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by Xiaohang Ren

A large number of spatio-temporal data with sophisticated structures exist in
all kinds of disciplines such as energy research, environmental sciences, urban eco-
nomics, etc. Nonlinear modelling of such spatio-temporal data is often a challenge,
with irregularly observed locations and location-wide non-stationarity (c.f., Lu
et al., 2009; Al-Sulami et al., 2017a). This thesis sheds new light on both theoreti-
cal investigation into the spatio-temporal model with varying coefficient structure
and empirical application to the complex dynamic nature of spatio-temporal data

in energy market.
The main contributions of the thesis are as following:

(1) Chapter 2 empirically investigates the dynamic integrations or linkages of the
USA’s natural gas markets at the state level in a holistic manner by proposing
a spatio-temporal network quantile analysis. This chapter empirically finds that
spatial neighbouring effects significantly exist among the natural gas markets, not
only in the eastern and middle states but also in some western and southwest
states, and so do the dynamic linkages to the national crude oil market for the
natural gas markets in the southern and eastern states, which are heterogeneous at
different quantile levels. The empirical findings can help investors to hedge against
the energy price risks in maximizing profits and local industry and government to
mitigate the negative impacts from the expected or unexpected fluctuations in the

national oil and the neighbouring natural gas markets.

(2) In Chapter 3, we are mainly concerned with the nonlinear modelling of econo-
metric time series data from the view point of quantile regression. Specifically,
we consider quantile regression for a (strictly) stationary time series that is near
epoch dependent (NED). It is an extension of the work of Welsh (1996) and Yu and
Jones (1998) under i.i.d. samples to econometric time series. Our asymptotic nor-
mality result generalizes Lu et al. (1998), Honda (2000) and Hallin et al. (2009a)

who obtained Bahadur representations with different conditions under a-mixing
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dependence to a more widely applicable family of data generating processes of
near epoch dependence. It also lays the foundation for establishing asymptotic

properties of nonlinear quantile modelling for spatio-temporal data under NED.

(3) In Chapter 4, we propose a semiparametric family of Dynamic Functional-
coefficient Autoregressive Spatio- Temporal (DyFAST) models to address the mod-
elling and analysis of spatio-temporal data, Y;(s;),t =1,...,Tandi=1,2,--- | N,
featuring non-stationarity over irregular locations in space. It is a useful exten-
sion and combination of spatial autoregressive models (Ord, 1975; Gao et al.,
2006; Kelejian and Prucha, 2010; Su and Jin, 2010) and varying coefficient models
(Zhang and Fan, 1999; Wang and Xia, 2009; Zhang et al., 2009) as well as Al-
Sulami et al. (2017a, 2019). To model the dynamic spatial neighbouring temporal-
lagged effects with the irregular locations, we consider using spatial weight matrix
pre-specified either by experts or by the prior information of spatial locations,
which is popular in spatial econometrics. Moreover, both one-step and two-step
estimation methods are proposed to estimate the functional coefficients in DyFAST
models. Accordingly, different semiparametric smoothing estimation procedures
are suggested. Both theoretical properties and Monte Carlo simulations are inves-
tigated. Our empirical applications to energy market data sets further illustrate

the usefulness of the models.

(4) In Chapter 5, we propose a semiparametirc spatio-temporal quantile model to
further study the dynamic nature of non-normal spatio-temporal data. The quan-
tile estimators are more robust than the mean estimators considered in Chapter 4
for non-normal spatio-temporal data. Moreover, this approach can provide more
information about the dynamic spatial effects at different quantile levels. Both
theoretical asymptotic properties and Monte Carlo simulations for our model are
established.



Contents

Declaration of Authorship Xi
Acknowledgements xiii
1 Introduction 1
1.1 Research Context and Background . . . . .. ... ... ... .... 1
1.2 Literature Review . . . . . . . .. ... o 3
1.2.1 Quantile regression . . . . . . ... .. ... 3

1.2.2  Spatio-temporal model . . . . . . ... oo )

1.2.3 Spatial weight matrix . . . . . . ... ... ... 7

1.2.3.1 Binary-based weight matrix . . . . .. .. .. ... 7

1.2.3.2 Distance-based weight matrix . . . . .. ... ... 8

1.3 Structure of the Thesis . . . . . . . .. ... ... ... ... 10

2 On Dynamic Linkages of the State Natural Gas Markets in the
USA: Evidence from an Empirical Spatio-temporal Network Quan-

tile Analysis 11
2.1 Background . . . .. ... 11
2.2 Literature Review . . . . . . . . ... ... ... ... 12
2.3 Data and Methodology . . . . . .. .. .. ... L. 15
23.1 Data . ... ... . 15
2.3.2 Methodology . . . . .. ..o 18
2.4 Empirical Findings . . . . . .. .. ..o 20
2.4.1 Global spatial autocorrelation analysis . . . . . . ... ... 20
2.4.2  Empirical results of spatio-temporal network quantile econo-
metric modelling . . . . ... oo 23
2.4.3 Discussions . . . . . . ... 28
2.5 Conclusions . . . . . . . . . ... 32
2.6 Appendix . .. ... 36
3 Local Linear Quantile Regression for Time Series under Near
Epoch Dependence 43
3.1 Introduction . . . . . . . . .. ... 43
3.2 Local Linear Quantile Regression Estimators . . . . . . . .. .. .. 45
3.2.1 Notation and main assumption . . . . ... ... ... ... 45



vi CONTENTS
3.2.2  Local linear fitting of quantile regression function . . . . . . 48
3.3 Asymptotic Behaviours . . . . ... ... 0oL 49
3.3.1 Bahadur representation . . . . . . ... ... 49
3.3.2  Asymptotic normality . . . ... ... 50
3.4 Numerical Results . . . . . ... ... ... .. ... ... ..., 53
3.4.1 Simulation . . . . . ... 53
3.4.2  An empirical application . . . . .. ... ... 56
3.5 Conclusions . . . . . . . . . . . ... e 61
3.6 Appendix . . . ... 62
4 On Semiparametric Smoothing of DyFAST for Location-wide Non-
stationary Spatio-Temporal Data 83
4.1 Introduction . . . . . . . . .. ... 83
4.2 Dynamical Functional-coefficient Autoregressive Spatio-Temporal
(DyFAST) Models . . . . . .. ... 85
4.3 Estimation . . . . . . . .. ... 87
4.3.1 One-step estimation method . . . . . . ... ... ... ... 88
4.3.2 Asymptotic property . . . . . .. ... 88
4.3.3 Bandwidth and Order Selection . . . . ... ... ... ... 92
4.3.4 Discussion on comparison with a two-step procedure . . . . 93
4.4 Discussion . . . . . . ... 96
4.5 Simulation Study . . . . . ... 98
4.6 Real Data Example . . . . . . .. ... ... ... ... 103
4.6.1 Background . . . . ... ... 103
4.6.2 Data . . . .. .. 104
463 Result . ... .. ... 105
4.7 Conclusions . . . . . . . . 112
4.8 Appendix . . ... 113
5 Semiparametric Dynamic Varying Coefficients Spatio-temporal
Quantile Regression 135
5.1 Introduction . . . . . . . .. ... 135
5.2 Modelling Procedure . . . . . . .. ... o 136
5.3 Asymptotic Theory . . . . . . . . ... 138
5.4 Simulation Study . . . ... oo 141
5.5 Real Data Example . . . . . ... ... o000 145
5.6 Conclusions . . . . . . .. Lo 150
5.7 Appendix . . ... 151
6 Conclusion and Outlook 161

References 165



List of Figures

1.1

2.1
2.2

2.3
24
2.5
2.6
2.7

2.8
29

2.10

3.1

3.2

3.3

3.4
3.5

4.1
4.2
4.3
4.4
4.5
4.6
4.7

Contiguity criteria in a regular square lattice grid . . . . . .. . .. 8
The time-series plots of the monthly WTTI price data . . . . . . .. 15
Spatial Distributions of Natural Gas Prices: Mean and Standard

Deviation . . . . . . . . .. 21

Scatter plot of spatial neighbouring effects of 48 states in the U.S. . 23

Maps of influence coefficients of spatial neighbouring effects. . . . . 25
Maps of influence coefficients of autoregressive effects. . . . . . . .. 26
Maps of influence coefficients of oil price effects. . . . . . . . .. .. 27

Maps of the effects of the long-run relationship of the WTI crude
oil and Henry Hub natural gas prices on the state-level natural gas
price returns. . . . ... ..o oo 28
Region to region capacity map of natural gas in the U.S. in 2016 . . 32
The effects of driving forces on natural gas price returns in six typ-

ical states. . . . . . .. 33
The effects of driving forces on natural gas price returns in other
typical states. . . . . . ... 34
Comparison of mean of 100 median and mean estimates of ¢(-) for
sample size 100 and 500 . . . . . . ... 55
Boxplots of the local linear fitting for the median regression and
mean regressiOn . . . . . v v v v v e e e e e e e 56
Boxplots of squared estimation error of mean regression and median
regression estimation . . . . ... ..o oL o L o7
WTT crude oil and carbon future daily prices . . . . . . ... .. .. 58

Nonparametric quantile regression for the relationship between daily
return of WTT crude oil price and carbon future price, from 27th

July 2015 to 15th May 2017 with 454 observations. . . . . .. . .. 59
Boxplots of 100 times SEE for the estimation of 8;(-) I . . . . . .. 99
Boxplots of 100 times SEE for the estimation of §;(-) II . . . . . .. 100
Boxplots of 100 times SEE for the estimation of combining weight . 100
Simulation results: the mean in 100 replications . . . . . . .. . .. 101
Boxplots of 100 times SEE for the estimation of §;(-) IIT . . . . . . 102

Boxplots of 100 times SEE for the estimation of combining weight 11 102

The impacts of Brent crude oil price return on diesel price returns
in 23 EU countries by DyFAST with Wy and W, . . . . . . . . .. 107

vil



viii LIST OF FIGURES
4.8 The impacts of Brent crude oil price return on diesel price returns
in 23 EU countries by DyFAST with combined weight matrix. . . . 107
4.9 The impacts of Brent crude oil price return on diesel price returns
in 23 EU countries by DyFAST with Wy, . . . . . . .. .. ... . 109
4.10 Three EU country groups based on the results of DyFAST with W5. 109
5.1 Boxplots of 100 times mean squared estimation error for the esti-
mation of £;(-) . . . ... 143
5.2 Boxplots of 100 times estimation of conditional median quantile
estimation . . . . . . ... Lo L 143
5.3 Simulation results: the mean of 100 replications at location + =1. . 144
5.4 The results of semiparametric varying coefficients spatio-temporal
quantile regression . . . ... Lo Lo oo 148
5.5 The results of DyFAST . . . . . . . .. ... .. ... ... 149



List of Tables

2.1

2.2
2.3
24
2.5
2.6
2.7
2.8
2.9
2.10

3.1
3.2

4.1
4.2
4.3
4.4
4.5

5.1
5.2

The test statistics for monthly natural gas prices of 48 states and

Henry hub . . . . . . .. oo 16
The Moran’s I test result . . . . .. .. ... ... ... .. .... 22
The AIC values for different pairs of orders for the 48 states . . . . 24
The estimation result for cointegration test . . . . . . .. ... .. 25
The estimation results for the 0.1-level quantile . . . . . . . .. .. 37
The estimation results for the 0.25-level quantile . . . . . . . . . .. 38
The estimation results for the 0.5-level quantile . . . . . .. .. .. 39
The estimation results for the 0.75-level quantile . . . . . . . . . .. 40
The estimation results for the 0.9-level quantile . . . . . . . .. .. 41
The Wald tests for the equality of slopes . . . . .. ... ... ... 42
Estimation results of ARMA-GARCH . . . . ... ... .. ..... 58
Results of quantile prediction error for three methods . . . . . . .. 59
Descriptive statistics for data. . . . . . . ... ... .. ..., 104
Akaike Information Criterion with correction (AICc) . . . . .. .. 105
Country Groups . . . . . . . o v i v e 110
Comparison of forecasting results I . . . . .. ... ... ... ... 111
Comparison of forecasting results IT . . . . . . ... ... ... ... 111
Normality Tests for data. . . . . . . . . .. ... ... ... ... .. 146
Comparison of prediction results . . . . . . . . ... ... ... ... 150

1X






Declaration of Authorship

I, Xiaohang Ren , declare that the thesis entitled Nonlinear Spatio-temporal Mod-
elling Theory with Application and the work presented in the thesis are both my
own, and have been generated by me as the result of my own original research. I

confirm that:

e this work was done wholly or mainly while in candidature for a research

degree at this University;

e where any part of this thesis has previously been submitted for a degree or
any other qualification at this University or any other institution, this has

been clearly stated;

e where I have consulted the published work of others, this is always clearly
attributed;

e where I have quoted from the work of others, the source is always given.

With the exception of such quotations, this thesis is entirely my own work;
e [ have acknowledged all main sources of help;

e where the thesis is based on work done by myself jointly with others, I have
made clear exactly what was done by others and what I have contributed

myself;

e parts of this work have been published as: Xiaohang Ren, Zudi Lu, Cheng
Cheng, Yukun Shi, Jian Shen. On dynamic linkages of the state natural gas
markets in the USA: Evidence from an empirical spatio-temporal network

quantile analysis. Energy Economics, 2019, 80: 234-252.[Chapter 2]

e One academic paper is available on-line in the SSRN eLibrary: Ren, Xiao-
hang and Lu, Zudi, Local Linear Quantile Regression for Time Series under
near epoch dependence. Available at SSRN: https://ssrn.com/abstract=3555740.
[Chapter 3]

X1


mailto:X.Ren@soton.ac.uk

xii LIST OF TABLES

S P 3 S

Date: 29/9/2020



domrx
打字机
29/9/2020


Acknowledgements

Throughout my 4 year PhD study at Southampton, I have to say, without the
help, guidance, support and encouragement of my supervisors, Prof. Zudi Lu and
Prof. Wei Liu, it would have been impossible for me to fulfil this task. I would like
to express my heartfelt thanks to Zudi, who guides me to the spatio-temporal and
semi- and non-parametric world. We always have long meetings which inspire me
with new research ideas. I am also grateful to Prof. Wei for providing comments

on my researches, and for the help and guidance during my time as a PhD student.

Doing a PhD is a lengthy and lonely journey. I would like to thank all my friends
in the UK and China, who have accompanied and supported me during the past
four years. My life would be significantly different without the following profes-
sors, colleagues and friends: Dr.Cheng Cheng, Dr.Kun Duan, Dr.MingMing Liu,
Dr.Yukun Shi, Dr.Cheng Yan, Dr.Dan Yan, Prof.Tapas Mishra, Prof.Zhen Wang,
Prof. Rongmao Zhang, Lizhu Tao, Jian Shen and many significant others. In
addition, I would like to thank all the staff of the School of Mathematics Science
for their help and support.

Finally, I owe my deepest gratitude to my beloved parents, Zhenpeng Ren and
Lanting Wu, and my little brother, Hengyi Ren. Their love and encouragement

have provided the strong support that has enabled me to finish this thesis.

xiil






Chapter 1

Introduction

1.1 Research Context and Background

A large number of spatio-temporal data with sophisticated structures exist in
all kinds of disciplines such as energy research, environmental sciences, urban
economics, etc. To measure spatial neighbouring effects and horizontal dimension
of transmission effect, spatio-temporal models have been widely used in a variety
of fields (Fingleton, 2008; Holly et al., 2010; Auffhammer and Carson, 2008; Yu,
2012). In this project, the main objective is to develop statistical methods for
temporal and spatial regression modellings with application to regional energy

data analysis.

In the large majority of the literature on energy issues, the analyses typically
do not take into account cross-market impacts and neglect spatial neighbouring
effects. However, the dis-equilibria of prices in neighbouring regions or countries
can affect the local energy price. For example, it is well-known that cross-country
purchases of petroleum products is a common phenomenon in EU because of the
differences in energy taxation (Wlazlowski et al., 2009). Due to this phenomenon,

the local price is strongly related to the petroleum prices in nearby locations.

From a methodological perspective, the existing research has three main draw-
backs. First, most literature considers the parametric models, such as time series
models, cointegration models and vector autoregressive (VAR) models, etc. A
drawback with parametric models is the possible bias of the specified model from
the underlying relationship (Fan and Yao, 2003). As the relationship between en-

ergy markets has become increasingly complex, the problem that has arisen is that

1



2 Chapter 1 Introduction

parametric models may be biased and cannot uncover the underlying relationship

well.

