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This thesis is concerned with the topic of gravitational radiation in asymptotically locally
(anti)-de Sitter spacetimes and, in particular, how one can use the tools of holographic
duality to provide deeper insights into the nature of radiation. The thesis can broadly be
separated into two parts. The first part approaches the topic of gravitational radiation
by studying gravity in Bondi-Sachs gauge, specifically solutions to the vacuum Einstein
equations Rµν = Λgµν in the presence of a cosmological constant Λ ̸= 0. We solve these
equations for an axisymmetric Bondi-Sachs metric and observe that these differential equa-
tions admit an algebraic re-writing based upon data at the conformal boundary, I , of the
space-time. Using the Fefferman-Graham coordinate expansion and tools of the AdS/CFT
correspondence we are further able to analyse the solutions in the Bondi-Sachs gauge and
comment upon the holographic interpretation of the Bondi Sachs data at I . We examine
the notion of Bondi mass in AdS and discuss whether or not the natural candidate for
such a quantity obeys the monotonicity properties that one would expect due to outgoing
gravitational radiation. We finally examine methods of ‘breaking’ the Bondi gauge in or-
der to relax aspects of the gauge which appear overly restrictive.

The second part of the thesis turns attention to asymptotically locally dS4 spacetimes
(Λ > 0) and a discussion of how one can apply Bondi-Sachs gauge as well as other
techniques in order to gain an understanding of gravitational radiation in this class of
spacetimes. We give the analytic continuation of the Fefferman-Graham expansion from
Bondi-AdS to Bondi-dS spacetimes as well as an analysis of the asymptotic gravitational
charges using the covariant phase space formalism, together with holographic renormali-
sation techniques adapted to dS spacetime. We provide explicit examples of these charges
by considering tensorial perturbations of dS4 in the inflationary patch coordinates, before
finally connecting this example to global coordinates via a Bogoliubov transformation of
the tensorial mode coefficients.
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CHAPTER 1

Introduction

In the 1960s the theoretical physicists Bondi, Metzner, Van der Burg, and Sachs (BMS)
revolutionised the study of asymptotically flat spacetimes in a number of pioneering pa-
pers [1, 2, 3]. Using a metric based approach to asymptotic flatness, they were able to
establish a notion of mass at future null infinity, I +, which characterises the mass loss of
a spacetime due to outgoing gravitational radiation. In addition to this remarkable result,
they also showed that the class of asymptotically flat spacetimes enjoys a larger symmetry
group at I + than the 10-dimensional Poincaré group of Minkowski spacetime, the infinite
dimensional BMS group. This group consists of the Poincaré transformations as well as
an infinite number of transformations named supertranslations1.

Since the publication of the original papers, much work has been undertaken in vari-
ous related areas. Connections have been established between the BMS group and the
gravitational memory effect [4, 5, 6] as well as the scattering problem in general relativ-
ity [7]. There has also been an increased interest in further understanding the field of
asymptotic symmetries in general, in both the algebra and associated charges of the BMS
group [8, 9, 10, 11, 12, 13, 14, 15, 16, 17] as well as related symmetries in other theories,
such as electromagnetism in d ≥ 4 spacetime dimensions [18, 19]. Much of the recent
work on the BMS group includes the consideration of an extended symmetry group by
adding extra transformations known as superrotations.2 Physically, these transformations

1So named as they extend the translations of the Poincaré group.
2So named as they extend the rotations of the Poincaré group.

1



2 Chapter 1. Introduction

are conjectured to be related to spacetimes with cosmic string singularities [20, 21, 22]
(cosmic branes in higher spacetime dimension [23]) as well as (with supertranslations) the
so-called ‘soft hair’ charges on black holes [24, 25, 26], an avenue which may shed light
upon the black hole information paradox [27, 28, 29]. A broad programme of research has
been initiated, primarily by Strominger and collaborators, into an ‘infrared triangle’ of
physics relating soft theorems, gravitational memory, and asymptotic symmetries [30, 31].

Due to their rich geometric nature, aspects of the Bondi formalism are also of interest
to the mathematical relativity community. The Bondi mass has been proven to obey a
positive mass theorem [32, 33] in asymptotically flat spacetime, and the Bondi metric ex-
pansions have been generalised to include polyhomogeneous I +, all the while maintaining
the asymptotic symmetry group as the BMS group [34, 35, 36, 37, 38, 39, 40].

An important feature of all the literature referenced thus far is that this work has been
performed in the setting of asymptotically flat spacetime. The work described in this
thesis attempts to fill a gap in the literature by investigating aspects of gravitational radi-
ation, primarily by use of the Bondi-Sachs gauge, in asymptotically locally (anti)-de Sitter
((A)dS) spacetimes. These are spacetimes which solve the Einstein field equations in the
presence of a cosmological constant Λ ̸= 0 as opposed to Λ = 0 in the asymptotically
flat case. Although a less studied case, the topic of gravitational radiation in such space-
times has been discussed in the work of Ashtekar and collaborators, who pay particular
attention to gravitational radiation in the Λ > 0 case [41, 42, 43, 44, 45], as well as work
examining the energy and Bondi mass in Λ ̸= 0 spacetimes [46, 47, 48, 49]. Also of note is
the recent work [50, 51], which examines similar issues to published work written in part
by the author of this thesis [52] and relaxes some of the extra spacetime symmetry that
we enforced.

Part of the motivation for this change of asymptotics is the aim of gaining a holographic
understanding of the Bondi-Sachs gauge, as well as extra physical intuition regarding the
behaviour of radiation. Originally proposed by ’t Hooft [53] and Susskind [54], the holo-
graphic principle conjectures that any quantum theory of gravity can be described in terms
of a theory without gravity in one less dimension. The most famous example of this con-
jecture was discovered by Maldacena [55] in the context of string theory on anti-de Sitter
space. Following soon after this work, [56, 57] fleshed out the description of a subclass of
the holographic principle by conjecturing equivalence between an asymptotically locally
AdS spacetime and a conformal field theory which lives on the conformal boundary of
the spacetime, resulting in the so-called AdS/CFT correspondence. Early work [58] was
able to verify with spectacular success the predictions of such a correspondence and this
has become a highly active area of research. Of particular use when studying the gravita-
tional side of the correspondence is the Fefferman-Graham coordinate system [59], a gauge
choice for which all asymptotically locally AdS metrics can be written in, and one which
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provides a holographic interpretation of the spacetime via the AdS/CFT correspondence
[60, 61, 62]. Part of the goal of this work is to compare the asymptotic description in this
gauge with that of Bondi-Sachs and to provide an explicit map between the two choices.

Before we move on to more technical discussions, we will briefly summarise the structure
of this thesis chapter by chapter. In chapter 2 we give a review of the important literature
and technical work that we will need for the remainder of the thesis. This includes a
review of the various spacetime asymptotics in 2.1; an introduction to the Bondi gauge
and the BMS group in 2.2; the important results and techniques from holography in 2.3
and finally a discussion of the covariant phase space formalism for charges in the style of
Wald et. al [63, 64, 65, 66, 67] in 2.4.

In chapter 3 we discuss the application of the Bondi gauge to asymptotically locally
(anti)-de Sitter spacetimes. To save from repetition, we point the reader to the final
paragraph of 3.1 which lists details of the contents of each section.

In chapter 4 we discuss a number of additional aspects of the Bondi gauge in asymptot-
ically locally (A)dS spacetimes. In 4.1 we discuss the notion of Bondi mass in asymptoti-
cally locally AdS spacetime, and show that the naïve definition from the asymptotically flat
literature no longer decreases monotonically in the presence of a small negative cosmologi-
cal constant. In 4.2 we discuss the restrictions of the Bondi gauge, and give a proposal for
a ‘breaking’ of the gauge in order to easily incorporate a larger phase space of metrics. A
particular motivation for this is to apply a Bondi type gauge the AdS-Robinson-Trautman
class of solutions [68, 69], which we also discuss. We summarise the main results and
future directions of this chapter in 4.3.

In chapter 5 we switch focus from (predominantly) AdS spacetimes to asymptotically
locally dS spacetimes, work which serves as a natural continuation of that performed in the
preceding chapters. In section 5.1 we show that an understanding of the Bondi-Sachs gauge
in asymptotically locally dS spacetimes can be gained via a suitable analytic continuation
of our results in AdS, giving details of the transformations required. In 5.2 we give the
prescription to define conserved quantities in AldS spacetime, work which adapts many of
the techniques of the Hamiltonian approach to holographic renormalisation as described
in [70, 71]. We will start by introducing the class of theories we consider and derive the
equations of motion and conjugate momenta, paying close attention to the differences
between AdS and dS. We will then discuss the computation of the Wald Hamiltonians for
the theory and conclude that their existence is determined by the vanishing of the trace
anomaly A. In 5.3 we give an explicit example for the procedure that we have developed
in the chapter, namely a computation of the Wald Hamiltonian for a tensorially perturbed
dS4 metric in the inflationary patch, an important example both for its relative simplicity
as well as it being of considerable cosmological interest [72, 73, 74, 75, 76]. We end this
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chapter with an attempt to understand the global nature of our charges by performing the
Bogoliubov transformation between the perturbation in the inflationary patch and global
coordinates on dS4, before drawing conclusions in 5.4

Finally, in chapter 6 we give our final summary of the body of work as a whole. We
provide an outlook on possible future directions one could take, with speculation upon the
development of a description of advanced gravitational wave phenomena (e.g. the memory
effect) in Λ ̸= 0 spacetimes, as well as holography for asymptotically flat spacetimes.



CHAPTER 2

Background literature review

2.1 Spacetime asymptotics

We will begin this thesis with a short review of spacetime asymptotics using the technique
of conformal compactification. We will begin with the much discussed case of asymptoti-
cally flat space times, before moving to de Sitter and anti-de Sitter spacetimes, including
the subtleties in their “local” asymptotics.

2.1.1 Asymptotic flatness

Asymptotic flatness may be viewed as the property that the spacetime tends to Minkowski
spacetime as r → ∞. This imprecise statement can be given a rigorous definition, which
we will briefly touch upon referring to [77, 78] for a detailed discussion, before seeing how
to implement asymptotic flatness in a coordinate dependent manner by imposing suitable
fall-off conditions upon the metric components.

Let us first recall the notion of conformal compactification [79]. Consider a manifold
with boundary M̄ = M ∪ ∂M where ∂M is the boundary. A metric gµν is conformally

5
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compact if there exists a defining function Ω which satisfies

Ω(∂M) = 0, dΩ(∂M) ̸= 0, Ω(M) > 0. (2.1.1)

and the metric ḡ defined by
ḡµν = Ω2gµν (2.1.2)

extends smoothly to ∂M. Let us also consider another spacetime (M̃, g̃), which we will
refer to as the unphysical spacetime, and an embedding f : M → M̃ such that f embeds
M as a manifold with smooth boundary ∂M in M̃ and such that

ḡ = f∗(g̃), (2.1.3)

where f∗(g̃) denotes “push-forward” of the the metric g̃ with respect to the embedding
function f . This embedding procedure is often referred to as the conformal compactifica-
tion of the spacetime (M, g) and ∂M is the conformal boundary of the spacetime.

Asymptotic flatness is now defined by putting further conditions on the conformal com-
pactification. Different definitions have been proposed through the years, see [77, 78] (and
references therein). The precise details also depend on whether one would like to consider
asymptotic flatness at spatial infinity, null infinity or both. We will not need these details
here. For our purposes it suffices to say that we will consider cases with Rµν = 0 in an
open neighbourhood of ∂M in M̄ = M ∪ ∂M1.

2.1.2 Anti-de Sitter and de Sitter asymptotics

Let us now consider spacetimes that satisfy the Einstein field equations with Λ ̸= 0

Rµν − 1
2
Rgµν + Λgµν = 8πTµν . (2.1.4)

We will focus mainly on the case of anti-de Sitter asymptotics (Λ < 0) although the
discussion generalises straightforwardly to the de Sitter case (Λ > 0). Throughout this
thesis we will concentrate on vacuum spacetimes, i.e. Tµν = 0 (the generalisation to
include matter is conceptually straightforward).

AdS4 is the maximally symmetric solution to the vacuum Einstein equations with neg-
ative cosmological constant. The AdS4 metric can be written in coordinates with an
outgoing null time ,u, as

ds2
AdS = −

(
1 + r2

l2

)
du2 − 2dudr + r2dΩ2 (2.1.5)

1Such conformal compactification is called asymptotically empty.



2.1. Spacetime asymptotics 7

where l2 = −3/Λ; l is the AdS radius or curvature radius of the spacetime as the Riemann
tensor for AdS4 takes the form

Rµνρσ = 1
l2

(gµσgνρ − gµρgνσ). (2.1.6)

We define an asymptotically locally AdS metric to be a conformally compact Einstein
metric of negative cosmological constant. In what follows we briefly review the key features
relevant for this thesis, see [59, 80, 81, 62] for more details. Consider a manifold with
boundary M̄ = M ∪ ∂M, equipped with a conformally compact metric gµν , as in (2.1.1)-
(2.1.2). We further require that

g(0) = ḡ|∂M (2.1.7)

is non-degenerate. Note that g(0) is not unique since the choice of defining function is
non-unique: if Ω is a suitable defining function, then so is Ωew, where w is a function with
no zeroes or poles on ∂M. Thus the induced metric at ∂M, g(0), is also non-unique. This
procedure defines a conformal class of metric and g(0) is a representative of the conformal
class of metrics.

I

N u3

N u2

N u1

N u0

r0 r1 r2 r3

⇤ < 0

I +

N u0

N u3

N u2

N u1

r3

r2

r1

r0

⇤ > 0

1

Figure2.1.1: Left panel. Penrose diagram of the asymptotic region of an asymptotically
locally AdS spacetime, where the timelike boundary manifold ∂M is denoted I . The
dashed green curves represent null hypersurfaces Nui = {u = ui |ui = constant} and
the dotted blue curves timelike surfaces of constant r. Right panel. Penrose diagram of
the asymptotic region of an asymptotically locally dS space-time, where we have chosen
to foliate the future spacelike boundary ∂M = I +. The dashed green curves represent
null hypersurfaces Nui = {u = ui |ui = constant} and the dotted blue curves spacelike
surfaces of constant r. The difference in the properties of constant r surfaces between
AdS (timelike) and dS (spacelike) is due to the presence of a cosmological horizon in
asymptotically locally dS spacetimes.
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Using (2.1.2) the Riemann tensor of gµν takes the form

Rαβγδ[g] = |dΩ|2ḡ(gαδgβγ − gαγgβδ) + O(Ω−3) (2.1.8)

where the leading order term is O(Ω−4). One can also define

|dΩ|2ḡ = ḡµν(∂µΩ)(∂νΩ), (2.1.9)

a quantity which smoothly extends to M̄; its restriction to ∂M is a conformal invariant
[62]. The metric gµν should be Einstein, i.e. it should satisfy (2.1.4). As in the asymptot-
ically flat case, Ω−1Tµν should have a smooth conformal completion to ∂M = {Ω = 0}.
Enforcing (2.1.4) upon (2.1.8) gives

3gµν |dΩ|2ḡ + Λgµν + O(Ω−1) = 8πTµν (2.1.10)

and thus as Ω → 0 (after rearrangement)

|dΩ|2ḡ
∣∣
∂M = 1

l2
. (2.1.11)

Thus near the boundary ∂M, the Riemann curvature tensor of the metric gµν is to leading
order the same as that of the AdS4 metric.

We emphasise that this definition does not enforce any restriction on the topology of
∂M or the metric g(0) induced at ∂M. For global AdS4 the conformal boundary has the
topology of R × S2 and the metric g(0) is conformally flat. Asymptotically locally AdS
spacetimes for which g(0) is conformally flat are called asymptotically AdS spacetimes.
(Thus asymptotically AdS spacetimes are a subset of asymptotically locally AdS space-
times). Holographically g(0) corresponds to conformal class of the background metric for
the dual quantum field theory and it is thus essential to consider generic g(0), even if one is
only interested in a CFT on a flat background. This is because g(0) acts as the source for
the holographic stress tensor, and thus we will need to keep it generic in order to compute
correlation functions. We will see more explicitly how this relationship works in section
2.3.4.2.

The discussion of asymptotically locally AdS metrics extends to the case of a posi-
tive cosmological constant in a very straightforward manner. The Einstein equations for
asymptotically locally dS spacetimes are related to those of AdS via the simple transfor-
mation

l2AdS → −l2dS (2.1.12)

and thus to define dS asymptotics, one simply repeats (2.1.4)-(2.1.11) with every occur-
rence of l2 being replaced by −l2.
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In preparation for the discussion in the next section we indicate in figure 2.1.1 how
asymptotically locally Λ ̸= 0 spacetimes are locally foliated by null hypersurfaces.

2.2 Bondi gauge metrics

We begin this section with an introduction to the Bondi gauge and explain its advantages
in studying asymptotically flat spacetimes. We will then provide a short review of the
asymptotic symmetry group of asymptotically flat spacetimes, the BMS group.

2.2.1 Null hypersurfaces

Bondi gauge metrics were introduced and studied in [1, 2] in the context of studying
gravitational waves. The Bondi approach involves foliating the spacetime manifold by
null hypersurfaces. Following [2], one chooses the coordinate system as follows. Consider
a Lorentzian 4-manifold, M, equipped with a metric gµν(xρ) of signature (− + ++) and
assume the existence of a scalar field F = F (xµ) such that the normal co-vector to F ,
∂µF, is null:

gµν(∂µF )(∂νF ) = 0. (2.2.1)

This criterion means null hypersurfaces, Na, can be described in terms of the level sets of
F i.e.

Na = {xµ ∈ M |F (xµ) = a} (2.2.2)

and the spacetime (M, gµν) can be foliated, at least locally, using the null hypersurfaces,
namely

M = {Na | a ∈ Range(F )} (2.2.3)

where Range(F ) denotes all possible values of the function F .

The motivation for choosing null hypersurfaces can best be illustrated by looking at
their interesting geometrical properties. Let us consider an arbitrary surface Na ⊂ M
and the integral curves in the spacetime of the vector field tµ = gµν∂νF ; such curves are
clearly null and normal to Na and are commonly referred to as null rays. Null rays are
also geodesic curves contained within Na:

tµ∇µt
ν = λ(xρ)tν . (2.2.4)

By choosing a suitable (affine) parametrisation we can set λ = 0 and thus the null rays
are also null generators of Na. This outlines the overall picture of this procedure as being
a way to work from space-time → null hypersurface → null ray → null geodesic.
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An adapted coordinate system can be chosen to describe such a situation. Typically,
one works in retarded Bondi coordinates (u, r,Θ1,Θ2). The coordinate u is a retarded
time coordinate which labels the null hypersurfaces Na (u = F from above equations);
this coordinate is commonly referred to as the Bondi time and takes values in R. The ΘA

are angular coordinates which are defined to be constant along null rays:

tµ∂µΘ1 = tµ∂µΘ2 = 0. (2.2.5)

This condition means that rays take the form cµ(λ) = (u0, r(λ),Θ1
0,Θ2

0) and thus the
coordinate r can be interpreted as a radial distance coordinate measuring the distance
along a null ray. This setup is displayed on a Penrose diagram in figure 2.2.1.

i+

i�

i0

I +

I �

1

�1

u
N u4

N u3

N u2

N u1

N u0

r4r1 r2 r3

1

Figure2.2.1: Penrose diagram of null hypersurfaces, Nui , foliating future null infinity, I +,
of an asymptotically flat spacetime. As indicated by the solid red axis, the retarded time
coordinate u ranges from (−∞,∞) along I + and thus the dashed green lines represent the
u = constant hypersurfaces. (The arrows show the direction of increasing radial coordinate
r). The dotted blue curves represent timelike hypersurfaces of constant r.
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2.2.2 The Bondi gauge

Following closely the notation of [30] (see also the reviews [82, 83]), the most general line
element that satisfies the previously discussed coordinate conditions is

ds2 = −Xdu2 − 2e2βdudr + hAB

(
dΘA + 1

2
UAdu

)(
dΘB + 1

2
UBdu

)
. (2.2.6)

It is usual to impose in addition the following four gauge conditions:

∂r det
(
hAB
r2

)
= 0, grr = grA = 0. (2.2.7)

This metric together with the gauge conditions is known as the Bondi gauge (or Bondi-
Sachs gauge) and any spacetime metric can be locally written in this form. It is the most
commonly used approach to analyse foliations by null hypersurfaces, although there are
alternative approaches based on the Newman-Penrose formalism [84] using a null tetrad
instead of a metric e.g. [13].

The capital Roman indices A,B take values {1, 2} which together with the symmetry of
hAB, gives seven functions in the line element: (X,β, hAB, UA), all of which depend upon
the spacetime coordinates (u, r,Θ1,Θ2). The gauge condition on the determinant of hAB
reduces the number of unknown functions in the metric to six. The latter are determined
by the Einstein equations, subject to asymptotic data (r → ∞).

One may choose to retain general covariance in the angular coordinates as in [12] but it
is often useful to consider a local choice. In this thesis we will commonly utilise the usual
(θ, ϕ) of the spherical coordinate system as well as complex coordinates (ζ, ζ̄), related by

ζ = eiϕ cot
(
θ

2

)
, ζ̄ = e−iϕ cot

(
θ

2

)
. (2.2.8)

2.2.3 Asymptotic flatness in the Bondi gauge

Let us now implement asymptotic flatness in a coordinate dependent manner. The
Minkowski metric in retarded coordinates (u, r, ζ, ζ̄) is given by

ds2
M = −du2 − 2dudr + 2r2γζζ̄dζdζ̄ (2.2.9)

where
u = t− r, γζζ̄ = 2

(1 + ζζ̄)2 . (2.2.10)
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Here u is a retarded time coordinate and γζζ̄ is the round metric on S2. This metric is in
Bondi gauge with function choices hζζ = hζ̄ζ̄ = β = UA = 0, X = 1, hζζ̄ = r2γζζ̄ . Note
that this choice of coordinates is suitable for analysis near I +. To analyse neighbourhoods
of I − the metric can be expressed in advanced coordinates (v, r, ζ, ζ̄) where v = t+ r and
thus

ds2
M = −dv2 + 2dvdr + 2r2γζζ̄dζdζ̄. (2.2.11)

For this thesis, we will use retarded coordinates and thus restrict our attention to neigh-
bourhoods of I +.

For a general asymptotically flat metric the metric functions admit power series expan-
sions in 1/r with the leading order term being that of the Minkowski metric, as we will
re-derive here. The review [30] discusses suitable fall-off conditions for the subleading
terms in the series: the fall-off should include gravitational wave emitting solutions, as
was the motivation in [1]. These criteria were imposed in [1, 2] and if we combine this
with the following fall-off of the Weyl curvature tensor components at large r

Crζrζ ∼ O(r−3), Crurζ ∼ O(r−3), Crurζ̄ ∼ O(r−3) (2.2.12)

as in [30] then we obtain the class of asymptotically flat metrics in Bondi gauge as

ds2 = ds2
M + 2mB

r
du2 + rCζζdζ

2 + rCζ̄ζ̄dζ̄
2 +DζCζζdudζ̄ +Dζ̄Cζ̄ζ̄dudζ̄

+ 1
r

(4
3

(Nζ + u∂ζmB − 1
4
∂ζ(CζζCζζ)

)
dudζ + c.c.+ . . . .

(2.2.13)

where DA is the covariant derivative with respect to the metric of the round sphere γAB
and the first term in the equation is just the Minkowski metric. The rest of the terms in
the first line are the first order subleading terms in powers of r. Notice that although these
terms have different powers of r preceding them, they are all subleading as r → ∞ when
compared to the Minkowski metric. The second line of the equation contains second order
subleading terms, included here as these terms contain physically interesting functions.

At O(1/r) in guu is a function mB = mB(u, ζ, ζ̄) is known as the Bondi mass aspect.
One of the key results of [1] is that the Bondi mass aspect can be integreated over the
unit S2 to give the total Bondi mass2 MB of the system at time u

MB = 1
4π

∫
S2
mB = 1

4π

∫
d2z γζζ̄mB. (2.2.14)

The Bondi mass is a natural way to define the mass of a system at I +, and is an alternative
to the ADM mass which is defined as an integral at spatial infinity i0.

2This quantity is sometimes referred to in the literature as the Trautman-Bondi mass, as it was also
discussed by Trautman in [85], see also the lecture notes [86] for further comments and references.
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Contained in the 1/r suppressed terms relative to the Minkowski metric is the shear
tensor CAB(u, ζ, ζ̄); a symmetric and traceless tensor of type [0, 2]. This tensor describes
the gravitational waves in the spacetime (recall we wanted the fall-off conditions to include
these solutions) and it motivates the definition of another key concept in the Bondi gauge,
the Bondi news tensor, NAB,

NAB(u, ζ, ζ̄) = ∂uCAB(u, ζ, ζ̄). (2.2.15)

The news tensor is again a symmetric and traceless tensor of type [0, 2]. The name “news"
for this tensor can be best explained by imposing Einstein’s equations (with Λ = 0) upon
the metric

Rµν − 1
2
gµνR = 8πTµν , lim

r→∞
Tµν = 0 (2.2.16)

where the limit condition on the stress energy tensor is typically enforced such that Ω−1Tab

has a smooth conformal completion to I + = {Ω = 0} (where Ω ∼ 1/r for the case at
hand). This condition is a requirement for asymptotic flatness as it forces the asymp-
totically empty condition mentioned above. The authors of [1] solved the field equations
by expanding in large r and solving the equations that arise at each order and we will
streamline this derivation here. The leading order (O(r−2)) of the (uu) component of the
Einstein equations then reads (see discussions in [12, 30])

∂umB = 1
4

[D2
ζN

ζζ +D2
ζ̄
N ζ̄ζ̄ −NζζN

ζζ ] − 4π lim
r→∞

r2Tuu. (2.2.17)

Thus the news tensor, along with the stress tensor, governs the change in the Bondi mass
aspect - it provides the “news” regarding the change in the mass aspect. If the spacetime
under consideration is vacuum (as in [1]) then the news entirely governs the change in
mass.

The final interesting term is the NA which appears in the subleading terms in the second
line of (2.2.13). This vector is named the angular momentum aspect and - in a similar
fashion to the mass aspect - can be used to define the total angular momentum at I + via
a suitable integral. Both the mass aspect and angular momentum aspect arise as functions
of integration in the full set of Einstein field equations, although the field equations do
contain evolution equations for these [87, 7, 5, 12] which we will discuss in detail later.

Comparing the general Bondi gauge metric with the asymptotically flat metric, the
fall-off conditions on the metric functions are

X = 1 − 2mB

r
+O(r−2), β = O(r−2),

gAB = r2γAB + rCAB +O(1), UA = 1
r2D

BCAB +O(r−3).
(2.2.18)

The infinite dimensional symmetry group of all coordinate transformations that preserves
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these conditions as well as the gauge itself is known as the BMS group [3].

2.2.4 Asymptotic symmetries

In this section we will derive the BMS group in the style most commonly seen in modern
work concerning asymptotic symmetries and their applications (see for example the review
articles [30, 82, 83]). This calculation will lead us to the result that the asymptotic
symmetry group of asymptotically flat spacetimes is infinite dimensional and consists of
the standard Lorentz transformations as well as an infinite number of “supertranslations”,
as was first discovered in [1, 2]. We will then briefly discuss how one can extend the group
even further to include an infinite number of “superrotations” before commenting on some
of the more modern work and applications of the BMS group.

As mentioned at the end of the previous section, we define the BMS group as the set
of coordinate transformations which preserve both the Bondi gauge (2.2.6)-(2.2.7) as well
as the r → ∞ falloffs of (2.2.18). In order to identify these, we consider transformations
generated by vector fields ξµ such that

δgµν = Lξgµν = ξα∂αgµν + gµα∂νξ
α + gαν∂µξ

α (2.2.19)

and now we must solve the differential equations which result from wanting to preserve
the boundary conditions. In order to preserve Bondi gauge (2.2.7), we have the exact
equations

Lξgrr = 0, LξgrA = 0, gABLξgAB = 4ω(u, xA) (2.2.20)

where the final equation comes from the need to preserve the determinant condition in
(2.2.7) and the factor of 4 is just for convenience [50]. We begin by solving these equations
one by one for ξµ, explicitly we have

Lξgrr = 0 =⇒ 2gru∂rξu = 0 =⇒ ξu = f(u, xA) (2.2.21)

and thus ξµ∂µ = f∂u + ξr(u, r, xB)∂r + ξA(u, r, xB)∂A. The next equation gives us

LξgrA = 0 =⇒ −e2β∂Af + gAB∂rξ
B = 0 (2.2.22)

where we recall that β(u, r, xA) is one of the functions appearing in the Bondi gauge line
element (2.2.6). Integrating this equation with respect to r gives us

ξA = Y A(u, xB) + IA(u, r, xB), IA = −∂Bf
∫ ∞

r
dr′(e2βgAB) (2.2.23)
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and thus ξµ∂µ = f∂u + ξr(u, r, xB)∂r + (Y A + IA)∂A. The third equation gives

gABLξgAB = 4ω(u, xA)

=⇒ ξrg−1∂rg + fg−1∂ug + gABL(Y C+IC)gAB + 2gABgAu∂Bf = 4ω

=⇒ ξr = −r

2

(
DAY

A + DAI
A − 2ω + 1

2
UB∂Bf + 1

2
fg−1∂ug

) (2.2.24)

where g = det(gAB) and DA is the covariant derivative operator on gAB. Putting this all
together, we have derived the most generic coordinate transformations preserving Bondi
gauge.

ξµ∂µ = f∂u + (Y A + IA)∂A−
r

2

(
DAY

A + DAI
A − 2ω + 1

2
UB∂Bf + 1

2
fg−1∂ug

)
∂r

(2.2.25)

notice that we have not had to enforce any asymptotic conditions yet. These vectors have 4
undetermined functions of u and xA, (f, Y A, ω), all of which are completely unconstrained
at this point.

In order to complete our derivation of the BMS group, we must also solve the asymptotic
Killing equation in order to find the vectors which preserve not only the Bondi gauge
(2.2.6)-(2.2.7), but the asymptotic fall off conditions (2.2.18) as well. The fall off conditions
give us the asymptotic Killing equations

Lξguu = O(r−1), Lξgur = O(r−2), LξguA = O(1), LξgAB = O(r) (2.2.26)

which we will shortly solve for the components of the metric. Before we do this, we note
that the fall off conditions on gAB in (2.2.18) together with ∂r(g/r4) = 0 give us

g = det(r2γAB + rCAB + . . .) = r4 det
(
γAB + CAB

r
+ . . .

)
= r4γ (2.2.27)

where γ = det(γAB) is the determinant of the round unit S2. We note that this determi-
nant condition imposes constraints on the sub leading terms in the metric expansion on
the angular part of the metric, the first of which is CAA = 0 (indices raised and lowered
with γAB). For a list of the higher order constraints, we point the reader to [50].

As the leading order of gAB is preserved, we thus necessarily have ω = ∂ug = 0. We also
note

DAξ
A = 1

√
g
∂A(√gξA) = 1

√
γ
∂A(√γξA) = DAξ

A (2.2.28)

which immediately simplifies the generic form of a BMS vector field to be

ξµ∂µ = f∂u + (Y A + IA)∂A − r

2

(
DAY

A +DAI
A + 1

2
UB∂Bf

)
∂r. (2.2.29)
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Using this general form, we now solve the asymptotic Killing equations (2.2.26). The
vanishing of the O(r) term of the first equation gives us

∂uDAY
A = 0 =⇒ DAY

A = h(xB) =⇒ Y A = Y A(xB) (2.2.30)

and we will return to examine the O(1) equation shortly. We now move to the second
equation of (2.2.26), whose O(1) term gives the equation

∂uf − DAY
A

2
= 0 =⇒ f = T (xA) + u

DAY
A

2
(2.2.31)

which in itself is sufficent to solve the {ur} component of the asymptotic Killing equation
to the required order of O(r−2). This changes the form of the BMS vector field to be

ξµ∂µ =
(
T + u

DAY
A

2
+ O(r−1)

)
∂u+(

Y A − 1
r
DA(T + u

2
DBY

B) + O(r−2)
)
∂A−

r

2

(
DAY

A − 1
r
D2(T + u

2
DBY

B) + O(r−2)
)
∂r.

(2.2.32)

The next step is to examine the fourth equation of (2.2.26). The vanishing of the O(r2)
term gives the equation

LY γAB = γABDCY
C (2.2.33)

which is nothing other than the conformal Killing equation on S2, enforcing the additional
constraint that Y A is a conformal Killing vector of S2. We note the following identity for
conformal Killing vectors on S2

D2DAY
A ≡ −2DAY

A (2.2.34)

i.e. that DAY
A are the l = 1 harmonics. To prove this identity, we first take the contracted

covariant derivative of the conformal Killing equation (2.2.33) and rearrange to obtain

[DA, DB]Y B = D2YA (2.2.35)

then using the definition of the Riemann/Ricci tensor as well as the fact that RAB = γAB

for the unit round S2, we have
− YA = D2YA (2.2.36)

and now taking another contracted covariant derivative and rearranging gives

−DAY
A = DAD2YA

= [DA, D2]YA +D2DAYA

= DAY
A +D2DAYA

(2.2.37)
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which completes the proof of (2.2.34). This result is necessary and sufficient to enforce
the vanishing of the O(1) piece of Lξguu and thus we have solved all of the asymptotic
Killing equations (2.2.26) to sufficient order. We write the asymptotic Killing vectors as

ξµ∂µ =
[
T + u

DAY
A

2
+ O(r−1)

]
∂u+[

Y A − 1
r
DA

(
T + u

2
DBY

B
)

+ O(r−2)
]
∂A−

r

2

[
DAY

A
(

1 + u

r

)
− 1
r
D2T + O(r−2)

]
∂r.

(2.2.38)

Now that we have derived the generic form of the asymptotic symmetry vector fields ξ,
we will make a number of comments in order to illuminate the structure of the group.

• Notice that the function T (xA) is completely unconstrained by the asymptotic Killing
equation (2.2.26), giving rise to infinitely many asymptotic Killing vectors ξµ defined
by arbitrary angular functions T (xA). These are referred to as the supertranslations
as they generalise the translations of the Poincaré group. If one restricts T (xA)
to being the l = 0, 1 spherical harmonics then one reproduces the four Poincaré
translations [82].

• The vector field Y A(xB) is constrained by (2.2.33) to be a conformal Killing vector
on S2. If we write (2.2.33) in the coordinates (ζ, ζ̄) as used in (2.2.9) then the
equation reduces to the standard holomorphicity conditions

∂ζY
ζ̄ = 0 =⇒ Y ζ̄ = Ȳ (ζ̄) =

∑
k∈Z

ākζ̄
k

∂ζ̄Y
ζ = 0 =⇒ Y ζ = Y (ζ) =

∑
k∈Z

akζ
k

(2.2.39)

and in order to restrict to vector fields with no singularities, one now sets ak = āk = 0
for all k /∈ {0, 1, 2}. This gives six globally well defined conformal Killing vectors of
S2, which generate exactly the Lorentz group SO(3, 1)

• Putting these two sources of symmetry together, we have the BMS4 group:

BMS4 = SO(3, 1) ⋊ supertranslations (2.2.40)

where the semidirect product ⋊ is due to the algebraic relations satisifed by the
Lie bracket of vector fields in the group, [82]. This will not be important for our
discussion.

• There is a common extension of the BMS4 group, referred to as the extended BMS4
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group [82], which arises from dropping the restriction that the conformal Killing
vectors Y A have no singularities on S2. Instead one allows for meromorphic vector
fields, in this case those with singularities at the poles of the sphere [88, 87]. This
is a natural thing to do from the point of view of two dimensional conformal field
theory [89, 90, 30] and as in that case, one now finds an infinite number of confor-
mal Killing vectors of the form Y ζ = ζk, ∀ k ∈ Z (and equivalently Y ζ̄ = ζ̄k for
the anti-holomorphic component). These transformations typically gain the name
superrotations as they extend the rotations of the Lorentz group.

• The structure of extended BMS4 is:

extended BMS4 = superrotations ⋊ supertranslations (2.2.41)

which follows the style pioneered by Barnich & Troessaert. See [9, 87, 10, 11, 13] for a
much deeper discussion of these transformations, as well as their charges and algebra.
The singular nature of these transformations has been related to the presence of
cosmic strings singularities in the spacetime [20, 21, 22] and thus they do appear to
be physically motivated.

We will now conclude this subsection by pointing the reader to some of the literature
related to the BMS group its physical applications (much of which is also pointed out in
the review papers [30, 82, 91, 83]). We first point out that the asymptotic field expansions
(2.2.18) that we used to derive the BMS group, namely analytic expansions in inverse
powers of the Bondi radial coordinate r, are not the most general asymptotic solutions to
the field equations. In particular, one can consider polyhomogeneous solutions to the field
equations, where powers of r log r are also allowed in the asymptotic expansions of the
metric coefficients. These solutions have been studied in depth in [34, 92, 93, 35, 36, 37,
94, 38, 39, 40] and one still finds the asymptotic symmetry structure of the BMS4 group.
In the next chapter we will show that polyhomogeneous solutions are absent in AL(A)dS4

spacetimes and comment upon our findings.

In addition to the discussion of enlarging the BMS4 group to include the superrotations,
an even larger extension has been proposed to extend the Y A to include all diffeomorphisms
of S2 [95, 96]. Such an extension to the BMS group was motivated by the discovery of a
new subleading soft graviton theorem of Cachazo and Strominger [97] and the extension of
the BMS group to include diff(S2) was necessary in order to match the Ward identities with
the soft theorem. It remains an interesting problem to understand both the mathematics
of this extension, as well as whether the associated charges can be obtained from covariant
phase space methods [98, 99].

In our derivation of the BMS4 group, we were explicitly considering 4-dimensional space-
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time manifolds. Work has also been done to understand the structure of the BMS group
in three spacetime dimensions [100, 101, 102] as well as five [103, 23] and higher [104].
Different dimensions have a number of subtleties which we will not discuss in this thesis
as we will always be considering a four dimensional spacetime.

A major project in understanding the physical implications of the infinite number of
transformations in the BMS group is underway, having been pioneered by Strominger et
al. [7, 105, 97, 106, 4, 5]. These works aim to discover the relationship between the
asymptotic symmetries (as we have discussed), gravitational wave memory effects [107,
108, 109, 110, 111, 112, 113, 114, 115, 116, 117, 118] and soft theorems in quantum field
theory [119]. This research programme has been nicknamed the “infrared triangle” due to
the aim of connecting these different branches of IR physics. Much work has been done in
this area by various groups, see for example [95, 96, 120, 121, 122, 123, 124, 125, 118], as
well as works which attempt to extend the understanding of these relationships to higher
dimensions [126, 127, 128, 129, 130, 6, 131].

Finally we comment that as the BMS group is an asymptotic symmetry group, one
expects to be able to compute asymptotic charges corresponding to elements of the group
and attempt to understand the meaning of such quantities. The charges of the extended
BMS group have been computed [12] and the physics of such quantities is conjectured
to be related to a possible resolution of the black hole information loss paradox [28].
This conjecture states that the “lost” information during the black hole evaporation is
actually contained in BMS charges, named the soft hair of the black hole [24, 25, 132, 26].
With regard to how one computes these charges, we will introduce a method to compute
conserved quantities in section 2.4. We will also show how this can be modified to derive
the Bondi mass loss (and other BMS charges) in section 2.4.3.

2.3 Holography

In this section we will introduce another major topic which the work in this thesis will
make great use of the anti-de Sitter/conformal field theory correspondence, which we will
refer to as the AdS/CFT correspondence from here on. The main aspect of this vast topic
that we will need is that of the procedure of holographic renormalisation, which we will
introduce in this section and discuss some of the famous results that this procedure allows
one to realise. We will give an adaptation of these techniques in the context of de Sitter
spacetimes in chapter 5.
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2.3.1 The holographic principle

Before discussing the AdS/CFT correspondence, we begin by giving some motivation for
the correspondence and show how it has arisen as part of the search for a theory of
quantum gravity. The guiding principle in establishing the AdS/CFT correspondence is
the holographic principle as formulated by ’t Hooft [53] and Susskind [54]. This principle
is a conjecture upon the nature of quantum theories of gravity which states:

Any quantum theory of gravity can be described in terms of a theory without
gravity in one less (non-compact) dimension.

Such a conjecture arose from the observations made in the study of black hole physics
[133, 134, 135, 136, 137, 138, 28], namely that the entropy of a black hole, SBH, is directly
proportional to the area, A, of the event horizon expressed in units of Planck area

SBH = A

4
, (2.3.1)

the much-celebrated Bekenstein-Hawking entropy formula. This formula is used to argue
that black holes maximise the entropy in a given volume, going roughly as follows: A
black hole is the densest object in nature, i.e. the most massive object in a fixed volume is
single black hole (if one adds more mass to the system then the volume must necessarily
increase, as the black hole mass, m, satisfies m ∝ r, where r is the radius of the hole).
The argument now proceeds by contradiction, where we assume existence of a system
contained in the fixed volume with a greater entropy than the black hole. This system
must necessarily contain less energy than the black hole and thus if we add more mass to
the system, we would eventually create a black hole which fills the volume. However, in
doing this, we would decrease the total entropy of the system, δS < 0. This goes against
the second law of thermodynamics, δS ≥ 0, and thus such a system cannot exist. The
black hole is the object which maximises the entropy in a given volume.

The important result of this argument is that the maximal entropy of a system is related
to the area, not the volume as one may naïvely expect. In a quantum system, there is
a close relationship between the entropy and the dimension of the Hilbert space of the
system, N , namely

eS = N (2.3.2)

and thus we may associate the maximal dimension of the Hilbert space with the area
of the boundary of the region. The interpretation of this by ’t Hooft [53], is that any
theory of quantum gravity in the region should be entirely equivalent to a theory living
at the boundary of the region, as all degrees of freedom are contained there. This tells
us that the fundamental description of the physics in a given volume is described by a



2.3. Holography 21

quantity of dimension one lower than the volume, a first hint at the “holographic” nature of
gravitational theories. As quantum field theories typically have entropy scaling extensively
with the spatial volume, the black hole argument suggests that any quantum theory of
gravity can be described entirely in terms of a theory with one less spatial dimension.

This conjecture of the holographic principle has a concrete realisation in the class of
AlAdS spacetimes (as discussed in section 2.1.2). We will now give a brief introduction
to the more precise statements of this AdS/CFT correspondence, before moving on to
a more technical discussion of the asymptotic analysis necessary to perform holographic
renormalisation.

2.3.2 AdS/CFT correspondence

The first concrete realisation of the holographic principle was discovered by Maldacena in
the seminal work [55]. In this work, Maldacena showed numerous examples of holographic
duality on AlAdS spacetimes (× a compact space), inlcuding AdS5×S5, AdS4×S7, AdS7×
S4 and AdS3 × S3. In the case of AdS5 × S5, the gravitational theory was type IIB string
theory on an AdS5 × S5 and the ‘holographically dual’ quantum theory a 4-dimensional
SU(N) gauge theory (Yang-Mills theory) with N = 4 supersymmetry generators. The
rough idea as to how this duality manifests itself is that the quantum theory arises as the
worldvolume theory of N coincident D3-branes associated with the conformal boundary,
∂M, of the AdS5 factor of the background.

Many of the details regarding these theories will be unimportant for the work discussed
in this thesis, and so we will not go into great detail on topics such as string theory,
supersymmetry, D-branes etc. The important fact to note from this discovered duality is
that the gravitational theory (ignoring for now the S5 factor) is an asymptotically locally
AdS spacetime, and the dual quantum theory is a conformal field theory (a theory invariant
under the action of the conformal group of transformations). This (and other examples
see e.g. [139]) lead to the conjecture of a special sub class of the holographic principle,
namely the AdS/CFT correspondence:

Quantum gravity in a d + 1 dimensional asymptotically locally anti-de Sitter
spacetime is equivalent to a d dimensional conformal field theory.

After the publication of [55], the conjectured correspondence was clarified in the works
of Witten [57] and Gubser, Klebanov and Polyakov [56]. The more precise statement of
the duality is as follows: Consider a (super)gravity theory on the product of an AlAdSd+1

manifold M and a compact manifold C (in Maldacena’s example that we discussed above
M = AdS5 and C = S5). The CFT is defined on the conformal boundary ∂M of the
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AlAdS manifold, and there is a 1-1 map between primary operators O of the CFT and
fields ϕ in the gravitational theory. The master formula of the AdS/CFT correspondence
is an conjectured equivalence between the partition function of the gravitational theory,
Zgrav, and the generating functional of correlation functions in the CFT, ZCFT:

Zgrav[ϕ(0)] = ZCFT[ϕ(0)] (2.3.3)

where ϕ(0) = ϕ|∂M constitutes boundary conditions for the fields ϕ. Explicitly one has

Zgrav[ϕ(0)] =
∫
ϕ(0)

Dϕ exp(−S[ϕ]) (2.3.4)

where the path integral is taken over all field configurations ϕ which satisfy ϕ(0) = ϕ|∂M
and S[ϕ] is the action functional for the gravitational theory. The gravitational theory
is generically a quantum theory, thus making the partition function a quantum object
(although for the work considered in this thesis we will consider the classical limit). On
the right hand side of (2.3.3) we have

ZCFT =
⟨

exp
(

−
∫
∂M

ddxOϕ(0)
)⟩

(2.3.5)

and thus one can see that ϕ(0) acts as a source for the operator O.

In general, one finds that the full path integral in Zgrav is an extremely difficult object
to calculate, and thus attention is typically restricted to the tree level term arising in the
path integral, namely the classical solutions to the equations of motion. We denote these
solutions as ϕcl, which satisfy the boundary condition ϕcl|∂M = ϕ(0). The tree level form
of the gravitational is

Ztree
grav = exp(−S[ϕcl]) (2.3.6)

which is often sufficient to use as left hand side of (2.3.3) in order to verify equivalences
between AlAdS spacetimes and CFTs, see for example [58].

We will work in this regime and thus we will only be considering classical gravitational
theories which admit ALAdS solutions. In particular, we will consider the theory of general
relativity in the presence of a cosmological constant, Λ < 0. The only dynamical field in
the theory is the spacetime metric tensor i.e. ϕ = {gµν} and the only operator which
we will consider in the dual CFT is the stress tensor. The equations of motion for the
spacetime metric are those given in (2.1.4), namely

Gµν + Λgµν = 0. (2.3.7)

Regarding boundary conditions for gµν , we recall the discussion in and around equation
(2.1.7) which shows that the boundary conditions ϕ(0) for gµν will amount to specifying a
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given conformal structure [g(0)] at ∂M . This means that we do not have a unique metric
specified at ∂M , but rather a metric unique up to conformal transformations. From the
perspective of the CFT, the metric at the boundary, g(0), is the background and thus it
makes perfect sense for this to only be specified up to a conformal transformation. This
is because (by definition) the CFT is invariant under conformal transformations and thus
will only have a background metric specified by the conformal class.

We will now discuss the solutions to (2.3.7) in the asymptotic region (near ∂M) of the
spacetime, before moving on to discuss renormalisation of the classical action, S[gµν ], for
AlAdS spacetimes.

2.3.3 Fefferman-Graham gauge

We will begin this section by introducing the coordinates which we will use to study
the asymptotic form of the metric. These are typically referred to as Fefferman-Graham
coordinates due to the work of these authors [59], where a theorem was proved which
states that on any AlAdS manifold there exists a coordinate system (ρ, xa) such that the
asymptotic metric can always be brought into the form

ds2 = l2

ρ2

(
dρ2 + ĝab(ρ, xc)dxadxb

)
(2.3.8)

where l =
√

−d(d− 1)/2Λ is referred to as the AdS radius of the spacetime. This theorem
was proven for metrics of general signature (p, q) where p+ q = d+ 1, but we will consider
the Riemannian case of signature (d+1, 0) in order to retain consistency throughout section
2.3 (all previous formulae e.g. (2.3.6) have been written using Euclidean signature). We
also note that for most of the work in this thesis we will put d = 3, but in this subsection
we will keep d generic in order to highlight the differences between the odd and even cases.

Following the discussion of section 2.1.2, ρ is a coordinate which describes the location
of the conformal boundary, specifically I = {ρ = 0}. For this discussion we will take
ρ > 0 and thus the range of ρ will be (0,∞) (we will later consider ρ < 0 in the context of
AldS spacetimes). The lower case Roman indices (a, b) run over all other coordinates in
the spacetime and for now we will leave these abstract indices in a covariant form. We will
now solve the field equations, following the standard method as discussed in [59, 58, 81, 60].

In order to proceed with solving the field equations (2.3.7), we first compute the compo-
nents of the equations, making a distinct split between {ab}, {ρa} and {ρρ} components.
For the {ab} component of (2.3.7) we find

ρ∂2
ρ ĝab + (1 − d)∂ρĝab − ĝcd(∂ρĝcd)ĝab − ρ(∂ρĝac)ĝcd(∂ρĝdb)



24 Chapter 2. Background literature review

+ ρ

2
ĝcd(∂ρĝcd)∂ρĝab − 2ρRab[ĝ] = 0 (2.3.9)

which will be the ‘main’ equation that we will use in order to derive the asymptotic
solutions to the field equations.3 In the notation here, ĝab is the inverse of the metric ĝab
and Rab[ĝ] is the Ricci tensor of ĝab. The {ρa} and {ρρ} components of (2.3.7) respectively
take the forms

∇a[ĝbc(∂ρĝbc)] − ∇b(∂ρĝab) = 0

ρĝab(∂2
ρ ĝab) − ĝab∂ρĝab − ρ

2
ĝab(∂ρĝbc)ĝcd(∂ρĝda) = 0.

(2.3.10)

where ∇ is the covariant derivative operator associated with the metric at ĝab at a fixed
value of ρ.

In order to solve the field equations, we first assume suitable regularity of the field
ĝab, where ‘suitable regularity’ will amount to requiring that we can take ρ-derivatives of
(2.3.9) and evaluate at the resulting equations at ρ = 0 i.e. we will not a priori restrict
the existence of ∂nρ ĝab (we will discuss cases where this breaks down during our analysis).
We then pick a metric g(0)

ab = ĝab(ρ = 0) on ∂M which acts as a representative of the
conformal equivalence class [g(0)]. We can then solve the ‘main equation’ (2.3.9) order by
order in ρ, first by differentiating the equation with respect to ρ the requisite number of
times and then setting ρ = 0. In order to illuminate this process we will work through the
first few orders explicitly.

At the first order we differentiate 0 times and set ρ = 0 in (2.3.9) to find

(1 − d)∂ρĝab − ĝcd(∂ρĝcd)ĝab
∧= 0 (2.3.11)

where we use the symbol ∧= to denote the fact that this equation only holds at ρ = 0.
Taking the trace of this equation by contracting this with ĝab we get

ĝcd(∂ρĝcd)
∧= 0 (2.3.12)

which when put back into (2.3.11) gives us

∂ρĝab
∧= 0 (2.3.13)

the statement that the first ρ derivative of ĝ vanishes at the boundary. At the second
order we differentiate once (2.3.9) with respect to ρ and then set ρ = 0. This gives us

∂2
ρ ĝab + (1 − d)∂2

ρ ĝab − ĝcd(∂2
ρ ĝcd)ĝab − 2Rab[ĝ]

∧= 0 (2.3.14)
3Our Rab has the opposite sign to that in [60] due to our differences in curvature conventions. We use

the conventions of [77].
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upon which we perform a similar procedure as before by first taking the trace and then
substituting the trace term back into this equation. This procedure results in

(2 − d)∂2
ρ ĝab

∧= R[ĝ]
1 − d

ĝab + 2Rab[ĝ] (2.3.15)

and we thus see that (generically) the second ρ derivative of ĝab does not vanish at the
boundary and is locally formally determined by g

(0)
ab . The procedure runs in this fashion

order by order and one can compute precise relations for each number of ρ derivatives. We
will now provide a general proof of the functional form of the higher order terms rather
than evaluating them explicitly.

If we consider the order at which we differentiate (2.3.9) ν − 1 times and set ρ = 0 we
find

(ν − d)∂νρ ĝab − ĝcd(∂νρ ĝcd)ĝab
∧= (terms involving ∂µρ ĝab where µ < ν) (2.3.16)

which is just a separation of the highest order derivatives on the left hand side and lower
ones on the right. The first observation that we make from this (when combined with our
inductive results above for ν = 1, 2) is that ∂νρ ĝab|∂M is locally formally determined by g(0)

ab

as long as ν < d.

The second important observation that we now make is that (2.3.9) respects the parity
in ρ, by which we mean that the sum of powers of ρ and derivatives with respect to ρ

in every term has the same parity (namely odd parity in (2.3.9)). In particular, this
means that (2.3.16) also respects the parity in ρ, and thus all terms on the right hand
side of (2.3.16) must have a total number of ρ-derivatives equal to ν. This observation is
sufficient to prove by induction that ∂νρ ĝab

∧= 0 for all odd ν < d: The base case is the
ν = 1 example which we already showed to hold in (2.3.13) and the inductive step follows
from the argument that all terms on the right hand side of (2.3.16) must vanish as they
will all contain a factor of an odd number of ρ-derivatives. One then shows that ∂νρ ĝab

∧= 0
using the trace and substitution procedure that we used in the ν = 1, 2 cases.

This analysis breaks down at ν = d where the first term on the left hand side of (2.3.16)
vanishes. In order to examine this order more carefully, we will now consider the cases of
odd and even d separately and give the form of the general asymptotic solution for each
in turn. We also note that this procedure of iterative differentiation can be carried in
order to obtain solutions to the field equations with matter present, but the structure of
the asymptotic expansions is now different. For a more technical discussion of the matter
case, see section A.3.

Odd d:
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In this case, (2.3.16) becomes
ĝcd(∂νρ ĝcd)ĝab

∧= 0 (2.3.17)

where all of the terms on the right hand side of (2.3.16) vanish by the parity argument.
This equation tells us ĝcd(∂νρ ĝcd)

∧= 0, i.e. that the trace of (∂νρ ĝcd)
∧= 0, but now the trace

free part is (at this point) completely unconstrained.

A constraint upon (∂νρ ĝcd) arises from the {ρa} component of the field equations, namely
the first equation of (2.3.10). We observe this by first by taking (ν − 1) derivatives of this
equation to obtain

∇a[ĝbc(∂νρ ĝbc)] + ∇b(∂νρ ĝab)
∧= (terms involving ∂µρ ĝab, µ < ν) (2.3.18)

and now noting that ĝcd(∂νρ ĝcd)
∧= 0 as well as the vanishing of the terms on the right hand

side by the parity argument we have

∇b(∂νρ ĝab)
∧= 0 (2.3.19)

which is our second constraint upon (∂νρ ĝab), namely that it is conserved with respect to
∇, the covariant derivative associated to the metric g(0)

ab .

Putting all of these results together, we can apply Taylor’s theorem to conclude that
the most general form of the asymptotic solution to the field equations for odd d takes the
form

ĝab = g
(0)
ab + ρ2g

(2)
ab + . . .+ ρ2kg

(2k)
ab + . . .+ ρdg

(d)
ab + . . . , k ∈ Z, 2k < d (2.3.20)

where g(2k)
ab are all locally determined by g

(0)
ab . g(d)

ab is undetermined but is trace-free and
conserved with respect to g(0)

ab . In the next section we will discuss the importance of these
terms in the context of AdS/CFT.

Even d:

Turning now to the case of even d, we again begin with the form of equation (2.3.16),
observing that we now have

− ĝcd(∂νρ ĝcd)ĝab
∧= (terms involving ∂µρ ĝab, µ < ν) (2.3.21)

where the main difference between this and (2.3.17) is that now the terms on the right
hand side are not identically zero, but are locally determined by g(0)

ab . In order to proceed
we begin by taking the trace of (2.3.21) which leaves us with the result that ĝcd(∂νρ ĝcd) is
locally determined by g(0).
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This tracing procedure removed all trace-free terms on the right hand side of (2.3.21),
meaning that the asymptotic solution given by a formal power series expansion is not
the most general. In order to account for the possibility of a trace-free term, one has
to introduce a term in the solution of the form hab(xa)ρd log ρ, where gab(0)hab = 0. The
inclusion of such a term modifies equation (2.3.21) to give

d!hab − ĝcd(∂νρ ĝcd)ĝab
∧= (terms involving ∂µρ ĝab, µ < ν) (2.3.22)

and thus we see that hab is locally determined by g(0)
ab as it is identified with the trace-free

part of the right hand side. There is one more constraint satisfied by hab which (as for
g(d) in the odd d case) arises from studying the first equation of (2.3.10). Taking (d− 1)
ρ-derivatives of this equation generates a logarithmic term of the form

(log ρ)∇bhab (2.3.23)

which must vanish in order to allow us to take the ρ → 0 limit. This immediately gives
us that hab is conserved, i.e. ∇bhab = 0.

Putting these results together, we find that the general form of the asymptotic solution
to the field equations for d even is given by

ĝab = g
(0)
ab +ρ2g

(2)
ab +. . .+ρ2kg

(2k)
ab +. . .+ρd(log ρ)hab+ρdg

(d)
ab +. . . , k ∈ Z, 2k < d (2.3.24)

where again g
(2k)
ab are all locally determined by g(0)

ab . hab is locally determined by g(0)
ab and

is trace-free and conserved. g(d)
ab is undetermined but gab(0)g

(d)
ab is locally determined.

We will now discuss holographic renormalisation and discuss how the terms in both the
odd (2.3.20) and even (2.3.24) dimensional solutions (in particular g(0), h(0) and g(d)) are
interpreted in the context of the AdS/CFT correspondence [58, 140, 141, 60, 61, 142, 62].

2.3.4 Holographic renormalisation

So far we have discussed the asymptotics of AlAdS spacetimes, but we have not discussed
how this allows one to realise results in the AdS/CFT correspondence via the master
formula (2.3.3). In order to do this, we first note that the gravitational partition function
(2.3.4) includes the action functional for the gravitational theory, S[ϕ], which will be our
starting point for discussing how one can realise the AdS/CFT duality using the results
of the previous section.

The object we would like to consider is the gravitational action for a spacetime (M, g)
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with a boundary ∂M

S[g] = 1
16πGN

[∫
M
dd+1x

√
g(R[g] − 2Λ) +

∫
∂M

ddx 2√
γK

]
(2.3.25)

where the first term is the Einstein-Hilbert action and the second is the Gibbons-Hawking-
York term [143, 144], a necessary term to add when the spacetime contains a boundary. In
order to explain the other notation here, we note that γij is the metric induced on ∂M and
K = ∇an

a is the trace of the extrinsic curvature of ∂M , where na is the outward-pointing
unit normal vector.

