0v3 13 1\/§ 1v3 13 13 1f 1f 2f 2f 2\f 2f 2f 2f

1737071727314757

0\/5’0\/ 1\/??’1\/3’1\/ 1\/3’1\/3’1\/5’1f 1v37 2v/37 2v/37 2/37 2v/37 337 33’

0v3 0\/5 1v/3 1v3 1\f 1v/3 1v3 13 1\/ 1\/ 2[ 2\/ 2\/ 2\/ 3[ 3\/

The corresponding .#s(n) maps for these values of n;

13 0
B 1V3
1 1v3
0v3 0
0v3 .
1 V3

FIGURE 4.10: .#5(2); Hexagon embedded in a sphere
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B V3

FIGURE 4.11: .#5(3); {3,6} embedded in a hexagonal torus

FIGURE 4.12: .#5(4); {4,6} of genus 3



Example 4.15. The following table provides the vital statistics for some examples of

maps #gs(n)

us(m) [ 1E] [ IVI [ 1F] [ gs()
12 6 6 0
18 9 6 1
48 24 12 8 3
120 60 24 | 20 9
108 54 18 18 37
336 168 | 48 | 56 33
384 192 | 48 64 41

|| |lokx|w|N| 3

TABLE 4.8: Vital statistics for some maps .#s(n)

4.6 The star of a vertex
In a graph G the star of a vertex = consists of all vertices of G that are joined to z
by an edge, including x itself.

Definition 4.16. An even-star is the star consisting of an even vertex of the map .#,(n)
and all its neighbors (always odd vertices). Also an odd-star is the star consisting of an

odd vertex of the map .#;(n) and all its neighbors (always even vertices).

Definition 4.17. An arithmetic progression consisting of successive neighbors of points

c\?m € Q(\/ ) is a sequence x’“ﬁ , where each of x; and y is an arithmetic progression
sequence of points in Z by 1tself. The first term is %Tﬁ. While an arithmetic progression

consisting of successive neighbors of points a\ém S Q(\/m) is a sequence y:i?fn’ where
each of x; and y is an arithmetic progression sequence of points in Z by itself. The first

term is

xo
yov/m’

by/
If7T = ¢ ") is a unuimodular matrix then T(m’“‘/m) is an arithmetic
cv/m d Yk

progression of points in Q(\/m), meaning it is an arithmetic progression consisting of
where the first term is T(b\ém) and the common

ay/m b
¢ dym

progression of neighbors of the point a*ﬁl, where the first term is T(—) and the

m

successive neighbors of the point

\/7)
difference is T'( \F) Similarly if T = (

>, then T(yk\?ﬁ) is an arithmetic

common difference is T(C%).
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Theorem 4.18. The even-star of the even vertex \/%c of the map #y(n) consists of

\/“mc together with all odd vertices of the form

(b+ ak)y/m

4.6.1
d + mck ( )

where ad —mbc =1 mod n and k=0,1,...,n — 1.

Proof. First we find the even-star of 5—— in Q(y/m). This consists of v together

with the odd vertices O‘IF, 1(, ey (” ﬁ)\ﬁ. Here \/%c = 0\}% SO ‘/dmb = 0\(7 hence

a=d=1and b= c=0, therefore (bgfgf = k\{m, k=0,1,...,n — 1, as required.

b 1 1
More generally, let T' = ( “ ﬁ) be a unimodular matrix, U = < ﬁ) € Hy.

cy/m d 0ym 1
Then T( \/») \ﬁ The stabilizer of T is the cyclic group generated by U so the
consists of elements of the form TU*T~!. Let

\/ﬁc
S _ Tkl = 1 —mkac  a’ky/m '
—mkc®y/m 1+ mkac
\/%C — \Fb , then S(\F ) S(\/?b) so that \/%c S(\/dmb) (where

+— denotes an edge). Now

S(@) [ 1=mkac  a*ky/m Vmb
d ’ \=mk®/m 1+ mkac d

_ <\/M(b — mkach + k:an)>

—m?kbc® + mkacd + d

Using ad — mbc = 1 = ad = 1 + mbc, this becomes

(b + ak)y/m
d+mck

This is true for £k = 0,1,...,n — 1 so that these are the n odd points in the even-star of
O

a
vme'
Theorem 4.19. The odd-star of the odd vertex ¥ v/ma of the map #y(n) consists of @

together with all even vertices of the form

b+ mak
(d+ ck)/m

where mad —bc=1 modn and k=0,1,...,n — 1.

(4.6.2)

The proof is similar to the proof of Theorem 4.18.
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By Definition 4.17, the sequence (4.6.1) is an arithmetic progression consisting of

successive neighbors of the point ﬁ, where the first term is % and the common

difference is a&/nH. Similarly the sequence (4.6.2) is an arithmetic progression consisting

of successive neighbors of the point @, where the first term is ﬁ and the common

am

difference is NG

Example 4.20. To find the even-star of 1%/5 in .#4(5), see Figure 4.7, we have @ = %,

4 02
1Wv2 1

ference of the arithmetic progression (4.6.1) are

then our unimodular matrix T is ( > The first term and the common dif-

and # respectively. Thus the

4k/2 4

successive neighbors of 1‘1% is given by the formula {757 . Therefore, the even-star of 3

in Ay(5) is

0v2
1

4 0V2 1vV2 22 2v2 42
=1{G1, A2. E2, H2, J2, G2}.
{1\/57 1 ) 2 b 0 b 2 b 1 } {G7 9 b ?J 7G}

1V3 2 0_ 13

>i|
=
.
w
.

FIGURE 4.13: Left: The odd-star of 12—‘/5 in .#s(4) . Right: The even-star of 1% in
AM4(5)

Example 4.21. To find the odd-star of IT‘/E in #5(4), see Figure 4.12, we have ﬁ = %,

1Wv3 0
13
0

. . . 3 .
ference of the arithmetic progression (4.6.2) are 3 and PNe respectively. Thus the

then our unimodular matrix 7T is > The first term and the common dif-

% is given by the formula % Therefore, the odd-star of

successive neighbors of
17\/?3 in #s(4) is
{1\/§ o 1 2 3 )
2 T 1v3 V3T 1V3T V3T
Theorem 4.22. For a prime p the even-stars of 0\}%, ij, - (po_l\/%z, and the odd-stars

of 1@, 2@, - ((p_l)({m\/m are disjoint and cover My(p).
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Proof. Consider an even vertex ﬁ. Let A be the inverse of @ mod p. Then the even-

star of 0&% is {0\;%, 0\1/4%, 1‘1/4%, oo (p—fq)\/’rﬁ}. Consider a distinct even-vertex ﬁ, SO
that a #Z +a’ mod p. Let A’ be the inverse of a’ mod p. Then A # 4+ A’ mod p so that the

even-star of O\C}lm is {of}/ﬁ’ Oyim lyim (p_i‘),\/rn}. Now let @ be an odd vertex. Let

AT AT

B be the inverse of b mod p. Then the odd-star of b\ém is {b\ém, B\O/E’ B\I/E’ s Sg\_/}%}.

Let B’ be the inverse of b’ mod p. Then B # +B’ mod p so that the odd-star of vm

0
{b ‘({E, B,?/%, B'f/ﬁ’ - ](3’:/1%} As A # + A’ mod p these even-stars are disjoint, also as

B # +B’ mod p, these odd-stars are disjoint. There are p + 1 vertices in each even-star

and odd-star and (p — 1)/2 stars of each type. Thus there are p? — 1 vertices which is
the total number of vertices of .Z;(p). O

Example 4.23. #(5). Using Table 4.7 we find that the even-star of

1 i { 1 0v3 1v3 2v3 3V3 4\/3}
O\/g 0\/574747474747

and that of

2,8{2 0v3 1v3 2v3 3V3 4V3
1 b) b) ) ) b)
0v3  0v3 2 2 2 2 2

1¢§is{1¢§ 0 1 2 3 4}
0 072\/372\/372\/372\/372\/37

1.

The odd-star of

and that of

24/3 . {2\/3 0 1 2 3 4
ls ) b) b) b) b)
0 0 "1v3 1v3 1V3 13 13

Thus the even-stars of ﬁ and % and the odd-stars of 1—\0/5 and %ﬁ give us 24 vertices,

as listed in Table 4.7, which is the number of vertices of .Z5(5).

}.

Example 4.24. #4(5). Using Table 4.4 we find that the even-star of
Alis {A1, D2, T2, L2, G2, A2},

and that of
Blis {B1, B2, J2, K2, F2, E2},

The odd-star of
H2is{H2, D1, C1, F1, G1, E1},

and that of
C2is{C2, K1, L1, 11, J1, H1}

Thus the even-stars of A1 and B1 and the odd-stars of H2 and C?2 give us 24 vertices,
as listed in Table 4.4 and illustrated in Figure 4.14, which is the number of vertices of

the map {5,4} of genus 4.
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FIGURE 4.14: The even-stars of A1 and B1 and the odd-stars of H2 and C?2 partition
the vertices of the map {5,4} of genus 4

If we replace primes p by some composite numbers n, then the theorem does not

apply as described in the following counter-example.

Example 4.25. .#(4). Using Table 4.7 and Figure 4.12 we find that the even-star of

118{1 0v3 1V3 2V3 1\/§}
0v3 0v3 17 17 17 37

The odd-star of
1v3 - 1v3 0 1

2
0 St V3 1v3 1\/3}'
Thus the even-star of —= and the odd-star of 10£ give us nine vertices, which do not

0v3
cover Mg(4).

4.7 Poles of #,(n)

We call the points of the form ij or @ the even-poles and odd-poles of .#,(n)

respectively.

Lemma 4.26. (i) If n is even then .#4(n) has no odd-poles.
(i1) If 3|n then #s(n) has no odd-poles.

Proof. (i) The odd elements of .#,(n) have the form % with (b,d,n) =1 and d is odd
if n is even (Section 4.5.1). The odd-poles are those with d = 0. Since 0 is even, there

can be no odd-poles if n is even. (ii) Similar to (i) but for .#s(n) the odd elements have
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the form # with (b,d,n) = 1 and 3 t d if 3|n (Section 4.5.2). As 3|0 = d, then there
can be no odd-poles if 3|n. O

ij and @ respectively, where (a,0,n) =1

and (b,0,n) = 1 implies (a,n) = 1 and (b,n) = 1. Since the Euler function ¢(n) counts

Even-poles and odd-poles have the form

all the integers that are relatively prime to n, and we identify a with —a and b with —b
therefore the number of even-poles in .#;(n) is ¢(n)/2 for n > 2. Similarly the number
of odd-poles, if they are exist, is ¢(n)/2. So the total number of poles is either ¢(n) if
both even and odd-poles exist or ¢(n)/2 if there are no odd-poles.

Example 4.27. From Table 4.3, for n = 6, the number of poles in .#4(6) is ¢(6)/2 = 1,

namely 0—\1/5, and there are no odd-poles.
For n = 7, the number of poles in .#4(7) is ¢(7) = 6, and these are ﬁ, 02%, 0%, 1—‘0/5, %,
From Table 4.7, for n = 6, the number of poles in .#5(6) is ¢(6)/2 = 1, namely 07\1/57 and
there are no odd-poles.

For n = 5, the number of poles in .#5(5) is ¢(5) = 4, and these are

12 1V3 23
0v3’ 0v/3° 0 ° 0 °

In a connected graph the distance §(z,y) between two vertices x,y is defined as the
least number of edges in a path from x to y, provided at least one such path exists. The

diameter of a graph or map is the maximum distance between two of its vertices.

Lemma 4.28. Paths in a bipartite graph must be of even length if they are connecting
two vertices in the same part and they must be of odd length if they are connecting vertices

in different parts.
Theorem 4.29. If odd-poles exist, then the distance between any even-pole and any

odd-pole of AMy(n) is equal to 3.