Second, most studies typically do not take into account price shock propagation
and cross-market impacts. They neglected the dis-equilibria in neighbouring re-
gions or countries that can affect the home region or country’s energy markets. In
other words, these studies do not consider the horizontal (multinational) dimen-
sion of transmission effect. For example, technological breakthroughs and policy
changes (e.g., deregulation) have changed integrated monopoly American natu-
ral gas market into separate regional markets in recent years (Park et al., 2008).
However, due to the significant differences in resources volumes and energy con-
sumptions among different states in the USA, a well-developed pipeline system
has been built to connect the natural gas markets of each state (Cuddington and
Wang, 2006). In addition, the law of one price, holding in regional natural gas
markets, contributes to the price interactions among natural gas spot markets
(Park et al., 2008). Therefore, the natural gas market in a state may be strongly
related to the natural gas markets in nearby states. These changes invite the re-
search question addressed here: what is the relationship among regional natural
gas markets in the current era, dependent or segmented? How does the national
crude oil market impact the regional natural gas markets? Although there is a
body of empirical literature analysing the gasoline price dispersion using gas sta-
tion level data (Clemenz and Gugler, 2006; Yilmazkuday and Yilmazkuday, 2016),
the study of spatial linkages in regional natural gas markets has essentially been

overlooked.

Third, most of spatial models with energy data assume normality for variables.
However, some energy price data may be non-Gaussian and have obvious peak
and fat tails (Hung et al., 2008). Correctly estimating the tail behaviour of dis-
tributions is of crucial importance in the energy risk management and has policy
implications. Quantile approach, therefore, can offer more information of oil or
natural gas prices in specific market circumstances, such as the lower, upper and
intermediate quantile markets. These are interesting for policymakers to know

what will happen at the extreme energy prices.

In this research, we will, therefore, be concerned with statistical inference of spatio-
temporal data in energy markets, developing novel semiparametric spatio-temporal
mean and quantile models, and applying the theoretical results for empirically

modelling real spatio-temporal data.



Chapter 1 Introduction 3

1.2 Literature Review

1.2.1 Quantile regression

The classical least squares regression has been one of the most widely used statisti-
cal methods in data analysis for many years. The reason is that the interpretation
of least squares method is consistent with the intuitive imagination of people, and
it is easy to calculate. In particular, if the error is normal distribution, the results
of least squares method are unbiased and efficient. However, in the risk manage-
ment, people often focus on the tail behaviour of distributions, and the financial or
energy prices data do not comply with the normal distribution and have obvious
peaks and fat tails, as well as the abnormal points. This will lead to the biased
estimation results by the classic regression. Therefore, quantile regression method
(Koenker and Bassett Jr, 1978) has been employed to estimate these data in many

literature.

The 7-th quantile of a random variable Y is given by

Qv (r) = Fy'(r) =inf{y: Fy(y) > 7}, (1.2.1)

where Fy (y) = P(Y <y)and 7 € (0,1). The quantile regression method provides
a lot of advantages compared to the ordinary least squares estimation method.
Firstly, a well known special case with 50% quantiles, i.e., median regression, is
much explored and more robust than the mean regression when the distribution
of variable is typically skewed or possesses a few abnormal observations (Bera
et al.; 2016). Secondly, a heteroscedastic model can be easily detected if the
results of quantile regression at different quantile levels are not parallel (Efron,
1991). Thirdly, there do not need to be distributional assumptions (Sherwood
and Wang, 2016). Fourthly, a collection of conditional quantiles can describe the
whole distribution of the independent variable (Yu and Jones, 1998). Finally, pairs
of extreme conditional quantiles can be used to depict the conditional prediction
interval, which is important in econometric forecasting (see, Granger et al., 1989;
Koenker and Zhao, 1996; Kuester et al., 2006, for example). A detailed review

about quantile regression can be found in Yu et al. (2003).

There has been a considerable interest in modelling and estimation of time series
data in energy markets. For instance, Ding et al. (2016) found that crude oil and

stock index has a significant causal relationship in tail quantile intervals by using
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the quantile causality test. The Granger quantile causality (Chuang et al., 2009)

represents as:

Qv (I, X)i1) = Qv (T|Vi—1), V7 €(0,1), (1.2.2)

where Qy, (7|F) denotes the 7-th quantile of Fy,(7|F), and set (Y, X');—1 contains
the information of Y; and X; up to time ¢ — 1. If above equation holds, it means

that X; is not the Granger-cause of Y; over the quantile interval (0, 1).

Most of the literature in energy market has largely focused on conditional mean
regression models. However, as the relationships between energy markets and fi-
nancial markets have become somewhat increasingly complex at different market
situations, the conditional mean regression may not capture this complex relation-
ship well. These rise people‘s interests to quantile regression estimates, which are
more robust and could discover more useful relationships between variables with
weak or no relationship between the means of these variates (Sim and Zhou, 2015;
Reboredo and Ugolini, 2016). The coefficients of 7-th quantile of the conditional

distribution are estimated as:

~

B(r) = argmin " pr (¥ — 2}8(r) — (7)), (1.2.3)

where p;(y) = y(7 — Ity<oy) with y € R is the traditional check function, and I4

is the indicator function of set A.

Meanwhile, due to the inevitable occasions when parametric approaches fail to es-
timate the unknown functional form, an extensive literature estimates conditional
quantile functions by nonparametric approaches, such as spline approach (Koenker
et al., 1994; Bosch et al., 1995) and kernel viewpoint (Koenker et al., 1994; Yu
and Lu, 2004; Zhou et al., 2009; Hallin et al., 2009b). For example, Koenker et al.
(1994) investigated a class of quantile smoothing splines through L, penalties.
Yu and Jones (1998) used local linear approach to investigate the nonparametric
regression quantile regression. And Hallin et al. (2009b) considered quantile re-
gression in spatial dependence structure and obtain a Bahadur representation for
a local linear estimator ¢, (), which is the 7-th quantile. In this thesis, we will
also focus on local linear fitting approach. The idea of local linear fitting (Fan and

Gijbels, 1996) is to approximate the unknown function ¢,(-) by a linear function

¢ (2) = ¢ (2) + (4 () (2 — 2) = ap + ay(z — z), (1.2.4)
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for z in a neighbourhood of = and ¢.(z) is the 7-th quantile of z. Then

n

(@0, a1) = arg min) > pe(Yi = ag — dy (X — ) K(X; — ), (1.2.5)
w0

where Kj(z) = h,?K(x/h,), K is a kernel function on RP, and h, > 0 is the
bandwidth.

1.2.2 Spatio-temporal model

There are a large number of spatio-temporal data with complex structures in all
kinds of disciplines such as energy research, environmental sciences, urban eco-
nomics, etc. To measure spatial neighbouring effects and horizontal (multina-
tional) dimension of transmission effect, spatio-temporal models have been widely
used in these fields, such as urban economics field (Fingleton, 2008; Holly et al.,
2010) and environmental sciences (Auffhammer and Carson, 2008; Yu, 2012).

There are two basic models to estimate the spatial dependence. The first one is

spatial autoregressive (SAR) model.
y=pWy+e¢, (1.2.6)

where W is a redefined n x n spatial weighting matrix and p is a spatial autore-
gressive parameter. This model shows that there is an interaction effect between
the value of a variable at a given location and the values of the same variable at
neighbour locations. W is almost always row-standardized, which could take into

account a weighted average of neighbouring values.

Another one is conditional autoregressive (CAR) model proposed by Besag (1974).

E(yilall yje) = i+ p Y wii(y; — ), (1.2.7)

J#1
where p; is the expected value at ¢, and the spatial autocorrelation parameter p
represents the size of spatial neighbouring effect. w;; is a weight that describe the

impact of mean adjusted values at locations j on 1.

These models consider the linear spatial relationship, which may be violated in real
spatial data analysis (Hallin et al., 2004; Lu et al., 2009; Cressie and Wikle, 2015).

Thus, to better describe the nonlinear interactions in time and nonstationarity
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across space, efficient nonlinear spatio-temporal models have been constructed in
some literature. A general form of a nonlinear spatio-temporal model considering

first-order lag can be written as
Yt :M(Yt_l,ﬁt;e); t= 1,2,...,T, (128)

where for the spatial locations {s1, s, ..., sn}, Yi = (Yi(s1), Yi(s2), ..., Yi(sn)) is a
vector of spatio-temporal variables, M(-, ;) is a nonlinear function, such as local
linear approximation and state-dependent models, €, ~ N(0,3;) and 8 is a vector

of process parameters (Cressie and Wikle, 2015).

Some researchers use science-based models, such as partial differential equation
(PDE) and integro-difference equation (IDE), to parameterize the nonlinearity
in spatio-temporal models (Hooten and Wikle, 2008; Wikle and Holan, 2011).
However, these models may not be appropriate for social and economic research,

due to the lack of prior information and the empirical relationship among variables.

In contrast, nonparametric approaches can more effectively help to investigate
these complex nonlinear relationships. However, due to the common existence
of “curse of dimensionality” in spatial and spatio-temporal modelling, using pure
nonparametric approach may get a poor estimation. Therefore, various semipara-
metric approaches have been suggested to address this problem for spatial data
(Gao et al., 2006; Lu et al., 2007; Lu and Tjgstheim, 2014).

To better capture the nonlinearity and non-stationarity of spatio-temporal data,

Lu et al. (2009) constructed an adaptive varying-coefficient spatio-temporal model.
Yi(s) = as,a(s)" Xy(s)] + by [s, a(s)TXt(s)}TXt(s) + &4(s), (1.2.9)

where s € S C R? represents the spatial location. In addition, a(s, -) is an unknown
scalar, by(s,) is d x 1 functions and «(s) is an unknown index vector. X(s)
is a vector of time-lagged values of Y;(-) in a neighbourhood of s and possibly
some exogenous variables. The noise process &;(s) is a sequence of i.i.d. random
variables over time. This model is widely applicable in nonlinear spatio-temporal

dependence structure, but the computation is involved.

Based on Lu et al. (2009) and Gao et al. (2006), Al-Sulami et al. (2017a) proposed

a spatio-temporal autoregressive partially non-linear regression model in the form
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of

p

Yi(s;) = 9(Xu(s), 55) + > Nilsi)Vi(s;) + D culs)Yiu(s;) +eulsy)  (1.2.10)

i=1 =1

N
Yl (s;) =Y WpYi(se), j=1,..Nt=1.T
k=1

where a nonparametric function g(X;(s;),s;) varies by location. The temporally
lagged variables, Y;*';(s;) denoting spatial neighbouring effects of region s;. How-
ever, this model appears too restrictive to estimate the non-normal data and ig-

nores the possible effects of exogenous variables on coefficients \; and «;.

1.2.3 Spatial weight matrix

The spatial weight matrix reflects the spatial relations between different spatial
locations. Mostly, the spatial weight matrix is represented by a N x N matrix W,
and the element w;;, for 1 < 4,7 < N, measures the degree of spatial neighbouring
effect of location s; on s;. There are different types of spatial weight matrix in the
literature (LeSage and Pace, 2009; Arbia, 2014; Cressie and Wikle, 2015) and we

will review some common types in this section.

1.2.3.1 Binary-based weight matrix

The data are supposed to be observed on a regular square lattice grid. In this case,
two spatial locations/units share one boundary, which reflects spatial neighbouring

influence.
Rooks contiguity

Let A(s;) be a set of units that share a same side with unit s;, then the element

w;; of spatial weight matrix W can be defined as

0 otherwise

Queens contiguity
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Let A(s;) be a set of units that share a side or an edge with unit s;, then the

element w;; of spatial weight matrix W can be defined as

0 otherwise

'
A | BB
v

:
1
v X

Figure 1.1: Contiguity criteria in a regular square lattice grid. Rook's
move (left) and Queen‘s move (right) *

1.2.3.2 Distance-based weight matrix

Another important type of weight matrix depends on the centroid distances, d;;
(1 <i,j < N), between locations. The advantage of distance-based weight matrix
is that distances are easily computed and the existence of descending effects with

distance.
K-nearest neighbour weights

Let A(s;) be a set of units that contains the k closest units to s;. For each given

k, the element w;; of k-nearest neighbour weight matrix W can be defined as

0 otherwise

Radial distance weights

1Source from: Arbia (2014)
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Let d denote a threshold distance, beyond which there is no direct spatial depen-
dence between units s;, then the element w;; of radial weight matrix W can be
defined as

1 iof 0<dj<d

0 otherwise

Power distance weights

If there are supposed to be diminishing effects, a negative power function of dis-

tance can be defined as
wi; = (dij)~*

where o is any positive exponent, typically take as o = 1 or a = 2 and d;;

represents the distance between unit ¢+ and unit j.
Exponential distance weights

In this type, negative exponential functions of distance is a substitute to negative

power functions, which can be defined as

where « is a positive constant and d;; represents the distance between unit ¢ and

unit j.
Double-power distance weights

Let d denote a threshold distance beyond which there is no direct spatial depen-
dence between units s;, then the element w;; of radial weight matrix W can be
defined as

[1 — (d”/d)k]k Zf 0< dij <d
0 dij > d

wij =

where k is any positive constant, typically take as k = 2, 3, 4.
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1.3 Structure of the Thesis

This Ph.D. thesis sheds new light on both theoretical investigation into the spatio-
temporal model with varying coefficient structure and empirical application to the

complex dynamic nature of spatio-temporal data in energy market.

Specifically, in Chapter 2, rather than using conventional non-spatial model or
spatial methodologies based on conditional mean, we will empirically investigate
the dynamic integrations or linkages of the USA’s natural gas markets at the state

level holistically by proposing a spatio-temporal network quantile analysis.

In Chapter 3, we are mainly concerned with the nonlinear modelling of econometric
time series data from view point of quantile regression. Specifically, we consider a
(strictly) stationary time series that are near-epoch dependent (NED), which is an
extension of the work of Welsh (1996) and Yu and Jones (1998) under i.i.d. samples
to time series. Our asymptotic normality result also generalizes Lu et al. (1998),
Honda (2000) and Hallin et al. (2009a) who obtained a Bahadur representation in

sense of strong convergence with rather strong conditions.

In Chapter 4, we propose a semiparametric family of Dynamic Functional-coefficient
Autoregressive Spatio- Temporal (DyFAST) models to address the difficulty in
modelling and analysis of our spatio-temporal data, Y(s;), t = 1,...,T and
1 = 1,2,--- | N, which are stationary along time but non-stationary over the
irregular locations in space. Moreover, both one-step and two-step estimation
methods will be proposed to model the dynamic spatial neighbouring temporal-
lagged effects with the irregular locations by spatial weight matrix. Both theo-
retical asymptotic properties of our model and Monte Carlo simulations will be
established.

As a continuation, in Chapter 5, we release the hypothetical constraint on nor-
mality of Y;(s;) and propose a semiparametric spatio-temporal quantile approach
to further study the dynamic nature of non-normal spatio-temporal data. Both
theoretical properties and Monte Carlo simulations will be investigated. The pro-
posed method will be applied to investigate the energy market data sets, which

can further illustrate the usefulness of our models.



Chapter 2

On Dynamic Linkages of the
State Natural (Gas Markets in the
USA: Evidence from an Empirical
Spatio-temporal Network
Quantile Analysis

2.1 Background

The extent of integration or segregation among different local natural gas markets
has received increasing attention in the energy economics literature (c.f., Renou-
Maissant, 2012). On one hand, the policy of deregulation has made natural gas
market into separate regional markets. Due to the significant differences in re-
source volumes and energy consumptions among different states, the regional nat-
ural gas markets became relatively independent of each other. On the other hand,
a well-developed pipeline system for regional natural gas supplies and the law of
one price among markets contribute to the price interactions across different nat-
ural gas spot markets (c.f., Park et al., 2008). Therefore, a regional natural gas
market could be strongly or weakly related to the nearby natural gas markets,
and accurate identification about the linkages of regional natural gas markets is of
crucial importance to both enterprise investment decisions and government energy

policy.