This action is suitable in order to derive the equations of motion (2.3.7), however when
evaluated on-shell it will diverge. These divergences are most easily seen by considering
Fefferman-Graham gauge (2.3.8), where the double pole at ρ = 0 ensures that both the
bulk volume term and the induced metric at ∂M = {ρ = 0} (and thus the boundary term)
diverge. Due to these divergences, we first need to regulate the theory. In order to do
this we the restrict the action (2.3.25) to the spacetime region ρ ≥ ϵ and evaluate the
boundary term at ρ = ϵ, where ϵ > 0 is the regulator. This procedure allows us to define
the regulated action, Sreg[g], as

Sreg[g] = 1
16πGN

[∫
ρ≥ϵ

dd+1x
√
g(R[g] − 2Λ) +

∫
ρ=ϵ

ddx 2√
γK

]
(2.3.26)

where now γij is the metric induced upon the ρ = ϵ hypersurface (so in particular γab =
(l2ĝab)/ϵ2) and K = ∇an

a is the trace of the extrinsic curvature of the ρ = ϵ hypersurface.

We will begin our analysis of the action functional by evaluating it on-shell, using the
Fefferman-Graham gauge (2.3.8) that we introduced in the previous section. We evaluate
the action (2.3.26) on-shell, meaning we have

R[g] − 2Λ = −2d
l2

(2.3.27)

and thus the on-shell regulated action takes the form

Sreg[g] = −ld−1

16πGN

∫
ddx

[∫
ϵ
dρ

( 2d
ρ1+d

√
ĝ

)
+ 2
ρd

(
ρ∂ρ

√
ĝ − d

√
ĝ
) ∣∣∣∣

ρ=ϵ

]
. (2.3.28)

This result prompts the observation that the regulated action diverges in the limit ϵ → 0.
At a first pass, this seems to be a problem in how we should interpret the AdS/CFT corre-
spondence, as both sides of (2.3.3) diverge. This is an IR divergence from the perspective
of gravity and a UV divergence in the CFT and thus we can view (2.3.3) as representing
an equivalence between divergent ‘bare’ quantities prior to renormalisation.

In order to obtain a relationship between finite quantities, one has to follow the procedure
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of holographic renormalisation as formulated in the seminal works [58, 145, 140, 60, 61, 62].
This procedure allows one to remove the divergent terms of (2.3.28) by subtraction of
covariant counter terms. We will briefly review how to do this and state (without direct
computation) some of the key results that this procedure allows one to realise (for the
reader interested in further specifics, we point out the discussions given in [58, 60]).

The first step in the procedure is to use the asymptotic solution ((2.3.20) for d odd and
(2.3.24) for d even) in order to express the on-shell regulated action (2.3.28) in terms of a
divergent expansion in ϵ. For d odd we find

Sreg = −ld−1

16πGN

∫
ddx

√
g(0)

(
ϵ−da(0) + ϵ−d+2a(2) + . . .+ ϵ−1a(d−1) + O(ϵ)

)
(2.3.29)

where each of the terms a(i) are local covariant expressions of the metric g(0)
ab . This is

important because it means that we will be able to renormalise the theory by addition
of local counter terms. The infinities from the perspective of the dual QFT will be local
infinities and thus we must also be able to cancel the IR infinites via addition of local
counter terms. This local covariant form is due to the generic form of the Fefferman-
Graham solution (2.3.20), where each of the g

(2k)
ab (for 2k < d) in the expansion were

locally determined by g(0)
ab .

For d even, we find

Sreg = −ld−1

16πGN

∫
ddx

√
g(0)(

ϵ−da(0) + ϵ−d+2a(2) + . . .+ ϵ−2a(d−2) − (log ϵ)a(d) + O(ϵ)
)

(2.3.30)

where, again, all of the a(i) are local covariant expressions of the metric g(0)
ab . This expres-

sion does have an important difference when compared with the odd d case of (2.3.29),
firstly in that it contains a divergent piece of the form log ϵ. This term arises from the∫
dρ term in (2.3.28) as

√
ĝ now admits terms of O(ρd) in the series expansion.

Now that we have seen explicitly how the on-shell action diverges, we are at the point at
which we can renormalise the theory. In order to do this, one simply subtracts the divergent
terms which arise in (2.3.28) from the action Sreg and then removes the regulator ϵ by
taking the limit as it vanishes. Explicitly we have

Sren = lim
ϵ→0

(Sreg + Sct) (2.3.31)

where

Sct = ld−1

16πGN

∫
ddx

√
g(0)

(
ϵ−da(0) + ϵ−d+2a(2) + . . .+ ϵ−1a(d−1)

)
(2.3.32)
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for d odd, and

Sct = ld−1

16πGN

∫
ddx

√
g(0)

(
ϵ−da(0) + ϵ−d+2a(2) + . . .+ ϵ−2a(d−2) − (log ϵ)a(d)

)
(2.3.33)

for d even. We recall that each of the a(i) counterterms are covariant expressions in g(0),
but in order to express their covariant nature at the ρ = ϵ hypersurface, they should be
expressed as covariant expressions in terms of the induced metric γab. In order to express
g

(0)
ab in terms of γab, one has to formally invert the series expansion for ĝab = (ϵ2γab)/l2

((2.3.20) for odd d or (2.3.24) for even d). Once this procedure is completed to satisfactory
order, one then places this expression into each a(i). For the explicit expressions of the
a(i) coefficients in the cases of both odd and even d, we refer the reader to appendix B of
[60]. We note that the series inversion is in general a challenging step in the procedure of
holographic renormalisation. In the next section we will discuss an alternative scheme of
holographic renormalisation based on [70], which will circumvent the series inversion and
thus provide a computationally more efficient procedure.

Now that we have outlined the steps of how one performes this renormalisation, we
will give details of two important results that this allows one to realise in the AdS/CFT
correspondence.

2.3.4.1 The holographic Weyl anomaly

The first of these is the holographic Weyl anomaly, discovered in [58]. To discuss this
anomaly, our starting point is the finite part of the action, Sfin, which is equivalent to the
renormalised action Sren before one takes the limit as ϵ → 0:

Sfin = Sreg + Sct. (2.3.34)

We will consider the variation of this expression under a Weyl transformation δg
(0)
ab =

2δσg(0)
ab . As we shall shortly explain, this necessarily takes the form

δSfin = δSct = ld−1

16πGN

∫
ddx

√
g(0)δσA (2.3.35)

where A is the Weyl anomaly which we will now calculate for both odd and even d.

In the odd d case we will have to consider the variation of (2.3.32). Following [58],
we begin by considering a constant rescaling parameter δσ and consider the combined
transformation δg

(0)
ab = 2δσg(0)

ab , δϵ = δσϵ, under which we have δSreg = 0. This means
that we have

δSfin = δSct (2.3.36)
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and now δSct can be computed explicitly from (2.3.32). In order to evaluate this, we note
that due to the covariant nature of the coefficients we have δa(n) = −nδσa(n), and using
this we can check that each individual term in the series of (2.3.32) is invariant under the
transformation. This gives us the result that δSodd

ct = 0 which gives us

Aodd = 0. (2.3.37)

and so in odd dimensions the anomaly vanishes.

In the d even case the argument remains the same up to the point where we need to
compute δSct, which is now computed by computing the variation of (2.3.33) instead. As
before, we find that each of the power law terms are invariant under the transformation,
but now we have the log term which transforms as

δ(√g(0)(log ϵ)a(d)) = a(d)
√
g(0)δσ (2.3.38)

which implies
Aeven = −a(d) (2.3.39)

and thus in even dimensions the Weyl anomaly is generically non-zero and is given by the
coefficient of the logarithmic counterterm, a(d).

The importance of this result is that it matches (or gives us new information) about
the corresponding anomaly in the dual CFT. Indeed, in [58], the explicit form of a(d) was
computed in the cases of d = 2, 4, 6 and in d = 2, 4 the result was shown to match with
known results. For d = 2 the result agrees with the central charge computed from the
asymptotic symmetry algebra of AdS3 [146]. For d = 4 the anomaly matches with that of
the N = 4, SU(N) SYM theory in the large N limit (see [147] for a further discussion of
this anomaly). For d = 6 the procedure constructs the anomaly for the dual (0, 2) theory,
which was a new result at the time of publication [58].

2.3.4.2 The holographic energy momentum tensor

The second important result which we will make great use of in this thesis is that of the
holographic energy momentum tensor, as first discussed in [60] (see also [140, 61, 62] for
further discussion). In order to motivate this construction, we recall our master formula
for AdS/CFT (2.3.3), which in our classical limit given by (2.3.6) now takes the form

S[ϕ(0)] = − log(ZCFT[ϕ(0)]) = −WCFT[ϕ(0)] (2.3.40)
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where WCFT is the generating function of connected graphs in the CFT. Following the
standard techniques from quantum field theory, one is able to obtain the 1-point correlation
function of the operator O by functional differentiation with respect to the source field
ϕ(0):

δS

δϕ(0)(x)

∣∣∣∣
ϕ(0)=0

= ⟨O(x)⟩. (2.3.41)

Of course, the formula (2.3.41) is not useful without renormalisation as both sides di-
verge. We have already discussed how one renormalises the gravitational side via the
process of holographic renormalisation and thus we state that the correct prescription in
order to compute 1-point functions is to replace S → Sren in equation (2.3.41).

A particular 1-point function of interest to us is that of the expectation value of the
holographic energy momentum tensor, Tab. This is the operator sourced by our chosen
representative of the conformal class on ∂M , g(0)

ab , and thus its expectation value takes the
form

⟨Tab⟩ = 2
√
g(0)

δSren

δgab(0)
(2.3.42)

where the right hand side is evaluated by

lim
ϵ→0

(
2√
ĝ(x, ϵ)

δSfin
δĝab(x, ϵ)

)
= lim

ϵ→0

((
l

ϵ

)d−2 2
√
γ

δSfin
δγab

)
= lim

ϵ→0

((
l

ϵ

)d−2
Tab[γ]

)
(2.3.43)

where the first equality arises from use of γab = (l2ĝab)/ϵ2 and the second is just to make
it clear that Tab[γ] is the stress-energy tensor of the theory at ρ = ϵ which will be the key
quantity to compute. We begin by recalling the split (2.3.34), which allows us to write
the stress energy tensor as the sum of two components

Tab[γ] = 2
√
γ

(
δSreg
δγab

+ δSct
δγab

)
= T reg

ab + T ct
ab (2.3.44)

where T reg
ab can be computed from the regulated action (2.3.26) and T ct

ab from the counter
term action, (2.3.32) for d odd or (2.3.33) for d even. The expression for T reg can be
obtained from the standard Brown-York procedure as computed in [148], namely

T reg
ab = 1

8πGN
(Kab −Kγab). (2.3.45)

where we also note that T reg
ab is closely related to the ADM momentum, πab, conjugate to

the induced metric γab at the ρ = ϵ hypersurface

πab = δSreg
δγab

= 1
16πGN

√
γ(Kab −Kγab). (2.3.46)

For more on the ADM approach to holographic renormalisation, see section 2.3.5.
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In the Fefferman-Graham gauge (2.3.8), T reg can be expressed as

T reg
ab = 1

8πGN
l

ϵ2

(
(1 − d)ĝab − ϵ

2
∂ϵĝab + ϵ

2
ĝab(ĝcd∂ρĝcd)

)
. (2.3.47)

In order to obtain the expression for T ct
ab , one has to first express the counter term action

(2.3.32)/(2.3.33) in terms of γab before taking the variation. We again point the reader in
the direction of appendix B of [60] for the relevant expressions in this case.

Before giving the results for the expectation of the energy momentum tensor, we begin
with a comment regarding the properties it satisfies. Firstly, we note that Tab is covariantly
conserved with respect to g(0)

ab . In order to see this, we first argue that both T reg
ab and T ct

ab

are conserved with respect to the induced metric γab on the ρ = ϵ hypersurface. In order
to see the conservation of T reg

ab , we take the contracted covariant derivative of (2.3.47) and
obtain

1
16πGN

l

ϵ

(
−∇b(∂ϵĝab) + ∇a(ĝbc∂ϵĝbc)

)
= 0 (2.3.48)

where the equality comes from applying the first equation in (2.3.10). Covariant conser-
vation with respect to ĝab is equivalent to conservation with respect to γab. In order to
see that T ct

ab is covariantly conserved with respect to γ, it suffices to consider the covariant
nature of the counter term action (2.3.32)/(2.3.33), meaning that we necessarily have

δSct = −
∫
ddx

√
γ

(1
2
T abct δγab

)
(2.3.49)

then using the residual diffeomorphism invariance of the covariant counter term action
gives

0 =
∫
ddx

√
γ
(
T abct Daξb

)
=
∫
ddx

√
γ
(
DaT

ab
ct

)
ξb =⇒ DaT

ab
ct = 0 (2.3.50)

where Da is now explicitly the covariant derivative with respect to γab and we move from
the left to the right by integrating by parts and discarding the boundary term. This
shows that Tab is covariantly conserved with respect to γab but recall that we wanted to
argue that it was conserved with respect to the boundary metric g(0)

ab . The final step in this
argument is provided by observing that (by construction) all divergences cancel in (2.3.42)
and thus the finite part of the expression is conserved with respect to limϵ→0 ĝab = g

(0)
ab .

The second comment we have concerns the trace of ⟨Tab⟩ with respect to the metric
g

(0)
ab , where now the odd/even nature of d will play an important role. We consider the

schematic form of the variation of the finite part of the action

δSren = lim
ϵ→0

δSfin = −
∫
ddx

√
g(0)

(1
2

⟨T ab⟩δg(0)
ab

)
(2.3.51)

and consider the variation as that of a Weyl rescaling δg(0)
ab = 2δσg(0)

ab . In the d odd case
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of a vanishing Weyl anomaly (2.3.37), we have δSfin = 0 and thus ⟨T aa ⟩ = 0. However, in
the d even case of a non-zero anomaly (2.3.39) we now have

⟨T aa ⟩ = ld−1

16πGN
a(d) (2.3.52)

which can be shown by comparison with (2.3.35).

We end this section by giving the explicit formulae for ⟨Tab⟩ in the case of d odd, as well
as the generic form of such a quantity for d even. For d odd we have

⟨Tab⟩ = − dld−1

16πGN
g

(d)
ab (2.3.53)

which we note is manifestly conserved and traceless with respect to g(0) by comparison
with (2.3.20). For the case of d even, we have

⟨Tab⟩ = − dld−1

16πGN
g

(d)
ab +Xab[g(0)] (2.3.54)

where Xab is a tensor dependent upon g(0)
ab and the trace of Xab is related to the conformal

anomaly in the boundary conformal field theory. For explicit forms of the tensor X in the
cases of d = 2, 4, 6, see [60]. For the majority of this thesis, we will consider the case of
d = 3 (AlAdS4 spacetimes) and thus we will be considering spacetimes with Xab = 0.

2.3.5 Holographic renormalisation - Hamiltonian formalism

The method of renormalisation that we have discussed in the previous section is heavily
reliant upon the computationally challenging step of inverting the series expression for the
counter term action (2.3.32)/(2.3.33) (as discussed in some detail in the paragraph below
equation (2.3.33)). We will now introduce an alternative method of holographic renormal-
isation developed by Papadimitriou & Skenderis [70, 149], based upon the Hamiltonian
approach to general relativity. This method has an important advantage over the tech-
nique that we previously discussed, namely that the computational difficulty involved in
inverting the series is now removed. This procedure can also be applied to nonrelativis-
tic systems of importance in quantum gravity, see for example [150, 151]. We will later
adapt this method to AldS4 spacetimes in chapter 5 in order to renormalise the asymptotic
charges of such solutions.

The starting point to discuss the Hamiltonian approach to holographic renormalisation
is the original paper [70], of which we will follow closely in this section and summarise the
useful results which we will use later. We note that there are some different conventions
in that paper to the ones that we have applied thus far, namely the sign of the action
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(2.3.26) carries an extra minus (such that it is positive definite when evaluated on-shell),
and the convention is to set l = 1 throughout. We will retain our convention of the sign
of the action (2.3.26) for the purpose of this subsection, but we will set l = 1 (this can
always be reinstated via dimensional analysis).

2.3.5.1 The ADM formalism

The approach taken in this method is to analyse the gravitational field equations using
the Hamiltonian (ADM) formalism [152, 153, 154] (see also [77] for an overview). In the
typical setup of the ADM formalism, one chooses a global time function t and foliates the
spacetime in question with a series of t = constant hypersurfaces. The field equations are
then solved by evolving in time after specifying conditions upon an initial hypersurface. In
the case of a Riemannian manifold with boundary, no such time coordinate exists and thus
the idea in [70] is to replace this “constant time” foliation by hypersurfaces whose normal
vector is orthogonal to the conformal boundary ∂M of the manifold (in the language of
the previous section these would be the ρ = constant hypersurfaces). In the Lorentzian
picture, this is a replacement of the “constant time” hypersurfaces by a foliation of the near
boundary region by timelike hypersurfaces, and now the evolution is a radial evolution in
the direction of the conformal boundary.

In order to implement this foliation geometrically, we decompose the metric gµν , as
follows: Pick a coordinate r as the radial coordinate emanating from ∂M , and consider
the hypersurfaces Σr given by r = constant. The normal covector to these hypersurfaces
is

Ωµ = ∂µr (2.3.55)

which has norm
||Ω||2g = gµνΩµΩν = ||dr||2g (2.3.56)

and thus the outward pointing unit normal to the hypersurface Σr is

nµ = Ωµ

||Ω||g
= 1

||dr||g
gµν∂νr. (2.3.57)

This allows us to express the metric on the Σr hypersurfaces, γµν , in a covariant way as

γ̂µν = gµν − nµnν , (2.3.58)

where the hat denotes a quantity which is transverse to nµ (from this we can verify
explicitly that γ̂µνnµ = 0). Finally, we decompose the metric as

ds2 = gµνdx
µdxν = γ̂µνdx̂

µdx̂ν + 2Nµdx̂
µdr + (N2 +NµN

µ)dr2 (2.3.59)



36 Chapter 2. Background literature review

where N is the lapse function and Nµ is the shift vector. We will later gauge fix these to
values N = 1, Nµ = 0, which make the nµ tangent to geodesics in M , orthogonal to Σr.
For now, we will keep N and Nµ generic in order to highlight some of their features in
the ADM formalism and we will define the acceleration vector as

aµ = nν∇νn
µ (2.3.60)

which of course vanishes in the case of geodesic nµ.

The quantity which will be of primary importance to us is the extrinsic curvature of the
hypersurfaces Σr

K̂µν = γ̂ρµ∇ρnν = 1
2

Lnγ̂µν (2.3.61)

where the second equality can be shown by explicitly expanding the Lie derivative of the
induced metric and then using (2.3.57) to show that the totally antisymmetric part of
γ̂ρµ∇ρnν vanishes. With a mind to understanding this in relation to the Einstein equa-
tions, we now apply the Gauss-Codacci equations. These geometrical equations relate the
intrinsic curvatures of gµν to the intrinsic and extrinsic curvatures of the hypersurfaces
with induced metric γ̂µν . Explicitly these are given by

γ̂αµ γ̂
β
ν γ̂

γ
ρ γ̂

δ
σRαβγδ = R̂µνρσ + K̂µρK̂νσ − K̂µρK̂νσ

γ̂ρνn
σRρσ = ∇̂µK̂

µ
ν − ∇̂νK̂

µ
µ

(2.3.62)

where unhatted intrinsic curvature terms refer to those of gµν and hatted ones γ̂µν . In
order to make explicit how one can apply the Einstein equations to these (purely geometric)
equations, we want to replace terms in these equations with the Einstein tensor of gµν ,
Gµν . Manipulation of the Gauss-Codacci equations allows us to rewrite them as

K̂2 − K̂µνK̂
µν = R̂+ 2Gµνnµnν

∇̂µK̂
µ
ν − ∇̂νK̂

µ
µ = Gρσγ̂

ρ
νn

σ

LnK̂µν + K̂K̂µν − 2K̂ρ
µK̂ρν = R̂µν − γ̂ρµγ̂

σ
νRρσ + ∇̂µaν − aµaν

(2.3.63)

where the first equation here arises from the full contraction (µ ↔ ρ, ν ↔ σ) of the first
equation in (2.3.62) and the third from the partial contraction (µ ↔ ρ and a relabelling
of free indices) of the same equation. The second equation above follows directly from
substitution of the Einstein tensor in the second equation of (2.3.62). Upon substitution of
the field equations (for vacuum gravity Gµν = −Λgµν) these equations become dynamical
and not just purely geometric.

Another aspect of the ADM formalism is that it allows us to express the action (2.3.26)
in terms of the quantities (γ̂µν , N,Nµ). The precise details of this are discussed in [77],
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where in particular the bulk term of (2.3.26) can be expressed as

Sbulk = 1
16πGN

∫
M
dd+1x

√
γ̂N(R̂+ K̂2 − K̂µνK̂

µν − 2Λ) (2.3.64)

from which we can define in the usual way the canonical momentum

πµν = δL

δ ˙̂γµν
= 1

16πGN
√
γ̂(K̂γ̂µν − K̂µν) (2.3.65)

where here S =
∫
dr L and the dot refers to the “radial derivative” of the induced metric,

in particular ˙̂γµν = γ̂αµ γ̂
β
νLrγ̂αβ where the vector rµ is given by

rµ = Nnµ +Nµ. (2.3.66)

In order to derive the right hand side of (2.3.65), one first has to show explicitly how this
radial derivative enters the terms in the action (2.3.64), a computation which is again
performed in [77]. The momentum corresponding to the lapse and shift vanish identically.

2.3.5.2 Application of the ADM formalism to holographic renormalisation

Now that we have reviewed the application of the ADM formalism to radial evolution in
AlAdS spaces, it remains to discuss how we can apply these methods to the procedure
of holographic renormalisation. To begin this, we first recall that a key ingredient in
the holographic renormalisation procedure that we have discussed so far was the on-shell
action (2.3.28), a quantity whose bulk piece we can rewrite using the ADM formalism as

Sbulk
on-shell = 1

8πGN

∫ r=r1

r=r0
drddx

√
γ̂N(R̂− 2Λ) (2.3.67)

where now we have regulated by choosing the boundary ∂M to be located at r = r1

(r = r0 < r1 is just an interior hypersurface which we can always choose in a manner such
that it is sufficiently close to r1). We can now define the momenta on the boundary Σr1

by functional differentiation
πµν(r1, x) = δSon-shell

δγ̂µν(r1, x)
(2.3.68)

where these momenta are equivalent to those of (2.3.65). The importance of rewriting
these momenta in this way is apparent when considering holographic renormalisation, as
the expression above is precisely that which we wanted to compute in order to define the
regulated 1-point function ((2.3.43) before taking the limit as ϵ → 0). Of course, just as
in the case of unrenormalised AlAdS spaces, the momenta as defined above will naïvely
diverge as we take r1 → ∞. The main result of [70] is extending the renormalisation
scheme to the momenta as defined above, the main points and advantages of which we
will now summarise.
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• The key focus in this approach to holographic renormalisation is the canonical mo-
menta and not the on-shell action. We have already seen how one can relate these
via equations (2.3.65) & (2.3.68).

• In order to implement this renormalisation, one first expresses the second order
field equations (2.3.63) as first order functional equations by expressing the radial
derivative as a functional derivative

d

dr
=
∫
ddx ˙̂γµν

δ

δγ̂µν
∼
∫
ddx 2K̂µν

δ

δγ̂µν
(2.3.69)

where ∼ indicates that one needs to fix the gauge in order to make this a strict
equality (our choice of N = 1, Nµ = 0 will show this).

• These first order equations are still very difficult to solve, but we can work asymptot-
ically in order to solve them. To do this, we start by prescribing Dirichlet boundary
conditions for the metric as r → ∞

γ̂µν ∼ e2rγ̂(0)
µν . (2.3.70)

Which we choose to prescribe because a bulk metric corresponds to a particular
conformal class at the boundary, so a natural choice of boundary condition is to keep
this conformal class fixed (but arbitrary). Any other choice of Dirichlet boundary
condition would break the bulk diffeomorphisms associated with Weyl rescalings at
the conformal boundary. We also note that in the context of AdS/CFT, specifying
the conformal class corresponds to specifying the non-normalisable modes of the
dual QFT, and thus the boundary conditions have an additional interpretation in
this setting. For work discussing alternative boundary conditions, see [155]

Using these boundary conditions we find the asymptotic form of the radial derivative

∂r ∼
∫
ddx 2γ̂µν

δ

δγ̂µν
(2.3.71)

where the right hand side is precisely the total dilatation operator, δD of the theory.
The procedure of asymptotic expansion will now be to expand the momenta in terms
of eigenfunctions of the operator δD. This is in contrast to the previous section,
where the asymptotic expansion was in the small parameter ρ, the coordinate which
measures distance from the conformal boundary. This choice explicitly broke bulk
covariance, a feature not present in the Hamiltonian approach. We will explain below
how preserving bulk covariance allows one to streamline the procedure of holographic
renormalisation.

• As in the previous method, covariant counter terms are required in order to make
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(2.3.68) finite as r1 → ∞. In order to construct these counter terms, one needs
merely to identify the singular part of the momentum, a quantity which has already
been expanded in eigenfunctions of δD. As it turns out, the singular pieces will be
those with eigenvalue less than the scaling dimension of the dual operator in the
CFT. In the case of the metric, the dual operator is of course the holographic energy
momentum tensor, which has scaling dimension equal to d. This leads us to the
result:

⟨T̂µν⟩ = 1
κ2 (K̂(d)µν − K̂(d)γ̂µν) (2.3.72)

where the subscript (d) indicates the eigenvalue under dilatation. As we discussed
in (2.3.53) and (2.3.54), this expression is related to free data in the asymptotic
solution.

• This method removes the difficult computational step from the previous method of
computing the covariant counter terms for the on-shell action on the hypersurface
Σr. Instead, one solves the equations of motion in order to generate counter terms
for the momenta. These can then be used to write down the expressions for the
1-point functions. In principle, the need to compute K(n) as part of this procedure
could be highly non-trivial, but as we will see in the case of general relativity, this
can be done iteratively and is a simplification relative to the older method.

• Even though the covariant counter terms for the on-shell action are no longer nec-
essary to write down 1-point functions, one can now compute them much more
efficiently than before using this formalism. They will be computed recursively by
solving the equations of motion and the step of series inversion is removed. In what
follows, we will comment upon this in the case of general relativity.

• This procedure is totally equivalent to the methods of [60] as discussed in the previous
section. This was shown explicitly in [70], where the map between K̂µν [γ̂] and the
Fefferman-Graham coefficients g(n)

µν was derived.

We will conclude this section with an application of this method to the case of general
relativity in the presence of a negative cosmological constant. This will serve as an example
of the advantages of the newer method as we summarised above, as well as a prelude to
chapter 5, where we will adapt these methods to the case of a positive cosmological constant
in d = 3 (AldS4).

We will follow the example of [70] by setting l = 1 and thus Λ = d(d − 1)/2. As we
mentioned beneath equation (2.3.59), we will begin by fixing the gauge such that Nµ = 0
and N = 1, thus making the bulk metric

ds2 = dr2 + γij(r, x)dxidxj (2.3.73)
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where we drop the hats as indices i, j = 1, . . . , d are in directions along the hypersurface
and are all automatically transverse to the r-direction. The extrinsic curvature becomes

Kij = 1
2
γ̇ij (2.3.74)

which we note now produces a precise equality in equation (2.3.69). The field equations
are Gµν = gµνd(1 − d)/2 which in Gauss-Codacci form (2.3.63) now become

K2 −KijK
ij = R+ d(d− 1)

∇iK
i
j − ∇jK = 0

K̇i
j +KKi

j = Rij + dδij

(2.3.75)

where we note that R and ∇ are now quantities with respect to γij and K̇i
j = d

dr (γikKkj).
Using the gauge (2.3.73), we can express the r-derivative of the on-shell action (2.3.67) as

Ṡon-shell = L = 1
8πGN

∫
Σr

ddx
√
γ(R+ d(d− 1)) (2.3.76)

which means that we can obtain an expression for Son-shell if we are able to write the
integrand on the right hand side as a total r-derivative of a covariant expression. In order
to derive an expression for this expression, we introduce a covariant variable λ and write
the on-shell action as

Son-shell = 1
8πGN

∫
Σr

ddx
√
γ(K − λ) (2.3.77)

where the K term above can be seen to be the Gibbons-Hawking term in (2.3.26). Taking
the radial derivative of the expression above and comparing with (2.3.76) we are able to
establish that λ satisfies the first order differential equation

λ̇+Kλ = d (2.3.78)

where we used the trace of the third equation of (2.3.75), namely K̇ +K2 = R+ d2.

We will now define the asymptotic expansions that we will use to solve the field equations
(2.3.75), which (as previously mentioned) are expansions of K and λ in eigenfunctions of
the dilatation operator, δD

Ki
j [γ] = K

i
(0)j +K

i
(2)j + . . .+K

i
(d)j − 2rK̃ i

(d)j + . . .

λ[γ] = λ(0) + λ(2) + . . .+ λ(d) − 2rλ̃(d) + . . .
(2.3.79)
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where the terms in the expansion transform as follows

δDK
i

(n)j = −nK i
(n)j , n < d,

δDK̃
i

(d)j = −dK̃ i
(d)j ,

δDK
i

(d)j = −dK i
(d)j − 2K̃ i

(d)j

(2.3.80)

and λ terms transform identically with K replaced by λ everywhere. We note this result
follows from the identification between the radial derivative and the dilatation operator
(2.3.71) and K i

(d)j is not an eigenfunction of δD as it transforms inhomogeneously (due to
the presence of the Weyl anomaly).

With this asymptotic expansion of the fields set up, we return to the consideration of
the momenta, namely

πij = 1
16πGN

√
γ(Kγij −Kij) = δSon-shell

δγij
(2.3.81)

which when compared with (2.3.77) becomes

Kγij −Kij = 2
√
γ

δ

δγij

∫
Σr

ddx
√
γ(K − λ), (2.3.82)

into which we input the expansions in dilatation eigenfunctions (2.3.79). Comparing terms
of the same dilatation weight then leads us to the equations

K
i

(2n)j = λ(2n)δ
i
j − 2

√
γ

∫
ddx

√
γγkj

δ

δγik
(K(2n) − λ(2n)), 0 ≤ n ≤ d

2

K̃
i

(d)j = λ̃(d)δ
i
j − 2

√
γ

∫
ddx

√
γγkj

δ

δγik
(K̃(d) − λ̃(d))

(2.3.83)

which will serve as the main equations we use to recursively compute the extrinsic curva-
ture terms K i

(2n)j . In order to do this, we will need to first find a way to specify all of the
terms that appear on the right hand side of the equations. The first step in doing this is
to take the trace of the equations above and use the relations (2.3.80) to get

λ(2n) = 2n− 1
2n− d

K(2n), 0 ≤ n ≤ d

2
− 1, λ̃(d) = d− 1

2
K(d), K̃(d) = 0. (2.3.84)

These equations allow us to replace λ(i) terms in (2.3.83) with K(i) terms and also show
us that K i

(2n)j are only determined by this procedure up to n < d/2 (as λ(d) is not
determined). In order to finish the discussion of the recursion relation, all we need now is
an explicit expression for K(2n), which as it turns out is provided from the first equation
of (2.3.75). Once again, we input the expansion of the extrinsic curvature in dilatation
weights (2.3.79) and compare terms of the same dilatation weight. Using K i

(0)j = δij the
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next lowest order gives us
K(2) = R

2(d− 1)
(2.3.85)

which we can then use recursively to compute higher order terms by substitution in the
first equation of (2.3.75), obtaining

K(2n) = 1
2(d− 1)

n−1∑
m=1

[K(2m)ijK
ij

(2n−2m) −K(2m)K(2n−2m)], 2 ≤ n ≤ d

2
. (2.3.86)

The computations discussed above give us a procedure to compute the counter terms
necessary in order to obtain the renormalised 1-point function (2.3.72). The counter terms
that one needs to compute are precisely K

i
(2n)j for 2n < d as well as K̃ i

(d)j . We can see
this explicitly as the renormalised 1-point function is given by

⟨Tij⟩ = lim
r→∞

[
πij − 1

κ2

(
d−1∑
m=0

(K(2m)ij −K(2m)γij) − 2rK̃(d)ij

)]
(2.3.87)

and thus we observe that the equation (2.3.83) when utilised in tandem with equations
(2.3.84), (2.3.85) and (2.3.86) allow us to generate all of the required counter terms, thus
streamlining the procedure of holographic renormalisation!

We finish this section by expanding on the comment that this method is also more
efficient at computing the counter terms at the level of the on-shell action, even though
the renormalised action is no longer necessary in order to compute 1-point functions. By
using (2.3.77) we observe that the counter terms are given by

Sct = − 1
8πGN

∫
Σr

ddx
√
γ


d
2 −1∑
m=0

(K(2m) − λ(2m)) − 2r(K̃(2m) − λ̃(d))

 (2.3.88)

which upon application of (2.3.84) and using the coordinate transformation r = −1
2 log ρ

can be rewritten as

Sct = d− 1
8πGN

∫
ρ=ϵ

ddx
√
γ


d
2 −1∑
m=0

1
2m− d

K(2m) + 1
2
K(d) log ϵ

 . (2.3.89)

2.4 The covariant phase space formalism

In this section we will review the covariant phase space formalism, a formalism which
allows one to define charges in diffeomorphism invariant theories, and in particular in
asymptotically flat space times (we will later examine how one can adapt this formalism
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to AldS spacetimes). The seeds for this approach were developed in the pioneering work
[156, 157, 158] but the formalism that we will discuss is principally due to Wald and
collaborators, and was introduced and developed in [63, 64, 65, 66, 67]. These papers
provide a detailed discussion of the mathematical structure of this topic of which we
will summarise the useful information for the calculations to follow. We also note the
existence of a formalism developed by Barnich and Brandt [159, 160] which suffices to
provide a definition of conserved quantities for any gauge theory. For our purposes, the
two prescriptions will be equivalent and we will stick to the language of Wald et al.

2.4.1 Preliminaries and definitions

We begin by considering theories which admit a diffeomorphism invariant Lagrangian
description on a D = (d + 1)-dimensional manifold M. The dynamical fields for such
theories will consist of a Lorentzian spacetime metric gab of signature (− + . . .+) as well
as any other matter fields ϕ which one may want to add to the theory (this may include
scalars, gauge fields etc). We will refer to the collective of both the metric and the extra
matter fields as ψ = (gab, ϕ). More generally, we will follow [63, 64, 65, 66, 67] in referring
to the space of allowed configurations of the fields as F , and the “on-shell” subspace as F̄ .
This subspace is often named the covariant phase space, and thus will be our main object
of consideration in this section.

To give the explicit form of the diffeomorphism covariant Lagrangian, we utilise the
language of differential forms which we will mark with boldface lettering and often drop
the indices. The Lagrangian form is a D-form defined on M which satisifies the following
diffeomorphism invariance property: If we consider a diffeomorphism f : M → M then
we have

L(f∗(ψ)) = f∗(L(ψ)) (2.4.1)

where f∗ denotes the extension of f to arbitrary rank tensor fields [77]. Due to this
diffeomorphism invariance property, the Lagrangian is forced to take the following form
[65]

L = L(gab,∇a1Rbcde, . . . ,∇(a1 . . .∇ak)Rbcde, ϕ,∇a1ϕ, . . . ,∇(a1 . . .∇ak)ϕ) (2.4.2)

where Rbcde is the Riemann curvature tensor of the spacetime metric gab.

We now consider variations of L with respect to the dynamical fields ψ. The first
variation of the Lagrangian always takes the form

δL = Eδψ + dΘ (2.4.3)
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where
Eδψ = Eabδgab + Eϕδϕ (2.4.4)

and in the second term on the right hand side a sum over all of the matter fields is
understood. E is referred to as the equation of motion D-form and the equations of
motion are given by E = 0. Θ is the symplectic potential (D − 1)-form and is chosen to
be covariant in the fields ψ and their first variations δψ

Θ = Θ(ψ, δψ). (2.4.5)

At this point we provide a brief comment upon the structure of the equations that
we have just introduced. Equation (2.4.3) takes the familiar form of the variation of a
Lagrangian in that it consists of an equation of motion term (Eδψ) and a total derivative
(dΘ) and is thus the sort of expression that one would naturally expect to find. One may
also notice that Θ suffers an ambiguity as it is only defined up to addition of an exact
differential form. If Θ is a suitable symplectic potential form then so is Θ + dT where T
is any (D − 2)-form chosen such that dT is covariant in the fields and their variations

Eδψ + d(Θ + dT(ψ, δψ)) = Eδψ + dΘ + d2T(ψ, δψ) = Eδψ + dΘ = δL. (2.4.6)

This ambiguity is usually overcome by picking a Θ which is particularly convenient for
the problem at hand and will not enter into the calculations that we perform later.

Using the symplectic potential form we can define the symplectic current ω which is
given as the antisymmetrised variation of Θ

ω(ψ, δ1ψ, δ2ψ) = δ1Θ(ψ, δ2ψ) − δ2Θ(ψ, δ1ψ) (2.4.7)

and ω is clearly a (D− 1)-form. A particularly useful property of this form which we will
use later is that ω is closed when ψ satisfies the equations of motion and δ1ψ and δ2ψ the
linearised equations of motion. i.e.

E = δ1E = δ2E = 0 =⇒ dω(ψ, δ1ψ, δ2ψ) = 0. (2.4.8)

We will repeat the proof here which was originally given in [63, 67] (a nice recap is also
given in [71]).

δ1δ2L = δ1(Eδ2ψ + dΘ(ψ, δ2ψ))

= δ1Eδ2ψ + Eδ1δ2ψ + δ1dΘ(ψ, δ2ψ)

= dδ1Θ(ψ, δ2ψ)

(2.4.9)

where in going from the second to the third line we have used E = δ1E = 0 as well as the
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commutativity of the variation and the exterior derivative. By an almost identical line of
argument we can write

δ2δ1L = dδ2Θ(ψ, δ1ψ) (2.4.10)

and now using the fact that the variation operators commute ([δ1, δ2] = 0) we are able to
write

0 = dδ1Θ(ψ, δ2ψ) − dδ2Θ(ψ, δ1ψ)

= dω(ψ, δ1ψ, δ2ψ)
(2.4.11)

which completes the proof.

Another object associated with the symplectic current is the pre-symplectic form ΩC

which is defined as
ΩC(ψ, δ1ψ, δ2ψ) =

∫
C
ω(ψ, δ1ψ, δ2ψ) (2.4.12)

where C is typically taken to be a Cauchy surface in the spacetime. In the context of
ALdS spacetimes we will revisit this property and argue that it is natural to define the
integral over a timelike hypersurface instead of a Cauchy surface, more on this later. The
name “form” given to ΩC can at first seem confusing as it has no spacetime indices but
is still considered a form due to its antisymmetry in the field variations δ1ψ, δ2ψ and can
thus be thought of as a form over the phase space of all possible field configurations.

Finally, we introduce the differential forms corresponding to the Noether currents and
charges. To do this we first consider a diffeomorphism of the spacetime M generated a by
smooth vector field ξ which is taken to be a fixed vector field. To such a diffeomorphism,
we can associate a Noether current (D − 1)-form J defined by

J[ξ] = Θ(ψ,Lξψ) − iξL (2.4.13)

where Lξ is the Lie derivative in the direction of ξ and iξL denotes a contraction of ξa

with the first index of L. When we are on shell (E = 0) we can relate the variation of the
Noether current form, δJ, to the symplectic current form

δJ[ξ] = δΘ(ψ,Lξψ) − δ(iξL)

= δΘ(ψ,Lξψ) − iξδL

= δΘ(ψ,Lξψ) − iξ(dΘ(ψ, δψ))

= δΘ(ψ,Lξψ) − LξΘ(ψ, δψ) + d(iξΘ(ψ, δψ))

= ω(ψ, δψ,Lξψ) + d(iξΘ(ψ, δψ)).

(2.4.14)

In going from the first to the second line we have used the property of ξ being fixed and
from the second to the third line we have used (2.4.3) together with E = 0. In third to
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the fourth lines we have applied the useful identity Lξ = iξd + diξ for the Lie derivative
acting on differential forms and finally we have applied (2.4.7) in order to reinstate ω.
Following similar steps to this derivation, we are also able to show conservation of the
Noether current form when on shell (E = 0)

dJ[ξ] = dΘ(ψ,Lξψ) − d(iξL)

= LξL − (LξL − iξdL)

= 0.

(2.4.15)

On the third line we have used the fact that dL = 0, which is of course true of the exterior
derivative acting on any D-form. Since J is closed on shell, it is locally exact and thus (on
shell) we can write

J[ξ] = dQ[ξ] (2.4.16)

where Q[ξ] is defined as the Noether charge (D − 2)-form. Notice that in a similar vein
to the symplectic potential form, this equation only defines Q up to the addition of an
exact form, but again we will not be concerned with the specifics of this ambiguity for the
purpose of this thesis. More generally, it has been shown in [66] that off-shell we can write

J[ξ] = dQ[ξ] + Caξ
a (2.4.17)

where Ca is a (D − 1)-form which vanishes on shell (physically this form vanishing is
fulfillment of the constraint equations of the theory [63]). If we consider field configurations
which solve both the equations of motion and the linearised equations of motion we can
use (2.4.17) to simplify (2.4.14)

ω(ψ, δψ,Lξψ) = δ(dQ[ξ] + Caξ
a) − d(iξΘ(ψ, δψ))

= dδQ[ξ] − d(iξΘ(ψ, δψ))

= d(δQ[ξ] − iξΘ(ψ, δψ))

(2.4.18)

where we used the linearised equations of motion (δCa = 0) in going to the second line.
Notice that ω is exact for these field configurations, thus providing us with an alternative
way of proving (2.4.11).

With all of this technology established, we are finally at the stage where we can introduce
the concept of Wald Hamiltonians. We will first give the basic definition of the Hamiltonian
and then give two necessary and sufficient conditions for existence of such a Hamiltonian.

To define the Hamiltonian we restrict our configuration space to dynamical fields ψ
which satisfy the equations of motion (E = 0) but whose variations δψ do not necessarily
satisfy the linearised equations of motion. Again, we consider a diffeomorphism of the
spacetime M generated by a fixed vector field ξ and we define the Hamiltonian conjugate
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to the vector field ξ, Hξ, as the function which satisfies the following equation

δHξ = ΩC(ψ, δψ,Lξψ) =
∫
C
ω(ψ, δψ,Lξψ) (2.4.19)

when we take C to be a Cauchy surface (or a “slice” as in [67]) we can view Hξ as giving us
a natural definition of a conserved quantity associated with the diffeomorphism generated
by ξ at the “instant of time” C. We will follow [67] in assuming that the integral on the
right hand side of (2.4.19) converges for all ψ which solve the equations of motion and δψ
which solve the linearised equations of motion. We will now restrict our consideration to
this case.

In order to derive the existence conditions for the Hamiltonian we start by using (2.4.18)
to write the variation of the Hamiltonian as

δHξ =
∫
C
d(δQ[ξ] − iξΘ(ψ, δψ)) =

∫
∂C

[δQ[ξ] − iξΘ(ψ, δψ)] (2.4.20)

where we have applied Stokes’ theorem and the interpretation of the integral over ∂C
is that one takes the integral over the co-dimension 2 manifold given by a cut of C in
the limit to asymptotic infinity [67]. We will remain agnostic about the character (i.e.
timelike, null or spacelike) of both the hypersurface C and the conformal boundary of the
spacetime (which we will generically denote as I ) and we will write ∂C = C ∩ I .

The Hamiltonian, Hξ, exists if (2.4.20) can be integrated to give Hξ, i.e. if we can write
the right hand side as a total variation. The first term on the right hand side of (2.4.20)
is already a variation so it is only the second term which we need to worry about. By
inspecting this term, we can quickly write a necessary and sufficient condition for existence
of Hξ, namely that there exists a (D − 1)-form B such that∫

C∩I
iξΘ(ψ, δψ) = δ

∫
C∩I

iξB(ψ, δψ) (2.4.21)

and thus
Hξ =

∫
C∩I

[Q[ξ] − iξB(ψ, δψ)]. (2.4.22)

An alternative condition for existence of Hξ can be derived by considering [δ1, δ2]Hξ,
which of course must vanish by the commutativity of the variational derivatives.

[δ1, δ2]Hξ = δ1

∫
C∩I

[δ2Q[ξ] − iξΘ(ψ, δ2ψ)] − δ2

∫
C∩I

[δ1Q[ξ] − iξΘ(ψ, δ1ψ)]

=
∫
C∩I

iξδ2Θ(ψ, δ1ψ) −
∫
C∩I

iξδ1Θ(ψ, δ2ψ)

=
∫
C∩I

iξω(ψ, δ2ψ, δ1ψ)

(2.4.23)
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and thus the integrability condition becomes∫
C∩I

iξω(ψ, δ2ψ, δ1ψ) = 0. (2.4.24)

It seems clear that this condition is necessary for existence but it is also sufficient (proved in
[67]). We will now use this Hamiltonian description, along with these existence conditions
to compute the Wald Hamiltonians for ALdS spacetimes.

2.4.2 Non existence of a Hamiltonian

In this section, we will briefly discuss the case when the integrability condition (2.4.24)
fails, and how one can modify the definition of a ‘conserved quantity’ in this instance.
This section will be a summary of the work [67], which originally answered these questions
using the covariant phase space approach. We will also discuss an important physical case
when this occurs, namely that of a BMS asymptotic symmetry I + in asymptotically flat
spacetime (as we introduced in section 2.2.4). This will allow us to derive a formula for
the Bondi mass loss (2.2.17) from the covariant phase space approach.

With the example of BMS in mind, in this subsection we will always take the vector
field ξ to be complete on M ∪ I (meaning ξ is tangent to I on I ) and an asymptotic
symmetry. From the point of view of the covariant phase space, having ξ as an asymptotic
symmetry means that the 1-parameter group of diffeomorphisms associated with ξ maps
F̄ into itself, i.e. it will preserve any asymptotic conditions in the specification of F̄ . An
example would be the space of asymptotically flat spacetimes in the Bondi gauge (2.2.6),
which are defined by the fall off conditions (2.2.18). In this case the asymptotic symmetries
(the BMS group) are precisely the transformations which preserve both the gauge and the
asymptotic falloffs, hence mapping F̄ into itself.

As discussed above, we will now consider the case when∫
C∩I

iξω(ψ, δ2ψ, δ1ψ) ̸= 0 (2.4.25)

and thus Hξ will not exist. In order to construct a new notion of a ‘Hamiltonian’, we follow
[67] and consider the pullback of ω to I , which we will denote ω̄. On I , we assume that
there exists a symplectic potential Θ̄ on I which generates ω̄ via

ω̄(ψ, δ1ψ, δ2ψ) = δ1Θ̄(ψ, δ2ψ) − δ2Θ̄(ψ, δ1ψ) (2.4.26)

where we continue to take the all fields (ψ) and their variations (δ1ψ, δ2ψ) on-shell. Θ̄ is
required to be locally constructed from the fields ψ and their derivatives, as well as the
“universal background structure” of M ∪ I , which can be considered as non-dynamical
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quantities which enter into the definition of the configuration space (e.g. the conformal
factor in (2.1.1)). Following [67], we will now define the modified Hamiltonian, Hξ, via

δHξ =
∫
C∩I

[δQ − iξΘ] +
∫
C∩I

iξΘ̄ (2.4.27)

which we observe to be almost the same as (2.4.20), except now an additional term involv-
ing Θ̄ makes an appearance on the right hand side. We can now repeat the calculation of
the consistency check (2.4.23) and we find

[δ1, δ2]Hξ = −
∫
C∩I

iξω(ψ, δ1ψ, δ2ψ) +
∫
C∩I

iξω̄(ψ, δ1ψ, δ2ψ) = 0 (2.4.28)

where we used the property that ξ is tangent to I on I . This shows that now the
consistency check is satisfied and we have identified a candidate for a “conserved quantity”
when the original prescription fails. However, we are not finished yet, due to an obvious
ambiguity in the presymplectic potential on I

Θ̄ → Θ̄ + δW (2.4.29)

which clearly generates the same ω̄ via (2.4.26). In order to remove this ambiguity, we
will need to consider additional restrictions upon Θ̄.

As a prelude to these restrictions, we begin by considering the difference between vari-
ations of Hξ at different cuts of I (arising from distinct bulk hypersyrfaces C1, C2 where
C2 lies in the causal future of C1)

δHξ|∂C2 − δHξ|∂C1 = −
∫

I12
(ω̄(ψ, δψ,Lξψ) + d[iξΘ̄(ψ, δψ)]) (2.4.30)

where I12 denotes the portion of I with boundary ∂C1 ⊔∂C2. In order to arrive the right
hand side above, we have used (2.4.18) as well as Stokes’ theorem in order to write the
integrals over cuts as a boundary integral. The first observation that we make regarding the
equation above is that it shows that for a general asymptotic symmetry ξ, our “conserved
quantity” Hξ will not actually be conserved as the right hand side of (2.4.30) does not
vanish. Physically speaking, this means that there is a non-zero flux of charge through
I12, to which we can associate a flux (n− 1)-form Fξ, defined via

δFξ = ω̄(ψ, δψ,Lξψ) + d[iξΘ̄(ψ, δψ)] (2.4.31)

upon which we can use the definition of the Lie derivative on differential forms together
with equation (2.4.26) to write

δFξ = δΘ̄(ψ,Lξψ). (2.4.32)
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Finally we are at the stage where we can give the extra restriction upon Θ̄, based upon
physical considerations of the flux. Following [67], we require that the flux vanishes upon
solutions where no radiation is present, i.e. stationary solutions. We also assume that
there exists a “reference solution” ψ0, where Hξ vanishes, which is itself stationary. These
assumptions translate to the result that Θ̄(ψ, δψ) vanishes whenever ψ is stationary. We
can use this, together with Fξ|ψ0 = 0 to integrate (2.4.32) and obtain

Fξ = Θ̄(ψ,Lξψ) (2.4.33)

from which we note that we also have Fξ = 0 whenever Lξψ = 0 i.e. when ξ is an exact
symmetry. For a further discussion on the requirements for the existence of a suitable ψ0,
we refer the reader to the original work [67]. We also note that this stationary assumption
upon Θ̄(ψ, δψ) does not a priori uniquely select W (ψ), but enforces the restriction that
δW vanishes when ψ is stationary. In the case of null infinity, these requirements do
uniquely select Θ̄ [67].

To recap, (2.4.27) together with a zero-charge reference solution ψ0 allow us to define a
notion of a “charge with flux” for asymptotic symmetries ξ. Equation (2.4.33) is the flux
formula which then allows us to describe how flux leaks through a portion of the conformal
boundary I12. The most studied occurrence of such a phenomenon is that of null infinity
in asymptotically flat spacetime [156, 161, 67, 87, 11] (as we will briefly recap) although
there is a recent development [51] to try and study flux at the conformal boundary of Λ ̸= 0
spacetimes. Such issues are intrinsically related to the boundary conditions imposed at
the conformal boundary of the spacetime, as well as the presence (or lack of) a conformal
anomaly. We will return to these issues in chapter 5, where we consider fluxes at the
conformal boundary of AldS4 spacetimes.

2.4.3 Fluxes at I +- Bondi mass loss

We will now give a summary of this procedure when applied to the theory of four dimen-
sional general relativity (L = Rϵ/16πGN ), in particular at null infinity in asymptotically
flat spacetime. The first set of results we will briefly discuss are those of Wald & Zoupas
[67] who used the conformal approach to asymptotic flatness at I + as we discussed in sec-
tion 2.1.1. We will then give the adaptation of these results when the spacetime is defined
to be asymptotically flat using the Bondi gauge, as we also discussed in section 2.2.3, a
procedure that was first developed by Barnich & Troessaert [11]. We will use these results
to show how one can arrive at the Bondi mass loss formula from the covariant phase space
formalism.

Using the procedure of the previous section, [67] give the following prescription for
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charges Hξ where ξ is a BMS symmetry in the sense of (2.2.40)

δHξ =
∫
C∩I +

[δQ − iξΘ] − 1
32πGN

∫
C∩I +

(NABτ
AB)iξ ϵ̄ (2.4.34)

together with Hξ = 0 for all ξ and all cuts of I + in Minkowski spacetime (in the language
of the previous section, this is ψ0 = {ηµν}). In the formula above we have

Qµν [ξ] = − 1
16πGN

ϵµνρσ∇ρξσ (2.4.35)

and
Θµνρ = 1

16πGN
ϵµνρσv

σ (2.4.36)

where
vµ = gµνgρσ[∇ρδgνσ − ∇νδgρσ] (2.4.37)

all of which can be verified starting from the definitions given in section 2.4.1. NAB is the
Bondi news tensor defined in (2.2.15) and τAB is given by

τAB = ΩδgAB (2.4.38)

where Ω is the conformal factor used in the definition of asymptotic flatness (2.1.1). Fi-
nally, we note that ϵ̄ is the volume element at I +. Equation (2.4.34) also allows us to
read off

Θ̄ = − 1
32πGN

NABτ
AB ϵ̄ (2.4.39)

and defining χAB = ΩLξgAB, we arrive at the flux formula

Fξ = Θ̄(gµν ,Lξgµν) = − 1
32πGN

NABχ
AB ϵ̄. (2.4.40)

The analysis of [67] also includes a proof that that ambiguity of (2.4.29) does not play
a role (the requirement that there is no flux for stationary spacetimes enforces W = 0)
and that Minkowski spacetime is the unique zero charge solution. These formulae are
very elegant and give us a prescription to compute all supertranslation charges and their
associated fluxes, although it is not immediately apparent how these formulae can be
applied to the coordinate dependent definition of asymptotic flatness using the Bondi
gauge as introduced section 2.2.3. This matching of the two definitions was performed in
[11], where the authors found

Hξ = 1
16πGN

∫
C∩I +

d2Ω
[
4fmB + Y A

(
2NA + 1

16
∂A(CBCCBC)

)]
(2.4.41)

where d2Ω is the area element on the unit round S2 and we use the notation of section
2.2.4 in that f describes supertranslations, and Y A superrotations. NA is the angular
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momentum aspect and CAB the Bondi shear tensor. [11] also gives the Bondi-gauge flux
formula

Fξ = 1
32πGN

NABLξCAB ϵ̄ (2.4.42)

which now gives us a direct connection between the flux at I + and the Bondi news (NAB)
and shear (CAB) tensors.

The most famous application of this formula is a computation of the flux formula for the
Bondi mass, MB, which by comparison with (2.2.14) is clearly the modified Hamiltonian
corresponding to f = 1, Y A = 0 (ξ = ∂u). Application of the flux formula (2.4.42) now
yields

F∂u = 1
32πGN

NABN
AB ϵ̄ (2.4.43)

where we computed LξCAB using the action of a BMS symmetry on the metric. We also
note that the coefficient of the flux form is strictly positive when evaluated upon a cut of
I + and gives the Bondi mass loss formula

∂uMB = −
∫
C∩I +

F̄∂u = − 1
32πGN

∫
C∩I +

d2ΩNABNAB ≤ 0 (2.4.44)

where F̄ is the pullback of F to C ∩ I +.

This computation shows that one is able to recover the Bondi mass and mass loss from
the covariant phase space formalism. In fact, the procedure given in [67] is sufficient to
compute charges and fluxes for all supertranslations in the (unextended) BMS group. The
work of Barnich & Troessaert [9, 87, 10, 11] goes beyond that of [67] in that it allows one
to compute charges for the extended BMS group (2.2.41), i.e. to allow for meromorphic
superrotations. We can see this from (2.4.41), where there is no obstruction to choosing
a singular conformal Killing vector Y A. We also comment that there is ongoing work to
understand how one can compute charges for the proposed extension of the BMS group
where Y A is now allowed to represent any diffeomorphism of S2 [96, 125, 99]4. In this
case, it seems from [98] that the symplectic structure for such an asymptotic symmetry
group cannot be constructed from a local and covariant symplectic current at I +. Due
to this, the attempts to define charges would necessarily include the feature of including
terms non-local in the Bondi metric quantities.

4This is often to referred to as the generalised BMS group.



CHAPTER 3

(A)dS4 in Bondi gauge

3.1 Introduction and summary of results

The Bondi metric was introduced in the seminal works of Bondi, Sachs and others on
gravitational radiation [1, 2]. While all gauges are equivalent a convenient choice of a
coordinate system may bring in simplifications and make the physical properties of space-
times most transparent. In the case of gravitational radiation the objective was to examine
the behaviour of the gravitational field far from the isolated object generating the radi-
ation, and to obtain and use asymptotic solutions of Einstein equations to characterise
radiating spacetime.

In asymptotically flat gravity, gravitational waves travel to future null infinity and the
task becomes that of obtaining asymptotic solutions near future null infinity. It was
shown in [1, 2] that in Bondi gauge the Einstein equations take a nested form and they
can be readily integrated near null infinity. If one specifies initial data on an outgoing null
hypersurface then the Einstein equations tell us how to propagate this data forward in
time to a nearby outgoing null hypersurface. The asymptotic solution involves a number
of data that are not determined by the asymptotic analysis alone: such data will be fixed
in any given exact solution of the field equations. This undetermined data consists of a
scalar function (the Bondi mass aspect); a vector (the angular momentum aspect) and a
tensor (the Bondi news). The mass and angular momentum aspects integrated over a cut

53
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at null infinity define the total mass and total angular momentum1 of the system at that
time and the news tensor controls how these quantities change in time. In particular, one
can show that if the news tensor vanishes (and the matter stress energy tensor goes to
zero fast enough at future null infinity) the total mass is constant, while if the news tensor
is non-vanishing the total Bondi mass monotonically decreases in time capturing the fact
that the system loses mass by emitting gravitational waves.

In the presence of a cosmological constant the nature of infinity changes: with nega-
tive cosmological constant conformal infinity is timelike while with positive cosmological
constant infinity is spacelike. As there is no null infinity in either case one may question
whether analyzing Einstein equations with non-zero cosmological constant in Bondi gauge
would be useful. There are however several reasons to do this. In the case of a negative
cosmological constant, as we review below, asymptotic solutions in Fefferman-Graham
gauge [59] have a clear holographic meaning [60] and one would like to understand the
holographic meaning of the data in Bondi gauge. This may then be used to get insight
into a possible holographic structure of asymptotically flat gravity. In addition, Bondi-
like gauges where Einstein equations take a nested form have been in the used already
in the holography literature (see [162] and references therein) and it would be desirable
to understand how to extract the holographic data directly in this gauge. Furthermore,
an analogue of Bondi mass with many interesting properties has already been defined for
a class of asymptotically locally AdS spacetimes [69] and one would like to understand
whether such a quantity exists more generally in asymptotically locally AdS spacetimes.

In the case of positive cosmological constant such results are needed even more urgently:
current observations indicate that we live in a Universe with a positive cosmological con-
stant and we have also observed gravitational waves. Yet a satisfactory discussion of
gravitational waves in de Sitter spacetime is still missing. Recent works addressing these
issues include [41, 163, 42, 43, 44, 164, 48, 46, 47, 49, 165].

