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This paper presents the current state of mathematical modelling of the electrochemical
behaviour of lithium-ion batteries as they are charged and discharged. It reviews the
models developed by Newman and co-workers, both in the cases of dilute and moderately-
concentrated electrolytes and indicates the modelling assumptions required for their de-
velopment. Particular attention is paid to the interface conditions imposed between the
electrolyte and the active electrode material; necessary conditions are derived for one of
these, the Butler-Volmer relation, in order to ensure physically realistic solutions. Insight
into the origin of the differences between various models found in the literature is revealed
by considering formulations obtained by using different measures of the electric potential.
Materials commonly used for electrodes in lithium ion batteries are considered and the
various mathematical models used to describe lithium transport in them discussed. The
problem of up-scaling from models of behaviour at the single electrode particle scale to the
cell scale is addressed using homogenisation techniques resulting in the pseudo 2D model
commonly used to describe charge transport and discharge behaviour in lithium-ion cells.
Numerical solution to this model is discussed and illustrative results for a common device
are computed.
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1 Introduction

Lithium-ion batteries are currently one of the most hopeful prospects for large scale
efficient storage of electricity for mobile devices from phones to cars. Crucial to their
continued improved performance is to understand how novel materials might be effec-
tively exploited in their design. Excellent reviews of the current status of such materials



2 G. W. Richardson et al.

are given by |Bruce et al| (2008), |Choi et al.| (2012]), |Blomgren| (2017). Understanding
how these materials affect macroscopic battery behaviour is greatly aided by good math-
ematical models of the transport processes within the battery.

The purpose of this paper is to serve as a guide to charge transport modelling in
lithium-ion batteries. Much of the work in this area is due to John Newman and his
co-workers who, in a series of seminal publications [Newman| (1973)), Newman & Thomas-
Alyea; (2012), Doyle et al.| (1993} |1996]), [Fuller et al. (1994b), Ma et al| (1995), Newman
et al. (2003), [Srinivasan & Newman| (20045), introduced and applied models for these
devices that account both for charge transport in the electrolyte as well as solid lithium
ion diffusion in the active electrode materials, and use Butler-Volmer reaction kinetics for
lithium intercalation and de-intercalation on the electrode/electrolyte surface to couple
these two processes together. While these models have been remarkably successful in de-
scribing the behaviour of real batteries they are not easily extracted from the literature
and, in addition, improvements in understanding of electrode materials have led to sig-
nificant recent advances in the modelling of lithium transport in electrode particles that
can be incorporated into this framework. This work aims to provide a relatively concise
guide to the subject while at the same time highlighting some of the common modelling
pitfalls. Alternative modelling approaches include lumped parameter equivalent circuit
models, which are incapable of capturing the physical detail that the Newman model
does. However they are fast to compute with and so are often used on larger scale sys-
tems, such as pouch cells which are fabricated by stacking many single cells on top of
each other, where the primary goal may be to investigate the thermal behaviour of the
system, see e.g.|Troxler et al.| (2014), [Plett| (20158), or to develop a battery management
system. At the opposite end of the scale density functional theory is applied to study
battery physics on the atomistic scale, but the computational costs are so high that the
simulation of even a single battery cell is out of reach of the most powerful modern com-
puters, see |Dziedzic et al.| (2020). The charge transport models discussed here provide a
useful compromise between capturing meaningful physics, but nevertheless being cheap
enough to use on problems of engineering relevance.

A typical lithium-ion battery (LIB) cell has three regions: i) a porous negative elec-
trode, ii) a porous positive electrode and iii) an electron-blocking separator (see figure
. Typically the electrodes are comprised of particles, typically a few microns in size,
of different (solid) active materials (AMs), that are capable of absorbing lithium into
their structure and therefore act as lithium reservoirs. These particles are interspersed
with an inert porous polymer binder material, combined with highly conducting carbon
black, that acts to hold the electrode particles in place and form conducting links be-
tween electrode particles. The AM particle and polymer binder regions are permeated by
a lithium electrolyte that serves to transport charge and lithium ions between the AMs
of the two electrodes, with direct electrical contact between the negative and positive
electrodes being prevented by the presence of the porous separator. On the interfaces
between the electrode particles and the electrolyte (de-)intercalation reactions, in which
lithium ion transfer between the electrolyte and the AM, take place. The AM of the
positive electrode shows a greater affinity for lithium than that of the negative electrode
so that in a charged cell there is a propensity for a current of positively charged lithium
ions to flow from the negative to the positive electrode and thereby establishing a useful
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Figure 1. A sketch of a cross section of a typical device as well as the macroscopic
variables and their domains of definition.

potential difference between the electrodes. The rates at which these (de-)intercalation
reactions take place on the electrode/electrolyte interfaces are key to the electrical be-
haviour of the battery, and are typically described by a Butler-Volmer relation which
gives the interfacial current density, from AM to electrolyte, in terms of the potential
jump between the AM and the electrolyte and the lithium concentrations in the AM and
the electrolyte.

In addition to discussing transport models we also propose a new formulation for the
Butler-Volmer relation, for current flow between the AM and electrolyte, with the aim
of ensuring a model that is able to simulate extreme cases, where classical formulations
lead to physically unrealistic lithium distributions. More precisely, we address the issues
of the limiting conditions in which the electrodes are close to being fully intercalated (or
fully depleted) or in which the electrolyte concentration is very low.

Lithium ion batteries are great examples of both multiscale and multiphysics systems.
Accurately predicting the behaviour of commercial large format cells, which are used in
consumer electronics and which are variously formed by layering many individual cells
on top of each other (pouch cell) or winding one very large cell around a central core
(cylindrical and prismatic cells), depends on having appropriate represenatations of the
physics and chemistry at a range of smaller scales, including that of individual cells within
a pack, individual electrodes within each cell, individual particles within electrodes and
at the level of the atomic structure of the materials making up the particles. The be-
haviour at many of these lengthscales is dictated by a myriad of interacting phenomena
including electrochemical ones, but also thermal and mechanical ones. The seminal mod-
els developed by Newman and his co-workers span the scales of individual electrodes
particles upto individual cells and are largely focussed on the electrochemical behaviour.
Many authors including [Ranom/ (2014]), |Schmuck (2017)) and [Franco| (2013)) discuss the
challenges associated with formulating mathematical models that couple phenomena oc-
curring at vastly disparate lengthscales. There is also current impetus to experimentally
characterise and develop new modelling approaches to better understand chemical struc-
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ture within electrode materials Harris et al.| (2017)) and [Kim et al.| (2004)), mechanical and
thermal effects (2014), chemical degradation [Sethurajan et al.| (2019), [Wang]
let al.| (2018)), Birkl et al.| (2017)), [Monroe & Newman| (2003) and Nishikawa et al.| (2011)),
and to also develop battery management systems to optimally control batteries for use
in electric vehicles [Lu et al| (2013) and Kim et al| (2014).

The outline of this work is as follows. In §2| we discuss charge transport models for
the electrolyte. We begin, in with the simplest description, dilute electrolyte theory,

and show that it cannot adequately describe electrolyte data at the typical concentra-

tions encountered in real batteries. This motivates us to consider Newman’s moderately-
concentrated electrolyte theory Newman| (1973), [Newman & Thomas-Alyea| (2012) in
§2:2] which forms the basis for much of the battery electrolyte modelling currently be-
ing undertaken and to show how this fits to real data for the common electrolyte LiPFg
[Valgen & Reimers| (2005). In §3|lithium transport within AM electrode particles is briefly
reviewed while in §3.1.2] a new formulation for the Butler-Volmer relation is proposed. In
§4] the various strands of the battery chemistry, described in the previous sections, are

brought together to formulate a macroscopic device scale model for an entire cell. This is
accomplished via homogenisation method set out in §4.2] In §5] we present a selection of
solutions of the device scale model for a common modern device configuration. Finally
in §6] we review the key insights of this work.

2 Modelling the electrolyte

Here we begin, in by considering the theory of very dilute electrolytes, often termed
Poisson-Nernst-Planck (PNP) theory. Because the theory is commonly encountered in
modelling semiconductors, is relatively straightforward and physically appealing, it is
useful to highlight some of the peculiarities associated with charge transport modelling
in batteries. These include, charge neutrality, the use of electrochemical potentials, and
the measurement of the electric potential with respect to a lithium reference electrode.
However the price of simplicity is that dilute theory does not describe battery electrolyte
behaviour particularly well. Many of these limitations are overcome in Newman’s theory
of moderately-concentrated electrolytes, which we review in §2.2] This theory is consider-
ably more involved than the dilute theory and in practice requires that various functions
be fitted to data directly measured from the electrolyte under consideration. However,
within these limitations, it does provide a good description of most electrolytes formed
by dissolution of a salt in a solvent. We also hope that by introducing the peculiarities
of notation associated with battery electrolyte modelling in the context of the simpler
dilute theory it will make it easier for the reader to follow the more complex moderately-
concentrated theory.

2.1 Dilute electrolytes

We consider an electrolyte composed of a solvent, a negative ion with molar concentration
¢, and charge z,e, and a positive ion with molar concentration ¢, and charge zpe (where
e is the elementary charge and z,, 2, are integers accounting for the charge state). This
general binary electrolyte can be easily studied but because the purpose of this section
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is to give a simple introduction in the rest of this article we focus on a 1:1 electrolyte
with a generic negative ion and a positive lithium ion Li, so that z, = —1, z, = 1.

Because of the long timescales over which batteries are typically charged and discharged
it is entirely reasonable to neglect magnetic effects and assume that the electric field E
is irrotational (i.e. V x E = 0) so that it can be written in terms of an electric potential
¢, via the relation

E =-Vo¢. (2.1)
Considering the charge within the system then gives Poisson’s equation
V- (eV9) = Flen — ), (2.2)

where F' is Faraday’s constant and ¢ is the permittivity of the electrolyte.
Since the ions in battery electrolytes do not react with each other or with the solvent,
conservation of the two ion species implies that
ocy, Jcp

T iv.q =0 d
+ qn Y an at

o +V-q,=0, (2.3)

where q,, and q,, are the fluxes of positive and negative ions, respectively. We can also
write this using g, = ¢,v, and g, = ¢, v, where v, and v,, are the average velocities of the
respective species. In the dilute limit the electrolyte solvent is assumed to be stationary
and the ions to move in response to thermal diffusion and electric fields; interactions
between ions are neglected. The component of the average velocity of a lithium ion due
to the electric field, v.p, is given by balancing the force eF, exerted on it by the electric
field, with the viscous drag force v.,/M,, exerted on it by the solvent (here M, is the
mobility of the lithium ion). Thus the advective lithium ion velocity due to the electric
field is ve, = —eM,V¢ and in a similar manner the average negative ion velocity can be
shown to be v, = eM,,V¢. In addition to the advective fluxes (¢,vep and ¢, Ve, ), both
ion species diffuse, in response to random thermal excitations. This gives rise to Fickian
fluxes (for positive and negative ions) of size —D,V¢, and —D,, V¢, respectively, where
D, and D,, are the respective diffusion coefficients. To highlight the difference between
these diffusion coefficients and those used in the Stefan-Maxwell theory that we will
review in let us point out that D, (respectively, D,,) is the diffusion coefficient for
positive (respectivley, negative) ions in a mixture of solvent and negative (respectively,
positive) ions. The total ion fluxes, g,, and q,, are obtained by summing their advective
and diffusive components, so that

e

4, = cpvn = —Dh, (Vcn - ﬁch(/b) , (2.4.a)
&

q, = cpvp =—D, (ch + ﬁchqS) . (2.4b)

Here we have substituted for ion mobilities in terms of the diffusion coefficients by using
the Einstein relations M,, = D, /kT and M,, = D,,/kT (where k is Boltzmann’s constant).
Since this theory is applied in a chemical setting it is more usual to write these equations
in terms of Faraday’s constant F' and the universal gas constant R which, on noting that
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e/k = F/R, leads to the alternative expressions

F F
n=—Dn <Vcn — RTchqS) , and q,=—-D, <ch + RTchgb> . (2.5)

The equations governing the three variables, ¢, ¢, and ¢, are thus (2.2)), (2.3)) and (2.5).

2.1.1 Double layers and charge neutrality.

It has long been recognised that (see e.g. Newman & Thomas-Alyeal (2012))), at the con-
centrations typically encountered in practical electrolytes, there is almost exact charge
neutrality. This implies that there is a balance between the concentrations of positive
and negative charges, throughout the vast majority of the electrolyte. The exception to
this rule is in the so-called double layers which lie along the boundaries of the electrolyte
region and are typically extremely thin, with widths less than a few nanometres. This ob-
servation can be justified mathematically by non-dimensionalising equations ,
and and conducting a boundary layer analysis in terms of the small dimensionless
parameter which measures the ratio of the Debye length (i.e. the typical width of a dou-
ble layer) to the typical dimension of the electrolyteﬂ The result of such an analysis (see,
for example, [Richardson| (2009))) is that, with the exception of the double layers, ¢, must
be almost exactly equal to c,. The physical meaning of this fact is that the attraction
between charges is very strong compared to any space charge that the electric field may
create. Therefore, a very good approximation to is

0=cp— cp, (2.6)

which is usually called the charge neutrality condition. As we shall discuss later, because
has neglected the derivatives that were in (2.2)), the model needs fewer boundary
conditions at the edges of the electrolyte (i.e. only two boundary conditions are required
on the electrolyte ‘surface’ rather than the three needed for the full system).