11
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In this chapter, our main objective is to empirically investigate the dynamic link-
ages of the state-level natural gas markets in the USA by introducing a novel
spatio-temporal network quantile econometric model. Note that some determi-
nants of regional natural gas prices (e.g., geographic location, weather or network
characteristics) are unobserved and likely to be spatially correlated, which makes
it difficult to accurately analyse the regional natural gas prices. However, the spa-
tial econometric method can consider regional natural gas prices in neighbouring
states as proxies of the unobserved determinants which are likely to be spatially
correlated. Therefore, our model can accurately estimate the dynamic impacts of
the neighbouring state markets on, or their dynamic integration with, the natural
gas market in a concerned state at different quantile levels. Yu et al. (2003) sug-
gested that, differently from the mean (regression) analysis, the quantile analysis
is more popular in the energy risk management analysis; and correctly estimating
the tail behaviour of the price change distribution is crucially important for en-
ergy portfolio risk management and has significant policy implications (c.f., Aloui
et al., 2014; Fan et al., 2008; Hung et al., 2008; Lahiani et al., 2017; Shahbaz et al.,
2018).

The empirical findings suggest that positive spatial neighbouring effects exist sig-
nificantly in the eastern and middle states’ natural gas markets, and the effects
of the national crude oil market on the natural gas markets exist significantly in
southern and eastern states, which are clearly heterogeneous at different quantile
levels. These results can help us to discover the heterogeneous dynamic linkages or
market integrations across different states with a broader perspective on decision-
making for management of energy risks by considering the risk transmissions of
local neighbour state natural gas markets and national oil market in this model.
The recognised tail behaviour in price shocks from the quantile analysis can help
investors to hedge against energy price risks maximizing their profits. Further-
more, the findings from this study can also help local industry or government to
mitigate the negative impacts from the expected or unexpected fluctuations in
the oil and the neighbouring natural gas markets, which will enact appropriate

state-level price discovery, investment decisions and energy policies.

2.2 Literature Review

In this section, we review the studies that analyse the energy market integration, in

particular those focusing on the relationship between the crude oil and the natural
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gas markets, and summarize the theoretical and empirical literature which consider

the spatial econometrics models and quantile methods.

Some previous literature has analysed the energy markets, either at a theoretical
or at an empirical level. For example, focusing on the integration of regional retail
fuel markets, Holmes et al. (2013) considered the pair-wise approach (Pesaran,
2007) to test the regional integration in the US gasoline market, which verifies the
law of one price in the regional gasoline markets in the US. This approach was also
applied by Cérdenas et al. (2017) on the diesel market integration in France. Blair
et al. (2017) used an error-correction model to investigate the regional differences
in the price pass-through in the US gasoline markets. However, on the natural gas
markets in the USA concerned about in this Chapter, the literature appears not
that extensive with regard to the market integration. See, for example, De Vany
and Walls (1993), Cuddington and Wang (2006), Park et al. (2008), and Ghoddusi
(2016) who considered the integration and liberalization of the North American
natural gas market, while Neumann et al. (2006), Renou-Maissant (2012) and
Kuper and Mulder (2016) examined the natural gas market integration in the
European countries, by using time-series analysis. Another strand of the literature
has examined the equilibrium relationship between the natural gas and the crude
oil markets. Most of these studies adopted time series modelling methods; see, e.g.,
Viicel and Guo (1994), Serletis and Rangel-Ruiz (2004), Bachmeier and Griffin
(2006), Panagiotidis and Rutledge (2007), Brown and Yiicel (2008), Wolfe and
Rosenman (2014). The existing literature has rarely investigated the relationship
between the state-level natural gas markets and the national crude oil market in
the U.S., and also typically neglected the spatial neighbouring linkages or dynamic
market integrations and the tail behaviour of the extreme price changes in the
state-level natural gas markets. Differently, we will propose a spatio-temporal
network quantile econometric model, which combines the spatial econometrics

and quantile regression, to explore the issues above in a more holistic manner.

The spatial neighbouring effects are mostly neglected in the previous studies on
the natural gas markets. These studies, either based on a national perspective
or ignoring the geographical heterogeneity in different states, may get a biased
estimate of the market relationship. A spatial econometric model can help to
measure the horizontal (multi-state) transmission effect or dynamic market inte-
gration. The methodology has been applied in other research fields. For example,
in urban economics field, Fingleton (2008) developed a spatial GMM estimator for
a house price model with moving average errors. Holly et al. (2010) constructed

a spatio-temporal model to investigate the US house prices at the state level and
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identify a significant spatial dependence. In environmental sciences, Auffhammer
and Carson (2008) used province-level data to construct a spatial econometrics
model to forecast China’s emissions. Yu (2012) analysed the influential factors of
China’s regional energy intensity considering spatial dependence. Some empirical
literature that use station-level data to analyse the gasoline price dispersion can
be found in e.g., Clemenz and Gugler (2006) and Yilmazkuday and Yilmazkuday
(2016).

In addition, the tail behaviour in extreme price changes of the natural gas was also
often neglected. Most of the existing literature examine the linkage in conditional
mean between energy markets. See, e.g., Hamilton (2009), Lee et al. (2012), Li
et al. (2012b), Alquist and Gervais (2013). For example, numerous studies use
the time series regression or vector autoregressive (VAR) model in conditional
mean to test the causal relationship between the oil price and other variables (c.f.,
Hamilton, 1983; Jones and Kaul, 1996; Papapetrou, 2001; Cong et al., 2008). The
classical conditional mean regression is a widely used statistical method in data
analysis. In particular, if the error is normally distributed, the results of mean
regression method are unbiased and efficient. However, from a risk management
perspective, risk managers often focus on the tail behaviour of distributions, and
the energy price returns do not comply with the normal distribution, having an
obvious peak and fat tails. In this case, the classic conditional mean regression
will yield less informed results. Moreover, the outliers in energy prices may also
affect the estimation accuracy of the classical mean regression. Therefore, the
quantile regression method proposed by Koenker and Bassett Jr (1978) has many
advantages in comparison with conditional mean regression (c.f., Bera et al., 2016;
Sherwood and Wang, 2016; Xu and Lin, 2016, for a review). An increasing number
of researchers have used quantile regression to analyse energy data. For example,
Sim and Zhou (2015) and Reboredo and Ugolini (2016) applied quantile approach
to examine the effect of oil price shocks on stock returns at different quantile levels,
Fan et al. (2008) and Hung et al. (2008) estimated the value at risk for energy
prices by using GARCH models, and Aloui et al. (2014) examined the dependence
relationship between the WTT crude oil and the Henry Hub natural gas markets

in extreme levels of quantiles.

Summarizing above, combining spatio-temporal and quantile regression methods
can make it more comprehensive to investigate the complex relationships between
regional natural gas markets and the national oil market. We therefore apply a
spatio-temporal network quantile econometric model to investigate the dynamic

relationships or market integration among the these markets.
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2.3 Data and Methodology

2.3.1 Data

Our data consist of monthly natural gas commercial prices of 48 states (excluding
Alaska, Hawaii and the District of Columbia) in the US and monthly West Texas
Intermediate WTI crude oil, and Henry hub natural gas, spot prices'. As there
are missing data after Dec 2016 in some states, we choose the time interval from
Jan 1997 to Dec 2016 as our sample period. Commodity prices are expressed in
US dollars.

() (b) ()
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Log of WTI price
Return of WTI price
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Year Year Monthly return of WTI price

Figure 2.1: The time-series plots of the monthly WTI price data from
Jan 1997 to Dec 2016 (left) and its monthly return data (middle) and
the density plot (the kernel density estimate in solid line and the normal
density estimate in dashed line) of the monthly return data (right).

1Refer to the ETA Energy Glossary: https://www.eia.gov/tools/glossary/
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Table 2.1: The test statistics for monthly natural gas prices of 48 states
and Henry hub

States Mean SD Skewness Kurtosis ADF JB KS

Alabama 11.607 2.975 -0.079 -0.717 0.913 0.077 0.000
Arizona 9.319 2.282 0.046 -0.904 0.957 0.019 0.000
Arkansas 8.366 2.135 0.073 -0.715 0.580 0.080 0.000
California 8.256 1.952 1.040 1.534 0.013 0.000 0.000
Colorado 7.274 1.904 -0.057 -0.628 0.094 0.147 0.000
Connecticut 9.575 2.730 0.432 -0.081 0.555 0.022 0.000
Delaware 11.846 3.296 0.051 -0.975 0.538 0.010 0.000
Florida 10.468 2.504 0.322 0.514 0.376 0.028 0.000
Georgia 10.427 3.294 0.339 0.468 0.463 0.028 0.000
Idaho 7.877 2.000 0.067 -0.612 0.815 0.158 0.000
Illinois 9.117 2.753 0.521 0.246 0.053 0.003 0.000
Indiana 8.621 2.474 0.674 0.286 0.316 0.000 0.000
Towa 7.819 2.104 0.459 0.077 0.252 0.013 0.000
Kansas 9.716 3.085 0.180 -0.551 0.495 0.127 0.000
Kentucky 9.493 2.831 0.518 0.321 0.660 0.002 0.000
Louisiana 8.913 2.333 0.604 0.379 0.424 0.000 0.000
Maine 11.388 3.134 -0.056 -0.455 0.350 0.367 0.000
Maryland 9.867 2.216 0.245 -0.337 0.367 0.181 0.000
Massachusetts 10.930 2.883 0.362 -0.142 0.432 0.066 0.000
Michigan 8.013 2.082 0.068 -0.767 0.623 0.055 0.000
Minnesota 7.414 2.151 0.633 0.521 0.253 0.000 0.000
Mississippi 8.158 2.453 0.879 0.967 0.516 0.000 0.000
Missouri 9.696 2.570 -0.207 -0.771 0.838 0.025 0.000
Montana 8.393 2.315 0.405 0.245 0.431 0.025 0.000
Nebraska 6.747 1.919 0.702 0.635 0.398 0.000 0.000
Nevada 8.411 2.125 0.364 -0.936 0.942 0.001 0.000
New.Hampshire 11.878 3.086 -0.305 -0.747 0.531 0.011 0.000
New.Jersey 8.821 2.993 0.079 0.158 0.512 0.744 0.000
New.Mexico 7.108 2.280 0.689 0.791 0.535 0.000 0.000
New.York 8.601 2.536 0.468 -0.270 0.585 0.009 0.000

North.Carolina  9.772 2.593 0.669 0.215 0.647 0.000 0.000
North.Dakota 7.103 2.117 0.724 0.718 0.148 0.000 0.000

Ohio 8.672 2.509 0.727 -0.057 0.623 0.000 0.000
Oklahoma 9.975 3.679 0.381 -0.865 0.340 0.002 0.000
Oregon 9.102 2.382 -0.218 -0.722 0.814 0.032 0.000
Pennsylvania 10.478 2.387 0.569 0.135 0.543 0.001 0.000
Rhode.Island 12.918 3.307 0.178 -0.957 0.541 0.006 0.000

South.Carolina  9.750 2.653 1.007 1.696 0.609 0.000 0.000
South.Dakota 7.176 1.922 0.642 0.405 0.295 0.000 0.000
Tennessee 9.234 2.428 0.781 1.001 0.543 0.000 0.000

Continued on next page
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Table 2.1 — continued from previous page

States Mean SD Skewness Kurtosis ADF JB KS

Texas 7.486 2.224 0.708 0.945 0.501 0.000 0.000
Utah 6.686 1.595 -0.266 -0.404 0.235 0.115 0.000
Vermont 9.215 2.931 0.307 -1.018 0.942 0.001 0.000
Virginia 9.256 2.178 0.444 0.081 0.562 0.018 0.000
Washington 9.116 2.483 -0.363 -0.737 0.801 0.005 0.000
West. Virginia 10.085 3.046 0.649 -0.320 0.909 0.000 0.000
Wisconsin 7.598 2.189 0.580 0.052 0.488 0.001 0.000
Wyoming 7.064 1.887 0.130 -0.224 0.069 0.582 0.000
Henry hub 4.481 2.259 1.334 2.041 0.218 0.000 0.000

Note: SD represents the standard deviation. ADF is for the p-value of
augmented Dickey-Fuller test for unit root, with alternative hypothesis of being
a stationary series. JB is for the p-value of empirical statistic of the Jarque-Bera
test for normality, with null hypothesis of being normal. KS is for the p-value of
empirical statistic of the Kolmogorov-Smirnov test for normality, with null

hypothesis of being normal.

Table 2.1 displays summary statistics for monthly natural gas prices, where ADF
is for the p-value of augmented Dickey-Fuller test for unit root, with alternative
hypothesis of being a stationary series. The result of unit root test shows that
the prices series are not stationary (except for California). Jarque-Bera test in-
dicates the non-normality of most natural gas price series. Moreover, the results
of Kolmogorov-Smirnov test also be confirmed that the natural gas price series
distribution differs from a normal distribution. For non-normal data, the quantile
regression with 7 = 0.5 is more robust than the mean regression. In addition,
quantile estimation could better describe the tail behaviour and offer more tail in-
formation of natural gas prices in specific market circumstances, which is of crucial
importance in the energy risk management. The time series plots of the monthly
WTTI crude oil price and its return series as well as the density plot are displayed in
Figure 1, which shows that the WTTI price series is nonstationary while its return
series appears stationary and non-normal. Therefore, we will consider the returns
of the natural gas commercial prices and the WTI crude oil price by taking the

difference in the logarithm of two consecutive monthly prices.

In addition, we consider the effects of the long-run price equilibrium of the WTI
crude oil and the Henry Hub natural gas markets on the state-level natural gas
markets in our model. Although the WTT crude oil and the Henry hub natural
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gas prices are non-stationary, they share a common long-run trend (Hartley et al.,
2008; Villar and Joutz, 2006). Therefore, a cointegrating relationship between
them may exist and have significant impact on the regional natural gas markets
in the U.S.. Ramberg and Parsons (2012) found a structural break in February
2009 by using the cointegration test based on the augmented Dickey-Fuller test
statistic (c.f., Gregory and Hansen, 1996). Therefore, we estimate the following

equation:
InZy = ¢o + ¢1In Xy + ¢2 Dy + €, (2.3.1)

and do the cointegration test by the approach of Gregory and Hansen (1996),
where Z; denotes the Henry hub natural gas price at time ¢, X; is the WTT crude
oil price at time ¢, and D; is a dummy variable used to account for the structure
change (D; = 0 if time is between Jan 1997 and Feb 2009, and = 1 otherwise). Here
€; is the stochastic error term, used to describe the long-run price disequilibrium
between the WTI crude oil and Henry Hub natural gas markets, which will be

shown to have important effect on the state-level natural gas markets.

2.3.2 Methodology

In order to comprehensively identify the market linkages among different state
natural gas markets and uncover the underlying impacts of the national crude oil
market on the state-level natural gas markets, we incorporate quantile regression
method into spatio-temporal autoregressive model. We, therefore, construct a

spatio-temporal network 7-th quantile econometric model as follows:
Q-(AIYy(s)|AIn Xy 1, Y2 (51), ..., Y (s0), Aln Y1 (), ..., Aln Y,y (7))
p q
=g, (8i) + Z )\T,j(si)YtS_lj(Si) + Z Bra(si) A Y y(s;) + a1 ,(s)Aln X; 4
j=1

=1
+ 7 (si)é-1, (2.3.2)
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N
Y(s) =Y WaAlnYi(sy), i=1,...Nt=1.T.
k=1

Here AInY;(s;) = InY;(s;) — InY;_1(s;) denotes the return of natural gas price in
state 7 at time t and Aln X; is the return of oil price at time t. The parameter
A-j(si) accounts for the spatial autoregressive effect of j-order lag in state i at
7 quantile. The time autoregressive coefficient 3;;(s;) denotes the time [-order
lag coefficient of AlnY;(s;) in state i at 7 quantile. Note &_; =1InZ;, | — gf;O —
<;§1 In X, ; — gbAth,l represents the estimated residuals for the shocks in the long-
run equilibrium relationship between the WTT crude oil and Henry Hub natural
gas prices as given in (2.3.1) and 7, (s;) represents the effect of this disequilibrium
on the state i’s natural gas price return. Here p and ¢ stand for the orders of
the spatial neighbouring and the concerned state autoregressive temporal lags,

respectively.