Proof. For the existence of the odd-poles, we take 2 { n and 3 t n for .#4(n) and

AMe(n) respectively. By regularity of .#;(n) we may assume that one of the even-poles

is ﬁ. As #y(n) is a bipartite graph (Section 4.5.1, Section 4.5.2), then 5(%, a\éﬁ)
is odd, by Lemma 4.28. This even pole ﬁ is not adjacent to an odd-pole a‘[/)m, SO

5(%, a\éﬁ) # 1. However, we can always find an odd vertex and even vertex to

construct a path of length 3 between —— and 2%

0vm 0

of the form

1 O0ym 1 ay/m
0/m 1 yy/m 0’

where y € Z,, such that amy = +1 mod n implies y = +(am)~! mod n. As a~! is the

(4.7.1)

inverse of a modulo n exists because (a,0,n) = 1, hence (a,n) = 1. Also m~! is the

inverse of m modulo n exists because (m,n) =1 then y has a solution. O
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Example 4.30. 1- Using Figure 4.7 of the map .#4(5) and Table 4.3, when n = 5 and

x =0, then 5(%, loﬁ) = 3, using (4.7.1) we have

1 0v2 1 V2
0v2 1 22 0o

where y = 2. ( See Figure 4.15.)
2- Using Figure 4.12 of the map .#s(4) and Table 4.7, when n = 4 and = = 0, then

5(%, 10£) = 3, using (4.7.1) we have

Al A2 11 C2

1 0v/3 1 1v3
0v3 1 1v3 0

where y = 1. ( See Figure 4.15.)

0

FIGURE 4.15: Left: 5(%,1—2) = d(A1,C2) = 3. Right: §(-1=,1¥3) =3

037

Theorem 4.31. The distance between any two distinct even-poles in Mq(n) is equal to
4, forn > 6.

Proof. By regularity we may assume that one of the even-poles is ﬁ. As My(n) is a

bipartite graph (Section 4.5.1, Section 4.5.2), then 5(%, ﬁ) is even by Lemma 4.28,

where a # £1 mod n. This immediately excludes § (ﬁ, O\C}ﬁ) =1 and 3. Also there is
no path of length 2 between ﬁ and ﬁ, for otherwise there would be z,y € Z, such
that we have the following path

1 ry/m o a
N ; N (4.7.2)

Then y = 1 mod n and ay = 1 mod n. As (a,n) = 1 then a~! exists, therefore y is

the inverse of @ mod n. Thus ay = a = +1 mod n, implies a = 1 mod n, which is a

contradiction. Thus 5(%, 0%) # 2.
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However, we can always construct a path of length 4 between —— and of the

0v/m ONR

form

1 0y/m 1 m~Ya+1)y/m a
N 4 i (4.7.3)

where ¢! is the inverse of a modulo n, and m™! is the inverse of m modulo n. The

inverse a~! exists because (a,0,n) = 1 and hence (a,n) = 1. The inverse m~*

exists if
(m,n) = 1, meaning that whenever n is odd for ¢ = 4, m = 2 and 3t n for ¢ = 6, m = 3.
If m~! does not exist i.e. (m,n) = m, we have the following cases.

(i) For ¢ = 4,m = 2 and n is an even integer, then a is odd, so we can construct a path

of length 4 between 0\1f and 0\[, of the form

1 0v2 1 s(a+1)v2 a
0v2 1 a—1v2 a~! 0v2'

(ii) For¢g=6,m =3 and 3|n, then 31 a. Let a =1 mod 3, so we can construct a path

(4.7.4)

of length 4 between 0\[ and 0\[, of the form

1 0v/3 1 1(a—1)V3 a
0v/3 1 alv3 al 03’

_ 1 a
If 31 a and a = 2 mod 3, we can construct a path of length 4 between 03 and ANEL of

(4.7.5)

the form

1 0v3 1 (a+1)V3 a
0v3 1 a3 a~! 0V3’
Thus for all n > 6 the distance between two distinct even-poles in .#;(n) is equal to
4. O

(4.7.6)

Theorem 4.32. If odd-poles exist then the distance between any two distinct odd-poles
in AMy(n) is equal to 4 for n > 5.

Proof. For the existence of the odd-poles, we take 21 n and 3 { n for .#4(n) and #s(n)
respectively. By regularity we may assume that one of the odd-poles is \ﬁ As My (n)
is a bipartite graph (Section 4.5.1, Section 4.5.2), then 5(%, a{) is even by Lemma
4.28, where a # +1 mod n. This immediately excludes 5(@, a‘éﬁ) = 1 and 3. Also
there is no path of length 2 between % and a‘ém, for otherwise there would be x,y € Z,

such that we have the following path

1y/m x ay/m
0 y/m 0

Then my = £1 mod n and amy = +1 mod n. Thus my is the inverse of a mod n,

(4.7.7)

so amy = a = +1 mod n implies ¢ = +1 mod n, which is a contradiction. Therefore

5(%, a\éfn) # 2. However, we can always construct a path of length 4 between %
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ay/m
0

and

1y/m 1 a~ty/m a~l—1 ay/m
0 mlym o l+1 T almlym 0’

where a~! is the inverse of @ modulo n, and m™"! is the inverse of m modulo n. The

inverse a~! exists because (a,0,n) = 1 and hence (a,n) = 1, also the inverse m !

(4.7.8)

exist

because (m,n) = 1. O

Example 4.33. 1- Consider Figure 4.7 of the map .#4(5) and Table 4.3, when n = 5. As
#(5)/2 =2 > 1, we have two distinct even-poles and odd-poles, thus (4.7.3) is applicable

and we have 0(~1= = 4. Here we have a™! =3 and m~! = 3.

02’ of)

1 0v2 4 12 2
0v/2 1 2v/2 2 0v/2

(See Figure 4.16.)

= Al +— A2 L1 E2 B1.

2- Consider Table 4.3, when n = 8. As ¢(8)/2=2> 1, we have two distinct even-
poles in .#,(8), thus (4.7.4) is applicable and we have §(-1- ) =4. Here a™" = 3,
and we have the following path:

1 0v2 1 2V/2 3

< 7

0v2 1 3v2 3 0v2

of’of

3- When g =6 and n =9. As ¢(9)/2 =3 > 1, we have three distinct even—poles
in .#(9), thus (4.7.6) is applicable and we have §(-1= ) = 4. Here a™' =5 and
a =2 =2 mod 3. We have the following path:

1 0v3 1 V3 2
0v3 1 5V3 5 0V3'

Example 4.34. 1- Consider Figure 4.7 of the map .#4(5) and Table 4.3, when n = 5.
As ¢(5)/2 = 2 > 1, we have two distinct odd-poles, thus (4.7.8) is applicable and
5(10ﬁ, %) = 4. Here a=!' = 3 and m™! = 3. We have the following path:

12 4 2V/2 3 2V/2
0

0v/3’ of

> =(C2 1 12 > F'1 H2.
2v2 1 1v2 0
(See Figure 4.16.)
2- Consider Table 4.7, when 3{n = 7. As ¢(7)/2 =3 > 1, we have three distinct odd-
poles in .#s(7), thus (4.7.8) is applicable and we have (5(1\[ 2\[) =4. Herea ! =4
and m~! = 5. We have the following path:

1v3 6 33 4 2V/3
0 23 2 13 0
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FIGURE 4.16: §(

1
0v2’

Lemma 4.35 (|SS18, Lemma 10]). Let b,d,n be integers such that (b,d,n) = 1. Then

there exists an integer x so that (b+ dx,n) = 1.

Theorem 4.36. Given an odd vertex % in Mq(n), n > 5, then 0(; lm, @) =3
and only if d Z £1 mod n.

ﬂ

Proof. By Lemma 4.28, the distance 5(%, %) is odd. If 5(%, %) =1, then @
1

o implies d = +1 mod n, which is a contradiction. If d = 0 mod n then
0 = 3, by Theorem 4.26. Now for the case when d #Z 0 mod n, there are no odd-poles,

is adjacent to

by Lemma 4.26 (i.e. n is even for ¢ = 4 and 3|n for ¢ = 6). We want to construct a path

of length 3 between ﬁ and % of the form

1 z/m u by/m
0y/m 1 vy/m d’

where x,u and v € Z,. In terms of congruences this means that we have two simultaneous

equations:

mxv —u =+l modn

ud —mvb = £1 mod n
20(der—b)=d+1modn ifqg=4
= ¢ 3v(dx —b)=d—1modn ifqg==6andd=1mod3 (4.7.9)
3v(de —b)=d+1modn if g=6andd=2mod 3.

By Lemma 4.7.12 we know that (dz — b) is coprime to n and therefore has a mul-
tiplicative inverse modulo n. Hence the equations in 4.7.9 can be solved for v which, in

turn, determines x and wu. O
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Example 4.37. (i) The distance between ﬁ and ¥ in .#,(18) is 3 and we have the

following path

1 3v2 11 . 22
0v2 1 2v/2 9’
where v = 2, u = 11 and = = 3.

(ii) The distance between ﬁ and % in .#s(15) is 3 and we have the following path

1 23 11 3V3
0v/3 1 12¢/3 77

where v = 12, u = 11 and = = 2.

Theorem 4.38. The diameter of #,(n) is equal to 4 for all n > 6.

Proof. The distance between any odd vertex and even vertex in .#;(n) is equal 1, if they
are adjacent. Otherwise, § = 3, by Theorems 4.29 and 4.36. Also, the distance between
any two distinct vertices of the same type is < 4, by Theorems 4.31 and 4.32. Thus the
diameter of .#;(n) is equal to 4 for all n > 6. Refer to Table 4.9 for the diameters of
My(n) for n < 5. O

TABLE 4.9: The diameters of .#4(n) and .#s(n) for n <6

n q=41 q==6
AMy(n) Diameter Ms(n) Diameter
2 | Square Figure 4.3 2 Hexagon Figure 4.10 3
3 | Cube Figure 4.4 3 {3,6} Figure 4.11 3
4 | {4,4}22 Figure 4.6 2 {4,6} Figure 4.12 3
5| {5,4} Figure 4.7 4 {5,6} 4
6 {6,4} 3 {6,6} 3
Definition 4.39. If ﬁ and ﬁ are two distinct even vertices and @ and % are

two distinct odd vertices in .#;(n), then A = (ad — bc)y/m.

Let us extend Definition 4.39 to include two vertices of different types, in this case

A = +(ad — mbc).

Theorem 4.40. Let —— be an even vertez and "™ be an odd vertex in A, (n). Then
cv/m d q

a b\/ﬁ)_ 1 ifandonlyif |A] =1 modn, (4.7.10)

5( ,
cym’' d 3 otherwise.
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—, b\{lm be an even and an odd vertices respectively. By Lemma 4.28, ¢ is

odd. If ]A\ ;7é 1 mod n, then the two vertices are not adjacent, thus we must have § = 3 by
by

Theorem 4.38. Now to see if an even vertex \ﬁ and an odd vertex 7 are distance three

apart when |A[ # 1 mod n, let T € H, be the transformation where T'( ../m ) = (OW)‘
Apply this transformation to the odd vertex, T' ( b\ém) = (I\ém ) and then we can apply
Theorem 4.36. Otherwise, if T(C\?ﬁ) = (0\}%) and T(b\{ﬁ) = (””\ém)7 then we can
apply Theorem 4.29.

O

Example 4.41. (i) Let us check if 6(-2

3 Tf) 0(G1,K2) = 3 as in Figure 4.7. Let
) =

T = (,15"?) € Hy then T(,Jg) = (yyg) = AL and T(242) = (2?) = J2. Then
we can apply Theorem 4.36, to get 5(%[ QT) = §(A1,J2) = 3.

(ii) Applying the same T" we can check the distance between : \[ = G1 and 2‘[ =12. We

(¢]
have T(,y5) = (gyz) = AL and T(2/2) = (2y%) = H2,503(515, 2\—f)_a(fu H2) =3

by applying Theorem 4.29.

Theorem 4.42. If x and y are two distinct vertices that are either both odd or both even

in Mq(p) where p is a prime, then

4 if and onlyif A =0,
o(z,y) = ' and only f (4.7.11)

2 otherwise.

Proof. By Lemma 4.28, 6(50 y) = 2 or 4 but not greater that 4, by Theorem 4.38. Let

T = c\?ﬁ = ﬁ and y = 7 \F be two distinct even vertices such that A # 0. Then we

can always construct a path of length 2 between them of the form

—14-1
1 . (b+1)ym=d "y/m b ’ (47.12)
0v/m 1 dv/m

where m~! and ¢! are always exist because (m,p) = 1 and (¢, p) = 1. Now if A = 0, then
x and y must be two distinct even-poles, thus §(z,y) = 4, by Theorem 4.31. Otherwise,
T = % and y = -9 (i.e. a = b= 0 mod p). We can always construct a path of length

d\ﬁ
4 between % and \ﬁ of the form
0 mym d—*m=y/m 0 (47.13)

/m 1 0y/m 1 dym’

where m~! and d~—! are always exist because (m,p) = 1 and (d,p) = 1. Next we want
to show that if 0(z,y) = 4 then A = 0. Apply the transformation 7' € Hy, such that

(C\aﬁ) = (0\}») and T(d}) = (f\eﬁ) Now consider these two new points, i.e.
5(0f ff) =4if A =0. As d(x,y) = 4 which therefore can happen when f = 0

then we can apply Theorem 4.31. The determinant of these two points W and m,

is equal to 0. As C\?m
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and ﬁ is also equal 0.