2.1.2 The approximate equations.
In line with the discussion above we introduce a single concentration ¢ by taking
Ch=Cp=c, (2.7)

and substitute this into (2.3)) and (2.5)) to obtain the approximate charge-neutral equa-
tions

dc F

o +V-q,=0, and gq,=-D, (Vc — RTCV¢> , (2.8a)
dc F

5% +V-q,=0, and gq,=-D, (Vc + RTCV¢> . (2.8b)

A common approach to studying this problem is to assume that the ionic diffusivities
D,, and D,, are constant and rewrite the system by adding the former equation in (2.8 d

! In fact these equations are unlikely to hold inside the double layers but the same procedure
can be conducted on a generalised version that includes the necessary physics in these regions.
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multiplied by D,, to the former equation in (2.8 §) multiplied by D,,. On substituting for
q,, and g, this yields a diffusion equation for ¢, of the form
Oc D, D,

= — DgV?c=0 with Deg=2

—r 2.
ot D, +D,’ (29)

where Deg is termed the effective ionic diffusivity.
Useful physical insight can be found using an alternative formulation of (2.8 d) and
(2.8 B)) by introducing the electric current density, j, defined in terms of the ion fluxes by

J=F(g,—q,) (2.10)

Using this concept, a version of Ohm’s Law may be obtained by subtracting (2.8 ab) from
(2.8 Bb), while a charge conservation equation may be found by subtracting (2.8 agp) from
(2.8 bp). These may be written in the form
. . RT \Y
§=—#(c) | Vo — (1 -2t )~ |, (2.11q)
F c
V.3=0, (2.110)
F? D
where f(c) = ﬁ(Dn +D,)c and ty = anpr- (2.11¢)

Here t, is referred to as the transference number and 4(c) is referred to as the electrical
conductivity of the electrolyte (c.f. the standard form of Ohm’s law is j = —xkV¢). We
use the notation & to distinguish the electrical conductivity in the dilute limit from the
same quantity in moderately concentrated theory, see . The alternative formulation
of and mentioned above is then (2.9), (2.11d) and (2.11 ).

Assuming that the ionic diffusivities D,, and D, are constant implies (i) that trans-
ference number ¢, is constant, (ii) the effective ionic diffusivity Deg is constant and
(iii) electrolyte conductivity x grows linearly with electrolyte concentration c. All three

of these quantities are readily measured experimentally for real electrolytes. For most
electrolytes the transference number is usually found to remain close to a constant (with
the exception of some polymer electrolytes e.g. [Doeff et al.| (2000)), Fauteux (1988)),
electrolyte diffusivity usually decreases relatively weakly with concentration, except at
very dilute concentrations, but the growth of electrical conductivity with concentration
is far from linear. Examples of the experimentally measured concentration dependence of
Desr and £ (from [Valgen & Reimers| (2005)) are plotted in Figure [2| for the battery elec-
trolyte LiPFg. Notably at the typical concentrations used in batteries (roughly 1 molar
for LiPFg) electrical conductivity is nearly constant and often lies close to its maximum
value, and is thus not well-approximated by the linear expression in (2.11d). The ex-
planation given for this poor fit is usually that even at relatively dilute concentrations
there is a significant drag between ions of opposite charge. The reason for this is that two
ions of opposite charge that lie close to each other experience a significant electrostatic
attraction that negates, to a large extent, the effects of the global electric field which is
trying to drive the ions in opposite directions. This observation has motivated Newman
Newman & Thomas-Alyea| (2012) to use Stefan-Maxwell theory for a multi-component
solution to describe the charge transport behaviour of electrolytes. A summary of the
modelling assumptions made in this theory is given in
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2.1.3 The dilute theory in terms of electrochemical potentials.

The dilute model - can also be written in terms of the electrochemical poten-
tials, fi,, and fi,, of negative and positive ions respectively. This is the preferred notation
for the ion conservation equations in the electrochemical literature. For an electrolyte
that is formed by ideal salt solution the electrochemical potentials are given by

fin = 2 4+ RT log (CC) — Fo, fip = Mg + RT log (;) + Fo, (2.12)
T T

where cp is the total molar concentration of the electrolyte and, for a dilute solution, is
approximately equal to the solvent concentration. The first term on the right-hand sides
of both expressions in is the standard state potential (per mole of the species),
while the second is the entropy of mixing (per mole of the species) and the final term is
the electrostatic potential (per mole of the species). Using this notation the conservation

equations (2.8 d) and (2.8 §) can be written in the form

% +V-(w,)=0, and v, = f%Vﬂn, (2.13 a)
dc D,
5% +V.(cv,) =0, and v,= fR—%V,up. (2.13b)

Here the average velocities of the two species, v,, and v,,, are obtained by multiplying the
gradient of the electrochemical potentials by the species mobilities, D,,/RT and D,/RT.
This formalism extends to nonideal salt solutions and to multicomponent systems. In
this approach of using electrochemical potentials is extended to moderately-concentrated
electrolytes.

2.1.4 The potential measured with respect to a lithium electrode.

The dilute theory as formulated above is at odds with the electrolyte theory used by
Newman & Thomas-Alyeal (2012)); here, the factor in front of the concentration gra-
dient in (2.11d), the constitutive law for the current, is 2(RT/F)(1 — t;) rather than
(RT/F)(1—2t4) as above. As pointed out in Ramos| (2016]), this has generated some con-
fusion in the literature. The explanation for this discrepancy (as initially demonstrated
by [Ranom| (2014) and subsequently in Bizeray et al.| (2016])) is that the theory in New-
man & Thomas-Alyeal (2012) is formulated in terms of ¢, the electric potential measured
with respect to a reference lithium electrode, rather than ¢, the true electric potential.
In electrochemical applications the potential in an electrolyte is typically measured by
inserting a reference electrode of a pure compound. The potential measured depends on
the composition of the reference electrode through its chemical potential. Since in lithium
battery applications the reference electrode used is nearly always made of lithium, and
since much of the data used to calibrate battery models is collected using a lithium ref-
erence electrode, it makes sense to use the potential measured with respect to a lithium
electrode. Note that ¢, the true electric potential, is not a readily measured quantity. In
order to switch between ¢ and ¢ we recall that there is a reversible reaction that occurs
on the surface of the electrode between intercalated lithium in the electrode and lithium
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ions in the electrolyte, given by
.+ — L .
Ll(l) +Cler) = Li(ref) (2.14)

where, since the lithium atom in the reference electrode is neutral, its electrochemical
potential is equal to its chemical potential Licf). Here the subscript (1) denotes a reactant
within the electrolyte and (ref) one within the reference electrode. Typically the current
flow into a reference electrode can be assumed to be sufficiently small that this reaction
is in quasi-equilibrium. It follows that the electrochemical potentials of compounds on
both sides of this equation are equal, that is

fip + o, = Mlier- (2.15)

Since the potential within the lithium electrode is ¢ the electrochemical potential of the
electrons can be expressed as Ne— =l em, ~ Fy, where ,u _ is the work function of the

lithium electrode. Furthermore, the hthlum concentration Wlthln the electrode does not
change, so that pg;,.., is fixed, and equal to “Liref' The electrochemical balance
thus implies that

( + RTlog ( > + F¢>> (ug;f - ng) =

This leads to the following expression for the electric potential ¢ in terms of ¢:

1
b=+ V) (ug + RT log (;)) :
T (2.16)
1
where Vi = (s, — to- )-

Notably, with this new notation, the electrochemical potential of the two ion species now
read

By = F(p+ V*O)v fin = 2pe(c) — Fp + V*O) (2.17)
where p.(c), the chemical potential of the electrolyte, is defined such that

,U/n+//4p Mn+/1,p

c
5 + RTlog (CT> . (2.18)

Using (2.16) to substitute for ¢ in (2.11 d) yields the electrolytic version of Ohm’s law
found in the Newman theory

te(c) = or equivalently p.(c) =

RT VC]

J=—k(c) Vo —2—-(1-1t4) (2.19)

The effect of the diﬂerence in the two different potentials is now readily seen by comparing

[2:19) with ( . Therefore (2.19), together with and 1) is a system of

equations equlvalent to the charge neutral equations (2.8 ) and (| .

2.2 Moderately-concentrated electrolytes

Motivated by the confusion in the literature highlighted in Ramos| (2016}, this section
reviews, in detail, a commonly used model for moderately-concentrated electrolytes, pre-
sented in [Newman & Thomas-Alyea (2012)), which is applicable to most electrolytes
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consisting of a salt dissolved in a solvent but not to ionic liquids. In most practical bat-
tery systems ion transport takes place through electrolytic solutions which do not behave
as ideal dilute materials as demonstrated primarily by the concentration dependence of
their conductivity, see Valgen & Reimers| (2005]), but also by activity coefficient measure-
ments, e.g. those in |Samson et al| (1999)). In order to capture this non-ideal behaviour it
is necessary to consider not only ion/solvent interactions (as is done in the PNP theory
of ideal electrolytes as covered in but also interactions between the ionic species.
Inter-ionic interactions are significant, in even relatively dilute solutions, because the lo-
cal attraction between oppositely charged ions result in a propensity for ions of opposite
charge to lie close to each other, which reduces their mobility in an electric field. This, in
turn, reduces the ionic conductivity, see [Samson et al| (1999)). Models of batteries that
use electrolytes in this moderately-concentrated regime have been pioneered, and applied
successfully to a variety of systems. For example see the series of seminal works by John
Newman and his co-workers: Newman| (1973)), Newman & Thomas-Alyea) (2012), [Doyle
et al.| (1993), [Newman et al.| (2003), Doyle et al.| (1996), |Srinivasan & Newman| (20045).

The electrolyte theory reviewed below is based on the Stefan-Maxwell equations (see,
for example, Bird et al.| (2002)), which describe transport in a mixture (including diffu-
sion) in terms of the drag coefficients between its various components.

2.2.1 Stefan-Mazwell equations

We start by briefly considering the general case in which the electrolyte is comprised of
N (ionic and solvent) species. Newman & Thomas-Alyeal (2012) uses the Stefan-Maxwell
equations as the foundation of concentrated electrolyte theory. These relate the drag force
acting on a component in a mixture to its relative velocity with the other components. It
is by balancing these drag forces with gradients of electrochemical potential of a species
and gradients in the fluid pressure that we obtain the average velocity of each species
and in turn its flux. This combined with conservation laws for each species form the
equations of moderately concentrated electrolyte theory. We note that other mechanisms
in addition to the interspecies drag, electrochemical potential and pressure forces can
also cause mass transfer and we briefly mention these without detailed dicussion.

In order to derive the force acting on each component of the mixture as a consequence
of the pressure gradient it is neccessary first to obtain an equation of state that relates the
concentrations of the N species forming the mixture. According to |[Liu & Monroe| (2014])
for most electrolytes it is usually a good approximation to assume that each species has
constant molar volume. This is equivalent to the assumption that the volume occupied
by one mole of a given species remains fixed whatever the composition of the mixture.
On denoting the molar volume of the :’th species by V; we obtain the following equation
of state relating the molar concentrations

N
> Viei=1. (2.20)
i=1

As we shall see this relation allows us to write down the force on a species arising from
the pressure gradient in the mixture. We note that electrolytes may have mechanical
properties, such as acting as a viscous fluid or an elastic solid, which can create addi-
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tional forces. We do not consider these but they can contriubute significantly in certain
situations.

The mutual friction force between species i and j is assumed to be proportional to
the friction forces arising from velocity differences between the species. Furthermore this
force is proportional to the mole fraction, x, of each species (see Bothe|(2011))) as defined
by

Ck

N
== fork=1.N h = . 2.21
Xk or or ,  where cr ;ck ( )

Here ¢, is the molar concentrations of species k and cr is the total molar concentration
of all species in the solution. The Stefan-Maxwell equations give a relation between d;,
the drag force exerted on species i, per unit volume of mixture, and the velocities of the
various species. In light of the above comments the drag force on the i’th species (per
mole unit volume) is taken to depend linearly on the velocity differences between species,
and modelled (see [Bothe| (2011))) by the expression

N N
Ji = RTCl Z kinj(’Uj — Ui) = RTCT Z kinin (vj — ’Ui), (222)
= %

where vy, is the velocity of species k and RTk;; is the drag coefficient on one mole of
species ¢ moving through pure species j. Note that k;; is symmetric (i.e. k;j; = kj;)
because the drag exerted on species ¢ by species j is equal and opposite to that exerted
on species j by species ¢. Here the Maxwell-Stefan inter-species diffusivity is related to
k;; by the Einstein relation so that D;; = 1/k;;.

The drag force d;, is balanced by motive forces (per unit volume) down gradients in
the electrochemical potential fi; and down gradients in the pressure p

d; — Vi —Vie;Vp=0, for k=1...N. (2.23)

Here the electrochemical potentials fi; may be rewritten in terms of the chemical poten-
tials p; and the electric potential ¢ in the standard fashion

i = p; +z;F¢, for k=1...N, (2.24)

where z; is the valence of species i. The force balance (2.23)) equations are supplemented
by the standard conservation equations, which can be written as
aCi
ot

+V - (vi¢;) =0 for i=1,---,N. (2.25)

A force balance on the entire mixture can be obtained by adding together the N
relations (2.23)) and noting that vazl d; =0, to give

N N
Zcivm + (Z Vicl) Vp =0.
i=1

i=1

By substituting for Zfil Vic; from the equation of state (2.20]) and for the electrochemical
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potential from (2.24) we obtain the following expression for the total force balance

N N
(Z ciVui> + (Z FZiCi> Vo + Vp=0. (2.26)
=1

i=1
It is straightforward to show from the Gibbs-Duhem relation between the chemical po-
tentials, namely

as derived in Appendix [A] that, since p; = pi(c1, 2, cn),

N
> eV =0. (2.27)
=1

This result implies that gradients in the chemical potential, in isolation, do not, as might
be expected, lead to a net force on the mixture. In turn this means that the pressure
equation can be simplified to
N
Vp=—pV¢p where p= Z Fzc;. (2.28)
i=1
in which p represents the charge density of the mixture.