The spatially lagged response variable Y*!(s;) denotes spatial neighbouring ef-
fects of the dependent variable, where wy, is a spatial weight for the (i, k)-th
element (1 < i,k < N) of a pre-specified nonnegative spatial weighting matrix
W = [wjk];\szl. This matrix reflects the geographic relationship between natural
gas markets among different states. There are different kinds of weighting ma-
trices used in the literature, among which distance function matrix and binary
contiguity matrix are the most commonly used specifications (LeSage and Pace,
2009). In this study, considering the fact that natural gas is mainly transported by
pipeline together with the common practice in econometrics, we choose the binary
contiguity matrix for the spatial weight matrix. Let A(s;) be a set of the states
that connect with state ¢ by natural gas pipelines. Then the element w;; between

states ¢ and j in the spatial weight matrix W is defined by

1 Zf ] c A(SZ’),

0 otherwise.

wz‘j =

Moreover, as usual, w; = 0, and we normalize the spatial weights by row such
that the summation of the row elements is equal to 1. Besides, the orders p and
q for spatial neighbouring autoregressive lags and the temporal lags, respectively,
will be decided by Akaike information criterion (AIC).

Then the unknown parameters in the model can be estimated in two steps. First,
we use OLS regression to estimate the model In Z; = ¢g + ¢1 In X; + ¢poD; + €; and
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the predicted residuals € = InZ; — ngﬁo - ggllnXt - gz%D from this regression are
saved. The second step is to estimate the model (2.3.2) by:

(@(si), A(sq), B(si), A(s-»

=arg (o mm Z Pr {A InYi(s;) — ap(s Aj(si YSI

M@

Jj=1

—Zﬁl VA Y,_y(s;) — a1(s;)AIn X,y — y(s:)e—1 ¢, (2.3.3)

Y (s;) ZWMAIHYQ(SR) i=1,.,N, t=1,...T,
k=1

where p-(y) = y(7 — 1,<0) is the quantile check function, and 14 is the indicator

function of set A which equals 1 if A is true and 0 otherwise.

This equation can be solved by linear programming. In order to have compre-
hensive information on the dynamic neighbouring linkages among the state-level
natural gas markets and the linkages of the natural gas markets in 48 states to
the crude oil market, we set five representative quantiles (i.e., 10th, 25th, 50th,
75th and 90th). In addition, we also use nine quantiles (i.e., 10th, 20th, 30th,
40th, 50th, 60th, 70th, 80th and 90th) to display the varying characteristics of
different coefficients of interest. A bootstrap method (He and Hu, 2002) is used to
obtain the confidence intervals of the estimate parameters in above model. Specific

discussion about quantile regression method is referred to Koenker (2005).

2.4 Empirical Findings

2.4.1 Global spatial autocorrelation analysis

First, we want to recognize whether the average and the standard deviation of
natural gas prices have spatial affinities with corresponding state dispersions (Fig-
ure 2.2). From Figure 2.2(a), we can clearly observe that the eastern states in
the U.S. (such as Alabama, Delaware and Rhode.Island) have relatively higher
natural gas prices than the states in western and central USA (such as Nebraska,
Idaho and Wyoming) over our sample period. It also shows that the mean natu-

ral gas price in one state tends to be close to those of neighbouring states in the
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same region, indicating that there can be dynamic linkages between natural gas
markets across states. Moreover, the dispersion of state-level natural gas prices
(Figure 2.2(b)) have a similar pattern. For example, states in the eastern America
(such as Delaware, Georgia, Maine and West Virginia) have higher dispersions and
fluctuations in natural gas prices, whereas the western states, such as California,
Nebraska and Utah present a low volatility in natural gas prices. Taking together
the results of Figure 2.2, we can find the 'spatial herding behaviour’ in the state-
level natural gas markets. This spatial clustering phenomenon is also supported

by Moran’s I test.

35~4
3~35
25~3
2~25

15~2

(a) Mean (b) Standard Deviation

Figure 2.2: Spatial Distributions of Natural Gas Prices: Mean and Stan-
dard Deviation

The Moran’s T test (Moran, 1950) defined as follows:

_ S o wig (i — @) (w0 — )
S (i — T)?

where x;; is the natural gas price return for state ¢ at time ¢, z; is the mean of x;

I,

, (2.4.1)

over the states i’s, w;; is the row-standardised spatial weights matrix element de-
fined in Section 3.2. The results of Moran’s I over twenty years, given in Table 2.2,
confirm that positive spatial autocorrelation is significant at the 5% significance

level overall in most of the considered time periods.

The Moran’s I test only assesses the overall pattern and the time trend of the
spatial autocorrelation (Anselin, 1993). To further examine the clustering effects
of spatial neighbours of the natural gas price returns in different states, we plot a

scatter diagram of spatial neighbouring effects for year 2016, displayed in Figure
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Table 2.2: The Moran’s I test result

Date Moran’s I statistic p-value

1997 0.0651 0.3726
1998 -0.0757 0.5559
1999 0.0395 0.5410
2000 0.1094 0.1643
2001 0.2738 0.0039
2002 0.2165 0.0214
2003 0.0691 0.3921
2004 0.2318 0.0165
2005 -0.0561 0.7460
2006 0.1593 0.0797
2007 0.2578 0.0087
2008 0.4587 0.0000
2009 0.2762 0.0054
2010 0.3010 0.0023
2011 0.2120 0.0298
2012 0.3551 0.0003
2013 0.3587 0.0004
2014 0.1776 0.0291
2015 0.3353 0.0008
2016 0.2823 0.0043

Note: This table displays Moran’s I
test results (Moran, 1950) for the spa-
tial autocorrelation of regional natural
gas price return of 48 states in the U.S.
from 1997 to 2016.

2.3. The vertical axis represents the natural gas price returns x;; at time ¢ for state
1 for 48 states, and the horizontal axis shows the corresponding states’ temporal
lag 1 spatial neighbouring natural gas price returns, Z?il w;;T;—1, in these states.
It clearly indicates that there appears a significant linear relationship between the
two variables. Therefore, spatial neighbouring effect or local market integration
seems to be an important factor that influences the state-level natural gas markets,
and dynamic spatial models incorporating both spatial neighbouring effect and
dynamic effect are then incorporated in the analysis of the state-level returns of

the natural gas prices in the U.S. states in this Chapter.
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Figure 2.3: Scatter plot of spatial neighbouring effects of 48 states in the
U.S. (2016). Note: The vertical axis represents the natural gas price
returns in 48 states, and the horizontal axis shows the time lag 1 spatial
neighbouring natural gas price returns in these states

2.4.2 Empirical results of spatio-temporal network quan-

tile econometric modelling

To comprehensively investigate the effects of the crude oil market on state-level
natural gas markets and the neighbour state effects on the monthly natural gas
price returns , we choose five representative quantile levels (i.e., 10th, 25th, 50th,
75th and 90th) for implementing the quantile regression. Before proceeding to the
rigorous empirical investigation, we first decide the orders of spatial neighbouring
autoregressive lags and the temporal lags, p and ¢, in our model (2.3.2), by quantile
regression Akaike information criterion (AIC), calculated by the function "AIC.rq’
of the R package ”quantreg” (Koenker et al., 2018). The details of the AIC values
for different orders of (p, ¢) for the 48 states are provided in Table 2.3. The result
given in Table 2.3 shows that the chosen orders p and ¢ by the AIC are only slightly
different for each state. To ensure consistency, in our models, similarly to that in
Blair et al. (2017), we use the same lag lengths for all states with (p,q) = (1,1)

selected based on the AIC values for most of the states.

The estimation results for testing the cointegration between the WTT crude oil and
the Henry hub natural gas market prices by using the approach of Gregory and
Hansen (1996) under model (2.3.1) are provided in Table 2.4, and the results of
the spatio-temporal network quantile econometric regression under model (2.3.2)
in the Tables 2.5-2.9 (in the Appendix). In Figures 2.4-2.7, we depict, over states
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Table 2.3: The AIC values for different pairs of orders for the 48 states

States p=qgq=1 p=1q9q=2 p=2q9g=1 p=q=2
Alabama -816.01 -812.88 -812.64 -811.09
Arizona -895.42 -891.33 -893.46 -892.46
Arkansas -524.64 -520.24 -526.02 -524.13
California, -472.52 -473.34 -469.58 -472.94
Colorado -490.51 -488.34 -485.88 -487.22
Connecticut -381.52 -382.56 -377.49 -380.80
Delaware -488.04 -484.72 -490.36 -488.82
Florida -801.50 -794.61 -794.57 -792.65
Georgia -339.60 -344.10 -337.27 -342.21
Idaho -958.52 -952.14 -952.89 -951.15
Illinois -368.80 -366.12 -366.21 -364.22
Indiana -307.95 -303.72 -312.52 -313.24
Towa -319.87 -316.17 -316.36 -320.40
Kansas -440.02 -440.50 -441.05 -441.38
Kentucky -543.71 -542.23 -561.66 -560.14
Louisiana -573.12 -575.06 -571.32 -573.23
Maine -366.91 -362.39 -363.10 -362.41
Maryland -509.32 -509.04 -508.98 -508.88
Massachusetts -396.49 -391.85 -395.65 -393.69
Michigan -688.56 -681.71 -681.72 -679.74
Minnesota -407.24 -415.90 -409.97 -414.07
Mississippi -448.37 -451.81 -446.25 -450.19
Missouri -683.83 -688.17 -690.54 -694.28
Montana, -528.90 -529.32 -529.27 -529.40
Nebraska -462.39 -474.38 -462.43 -473.10
Nevada -889.10 -886.07 -882.76 -884.19
New.Hampshire  -470.02 -472.30 -466.72 -471.46
New.Jersey -310.45 -306.10 -305.42 -304.36
New.Mexico -387.23 -399.91 -387.09 -402.98
New.York -467.26 -466.70 -466.13 -469.95
North.Carolina -577.54 -572.88 -574.06 -572.41
North.Dakota -380.49 -377.06 -377.12 -375.35
Ohio -572.81 -570.39 -570.42 -568.51
Oklahoma -375.93 -374.50 -372.29 -374.80
Oregon -682.83 -678.04 -678.01 -678.53
Pennsylvania -672.05 -669.37 -669.55 -669.78
Rhode.Island -545.84 -540.61 -539.77 -538.61
South.Carolina -540.97 -536.36 -536.42 -534.53
South.Dakota -382.68 -379.56 -379.36 -379.89
Tennessee -572.07 -568.77 -570.95 -576.09
Texas -468.81 -468.32 -468.70 -468.35
Utah -636.50 -638.50 -631.13 -638.36
Vermont -764.46 -757.86 -757.80 -755.98
Virginia -635.56 -633.18 -633.52 -631.56
Washington -764.25 -757.29 -759.43 -757.72
West.Virginia -578.57 -575.79 -572.34 -575.92
Wisconsin -348.33 -349.77 -348.38 -349.78

Wyoming -521.61 -516.29 -524.60 -525.46
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(a) 7=0.1 (b) 7=0.25

Figure 2.4: Maps of influence coefficients of spatial neighbouring effects.
Notes: The insignificant areas (the p-value of the coefficient is larger than

0.05) have been represented in white.

Table 2.4: The estimation result for cointegration test

Estimate Std. Error ¢ statistic p-value

¢o -1.1322 0.1183 -9.5740 0.000
o1 0.7375 0.0327 22.5606 0.000
¢2  -0.7987 0.0411 -19.4164  0.000

Note: This table displays the results of the estima-
tion for the cointegration test by the method of Gre-
gory and Hansen (1996), for the WTT crude oil and the
Henry hub natural gas prices, in model (2.3.1).
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(a) 7=0.1 (b) 7=10.25

(¢) 7T=0.5 (d) 7=0.75

Figure 2.5: Maps of influence coefficients of autoregressive effects. Notes:
The insignificant areas (the p-value of the coefficient is larger than 0.05)
have been represented in white.

in maps, the results of estimating the coefficients oy (s;), A(s;), B(s;) and y(s;) at
different quantile levels, respectively, where the null hypothesis of the coefficients
being zero is rejected at 5% significance level. In Figure 2.4, it clearly shows that
the large and significantly positive coefficients of the spatial neighbouring effects
usually appear at the states in the middle of the USA. Further, Figure 2.5 shows
the autoregressive effects of the natural gas price returns that are heterogeneous
and more significant at the 50th quantile. Figure 2.6 illustrates the effects of the
oil market on the state-level natural gas markets that are more significant in the
south and southeast of the United States at different quantiles. Figure 2.7 displays

the effects of the adjustment toward the long-run equilibrium relationship between
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(a) 7=0.1 (b) 7=10.25

(¢) 7T=0.5 (d) 7=0.75

Figure 2.6: Maps of influence coefficients of oil price effects. Notes: The
insignificant areas (the p-value of the coefficient is larger than 0.05) have
been represented in white.

the WTTI crude oil and the Henry Hub natural gas markets. These results clearly
show that the tails of the price return distribution contain important information
that the conditional mean regression cannot fully reveal. This suggests that the
method of using spatial-temporal network quantile econometric regression model

is appropriate and reasonable for this empirical analysis.
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(¢) 7T=0.5 (d) 7=0.75

Figure 2.7: Maps of the effects of the long-run relationship of the WTI
crude oil and Henry Hub natural gas prices on the state-level natural gas
price returns. Notes: The insignificant areas (the p-value of the coefficient
is larger than 0.05) have been represented in white.

2.4.3 Discussions

The spatial-temporal network quantile regression can visually reveal the spatial
neighbouring effects of natural gas markets in the states of the USA and the
effects of the oil market on state-level natural gas markets at different quantiles.

The results for some typical states? are presented in Figures 2.9-2.10 on the spatial

2Here we choose Connecticut, Pennsylvania and West Virginia from the northeast region,
Alabama and Tennessee from the southeast region, Ohio from the mid-east region, Colorado and
Wyoming from the central region, New Mexico, Oklahoma and Texas from the southwest region,
and Oregon from the western region (c.f., Figure 2.8). Figure 2.8 shows the information on the
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neighbouring effects, autoregressive effects, the spillover effects of crude oil market
and the effects of the shocks in the long-run price equilibrium between the WTI
crude oil and the Henry Hub natural gas markets. From these figures, we can

clearly see the dynamic linkages with significant heterogeneity on these effects®.

First, we analyze the impacts of the neighbouring states’ natural gas markets or
market integrations. From Figure 2.4, we can clearly observe that the linkages of
local natural gas market to the neighbour natural gas markets are heterogeneous.
In particular, there exist significant positive spatial neighbouring effects, indicat-
ing the strong linkage with the neighbour states, in the natural gas markets in most
of the border states at the 5% significance level, as identified by comparing Figure
2.4 and Figure 2.8. For example, some eastern states of the USA, such as Con-
necticut, Ohio, Pennsylvania, Tennessee and West Virginia, have a significantly
positive basin-shaped or U-shaped curve spatial neighbouring effect, respectively
(Figure 2.9(c), Figure 2.9(e), Figure 2.10(b), Figure 2.10(c) , and Figure 2.10(¢)),
which indicates the stronger integration of natural gas market at higher and lower
quantiles. In some middle states, such as Colorado and Wyoming in the central
region, the curve of the coefficients for the spatial neighbouring effects seems like
a trigonometric function, with the values between 0.2 and 0.6 (Figure 2.9(b) and
Figure 2.10(f)). And for New Mexico, we can observe an inverted U-shaped spatial
neighbouring effect in Figure 2.9(d). In Figure 2.9(f), a decreasing trend of the
spatial neighbouring effect implies that the lower the price changes in the natural
gas markets of the neighbour states, the higher the influence on natural gas mar-
ket in Oklahoma. Similar to Oklahoma, Oregon in the western region also has a

decreasing trend of the spatial neighbouring effect ( Figure 2.10(a)).

These significantly high degrees of linkages between state-level natural gas mar-
kets are also evident, implying that spatial arbitrage could enforce the law of one
price and promote integration of the natural gas markets in the central and east-
ern states of the U.S. at different quantile levels, which is similar to the results of
Cuddington and Wang (2006). Moreover, unlike Cuddington and Wang (2006),

we find that the natural gas markets in southern states are under integration at

transportation capacity (in Million cubic feet per day) between the six geographical regions,
international borders, and offshore Gulf of Mexico in 2016.

3To verify the asymmetry of the coefficients, we considered the Wald test for quantile re-
gression coefficients. Due to the space limit, we only show the results of the Wald tests for the
equality of slope coefficients (at the quantile levels of 0.1 against 0.5 and 0.9, and 0.5 against 0.9)
for some typical states, provided in Table 2.10 in the Appendix. Complete results are available
upon request. We found that there are significant differences between the coefficients under
different quantile levels for some states, which largely support the heterogeneity of these effects.