Similarly, we can prove the theorem if given any two distinct odd vertices
@ and %. O

In the above theorem we have made this restriction from n to p as for the first case
when §(z,y) = 4, the odd-poles and the even vertices of the form % only exist if n
is odd for ¢ = 4 and 3 n for ¢ = 6, by Lemma 4.26 and Sections 4.5.1, 4.5.1. Thus it
is better to restrict n to p to satisfy that (0,¢,n) = 1. Now for the second case if we
replace p by some composite numbers n, then §(z,y) = 2 does not apply as described in
the following counter-example.

Example 4.43. (i) The distance between ﬁ and % in #4(25) is equal to 4 while

A = 5v/2, as we can find a path of length 4 of the form

1 21v/2 16 3v2 2

< 7

0v2 1 1V2 2 5v2

ﬁ and T?/E in .#5(24) is equal to 4 while A = 111/3,

as we can find a path of length 4 of the form

1 203 13 1v3 5
0v3 1 13 2 11v3°

(ii) The distance between

71






Chapter 5

Petrie polygons

A Petrie path in a map .# on an orientable surface is defined by the zig-zag path
V1, Vo, Vs, ... through the map, where V; are vertices of the map. We start at the vertex
V1, moving along an edge from V; to V3, and then at V5 we take the first left (moving
anti-clockwise until we reach the next edge), reaching V3 then turning right, etc, . There
is then a path in which two consecutive edges belong to the same face, but in which
no three consecutive edges belong to the same face. In a finite regular map we return
to V1 and then V5 after a certain number of steps, independent of the initial edge; this
number is called the Petrie length of the map, and in this situation the Petrie path will
be referred to as a Petrie polygon.
Petrie paths for the Farey map M, were studied by Singerman and Strudwick in [SS16].
One of the results of this paper was an easy way to show that the Petrie polygons for
the Klein quartic surface .#5(7) have length eight, giving " The Eightfold Way" [Lev99].

In this chapter we want to generalize some of these results for other values of q.

5.1 The Petrie polygons of the Farey map

Most of this section’s material can be found in [SS16]. Consider a Petrie path
Wi, Wy, W3, ... of ///A3. By transitivity of the automorphism group on directed edges we
may assume its first edge goes from Wy = % to Wy = % A left turn takes us to W3 = %

Now a right turn takes us to Wy = & (see Figure 5.1).
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FIGURE 5.1: Petrie path of Farey map

By applying a modular transformation (‘CL 2) to the vertices oo, 0 and 1 of the prin-

cipal triangle, we find that generally the three consecutive vertices of a Petrie path are
a b atd
c’d’ c+d’
first two vertices of the Petrie path are % and %, in [SS16], it was shown that the k-th
vertex of the Petrie path is equal to ! '};1 where f, is the k-th element of the Fibonacci
sequence, as defined by fo =1, f1 =0, fxa1 = fx + fr_1 for £ > 1. Thus we define the

principal Petrie path Pg’ of .3 as %, %, %, %, %, %,

that is the third vertex is the Farey median of the previous two. Because the

In [CM57, Section 5.2|, Coxeter and Moser showed that if the following three trans-
formations Ry(2) = —2, Ra(z) =1, Rs(z) =—Zz—1, act on the fundamental region

of I'; as illustrated in Figure 5.2, then the composition of these three transformations is
RiRyR3(2) = 1,

matrix corresponding to this composition is

p:(g 1).
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FIGURE 5.2: Deriving the matrix P

Lemma 5.1. The matrix P = ((1’ %) maps each vertex of P§ of Ms to the next one, and
also P = ( I f’““) for all k > 1.

o1 frae

Therefore all vertices of P3 have the form P*(c0) for k =0,1,2,.... For every k, the

first column (fgfrl) of P* is a vertex flf-kkl € QU {oo} of the principal Petrie path. The

proof follows immediately from the definition of the Fibonacci sequence, and induction.

Note that P has determinant -1, and thus it is not an element of I".

In this chapter we examine the Petrie polygons on .Z;(n).

Definition 5.2. The period 7(n) of the Fibonacci sequence mod n is the least positive
integer m, such that f,, 1 = 1 mod n, f,, = 0 mod n. However, as ; = =} we can
consider the Fibonacci sequence mod n up to sign and so we define the semi-period o(n)
of the Fibonacci sequence mod n to be the least positive integer m, with the property

that f,,—1 = £+1 mod n, f,, =0 mod n.

Example 5.3. The Fibonacci sequence mod 5 is
0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1,0,1,1,2,... so that 7(5) = 20 and o(5) = 10.
The Fibonacci sequence mod 7 is

0,1,1,2,3,5,1,6,0,6,6,5,4,2,6,1,0,1,1,... so that 7(7) = 16 and o(7) = 8.

It is perhaps worth pointing out that it is possible that w(n) = o(n). For example the
Fibonacci sequence mod 11 is

0,1,1,2,3,5,8,2,10,1,0,1,1,2... so that 7(11) = 10 and o(11) = 10.

Clearly o(n) = m(n) or m(n)/2 and it is an open question to know which of these

occurs, see [SS16, Section 9.

5.2 The Petrie paths of the universal ¢g-gonal map

In this section we generalize Lemma 5.1 to //Zq. Applying the same ideas as Coxeter
and Moser to the fundamental region of H, , where Ry(z) = —Z, Ry(z) = 1

Z
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R3(z) = —Z — \g, we get the matrix

0 -1
QZ(—l —Aq>’

which represents the same element as ((1] /\lq) in PSL(2,R).

Recalling the extended triangle group defined in Section 1.3, and relating it to the Petrie
paths, the extended triangle group I'*(2,m,n) is a group generated by the reflections
R1, Ro, R3. It has a presentation,

(R, Ry, R3| R? = R5 = R2 = (R1R»)? = (RoR3)™ = (R3Ry)" = 1). (5.2.1)

In [CM57, Section 8.6] it is shown that the transformation R Ry R3 which is represented
by the matrix () goes one step along the Petrie path, i.e. this transformation has the
effect of shifting a Petrie path one step along itself. If we have an extra relation of the
form (R;RoR3)" = I, then this means that the Petrie path becomes a Petrie polygon
having 7 edges. This will often be the case for the maps .#;(n).

As we deal with regular maps, the automorphism group acts transitively on Petrie
paths, so they are all of the same length. Therefore it is sufficient to consider one of

them and in particular the principal Petrie path P{. By definition Py’s first arc goes

from V7 = ﬁ to Vo = %. A left turn then takes us to V3 = ﬁ, (i.e. in case of ¢ = 4,6
it is alternating between even and odd vertices). The first two vertices of the principal

oA

Petrie path are ﬁ and —%.

Lemma 5.4. The matriz QQ = (? )}q) maps each vertex of the principal Petrie path Py

of //Zq to the next one, and also

b () % (%) or some an
Q"= <Qk()\q) (A +)\qQk()\q))  f k> 1, qp(Ng) and pr(Ng) € Z[Ag),

where, for every k > 1, the first column (zk()"’)) of Q% is a vertex % € Q(N\g) U{oo}

k(Aq) (Aq)
of Py.

Proof. Let II(k) be the proposition that

Qk:(pkuq) ax(A\g) )
G(Ng) Pr(Ag) + Agau(Ng) |

Then, II(1) is true, as Q' = ((1) )\lq), where p1(Ag) =0 and ¢1(Ay) = 1.
Assume that II(k) is true. Then,

Qk _ (pk()\q) Qko\q) > .
Qk()‘q) Pk(Aq) + )‘qQk()‘q)
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Hence

Qk()\q) pk:()‘q) + )‘qQk(Aq)

k1 _ ok —
N v Pre(Ag) T Aq@k(Ag)  @r(Ag) + Aglpr(Ag) + Agqi(Ag)]

Thus II(k 4+ 1) is true. Therefore, II(1) is true, and II(k) == II(k + 1); so by the
principal of induction II(k) is true for all £ > 1.

O

Example 5.5. Letting A\; = A and computing the first 16 powers of Q) = (0’1\" /\1(1) in

general, to find the principal Petrie path’s first 16 vertices, produce the following;

=2— Q= (,1\,\211)

_ 3 _ A A2+l
=3 —Q _(,\2+1A3+2A)

_ 4 AZ4H1 A342)
=4— Q= (,\3+2,\ ,\4+3,\2+1)

_ s 05 = AS420  A443A241
=5 Q= (,\4+3,\2+1 )\5+4)\3+3)\)

_ s 08 = A43A241 AS4+4A343)
=6 Q" = (,\5+4,\3+3,\ )\6+5>\4+6>\2+1)

k=7— Q7 = ( ASHAX343X AO4B5A%46A2+1 )

A6 BALH6A2 41 ATH6AT+10A3 4N

_ 8 _ ( Ao45Mt46A0241 ATH6A5+10A3 440
=38 Q° = (A7+6>\5+10)\3+4)\ >\8+7>\6+l5)\4+10>\2+1)

=9 Q%= ( ATHOASH10A3+4X  AB47AO 41504 4+10024+1 )
ABHTABHIB5ALHTI0AZ+1 A94+8AT+21A5420A3+5)

8 6 4 2 9 7 5 3
k=10 QlO — ( ASHTAPH15A* 10 +1 AT 82T 200 +5 )

A9 8ATH21A542003 45X A0 49N 42806 43504 +1502 41

9 7 5 3 10 8 6 4 2
k=11 Qll — ( AT HBATH21IA°+200° +5) AP HINT 28N 435 A% +15A°4-1 )

A0 9A8 1280643504 +15A24+1 A11410A94-36A7+56A54+35X34+6A

10 8 6 4 2 11 9 7 5 3
k=12 Ql? — ( ATHIACH28AY+35 A +H15A°+1 AT H10A"+36 A +56A°+35A° 46 )

A 109436 A7 4+56 A5 4+35X3 461 A12411A10 44508 +-84X6 47004 +2102+1

k=13 — QY =

(

AT 10A9 4360745605 4351346 A2 1IN0 4450848400 470N 4210241 )
A2 1IAI0 14508 48400 470N 4210241 A3 41201455094+ 120A7+126A54+56A3+7A

k=14 — Q" =

(

A2 1IN0 44508 48400 7004 +2102 41 AB L1221 45509 4120\T+126 A5 4+56 A3 +7A )
A 1201 455 A9+ 12007 4126 A5 56 A3 4+7A A4 4+13A12 466110416528 +210 A6 +1261%+2822+1

k=15 — Q¥ =

(

AL 1201 15509 4+12007+126 A3 +56A34+7A AM 1312 166A10 416508 +21006 412604 4-28)2 +1 )
AMAH13A12 466 A104165X08 421008 +126 A4 +28024+1 A5 4+14A13 478 A11 422002 +330A7 +252 0548423 +8)

k=16 — Q¥ =

(

A 13012166010 4+165 08 +21000 412604 4+28)2 +1 AT 143 478 AT 122009433007 +25205 48423 8
AL 1413 178 A1 422009433007 +25205 4843 +8X A6 415014491012 4286110449528 446270 +2100*+3612+1

7
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Calculating Q' for ¢ = 3, 4, 5 and 6, thus the 14" vertex of the principal Petrie path
for ¢ = 3,4,5,6 is given by the following table:

Q" for q=3, 4, 5and6

Y V2 B V3

k=14 (233 377) ( 2131 2911\/5) (%(5857-‘:—2597\/5) 609342740+/5 ) ( 10009 12649\/3)
377 610 2911v2 7953 6093427405 12825+ 5715v/5 12649+/3 47956
vertices || € QU {oc0} € Q(v2) U {co} € Q(X5) U{oo} € Q(v3) U {oo}

As we consider the principal Petrie path Py in //Zq in which the first two vertices
are ﬁ and %. By Lemma 5.4 the k** vertex of the principal Petrie path is equal to

Pe(Ag)

PREWE where

Pe(Aq) = @e—1(Aq) and qi(Ag) = Pe—1(Aq) + Aqti—1(Aq)- (5.2.2)
Also pi()g) is the k' element of the Hecke-Fibonacci sequence [ISg13] defined by
po(Ag) =1, p1(Ag) = 0Ny, Pr(Ag) = Pr—2(Ng) + Agpr—1(Ng) for k> 1. (5.2.3)

For ¢ = 3 putting A, = 1 in (5.2.3), we get the Fibonacci Sequence and the vertices of
the principal Petrie path for the Farey map as defined in Section 5.1.