It is worth making some brief comments about which gives an intuitively ap-
pealing balance between electrostatic forces and pressure forces acting on the mixture.
By taking the curl of (2.28), it is clear that it can only be satisfied if Vp x V¢ = 0 (i.e.
the gradient of the charge density lies parallel to the electric field E = —V¢). There
are two special cases where this relation is automatically satisfied which are particularly
relevant here. The first of these is where p = 0 (or is negligible), and in this instance no
pressure gradient is required to balance the electric force on the mixture and so results
in a spatially uniform pressure; this is the case that applies to charge neutral elecrolytes
and so is pertinent to battery modelling. The second special case is where the problem
is strictly one-dimensional when the pressure gradient simply counteracts the electrical
force on the mixture. This is the same situation as occurs in one dimensional fluid flow
where incompressibility dictates that the motion is determined by the concentrations
without reference to any forces and is discussed in the context of other such multiphase
systems in Drew| (1983).

In more general cases the force balances, described above in , are too naive and
need to be supplemented by multiphase viscous dissipation terms as described in |Drew
(1983). Such issues, however, are beyond the scope of this work but they are addressed
in this context in [Liu & Monroe| (2014)).

A final comment about the general moderately-concentrated problem is that the elec-
trochemical potential of the i’th species fi; has essentially the same form as that written
down for a dilute 1:1 solute in . The only modification is that the species mole frac-
tion ¢;/er is replaced by its activity a; to reflect the fact that the solution is non-ideal.
Hence we find

fii = if + RTlog(a;) + 2. F ¢, (2:29)
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where z; is again the charge state of the i’th species.

2.2.2 Stefan Mazwell equations for a binary 1:1 electrolyte

We now take the general theory of and restrict attention to the case of a 1:1
electrolyte comprised of a solution of Li™ ions and a generic negative counter ion species
dissolved in a single solvent species. Although battery electrolytes are often based on
rather complex solvent mixtures, which are usually closely guarded industrial secrets,
this approach provides a reasonable description of many battery electrolytes. In Figure
we parameterize the model against experimental data for the most common lithium
ion electrolyte LiPFg in 1:1 EC:DMC from [Valgen & Reimers) (2005)), treating the two
component solvent (EC:DMC) as if it they were a single solvent.

In line with [Newman & Thomas-Alyea| (2012)) we denote the three species making up
the electrolyte, namely the solvent, the Li" ions and the generic counterions, by the

subscripts 7 = 0, p,n, respectively. We have therefore zyp = 0, 2z, = 1 and 2, = —1.
Combining (2.21))-(2.23) and expanding in component form yields

—cpViip = Kpn(vp — vn) + Kpo(vp — vo) + Ve Vp (2.30a)

—cn Vi = Kpp(vn —vp) + Kno(vn, —v0) + Ve, Vp (2.300)

—coVitg = K0p<’U0 — vp) + IC()n(’Uo — ’Un) + VocoVp (2.30 C)

where, by using (2.21)) (i.e. cp = co +¢p + ¢) and (2.22))-(2.23)), the drag coefficients can

be expressed in the form
CiCy

Kij = RT = Kj, with ¢=0,p,n, j=0,p,n. (2.31)

crD;;
We note that the three equations — are not independent, as can be seen by
adding the three equations together. The result of this operation is an equation that can
be shown to be always true by appealing to the Gibbs-Duhem equation, see for example
Newman & Thomas-Alyeal (2012), Atkins et al.| (2018).

Henceforth we can omit @ , noting that the choice of physically realistic functions
fr (with k& = 0,n,p) ensures that this is satisfied. Using the electrochemical
potentials of the three species are

fin = po + RTlog(an) — F$, i, = p) + RT log(a,) + F, (2.32)
fio = po -+ RT log(a). (2.33)

Note that the pressure terms can be incorporated into the electrochemical potentials
yielding modified chemical potentials (denoted by a prime) that read

fi, = t + Vap + RTlog(an) — Fo,  ji;, = u) + Vpp + RT log(a,) + Fo, (2.34)
fio = g + Vop + RT log(ap). (2.35)

These (modified) electrochemical potentials are actually those that should be used in
the Stefan Maxwell equations given in Newman & Thomas-Alyeal (2012) (i.e. equations
— from which the terms involving Vp have been removed). Indeed the
definition @— are consistent with the true definition of the chemical potential,
with a variable pressure (see for example p.163 of |Atkins et al| (2018)), for which the
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thermodynamic relation Ou;/0p = V; is satisfied. However, since most people are more
familiar with the definitions - for solutions, we stick with these.

Equations — and — give a consistent description of transport
within the entire electroltye, when coupled to Poisson’s equation which enables the elec-
tric potential to be determined from the charge density. However, in practice, throughout
nearly all of the electrolyte there is almost exact charge neutrality (a consequence of Pois-
son’s equation) which implies that to a very good approximation

Cp =Cp = C. (2.36)

The only exception to this occurs in the double layers, around the edge of the electrolyte.
Since the width of these double layers is typically less than a couple of nanometers they
are usually neglected in the context of electrolyte modelling, their effects only making
themselves felt through the phenomenological Butler-Volmer boundary condition. As
discussed above, where the electrolyte is charge neutral (i.e. ¢, = ¢;), the solution to the
pressure equation @ is such that p is constant meaning that the pressure gradient
terms in —@ vanish.

We now seek to find a constitutive equation for the current density j. We will broadly
follow the derivation given in [Newman & Thomas-Alyea| (2012)) but attempt to clarify
their argument. As in the dilute case, the current density is given by , which can
be rewritten as

J = Fe(vp —vy). (2.37)

Substitution of (2.37) into (2.30d) and (2.30¥)), taking account of (2.36) and the fact
that the pressure gradient terms vanish, yields

Kpn .
—cVi, = Kpo(vp — vo) + F—pcj (2.38a)
Knp .
—cVii, = Kpo(vy, —vg) — F—cpj, (2.380)
where
2
Kpn = Knp = RTc _ BTcq Kno = RTeco and ¢ = (co + 2¢).(2.39)

) p0 — )
crDpy, crDpo crDno

Equations (2.37)), (2.38 d) and (2.38 ) can be re-arranged to give expressions for the ion
velocities in terms of the solvent velocity

cr Dypo o, Dyo .
Vi, — —2~ 24
v, = Vg o p - COJ, (2.40 a)
cr Do _ Dy .
n =70 — fn + ———7J- 2400
v Vo o Viin + ™ co'] ( )

Subtracting (2.40 8) from (2.40 d) gives

DpO + DnO .
FC()Dpn J

On substituting for v, — v,, (in terms of j) from (2.37)), and for fi, and fi,, from (2.32)),

n RTC()

Vp — Uy (Dnovﬁn — Dpovﬁp) - (2.41)
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and rearranging the resulting expression we obtain the following expression for j:

. RT
= =#(0) (Vo (T lox(ey) (1= )V log(a) ) (2.42)
where
DO FQCTD C(D0+D 0)
0 _ P ’ — PR " 2.43
Dypo + Do r(c) RT(c(Dyo + Dno) + Dpnco) (243)

are the transference number of the (positive) lithium ions with respect to the solvent
velocity, and the conductivity of the electrolyte as a function of the concentration. Note
how this equation for j, and the definition of transference number and conductivity
compare to the dilute version given in —.

We now rewrite equations 7 in a form that avoids the use of a chem-
ical potential for each ion species and instead uses a chemical potential for the entire
electrolyte p.. Without any loss of generality we can express v, and v, in the form

v, = (1 — a)v, + avy,) + a(v, — v,),

(2.44)

v, = (1 — a)v, + avy,) — (1 — a)(v, — vy),
for any function «. Our procedure is to substitute v, —v,, = j/(Fc) in the final terms of
these expressions and then to replace v,, and v, everywhere else on the right-hand side
of these expressions, from and . Choosing a = ti, as defined in ,
allows the electric potential ¢ to be eliminated from the term (1 — a)v, + av,. The
expressions for v, and v,,, in (2.44), can then be rewritten in the form
0

cr DnODpO _ _ t+ .
= vy — =+ 2.45
Vp Vo RTC() DpO + DnO (V,Up + v,un) + FCJ7 ( CL)
D,oD 1—t9
vy = vy — —L 0= (Vi + Viin) — gj. (2.45 b)

RTCO Dpo + DnO Fc

These equations can be further simplified by introducing the electrolyte chemical po-

tential p.(c) (a function of electrolyte concentration only) and the chemical diffusion

coefficient D, as we did in (2.9]), defined by

o /L% + Hg 2Dn0Dp0
2 DnO + DpO ’

and noting that, from 1D He = %(ﬂp + [in). We then find that |D|| can be

rewritten in the form

Le + RTlog((ana,)/?) and D= (2.46)

0

CcT t .
v, = Vo — mpwe + Ficg, (2.47 a)
- cr (1 - tg_)
v, = Vg ORTDVue Te (2.470)

Notably, Do and D, can vary with concentration independently, without affecting the
preceding analysis. It follows that D and t(j_ may also vary independently as functions of
concentration.

The remaining equations governing the behaviour come from considering conserva-
tion of the ions and solvent as well as the volume they occupy. The mass conservation
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equations for the two ion species are the same as (2.25), namely

Jc Oc
5% + V- (cvp) =0, e +V - (cv,) =0. (2.48)

Taking the differences of these two equations, and substituting for v, — v, from (2.37),
yields an equation for current conservation

V-j=0. (2.49)
Substituting v, (from (2.47 d))) in (2.48) yieldsE|
dc cr Vt(i g
—Z_v.|——¢D . = — 2.
5 \% (C()RTC Vue) + V- (cvp) i (2.50)

and this can be compared to its dilute theory counterpart given in (2.9). These equations
couple to the mass conservation equation for the solvent which, from (2.25)), is given by

B,
% +V - (covg) = 0. (2.51)

Finally we require an equation of state. On using the charge neutrality condition ¢, =
¢p = ¢ in (2.20) we find that this can be written in the form

‘/CC + V()CO = 1, (2.52)

where V. =V,, + V.

In one dimension we now have sufficient equations to specify the problem; these are
composed of the five equations (2.42)), (2.49), (2.50), (2.51)) and (2.52) for the five variables
¢, ¢, ¢, 3 and vg. Note that, in more than one dimension, these equations are not
sufficient, at least not in general, as can be seen by multiplying by V. and adding
to multiplied by Vj. On using to eliminate the time-derivative from the
resulting equation this yields the scalar PDE

V- (eVewy + coVovg) = 0, (2.53)

which in multiple dimensions is insufficient to determine the vector vg. As has been
described in Drew| (1983) this conservation equation needs to be supplemented by a
momentum equation, but this is beyond the scope of this work.

Having posed the governing equations, an additional simplifying assumption is com-
monly made, which appears to be adequate for most solvent based battery electrolytes.
This consists of assuming that the electrolyte is sufficiently dilute so that ¢y ~ ¢ in
which case can be approximated by ¢y &~ 1/V; and the solvent velocity is small
(i.e. |vo] < |vp| and |vg| < |vy|). This limit is equivalent to the approximation

vy =0 (2.54)

and only requires solution of the three equations (2.42), (2.49) and (2.50) for the three
variables ¢, ¢ and j (instead of five equations for the five variables in the full model).

This assumption also avoids the complication, that arises in multiple dimensions, of
requiring to be supplemented by a momentum equation. Note however that, even in
this small concentration limit, we still include interphase drag between negative and

2 The same result is obtained by substituting for v, (from (2.47 b)) in li
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positive ions. This is because interphase drag is very often significant even at quite at
low concentrations (often as low as 0.1 molar which is usually a small mole fraction).
It arises because positive and negative ions interact via a strong long-range force (the
Coulomb force).

2.2.3 The potential measured with respect to a lithium electrode.

As in the dilute case it is useful to reformulate the model in terms of (, the potential
measured with respect to a lithium electrode (i.e. ¢ is the potential measured in the
lithium reference electrode) . Once again we assume that the reaction occurring
on the surface of the reference electrode is in quasi-equilibrium, so that sum of the
electrochemical potentials of compounds on each side of are identical (i.e. fi, +
Pe- = PLi,; ). However, owing to the slightly different definition of fi, in the moderately-
concentrated case (compare with ), this leads to a modified version of the
relation between ¢ and ¢, namely

1
p=p+V)- fmg + RT log(ay)), (2.55)

where once again the potential shift is defined by V0 = %(ugiref — ,ug, ), as in (2.16).
ref
This may be compared to the equivalent formula (2.16) for the dilute electrolyte. On

substitution of this expression for ¢ into (2.42]) we can re-express the constitutive equation
for the current density equation in the form

i ==(0) (Ve = T (1= ©)(Tlogta) + Thog(e,))).

which, on referring to the definition of the electrolyte chemical potential in ([2.46)), can
be re-expressed as

Jj=—k(c) (Vgp — %(1 — t?r)Vue) . (2.56)

This is a clearer way to write Ohm’s law than because it allows j to expressed solely
in terms of the measurable quantities ¢ and p. (notably the activities of the individual
ion species a,, and a, are not directly measurable). This expression differs slightly from
that typically presented by Newman and co-authors because they tend to use the dilute

limit of (2.56)), namely (2.19).