With negative cosmological constant, the appropriate boundary conditions are to fix a
conformal class of metrics on the conformal boundary, and a natural coordinate system
to use is Gaussian normal coordinates centred at the conformal boundary, the Fefferman-
Graham gauge [59]. One may then obtain the general asymptotic solution to Einstein
equations by treating the radial coordinate as a small parameter. The Einstein equations
become algebraic in this gauge (i.e. they are solved by algebraic manipulation rather than
by integrating differential equations) and the pieces of data needed that are left unde-
termined by the asymptotic analysis are the conformal class and a covariantly conserved
symmetric traceless tensor (in even dimensions, in odd dimensions the tensor has a trace).
In holography, the boundary metric is the background for the dual CFT and the tensor

1This definition of angular momentum suffers from supertranslation ambiguities. This issue will not
play a role here.
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is (the quantum expectation value) of the energy momentum tensor [58, 60]. The same
tensor can be used to obtain the bulk conserved changes when the spacetime possesses
asymptotic Killing vectors [71].

With positive cosmological constant, one may similarly use Gaussian normal coordinates
centred at future infinity and work out the asymptotic expansion [166] and the data are
again a conformal class of metrics and a covariantly conserved symmetric traceless tensor.
Actually, the asymptotic solutions for positive and negative cosmological are related by
simple analytic continuation [62].

With non-zero cosmological constant, one may foliate infinity with null hypersurfaces,
now ending either at timelike infinity (negative Λ) or spacelike infinity (positive Λ). The
structure of the Einstein equations in Bondi gauge and in the presence of a cosmological
constant is very similar to that with no cosmological constant. To explain the similarities
and differences relative to the case of no cosmological constant we first briefly review the
latter.

In this thesis for simplicity we restrict ourselves to d = 4 and axial and reflection
symmetry. It would be straightforward but tedious to relax these conditions. The metric
in Bondi gauge (for any cosmological constant) then takes the form

ds2 = − (Wr2e2β − U2r2e2γ)du2 − 2e2βdudr−

2Ur2e2γdudθ + r2(e2γdθ2 + e−2γ sin2 θdϕ2).
(3.1.1)

Here u is retarded Bondi time, r is a radial coordinate and θ, ϕ parametrise the transverse
space (which is topologically an S2) and W,U, β, γ are functions to be determined by
solving Einstein equations.

We find it useful also to define the coordinate z = 1/r, which brings infinity to z = 0.
Inserting (3.1.1) in the Einstein equations leads to four main equations and three supple-
mentary conditions. One can then show that the coefficients appearing in these equations
are regular as z → 0. This means that they admit asymptotic solutions with W,U, β, γ

being regular around z = 0 and one can obtain the asymptotic solutions by successively
differentiating the equations w.r.t. z, setting z = 0 and solving the resulting equations (as
was done for AdS gravity in Fefferman-Graham gauge in [60]). In all cases we solve the
resulting equations in the most general way, so we obtain the most general asymptotic so-
lutions of Einstein equations with the only assumption being that the functions W,U, β, γ
are four times differentiable.

With no cosmological constant, one provides as initial condition the value of γ at a null
hypersurface u = u0 = const. Imposing the “out-going gauge condition” γ,zz = 0 2 (as

2Indices after comma indicate differentiation, i.e. γ,z = ∂γ/∂z etc.
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in [1]) one finds that all functions admit regular Taylor expansions around z = 0, and
one can iteratively solve for all coefficients, except that the coefficient W,zzz, U,zzz, γ,z are
left undetermined by the asymptotic analysis (apart from two equations that link their
u and θ derivatives). These three functions are essentially the Bondi mass aspect, the
angular momentum aspect and the Bondi news mentioned earlier and the relation of their
derivatives is linked to the monotonicity of the total Bondi mass. This data is then enough
to determine γ,u which allows us to obtain γ at u = u0 +δu and thus continue the iterative
construction of the solution. Note that if one is to relax the “out-going gauge condition”
then the solution will also contain logarithmic terms in z [34].

In the presence of a cosmological constant (with any sign), three of the four main
equations can be solved in exactly the same way as in the Λ = 0 case but the fourth
equation couples the coefficients in such a way that the integration scheme we used for
Λ = 0 does not work any more. We have found however two alternative integration
schemes. First, we note that the “out-going gauge condition” γ,zz = 0 is now implied by the
field equations, so there is no possibility for logarithms in the case of the vacuum Einstein
equations with cosmological constant (in four dimensions). In the presence of matter such
terms can arise and they always have a meaning in the AdS/CFT correspondence: they
are related to conformal anomalies of the dual CFT. The cases of Λ > 0 is related to Λ < 0
by analytic continuation. We will phrase our discussion using the AdS language, but the
same integrations schemes also apply to the dS case (but one should note that ∂u now
becomes spacelike at future infinity).

The first integration scheme, which we call the “boundary scheme”, requires as initial
data the values of U, β, γ and γ,zzz, U,zzz,W,zzz at z = 0 (i.e. at the conformal boundary).
One can understand the meaning of this data by transforming to the Fefferman-Graham
gauge. Recall that in Fefferman-Graham gauge (l is the AdS radius)

ds2 = l2
[
dρ2

ρ2 + 1
ρ2 (g(0)ab + ρ2g(2)ab + ρ3g(3)ab + . . .)dxadxb

]
, (3.1.2)

where now the free data is g(0) and g(3) (with g(3) traceless and divergenceless), with g(0)

being a representative of the conformal class and the background metric of the dual CFT
and g(3) is related to the energy momentum tensor of the dual CFT. Now U, β, γ at z = 0
determine g(0), while γ,zzz, U,zzz,W,zzz at z = 0 determine g(3). So the analysis in Bondi
gauge reproduces the salient features of the asymptotic solutions in Fefferman-Graham
gauge.

As mentioned earlier, one can obtain the bulk conserved charges from g(3) and thus as
in the asymptotically flat case U,zzz,W,zzz are related to conserved charges, and so is γ,zzz
which was not related to a conserved charge in the asymptotically flat case. In contrast
to the asymptotically flat case γ,z is now fully determined in terms U, β, γ at z = 0 ,
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i.e. the analogue of the news is now fixed. If we further restrict to Asymptotically AdS
solutions, γ,z actually vanishes and the Bondi mass is constant. Similar observations were
made in [41, 164, 46, 47, 49] (mostly for the dS case). One can understand this result
as follows. Since AdS and dS do not have a null infinity, any gravitational radiation will
have to be absorbed at the conformal boundary and this would make the boundary metric
time dependent. If we fix the boundary metric to be time independent as in the case
of Asymptotically AdS solutions then there is no possibility for gravitational radiation.
A class of radiating spacetimes in AdS, the Robinson-Trautman spacetimes are indeed
asymptotically locally AdS and have a time dependent boundary metric [167, 69].

The second integration scheme is a hybrid version of the flat scheme and the previous
one: one fixes now γ,W,zzz, U,zzz at a null hypersurface u = u0 = const and U, β, γ at
z = 0, for all times u ≥ u0. With this data one can recursively construct the solution to
the future of the initial hypersurface.

The rest of this chapter is organised as follows. In section 3.2 we provide the detailed
derivation of the asymptotic solutions and in section 3.3 we compare and contrast the dif-
ferent integration schemes used in section 3.2. In section 3.4 we derive the transformation
from Bondi gauge to Fefferman-Graham gauge and discuss the holographic interpretation
of the functions appearing in the asymptotic solution in Bondi gauge. In this section
we also illustrate the discussion using AdS4, Schwarzschild AdS4 and AdS4 black branes
as examples and discuss the properties of Bondi mass for asymptotically AdS4 solutions.
We conclude in section 3.5. The chapter contains a number of appendices: in appendix
A.1 we present the solution of the supplementary conditions for asymptotically locally
(A)dS solutions, in appendix A.2 we provide technical details about the coordinate trans-
formation from Bondi gauge to Fefferman-Graham gauge, in appendix A.3 we discuss
the presence of logarithmic terms in the asymptotic solutions when appropriate matter
is present and in appendix A.4 we show the equivalence of the Bondi and Abbott-Deser
masses in asymptotically AdS spacetimes.

3.2 The Einstein field equations

In this section we will compute the vacuum Einstein equations in the presence of a cos-
mological constant for an axisymmetric, ϕ-reflection symmetric Bondi gauge metric. The
techniques employed in doing this are very similar to those of [1] and many of the properties
of the original method carry over.
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3.2.1 General considerations

We first apply some simplifications to the general Bondi gauge metric. Working in coordi-
nates (u, r, θ, ϕ), we enforce both axi-symmetry (∂/∂ϕ a Killing vector field) and reflection
symmetry in ϕ (so the metric is invariant under dϕ → −dϕ). In Bondi function notation,
this means we set hθϕ = hϕθ = Uϕ = 0, reducing the number of unknown functions to
four. These choices are made entirely for computational simplification in the calculations
that follow.

Following [1], we now write the remaining functions in the form

X = Wr2e2β, hθθ = r2e2γ , hϕϕ = r2 sin2 θe−2γ , U θ = −2U (3.2.1)

giving us the line element

ds2 = − (Wr2e2β − U2r2e2γ)du2 − 2e2βdudr−

2Ur2e2γdudθ + r2(e2γdθ2 + e−2γ sin2 θdϕ2).
(3.2.2)

This choice of metric has a restriction in the determinant along the sphere ( det(hAB/r2) =
sin2 θ); r is a luminosity distance. The Einstein equations are expressed in terms of the
four metric functions (γ(u, r, θ), β(u, r, θ), U(u, r, θ), W (u, r, θ)).

In this chapter we will analyse the Einstein vacuum equations,

Rµν = Λgµν . (3.2.3)

The generalization to include matter would be straightforward. It is quite common in the
relativity literature to solve Einstein’s equations with “asymptotically vacuum” matter
such that limr→∞ Tµν = 0; an example can be found in [12], involving an asymptotic
power series expansion in negative powers of the radial coordinate. However, as is well
known in holography, the presence of matter generically affects the powers arising in the
asymptotic expansions and logarithmic terms can arise for matter of specific masses, see
the discussion in appendix A.3 as well as the references [60, 62].

Following [1], we separate Einstein’s equations into the four ‘main equations’

Rrr = Rrθ = 0, Rθθ = Λr2e2γ , Rϕϕ = Λr2e−2γ sin2 θ; (3.2.4)

three ‘trivial equations’
Ruϕ = Rrϕ = Rθϕ = 0 (3.2.5)
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and three ‘supplementary equations’

Ruu = −Λ(Wr2e2β − U2r2e2γ), Ruθ = −ΛUr2e2γ , Rur = −Λe2β. (3.2.6)

The main equations are so named because they must be solved in order to generate solu-
tions to the field equations. The trivial equations are automatically satisfied because of
the symmetries of the spacetime metric. The supplementary conditions will be shown to
provide constraint equations for the functions of integration arising from the main equa-
tions. These will be discussed in section 3.2.4 but first we will focus our attention on the
main equations:

0 = −Rrr = −4
[
β,r − 1

2
r(γ,r)2

]
r−1 (3.2.7a)

0 = 2r2Rrθ = [r4e2(γ−β)U,r],r−

2r2[β,rθ − γ,rθ + 2γ,rγ,θ − 2β,θr−1 − 2γ,r cot θ]
(3.2.7b)

−2Λr2e2β = −Rθθe2(β−γ) − r2Rϕϕe
2β = 2(r3W ),r + 1

2
r4e2(γ−β)(U,r)2 − r2U,rθ−

4rU,θ − r2U,r cot θ − 4rU cot θ+

2e2(β−γ)[−1 − (3γ,θ − β,θ) cot θ−

γ,θθ + β,θθ + (β,θ)2 + 2γ,θ(γ,θ − β,θ)]

(3.2.7c)

−Λr2e2β = −r2Rϕϕe
2β = 2r(rγ),ur + (1 − rγ,r)(r3W ),r − r3(rγ,rr + γ,r)W−

r(1 − rγ,r)U,θ − r2(cot θ − γ,θ)U,r+

r(2rγ,rθ + 2γ,θ + rγ,r cot θ − 3 cot θ)U

+ e2(β−γ)[−1 − (3γ,θ − 2β,θ) cot θ−

γ,θθ + 2γ,θ(γ,θ − β,θ)].

(3.2.7d)

Notice that the first two equations agree with the first two main equations in [1]. The
second two are altered by the inclusion of the cosmological constant but they manifestly
reduce to the original equations in the Λ → 0 limit. We will now follow closely the
integration scheme of [1] to see how this alters the solutions to the equations above.

We will first solve the main equations following the same approach as the original analysis
[1]:

1) Specify γ(u, r, θ) on an initial null hypersurface Nu0 i.e. γ(u0, r, θ).

2) Solve (3.2.7a) on the null hypersurface Nu0 to compute β(u0, r, θ). This is possible
as only γ(u0, r, θ) appears in the equation,

3) Solve (3.2.7b) for U(u0, r, θ). This is possible as only γ(u0, r, θ) and β(u0, r, θ) appear
in the equation.
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4) Solve (3.2.7c) for W (u0, r, θ). Only γ(u0, r, θ), β(u0, r, θ) and U(u0, r, θ) appear in
the equation.

5) Solve equation (3.2.7d) for γ,u(u0, r, θ) i.e. to obtain γ on the next null hypersurface
Nu0+δu.

6) Repeat from step 1 with the new Bondi time u0 + δu. Iteration gives the Einstein
solution for the future domain of dependence of Nu0 , D+(Nu0), see Fig. 3.2.1.

N u 0
:=
{u
=
u 0
}

D+(Nu0)

1

Figure3.2.1: Causal diagram illustrating how one applies the BMS scheme when given
suitable initial data on a null hypersurface Nu0

Specialising briefly to the case of AdS, we observe that unlike asymptotically flat space-
time we have D+(Nu0) ̸= J+(Nu0), where J+ indicates the causal future. To solve the
equations in J+(Nu0) we would need to specify extra data on a new hypersurface (e.g.
the conformal boundary I ). We will discuss in detail the integration scheme for AdS
asymptotics in section 3.3.

In the case of asymptotically locally dS spacetimes the situation is slightly different,
firstly because we now have two boundaries: future spacelike infinity, I +, and past space-
like infinity, I −. We will restrict consideration to a retarded null foliation of the future
spacelike boundary, I +, when we discuss this case in greater detail in section 3.3.3. We
will see that this has a number of different subtleties when compared with the flat and
AdS cases.
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3.2.2 Solving the main equations asymptotically

We are interested in solving the Einstein equations in the asymptotic region (large r) of the
spacetime in the most general manner possible. It is convenient to implement an inversion
map

r = 1
z

(3.2.8)

so that solving the equations as r → ∞ is reduced to the analytically simpler procedure
of solving around z = 0. Carrying out this substitution in the main equations gives

0 = 2β,z + z(γ,z)2 (3.2.9a)

0 = 4β,θ − 2e2γ−2βU,z − 2ze2γ−2βU,zβ,z − 4z cot θγ,z + 4zγ,θγ,z+

2ze2γ−2βU,zγ,z + 2zβ,zθ − 2zγ,zθ + ze2γ−2βU,zz
(3.2.9b)

−2Λe2β = 6W + 4z cot θU − 2zW,z − 4zU,θ − 2z2e2β−2γ+

2z2e2β−2γ cot θβ,θ + 2z2e2β−2γ(β,θ)2 − 6z2e2β−2γ cot θγ,θ−

4z2e2β−2γβ,θγ,θ + 4z2e2β−2γ(γ,θ)2 + 2z2e2β−2γβ,θθ−

2z2e2β−2γγ,θθ + z2 cot θU,z + z2

2
e2γ−2β(U,z)2 + z2U,zθ

(3.2.9c)

−Λe2β = 3W − 3z cot θU − zU,θ + 2zUγ,θ − zW,z + 2zWγ,z + 2zγ,u−

z2e2β−2γ + 2z2e2β−2γ cot θβ,θ − 3z2e2β−2γ cot θγ,θ−

2z2e2β−2γβ,θγ,θ + 2z2e2β−2γ(γ,θ)2 − z2e2β−2γγ,θθ + z2 cot θU,z−

z2γ,θU,z − z2 cot θUγ,z − z2U,θγ,z − z2W,zγ,z−

2z2Uγ,zθ − z2Wγ,zz − 2z2γ,uz.

(3.2.9d)

where we have multiplied the second equation through by z, and the last two through by
z2 in order to obtain expressions that are regular at z = 0. We have also rescaled the first
equation by dividing through by 2z3; this is not necessary to make the equation regular
at z = 0 but enables iterative differentiation of the field equation.

We assume that the metric functions (γ, β, U,W ) are suitably differentiable (at least C4)
at z = 0 and derive asymptotic solutions to the field equations via the following procedure:

1) Evaluate the field equations at z = 0 and solve the resulting algebraic equations.

2) Differentiate the field equations with respect to z.

3) Return to step 1) for the differentiated field equation.

We will follow this procedure equation by equation, making use of the nested structure to
move from one to the next.
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3.2.2.1 The first equation

The first main equation is (3.2.9a). Applying the differentiation procedure and solving at
each order we obtain

β,z(u0, 0, θ) = 0

β,zz(u0, 0, θ) = −1
2

[γ,z(u0, 0, θ)]2

β,zzz(u0, 0, θ) = −2γ,z(u0, 0, θ)γ,zz(u0, 0, θ)

β,zzzz(u0, 0, θ) = 3
[
(γ,zz(u0, 0, θ))2 − γ,z(u0, 0, θ)γ,zzz(u0, 0, θ)

]
.

(3.2.10)

This procedure can be continued to arbitrary order although the terms displayed above
will be sufficient for our analysis. In solving the subsequent field equations, it will be left
implicit that the equations are evaluated at (u0, 0, θ). Note that the iterative procedure
does not produce an equation for β(u0, 0, θ); the latter is an integration function, which
we denote as β0(u, θ) = β(u, 0, θ).

3.2.2.2 The second equation

The second equation is (3.2.9b). Given that we know both γ and β from the first equation,
we can now solve this equation via the recursive differentiation procedure. The first two
iterations give

U,z = 2β0,θe
2(β0−γ) (3.2.11a)

U,zz = −2e2β0−2γ(2β0,θγ,z − 2γ,θγ,z + γ,zθ + 2 cot(θ)γ,z) (3.2.11b)

where all the equations are implicitly evaluated at z = 0 on the hypersurface Nu0 . The
procedure does not constrain U(u0, 0, θ) thus giving an integration function U0(u, θ) =
U(u, 0, θ).

The third iteration of the differentiation procedure does not give an equation for U,zzz
but instead a constraint equation:

2γ,θγ,zz − γ,zzθ − 2 cot(θ)γ,zz = 0 (3.2.12)

This equation was solved in the asymptotically flat case of [1] by setting γ,zz = 0, the
‘outgoing wave condition’. It has since been argued, most notably in [34, 168, 35], that this
equation implies the existence of polyhomogeneous asymptotic solutions for asymptotically
flat spacetimes i.e. series involving terms of the form zi logj(z), i, j ∈ N.

We will leave this equation unsolved for now and return to discuss it after we solve the



3.2. The Einstein field equations 63

fourth of the main equations; we will argue that the solution to that equation forbids the
possibility of a polyhomogeneous form of the solution for non-zero cosmological constant
(in the absence of matter). For now, we merely note that this equation indicates the
presence of another integration function, as U,zzz(u0, 0, θ) remains undetermined by the
iterative procedure. We name this function U3(u, θ) = U,zzz(u, 0, θ)/3! where the choice
of normalisation will become clearer as we continue to solve the main equations. In the
asymptotically flat literature, this function is related to the Bondi angular momentum of
the spacetime [1, 169].

The fourth iteration of the differentiation procedure produces the following equation

U,zzzz = − 2e−2γ(−16e2β0β0,θγ
3
,z + 30e2β0γ,θγ

3
,z − 15e2β0γ,zθγ

2
,z + 4e2β0β0,θγ,zzγ,z+

10e2β0γ,zzγ,θγ,z − 3e2β0γ,zzθγ,z + 2e2β0β0,θγ,zzz + 6e2β0γ,zzzγ,θ−

4e2β0γ,zzγ,zθ − 3e2β0γ,zzzθ − 30 cot(θ)e2β0γ3
,z−

10 cot(θ)e2β0γ,zzγ,z − 6 cot(θ)e2β0γ,zzz + 3e2γγ,zU,zzz)
(3.2.13)

which is an algebraic equation for U,zzzz in terms of U,zzz. The presence of this equation
makes sense because of the structure of the integration functions for equation (3.2.9b). If
we were to repeat the differentiation procedure we would see that ∂(n+1)

z U would be given
algebraically in terms of ∂(n)

z U for n ≥ 3 so we observe that knowledge of U,zzz(u, 0, θ)
would allow us to compute all higher derivatives at z = 0. We will later see via the
supplementary conditions that one does arrive at an evolution equation for U,zzz.

3.2.2.3 The third equation

The third equation is (3.2.9c); this is the first equation that explicitly includes the cosmo-
logical constant Λ and thus it will have different solutions from [1].

The equations are again solved by applying the iterative differentiation procedure:

W = −1
3
e2β0Λ (3.2.14a)

W,z = cot(θ)U0 + U0,θ (3.2.14b)

W,zz = e2(β0−γ)(2 + Λe2γ(γ,z)2 + 4 cot(θ)β0,θ + 8(β0,θ)2+

6 cot(θ)γ,θ − 8β0,θγ,θ − 4(γ,θ)2 + 4β0,θθ + 2γ,θθ).
(3.2.14c)

The third equation does not give an algebraic equation for W,zzz but rather another
constraint equation

Λe2β0γ,zγ,zz = 0 =⇒ γ,zγ,zz = 0. (3.2.15)
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Note that this equation is unique to Λ ̸= 0. We will not yet solve this constraint: the
solution is determined by the fourth main equation. This constraint equation again im-
plies an integration function for the third equation as the differentiation procedure does
not produce an equation for W,zzz. We will name this integration function W3(u, θ) =
W,zzz(u, 0, θ)/3!. In the asymptotically flat case, this function is related to the Bondi
mass aspect of the spacetime, a concept we will examine in more detail in the asymptoti-
cally AdS case in section 3.4.

The structure of the higher order equations in the recursive differentiation procedure
is similar to that of the second equation. The result of the procedure is that ∂(n+1)

z W

is determined algebraically in terms of ∂(n)
z W . We again remark that once we know the

integration function W3 we can then compute all derivatives of third order and higher.

3.2.2.4 The fourth equation

The fourth and final main equation, which we consider as an equation for γ,u, is (3.2.9d).
We again apply the recursive scheme to solve for γ,u. Using the solutions to the previous
equations, the first non-trivial equation is

Λγ,z = −3
2
e−2β0(cot(θ)U0 − U0,θ − 2U0γ,θ − 2γ,u) (3.2.16)

This equation is presented slightly differently to the previous main equations; we will dis-
cuss this further in section 3.3. The key point here is that the presence of the cosmological
constant couples the equation for γ,u to γ,z.

The next non-trivial equation is

Λe2β0γ,zz = 0 =⇒ γ,zz = 0. (3.2.17)

This constraint automatically solves the two previous constraint equations (3.2.12) and
(3.2.15). This is precisely the outgoing wave condition that was enforced a priori in [1]
and has since been understood in more generality in a Bondi type set up (see e.g. [170]).
In the case of non-zero cosmological constant, γ,zz = 0 is required by the field equations
i.e. it is not an assumption.

At the next order of the recursive differentiation procedure, we find the equation

e2γγ,uzz(u0, 0, θ) = 0 =⇒ γ,uzz(u0, 0, θ) = 0 (3.2.18)

which implies that the form of γ,zz(u0, 0, θ) is preserved on hypersurfaces Nu for u >

u0. Since γ,zz(u0, 0, θ) = 0 from (3.2.17), the outgoing wave equation is propagated into
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D+(N0).

When Λ = 0 equation (3.2.16) implies γ(u0, 0, θ) = 0 (as we will shortly discuss in
detail in section 3.2.3), γ,zz = 0 for u > u0 as we just discussed, and we are left with one
integration function γ,z(u, 0, θ) = γ1(u, θ). (The u-derivative of) this integration function
is essentially the Bondi news.

Returning to the Λ ̸= 0 case we note that the procedure of differentiation did not pro-
duce an equation for γ,uz(u0, 0, θ), again implying the presence of an integration functions
γ,z(u, 0, θ) = γ1(u, θ) (as in the Λ = 0 case). Finally, to determine γ,u (so that we can
move to the next null hypersurface Nu0+δu) we also need to know non-trivial integration
functions (U0, β0). We will discuss in more detail (A)dS integration schemes in section
3.3.

As a final comment we note that the next non-trivial equation produced by the iterative
procedure is

Λγ,zzzz = −3
2
e−2(β0+γ)(48e2β0β2

0,θ(γ,z)2 − 96e2β0β0,θγ,θ(γ,z)2 + 6e2β0β0,θθ(γ,z)2−

24e2β0γ,θθ(γ,z)2 + 108e2β0β0,θγ,zθγ,z − 48e2β0γ,θγ,zθγ,z+

18e2β0γ,zθθγ,z + 18e2β0(γ,zθ)2 − 24 cot2(θ)e2β0(γ,z)2+

90 cot(θ)e2β0β0,θ(γ,z)2 + 24 cot(θ)e2β0γ,θ(γ,z)2+

30 cot(θ)e2β0γ,zθγ,z − 24 csc2(θ)e2β0(γ,z)2 − 8e2γγ,uzzz+

e2γU,zzz(−6β0,θ − 2γ,θ + cot(θ)) − 12e2γγ,zzzU0,θ−

e2γU,zzzθ − 8e2γγ,zzzθU0−

12 cot(θ)e2γγ,zzzU0 − 2e2γγ,zW,zzz)

(3.2.19)

which shows that the evolution equation for γ,uzzz is coupled to γ,zzzz via the cosmological
constant Λ. This coupling is a general feature of this field equation at higher orders,
namely the equation for ∂(n)

z γ,u is given in terms of ∂(n+1)
z γ. So if we provide a new

integration function γ,zzz(u, 0, θ)/3! = γ3(u, θ) then all higher order terms are determined.
A more detailed discussion will be given in section 3.3.

3.2.3 General form of the asymptotic solutions

Using the procedure of recursive differentiation we have obtained a general form for the
asymptotic solution to the field equations. The key to this structure is that γ,zz(u, 0, θ) = 0
which results in the vanishing of potential polyhomogeneous terms in the asymptotic
solution (as discussed in [34]). Note that the vanishing of this term is forced by equation
(3.2.17) rather than being assumed as it was in [1].
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In previous literature it has been found that the metric function expansions can contain
logarithmic terms of the form logj(r)r−i, both for the asymptotically flat case in [168, 94]
and for arbitrary Λ but with matter in [48]. These cases are qualitatively different. In
the asymptotically flat case there is no analogue of (3.2.17). In the presence of a negative
cosmological constant, logarithmic terms in asymptotic expansions arise whenever the
coupled matter is of specific masses, see for example [60, 62]; such matter is associated
with matter conformal anomalies in the dual CFT.

For pure cosmological constant, the most general form of the asymptotic solutions take
the form of power series about z = 0, consistent with the boundary conditions of asymptot-
ically locally AdS4 and dS4 in the absence of matter. Specifically, γ admits an expansion
of the form

γ(u, r, θ) =
∞∑
n=0

γn(u, θ)zn =
∞∑
n=0

γn(u, θ)
rn

, γn = ∂
(n)
z γ

n!

∣∣∣∣
z=0

(3.2.20)

and the other functions admit analogous expansions. These conditions ensure that the
metric coefficients do not grow exponentially with r and that the metric has a pole of
order two at the conformal boundary I ; this will be discussed in greater detail in section
3.4.

We also note how the presence of the cosmological constant in the Einstein equations
modifies the solutions compared with the asymptotically flat case considered in [1], even
though the asymptotic series form of the equations initially seems to be the same. At this
point it will be helpful to consider the AdS and dS cases separately, as there are subtle
differences in the two cases.

The key assumption made in [1] which results in this discrepancy is that the vector
field ∂u is everywhere timelike ⇐⇒ guu < 0. Physically, this is a reasonable condition
to impose on asymptotic solutions for Λ ≤ 0, as the neighbourhood of the conformal
boundary in these cases is exterior to any potential region where ∂u ceases to be timelike
(e.g inside a horizon). We note that the leading order terms (γ0, β0, U0) are not present
in the asymptotically flat case and are forced to vanish due to this condition.

These choices are overly restrictive in the AdS case as the cosmological constant allows
for freedom in these functions. To see this, consider the limit

lim
r→∞

guu
r2 = −(W0e

2β0 − U2
0 e

2γ0) < 0 (3.2.21)

where the inequality on the right hand side follows from the condition that ∂u is timelike.
In the flat case, W0 = 0 and so the above equation reduces to U0 = 0. It was then argued
in [1] that U0 = 0 implies γ0,u = 0 (use (3.2.16) with Λ = 0) and this may be reduced
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further to γ0 = 0 by using a coordinate transformation (for details see [1]).

In the AdS case W0 = −Λe2β0/3 so the inequality is different, namely

Λe4β0

3
+ U2

0 e
2γ0 < 0 ⇒ |U0| <

√
−Λ

3
e4β0−2γ0 = e2β0−γ0

l
(3.2.22)

from which we see that U0 can now clearly be non-zero, implying that generically γ0 ̸= 0
also.

The integration function β0 is also set to zero in the flat case, using the freedom in the
BMS group. Since the BMS group is the asymptotic symmetry group of flat space-time
it would be premature to make the same choice before determining the AdS asymptotic
structure. For the time being we will choose β ̸= 0 to retain full generality.

Turning now to the dS case of Λ > 0, the previously imposed condition of ∂u being
timelike is unphysical in the asymptotic region. Using the Bondi gauge in a neighbourhood
of I +, the cosmological horizon in the asymptotically locally dS spacetime must have been
crossed, and thus the vector field ∂u is spacelike in the region of interest, see discussion
in [171]. Thus one should not impose this condition in the dS case, leaving (γ0, β0, U0)
generically unconstrained.

A second important difference to note, for any non-zero cosmological constant, is that
the cosmological constant couples the fourth equation at each order in z. We find equa-
tions which give ∂(n)

z γ,u in terms of ∂(n+1)
z γ, e.g. (3.2.16) and (3.2.19). This coupling

of orders together with the structure of the other main equations implies that if we are
given suitable seed coefficients then we can obtain all the other expansion coefficients. The
initial coefficients are (γ0, β0, U0) together with (γ3, U3,W3); from these the entire solution
can be determined algebraically. We will see below that these coefficients have an impor-
tant holographic interpretation but first we analyse the remaining Einstein equations, the
so-called supplementary conditions.

3.2.4 The supplementary conditions

Although the main equations give equations for the four metric functions, they do not
form the complete set of field equations. The remaining three supplementary equations
are:

Ruu = Λguu = −Λ(Wr2e2β − U2r2e2γ); (3.2.23)
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Ruθ = Λguθ = −ΛUr2e2γ , Rur = Λgur = −Λe2β.

In the asymptotically flat case, these equations were denoted as supplementary conditions
as they are automatically satisfied provided they hold on a particular hypersurface of
constant radius and the main equations are satisfied [2]. In this section we will discuss
how this property carries over to the Λ ̸= 0 case.

Following the original work, the supplementary conditions are derived from the con-
tracted Bianchi identity

∇νGνµ = gνσ∇σ

(
Rνµ − 1

2
gνµR

)
= 0. (3.2.24)

We can expand the Bianchi identity as

gνσ
(
Rµν,σ − ΓβσνRβµ

)
− gνσΓβσµRβν − 1

2
R,µ = 0 (3.2.25)

and using R,µ = ∇µ(gνσRνσ) = gνσ∇µRνσ = gνσRνσ,µ − 2gνσΓβσµRβν allows us to write
the contracted Bianchi identity as

gνσ
(
Rµν,σ − 1

2
Rνσ,µ − ΓβνσRβµ

)
= 0. (3.2.26)

To analyse the components of the contracted Bianchi identity we use the inverse metric

gµν =


0 −e−2β 0 0

−e−2β We−2βr2 −Ue−2β 0
0 −Ue−2β e−2γr−2 0
0 0 0 e2γr−2 sin−2 θ

 (3.2.27)

where we use the coordinates (u, r, θ, ϕ). The following identity is also useful:

gµνΓuµν = 2e−2βr−1 (3.2.28)

This identity is computed using the inverse metric above and the metric (5.1.10); the same
identity was given in [1], up to a sign change due to different signature conventions.

We will now examine the components of the contracted Bianchi identity (3.2.26) and
show that they lead to the supplementary equations. When doing this, we enforce the
main equations, expressed as

Rrr = Rrθ = 0, Rθθ = Λgθθ, Rϕϕ = Λgϕϕ (3.2.29)

as well as the trivial equations Ruϕ = Rrϕ = Rθϕ = 0.
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Let us consider first the µ = r component of (3.2.26)

gνσ
(
Rrν,σ − 1

2
Rνσ,r − ΓβνσRβr

)
= 0. (3.2.30)

Using the main and trivial equations this reduces to

− 1
2

(
gθθΛgθθ,r + gϕϕΛgϕϕ,r

)
− gνσΓuνσRur = 0. (3.2.31)

The latter term can be processed using the identity (3.2.28) and after algebraic manipu-
lation we obtain

Rur = −Λe2β = Λgur. (3.2.32)

which is precisely the {ur} component of the field equations. Thus we conclude that if
the main equations hold then the {ur} equation is automatically satisfied.

Next consider the µ = θ component of (3.2.26)

gνσ
(
Rθν,σ − 1

2
Rνσ,θ − ΓβνσRβθ

)
= 0 (3.2.33)

Uising the main and trivial equations we obtain

gurRuθ,r − gνσΓuνσRuθ+

Λ
(
grθgθθ,r + 1

2
gθθgθθ,θ − gurgur,θ − 1

2
gϕϕgϕϕ,θ − gνσΓθνσgθθ

)
= 0.

(3.2.34)

Applying equation (3.2.28) to the second term on the first line and using equations (5.1.10)
and (3.2.27) to write the second line in terms of metric functions we obtain

− r−2e−2β ∂

∂r
(r2Ruθ) = Λe2γ−2βr(rU,r + 2U(2 + γ,r)) (3.2.35)

which can be integrated to give

r2Ruθ = −ΛUr4e2γ + f(u, θ) (3.2.36)

where f(u, θ) is an integration function. Dividing through by r2 gives

Ruθ = −ΛUr2e2γ + f(u, θ)
r2 = Λguθ + f(u, θ)

r2 . (3.2.37)

which implies that the {uθ} component of the Einstein equations is only satisfied if
f(u, θ) = 0; this is our first supplementary condition.

Finally consider the µ = u component of the contracted Bianchi identity

gνσ
(
Ruν,σ − 1

2
Rνσ,u − ΓβνσRβu

)
= 0. (3.2.38)
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Applying the field equations (including f(u, θ) = 0), we obtain

gurRuu,r − gνσΓuνσRuu+

Λ
[
grrgur,r + grθ(gur,θ + guθ,r) + gθθ

(
guθ,θ − 1

2
gθθ,u

)
−

1
2
gϕϕgϕϕ,u − gνσΓrνσgur − gνσΓθνσguθ

]
= 0.

(3.2.39)

The structure of this equation is similar to that of (3.2.34): the first line contains the Ricci
tensor terms of interest and all other terms can be written explicitly using (5.1.10) and
(3.2.27). Doing this gives

−r−2e−2β ∂

∂r
(r2Ruu) = Λr[2W (2+rβ,r)+rW,r]−2Λe2γ−2βrU [2U+rU,r+rUγ,r] (3.2.40)

which can be integrated to give

r2Ruu = Λr4(−We2β + U2e2γ) + g(u, θ) (3.2.41)

with g(u, θ) an integration function. Thus

Ruu = Λr2(−We2β + U2e2γ) + g(u, θ)
r2 = Λguu + g(u, θ)

r2 (3.2.42)

implying that the second supplementary condition is g(u, θ) = 0.

Explicit expressions for the supplementary conditions may be derived using the solutions
to the main equations up to O(1/r4) for (γ, β, U,W ) and then inputting these into the
above equations to derive expressions for (f, g). The resulting equations take the form of
evolution equations for U3 and W3 and they will be discussed further in section 3.3.2.2.
The explicit expressions for these equations can be found in appendix A.1. Here we present
the much simpler expressions for asymptotically (A)dS and flat spacetimes.

Asymptotically (A)dS spacetimes in Bondi coordinates have γ0 = β0 = U0 = 0 (this will
be shown explicitly in section 3.4) which gives γ1 = 0 by equation (3.2.16). Setting these
values in the supplementary equations gives us

U3,u = 1
3

(4Λ cot(θ)γ3 +W3,θ + 2Λγ3,θ) (3.2.43a)

W3,u = −1
2

Λ(cot(θ)U3 + U3,θ) (3.2.43b)

For the asymptotically flat supplementary conditions, we again have γ0 = β0 = U0 = 0 as
well as Λ = 0 but now γ1 ̸= 0. Then

U3,u = 1
3

(7γ1,θγ1,u + γ1 (3γ1,uθ + 16 cot(θ)γ1,u) +W3,θ) (3.2.44a)
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W3,u = 2 (γ1,u)2 + 2γ1,u − γ1,uθθ − 3 cot(θ)γ1,uθ. (3.2.44b)

in agreement with the expressions given in [1].

3.3 Integration scheme

In this section we will discuss the integration scheme used in the previous section in order
to solve the Einstein equations. We will begin with a reminder of the Bondi integration
scheme in asymptotically flat spacetime before focusing specifically on the Λ < 0 case of
asymptotically locally AdS spacetime. We will propose two modified integration schemes
for the AdS case which will be compared and contrasted to the flat scheme. Much of
what we will discuss for the AdS case has a corresponding description in the Λ > 0 case
of asymptotically locally dS spacetime, a topic we will discuss briefly here and elaborate
upon in future work.

3.3.1 The flat scheme

Let us briefly review the integration scheme in the asymptotically flat case as presented in
[1]. The basic quantity necessary to solve the field equations for all u was the knowledge
of γ on some initial null hypersurface Nu0 ; this allows us to solve the main equations up
to the undetermined integration functions. In the Ricci flat case we can reapply the field
equations (3.2.7a-3.2.7d) although we now set Λ = 0 in those equations. For the remainder
of this subsection we have Λ = 0.

Knowledge of γ|Nu0
allows us to solve for the other functions. Disregarding integration

functions, (3.2.7a) determines β|Nu0
; (3.2.7b) determines U |Nu0

, (3.2.7c) gives W |Nu0
and

(3.2.7d) allows us to compute our γ at the next time step i.e γ|Nu0+δ
. Iterating this process

allows us to determine all metric functions at time u > u0, i.e. the functions in the future
domain of dependence of Nu0 , D+(Nu0), as shown below in figure 3.3.1.

Turning to the integration functions, we recall that the main equations in the flat case
admit five such functions; (β0, U0, U3, γ1,W3). The original argument of [1] was that U0

and β0 could be set to zero. U0 is set to zero to preserve the condition that the vector
field ∂u is everywhere timelike and β0 can be fixed to zero using the freedom of the BMS
group. These restrictions also give γ0,u = 0 and thus we can also set γ0 = 0 by a suitable
BMS transformation.

Such considerations reduce the number of unknown functions to three: (γ1, U3,W3),
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Figure3.3.1: Penrose diagram illustrating the integration scheme for asymptotically flat
space time

all of which are functions of u and θ. These integration functions have well understood
physical meaning: γ1 plays the role of the Bondi news function, U3 the Bondi angular
momentum aspect and W3 the Bondi mass aspect [1]. If we know the values of these three
functions and we know γ|Nu0

, then from the main equations we can obtain the full solution
to the Einstein equations in the region D+(Nu0). The integration scheme runs as follows
(for the no-log case with γ2 = 0)

γ1(u, θ) (3.2.7a)−−−−→ β1, β2, β3
(3.2.7b)−−−−→ U1, U2

(3.2.7c)−−−−→ W0,W1,W2,W4 (4.1a)

so γ1 gives us these functions. The rest of the scheme is
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�n(u0) �n+1(u0) Un+1(u0) Wn+2(u0) �n,u(u0)
(3.7a) (3.7b) (3.7c) (3.7d)

(4.1b)

1

where the subscript n > 2. The final arrow going back to the original function indicates
that we are solving for γ at the next instant of time i.e. u0 + δu0, so iteration gives
us the future evolution. We note that if the functions U3,W3 are not specified for all
u a priori, this scheme treats them as integration functions which are constrained by
the supplementary conditions (A.1.1), (A.2) respectively. We will return to discuss these
equations in the context of the AdS integration schemes to follow but for now these steps
outline the procedure of the integration scheme in the asymptotically flat case, using some
of the simplifications that BMS originally applied (namely γ2 = 0).

3.3.2 The AdS integration schemes

In order to understand how one needs to modify the specified data in the case of asymptot-
ically locally AdS spacetimes it is convenient to first observe the results when one naïvely
applies the flat scheme as described in the previous section to asymptotically locally AdS
spacetime.

To repeat the steps of the flat scheme we again specify γ on an initial null hypersurface
Nu0 as well as γ1, U3,W3 over the whole spacetime. The issue with applying this procedure
to an asymptotically AdS spacetime is that we now have three additional integration
functions (γ0(u, θ), β0(u, θ), U0(u, θ)) and in particular β0, U0 will not be determined using
the Einstein equations (3.2.7a-3.2.7d) and the specified data (γ0 would be determined using
γ0 on Nu0 and equation (3.2.16)). These functions will also appear in the expressions for
the higher order coefficients (e.g (3.2.11a)) and can be seen in the evolution equation for
γ0 (3.2.16). Clearly we will need an alternative integration scheme which specifies these
functions and thus generates a fully determined solution to the field equations.

This issue can also be framed in terms of a causal picture as in figure 3.2.1. In this figure
we see that specifying γ on an initial null hypersurface Nu0 and γ1, U3,W3 for u ≥ u0 and
following the flat scheme will give us the solution in D+(Nu0). In the AdS case (unlike
the flat case) this region is not equivalent to the causal future of the null hypersurface,
J+(Nu0) (as shown in figure 3.3.2 below). In order to solve the Einstein equations for
J+(Nu0) in asymptotically locally AdS space-time, one either has to specify extra data on
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an additional hypersurface or different data to that of γ on the null slice Nu0 . We will now
present two different integration scheme for asymptotically locally AdS spacetimes which
will allow one to solve the field equations in J+(Nu0).

I

N u 0
:=
{u
=
u 0
}

D+(Nu0)

J+(Nu0)�D+(Nu0)

1

Figure3.3.2: Penrose diagram illustrating the difference between D+(Nu0) and J+(Nu0)
in asymptotically locally AdS spacetime.

3.3.2.1 The “boundary” scheme

The first scheme we present is one which we will refer to as the “boundary” scheme where
instead of specifying all coefficients γi on an initial null hypersurface, one should specify
certain coefficients (of our metric functions) for all available Bondi time, and use these
coefficients in order to make the equations algebraic. The coefficients that should be
specified are

γ0, β0, U0, γ3, U3, W3. (4.2)

We will see later that these particular coefficients admit a natural holographic interpre-
tation. Even before relating them to coefficients in the Fefferman-Graham expansion, one
can note that the coefficients (γ0, β0, U0) clearly specify the values of the metric functions
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(γ, β, U) at the conformal boundary I ;

lim
r→∞

γ(u, r, θ) = γ0(u, θ), lim
r→∞

β(u, r, θ) = β0(u, θ), lim
r→∞

U(u, r, θ) = U0(u, θ) (4.3)

and thus define the boundary metric for the dual conformal field theory. We will under-
stand the precise physical meaning of the components (γ3, U3,W3) in section 3.4, when we
discuss the relation to the asymptotic expansion in Fefferman-Graham gauge. In partic-
ular, we will see that the (γ0, β0, U0) and (γ3, U3,W3) are conjugate variables in a radial
Hamiltonian formalism, thus explaining why they provide a good set of initial data.

The scheme works in two parts. Given the boundary data (γ0, β0, U0) we see that the
first part of the integration scheme is

γ0, β0, U0
(3.2.7a)−−−−→ β1

(3.2.7b)−−−−→ U1
(3.2.7c)−−−−→ W0,W1

(3.2.7d)−−−−→ γ1 . . .

. . .
(3.2.7a)−−−−→ β2

(3.2.7b)−−−−→ U2
(3.2.7c)−−−−→ W2

(3.2.7d)−−−−→ γ2 . . .

. . .
(3.2.7a)−−−−→ β3.

(4.4)

In words: we specify the data (γ0, β0, U0) at I ; (shown in figure 3.3.3 below) at the 2-
surface where a particular null hypersurface Nu0 meets the conformal boundary. We can
solve equations (3.2.7a)-(3.2.7c) algebraically for the coefficients β1, U1,W0,W1. This is
indicated in the figure by the solid green arrow in the diagram which points from I to
the timelike surface r = r1.

In order to continue the scheme, we need to know γ0,u as this function will allow us
to algebraically solve equation (3.2.7d) at the lowest non-trivial order for γ1 (equation
(3.2.16)). Since we know all values of γ0 on I and we know γ0,u. The knowledge of this
derivative is indicated in the diagram by the dotted red arrow which points into the bulk
spacetime, again ending on the timelike surface r = r1. In order to implement this step
in a numerical scheme, one would want to know γ0(u0) and γ0(u0 − δu0) and construct a
backward difference. This explains why the dotted red arrow starts at a different cut of
I , simply to indicate that we have used the extra information of γ0(u0 − δu0) (and thus
γ0,u discretely) in order to solve (3.2.7d).

The arrows point towards smaller values of r as we solve the Einstein equations. The
purpose of this is to show that as we solve the Einstein equations, we obtain the values
of higher order coefficients in the metric functions γ, β, U,W . Obtaining these higher
order coefficients extends the series expansions (5.1.13) to higher powers of 1/r, hence our
solution includes contributions from smaller (but still asymptotic) values of r.

After these first steps have been performed, we solve (3.2.7a-3.2.7d) algebraically for
β2, U2,W2, γ2, β3 (no extra evolution equation is needed as the field equation imply γ2 = 0,
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N u 0

(3
.7
a-
c)

(3
.7
a-
d)

(3
.7
a)

I

(3.7d)

r1r2r3

{�0, �0, U0}

{�1, U1,W0,W1, �1}

{�2, U2,W2, �2}

{�3}

(3.7a-c) (3.7d)

1

Figure3.3.3: Penrose diagram for AdS indicating discretely how the first part of the scheme
is solved. This figure only includes one hypersurface, Nu0 , for clarity; when solving the
equations explicitly we would consider all null surfaces Ni in the foliation.

as noted earlier). Knowledge of these functions is not enough to continue the integration
scheme as the next unknown function in the field equations is U3, an integration function
which cannot be determined by the iteration process.

We now give the second piece of the scheme: now the functions γ3, U3,W3 are specified
for all Bondi time u. This allows us to compute the higher order metric function coefficients
via the following application of the Einstein equations

γ3, U3,W3
(3.2.7a)−−−−→ β4

(3.2.7b)−−−−→ U4
(3.2.7c)−−−−→ W4

(3.2.7d)−−−−→ γ4 . . .

. . .
(3.2.7a)−−−−→ β5

(3.2.7b)−−−−→ U5
(3.2.7c)−−−−→ W5

(3.2.7d)−−−−→ γ5 . . .

...

. . .
(3.2.7a)−−−−→ βn

(3.2.7b)−−−−→ Un
(3.2.7c)−−−−→ Wn

(3.2.7d)−−−−→ γn

(4.5)

as shown in figure 3.3.4.
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I

(3.7d)

(3.7d)

(3.7d)

r1r2r3

{�3, U3,W3}

{�4, U4,W4, �4}

{�5, U5,W5, �5}

{�6, U6,W6, �6}

(3.7a-c) (3.7d)

(3.7a-c) (3.7d)

(3.7a-c) (3.7d)

1

Figure3.3.4: Penrose diagram for AdS indicating how the second part of the scheme is
implemented. The logic for this scheme is much the same as the one presented on the
original diagram of figure 3.3.3.

Putting the two parts of the integration scheme together, we observe that knowledge of the
six functions γ0, β0, U0, U3, γ3,W3 is sufficient to algebraically solve the Einstein equations
for all other coefficients.

Finally, we recall the functions U3 and W3 have close analogies to the angular mo-
mentum and mass aspect functions and may be thought of as representatives for these
functions. We will discuss the holographic interpretation of these functions and gain an
extra understanding using the AdS/CFT correspondence in section 3.4.

As a final comment upon this procedure, we note that this alternative scheme includes
no evolution from one null hypersurface to the next. This algebraic procedure may be
somewhat preferable when applied to a numerical scheme as one does not have to worry
about errors accumulating in a discretisation scheme when evolving from one null hyper-
surface to the next. We will now present another new scheme which is based both on null
evolution and boundary data.
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3.3.2.2 The “hybrid” scheme

It has been shown that asymptotically locally AdS spacetimes admit an integration scheme
where one specifies data at the conformal boundary as opposed to an initial null hyper-
surface (as in asymptotically flat spacetime). We will now present a “hybrid” scheme
for asymptotically locally AdS spacetimes, where one specifies a mixture of data on the
conformal boundary I and on an initial null hypersurface Nu0 .

This scheme consists of the following data which one must specify before solving the
field equations: {γ} on Nu0 , {γ0, U0, β0} on I ∀ u ≥ u0 and {U3,W3} at the corner Iu0 .
This is illustrated in the asymptotic Penrose diagram below. As we will see in the section
3.4, {γ0, U0, β0} are related to positions and {γ3,W3, U3} to (radial) canonical momenta
in the covariant phase space of the theory, thus we effectively specify momenta on Iu0

and positions at the conformal boundary, as shown in figure 3.3.5.

I

{�0, �0, U0}

{U3,W3}

N u 0

�

J+(Nu0)

1

Figure3.3.5: Penrose diagram for the “hybrid scheme”. The data which we specify is
indicated on the hypersurfaces Nu0 and I for u ≥ u0. Specifying these coefficients allows
one to solve the field equations in the causal future of Nu0 , J+(Nu0).

It remains to explain how this data is sufficient to solve for all coefficients of the series
expansions of the metric functions in J+(Nu0). We will first show that one is able to
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obtain all coefficients of γ and then use this to show that one can obtain all coefficients of
the other metric functions, including U3 and W3.

Specifying {γ0, U0, β0} at I gives us these functions as well as all spatial and time
derivatives of these functions ∀ u ≥ u0. This information gives γ1 and all spatial and time
derivatives of γ1 ∀ u ≥ u0 via the Einstein equation (3.2.16). The higher order coefficients
of γ are obtained by evolving from the initial null hypersurface instead. As we saw in
equation (3.2.17), γ2 = 0, so the first coefficient to consider is γ3. In order to do this
we apply equation (3.2.19) to obtain γ3,u on the null hypersurface Nu0 (this can be done
because the scheme specifies γ, U3,W3 on Nu0). As was the case in asymptotically flat
spacetime, when applied to a numerical scheme this will correspond to knowing γ3 on the
next null hypersurface Nu0+δu. This procedure will repeat for the higher order coefficients
in γ in that the Einstein equations will produce expressions for γn,u on Nu0 and thus will
determine γn on Nu0+δu ∀ n ≥ 3.

Using the main equations (3.2.7a-3.2.7d) we know that knowledge of γ(u0 + δu) is of
course sufficient to give us β(u0 + δu), as well as U(u0 + δu) and W (u0 + δu) up to the
coefficients W3 and U3 which are of course not determined by the main equations (higher
coefficients are also determined by these). To solve for these coefficients we will need to
consider the supplementary conditions (A.1.1), (A.2) which take the schematic form

U3,u = F(γ̃0, β̃0, Ũ0, γ̃0,u, β̃0,u, γ̃1, γ̃1,u, γ̃3, γ̃3,u, Ũ3, W̃3, γ̃4) (4.6a)

W3,u = H(γ̃0, β̃0, Ũ0, γ̃0,u, β̃0,u, γ̃1, γ̃1,u, γ̃3, γ̃3,u, Ũ3, W̃3, γ̃4, Ũ3,u) (4.6b)

where the tildes indicate that spatial derivatives of these functions may also be present.

These are u-evolution equations for the functions W3 and U3. Note that all of the func-
tions on the right hand side of each equation are known on Nu0 . Starting with equation
(4.6a): γ̃0, β̃0, Ũ0, γ̃0,u, β̃0,u, γ̃3, Ũ3, W̃3, γ̃4 are all given on Nu0 as part of the specified data
and the remaining functions γ̃1, γ̃1,u, γ̃3,u can all be determined on Nu0 by using the Ein-
stein equations (3.2.16) and (3.2.19) as discussed above. This means that we are able to
obtain U3,u on Nu0 and thus U3 on the next hypersurface Nu0+δu. An identical argument
holds for (4.6b), although now there is the extra requirement of knowing U3,u on Nu0 ,
which is of course obtained from (4.6a).

Putting all of this together, we conclude that the specified data, along with iteration of
both the main equations and supplementary conditions is an alternative way of construct-
ing solutions to the field equations for asymptotically locally AdS metrics in the Bondi
gauge for J+(Nu0).
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3.3.3 dS schemes

Much of the previous discussion for asymptotically locally AdS spacetimes has a parallel
discussion in the case of asymptotically dS spacetimes. The two new integration schemes
that we have introduced are only dependent upon Λ ̸= 0 in the field equations (3.2.7a-
3.2.7d), and are insensitive to the sign of Λ. Due to this, we will now provide a brief
description of the Bondi scheme applied to asymptotically locally dS spacetimes, as well
as an analogue of the two AdS schemes that we have introduced.

Firstly, we must mention that will restrict our attention to a retarded null foliation of
I + when discussing the Bondi approach to dS. If we consider applying the asymptotically
flat integration scheme of specifying γ on Nu0 as well as (γ1, U3,W3) for all u and θ, then
in a similar fashion to the AdS case we will not be able to construct a fully determined
solution to the field equations in a neighbourhood of I +. In the dS case (as in AdS) we
will still have the undetermined functions (β0, U0) which will propagate into solutions at
later retarded times via the null hypersurface evolution.

In order to remedy this problem we can adjust the two AdS integration schemes that we
introduced in the previous section in order to describe asymptotically locally dS spacetimes
and solve the field equations in precisely the same order as before. The “boundary” scheme
now consists of specifying the data {γ0, β0, U0, γ3, U3,W3} on I + and then solving the
field equations in the same order as described in section 3.3.2.1. This scheme is displayed
pictorially in figure 3.3.6.

I +

N u 0

D�(I +)

�0, �0, U0, �3, U3,W3

1

Figure3.3.6: Penrose diagram for the boundary scheme applied to an asymptotically locally
dS spacetime. Notice that giving the data over the whole boundary I + gives us the
solution in D−(I +)

The “hybrid” scheme is again a scheme which involves specifying data on I + and Nu0 .



3.4. Holographic interpretation 81

As in the AdS hybrid scheme we specify (γ0, U0, β0) on I + for u ≥ u0 and (γ,W3, U3) on
Nu0 , solving the field equations in the same manner as described in section 3.3.2.2 (see
figure 3.3.7 below).

I +

N u 0

�,
U 3
,W

3

J+(Nu0)

�0, �0, U0

1

Figure3.3.7: Penrose diagram for the hybrid scheme applied to an asymptotically locally
dS spacetime. This scheme generates solutions to the field equations in J+(Nu0)

It seems that the hybrid scheme applied to dS generates a smaller portion of the space-
time when compared with the scheme applied to AdS as shown in figure 3.3.5. This
discrepancy is simply due to the causal differences between the respective cases and not
an issue with either class of spacetimes. We note that in both cases the hybrid scheme
generates the solutions to the field equations in J+(Nu0) and thus the solutions in the
neighbourhood of the conformal boundary to the future of Nu0 . This method of specifying
data agrees with similar Bondi type integration schemes for asymptotically dS spacetimes
as discussed in [172, 171].

3.4 Holographic interpretation

In this section we will study the Bondi gauge metric from the perspective of holography,
connecting with [55, 56, 57, 58, 145, 140, 60, 61, 62, 71]. We begin with a review of
the Fefferman-Graham coordinate system before deriving the coordinate transformation
from Bondi gauge to Fefferman-Graham gauge. This would allow us to give a holographic
interpretation to the metric functions used in the integration scheme of section 3.3.
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3.4.1 Fefferman-Graham gauge

Asymptotically locally AdS spacetimes can be described in Fefferman-Graham gauge in
the neighbourhood of the conformal boundary ∂M = I ; see the review [62]. In this gauge
the metric can be expressed as

ds2 = l2
[
dρ2

ρ2 + 1
ρ2 (g(0)ab + ρ2g(2)ab + ρ3g(3)ab + . . .)dxadxb

]
, (3.4.1)

where l =
√

−3/Λ is the AdS radius. Following the discussion of section 2.1.2, ρ is a
coordinate which describes the location of the conformal boundary, specifically I = {ρ =
0}. The lower case Roman indices (a, b) run from 1 to 3 for asymptotically locally AdS4

spacetimes.

Comparing with (2.1.2) and choosing ρ as the defining function, we see that the term
g(0) in the FG expansion is a representative of the conformal class of metrics induced on I .
If the metric g(0)ab is conformally flat i.e. the Cotton tensor vanishes, then the spacetime
is Asymptotically AdS; otherwise it is Asymptotically locally AdS.

Holographically, g(0) is viewed as the background metric for the 3-dimensional conformal
field theory dual to the 4-dimensional spacetime. The coefficients of even powers of ρ
in the asymptotic expansion are determined locally in terms of derivatives of g(0); see
[60] for explicit expressions. The coefficient g(3) is constrained to be divergenceless and
traceless with respect to g(0), but is otherwise undetermined. This coefficient corresponds
to the energy momentum tensor in the dual 3-dimensional field theory, which is defined
as [58, 140, 60, 62]

⟨Tab⟩ = 2√
−detg(0)

δSr

δgab(0)
(3.4.2)

where Sr is the renormalised on-shell gravitational action. For asympotically locally AdS4

spacetimes

⟨Tab⟩ = − 3l2

2κ2 g(3)ab (3.4.3)

where 2κ2 = 16πG and G is Newton’s constant. This energy momentum tensor satisfies
tracelessness and conservation properties with respect to g(0)

gab(0) ⟨Tab⟩ = 0, ∇a
(0) ⟨Tab⟩ = 0. (3.4.4)

Finally, we note that the pair (g(0), Tij) or equivalently (g(0), g(3)) provide local coor-
dinates on the covariant phase space [158, 63] of the theory; in a radial Hamiltonian
formalism, where the radial coordinate plays the role of time, g(0) is the position and g(3)

the corresponding canonical momentum [71].
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3.4.2 Coordinate transformations

In order to extract holographic data from spacetimes expressed in Bondi gauge, we need
to determine the coordinate transformation from our asymptotically locally AdS metric
in Bondi gauge

ds2 = − (Wr2e2β − U2r2e2γ)du2 − 2e2βdudr−

2Ur2e2γdudθ + r2(e2γdθ2 + e−2γ sin2 θdϕ2)
(3.4.5)

to the Fefferman-Graham form of (5.1.1). We will derive the transformation up to the
coefficient g(3), as this is the highest order term of holographic interest.