Chapter 2 On Dynamic Linkages of the State Natural Gas Markets in the USA:
30 Evidence from an Empirical Spatio-temporal Network Quantile Analysis

upper quantiles while some western state-level natural gas markets are under in-
tegration at lower quantiles. There are two main reasons for the integration of the
natural gas markets. The first one is owing to geographical locations. The trans-
ported volumes of the cross-state natural gas are large through the well-developed
pipeline system in these border states (see Figure 2.8), and hence the transactions
are more frequent in the border states. Therefore, the natural gas markets are
more likely to be influenced by the nearby states in these areas. The second rea-
son is the productions and consumptions of the natural gas, which also contribute
to the spatial neighbouring effects. Specifically, for some states with production
below consumption, such as Alabama, Connecticut, Missouri, Montana, Oregon
and Wyoming, there are a high natural gas import from the nearby states to meet
its own consumption requirement, which makes their natural gas markets signif-
icantly affected by the natural gas markets in the neighbour states. In contrast,
in Colorado, Kansas, New Mexico, Ohio, Oklahoma, Pennsylvania and West Vir-
ginia, there exist vast resources of natural gas, where the status of the natural
gas resources also makes their natural gas markets significantly influenced by the

neighbour states.

Second, we examine the dynamic linkage between the future and the past of one
state natural gas market. From Figure 2.5, there appear more states with signif-
icant dynamic linkage of the price changes (at the 5% significance level) in the
natural gas markets around at 50th quantile than at other quantiles. This indi-
cates that at the median level, the price changes in state-level natural gas markets
in the future may be more easily influenced by its past. The results may at-
tribute to the characteristics of the natural gas prices such as time-dependent and
mean-reverting dynamics (Ramberg and Parsons, 2012; Thompson et al., 2009).
In addition, there exist some states, e.g. Florida, Nevada, Vermont and Wisconsin,
where significantly autoregressive effects are present in their natural gas markets,
while spatial neighbouring or oil spillover effects on the natural gas markets are
insignificant. Also, this finding may imply that the natural gas markets of these

states are more segregated.

Third, the impacts of the national crude oil market are investigated. We can ob-
serve in Figure 2.6 that the effects of the national crude oil market on the natural
gas markets exist significantly in the southern and eastern states, which are clearly
heterogeneous. In particular, these effects in the northeast region, such as Mary-
land, Pennsylvania, Ohio, Rhode Island and Virginia are significant and positive
at the lower quantile levels. This indicates that the natural gas markets in these

states are vulnerable to the impact of price falling in crude oil market. However,
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the effect of price changes in the crude oil market on the natural gas market in
Connecticut is statistically significant at almost all quantiles. The curve of the
coefficient seems like a trigonometric function, with the values between 0.1 and 0.4
(Figure 2.9(c)). Moreover, for the southern states, such as Alabama, Connecticut,
Georgia, Kentucky, New Mexico, Tennessee and Texas, the effects from the crude
oil market are statistically significant and positive at most quantile levels. More
specifically, Alabama and Texas have a U-shaped curve for the impacts of the
price changes in crude oil market on the natural gas markets at different quantile
levels. As shown in Figure 2.9(a) and Figure 2.10(d), a U-shaped curve illustrates
the higher (either positive or negative) price fluctuations (corresponding to higher
or lower quantile levels) in the natural gas markets in Alabama and Texas are
more susceptible to the impact of the crude oil price shocks. For New Mexico and
Tennessee, the effects of price changes in the crude oil market are significantly
positive and have an inverted U-shaped curve from the 30th to the 80th quantiles
(Figure 2.9(d) and Figure 2.10(c)).

The main reason for the significant impacts of the national crude oil market on
the state-level natural gas markets is owing to the relatively large-scale inflow-
outflow capacity of the natural gas and the high proportion of the natural gas
and oil consumptions in these states. This situation causes a strong substitutional
relationship between the natural gas and the crude oil, implying that the price
changes in the crude oil market have a significantly positive impact on the natural
gas markets. In addition, in some border states (i.e. the states located on the
boards of the six regions in Figure 2.8, such as Arkansas, Kansas, Missouri, etc.),
although there exist no significant oil price effects, the natural gas markets in these
states are still indirectly influenced by the price changes in the crude oil market.
In other words, the natural gas markets in these states are affected, through the
significantly spatial neighbouring effects, by the natural gas markets in the nearby
states, which are influenced by the price changes in the crude oil market. Clearly,
the impacts of the price changes in the crude oil market are transmitted through

the spatial effects from the neighbour states’ natural gas markets.

Finally, this chapter studies the effects of the long-run equilibrium shocks from
the national crude oil and natural gas markets. As shown in Figure 2.7, the effects
of the long-run relationship of the WTI crude oil and Henry Hub natural gas
markets on the state-level natural gas markets are statistically significant at the
5% significance level, but they are heterogeneous in the western and eastern states
of the USA. Averaging across all states, the adjustment process tends to be faster

at higher or lower quantiles for deviations from the long run equilibrium level. In
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Southwest

Gulf of Mexico -

Figure 2.8: Region to region capacity map of natural gas in the
U.S. in 2016. Source from: U.S. Energy Information Administration
(https://www.eia.gov /naturalgas)

addition, for California, it only has significant long-run equilibrium shock effect.
Specifically, there is statistically significant and positive effect of the long-run
relationship of the WTT crude oil and Henry Hub natural gas markets around the
middle quantile levels, while the adjustment effect is not statistically significant

when the price has larger fluctuation in the natural gas market of California.

In summary, compared with the papers using mean regression analysis, our spatio-
temporal network quantile model provides a more comprehensive picture of the
dynamic linkages of the state-level natural gas markets, as indicated above on the
spatial neighbouring effects, the autoregressive effects, the oil spillover effects and
the effects of the long-run equilibrium shocks from the WTT crude oil and Henry
Hub natural gas markets, for the natural gas markets of the 48 states in the USA.
These findings can help us to better understand the heterogeneous effects of those

dynamic linkages among different markets.

2.5 Conclusions

This chapter aims at exploring the dynamic linkages or market integrations of
the state-level natural gas markets with the neighbouring states and the national

crude oil market in terms of the spatial effects from the neighbour state natural
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Figure 2.9: Quantile estimate: The effects of driving forces on natural gas
price returns in six typical states. Notes: Shaded areas correspond to 95%
confidence intervals of quantile estimation. The vertical axis indicates the
elasticities of the explanatory variables. The red horizontal lines represent
confidence intervals of OLS estimation.
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Figure 2.10: Quantile estimate: The effects of driving forces on natural
gas price returns in other typical states. Notes: Shaded areas correspond
to 95% confidence intervals of quantile estimation. The vertical axis indi-
cates the elasticities of the explanatory variables. The red horizontal lines

represent confidence intervals of OLS estimation.
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gas markets as well as the oil price spillover effects from the WTT oil market. We
introduce a spatio-temporal network quantile econometric model in this chapter.
It can help to reveal the significant individual (state) and distributional (quantile)
heterogeneities in the effects of the neighbouring state natural gas markets and the
oil market price shocks among the 48 states in the USA. Compared with traditional
mean regression, our model can provide us with comprehensive understanding of
the spatial neighbouring or market integrations and the oil market price shock

effects that impact the state-level natural gas prices.

This chapter uses the monthly data covering a period from Jan.1997 to Dec.2016
for the 48 states (excluding Alaska, Hawaii and the District of Columbia) in the
USA. The empirical results indicate that the degree of the dynamic impacts owing
to price shocks from both the local neighbouring natural gas markets and the
national crude oil market, on the natural gas prices at a concerned state, varies
by state. We find that significant local dynamic neighbouring market integrations
exist in the natural gas markets not only in the eastern and central states as
evidenced in the literature (Cuddington and Wang, 2006; Park et al., 2008) but
also in some western and southwest states at different quantile levels. Our results
also show that there are significant linkages of the state-level natural gas markets to
the national crude oil market through its lagged price shock and its long-run price
equilibrium with the national gas market with varying price shock propagations
at different quantile levels. The effects of the crude oil market price shocks on
the state-level natural gas markets are heterogeneous and statistically significant
in the southern states of the USA at different quantile levels. The impacts on
the state-level natural gas markets may also come from the shocks or deviations
from the long-run equilibrium of the W'TI crude oil and Henry Hub natural gas
markets, which are statistically significant in some western and eastern states and

heterogeneous over states in the USA.

The results obtained can help local government and energy users to mitigate the
negative impacts from the expected or unexpected fluctuations in the oil and the
neighbouring natural gas markets. In particular, as a clean and cheap energy,
natural gas can be used as a substitute to oil in many cases. An in-depth under-
standing of the relationship between the crude oil and the natural gas markets
can help them better managing energy risk. Also, energy users in the border of
the six geographical regions can pay more attention to the natural gas markets in
the neighbour states to reduce their risk transmission from the neighbour states.
Moreover, local state governments may formulate relevant energy policies on the

basis of their geographical location and natural resource endowment. Quantile
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regression methods can help to discover the full relationship between different
variables, especially those which have fat tails in distributions and are important
for energy risk management and policy decision-making. In short, the findings
from this chapter can enact appropriate state-level price discovery, investment

decisions and energy policies.

Combining the spatial econometrics and quantile regression method can help to
better investigate the complex relationships between oil price and regional natural
gas prices. The parametric models applied in this chapter may have some short-
comings in uncovering the underlying relationship for some states. Therefore, a

semiparametirc spatio-temporal quantile approach will be proposed in the Chapter

d.

2.6 Appendix
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Table 2.5: The estimation results for the 0.1-level quantile

States a1(sq) A(si) B(s:) ~v(s;)
Estimate p-value Estimate p-value Estimate p-value Estimate p-value
Alabama 0.1914 0.0008  -0.0133  0.8599 0.0593 0.6149 0.0132 0.5380
Arizona -0.0329  0.3376  -0.0830  0.0008  -0.2458 0.0002 0.0177 0.3714
Arkansas -0.1665 0.0951 0.4794 0.0142  -0.5564  0.0146 0.0949 0.0029
California 0.1413 0.3274  -0.1988  0.5083 0.1564 0.2517 0.0614 0.1971
Colorado -0.1859  0.3577 0.6659 0.0126  -0.0148  0.9401 -0.0408 0.4211
Connecticut 0.3544 0.0465 0.3601 0.0741 -0.1187  0.3768 0.0224 0.6994
Delaware -0.0665 0.4447 0.4796 0.0118  -0.0048 0.9786  -0.0330  0.4114
Florida 0.0991 0.0869  -0.0342 0.6430  -0.0121 0.8919  -0.0170  0.2575
Georgia 0.5325 0.0000  -0.2774  0.1200 0.0752 0.2845 0.0993 0.0143
Idaho 0.1145 0.0660 0.2008 0.1779 0.3982 0.0070 0.0166 0.2986
Illinois 0.1370 0.3476 0.3914 0.1080 0.1478 0.2631 0.0236 0.6623
Indiana 0.0721 0.7104 0.4953 0.0836 0.0315 0.8300 0.0469 0.4138
Towa 0.1954 0.3817 0.0674 0.8232  -0.1023  0.6142 0.1137 0.0599
Kansas 0.0684 0.6699 0.5474 0.0254 0.3125 0.0590  -0.0226 0.7429
Kentucky 0.1123 0.2388 0.3324 0.1806 0.0839 0.6087 0.0544 0.0723
Louisiana -0.0892 0.4094 0.4658 0.0355  -0.1621 0.3942 0.0283 0.5810
Maine -0.1711 0.3877 0.1380 0.5984 0.0729 0.1327 0.0690 0.4768
Maryland 0.1533 0.1410 0.5032 0.0062  -0.2715 0.0307 0.0461 0.1010
Massachusetts 0.1191 0.4821 0.3839 0.1281 0.0757 0.5429 0.0483 0.3172
Michigan 0.0086 0.8989 0.1562 0.1946 0.3689 0.0037  -0.0090  0.7069
Minnesota 0.3219 0.0576 0.2803 0.1894  -0.2922 0.0640  -0.0302 0.5916
Mississippi 0.1193 0.4076  -0.1693  0.5260  -0.3215 0.0117  -0.0423 0.4090
Missouri 0.1766 0.1117 0.4208 0.0004 0.1781 0.2604 0.0333 0.2302
Montana 0.1047 0.2154 0.5221 0.0002  -0.2779  0.0026 0.0667 0.0524
Nebraska 0.2106 0.1766  -0.0646  0.7755 0.1558 0.3680 0.0502 0.3520
Nevada 0.0022 0.9502 0.0099 0.9445 0.1364 0.2809 0.0278 0.0890
New.Hampshire | -0.1064  0.2269 0.1205 0.3143 0.0299 0.8095 0.0792 0.0653
New.Jersey 0.2805 0.2323  -0.4261 0.0016  -0.3317  0.0000  -0.0620  0.3692
New.Mexico 0.1371 0.3886 0.2551 0.3067  -0.0840  0.5681 0.0685 0.0309
New.York -0.0647  0.4655 0.1499 0.2910 0.0759 0.5197 0.0356 0.3146
North.Carolina 0.2135 0.0084 0.2924 0.0474  -0.2206  0.0343  -0.0059 0.8391
North.Dakota 0.1741 0.3531 0.6636 0.0521 -0.2428  0.3200 0.0317 0.5463
Ohio 0.1603 0.1905 0.6854 0.0067  -0.1356  0.4727 0.0429 0.2318
Oklahoma 0.2480 0.2680 1.0044 0.0042 0.3557 0.0671 0.0488 0.4510
Oregon 0.0279 0.8439 0.6836 0.0501 -0.2438  0.3050  -0.0117  0.8504
Pennsylvania 0.0094 0.9265 0.3589 0.0042 0.1179 0.4706 0.0590 0.0958
Rhode.Island 0.4488 0.0022 0.3276 0.0080 0.0470 0.7211 0.0068 0.8620
South.Carolina 0.0795 0.3834  -0.0040  0.9656  -0.3441 0.0004  -0.0245 0.4064
South.Dakota 0.5004 0.0015 0.6474 0.0055  -0.4369  0.0049 0.0373 0.4426
Tennessee 0.1421 0.3216 0.5875 0.0092  -0.2055 0.3458 0.0436 0.4362
Texas 0.3726 0.0082 0.2104 0.1891 -0.2353  0.0003  -0.0149 0.7840
Utah -0.1413  0.1825 0.1954 0.3160 0.0664 0.6351 0.0207 0.6122
Vermont -0.0315 0.7790  -0.0279  0.8280 0.2238 0.2688 0.0382 0.4272
Virginia 0.3624 0.0027 0.0933 0.6765  -0.1899  0.2643 0.0010 0.9812
Washington 0.1107 0.1084 0.3099 0.0336  -0.1949  0.0792 0.0798 0.0028
West.Virginia -0.1568  0.0185 0.7239 0.0000  -0.0074  0.9237 0.0238 0.3633
Wisconsin 0.1098 0.6712 0.0232 0.9405  -0.1081 0.5886 0.0648 0.4867
Wyoming 0.1190 0.4375 0.4503 0.0413  -0.2835 0.1103 0.0774 0.0733
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Table 2.6: The estimation results for the 0.25-level quantile