Example 5.6. Applying Example 5.5 for \y = v/2 and k = 0, ..., 6, we get the first seven

vertices of Pél of //24 as follows;

— _ (1 02 — _ (V2 1 _ _ (1 1V2
k=0 QO_(Oﬁl) k=1 Q_(IM}) k=2 Q2_(1\%§3)
— _ (V2 3 _ _( 3 42 _ _ (42 11
k=3 Qg_(?, 4\/§> k=4 Q4_(4\/§ 11) k=5 Q5_(11 15\/5)

=6 @ = (1)

T~
:
\

A |
oz W2 a2 3 1
1 3142 w2
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3 102 1 W2 3 42 11
Thebeareoﬁ, T 1V3 3 13 11 15y3°
For \¢ = v/3, calculating the first seven powers of Q to get the first seven vertices of P§

of //26 as follows;

_ _ (1 0V3 _ _ (0vV3 1 _ _ (1 13
k=0 QO_<0?1> k=1 Q_(llx/}) k=2 Qz_<1\%§4)
k=3 QS:(1435:4/§) k=4 Q4:(5\4/§5193) k=5 Q52(5193241?/§)
ORISR

1
o3

S

[ 543 ‘

/[ 19 \

Jan !
o3 Wi 4 1
BN T 53 13

1 0v3 1 1Vv3 4 5/3 19

These are V3 10 V3 40 53 190 a3

S

Now for A5 = 1+2 , we have to use )\52) = A5 + 1 as mentioned in Table 2.1;

Qoz(o}\soi\‘%) k=1 Q:(O/l\5 1/1\5) k=2 sz(li\s 1>1\;\i2

1A5+2 4A5+1 4A5+1 61546

3 _ 15 1As5+2 _ 4 _ ( As+2 4Xs+1 _ 5 _ (4X5+1 6A5+6
@ = (nSenii) |k=4]Q = (X onte) | F=5] Q= (hiis 1607

)

ol Bl B
I
o|w|o

6 _ ( 6A54+6 16A5+7
Q — ( 16)\554-7 29)\55+22)

Therefore the first seven vertices of Py of .45 are
1 05 1 15 As+2  4X5+1 6546

05 10 m’ A5+27 4A5+17 6A5+6° 16A5+T7"

5.2.1 The even and odd vertices of the principal Petrie paths

As the Hecke groups Hy, Hg have even and odd elements, we can define even and
odd vertices of the principal Petrie paths of My and ///}5, the even vertices have the

formc\;ﬁ while the odd vertices have the form @. Lemma 5.4 shows that the ki
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vertex of the principal Petrie path which is the first column of QF is equal to %. By

where pi.(),) is the k" element of the Hecke-Fibonacci sequence

pe(Ng) _ pr(A )
(5.2.2) 255 = sy,

defined in (5.2.3) and given by

po(Ag) =1, p1(Ag) = 0Ag pr(Ag) = Pr—2(Ag) + Agpr—1(Ag) for k> 1.

Start our principal Petrie path with ﬁ and call this vertex vy. The next vertex vq

is %. Then we can now generalize the idea of even and odd vertices of these principal

Petrie paths for all values of ¢ of //Zq, as stated in the following definition.

Definition 5.7. The vertices vg, v2, vy, ... are defined to be the even-numbered vertices
of the principal Petrie path of //Zq, and vy, v3, vs, ... are defined to be the odd-numbered

vertices.

As in our work we consider only the principal Petrie paths starting with even-
numbered vertex vy = ﬁ, hence in the case of %4 and //26 Definition 5.7 agrees with
the definition of even and odd vertices when ¢ = 4 or 6: the even/odd-numbered vertices

of P{ are even/odd vertices respectively. Now we introduce the following formulas to

. . A .. .
find these vertices. Letting M = Q? = (;q /\2_7_1). We use the minimal polynomials of
q

Ag, as listed in Table 2.1 to compute the powers of \,.

Lemma 5.8. The matriv M = Q* = (/\1(1 /\2):1_1) maps each even-numbered and odd-
q

numbered vertex of Py of ///11 to the next even-numbered and odd-numbered vertex re-

spectively and also M* has the form MF = (Z:&Z)) ak(AqI;Iik(i;II))k(Aq))’ where ag, by, € Z[\y].
ax(Aq)

Here the first columns W of the powers of M are the even-numbered vertices of P of

7 y bko\q) _ y
My while the second columns P eWES oW IKUAC the odd-numbered vertices.

Proof. This follows from Lemma 5.4. The formula for M* follows by induction;

M = (/\lq /\g\il) has the required form, where a1 (A\g) = 1, bi(Ag) = 1Ag and as(Xg) = A2+1.

Assume the formula for M* is true, so we have a1 1(\;) = ar(Ag) + Agbk(Ag). Then

MEHL — ak()‘q) + Aqbk()‘tﬂ /\qak()\q) + (/\3 + 1)bk<)‘q)
Aar(Ag) + (Mg + Dbe(Ag) (A7 + Dar(Ag) + (AF +20)br(Ag) )

which has the required form. Thus by induction M* has the required form for all k > 1.
Also agy2(Ng) = ()\g + Dag(Ag) + ()\2 +2X)br(Ag)-

O

Theorem 5.9. If ai()\,) is the numerator of the k' even-numbered vertex of Py of //Zq

starting from ag(Aq), then it satisfies the following recurrence relation

ao(Ag) =1, a1(Ng) =1, ax(Ng) = ()\3 +2)ag_1(Ng) — ap—2(Ng) for k>1. (5.2.4)
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Proof. As prp(Ag) = pr—2(Nq) + Agpr—1(Aq) by (5.2.3) and ax(Ag) = par(Aq) by (5.2.9).
Considering (5.2.3) for the indices 2k, 2k — 1 and 2k — 2 we get the following equations

P2k()‘q) = p2k—2(>‘q) + )‘qp%—l()‘q)a (5.2.5)
Pak—1(Ag) = Dar—3(Ag) + AgD2r—2(Ag), (5.2.6)

and
P2r—2(Ag) = Dar—a(Ag) + AgP2r—3(Ag)- (5.2.7)

Now the RHS of (5.2.3) is
(A7 + 2)ar-1(Ag) — ar—2(Ag) = (A] + 2)par—2(Ag) — P2r—a(Ag)
= (A2 4 2)par—2(Ag) — [P2r—2(Ag) — (Ag)p2e—3(Ag)] by (5.2.7)
= ()\2 + 2)p2k—2(>‘q) - [P2k—2(>‘q) - /\q(sz—1()\q) - )‘qp2k—2()‘q))] by (5-2'6)

= P2k—2(>‘q) + )‘qp%—l()‘q) = p2k()‘q) by (5.2.7)

= ay(A\q) = the LHS.

Similarly we can prove the following theorem.

Theorem 5.10. If ci(\,) is the numerator of the k' odd-numbered vertex of Py of //Zq

starting from co(Aq), then it satisfies the following recurrence relation

co(Ag) = 0Ag, c1(Ag) = 1Ag, cu(Ag) = (A2 +2)ci—1(Ag) — ch—2(Ag) for k>1. (5.2.8)

This means that these terms of (5.2.4) relate to the matrix Q* as follows,

(akuq)) _ <p2k<xq>> _ ( Pr(A) ) | (52.)
bie(Aq) 2k (Aq) Par+1(Aq)

while these of (5.2.8) relate to the matrix Q¥ as follows,
ck(Aq) _ P2k+1(Aq) _ P2k+1(Aq) _ be(Ag)
di.(Ag) Q2k+1(Aq) P2r+2(Aq) ap11(Aq)

The Hecke groups Hy, Hg are much simpler than the other Hecke groups as we
know all the elements of these groups. For this reason the maps My and Mg are easy
to describe as we know precisely what their vertices, faces and edges are. So we now

consider Theorems 5.9 and 5.10 for those simple cases.
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For ¢ = 4, the sequence in (5.2.4) happens to appear on the Online Encyclopedia
of Integer Sequences (OEIS). The first few terms of this sequence are
1, 1, 3, 11, 41, 153, 571, 2131, 7953, 29681. Those are the first few numerators of the
even vertices of Pél of .
For ¢ = 6, the first few terms of this sequence are
1,1, 4, 19, 91, 436, 2089, 10009, 47956, 229771. Again those are the first few numerators
of the even vertices of PS of M.

This means that these terms of (5.2.4) relate to the matrix Q¥ as follows,

(mm) _ <p2k<m>> _ <p2k<m>> ) | (52.10)
bk (v'm) ok (v/m) pok+1(v/m)

Example 5.11. As illustrated in Example 5.5, for k = 3 and q = 4,

a3s(V2)\ _ (ps(v2)) _( 11
b3(v/2) 6(v/2) 15v2
where a3 is the numerator of the fourth even vertex of Pg of //24, taking consideration

that the first even vertex of Py of My is (Zg) = (zzg\\gi) = (0\1/5) as shown in Exmaple
5.6.

Also for k = 3 and g = 6,

as(V3)\ _ (ps(v3)) _ [ 19
b3(v/3) q6(v/3) 24v/3
where a3 is the numerator of the fourth even vertex of P§ of M.

For g = 4, the first few terms of the sequence (5.2.8) are
0v2, 1v/2, 4v/2, 15v/2, 56/2, 209+/2, 780+/2, 29111/2. Those are the first few numerators
of the odd vertices of Pé of My.
For q = 6, the first few terms of this sequence are
0v/3, 13, 5v/3, 244/3, 115+/3, 5511/3, 2640v/3, 12649+/3. Again those are the first few
numerators of the odd vertices of PO6 of jiﬁ.

This means that these terms of (5.2.8) relate to the matrix Q¥ as follows,

(mm) _ (p%mm)) _ <p2k+1<m>>> _ (bwmn ) |
d(v/m) Gok-+1(v/m) P2rt2(v/m) ak+1(v/m)

Example 5.12. As illustrated in Example 5.5, for k = 3 and ¢ = 4,

a(vD)) _ (m(v2) _ (15v2
t(v2))  \av2)) "\ 41
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where ag is the numerator of the fourth odd vertex of P(jL of //24. Also for £ = 3 and

q =6,
SWAY (VD) (243
d3(v/3) q7(V/3) 91

where a3 is the numerator of the fourth odd vertex of Pg of //26.

What happens if g =5 or 77

For ¢ = 5 we have the following recurrence relation
ao()\5) =1, al()\5) =1, ak()\5) = (/\5 + 3)04671()\5) — ak,Q(A5) for k> 1. (5.2.11)

The first few terms of this sequence are
1,1, A5 + 2, 65 + 6, 295 + 22, 1325 + 89.

For ¢ = 7, the recurrence relation defined as follow
ao()\7) =1, (Zl()\'z) =1, ak()\'z) = ()\% + 2)&]6,1()\7) — ak,Q()W) for k> 1. (5.2.12)

The first few terms of this sequence are
1, 1, A2+ 1, 602 + A7, 3002 + 8\7 — 8, 1442 + 61)\7 — 38.