3.4.2.1 Global AdS4

A useful first step in performing this computation is to recall the transformation of global
AdS4 spacetime into Fefferman-Graham form. We begin with the metric of AdS4 in Bondi
gauge

ds2 = −
(

1 + r2

l2

)
du2 − 2dudr + r2dΩ2, (3.4.6)

where we have reinstated the factors of l for clarity. In Bondi coordinates, the metric for
AdS4 corresponds to choosing functions

β = γ = U = 0; W = 1
l2

+ 1
r2 , (3.4.7)

so in the notation of section 3.2 this corresponds to W0 = 1/l2, W2 = 1, with all other
coefficients zero.

We begin by transforming from the retarded time coordinate u into the usual time
coordinate t. This is achieved by

t = u+ r∗ (3.4.8)

where the tortoise coordinate r∗ is defined by

dr∗ = dr

f(r)
= dr

1 + (r/l)2 =⇒ r∗ = l arctan
(
r

l

)
+ c, (3.4.9)

with c is an integration constant whose value will be fixed later. Applying equations (3.4.8)
and (3.4.9) transforms (3.4.6) into the standard AdS metric of

ds2 = −
(

1 + r2

l2

)
dt2 +

(
1 + r2

l2

)−1

dr2 + r2dΩ2. (3.4.10)
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The next step is to transform from our radial distance coordinate r into the tortoise
coordinate r∗. The motivation for doing this is that we can fix the the conformal boundary
to be located at r∗ = 0, providing an immediate comparison with the FG coordinate ρ
as the conformal boundary in those coordinates is also located at ρ = 0. Choosing the
integration constant in (3.4.9) to be c = −lπ/2 allows us locate the conformal boundary
I at r∗ = 0. We implement this part of the transformation by only including the leading
order term in the large r approximation of r∗

r∗ = − l2

r
+ O(r−3) (3.4.11)

which brings the line element (3.4.10) into the form

ds2 = l2

r2
∗

−
(

1 + r2
∗
l2

)
dt2 +

(
1 + r2

∗
l2

)−1

dr2
∗ + l2dΩ2

 . (3.4.12)

This metric has similarities with (5.1.1); the gauge conditions of gρt = gρθ = gρϕ = 0 are
all satisfied automatically if r∗ = f(ρ) for any function f(ρ). We hence need to solve for
f such that gρρ = l2/ρ2. Carrying out this procedure we derive the defining equation for
f(ρ)

l2f ′2

f2[l2 + f2]
= 1
ρ2 (3.4.13)

which admits two solutions

f1 = 2klρ
1 − (kρ)2 , f2 = 2klρ

ρ2 − k2 (3.4.14)

where in both cases k is an integration constant. These two solutions are related via the
map k → −1/k so it is unimportant which is chosen to be f .

Picking f = f1 we observe that in a neighbourhood of I we have

r∗ = 2kρl
1 − k2ρ2 ≈ 2kρl (3.4.15)

The metric (3.4.12) transforms to

ds2 = l2

ρ2dρ
2 − (1 + k2ρ2)2

4k2ρ2 dt2 + l2(k2ρ2 − 1)2

4k2ρ2 dΩ2. (3.4.16)

We can now read off g(0), which is conformally equivalent to the Einstein metric on R×S2

ds2
(0) = −dt2 + dΩ2. (3.4.17)

Notice that the leading order truncations of the Taylor series for our transformations
(3.4.11), (3.4.15) allow us to compute only g(0) correctly. To compute higher order g(i) we
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need to include higher order terms in the transformation, giving

ds2
(2) = 1

2
(−dt2 − dθ2 − sin2 θdϕ2) (3.4.18)

as well as g(3)ab = 0. The latter is the expected result for the energy momentum tensor of
the CFT state dual to global AdS4.

In generalising this procedure to asymptotically locally AdS4 spacetimes we repeat the
steps of this procedure, namely using series expansions to transform the coordinates and
truncating at the necessary point to compute each g(i) coefficient.

3.4.2.2 Computing g(0)ab

For computational and notational simplicity we will from here onwards fix the AdS radius
l = 1 (Λ = −3). Factors of the radius may be reinstated using the following dimensional
considerations. The Fefferman-Graham coordinates (t, ρ, θ, ϕ) are dimensionless coordi-
nates, and thus the only dimensions are those of the Bondi metric functions (γ, β, U,W ).
Working with dimensional conventions of [length] = +1 we first compute the dimensions
of the functions in the Bondi gauge metric (3.4.5). Using the standard definitions of the
Bondi coordinates we have

[u] = 1, [r] = 1, [θ] = 0, [ϕ] = 0 (3.4.19)

and the line element has dimension [ds2] = 2. Using the length dimensions of the coordi-
nates, the dimensions of the Bondi functions are

[γ] = 0, [β] = 0, [U ] = −1, [W ] = −2. (3.4.20)

Each of these functions is expanded in negative powers of r in the asymptotic region of the
spacetime (5.1.13). Using this, we can determine the dimension of each of the coefficients
in the asymptotic expansions as

[γi] = i, [βi] = i, [Ui] = i− 1, [Wi] = i− 2. (3.4.21)

To reinstate all the factors of l in the transformation formulae one simply needs to match
the dimensions of each side of the equations by multiplying the Bondi functions by suitable
powers of l as determined by (3.4.21).

To compute g(0) we need to impose the vacuum Einstein equations to leading order; this
corresponds to switching on the leading coefficients in the metric functions β0, γ0, U0 and
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imposing W0 = e2β0). The leading order line element (3.4.5) takes the form

ds2 = −
(
e4β0r2 − U2

0 r
2e2γ0

)
du2 − 2e2β0dudr−

2U0r
2e2γ0dudθ + r2(e2γ0dθ2 + e−2γ0 sin2 θdϕ2).

(3.4.22)

We now carry out the coordinate transformations (3.4.8) → (3.4.11) → (3.4.15) using the
form r∗ = ρ as we are for now only concerned about computing g(0). This sequence of
transformations gives the metric components at order 1/ρ2 as

gρρ = 1
ρ2 (2e2β0 − e4β0 + e2γ0U2

0 ) (3.4.23a)

gρt = 1
ρ2 (e4β0 − e2β0 − e2γ0U2

0 ) (3.4.23b)

gρθ = e2γ0U0
ρ2 (3.4.23c)

gtt = 1
ρ2 (e2γ0U2

0 − e4β0) (3.4.23d)

gtθ = −e2γ0U0
ρ2 (3.4.23e)

gθθ = e2γ0

ρ2 (3.4.23f)

gϕϕ = e−2γ0 sin2(θ)
ρ2 . (3.4.23g)

The resulting coefficients (3.4.23a-3.4.23c) are clearly incompatible with the Fefferman-
Graham gauge. We thus carry out further transformations in θ and t, namely

t → t+ α1(t, θ)ρ, θ → θ + α2(t, θ)ρ. (3.4.24)

where α1,2 are functions which are fixed by setting gρρ = 1/ρ2, gρt = gρθ = 0. When
considering the O(1/ρ2) pieces of the metric it suffices to transform the forms as

dt → dt+ α1(t, θ)dρ+ · · · , dθ → dθ + α2(t, θ)dρ+ · · · (3.4.25)

as terms involving derivatives of α1,2 are subleading in the radial expansion.

Under this transformation gρρ is given by

gρρ = 1
ρ2 [(−e4β̂0 + e2γ̂0Û2

0 )α2
1 − α1(2(e2β̂0 − e4β̂0 + e2γ̂0Û2

0 ) + 2e2γ̂0Û0α2)+

(2e2β̂0 − e4β̂0 + e2γ̂0Û2
0 + e2γ̂0Û0α2 + e2γ̂0α2

2)]
(3.4.26)

where the hat symbol over metric functions signifies the boundary value e.g..

γ̂0(t, θ) = lim
r∗→0

γ0(u, θ). (3.4.27)
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Let us now solve the equation gρρ = l2/ρ2, which is regarded as a quadratic equation for
α1 (or equivalently α2). Solving this equation gives us two roots:

α+
1 = 1 − e2β̂0 + eγ̂0Û0 + eγ̂0α2

eγ0Û0 − e2β̂0
(3.4.28a)

α−
1 = −1 + e2β̂0 + eγ̂0Û0 + eγ̂0α2

eγ̂0Û0 + e2β̂0
. (3.4.28b)

There seems to be no particular motivation to choose one or the other so we will proceed
by choosing α+

1 ; we will show below that either root could have been chosen. Notice
that (3.4.28) gives α1 in terms of α2, which is viewed as a free function. Examining the
transformations of the gρt, gρθ coefficients fixes α2 and thus α1 also.

Using the transformation with α1 = α+
1 , gρt reduces to

gρt = eγ̂0(Û0 + e2β̂0α2)
ρ2 (3.4.29)

so we can set gρt = 0 by choosing α2 = −Û0e
−2β̂0 . We thus conclude that the coordinate

transformations are given by

t → t+ (1 − e−2β̂0)ρ, θ → θ − Û0e
−2β̂0ρ. (3.4.30)

Note that this value of α2 automatically sets α+
1 = α−

1 . We could have alternatively
started by choosing α1 = α−

1 ; this would have resulted in the same value for α2, showing
that the freedom in choosing α1 was actually trivial. As a final check for this part of the
transformation, we can show that gρθ = 0, verifying that the Fefferman-Graham gauge
has been reached.

This transformation illustrates the leading order part of the general procedure to trans-
form from Bondi to FG gauge. Using our solutions of the vacuum Einstein equations, we
first transform from the Bondi coordinates (u, r, θ, ϕ) into coordinates (t, r∗, θ, ϕ) and then
use transformations of the form

r∗ →
i+1∑
j=1

r∗j(t, θ)ρj , t → t+
i+1∑
j=1

tj(t, θ)ρj , θ → θ +
i+1∑
j=1

θj(t, θ)ρj (3.4.31)

where the limit of the sum i + 1 indicates the order necessary to compute the coefficient
g(i) (thus we will only be concerned about summing to an upper limit of four). At each
order we need to solve for the coefficients r∗j , tj , θj to preserve the FG gauge conditions
gρρ = 1/ρ2, gtρ = gθρ = 0 (gϕρ = 0 will be satisfied automatically due to axisymmetry
and trivial ϕ → ϕ transformation). More detail and computation of the higher order
coefficients is given in appendix A.2.
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3.4.3 Background metric

The transformation (3.4.24) gives the following results for g(0)ab:

ds2
(0) = (e2γ̂0Û2

0 − e4β̂0)dt2 − 2e2γ̂0Û0dtdθ + e2γ̂0dθ2 + e−2γ̂0 sin2(θ)dϕ2. (3.4.32)

Note that the boundary is not necessarily topologically equivalent to R × S2 in general;
the spacetimes are asymptotically locally AdS rather than asymptotically AdS.

When Û0 vanishes, the boundary metric is topologically R × S2 but the metric on the
S2 is deformed by non-trivial γ̂0. The boundary metric retains the determinant condition
on the angular part of the metric

dΩ2 = e2γ̂0dθ2 + e−2γ̂0 sin2(θ)dϕ2 =⇒ |Ω| = sin2 θ, (3.4.33)

which was part of the definition of the Bondi gauge. This is an unusual restriction on the
boundary metric: it is somewhat unnatural to impose a fixed determinant for the metric
on the sphere. It would thus be interesting to revisit the Bondi gauge analysis, dropping
the determinant condition on the spherical part of the metric.

3.4.4 The energy-momentum tensor

The final term of physical interest in the Fefferman-Graham expansion is g(3) as this
describes the energy-momentum tensor of the dual conformal field theory (3.4.3). To
compute g(3)ab we have to include terms up to O(r−3) in the metric functions

γ(u, r, θ) = γ0 + γ1
r

+ γ3
r3 (3.4.34a)

β(u, r, θ) = β0 − γ2
1

4r2 (3.4.34b)

U(u, r, θ) = U0 + 2
r
β0,θe

2(β0−γ0)−

1
r2 e

2(β0−γ0)(2β0,θγ1 − 2γ0,θγ1 + γ1,θ + 2 cot(θ)γ1) + U3
r3

(3.4.34c)

W (u, r, θ) = e2β0 + 1
r

[cot(θ)U0 + U0,θ] + 1
2r2 e

2(β0−γ0)[2 − 3e2γ0γ2
1 + 4 cot(θ)β0,θ+

8(β0,θ)2 + 6 cot(θ)γ0,θ − 8β0,θγ0,θ − 4(γ0,θ)2 + 4β0,θθ + 2γ0,θθ] + W3
r3 .

(3.4.34d)

As a brief aside, we observe that the integration functions U3 and W3 enter the metric at
this order. Recall that W3 has the interpretation in asymptotically flat spacetime as the
Bondi mass aspect, W3 = −2mB [1]. If we follow [48] in defining the mass aspect function
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as the O(1/r) term in the Bondi metric component guu then we obtain

2mB = − e−2(β0+γ0)(2γ0,u − U0(cot(θ) − 2γ0,θ) + U0,θ)(4e4β0(β0,θ)2−

e2γ0U0(−2γ0,uθ + 4γ0,u(γ0,θ − cot(θ)) + U0(4(γ0,θ)2−

2γ0,θθ − 6 cot(θ)γ0,θ + cot2(θ) − 1) − U0,θθ − cot(θ)U0,θ))+

e−2γ0(2e4γ0U0U3 − 2e2β0β0,θ(−2γ0,uθ + 4γ0,u(γ0,θ − cot(θ))+

U0(4(γ0,θ)2 − 2γ0,θθ − 6 cot(θ)γ0,θ + cot2(θ) − 1) − U0,θθ − cot(θ)U0,θ))+
1
3
e2γ0U2

0

[
6γ3 + 1

2
e−6β0(−2γ0,u + U0(cot(θ) − 2γ0,θ) − U0,θ)3

]
+

2e−2β0β0,θU0(2γ0,u − U0(cot(θ) − 2γ0,θ) + U0,θ)2+
1
8
e−2β0(U0,θ + cot(θ)U0)(2γ0,u − U0(cot(θ) − 2γ0,θ) + U0,θ)2 − e2β0W3.

(3.4.35)

Here we have used the Einstein equation (3.2.16) to express contributions in terms of
(γ0, U0, β0) wherever possible. In the asymptotically AdS case γ0 = β0 = U0 = 0 we
obtain the same definition of the mass aspect, 2mB = −W3, as in the asymptotically flat
case [1].

In the asymptotically flat case, the Bondi mass at time u = u0 is obtained by integrating
the mass aspect over the u0 cut of I + (2.2.14). It is natural to suggest that an extension
should exist for the AdS case whereby one could obtain the analogue of the Bondi mass
in asymptotically locally AdS spacetime by integrating over a cut of I instead. We will
discuss this definition in asymptotically AdS spacetimes in section 3.4.5.5 while the more
general case of asymptotically locally AdS remains ongoing work.

Returning to the discussion of the coordinate transformation in order to obtain g(3), we
note that when performing the series transformation into the Fefferman-Graham form we
also need to extend our transformation in the coordinates to O(ρ4)

r∗ → ρ+ b1(t, θ)ρ2 + c1(t, θ)ρ3 + d1(t, θ)ρ4

t → t+ α1(t, θ)ρ+ b2(t, θ)ρ2 + c2(t, θ)ρ3 + d2(t, θ)ρ4

θ → θ + α2(t, θ)ρ+ b3(t, θ)ρ2 + c3(t, θ)ρ3 + d3(t, θ)ρ4.

(3.4.36)

where αi, bi, ci are the functions already obtained from previous orders (see appendix A.2
for bi and ci). To obtain g(3)ab we will need to choose d1,2,3 suitably in order to force the
dρ terms to vanish at O(1/ρ).

Once we have performed this transformation we have to check equations (3.4.4) are
satisfied. First we use the g(0) of equation (3.4.32) to check tracelessness

gab(0)g(3)ab = gtt(0)g(3)tt + 2gtθ(0)g(3)tθ + gθθ(0)g(3)θθ + gϕϕ(0)g(3)ϕϕ = 0, (3.4.37)
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which is automatically satisfied by g(3)ab without having to apply either the supplementary
conditions or the higher order main equations.

In order to present expressions for the g(3) coefficients, we give formulae for (U3, γ3,W3)
which have been obtained via rearrangement of the expressions for (g(3)tt, g(3)tθ, g(3)θθ).
Although there are four non-zero components of the energy-momentum tensor, the three
functions below suffice to read off all components due to the tracelessness equation (3.4.37).

Û3 = e−2γ̂0(g(3)θθÛ0 + g(3)tθ) + U3(γ̂0, β̂0, U0);

Ŵ3 = 3
2
e−2β̂0

(
g(3)θθÛ

2
0 + 2g(3)tθÛ0 + g(3)tt

)
+ W3(γ̂0, β̂0, Û0); (3.4.38)

γ̂3 = 1
4

(
e−4β̂0(g(3)θθÛ

2
0 + 2g(3)tθÛ0 + g(3)tt) − 2e−2γ̂0g(3)θθ

)
+ G3(γ̂0, β̂0, Û0),

where all of the metric coefficients are functions of (t, θ), defined at I , and explicit ex-
pressions for (U3,W3,G3) can be found in appendix A.2.3.

Verification of the conservation condition (3.4.4) is less straightforward than checking
tracelessness. The simplest component to check is the ϕ component, for which the required
result is obtained using the equations (A.2.20-A.2.22) above and the tracelessness property
(3.4.37)

∇a
(0)g(3)aϕ = gac(0)∇(0)cg(3)aϕ = −gca(0)Γ

ϕ
cag(3)ϕϕ − gca(0)Γ

d
cϕg(3)ad = 0 (3.4.39)

where the Christoffel symbols Γabc are those associated with the metric g(0)ab.

The remaining conservation equations are harder to verify. The Einstein equations
(3.2.16), (3.2.19) for γ̂1 and γ̂3,t and the supplementary conditions (A.1.1-A.2) are required,
the latter giving expressions for the functions Û3,t and Ŵ3,t. These equations, combined
with the relations (A.2.20-A.2.22), are sufficient to show that the t and θ components of
the conservation conditions (3.4.4) are satisfied.

3.4.5 Asymptotically AdS4 examples

The first interesting example to look at is the class of asymptotically AdS4 Bondi gauge
pacetimes. Recall that we defined asymptotically AdS4 spacetimes as asymptotically lo-
cally AdS4 spacetimes for which g(0) is conformally flat. We can choose the representative
of this conformal class to be

γ̂0 = β̂0 = Û0 = 0, (3.4.40)

so that the metric g(0) is the standard metric on the Einstein universe.
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Applying these values to (A.2.16a-A.2.16d) and (A.2.20-A.2.22) to compute g(3) we
obtain

ds2
(2) = −1

2
[dt2 + dΩ2] (3.4.41)

ds2
(3) = 2

3
Ŵ3dt

2 + 2Û3dtdθ +
(1

3
Ŵ3 − 2γ̂3

)
dθ2 +

(1
3

sin2 θŴ3 + 2 sin2 θγ̂3

)
dϕ2 (3.4.42)

Notice that g(2) can also be obtained from (3.4.17) using the curvature formula (A.2.12)).

The second of these two formulae gives us the energy-momentum tensor for an asymp-
totically AdS4 spacetime in terms of Bondi gauge functions. From (3.4.42) we note that

g(3)tt = 2Ŵ3
3

= −4m̂B

3
(3.4.43)

which arises from the formula (3.4.35) for the Bondi mass aspect, mB, now restricted to
the boundary, m̂B = mB|I . Thus, the g(3)tt component of the energy-momentum tensor
is determined entirely by the mass aspect function. This implies in particular that the
Bondi mass for asymptotically AdS4 spacetimes is equal to the mass computed using the
holographic energy momentum tensor. Indeed,

M =
∫
S2
dSµ⟨Tµν⟩ξν = − 3

16π

∫
S2
g(3)tt = 1

4π

∫
S2
m̂B = MB (3.4.44)

where in the first equality ξµ is an asymptotic timelike killing vector, which we take to be
ξµ = −

(
∂
∂t

)µ
and we set l = G = 1. This also implies that the Bondi mass for asymp-

totically AdS4 spacetimes is equal with all other definitions of mass for asymptotically
AdS4 spacetimes as all of them are known to agree with the holographic mass (as they
had to since [71] provided a first principles derivation that the conserved charges for gen-
eral AlAdS spacetimes are the holographic charges). In appendix A.4 we demonstrate the
equality between the Bondi mass and the Abbott-Deser mass.

We will now discuss interesting examples of asymptotically AdS4 spacetimes.

3.4.5.1 Global AdS4

An obvious example of an asymptotically AdS4 spacetime is the case of global AdS4 itself.
Using the usual normalisation of l = 1, the line-element in retarded Bondi coordinates
reads

ds2 = −(1 + r2)du2 − 2dudr + r2dΩ2. (3.4.45)

Clearly W3 = U3 = γ3 = 0. Applying this to (3.4.42) we see that g(3) vanishes and thus
the energy-momentum tensor of the CFT state (the vacuum state) dual to global AdS4 is
zero.
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3.4.5.2 AdS4 Schwarzschild

We now consider the AdS4-Schwarzschild black hole solution whose metric in retarded
Bondi coordinates reads

ds2 = −
(

1 + r2 − 2m
r

)
du2 − 2dudr + r2dΩ2. (3.4.46)

This solution is an example of an asymptotically AdS4 metric and thus it automatically
has the same values for g(0) and g(2) as presented above.

This solution has metric functions β = γ = U = 0 and matching (3.4.46) with the
general Bondi gauge metric (5.1.10) gives W = 1 + 1/r2 − 2m/r3 i.e. W3 = −2m. Using
the relation (3.4.42) we obtain

g(3)ab = −2m
3


2 0 0
0 1 0
0 0 sin2 θ

 (3.4.47)

which reduces to the case of global AdS4 when m = 0.

3.4.5.3 Flat g(0)

Let us now consider the case where the metric g(0) is flat. One can show explicitly that the
metric on the Einstein universe is conformally flat using the coordinate transformation

τ ± y = tan
[1

2
(t± θ)

]
. (3.4.48)

to obtain

ds2
(0) = 4 cos2

[1
2

(t+ θ)
]

cos2
[1

2
(t− θ)

]
(−dτ2 + dy2 + y2dϕ2) (3.4.49)

which is clearly conformal to the flat metric on R2,1 in polar coordinates.

Under a conformal transformation g(0) → e2σg(0) the coefficients of the Fefferman-
Graham expansion transform as (see discussion in [61])

g′
(0)ab = e2σg(0)ab

g′
(2)ab = g(2)ab + ∇a∇bσ − ∇aσ∇bσ + 1

2
(∇σ)2g(0)ab

g′
(3)ab = e−σg(3)ab

(3.4.50)
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and therefore

g′
(0)ab = ηab, ds′2

(0) = −dτ2 + dy2 + y2dϕ2

g′
(2)ab = 0

g′
(3)ab = 2 cos

[1
2

(t+ θ)
]

cos
[1

2
(t− θ)

]
2
3Ŵ3 Û3 0
Û3

1
3Ŵ3 − 2γ̂3 0

0 0 sin2 θ
(

1
3Ŵ3 + 2γ̂3

)


ds′2
(3) = 2

3

[
(1 + (τ + y)2)(1 + (τ − y)2)

]−5/2

× {[−48yτ(1 + y2 + τ2)Û3 + 8(y4 + (1 + τ2)2 + y2(1 + 4τ2))Ŵ3−

96y2τ2γ̂3]dτ2 + [24(y4 + (1 + τ2)2 + y2(2 + 6τ2))Û3−

48yτ(1 + y2 + τ2)Ŵ3 + 96yτ(1 + y2 + τ2)γ̂3]dydτ+

[−48yτ(1 + y2 + τ2)Û3 + 4(y4 + (1 + τ2)2 + 2y2(1 + 5τ2))Ŵ3−

24(1 + y2 + τ2)2γ̂3]dy2+

[4y2((1 + (τ + y)2)(1 + (τ − y)2))(Ŵ3 + 6γ̂3)]dϕ2}.
(3.4.51)

The equation for g′
(0) is presented in the flat coordinates (τ, y, ϕ) and both g(2) and g(3)

have been presented in both the old (t, θ, ϕ) coordinates as well as the new coordinates
(τ, y, ϕ) (g(2) trivially so).

We observe that g′
(3) is merely (3.4.42) multiplied by a conformal factor. (3.4.51) presents

the specific factor when we have a flat metric at the boundary g(0)ab = ηab. We also remark
that one could immediately deduce that g′

(2)ab vanishes by applying (A.2.12) to the flat
metric.

3.4.5.4 AdS4 black brane

An example of a vacuum solution with a flat g(0) is the AdS black brane solution. The
black brane is an asymptotically AdS solution to the vacuum Einstein equations with
planar horizon topology,

ds2 = dρ2

4ρ2fb(ρ)
+ −fb(ρ)dt2 + dx2

1 + dx2
2

ρ
,

fb(ρ) = 1 − ρ3/2

b3

(3.4.52)

where b is related to the temperature T of the brane via b = 3/(4πT ).

It is straightforward to transform the black brane solution into the Fefferman-Graham
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form using a redefintion of the radial coordinate ρ (see for example [173]), resulting in
Fefferman-Graham expansion coefficients:

g(0)ab = ηab; ds2
(0) = −dτ2 + dy2 + y2dϕ2;

g(2)ab = 0;

g(3)ab = −1
3

(4πT
3

)3


2 0 0
0 1 0
0 0 y2

 ,
(3.4.53)

where we use the flat coordinates (τ, y, ϕ) of (3.4.51).

We can calculate the relevant Bondi quantities for the AdS black brane from (3.4.51)
and (3.4.53):

γ̂3 = 1
8

(4πT
3

)3
τ2y2

√
((y − τ)2 + 1) ((τ + y)2 + 1)

Û3 = −1
4

(4πT
3

)3
τy
(
τ2 + y2 + 1

)√
((y − τ)2 + 1) ((τ + y)2 + 1)

Ŵ3 = −1
8

(4πT
3

)3√
((y − τ)2 + 1) ((τ + y)2 + 1)

×
((
τ2 + 1

)2
+ y4 +

(
4τ2 + 2

)
y2
)
.

(3.4.54)

Note that Ŵ3 will be related to the mass aspect if we use (3.4.50) to transform the so-
lution so that to boundary metric is R × S2. The corresponding mass will then be the
conserved charge associated with time translations. However, as the coordinate transfor-
mation (3.4.48) transforms t to τ and y, what was a mass aspect on R × S2 is not a mass
aspect on R1,2. Indeed, it was shown in [61] that

∂t = 1
2

(Pτ +Kτ ) (3.4.55)

where Pτ = ∂τ is the generator of τ -translations and Ki = x2∂i − 2xixj∂j the generator of
special conformal transformations (see also the discussion in [174]) . Thus, Ŵ3 is related
to a linear combination of the mass and the “special conformal” aspects on R1,2. 3

3.4.5.5 Bondi mass

In our gauge the Bondi mass (2.2.14) reduces to

MB = 1
4π

∫
S2
mB = 1

2

∫ π

0
mB sin(θ) dθ (3.4.56)

3One can explicitly confirm this using (3.4.50), (3.4.48) and Kτ = (y2 + τ2)∂τ + 2τy∂y.
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where mB is the mass aspect function defined in (3.4.35).

We would like to examine whether or not the Bondi mass in asymptotically locally
AdS spacetimes maintains the monotonicity property of the mass in asymptotically flat
spacetime [1, 2], namely

∂MB

∂u
≤ 0. (3.4.57)

Note that for asymptotically flat spacetimes saturation of the bound corresponds to the
absence of gravitational radiation.

To examine the AdS analogue of this result, we begin by examining the case of asymp-
totically AdS space-times for which γ0 = β0 = U0 = 0. In this case the mass aspect
coincides with the original definition, 2mB = −W3 and

∂MB

∂u
= 1

2

∫ π

0

∂mB

∂u
sin(θ) dθ = −1

4

∫ π

0

∂W3
∂u

sin(θ) dθ. (3.4.58)

To analyse this, we use the supplementary condition (A.2) (evolution equation for W3),
which reduces to

W3,u =1
2

[6γ4
1 − γ2

1,θ + 4γ2
1,u + 4γ1,u − 2γ1,uθθ − 8 cot2(θ)γ2

1+

γ1(−12γ3 + γ1,θθ − 15 cot(θ)γ1,θ) − 6 cot(θ)γ1,uθ + 3U3,θ + 3 cot(θ)U3]
(3.4.59)

in this case.

To simplify this relation further we use the Einstein equation (3.2.16), which implies

γ1 = 0 (3.4.60)

and thus
W3,u = 3

2
(U3,θ + cot(θ)U3) (3.4.61)

and thus substituting into equation (3.4.57) gives

∂MB

∂u
= −3

8

∫ π

0
(U3,θ sin(θ) + cos(θ)U3) dθ = −3

8
[U3 sin(θ)]π0 . (3.4.62)

To evaluate the limits of this integral we use the same regularity conditions as in [1]. At
the poles of the 2-sphere,

U3
sin(θ)

= f(cos(θ)) (3.4.63)

where the function f is regular at the poles. Applying this condition in (3.4.62) gives

∂MB

∂u
= −3

8
[sin2(θ)f(cos(θ))]π0 = 0 (3.4.64)
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using the regularity of f .

Thus for asymptotically AdS spacetimes the Bondi mass is constant and does not vary
with respect to the Bondi time, u. This confirms earlier results in [41, 164, 46, 47, 49]
(mostly for the dS case). The result is striking and is what would be expected on physical
grounds, as we will now explain.

Firstly, let us recall the interpretation of equation (3.4.60) in the language of the original
work by BMS. Vanishing of γ1 implies there is no news and thus (in the asymptotically
flat case) the mass is automatically conserved. This interpretation carries over to the
asymptotically AdS case. Note however that it seems less likely that this result will extend
trivially to the broader class of asympotically locally AdS spacetimes, as it is possible to
have vanishing γ1 but non-trivial (γ0, β0, U0). The latter would play a role in the equation
(A.2) for the evolution of the mass aspect and could alter the monotonicity properties of
the mass.

Another way to understand why the Bondi mass remains constant for asymptotically
AdS space-times is that the boundary metric is unchanging, indicating a lack of gravita-
tional radiation to perturb it. Any outgoing radiation would effect the boundary metric
and as the metric is unchanging with time there is no gravitational radiation. The origi-
nal motivation of BMS was to define a mass which captured radiation escaping at (null)
infinity and thus our conclusion is consistent with their approach.

3.4.6 Integration scheme

In this section we summarise the relation between the Fefferman-Graham integration
scheme, which effectively allows the spacetime to be reconstructed in the neighbourhood
of the conformal boundary in terms of CFT data, and the integration scheme in Bondi
gauge discussed in section 3.3.2. In the latter, one specifies the data

{γ̂0(t, θ), β̂0(t, θ), Û0(t, θ), γ̂3(t, θ), Û3(t, θ), Ŵ3(t, θ) | t ∈ R, θ ∈ (0, 2π)} (3.4.65)

which has the effect of reducing the Einstein equations to algebraic equations from which
one construct fully the asymptotic solutions to the Einstein equations without having to
evolve betweeen null hypersurfaces.

The holographic interpretation of (γ̂0, β̂0, Û0) is given by equation (3.4.32): these func-
tions define the metric at the conformal boundary, g(0)ab. The commonly imposed de-
terminant constraint on the spherical part of the metric in Bondi gauge translates into a
determinant constraint on the spherical part of the boundary metric, a constraint which
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is unnatural from a CFT perspective.

The data (γ̂3, Û3, Ŵ3) defines the energy momentum tensor of the dual theory, Tab.
More precisely, equation (3.4.38) gives the relation between g(0)ab and Tab (∼ g(3)ab) and
the coefficients (γ̂3, Û3, Ŵ3). With this holographic interpretation we can rephrase the
Bondi integration scheme in the following form:

Knowledge of the metric g(0)ab at I and the energy momentum tensor Tab ∼ g(3)ab for
the CFT dual of the Bondi gauge spacetime is sufficient to algebraically solve the vacuum
Einstein equations in the asymptotic region.

3.5 Conclusions

The main result of this chapter is the general asymptotic solution of asymptotically local
AdS and dS spacetimes in Bondi gauge. We saw that we can use two different integration
schemes: in the boundary scheme we fix data on the conformal boundary only, while in
the hybrid scheme we give data on a null hypersurface and a portion of the conformal
boundary. We also presented the coordinate transformation to Fefferman-Graham coordi-
nates and identified how to extract the holographic data/conserved quantities directly in
Bondi gauge.

The analysis was done for vacuum Einstein gravity in four dimensions and for solutions
that are axially and reflection symmetric. It would be straightforward to relax these
conditions, i.e. to consider solutions with no axial and reflection symmetry, add matter
and generalise to higher dimensions. In odd dimensions the asymptotic expansion will
involve logarithmic terms, and so it will in any dimension with specific types of matter
(as discussed for d = 4 in appendix A.3). These logarithms are related to logarithmic
divergences in the on-shell value of the gravitational action [58, 60].

One undesirable feature of the Bondi gauge is the determinant condition on the angular
part of the metric (2.2.7). In the context of (A)dS this implies that the angular part of the
boundary metric satisfies a similar condition (3.4.33). Via gauge/gravity duality however
the boundary metric also has the interpretation of a source for the energy momentum
tensor of the dual QFT and in QFT the sources should be unconstrained. This issue
is due to the way that the Bondi gauge is defined, and should not restrict the phase
space in any way. There are a number of known approaches to relax this restriction e.g.
[87] suggests keeping the original Bondi gauge determinant condition more general by
requiring r4 det(gAB) = b(u, θ) where b(u, θ) is an arbitrary but known function. This
allows for a more general conformal factor multiplying the angular part of the metric
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in (3.4.22). Another approach would be to use gauge preserving diffeomorphisms in FG
gauge in order to attempt to remove this constraint (for related ideas, see [50]). In both
cases, the physical picture will become muddied, as the Bondi metric functions will lose
their immediate physical significance, a significance which could be recovered by use of
the linkage formulas of [175].

We have seen that the Bondi mass is constant for asymptotically (A)dS metrics, re-
flecting the fact that these boundary conditions do not allow for radiating spacetimes.
To accommodate radiating spacetimes one needs to consider asymptotically locally (A)dS
spacetimes with a time dependent boundary metric. While we now know the general
asymptotic solution for such spacetimes, we do not know yet what is the correct iden-
tification of the appropriate notion of mass that accounts for the radiation (but see
[163, 164, 48, 46, 47, 49, 165]). Physically, we expect that the mass of a compact ob-
ject radiating outgoing gravitational waves should decrease monotonically, regardless of
asymptotics. It is not yet clear whether the Bondi mass defined using (3.4.38) has this
quality. It would be interesting to investigate this candidate as well as the more general
issue regarding the required boundary conditions that one need impose for the existence
of a monotonically decreasing quantity (i.e. to exclude incoming radiation). A radiating
spacetime which is asymptotically locally AdS and possesses a “Bondi mass” with the
required properties [69] is the AdS Robinson-Trautman solution. It would thus be useful
to bring this solution to Bondi gauge and use it as a playground.

In this chapter we only touched upon the case of positive cosmological constant, only
discussing properties that can be directly inferred from those of negative Λ. There are
however important global differences between the two cases and it would be interesting to
completely analyse the case of positive cosmological constant in detail, especially given its
phenomenological importance. We return to this and related issues in chapter 5.

The direct analogue of the asymptotically flat case when Λ ̸= 0 is the case of asymptot-
ically (A)dS spacetimes. When Λ ̸= 0, however, we have seen that we can obtain asymp-
totic solutions more generally for asymptotically locally (A)dS spacetimes. It would be
interesting to revisit the case of no cosmological constant and determine the most gen-
eral boundary conditions allowed by Einstein’s equations (and the variational problem)
at null infinity and find the corresponding asymptotic solutions. This may be relevant in
understanding how holography works in asymptotically flat gravity.



CHAPTER 4

Physical applications of the Bondi gauge in Al(A)dS spacetimes

4.1 The Bondi mass in asymptotically locally AdS space-
time

As part of the pioneering work of [1], BMS proved that the Bondi mass in axisymmetric,
asymptotically flat (AF) spacetime was monotonically decreasing. It would be interesting
to see if such notions of monotonicity carry over to the AdS asymptotics and thus this
section of the thesis attempts to replicate the steps of the original proof but now in
axisymmetric, asymptotically locally AdS (AlAdS) spacetime.

By performing this anaylsis, we hope to find either a proof of monotonicity or an explicit
counter-example to monotonicity. If the monotonicity carries over, then the Bondi mass
in AdS would be a natural candidate (as in the AF case) to describe the mass loss due
gravitational radiation and thus it may help us understand gravitational waves in AdS
spacetime. If we are able to find a counter example, then we would (somewhat less
satisfactorily) be able to conclude that the Bondi mass is an unsuitable candidate for
describing the mass loss due to gravitational waves in AdS, although the definition could
potentially be modified to regain monotonicity.

Before we begin the computation, we comment that this work can be viewed as a small
contribution to of a larger problem of understanding mass in asymptotically locally AdS
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spacetimes [176, 177, 178, 179]. Here we are of course considering the specific case of
the Bondi mass, which is well understood in flat spacetime [32, 33] and has recently been
considered with generic Λ ̸= 0 in [48].

4.1.1 Defintion and Basics

The first step in following the original monotonicity proof is to recall the definition of the
Bondi mass, MB, as given in [1]

MB(u, θ) = 1
4π

∫
S2
mB(u, θ) (4.1.1)

where the integrand mB is free data known as the Bondi mass aspect, and it can be
read off from the O(1/r) coefficient in the asymptotic series expansion for guu, the {uu}
component of the metric in the Bondi-Sachs gauge. The geometric interpretation of the
S2 which we integrate over is that it is the manifold induced at a given cut of I +.

We will now re-use this definition for a cut of I , where I is the timelike boundary
of AlAdS spacetime. In equation (3.4.35) we presented the mass aspect in axisymmetric
AlAdS spacetime, mAdS

B . Here we re-write that formula in a slightly different form, the
advantages of which will become clearer as we move through the attempted proof.

2mB(u, θ) =1
2
e2β0γ2

1(U0,θ + cot(θ)U0) + 2
3
e−2γ0(12e4β0β0,θγ0,θγ1 − 6e4β0β0,θγ1,θ−

12 cot(θ)e4β0β0,θγ1 + 12γ0,θγ
2
1U0e

2β0+2γ0 − 6γ1,θγ1U0e
2β0+2γ0−

12 cot(θ)γ2
1U0e

2β0+2γ0 + 2e4γ0γ3
1U

2
0 + 3e4γ0U0U3 + 3e4γ0γ3U

2
0 ) − e2β0W3

(4.1.2)

To get to this form of the mass aspect from (3.4.35), first reinstate Λ in the previous formula
((3.4.35) used Λ = −3) and then reinstate γ1 using the following Einstein equation

γ0,u = 1
6

(2Λe2β0γ1 − 6γ0,θU0 − 3U0,θ + 3 cot(θ)U0). (4.1.3)

Part of the purpose of writing down a formula which includes γ1 terms is that γ1,u had the
interpretation in the original work by BMS as being the ‘news function’ which governed
the rate of mass loss. It will be of interest to see if it plays a similar role in the AlAdS
case.

To make a direct comparison between (4.1.2) and the formula for the mass aspect pre-
sented in [1], we note that in the AF case we had

γ0 = β0 = U0 = 0 (4.1.4)
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and so if we were to switch back to Minkowskian asymptotics we would find

2mB = −W3 (4.1.5)

exactly as BMS originally had.

Now that we have the mass aspect for AlAdS spacetime, we need to define the Bondi
mass using a suitable integral. Following the argument of BMS, we want to define the
mass at a given Bondi time u as the integral of the mass aspect over the u cut of I . (note
that future null infinity I + in the AF case has here been replaced by timelike infinity
I ). Denoting this cut Iu, we write the Bondi mass as

MB(u, θ) = 1
4π

∫
Iu

mB(u, θ). (4.1.6)

We can simplify this further by considering the metric on Iu. In (3.4.32), we showed that
the metric induced at the conformal boundary I was

ds2
0 = (e2γ̂0Û2

0 − e4β̂0)dt2 − 2e2γ̂0Û0dtdθ + e2γ̂0dθ2 + e−2γ̂0 sin2(θ)dϕ2 (4.1.7)

where t = u|I so these coordinates can be freely interchanged here and the ˆ notation
has been used to denote these functions as those evaluated on I (again this makes no
mathematical difference here, but serves as a useful way to track the functions). We want
to integrate over given cuts of I i.e. u = constant slices of this 3-manifold, upon which
the metric takes the form

ds2
Iu

= e2γ̂0dθ2 + e−2γ̂0 sin2(θ)dϕ2. (4.1.8)

This is clearly not the metric on the round S2 unless γ0 = 0, an overly restrictive as-
sumption in the AlAdS case. This difference may lead one to think that the integral one
performs differs from that in the AF case but this turns out to not be true. In a similar
fashion to the metric on S2, we have written the metric on Iu in coordinates θ ∈ (0, π),
ϕ ∈ [0, 2π) which we assume to form a one chart atlas for the manifold Iu up to a set of
zero measure (in a similar way to the the coordinates (θ, ϕ) on the round S2 not covering
the poles). This assumption means that the only potential difference in an integral over S2

and over Iu could arise from the metric determinant, fortunately the BMS gauge choice
means

det(gIu) = sin2 θ = det(gS2) (4.1.9)

which one can easily see from (4.1.8). Using this we are able to conclude that

MB(u, θ) = 1
4π

∫
Iu

mB(u, θ) = 1
4π

∫
S2
mB(u, θ) = 1

2

∫ π

0
mB(u, θ) sin θ dθ. (4.1.10)

where in the final line we have used the axisymmetry of the spacetime to perform the ϕ
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integral.

Having set up the mass integral in AlAdS spacetime, we are now ready to investigate
it’s monotonicity properties. First we take the derivative of MB with respect to the Bondi
time u

∂MB

∂u
= 1

2

∫ π

0

∂mB

∂u
sin θ dθ. (4.1.11)

and now we should explicitly apply (4.1.2) in the above formula. This generates a long
printout which we leave for now in ‘AdS_Bondi_Mass_Monotonicity.nb’

One thing we can notice without any explicit calculation is that the application of this
derivative will produce terms of the form γ0,u, γ3,u, U3,u,W3,u. These are terms that we
already have expressions for using the Einstein equations. We derived these previously
(also included in the MATHEMATICA file for convenience) and as we are attempting to
follow the logic of the original monotonicity proof by BMS, it seems sensible to attempt
to apply Einstein’s equations in order to remove these terms. In the AF case, the only
term which arose from taking the u-derivative of the mass aspect formula was W3,u which
upon application of the ‘supplementary’ Einstein equation ((35) in [1]) was shown to give
a monotonically decreasing quantity and thus a monotonically decreasing mass.

Performing these substitutions is conceptually fairly straightforward although due to the
sheer length of the expressions we leave these steps in the MATHEMATICA file. Once this
substitution has been performed we can rearrange the resulting expression by collecting
in powers of Λ to write the u-derivative of the mass aspect as

∂mB

∂u
= A0(u, θ) +A1(u, θ)Λ +A2(u, θ)Λ2 (4.1.12)

where

A2 = − 1
6
e6β0γ1(γ3

1 − 2γ3) (4.1.13a)

A1 = 1
36
e2β0−2γ0(−3e2β0γ2

1(8e2β0γ2
0,θ − 16 cot(θ)e2β0γ0,θ+

7e2β0β0,θ(cot(θ) − 2γ0,θ) + 4e2β0β2
0,θ + 7e2β0β0,θθ + 8 cot2(θ)e2β0+

12e2γ0γ1,θU0) − 24γ3
1U0e

2(β0+γ0)(β0,θ − γ0,θ + cot(θ))+

3γ1(e4β0(γ1,θ(14β0,θ + 14γ0,θ − 15 cot(θ)) + γ1,θθ) + 8e4γ0γ3U
2
0 )+

9U3e
2(β0+γ0)(2β0,θ + cot(θ)) + 3(−e4β0γ2

1,θ + 3U3,θe
2(β0+γ0)+

8U0e
2(β0+γ0)(2γ3(β0,θ − γ0,θ + cot(θ)) + γ3,θ) + 4e4γ0γ4U

2
0 ) + 16e4γ0γ4

1U
2
0 )

(4.1.13b)

while the expression for A0 is very long and is omitted here (details are again in the
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MATHEMATICA file).

4.1.2 Infinitesimal Λ ‘counter example’

The full expression for mB,u is very long, and it seems impossible to make any comments
about the monotonicity of the integral (4.1.11) from simply looking at these terms. To
make this problem more tractable, we will first restrict our attention to the case of the
asymptotically flat limit, i.e we look at infinitesimal Λ and ignore all terms in (4.1.12) of
O(Λn) for n ≥ 2. The motivation for taking this approach is twofold: Firstly, we hope that
this will simplify the expression for ∂mB/∂u into something more manageable. Secondly,
this should relate the case we are studying here of Λ ̸= 0 to that of the AF case which is
of course the building block for the calculation we are performing here.

So in this limit we have

∂mB

∂u
= A0(u, θ) +A1(u, θ)Λ + O(Λ2) (4.1.14)

which at first doesn’t seem to simplify the expression much as A2 was by far the shortest
expression of the three coefficients. However, we have so far neglected to include the
scaling of the metric functions in the asymptotically flat limit, recall the fall-off conditions
in the AF case were

γ0 = β0 = U0 = 0 (4.1.15)

so we would expect these functions to also be small in the asymptotically flat limit. This
agrees with the bound on U0 that we previously computed

|U0| <

√
−Λ

3
e4β0−2γ0 (4.1.16)

so we expect U0 to vanish as we take Λ → 0.

From the perspective of the Einstein equations the functions γ0, β0, U0 were all free
quantities that had to be specified on I in order to algebraically generate solutions to
the Einstein equations in the asymptotic interior of the spacetime (see section 3.3). The
fact that these quantities are free means that we can re-scale them by a constant and
still generate solutions corresponding to the new expressions. In order to look at the
asymptotically flat limit, we re-scale the functions accordingly

γ̃0 = ϵγ0, β̃0 = ϵβ0, Ũ0 = ϵU0 (4.1.17)

where ϵ is a small parameter of O(Λ). These rescalings mean that we can also treat γ1 as
a function of O(1) via the Einstein equation (4.1.3) and as such we can examine the AF



104 Chapter 4. Physical applications of the Bondi gauge in Al(A)dS spacetimes

limit by applying these rescaled functions directly to (4.1.14). When doing this we will
ignore any terms of O(Λn) for n ≥ 2 which of course includes terms of the form ϵ2, ϵΛ etc.

Applying this rescaling gives us the following formula

2∂mB

∂u
= Ã0 + ΛÃΛ + ϵÃϵ + O(Λ2) (4.1.18)

where Ãi are terms which we will now discuss in more detail. Firstly we have

Ã0 = −2γ2
1,u + γ1,uθθ − 2γ1,u + 3 cot θγ1,uθ (4.1.19)

which is precisely the same term that BMS found in the AF case. The fact that this term
makes an appearance in our AF limit of AlAdS spacetimes is a reassuring sanity check.

The deviations from the AF case are encoded in the terms ÃΛ and Ãϵ

ÃΛ = 1
6

(γ1,θθγ1 − γ2
1,θ − 8 cot2(θ)γ2

1 − 15 cot(θ)γ1,θγ1 + 3U3,θ + 3 cot(θ)U3) (4.1.20)

Ãϵ =1
6

(6U0γ1 cot3(θ) + 24γ1U0,θ cot2(θ) + 21U0γ1,θ cot2(θ) + 6β0,θθ cot2(θ)+

9γ0,θθ cot2(θ) + 48β0γ1,u cot2(θ) − 24γ0γ1,u cot2(θ) + 9U0W3 cot(θ)−

12 csc2(θ)U0γ1 cot(θ) + 6 csc2(θ)β0,θ cot(θ) + 12β0,θ cot(θ)+

9 csc2(θ)γ0,θ cot(θ) − 6γ0,θ cot(θ) + 39U0,θγ1,θ cot(θ) + 12γ1U0,θθ cot(θ)+

21U0γ1,θθ cot(θ) + 12β0,θθθ cot(θ) + 12γ0,θθθ cot(θ) − 45γ2
1U0,u cot(θ)−

38U0γ1γ1,u cot(θ) + 12β0,θγ1,u cot(θ) − 36γ0,θγ1,u cot(θ) − 12γ1β0,uθ cot(θ)−

12γ1γ0,uθ cot(θ) + 72β0γ1,uθ cot(θ) − 36γ0γ1,uθ cot(θ) − 24β0γ
2
1,u + 9W3U0,θ−

18 csc2(θ)γ1U0,θ + 10U0W3,θ − 24 csc2(θ)U0γ1,θ + 6γ1,θU0,θθ − 12 csc2(θ)β0,θθ+

12β0,θθ − 18 csc2(θ)γ0,θθ − 6γ0,θθ + 15U0,θγ1,θθ − 6γ1U0,θθθ + 6U0γ1,θθθ+

6β0,θθθθ + 3γ0,θθθθ + 12U3U0,u − 24γ1γ1,θU0,u − 24W3β0,u − 48 csc2(θ)β0γ1,u+

24 csc2(θ)γ0γ1,u − 6γ1U0,θγ1,u − 20U0γ1,θγ1,u − 12β0,θθγ1,u − 12γ0,θθγ1,u+

3γ2
1U0,uθ − 12γ1,θγ0,uθ − 12U0γ1γ1,uθ − 24γ0,θγ1,uθ + 12γ1β0,uθθ−

12γ1γ0,uθθ + 24β0γ1,uθθ − 12γ0γ1,uθθ).
(4.1.21)

The ÃΛ term comes from the O(ϵ0) term in A1(u, θ) and the Ãϵ term comes from the
O(ϵ) term in A0(u, θ). We have managed to write the integrand in a (somewhat) more
tractable form and we are now ready to begin removing terms by writing them as total
derivatives.
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Before we begin this analysis, we first recall the regularity conditions that BMS originally
imposed upon the metric functions at the coordinate values θ = 0, π. We will carry these
conditions over for the purpose of our analysis.

lim
sin θ→0

W (u, r, θ) = fW (u, r, cos θ), lim
sin θ→0

β(u, r, θ) = fβ(u, r, cos θ)

lim
sin θ→0

U(u, r, θ)
sin θ

= fU (u, r, cos θ), lim
sin θ→0

γ(u, r, θ)
sin2 θ

= fγ(u, r, cos θ)
(4.1.22)

where each of the fg are functions regular at cos(θ) = ±1. These regularity conditions
allow us to explicitly evaluate the integrals of the total derivative terms, for example the
Ã0 term of (4.1.11) is

1
4

∫ π

0
Ã0 sin θ dθ = 1

4

∫ π

0

[
−2 sin(θ)γ2

1,u + ∂θ(γ1,u cos θ) + 1
2
∂θ(γ1,uθ sin θ)

]
dθ. (4.1.23)

Now we focus on the total derivative pieces. Here and from now on we will use the notation
f ig to refer to the O(r−i) component of the metric function g i.e. we have

fg(u, r, cos θ) =
∞∑
i=0

f ig(u, cos θ)
ri

. (4.1.24)

Using this notation we can write the first total derivative term as∫ π

0
∂θ(γ1,u cos θ) dθ = γ1,u cos θ

∣∣π
0 = sin2 θ cos θ ∂u[f1

γ (u, cos θ)]
∣∣π
0 = 0 (4.1.25)

where the final equality comes from the regularity conditions and the sin2 θ factor. We
can apply a similar treatment to the second total derivative term

∫ π

0
∂θ(γ1,uθ sin θ) = γ1,uθ sin θ

∣∣π
0 = ∂u,θ[sin2 θf1

γ (u, cos θ)] sin θ
∣∣π
0

= {2 sin2 θ cos θ ∂u[f1
γ (u, cos θ)] − sin4 θ ∂u,cos θ[f1

γ (u, cos θ)]}
∣∣π
0 = 0 (4.1.26)

where in the final line we have again used the regularity of f1
γ . All that remains of equation

(4.1.23) is
− 1

2

∫ π

0
γ2

1,u sin θ dθ (4.1.27)

which is precisely the monotonically decreasing term that BMS found in their analysis of
the asymptotically flat case. We will now apply similar considerations to the integrals of
the terms ÃΛ and Ãϵ

We can re-write the ÃΛ piece the integral (4.1.11) as

Λ
24

∫ π

0
[ − 2 sin(θ)γ2

1,θ − 8 csc θγ2
1+

∂θ(sin(θ)γ1γ1,θ) − 8∂θ(cos(θ)γ2
1) + 3∂θ(sin θU3)]dθ

(4.1.28)
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where the terms on the second line are clearly all total derivatives. By applying the
regularity conditions (4.1.22), one can easily show that these all vanish. This means that
we are left with

− Λ
12

∫ π

0
(sin θγ2

1,θ + 4 csc θγ2
1) dθ (4.1.29)

which is positive for the AlAdS case of Λ < 0. Although this is clearly not the whole
expression for the u-derivative of the mass aspect, we can already begin to see how the
presence of positive terms like this one in the AlAdS case may be used to construct counter
examples to the monotonically decreasing property that BMS found in the AF setting.
We will return to this point once we have looked at the O(ϵ) terms in the mass integral.

To look at the O(ϵ) terms, we need to consider Ãϵ terms in the integral (4.1.11). By
attempting to write as many terms as possible as total derivatives we can re-write the
expression as

ϵ

24

∫ π

0
[sin θU0W3,θ − 24 sin θW3β0,u + 12 sin θU3U0,u+

48 sin(θ)γ2
1U0,uθ + 66 sin(θ)γ1,θγ1U0,u + 32 sin(θ)γ1,uγ1U0,θ+

26 sin(θ)γ1,uθγ1U0 + sin(θ)γ1,θU0,θθ + 3 sin(θ)γ1,θθU0,θ + 18 sin(θ)γ1,θγ1,uU0−

9 csc(θ)γ1,θU0 + 24 sin(θ)β0,uθθγ1 − 24 sin(θ)β0γ
2
1,u + 24 sin(θ)β0,θθγ1,u+

12 sin(θ)β0,uθγ1,θ + 12 sin(θ)β0,θγ1,uθ + 9∂θ(sin θU0W3) − 36∂θ(sin(θ)β0,θγ1,u)−

12∂θ(sin(θ)β0,uθγ1) + 24∂θ(sin(θ)β0γ1,uθ) + 48∂θ(cos(θ)β0γ1,u)+

6∂θ(sin(θ)β0,θθθ) + 6∂θ(cos(θ)β0,θθ) + 6∂θ((2 sin(θ) − csc(θ))β0,θ)+

∂θ(sin(θ)γ1γ1,θ) + 3∂θ(sin(θ)γ0,θθθ) − 12∂θ(sin(θ)γ0,θγ1,u)−

12∂θ(sin(θ)γ1γ0,uθ) − 12∂θ(sin(θ)γ0γ1,uθ) − 8∂θ(cos(θ)γ2
1)+

9∂θ(cos(θ)γ0,θθ) − 24∂θ(cos(θ)γ0γ1,u) + 3∂θ((cos(2θ) − 4) csc(θ)γ0,θ)+

6∂θ(sin(θ)γ1,θU0,θ) − 6∂θ(sin(θ)γ1U0,θθ) + 6∂θ(sin(θ)γ1,θθU0)−

45∂θ(sin(θ)γ2
1U0,u) − 38∂θ(sin(θ)γ1γ1,uU0) + 18∂θ(cos(θ)γ1U0,θ)+

15∂θ(cos(θ)γ1,θU0) + 6∂θ(cos(θ) cot(θ)γ1U0)] dθ
(4.1.30)

which we can simplify further by considering the total derivative terms and the regularity
conditions (4.1.22). The first step is to eliminate all total derivative piece with a sin θ
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factor, as these will vanish automatically

ϵ

24

∫ π

0
[sin θU0W3,θ − 24 sin θW3β0,u + 12 sin θU3U0,u+

48 sin(θ)γ2
1U0,uθ + 66 sin(θ)γ1,θγ1U0,u + 32 sin(θ)γ1,uγ1U0,θ+

26 sin(θ)γ1,uθγ1U0 + sin(θ)γ1,θU0,θθ + 3 sin(θ)γ1,θθU0,θ + 18 sin(θ)γ1,θγ1,uU0−

9 csc(θ)γ1,θU0 + 24 sin(θ)β0,uθθγ1 − 24 sin(θ)β0γ
2
1,u + 24 sin(θ)β0,θθγ1,u+

12 sin(θ)β0,uθγ1,θ + 12 sin(θ)β0,θγ1,uθ + 48∂θ(cos(θ)β0γ1,u) + 6∂θ(cos(θ)β0,θθ)−

6∂θ(csc θβ0,θ) − 8∂θ(cos(θ)γ2
1) + 9∂θ(cos(θ)γ0,θθ) − 24∂θ(cos(θ)γ0γ1,u)+

3∂θ((cos(2θ) − 4) csc(θ)γ0,θ) + 18∂θ(cos(θ)γ1U0,θ) + 15∂θ(cos(θ)γ1,θU0)+

6∂θ(cos(θ) cot(θ)γ1U0)] dθ
(4.1.31)

now we can also use the regularity conditions for γ, β, U to quickly eliminate some more
of the total derivatives

ϵ

24

∫ π

0
[sin θU0W3,θ − 24 sin θW3β0,u + 12 sin θU3U0,u+

48 sin(θ)γ2
1U0,uθ + 66 sin(θ)γ1,θγ1U0,u + 32 sin(θ)γ1,uγ1U0,θ+

26 sin(θ)γ1,uθγ1U0 + sin(θ)γ1,θU0,θθ + 3 sin(θ)γ1,θθU0,θ + 18 sin(θ)γ1,θγ1,uU0−

9 csc(θ)γ1,θU0 + 24 sin(θ)β0,uθθγ1 − 24 sin(θ)β0γ
2
1,u + 24 sin(θ)β0,θθγ1,u+

12 sin(θ)β0,uθγ1,θ + 12 sin(θ)β0,θγ1,uθ + 6∂θ(cos(θ)β0,θθ) − 6∂θ(csc θβ0,θ)+

9∂θ(cos(θ)γ0,θθ) + 3∂θ((cos(2θ) − 4) csc(θ)γ0,θ)] dθ.
(4.1.32)

The final total derivative terms must be considered a little more carefully. First we start
with the β0 terms

ϵ

4

∫ π

0
[∂θ(cos θβ0,θθ) − ∂θ(csc θβ0,θ)] dθ = ϵ

4
[cos θβ0,θθ − csc θβ0,θ]

∣∣∣∣π
0

(4.1.33)

applying the regularity conditions to the term on the RHS

ϵ

4
[− cos2 θ∂cos θ(f0

β(u, cos θ)) + sin2 θ cos θ∂2
cos θ(f0

β(u, cos θ)) + ∂cos θ(f0
β(u, cos θ))]

∣∣∣∣π
0

(4.1.34)

= ϵ

4
[sin2 θ∂cos θ(f0

β(u, cos θ)) + sin2 θ cos θ∂2
cos θ(f0

β(u, cos θ))]
∣∣∣∣π
0

= 0 (4.1.35)

where the final equality comes from the sin2 θ factor and the regularity of the functions
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f0
β . We perform a similar analysis on the γ0 terms

ϵ

24

∫ π

0
[9∂θ(cos(θ)γ0,θθ) + 3∂θ((cos(2θ) − 4) csc(θ)γ0,θ)] dθ

= ϵ

24
[9 cos θγ0,θθ + 3 cos(2θ) csc θγ0,θ − 12 csc θγ0,θ]

∣∣∣∣π
0

= ϵ

24
[18 cos3 θf0

γ (u, cos θ) − 18 cos θ sin2 θf0
γ (u, cos θ)+

9 sin2 θ cos2 θ∂cos θ(f0
γ (u, cos θ)) + 9 cos θ sin4 θ∂2

cos θ(f0
γ (u, cos θ))+

6 cos3 θf0
γ (u, cos θ) − 3 cos2 θ sin2 θ∂cos θ(f0

γ (u, cos θ)) − 6 sin2 θ cos θf0
γ (u, cos θ)+

3 sin4 θ∂cos θf(u, cos θ) − 24 cos θf0
γ (u, cos θ) + 12 sin2 θ∂cos θ(f0

γ (u, cos θ))]
∣∣∣∣π
0

=ϵ[cos3 θf0
γ (u, cos θ) − cos θf0

γ (u, cos θ)]
∣∣∣∣π
0

= −ϵ[cos θ sin2 θf0
γ (u, cos θ)]

∣∣∣∣π
0

= 0.