States a1(sq) A(si) B(si) ~v(s;)
Estimate p-value Estimate p-value Estimate p-value Estimate p-value
Alabama 0.1237 0.0017 0.0402 0.3906 0.0323 0.6716 0.0184 0.1702
Arizona 0.0238 0.3079 -0.0394 0.2078 -0.0454 0.5112 0.0190 0.0609
Arkansas -0.0488 0.3366 0.3957 0.0000 -0.3393 0.0000 0.0393 0.0176
California 0.0374 0.6677 -0.2523 0.2107 0.0740 0.4232 0.0784 0.0103
Colorado -0.0391 0.6245 0.3033 0.0193 0.0880 0.2780 -0.0135 0.6081
Connecticut 0.1145 0.3260 0.1837 0.1239 0.0677 0.4441 0.0049 0.9019
Delaware 0.0740 0.2321 0.4757 0.0000 0.0545 0.4715 -0.0568 0.0173
Florida 0.0524 0.1972 0.0252 0.7111 0.1484 0.1329 -0.0142 0.3756
Georgia 0.2826 0.0102 -0.1757 0.3153 0.1306 0.0409 0.0491 0.0783
Idaho 0.0332 0.2921 0.1015 0.1511 0.0616 0.3238 0.0225 0.0279
Ilinois 0.1422 0.1168 0.1902 0.2019 0.2941 0.0004 0.0517 0.1057
Indiana 0.0483 0.6694 0.1919 0.2488 -0.0670 0.4896 0.0552 0.1053
Towa, 0.1592 0.1489 0.3632 0.0458 -0.1197 0.2656 0.0280 0.3765
Kansas 0.1044 0.2864 0.3860 0.0014 0.1219 0.1421 0.0486 0.0703
Kentucky 0.1858 0.0096 0.5575 0.0001 -0.1480 0.1382 0.0490 0.0644
Louisiana 0.0185 0.8041 0.1010 0.3547 0.0433 0.6804 0.0025 0.9211
Maine 0.0459 0.4500 -0.0332 0.7148 0.0487 0.5385 0.0370 0.2969
Maryland 0.1512 0.0168 0.3365 0.0010 -0.1859 0.0116 0.0393 0.0680
Massachusetts 0.0262 0.7396 0.2439 0.0762 -0.0047 0.9463 0.0267 0.3775
Michigan 0.0232 0.6970 0.1358 0.1679 0.2352 0.0093 -0.0018 0.9272
Minnesota, 0.0319 0.7561 0.0619 0.6337 -0.0437 0.6232 -0.0360 0.2441
Mississippi 0.0441 0.5881 -0.1657 0.2695 -0.1694 0.0170 -0.0250 0.3938
Missouri 0.0319 0.4912 0.5128 0.0000 0.0869 0.2006 0.0312 0.0131
Montana 0.0268 0.7291 0.4615 0.0000 -0.1241 0.2862 0.0519 0.0636
Nebraska 0.1040 0.1579 -0.0257 0.7405 0.0849 0.1278 0.0106 0.5132
Nevada 0.0342 0.4300 0.0384 0.7333 0.2144 0.0110 0.0297 0.0432
New.Hampshire 0.0728 0.4577 0.0617 0.0416 0.0625 0.5292 0.0433 0.1635
New.Jersey 0.0778 0.4742 -0.0209 0.9002 -0.1505 0.0124 0.0254 0.5133
New.Mexico 0.1624 0.0043 0.5294 0.0000 0.0557 0.3521 0.0278 0.3118
New.York -0.0101 0.8911 0.0135 0.8589 0.1373 0.0504 0.0270 0.2603
North.Carolina 0.2067 0.0011 0.2572 0.0118 -0.2030 0.0162 0.0203 0.2995
North.Dakota 0.1971 0.0531 0.6120 0.0013 -0.2408 0.0963 0.0492 0.1595
Ohio 0.1850 0.0037 0.4187 0.0001 -0.1333 0.1000 0.0154 0.4491
Oklahoma 0.0665 0.5026 0.7923 0.0000 0.4135 0.0000 0.0183 0.5996
Oregon 0.0810 0.2010 0.4017 0.0065 -0.1404 0.0000 0.0256 0.2186
Pennsylvania 0.0958 0.0456 0.1812 0.0200 0.2006 0.0044 0.0348 0.0327
Rhode.Island 0.1926 0.0273 0.0474 0.4900 0.3996 0.0001 0.0123 0.6188
South.Carolina 0.1585 0.0210 -0.0375 0.3069 -0.0956 0.3443 -0.0046 0.8298
South.Dakota 0.0637 0.5151 0.4412 0.0089 -0.2811 0.0092 0.0395 0.1755
Tennessee 0.1202 0.0153 0.5782 0.0000 -0.2231 0.0015 0.0108 0.5639
Texas 0.1912 0.0106 0.1311 0.1909 -0.0508 0.4124 0.0176 0.4881
Utah -0.1262 0.0116 0.2945 0.0010 -0.0475 0.5178 0.0166 0.3166
Vermont 0.0108 0.8208 0.0265 0.6929 0.1773 0.0110 0.0055 0.7259
Virginia 0.2691 0.0000 0.2030 0.0607 -0.1741 0.0389 0.0214 0.2821
Washington 0.0133 0.7725 0.1237 0.1335 -0.0539 0.4179 0.0333 0.0013
West. Virginia -0.0532 0.0175 0.4900 0.0000 0.0693 0.0768 0.0350 0.0486
Wisconsin 0.1577 0.1011 0.1770 0.1259 -0.1057 0.1187 0.0468 0.1455
Wyoming 0.0831 0.3025 0.3477 0.0130 -0.1350 0.1610 0.0190 0.5160
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Table 2.7: The estimation results for the 0.5-level quantile
States a1(sq) A(si) B(si) ~v(s;)
Estimate p-value Estimate p-value Estimate p-value Estimate p-value
Alabama 0.0861 0.0118 0.1358 0.0001 0.0912 0.0718 0.0002 0.9856
Arizona 0.0085 0.7156 -0.0311 0.1919 -0.0237 0.5310 0.0204 0.0107
Arkansas -0.0012 0.9824 0.2669 0.0026 -0.1268 0.0131 0.0283 0.1052
California 0.0948 0.2455 -0.3009 0.0897 -0.0503 0.5392 0.0761 0.0053
Colorado -0.0179 0.7976 0.3204 0.0022 -0.0436 0.5203 0.0318 0.1931
Connecticut 0.2739 0.0001 0.2360 0.0094 -0.0232 0.6787 0.0344 0.1861
Delaware 0.0087 0.8884 0.3761 0.0000 0.1099 0.1450 0.0069 0.7067
Florida 0.0260 0.4388 0.0334 0.0175 0.2123 0.0016 0.0036 0.6683
Georgia 0.2406 0.0069 -0.0812 0.5097 0.0621 0.0020 0.0362 0.2023
Idaho 0.0089 0.5420 0.0491 0.0799 0.1377 0.0000 0.0087 0.0256
Illinois 0.1827 0.0337 0.1413 0.3306 0.3551 0.0000 0.0390 0.1783
Indiana 0.0225 0.8250 0.0117 0.9399 0.0309 0.7410 0.0678 0.0510
Towa 0.1014 0.3454 0.3178 0.0692 -0.2146 0.0106 0.0480 0.1793
Kansas 0.0989 0.1918 0.2416 0.0479 0.1597 0.0760 0.0123 0.6150
Kentucky 0.1281 0.0357 0.4667 0.0000 0.0179 0.8022 0.0189 0.3713
Louisiana 0.0223 0.6666 0.0296 0.6881 0.1327 0.0523 -0.0057 0.7474
Maine 0.0442 0.3907 0.0100 0.8208 0.0313 0.5310 0.0055 0.7158
Maryland 0.1713 0.0187 0.4282 0.0007 -0.1852 0.0251 0.0249 0.3076
Massachusetts 0.0542 0.4830 0.2778 0.0241 -0.0817 0.1299 0.0263 0.3351
Michigan 0.0322 0.3634 0.0771 0.2619 0.3994 0.0000 0.0121 0.4269
Minnesota 0.0649 0.2863 0.0259 0.7957 -0.0175 0.7652 0.0145 0.4801
Mississippi 0.1080 0.0703 -0.1619 0.1989 -0.1881 0.0016 0.0190 0.4433
Missouri 0.0674 0.1374 0.6063 0.0000 -0.0194 0.7373 0.0078 0.5717
Montana 0.0558 0.2777 0.3216 0.0000 -0.0310 0.4706 0.0014 0.9396
Nebraska 0.0269 0.7205 -0.0024 0.9778 0.1229 0.0369 0.0403 0.0142
Nevada -0.0053 0.7830 0.0662 0.2021 0.1353 0.0015 0.0074 0.2312
New.Hampshire 0.0718 0.1621 0.0257 0.7090 -0.0364 0.5567 0.0196 0.3839
New.Jersey 0.1533 0.0000 0.0248 0.7653 -0.1322 0.0014 0.0098 0.6718
New.Mexico 0.2136 0.0044 0.4460 0.0000 0.0346 0.5178 0.0217 0.3890
New.York 0.0420 0.5158 0.0247 0.7518 0.1883 0.0061 0.0141 0.5431
North.Carolina 0.0944 0.1185 0.3188 0.0003 -0.1323 0.0734 0.0398 0.0288
North.Dakota 0.0797 0.3421 0.3720 0.0048 -0.1434 0.1128 0.0492 0.0716
Ohio 0.1366 0.0165 0.4512 0.0000 -0.0519 0.3163 0.0168 0.3517
Oklahoma -0.0180 0.8006 0.6902 0.0000 0.2081 0.0002 0.0278 0.1140
Oregon 0.0266 0.3633 0.2048 0.0168 -0.1154 0.0000 0.0188 0.0519
Pennsylvania 0.0667 0.1564 0.2074 0.0016 0.0949 0.1411 0.0124 0.4310
Rhode.Island 0.1108 0.0000 -0.0083 0.8401 0.3379 0.0000 -0.0001 0.9958
South.Carolina 0.0267 0.6078 -0.0275 0.2156 -0.1358 0.0067 0.0288 0.0906
South.Dakota 0.0746 0.3574 0.3300 0.0262 -0.2408 0.0165 -0.0067 0.8230
Tennessee 0.1658 0.0022 0.4888 0.0000 -0.1787 0.0003 0.0467 0.0048
Texas 0.1621 0.0233 0.1151 0.2331 -0.1874 0.0062 0.0279 0.2620
Utah -0.0234 0.5618 0.2007 0.0015 -0.0795 0.1071 0.0245 0.0913
Vermont -0.0014 0.9442 0.0216 0.3702 0.2085 0.0000 0.0042 0.5464
Virginia 0.1246 0.0204 0.2747 0.0026 -0.0825 0.2312 0.0148 0.4183
Washington 0.0064 0.7741 0.0520 0.1471 0.0061 0.8707 0.0070 0.3621
West.Virginia 0.0475 0.2413 0.3314 0.0000 0.0171 0.4178 0.0093 0.5314
Wisconsin 0.0422 0.6520 0.0313 0.7947 -0.2231 0.0002 0.0152 0.6023
Wyoming 0.0238 0.6181 0.4913 0.0000 -0.1731 0.0007 0.0264 0.0998
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Table 2.8: The estimation results for the 0.75-level quantile

States a1(sq) A(si) B(si) ~v(s;)
Estimate p-value Estimate p-value Estimate p-value Estimate p-value
Alabama 0.1063 0.0041 0.2007 0.0000 0.0504 0.3989 0.0059 0.6460
Arizona -0.0169  0.5139  -0.0290  0.2327  -0.0127  0.8332 0.0259 0.0032
Arkansas 0.0330 0.5879 0.2323 0.0270  -0.0946  0.1448 0.0405 0.0746
California 0.0915 0.2334  -0.1539  0.3484  -0.0567  0.4586 0.0539 0.0292
Colorado -0.0848  0.1471 0.4092 0.0000  -0.0426  0.5093 0.0216 0.2204
Connecticut 0.3543 0.0015 0.3865 0.0007  -0.1497  0.0671 -0.0222 0.5104
Delaware 0.0386 0.5299 0.1889 0.0000 0.1017 0.0148 0.0495 0.0007
Florida 0.0570 0.0611 0.0023 0.9115 0.2252 0.0012 0.0293 0.0321
Georgia 0.3489 0.0000  -0.3363  0.0322 0.0685 0.3717 0.0400 0.1891
Idaho 0.0242 0.3942 0.0738 0.0280 0.1767 0.0037 0.0069 0.5077
Illinois 0.0746 0.4769 0.1230 0.4851 0.4018 0.0000 0.0342 0.2864
Indiana 0.2114 0.0082 0.2057 0.2126  -0.0908  0.3060 0.0979 0.0002
Towa 0.0553 0.5948 0.4489 0.0076  -0.2497  0.0021 -0.0306  0.3284
Kansas 0.1603 0.1194 0.5083 0.0006  -0.0841 0.4815 0.0364 0.2953
Kentucky 0.1526 0.0193 0.6530 0.0000  -0.0809  0.3256 0.0422 0.0666
Louisiana 0.0115 0.8547 0.1686 0.0827 0.0432 0.6342 0.0048 0.8350
Maine -0.0589  0.4764  -0.0908  0.2208  -0.0013  0.9874  -0.0159  0.5789
Maryland 0.1006 0.2672 0.1396 0.3613  -0.1605 0.1068 0.0655 0.0295
Massachusetts 0.0402 0.7114 0.2737 0.0565  -0.0766  0.2195 0.0622 0.0710
Michigan 0.0586 0.2959 0.1563 0.1052 0.4035 0.0000 0.0335 0.0926
Minnesota 0.3112 0.0006 0.1559 0.1301 -0.1695 0.0205 0.0528 0.0018
Mississippi 0.2064 0.0028 0.0140 0.9324  -0.2165 0.0000 0.0029 0.8802
Missouri 0.0563 0.1922 0.6197 0.0000  -0.0130  0.7958  -0.0093  0.4964
Montana 0.0429 0.4328 0.3857 0.0000  -0.1406  0.1253 0.0389 0.0585
Nebraska 0.0279 0.7736 0.0119 0.9248 0.0120 0.8842 0.0966 0.0028
Nevada -0.0233  0.4236  -0.0054  0.9425 0.1299 0.0452 0.0039 0.6962
New.Hampshire 0.1007 0.2590  -0.0255  0.5261 -0.0690  0.3277 0.0194 0.4793
New.Jersey 0.2910 0.0025 0.0158 0.9095  -0.1055 0.3249 0.0766 0.0490
New.Mexico 0.1791 0.0131 0.4190 0.0000 0.0768 0.1886 0.0168 0.3559
New.York 0.0108 0.8744 0.1429 0.1828 0.0556 0.4526  -0.0341 0.1721
North.Carolina -0.0023  0.9724 0.2137 0.0284  -0.1291 0.1343 0.0580 0.0120
North.Dakota 0.1446 0.2026 0.3753 0.0408  -0.2215 0.0752 0.0294 0.4353
Ohio 0.0898 0.1851 0.4524 0.0000 0.0650 0.2426  -0.0013  0.9286
Oklahoma 0.0822 0.2953 0.6077 0.0000 0.2282 0.0006 0.0025 0.9258
Oregon 0.0353 0.4096 0.2684 0.0987  -0.2121 0.0422 0.0167 0.3483
Pennsylvania 0.0072 0.8820 0.1586 0.0348 0.1273 0.0840 0.0202 0.2583
Rhode.Island 0.1673 0.0050  -0.0508  0.4962 0.2137 0.0029 0.0376 0.0921
South.Carolina 0.0142 0.8331 -0.0232  0.5143  -0.0764  0.4855 0.0570 0.0309
South.Dakota -0.0723  0.5165 0.3000 0.1113  -0.2082 0.0681 -0.0119  0.7405
Tennessee 0.1070 0.1455 0.5604 0.0000  -0.1977  0.0155 0.0571 0.0090
Texas 0.3316 0.0000 0.2153 0.0434  -0.3340  0.0001 0.0487 0.1016
Utah -0.0106  0.8489 0.2698 0.0007 0.0552 0.4812 0.0321 0.1630
Vermont -0.0140  0.8078 0.0163 0.8023 0.2820 0.0000 0.0143 0.3965
Virginia 0.1063 0.0256 0.3506 0.0009  -0.1003  0.0768 0.0383 0.0183
Washington -0.0064  0.8865 0.1478 0.2473  -0.0346  0.6630 0.0128 0.3980
West.Virginia 0.0364 0.4311 0.4244 0.0000  -0.0089  0.9221 -0.0033  0.8454
Wisconsin 0.0938 0.3436  -0.0347  0.7386  -0.2889  0.0000 0.0495 0.0250
Wyoming -0.0530  0.5286 0.5072 0.0001 -0.1243  0.1116 0.0403 0.1657
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Table 2.9: The estimation results for the 0.9-level quantile
States a1(sq) A(si) B(si) ~v(s;)
Estimate p-value Estimate p-value Estimate p-value Estimate p-value
Alabama 0.1330 0.0162 0.2023 0.0077 0.0784 0.4995 0.0228 0.3069
Arizona -0.1222 0.1628 0.0046 0.9598 -0.1131 0.6131 0.0522 0.1434
Arkansas 0.0385 0.7385 0.2089 0.0819 -0.1323 0.0953 0.0728 0.0054
California -0.0268 0.8540 -0.0436 0.8974 -0.2262 0.1312 0.0895 0.0828
Colorado 0.1369 0.1371 0.3460 0.0020 -0.1436 0.2104 0.0491 0.0422
Connecticut 0.1445 0.4037 0.3867 0.0364 -0.3058 0.0075 0.0119 0.8448
Delaware 0.1662 0.0903 0.2877 0.1374 -0.2237 0.2560 0.0764 0.1048
Florida 0.0980 0.1239 -0.0195 0.7964 0.2950 0.1368 0.0554 0.0327
Georgia 0.5685 0.0005 -0.5558 0.1772 -0.0669 0.6576 0.0495 0.5025
Idaho 0.0912 0.1004 0.1914 0.1137 0.1870 0.2078 0.0047 0.7933
Illinois -0.0854 0.7364 -0.0740 0.8655 0.5816 0.0224 0.0528 0.5615
Indiana 0.2482 0.1989 0.2118 0.4316 -0.1484 0.2938 0.0373 0.4344
Towa -0.1904 0.2013 0.4494 0.0129 -0.3016 0.0021 -0.0885 0.0175
Kansas 0.1240 0.1530 0.6569 0.0000 -0.1688 0.1309 0.0129 0.3678
Kentucky 0.2501 0.0122 0.8734 0.0000 -0.1907 0.1754 0.0337 0.3823
Louisiana -0.0811 0.4858 0.3712 0.0065 0.0749 0.5212 0.0117 0.7215
Maine -0.0963 0.7614 -0.2578 0.2433 -0.0376 0.6921 0.0556 0.4640
Maryland 0.0917 0.4723 0.1695 0.4102 -0.1702 0.2196 0.0440 0.3188
Massachusetts 0.1637 0.2512 -0.0609 0.8065 -0.2320 0.0320 0.0892 0.1019
Michigan 0.1058 0.0443 0.1248 0.1952 0.4270 0.0000 0.0199 0.3071
Minnesota 0.3022 0.0388 0.0978 0.6410 -0.2612 0.0864 0.1236 0.0165
Mississippi 0.2070 0.2204 0.4144 0.0861 -0.5015 0.0003 0.0979 0.0755
Missouri 0.0057 0.9621 0.5989 0.0004 -0.0896 0.6572 -0.0350 0.2927
Montana 0.1018 0.2886 0.4829 0.0000 -0.3116 0.0991 0.0316 0.1745
Nebraska -0.0252 0.7484 -0.1518 0.2672 0.0533 0.4038 0.0789 0.0040
Nevada -0.0164 0.8613 0.1852 0.4354 0.1201 0.4375 0.0008 0.9815
New.Hampshire 0.0600 0.4660 -0.1226 0.2916 -0.2844 0.0133 0.0638 0.0340
New.Jersey 0.4243 0.0000 0.1962 0.5790 -0.2113 0.4189 0.0411 0.6741
New.Mexico 0.0573 0.7944 0.3765 0.1529 -0.0840 0.6172 -0.1151 0.0749
New.York 0.2479 0.0076 0.0220 0.9048 0.1372 0.4533 -0.0436 0.1982
North.Carolina -0.0438 0.6703 0.3619 0.0199 -0.1193 0.3907 0.0609 0.0963
North.Dakota 0.1380 0.5196 0.1611 0.6417 -0.2048 0.3537 -0.0062 0.9300
Ohio 0.0776 0.0590 0.4413 0.0031 0.1422 0.1195 -0.0802 0.0059
Oklahoma 0.1037 0.5261 0.5630 0.0522 0.2593 0.0087 0.0258 0.7184
Oregon 0.0615 0.4317 -0.2528 0.0376 -0.3240 0.0200 0.0312 0.2368
Pennsylvania 0.0372 0.3538 0.2652 0.0300 0.0851 0.3955 0.0086 0.7204
Rhode.Island 0.1337 0.3651 -0.0306 0.8288 0.1794 0.1239 0.0135 0.7326
South.Carolina -0.1071 0.5250 -0.0613 0.2600 0.0180 0.9231 0.1283 0.0304
South.Dakota -0.1342 0.4623 0.2513 0.2709 -0.3430 0.0044 -0.0164 0.7326
Tennessee 0.1547 0.1689 0.6158 0.0044 -0.3265 0.0167 0.0331 0.3992
Texas 0.2617 0.0211 0.1128 0.4063 -0.3229 0.0007 0.0978 0.0001
Utah 0.0268 0.7962 0.3861 0.0141 -0.0486 0.6833 0.0393 0.3298
Vermont -0.1869 0.1080 -0.0233 0.7716 -0.0609 0.5245 0.0005 0.9885
Virginia 0.1377 0.0769 0.3175 0.0079 -0.2448 0.0397 0.0602 0.0164
Washington -0.0566 0.6226 0.3516 0.0695 -0.3005 0.0277 0.0081 0.8024
West.Virginia 0.1499 0.0751 0.6623 0.0000 -0.2540 0.1725 -0.0096 0.7802
Wisconsin 0.0373 0.8258 0.0487 0.8145 -0.4502 0.0016 0.1215 0.0398
Wyoming -0.0674 0.6965 0.5786 0.0228 -0.2924 0.1468 0.0548 0.3489
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Table 2.10: The Wald tests for the equality of slopes