Electrochemical potentials of the ion species.

By substituting into we obtain expressions for the electrochemical potentials
of the two ion species in terms of ¢, the potential measured with respect to a lithium
electrode, which are as before

fip=Flo+ VD), fin=2pe(c) = F(p+ V7). (2.57)

2.3 Summary: model for a moderately-concentrated electrolyte

The moderately-concentrated theory is relevant in those situations where the salt con-
centration is small compared to the solvent concentration so that c<cr, the interactions



18 G. W. Richardson et al.

forces are large (Dyo + Dpo)>>Dpp, and the solvent velocity can be neglected vo~0. In

this limit the moderately-concentrated charge transport model (2.49)), (2.50) and (2.56)
takes the form

2 . (corow (142)) - 4, om0
V-j=0, (2.58 b)

j=—rc) (w - %(1 — 1)V (“E(TC)» (2.58 ¢)

where
2Dn0Dp0 FQC (DnO + DpO)
D(c) = ———— d = — . 2.59
(C) Do + DpO an K(C) RT (1 =+ Dnz)"erO L) ( )
pn cT

Note that if we consider the limit of a dilute electrolyte with ¢<cr, and the interaction
forces are not large (Dy0+ Dpo)/Dprn = O(1), then we revert to the dilute solution model
(2.9) and (2.19)) provided that we identify D, with D, and D, with D,,. We emphasize
that even though the widely-used name “moderately-concentrated” might lead one to
think that the distinction between it and dilute theory is in the assumption on the relative
ionic concentrations, it is in fact the assumption made on the size of the interaction forces
that sets the two theories apart. An important upshot is the moderately-concentrated
theory gives good predictions of a larger range of concentrations than dilute theory.
It is worth noting that (2.58 d)-(2.58 d) can be rewritten in the commonly used form
Oc vl g
5 =V (Des(e)Ve) = _d (2.60 a)
V-j=0, (2.60 )
2RT a’(c)
j = — Vo——(1-t)-<Ve], 2.60
J H(C) ( ¥ F ( +)ae(c) c ( C)
where a.(c) = (ana,)'/? is the activity coefficient of the electrolyte (such that s, (c) =
pl + RTlog(ac(c))) and the effective diffusivity is given by

cal(c)

ae(c)

An implicit assumption in Newman’s formulation of the equations is that the salt solution
behaves as an ideal solution so that al(c)/a.(c) = 1/c. Note also that the final term (on
the r.h.s.) of and , are commonly written in terms of the mean molal
activity coefficient of the salt fi, see for example p.104 of |Plett| (20154d)), using the
identity

D (¢) = D(c)

dlog fy
dlogc

ac(c)
ae(c)

To fit the model it is necessary to determine the lithium diffusivity Deg(c), the elec-
trolyte conductivity x(c) and the transference number ¢9 (c). Doing this function fitting

Vue =RT

Ve=RT <1 + ) Vloge. (2.61)

leads to a relatively robust way of modelling the electrolyte for engineering applications.
An example of fitting the phenomenological model functions Deg(c) and k(c) to data
is shown in Figure [2] for the electrolyte LiPFg in 1:1 EC:DMC at T" = 293K (this data
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comes from [Valgen & Reimers| (2005)). For this electrolyte the transference number of

lithium ions, with respect to the solvent velocity, is found to be approximately constant
with t9 = 0.38.

(a) %1010
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Figure 2. (a) Diffusion coefficient Deg for LiPFg in 1:1 EC:DMC at T = 293K as a
function of concentration and (b) electrolyte conductivity x for the same electrolyte.
Lines represent the fit to to the experimental data (circles) taken from [Valgen & Reimers
(2005). The fitted function for the diffusivity and conductivity are given by Deg(c) =
5.3x 10719 exp(—7.1 x 10~ %¢) and k(c) = 107%¢(5.2—0.002¢+2.3 x 10~ 7¢?)? respectively.
We note that an exponential fitting function is ubiquitous throughout the literature and
can be found in numerous other sources, e.g. Stewart & Newman| (2007)).

3 Lithium transport and electric current flow through the electrode
particles

Here we review the modelling of lithium transport in individual electrode particles and
current transport through the solid matrix formed by the agglomeration of electrode
particles, polymer binder material and conductivity enhancers (such as carbon black).
Transport of lithium through the microscopic electrode particles is typically slow; the dif-
fusion timescale for a lithium ion traversing a microscopic electrode particle frequently
being comparable to, or even longer, than that required for a lithium ion to traverse the
whole cell in the electrolyte. Since the concentration of lithium ions at the surface of the
electrode particles strongly influences the rate at which lithium ions are intercalated into
the electrode particles from the electrolyte (or wvice-versa) a battery charge transport
model must treat both microscopic transport of lithium through the electrode parti-
cles and its macroscopic transport thorough the electrolyte. The coupling between these
micro- and macro-scale transport processes occurs via a reaction rate condition which
specifies the rate of lithium intercalation (or de-intercalation) at the particle surface in
terms of (a) the lithium concentration c¢s on the surface, (b) the potential difference ¢5— ¢
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between the particle surface and the adjacent electrolyteﬂ and (c) the lithium concen-
tration c¢ in the adjacent electrolyte. The condition that is typically used in practice is
the Butler-Volmer relation (see, for example, [Bockris & Reddy] (1970), which accounts
for both the reaction rates and the effects of the double layer, and is based on the quan-
tum mechanical Marcus Theory described in |Marcus| (1965)). Usually the potential in the
electrode matrix ¢5 and the corresponding current density flow j, through the matrix is
modelled by the macroscopic Ohm’s Law

Je = —KsVs, (3.1)

where k is the effective conductivity of the electrode matrix (formed of electrode parti-
cles, binder and conductivity enhancer).

3.1 The standard approach

Here we set out the standard approach to modelling lithium transport within the elec-
trode particles of a lithium ion cell and the current transfer process between the electrode
particles and the surrounding electrolyte. This approach is widely adopted in the mod-
elling literature (e.g. Dargaville & Farrell| (2010), [Doyle et al.| (1993} [1996)), [Fuller et al.
(19948), Ma et al.| (1995), [Newman et al.|(2003), |Srinivasan & Newman| (20045)) although
it has recently been challenged by an alternative approach which is discussed in §3.3

The central idea of the model is to consider a one dimensional problem between the two
current collectors describing behaviour of the electrolyte and the charge transport in the
solid electrodes. The motion of lithium ions within the electrode particles is on a much
smaller scale and movement of this is described using a separate dimension representing
position within each particle. Here we will use z to represent the position between the
current collectors and r to represent the position within any particle. The problem is
therefore often referred to as a pseudo two-dimensional model. More precisely, one might
describe the structure of the model as being multiscale, where both the micro- and
macroscopic models are one-dimensional. Below we present the basic model, deferring its
derivation until later.

3.1.1 Microscopic lithium transport models in individual electrode particles

At its very simplest, transport of intercalated lithium within electrode particles is mod-
elled by linear diffusion in an array of uniformly sized (radius a) spheres (see e.g. |[Doyle
et al.| (1996)). Hence the lithium concentration in an electrode particle at position x
within the electrode, c4(r, x,t), evolves according to

303 _ 1 6 2805
5% = 2o (Dsr o > , (3.2)

where r measures distance from the particle’s centre and Dy is the solid phase Li diffusion
coefficient. This model for lithium transport in the electrode particles is typically coupled

3 The potential changes smoothly through the double layer in the electrolyte immediately
adjacent to the particle surface, but since the electrolyte model discussed in §2|does not explicitly
treat these extremely thin double layers, a potential difference between electrode particle and
electrolyte appears in this model due to the potential drop across the double layer.
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to the processes taking place in the adjacent electrolyte through a Butler-Volmer relation,
which gives the transfer current density j;, flowing out through the surface of the particle,
in terms of the lithium concentrations on the particle’s surface ¢y, the adjacent electrolyte
concentration ¢ and the potential difference between the electrolyte and the electrode
particle ¢ — ¢5. Following Faraday’s laws of electrolysis, the flux of lithium on the particle
surface is proportional to the current density, leading to the following boundary condition
on the electrode particle surface

Jdcs 1 .
sta—Cr:fjtr onr=a.

The use of a linear diffusion model to describe lithium transport within electrode parti-
cles is extremely innacurate and it is much better to use a nonlinear diffusion equation
(with Dy = Ds(cs)) instead, an approach that is adopted in Karthikeyan et al.| (2008),
[Farkhondeh & Delacourt| (2011)), Krachkovskiy et al.| (2018), for example. Experimental
work demonstrates the strong relationship between diffusivity and lithium ion concentra-
tion within certain materials, such as graphite Takami et al| (1995), [Verbrugge & Koch|
(2003), Levi et al| (2003), Baker & Verbrugge, (2012) and LiNi,Mn,Co;_, Oz, often
referred to as NMC [Wu et al.| (2012)), [Ecker, Tran, Dechent, Kébitz, Warnecke & Sauer]
(2015)), [Ecker, Kéabitz, Laresgoiti & Sauer| (2015)), a positive electrode material discussed
in detail in §3.3.2. We will also discuss in and more complicated models of
lithium transport applicable to cases where phase separation occurs or the behaviour is

highly anisotropic.

3.1.2 The Butler-Volmer equation

The transfer current density ji, is the normal component of the current density on the
particle surface, directed from the electrode particle into the surrounding electrolyte, and
is usually expressed in terms of a Butler-Volmer equation (see, for example,
[Reddy] (1970), Dickinson & Wain|(2020))). This equation quantifies the transfer of lithium
ions from the electrode particle material to the electrolyte via the reversible reaction

Lif, :f Lif, (3.3)
where Li?;) denotes a lithium ion in the electrode material and Lia) denotes one in
the electrolyte. In the vicinity of the electrode/electrolyte interface lithium ions move
in an energy landscape with a form that is represented in figure [3| In particular, both
the forward (from electrode to electrolyte) and reverse (vice-versa) reactions have to
overcome a potential barrier. As is typical in these scenarios the reaction rates can be

modelled by an Arrhenius equations (see, for example, Bockris & Reddy| (1970) for similar

arguments applied to a generic charge transfer reaction). Referring to figure b)7 in
which the (molar) energy barriers to the transitions from the electrode to the electrolyte
(AEy) and from the electrolyte to the electrode (AE,) are both illustrated, we expect
the forward and reverse lithium ion transfer velocities to have the forms

AFE AE,
Vf = Vj0€xXp <RTf) , Up = Uy0 €XP ( =T ) , (3.4)
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respectively. Since the lithium ion is positively charged, the size of these energy barriers
is affected by the (Galvani) potential drop A¢ = ¢s — ¢ between the interior of the
electrode and the interior of the electrolyte. Indeed it is clear that

AE; — AE, = AE;o — AE, o — FAg, (3.5)

where AE¢ o and AE, o are the energy barriers to the forward and reverse reactions when
there is no potential difference between the electrode and the electrolyte (i.e. A¢ = 0).
Notably, since Es;o and Ejo are the molar energies of lithium ions in electrode and
electrolyte, respectively, we require that Eso = E,(cs) and Ejg = Ejo(c) (i.e. they
depend only on the lithium concentrations in their respective materials). Furthermore,
since AE g = Epanr — Es0(cs) and AE, o = Epare — Ejo(c) and since we expect Epary
(the molar energy of the lithium ions at the energy barrier) to be independent of the
local lithium concentration (which is always very small there), it follows that AE; =
AFE¢o(cs) and AE, g = AE, o(c). Turning to the potential difference across the interface
it is apparent, from , that the the potential difference across the interface A¢ is split
between the two activation energies, this suggests partitioning it as follows:

AEf = AEf,O(Cs) - (1 - ﬂ)FAgZS and AET = AEryo(C) + 5FA¢,

where 3 is some constant between 0 and 1 (usually § = 1/2). We thus expect the transfer
current ji, to have the form

o= 7 (ewvjte o (0= ma0) —e (1= =2 )uiew (- gpoa0) ) G0

AE AE
where v}(cs) = vy exp (_j;;;f%)) and v (c) =vfoexp (_];;(c)> . (3.7
Here the factor of (1 — ¢s/¢s,maq) in the final term in (3.6) is to account for the fact that
the reverse transfer (from the electrolyte to the electrode) is dependent on the availability
of sites in the electrode material and so cannot occur if ¢; = ¢4 maz and all the sites in
the electrode material are already occupied. We can rewrite (3.6)) in the more usual form

Jer =io(c, ¢s) <exp <]5T(1 - B)n) — exp (—éﬁn)) ; (3.8)

where ig(c, cs) = F (csv3(cs))’ <cv:(c) <1 G >)1ﬁ, (3.9)

Cs,max

where the overpotential  and the open circuit potential are defined by
N=¢s — ¢ — Ueq(c, Cs), (3.10)

RT csvi(cs)
—log | ———— |,
NG
Cs,max
and we have used the fact that A¢p = ¢s—¢@. We write it in this form to emphasise the fact
that ueq(c, cs) can be written in the form ueq(c, ¢s) = G(¢) —H(cs), where G is a function
of c and H is a function of ¢,. In the special case where the Galvani potential difference

between electrode and electrolyte A¢ = ¢5 — ¢ is held at zero, an equilibrium between
the electrode and the electrolyte (at which ji, = 0) is established when wu.q(c, cs) = 0. At

Ueq(C, ) = % log(cvy(c)) — (3.11)
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| (b) |

Electrolyte Electrode: Electrolyte
A

Electrode

Figure 3. Schematic showing the energy landscape that a LiT ion transitions through as
it moves from electrode to electrolyte (or vice-versa). (a) In the absence of an electrical
potential difference between electrode and electrolyte. (b) With an electrical potential
difference A¢ = ¢ — ¢ between electrode and electrolyte.

measured with respect to a lithium electrode in the electrolyte ¢, that we obtain an
expression for the open circuit potential Ueq that is a function solely of ¢,. Furthermore,
it is relatively straightforward to obtain Ueq(cs) experimentally, simply by measuring the
potential difference ¢ — ¢, at steady state (with ji, = 0), between the electrode material
and a lithium reference electrode placed in the electrolyte. The standard expression for
the exchange current density ig(c, ¢s) is obtained by setting both vy and vy to be constant.
Although this is not strictly correct it does at least ensure that ig(c, cs) has the correct
singularities as ¢ — 0, ¢ — 0 and ¢; — Cs,mae- This is enough, as shown below, to
ensure reasonable agreement with the real behaviour because the exponential terms in
(3.17) usually dominate the behaviour compared to the prefactor ig(c, ¢s), except where
the latter tends to zero.