(4.1.36)

So we again find that the total derivative terms cancel. We are now able to write our
expression for the u-derivative of the Bondi mass in the AF limit as

∂MB

∂u
= − 1

2

∫ π

0
γ2

1,u sin θ dθ − Λ
12

∫ π

0
(sin θγ2

1,θ + 4 csc θγ2
1) dθ+

ϵ

24

∫ π

0
[sin θU0W3,θ − 24 sin θW3β0,u + 12 sin θU3U0,u+

48 sin(θ)γ2
1U0,uθ + 66 sin(θ)γ1,θγ1U0,u + 32 sin(θ)γ1,uγ1U0,θ+

26 sin(θ)γ1,uθγ1U0 + sin(θ)γ1,θU0,θθ + 3 sin(θ)γ1,θθU0,θ+

18 sin(θ)γ1,θγ1,uU0 − 9 csc(θ)γ1,θU0 + 24 sin(θ)β0,uθθγ1−

24 sin(θ)β0γ
2
1,u + 24 sin(θ)β0,θθγ1,u+

12 sin(θ)β0,uθγ1,θ + 12 sin(θ)β0,θγ1,uθ] dθ.

(4.1.37)

The first term is the standard ‘news’ term from the AF set up, the second term is pro-
portional to the cosmological constant Λ and the third term is due to the rescaling of the
functions β0, γ0, U0 in the AF limit.

It still seems difficult from simply studying these terms to make a direct conclusion
about the monotonicity of MB although in the case of Λ < 0 (AlAdS), we are able to use
this formula to construct an explicit counter-example. To construct this, we consider the
‘newsless’ case

γ1,u = 0. (4.1.38)

The motivation for doing this when trying to construct a counter-example is that we do
not want the first term of (4.1.37) to be non-zero. It is negative and it has great size
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relative to the other two terms in the AF limit. In this case equation (4.1.37) reduces to

∂MB

∂u
= − Λ

12

∫ π

0
(sin θγ2

1,θ + 4 csc θγ2
1) dθ+

ϵ

24

∫ π

0
[sin θU0W3,θ − 24 sin θW3β0,u + 12 sin θU3U0,u + 48 sin(θ)γ2

1U0,uθ+

66 sin(θ)γ1,θγ1U0,u + sin(θ)γ1,θU0,θθ + 3 sin(θ)γ1,θθU0,θ−

9 csc(θ)γ1,θU0 + 24 sin(θ)β0,uθθγ1 + 12 sin(θ)β0,uθγ1,θ] dθ.
(4.1.39)

We can now finalise the construction of an increasing mass by considering the special case
of having metric functions

β0 = β0(θ), U0 = 0, γ0 ̸= 0. (4.1.40)

The first two conditions force all of the O(ϵ) terms in (4.1.39) to vanish and the third
equation is essential in forcing that the O(Λ) term does not. If we were to have γ0 = β0 = 0
then our spacetime would be asymptotically AdS [62, 69] and MB would not vary with
the Bondi time u. Here we still need to have γ0 ̸= 0 as otherwise the Einstein equation
(4.1.3) would give us γ1 = 0 and again ∂MB/∂u = 0.

Using the conditions for the metric functions above, equation (4.1.39) reduces to

∂MB

∂u
= − Λ

12

∫ π

0
(sin θγ2

1,θ + 4 csc θγ2
1) dθ (4.1.41)

an expression which is clearly positive for Λ < 0 as the integrand is positive over the
domain of integration. This is an explicit counter example to the AF case of the Bondi
mass being monotonically decreasing, in the case of an infinitesimal cosmological constant.

There are still issues with this construction which allow us to question the existence of
a monotonically decreasing quantity which could play the role of ‘Bondi mass’ in AlAdS
spacetimes. The main issue being that this construction is only defined in the infinitesimal
Λ case and enforcing this involved rescaling the metric functions by a somewhat arbitrary
factor of ϵ.

As a piece of speculation, an approach one could use to construct a monotonically
decreasing mass is via the subtraction of terms, similar in spirit to the ideas considered
in the analysis of [46]. To do this, the first steps one may want to take would be to carry
the total u-derivative terms over the the LHS of equation (4.1.37). For example we could
redefine a ‘mass’ M̃B

M̃B = MB − ϵ

4

∫ π

0

[
4 sin θβ0,θθγ1 + 2 sin θβ0,θγ1,θ + 11 sin θγ1γ1,θU0 + 8 sin θγ2

1

]
dθ

(4.1.42)
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which would then give the following expression for the Bondi time derivative

∂M̃B

∂u
= − 1

2

∫ π

0
γ2

1,u sin θ dθ − Λ
12

∫ π

0
(sin θγ2

1,θ + 4 csc θγ2
1) dθ+

ϵ

24

∫ π

0
[sin θU0W3,θ − 24 sin θW3β0,u + 12 sin θU3U0,u + 3 sin θU0,θγ1,θθ+

6 sin θγ1,θU0,θθ − 9 csc θγ1,θU0 − 48 sin θU0γ1,θγ1,u−

40 sin θU0γ1,uθγ1 − 64 sin θU0,θγ1γ1,u − 24 sin θβ0γ
2
1,u] dθ.

(4.1.43)

While this expression is somewhat simplified when compared to (4.1.37), it still doesn’t
seem clear at this point how all of these terms may be manipulated further in order to
generate a monotonically decreasing quantity. We also note that the subtraction procedure
of the type that we consider in equation (4.1.42) could be problematic as the subtracted
terms are non-local expressions on the cut of I (they involve γ1 terms, which depend
upon γ0,u through the field equation (4.1.3)). Understanding the required properties for
monotonicity, as well as whether a monotonic quantity can be constructed via addition of
local counter terms is ongoing work.

4.1.3 Progress with general Λ case

The existence of a monotonically increasing Bondi mass in the infinitesimal Λ case is
encouragement that a similar example exists in the general Λ regime. We shall now
outline the strategy for the analysis in search of a counter example.

The first step we perform is to make explicit all Λ dependence in (4.1.12). This is per-
formed by applying (4.1.3) in order to remove all γ1 terms. The result of this substitution
is

∂mB

∂u
= I−3

Λ3 + I−2
Λ2 + I−1

Λ
+ I0 + I1Λ (4.1.44)

where the coefficients Ii are functions of the metric functions γ0, β0, U0, γ3, U3,W3. The
explicit forms of these are, as expected, excessively long and instead of printing them here
we confine them to the supplementary notebook ‘Mass_Integrand_Zero_Functions.nb’.

Motivated by the form of the counter example that we found before we try what would
appear to be the next most straightforward case of the Bondi metric functions after the
asymptotically AdS case, namely

β0 = β0(θ), U0 = γ0 = γ3 = 0 (4.1.45)

with U3 and W3 as yet undetermined but still forced to satisfy the supplementary field
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equations (A.1.1, A.2) respectively. With this choice of functions, (4.1.44) reduces to

∂mB

∂u
= Λ

2
e4β0

(1
2
U3 cot(θ) + 1

2
U3,θ + U3β0,θ

)
−

1
2
e6β0 [−16 cot(θ)β3

0,θ + 4β2
0,θ(cot2(θ) − 4β0,θθ) + cot2(θ)β0,θθ − 4β2

0,θθ−

2 cot(θ)β0,θθθ − β0,θ(cot(θ){2 + csc2(θ)} + 16 cot(θ)β0,θθ + 8β0,θθθ)−

β0,θθθθ]
(4.1.46)

and the supplementary equations (A.1.1, A.2) reduce nicely to

U3,u = 1
3
e2β0(W3,θ + 4W3β0,θ) (4.1.47a)

W3,u = −Λe2β0

(1
2
U3 cot(θ) + 1

2
U3,θ + U3β0,θ

)
+

e4β0 [−16 cot(θ)β3
0,θ + 4β2

0,θ(cot2(θ) − 4β0,θθ) + cot2(θ)β0,θθ − 4β2
0,θθ−

2 cot(θ)β0,θθθ − β0,θ(cot(θ){2 + csc2(θ)} + 16 cot(θ)β0,θθ + 8β0,θθθ)−

β0,θθθθ]
(4.1.47b)

the second of which is equivalent to

W3,u = −2e−2β0mB,u (4.1.48)

which we would find automatically when applying (4.1.45) to the definition of the mass
aspect in (4.1.2).

4.2 Modified Bondi gauge

In order to motivate this new direction of work we first recount some of the basic results
of the previous sections. In [1], the Bondi-Metzner-Sachs (BMS) gauge is presented as the
class of metrics with the following line-element

ds2 = −(V r−1e2β −U2r2e2γ)du2 − 2e2βdudr− 2Ur2e2γdudθ+ r2(e2γdθ2 + e−2γ sin2 θdϕ2).
(4.2.1)

The four functions W,β,U, γ which appear in the line-element are all assumed to be
functions of the coordinates (u, r, θ), thus making this metric axisymmetric.

The Bondi gauge conditions are grr = grθ = 0 (clear from the form of the line element
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above) as well as a determinant condition on the angular part of the metric

det
(
gAB
r2

)
= sin2 θ (4.2.2)

where the indices A,B run over the values {2, 3} = {θ, ϕ}. This condition defines the
radial coordinate r as a luminosity parameter and is also clearly implemented in equation
(4.2.1).

For the purpose of this section we will focus on the second of these two gauge conditions
with the goal of relaxing this condition in order to write a more general form of the
angular part of the metric. This gauge choice has been used in much work concerning the
Bondi gauge in asymptotically flat (AF) [2, 9, 10, 11, 7, 4, 5, 12, 24, 13, 25, 30] spacetime
and the author of this thesis has also began a programme of generalising the use of the
Bondi-gauge to asymptotically locally AdS (AlAdS) spacetimes [52], including gaining a
holographic understanding of the gauge via the AdS/CFT correspondence (as discussed
in the previous chapter).

Before we discuss the specifics of the how we will modify the Bondi gauge in order to
accommodate a larger class of spacetimes, we also note the existence of a similar gauge
often used in asymptotically flat literature: The Newman Unti (NU) gauge [180], in which
the radial coordinate r is chosen to be an affine parameter for the generators of the null
hypersurfaces. Our modified Bondi gauge will present some similarities to this gauge,
although we will not apply the NU radial coordinate definition in general. For some
recent work on asymptotic symmetries in the NU gauge, see [181].

One of the key stages in gaining a holographic understanding of a gravitational theory
in the presence of a cosmological constant Λ < 0 is to transform the metric of the theory
into Fefferman-Graham (FG) coordinates [59] which take the following form in spacetime
dimension d = 3 + 1

ds2 = l2
[
dρ2

ρ2 + 1
ρ2 (g0ab + ρ2g2ab + ρ3g3ab + . . .)dxadxb

]
(4.2.3)

where l =
√

−3/Λ is the AdS radius of the spacetime and the indices a, b run over all
coordiantes other than ρ. Using this particular coordinate system, it has been shown
[60, 61] that one is able to extract holographic data for the conformal field theory (CFT)
dual to the gravitational theory under question. The coordinate ρ is analogous to a
distance coordinate in the bulk spacetime and ρ = 0 is the location of the 3-dimensional
conformal boundary I , upon which the CFT3 lives.

The background metric for the CFT3 is given by the g0 component of the FG metric
and the expectation value of the energy-momentum tensor of the CFT3 is proportional to
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g3 . In [52], the transformation from an AlAdS Bondi-gauged spacetime to FG coordinates
was performed, with the background metric on the CFT3 being given by

ds2
0 = (e2γ̂0Û2

0 − e4β̂0)dt2 − 2e2γ̂0Û0dtdθ + e2γ̂0dθ2 + e−2γ̂0 sin2(θ)dϕ2. (4.2.4)

Notice that this line-element seems to roughly maintain the Bondi gauge condition (4.2.2).
Stated more precisely, we found that enforcing (4.2.2) upon the original Bondi metric
results in a restriction on the angular part of the background metric for our dual theory.
This is a restrictive and somewhat unnatural property from a CFT perspective and thus
we would like to find a method of removing this property, with a natural place to start
being to remove the condition (4.2.2) on the original Bondi metric.

This section is organised as follows: First we will discuss how we break the gauge
condition upon the Bondi-Sachs spacetime and solve the vacuum Einstein equations (in
the presence of a cosmological constant Λ < 0) in the new gauge. We will then compute
the transformation of our solutions from the Bondi to the FG gauge before discussing
how this procedure can allow us to apply our results to the Robinson-Trautman class of
spacetimes. Finally, we will consider how to transform from our new gauge back into the
Bondi gauge, giving equations for this procedure.

4.2.1 Vacuum Einstein Equations

In this section we will discuss a method of breaking the Bondi gauge condition, before
solving the vacuum Einstein equations with the new gauge.

4.2.1.1 Breaking the Bondi Gauge

Before attempting to solve the vacuum Einstein equations we must first decide how we
wish to break the Bondi gauge presented in (4.2.1). To do this generically, we introduce
a 5th unknown function δ(u, r, θ) into the metric

ds2 = −(V r−1e2β −U2r2e2γ)du2 − 2e2βdudr− 2Ur2e2γdudθ+ r2(e2γdθ2 + e−2δ sin2 θdϕ2).
(4.2.5)

which clearly breaks the Bondi gauge condition (4.2.2).

We begin somewhat naïvely in constructing the Einstein field equations with an arbitrary
δ and we will then pick special choices depending upon their capacity to solve the field
equations themselves. To attempt to solve the field equations we follow the scheme of [1]
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which involves writing the field equations as four ‘main equations’

Rrr = Rrθ = 0, Rθθ = Λgθθ = Λr2e2γ , Rϕϕ = Λgϕϕ = Λr2 sin2 θe−2δ (4.2.6)

which we use to write the functions Ei(u, r, θ)

E1 = −Rrr = 0, (4.2.7a)

E2 = 2r2Rrθ = 0, (4.2.7b)

E3 = 2Λr2e2β −Rθθe
2(β−γ) − r2Rϕϕe

2β = 0, (4.2.7c)

E4 = Λr2e2β − r2Rϕϕe
2β = 0 (4.2.7d)

and thus solving the Einstein equations boils down to solving the four equations above.
Explicit computation of the component of the curvature tensor gives us the equations

E1 = rγ2
r + 2γr + rδ2

r − 2δr − 2βr(rγr − rδr + 2) + rγrr − rδrr
r

(4.2.8a)

E2 = e−2βr(2e2ββθ(rγr − rδr + 2) − r(−e2γUrrr
2 + e2γUr(2rβr − 3rγr + rδr − 4)r−

2e2β(cot(θ) − δθ)γr − 2e2β cot(θ)δr + 2e2βδθδr + 2e2ββrθ − 2e2βδrθ)))
(4.2.8b)

E3 = 1
2
e2γ−2βU2

r r
4 + 2e2βΛr2 − cot(θ)Urr2 − γθUrr

2 + δθUrr
2 − Urθr

2 − 2γrγur2+

2δrγur2 + 2γrδur2 − 2δrδur2 − 2γurr2 + 2δurr2 + V γ2
r r + V δ2

rr + Vrγrr−

Vrδrr − 2V γrδrr − 2Uθ(rγr − rδr + 2)r − 2 csc(θ)U(rγr cos(θ) − rδr cos(θ)+

2 cos(θ) + sin(θ)γθ(rγr − rδr + 2) − sin(θ)δθ(rγr − rδr + 2) + r sin(θ)γrθ−

r sin(θ)δrθ)r + V γrrr − V δrrr − 4γur + 4δur − 2e2β−2γ + 2e2β−2γβ2
θ+

2e2β−2γδ2
θ + 2e2β−2γ cot(θ)βθ − 2e2β−2γ cot(θ)γθ − 2e2β−2γβθγθ−

4e2β−2γ cot(θ)δθ − 2e2β−2γβθδθ + 2e2β−2γγθδθ + 2e2β−2γβθθ−

2e2β−2γδθθ + 2Vr + 3V γr − 3V δr)
(4.2.8c)

E4 = e2βΛr2 − cot(θ)Urr2 + δθUrr
2 + δrγur

2 + γrδur
2 − 2δrδur2 + 2δurr2+

V δ2
rr − Vrδrr − V γrδrr + Uθ(rδr − 1)r − U(rγr cot(θ) − 2rδr cot(θ)+

3 cot(θ) + γθ(1 − rδr) − δθ(rγr − 2rδr + 3) − 2rδrθ)r − V δrrr − γur + 3δur−

e2β−2γ + e2β−2γδ2
θ + 2e2β−2γ cot(θ)βθ − e2β−2γ cot(θ)γθ−

2e2β−2γ cot(θ)δθ − 2e2β−2γβθδθ + e2β−2γγθδθ − e2β−2γδθθ + Vr + V γr − 2V δr
(4.2.8d)

In order to solve these equations we will use the original integration scheme due to BMS,
although we will modify it slightly to include the 5th function δ. This scheme proceeds as
follows: Starting with the values of δ, γ on some null hypersurface, Nu0 = {u = u0}, we
solve E1 = 0 on Nu0 to obtain β|Nu0

. We then solve E2 = 0 for U |Nu0
, E3 = 0 for V |Nu0
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and finally E4 = 0 should give us a differential equation containing γu and δu.

In the original four function scheme we could solve E4 in order to give γ at “the next
time-step” i.e. γ|Nu0+δ̃u0

in terms of known quantities on Nu0 . The scheme could then
be iterated to generate solutions in the future domain of dependence of the initial null
hypersurface D+(Nu0). With five functions it seems the most we can hope for from E4 is
to obtain a relationship between γ|Nu0+δ̃u0

and δ|Nu0+δ̃u0
, nonetheless we will proceed with

this scheme and we will show that picking particular values of δ will allow us to solve all
of the main equations directly.

As before, we are looking to solve the vacuum equations in the asymptotic region of
spacetime, thus invoking the assumption [1] that the functions γ, β, U, δ all admit power
series in negative powers of the radial coordinate r

γ(u, r, θ) =
∞∑
n=0

γn(u, θ)
rn

, β(u, r, θ) =
∞∑
n=0

βn(u, θ)
rn

,

U(u, r, θ) =
∞∑
n=0

Un(u, θ)
rn

, δ(u, r, θ) =
∞∑
n=0

δn(u, θ)
rn

(4.2.9)

and V admits an expansion of the form

V (u, r, θ) =
∞∑
n=0

Vn(u, θ)
rn−3 . (4.2.10)

In order to keep the V series consistent with the others we define the new function

W (u, r, θ) = V (u, r, θ)
r3 =

∞∑
n=0

Vn(u, θ)
rn

(4.2.11)

We can now solve the Einstein equations as algebraic equations order by order in powers
of r, giving us the coefficients of the power series’.

We could now give details of how to solve equations order by order and obtain solutions
but much of this procedure has already been covered in [52]. Instead, we will discuss the
two new constraint equations (equations that force dependence between γ and δ) that
arise as a consequence of our new function δ

• Constraint Equation 1

This equation arises at O(1/r) when solving E2 = 0. This constraint reads

0 = − γ2
1δ0,θ − 2γ2δ0,θ + γ1,θγ1 + γ2,θ + cot(θ)γ2

1 + 2 cot(θ)γ2 + δ2
1δ0,θ−

2δ2δ0,θ − δ1δ1,θ + δ2,θ − cot(θ)δ2
1 + 2 cot(θ)δ2

(4.2.12a)
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• Constraint Equation 2

This equation arises at O(1/r) when solving E3 = 0

− 1
3

Λe2β0(γ1 + δ1)
(
γ2

1 + 2γ2 − δ2
1 + 2δ2

)
= 0. (4.2.12b)

We focus first on (4.2.12b), finding a solution to be δ1 = −γ1. Applying this result to
(4.2.12a) simplifies the equation to

− 2γ2δ0,θ + γ2,θ + 2 cot(θ)γ2 − 2δ2δ0,θ + δ2,θ + 2 cot(θ)δ2 = 0 (4.2.13)

which we observe to be solved when we pick δ2 = −γ2.

These simple solutions lead us to conjecture that the choice of δ = −γ would be an in-
teresting function choice to make in this problem. Not only would this solve the constraint
equations but it would force the angular part of the metric to take the form e2γdΩ2

2, the
round S2 metric multiplied by a conformal factor. This form of the metric would allow us
to apply our new Bondi-style gauge to various metrics for which the original one didn’t
easily apply, such as the AdS Robinson-Trautman metrics [167, 69, 182]. We note that in
breaking the Bondi gauge in the manner that we have followed, one loses the geometrical
definition of r as a luminosity parameter. In fact, the radial coordinate is yet unspecified
(one can perform a transformation r → r̃(r, u, θ) without spoiling any of the gauge condi-
tions in (4.2.5)). We will preserve this condition for now, as at a later stage a particular
choice of definition for r may prove to be most convenient.

A final motivation for this choice is that it begins to simplify E4. At O(r) we find the
equation

− Λe2β0γ1 − Λe2β0δ1 + 3γ0,u + 3δ0,u + 3γ0,θU0 + 3δ0,θU0 + 3U0,θ − 3 cot(θ)U0 = 0 (4.2.14)

which is first simplified using our special solution to the constraint equations (δ1 = −γ1)

3γ0,u + 3δ0,u + 3γ0,θU0 + 3δ0,θU0 + 3U0,θ − 3 cot(θ)U0 = 0 (4.2.15)

now notice that picking γ0 = −δ0 simplifies this equation to an easily solvable differential
equation for U0

U0,θ − cot(θ)U0 = 0 =⇒ U0 = c(u) sin(θ) (4.2.16)

where c(u) is the function of integration.

Due to these promising first choices we will now solve in full the Einstein equations using
the choice δ(u, r, θ) = −γ(u, r, θ).
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4.2.1.2 Solutions

In this subsection we will present solutions to the main equations up to 4th order. This
means that we will present the solutions as the coefficients of the power series (4.2.9),(4.2.11)
up to the O(1/r4) coefficients. The equations are straightforward enough to solve to higher
order although we omit printing these solutions due to their sheer length.

We begin by solving E1 = 0 for β in terms of γ which we assume to know at some given
retarded time u0. Using the asymptotic expansions of (4.2.9) we obtain coefficients

β1 = 0

β2 = 1
4

(γ2
1 − 2γ2)

β3 = 1
6

(−γ3
1 − 6γ1γ2 − 6γ3)

β4 = 1
8

(−γ4
1 − 8γ2

1γ2 − 8γ2
2 − 12γ1γ3 − 12γ4).

(4.2.17)

with β0 being an undetermined function of integration. Armed with these solutions, we
solve E2 = 0

U1 = 2e2β0−2γ0β0,θ

U2 = −e2β0−2γ0(2γ1β0,θ − γ1,θ)

U4 = −1
6

(−16e2β0β0,θγ
3
1 + 15e2β0γ1,θγ

2
1 + 24e2β0β0,θγ2γ1 − 12e2β0γ2,θγ1+

12e2β0β0,θγ3 + 6e2β0γ2γ1,θ − 6e2β0γ3,θ + 18e2γ0γ1U3).

(4.2.18)

Notice that solving this equation does not determine U0 or U3. This setup provides no
equation for U0 and instead of an equation for U3, we would arrive at constraint equation
(4.2.12a) (automatically solved due to our choice of δ = −γ). In the original work [1]
U1 and U3 were left undetermined by the main equations, and considered as functions of
integration. Here we will see instead that both will be determined by enforcing E4 = 0.

First we need to consider E3 = 0. As the equations are nicely nested, we can solve
this using the functions γ, β, U which we have obtained from the previous equations. The
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solutions to this equation are

W0 = −1
3
e2β0Λ

W1 = 1
3

(3 cot θU0 − 2e2β0Λγ1 + 3U0,θ + 6U0γ0,θ + 6γ0,u)

W2 = −1
6
e−2γ0(5Λγ2

1e
2β0+2γ0 + 6Λγ2e

2β0+2γ0 + 6e2β0γ0,θθ + 6 cot(θ)e2β0γ0,θ−

6e2β0 − 24e2β0β2
0,θ − 12e2β0β0,θθ − 12 cot(θ)e2β0β0,θ−

12e2γ0γ0,uγ1 − 12e2γ0γ1,u − 6e2γ0γ1U0,θ − 12e2γ0γ0,θγ1U0−

12e2γ0γ1,θU0 − 6 cot(θ)e2γ0γ1U0)

W4 = 1
24
e−2γ0(−43e2β0+2γ0Λγ4

1 + 48e2γ0 cot(θ)U0γ
3
1 + 48e2γ0U0,θγ

3
1+

96e2γ0U0γ0,θγ
3
1 + 96e2γ0γ0,uγ

3
1 + 12e2β0γ2

1 − 172e2β0+2γ0Λγ2γ
2
1+

36e2β0 cot(θ)β0,θγ
2
1 − 12e2β0 cot(θ)γ0,θγ

2
1 + 96e2γ0U0γ1,θγ

2
1+

36e2β0β0,θθγ
2
1 − 12e2β0γ0,θθγ

2
1 + 96e2γ0γ1,uγ

2
1 − 24e2γ0W3γ1+

144e2γ0 cot(θ)U0γ2γ1 − 120e2β0+2γ0Λγ3γ1 + 144e2γ0γ2U0,θγ1+

288e2γ0U0γ2γ0,θγ1 − 12e2β0 cot(θ)γ1,θγ1 + 168e2β0β0,θγ1,θγ1+

96e2γ0U0γ2,θγ1 − 12e2β0γ1,θθγ1 + 288e2γ0γ2γ0,uγ1 + 96e2γ0γ2,uγ1−

52e2β0+2γ0Λγ2
2 + 192e2β0γ2β

2
0,θ + 12e2β0γ2

1,θ − 12e2γ0 cot(θ)U3+

24e2β0γ2 + 72e2γ0 cot(θ)U0γ3 − 40e2β0+2γ0Λγ4 + 72e2γ0γ3U0,θ−

12e2γ0U3,θ + 72e2γ0U3β0,θ + 24e2β0 cot(θ)γ2β0,θ − 24e2γ0U3γ0,θ−

24e2β0 cot(θ)γ2γ0,θ + 144e2γ0U0γ3γ0,θ + 96e2γ0U0γ2γ1,θ+

12e2β0 cot(θ)γ2,θ + 24e2β0β0,θγ2,θ + 48e2γ0U0γ3,θ + 24e2β0γ2β0,θθ−

24e2β0γ2γ0,θθ + 12e2β0γ2,θθ + 144e2γ0γ3γ0,u+

96e2γ0γ2γ1,u + 48e2γ0γ3,u)
(4.2.19)

where we note that no equation for W3 has been presented. The equation in it’s place is
the constraint equation (4.2.12b), again automatically solved.

The final main equation, E4 = 0, is all that now remains of the main system of equations.
As was discussed at the end of the previous subsection, the O(r) coefficient gives us an
equation which forces

U0 = c(u) sin(θ). (4.2.20)

As it turns out, this also forces the O1 and O(1/r) terms in the expansion of E4 to vanish.
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The next non-vanishing term is at O(1/r2). This term reads

4β2
0,θγ

2
1e

2β0−2γ0 − β0,θγ0,θγ
2
1e

2β0−2γ0 + 1
2
β0,θθγ

2
1e

2β0−2γ0 − 3β0,θγ1,θγ1e
2β0−2γ0+

γ0,θγ1,θγ1e
2β0−2γ0 − 1

2
γ1,θθγ1e

2β0−2γ0 − 8β2
0,θγ2e

2β0−2γ0 − 1
2
γ2

1,θe
2β0−2γ0+

2β0,θγ2γ0,θe
2β0−2γ0 + 3β0,θγ2,θe

2β0−2γ0 − γ0,θγ2,θe
2β0−2γ0 − β0,θθγ2e

2β0−2γ0+
1
2
γ2,θθe

2β0−2γ0 − 1
2

cot(θ)β0,θγ
2
1e

2β0−2γ0 + 1
2

cot(θ)γ1,θγ1e
2β0−2γ0+

cot(θ)β0,θγ2e
2β0−2γ0 − 1

2
cot(θ)γ2,θe

2β0−2γ0 − 3β0,θU3 − 1
2
U3,θ + 1

2
cot(θ)U3,

(4.2.21)

the vanishing of which we can treat as a PDE for U3. As it turns out, this PDE is easily
integrable, giving the solution

U3 = h(u) sin(θ)e−6β0 + e2β0−2γ0
(
β0,θγ

2
1 − 2β0,θγ2 − γ1,θγ1 + γ2,θ

)
(4.2.22)

where h(u) is the function of integration.

This solution is enough to satisfy the vanishing of E4 at orders O(1/r3) and O(1/r4)
but not at O(1/r5). This order is only satisfied if we enforce

h(u) = 0. (4.2.23)

Showing this requires solving the Einstein equations to higher order than we have dis-
played in this thesis. Due to the long expressions involved in these computations, we
relegate this to the MATHEMATICA file ‘delta=-gamma_solutions.nb’ (all references
to MATHEMATICA files in this section refer to this notebook).

4.2.1.3 Supplementary Conditions

The four ‘main equations’ that we have solved above do not constitute a full set of the
Einstein field equations. As in the AF case [1] as well as the AlAdS case [52], there will
also be extra ‘supplementary conditions’ corresponding to the {uu} and {uθ} components
of the field equations (all other components automatically satisfy the field equations).

Using an identical procedure to that employed in [1, 52], one can study the contracted
Bianchi identities for the spacetime (after enforcing the main equations hold) to show that
the equations admit the following forms

Ruθ = Λguθ + f(u, θ)e−2γ

r2 (4.2.24a)

Ruu = Λguu + g(u, θ)e−2γ

r2 (4.2.24b)
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where f(u, θ), g(u, θ) are functions of integration which have to vanish if the vacuum field
equations are to hold. To explicitly compute f and g, we use the solutions from the
previous subsection (up to and including O(1/r4) terms is sufficient) and put them back
into the {uθ} and {uu} components of the field equations. The surviving O(1/r2) terms
will now allow us to read off the functions and thus the equations we need to enforce the
full set of field equations. As was the case in the Bondi-AdS case studied previously in
this thesis, these supplementary conditions produce exceedingly long printouts for f and
g, which we leave in the MATHEMATICA file.

4.2.2 Fefferman Graham Coordinate Transformation

Now that we have solved the Einstein equations, we want to transform our AlAdS solution
to the vacuum Einstein equations into the Fefferman-Graham coordinate system

ds2 = l2
[
dρ2

ρ2 + 1
ρ2 (g0ab(xc) + ρ2g(2)ab(xc) + ρ3g(3)ab(xc) + . . .)dxadxb

]
. (4.2.25)

This coordinate system is a choice of gauge for which all asymptotically locally AdS space-
times can be written in near the conformal boundary ∂X = I = {ρ = 0} [62]. l =

√
−3/Λ

is the AdS radius of the spacetime, and the indicies a, b, c run over all coordinates other
than ρ. The reason we want to transform into this gauge is it allows us to gain a holo-
graphic understanding of our “broken Bondi” spacetime via the AdS/CFT correspondence
[58, 140, 60, 62].

Here we will give a sketch of the coordinate transformation from our metric

ds2 = −(V r−1e2β − U2r2e2γ)du2 − 2e2βdudr − 2Ur2e2γdudθ + r2e2γdΩ2
2 (4.2.26)

to (4.2.25). To simplify the computation we will use the normalisation of l = 1 (Λ = −3)
throughout.

Conceptually, this transformation is identical to that performed in [52]. Starting with
(4.2.26) (with the metric functions being our solutions to the vacuum Einstein equations
from the previous section) we first transform into real time t and tortoise radial coordinate
r∗. The real time t is defined by the relation

t = u− r∗ (4.2.27)

and r∗ by
dr∗ = dr

f(r)
. (4.2.28)
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Here we choose profile function f(r) = 1 + r2, giving

r∗ = arctan(r) + c (4.2.29)

where c is the constant of integration. To motivate our choice of the value of this constant
of integration, we use the fact that the conformal boundary of the AlAdS spacetime in
Fefferman-Graham coordinates is located at ρ = 0. When transforming into Fefferman-
Graham coordinates we want to roughly identify the coordinate ρ with r∗, so it makes sense
to choose a constant of integration corresponding to the boundary condition limr→∞ r∗ =
0. This forces c = −π/2 and thus

r = tan
(
r∗ + π

2

)
= − cot(r∗). (4.2.30)

Using these explicit coordinate transformations, we can transform (4.2.26) into coordinates
(t, r∗, θ, ϕ) and from these coordinates we are now ready to move into Fefferman-Graham
coordinates (t̃, ρ, θ̃, ϕ̃). The first transformation which we note is

ϕ = ϕ̃ (4.2.31)

which follows directly from the from the axisymmetry of the spacetime. The other coor-
dinates are all obtained by power series expansions in ρ

r∗ = ρ+ a2(t̃, θ̃)ρ2 + a3(t̃, θ̃)ρ3 + a4(t̃, θ̃)ρ4 + O(ρ5)

t = t̃+ b1(t̃, θ̃)ρ+ b2(t̃, θ̃)ρ2 + b3(t̃, θ̃)ρ3 + b4(t̃, θ̃)ρ4 + O(ρ5)

θ = θ̃ + c1(t̃, θ̃)ρ+ c2(t̃, θ̃)ρ2 + c3(t̃, θ̃)ρ3 + c4(t̃, θ̃)ρ4 + O(ρ5)

(4.2.32)

where the coefficients have yet to be determined. In order to determine these coefficients,
one must apply the transformation and force the resulting line-element to take the form
of (4.2.25). This procedure involves taking the series of any functions in the metric about
ρ = 0 and then forcing the terms proportional to dρ2, dρdt̃, dρdθ̃ to vanish at all orders
of ρ (excluding, of course the dρ2/ρ2 piece). Note that it is also common practice to drop
the tildes on the Fefferman-Graham coordinates after transformation, so from here on we
will refer to the Fefferman-Graham system as (t, ρ, θ, ϕ).

• O(1/ρ2):

Requiring that the transformed system is in Fefferman-Graham coordinates at this
order in ρ forces us to pick coefficients

b1(t, θ) = 1 − e−2β0(t,θ) (4.2.33a)

c1(t, θ) = −e−2β0(t,θ)c(t) sin(θ), (4.2.33b)
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where the function c(t) is the function of integration that we saw in the metric
function U0. The metric at this order in the Fefferman-Graham expansion is

ds2
0 = 1

ρ2

[
dρ2 − (1 + e2γ0c(t)2 sin2(θ))dt2 − 2c(t) sin(θ)e2γ0dtdθ + e2γ0dΩ2

]
(4.2.34)

which allows us to read off g0 , the metric induced at the conformal boundary

ds2 = −(1 + e2γ0c(t)2 sin2(θ))dt2 − 2c(t) sin(θ)e2γ0dtdθ + e2γ0dΩ2 (4.2.35)

This is the first interesting piece of holographic data, as in the AdS/CFT corre-
spondence, this is the background metric for the CFT3 dual to our gravitational
theory.

• O(1/ρ):

This order gives us some more of the coefficients

a2(t, θ) = −e2β0(c(t) cos θ + e2β0γ1 + c(t) sin θγ0,θ + γ0,t) (4.2.36a)

b2(t, θ) = −e−4β0(e2β0c(t) cos θ + e4β0γ1 + c(t) sin θβ0,θ+

e2βc(t) sin θγ0,θ + β0,t + e2β0γ0,t)
(4.2.36b)

c2(t, θ) = 1
2
e−4β0−2γ0(c(t)2e2γ0 cos θ sin θ + c′(t)e2γ0 sin θ + 2e4β0β0,θ−

2c(t)2e2γ0 sin2(θ)β0,θ − 2c(t)e2γ0 sin θβ0,t)
(4.2.36c)

and the Fefferman-Graham metric at this order vanishes (as expected)

ds2
(1) = 0 (4.2.37)

• O(1):

This order gives us the coefficients a3, b3, c3 as well as the g(2) piece of the metric
(left out here due to length). This order also provides us with a consistency check
as g(2) has to satisfy the equation

g(2) = −R0ab + 1
4
R0g0ab (4.2.38)

where g0 is the metric induced at the boundary (4.2.35) and R0ab, R0 are respectively
the Ricci tensor and scalar of g0 . This constraint has been checked in MATHEMAT-
ICA with the g(2) from the series expansion and these two expressions agree.

• O(ρ):
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This order gives us the coefficients a4, b4, c4 and the g(3) piece of the metric (again
these are exceedingly long formulae). The g(3) term has the holographic interpreta-
tion as being the energy momentum tensor of the dual CFT. Explicitly we have

Tab = − 3
2κ2

(
− 3

Λ

)
g(3)ab (4.2.39)

where κ = 8πG/c2 is Einstein’s constant. Tab is called the holographic energy-
momentum tensor as it gives the expectation value of the energy momentum tensor
in the dual CFT

⟨Tab⟩ = 2√
− det g0

δSren
δgab0

. (4.2.40)

Tab is both conserved and traceless with respect to the metric g0ab

gab0 Tab = 0, ∇a
0Tab = 0 (4.2.41)

which means that g(3)ab should also satisfy these equations.

This has again been checked in MATHEMATICA. g(3)ab has been verified to be
traceless and conserved as all components of the divergence vanish.

4.2.3 Application to Robinson-Trautman Metrics

As well as breaking the unnatural restriction on the angular part of the metric in the CFT,
another important motivation for modifying the Bondi gauge was to be able to apply the
new gauge to spacetimes for which the original gauge seemed unnatural or difficult to
transform into.

A particular example of a spacetime for which we would like to examine in our new gauge
is the Robinson-Trautman (RT) class of metrics [68, 183, 184, 185, 186, 187, 188]. The
RT spacetimes are the unique class of solutions to the vacuum Einstein equations which
admit a null geodesic congruence with zero shear and twist and non-vanishing divergence.
These spacetimes have been a topic of interest in both the AF [189, 190] and AlAdS cases
[69, 182] although the latter case has not yet been adapted to the Bondi gauge, a task we
hope to begin to give a resolution to now.

For the purpose of this thesis we will use the coordinate system of [182] and restrict con-
sideration to AlAdS axisymmetric RT spacetimes. These are described by the spacetime
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metric

ds2 = −F (u, r, θ)du2 − 2dudr + r2gabdx
adxb

gabdx
adxb = 1

σ(u, θ)2dΣ2
k

F (u, r, θ) = −Λ
3
r2 − 2r∂uσ

σ
+ Rg

2
− 2m

r

(4.2.42)

where u is a retarded time coordinate and r is the radial distance. The indices a, b run
over the angular coordinates θ, ϕ (we will drop the covariant form in order to impose
the axisymmetry) The constant m which appears in the final term of F is a constant of
integration, associated with the physical mass of the system.

dΣ2
k describes the metric on a Riemannian 2-manifold of constant scalar curvature 2k,

k = −1 describes H2, k = 0 is either T 2 or R2 and k = 1 is S2. In order to connect the RT
metric with our gauge choice of (4.2.26), we will from now on set k = 1. Rg is the Ricci
scalar of gab and so choosing k = 1 means we have

Rg = 2
[
σ2 − (∂θσ)2 + σ(cot(θ)∂θσ + ∂2

θσ)
]
. (4.2.43)

This form of the metric alone is not enough to solve the vacuum Einstein equations. We
also have an equation for σ(u, θ) which is often referred to as the Robinson-Trautman
equation. We express this equation as a Calabi-flow equation for the metric gab on a
topological 2-sphere

∂ugab = 1
12m

(∇2
gRg)gab (4.2.44)

in coordinates where dΣ2
1 = dθ2+sin2(θ)dϕ2, the 4 components of the Calabi-flow equation

only give us one equation

∂uσ = − σ2

12m
[(∂θσ)2(cot(θ)∂θσ − ∂2

θσ)+

σ{(4 − 3cosec2(θ))(∂θσ)2 − (∂2
θσ)2 + ∂θσ(4 cot(θ)∂2

θσ + ∂3
θσ)}+

σ2(2 cot(θ)cosec2(θ)∂θσ − 2 cot2(θ)∂2
θσ + cot(θ)∂3

θσ + ∂4
θσ)]

(4.2.45)

which we can now explicitly see to be a 4th order differential equation for σ(u, θ). The
general properties of this equation and it’s solutions have been analysed, most notably in
[191]. Here we will focus on selecting the functions in our broken Bondi gauge s.t. they
solve this equation.

We want to compare the RT spacetime with our “Broken Bondi” gauge. It is a helpful
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first step to write both spacetimes metrics side by side

ds2
RT = −

(
−Λ

3
r2 − 2r∂uσ

σ
+ (σ2 − (∂θσ)2 + σ(cot(θ)∂θσ + ∂2

θσ)) − 2m
r

)
du2−

2dudr + r2

σ2

(
dθ2 + sin2(θ)dϕ2

)
(4.2.46a)

ds2
BB = −

(
Wr2e2β − U2r2e2γ

)
du2 − 2e2βdudr − 2Ur2e2γdudθ+

r2e2γ
(
dθ2 + sin2(θ)dϕ2

)
.

(4.2.46b)

By direct comparison of the angular parts of the metrics, we conclude that e2γRT =
1/σ2 ⇐⇒ γRT = − log(σ). Comparing the {uθ} components of the metrics now gives
us URT = 0 and βRT = 0 follows from the {ur} components. Finally we can compare the
{uu} components to read off WRT

WRT (u, r, θ) = −Λ
3

− 2
r

∂uσ

σ
+ 1
r2 (σ2 − (∂θσ)2 + σ(cot(θ)∂θσ + ∂2

θσ)) − 2m
r3

= −Λ
3

+ 2
r
∂uγRT + 1

r2 e
−2γRT (1 − ∂θγRT cot θ − ∂2

θγRT ) − 2m
r3

(4.2.47)

where the second expression is consistent with the solutions to the Einstein equations that
we generated in (4.2.19).

So the RT metrics are written in the broken Bondi gauge. Due to this we can also
read off the FG expansion for axisymmetric RT metrics from the transformation that we
performed.

ds2
0 = −dt2 + e2γ0(dθ2 + sin2(θ)dϕ2) (4.2.48a)

ds2
(2) = 1

2
e−2γ0

(
e2γ0γ2

0,u + γ0,θθ + 2e2γ0γ0,uu + cot(θ)γ0,θ − 1
)
dt2 + 2γ0,uθdtdθ+

1
2

(
−e2γ0γ2

0,u − 1 + γ0,θθ + cot(θ)γ0,θ
)

[dθ2 + dϕ2 sin2(θ)]

(4.2.48b)

ds2
(3) = −4m

3
dt2+

2
3
e−2γ0

(
γ0,θθθ − 2 cot(θ)γ2

0,θ + cot(θ)γ0,θθ − γ0,θ
(
2γ0,θθ + csc2(θ) − 2

))
dtdθ+

1
3

(
−2me2γ0 + γ0,uθθ − γ0,uθ (2γ0,θ + cot(θ))

)
dθ2+

1
3

sin2(θ)
(
γ0,uθ (2γ0,θ + cot(θ)) −

(
2me2γ0 + γ0,uθθ

))
dϕ2

(4.2.48c)

where again we’ve used Λ = −3. This result agrees with the energy-monetum tensor
for the AdS-RT spacetime as presented in [69]. To see this explicitly one simply needs
to transform from our choice of angular coordinates, (θ, ϕ), into the Kähler coordinates,
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(z, z̄), used in [69]

z =
√

2 cot
(
θ

2

)
eiϕ, z̄ =

√
2 cot

(
θ

2

)
e−iϕ (4.2.49)

4.2.4 Idea for transformation from Bondi to “Broken Bondi” gauge

We still wish to find a way of connecting our new choice of “broken Bondi” gauge to
the original gauge. The principal motivation for such an undertaking is that we already
understand the physical aspects of the old gauge (mass, news etc.) and we would like to
apply these new considerations to the new gauge.

In order to do this, we need to find a coordinate transformation from the Bondi gauge
(4.2.1) into the broken gauge (4.2.26). We immediately notice that the only difference
between these two gauges is in the angular part of the metric and thus to simplify the
problem we will consider maps between the 2-metrics. It is of interest to the author of
this thesis to return to this in the near future in order to explicitly perform this map.
This would allow us to further develop the notion of Bondi mass in AlAdS4 spacetime by
having a concrete in the class of Robinson-Trautman spacetimes.

4.3 Conclusions and outlook

We have shown that the Bondi-Sachs gauge admits various interesting properties within the
framework of asymptotically locally AdS spacetimes, both via a careful consideration of the
asymptotics in the Fefferman-Graham gauge and utilisation of the AdS/CFT dictionary.

With regards to future progression, the first aim is to complete the ongoing work com-
prising sections 4.1 and 4.2. A greater understanding of the Bondi mass in AdS would
potentially allow us to model the effects of gravitational radiation in AdS and help to bol-
ster the understanding of mass in asymptotically hyperbolic spacetimes. We also have the
motivation to better understand the Robinson-Trautman spacetime and it’s Bondi mass
when Λ < 0. In [69], results were derived for Robinson-Trautman metrics using the Bondi
mass (as defined in asymptotically flat spacetime), and it would be interesting to examine
whether the same carries over using a well understood notion of ‘Bondi mass’ in AdS.
The technique of breaking the Bondi gauge that we are beginning to implement should
hopefully provide us with an avenue to do this, as well as the necessary tools to look at
the physical aspects of Bondi-Sachs spacetimes without the constraint on the angular part
of the metric.
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Finally, it is also of interest to understand the conformal field theory implications of any
result that one finds in the gravitational setup. Understanding mass loss and the new gauge
seems to have a direct meaning in the dual CFT (related to the energy momentum tensor
and the background metric respectively) and once the current work has been completed we
hope to be able to understand these equivalences more precisely. Speculatively, one could
even begin to use this work as a launch-pad in establishing a holographic understanding
of flat spacetime, as we now have both the elegant properties of the Bondi-Sachs gauge in
flat spacetime, as well as a holographic understanding via AdS/CFT. This idea remains
in it’s infancy here, but shows another direction that this research may eventually follow.
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CHAPTER 5

Charges in asymptotically locally de Sitter spacetimes

5.1 Analytic continuation to asymptotically de Sitter space-
time

Now that we have seen how to extend the use of the Bondi-Sachs gauge to that of asymptot-
ically locally anti-de Sitter space time, it is a natural question to ask whether this analysis
extends to asymptotically de Sitter (dS) spacetimes. These spacetimes are of interest for
many reasons, principally because it has been experimentally verified that our universe has
a cosmological constant Λ > 0 [192] and although it is still debated whether this solution
is static or running, any new understanding of de Sitter physics may help us to understand
our universe. There is also interest in a holographic understanding of quantum gravity in
de Sitter spacetime, mainly via the so-called “dS/CFT" correspondence [193, 194] as well
as more recent work on holographic cosmology [72, 73, 74, 75, 195, 196, 197, 198].

For the purpose of extending our results, it was shown in an appendix of [62] that the
analysis of the near-boundary (Fefferman-Graham) expansion is remarkably similar in the
AdS and dS cases, and one can use the tools of analytic continuation to transform from
one to the other. In this section we will explain how to perform this analytic continuation
and interpret our results from the previous sections in the context of asymptotically de
Sitter spacetime.

129
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5.1.1 Triple Wick rotation

To move from the AdS to dS form of the Fefferman-Graham expansion, one has to Wick
rotate three of the variables, a procedure we will refer to as a triple Wick rotation. We
will explain this first through the straightforward example of Lorentzian AdS in Poincaré
coordinates (as in [62], although there the starting point was Euclidean AdS) before
moving to the more general Fefferman-Graham form

ds2 = − 3
Λ

[
dρ2

ρ2 + 1
ρ2 (g(0)ab + ρ2g(2)ab + ρ3g(3)ab + . . .)dxadxb

]
(5.1.1)

and applying the rotation using our Bondi-Sachs expansion as computed in [52].

Before studying metrics explicitly, it will help to gain intuition about how to take the
rotation. We write the vacuum Einstein equations as

Rab = Λgab (5.1.2)

where Λ < 0 for AdS and Λ > 0 for dS. We recall the characteristic length scales for each

l2AdS = − 3
Λ
, l2dS = 3

Λ
(5.1.3)

and thus the Einstein equations for an AdS and dS spacetime respectively read

Rab = − 3
l2AdS

(AdS)

Rab = 3
l2dS

(dS)
(5.1.4)

from which we see that we can map between the two equations by taking l2AdS ↔ −l2dS .
Thus this is one of the Wick rotations we perform when analytically continuing from AdS

to dS.

To illustrate the rotations of the other variables, it will help to consider the specific
example of Lorentzian AdS. We write the metric for Lorentzian AdS in dimensionless
Poincaré coordinates (ρ, t, x1, x2)

ds2 = l2AdS
ρ2 (dρ2 − dt2 + dx2

1 + dx2
2) (5.1.5)

where we note by comparison with (5.1.1) that this metric has g(0)ab = ηab with all other
g(i) vanishing. We now perform the expected rotation upon l2AdS as well as the following
rotations in the other coordinates

ρ2 → −ρ̃2, t2 → −t̃ 2 (5.1.6)
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which brings the line element into the form

ds2 = l2dS
ρ̃2 (−dρ̃2 + dt̃ 2 + dx2

1 + dx2
2). (5.1.7)

This metric is a line element for de Sitter spacetime which we will follow the conventions
of [62] in naming this the “big bang” metric. ρ̃ is now a time coordinate (the conformal
time) and the surfaces of ρ̃ = constant are spacelike 3-planes. These coordinates cover half
of the global geometry of dS [171] and depending upon the ranges of the coordinates one
can choose which of the two spacelike boundaries of de Sitter space is covered: Choosing
ρ̃ ∈ (−∞, 0) covers I + and ρ̃ ∈ (0,∞) I − where in both cases the covered boundary is
located at ρ̃ = 0. The case of covering I + is displayed in the Penrose diagram of Figure
5.1.1.

I +{ρ̃ = 0}

I −

{ρ̃
=

−∞
}

Figure5.1.1: Penrose diagram for global de Sitter spacetime showing the region covered
by the “big bang” metric. The dotted line on the left hand side is a coordinate singularity
where t̃ = x1 = x2 = 0

This example shows that we can transform from AdS to dS by performing the triple
Wick rotation

(l2AdS , ρ2, t2) → −(l2dS , ρ̃2, t̃ 2) (5.1.8)

and the structure of the equation (5.1.7) hints at a more general relation between the
asymptotic expansion of the AdS and dS metrics. It turns out that the line element for an
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asymptotically locally dS metric can be brought into the Fefferman-Graham form [59, 62]

ds2 = l2dS

[
−dρ̃2

ρ̃2 + 1
ρ̃2 (g̃(0)ij + ρ̃2g̃(2)ij + ρ̃3g̃(3)ij + . . .)dx̃idx̃j

]
(5.1.9)

where one is able to bring a metric into this form by performing the transformation (5.1.8)
upon the line element of an asymptotically AdS metric in Fefferman-Graham gauge (5.1.1).
As in the Poincaré example, the new coordinate ρ̃ is now a time coordinate and thus the
metric induced at the conformal boundary g̃(0)ij will be Riemannian (our convention for
the boundary will be to take the coordinate patch such that this is I +).

5.1.2 Rotating the Bondi-Sachs-Fefferman-Graham metric

Now that the general machinery of the triple Wick rotation has been set up, we want to
perform this rotation upon our Bondi-Sachs-Fefferman-Graham expansion as computed in
[52]. In order to do this we must first perform dimensional analysis in order to reintroduce
the factors of lAdS (we previously used lAdS = 1).

Working in the dimensional conventions of [length] = +1 we first compute the dimen-
sions of the functions in the Bondi-Sachs metric

ds2 = −
(
V

r
e2β − U2r2e2γ

)
du2 − 2e2βdudr−

2Ur2e2γdudθ + r2(e2γdθ2 + e−2γ sin2 θdϕ2).
(5.1.10)

(5.1.10). Using the standard definitions of the Bondi-Sachs coordinates we have

[u] = 1, [r] = 1, [θ] = 0, [ϕ] = 0 (5.1.11)

and of course we want to enforce [ds2] = 2. Using the length dimensions of the coordinates
as given above we find the dimensions of the Bondi functions are

[γ] = 0, [β] = 0, [U ] = −1, [V ] = 1, [W ] =
[
V

r3

]
= −2. (5.1.12)

We can elaborate further on these dimensions by recalling that we derived the result that
these functions admit a series expansion in negative powers of r in the asymptotic region
of the spacetime.

γ(u, r, θ) =
∞∑
n=0

γn(u, θ)zn =
∞∑
n=0

γn(u, θ)
rn

, γn = ∂
(n)
z γ

n!

∣∣∣∣
z=0

(5.1.13)

Using this, we can compute the dimension of each of the functions which act as the
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coefficients in the power series

[γi] = i, [βi] = i, [Ui] = i− 1, [Wi] = i− 2. (5.1.14)

With these length dimensions in mind we now want to Wick rotate the AdS Fefferman-
Graham expansion of the metric. To do this we choose the Fefferman-Graham coordinates
(t, ρ, θ, ϕ) to be dimensionless so that we have [g(i)ab] = 0. Enforcing this for i = 0, 2, 3
will involve rescaling the Bondi functions in order to make the terms containing them
dimensionless (using (5.1.14)). Once this rescaling has been performed we apply the triple
Wick rotation using the following prescription

lAdS → ialdS , t → ibr̃, ρ → icρ̃ (5.1.15)

where a, b, c are all undetermined constants which satisfy a2 = b2 = c2 = 1. These
constants have been included in the Wick rotation as choosing their sign allows us to specify
whether the rotations are being performed in the clockwise or anti-clockwise direction. For
now we do not know if one direction has any advantages over the other so choosing this
ansatz allows us to perform the rotation in full generality.

5.1.2.1 Rotation of g(0)

We now give the explicit computation of the triple Wick rotation when applied to our the
g(0) term in the AdS expansion (or more precisely, the O(1/ρ2) terms). The O(1/ρ2) piece
of the expansion reads

ds2 = l2AdS
ρ2 [dρ2 + g(0)abdx

adxb] + O(ρ0) (5.1.16)

where

g(0)abdx
adxb = −(e4β0 − e2γ0 l2AdSU

2
0 )dt2 − 2e2γ0 lAdSU0dtdθ + e2γ0dθ2 + e−2γ0 sin2(θ)dϕ2

(5.1.17)
which is the same equation as given in [52] for the metric induced at the conformal bound-
ary although now the factors of lAdS have been reinstated. We now perform the rotation
(5.1.15) and obtain

ds̃2 = l2dS
ρ̃ 2 [−dρ̃ 2 + g̃(0)abdx̃

adx̃b] + O(ρ̃ 0) (5.1.18)

where the rotation of g(0), g̃(0), is given by

g̃(0)abdx̃
adx̃b = (e4β0 + e2γ0 l2dSU

2
0 )dr̃ 2 + 2abe2γ0 ldSU0dr̃dθ + e2γ0dθ2 + e−2γ0 sin2(θ)dϕ2.

(5.1.19)
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This Riemannian metric has the interpretation as being the induced metric on the spacelike
boundary of an asymptotically locally dS spacetime. We observe that the coefficient g(0)t̃θ
is only determined up to a sign after performing the Wick rotation and it seems reasonable
at this point to ask whether one sign is preferred to the other.

In order to explore this further we first note that if we rotate lAdS and t in the same
direction (a = b) then we receive a positive sign. If instead the opposite direction is chosen
(a = −b) then the sign is negative. At this stage the only cause for concern would be if one
of the choices of sign resulted in a metric with a non-Riemannian signature, an issue which
neither of the sign choices face. We can show this first by computing the determinant of
the induced metric

|g̃(0)| = e4β0 sin2(θ) > 0, β ∈ R (5.1.20)

so the signature is either the desired (+ + +) or the undesired (+ − −). To determine
which, we compute the eigenvalues of g(0)

λ1 = e−2γ0 sin2(θ)

λ2 =
(e4β0 + e2γ0 + e2γ0 l2dSU

2
0 ) +

√
(e4β0 − e2γ0)2 + e4γ0 l2dSU

2
0 (2e4β0−2γ0 + 2 + l2dSU

2
0 )

2

λ3 =
(e4β0 + e2γ0 + e2γ0 l2dSU

2
0 ) −

√
(e4β0 − e2γ0)2 + e4γ0 l2dSU

2
0 (2e4β0−2γ0 + 2 + l2dSU

2
0 )

2
(5.1.21)

where we notice that all of the eigenvalues are independent of a, b (a strong indication that
one rotation will not be preferred to the other). λ1,2 are manifestly positive and thus λ3

is also positive due to the positivity of the determinant of the metric. Thus the signature
is a Riemannian (+ + +) for both choices of rotation, indicating that both directions are
fine so far and as of yet neither one is preferred.1

5.1.2.2 Rotations of g(2), g(3)

In order to compute the rest of the Fefferman-Graham expansion in asymptotically dS

spacetime we simply follow the procedure that we applied above for the leading order
term of the expansion g(0). As the next terms in the expansion (g̃(2) and g̃(3)) give much
longer printouts we leave their explicit form to appendix B.1 as well as the supplemen-
tary MATHEMATICA file (‘BS_AdS_dS_continuation_FG.nb’) and we will instead make
some basic comments about their structure here.

1The signature (+ − −) can be obtained if γ0 ∈ C
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Recall that in the AdS case, one could immediately derive g(2) from g(0) using

g(2)ab = −R(0)ab + 1
4
R(0)g(0)ab. (5.1.22)

In the dS case a very similar relation exists, although with a subtle difference. In asymp-
totically locally dS spacetime we have

g̃(2)ab = R̃(0)ab − 1
4
R̃(0)g̃(0)ab (5.1.23)

where R̃(0)ab and R̃ are respectively the Ricci tensor and scalar of g̃(0)ab. The RHS of
this equation has an extra minus sign when compared with (A.2.12) which arises from
combining the rotations of lAdS and ρ on the AdS Fefferman-Graham expansion (more
detail on this is provided in the appendix of [62]). We have checked that the g̃(2)ab obtained
from the Wick rotation of the AdS metric agrees with (5.1.23).