State A(si) B(si) ai(s;) v(si)
0.1vs05 0.1vs09 05vs09 01vs05 0.1vs09 05vs09 0.1vs05 01vs09 05vs09 0.1vs05 0.1vs09 0.5vs0.9

Alabama 0.041 0.033 0.371 0.779 0.903 0.909 0.058 0.434 0.396 0.531 0.743 0.297
Colorado 0.173 0.246 0.840 0.876 0.552 0.378 0.381 0.132 0.107 0.135 0.094 0.541
Connecticut 0.515 0.918 0.393 0.452 0.261 0.010 0.632 0.369 0.434 0.827 0.894 0.695
Georgia 0.278 0.518 0.222 0.843 0.372 0.377 0.015 0.849 0.038 0.132 0.536 0.849
New.Mexico 0.428 0.724 0.780 0.394 1.000 0.456 0.616 0.757 0.451 0.208 0.009 0.025
Ohio 0.325 0.378 0.948 0.645 0.167 0.031 0.839 0.510 0.337 0.451 0.005 0.001
Oklahoma 0.343 0.301 0.645 0.420 0.644 0.603 0.209 0.583 0.434 0.735 0.801 0.976
Oregon 0.147 0.009 0.000 0.576 0.759 0.115 0.992 0.828 0.636 0.609 0.507 0.616
Pennsylvania 0.210 0.569 0.623 0.882 0.857 0.922 0.555 0.794 0.595 0.167 0.213 0.873
Tennessee 0.643 0.923 0.533 0.898 0.620 0.251 0.861 0.942 0.917 0.954 0.871 0.719
Texas 0.546 0.623 0.987 0.585 0.429 0.161 0.119 0.515 0.373 0.411 0.053 0.019
West.Virginia 0.003 0.739 0.013 0.742 0.203 0.134 0.002 0.003 0.203 0.573 0.413 0.563
Wyoming 0.844 0.686 0.715 0.513 0.972 0.533 0.512 0.393 0.577 0.213 0.743 0.609

Note: This table displays the results of the Wald tests (p-value) for the equality of slopes (0.1 against 0.5 and 0.9 quantiles) in some typical states.



Chapter 3

Local Linear Quantile Regression
for Time Series under Near

Epoch Dependence

3.1 Introduction

Nonlinear modelling of time series data has drawn a lot of attention from re-
searchers in the past few decades (c.f., Tong, 1990; Tjgstheim and Auestad, 1994;
Hérdle et al., 1997; Fan and Yao, 2003, etc). In these literatures, most modellings
are based on conditional mean regression perspective, while fewer work has focused
on nonlinear modelling by quantile regression for time series. In this chapter, we
are mainly concerned with the nonlinear modelling of time series data from view
point of quantile regression. Specifically, we consider a (strictly) stationary time

series that are near-epoch dependent (NED) introduced by Ibragimov (1962).

Assume that {(Y;, X;)} is a stationary multivariate time series on a probability
space (£, F, P) in general context, where X; and Y; are random variables taking
their values in R? and R respectively. In time series econometrics, X; may involve
both the lags of endogenous and/or exogenous variables. We are here interested

in the 7-th (0 < 7 < 1) conditional quantile function of Y; given X; = =.
¢-(z) = arg mg% E{p:(Y; —a)|X; =z}, (3.1.1)
ae

where p-(y) = y(7 — I{y<oy) with y € R' and I, is the indicator function of set A.

This conditional quantile regression was initially developed under 7.7.d. samples for
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linear regression models in econometric literature (Koenker and Bassett Jr, 1978,
1982).

In comparison with the mean regression, the modelling based on quantile regression
has some essential advantages. Firstly, a well known special case with 7 = 1/2, i.e.,
median regression, is much explored and more robust than the mean regression
when the data distribution is typically skewed or possesses a few outliers. Secondly,
a heteroscedastic model can be easily detected if the regression quantiles of the
model are not parallel (c.f., Efron, 1991). Thirdly, a collection of conditional
quantiles can describe the whole distribution of the independent variable (c.f., Yu
and Jones, 1998). Fourthly, pairs of extreme conditional quantiles can be used
to depict the conditional prediction interval, which is important in econometric
forecasting (see, Granger et al., 1989; Koenker and Zhao, 1996; Kuester et al.,
2006, for example). Finally, the value-at-risk (VaR) has become a popular tool to
measure market risk, which is just the quantile of the potential loss to be expected
over a given future period (for a given probability) (c.f., Jorion, 1997). Therefore,
the regression quantile would be helpful to factor analysis of the risk modelling
based on VaR.

The asymptotic properties of kernel estimators for quantile regression have been
investigated under i...d. or a-mixing conditions. To be specific, Yu and Jones
(1998) used local linear fitting to estimate the quantile regression, Cai (2002) in-
troduced an estimate of conditional quantile based on the inverse of conditional
distribution function (Hall et al., 1999), and Honda (2000) estimate the quantile re-
gression by local polynomial fitting. Recently, for time-varying coefficient models,
Honda (2004) and Kim (2007) considered the nonparametric quantile estimation
based on the i.i.d. errors term. Cai and Xu (2008) assumed that error is a-mixing
process. In Wu and Zhou (2017), the errors are locally stationary processes with
cross-dependent. Moreover, Cai and Xiao (2012) investigated the partially vary-
ing coefficients quantile regression models based on [-mixing assumption, and
Wang et al. (2009) without any specification of the error distribution. Oberhofer
and Haupt (2016) established the asymptotic properties of the nonlinear quantile
regression, with allowing the error process to be heterogencous and mixing. Dif-
ferently, we will develop a theory for nonlinear modelling of the quantile regression
function in nonparametric way for time series under NED condition. The main
motivation for the NED condition is that a-mixing is a stricter assumption, which
is hard to cover compound processes (Davidson, 1994; Lu and Linton, 2007). For

example, Andrews (1984) has shown that a very simple linear AR (1) model of the
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form
1

Xe=-Xi 1+ e,
2
with e; 's being independent symmetric Bernoulli random variables taking values
—1 and 1, is not a-mixing. Therefore, a-mixing may not be satisfied in the case of
discrete innovations. Moreover, Gorodetskii (1978) has demonstrated that when
the coefficients of the linear process do not drop off sufficiently fast, even the
continuously distributed innovations may not satisfy the a-mixing property. For
these reasons, the NED processes, which can cover more kinds of processes, have
been considered extensively in econometrics (Andrews, 1995; Lu, 2001; Gallant,

2009; Jenish, 2012; Li et al., 2012a).

We will introduce a local linear kernel method to estimate both the quantile re-
gression and its derivatives under NED condition, which is an extension of the
work of Welsh (1996) and Yu and Jones (1998) under i.i.d. samples. In addition,
we establish the asymptotic distribution for quantile regression estimators, which
is important both for assessing the estimates and constructing an asymptotic con-
fidence interval as well as testing hypothesis on the quantile regression, where
a powerful tool of Bahadur representation will be established in convergence in
probability for our aim. Our asymptotic normality result generalizes Lu et al.
(1998), Honda (2000) and Hallin et al. (2009a) who obtained Bahadur representa-
tions with different conditions under alpha-mixing dependence to a more widely

applicable family of data generating processes of near epoch dependence.

3.2 Local Linear Quantile Regression Estimators

3.2.1 Notation and main assumption

Supposing that Rl-valued Y; and RP- valued X, are stationary processes, we can
define

Y;L = \I/y(gt,é‘tfl,é},g,...), (321)
Xt — (tha Ut 7ti>/ - \IIX(gh Et—1,Et—2, - - ')7 (322)

where {g;} is a stationary process, ' denotes the transpose. ¥y : R® — R! and

Uy : R*® — RP are two Borel measurable functions, respectively. (X, Y7), ---

9

(Xn, Y,,) are arealization of n observations from this stationary sequence { (X3, Y;)}.
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We consider the case of general p (p > 1) for the dimension of X. In practice, to
avoid the curse of dimensionality, p should be chosen to be as small as possible
through some variable selection procedure (c.f., Tjgstheim and Auestad, 1994, in
the mean regression setting). In what follows, we denote by Fy|x(z) = P(Y; <
y|X: = z) and fx(y|z) the conditional distribution and the conditional density
function of Y; given X; = x, respectively, and fx(z) will denote the marginal

density function of X;.

Definition 0. For a positive real number v > 0, if
v,(m) = B)Y; = Y\ + B|X, — X™ | =0 (3.2.3)

as m — oo, where | - | and || - || are the absolute value and the Euclidean norm
of R?, respectively. Y™ = Wy (es, ooy erompr), Xi7 = (X577, X)) =
Uxm(ety ooy Et—my1), where Uy, and ¥y, are R!- and RP-valued Borel measur-
able functions with m arguments, respectively. We will call {(Y;, X¢)} the near
epoch dependent in L, norm w.r.t. a stationary a-mixing process {e;}, and v, (m)

the stability coefficients of order v of the process {(Y;, X;)}.

Definition 1. For a stationary sequence {g;, t =0, +1, ...}, if

alk) = sup |P(AB) — P(A)P(B)| — 0
AeFr ,BEFS,
as k — oo, where F"_ and F75, are the o-fields generated by {e;, t < n} and

{et, t > n+ k}, respectively. We call ; the a-mixing process.

Clearly, {(Y,™, X™)} is an a-mixing process with mixing coefficient

alk—m) kE>m+1,

3.2.4
1 kE<m. ( )

am(k) < {

For the sake of convenience, we will provide the main assumptions on the data-
generating process (A1), the kernel function (A2-A3) and the bandwidth (B1-

B4) in the following, which will be used in later lemmata and theorems.

A1l: (i) The data generating process (DGP) is a strictly stationary NED process,
with order v = 2 4+ §/2, with respect to the a-mixing process {s;}, , where the
constant § > 0 is satisfied in E [|Y}['*™] < oo limy_o & > o a(j) =0, for some

positive real number a.
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(i) fx(-) denotes the continuous density function of X; and satisfies fx(z) > 0 at

x.

(iii) fy|x(y|Z) is a conditional density function of Y, which is continuous in a
neighbourhood of ¢,(z) uniformly for Z in a neighbourhood of z, and continuous

as a function of Z in a neighbourhood of z for all y in a neighbourhood of ¢, (x).
Also, fyix(g:()]z) > 0.

(iv) The joint density (X;, X;) at (z, Z) is satisfying

sup sup fi;(z, ) < C, (3.2.5)
,j (z,%)

where C' is a generic positive constant, and ¢ and j are in Z.

A2. (i) For kernel function K : R? — R, we define
K.(u) := (co + cju) K (u). (3.2.6)

where ¢ := (cg, ;) € RPT. |K,(u)| is uniformly bounded by some constant K,

and is integrable: | K.(x)|dr < o0.
RP

(i) QI () = upjy oo [y Kcly)] s integrable.

(iil) The kernel function K (+) is a bounded density function such that [ wK (u)du =
0 and p2 = [wu'K(u)du > 0 (positive definite).

(iv) For some constant C' > 0, |K.(u) — K.(v)| < Cllu — v| for any wu, v € RP.

A3. The quantile function ¢,(-) is twice continuously differentiable. The v-th

order derivative ¢\”) (+) of the quantile function ¢, (-) satisfies the Lipschitz condition

of degree 0 (0 < ¢ < 1), such that

g (2) = ¢ (@) || < Clle — &|)°, for any z, & € R?, (3.2.7)

where ¢\”) (x) = ¢ (x), ¢+ ' (z) = ¢-(x), and || - || is the Euclidean norm.