From a mathematical perspective it is important to realise that the open circuit po-
tential measured with respect to a lithium electrode (OCP) should tend to minus infinity
as ¢s /" Csmax, and tend to plus infinity as ¢, N\, 0. This can be seen clearly from the
relation between Uegq(c,) and ueq(c, cs) contained in and the definition of ueq4(c, ¢5)
found in . It is this property of Ueq(cs) that stops ¢s reaching cgmax or 0, rather
than the factors of (1 — c¢s/cs max) and ¢s that appears in the exchange current density g
(see (3.18p)). Thus if the experimentally obtained plots of Ueq(cs) do not display these
singularities (which is usually because the experiments do not explore the extreme ends
of the range) they should be added in by hand. It is standard to plot the OCP as a
function of y = ¢s/¢s max, Where y is termed the lithium stoichiometry. The OCP varies
widely depending on the electrode material and to illustrate this it is plotted in Figure
[4{(a) for the lithiated graphite Li,Cg while in Figure[d|b) and (c) it is plotted for lithiated
nickel cobalt oxide Li,(Nig.4Cog.)O2, and iron phosphate Li,FePO, respectively. Note
the OCP for Li,FePO, has a large almost flat plateau symptomatic of a two-phase state
within the material. Note further that in all the experimental data, at least of of the
singularities in Ugq(c,) is missing.
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Figure 4. The OCP, Uy, of (a) LiCq, from |[Ecker, Tran, Dechent, Kébitz, War-|
necke & Sauer| (2015), (b) LiFePOy, from |Srinivasan & Newman| (20040)), and (c)
Li(Nig.4Cog.6)O2, from [Ecker, Tran, Dechent, Kébitz, Warnecke & Sauer| (2015). Each is
shown as a function of Lithium stoichiometry.

A comment on the functional form for the transfer current.

For the sake of completeness we write down the form of the transfer current ig(c, cs)
that is logically consistent with the derivation of the Butler-Volmer equation presented
above. By comparison of with we see that cv(c) = const.exp(u,(c)/RT)
and c;v}(cs) = const.(1 — ¢5/csmax) €xp(pys)(cs)/RT). In addition, on recalling that
pp = py + RTlog(ap), where ay, is the activity of the lithium ions, and that (4 (cs) is
related to Ueq(cs) via , we see that these can be rewritten as

F
cvy(c) = const.ap, and csv}(cs) = const. (1 - CSfjﬂ) exp (—RTUeq(cs)) .

It follows that we can rewrite the transfer current density in (3.18) as

io(c,cs) =i (1 & > exp <—]5T6Ueq(cs)> a;—,@_ (3.19)

Cs,max

for a suitable constant i* with units of current density.
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Behaviour of j;, close to the extreme cases.

Setting v} to be constant (as mentioned above) but keeping vf dependent on ¢ (which
seem to be necessary in order to be able to fit open circuit potential data, measured with
respect to a lithium reference electrode), from (3.10)), (3.11), (3.16)), (3.17) and (3.18) we
have that

io(c, cs) = Ko (csvi(cs))? (¢ (Coman — ¢5)) 7,

o =0 (e (E022 606 - waterc))) — 0 (12 (6.~ 6~ wnlerc)))
— o (exp (G52 6 0= Uialen))) = exo (= (00 = = Uugle)) )

Kl C(Cs,max -

RT ¢
Ueq(C, Cs) = - log ( S)> + Ueqg(cs)s

Cs
with Ueq(cs) = —EL log (v} (¢s)) and, for ideal electrolytes (so that a, = =)
RT Ko (Csmax — €
Ueq(cs) = - log (2(535)> + Ueq(cs) (3.20)
for suitable constants
0
% F 0 Hp
F(v* 1-5 * U CT €XP (7‘/* - 7)
KOZL, K1: Yr and K2: mr o .
(Cs,max>1_ﬂ Cs,max Cs,max

Therefore, when using the electric potential of the electrolyte (¢) we have

K, F(1-
Jx = ?Eﬁcsvé‘(cs) exp ((RTB) (s — ¢>)>
Fp

(3.21)
— KoK ¢(Cs max — Cs) exp <_RT (s — ¢>)>

and, when using the electric potential of the electrolyte measured with respect to a
Lithium electrode () we have

. K . _ F1-p

Jer = Kioﬂcsvf (cs)e' P exp ((RT) (s — <P)>

1—
2
Fp
o B .1-p8 _ __ —
KoK5 ¢ P (s, max cs)exp< BT (s ga))

(3.22)

We notice here four important features of this formulation:

(1) The open circuit potential (ueq) depends on ¢ and ¢y, while the open circuit po-
tential measured with respect to a Lithium electrode (Ueq) only depends on cs.

(2) If ¢s — 0, with ¢ # 0 (constant) and v{ (¢s) is bounded and greater than a positive
constant, then iyg — 0, teq — 00 and Ugq — 00. Furthermore, as ¢; — 0, from
or we can see that the forward (anodic) reaction is first order, while the
reverse (cathodic) reaction is bounded and positive (like a zeroth order reaction).

(3) If ¢s = csmax, With ¢ # 0 (constant) and vf(cs) is bounded and greater than
a positive constant, then ig — 0, ueq — —o0 and Ugq — —oo Furthermore, as
Cs — Cs,max, from (3.21)) or (3.22]) we can see that the forward (anodic) reaction is
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bounded and positive (like a zeroth order reaction), while the reverse (cathodic)
reaction is first order.

(4) If ¢ = 0, with ¢s # 0, then ip — 0 and ueq — —o0 but Ueq remains constant.
Furthermore, as ¢ — 0, from we can see that the forward (anodic) reaction
is bounded and positive (like a zeroth order reaction), while the reverse (cathodic)
reaction is first order. Nevertheless, this property is not directly seen from
(i.e. when writing j, in terms of the electric potential of the electrolyte measured
with respect to a Lithium electrode), since that equation is based on the depen-
dence of ¢ on ¢, so that ¢ — —o0 as ¢ — 0 in a way consistent with the correct
asymptotic behaviour.

These conditions ensure that the lithium flux is constrained to prevent concentrations in
the solid being taken into nonphysical regimes and also ensure that, if the solid is nearly
fully depleted (or filled) with lithium, that the transfer current is not artificially forced to
zero. Thus a Butler-Volmer relation of this form allows the flux to move the system away
from these depleted (and filled) states. This gives a model which is capable of describing
battery charge from a completely depleted state or discharge from a fully charged state.

When fitting the various functions characterising the Butler-Volmer equation
to the data it is necessary to include the singular behaviours as ¢ — 0, ¢ — 0 and
Cs — Cs,max as given previously. Following the approach explained above (see (3.20])), one
can take

Uiafes) = T o (B0 ) 4 flesanan. -+ an),
F Cs

where f(;a1,a2,- -+ ,an) is some family of suitable functions, and {a1,---an} is a set of
parameters to be chosen by fitting experimental data. Note this could also be expressed
in terms of the non-dimensional lithium stoichiometry y = ¢s/¢s max:

RT 1-—
Ueq(y) = Nl log (yy) + f(ysa1,a2,- -+ an). (3.23)

3.2 Properties of common electrode materials

The depictions of lithium transport in the active material of the electrode (electrode
particles) in and of the charge transfer reaction between the active material and
the electrolyte in although commonly employed, are an oversimplification of the
true behaviour of these materials. In order to highlight some of the nuances of modelling
these materials, we briefly review a small part of the copious literature, focusing on some
commonly used materials.

The standard negative electrode (anode) material used in commercial lithium-ion bat-
teries is graphitic carbon which alloys with lithium to form Li,Cg, see, [Persson et al.
(2010). Other materials (such as silicon) are currently being developed with the aim of
supercedeing graphite in this role in the future but none has reached the stage of com-
mercialisation. In contrast to the situation for negative electrodes, there are a wide range
of positive electrode materials currently used in commercial batteries; these are reviewed
in |Julien et al.| (2014]).

Julien et al|(2014) notes that most electrode materials fall into three categories, based
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on the lithium ion diffusion pathways in the material. In spinel materials lithium trans-
port is three-dimensional, in layered materials it is predominantly two-dimensional and in
olivines it is predominantly one-dimensional. Commonly used commercial positive elec-
trode materials include LiMnyOy (often referred to as LMO) which is a spinel, NMC
(mentioned above) which is a layered material and LiFePOy (often referred to as LFP)
which is an olivine. Li, Cg (the standard negative electrode material) has a layered struc-
ture. The dimensionality of lithium transport in layered (2-d) and olivine (1-d) materials
suggests that use of an isotropic model of lithium transport, such as , is inadequate
and should, at the very least, be generalised to an anisotropic diffusion model capable
of capturing, for example, the dependence of transport properties on alignment with the
crystal axes. Nevertheless an isotropic transport model is frequently used even when it
might seem inappropriate. For example, Srinivasan & Newman| (2004b) and |Arora et al.
(2000)), Doyle et al.| (1996) use isotropic diffusion models for lithium transport in LFP (an
olivine) electrode particles and graphitic carbon (a layered material) electrode particles,
respectively. There may, however, be good reasons for doing this; for example electrode
particles are rarely formed from single crystals and lithium transport in conglomerate
particles, formed from randomly oriented crystals, might reasonably be expected to ap-
pear isotropic on the lengthscales of interest.

3.2.1 Lithium transport in Li, Cs (negative electrode material).

Much of the early modelling work on lithium-ion batteries, such as |Arora et al.| (2000),
Doyle et al|(1996)), Fuller et al.| (1994bla), modelled lithium transport within Li, Cg elec-
trode particles by a linear diffusion equation . However both Takami et al.| (1995),
Verbrugge & Koch! (2003)) and [Krachkovskiy et al.| (2018]) suggest a very strong depen-
dence of solid-state lithium diffusion coefficient Dg(cy) with lithium concentration ¢, in
Li,Ce particles, with a range of variation of up to about two orders of magnitude, de-
pending upon the exact form of carbon used. In both sets of experiments the size of
the carbon particles used was around 10um and diffusion decreased markedly as lithium
concentration ¢ was increased. To complicate matters further Li, Cg is known to exhibit
(at least) three phases as lithium stoichiometry y is increased. The presence of these
phases can be seen inferred from colour changes to the electrode particles (dark blue-low
lithium, red-intermediate lithium and gold-high lithium). In [Harris et al.| (2010]) optical
microscopy measurements are used to characterise the phase transitions occurring (with
increasing lithiation) within a Li,Cg half-cell anode subject to uniform charging. This
shows different phases co-existing (in distinct graphite electrode particles) at different
positions in the anode. However, the relevance of these results to commercial devices
should perhaps not be overstated, because the width of the negative electrode used in
Harris et al.| (2010) is particularly large (around 800um) compare to the standard elec-
trode size in commercial devices (around 100um). For this reason, the charging process
observed in Harris et al.| (2010) is likely to be limited by lithium diffusion within the
electrolyte, as the electrode particles deplete the surrounding electrolyte of lithium ions.
Thomas-Alyea et al.| (2017) have also applied optical microscopy to graphite electrodes
and observed considerable spatial nonuniformity even after the electrode was left qui-
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escent for an extended period. They were able to predict such states by employing a
Cahn-Hilliard phase field model which will be discussed further in

Graphite reacts with the electrolyte, consuming lithium ions, to form a thin layer of
solid material on the graphite which is referred to as the solid-electrolyte interphase
(SEI) layer and, as noted in Bruce et al. (2008)), is essential for maintaining the struc-
tural integrity of the electrode particles. However, the consumption of electrolyte by this
reaction means that graphite electrode particle size cannot be reduced to the nanoscale
(in an attempt to improve the charge/discharge rate of the battery) without severely
compromising battery capacity Bruce et al.| (2008); some lithium makes up the SEI layer
and can no longer participate in the useful reactions that store charge. This SEI layer also
forms a barrier to lithium ion (and current) transfer between the electrolyte and elec-
trode which may have a significant bearing on electrode performance and has thus been
incorporated into some models, for example |Srinivasan & Newman| (2004d)). Diffusion of
lithium along the graphene sheets of pure single crystal graphite is extremely fast [Persson
et al.| (2010) (diffusion coefficient of the order of 1077 — 10~cm?2s~!), so that, even in
electrodes comprised of quite large electrode particles (~ 100pm) discharged (or charged)
at very high rates, it should not significantly affect cell performance. However, [Persson
et al.[ (2010) demonstrates that diffusion perpendicular to the graphene sheets and along
grain boundaries is many orders of magnitude slower (diffusion coefficient of the order
of 107" em?s™1) and uses this to infer that this high degree of anisotropy can be used
to explain the widely disparate measurements of diffusivity reported in polycrystalline
graphite.