With regards to the g̃(3)ab term in the expansion, we comment that this term obeys
equivalent constraints to g(3)ab, namely that it is traceless and conserved with respect to
the boundary metric g̃(0)ab

g̃(3)abg̃
ab
(0) = 0, ∇̃a

(0)g(3)ab = 0 (5.1.24)

where once again, these properties have been sucessfully checked for the g̃(3)ab obtained
from the triple Wick rotation. The procedure for doing this is very similar to the AdS
case discussed earlier, and these constraints are satisfied by imposing the vacuum Einstein
equations (with cosmological constant).

5.1.3 Comment on cosmological horizon and holographic interpretation

Now that we have sucessfully computed the Fefferman-Graham expansion for an asymp-
totically locally dS Bondi-Sachs metric, we wish to interpret our results. We will do this
primarily by noting the contrasts and similarities with the AdS case.

An initial observation for the asymptotically dS solution is the apparent breakdown of
the metric restrictions that BMS themselves enforced in [1]. In particular, they wanted
to enforce that ∂/∂u be an everywhere timelike vector field and thus guu < 0. When this
property is considered in the presence of a cosmological constant Λ ̸= 0 we can consider
the following limit

lim
r→∞

guu
r2 = Λe4β0

3
+ U2

0 e
2γ0 (5.1.25)

which of course must be negative (or zero) when applying the BMS condition. As previ-
ously discussed, considering this inequality in the AdS case gave us a bound upon U0 but
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in the dS case of Λ > 0 the first term is manifestly positive and the second manifestly
non-negative (as U0 can be zero). This gives us guu > 0 as r → ∞, a violation of the
original metric set-up.

The explanation for the change of sign in dS is due to the presence of a cosmological
horizon in the spacetime [171]. In the Bondi-Sachs spacetime this horizon is located at
some value of r = rc ∈ (0,∞), past which guu > 0 and thus ∂/∂u is spacelike. The Bondi
coordinates are chosen s.t. they are smooth across the horizon and as such they cover
both regions of the spacetime.

It seems at this point there are two choices in how we can proceed with the Bondi-Sachs
gauge given the knowledge of this horizon. The first would be to keep the condition that
guu < 0 and thus the coordinates only cover a horizon-free region of spacetime. This
means that we would be restricting our coordinates to only cover the exterior region of
the cosmological horizon and thus we would not be able to analyse the expansion in the
asymptotic region near the conformal boundary.

The other choice would be simply to relax the requirement that guu < 0 for the dS
asymptotics, allowing us to apply our Fefferman-Graham expansion (5.1.9) and examine
the spacetime near I ±. This choice seems preferable when it comes to understanding the
solution holographically, as many of the results that one understands via the AdS/CFT
correspondence are mapped over via the analytic continuation that we performed in our
triple Wick rotation. It is in fact an active area of research to understand the cosmological
dS spacetime of our universe using similar analytic continuation techniques in tandem with
the AdS/CFT correspondence [193, 199, 200, 72, 73, 74, 201, 202, 75, 203, 195, 204, 196,
197, 198, 76]

We finish this discussion with a comment on some aspects of the analysis that transfer
directly over from the AdS case. Via the analytic continuation, g̃(0)ab acts as the back-
ground metric for the dual QFT and g̃(3)ab the energy momentum tensor. We can perform
the same algebraic re-writing of the Einstein field equations as we did for AdS in [52],
where this time the necessary data to specify at the conformal boundary is {g̃(0)ab, g̃(3)ab}.

5.2 Asymptotic analysis and charge prescription

Much of this section can be read as an analytic continuation of the work in [71] in that we
will follow closely the structure of that paper but with the suitable modifications to account
for the change from ALAdS to ALdS spacetimes. We will begin with an introduction to
our theory of interest and the coordinates for the ALdS spacetimes which we will study.
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We will then give a number of our results which correspond to the ALdS equivalent of
ALAdS quantities computed in [71]. We will give the Hamiltonian equations of motion,
expressions for the momenta conjugate to the fields of the theory, an injectivity proof for
the spaces of asymptotic conformal killing vectors and asymptotic bulk killing vectors,
and finally the existence and value of the Wald Hamiltonians for the ALdS theory.

5.2.1 General setup

We will use the methods developed in [70, 71, 205] and apply a time Hamiltonian evolution
to ALdS spacetimes, specifically we will consider a theory with the following Lagrangian
D-form

L =
( 1

2κ2 (R− 2Λ) − V (Φ)
)
⋆ 1 − 1

2
GIJ(Φ)dΦI ∧ ⋆dΦJ − 1

2
U(Φ)F ∧ ⋆F (5.2.1)

which is that same as that of [71]. The only difference in the way that we write the
Lagrangian is that we have now separated the Λ (cosmological constant) term from that
of the scalar potential V (Φ) in order to show explicitly that we are considering a theory
with Λ ̸= 0. As in [71], the ΦI are scalars and GIJ(Φ) acts as the metric over the space of
the scalars. F = dA is the field strength spacetime 2-form and U(Φ) couples this field to
the scalars.

We will look for solutions to the equations of motion for this theory where the spacetime
metric gab admits ALdS solutions and thus we will consider solutions where Λ < 0. We
want to choose coordinates which are most suitable to be used in a neighbourhood of the
conformal boundary I +. It is well known from [59] (see also an appendix of [62]) that in a
neighbourhood of the conformal boundary, one can write the metric of an ALdS spacetime
in the Fefferman-Graham coordinate system

ds2 = l2dS

(
−dρ2

ρ2 + gij(x, ρ)
ρ2 dxidxj

)
(5.2.2)

where ldS is the dS radius of the spacetime, given by

l2dS = (D − 1)(D − 2)
2Λ

(5.2.3)

and ρ = 0 is the location of the conformal boundary. As ALdS spacetimes have two
boundaries (future spacelike infinity, I +, and past spacelike infinity, I −) one will need
two sets of such coordinates, one to cover the neighbourhood of each boundary. We will
fix ldS (and Λ via (5.2.3)) by choosing the normalisation ldS = 1 (the length factors can
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always be reinstated via dimensional analysis) and consider the coordinate transformation

ρ = e−t (5.2.4)

where t = ∞ corresponds to I +, the boundary which we will restrict our attention to.
This transformation brings the line element into the form

ds2 = −dt2 + γij(x, t)dxidxj (5.2.5)

where γij(x, t) = e2tgij(x, e−t) and γij(x, t0) is the induced metric on the hypersurface
Σt0 of constant time t0. This is the line element for which we now want to perform a
time evolution Hamiltonian analysis on, a contrast to [71] where a similar analysis was
performed but for a radial evolution in ALAdS spacetime.

We return to our theory (5.2.1) and write down the equations of motion by considering
variations of the Lagrangian. The general form of such variations takes the form given by
(2.4.3), (2.4.4) which for our theory is

δL = Eab
(1)δgab + Ea

(2)δAa + E(3)
I δΦI + dΘ(ψ, δψ). (5.2.6)

As in [71] the forms are given by

Eab
(1) = − 1

2κ2

(
Rab − 1

2
Rgab + Λgab − κ2T̃ ab

)
⋆ 1

Ea
(2) = ∇b(U(Φ)F ba) ⋆ 1

E(3)
I =

(
∇a(GIJ(Φ)∂aΦJ) − 1

2
∂GJK
∂ΦI

∂aΦJ∂aΦK − ∂V

∂ΦI
− 1

4
∂U

∂ΦI
FabF

ab
) (5.2.7)

where again we have the matter stress energy tensor given by

T̃ab = GIJ(Φ)∂aΦI∂bΦJ + U(Φ)FacF c
b − gabLm (5.2.8)

where Lm accounts for the the matter part of the Lagrangian. Explicitly, we have

Lm = V (Φ) + 1
2
GIJ(Φ)∂aΦJ∂aΦI + 1

4
U(Φ)F abFab. (5.2.9)

These results are all equivalent to those of [71] although we have highlighted the Λ term
as a method of explicitly keeping track of the cosmological constant. Also computed in
[71] was the symplectic potential (D − 1)-form, given by2

Θ(ψ, δψ) = (−1)D ⋆ v(ψ, δψ) (5.2.10)
2This expression differs from that of [71] by the factor of (−1)D, due to a difference in convention

regarding the definition of the Hodge dual. In this work we use the convention that for a p-form X,
(⋆X)a1...aD−p = 1

p! νa1...aD−pb1...bp Xb1...bp
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where

va = − 1
2κ2 (gab∇cδgbc − gbc∇aδgbc) +GIJ(Φ)δΦI∇aΦJ + U(Φ)F abδAb (5.2.11)

5.2.2 Equations of motion

We will perform the asymptotic analysis in the same style as [71], namely by applying a
Hamiltonian evolution. The key difference between the analysis in ALdS and ALAdS is
in the character of the evolution, i.e. time vs radial evolution.

In the ALdS case we evolve with respect to time and thus we can consider the equations
of motion as equations relating data on a spacelike constant t hypersurface, Σti , to data on
the next constant t hypersurface, Σti+1 . This is the more familiar Hamiltonian evolution
from the perspective of classical relativity [77], but differs from the standard technique in
ALAdS spacetimes [70, 71] which evolves data from one timelike hypersurface of constant
radius, Σri , to the next, Σri+1 [141, 206, 207]. The important mathematical difference
between these approaches is that the induced metric, γab, on the Σ hypersurfaces is given
by

γab = gab ± nanb (5.2.12)

where the + corresponds to time evolution (ALdS) and the − to radial evolution (ALdS).
In both cases na is an outward pointing unit normal vector to Σ so we have nana = ∓1
and the sign in (5.2.12) is chosen such that γabna = 0.

In order to implement the time evolution we will use the Gauss-Codacci equations to
write the equations of motion (5.2.7) in terms of quantities defined on the hypersurfaces
Σt. We will use the gauge fixing that we introduced in (5.2.5) for the gravity, thus inducing
the metric γij on the Σt hypersurfaces. We also follow [71] in choosing the gauge for the
gauge field as At = 0 and we will now give the equations of motion for the gravity, γij ,
the gauge field, Ai, and the scalars, ΦI

Gravity:

KijK
ij −K2 = R̂− 2κ2T̃tt − 2Λ

DiK
i
j −DjK = κ2T̃jt

−K̇i
j −KKi

j = R̂ij − κ2
(
T̃ ij + 1

1 − d
T̃αα δ

i
j

)
+ δij

( 2Λ
1 − d

) (5.2.13)

where Kij = 1
2Lnγij = 1

2
d
dtγij = 1

2 γ̇ij and R̂ are respectively the extrinsic curvature and
scalar curvature of the hypersurfaces Σt. Note that these formulae differ in certain signs
when compared with the Gauss-Codacci equations in [71], this is entirely due to the change
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in Hamiltonian evolution as described by equation (5.2.12). In order to give the equations
for the gauge field and scalars we first present the Christoffel symbols of the spacetime
metric

Γtij = Kij , Γitj = Ki
j , Γijk[g] = Γijk[γ] (5.2.14)

with all other symbols vanishing. We again note that Γtij has the opposite sign to [71].

Gauge field:

Di(U(Φ)F ti) = 0

∂t(U(Φ)F tj) +KU(Φ)F tj +Di(U(Φ)F ij) = 0
(5.2.15)

where Di is the covariant derivative operator associated with the hypersurface Σt (these
equations agree with [71]).

Scalar:

− ∂t(GIJ(Φ)Φ̇J) −KGIJ(Φ)Φ̇J +Di(GIJ(Φ)∂iΦJ)+
1
2
∂GJK
∂ΦI

(Φ̇J Φ̇K − ∂iΦJ∂iΦK) − ∂V

∂ΦI
+ 1

4
∂U

∂ΦI
(2γijȦiȦj − FijF

ij) = 0.
(5.2.16)

This equation specifically uses the gauge fixing condition of At = 0 and again takes a
very similar form to [71], with suitable sign changes which account for the new evolution
scheme.

5.2.3 Momenta

Now that we have computed the equations of motion in terms of quantities defined on
the hypersurfaces Σt, we note that these can equally be written as Hamiltonian equations
of motion for the ‘time canonical momenta’. These momenta are defined by the usual
equations

πij = ∂L

∂γ̇ij
, πi = ∂L

∂Ȧi
, πI = ∂L

∂Φ̇I
(5.2.17)

where L = L01...(D−1). It is a straightforward calculation to take our Lagrangian (5.2.1)
and compute these momenta

πij = 1
2κ2

√
γ(Kij −Kγij), πi = √

γU(Φ)Ȧi, πI = √
γGIJ(Φ)Φ̇J (5.2.18)

which can now be reinserted into the equations of motion (5.2.13)-(5.2.16) in order to
write the equations of motion in the explicit Hamiltonian form
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Gravity:
γ̇ij = δH

δπij
, π̇ij = − δH

δγij
(5.2.19)

(note that this is not all of (5.2.13) as the first two equations of (5.2.13) are constraint
equations arising from the variation of H with respect to the lapse and shift).

Gauge field:
Ȧi = δH

δπi
, π̇i = − δH

δAi
(5.2.20)

Scalar:
Φ̇I = δH

δπI
, π̇I = − δH

δΦI
(5.2.21)

where the Hamiltonian H is given by

H =
∫

Σt

(
πij γ̇ij + πiȦi +

∑
I

πIΦ̇I − L

)
. (5.2.22)

For now, this use of Hamiltonian language is simply an alternative method of writing
the equations of motion for the fields. We will return later to look at the Hamiltonian
of timelike hypersurfaces using the covariant phase space language that we introduced in
section 2.4.

5.2.4 Asymptotic symmetries

In [71], one of the significant steps in defining the Wald Hamiltonians in ALAdS spacetime
was to prove injectivity between asymptotic conformal Killing vectors of the spacetime and
asymptotic bulk killing vectors of the spacetime. We will now recreate the main steps of
this proof for ALdS spacetime, showing that the main features of the proof carry over,
with some small differences which we will note.

First we give asymptotic scaling properties of the fields from [71] but adapted to ALdS
spacetimes. The key fact to note is that the linearised supergravity equations of motion
admit two linearly independent solutions, the normalisable and non-normalisable modes,
given by e−s+t and e−s−t respectively. The values of s± for each field are as follows

γij : s+ = D − 3, s− = −2

Ai : s+ = D − 3, s− = 0

ΦI : s+ = ∆I , s− = D − 1 − ∆I

(5.2.23)

Where ∆I can be thought of as the analytic continuation of the scaling dimension a
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corresponding scalar field in AdS. Explicitly

∆I = D − 1
2

+

√
(D − 1)2

4
−m2

I l
2
dS (5.2.24)

where mI is the mass of the scalar field ΦI . This result follows from the usual analytic
continuation l2dS = −l2AdS (for a review of the scalar in an AdS background, see e.g. [208]).
We note that this function is only real when the mass lies in the range

− (D − 1)
2ldS

≤ mI ≤ (D − 1)
2ldS

(5.2.25)

which we will enforce in order to ensure reality of ∆I . We also note that (5.2.24) ensures
that s+ ≥ s− for the case of the scalar fields ΦI . The falloff conditions given in (5.2.23)
will be used in the result we are about to prove.

Definition: In ALdS spacetime, an asymptotic conformal Killing vector, ξ, is a bulk
vector field which satisfies the following properties

ξt = O(e(1−D)t), ξi(x, t) = ζi(x)(1 + O(e−(D+1)t)) (5.2.26)

where ζi is a conformal Killing vector of the metric induced at the conformal boundary
I +, g(0)ij = limt→∞(e−2tγij).

Theorem: If ξ is an asymptotic conformal killing vector, then it is in 1-1 correspondence
with an asymptotic bulk killing vector. i.e. there exists vector fields ξ̂, α̂ such that

Lξ−ξ̂ψ = δα̂ψ + O(e−s+t) (5.2.27)

which is precisely the equation for an asymptotic bulk killing vector, up to the gauge
transformation given by δα̂. We can use the linearity of the Lie derivative to rewrite this
equation as

Lξψ = Lξ̂ψ + δα̂ψ + O(e−s+t). (5.2.28)

Proof : In order to prove this, we will attempt to find the values of the vectors ξ̂
and α̂ which satisfy the equation above. We follow the guidance of [71] by noting that
both Lξψ and Lξ̂ψ + δα̂ψ will solve the linearised equations of motion as they are on
shell perturbations to solutions to the background field equations. This means that we
can invoke the asymptotic scaling properties as given in the paragraph above equation
(5.2.23) and note that they must be formed of a linear combination of normalisable and
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non-normalisable modes. As (5.2.28) only requires equality up to the normalisable mode,
all we will need to show is that the non-normalisable mode terms (i.e. the leading order)
between the Lξψ and Lξ̂ψ + δα̂ψ agree.

To show equality of the leading order terms we work in the usual gauge

ds2 = −dt2 + γij(t, x)dxidxj , At = 0 (5.2.29)

which allows us to compute the Lie derivatives of the various fields

Lξgtt = −ξ̇t

Lξgti = γij(ξ̇j − ∂jξt)

Lξgij = Lξγij + 2Kijξ
t

(5.2.30)

LξAt = Aiξ̇
i

LξAi = LξAi + ξtȦi
(5.2.31)

LξΦI = LξΦI + ξtΦ̇I (5.2.32)

where Lξ represents the Lie derivative in the direction of ξi (i.e. it is just the ordinary Lie
derivative with ξt set to zero). We recall that ξ is an asymptotic conformal Killing vector
and now use the first property of (5.2.26) together with the scaling properties of the fields
in (5.2.23) in order to write these Lie derivatives together as

Lξψ = Lξψ + O(e−s+t). (5.2.33)

Which is a simple power counting exercise for all fields except the scalar which requires
use of a slightly nuanced consideration. When we apply the power counting to (5.2.32) we
find

LξΦI = LξΦI + ξtΦ̇I = LξΦI + O(e(2−2D+∆I)t) (5.2.34)

so for this field to satisfy (5.2.33) we need to satisfy the inequality

2 − 2D + ∆I ≤ −∆I =⇒ D − 1 ≥ ∆I (5.2.35)

and such a consideration of operator weights to those precisely restricts to those which
are relevant or marginal [70]. This is something which is automatically enforced by the
fact that ∆I is real (see (5.2.24)) and hence equation (5.2.33) holds for all of the fields.

We now want to use the second condition of (5.2.26) to arrive at an expression for Lξψ.
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We write
Lξψ = Lζ(1+O(e−(D+1)t))ψ = Lζψ(1 + O(e−(D+1)t)) (5.2.36)

and we also recall that ζ is a boundary conformal killing vector. To illustrate how this
acts on the fields we will consider the metric

γij = e2tg(0)ij + O(et) (5.2.37)

and use the fact that ζi is a conformal Killing vector of g(0)ij :

Lζγij = e2t 2
D − 1

(Dkζ
k)g(0)ij + O(et) = 2

D − 1
(Dkζ

k)∂tγij(1 + O(e−t)). (5.2.38)

We will now show that one can identify the time derivative operator ∂t with an operator
which we will refer to as the ‘time dilatation’ operator δD. To see this, we consider the
following variational chain rule

∂t =
∫
dD−1x

(
γ̇ij

δ

δγij
+ Ȧi

δ

δAi
+ Φ̇I δ

δΦI

)
(5.2.39)

and apply the asymptotic behaviour of the fields (γij , Ai,ΦI) as given in (5.2.23)

∂t ∼
∫
dD−1x

(
2γij

δ

δγij
+ (∆I −D + 1)ΦI δ

δΦI

)
= δD (5.2.40)

where we have used ∼ to indicate that we only kept the leading order terms in the asymp-
totic behaviours of the fields. Having provided the specific example of how Lζγij is com-
puted, we note that due to the fact that ζ is a conformal Killing vector of g(0)

Lζψ = 1
D − 1

(Dkζ
k)δDψ. (5.2.41)

In order to complete this proof we now need to pick a vector field ξ̂ and a gauge vector
α̂ s.t.

Lξ̂ψ + δα̂ψ ∼ 1
D − 1

(Dkζ
k)δDψ (5.2.42)

as we recall that we want to match the leading order terms in (5.2.28). As it turns
out, such a transformation is readily available to us, namely the ‘PBH transformation’
[80, 146, 209, 71]. This transformation induces a Weyl transformation on the spacetime
and in ALdS spacetime this takes the form

ξ̂t = δσ(x) + O(e−(D−1)t)

ξ̂i = −∂jδσ(x)
∫ ∞

t
dt′γji(t′, x) + O(e−(D+1)t)

α̂ = ∂iδσ(x)
∫ ∞

t
dt′Ai(t′, x) + O(e−(D+1)t)

(5.2.43)
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where we pick
δσ(x) = 1

D − 1
Diξ

i (5.2.44)

in order to match the leading order behaviour with (5.2.42). It is now a simple exercise
to check this, using the identification of ∂t and δD as outlined in (5.2.40)

We finish this section with a comment upon the falloff in the second condition of (5.2.26).
In order to preserve the gauge given in equation (5.2.29) we must have Lξgti = 0 from the
middle equation in (5.2.30) this gives us

ξ̇j − ∂jξt = 0 =⇒ ξ̇j = O(e−(D+1)t) (5.2.45)

where the fall-off condition simply arises from the power counting of the ξt falloff given in
(5.2.26) as well as the scaling behaviour of the metric given in (5.2.23).

5.2.5 Wald Hamiltonians

In this subsection we will first discuss the differences in definition of the pre-symplectic
form (and thus Wald Hamiltonians) in ALdS and ALAdS spacetimes, providing an alter-
native definition to that of [210]. We will then write down the Wald Hamiltonians Hα,Hξ

for ALdS spacetime corresponding to the symmetries of an asymptotically constant gauge
transformation, α, and an asymptotic conformal Killing vector, ξ. We will show that for
the asymptotic CKV Hamiltonian, the existence criterion (2.4.24) is equivalent to having
a pre-symplectic form ΩC which is independent of the slice C. As before many of these
results follow from the ALAdS setup of [71] and we will comment upon their similarities.

5.2.5.1 Pre-symplectic form in AldS spacetime

Before explicitly writing down the Wald Hamiltonians for AldS spacetimes we will return
to the pre-symplectic form, ΩC , which we first defined for generic spacetime in (2.4.12).
As was mentioned earlier, the “slice” of spacetime C is typically taken to be a Cauchy
surface in the spacetime (or at least a spacelike hypersurface in the ALAdS case) but in the
near-boundary region of ALdS spacetime it will make more sense to treat C as a timelike
hypersurface due to the time-evolution Hamiltonian procedure that we have employed, as
well as the spacelike character of I +. We will argue our case with an example taken from
[71] which we modify for ALdS spacetime.

First we consider an asymptotic region as shown below.
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I +

T 0 T

� ⇢ I +

R

1

Figure5.2.1: Penrose diagram showing the asymptotic region R of an ALdS spacetime
bounded by ∆ ⊂ I + and two timelike hypersurfaces T and T ′

We now consider dω(ψ, δ1ψ, δ2ψ) where ψ satisfies the equations of motion and δ1ψ, δ2ψ

satisfy the linearised equations of motion. As this quantity is identically zero by (2.4.11)
obviously the integral of this quantity over the spacetime region R also vanishes∫

R
dω(ψ, δ1ψ, δ2ψ) = 0. (5.2.46)

This seems like a trivial equation until we realise that we can apply Stokes’ theorem to
the integral to rewrite the equation as∫

T
ω(ψ, δ1ψ, δ2ψ) −

∫
∆⊂I +

ω(ψ, δ1ψ, δ2ψ) −
∫
T ′

ω(ψ, δ1ψ, δ2ψ) = 0 (5.2.47)

which we see is

ΩT (ψ, δ1ψ, δ2ψ) − ΩT ′(ψ, δ1ψ, δ2ψ) = Ω∆(ψ, δ1ψ, δ2ψ) (5.2.48)

and thus we see that the pre-symplectic form is independent of the surface T iff Ω∆

vanishes.

To compute Ω∆, we first need to compute the pullback of Θ to a constant t hypersurface
Σt (I + can then be thought of as Σ∞). This pull back is relatively straightforward as
the map between the manifolds is simply the inclusion map i : Σt ↪−→ M. This means that
the pullback, i∗Θ, is given by

(i∗Θ)i1...iD−1 = Θi1...iD−1 (5.2.49)

where the indices are now restricted to run over the spatial values only. We apply (5.2.10)
and write

Θi1...iD−1 = −νti1...iD−1v
t = −ν̃i1...iD−1v

t = nµv
µν̃i1...iD−1 = nµv

µ(⋆Σt1) (5.2.50)
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where ν̃ and ⋆Σt are respectively the volume form and Hodge star of Σt. nµ is the future-
pointing unit normal to Σt and hence we have nµ = (−1, 0, . . . , 0).

We will now write down the pullback in terms of the canonical momenta that we derived
in section 5.2.3. The first step in doing this is to consider the regulated on shell action
(with Gibbons-Hawking term) as in [70, 71]. Note that the sign of LGHY has been adapted
in order to accommodate the spacelike character of the boundary Σt0

St0 =
∫

Mt0

Lon shell − 1
κ2

∫
Σt0

K ⋆Σt 1 (5.2.51)

now we of course have δLon shell = dΘ so taking the variation of the above equation gives

δSt0 =
∫

Mt0

dΘ − 1
κ2

∫
Σt0

δ(K ⋆Σt 1). (5.2.52)

At this point we will introduce an alternative definition of the time canonical momenta
(see [70, 71]). To derive this condition we consider a generic action

S =
∫
L(ϕ, ϕ̇) dt

=⇒ δS =
∫ (

∂L

∂ϕI
δϕI + ∂L

∂ϕ̇I
δϕ̇I

)
dt

=
∫ (

∂L

∂ϕI
δϕI + ∂L

∂ϕ̇I
∂t(δϕI)

)
dt

=
∫ [

∂L

∂ϕI
δϕI + ∂t

(
∂L

∂ϕ̇I
δϕI

)
− δϕI∂t

(
∂L

∂ϕ̇I

)]
=
(
∂L

∂ϕ̇I

)
δϕI

∣∣∣∣t +
∫
δϕI

(
∂L

∂ϕI
− ∂t

(
∂L

∂ϕ̇I

))
(5.2.53)

but the second term on the right hand side is precisely the Euler-Lagrange equation, and
thus on shell we find

δSon shell
δϕI

= ∂L

∂ϕ̇I
= πI . (5.2.54)

This proof carries through identically for all fields (not just scalars) and thus we also use
the following definition for the canonical momenta

πij = δSt0
δγij

, πI = δSt0
δΦI

, πi = δSt0
δAi

(5.2.55)

and thus by the variational chain rule we have

δSt0 =
∫

Σt0

dD−1x
[
πijδγij + πIδΦI + πiδAi

]
. (5.2.56)
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These formulae allow us to rearrange (5.2.52) and apply Stokes theorem in order to write∫
Σt0

Θ =
∫

Σt0

dD−1x
[
πijδγij + πIδΦI + πiδAi

]
+ 1
κ2

∫
Σt0

δ(K ⋆Σt 1) (5.2.57)

which gives
i∗Θ =

[
πijδγij + πIδΦI + πiδAi + 1

κ2 δ(K
√
γ)
]
dµ (5.2.58)

where we have followed [70, 71] in writing √
γdµ = ⋆Σ1. As in [71], we remark that the

form of the pullback gives us the expected property [146] that the Gibbons-Hawking term
is all one needs to have a well-defined variational problem when the fields at the boundary
are kept fixed

δγij = 0, δAi = 0, δΦI = 0 on Σt0 (5.2.59)

However, these boundary conditions will only be suitable when the boundary Σt0 is located
at a finite proper distance (i.e. t0 finite). Since we want to look at the conformal boundary
I + which is located t0 = ∞ (in contrast to a t0 being finite for a physical boundary) of
an ALAdS spacetime, we are restricted to the weaker boundary conditions

δγij = 2γijδσ, δAi = 0, δΦI = (∆I − d)ΦIδσ on I + (5.2.60)

which only determine to boundary values of the fields up to a Weyl transformation. As
an extra remark, we note that comparison of (5.2.58) and (5.2.50) allows us to read off vt,
namely

vt = − 1
√
γ

[
πijδγij + πIδΦI + πiδAi + 1

κ2 δ(K
√
γ)
]
. (5.2.61)

Now that we have obtained the pullback of Θ on Σt, we are easily able to obtain the
pullback of the symplectic current, ω, using the definition (2.4.7). Explicitly we have

i∗ω(ψ, δ1ψ, δ2ψ) = δ1(i∗Θ(ψ, δ2ψ)) − (1 ↔ 2)

= {δ1π
ijδ2γij + δ1πIδ2ΦI + δ1π

iδ2Ai − (1 ↔ 2)}
(5.2.62)

where in the second line we have used the fact that the field variations commute: δ1δ2 −
δ2δ1 = 0. We will now focus on the momenta and following [71], expand them in eigen-
functions of the dilatation operator δD

πij = √
γ(πij(0) + πij(2) + . . .+ πij(d) + π̃ij(d) log e−2t + . . .),

πi = √
γ(πi(3) + πi(4) + . . .+ πi(d) + π̃i(d) log e−2t + . . .),

πI = √
γ(

∑
d−∆I≤s<∆I

π(s)I + π(∆I) + π̃(∆I)I log e−2t + . . .)
(5.2.63)

where the non-normalisable terms in the expansions will turn out to be related to the
counter term action required to remormalise the action [62]. It was shown explicitly in
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[71] that these expansions allow us to write the pullback of the symplectic current form as

i∗ω(ψ, δ1ψ, δ2ψ) = {δ1(√γπij(d))δ2γij + δ1(√γπ(∆I)I)δ2ΦI+

δ1(√γπi(d))δ2Ai − (1 ↔ 2)}.
(5.2.64)

We can now substitute the boundary conditions (5.2.60) in order to write this as

i∗ω(ψ, δ1ψ, δ2ψ) = {δ1(√γπij(d))2γijδ2σ + δ1(√γπ(∆I)I)(∆I − d)ΦIδ2σ − (1 ↔ 2)}

= {(δ1(√γ[2πii(d) + π(∆I)I(∆I − d)ΦI ])δ2σ − (1 ↔ 2)}
(5.2.65)

which at first looks like an unremarkable rearrangement until one uses the result for the
trace anomaly, A [58, 71]

A = 2πii(d) + π(∆I)I(∆I − d)ΦI (5.2.66)

which allows us to write the symplectic current as

i∗ω(ψ, δ1ψ, δ2ψ) = {δ1(√γA)δ2σ − (1 ↔ 2)} (5.2.67)

and thus we observe that if the trace anomaly vanishes then so does the pullback of the
symplectic current form to the conformal boundary I +. This in turn implies that Ω∆ = 0
and finally gives us the desired result that the presymplectic 2-form is independent of the
‘slice’ upon which it is integrated over. If the trace anomaly is non-vanishing, then one has
to impose the stronger boundary conditions (5.2.59) which again enforce the independence
of ΩC upon C.

5.2.5.2 Computation of Hα

We will now explicitly compute the Hamiltonians on the covariant phase space [158, 211,
63, 67] for the theory (5.2.1) and show that their existence is guaranteed by the fact that
the pre-symplectic 2-form, ΩC , is independent of the slice C in ALdS spacetime. We will
begin by computing Hα, the Hamiltonian associated with asymptotically constant gauge
transformations (without loss of generality, we will take α → 1 asymptotically). These
gauge transformations also satisfy

δαψ = O(e−s+t) (5.2.68)

where s+ is given in equation (5.2.23). The U(1) current associated with these gauge
transformations is given by

Jα = Θ(ψ, δαψ) (5.2.69)
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which is closed on shell and thus we can locally write

dQα = Jα = Θ(ψ, δαψ) (5.2.70)

where Qα is the U(1) Noether charge (D − 2)-form, which integrates over a (D − 2)
manifold in order to give the Noether charge.

In order to associate the Hamiltonian with the Noether charges, we recall equation
(2.4.19) which gave the definition of the Hamiltonian, and adapt it suitably for the asymp-
totically constant gauge transformation α

δHα = ΩC(ψ, δψ, δαψ) =
∫
C
ω(ψ, δψ, δαψ) (5.2.71)

where as before we are restricting our consideration to on shell fields ψ (E = 0). In order
to explicitly compute Hα, we first write

ω(ψ, δψ, δαψ) = δΘ(ψ, δαψ) − δαΘ(ψ, δψ) (5.2.72)

and then we can use the gauge invariance of the Lagrangian (δαL = 0) in order to conclude
that Θ is also gauge invariant (δαΘ = 0). This means that the second term on the right
hand side vanishes and on shell we can write

ω(ψ, δψ, δαψ) = δΘ(ψ, δαψ) = dδQα (5.2.73)

and thus we have
δHα =

∫
C
dδQα =

∫
C∩I +

δQα (5.2.74)

and so up to addition of a constant we have

Hα =
∫
C∩I +

Qα (5.2.75)

which is precisely the Noether charge.

We can derive the explicit expression for the Noether charge using the equations (5.2.10)
and (5.2.11) as well as identities for differential forms. We start by noticing

va(ψ, δαψ) = U(Φ)Fab∇bα (5.2.76)

and then applying the equation of motion ∇b(U(Φ)F ba) = 0 gives

va(ψ, δαψ) = ∇b(U(Φ)Fabα) = −(⋆ d ⋆ (U(Φ)Fα))a (5.2.77)
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where we have used the identity (⋆ d ⋆ X)a = −∇bXab for any two-form X. We now find

(−1)D−1Θ = − ⋆ v = ⋆(⋆ d ⋆ (U(Φ)Fα)) = −(−1)D−1d ⋆ (U(Φ)Fα) (5.2.78)

where again we have used an identity for differential forms, this time ⋆(⋆Y ) = −(−1)p(D−p)Y

for any p form on a D-dimensional Lorentzian manifold. With these rearrangements per-
formed, we conclude that the Noether charge form is given by

Qα = −α ⋆ F (5.2.79)

where Fab = U(Φ)Fab.

5.2.5.3 Computation and existence of Hξ

We will now turn our attention to the more interesting Wald Hamiltonian, namely that of
Hξ, the Hamiltonian associated with diffeomorphisms induced by asymptotically conformal
Killing vectors ξ (as defined in (5.2.26)). As before, Hamilton’s equations of motion read

δHξ = ΩC(ψ, δψ,Lξψ) =
∫
C∩I +

(δQ[ξ] − iξΘ) (5.2.80)

where we have used the identity (2.4.18) which we proved earlier. We will derive a neces-
sary and sufficient condition for existence of Hξ by considering the integrability condition
described in (2.4.24) ∫

C∩I +
iξω(ψ, δ2ψ, δ1ψ) = 0 (5.2.81)

now recall that ξ is asymptotically tangent to the constant time hypersurfaces and thus
we have ξt|I + = 0. We can expand the integrand as

iξω
∣∣
I + = ξaωaµ1...µD−2

∣∣
I + = ξrωrµ1...µD−2 + ξiωiµ1...µD−2 (5.2.82)

and pulling this form back to the constant r slice C gives

iξω
∣∣
C∩I + = ξrωrµ1...µD−2 (5.2.83)

where all of the terms on the far right of equation (5.2.82) vanish as they will all necessarily
have two of their antisymmetric form indices taking the same value. Using the explicit
form of the pullback of a tensor allows us to write the integrability condition as∫

C∩I +
dD−2x ξr{δ1(√γA)δ2σ − 1 ↔ 2} = 0 (5.2.84)

and we see that the condition is satisfied in two possible cases:
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1. The trace anomaly vanishes: A = 0

2. ξ is an asymptotic Killing vector: δσ = 0

We note that these are the very same conditions which were required for ΩC to be inde-
pendent of the slice C. We conclude, as in the ALAdS case, that the existence of a Hξ is
equivalent to ΩC being independent of C.

As this integrability condition is both necessary and sufficient for existence of Hξ, we
are able to write the Hamiltonian as

Hξ =
∫
C∩I +

(Q[ξ] − iξB) (5.2.85)

where ∫
C∩I +

iξΘ = δ

∫
C∩I +

iξB. (5.2.86)

All that now remains is to explicitly compute Q[ξ] and B for the class of theories given
by (5.2.1) which we will do now.

First we compute Q[ξ] using dQ[ξ] = Θ(ψ,Lξψ) − iξL and we use a similar method to
that which we applied for the U(1) charge: First we want to compute Θ(ψ,Lξψ) which will
involve analysis of the vector field va(ψ,Lξψ) which was first given in equation (5.2.10).
After some rearrangement and applying the equations of motion (5.2.7) we obtain

va(ψ,Lξψ) = − 1
2κ2

[
− 2∇b∇[aξb] + (R− 2Λ)ξa + 2κ2T̃ baξb

]
+

GIJ(Φ)ξb∇bΦI∇aΦJ + U(Φ)FabF cbξc + ∇b(U(Φ)FabAcξc)
(5.2.87)

which is useful but not quite in the required form for us to extract Θ from. In order
to compute Θ we first introduce the two form E which satisfies Eab = ∇[aξb] and use
equation (5.2.87) to write

Θ(ψ,Lξψ)
(−1)D−1 = − ⋆ v(ψ,Lξψ) = 1

2κ2
[
2(−1)D(d ⋆E) + ⋆((R− 2Λ)ξa + 2κ2T̃ baξb)

]
−GIJ(∇aΦI)ξa(i∇ΦJν) + (−1)Dd ⋆ (U(Φ)FAaξa)

− ⋆(U(Φ)FabF cbξc)
(5.2.88)

which upon applying equation for (5.2.8) for T̃ ba becomes

Θ(ψ,Lξψ) = − 1
κ2d ⋆ (E + κ2U(Φ)FAaξa) + iξL (5.2.89)

and so we can conclude
Q[ξ] = − 1

κ2 ⋆Ξ[ξ] (5.2.90)
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where Ξ is a 2-form whose components are

Ξab = ∇[aξb] + κ2U(Φ)FabAcξc (5.2.91)

Computing B is in many ways more straightforward than Q[ξ]. First we follow the steps
of equations (5.2.81)-(5.2.83) in order to write

iξΘ
∣∣
C∩I + = ξri∗(Θrµ1...µD−2) (5.2.92)

where i∗ denotes the pullback onto the hypersurface Σt. To explicitly evaluate this term,
we follow [71] and write the pullback of the symplectic potential form on Σt as

i∗Θ =
{
δ

( 1
κ2

√
γ[K − (K + λ)ct]

)
+

√
γ(πij(d)δγij + πi(d)δAi + π(∆I)IδΨI) + . . .}dµ

(5.2.93)

a procedure which involves substituting the mode expansion (5.2.63) for the momenta and
then identifying the modes which contribute to the counterterms required to renormalise
the theory. The differences in sign relative to [71] are purely due to the now spacelike
character of I +, which suitably adjusts the signs of terms involving the extrinsic curvature
K. In this expression, λ is defined as the Σt-covariant variable which satisfies∫

Mt0

Lon-shell = − 1
κ2

∫
Σt0

ddx
√
γλ. (5.2.94)

which again admits an expansion in eigenfunctions of the dilatation operator

λ = λ(0) + λ(2) + . . .+ λ(d) + λ̃(d) log e−2t + . . . (5.2.95)

and the notation “(f)ct” indicates the “counter term” part of the argument when expanded
in dilatation weight, i.e.

(K + λ)ct =
d−1∑
n=0

(K(n) + λ(n)) + (K̃(d) + λ̃(d)) log e−2t0 (5.2.96)

To expression (5.2.93) we then apply the usual boundary conditions (5.2.60) which allows
us to write

i∗Θ =
{
δ

( 1
κ2

√
γ[K − (K + λ)ct]

)
+

√
γ(πij(d)(2γijδσ) + π(∆I)I(∆I − d)ΨIδσ) + . . .}dµ.

(5.2.97)
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We now apply the formula (5.2.66) for the trace anomaly and find

i∗Θ =
{
δ

( 1
κ2

√
γ[K − (K + λ)ct]

)
+ √

γδσA + . . .

}
dµ (5.2.98)

which together with (5.2.92) allows us to write the overall integral as∫
C∩I +

iξΘ =
∫
C∩I +

dσrξ
rAδσ + 1

κ2 δ

∫
C∩I +

dσrξ
r[K − (K + λ)ct] (5.2.99)

where the volume element dσi is defined via ξidσi = √
γiξϵ. ϵ is an (d − 1)-form on the

hypersurface Σt, defined as to have orientation ϵri2...id−1 = 1. This choice of orientation is
opposite to that of [71] and thus our integral expressions are modified accordingly.

Comparison of equations (5.2.86) and (5.2.99) shows us again that the Hamiltonian
exists when either the trace anomaly vanishes or the vector ξ is an asymptotic Killing
vector, in perfect agreement with our conclusion from earlier. This comparison also allows
us to read off B as

B = 1
κ2 [K − (K + λ)ct] ⋆Σt 1 (5.2.100)

5.2.5.4 An explicit expression for Hξ

Now that we have proven existence of Hξ under suitable conditions, we will manipulate
the generic formula of (5.2.85) in order to give us an expression from which we can easily
start to compute charges (see section 5.3). We will do this for the case of pure gravity
(Aa = ΦI = 0) in even spacetime dimension (D ∈ 2Z) as this will be the case for the
example we describe in detail in section 5.3. The reimplementation of the extra fields is
straightforward and is covered in [71].

We start with the generic expression for the Wald Hamiltonians

Hξ =
∫
C∩I +

(Q[ξ] − iξB)

= − 1
κ2

∫
C∩I +

(
⋆Ξ[ξ] +

[
d∑

n=0
K(n) −

d−1∑
n=0

(K(n) + λ(n))
]
iξ(⋆Σt1)

) (5.2.101)

where in the second line we have used (5.2.90) and (5.2.100), as well as expanding the
coefficient of B in terms of eigenfunctions of the time dilatation operator δD. Explicit
evaluation of the first term (in the gauge (5.2.29)) gives

⋆Ξ[ξ] = νj1...jd−1tiΞ
ti = √

γϵtij1...jd−1∇[tξi] (5.2.102)

now recall that ξi is an asymptotic conformal Killing vector and thus it satisfies (5.2.28),
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which in this case reduces to

Lξgµν = Lξ̂gµν + O(e−s+t). (5.2.103)

where ξ̂ is given in (5.2.43). Using this and the fact that ξ preserves the gauge (5.2.29),
we can write

∇[tξi] = ∇tξi

= gtt(∂tξi + Γitµξµ)

= −(ξ̇i + Γitjξj)

= −Ki
jξ
j + O(e−(d+2)t)

(5.2.104)

which allows us to rewrite (5.2.101) as

Hξ = − 1
κ2

∫
C∩I +

dσi

(
−Ki

jξ
j +

[
K(d) −

d−1∑
n=0

λ(n)

]
ξi
)

(5.2.105)

where the O(e−(d+2)t)√γ ∼ O(e−2t) term gets removed as t → ∞. We now recall the
definition of the momenta in equation (5.2.18) as well as their expansion in eigenfunctions
of the time dilatation operator (5.2.63), allowing us to write

πij(d) = 1
2κ2

(
Kij

(d) −K(d)γ
ij
)

(5.2.106)

and thus

Hξ = 2
∫
C∩I +

dσiπ
i
j(d)ξ

j + 1
κ2

∫
C∩I +

dσi

[
d−1∑
n=0

(Ki
j(n) + λ(n)δ

i
j)
]
ξj (5.2.107)

where we have now separated the expression for the Hamiltonian into two explicit terms,
one with the integrand of dilatation weight d and the other of all weights n < d. We will
now show that the second term is identically zero and thus only the highest order term
contributes to the overall expression for the charge.

The first step is to recall the on-shell expression

dQ[ξ] + iξLon-shell = Θ(g,Lξg) (5.2.108)

which for our case of pure gravity becomes

− 1
κ2d ⋆Ξ[ξ] +

( 4Λ
d− 1

)
iξ ⋆ 1 = (−1)D ⋆ v(g,Lξg) (5.2.109)
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and upon taking the Hodge star we obtain

∇µΞµν = κ2ξν
( 4Λ

1 − d

)
− κ2vν(g,Lξg). (5.2.110)

The next thing that we want to do is to find a way to introduce λ in the above equation,
as this will bring us closer to the second term in (5.2.107). In order to do this, we recall
the definition of λ as given in (5.2.94) and take the t-derivative of each side, giving us∫

Σt0

ddx
√
γ

( 4Λ
d− 1

)
= − 1

κ2

∫
Σt0

ddx
√
γ
(
λ̇+Kλ

)
(5.2.111)

where we used ∂t(
√
γ) = √

γK. Comparing the integrands above and applying this to
(5.2.110) gives

∇µΞµν = ξν
(
λ̇+Kλ

)
− κ2vν(g,Lξg). (5.2.112)

Now we take the ν = i component of this equation and use the result that ∇µΞµi =
∂ν(

√
−gΞνi)/

√
−g (as Ξµν is antisymmetric) to write

1√
−g

∂µ(
√

−gΞµi) = ξi
1

√
γ
∂t(

√
γλ) − κ2vi(g,Lξg) (5.2.113)

and of course using the gauge (5.2.29) we have
√

−g = √
γ. This fact allows us to rearrange

the expression above as

∂t[
√
γ(Ξti − ξiλ)] = −∂j(

√
γΞij) − κ2√

γvi(g,Lξg) + O(e−2t) (5.2.114)

where we also used √
γλ∂tξ

i = O(e−2t). Recalling (5.2.104), we can write this as

∂t{
√
γ(−Ki

j − λδij)ξj} = −∂j(
√
γΞij) − κ2√

γvi(g,Lξg) + O(e−2t) (5.2.115)

and now we note that the term under the LHS above is closely related to the integrand
of the second term on the RHS of (5.2.107). We will shortly make this relation more
precise but first we will show that vr falls off as O(e−2t) as t → ∞ (under mild symmetry
assumptions).

First we have

vr(g,Lξg) = vr(g,Lξ̂g + O(e−2t)) = vr(g,Lξ̂g) + O(e−(d−2)t) (5.2.116)

by using (5.2.103) together with s+ = D− 3 = d− 2 for the metric γij . Using the explicit
form of v as given in (5.2.11) and the gauge (5.2.29), we now find

vr = − 1
κ2 (γrjγki−γriγjk)∇i∇(j ξ̂k) = − 1

κ2 (γrjγki−γriγjk)Di(D(j ξ̂k)−2Kjkδσ) (5.2.117)

where we have used (5.2.14) and δσ is given in (5.2.44). Now we use the second equation



5.2. Asymptotic analysis and charge prescription 157

of motion for the metric in (5.2.13) in order to write

vr = − 1
κ2 (γrjγki − γriγjk)(DiD(j ξ̂k) − 2KjkDiδσ). (5.2.118)

The expression above will vanish if we take an assumption from [71] and modify it for
AldS spacetime. The assumption is that our spacetime contains an asymptotic killing
vector ∂r as well as some other commuting isometries ∂ϕα (hence the asymptotic metric is
independent of xa = {r, ϕα}) and thus we can write the asymptotic form of the metric as

ds2 = γijdx
idxj = τab(x̃, t)dxadxb + σıȷ(x̃, t)dx̃ıdx̃ȷ. (5.2.119)

This equation is important for a number of reasons: Since we want our conformal rescalings
of the metric to preserve this generic form we must have δσ(x) = δσ(x̃), and thus ξ̂µ(x) =
ξ̂µ(x̃), as well as ξı = 0 from (5.2.43). The Christoffel symbols and extrinsic curvature for
the metric must satisfy

Γabc = Γaıȷ = Γıaȷ = Kaı = 0 (5.2.120)

and applying all of these to (5.2.118), we see that the right hand side now vanishes and
we are left with

vr(g,Lξg) = O(e−(d−2)t) (5.2.121)

which gives us
∂t{

√
γ(Kr

j + λδrj )ξj} = ∂j(
√
γΞrj) (5.2.122)

as we take the limit t → ∞.

Finally, we have to use this equation to show that the second term on the right hand
side of (5.2.107) vanishes. In order to do this, we will expand each side of the equation
in eigenfunctions of δD, the time dilatation operator. We have already seen that the time
derivative is very closely related to this operator (5.2.40) and following [70, 71] we can
formally expand this operator as

∂t = δD +
∑
i=1

δ(i) (5.2.123)

where δ(i) are covariant operators of time dilatation weight i which satisfy [δD, δ(i)] = 0.
To shorten notation we will write T r = (Kr

j + λδrj )ξj and using our previous expansion
(5.2.95) as well as the expansion for Ki

j as given in [70] we have

T = T r(0) + T r(2) + . . .+ T r(d) + . . . (5.2.124)

as well as the generic expansion

Ξij = Ξij(2) + Ξij(3) + . . . (5.2.125)
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Using these expansions and matching terms of the same dilatation weight we find

T(0) = 0
√
γT(2) = 1

d− 2
∂j(

√
γΞrj(2))

√
γT(3) = 1

d− 3
∂j

(√
γΞrj(3) − 1

d− 2
δ(1)

√
γΞrj(2)

)
...

√
γT(d−1) = ∂j(

√
γΞrj(d−1) + . . .)

(5.2.126)

which is finally evidence that the second integral on the right hand side of (5.2.107)
vanishes. We observe that the integrand there can be rewritten as

∑d−1
n=0 T(n) and thus

every term is a total derivative which vanishes when integrated over C ∩ I +.

This gives us a final expression for the charges in an AldS spacetime, namely

Hξ = 2
∫
C∩I +

dσiπ
i
j(d)ξ

j (5.2.127)

and noting that 2πij = Tij [70], we can alternatively write this equation as

Hξ =
∫
C∩I +

dd−1x
√
g(0)gri(0)Tijξ

j
(0) (5.2.128)

which makes apparent the extent to which the “locally dS” boundary conditions (g(0))
enter the expression for the Hamiltonian, as well as providing an agreement with the
recent work [51]. We will now make a number of comments upon this important result

• This expression can be considered to be the Λ > 0 version of the corresponding
Λ < 0 formula in [71].

• This expression is finite, due to the cancellation of the potentially divergent terms in
(5.2.107) under mild symmetry assumptions. Such a formula can also be obtained
from a renormalisation at the level of the symplectic structure as in [51].

• As first observed in [71], these Hamiltonians are precisely the Noether charges of
the theory. They are integrable due to our imposition of the boundary conditions
(5.2.60) and they are conserved with respect to radial translations (as opposed to
time translations in the Λ < 0 case).

• Due to the integrability of these charges, note that our Hamiltonians do not contain
the “heat term”, Ξξ[δϕ;ϕ], in [51]. This is due to our boundary conditions (5.2.60) as
well our choice of field independent asymptotic conformal Killing vectors, δξ(0) = 0.
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In order to get a better understanding of these charges, we will now show that one can
construct a variety of non-trivial charges in the simple case of linearised perturbations of
dS4.

5.3 An example: Charges of perturbed dS4

5.3.1 General setup

In this section, we will consider an example of an ALdS spacetime and compute the Wald
Hamiltonian corresponding to the asymptotic conformal Killing vectors of the spacetime
in question. We will study the case of perturbed dS4 (D = 4) spacetime in the inflationary
patch coupled to a single minimally coupled scalar field, following the style of [73]. We
choose the following ansatz for the metric and scalar

ds2 = −dt2 + a2(t)δijdxidxj , Φ = φ(t) (5.3.1)

where the indices i, j run from 1 to 3. This metric ansatz is closely related to the picture
of dS4 in the inflationary patch. a(t) = exp(t/ldS) reproduces the metric for dS4 in
coordinates which cover half of the global spacetime [171]. These coordinates are related
to the “big-bang” coordinates that we gave earlier in equation (5.1.7) by the coordinate
transformation

ρ̃ = − exp
(

− t

ldS

)
, x1 → x1

ldS
, x2 → x2

ldS
, t̃ → x3

ldS
(5.3.2)

and thus we see that they cover the same region of the global spacetime as displayed in
figure 5.1.1.

More generally, we will consider the action

S = 1
2κ2

∫
d4x

√
−g[(R− 2Λ) − 2κ2V (Φ) − (∂aΦ)(∂aΦ)] (5.3.3)

which is clearly an example of the class of theories described by (5.2.1), with the only
(cosmetic) difference here being that the scalar field Φ is chosen to be dimensionless
(instead of having mass dimension +1). If we first restrict to our ansatz (5.3.1), the
equations of motion for the metric and the scalar field take the following form

ȧ

a
= −1

2
W ; φ̇ = W,φ; −2κ2V − 2Λ = (W,φ)2 − 3

2
W 2, (5.3.4)

where W (φ) is a function known as the ‘fake superpotential’ [73]. The name superpoten-
tial comes from supergravity, namely in that if the theory (5.3.3) may be obtained from
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a consistent truncation of supergravity, such a supergravity theory will contain a super-
potential, W (φ), which determines the potential V (φ) (via the third equation of (5.3.4)
above). However, we cannot generally expect that the theory (5.3.3) is obtained from any
consistent truncation of supergravity, and thus we refer to the superpotential W (φ) as
fake. For a greater discussion of fake supersymmetry, including applications to domain
wall and cosmological solutions see [212, 213, 214]. These equations of motion can be
derived directly via the variational principle (varying S with respect to gab and Φ) or we
can read them off by comparison with (5.2.7).

In order to compute non trivial values for the Wald Hamiltonians, we want to apply
linear perturbations to the background given by the solutions to these equations. We will
follow the generic perturbation ansatz for cosmology [215] and write the linearly perturbed
metric as

ds2 = − [1 + 2ϕ(t, xi)]dt2 + 2a2(t)[∂iν(t, xj) + νi(t, xj)]dtdxi+

a2(t)[δij − 2ψ(t, xk)δij + 2∂i∂jχ(t, xk) + 2∂(iwj)(t, xk) +Xij(t, xk)]dxidxj
(5.3.5)

and the linearly perturbed scalar

Φ = φ+ δφ(t, xi) (5.3.6)

This metric perturbation ansatz is the standard cosmological choice in that it is parametrised
by four scalars: ϕ, ν, ψ, χ, two transverse vectors: νi, wi, and a transverse-traceless rank-2
tensor: Xij . When considering the equations of motion for the perturbations, it is helpful
to express the perturbations as gauge invariant combinations as in [73]

ζ = ψ + H

φ̇
δφ

ϕ̂ = ϕ−
(
δφ

ϕ̇

)·

ν̂ = ν − χ̇+
(
δφ

a2φ̇

)
ν̂i = νi − ẇi

(5.3.7)

where in writing these equations we have introduced the Hubble rate H = ȧ/a. These
combinations of perturbations can be checked to be invariant under simultaneous small
changes in the metric (δξgab = Lξgab) and scalar fields (δξΦ = LξΦ = ξtφ̇).

The equations of motion for the perturbations are also given in [215] and they decouple
nicely into Hamiltonian and momentum constraints

ϕ̂ = − ζ̇

H
, ν̂ = ζ

a2H
+ ϵζ̇

q2 , ν̂i = 0 (5.3.8)
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where ϵ(z) is given by

ϵ = − Ḣ

H2 = 2
(
W,φ

W

)2
(5.3.9)

and qi is the comoving wavevector of the perturbations which in momentum space acts by
multiplication and we use the notation q2 = δijq

iqj . On the note of momentum space, we
will also consider the remaining equations of motion in momentum space as it will make
them easier to solve explicity, at which point we are free to Fourier transform back into
position space. The remaining equations of motion are for the independent perturbations
ζ(t, qk) and Xij(t, qk):

0 = ζ̈ +
(

3H + ϵ̇

ϵ

)
ζ̇ + a−2q2ζ (5.3.10a)

0 = Ẍij + 3HẊij + a−2q2Xij (5.3.10b)

where we notice that these equations are linear second order ODEs with non-constant
coefficients.

5.3.2 Solving the equations of motion

We have now introduced all of the important points of the theory under consideration
and now we want to compute the charges for a specific example. First we will restrict our
attention to a simple example of this theory: ALdS solutions with no coupled scalar.

S = 1
2κ2

∫
d4x

√
−g(R− 2Λ) (5.3.11)

First we solve the background field equations (5.3.4), the second of which gives us W = c

with c a constant. We then look at the third equation which gives

− 2Λ = −3
2
c2 =⇒ c = −2

√
Λ
3

= − 2
ldS

(5.3.12)

where we choose the minus sign for reason which will become clear shortly. Finally the
first equation in (5.3.4) gives

ȧ

a
= 1
ldS

=⇒ a = exp
(
t

ldS

)
(5.3.13)

which agrees precisely with inflationary patch coordinates of dS4 spacetime. We now look
to solve the equations of motion for perturbations of this spacetime (5.3.8) and (5.3.10b)
although we first restrict our consideration to perturbations which do not perturb either
gtt or the off-diagonal terms in the metric, i.e. those with ϕ = ν = νi = 0. This restriction
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immediately forces the final relation of (5.3.7) to become

ẇi = 0 (5.3.14)

and we will further restrict this by choosing the solution wi = 0. We have now switched off
six of the degrees of freedom in the perturbations, although we will still show that one is
able to compute interesting gravitational charges. The remaining equations for the gauge
invariant perturbations are

ζ = ψ, ϕ̂ = ϕ = 0, ν̂ = −χ̇ (5.3.15)

so we can move freely between gauge invariant perturbations (ζ, ϕ̂, ν̂) and physical per-
turbations (ψ, χ,Xij). Applying first the ‘constraint’ equations of motion (5.3.8) we find

ϕ = −ldSψ̇ =⇒ ψ̇ = 0, −χ̇ = ldSψ exp
(

− 2t
ldS

)
(5.3.16)

and thus solving for ψ will give us the perturbations ϕ and χ (up to a function of inte-
gration) directly. The remaining three degrees of freedom can all be solved for by looking
at the same ODEs, namely equation (5.3.10b), which now becomes the same equation for
both ψ and Xij

0 = ψ̈ +
( 3
ldS

)
ψ̇ + exp

(
− 2t
ldS

)
q2ψ (5.3.17a)

0 = Ẍij +
( 3
ldS

)
Ẋij + exp

(
− 2t
ldS

)
q2Xij . (5.3.17b)

Equation (5.3.17a) is simplified by using the first equation of (5.3.16), upon which it
reduces to ψ(t, q⃗) = 0. Now the second equation of (5.3.16) gives us χ̇ = 0 =⇒ χ = χ(q⃗).
In this work we will restrict our attention to pure tensor perturbations and thus we will
only consider the solution χ = 0.