Example 5.13. Using (5.2.4) for ¢ = 5, and k = 4, we have
as(Xs) | _ (ps(Xs)
ba(As) as(Xs) )
M — <a4(/\5) ba(Xs) ) . <ps(/\5) ds(Xs) )

br(A5)  aa(As) + Asbr(As) as(As)  ps(As) + Asqs(As)

(2925 +22 67As5 + 36
67\s + 36 144)5 +82)

s0 a4(As) is the numerator of the ninth vertex of the principal Petrie path of //25 and it

is also the numerator of the fifth even-numbered vertex of (5.2.11) as shown below:

b
b
DB D, B Td @D @i JoD

%
1, 1A+2 4A+1 6A.+6 16A+7 29A+22 67X +36 132A,+89




5.3 The principal Petrie polygons of .Z,(n)

In general, in this section we study the semi-period &4(n) of the Hecke-Fibonacci
sequence mod n because this will enable us to determine the sizes of the principal Petrie
polygons Peg(n) of .#y;(n). We follow the ideas of [SS16|. The vertices of .#,(n) are

equivalence classes of vertices of //Zq. To clarify matters we denote the equivalence class of

1 0 Pr—1(Ag) Pr(Ng) b [L] [%] [pk—1(>\q)] [ Pr(Aq)
0Ag> 1 777 pr(Aq) ? prt+1(Aq) AL 1 b lpi(Ag) 1 bpkr1(Ag)
As these equivalence classes are consecutive vertices in Pey(n) then they are joined by

edges in .#y(n).

| respectively in .#;(n).

Then we consider some special cases for ¢ = 4,5 and 6.
Recalling (5.2.3), we introduce the following definition.

Definition 5.14. The semi-period 64(n) of the Hecke-Fibonacci sequence mod n defined
by
Po(Ag) =1, pi(Ag) = 0Ag, pr(Ag) = Pr—2(Ag) + Aqpr—1(Ag) for k>1

is the least positive integer ¢ with the property that p;(A;) = £1 mod n and p;41(Ag) = 04

mod n.

The term p;_1()\g), is the last term of the Hecke-Fibonacci sequence mod n (5.2.3)
before we get the repetition, and p;—1(\;) = £1\; mod n. Using Definition 5.14 and
(5.2.3), we get pi—1(Ag) = Pit1(Ag) — Agpi(Ag) = 0Ny — £1X; = F1A; mod n.

0A
T

Definition 5.15. A principal Petrie polygon on .#;(n), has the points [ﬁ], [ e
[ Pr(Ag) %]
Pr+1(Aq) 1

repeat. These points form the vertices of a principal Petrie polygon which we call Pey(n).

| where p(Ag) € Z[\,] and it closes up when the two successive points [ﬁ], [

The vertices, which are the Farey fractions mod n, can be obtained using the Hecke-

Fibonacci sequence mod n, by dividing each term of the sequence by its next term.

Lemma 5.16. The semi-period 64(n) of the Hecke-Fibonacci sequence mod n is the

order of the matriz

0 1
Q= (1 /\q) € PSL(2,Z[)\;]/(n)).

Proof. In Lemma 5.4 we defined the k" power of Q to be

Qk:<pk<Aq> pk+1(>\q)>
pk+1(/\q) pk+2()‘q) '

Substituting k by &4(n) we get

Q7a(m) — ( Py () (Ag) Paq<n>+1(kq)> '
péq(n)Jrl()‘q) p&q(n)+2()\q)
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Now ps,(n)4+2(Ag) = £1 mod n, ps,(n)+1(Ag) = 0Ag mod n and ps, (n)(Ag) = £1 mod n,
by Definition 5.14. Thus Q% (™ = +T mod n, so the order of Q divides G,(n). Therefore

64(n) = k since 6,4(n) is the least positive integer k with Q¥ = £ mod n. O

Theorem 5.17. For all positive integers n > 2, 64(n) is even.

Proof. Recall Lemma 5.16, we have
Q%) = ( Poy () (Ag) p&‘?(")H(AQ)) = 4+ mod n.

p&q(n)+1()\q) pa—q(n)+2()\q)

From the proof of Lemma 5.16 det(Q% (™) = 1 mod n. Also

detQ) = 0 1 =1
1 N

As det(Q‘A’q(”)) = det(Q)&q(n) thus (_1)&q(n) =

1 mod n, hence 64(n) is even. O

Theorem 5.18. The Petrie length of Pey(n) is equal to 64(n).

Proof. By Lemma 5.16 the order of the matrix @ is 4(n). Also the length of the principal
Petrie polygon is the order of the transformation (R;RoR3) that is represented by the
matrix () as mentioned in Section 5.2. Thus the Petrie length of Pey(n) is equal to
aq(n). O

In the finite group H,/H,(n), we have a relation (R;RgR3)%(™) = 1. In some cases

the group with presentation

< Ry, Ry, R3|R? = R2 = R? = (R1R2)? = (RoR3)™ = (R3R1)" = (R1 Ry R3)%™ =1 >

(5.3.1)
is enough to define the group, (e.g. n = 7,¢ = 3), but usually this is not the case, see
[CM57, Section 8.6].

5.3.1 Some special cases when ¢ =4,5,6

The vertices of .#(n) and .#s(n) are equivalence classes of vertices of .#y and ..

To clarify matters we denote the equivalence class of cjﬁ and b‘ém by [c\;ﬁ] and [b\ém]
respectively in .#;(n). These equivalence classes [ﬁ] and [#] are joined by an edge

in .#,(n) if and only if ad — mbc = +1 or mad — be = £1 mod n.

. . o . « _ —a
As we will consider the principal Petrie polygon modulo n and as o = Teymo Ve

list sequences (5.2.4) modulo n for n = 1,2, ..., 10 for the cases g = 4, 6.
85



TABLE 5.1: The sequence (5.2.4) modulo n = 2,3,...,10 for ¢ = 4

n (5.2.4) modulo n

2 1,1,1,1

3 1,1,0,2,2,0,1,1,0

4 1,1,3,3,1,1,3,3

) 1,1,3,1,1,3

6 1,1,3,5,5.3,1,1,3

7 1,1,3,4,6,6,4,3,1,1,3

8 1,1,3,3,1,1,3

9 | 1,1,3,2,5,0,4,7,6,8,8,6,7,4,0.5,2.3,1, 1
10 1,1,3,1,1,3

TABLE 5.2: The sequence (5.2.4) modulo n = 2,3,

.., 10 for g =6

n (5.2.4) modulo n

2 1,1,0,1,1,0

3 1,1,1,1

4 1,1,0,3.3,0,1,1,0

5 1,1,4,4,1,1,4,4

6 1,1,4,1,1,4

7 11,1,4,5,0,2,3,6,6,3,2,0,5,4,1,1,4,5,0
8 1,1,4,3,3,,4,1,1,4

9 1,1,4,1,1,4

10 1,1,4,9,1,6,9,9,6,1,9,4,1,1, 4

Recalling Theorem 5.9, we introduce the following definition.

Definition 5.19. The period m;(n) of the sequence (5.2.4) mod n is the least positive
integer i, such that a;(v/m) = a;+1(v/m) = 1 mod n. We call the the least positive integer
i with the property that a;(/m) = a;+1(y/m) = +1 mod n the semi-period o} (n) of the

sequence (5.2.4) mod n.

Recalling Definition 5.14, and applying it for ¢ = 4, 6, the semi-period 4(n) of the

Hecke-Fibonacci sequence mod n defined by

po(vm) =1, pi(vm)=0vm, pp(vVm) = pr_a2(v'm) +vVmpp_1(v/m) for k>1

is the least positive integer ¢ with the property that p;(/m) = +1 mod n and p;+1(y/m)
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Example 5.20. The principal Petrie polygon Pey(7) has vertices

1 ..0v2, .1 . 1vV2, .3 ., 4v2. 4 _ 1/2
55T sk T b sk b s

The next two vertices are [—1-], [M] so we have closed up our polygon, which has

0v2 1
eight vertices. These vertices are obtained by dividing each term of the Hecke-Fibonacci

sequence mod n in Table 5.5 by its next term for n = 7.

TABLE 5.3: The period and semi-period of the sequence (5.2.4) modulo low values of

n for Ay(n) and As(n)

n AMy(n) Meg(n)
my(n) | oz(n) | mgp(n) | on(n)

2 2 2 3 3
3 3 3 3 3
4 4 2 6 3
) 3 3 4 2
6 6 3 3 3
7 8 4 14 7
8 4 4 6 6
9 18 9 3 3
10 3 3 12 6
11 10 ) 12 6
12 12 12 6 6
13 12 6 14 7
14 4 42 21
15 6 4 4
16 8 12 12
17 18 9 16

18 18 9 3

19 ) ) 10

20 12 12 12 12
21 24 24 14 14
22 10 ) 12 6




TABLE 5.4: The period and semi-period of the sequence (5.2.4) modulo low values of

n for 4(n) and As(n)

n My(n) Me(n)
my(n) | oz(n) | my(n) | og(n)

23 11 11 8 4

24 12 12 6 6

25 15 15 20 10

26 12 6 42 21
27 o4 27 9 9
28 8 8 42 21
29 15 15 5 5
30 6 6 12 12

TABLE 5.5: The semi-period 64(n) of the Hecke-Fibonacci sequence mod n for ¢ = 4

for low values of n

n | 64(n) | Peg(n) | Hecke-Fibonacci sequence mod n (repeated block)

2 4 4 1,0v/2,1,1v2,1,0/2

3 6 6 1,0v/2,1,1v2,0,1v2,2,0v/2

4 4 4 1,0v2,1,1v/2,3,0v/2

5 6 6 1,0v2,1,1v2,3,4v2,1,0v/2

6 12 12 1,0v2,1,1v2,3,4v2,5,3v2,5,2v/2,3,5v/2,1,0V/2

7 8 1,0v2,1,1v2,3,4v/2,4,1/2,6,0v/2

8 8 1,0v2,1,1v2,3,4v2,3,7v2,1,01/2

9 18 18 1,0v/2,1,1v2,3,4v2,2,612,5,2v/2,0,2v/2,4,6v/2,7,4v/2,6,1v/2, 8,012

10| 12 12 1,0v/2,1,1v2,3,4v2,1,5v2,1,612,3,9v2,1,0V/2

11| 10 10 1,00v2,1,1v/2,3,4v/2,0,4/2,8,1v/2,10,0v/2

12| 24 24 1,0v/2,1,1v2,3,4v2,11,3v/2,5,8v/2,9,5v2,7,00/2, 7,72, 9,
44/2,5,9v/2,11,8v/2,3,11v/2,1,0v/2

13| 12 12 1,0v2,1,1v2,3,4v2,11,2v/2, 2, 44/2,10,1v/2, 12, 0v/2

14 8 8 1,0v/2,1,1v2,3,4v2,11,1v/2, 13,02

15| 12 12 1,00v2,1,1v/2,3,4v/2,11,0v/2,11,11v/2, 3,14v/2,1,0/2

16 | 16 16 1,0v2,1,1v2,3,4v2,11,15v/2,9,8v/2,9,1v/2,11,12v/2, 3, 15V/2,
1,0/2

17| 18 18 1,0v2,1,1v2,3,4v2,11,15v/2, 7, 5v/2,0,5v/2, 10, 15v/2, 6, 4v/2,
14,1/2,16,0v/2
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TABLE 5.6: The semi-period G4(n) of the Hecke-Fibonacci sequence mod n for ¢ = 4

for low values of n

n | 64(n) | Peg(n) | Hecke-Fibonacci sequence mod n (repeated block)

18| 36 36 1,00v2,1,1v/2,3,4v/2,11,15v/2,5,2v/2,9,111/2,13,64/2, 7,131/2, 15,
10v/2,17,9v/2,17,8v/2,15,5v2,7,12v/2,13, 72,9, 161/2, 5,
3v/2,11,14v/2,3,17v/2,1,0v/2

19| 10 10 1,0v2,1,1v2,3,4v/2,11,15v/2,3,18v/2,1,0v/2

20 | 24 24 1,0v2,1,1v2,3,4v2,11,15v/2,1,161/2, 13,92, 11,0v/2, 11, 11/2,
13,4v/2,1,5v/2,11,16v/2,3,19v/2,1,01/2

21 | 48 48 1,0v2,1,1v/2,3,4v/2,11,15v/2, 20, 141/2, 6, 20v/2, 4, 3v/2, 10, 131/2,
15,7v/2,8,15v/2,17,11v/2,18,8+/2,13,0v/2, 13, 13+/2, 18,10v/2, 17,
6v/2,8,14v/2,15,8v/2,10,18v/2,4,11/2,6,7v/2,20,6v/2,11,17v/2, 3,
20v/2,1,0v/2

22 | 20 20 1,0v2,1,1v2,3,4v/2,11,15v/2, 19, 12v/2, 21, 111/2, 21, 10/2, 19, 7V/2
11,18v/2,3,21v/2,1,0/2