3.2.2 Lithium transport in NMC and LMO (positive electrode materials).

Lithium diffusion in NMC [Wu et al.| (2012) is highly nonlinear so that Ds(cs) decreasing
by about two orders of magnitude as lithium concentration within the material increases.
Furthermore NMC can be charged and discharged at high rates and the OCP is smooth
without the stepped plateau features that usually characterise phase transitions. In con-
trast, |Julien et al.| (2014)) notes that LMO undergoes a number of phase transitions as it
charges and discharges, which are associated with plateaus in its OCP curve. Diffusivity
of lithium in single crystals of LMO is about an order of magnitude lower than in mul-
ticrystalline particles |Das et al. (2005) suggesting that grain boundaries form an easy
pathway for lithium diffusion. Furthermore LMO has the disadvantage of capacity loss
and fade after repeated cell cycling. This capacity fade has been ascribed, by |Das et al.
(2005), to the formation of a SEI layer, and consequent loss of lithium mobility.

3.2.3 Lithium transport in LFP (positive electrode material).

Bruce et al.| (2008]) point out that intercalation in LFP involves a phase transition between
FePO, and LiFePOy, which is reflected in its flat OCP curve (see Figure [d{b)). Kang &
Ceder| (2009) note that the transport of lithium is dominated by transport along channels
in particular crystalline directions, the b-direction, and in single crystal nanoparticles is
extremely rapid, so fast indeed that it is doubtful that lithium intercalation in LFP single
crystal nanoparticles will ever limit battery performance. This point is clearly made by
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|Johns et al.| (2009), who demonstrate that discharge in a half cell nanoparticulate LFP

cathode is limited by conduction and transport in the electrolyte. In larger LFP elec-

trode particles, Jugovi¢ & Uskokovid| (2009) point out that performance is significantly

impaired because lithium ion transport along the b-direction channels is easily obstructed
by grain boundaries and crystal defects. This gives rise to an apparent lithium diffusivity

in LFP that decreases sharply as the size of the particle increases, see [Malik et al|(2010]).

Standard models of this material include the so-called shrinking core model, presented
in [Srinivasan & Newman| (2004%), which attempts to capture the phase transition by
using a one-dimensional free-boundary model of the phase transition (akin to a Stefan
model, see e.g. [Rubinstein| (2000)) in a spherically symmetric electrode particle. This
approach is used in a 3D-scale model, that captures agglomeration of LFP nanocrystals
into agglomerate particles, by Dargaville & Farrell (2010) who show good agreement
with experimental discharge curves for a wide range of discharge rates. However the
shrinking core model is known to predict distributions of the two-phases that are not
observed in practice and it is also not easy to implement in a form that allows numerous
charge-discharge cycle because of the appearance of multiple free-boundaries, as noted by
[Farkhondeh & Delacourt| (2011]). A simpler alternative, suggested in [Farkhondeh & Dela-|
, is to model lithium transport within LFP particles by a phenomenological
nonlinear diffusivity Ds(cs) and this appear to fit discharge data well.

3.3 An approach based on Cahn-Hilliard equations of phase separation

The lack of an entirely satisfactory theory of lithium transport in electrode materials that
exhibit phase transitions (such as graphite and LFP) has recently led to an alternative,
and more fundamental approach in which phase separation with the electrode material
is modelled using a Cahn-Hilliard equation. The first use of this approach in this con-
text was by Han et al| (2004), who used it to simulate a generic two-phase material.
Subsequently Bai et al.| (2011)), |[Cogswell & Bazant| (2013)), |Zeng & Bazant| (2014]) and
[Singh et al.| (2008) applied this method to LFP using it to study phase separation (and

its suppression) in LEP nanoparticles. Both [Ferguson & Bazant| (2012) and Dargaville &|
have incorporated a Cahn-Hilliard based phase-field description of lithium
transport within LEP electrode particles into a porous electrode model. Notably
ille & Farrell (2013) compare their results to experimental discharge curves over a wide

range of discharge rates, but are unable to obtain a particularly good match to data. In
\Zeng & Bazant| (2014) it is observed that the model is sufficient to capture transitions
from solid-solution radial diffusion to two-phase shrinking-core dynamics. In
fit to data from both LFP and graphite half cells, at very slow discharge
rates, with some degree of success (particularly in predicting the positions of the phase
transitions across the graphite electrode). One remarkable feature of this work is that it
predicts the observed steps in the OCP curves, as a consequence of the phase transitions
rather than having to fit a stepped OCP to a potential function as in the standard New-
man type model. However these Cahn-Hilliard type models are probably only directly
applicable to small single crystal electrode particles, because of the extra physics required
to model, for example, obstruction of lithium transport by grain boundaries and defects
in larger particles. As mentioned previously in practical applications where the crystals
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are very small they usually do not limit battery discharge and so accurately capturing
their internal transport may be of secondary importance in predicting cell-level features.

4 A coupled device scale model

The aim of this section is to discuss how macroscopic device-scale equations can be
systematically derived from a model of the electrolyte surrounding the electrode particles,
the geometry of the electrode particles and a description of the electrolyte reactions
taking place on the surface of the electrode particles. In this we follow the work of
Richardson et al.| (2012) who derived the device scale equations for an ideal (dilute)
electrolyte and |Ciucci & Lai| (2011)) who derived the device scale equations from a model
of a moderately-concentrated electrolyte. We remark that the moderately-concentrated
electrolyte model used by [Ciucci & Lai| (2011]) predicts that electrolyte conductivity x(c)
is proportional to the ionic concentration ¢ (as it would for an ideal solution) and so is
incapable of adequately describing electrolytes at the concentrations typically occurring
in a commercial lithium ion cell. Here we shall extend the work in Richardson et al.| (2012])
to the moderately-concentrated solution model described in and which is applicable
to most battery electrolytes.

4.1 The microscopic model

The purpose of this section is to set out the equations and boundary conditions of a
detailed microscopic model of the battery electrode, including both lithium transport and
current flow through the electrode particles and the electrolyte. A portion of a typical
electrode geometry is illustrated in Figure a), in which a periodic array of electrode
particles occupying region Qper (here they have ellipsoidal shape as a possible example) is
surrounded by the electrolyte, which occupies the region Vper, and the interface is aflpe,.
Here we will assume for simplicity that the volume occupied by the binder and conductive
filler is negligibly small so that the electrode particles and electrolyte completely fill the
electrode. The generalisation to a volume filling binder is discussed in

Charge transport in the electrolyte is described by the equations —. At
the interface with an electrode particle the transfer current density is given by the Butler-
Volmer relation and this can be equated to the current flowing into the electrolyte
via the boundary condition

j ' N|a§2 = jtr(¢s - ¥ 0876)‘365;)“7 (41)

per
where N is the unit outward normal to the interface (it points into the electrolyte
region). A boundary condition for , the equation for conservation of lithium ions,
is provided by noting that all charge transfer across this surface takes place via the
motion of lithium ions. Hence, we have the following condition on g,,, the flux of positively
charged lithium ions,

1 9
a, N|6Qper = thr(@ -, CS7C)|8Qper’ where g, = —Deg(c)Ve + %]. (4.2)

Note that 1) and 1) imply that the flux of negative ions is zero with g,, 'N|8Qper =0,
as required physically.
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Figure 5. (a) An example of a periodic microstructure with ellipsoidal electrode particles.
(b) An illustration of the microstructure geometry within a periodic cell Vper UQper, about
an individual electrode particle.

In each individual electrode particle Qper, a diffusion equation is solved for lithium
concentration in the active material. Generalising (3.2]) to an arbitrary shaped particle
and allowing for nonlinear diffusion gives

Jdcg .

T V - (Ds(cs)Ves) in Qper, (4.3)
with boundary condition
1.
—Ds(es)Ves - Nlgg, | = f]tr(¢s —¢,65,0)pa,..- (4.4)

4.2 Homogenising the equations in a porous electrode

Here we homogenise the moderately-concentrated electrolyte equations (2.60 d)-(2.60 d),
with boundary conditions —, over a porous electrode formed by an array of elec-
trode particles permeated by the electrolyte using the asymptotic method of multiple
scales. We remark that volume averaging can also be used to obtain the same equations
but that, in contrast to multiple scales which is systematic, volume averaging relies on
ad-hoc closure conditions. The interested reader is referred to Davit et al. (2013) for an
in-depth comparison between the two techniques. In order to do this we assume that

the electrode can be subdivided into an array of cells over which the electrode structure
is locally periodic; that is, the structure inside neighbouring cells is virtually identical
but may differ significantly between cells separated on the macroscopic lengthscaleEl An
example of cell microstructure, around an array of ellipsoidal electrode particles, is illus-
trated in Figure[5] To average the problem using homogenisation we introduce a variable
X to indicate position in the microscopic cell and another variable x to indicate macro-
scopic position in the entire electrode. Since a very similar analysis has been conducted
in Richardson et al.| (2012)) for a dilute electrolyte we omit the details of the analysis here
and merely write down the results (in dimensional form). These consist of macroscopic

equations for the lithium ion concentration ¢ and the electrolyte potential (measured

4 In order to use the method of homogenisation it has been shown that cell structure need
not be entirely periodic, only almost so on the microscopic lengthscale, Richardson & Chapman)

2011).
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with respect to a lithium electrode) ¢ that are formulated in terms of the microscopi-
cally volume averaged lithium ion flux (qp>, the microscopically volume averaged current
density (j) and the microscopically surface averaged transfer current density ji,. These
averaged quantities are formally defined in terms of integrals over the microscopic cells

as follows:
W= oo [ G gy = [ gV (@5a)
[Voer| + [Q2per| /e Voer| + [Qper| /Vper
jtr = |53;per Aﬂper jtr d§7 (45 b)

where the integrals are over the microscopic variable and the averaged functions depend
only on the macroscopic space variable x and time ¢. The quantities |Vper|(€), |Qper|()
and |S Bﬁpe,~|(w) are defined by

‘Vper| :[ dva |Qper‘ :/ dV, ‘Saﬂper| - /A dS (46)
Voer Q Oper

per

and respectively give the volume of electrolyte, the volume of electrode particle and the
surface area of electrode particle in the microscopic cell. The macroscopic homogenised
electrolyte equations then take the form

de betf tg' )
GUE + V . <qp> = F]trv <qp> = _DCH(C)QVC + F<J>’ (47 a)
RT a0

V- (G = beadors <j>——n<c>8(w—2<1—t‘i> vC), (4.7b)

F a.(c)
where the final term in the current equation takes the standard form 2(1 —
t9)(RT/Fc)Ve when the activity is that for an ideal solution (i.e. ac.(c) = ¢/cr). It
is interesting to note that the equations for the electrolyte after homogenisation, f
@), are very similar in nature to the original equations for the pure electrolyte,
@7, except that there are now source terms in the conservation equations
corresponding to the transfer current from the electrodes. Here €, is the volume fraction
of the electrolyte defined by

(Vo
Vrerl + [

v

the Brunauer-Emmett-Teller surface area (BET surface area), b., i.e. the surface area
of particles per unit volume of electrode, is defined by

f(zper ds

bet = X A
[Voer| 4 [€per|

and B is the dimensionless permeability tensor whose nine components are defined by
the relations

1 oy .
B;; = %/ (51']' — ) dV for i=1,2,3and j=1,2,3, (4.8)
|Vper‘ + |Qper| Voer 8.1‘1'
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in which the three characteristic functions y) (j = 1,2,3) are solutions to the local cell
problems

VAW =0 in Ve,
VX(J) .n|aner =e; '"|as}per’
x¥)  periodic in & on Vier,

fo rX(j) dV =0

pe

for i=1,2,3, (4.9)

where e; is a basis vector in the &;-direction and n is the unit outward normal (pointing
from Qper into Vper) to the surface aner.

We note also here the possibility of using this type of homogenisation technique in
conjunction with microscale three-dimensional image data obtained from real battery
electrodes in order to obtain more realistic representations of the geometric parameters
€y, B;j and bey, as discussed for example in (Gully et al.| (2014), [Foster et al.| (2015) and
Cooper et al.| (2016). In many papers the tensor B is taken to be a constant times the
unit tensor, which correspond to a highly symmetric set of particles, such as spherical
particles on a regular lattice, and proves to be quite a reasonable model.