No such simplifications are available for equation (5.3.17b) so we will consider the general
solution for such an equation

Xij = Aij(qk) exp
(
ildSqe

− t
ldS

)(
1 − ildSqe

− t
ldS

)
−

Bij(qk)
exp

(
−ildSqe

− t
ldS

)(
ldSqe

− t
ldS − i

)
l3dSq

3

(5.3.18)

which produces the following expression for the line element of the perturbed metric

ds2 = −dt2 + e2t/ldS (δij +Xij(t, x))dxidxj (5.3.19)

where the x dependence in the perturbation terms is to be understood as the inverse
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Fourier transform of our solutions to the problem in momentum space. The tensors of
integration Aij , Bij will soon be seen to be related to the gravitational charges of the
setup. We note that although this expression is not manifestly real in momentum space,
it will reduce to a real function in position space (each of the q’s provide an imaginary
contribution). Now that we have a solution to the equations of motion, we are ready to
compute the Wald Hamiltonians of such a solution.

5.3.3 Charge integrand

We will compute the Wald Hamiltonians, Hξ, as given by (5.2.85) for our perturbed
inflationary patch metric of (5.3.19). The vectors ξ which we will compute the charges for
will be the Killing vectors of the unperturbed inflationary patch spacetime. Following the
notation of [41, 44] we recall that the inflationary patch of dS4 has seven Killing vector
fields given by three translations, Ti

Ti = ∂i (5.3.20)

three rotations, Rij
Rij = xi∂j − xj∂i (5.3.21)

and a scaling transformation
D = − 1

ldS
(xa∂a) (5.3.22)

which we note is referred to as a ‘time translation’ in [44] because it is the limit of the
Schwarzchild-de Sitter spacetime as the Schwarzchild mass goes to zero. We will denote a
member of this set of Killing fields generically as ξ until we refer to the individual fields
later.

We will now evaluate (5.2.128) for our example. The first step of this will be to transform
the coordinates of the perturbed metric into Fefferman-Graham coordinates, as these will
be most convenient to examine the divergences of the metric near I +. The transformation
is

ρ = −e−t/ldS (5.3.23)

where the sign above is chosen so that ρ increases from −∞ (at the past coordinate
horizon) to ρ = 0 (at I +). We use this convention as it ensures that ρ increases in the
forward time direction. At this point, we will also introduce the notation Σρ to denote
ρ = constant hypersurfaces in the spacetime and of course we have Σ0 = I +.
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I +

I �

C

HC

⌃⇢

i�

C \ I +

1

Figure5.3.1: Penrose diagram for a perturbation of the inflationary patch. The shaded
region represents the patch covered by the coordinates of (5.3.19). The blue timelike
hypersurface C is a ‘slice’ of the spacetime which intersects I + as shown. The red null
hypersurface HC is the cosmological horizon present in the spacetime. The brown spacelike
hypersurfaces Σρ is a ρ = constant (< 0) hypersurface.

The transformation (5.3.23) brings the metric into the form

ds2 = − l2dS
ρ2 dρ

2 + 1
ρ2 g̃ijdx

idxj (5.3.24)

where
g̃ij = δij + hij = δij +Xij = g(0)ij + ρ2g(2)ij + ρ3g(3)ij + . . . (5.3.25)

and recalling the relationship [69, 60]

Tij = 3
2κ2 g(3)ij (5.3.26)

we can write (5.2.128) as

Hξ = 3
2κ2

∫
C∩I +

dσk
√
g(0)g

ki
(0)g(3)ijξ

j
(0) (5.3.27)

where we have used the notation dσk = d2xnk where nk is a spacelike unit normal vector
to C ∩ I +.
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5.3.4 Inflationary patch charges

Now that we have successfully implemented the holographic renormalisation scheme in
order to derive the charges of perturbed dS4, it remains to provide the explicit expressions
for the charges when we consider the Killing vectors given in equations (5.3.20)-(5.3.22).
The first quantity to identify is g(3)ij , which we will need in coordinate space. In order to
compute this, we first write our momentum space expression for Xij (5.3.18) in Fefferman-
Graham coordinates by using transformation (5.3.23) with ldS = 13

Xij = Aij(qk)(1 + iqρ)[cos(qρ) − i sin(qρ)] +Bij(qk)
(i+ qρ)[cos(qρ) + i sin(qρ)]

q3 (5.3.28)

and perform the following change of basis on the functions of integration

Aij(qk) = 1
2

[
Fij(qk) − i

Gij(qk)
q3

]
, Bij(qk) = 1

2
[Gij(qk) − iq3Fij(qk)], (5.3.29)

upon which (5.3.28) becomes

Xij = Fij [cos(qρ) + qρ sin(qρ)] + Gij
q3 [qρ cos(qρ) − sin(qρ)] (5.3.30)

and the expansion of the perturbation about I + = {ρ = 0} is

Xij = Fij + 1
2
ρ2q2Fij − 1

3
ρ3Gij + O(ρ4). (5.3.31)

This rewriting shows explicitly the Fefferman-Graham result that the metric is asymptot-
ically constructed from two pieces of independent data {g(0), g(3)} ∼ {F,G} [59, 60].

Aside from this, the main purpose of writing (5.3.31) is to make the inverse Fourier
transform easier to compute. Defining

F−1(Fij) =
∫
R3

d3q

(2π)3 e
iq⃗·x⃗Fij(qk) = F̃ij(xk)

F−1(Gij) =
∫
R3

d3q

(2π)3 e
iq⃗·x⃗Gij(qk) = G̃ij(xk)

(5.3.32)

we can compute the position space form of the perturbation, X̃ij(xk, ρ), given by

X̃ij = F̃ij − 1
2
ρ2∂k∂

kF̃ij − 1
3
ρ3G̃ij + O(ρ4). (5.3.33)

Using this expansion, we can read off the terms in the Fefferman-Graham coefficients,
3we use the notation q = q⃗ =

√
q2

1 + q2
2 + q2

3
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namely

g(0)ij = δij + F̃ij

g(2)ij = −1
2
∂k∂

kg(0)ij = −1
2
∂k∂

kF̃ij

g(3)ij = −1
3
G̃ij .

(5.3.34)

where g(3)ij is the object we will use in order to compute the charges for our spacetime.
Applying this to the generic expression for the charges (5.3.27) and only keeping terms up
to linear order we find

H = − 1
2κ2

∫
C∩I +

G̃ijξ
inj (5.3.35)

where nj is a spacelike unit normal vector to the surface C ∩ I +. If we pick some coor-
dinates on C ∩ I + such that ni = (1, 0, 0) then the charges take the following forms

Spatial translations:

HξT
= − 1

2κ2

∫
G̃i1 dx2dx3, i = 1, 2, 3 (5.3.36)

Spatial rotations:

HξR
= − 1

2κ2

∫
(G̃j1xi − G̃i1x

j) dx2dx3 i, j = 1, 2, 3 i ̸= j (5.3.37)

‘Time dilatations’:
HξD

= 1
2κ2

∫
G̃i1x

i dx2dx3 (5.3.38)

where here summation over i is now implied.

5.3.4.1 Independence of the slice

Before we proceed in computing the charges for some explicit perturbations, we will first
show that the charges are conserved i.e. that they are independent of the ‘slice’ of space-
time characterised by the x1 coordinate. Our starting point is the generic expression for
the charges given by (5.3.35) which we write as

H = − 1
2κ2

∫
G̃i1(x)ξi(x) dx2dx3 (5.3.39)
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in order to make the functional dependencies explicit. To show that this expression is
slice-independent, we differentiate with respect to x1

−∂1H = 1
2κ2

∫
(ξi∂1G̃i1 + G̃i1∂1ξ

i) dx2dx3

= 1
2κ2

∫
[G̃i1∂1ξ

i − ξi(∂2G̃i2 + ∂3G̃i3)] dx2dx3

= 1
2κ2

∫
G̃ij∂

jξi dx2dx3

= 1
6κ2

∫
G̃ijδ

ij∂kξ
k dx2dx3 = 0

(5.3.40)

where in moving to the second line we used the conservation of G̃ij . In moving to the third
we have used integration by parts and discarded the total derivative term (this requires
assuming suitably fast fall offs of the perturbation). In the final line we have used the
fact that ξ is a conformal Killing vector of our flat I + as well as the fact that G̃ij is
traceless. This shows that the Hamiltonians are independent of the slice and thus are
explicitly conserved quantities.

5.3.5 Examples of finite charges

Now that we have computed the generic expression for the charges, we would like to find
some examples of examples of spacetimes which have finite, non-trivial charges. To do
this, we will consider which values of G̃ij give rise to finite integrals (5.3.35). We will
begin by considering the spatial translation charges (5.3.36) which we can write as

HξT
= − 1

2κ2

∫
G̃i1 dx2dx3, i = 1, 2, 3 (5.3.41)

where the independence of the slice is now manifest purely due to the conservation of G̃ij .

At this point, we can start to guess choices for the integration tensors which give a finite
charge. An example of which would be

G̃i1 = Pi(x2, x3) (5.3.42)

where Pi is a conserved covector. We will now discuss a number of examples of this form
which possess different conserved charges.
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5.3.5.1 Rotational charges

In order to construct finite charges, we can consider a covector with a Gaussian-type
component, for example

Pi =
( 1

2π
x2 exp

(
−1

2
(x2

2 + x2
3)
)
, 0, 0

)
(5.3.43)

which is clearly conserved and the first component integrates to zero over C ∩ I +. As a
result all of the translational charges vanish for this perturbation.

For completeness, we will now obtain the other components of the perturbation G̃ij .
For the Gaussian-type component (5.3.43), we have

G̃ij =


x2
2πe

− 1
2 (x2

2+x2
3) 0 0

0 G̃22 G̃23

0 G̃23 G̃33

 (5.3.44)

and we will assume, as in the case of G̃i1, that all components are independent of x1. The
traceless and remaining conservation constraints are

G̃22 + G̃33 = −x2
2π
e− 1

2 (x2
2+x2

3)

∂2G̃22 + ∂3G̃23 = 0

∂2G̃23 + ∂3G̃33 = 0

(5.3.45)

a system which admits an example solution of

G̃22 = −x2e
− 1

2 (x2
2+x2

3) (x4
2
(
x2

3 − 1
)

+ 2x2
2
(
x4

3 + x2
3 − 1

)
+ x2

3
(
x4

3 + 3x2
3 + 6

))
2π
(
x2

2 + x2
3
)3

G̃23 = x3e
− 1

2 (x2
2+x2

3) (x6
2 + x4

2
(
2x2

3 + 3
)

+ x2
2
(
x4

3 + 2x2
3 + 6

)
− x2

3
(
x2

3 + 2
))

2π
(
x2

2 + x2
3
)3

G̃33 = −x2e
− 1

2 (x2
2+x2

3) (x6
2 + x4

2
(
2x2

3 + 1
)

+ x2
2
(
x4

3 − 2x2
3 + 2

)
− 3x2

3
(
x2

3 + 2
))

2π
(
x2

2 + x2
3
)3

(5.3.46)

where we have set all of the integration functions arising from solving this system to zero,
a choice motivated by the fact that we are just looking for one solution with non-vanishing
charges, not necessarily the most general solution.

In order to show that this solution does admit non-zero charges, we study the rotational
charges corresponding to (5.3.43)

HξR
= − 1

2κ2

∫
(G̃j1xi − G̃i1x

j) dx2dx3 i, j = 1, 2, 3 i < j. (5.3.47)
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Clearly the i = 2, j = 3 charge vanishes, but the others require a little more examination.
For i = 1, j = 2 we find

(HξR
)12 = 1

4πκ2

∫
x2

2 exp
(

−1
2

(x2
2 + x2

3)
)
dx2dx3 = 1

2κ2 (5.3.48)

as well as
(HξR

)13 = 1
4πκ2

∫
x2x3 exp

(
−1

2
(x2

2 + x2
3)
)
dx2dx3 = 0 (5.3.49)

for i = 1, j = 3. Although two of these charges vanish, the third is non-trivial. We have
thus found a non-zero, finite charge corresponding to perturbations of the inflationary
patch. One can also check that the time dilatation charge vanishes for this perturbation,
which follows directly from applying the perturbation (5.3.43) to equation (5.3.38).

5.3.5.2 Distributional solutions

It is reasonable to ask why we chose P1 in (5.3.43) to take the “expectation” of a Gaussian,
rather than just a pure Gaussian of the form

P1 ∼ 1
2π

exp
(

−1
2

(x2
2 + x2

3)
)
. (5.3.50)

The reasoning behind this is due to the subtleties involved in the slice-independence for
this perturbation, which makes it more difficult to compute the charges. If one naïvely
computes the time dilatation charge using (5.3.38), then the charge is

HξD
= 1

4πκ2

∫
x1 exp

(
−1

2
(x2

2 + x2
3)
)
dx2dx3 = x1

2κ2 (5.3.51)

which seems to be in contradiction with the result proven in subsection 5.3.4.1.

As it turns out, the issue is not with the slice independence proof but rather the fact
that a solution of the form of (5.3.50) needs a distributional correction in order to satisfy
the conservation and tracelessness equations. Indeed, if we begin with the aim of solving
the system of partial differential equations

G̃22 + G̃33 = − 1
2π
e− 1

2 (x2
2+x2

3)

∂2G̃22 + ∂3G̃23 = 0

∂2G̃23 + ∂3G̃33 = 0

(5.3.52)
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then using the usual methods for solving first order systems we find

G̃22 = −e− 1
2 (x2

2+x2
3) (x2

2
(
x2

3 − 1
)

+ x4
3 + x2

3
)

2π
(
x2

2 + x2
3
)2

G̃23 = x2x3e
−

x2
2

2 −
x2

3
2
(
x2

2 + x2
3 + 2

)
2π
(
x2

2 + x2
3
)2

(5.3.53)

where G̃33 can just be read off from the tracelessness constraint. Upon careful checking
of the solution, we find that the third equation of (5.3.52) gives

∂2G̃23 + ∂3G̃33 = −∂3
[
δ2(x2, x3)e− 1

2 (x2
2+x2

3)
]
, (5.3.54)

a result which can be derived by recalling the following Green’s function equation for the
two dimensional Laplacian ∆ = ∂2

2 + ∂2
3

∆ log(x2
2 + x2

3) = 4πδ2(x2, x3). (5.3.55)

In order to correct this inconsistency it is natural to absorb the distributional term
into G̃33 as both are exact derivatives of x3. This then forces a change in G̃11 in order
to preserve tracelessness (G̃22 is left alone in order to preserve the middle equation of
(5.3.52)). Putting this together, we find a suitable solution of the form

G̃i1 = Pi =
(( 1

2π
− δ2(x2, x3)

)
exp

(
−1

2
(x2

2 + x2
3)
)
, 0, 0

)
(5.3.56)

which now has a zero “time dilatation” charge (in fact all seven charges are zero). We note
that the distributional correction was not necessary in the “expectation” case because of
the different source term. In that example we would have found a correction of the form
∼ x2δ

2(x2, x3) exp(. . .), which would not have contributed anything under integration due
to the extra factor of x2.

Even though we found vanishing charges for our second example above, the distributional
perturbations remain an interesting class of solutions, principally because they are related
to the gravitational memory effect in cosmological spacetimes [216]. If we choose the
solution

G̃i1 = Qi(x2, x3) (5.3.57)

where
Qi(x2, x3) =

(
x2δ

2(x2, x3), 0, 0
)

(5.3.58)

then we find distributional solutions with all zero charges. It is not clear whether these
solutions have a non-trivial memory by the definition of [216] because there the memory
effect was defined by the δ-function singularities which appeared in the {g(0), g(2)} terms



5.3. An example: Charges of perturbed dS4 171

in the metric expansion. Our finite charges have singular g(3) but other terms are not
specified in this prescription. We also note that we can combine the solutions of (5.3.42)
and (5.3.57) in the solution given by

G̃11 = f(x2, x3; ν) = x2
2πν

exp
(

− 1
2ν

(x2
2 + x2

3)
)
, ν > 0 (5.3.59)

where we note that

lim
ν→0

f = x2δ
2(x2, x3)

lim
ν→1

f = 1
2π
x2 exp

(
−1

2
(x2

2 + x2
3)
)
.

(5.3.60)

Also note that there is also a discontinuity in the charge as we take this limit. The non-zero
rotational charge given by (5.3.48) is a finite constant of the Gaussian solution (ν > 0)
but vanishes for the distributional perturbation.

We conclude this section by noting that this example is simply one example of a pertur-
bation which gives a finite charge. There may be an interesting mathematical structure in
underlying tensors of integration G̃ij which give finite, non-zero charges. It would also be
of interest to consider more general solutions to the equations of motion (i.e. those with
non-zero scalar and vector perturbations) and see if they also admit finite charges, as well
as considering which choices of integration functions F̃ij , G̃ij give rise to regular solutions
in the bulk spacetime.

5.3.5.3 ‘Time dilatation’ charge

We will finish our list of examples with a perturbation which gives a non-zero time dilata-
tion charge as given by (5.3.38). An example of such a perturbation is given by

Pi =
(

0,−e−x2
3(1 − 2x2

3)
∫ x2

0
e−t2 dt, x3e

−x2
3−x2

2

)
(5.3.61)

where we have chosen to set the component P1 = 0 in order to avoid having to modify the
solution due to the contribution of distributional terms.

Given (5.3.61), we can compute all charges using (5.3.36)-(5.3.38) and in particular we
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find for the dilatation charge

HξD
= 1

2κ2

∫
C∩I +

(P2x2 + P3x3)

= 1
2κ2 lim

a→∞

∫ a

−a

∫ a

−a

[(
−x2e

−x2
3(1 − 2x2

3)
∫ x2

0
e−t2 dt

)
+ x2

3e
−x2

3−x2
2

]
dx2dx3

= 1
8κ2 lim

a→∞

(
−4
(
2a2 + 1

)
e−a2

a

∫ a

0
e−t2 dt− 4e−2a2

a2 + 8
(∫ a

0
e−t2

)2
)

= π

4κ2

(5.3.62)

which is clearly non-zero. One finds all other charges vanish for this perturbation.

In order to extend this to a full solution, we have to fill in the components G̃AB, A,B ∈
{2, 3} which are subject to the usual tracelessness and conservation constraints

G̃AA = 0

∂AG̃
A
B = 0

(5.3.63)

where indices have been raised and lowered with the two-dimensional flat metric δAB. Any
solution to these equations will do as these components do not affect the charges of the
spacetime and thus we may choose our perturbation

G̃ij =


0 P2 P3

P2 0 0
P3 0 0

 (5.3.64)

with Pi given in (5.3.61).

5.3.6 Connection with global coordinates

All of the analysis of the current section has been performed with the background metric
being the dS inflationary patch metric (again, we set ldS = 1 for convenience)

ds2 = −dt2 + e2t(dx2 + dy2 + dz2), (5.3.65)

the coordinates of which only cover half of the total space time (as shown in figure 5.1.1).

We would like to understand the implications of our charges in a global dS4 background
spacetime. In order to do this, we will extend our solutions (5.3.30) across the coordinate
horizon ({t = −∞}) of the inflationary patch, a procedure which will involve performing
the Bogoliubov transformation of the tensor perturbation from the Fefferman-Graham
coordinates into global coordinates on dS4 spacetime.
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Before giving the details of the transformation, we will begin with a review of solving
the wave equation on dS backgrounds in different coordinates, closely following [217]. Our
starting point is the dS4 metric in global coordinates (τ, ψ, θ, ϕ), where the line element
takes the form

ds2 = −dτ2 + cosh2(τ)[dψ2 + sin2(ψ)(dθ2 + sin2(θ)dϕ2)] (5.3.66)

and the coordinate ranges are −∞ < τ < ∞, 0 ≤ ψ ≤ π, 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π. We
now want to solve the equation of motion for the tensor perturbation Xij in these global
coordinates, which can be written covariantly as

(□X)ij = 0. (5.3.67)

This equation tells us that each component of the tensor Xij solves the wave equation
with respect to the background metric and due to this we can consider the scalar wave
equation □X = 0. We have already solved the equation for the background metric being
(5.3.65) but now we want replace this with (5.3.66) and look for solutions to this equation.

Following [217], we first transform the global time coordinate τ into the conformal time
coordinate η, given by

η = 2 arctan(eτ ) (5.3.68)

upon which the line element (5.3.66) becomes

ds2 = 1
sin2(η)

[−dη2 + dψ2 + sin2(ψ)(dθ2 + sin2 θdϕ2)] (5.3.69)

which is a Robertson-Walker spacetime with a closed slicing, a type of spacetime for
which the solutions to the wave equation are well known. Quoting [217], and following
their notation of x = (ψ, θ, ϕ), k = (k, J,M), we find the solution is given by [218]

XG =
∞∑
k=1

k−1∑
J=0

J∑
M=−J

Akwk(x) +A∗
kw

∗
k(x) (5.3.70)

where

wk(x) = sin3/2(η)
(1

2
P

3
2
k− 1

2
(− cos η) − i

k(k2 − 1)
Q

3
2
k− 1

2
(− cos η)

)
Yk(x)

for k ≥ 2
(5.3.71)

where P,Q are Legendre functions and Yk(x) are eigenfunctions of the Laplacian on the
unit round S3:

□S3Yk(x) = (1 − k2)Yk(x), (5.3.72)
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which are given by
Yk(x) = Π(+)

kJ (ψ)YM
J (θ, ϕ) (5.3.73)

where

Π(+)
kJ (ψ) =

[
−π

2
k2(1 − k2) . . . (J2 − k2)

]−1/2
(−i)J sinJ(ψ)

(
d

d cos(ψ)

)1+J
cos(kψ)

(5.3.74)
and YM

J (θ, ϕ) are the usual spherical harmonics. We note [219, 217] that one can also
expand Yk(x) in terms of Gegenbauer functions CAB , using the relationship

Π(+)
kJ (ψ) = i(−1)JCJ+1

k−J−1(cos(ψ)) sinJ(ψ)
√

21+2J(k − J − 1)!k[Γ(J + 1)]2
πΓ(k + J + 1)

. (5.3.75)

Finally, we note that the normalisation of (5.3.71) is not suitable for the choice of k =
1 ( =⇒ J = M = 0). For this case, the suitably normalised solution to (5.3.67) is

w(1,0,0) = −2(i+ η) + sin(2η)
4
√

2π
(5.3.76)

an example we will refer to later when we compute Bogoliubov coefficients.

In order to expand the inflationary patch solution in terms of these modes, we need to
define an inner product on the global coordinates. Again, we take the standard result for
inner products of modes on curved backgrounds from [217], which in this case reduces to

(ϕ1, ϕ2)G = − i

sin2 η

∫
S3
W (ϕ1, ϕ

∗
2)

= − i

sin2 η

∫ π

0

∫ π

0

∫ 2π

0
(ϕ1∂ηϕ

∗
2 − ϕ∗

2∂ηϕ1) sin2(ψ) sin(θ) dψdθdϕ
(5.3.77)

with W (· , ·) denoting the Wronskian with respect to η. We note that the modes wk as
defined in (5.3.71), (5.3.76) satisfy the normalisation conditions

(wk, wk′)G = δ(k,k′), (w∗
k, w

∗
k′)G = −δ(k,k′), (wk, w

∗
k′)G = 0 (5.3.78)

where δ(k,k′) is the Dirac delta function for the measure given in (5.3.70) over which we
sum the modes, i.e.

∞∑
k=1

k−1∑
J=0

J∑
M=−J

δ(k,k′)f(k) = f(k′). (5.3.79)

This normalisation was ensured by our choice of coefficients for the Legendre P and Q

functions in (5.3.71). We also note that these normalisation conditions can be recast as
normalising the Wronskian between solutions, for more details on this see [217].

Now that we have the generic expansion for the components of our perturbation in
global coordinates, we wish to compare this with the Fefferman-Graham coordinates of
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(5.3.30) and find a relationship between the global mode coefficients Ak, A
∗
k and the mode

coefficients for the inflationary patch expansion. To make a direct comparison with the
global mode expansion of (5.3.70), we first express our FG solution in position space as
the Fourier transform of our solution (5.3.30)

XFG =
∫

d3q

(2π)3

(
Fq[cos(qρ) + qρ sin(qρ)] + Gq[qρ cos(qρ) − sin(qρ)]

q3

)
eiq·x̃ (5.3.80)

where in order to avoid confusing notation, we write q = (q1, q2, q3), x̃ = (x1, x2, x3) and
q = ||q||. We also follow [42] in noting that since XFG is real, the coefficients Fq, Gq obey
the following equations

(Fq)∗ = F−q, (Gq)∗ = G−q (5.3.81)

In order to obtain expressions for the global coefficients Ak, A
∗
k in terms of Fq, Gq, we use

the inner product (5.3.77) and note

(XFG, wk)G = (XG, wk)G = Ak, (XFG, w
∗
k)G = (XG, w

∗
k)G = −A∗

k, (5.3.82)

hence we will need to compute the integral corresponding to (XFG, wk)G. In order to do
this, we first need transform the coordinates of XFG into the ‘conformal global coordinates’
of (5.3.69), with the transformation being

ρ = − sin(η)
cos(ψ) − cos(η)

, x1 = cos(θ) sin(ψ)
cos(ψ) − cos(η)

,

x2 = cos(ϕ) sin(θ) sin(ψ)
cos(ψ) − cos(η)

, x3 = sin(ϕ) sin(θ) sin(ψ)
cos(ψ) − cos(η)

.

(5.3.83)

Working in these coordinates, we are now able to write down the integral expression
corresponding to the global mode coefficients

Ak = − i

sin2(η)

∫
S3
W (XFG, w

∗
k) (5.3.84)

which allows one to read off the expansion coefficients in the global coordinates given the
Fefferman-Graham data.

5.3.6.1 Computing A(1,0,0)

As an example, we will now compute the coefficient A(1,0,0) for an asymptotically dS
solution with g(3) perturbations (i.e. (5.3.80) with Fq = 0, Gq = 1). We note that we
will need to pick a suitable tensorial factor in order to ensure that Gij(qk) is transverse
traceless. The building block for such a tensor will be

πij = δij − qiqj
q2 (5.3.85)
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which is clearly symmetric (πij = πji) and transverse (qiπij = 0) but not traceless (π =
πii = 2). We also note that the Fourier transform of π is

πij = (δij − ∆−1∂i∂j)δ3(x̃) = δijδ
3(x̃) + ∂i∂j

( 1
4πx̃

)
. (5.3.86)

In order to construct a traceless tensor, we introduce the three dimensional transverse
traceless projection operator [73]

Πijkl = 1
2

(πikπlj + πilπkj − πijπkl) (5.3.87)

and use this to construct transverse traceless symmetric polarisation tensors, see [220, 195]
for the relevant expressions. We will focus for now on the transformation of the scalar
factor, as the tensorial contribution can always be accounted for via convolution of Fourier
transforms as discussed below.

This construction gives us a momentum space solution of the form

(XFG)ij = Pij

(
qρ cos(qρ) − sin(qρ)

q3

)
(5.3.88)

which we now need to Fourier transform into position space before computing the global
expansion coefficients Ak. In order to compute this Fourier transform we use the convo-
lution theorem∫

d3q

(2π)3Pij

(
qρ cos(qρ) − sin(qρ)

q3

)
eiy·q =∫

d3x

{[∫
d3q

(2π)3

(
qρ cos(qρ) − sin(qρ)

q3

)
eiq·x

] [∫
d3p

(2π)3Pije
i(y−x)·p

]} (5.3.89)

the transform of the first term is∫
d3q

(2π)3
qρ cos(qρ) − sin(qρ)

q3 eiq·x̃

= 1
2π2

∫ ∞

0

1
q

sinc(qx̃)(qρ cos(qρ) − sin(qρ)) dq

= 1
4π

Θ(−(ρ+ x̃)) = 1
4π

Θ
(

cot
(
η + ψ

2

)) (5.3.90)

where Θ denotes the Heaviside step function. We note that the location of the cosmological
horizon, HC , in the inflationary patch is at x̃2 = ρ2 and thus the physical interpretation
of this solution is of a perturbation which vanishes outside the cosmological horizon,(i.e.
when x̃2 > ρ2 =⇒ ρ+ x̃ > 0) and takes a constant value inside (x̃2 < ρ2 =⇒ ρ+ x̃ < 0).
We also have

w∗
(1,0,0) = 2(i− η) + sin(2η)

4
√

2π
. (5.3.91)
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Which is all we need in order to compute the integrand in equation (5.3.84).

We will now perform the naïve computation of the mode coefficients, treating XFG as
the scalar solution, without for now including the contribution from the tensorial term Pij .
This will serve as a computation of the mode coefficients for the Bogoliubov transformation
of a scalar field minimally coupled to de Sitter space, and will give us a hint as to the
solution for the tensorial perturbation (whose components satisfy the same equation as
the scalar field).

W (XFG, w
∗
(1,0,0)) = − sin2 η

4
√

2π2 Θ
(

cot
(
η + ψ

2

))
+

2(i− η) + sin(2η)
32

√
2π2 csc2

(
η + ψ

2

)
δ

(
cot

(
η + ψ

2

)) (5.3.92)

which needs to be integrated over a unit S3. We first perform the θ and ϕ integrals trivially
and then the ψ integral as follows

A(1,0,0) = i√
2π

∫ π

0
Θ
(

cot
(
η + ψ

2

))
sin2 ψ dψ−

i

sin2 η

2(i− η) + sin(2η)
8
√

2π

∫ π

0
csc2

(
η + ψ

2

)
δ

(
cot

(
η + ψ

2

))
sin2 ψ dψ

= i√
2π

∫ π−η

0
sin2 ψ dψ+

i

sin2 η

2(i− η) + sin(2η)
4
√

2π

∫ cot( η+π
2 )

cot( η
2 )

sin2 ψ δ(u) du

= 1
2
√

2
(1 + πi).

(5.3.93)

This computation also gives us

A∗
(1,0,0) = 1

2
√

2
(1 − πi) (5.3.94)

which can also be checked by performing the inner product (XFG, w
∗
k)G.

5.3.6.2 Computing Ak

The previously performed calculation allowed us to identify the first coefficient of the global
mode expansion for a perturbation which was previously specified in terms of Fefferman-
Graham data. It has also given us a strategy to compute generic coefficients Ak for a
perturbation which only transformed g(3). The strategy would be to replace the expression
(5.3.76) for the lowest mode in (5.3.92) with the expression (5.3.71) for a generic mode.
We would also like to extend the computation of these coefficients to encompass generic
perturbations in Fefferman-Graham coordinates, the main issue with such a computation
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is the difficulty in performing the Fourier transform for the Fk term.

In order to extend our computation of (5.3.84) to all k, we first note that we can simplify
the problem by setting η to a constant value (because Ak is η independent). A particularly
convenient choice is η = π/2, and this is the value we will use from here on. We note the
following values of the functions in the integrand of (5.3.84) at η = π/2:

w∗
k|η= π

2
= −Y∗

k(x)
[
k√
2π

sin
(
kπ

2

)
+ i

k2 − 1

√
π

2
cos

(
kπ

2

)]
∂ηw

∗
k|η= π

2
= Y∗

k(x) 1√
2πk

[
k(k2 − 1) cos

(
kπ

2

)
− iπ sin

(
kπ

2

)] (5.3.95)

where the only pieces of these which contribute non-trivially to the S3 integral in (5.3.84)
are the harmonics Y∗

k(x). We also observe that the k dependence in (5.3.95) results in a
neat bifurcation of the cases when k is an even or odd integer. For k = 2n (n ∈ Z) we find

(
w∗
k|η= π

2

)even
= − i

√
2π(−1)n

8n2 − 2
Y∗
k(x)(

∂ηw
∗
k|η= π

2

)even
= (−1)n

(
4n2 − 1

)
√

2π
Y∗
k(x)

(5.3.96)

and for k = 2n+ 1 (n ∈ Z)

(
w∗
k|η= π

2

)odd
= −(−1)n(2n+ 1)√

2π
Y∗
k(x)

(
∂ηw

∗
k|η= π

2

)odd
= −

i
√

π
2 (−1)n

2n+ 1
Y∗
k(x)

(5.3.97)

We also need to understand the contribution of XFG term to the S3 integral. In order to
avoid printing out the cumbersome expressions for XFG(θ, ϕ, ψ)|η= π

2
, we will simply list

the terms which will contribute non-trivially to the S3 integral.

XFG|η= π
2

: eiq·x̃ sin(ρq), eiq·x̃ cos(ρq), eiq·x̃ρ sin(ρq), eiq·x̃ρ cos(ρq)

∂ηXFG|η= π
2

: eiq·x̃ρ3 sin(ρq), eiq·x̃ρ3 cos(ρq), ∂x̃
i

∂ăη
(“terms from XFG|η= π

2
”)

(5.3.98)

and thus in order to fully compute the integral over the S3 we need to compute the
integrals of Y∗

k(x) multiplied by the terms in (5.3.98) e.g.∫
S3

Y∗
k(x)eiq·x̃ sin(ρq) = fk (5.3.99)

where

eiq·x̃ sin(ρq) =
∞∑
k=1

k−1∑
J=0

J∑
M=−J

fkYk(x) (5.3.100)

i.e. computing these integrals is equivalent to computing the expansion coefficients for the
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integrand when expanded in S3 harmonics. In coordinates this integral is explicitly∫
S3

Y∗
k(θ, ϕ, ψ)ei(cos(θ)q1+sin(θ)[cos(ϕ)q2+sin(ϕ)q3]) tan(ψ) sin(sec(ψ)q)√gS3 dθdϕdψ (5.3.101)

and one finds similar integrals in order to compute the other terms in (5.3.98).

As a first example of computing the coefficients Ak, we will return to the class of
conditions that we discussed in 5.3.6.1, namely Fq = 0, Gq = 1 and we will again consider
only the solution to the scalar wave equation. These again seem reasonable conditions to
consider for linear perturbations because all of the information regarding the conserved
quantities is contained in the Gq term (see equation (5.3.35)). This means that even
though the resulting coefficients will not be related to the expansion of the most general
solution in global coordinates, they will contain all of the important information regarding
the charges. Once again, we have XFG taking the same value as (5.3.90) and thus

XFG|η= π
2

= 1
4π

Θ
(

cot
(
π + 2ψ

4

))
∂ηXFG|η= π

2
= − 1

8π
csc2

(
π + 2ψ

4

)
δ

(
cot

(
π + 2ψ

4

)) (5.3.102)

and now performing the integral (5.3.84) becomes a case of evaluating

Ak = −i
∫
S3
W (XFG, w

∗
k)|η= π

2
= −i

∫
S3

(XFG∂ηw
∗
k − ∂ηXFGw

∗
k)|η= π

2
(5.3.103)

where we have all of the necessary information in equations (5.3.95) and (5.3.102) in order
to compute these integrals. We will now go through some of the steps of computing these
integrals and discuss the resulting expressions.

The first integral we want to compute is

− i
1√
2πk

[
k(k2 − 1) cos

(
kπ

2

)
− iπ sin

(
kπ

2

)] 1
4π

∫
S3

Θ
(

cot
(
π + 2ψ

4

))
Y∗
k(x)

(5.3.104)
ignoring (for now) the prefactor we have

I1 =
∫
S3

Θ
(

cot
(
π + 2ψ

4

))
Y∗
k(x) =

∫
S2
Y ∗
MJ(θ, ϕ)

∫ π
2

0
Π(+)∗
kJ (ψ) sin2 ψ dψ (5.3.105)

and evaluating the S2 integral we obtain

I1 = 2
√
πδM,0δJ,0

∫ π
2

0
Π(+)∗
kJ (ψ) sin2 ψ dψ = 2

√
πδM,0

∫ π
2

0
Π(+)∗
k0 (ψ) sin2 ψ dψ. (5.3.106)

In order to perform this Π-function integral we use the Gegenbauer representation (5.3.75)
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and we obtain

I1 = −2
√

2iδM,0

∫ π
2

0
C1
k−1(cosψ) sin2 ψ dψ = −2

√
2iδM,0

k

k2 − 1
cos

[
π

2
(k − 2)

]
(5.3.107)

where we used the integral identity

∫
(1 − z2)λ− 1

2Cλn(z) dz = −2λ(1 − z2)λ+ 1
2

n(n+ 2λ)
Cλ+1
n−1(z) (5.3.108)

to reach the right hand side of (5.3.107). Putting everything together, and noting that
only even k terms contribute to the integral, we find the contribution of (5.3.104) is the
remarkably simple

k

2π
3
2
δM,0 (5.3.109)

where k ∈ 2N.

Now for the second term we have to evaluate

i

( 1
8π

)[
k√
2π

sin
(
kπ

2

)
+ i

k2 − 1

√
π

2
cos

(
kπ

2

)]
×
∫
S3

csc2
(
π + 2ψ

4

)
δ

(
cot

(
π + 2ψ

4

))
Y∗
k(x)

(5.3.110)

and (again) ignoring the prefactor for now, the integral we want to compute is

I2 =
∫
S3

csc2
(
π + 2ψ

4

)
δ

(
cot

(
π + 2ψ

4

))
Y∗
k(x) (5.3.111)

= 4
√
πδM,0

∫ 1

−1
δ(u) sin2(ψ(u)) Π(+)∗

k0 (ψ(u)) du (5.3.112)

where we have used the substitution u = cot((2ψ + π)/4), which means that when we
evaluate this integral we will need to use ψ(u = 0) = π/2. Using this we find

I2 = 4
√
πδM,0Π(+)∗

k0

(
π

2

)
= −4i

√
2δM,0 cos

(
π

2
(k − 1)

)
(5.3.113)

and thus this term is only non-vanishing for odd k. Putting the prefactor back in, we find
the contribution from the second term is

k

2π
3
2
δM,0 (5.3.114)

now k ∈ 2N − 1.

This gives us a remarkably short expression for the coefficients of the expansion for
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k > 1 in global coordinates, namely

Ak = k

2π
3
2
δM,0δJ,0. (5.3.115)

which is valid ∀ k ∈ N.

The next step in this computation is to compute the explicit form of Pij in (5.3.88) and
then include this in the computation of mode coefficients (5.3.90). This will give us Bo-
goliubov transformation from FG to global coordinates for the full tensorial perturbation,
as opposed to that of the background scalar (which we expect to act as a proxy). This is
ongoing work and we hope to complete this soon.

5.4 Conclusions

In this chapter we have further developed the understanding of a number of asymptotic
aspects of AldS spacetimes, most often using analytic continuation of the already well-
understood results in AlAdS spacetimes. This leads to results which, while mathematically
consistent, require a careful approach to be understood physically.

The first main result is the map between the Starobinksky/Fefferman-Graham [166, 59]
and Bondi coordinates in dS, a result which is obtained quickly via an analytic contin-
uation of the AdS result discussed in chapter 3. A potential shortcoming of the Bondi
coordinates in the (future) near boundary region of an AldS spacetime is that the Bondi
time coordinate becomes spacelike due to the presence of a cosmological horizon in the
spacetime. This issue leads us to consider how best to extract the physical interpretation
of the Bondi coordinates in AldS spacetime. One promising proposal to approach this
procedure [42, 45] is to perform the Bondi analysis (no-ingoing radiation condition etc)
upon HC rather than I +, preserving the timelike property of the Bondi time. From our
perspective of comparing the asymptotic structure of the Bondi and Fefferman-Graham
gauges, this is somewhat unsatisfactory as the FG gauge will not generally be applicable
in the near HC region of the spacetime. It seems that the best way to directly compare
these gauges is by relaxing the restriction upon the Bondi time coordinate, now the radia-
tion will be encoded in the asymptotic structure due to the r̃ dependence of the boundary
metric.

This “radial” dependence seems to indicate the property that radiation in AldS space-
time is now described by a conservation law in space rather than time. This is confirmed
by our charge prescription for AldS spacetimes, the second main result of the chapter. The
important distinction between this prescription and previous discussions of charges in dS
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(e.g. [221, 210]) is that the slices of spacetime are now timelike hypersurfaces, and thus
the charges are conserved with respect to translations in a spacelike direction. We found
that for an asymptotic symmetry group consisting of asymptotic conformal Killing vectors
of I +, the Wald Hamiltonians of AldS4 spacetimes with no matter always exist and thus
one finds no symplectic flux at I +. We note that the recent work [51] does consider the
possibility of flux at I + by considering asymptotic symmetries consisting of diffeomor-
phisms of I +. However, these boundary conditions are somewhat difficult to interpret,
both for physical and mathematical reasons: Physically, the intuition from AdS/CFT of
only being able to specify the conformal class of a boundary field given the bulk field is
now lost. Mathematically, as was shown in [71], the conformal boundary conditions give
rise to a well-posed variational problem, something the analysis of [51] gives up. It would
be interesting to further examine the classes of boundary conditions which give rise to flux
terms at I +.

Our final results in this chapter discuss the charge prescription applied to the straight-
forward example of a linear perturbation of dS4. We chose this basic example with the aim
of gaining a greater physical insight into our charges, in particular the unfamiliar process
of spatial conservation. This lead to a number of examples of non-trivial charges, with
a possible interesting future direction being a more detailed analysis of the relationship
between the singular solutions and the gravitational memory effect in cosmological back-
grounds [216]. The perturbations diverge as one moves towards the coordinate horizon of
the inflationary patch of pure dS4, and thus in order to obtain a solution suitably regular
at the horizon we need to transform the mode coefficients in the style of Unruh [222, 217]
(see also [223, 224] for applications to AdS). This computation is ongoing, but we would
expect to find a regular solution consisting of a specific combination of singular modes.
We hope to gain a greater insight into the global nature of the charges when armed with
this solution.



CHAPTER 6

Summary and outlook

We conclude this thesis with an overall summary of the work performed and some outlook
on work which could be performed as next steps of the material discussed in this thesis.
In order to avoid repetition of previous chapters in the thesis, we point the reader to the
more detailed concluding sections 3.5, 4.3, 5.4 at the end of their respective chapters.

The main purpose of this thesis was to investigate the physics of gravitational radiation
in Al(A)dS spacetimes using a marriage of techniques from the literature on asymptotically
flat spacetimes and holographic results from the AdS/CFT correspondence. In chapter
3 we have obtained a comprehensive understanding of the Bondi gauge when applied
to Al(A)dS spacetimes, including the most general form of the asymptotic solution to
the field equations, various integration schemes in order to solve such equations as well
as a holographic understanding of all Bondi quantities via an explicit map from Bondi
to Fefferman-Graham gauges. This analysis leads to a time-dependent conformal class
of of metrics at I which capture the radiative nature of spacetimes which are merely
asymptotically locally (A)dS.

In chapter 4 we extend these ideas to consider how the physics of gravitational radiation
in AlAdS spacetime is encoded in the metric quantities, in particular when we attempt to
understand the nature of Bondi mass and news. We were able to find an explicit counter
example to the Bondi mass loss property in AlAdS spacetimes, showing that the energy
associated with Λ < 0 is important, and thus the definition of a radiative mass may require

183
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modification. We also work on a method of modifying the Bondi gauge by removing the
restrictive determinant condition of the original choice (unnatural from the perspective of
AdS/CFT). This procedure should allow us to apply the gauge to additional metrics, in
particular the Robinson-Trautman class of solutions which should act as a testing ground
for gravitational radiation in AlAdS spacetimes.

In chapter 5 we have honed the focus on de Sitter spacetime in order to obtain a new
asymptotic charge prescription, much of which is based upon analytic continuation of
results in AlAdS spacetimes. These charges have the unusual feature of being conserved
with spatial rather than time translations, and as such we provide a number of simple
examples in order to understand the physics of such a prescription. A computation in
order to understand the global mode expansion of the perturbations is under way and we
hope that this will illuminate the global nature of the charge carried by the perturbation.

This work has a number of interesting potential future directions, some of which simply
require continuation of computations that have been discussed in this thesis. In order
to better understand the monotonicity properties of Bondi mass in AlAdS spacetimes,
one needs to work beyond the small Λ limit, a procedure which may require a modifica-
tion of the definition of mass aspect as one encounters Λ-dependent terms which break
monotonicity. If this procedure is able to yield interesting results, then an illustrative
example should be that of the Robinson-Trautman class of spacetimes. Understanding
this example fully would first require a further understanding of the computation that we
started in attempting to relate the RT spacetimes with the Bondi gauge. We also note
that it would be of interest to attempt to derive such a mass from covariant phase space
techniques as discussed in this thesis, although at this point in time there is a less obvious
route to performing this computation. Finally, the global understanding of the charges in
perturbed dS4 spacetime is not yet obtained, we hope to complete this shortly in order to
give a more complete picture of charges in AldS spacetimes.

In addition to these concrete computations, there are also some new topics in which this
work could be applied. The first of these would be to use the new understanding of AlAdS
spacetimes in Bondi gauge order to describe more advanced gravitational wave phenomena
such as the gravitational memory effect. The effort to understand how memory can be
described in curved backgrounds is an active research topic (see e.g. [216]), although
none of the current work takes into account the subtle details of the “asymptotically
locally” structure of the spacetime. By using the asymptotic comparison of the Bondi and
Fefferman-Graham gauges, one could hope to analyse the geodesic deviation equations
and understand how the distinction between radiation and background curvature play a
role in the deviation of test particles. This work could also help illuminate the concept of
Bondi news (and thus mass) in AlAdS spacetimes, as well as asymptotic symmetries and
physical motivation for certain choices of boundary conditions [50, 51].
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Finally, there is the potential for this work to be applied in the other direction, namely
in using the holographic understanding of the Bondi gauge as presented in this thesis in
order to gain an insight into the holography in asymptotically flat spacetimes. This is a
procedure which would require use of the comparison between the Bondi and Fefferman-
Graham gauges as presented here, together with a suitable flat limit of Λ → 0. There
are many subtleties associated with this limit which have not yet been fully addressed,
although it seems that a further level of renormalisation may be required in order for this
limit to exist [51]. We note that this is a somewhat different approach to understanding
holography in asymptotically flat spacetimes than the ‘celestial holography’ approach of
[88, 8, 87, 7, 97, 95, 127, 225, 226, 227] which conjectures that holography in asymptotically
flat spacetime is described via an identification of a 2d CFT living on a cut of I + of an
asymptotically flat spacetime. The approach that we have sketched in terms of taking the
flat limit would be an attempt to gain an understanding of flat holography directly from
a 3d CFT instead, although it is expected that these CFTs of different dimensions would
be related [228]. In any case, it is useful to have multiple approaches to the important
unsolved problem of asymptotically flat holography.
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APPENDIX A

Appendices for chapter 3

A.1 Supplementary conditions

In section 3.2.4, we explained how the {uθ} and {uu} Einstein equations can be reduced
to f = 0 and g = 0 where f, g are functions of (u, θ). Here we present these equations
in the Λ < 0 case as constraints upon the derivatives of the functions U3,u and W3,u. We
have used the normalisation of l =

√
−3/Λ = 1. The formulae for Λ > 0 can be obtained

by using dimensional analysis (see section 3.4.2.2) to reinstate l and then Λ.
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f = 0:

U3,u = 4
3
γ3((2γ0,θ − 4 cot(θ))(U0)2 + 2(e2β0γ1 − U0,θ + γ0,u)U0−

3e4β0−2γ0(cot(θ) + β0,θ − γ0,θ)) + 1
9

(28e2β0U0(γ1)4−

30e4β0−2γ0(cot(θ) − β0,θ − γ0,θ)(γ1)3 − 14(U0)2(cot(θ) − 2γ0,θ)(γ1)3+

14U0(U0,θ + 2γ0,u)(γ1)3 + 3e2β0−2γ0(U0,θ(7 cot(θ) + 8β0,θ − 8γ0,θ)+

e2β0γ1,θ − U0,θθ + 4(−4 cot(θ) + β0,θ + 4γ0,θ)γ0,u + 3β0,uθ − 8γ0,uθ)(γ1)2−

6U0W3γ1 + 3e2β0−4γ0(2e2β0(−4(γ0,θ)3 + 6 cot(θ)(γ0,θ)2+

(3 csc2(θ) + 4β0,θθ + 6γ0,θθ + 2)γ0,θ + 8(β0,θ)2(2 cot(θ) − γ0,θ)+

2 cot(θ)β0,θθ − 3 cot(θ)γ0,θθ − 2β0,θ(csc2(θ) − 4(γ0,θ)2 + 8 cot(θ)γ0,θ+

4β0,θθ + 2γ0,θθ + 2(−2β0,θθθ − γ0,θθθ) + e2γ0(4γ1,θ(U0,θ − 2γ0,u)+

2(8 cot(θ) + 3β0,θ − 8γ0,θ)γ1,u + 3γ1,uθ))γ1 − 24e2β0U0γ4 − 12U0U3,θ+

3e2β0−2γ0W3,θ + 12e2β0−2γ0W3β0,θ − 12U0U3(cot(θ) + γ0,θ)−

18e4β0−2γ0γ3,θ − 24(U0)2γ3,θ+

12e4β0−4γ0(γ1,θ(2β0,θ(cot(θ) + 3β0,θ − 2γ0,θ) + β0,θθ) + β0,θγ1,θθ)+

3e2β0−2γ0U0((csc2(θ) + 16(γ0,θ)2 + 8β0,θ(2 cot(θ) + β0,θ)−

4(7 cot(θ) + 3β0,θ)γ0,θ + 4β0,θθ − 12(γ0,θθ + 1))(γ1)2+

2((15 cot(θ) + 12β0,θ − 16γ0,θ)γ1,θ + 3γ1,θθ)γ1 + 10(γ1,θ)2)+

6U3(2e2β0γ1 − 2U0,θ + 3β0,u − γ0,u) + 21e2β0−2γ0γ1,θγ1,u − 24U0γ3,u)

(A.1.1)

g = 0:

W3,u = 3e4β0γ4
1 + 1

2
e−2γ0(e2γ0U2

0,θ − e4β0(8ct2(θ) − 16γ0,θct(θ) + 4β2
0,θ + 8γ2

0,θ+

7β0,θ(ct(θ) − 2γ0,θ) + 7β0,θθ))(γ1)2 + 1
2
e−2γ0(−12e4β0+2γ0γ3−

2U0,θ(4e2β0ct2(θ) − 9e2β0γ0,θct(θ) − 3e2β0 csc2(θ) + 6e2β0β2
0,θ + 6e2β0γ2

0,θ+

e2β0β0,θ(11ct(θ) − 16γ0,θ) + 3e2β0β0,θθ − 5e2β0γ0,θθ − 2e2γ0γ1,u)+

e2β0(−e2β0(15ct(θ) − 14β0,θ − 14γ0,θ)γ1,θ + 4(−ct(θ) + β0,θ + γ0,θ)U0,θθ+

e2β0γ1,θθ + 2U0,θθθ + 32ct(θ)β0,θγ0,u − 32β0,θγ0,θγ0,u − 12ct(θ)β0,uθ−

16β0,θβ0,uθ + 16γ0,θβ0,uθ + 4ct(θ)γ0,uθ + 24β0,θγ0,uθ − 8γ0,θγ0,uθ − 4β0,uθθ+

4γ0,uθθ))γ1 + 8e4β0−4γ0(γ0,θ)4 − 16e4β0−4γ0ct(θ)(β0,θ)3 + (−14e4β0−4γ0ct(θ)−

8e4β0−4γ0β0,θ)(γ0,θ)3 − 1
2
e4β0−2γ0(γ1,θ)2 + (U0)3(7

3
e2γ0−2β0(ct(θ) − 2γ0,θ)(γ1)3+

4e2γ0−2β0(γ3(2ct(θ) − γ0,θ) + γ3,θ)) + 4e2β0−4γ0β2
0,θ(−e2β0ct2(θ) − 2e2β0+

2e2β0 csc2(θ) − 4e2β0β0,θθ + 2e2β0γ0,θθ + e2γ0γ1,u) + γ2
0,θ(−32e4β0−4γ0β2

0,θ+

28e4β0−4γ0ct(θ)β0,θ − e2β0−4γ0(−3e2β0ct2(θ) + 4e2β0 + 9e2β0 csc2(θ)+
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16e2β0β0,θθ + 18e2β0γ0,θθ + 4e2γ0γ1,u)) + (U0)2(1
3

(−14)e2γ0γ4
1−

7
3
e2γ0−2β0(U0,θ + 2γ0,u)(γ1)3 + 1

2
(−19ct2(θ) + 60γ0,θct(θ) + 10 csc2(θ)−

8β2
0,θ − 32γ2

0,θ + β0,θ(8γ0,θ − 17ct(θ)) − 7β0,θθ + 20γ0,θθ + 8)(γ1)2+
1
2
e−2β0(2e2γ0W3 − e2β0(8e2γ0γ3 + (51ct(θ) + 30β0,θ − 56γ0,θ)γ1,θ + 9γ1,θθ))γ1+

1
2
e−2β0(−13e2β0(γ1,θ)2 + 8e2(β0+γ0)γ4) + 8e2γ0γ3U0,θ + 7e2γ0U3,θ+

3e2γ0U3(3ct(θ) − 2β0,θ + 2γ0,θ) − 8e2γ0γ3γ0,u + 8e2γ0γ3,u))+

γ1,θ(−2e2β0−2γ0β0,θ(3U0,θ − 4γ0,u) − 1
2
e2β0−2γ0(13ct(θ)U0,θ + 2U0,θθ+

8β0,uθ − 4γ0,uθ)) + e2β0−4γ0β0,θ(−e2β0ct(θ) csc2(θ) − 2e2β0ct(θ) + 3e4γ0U3−

16e2β0ct(θ)β0,θθ − 10e2β0ct(θ)γ0,θθ − 8e2β0β0,θθθ − 2e2β0γ0,θθθ− (A.2)

10e2γ0ct(θ)γ1,u − 4e2γ0γ1,uθ) + γ0,θ(32e4β0−4γ0(β0,θ)3 + 8e4β0−4γ0ct(θ)β2
0,θ+

2e2β0−4γ0(−2e2β0ct2(θ) + 6e2β0 + 3e2β0 csc2(θ) + 24e2β0β0,θθ + 6e2β0γ0,θθ+

4e2γ0γ1,u)β0,θ + 8e2β0−2γ0U0,θγ1,θ + 1
2
e2β0−4γ0(−3e2β0ct(θ) csc2(θ) + 2e2β0ct(θ)+

8e2β0ct(θ)β0,θθ + 30e2β0ct(θ)γ0,θθ + 16e2β0β0,θθθ + 10e2β0γ0,θθθ+

12e2γ0ct(θ)γ1,u + 8e2γ0γ1,uθ)) + U0(10e2β0(ct(θ) − β0,θ − γ0,θ)(γ1)3+

(U0,θ(−6ct(θ) − 8β0,θ + 8γ0,θ) − e2β0γ1,θ + U0,θθ + 16ct(θ)γ0,u − 4β0,θγ0,u−

16γ0,θγ0,u − 3β0,uθ + 8γ0,uθ)(γ1)2 + e−2γ0(−e2β0ct3(θ) + 3e2β0γ0,θct2(θ)+

2e2β0 csc2(θ)ct(θ) − 14e2β0γ2
0,θct(θ) − 9e2β0β0,θθct(θ) + 9e2β0γ0,θθct(θ)−

14e2γ0γ1,uct(θ) + 8e2β0(γ0,θ)3 − 4e4γ0U3 − 4e2β0γ0,θ − 10e2β0 csc2(θ)γ0,θ−

2e2β0β2
0,θ(15ct(θ) − 8γ0,θ) − 2e2γ0U0,θγ1,θ − 16e2β0γ0,θγ0,θθ + 2e2β0β0,θθθ+

4e2β0γ0,θθθ + 8e2γ0γ1,θγ0,u + 16e2γ0γ0,θγ1,u + β0,θ(−13e2β0ct2(θ)+

60e2β0γ0,θct(θ) + 8e2β0 + 12e2β0 csc2(θ) − 32e2β0γ2
0,θ + 8e2β0β0,θθ+

20e2β0γ0,θθ − 6e2γ0γ1,u) − 3e2γ0γ1,uθ)γ1 + 1
2
e−2(β0+γ0)(−7e4β0γ1,θct2(θ)−

48e4β0β0,θγ1,θct(θ) + 16e4β0γ0,θγ1,θct(θ) − 7e4β0γ1,θθct(θ) + 8e4γ0U3U0,θ−

4e2(β0+γ0)W3,θ − e2(β0+γ0)W3(3ct(θ) + 4β0,θ)+

24e4β0+2γ0γ3(ct(θ) + β0,θ − γ0,θ) + 8e4β0 csc2(θ)γ1,θ − 40e4β0β2
0,θγ1,θ−

8e4β0γ2
0,θγ1,θ + 64e4β0β0,θγ0,θγ1,θ + 12e4β0+2γ0γ3,θ − 12e4β0γ1,θβ0,θθ+

8e4β0γ1,θγ0,θθ − 16e4β0β0,θγ1,θθ + 8e4β0γ0,θγ1,θθ − 2e4β0γ1,θθθ + 6e4γ0U3,u−

12e4γ0U3β0,u + 4e4γ0U3γ0,u − 6e2(β0+γ0)γ1,θγ1,u)) + 1
2
e−4γ0(−2e4β0β0,θθct2(θ)−

3e4β0γ0,θθct2(θ) − 4e2(β0+γ0)γ1,uct2(θ) + 3e2β0+4γ0U3ct(θ) − 4e4β0β0,θθθct(θ)−

4e4β0γ0,θθθct(θ) − 6e2(β0+γ0)γ1,uθct(θ) − 8e4β0(β0,θθ)2 + 6e4β0(γ0,θθ)2+

4e4γ0(γ1,u)2 + 3e2β0+4γ0U3,θ − 4e4β0β0,θθ + 4e4β0 csc2(θ)β0,θθ + 2e4β0γ0,θθ+

6e4β0 csc2(θ)γ0,θθ + 8e4β0β0,θθγ0,θθ − 5e2(β0+γ0)U0,θγ1,θθ − 2e4β0β0,θθθθ−
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e4β0γ0,θθθθ − e4γ0W3(3U0,θ − 4β0,u) + 4e2(β0+γ0) csc2(θ)γ1,u+

4e2(β0+γ0)β0,θθγ1,u + 4e2(β0+γ0)γ0,θθγ1,u − 2e2(β0+γ0)γ1,uθθ)

where we have used the abbreviations ‘ct(θ)’ to refer to the cotangent function and ‘csc(θ)’
for cosecant. These two equations are essential to check that g(3)ab satisfies the conservation
property (3.4.4).

The supplementary conditions are enormously complicated by the presence of Λ ̸= 0
with non-trivial coefficients γ0, β0, U0. These formulae simplify significantly in the asymp-
totically (A)dS and asymptotically flat cases.

Asymptotically (A)dS spacetimes in Bondi coordinates have γ0 = β0 = U0 = 0 which
gives γ1 = 0 by equation (3.2.16). Setting these values in the supplementary equations
above gives us

U3,u = 1
3

(4Λ cot(θ)γ3 +W3,θ + 2Λγ3,θ) (A.3a)

W3,u = −1
2

Λ(cot(θ)U3 + U3,θ) (A.3b)

where we have reinstated the factors of Λ using dimensional analysis.

For the asymptotically flat supplementary conditions, we again have γ0 = β0 = U0 = 0
as well as Λ = 0 but now γ1 ̸= 0. As given in [1], the asymptotically flat supplementary
conditions are

U3,u = 1
3

(7γ1,θγ1,u + γ1 (3γ1,uθ + 16 cot(θ)γ1,u) +W3,θ) (A.4a)

W3,u = 2 (γ1,u)2 + 2γ1,u − γ1,uθθ − 3 cot(θ)γ1,uθ. (A.4b)

A.2 Intermediate pieces of the Fefferman-Graham transfor-
mation

In this appendix we provide formulae for transforming the Bondi gauge metric into the
Fefferman-Graham form. Expressions for the intermediate metric tensors are omitted for
brevity.