23 | 22 22 1,0v2,1,1v2,3,4v/2,11,15v/2,18,10/2, 15,2v/2, 19, 211/2, 15, 13v/2
18,8v/2,11,19v/2, 3,22v/2,1,0v/2

24 | 24 24 1,0v/2,1,1v/2,3,4v/2,11,15v/2,17,8v/2,9,17+/2,19, 12v/2, 19, 7/2, 9,
16v/2,17,9v/2, 11,2012, 3,23v/2,1,0v/2

25 | 30 30 1,0v2,1,1v2,3,4v2,11,15v/2, 16, 6+/2, 3,9v/2, 21, 5v/2, 6,112, 3,
14v/2,6,20v/2, 21,1612, 3,19v/2,16,10v/2, 11,21v/2, 3, 24v/2, 1,012

26 | 12 12 1,00v2,1,1v/2,3,44/2,11,15v/2, 15, 4v/2, 23, 11/2, 25, 0v/2

27 | 54 54 1,0v2,1,1v2,3,4v2,11,15v/2, 14, 2/2, 18,2012, 4, 241/2, 25, 22+/2,
15,10v/2,8,18v/2,17,8v/2,6,14+/2,7,21/2,22,16+/2,0,16v/2, 5,21v/2
20,14+/2,21,8+/2,10,18v/2,19,10v/2, 12, 22v/2, 2, 241/2, 23, 20v/2, 9,
21/2,13,15v/2,16,4v/2,24,11/2, 26,012

28 | 16 16 1,0v2,1,1v2,3,4v2,11,15v/2, 13,012, 13, 13v/2, 11, 24+/2, 3, 27V/2,
1,0/2

29 | 30 30 1,0v2,1,1v2,3,4v2,11,15v/2,12,27/2, 8, 61/2, 20, 261/2, 14, 111/2,
7,18v/2,14,3v/2,20,23v/2,8,2v/2,12,14+/2, 11, 25v/2, 3, 28+/2,1,0v/2

30 | 12 12 1,00v2,1,1v/2,3,4v/2,11,15v/2, 11,2612, 3,29v/2, 1, 0v/2

TABLE 5.7: The semi-period Gg(n) of the Hecke-Fibonacci sequence mod n for ¢ = 6

for low values of n

n | d¢(n) | Peg(n) | Hecke-Fibonacci sequence mod n (repeated block)
2 6 6 1,0v/3,1,1v/3,0,1v/3,1,0v/3

3 6 6 1,0v/3,1,1v/3,1,2v/3,1,0v/3

4 6 6 1,0v/3,1,1v/3,0,1/3,3,0V/3

5 4 4 1,0v/3,1,1v/3,4,0/3
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TABLE 5.8: The semi-period Gg(n) of the Hecke-Fibonacci sequence mod n for ¢ = 6

for low values of n

n | d¢(n) | Peg(n) | Hecke-Fibonacci sequence mod n (repeated block)

6 6 6 1,0v/3,1,1v/3,4,5v3,1,0V/3

7| 14 14 1,0v/3,1,1v/3,4,5v3,5,3v3,0,3v3,2,5v3,3,1/3,6,0V/3

8 12 12 1,0v/3,1,1v/3,4,5v/3,3,0v3,3,3v3,4,7v/3,1,0V/3

9 18 18 1,0v3,1,1v/3,4,5v/3,1,63,1,7v3,4,2v/3,1,3v3,1,4v/3,4,8V3,1,0/3

10| 12 12 1,0v/3,1,1v/3,4,5v3,9,4v3,1,5v3,6,1v/3,9,0V/3

11| 12 12 1,0v/3,1,1v/3,4,5v/3,8,2v/3, 3,5v3,7,1v/3,10,0V/3

12 12 12 1,0v/3,1,1v/3,4,5v/3,7,01/3,7,7v/3,4,11/3,1,0/3

13| 14 14 1,0v/3,1,1v3,4,5v3,6,111/3,0,11/3, 7,5v/3,9, 11/3,12,0v/3

14 | 42 42 1,0v/3,1,1v3,4,5v3,5,10v/3,7,3v3, 2, 5v/3, 3,83, 13, 7v/3, 6, 13V/3,
3,2v/3,9,11v/3,0,11v/3,5,16+/3,11,13v/3,8, 7v/3,1,8v/3, 11, 5/3, 12,
3v/3,7,10v/3,9,5v/3,10,1/3,13,0v3

15 | 24 24 1,0v/3,1,1v/3,4,5v/3,4,9v3,1,10v/3,1,11v/3,4,0v3,4,4/3,1,5V3
1,6v/3,4,10/3,4,14v/3,1,0V/3

16 | 24 24 1,0v/3,1,1v3,4,5v3,3,8V3,11,3v3,4,7v/3,9,0/3,9,9v/3,4,13V/3
11,8v/3,3,11v/3,4,15v/3,1,0V/3

17| 16 16 1,0v/3,1,1v/3,4,5v3,2,7V3,6,13V3, 11, 7V/3,15,5v/3,13,1/3, 16,013

18| 18 18 1,0v/3,1,1v/3,4,5v3,1,6/3,1,7v/3,4,11v/3,1,12v/3,1,13v/3,4, 173, 1,0V/3

19| 10 10 1,0v/3,1,1v/3,4,5v/3,0,5v3,15,1v/3,18,0v/3

20 | 24 24 1,0v/3,1,1v3,4,5v3,19,4v/3,11,15/3, 16, 11/3,9,0v/3, 9, 9v/3, 16,
5v/3,11,164/3,19,15v/3,4,19v/3,1,0V/3

21 | 84 84 1,0v/3,1,1v/3,4,5v/3,19,3v/3, 7,103, 16, 5v/3, 10, 15v/3, 13, 7v/3, 13,
20v/3,10,9v/3,16,4v/3,7,11v/3,19,9/3,4,13v/3,1,14v/3,1,15V/3, 4,
19/3,19,17v/3,7,3/3,16,19v/3,10,8v/3, 13, 0v/3, 13, 13v/3, 10, 2v/3,
16,18v/3,7,44/3,19,2v/3,4,6v3,1,7/3,1,8V/3,4,12v/3,19,10v/3, 7,
17v/3,16,12v/3,10,1+/3,13,14v/3,13,6+/3, 10, 16v/3, 16, 11/3, 7,
18v/3,19,16v/3,4,20v/3,1,0V3

22 | 12 12 1,0v/3,1,1v/3,4,5v/3,19,2v/3,3,5v/3,18,1/3,21,0/3

23 8 8 1,0v/3,1,1v/3,4,5v3,19,1v/3,22,0/3

24 | 12 12 1,0v/3,1,1v/3,4,5v/3,19,0v/3,19,19v/3,4,23v/3,1,0V/3

25 | 20 20 1,0v/3,1,1v/3,4,5v/3,19,24v/3,16,15v/3, 11, 11/3, 14, 15/3, 9,
244/3,6,5v/3,21,1v/3,24,0/3

26 | 42 42 1,0v/3,1,1v/3,4, 53,19, 241/3,13,111/3, 20, 5v/3, 9, 14/3, 25,
13v/3,12,25v/3,9,8v/3,7,15v/3,0,15v/3, 19, 8v/3, 17, 251/3, 14,
13v/3,1,14v/3,17,5v/3,6,11v/3, 13, 24v/3, 7, 5v/3, 22, 1/3, 25, 0v/3
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TABLE 5.9: The semi-period &g(n) of the Hecke-Fibonacci sequence mod n for ¢ = 6
for low values of n

n | d6(n) | Peg(n) | Hecke-Fibonacci sequence mod n (repeated block)

27 | 54 54 1,0v/3,1,1v3,4,5v/3,19,24/3,10, 7/3,4,11/3, 10, 21v/3, 19,
13/3,4,17/3,1,18/3,1,19/3, 4,23/3,19, 15v/3, 10, 25v/3, 4,
21/3,10,12/3,19,4v/3,4,8v/3,1,9v/3,1,10v/3, 4, 141/3,19, 61/3,
10,16+/3,4,20+/3,10, 3v/3,19,22+/3, 4,26+/3,1,0v/3

28 | 42 42 1,0v/3,1,1v3,4,5v3,19,24/3,7,3v3,16,19v/3,17,8v/3, 13, 21/3,
20,13v/3,3,164/3,23,11v/3,0,11v/3, 5, 161/3, 25, 131/3, 8, 21v/3, 15,
8v/3,11,19v/3,12,3v/3,21,24v/3.9, 53, 24,13, 27,03

20 | 10 10 1,0v/3,1,1v3,4,5v/3,19,241/3,4,28/3,1,0/3

30| 24 24 1,0v/3,1,1v/3,4,5v/3,19,24v/3, 1, 25v/3, 16, 11v/3, 19, 0v/3,
19,19v/3,16,5v/3,1,6v/3,19, 25v/3,4, 29v/3,1,0/3

Example 5.21. The sequence (5.2.4) mod 5 for .#4(5) is 1,1,3,1,1,3,1,1,3, ... hence
74 (5) = 3 and 0}(5) = 3. Therefore there are three even vertices of the principal Petrie

polygon and Pey(5) has vertices

1, .0v2, .1 . 1v2. . 3, 42
o T gk o ) )

[

The next two vertices are [—1-], [M] so we have closed up our polygon, which has six

0v27 4t 1
vertices. The length of Pey(5) is equal to 207 (5) = 6.

Example 5.22. The sequence (5.2.4) mod 6 for .#4(6) is 1,1,3,5,5,3,1,1,3,5, ... hence
7m;(6) = 6 and 0;(6) = 3. Therefore there are six even vertices of the principal Petrie

polygon and Pey(6) has vertices

L0V Ly 2y 3 VR 5 Ve 5 Ve 3 B
1 727 3 g2t 5 Y 5 T2V 3 Uy 1 T

The next two vertices are [ﬁ], [%] so we have closed up our polygon, which has twelve

vertices. The length of Pey(6) is equal to 40} (6) = 12.

Example 5.23. The sequence (5.2.4) mod 6 for .#4(6)is 1,1,4,1,1,4, ... hence 7§(6) = 3
and o¢(6) = 3. Therefore there are three even vertices of the principal Petrie polygon

and Peg(6) has vertices

The next two vertices are [—1-], [%] so we have closed up our polygon, which has six

0v/3
vertices. The length of Peg(6) is equal to 20{(3) = 6.
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Example 5.24. The sequence (5.2.4) mod 4 for .#s(4) is 1,1,0,3,3,0,1,1,0, ... hence
7(4) = 6 and o§;(4) = 3. Therefore there are three even vertices of the principal Petrie

polygon and Peg(4) has vertices

Ly 03y L 3y 0 Y3
0v37 1 7 1v370 0 T3 3 T

0v3
vertices. The length of Peg(4) is equal to 20§(4) = 6.

1 ]7[0\/3

The next two vertices are [ =¥=] so we have closed up our polygon, which has six

: 1
W

1

H
.
S

FIGURE 5.3: Left: Peg(3). Right: Peg(4)

Lemma 5.25. 7;(n) = o;(n) if and only if aog(n)(\/rn) =1 mod n, and 7;(n) = 20;(n)

if and only if agg(n)(\/fn) = —1 mod n, forn > 2.

Proof. Let k be the least positive integer such that ap(v/m) = ag+1(yv/m) = —1 mod n.

Then k = o;(n) and agag(n)_,_l(\/ﬁ) = —ag;(nHl(\/M) mod 7, so that aQU;(n)H(\/m) =

—agz(n)+1(vm) =1 mod n, ages(n)(v/m) =1 mod n and 7 (n) = 203(n). Alternatively,

ar(v/m) =1 mod n and then 7} (n) = o (n). O
Tables 5.5 and 5.7 reflect Theorem 5.18 as we can observe that the lengths of

Pey(n)’s column for ¢ = 4,6 matches the column of G,(n)’s values.

Lemma 5.26. Ifa,;(,) = £1 mod n and by () (v/m) = 0y/m mod n, then 64(n) = 204(n).

Otherwise, 64(n) = 2moy(n), where m = 2,3 for ¢ = 4,6 respectively.

Proof. If

~—
>

q

=
SR
~ Q%
TN~
33
3

~_
|

<ng;<n><m>>> _ ( +1 ) .
p20’;(’l’l)+1(\/m) Oﬁ

92



Thus 64(n) = 207 (n) by Definition 5.14.