The homogenised electrolyte equations — must be solved in conjunction
with the macroscopic equations for the current flow through the solid part of the elec-
trode. These can be obtained by using a constitutive law for current flow in the electrode
matrix with a current conservation equation that accounts for transfer of charge
from the electrode matrix into the electrolyte

V- jo= —beju, where j, = —#Vs. (4.10)

The system of macroscopic equations (4.7 a)-(4.7 8) and (4.10) require to be solved along
with the microscopic lithium transport equations @D and (4.4), at each point in macro-

scopic space, in order to determine cg|yq , which is required to obtain the transfer
per

current ji, (¢s — @, ¢s,¢) (and hence ji, as given in (4.5 8)).
Note that where the electrode particles are spherical (and isotropic) ¢ DQper 18 uniform

over the particle surface and is thus just a function of the macroscopic variables. It
follows therefore that ji is also just a function of the macroscopic variables and, as a
consequence of the averaging equation (4.5 b) it follows that for

jir = jir  for spherically symmetric electrode particles. (4.11)

4.2.1 Remarks on the role of binder.

In the discussion above we have assumed that the electrode was formed solely from
electrode particles bathed in electrolyte. While this is often a reasonable description of
research cells, many commercial devices also incorporate a significant volume fraction of
polymer binder material that acts both to enhance the structural integrity of the device
and, in combination with a conductivity enhancer (such as carbon black), maintain good
electrical contact between electrode particles (these are often poor conductors). Three
dimensional images of typical commercial electrodes using focused ion beam in combina-
tion with scanning electron microscopy (FIB-SEM) can be found in |Gully et al.| (2014),



Charge transport modelling of Lithium-ion batteries 35

Foster et al. (2015) and |Liu et al.| (2016). These show a porous binder material filling
almost all the space between electrode particles with the exception of some linear features
around the electrode particles where it appears that the binder has become delaminated
from the electrode particlesﬂ The porosity and pore size of the binder materials varies
significantly between different electrode types. Typical pore sizes are usually in the range
10-500nm, much smaller than typical electrode particle sizes which are usually at least
micron sized. To account for these effects within an homogenisation approach the anal-
ysis could be modified in two possible ways. Firstly it could be performed directly on a
microstructure in which all three constituents (electrode particle, electrolyte and binder)
are resolved by the cell problem and would follow a very similar pattern to that de-
scribed above in which the binder were treated as part of Qe with an interface with the
electrolyte on which the transfer current density ji, = 0. Secondly, because obtaining a
good representation of the pore geometry in the binder is challenging, even using mod-
ern high-performance microscopy, see |Liu et al.| (2016)), it is probably better to treat the
electrolyte permeated nanoporous binder as a single electrolyte material (albeit it one
with reduced electrolyte volume fraction, electrolyte diffusivity and conductivity) and
homogenise over the electrode particles and this composite material. Indeed this second
approach is a standard way of treating such two phase (electrolyte/binder) materials in
the literature which are often termed porous solid polymer electrolytes (see, e.g. Miao
et al. (2008)).

4.2.2 Practical Application of Homogenisation.

There are several important practical results that arise from this homogenisation pro-
cedure. Firstly, we learn that the same dimensionless permeability tensor appears in
equation for the averaged ion flux (g,) as appears in that for (j), the averaged
current (4.7 b). Secondly, it is apparent that definition of the dimensionless permeability
tensor B, contained in and , is equivalent to that which would be calculated
in the homogenisation of Laplace’s equation

Vie=0 in Vpe, Ve-mlyy =0, (4.12)

per

over the same domain Vper. Indeed homogenising (4.12)) results in the averaged equations
V-(q)=0, (q)=-BVe (4.13)

Thus, from a practical perspective, the computation of the dimensionless permeability
tensor B can be accomplished by solving Laplace’s equation over a representative cell
domain, f/per, culled from real image data, and computing the averaged flux (q) that
passes through this cell in response to a unit differences in concentration across the faces
of the cell. This is the approach that has been adopted in a number of works, including
Gully et al. (2014)), [Liu et al| (2016), |Tjaden et al.| (2016), Le Houx et al.| (2020) and
Le Houx & Kramer| (2020).

5 A physical explanation for this binder delamination is provided in [Foster et al.| (2016 [2017).
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Bruggeman Relation.
For isotropic materials, for which (é)” = Bé;; where 6;; is the Kronecker Delta tensor,

a simple, but entirely ad-hoc, way of computing the dimensionless permeability factor B
is provided by Bruggeman relation, Bruggeman| (1935a), which states that

B(z) = (ev(2))".

where €, is the electrolyte volume fraction.

4.3 The Newman or pseudo 2d-model.

As mentioned previously a common approach in the literature to modelling practical
batteries is to use the so-called Newman or pseudo-2d model where the behaviour on
the macroscale is one-dimensional (with spatial position denoted by x) and transport
of lithium on the microscale takes place within spherical particles, and is thus also one-
dimensional taking place in the particles’ radial direction (with radial position denoted
by r). These assumptions are tantamount to assuming that the averaged macroscopic
vector-valued currents and fluxes from §4.1] and [£.2) are only non-zero in the z-direction.
Henceforth we will replace these vector quantities with scalar counterparts. Here we
describe the system of equations that arise for such a situation exploiting the homogeni-
sation results described previously in — and including the typical units.

As alluded to above, x denotes position across the cell in the direction perpendicular
to the current collectors which are positioned at * = Ly and x = L4 respectively, so that
x € (L1,L4). The cell is subdivided into three regions (as illustrated in figure [I) with
the negative electrode occupying the region « € (L1, L), the separator occupying the
region & € (L, L3) and the positive electrode occupying the region x € (L3, Ly). In the
electrolyte, which permeates the whole cell (i.e. @ € (L1, Ly)), we seek to determine the
Li-ion concentration c(x,t) (mol m~3), the electric potential (measured with respect to
a reference lithium electrode) ¢(z,t) (V) and the ionic current density (j)(x,t) (Am=2).
In the negative electrode (x € (Li,Ls)) we seek solutions for the solid phase poten-
tial (") (x,t) and the solid phase current jga)(x,t). In addition we seek to determine
the lithium distribution c{* (r,z,t) within the (negative) electrode particles (of radius
R®(z)) as a function of position € [0, R® (z)] within the particle and the position
of the particle across the electrode width. Similarly in the positive electrode (x € (L3, L4))
we seek solutions for the solid phase potential ¢§°)(a:, t), the solid phase current js(c)(a:, t)
and also the lithium distribution ¢’ (r,x,t) within the (positive) electrode particles (of
radius R(®)(x)) as a function both of position € [0, R(°)(2)] within the particle and the
position x of the particle within the electrode. A sketch of the device geometry as well as
an illustration of the domains of definition of the dependent variables is shown in figure[T]}
Throughout what follows we assume that the transport of lithium within both negative
and positive electrode particles occurs through nonlinear isotropic diffusion, though as
discussed in §3.2)this is not the only possibility. Furthermore since the electrode particles
are spherical we can make use of the simplification in order to write ji; = Jir
The assumptions that the particles are spherical and that their radii vary slowly, i.e.
that their size depends on macroscopic position but neighbouring particles are almost
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the same size, gives rise to the following relationships

47 R(z)?

3 bet(2) = n(z)4rR(x)? (4.14)

1 —e€y(z) =n(x)
where n(z) is the number density of electrode particles and, owing to our assumption
that volume fraction of binder is negligible, 1 — ¢, is the volume fraction of electrode
particles.

The pseudo 2d-model, which follows from the homogenisation described in and
describes the performance of a cell at constant temperature, is now stated in full in
equations —. In this model we denote variables and parameters relating to
the negative electrode (or anode) by the superscript (a) and variables and parameters
relating to the positive electrode (or cathode) by the superscript (c¢). The transport

equations for the electrolyte, obtained from (4.7 af)-(4.7 b)), are

dc 0 dc t9|_<j> S
61;& = % (DCHBH@l‘ - Ia ) f’
9l) _ S, in Ly <z<Lsy (4.15)
Ox
. Jdp 0\ BT ag(c) O
) =~ (52~ 201 - ) T 20 ¢

where the volumetric current source term S(z,t) is given by
béi)jt(i) (¢£a) 2 Cga)|T:R(a)(x)a C)a for Ll <r< L2;
S=1¢ 0, for Lo <z < Ls, (4.16)

be(t?)jt(:) ((bgc) - ¥, C(C)‘T:R(c)($)7 ¢), for Lz<uwz< Ly,

S

and where the electrolyte volume fraction €, and the By, component of the permeability
tensor are evaluated appropriately in each of the three regions. As discussed in §4.2|
Bi1 can be computed by solving the appropriate cell problems. However, a common
approach is to instead estimate its value using Bi; = €l where p is the Bruggeman
porosity exponent (a nondimensional constant), which is commonly taken to be p = 1.5,
see [Bruggeman| (19355), (Gully et al| (2014)) and |Gupta et al.| (2011). We note also the
work of [Shen & Chen| (2007)) who discuss some alternative estimation methods beyond
the Bruggeman approximation. Boundary conditions on the electrolyte equations are
enforced by the requirements that there is no flow of electrolyte current or flux of lithium
ions into the current collectors at x = L, and x = L4 and are

. oc
<j>|:8=L1 =0, (97 =0,
€ :D:Ll
- e (4.17)
(MNe=L, =0, 9z - =0.
x=L4

In the negative electrode matrix conservation of current and Ohm’s Law, as given by
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(4.10)), are described by

955 @ 000
Y -8, and j® = —&! )W’ in Ln <z < Ly, (4.18)

and are supplemented by a boundary condition at the interface with the current collector,

which specifies the current inflow, and one at the interface with the insulating separator
into which the current in the matrix does not flow

. 1 .
Jsga)lw:Ll R and ]éa)"I:Lz =0. (4.19)

Here I is the current flowing into the cell and A is the cell’s area. In the same region,
lithium transport (as described in (4.3])-(4.4])) within the spherical anode particles satisfies
the problem

ot 1 0 9 act 0<7<R®(x)
S — — — [ 2D@ ()] > 4.2
ot r2 Or D () or or Li<x<Ly '’ (420a)
¢ bounded on r =0, (4.200)
PO ~(;1) @ _ o, 2 R (), C
Déa)(cga)) Cs _ e (s ¥ ; =R ) () ) (4.20 ¢)
r=R() (z)

In the positive electrode (or cathode) an analogous set of equations and boundary con-
ditions describe the current flow and transport of lithium within the cathode particles.
They are

.(c) (c)
ag; = -8, and j = fmg@agi;, in Ly <a< Ly, (4.21 a)
. . I
3 per, =0, and j|pep, = T (4.210)
with lithium transport within the spherical cathode particles being described by
ol 10 9 oY) 0<r< R (2)
= = —— [?D) () =2 f > 4.22
ot r2 Or D) or o Ly<x <Ly '’ ( @)
!® bounded on 7 =0, (4.22b)
(c) (c) (e) _ (c) i
pon 2| A e o) (g
r=R()(z)
The transfer currents densities & (6{* —¢, ¢{™ |, _ g (), ¢) and 3@, el | R () €)

that describe the flow of current out of the anode and cathode particles, respectively, and
which act to couple together the lithium transport problems in the electrolyte to those
in the electrode particles are typically determined by the Butler-Volmer condition as dis-
cussed in The existence and uniqueness of solution of the system —
has been proved in Diaz et al.| (2019). We point out that, in some works in the literature
(see, for instance [Smith & Wang| (20064), |Smith & Wang| (20068), [Smith et al.| (2007),
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and Kim et al.| (2012)), authors present incorrect boundary conditionsﬂ at ¢ = L; and
x = L4s. We note in passing that if these incorrect conditions are used then it can be
proved (see [Ramos| (2016)) that the corresponding system of boundary value problems
does not have any solution unless I(t) = 0.

Once the model described above has been solved, we can estimate the state of the
charge of the negative electrode SOC(® (t) and of the positive electrode SOC)(t), and
the cell voltage V (t), at time ¢, by computing

R(d)

SOC (1) = / / 2808000, s

Cs,max

Ly pR(x) (c)

S0C() = s [ [ A e Gz

Camdx

Ry

V() = ¢s(La,t) = (L1 1) = <L 1), (4.23¢)

where there is a constant resistance Ry which accounts for the potential dropped in the
current collectors, but we remark that this is often negligible in practice. We note some
ambiguity about how the state of charge of an electrode or cell should be defined. The
definition given here might be referred to as the state of charge measured with respect to
the theoretical maximum capacity. In the experimental literature it is common to define
the state of charge with reference to the capacity measured from a cell under a low-rate
(dis)charge, see e.g. | Johns et al.|(2009), [Barai et al.|(2015).

5 Example results of the model

To illustrate the capabilities of the model multiscale model, (4.15)-(4.22 d), described in
§4-3] we have applied it to model the discharge, and immediate subsequent recharge, of
a Li,Cg graphite anode against an Li,(Nig 4Cog.6)O2 nickel-cobalt oxide (LNC) cathode
which are connected via a 1M LiPFg in EC:DMC electrolyte. The parameterisation used
here is closely based on that given in [Ecker, Tran, Dechent, Kabitz, Warnecke & Sauer
(2015)) and [Ecker, Kabitz, Laresgoiti & Sauer| (2015) where a series of experiments were
conducted on a high energy pouch cell produced by Kokam; the values used here are
summarised in Table [Il

Figure [6] shows the discharge curve, and internal concentration and potential profiles
during a relatively low-rate usage where a current demand of 0.13A is applied for 4000s
and the cell is the immediately recharged at the same rate until it reaches a cut-off voltage
of 4.2V. We observe that under these conditions concentration and potential gradients in
the electrolyte are relatively modest. Likewise, the concentration is through the radius of
the electrode particles is almost uniform; a consequence of the relatively large diffusivity
in LNC. The largest gradients are observed internal to the anode particles and although

5 The incorrect conditions that have been applied by others are

(a) (c)
@ O0ds L@ Oos I
S Oz

x=L1 s ox x=Ly4 A
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these are not large enough to hamper the initial discharge, it is the inability of the
graphite to transport intercalated Li from its surface into its interior that ultimately
causes the recharging process to be interupted. At the final snapshot in time in panel
(d) we observe that the concentration on the surface of the graphite particle has reached
its maximum and therefore intercalation cannot proceed further at this location despite
their being available space to accomodate Li in the particle’s interior.