A.2.1 Vanishing of g(1)

In this section we demonstrate explicitly that g(1) vanishes. Note first that the Bondi
metric (3.4.22) used to compute g(0) is insufficient for computing g(1): it only includes
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the solution to Einstein’s equations at leading order but for g(1) we require 1/r ∼ ρ

contributions to the metric. To compute g(1) we therefore need to retain the following
contributions to the metric functions

γ(u, r, θ) = γ0(u, θ) + γ1(u, θ)
r

(A.2.1a)

β(u, r, θ) = β0(u, θ) (A.2.1b)

U(u, r, θ) = U0(u, θ) + 2
r
e2(β0(u,θ)−γ0(u,θ))β0,θ(u, θ) (A.2.1c)

W (u, r, θ) = e2β0(u,θ) + cot(θ)U0(u, θ) + U0,θ
r

. (A.2.1d)

which are the solutions to the field equations (3.2.7a-3.2.7d) up to O(1/r). Note also that
we use the normalisation l = 1.

As before, we begin with the Bondi metric in the form (3.4.5) and transform into the
coordinates (t, r∗, θ, ϕ) using transformations (3.4.8) and (3.4.11)

u = t− r∗ (A.2.2a)

r = tan
(
r∗ + π

2

)
(A.2.2b)

where we have written the transformation (3.4.11) in exact form.

Next we extend the transformations (3.4.15, 3.4.24) to one order higher in ρ

r∗ → ρ+ b1(t, θ)ρ2 (A.2.3a)

t → t+ α1(t, θ)ρ+ b2(t, θ)ρ2 (A.2.3b)

θ → θ + α2(t, θ)ρ+ b3(t, θ)ρ2 (A.2.3c)

where α1,2 are given in (3.4.30) and b1,2,3 are to be determined. When considering how the
differentials transform it will again be sufficient to consider the pieces which contribute to
the metric at O(1/ρ)

dr∗ → dρ+ 2b1ρdρ (A.2.4a)

dt → dt+ α1dρ+ (∂tα1)ρdt+ (∂θα1)ρdθ + 2ρb2dρ (A.2.4b)

dθ → dθ + α2dρ+ (∂tα2)ρdt+ (∂θα2)ρdθ + 2ρb3dρ. (A.2.4c)

i.e. we do not need to include terms of O(ρ2) or higher.

The final subtlety when applying this procedure is to take into account that the metric
functions (γ, β, U,W ) are all functions of (t−r∗, θ) prior to applying these transformations.
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Terms up to O(ρ) need to be included in these arguments, i.e.

t− r∗ → t+ ρα1 − ρ+ O(ρ2) = t+ ρ(α1 − 1) + O(ρ2) (A.2.5)

and
θ → θ + α2ρ+ O(ρ2), (A.2.6)

to calculate all terms contributing at O(1/ρ).

At order 1/ρ we are initially left with a seemingly non-zero term with dependence upon
our three undetermined transformation coefficients b1,2,3. To fix b1,2,3 we enforce the
following

g(1)ρρ(b1, b2, b3) = g(1)ρt(b1, b2, b3) = g(1)ρθ(b1, b2, b3) = 0 (A.2.7)

which gives us three equations for the three unknowns b1,2,3 (g(1)ρϕ vanishes automatically
by the axi and reflection symmetry). It turns out that the gρρ term is given by

g(1)ρρ = g(1)ρρ(b1) = 2b1 + e−2β̂0 cot(θ)Û0 + e−2β̂0Û0,θ (A.2.8)

so we can solve g(1)ρρ = 0 for b1 and then we will be left with two equations for the other
two unknowns b2,3. Solving g(1)ρρ = 0 gives us

b1 = −1
2
e−2β̂0(Û0,θ + cot(θ)Û0) (A.2.9a)

using b1 it is straightforward to now solve the remaining equations of (A.2.7), with solutions

b2 = −1
2
e−4β̂0(e2β̂0(Û0,θ + cot(θ)Û0) + 2(β̂0,t + β̂0,θÛ0)) (A.2.9b)

b3 = e−2γ̂0 β̂0,θ + 1
2
e−4β̂0(Û0,t + Û0(Û0,θ − 2(β̂0,t + β̂0,θÛ0))). (A.2.9c)

where all function arguments are (t, θ).

Enforcing equations (A.2.9a-A.2.9c) in the transformation should make all other coeffi-
cients at O(1/ρ) vanish. To check this we input the values of b1,2,3 in (A.2.9a-A.2.9c). At
O(1/ρ), the line element reduces to

ds2
(1) = −1

2
e−2(β̂0+γ̂0)(2dt2e4γ̂0Û2

0 − 4dtdθe4γ̂0Û0 + 2dθ2e4γ̂0 − 2 sin2(θ)dϕ2)×

(Û0,θ + 2γ̂0,t − cot(θ)Û0 + 2γ̂0,θÛ0 + 2e2β̂0 γ̂1).
(A.2.10)

From equation (3.2.16)

γ1 = 1
2
e−2β0(cot(θ)U0 − U0,θ − 2U0γ0,θ − 2γ0,u) (A.2.11)

and thus the second line of (A.2.10) is precisely this Einstein equation (at the boundary),
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forcing equation (A.2.10) to vanish, as required.

A.2.2 Checking g(2)

The g(2) term in the Fefferman-Graham expansion is a useful consistency check as it must
take the form [145, 60]

g(2)ab = −R(0)ab + 1
4
R(0)g(0)ab (A.2.12)

where R(0)ab and R(0) are respectively the Ricci tensor and scalar of the boundary metric
tensor g(0)ab.

We now proceed to compute g(2) from the Fefferman-Graham expansion and check it via
use of the formula above. The procedure for this step is the same as before with a term of
one order higher added in each step. We impose the solutions to the Einstein equations
as terms up to O(1/r2). This procedure gives us the functions

γ(u, r, θ) = γ0 + γ1
r

(A.2.13a)

β(u, r, θ) = β0 − γ2
1

4r2 (A.2.13b)

U(u, r, θ) = U0 + 2
r
β0,θe

2(β0−γ0)−
1
r2 e

2β0−2γ0(2β0,θγ1 − 2γ0,θγ1 + γ1,θ + 2 cot(θ)γ1)
(A.2.13c)

W (u, r, θ) = e2β0 + 1
r

[cot(θ)U0 + U0,θ]+
1

2r2 e
2(β0−γ0)[2 − 3e2γ0γ2

1 + 4 cot(θ)β0,θ + 8(β0,θ)2 + 6 cot(θ)γ0,θ−

8β0,θγ0,θ − 4(γ0,θ)2 + 4β0,θθ + 2γ0,θθ]

(A.2.13d)

where, as usual, all of the coefficient functions are taken to be functions of (u, θ). We will
also make use of (3.2.16) throughout.

The full transformation is again performed by first using the transformations of (A.2.2)
to move into real time t and tortoise coordinate r∗ before expanding our coordinates
(r∗, t, θ) in a series in powers of ρ. In order to correctly compute g(2) these power series
will include terms up to O(ρ3). We use the choices of αi and βi as before and introduce
new unknown coefficients ci(t, θ) at the next order

r∗ → ρ+ b1(t, θ)ρ2 + c1(t, θ)ρ3

t → t+ α1(t, θ)ρ+ b2(t, θ)ρ2 + c2(t, θ)ρ3

θ → θ + α2(t, θ)ρ+ b3(t, θ)ρ2 + c3(t, θ)ρ3.

(A.2.14)
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The procedure for obtaining the ci is very similar to that for bi: we fix them by setting
g(2)ρρ = g(2)ρt = g(2)ρθ = 0. This gives

8c1(t, θ) = 1
3
e−4β̂0−2γ̂0(−8e4β̂0+2γ̂0 − 12e4β̂0(γ̂0,θ)2 − 24e4β̂0 β̂0,θγ̂0,θ+

6e4β̂0 γ̂0,θθ + 18 cot(θ)e4β̂0 γ̂0,θ + 6e4β̂0 + 24e4β̂0(β̂0,θ)2 + 12e4β̂0 β̂0,θθ+

12 cot(θ)e4β̂0 β̂0,θ − 6e2γ̂0(γ̂0,t)2 − 12β̂0,θe
2γ̂0Û0,θÛ0 − 12β̂0,te

2γ̂0Û0,θ−

12 cot(θ)β̂0,θe
2γ̂0(Û0)2 − 12 cot(θ)β̂0,te

2γ̂0Û0 − 6e2γ̂0(Û0)2−

6e2γ̂0(γ̂0,θ)2(Û0)2 − 6e2γ̂0 γ̂0,θÛ0,θÛ0 + 6e2γ̂0Û0,θθÛ0−

12e2γ̂0 γ̂0,θγ̂0,tÛ0 + 3e2γ̂0(Û0,θ)2 − 6e2γ̂0 γ̂0,tÛ0,θ + 6e2γ̂0Û0,tθ−

3 cot2(θ)e2γ̂0(Û0)2 + 6 cot(θ)e2γ̂0 γ̂0,θ(Û0)2 + 18 cot(θ)e2γ̂0Û0,θÛ0+

6 cot(θ)e2γ̂0 γ̂0,tÛ0 + 6 cot(θ)e2γ̂0Û0,t)
(A.2.15a)

8c2(t, θ) = − 1
3
e−6β̂0−2γ̂0(2e2γ̂0(Û0)2 + 6e2β̂0+2γ̂0(Û0)2 + 4e2γ̂0 cot2(θ)(Û0)2+

3e2β̂0+2γ̂0 cot2(θ)(Û0)2 − 4e2γ̂0 csc2(θ)(Û0)2 + 32e2γ̂0(β̂0,θ)2(Û0)2+

6e2γ̂0(γ̂0,θ)2(Û0)2 + 6e2β̂0+2γ̂0(γ̂0,θ)2(Û0)2 − 4e2γ̂0 cot(θ)β̂0,θ(Û0)2+

12e2β̂0+2γ̂0 cot(θ)β̂0,θ(Û0)2 − 6e2γ̂0 cot(θ)γ̂0,θ(Û0)2−

6e2β̂0+2γ̂0 cot(θ)γ̂0,θ(Û0)2 − 8e2γ̂0 β̂0,θθ(Û0)2−

18e2β̂0+2γ̂0 cot(θ)Û0,θÛ0 − 12e2γ̂0Û0,θβ̂0,θÛ0 + 12e2β̂0+2γ̂0Û0,θβ̂0,θÛ0+

6e2γ̂0Û0,θγ̂0,θÛ0 + 6e2β̂0+2γ̂0Û0,θγ̂0,θÛ0 + 2e2γ̂0Û0,θθÛ0−

6e2β̂0+2γ̂0Û0,θθÛ0 − 4e2γ̂0 cot(θ)β̂0,tÛ0 + 12e2β̂0+2γ̂0 cot(θ)β̂0,tÛ0+

64e2γ̂0 β̂0,θβ̂0,tÛ0 − 6e2γ̂0 cot(θ)γ̂0,tÛ0 − 6e2β̂0+2γ̂0 cot(θ)γ̂0,tÛ0+

12e2γ̂0 γ̂0,θγ̂0,tÛ0 + 12e2β̂0+2γ̂0 γ̂0,θγ̂0,tÛ0 − 16e2γ̂0 β̂0,tθÛ0 − 2e4β̂0−

6e6β̂0 + 8e6β̂0+2γ̂0 + 2e2γ̂0(Û0,θ)2 − 3e2β̂0+2γ̂0(Û0,θ)2 − 24e4β̂0(β̂0,θ)2−

24e6β̂0(β̂0,θ)2 + 4e4β̂0(γ̂0,θ)2 + 12e6β̂0(γ̂0,θ)2 + 32e2γ̂0(β̂0,t)2+

6e2γ̂0(γ̂0,t)2 + 6e2β̂0+2γ̂0(γ̂0,t)2 − 4e4β̂0 cot(θ)β̂0,θ − 12e6β̂0 cot(θ)β̂0,θ−

6e4β̂0 cot(θ)γ̂0,θ − 18e6β̂0 cot(θ)γ̂0,θ + 8e4β̂0 β̂0,θγ̂0,θ + 24e6β̂0 β̂0,θγ̂0,θ−

4e4β̂0 β̂0,θθ − 12e6β̂0 β̂0,θθ − 2e4β̂0 γ̂0,θθ − 6e6β̂0 γ̂0,θθ + 2e2γ̂0 cot(θ)Û0,t−

6e2β̂0+2γ̂0 cot(θ)Û0,t − 8e2γ̂0 β̂0,θÛ0,t − 4e2γ̂0Û0,θβ̂0,t+

12e2β̂0+2γ̂0Û0,θβ̂0,t + 6e2γ̂0Û0,θγ̂0,t + 6e2β̂0+2γ̂0Û0,θγ̂0,t + 2e2γ̂0Û0,tθ−

6e2β̂0+2γ̂0Û0,tθ − 8e2γ̂0 β̂0,tt)
(A.2.15b)
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8c3(t, θ) = − 2
3
e−6β̂0−2γ̂0(e2γ̂0(Û0)3 + 2e2γ̂0 cot2(θ)(Û0)3 − 2e2γ̂0 csc2(θ)(Û0)3+

16e2γ̂0(β̂0,θ)2(Û0)3 + 3e2γ̂0(γ̂0,θ)2(Û0)3 − 2e2γ̂0 cot(θ)β̂0,θ(Û0)3−

3e2γ̂0 cot(θ)γ̂0,θ(Û0)3 − 4e2γ̂0 β̂0,θθ(Û0)3 − 18e2γ̂0Û0,θβ̂0,θ(Û0)2+

3e2γ̂0Û0,θγ̂0,θ(Û0)2 + 3e2γ̂0Û0,θθ(Û0)2 − 2e2γ̂0 cot(θ)β̂0,t(Û0)2+

32e2γ̂0 β̂0,θβ̂0,t(Û0)2 − 3e2γ̂0 cot(θ)γ̂0,t(Û0)2 + 6e2γ̂0 γ̂0,θγ̂0,t(Û0)2−

8e2γ̂0 β̂0,tθ(Û0)2 − 4e4β̂0 cot2(θ)Û0 + 4e4β̂0 csc2(θ)Û0 + 3e2γ̂0(Û0,θ)2Û0−

12e4β̂0(β̂0,θ)2Û0 − 6e4β̂0(γ̂0,θ)2Û0 + 16e2γ̂0(β̂0,t)2Û0 + 3e2γ̂0(γ̂0,t)2Û0−

e4β̂0Û0 + 6e4β̂0 cot(θ)β̂0,θÛ0 + 9e4β̂0 cot(θ)γ̂0,θÛ0 − 12e4β̂0 β̂0,θγ̂0,θÛ0+

6e4β̂0 β̂0,θθÛ0 + 3e4β̂0 γ̂0,θθÛ0 + e2γ̂0 cot(θ)Û0,tÛ0 − 16e2γ̂0 β̂0,θÛ0,tÛ0−

14e2γ̂0Û0,θβ̂0,tÛ0 + 3e2γ̂0Û0,θγ̂0,tÛ0 + 5e2γ̂0Û0,tθÛ0 − 4e2γ̂0 β̂0,ttÛ0+

12e4β̂0Û0,θβ̂0,θ + 2e2γ̂0Û0,θÛ0,t − 12e2γ̂0Û0,tβ̂0,t + 8e4β̂0 cot(θ)γ̂0,t−

16e4β̂0 β̂0,θγ̂0,t − 8e4β̂0 γ̂0,θγ̂0,t + 8e4β̂0 β̂0,tθ + 4e4β̂0 γ̂0,tθ + 2e2γ̂0Û0,tt)
(A.2.15c)

Using the ci coefficients above, we obtain the following components for g(2):

g(2)tt = 1
2
e2γ̂0−4β̂0((γ̂0,θ)2 − 3 cot(θ)γ̂0,θ − 2β̂0,θ(cot(θ) − 2γ̂0,θ) − 2γ̂0,θθ−

1)(Û0)4 + 1
2
e2γ̂0−4β̂0(Û0,θ(2β̂0,θ − 3γ̂0,θ) − Û0,θθ − 2 cot(θ)β̂0,t+

4γ̂0,θβ̂0,t − 3 cot(θ)γ̂0,t + 4β̂0,θγ̂0,t + 2γ̂0,θγ̂0,t − 4γ̂0,tθ)(Û0)3+
1
2
e−4β̂0(−e2γ̂0(Û0,θ)2 + e2γ̂0(2β̂0,t − γ̂0,t)Û0,θ + 2e4β̂0 + 4e4β̂0(β̂0,θ)2−

3e4β̂0(γ̂0,θ)2 + e2γ̂0(γ̂0,t)2 + 6e4β̂0 cot(θ)γ̂0,θ + 4e4β̂0 β̂0,θ(cot(θ) − 2γ̂0,θ)+

2e4β̂0 β̂0,θθ + 3e4β̂0 γ̂0,θθ + e2γ̂0 cot(θ)Û0,t − 2e2γ̂0 γ̂0,θÛ0,t + 4e2γ̂0 β̂0,tγ̂0,t−

e2γ̂0Û0,tθ − 2e2γ̂0 γ̂0,tt)(Û0)2 + 1
2

(Û0,θ(3γ̂0,θ − 2β̂0,θ) + Û0,θθ−

2 cot(θ)β̂0,t + 5 cot(θ)γ̂0,t − 8β̂0,θγ̂0,t − 2γ̂0,θγ̂0,t + 4γ̂0,tθ)Û0+
1
2
e−2γ̂0(e2γ̂0(Û0,θ)2 − e2γ̂0(2β̂0,t − 3γ̂0,t)Û0,θ − e4β̂0 − 4e4β̂0(β̂0,θ)2+

2e4β̂0(γ̂0,θ)2 + 3e2γ̂0(γ̂0,t)2 − 3e4β̂0 cot(θ)γ̂0,θ − 2e4β̂0 β̂0,θ(cot(θ) − 2γ̂0,θ)−

2e4β̂0 β̂0,θθ − e4β̂0 γ̂0,θθ + e2γ̂0 cot(θ)Û0,t + e2γ̂0Û0,tθ)
(A.2.16a)
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g(2)tθ = 2γ̂0,t(β̂0,θ + γ̂0,θ − cot(θ)) − γ̂0,tθ + 1
2

(Û0)3e2γ̂0−4β̂0(2β̂0,θ(cot(θ)−

2γ̂0,θ) − (γ̂0,θ)2 + 2γ̂0,θθ + 3 cot(θ)γ̂0,θ + 1) + 1
2

(Û0)2e2γ̂0−4β̂0(−4β̂0,tγ̂0,θ−

4β̂0,θγ̂0,t + 2 cot(θ)β̂0,t − 2γ̂0,θγ̂0,t + 4γ̂0,tθ + 3 cot(θ)γ̂0,t + Û0,θ(3γ̂0,θ−

2β̂0,θ) + Û0,θθ) + 1
2
e−4β̂0Û0(2e4β̂0(γ̂0,θ)2 − e4β̂0 γ̂0,θθ − 4β̂0,te

2γ̂0 γ̂0,t−

3 cot(θ)e4β̂0 γ̂0,θ − 2e4β̂0 β̂0,θ(cot(θ) − 2γ̂0,θ) − e4β̂0 − 4e4β̂0(β̂0,θ)2−

2e4β̂0 β̂0,θθ − e2γ̂0(γ̂0,t)2 + 2e2γ̂0 γ̂0,tt − e2γ̂0Û0,θ(2β̂0,t − γ̂0,t) + e2γ̂0(Û0,θ)2+

2e2γ̂0 γ̂0,θÛ0,t + e2γ̂0Û0,tθ − cot(θ)e2γ̂0Û0,t)
(A.2.16b)

g(2)θθ = 1
2

(Û0)2e2γ̂0−4β̂0(−2β̂0,θ(cot(θ) − 2γ̂0,θ) + (γ̂0,θ)2 − 2γ̂0,θθ−

3 cot(θ)γ̂0,θ − 1) + 1
2
Û0e

2γ̂0−4β̂0(4β̂0,tγ̂0,θ + 4β̂0,θγ̂0,t − 2 cot(θ)β̂0,t+

2γ̂0,θγ̂0,t − 4γ̂0,tθ − 3 cot(θ)γ̂0,t + Û0,θ(2β̂0,θ − 3γ̂0,θ) − Û0,θθ)+
1
2
e−4β̂0(2e4β̂0(γ̂0,θ)2 − e4β̂0 γ̂0,θθ + 4β̂0,te

2γ̂0 γ̂0,t − 3 cot(θ)e4β̂0 γ̂0,θ − e4β̂0+

4e4β̂0(β̂0,θ)2 + 2e4β̂0 β̂0,θθ − 2 cot(θ)e4β̂0 β̂0,θ + e2γ̂0(γ̂0,t)2 − 2e2γ̂0 γ̂0,tt+

e2γ̂0Û0,θ(2β̂0,t − γ̂0,t) − e2γ̂0(Û0,θ)2−

2e2γ̂0 γ̂0,θÛ0,t − e2γ̂0Û0,tθ + cot(θ)e2γ̂0Û0,t)
(A.2.16c)

g(2)ϕϕ = 1
2

sin(θ)(Û0)2e−2(2β̂0+γ̂0)(2β̂0,θ(cos(θ) − 2 sin(θ)γ̂0,θ) + sin(θ)(γ̂0,θ)2+

2 sin(θ)γ̂0,θθ + cos(θ)γ̂0,θ + sin(θ))−
1
2

sin(θ)Û0e
−2(2β̂0+γ̂0)(4 sin(θ)β̂0,tγ̂0,θ + 4 sin(θ)β̂0,θγ̂0,t − 2 cos(θ)β̂0,t−

2 sin(θ)γ̂0,θγ̂0,t − 4 sin(θ)γ̂0,tθ − cos(θ)γ̂0,t + Û0,θ(2 sin(θ)β̂0,θ−

5 sin(θ)γ̂0,θ + 2 cos(θ)) − sin(θ)Û0,θθ)+
1
2

sin(θ)e−4(β̂0+γ̂0)(2 sin(θ)e4β̂0(γ̂0,θ)2 − sin(θ)e4β̂0 γ̂0,θθ−

4 sin(θ)β̂0,te
2γ̂0 γ̂0,t − 3 cos(θ)e4β̂0 γ̂0,θ − 4 sin(θ)e4β̂0(β̂0,θ)2 − sin(θ)e4β̂0−

2 sin(θ)e4β̂0 β̂0,θθ + 2 cos(θ)e4β̂0 β̂0,θ + sin(θ)e2γ̂0(γ̂0,t)2+

2 sin(θ)e2γ̂0 γ̂0,tt − sin(θ)e2γ̂0Û0,θ(2β̂0,t − 3γ̂0,t) + sin(θ)e2γ̂0(Û0,θ)2+

2 sin(θ)e2γ̂0 γ̂0,θÛ0,t + sin(θ)e2γ̂0Û0,tθ − cos(θ)e2γ̂0Û0,t).
(A.2.16d)

Given these g(2) coefficients, we can use formula (A.2.12) as a consistency check, using the
non-zero coefficients of the Ricci tensor, R(0)ab, and the Ricci scalar, R(0), of the boundary
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metric, given below.

Ricci Tensor

R(0)tt = e−2(2β̂0+γ̂0)(e4γ̂0(Û0)4(γ̂0,θ(cot(θ) − 2β̂0,θ) + γ̂0,θθ)+

e4γ̂0(Û0)3(−2β̂0,tγ̂0,θ − 2β̂0,θγ̂0,t + 2γ̂0,tθ + cot(θ)γ̂0,t + Û0,θ(−2β̂0,θ+

2γ̂0,θ + cot(θ)) + Û0,θθ) + e2γ̂0(Û0)2(−e4β̂0 γ̂0,θθ − 2β̂0,te
2γ̂0 γ̂0,t−

cot(θ)e4β̂0 γ̂0,θ − 2e4β̂0 β̂0,θ(cot(θ) − 3γ̂0,θ) − 4e4β̂0(β̂0,θ)2 − 2e4β̂0 β̂0,θθ+

e2γ̂0 γ̂0,tt − e2γ̂0Û0,θ(2β̂0,t − γ̂0,t) + e2γ̂0(Û0,θ)2 + e2γ̂0 γ̂0,θÛ0,t + e2γ̂0Û0,tθ)−

Û0e
4β̂0+2γ̂0(2(γ̂0,t(cot(θ) − 2β̂0,θ) − cot(θ)β̂0,t + γ̂0,tθ)+

Û0,θ(−2β̂0,θ + 2γ̂0,θ + cot(θ)) + Û0,θθ) − e4β̂0(−2e4β̂0 β̂0,θ(cot(θ)−

2γ̂0,θ) − 4e4β̂0(β̂0,θ)2 − 2e4β̂0 β̂0,θθ + 2e2γ̂0(γ̂0,t)2 − 2e2γ̂0Û0,θ(β̂0,t − γ̂0,t)+

e2γ̂0(Û0,θ)2 + e2γ̂0Û0,tθ + cot(θ)e2γ̂0Û0,t))
(A.2.17a)

R(0)tθ = R(0)θt = e−4β̂0(e4β̂0(2γ̂0,t(−β̂0,θ − γ̂0,θ + cot(θ)) + γ̂0,tθ)−

e2γ̂0(Û0)3(γ̂0,θ(cot(θ) − 2β̂0,θ) + γ̂0,θθ)−

e2γ̂0(Û0)2(−2β̂0,tγ̂0,θ − 2β̂0,θγ̂0,t + 2γ̂0,tθ + cot(θ)γ̂0,t+

Û0,θ(−2β̂0,θ + 2γ̂0,θ + cot(θ)) + Û0,θθ) − Û0(−2β̂0,te
2γ̂0 γ̂0,t−

2e4β̂0 β̂0,θ(cot(θ) − 2γ̂0,θ) − 4e4β̂0(β̂0,θ)2 − 2e4β̂0 β̂0,θθ+

e2γ̂0 γ̂0,tt − e2γ̂0Û0,θ(2β̂0,t − γ̂0,t) + e2γ̂0(Û0,θ)2+

e2γ̂0 γ̂0,θÛ0,t + e2γ̂0Û0,tθ))

(A.2.17b)

R(0)θθ = e−4β̂0(−2e4β̂0(γ̂0,θ)2 + 2e4β̂0 β̂0,θγ̂0,θ + e4β̂0 γ̂0,θθ − 2β̂0,te
2γ̂0 γ̂0,t+

3 cot(θ)e4β̂0 γ̂0,θ + e4β̂0 − 4e4β̂0(β̂0,θ)2 − 2e4β̂0 β̂0,θθ + e2γ̂0 γ̂0,tt−

e2γ̂0Û0,θ(2β̂0,t − γ̂0,t) + e2γ̂0(Û0)2(γ̂0,θ(cot(θ) − 2β̂0,θ) + γ̂0,θθ)+

e2γ̂0Û0(−2β̂0,tγ̂0,θ − 2β̂0,θγ̂0,t + 2γ̂0,tθ + cot(θ)γ̂0,t+

Û0,θ(−2β̂0,θ + 2γ̂0,θ + cot(θ)) + Û0,θθ)+

e2γ̂0(Û0,θ)2 + e2γ̂0 γ̂0,θÛ0,t + e2γ̂0Û0,tθ)

(A.2.17c)



198 Appendix A. Appendices for chapter 3

R(0)ϕϕ = sin(θ)e−4(β̂0+γ̂0)(−2 sin(θ)e4β̂0(γ̂0,θ)2 + sin(θ)e4β̂0 γ̂0,θθ+

2 sin(θ)β̂0,te
2γ̂0 γ̂0,t + 3 cos(θ)e4β̂0 γ̂0,θ + 2e4β̂0 β̂0,θ(sin(θ)γ̂0,θ − cos(θ))+

sin(θ)e4β̂0 − sin(θ)e2γ̂0 γ̂0,tt + e2γ̂0(Û0)2(2β̂0,θ(sin(θ)γ̂0,θ − cos(θ))−

sin(θ)(γ̂0,θθ + 1) − cos(θ)γ̂0,θ) − e2γ̂0Û0(−2 sin(θ)β̂0,θγ̂0,t+

2β̂0,t(cos(θ) − sin(θ)γ̂0,θ) + 2 sin(θ)γ̂0,tθ + cos(θ)γ̂0,t+

2Û0,θ(sin(θ)γ̂0,θ − cos(θ))) − sin(θ)e2γ̂0 γ̂0,θÛ0,t−

sin(θ)e2γ̂0 γ̂0,tÛ0,θ + cos(θ)e2γ̂0Û0,t)
(A.2.17d)

Ricci Scalar

R(0) = 2e−2(2β̂0+γ̂0)(−2e4β̂0(γ̂0,θ)2 + 4e4β̂0 β̂0,θγ̂0,θ + e4β̂0 γ̂0,θθ+

3 cot(θ)e4β̂0 γ̂0,θ + e4β̂0 − 4e4β̂0(β̂0,θ)2 − 2e4β̂0 β̂0,θθ − 2 cot(θ)e4β̂0 β̂0,θ+

e2γ̂0(γ̂0,t)2 − e2γ̂0Û0,θ(2β̂0,t − γ̂0,t) − e2γ̂0(Û0)2(2 cot(θ)β̂0,θ − (γ̂0,θ)2+

cot(θ)γ̂0,θ + 1) + e2γ̂0Û0(−2 cot(θ)β̂0,t + 2γ̂0,θγ̂0,t − cot(θ)γ̂0,t+

Û0,θ(−2β̂0,θ + γ̂0,θ + 2 cot(θ)) + Û0,θθ)+

e2γ̂0(Û0,θ)2 + e2γ̂0Û0,tθ + cot(θ)e2γ̂0Û0,t).

(A.2.18)

A.2.3 Explicit expressions for g(3)

Finally, we want to obtain g(3). To do this we extend our transformation in the coordinates
to O(ρ4)

r∗ → ρ+ b1(t, θ)ρ2 + c1(t, θ)ρ3 + d1(t, θ)ρ4

t → t+ α1(t, θ)ρ+ b2(t, θ)ρ2 + c2(t, θ)ρ3 + d2(t, θ)ρ4

θ → θ + α2(t, θ)ρ+ b3(t, θ)ρ2 + c3(t, θ)ρ3 + d3(t, θ)ρ4,

(A.2.19)

where αi, bi, ci are the functions already obtained from previous orders. As in the previous
orders, we obtain d1,2,3 by forcing the vanishing of the dρ terms, now at O(1/ρ). The
expressions for di are too long to be reported here but they can be found in Mathematica
file included in the arXiv submission of [52]. Using this transformation we can finally
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extract g(3)ab, which may be manipulated to the form (3.4.38) with U3,W3,G3 given by

U3 = 1
12
e−2(β̂0+γ̂0)[−12 cot3(θ) + 15 csc2(θ) cot(θ) + 72γ̂2

0,θ cot(θ)−

8β̂0,θθ cot(θ) − 30γ̂0,θθ cot(θ) − 24 cot(θ) − 32γ̂3
0,θ+

32β̂2
0,θ(cot(θ) − 2γ̂0,θ) + γ̂0,θ(−2(13 cos(2θ) + 2) csc2(θ) + 16β̂0,θθ+

36γ̂0,θθ) + β̂0,θ(−7 cot2(θ) + 92γ̂0,θ cot(θ) − 60γ̂2
0,θ + 48γ̂0,θθ + 24)−

8γ̂0,θθθ]Û2
0 + 1

12
e−2(β̂0+γ̂0)[−16β̂0,t cot2(θ) − 16γ̂0,t cot2(θ) − 9Û0,θθ cot(θ)+

32β̂0,θβ̂0,t cot(θ) + 48γ̂0,θβ̂0,t cot(θ) + 76β̂0,θγ̂0,t cot(θ) + 104γ̂0,θγ̂0,t cot(θ)−

8β̂0,tθ cot(θ) − 46γ̂0,tθ cot(θ) + 24β̂0,θÛ0,θθ + 6γ̂0,θÛ0,θθ−

Û0,θ(cot2(θ) + 12γ̂0,θ cot(θ) + 5 csc2(θ) + 32β̂2
0,θ − 12γ̂2

0,θ+

2β̂0,θ(cot(θ) − 18γ̂0,θ) − 8β̂0,θθ + 18γ̂0,θθ + 2) − 4Û0,θθθ + 8 csc2(θ)β̂0,t−

32γ̂2
0,θβ̂0,t − 64β̂0,θγ̂0,θβ̂0,t + 16γ̂0,θθβ̂0,t − 10 csc2(θ)γ̂0,t−

64β̂2
0,θγ̂0,t − 64γ̂2

0,θγ̂0,t − 88β̂0,θγ̂0,θγ̂0,t + 16β̂0,θθγ̂0,t + 20γ̂0,θθγ̂0,t + 24γ̂0,t+

16γ̂0,θβ̂0,tθ + 80β̂0,θγ̂0,tθ + 52γ̂0,θγ̂0,tθ − 16γ̂0,tθθ]Û0+
1
12
e−2(β̂0+2γ̂0)[3e2γ̂0(cot(θ) + 3β̂0,θ − 2γ̂0,θ)Û2

0,θ−

e2γ̂0(3Û0,θθ − 2(4(cot(θ) − 4β̂0,θ)β̂0,t + (5 cot(θ) + 2β̂0,θ − 2γ̂0,θ)γ̂0,t+

4β̂0,tθ − 5γ̂0,tθ))Û0,θ + 2(8e4β̂0 γ̂3
0,θ+

(8e2γ̂0Û0,t − 12e4β̂0 cot(θ))γ̂2
0,θ − 2(3e4β̂0 csc2(θ) + 2e4β̂0 + 8e2γ̂0 γ̂2

0,t+

8e4β̂0 β̂0,θθ + 6e4β̂0 γ̂0,θθ + 6e2γ̂0 cot(θ)Û0,t + 8e2γ̂0 β̂0,tγ̂0,t − 4e2γ̂0 γ̂0,tt)γ̂0,θ+

16e2γ̂0 cot(θ)γ̂2
0,t + 16e4β̂0 β̂2

0,θ(cot(θ) − 2γ̂0,θ) + 4e4β̂0 cot(θ)β̂0,θθ+

6e4β̂0 cot(θ)γ̂0,θθ + 4e4β̂0 β̂0,θθθ + 2e4β̂0 γ̂0,θθθ + 4e2γ̂0 cot2(θ)Û0,t−

2e2γ̂0 csc2(θ)Û0,t − 4e2γ̂0 γ̂0,θθÛ0,t + 4e2γ̂0Û0,θθβ̂0,t + 3e2γ̂0Û0,θθγ̂0,t+

16e2γ̂0 cot(θ)β̂0,tγ̂0,t − 2e2γ̂0 cot(θ)Û0,tθ + 8e2γ̂0 γ̂0,tβ̂0,tθ + 8e2γ̂0 β̂0,tγ̂0,tθ+

10e2γ̂0 γ̂0,tγ̂0,tθ − 2e2γ̂0Û0,tθθ − 8e2γ̂0 cot(θ)γ̂0,tt − 2β̂0,θ(2e4β̂0 csc2(θ) − 4e4β̂0+

7e2γ̂0 γ̂2
0,t − 8e4β̂0 β̂0,θθ + 4e2γ̂0 cot(θ)Û0,t − 8γ̂0,θ(e4β̂0 cot(θ) + e2γ̂0Û0,t)+

16e2γ̂0 β̂0,tγ̂0,t − 4e2γ̂0Û0,tθ − 8e2γ̂0 γ̂0,tt) − 4e2γ̂0 γ̂0,ttθ)]
(A.2.20)
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W3 = − 1
8
e−4β̂0(cot(θ) − 2γ̂0,θ)[− cot2(θ) + 4γ̂0,θ cot(θ) + 3 csc2(θ)+

8β̂0,θ(cot(θ) − 2γ̂0,θ) + 8γ̂0,θθ + 1]Û3
0 +

1
4
e−4β̂0 [Û0,θ(2 cot2(θ) − 8γ̂0,θ cot(θ) + csc2(θ) + 12γ̂2

0,θ+

8β̂0,θ(cot(θ) − 2γ̂0,θ) + 4γ̂0,θθ + 1) + 2{2(−2γ̂0,tθ(cot(θ) − 2γ̂0,θ)−

(cot(θ) − 2γ̂0,θ)2β̂0,t + (2 cot(θ)γ̂0,θ + 4β̂0,θ(cot(θ) − 2γ̂0,θ)+

2γ̂0,θθ + 1)γ̂0,t) − (cot(θ) − 2γ̂0,θ)Û0,θθ}]Û2
0 +

1
4
e−2(2β̂0+γ̂0)[−e2γ̂0(3 cot(θ) + 4β̂0,θ − 8γ̂0,θ)Û2

0,θ+

2e2γ̂0(Û0,θθ + 4(cot(θ) − 2γ̂0,θ)β̂0,t − 2 cot(θ)γ̂0,t − 8β̂0,θγ̂0,t + 8γ̂0,θγ̂0,t+

4γ̂0,tθ)Û0,θ + 2{8e4β̂0(cot(θ) − 2γ̂0,θ)β̂2
0,θ−

2(e4β̂0 cot2(θ) − 12e4β̂0 γ̂0,θ cot(θ) − 3e4β̂0 + e4β̂0 csc2(θ) + 8e4β̂0 γ̂2
0,θ+

4e2γ̂0 γ̂2
0,t − 4e4β̂0 γ̂0,θθ)β̂0,θ + e2γ̂0(Û0,t(cot(θ) − 2γ̂0,θ)2 + 2 cot(θ)γ̂2

0,t+

2Û0,θθγ̂0,t + 8 cot(θ)β̂0,tγ̂0,t − 16γ̂0,θβ̂0,tγ̂0,t − cot(θ)Û0,tθ + 2γ̂0,θÛ0,tθ+

8γ̂0,tγ̂0,tθ − 2 cot(θ)γ̂0,tt + 4γ̂0,θγ̂0,tt)}]Û0 + 1
4
e−2(2β̂0+γ̂0)[e2γ̂0Û3

0,θ−

4e2γ̂0(β̂0,t − γ̂0,t)Û2
0,θ + 2(−8e4β̂0 β̂2

0,θ + 4e4β̂0 cot(θ)β̂0,θ + e2γ̂0(2γ̂2
0,t−

8β̂0,tγ̂0,t − (cot(θ) − 2γ̂0,θ)Û0,t + Û0,tθ + 2γ̂0,tt))Û0,θ−

4{8e4β̂0 γ̂0,tβ̂
2
0,θ − 2e4β̂0(Û0,θθ + 2(2(cot(θ) − γ̂0,θ)γ̂0,t + γ̂0,tθ))β̂0,θ+

e2γ̂0 γ̂0,t((cot(θ) − 2γ̂0,θ)Û0,t + 4β̂0,tγ̂0,t − Û0,tθ − 2γ̂0,tt)}]

(A.2.21)
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G3 = 1
48
e−6β̂0 [−19 cot3(θ) + 18 csc2(θ) cot(θ) + 36γ̂2

0,θ cot(θ) + 16β̂0,θθ cot(θ)+

24γ̂0,θθ cot(θ) − 18 cot(θ) − 24γ̂3
0,θ − 64β̂2

0,θ(cot(θ) − 2γ̂0,θ)−

2γ̂0,θ(7 cot2(θ) + 2 csc2(θ) + 16β̂0,θθ + 2) − 8β̂0,θ(cot2(θ) + 8γ̂0,θ cot(θ)+

csc2(θ) + 12γ̂0,θθ + 5) + 16γ̂0,θθθ]Û3
0 +

1
48
e−6β̂0 [Û0,θ(−7 cot2(θ) + 84γ̂0,θ cot(θ) + 10 csc2(θ)+

64β̂2
0,θ − 36γ̂2

0,θ + 64β̂0,θ(cot(θ) − 3γ̂0,θ) − 16β̂0,θθ + 72γ̂0,θθ + 22)+

2(−4β̂0,t cot2(θ) − 7γ̂0,t cot2(θ) + 16β̂0,tθ cot(θ) + 24γ̂0,tθ cot(θ) + 4Û0,θθθ−

4 csc2(θ)β̂0,t − 48γ̂0,θθβ̂0,t − 20β̂0,t − 2 csc2(θ)γ̂0,t + 64β̂2
0,θγ̂0,t−

36γ̂2
0,θγ̂0,t − 16β̂0,θθγ̂0,t − 2γ̂0,t + 4γ̂0,θ(3Û0,θθ − 8 cot(θ)β̂0,t + 9 cot(θ)γ̂0,t−

8β̂0,tθ) − 8β̂0,θ(3Û0,θθ + 4(2(cot(θ) − 2γ̂0,θ)β̂0,t + cot(θ)γ̂0,t + 3γ̂0,tθ))+

24γ̂0,tθθ)]Û2
0 +

1
48
e−2(3β̂0+γ̂0)[−3e2γ̂0(cot(θ) + 16β̂0,θ − 10γ̂0,θ)Û2

0,θ + 4e2γ̂0(6Û0,θθ+

4(3 cot(θ) + 8β̂0,θ − 10γ̂0,θ)β̂0,t + 15 cot(θ)γ̂0,t − 24β̂0,θγ̂0,t − 18γ̂0,θγ̂0,t−

8β̂0,tθ + 24γ̂0,tθ)Û0,θ − 4(8e4β̂0 γ̂3
0,θ − 12e4β̂0 cot(θ)γ̂2

0,θ+

2(2e4β̂0 cot2(θ) − 4e2γ̂0Û0,t cot(θ) − 5e4β̂0 csc2(θ) − 16e2γ̂0 β̂2
0,t+

9e2γ̂0 γ̂2
0,t − 8e4β̂0 β̂0,θθ − 6e4β̂0 γ̂0,θθ − 5e2γ̂0Û0,tθ + 4e2γ̂0 β̂0,tt)γ̂0,θ+

16e2γ̂0 cot(θ)β̂2
0,t − 9e2γ̂0 cot(θ)γ̂2

0,t + 16e4β̂0 β̂2
0,θ(cot(θ) − 2γ̂0,θ)+

4e4β̂0 cot(θ)β̂0,θθ + 6e4β̂0 cot(θ)γ̂0,θθ + 4e4β̂0 β̂0,θθθ + 2e4β̂0 γ̂0,θθθ − 5e2γ̂0Û0,t−

e2γ̂0 cot2(θ)Û0,t − e2γ̂0 csc2(θ)Û0,t − 12e2γ̂0 γ̂0,θθÛ0,t + 12e2γ̂0Û0,θθβ̂0,t−

2e2γ̂0Û0,θθγ̂0,t + 16e2γ̂0 cot(θ)β̂0,tγ̂0,t + 2e2γ̂0 cot(θ)Û0,tθ + 16e2γ̂0 γ̂0,tβ̂0,tθ+

48e2γ̂0 β̂0,tγ̂0,tθ − 4e2γ̂0Û0,tθθ − 4e2γ̂0 cot(θ)β̂0,tt − 6e2γ̂0 cot(θ)γ̂0,tt−

2β̂0,θ(7e4β̂0 cot2(θ) + 8e2γ̂0Û0,t cot(θ) + 3e4β̂0 − 5e4β̂0 csc2(θ) − 8e4β̂0 β̂0,θθ−

8γ̂0,θ(e4β̂0 cot(θ) + 2e2γ̂0Û0,t) + 32e2γ̂0 β̂0,tγ̂0,t − 6e2γ̂0Û0,tθ − 12e2γ̂0 γ̂0,tt)−

12e2γ̂0 γ̂0,ttθ)]Û0+
1
48
e−2(3β̂0+γ̂0)[e2γ̂0(Û3

0,θ − 2(16β̂0,t + 5γ̂0,t)Û2
0,θ − 4(−16β̂2

0,t+

16γ̂0,tβ̂0,t + 9γ̂2
0,t + 2(2 cot(θ) + 2β̂0,θ − 5γ̂0,θ)Û0,t − 4Û0,tθ + 4β̂0,tt−

6γ̂0,tt)Û0,θ + 8(−3γ̂3
0,t + 16β̂2

0,tγ̂0,t + Û0,tθγ̂0,t − 4β̂0,ttγ̂0,t+

Û0,θθÛ0,t − 6β̂0,tÛ0,tθ + Û0,t(6(cot(θ) − 2γ̂0,θ)β̂0,t+

(cot(θ) − 4β̂0,θ)γ̂0,t + 6γ̂0,tθ) − cot(θ)Û0,tt + 2γ̂0,θÛ0,tt − 12β̂0,tγ̂0,tt + Û0,ttθ+

2γ̂0,ttt)) − 4e4β̂0{−2(4(csc2(θ) + 4β̂2
0,θ − γ̂2

0,θ − 2 cot(θ)β̂0,θ+

cot(θ)γ̂0,θ + 2β̂0,θθ + γ̂0,θθ)γ̂0,t + 2(cot(θ) − 4β̂0,θ)β̂0,tθ−

cot(θ)γ̂0,tθ + 2γ̂0,θγ̂0,tθ − 2β̂0,tθθ − γ̂0,tθθ)}]
(A.2.22)



202 Appendix A. Appendices for chapter 3

where all of the metric coefficients are functions of (t, θ) (as indicated by the hats over the
functions).

A.3 Logarithmic terms in the presence of matter

In this appendix we explore how matter can affect the asymptotic expansions, inducing
logarithmic terms that are related to conformal anomalies. The latter is well-understood
within the context of holography (see [60]). When logarithmic terms in the asymptotic
solutions appear then the on-shell gravitational action also has closely logarithmic diver-
gences1. The presence of such divergences implies that the theory depends not only on
the conformal class fixed at the conformal boundary but also on the specific representa-
tive picked: there is a conformal anomaly. Via AdS/CFT this anomaly should match a
corresponding quantum anomaly in the dual QFT (and it does [58, 60]). In the context
of Bondi gauge analysis for Λ ̸= 0, it was noted in [48] that the metric functions acquire
logarithmic contributions given specific fall-off conditions on the bulk stress energy tensor,
and we now explain how such terms emerge.

Using the Fefferman-Graham gauge (5.1.1), the fall-off conditions on the bulk stress
energy tensor that lead to logarithmic terms in the metric expansions in [48] are

Tρρ ∼ ρ; Tab ∼ ρ. (A.3.1)

This can be understood easily from the Einstein equations in this gauge. The (ρρ) equation
is

− ρ

4
Tr(g−1g,ρ)2 + ρ

2
Tr(g−1g,ρρ) − 1

2
Tr(g−1g,ρ) = ρT̄ρρ (A.3.2)

where T̄µν is the trace adjusted bulk stress tensor and the subscript denotes a derivative;
the trace is over the indices (a, b). The (ab) equations are

−1
2

Tr(g−1g,ρ)gab − (gab),ρ (A.3.3)

+ρ
(1

2
(gab),ρρ − 1

2
(g,ρg−1g,ρ)ab − R̂ab + −1

4
Tr(g−1g,ρ)(gab),ρ

)
= ρT̄ab,

where R̂ab is the Ricci curvature of gab. We do not give the (ρa) equations as we will not
need them below.

1The logarithmic terms both in the on-shell action and the asymptotic solution are local functions of
the fields specifying the boundary conditions for gravity coupled to matter. The logarithmic term in the
asymptotic solution of a given field is given by the functional derivative of the on-shell logarithmic term
w.r.t. the corresponding boundary condition [60].
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In the absence of a bulk stress tensor these equations admit asymptotic solutions with

gab = g(0)ab + g(2)abρ
2 + g(3)abρ

3 + · · · (A.3.4)

where g(2) is determined by the curvature of g(0) and g(3) is traceless and divergenceless.
(The tracelessness of g(3) follows from differentiating (A.3.2) and (A.3.3) with respect to
ρ and then setting ρ → 0.) If we now impose the falloff conditions above:

T̄ρρ = T̄(1)ρρρ+ · · · T̄ab = T̄(1)abρ+ · · · (A.3.5)

then the asymptotic expansion is modified to

gab = g(0)ab + g(2)abρ
2 + (g(3)ab + h(3)ab log ρ)ρ3 + · · · (A.3.6)

with
Tr(g−1

(0)h(3)) = 0; Tr(g−1
(0)g(3)) = 2

3
T̄(1)ρρ (A.3.7)

and
h(3)ab = 2

3
T̄(1)ρρg(0)ab + 2

3
T̄(1)ab. (A.3.8)

Note that self consistency requires that

T̄(1)ρρ + 1
3
gab(0)T̄(1)ab = 0. (A.3.9)

The (ρa) equations determine the divergence of g(3) and h(3); apart from the trace and
divergence constraints, g(3) remains undetermined by the field equations and describes the
energy momentum tensor of the dual theory.

Thus the falloff conditions (A.3.5) imposed on the bulk stress tensor induce logarithmic
terms in the asymptotic expansion, along with non-zero trace and divergence of g(3). Such
effects are associated with conformal anomalies.

An explicit example of bulk matter that induces such a conformal anomaly is the follow-
ing. Consider a bulk scalar field ϕ of mass m2 = −2, corresponding to a scalar operator
of dimension two in the conformal field theory, and let the field have a cubic interaction
i.e. the field equation is

(□ + 2)ϕ = λϕ2 (A.3.10)

where λ is the cubic coupling. The asymptotic expansion of the field ϕ is of the form

ϕ = ϕ(1)ρ+ · · · (A.3.11)

where ϕ(1)(x) is the source for the dual operator in the field theory. The cubic interaction
induces terms of the form (A.3.5) in the bulk stress tensor, and hence logarithmic terms
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h3) and non-zero trace and divergence of g(3). These are associated with a conformal
anomaly in the dual stress energy tensor of the form

gab(0)⟨Tab⟩ ∼ λϕ3
(1). (A.3.12)

It follows that there is a conformal anomaly associated with the 3-point function of the
operator of dimension 2, in agreement with the QFT analysis in [229].

A.4 Equivalence of Bondi and Abbott-Deser masses in asymp-
totically AdS spacetimes

In this appendix we will show that our candidate for the Bondi mass (3.4.56) agrees with
the well-known Abbott-Deser mass [230] in asymptotically AdS spacetime. We recall that
the Abbott-Deser mass is defined relative to a reference background spacetimes which
for asymptotically AdS spacetimes is taken to be pure AdS. Specifically, we write the
spacetime metric gµν as

gµν = ḡµν + hµν (A.4.1)

where ḡµν is the metric of pure AdS4 and hµν is a perturbation chosen such that gµν solves
(2.1.4) and hµν vanishes at I . Note that the vanishing condition at I ensures that gµν
is asymptotically AdS as it has the same conformal structure induced at I as ḡµν , the
metric for pure AdS4. In this appendix we will restrict our attention to Λ < 0 and Tµν = 0.
We will use the normalisation of l = 1 (Λ = −3) which can of course be reintroduced via
dimensional analysis.

We first recall the definition of the Abbott-Deser energy-momentum for asymptotically
AdS spacetimes as given in [230] (using units where G = 1):

E[ξ̄] = 1
8π

lim
Sa→Ia

∮
dSa

√
−ḡ[D̄βK

taνβ −KtbνaD̄b]ξ̄ν (A.4.2)

where the integral is taken over a spacelike 2-surface at the conformal boundary I . ξ̄ is a
Killing vector associated with the background metric ḡµν (which is also used to raise and
lower indices) and D̄µ its associated covariant derivative operator. In the equation above
we continue to use the convention that Greek indices β, ν run over all spacetime values
and Roman indices a, b over spatial values (the index t is of course the time coordinate).
The rank four tensor K is known as the superpotential and is given by

Kµανβ = 1
2

[ḡνβHνα + ḡναHµβ − ḡµνHαβ − ḡαβHµν ] (A.4.3)
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where
Hµν = hµν − 1

2
gµνhαα. (A.4.4)

In order to compute the Abbott-Deser mass we follow the prescription of [230] and
evaluate (A.4.2) when ξ̄ is a timelike Killing vector, namely

ξ̄µ = −
(
∂

∂t

)µ
= (−1, 0). (A.4.5)

To evaluate this integrand (and to make connection with our earlier discussion of the
Bondi mass) we will work in the Fefferman-Graham gauge. We note that we have

ḡµνdx
µdxν = dρ2

ρ2 + 1
ρ2

(
g(0)ab + ρ2g(2)ab + ρ4g(4)ab

)
dxadxb (A.4.6)

where the terms in the expansion on the RHS have the line-elements

ds2
(0) = −dt2 + dΩ2

ds2
(2) = 1

2
(−dt2 − dΩ2)

ds2
(4) = 1

16
(−dt2 + dΩ2)

(A.4.7)

(g(0) and g(2) were already given in equations (3.4.17) and (3.4.18) respectively). Enforcing
the requirements that gµν solves the field equations and hµν vanishes at I , the most
general form for hµν is

habdx
adxb = ρg(3)abdx

adxb + O(ρ2) (A.4.8)

where g(3) is given by (3.4.42) and we note that the Fefferman-Graham gauge forces
hρµ = 0. The higher order terms do not contribute to the Abbott-Deser mass (they
vanish in the limit to I ), so we focus on the g(3) term.

With the coordinates, timelike Killing vector and perturbation specified, we are ready
to compute the Abbott-Deser mass. In Fefferman-Graham coordinates the limit in (A.4.2)
simply becomes ρ → 0 (recall I = {ρ = 0}) and we can apply formulae (A.4.6)-(A.4.7) for
the background metric and (A.4.8) for the perturbation in order to write the superpotential
(A.4.3) and thus the Abbott-Deser mass. Explicitly the Abbott-Deser mass, MAD, is given
by

MAD = 1
8π

lim
Sa→Ia

∮
dSam

a (A.4.9)

with
ma =

√
−ḡ[D̄βK

taνβ −KtbνaD̄b]ξ̄ν . (A.4.10)

Given that we are working in the Fefferman-Graham gauge, the only component which we



206 Appendix A. Appendices for chapter 3

will need in order to compute MAD is mρ:

mρ =
(
ρ4 + 48

)
sin θŴ3(t, θ)

12 (ρ2 − 4)
(1 + O(ρ)) (A.4.11)

Taking the limit to I gives

MAD = 1
8π

lim
ρ→0

∮
dSρm

ρ

= − 1
8π

∫ 2π

0
dϕ

∫ π

0
dθ Ŵ3(t, θ) sin θ

= 1
4π

∫
S2
mB(t, θ) = MB

(A.4.12)

where in going from the second to the third line we have used the relationship (3.4.43)
to rewrite the integral in terms of the Bondi mass aspect. Thus we have shown that the
Bondi and Abbott-Deser masses are the same for asymptotically AdS spacetimes.



APPENDIX B

Appendices for chapter 5

B.1 Fefferman-Graham terms in de-Sitter

In this appendix we present the long expressions which result in the Fefferman-Graham
expansion of an asymptotically locally dS Bondi-Sachs metric. For the duration of this
section we have used the normalisation of ldS = 1.

207
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B.1.1 g̃(2)ab

Here we present the g(2) term in the expansion component by component

g(2)t̃t̃ = − 1
2
e2γ0−4β0U4

0 + 1
2
e2γ0−4β0γ2

0,θU
4
0 − e2γ0−4β0 cot(θ)β0,θU

4
0 −

3
2
e2γ0−4β0 cot(θ)γ0,θU

4
0 + 2e2γ0−4β0β0,θγ0,θU

4
0 − e2γ0−4β0γ0,θθU

4
0 +

e2γ0−4β0U0,θβ0,θU
3
0 − 3

2
e2γ0−4β0U0,θγ0,θU

3
0 − 1

2
e2γ0−4β0U0,θθU

3
0 +

abe2γ0−4β0 cot(θ)β0,t̃U
3
0 − 2abe2γ0−4β0γ0,θβ0,t̃U

3
0 +

3
2
abe2γ0−4β0 cot(θ)γ0,t̃U

3
0 − 2abe2γ0−4β0β0,θγ0,t̃U

3
0 − abe2γ0−4β0γ0,θγ0,t̃U

3
0 +

2abe2γ0−4β0γ0,t̃θU
3
0 + cot2(θ)U2

0 − csc2(θ)U2
0 − 1

2
e2γ0−4β0U2

0,θU
2
0 − 2β2

0,θU
2
0 +

3
2
γ2

0,θU
2
0 + 1

2
e2γ0−4β0γ2

0,t̃U
2
0 − 2 cot(θ)β0,θU

2
0 − 3 cot(θ)γ0,θU

2
0 + 4β0,θγ0,θU

2
0 −

β0,θθU
2
0 − 3

2
γ0,θθU

2
0 − 1

2
abe2γ0−4β0 cot(θ)U0,t̃U

2
0 + abe2γ0−4β0γ0,θU0,t̃U

2
0 −

abe2γ0−4β0U0,θβ0,t̃U
2
0 + 1

2
abe2γ0−4β0U0,θγ0,t̃U
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0 + 2e2γ0−4β0β0,t̃γ0,t̃U
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0 +

1
2
abe2γ0−4β0U0,t̃θU

2
0 − e2γ0−4β0γ0,t̃t̃U

2
0 + U0,θβ0,θU0 − 3

2
U0,θγ0,θU0−

1
2
U0,θθU0 − ab cot(θ)β0,t̃U0 + 8abe−2β0+2(β0−γ0)+2γ0β0,θβ0,t̃U0−

8abβ0,θβ0,t̃U0 + 5
2
ab cot(θ)γ0,t̃U0 − 4abβ0,θγ0,t̃U0 − abγ0,θγ0,t̃U0+

2abγ0,t̃θU0 − 1
2
e4β0−2γ0 − 1

2
U2

0,θ − 2e4β0−2γ0β2
0,θ + e4β0−2γ0γ2
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2
γ2

0,t̃−

e4β0−2γ0 cot(θ)β0,θ − 3
2
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1
2
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2
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(B.1.1a)



B.1. Fefferman-Graham terms in de-Sitter 209

2g(2)t̃θ = − abe2γ0−4β0U3
0 + abe2γ0−4β0γ2

0,θU
3
0 − 2abe2γ0−4β0 cot(θ)β0,θU

3
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3abe2γ0−4β0 cot(θ)γ0,θU
3
0 + 4abe2γ0−4β0β0,θγ0,θU

3
0 − 2abe2γ0−4β0γ0,θθU

3
0 +

2abe2γ0−4β0U0,θβ0,θU
2
0 − 3abe2γ0−4β0U0,θγ0,θU

2
0 − abe2γ0−4β0U0,θθU

2
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2e2γ0−4β0 cot(θ)β0,t̃U
2
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2
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2
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2
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2
0 + 2e2γ0−4β0β0,θγ0,θU

2
0 − e2γ0−4β0γ0,θθU
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g(2)ϕϕ =1
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with all other components zero.

B.1.2 g̃(3)ab

The printout for the g̃(3) component is excessively long and the formulae span several
pages of this document. Instead of printing them here we refer the reader to the supple-
mentary MATHEMATICA file (‘BS_AdS_dS_continuatiuon_FG.nb’), which contains the
full expressions for g̃(3)
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