Now if
() ) oo
bos(n) (VM) 0yv'm
then G,4(n) # 20, (n).

Therefore there is a least positive integer z such that

( aza;(n) ) (pZZJ (n)(ﬁ))) = ( +1 ) mod n
bza;(n)(\/ﬁ) p2zcrq( )+1(\/m) Om ’

here G,4(n) = 2zo;(n), implies z = 64(n) /207 (n).

For ¢ = 4, if ay3(n) = 1 mod n then a,,;(,) = £1 mod n. As bgz(n)(ﬁ) £ 02
mod n, then n { baz(n)(ﬂ). Now suppose that n is even, thus baz(n)(ﬂ) is odd such
that (n,bs:(n)) = box(n). We need the least positive z such that b, (n)(\[) = 0(V/2)
mod n. Choose z = 2 such that n|b202(n)(\/§) implies bgaz(n)(\f) = 251 (n) = = 0v/2 mod

n. Therefore
CLQO'Z('IZ) _ p4aZ(n)(\/§)) +1 mod n,
baos () (V2) p4aZ(n)+l<\/§) 0v2
5(n) = 2203(n) = 403 (n).
For ¢ = 6, if agx(n) = =1 mod n and baé(n)(\/g) # 0v/3 mod n, then n { bog(n)(\/g)'
Now suppose that 3|n and n ¢t bgg(n)(\/g). We need the least positive z such that
bwg(n)(\/ﬁ) = 0v/3 mod n. Since n { baé(n)(\/g), thenn 1 2bag(n)(\/§) = bagz(n) = _bag(n)(\/g)

mod n, hence z = 2 is excluded. Choose z = 3 such that n’bggg(n)(\/g), we have
b3gg(n)(\/§) = 3bgg(n)(\/§) = 0(v/3) mod n. Therefore

aSUg(n) _ pﬁaé‘(n)(\/g)) = +1 mod n
b3og(n)(\/§) Péoy (n)+1(\/§) 0v3
d6(n) = 2(30§(n)) = 60§(n). Thus the value of z is 2 for ¢ = 4 and 3 for ¢ = 6 which

are the values of m.

Example 5.27. Recall Example 5.22 and Tables 5.1, 5.3 and 5.5.

As 0}(6) = 3, then
71 (6) =1 mo
) * o) ==

a204(6) +1 o
(bga (@) (M ) e
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The length of the principal Petrie polygon Pey(6) = 64(6) = 40;(6) = 12. There

are six even vertices of the principal Petrie polygon Pey(6), these are

1. .0v2, . 1 . 1v2. .3 . 4v2, . 5 . 3V2. . 5 . 2v/2. 3 . 52

Tk b g (e b 5 g 5k b 5 b el P

There are many examples, for ¢ = 4 when n = 6,10, 18,22 as shown in Table 5.5
where 64(n) = 40} (n), also for ¢ = 6 where n = 9,15, 18,21,27 as shown in Table 5.7

where 66(n) = 60(n).

Extending my calculations to include ¢ = 5, the following table shows some facts

about Theorem 5.18 for values of n up to 15.

TABLE 5.10: The semi-period 65(n) of the Hecke-Fibonacci sequence mod n for ¢ = 5

forn=2,...,15
n | 65(n) | Pes(n)
2 4 4
3 10 10
4 10 10
) 30 30
6 10 10
7 12 12
8 20 20
9 30 30
10 30 30
11 40 40
12 20 20
13| 84 84
14 60 60
15 30 30

Example 5.28. The Hecke-Fibonacci sequence (5.2.3) mod 3 for .#5(3) is
1,05, 1, A5, A5 +2, A5+ 1,0, A5 + 1,25+ 1, A5, 2,05, 2, ... hence 65(3) =10. P65(3) has

vertices

As + 1 0 As + 1 225 + 1 ﬁ

1 0As5 1 A5 A5 + 2
[07)\5]7[T]7 17)\5]7[>\5+27 >\5+1]7[ 0 ]7[)\5+1]7[2)\5+1]7[ )\5 ]7[2]'

The next two vertices are [&], [%] so we have closed up our polygon, which has ten

vertices. The length of Pes(3) is equal to 5(3).
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12, +1

12, +2
12,+1

1 — 12,+2

FIGURE 5.4: Pes(3)

It is a general fact that for regular maps, the map and its dual always have the same
Petrie path lengths. The map .#5(5) (the icosahedron) has a Petrie polygon Pe3(5) of
length ten as shown in [SS18, Figure 2|, and its dual .#5(3) (the dodecahedron) has the

same length as shown in Figure 5.4.

It is very interesting to extend this to ¢ = 7 because the non-identity finite quotients
of I'(2,3,7) are the Hurwitz groups of 84(g — 1) automorphisms of a compact Riemann
surface of genus g > 2. Using the minimal polynomial A3 — A2 — 2)\7 4+ 1 of A7 we can
draw #7(3).

Using the Hecke-Fibonacci sequence (5.2.3) mod 3 for ¢ = 7 we have the following Pez(3)

i % i A7 )\%—l—l )\%—l—)\7+2 A7
0A7 1 A7 A2+ 1 A2+ A7 +2 A7 ST 2A2 4 A 42
202 + A7 + 2 A+l 2 +2 202 + 1 202 + A7 202 + A7 +2
A7+ 1 2\7 + 2 202 + 1 M2+ N 2X2 4 A+ 2 222 + A7 +1
2X2 + A7 + 1 2)\2 M+ 20742 2)\$+>\7+2\ A2+ 2)\;
2)2 A+ 207+ 2 202 + A7 + 2 M+ 2)\; 222 +1
22 +1 M+l M1 Mo+22+1 A7
A7+ 1 A7+ 1 M4+2\+1 A7 222+ 207 + 1
202 +2\7 + 1 M+1 27 1 0X7
A2 +1 2\ 1 0N 1

We find that the length of the principal Petrie polygon is 26 which corresponds to the
Hurwitz group of the form PSLy(13). In [Mac99] Macbeath shows that there are three
Hurwitz surfaces associated with PSL2(13). These three surfaces correspond to choosing
a generator of order 7 from one of the three conjugacy classes of such elements in this
group. These elements have traces £3, +5 and 46, and the corresponding maps have
Petrie lengths 14,26 and 12 [JW16, Example 5.4].
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a,

s b,
df 12,
6 c 12,
5 28 aubu 12
;o d Can
Ao

)

FIGURE 5.5: A partial picture of the map .#7(3) showing a highlighted part of Pe7(3).

For a list of vertices of some of the numbered faces in Figure 5.5, see Appendix B.
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Appendix A

Drawing Technique for <//Aq

This Appendix illustrates the technique that I use and follow to draw the universal
g-gonal tessellation .//Zq for ¢ = 3, 4, 5, 6, 7 as shown in Figures 3.5, 3.11, 3.12, 3.13,
3.15. One of the drawing examples in Chapter 3, is the universal 4-gonal tessellation My
(Figure 3.11), which we draw by means of the following LaTeX code using TikZ package.
TikZ package is one of the most powerful and complex tool that allows us to program and
create graphic elements and figures into LaTeX documents. We can create images easily
by defining some of their key properties. Furthermore TikZ is a recursive acronym for
"TikZ ist kein Zeichenprogramm’ and is a part of a large package called PGF ’Portable
Graphics Format’. In this drawing technique the coordinates were found by hand and

calculator.

\documentclass[tikz] {standalone}

\begin{document}

\begin{tikzpicture} [scale=30]

\draw [dotted] (0,0) —-- (1.414,0);
\filldraw (0,0) circle (0.09pt);
\filldraw (1.414,0) circle (0.09pt);

\draw (0,0) -- (0,.618);

\draw (1.414,0) —-- (1.414,.618);

\draw (0.707,0) arc (0:180:.353);
\filldraw (0.707,0) circle (0.09pt);

\draw (1.414,0) arc (0:180:.353);

\draw [dotted] (0,0) -- (0,-.03) node[below]
{\Huge$\frac{0\sgrt (2) }{1}$};

\draw [dotted] (1.414,0) —- (1.414,-.03) node[below]
{\HugeS\frac{\sqrt{2}}{1}$};

\draw [dotted] (0.17678,0) —-- (0.17678,-.03) node

[below] {\LargeSa_{1}S};
\draw (0.17678,0) arc (0:180:.0883);
\filldraw (0.17678,0) circle (0.06pt);
\draw [dotted] (0.20203,0) —-- (0.20203,-.03) node[below]
{\Large$b_{1}$};
\draw (0.20203,0) arc (0:180:.0125);
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\filldraw (0.20203,0) circle (0.06pt);

\draw [dotted] (0.23570,0) —-- (0.23570,-.03) node[below]
{\Large$c_{1}$};
\draw (0.23570,0) arc (0:180:.0166);
\draw (0.23570,0) arc (0:180:.118);
\filldraw (0.23570,0) circle (0.06pt);

\draw [dotted] (0.257129,0) -- (0.257129,-.03) node[below]
{\large$d_{1}$};
\draw (0.257129,0) arc (0:180:.0105);
\filldraw (0.257129,0) circle (0.06pt);
\draw [dotted] (0.265165,0) —-- (0.265165,-.02) node[below]
{\large$e_{1}$};
\draw (0.265165,0) arc (0:180:.004);
\filldraw (0.265165,0) circle (0.06pt);
\draw (0.28284,0) arc (0:180:.0009);

\draw [dotted] (0.28284,0) —-- (0.28284,-.03) node[below]
{\Large$f_{1}$};
\draw (0.28284,0) arc (0:180:.0235);

\filldraw (0.28284,0) circle (0.06pt);

\draw [dotted] (0.35355,0) —-- (0.35355,-.03) node[below]
{\huge$\frac{1}{2\sqrt{2}}s$};
\filldraw (0.35355,0) circle (0.09pt);
\draw (0.35355,0) arc (0:180:.0355);
\draw (0.35355,0) arc (0:180:.177);

\draw [dotted] (0.40406,0) —-- (0.40406,-.03) node[below]
{\Large$g_{1}$};
\draw (0.40406,0) arc (0:180:.025);

\filldraw (0.40406,0) circle (0.06pt);

\draw [dotted] (0.42426,0) —- (0.42426,-.03) node[below]
{\Large$j_{1}$};
\draw (0.42426,0) arc (0:180:.004);
\draw (0.42426,0) arc (0:180:.01);
\filldraw (0.42426,0) circle (0.06pt);

\draw [dotted] (0.415945,0) —-- (0.415945,-.01) node[below
1{\large$i_{1}$};
\draw (0.415945,0) arc (0:180:.0015);

\filldraw (0.415945,0) circle (0.03pt);

\draw [dotted] (0.4124789,0) -- (0.4124789,-.02) node[below]
{\large$h_{1}$};
\draw (0.4124789,0) arc (0:180:.004);

\filldraw (0.4124789,0) circle (0.03pt);

\draw [dotted] (0.47140,0) -- (0.47140,-.03) node[below]
{\huge$\frac{\sqrt{2}}{3}$};
\draw (0.47140,0) arc (0:180:.0235);
\draw (0.47140,0) arc (0:180:.059);
\filldraw (0.47140,0) circle (0.09pt);
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\draw [dotted] (0.56569,0) —-- (0.56569,-.03) node[below]
{\Large$n_{1}$};

\draw (0.565693,0) arc (0:180:.0175);

\draw (0.565693,0) arc (0:180:.008);

\filldraw (0.565693,0) circle (0.06pt);

\draw [dotted] (0.606091,0) -- (0.606091,-.03) node[below]
{\LargeS$p_{1}$};
\draw (0.606091,0) arc (0:180:.0084);

\filldraw (0.606091,0) circle (0.06pt);
\draw [dotted] (0.58925,0) —-- (0.58925,-.03) node[below]
{\LargeS$o_{1}$};
\draw (0.58925,0) arc (0:180:.0115);

\filldraw (0.58925,0) circle (0.06pt);

\draw [dotted] (0.70711,0) -- (0.70711,-.03) node[below]
{\Huge$\frac{1l}{\sqrt{2}}$};

\draw (0.70711,0) arc (0:180:.0705);

\draw (0.70711,0) arc (0:180:.11755);

\draw (0.70711,0) arc (0:180:.0505);