Figure [7] shows the same undergoing a similar discharging and subsequent recharging
protocol, but at a more aggresive demand of 1.3A for a shorter time of 400s, followed
by a subsequent aggresive recharging again at 1.3A. Note that this faster discharge sup-
plies the same amount of charge to the external circuit as the slower protocol but in a
time window 10 times smaller. At the increased rate we observe that gradients in the
electrolyte are much more pronounced, and in fact they are sufficiently large that the
deep regions of the cathode approach depletion during discharge. The same is true in the
anode during recharging. This larger polarisation contributes to a diminished cell volt-
age during discharge and we can observe that at the deepest discharge state the voltage
has dropped to 2.5V, which is markedly lower than the 3.5V attained during the slower
protocol despite the devices supplying the same amount of charge. There are now also
noticeable concentration gradients within the LNC electrode particles and gradients in
the graphite particles are very high. Once again, it is the graphite which ultimately causes
recharging to terminate because the surface of the graphite particles becomes saturated
and the recharging can only for around 140s.

5.1 Numerical solutions to the pseudo 2d-model

The solutions shown in Figures [6] and [7] were determined numerically using an ultra-fast
and robust solver called DandeLiion, the details of which are described in Korotkin et al.
(2020) and available to use at https://www.dandeliion.com . Whilst is is beyond the
scope of this work to reiterate, in detail, the workings of the numerical methods used it
is pertinent to outline the approach and highlight some of difficulties in solving —
(4.22 d) numerically.

First, a spatial mesh is defined. We introduce N(® grid points across the anode for
x € (L1, Lo), NG) across the separator for = € (La, L3) and N across the cathode for
x € (L3, Ly). At each point in the anode and cathode a microscopic transport problem
must be solved and so at each of the N(®) + N(¢) grid points a further M grid points need
to be introduced to on which to discretise the microscopic transport equations within
the electrode particles. Consequently, the complete discrete geometry is comprised of
(N@ 4 N©) x M+ N@ 4 N6 4 N(© grid points. Second, a suitable approximation
(e.g. finite volumes or finite elements) can be used to remove the spatial derivatives and
reduce the problem to a large system of coupled differential-algebraic equations (DAESs).
The algebraic equations arise largely from the elliptic PDEs, e.g. those for the electron
conduction in the solid , whereas the ordinary differential equations arise from the
parabolic PDEs, e.g. those for transport in the electrode particles —. We
note the importance of using a spatial discretisation method which is conservative; if
such a method is not used, on repeated cell cycling, the total amount of lithium within
the system changes markedly and introduces significant errors. It is for this reason that
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many approaches based on finite difference approximations are not recommended. Third,
a scheme for timestepping the system of DAEs must be found. The DandeLiion software
uses a selection of implicit backward differentiation formula methods, of orders 1-6, and
also offers adaptive time stepping. The choices of timestepping methods is restricted, in
comparison to those that can be used for pure ODE systems, because of the additional
constraints imposed by the algebraic equations.

Implementing the steps outlined above and implementing it in C++ gives rise to a
numerical scheme for solving the pseudo 2d-model in a very short time on a standard
desktop computer. For reference, the simulation results shown in Figures [6] and [7] each
took around 5 seconds to run and were performed on a discretised geometry comprised
of 20,300 grid points with 100 spatial points inside the anode, separator, cathode and
each of the electrode particles.

6 Conclusion

We have reviewed the existing modelling of charge transport models of lithium ion bat-
teries at the cell scale. This includes a description of ionic motion in the electrolyte in
both the dilute and the more practically relevant moderately-concentrated regimes. We
resolve a common source of confusion in electrolyte modelling in the literature which
arises from the definition of the electric potential. In the electrochemical literature this
is usually chosen to be the potential measured with respect to a metallic lithium elec-
trode, in contrast the standard definition used in the physics community where it is
with respect to a vacuum at infinity. Crucially this choice of potential affects the coeffi-
cients in the electrolyte transport equations. We have also examined the Butler-Volmer
relation describing the reaction at the interface between the electrolyte and the solid
electrode particles and demonstrated that these should have a particular functional form
in order to avoid nonphysical predictions. The dependency in the Butler-Volmer relation
should not only account for the solid electrode particle becoming completely intercalated
or deintercalated but allow for cases where the electrolyte concentration gets very low.
The specific behaviour of various common solid materials used in electrodes have been
considered including the dominant mechanisms for lithium transport and the possible
modelling approaches that can be used. The problem of up-scaling the models from the
microscopic (a single electrode particle) to the macroscale (the whole cell) has been con-
sidered and the appropriate approximations discussed that allow the models to account
for moderately-concentrated electrolyte behaviour reviewed. In addition numerical solu-
tion to the Newman model is discussed and some representative realistic solutions to the
resulting pseudo 2-dimensional model have been presented and discussed. It is notewor-
thy that this model provides a remarkably accurate description of battery performance if
accurately parametrised, see Ecker, Tran, Dechent, Kabitz, Warnecke & Sauer| (2015)) and
Ecker, Kabitz, Laresgoiti & Sauer| (2015|) for further details. It is our hope that this work
will prove a useful guide to people who are new to this topic allowing them to develop
an appreciation of this highly fertile and technologically important area of research.
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Table 1. The parameter values used to carry out the simulations shown in These are
largely based on the work of [Ecker, Tran, Dechent, Kébitz, Warnecke & Sauer| (2015])
and |[Ecker, Kabitz, Laresgoiti & Sauer| (2015)). The functions used for the electrode con-
ductivities were fitted to data in |Ecker, Tran, Dechent, Kabitz, Warnecke & Sauer] (2015])
and [Ecker, Kabitz, Laresgoiti & Sauer| (2015)) and the functions themselves are given in

Korotkin et al.| (2020)).

Type Parameter ‘ Symbol ‘ Units
Anode Thickness Ly— L3 74x1075m
Volume fraction of electrolyte € 0.329
Permeability tensor component B 0.162
BET surface area bg?) 81548m ™!
Particle radius R® 13.7%x10"%m
Electrode conductivity K 14Sm™*
Diffusivity in anode particles D§a>(c§“)) See caption
Maximum concentation of Li in anode particles cgﬁzlax 31920 mol m—3
Initial concentration of Li in anode particles céa) lt=0 |27523 mol m~3
Cathode Thickness Lo — Ly 54%x10"%m
Volume fraction of electrolyte € 0.296
Permeability tensor component B 0.1526
BET surface area b 188455m "
Particle radius R® 6.5%107%m
Electrode conductivity e 68.1 S m™!
Diffusivity in cathode particles DI (c{?) | See caption
Maximum concentation of Li in cathode particles cﬁfﬁﬂax 48580 mol m 3
Initial concentration of Li in cathode particles cgc) lt=0 | 12631 mol m~3
Separator Thickness Lz — Ly 20x10~%m
Volume fraction of electrolyte €v 0.508
Permeability tensor component B 0.304
Electrolyte Transference number t9 0.26
Conductivity k(c) See Figure
Diffusivity Deg(c) See Figure
Initial concentration cli=o 1000 mol m™
Global Area A 8.585x10 3m?
Film resistance Re 0Q
Temperature T 298.15 K
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Appendix A An appropriate form of the Gibb’s-Duhem Relation

Consider a homogeneous mixture containing K different species with mole fractions

X1,X2,° " s Xk- The chemical potentials of this mixture puq, o, -+, ux are defined, in
terms of the Gibbs free energy G, by the relations
oG
i = for 1=1,2,---, K, (A1)
n;

where n; is the number of moles of species ¢ in the mixture. The Gibb’s free energy of
the system is typically written as a function of the number of moles of each species in
the mixture, i.e. G = G(n1,na, - ,nk). However since this quantity is extensive and
therefore scales linearly with the total number of moles of the mixture N;,;, when the
mole fractions of the various species are held constant, it can be written in the from

G(NtotaXhXQa"' vXK) = NtOth(X17X27"' aXK)v (AQ)

where here h(-) is the Gibbs free energy of the mixture per mole, and N, and the various
mole fractions are defined by

==K
D k—1 T

Since we are primarily interested in solutions it is more useful to deal with the G, the

K
n;
Niot = Z N Xi (A 3)
k=1

Gibbs free energy of the mixture per unit volume which we can express in the form
K

e
G =crh(xi,Xx2, -+ ,XK) where cT:ch and  x; = —f——
k=1 2 k=1 Ck

in which ¢; (for £k = 1,--- K) are the molar concentrations of the various species and

(A4

cr is the total molar concentration of the mixture[] In this case, where we express, the

volumetric Gibb’s free energy in the form G = G(e1,ca,--- ,cx) it is clear that the
chemical potentials (see (A 1))) can be expressed in the form
e
hg = 7 for q:1527"'7K7 (A5)
17 Dey

The Gibbs-Duhem relations.
The form of the Gibbs-Duhem relation that we shall require is

)
Zcq%:(x for i=1,2,---K. (A6)
q=1 !
" In fact, since by definition Zszl xx = 1, we could write this in more concise form as a
function of one, i.e. G = cTﬁ(Xl,)(g, Ce U XK—1).
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Table 2. A summary of the most important nomenclature.

Type Parameter Symbol ‘ Units
Geometrical Anode thickness Lo — Ly m
Separator thickness L3 — Lo m
Cathode thickness Ly— L3 m
BET surface area bet 1/m
Permeability factor B none
Volume fraction of electrolyte ; none
Electrode particle radius R m
Electrolyte Ionic concentration c mol/m?
Total molar concentration er mol/m?
Electric potential ¢ Vv
Electric potential measured with respect to a Li electrode © \%
Current density j A/m?
Electric field E V/m
Permittivity € F/ms
Molar concentration of positive and negative ions ¢p and ¢, | mol/m?
Molar flux of positive and negative ions q, and g, mol/ m?2s
Average velocities of positive and negative ions v, and v, m/s
Component of the average velocity of positive and
negative ions due to the electric field Vep and ven | m/s
Diffusivities of positive and negative ions D, and D, | m?/s
Tonic diffusion coefficient D m? /s
Mobilities of positive and negative ions M, and M, | m?/Vs
Electrochemical potential of positive and negative ions pn and pp | J/mol
Chemical potential of positive and negative ions fn and fip | J/mol
Standard state potential of 0 0
positive and negative ions pn and prp, | J /mol
Effective ionic diffusivity Deg m? /s
Conductivity (dilute theory) i S/m
Conductivity (moderately concentrated theory) K S/m
Transference number ty none
Transference number of positive ions 0
with respect to the solvent velocity b none
Electrode Electric potential b \%
matrix Current density Js A/m?
Effective conductivity Ks S/m
Electrode Li concentration Cs mol/ m?
particles Diffusion coefficient Dy m? /s
Maximum concentration of Li Cs,max mol/ m?
Interfacial Transfer current density Jer A/m?
Open circuit potential Ueq \%
Exchange current density io A/m?
Anodic and cathodic transfer coefficients o, and o none
Contact film resistance Ry Q
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In order to show that these relations are true we start by defining the quantities

Fi=) cqm—y for i=12K (A7)

q=1

which are equivalent to the left hand side of (A 6)). We can re-express the F;, by using
the expressions for the chemical potentials (A 5f), as follows

Fi= Zq@cf)c e, ((20(180(})_ ) (48)

We can now use the expression for the Gibb’s free energy density, contained in (A 4], and
the chain rule to re-express the partial derivative 0G/0c, in terms of the mole fractions
x% and the function h,

Gonr -y
Xigo
Ocq = 8)(
From this it becomes apparent that

K

e
Zcqa—cq:c;p Z th+xqa qux]aX
q=1

q=1 =

Making use of the fact that Zf:l Xq = 1 and that G = crh the above expression can be
simplified to

Zcq@ =G. (A9)

Substituting (A 9) into (A 8) immediately gives the desired results, namely that F; = 0
for i =1,2,--- K and thus proves the Gibbs-Duhem relations (A 6)).
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Figure 6. Discharge (solid curves) and subsequent recharge (dashed curves) of a graphite-

LNC cell bathed in 1M LiPFg electrolyte at

a relatively low rate of 0.13A. The full

parameterisation is give in Table [} Thick curves indiciate profiles at the beginning of
the (dis)charge stages and the different snapshots are taken every 500s. Panels (a)-(c)
show the cell potential, electrolyte potential and electrolyte concentrations respectively,
and panels (d) and (e) indicate profiles within an anode and cathode particle both of
which are located half way through the thickness of their respective electrodes.
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Figure 7. Discharge (solid curves) and subsequent recharge (dashed curves) of a graphite-
LNC cell bathed in 1M LiPFg electrolyte at a relatively high rate of 1.3A. The full
parameterisation is give in Table [T} Thick curves indiciate profiles at the beginning of
the (dis)charge stages and the different snapshots are taken every 50s. Panels (a)-(c)
show the cell potential, electrolyte potential and electrolyte concentrations respectively,
and panels (d) and (e) indicate profiles within an anode and cathode particle both of
which are located half way through the thickness of their respective electrodes.
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