\filldraw (0.70711,0) circle (0.06pt);
\draw [dotted] (0.53033,0) -- (0.53033,-.03) node[below]
{\Large$k_{1}$};
\filldraw (0.53033,0) circle (0.06pt);
\draw (0.53033,0) arc (0:180:.029);

\draw [dotted] (0.543928,0) —-- (0.543928,-.02) node[below
I1{\large$l_{1}$};
\filldraw (0.543928,0) circle (0.03pt);
\draw (0.543928,0) arc (0:180:.0065);
\draw [dotted] (0.549971,0) —-- (0.549971,-.01) node[below]
{\large$m_{1}$};
\filldraw (0.549971,0) circle (0.03pt);
\draw (0.549971,0) arc (0:180:.0029);

\draw [dotted] (1.06066,0) - (1.06066,-.03) node[below]
{\huge$\frac{3}{2\sqrt{2}}$};
\draw (1.41421,0) arc (0:180:.1175);
\draw (1.41421,0) arc (0:180:.088);
\filldraw (1.06066,0) circle (0.09pt);

\draw (1.41421,0) arc (0:180:.177);

\draw [dotted] (0.98994,0)
{\Large$g_{2}$};

(0.98994,-.03) node[below]

\draw [dotted] (1.01015,0) —-- (1.01015,-.03) node[below]
{\Large$j_{2}$};
\draw [dotted] (0.94281,0) —-- (0.94281,-.03) node[below]
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{\huge$\frac{2\sqrt{2}}{3}$};
\filldraw (0.99826,0)

\draw

\draw

[dotted]

[dotted]

(0.99826,0) -

{\large$Sh_{2}$};

{\large$i_{2}$};

(1.00173,0) -

circle

(1.00173,-.01)

(0.03pt) ;
(0.99826,-.02)

\filldraw (1.00173,0) circle (0.03pt);

\draw (1.00173,0) arc (0:180:.0015);

\draw (0.99826,0) arc (0:180:.004);

\draw (1.01015,0) arc (0:180:.004);

\draw (1.06066,0) arc (0:180:.059);

\draw (1.06066,0) arc (0:180:.025);

\draw (0.98994,0) arc (0:180:.0235);

\draw (1.01015,0) arc (0:180:.0107);
\filldraw (0.98994,0) circle (0.09pt);
\filldraw (1.01015,0) circle (0.09pt);
\filldraw (0.94281,0) circle (0.09pt);

\draw [dotted] (0.88388,0) —-- (0.88388,-.03)
{\Large$f_{2}s$};

\draw [dotted] (0.84853,0) —-- (0.84853,-.03)

{\Large$c_{2}$};
\draw [dotted] (0.808122,0) -- (0.808122,-.03)
{\LargeS$a_{2}$};
\draw [dotted] (0.824957,0) -- (0.824957,-.03)

{\Large$b_{2}$};

\filldraw (0.824957,0) circle (0.06pt);
\filldraw (0.808122,0) circle (0.06pt);

\draw (0.84853,0) arc (0:180:.0119);

\draw (0.824957,0) arc (0:180:.0085);

\draw (0.808122,0) arc (0:180:.05);

\draw (0.84853,0) arc (0:180:.07);

\draw (0.94281,0) arc (0:180:.0295);

\draw (0.88388,0) arc (0:180:.0175);

\draw (0.88388,0) arc (0:180:.007);

\draw (0.94281,0) arc (0:180:.117);
\filldraw (0.88388,0) circle (0.06pt);
\filldraw (0.84853,0) circle (0.06pt);

\draw [dotted] (0.86424,0) -- (0.86424,-.02)

{\large$Sd_{2}S};
\filldraw (0.86424,0)
\draw (0.86424,0)

\draw

\draw (0.870285,0)

[dotted]
{\large$e_{2}$};

arc

C

ircle

(0:180:.0075) ;

(0.870285,0)

\filldraw (0.870285,0)

arc

(0.03pt) ;

(0.870285,-.01)

circle

(0:180:.003);

(0.03pt) ;
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\draw [dotted] (1.13137,0) —-- (1.13137,-.03) node[below]
{\Large$k_{2}$};
\filldraw (1.13137,0) circle (0.06pt);
\draw (1.13137,0) arc (0:180:.0355);

\draw [dotted] (1.178511,0) —-- (1.178511,-.03) node[below]
{\Large$n_{2}$};
\filldraw (1.178511,0) circle (0.06pt);
\draw (1.178511,0) arc (0:180:.0235);
\draw (1.178511,0) arc (0:180:.0105);

\draw [dotted] (1.21218,0) -- (1.21218,-.03) node[below]
{\LargeSo_{2}$};

\filldraw (1.21218,0) circle (0.06pt);
\draw (1.21218,0) arc (0:180:.0165);

\draw [dotted] (1.23743,0) -- (1.23743,-.03) node[below]
{\LargeSp_{2}$};
\filldraw (1.23743,0) circle (0.06pt);
\draw (1.23743,0) arc (0:180:.0126);

\draw [dotted] (1.149048,0) -- (1.149048,-.02) node[below]
{\largesl_{2}S};

\filldraw (1.149048,0) circle (0.03pt);
\draw (1.149048,0) arc (0:180:.0085);

\draw [dotted] (1.15708,0) -- (1.15708,-.01) node[below]
{\large$m_{2}$};

\filldraw (1.15708,0) circle (0.03pt);
\draw (1.15708,0) arc (0:180:.004);

\end{tikzpicture}

\end{document }
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Appendix B

Faces of the map .#(3)

In this appendix, we list a table showing vertices of some of the numbered faces of

the map .#~(3) in anticlockwise order as shown in Figure 5.5.

TABLE B.1: Table of Correspondence for .#7(3)

‘ Face ‘ Correspondent vertices

1 a2 b )\7+2Hc ;QHHdl )\2+2H61 Hf 27 &5 gy 0/1\7

2 agl%(—)bQ:Z{i—’—Z(—) Q%Hd A—;\—227J>;72—|—2 62.)\1—’_1(—)&1(—)5]1

3 f1<—>a3 )\ <—>b3 )\2+2H 3'2/\)‘5121<—>d3:2)‘7+1<—>a2<—>gl

4 Jeaoay: 2)\2+2<_>b 2A22A+77;r1+1<_>c %Hd‘l A2+1<_>“3<_>f1

5) a51%<—>552/\;§§7g\_2\+2 C52%Hd5:ﬁ%(—>&4%61(—)d1
6 GGZ;\%\;—E%H() :%&12 cﬁ:%edm%H%Hdl(—)cl
7 a7:%wa%Hcmﬁﬁ%ﬁdw%%%%qﬁbl
8 @Hay%%b;;:%%@:%Hmﬁblﬁal

9 d3<—>a9:%(—)bg:%(—)@:%%dg:%ﬁbg(—)ag
10 d4<—>@102%9b102%9010:%(—)d ‘%H[B%}ag
11 d5<—>a11:2A$+27A7H<—>b11~%<—>c11:ZA%;%”\W—ui -%HMHM
12 d6<—>a12:/\7>‘+2<—>b 12>;\7$121<—>012:2>\$_i\%(—>d12 )\2+ Hb5Ha5

13 d7<—>a13:/\3\§2<—>b1322/\2;f%€>613:%w<—>d13 )\>\+2Hb6<—>a6

14 Cg(—>a142/\2)f)\ (—)bl '%\%961422/\)\+2 <—>d14 A7+ <—>b7<—>a7

15 dg(—>a15Z%Hbm:%(—)Cw:%%%dm:ﬁ%%dgﬁeg
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TABLE B.2: Table of Correspondence for .#7(3)

‘ Face ‘ Correspondent vertices

17 d10<—>a17:2§\\212%€>b17:2)\i§+§7:2@c ‘%Ham%)egﬁb?)

18 dis > a1 : %):H > big: 12 < C18 : )\g > dyg: ;{:}\ <~ bg ¢ ag

19 aig - >\7+1 < b19 72>\2):_—;i\7+1 < C19 : 72A;§i§\77+2 < d 7)\7—“\7_‘—1 — a13 < d7 — C7

20 dg(—)CLQO m(—)bzo %HCQO 2)\22f>\ Hdgo'%(—)CQHbz

21 dig <> ao1 : ”\;72% < by : )\7—:)_)\7 <> C21 - v} +2 < aqq 4> cg <> b

22 dQOHGQQ:%ﬁHbQQ:%HCQQ.Mfﬁﬁalg)(—)(izﬁcz

23 a23:%<—>52312)\§%(—>0232%<—>d232ig‘:’;\i(—)alo(—)d4(—>64
‘ 24 d11<—>a24:%<—>b21<—>024:/\$2—;7/\47_—51<—>a23664<—>b4

25 ass . /\)\3::\17 <~ b25 2>\ <~ blg <~ d25 ;\j\;—j\l <~ al] <& d5 < Cs
‘ 26 d12<—)a26:%HbQQHCQﬁ:%HUQ5HC5Hb5

27 dm(—>&27:ﬁ%b27:%%6272% d

28 d27<—>aggtﬁ<—>bggi2/\;_)*\_7#—1\_71_’_2 CQS:%HGlQHdﬁHCG

29 d14<—>a29:%<—>b29:%ﬁ@gz)‘$+)‘7<—>a19<—>07<—>b7

30 ag():/\%%i?(—)bgo )\_1_1(—}1)21(—)030 §;2iz<_>d30 m(—)CQHbg

31 Cg(—)dgo(—)&gl )\2<—>b31'2)‘7+ (—)3'%#(—)&20(—)619

32 631<—>a32:%<—>b321%4—>032: 7+7<—>ag5<—>b20<—>a20

33 CL25(—)CL332%(—)CGHZ):BZM(—)C&}Z%HCQ(]HGQQ

34 620<—>0339a34:2>\2;f% 3422>\E%H634'2)i%22)\79a229d20

35 034<—>a35:%<—>b35:%(—)035:%(%@7(—)1722(—)@2

36 d27<—>G36:2§\§+§?7(—>610<—>636:>\$+)\7)i+1<—>d36:%HCQQH[)QQ

37 C99 d36 <> asy 2/\2>\+1 <~ b37 2)\%\_?_7—;1_'_2 <> C37 QAj;Q <~ b15 < ais

38 037<—>a38:%<—>b38:)2‘3\%)‘;;1<—>038 %Hdgg:%HCmew

39 Cl15 < d38 <> asg9 2>\7+>\7 <~ b3 : gfil <> C39 : #}\7-{-2 — aig < d15

40 639<—>a40'2>\7+2(—>b %9640:225%2\9(1 '%(—)bm(—)alg
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TABLE B.3: Table of Correspondence for .#7(3)

‘ Face ‘ Correspondent vertices

41 d40<—>a41:2/\§ﬁ<—>b41‘%<—>041:m(—)dﬂtz\%ﬁ(—)clgﬁblg
42 018<—>d41€>a4213i§ig<—>b '%(—)&12:2;\;%(—)&21(—)6118

43 C42<—>CL432)\2+20)\ +2<—>b43:%<—>043:%(—)&25<—>621<—>a21
44 a25<—>a44:2)\$}r2)\ <—>b44:%(—>644'>\7+ <—>d44';)7\2++2)\<—>021<—>521
45 621<—>d44Ha4522)\T7$<—>b45:2>f%%21>\7<—>C45 1212<—>b14<—>a14

46 C45<—>CL2462)‘71H<—)Z762/\g)j;%rlHC%'/\i—;\_é\l—gZ(—)d%I2)\;?2)\7(—)014(—)1)14
78 a78:%ﬁb78:%€>b22<—>078; 711<—)a79<—>010Hb10

79 C10 <> a9 2/\7/\%2/\7<—>b7912)\;r%<—>679:31§11<—>d79 )\j‘+2<—>a17<—>d16
80 d79<—>a80:2>\i—:#ﬁbgg'%€>680 deyanﬁan

82 as I%Hbgg /\:2(—) Cg2 : %(—)dgg:%(—)agg(—)bujﬁau;
83 aggl%;lﬁalﬁbgy):%(—)Cg‘%(—)aw(—)ClﬁHbm

84 alg <> ag4 : MHZ) ‘%(—)C&;’W(—)G&gﬁdm(—)clﬁ

85 d16<—>a85 2>\7+1(—>b )\2 <—>C W(—)agoﬁbg(—)ag
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