B1.
hy =0 and nhiT29P7 o 00 as n— oo, (3.2.8)

where a is the positive constant defined in A1(i).
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B2. There is two positive integers m = m,, — oo and L = L,, = \/v;(m) — 0,
satisfying

h ' Pu(m) — 0, nfvi(m) =0, as n— oco. (3.2.9)

B3. For two positive integer sequences, p* = p*, € Z and q = ¢, = 2m,, € Z,
with m = m, — oo such that p* = p* = o(( nh2)/?), ¢/p* — 0 and n/p* — oo,
and ﬁ*a(m) — 0.

p

B4. h, tends to zero in such a manner that ¢h? = O(1) such that

hfLZozm(t) —0 asT — oo.
t=q

Remark. Assumption B1 is the common used in i.i.d. case. Assumptions B2-
B4 restrict the decay rates of the stability and mixing coefficients for a given

bandwidth.

3.2.2 Local linear fitting of quantile regression function

Denote by ¢,(x) = (9¢,(z)/0z1,- - ,0¢;(x)/0x,)" the vector of the first order par-
tial derivatives of ¢,(x) at x = (a1, --- , x,)" € RP, where 2’ denotes the transpose
of a vector z. The idea of the local linear fitting (Fan and Gijbels, 1996; Loader,

1999) is to approximate the unknown function ¢.(-) by a linear function
4-(2) = ¢ (2) + (4 (2)) (2 — ) = ap + a)(z — z), (3.2.10)

for z in a neighbourhood of z. Locally, estimating (¢.(z), ¢-(x)) is equivalent to
estimating (ag, a1). This motivates us to define an estimator by setting g, (z) = ao
and af(a:) = ay. Then

(ag, a1) = arg min) ZpT(Y,- —ap — ay(X; — 2))Kp(X; — x), (3.2.11)
40y

where Kj(z) = h,?K(x/hy,), K is a kernel function on R?, and h, > 0 is the
bandwidth. Note that if ¢.(z) has no derivative, ¢,(z) can still be estimated by

(3.2.11), but the estimate of its derivative is vacuous. (See also Lemma 3.2)
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The regression coefficients in model (3.2.11) are often of interest in econometrics.
For example, in the nonparametric option pricing model introduced by Ait-Sahalia
and Lo (1998), if the modelling is carried out based on quantile regression method,
then ag would estimate the quantile of the option price and a; estimate the related
Greeks. Another example of potential interest in financial econometrics is the
value-at-risk modelling of the risk factors, where ag would estimate the quantity of
value-at-risk given the factor variables and a; estimate the influence of the changes
of the factor variables on the risk. These interesting topics will be developed in
other work. In this chapter, we are concerned with the theoretical property of the

estimators.

3.3 Asymptotic Behaviours

The main interest in this section is to establish the asymptotic distribution of the
quantile regression estimators under near epoch dependence. To this purpose, we
need to develop a powerful tool of Bahadur representation in weak convergence
sense for the quantile regression estimators, which are not of analytical expression

as the mean regression.

3.3.1 Bahadur representation

In this subsection, we consider the weak conditions to ensure the Bahadur repre-
sentation of the local linear estimators of ¢.(-) and its derivatives. If ¢, (x) is first
order differentiable, then its derivatives can be estimated reasonably well by the
local linear fitting. We first introduce a notation. Denote by Z,, = op(1) if the

P P . .
random sequence Z,, — 0, where — denotes convergence in probability.

Theorem 3.1. Assume that Assumptions A1 -B4 are satisfied for some a > 1,

and that the quantile function q,(z) is twice continuously differentiable at x. Then

(@) —g @) \

NAGEYAG)

T 2 0) ( ;) K(Z5) + o),

hn

(3.3.1)

as n — 00, where vr(y) = 7 — [yop, Yi' = Yi(7) = Yi — 4,(2) — (4, (2))(X: — )
and 6. (x) = (fyx (a:(2)|2) fx ().
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The next theorem shows that even if ¢, (x) is not differentiable, it may still be
estimated reasonably well by the local linear fitting of (3.2.11), but the estimate
of ¢,(x) is vacuous. This is similar to Remark 2(b) of Lu and Gijbels (2001) in

mean regression setting.

Theorem 3.2. Under the Assumptions in Theorem 3.1, and the quantile function

q-(z) is continuous at x. Then

Xi—l'
B

Vnhh (G (x) — g, (x)) = @(a:)\/%hz il V(YK ( )+op(1), (3.32)

as n — oo, where Y;* =Y (1) =Y — q.(2).

The proofs of Theorem 3.1 and 3.2 are given in Section 3.6.

3.3.2 Asymptotic normality

Based on the powerful tool of the weak Bahadur representation, we can establish
the convergence rates and the asymptotic distribution of the local linear quantile
regression estimates under near epoch dependence. If ¢.(z) has the first order
derivatives which are Lipschitz continuous, then ¢,(z) and its derivatives can be

estimated with optimal convergence rates of Stone (1980) as in the i.i.d. setting.

Theorem 3.3. Under the conditions of Theorem 3.1, if Assumption A3 with
v =1 1s satisfied, then

G- (1) = ¢-(x) = Op(h}"") + Op((nhh)~'/?), (3.3.3)
and
G-(@) = o) = Op(h3) + Op((nh*?)V/2), (3.34)

Furthermore, if in A1(i) a > p/(v+6) and h, = n~V/PF20+)] thep

G () — g-(z) = Op(n~ (/2040 (3.3.5)

-~

G, () = G- (x) = Op(n~*/PH20+0)) (3.3.6)

as n — 0.
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Remark. The condition ¢ > p/(v + §) in the theorem is to ensure that the

requirement in Assumption B1 can be satisfied with the optimal bandwidth, A, =
n—VIp+2(1+8)]

If ¢, (x) is not differentiable but Lipschitz continuous, then the estimator g, (x) can

converge to ¢,(x) at the rate specified as follows.

Theorem 3.4. If Assumption A3 with v =0 is satisfied in Theorem 3.2, then
7(2) — 4:(x) = Op(h2) + Op((n2) /%) (33.7)
Furthermore, if in A1(i) a > p/d and h,, = n~Y/P+% then
G-(z) — - (z) = Op(n~%/PF2)) (3.3.8)

as n — Q.

Remark. According to Stone (1980), the convergence rates in equation 3.3.3-3.3.8

are also optimal for i.i.d. observations.

The asymptotic distribution of the estimators can be established under near epoch
dependence. And the asymptotic normality of our estimators relies on the follow-

ing lemmata. Suppose

Wn1

W, = (w”°>, (W), == (nh2)" Z% (Y;) (

=0, ....p, with (%) —1.
» /o
The usual Cramér-Wold device will be adopted. For all ¢ := (cg, ;)" € R'"?, let

n

’ 1 « Xz — X
A, = ( nh?)V2IW, = N Zm(yi VK.( - ),
" =1 n

with K.(u) defined in (3.2.6). The following lemma provides the expectation and

asymptotic variance of Ar for all ¢, hence that of (nh2)Y/2WV,.
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Lemma 3.1. Assume that Assumptions A1l and A2 hold, and that h, satisfies

Assumptions B1 and B2. The expectation is as

(1-+0(1) @8)] ,

where By(z) = 1tr(g-(z) [wu' K (u)dulh?, and By(z) = (Bii(2), ..., Bip(z))', Bij(z) =
strlg, (z) [ wi'u; K (u)dulh, , j=1,...,p. The asymptotic variance is as

E [¢T(x)An] = \/n_hz

lim Var[¢,(z)A,] = e,

n—o0

where

Z = ¢3($)T(1—T)fx(m)< SR wdu [ 'K (u)du )

JuK*(w)du [ uu'K?(u)du

Lemma 3.2. Suppose that Assumptions A1 and A2 hold, and that the bandwidth
h,, satisfies Assumptions B1-B4. Denote by o? the asymptotic variance of Ap .
Then (nh2)\2(d[W,(z) — EW,,(x)]/0) is asymptotically standard normal as n —

Q.

The proof of Lemma 3.1-3.2 will be given in Section 3.6. We now turn to the main

consistency and asymptotic normality result.

Theorem 3.5. If Assumption A3 with v = 2 is satisfied, a > p/(2+ 9) in As-

pp2(2+0)

sumption Al (i) and nhx, — 0, then for any 0 < 1,15 < 1,

" (aﬂ@)—qﬁ(x)—Bm(x)) 5 N(O (aaoo<a:> 0301@))) 3.39)
n| "\ o2, (2) y) )’ o

4r, :L’) - qm(l’) - B02<x

\/W @n (z) — Q:n(l') - Bll(x)) Y (O, (Ufoo(x) ‘7301E$;)> , (3.3.10)

ng(x) - QTQ(:E) - Bl?(x

V) o
as n — co. Here = denotes the convergence in distribution,

Byi(x) = tr qT fuu’K (w)dulh?, and By;(x) = (B (z), ey Brip(2))', Buyj(x) =
%tr[q}i fuu w; K (u)dulh, , 1=1,2,7=1,..,p

0(2)00(37) fK2 )du, J011(3’7) = ¢5(x) fKZ(U>dU

o1 (%) = 010(2) = fK2 )du, oto(x) = 67(x) IUU,KQ(U)dU;
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0%11(55) = ¢5(x) fuu/Kz(u)dm ‘7%01@) = U%lo(x) = ¢3(v) fuu’K2(u)du7
and where

(1 — 1)
T () P @)

61(x) = (271 — ) () = i=12

$3(x) =07, (£)pr, () (min(, 72) — 1172) fx ()
B min(7y, 72) — T2

- Ix(@) frix (@ (2)|2) fy1x (g (2)|2)

Remark. When the kernel function K(-) is symmetric, we can have By;(z) = 0,
i =1, 2. Then (3.3.10) can be rewritten as

\/W (gn(x) - qm(@) Y (O, (Uioo(x) 0%01(@)) ' (3.3.11)

4r, () = Gy (z o110(2) ot (2)
If g,(x) is not differentiable but Lipschitz continuous, one can obtain the asymp-
totic normality result for ¢,(z) as follows.

Theorem 3.6. If Assumption A3 with v =0 is satisfied, a > p/d in Assumption
Al1(i) and nh?*2 — 0, then

m(@@)—qﬁ@))) 5 N<O, (UE) aam<:c>>>, (33.12)

4r, (:C) — n, (fE)

asn — o0

Remark. The proofs of Theorems 3.3-3.6 are relegated to the Section 3.6.

3.4 Numerical Results

3.4.1 Simulation

In this section, we will consider the Monte Carlo simulation to study the finite
sample performance of median regression and mean regression under near epoch

dependence. The purpose is to illustrate that local linear median regression can
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work more efficient and robust for the processes under near epoch dependence.
We considered the following model(Reference to Lee, 2003):

}/;5 = 9<Xt) + aggt, (341)

where & was drawn from the Student t-distribution with the 2 degrees of freedom
(denoted by t3) and a3 = 0.2. The Student ¢-distribution is of great interest in
financial modelling of market volatility(c.f., Bollerslev et al., 1992).In particular
the variance of the time series may not exist if the &, is heavily tailed enough (e.g.,
ty distribution).

g(x) = apx + aysin(asx), (3.4.2)

where ap = a; = 1,a2 = 4. And X; was drawn from the ARMA(1,1)-GARCH(1,1)

model, which is as follows:

Xt = u + (bthl + Qat,l + &4, (343)
Er = ethi/Z, ht = + Oélgffl + 61ht—1; (344)

where ag > 0, a3 > 0, f; > 0, and ¢; is i.i.d. N(0,1) random sequence Referring
to the estimations of the model (3.4.3) with (3.4.4) in section 3.4.2, we take the
parameters p = 0.011223, ¢ = 0.975815, 0 = —1, ag = 0.234255, oy = 0.106487,
and f; = 0.861989, which are obtained from the real oil price data by ARMA-
GARCH module in R. Lu and Linton (2007) proofed that X; is a stationary NED

of order 1 w.r.t. a strongly (a-) mixing process.

We then generate data X; from the model (3.4.3) and (3.4.4), and Y; from model
(3.4.1) with (3.4.2), denoted as {(X;,Y3)} for t = 1,...,n. We consider two time
series of sample size: n = 100 and n = 500. We are assessing the estimate of the
median regression go5(x) = argmin, . m E{po5(Y;—a)|X; = =} and mean regression
m(x) = E(Y;|X; = x), which are both equal to g(x), we partition 41 points of x
between the -0.8 and 0.8, which are approximately 10th and 90th percentiles of
X;. In the simulations, the bandwidth by was chosen by the conventional cross-
validation rule of Stone (1984).

Figure 3.1 shows that the biases of 100 median and mean estimates of g(-) for
sample size 100 and 500 are acceptable. Figure 3.2 displays the results of local
linear estimators of median regression ¢ 5(x) = g(x) and mean regression function

m(z) = g(z) in 41 points of x, based on 100 replications with each sample size
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Figure 3.1: Comparison of mean of 100 median and mean estimates of g(+)
for sample size 100 and 500

n = 100 and n = 500. Figure 3.3 assesses the accuracy of estimation by defin-
ing a squared estimation error (SEE) of conditional mean regression and median

regression estimation of g(-)

SEE(Gos(-) = % S {aw) — o)}
SEE(im(.)) = ﬁ > {m () - g(wr)}

where r = 1,...,100 is the simulation times, for the sample size n = 100 and
n = 500. Overall, the simulation results of Model (3.4.1) adapt very well to
asymptotic theory: with the sample size increasing, both the conditional mean
and median regressions with a cross validation method for bandwidth selection
become more stable and fit better to the true g(-) function. Even for the sample
size of 100, the estimate procedure and bandwidth selection looks acceptable with
the median regression. Clearly, the median regression has better performance in
estimated results than the mean regression, and the median regression in sample

size 500 works very well in all cases.
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Figure 3.2: Simulation results-Boxplots of the local linear fitting for the
median regression and mean regression, for n = 100(top) and n = 500
(bottom)

3.4.2 An empirical application

Climate change has become one of the world’s supreme policy challenges. In order
to promote greener growth, the economists suggested providing an appropriate
design of a price on carbon emissions. In 2005, the European Union Emissions
Trading System (EU ETS) was established, which is the biggest greenhouse gas

emissions trading scheme around world.

It is well known that crude oil is one of the biggest sources of world greenhouse
gases. Low oil prices could restrain the development in cleaner energy technologies,

which lead to higher carbon emissions (Balaguer and Cantavella, 2016). Through
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Figure 3.3: Simulation results-Boxplots of squared estimation error(SEE)
of mean regression and median regression estimation of g(-), for n = 100

(left) and n = 500 (right)

corrective carbon pricing, governments could restore appropriate price incentives,
and mitigate climate change. Correspondingly, the interaction between carbon
price and crude oil price has been increasingly closer, due to the rapid development
and steady expansion of carbon market. The relationship oil price and carbon
futures price has drawn attention in many recent studies (Mansanet-Bataller et al.,
2007; Chevallier, 2011; Benz and Triick, 2009). To capture well the underlying
impact of crude oil futures price on the carbon futures price, we investigate the
impact of daily return of WTT crude oil futures price on carbon futures price return
! with sample size 454 from 27th July 2015 to 15th May 2017, for an illustration.

Figure 3.4(a) and 3.4(b) show WTTI crude oil futures price ( W;) and carbon futures
price( C), and the daily return of WTI crude oil futures price X; and daily return
of carbon futures price Y;, defined by

X; = log(W,/W,_1) x 100, Y; =log(C;/C_1) x 100,

which are plotted in Figure 3.4(c) and 3.4(d), respectively.

!Historical Futures Prices: ECX EUA Futures, Continuous Contract # 1. Non-adjusted price
based on spot-month continuous contract calculations. Raw data from ICE.
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Table 3.1: Estimation results of ARMA-GARCH

Coefficients  Estimate Std. Error ¢t value  p value
1 0.011223  0.015269 0.73501 0.462332
0] 0.975815  0.004564 213.813 0.000000
0 -1.000000  0.000457 -2188.80 0.000000
% 0.234255  0.107747  2.17411 0.029697
ay 0.106487  0.035673  2.98508 0.002835
b1 0.861989  0.035991  23.9501 0.000000
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Figure 3.5: Nonparametric quantile regression for the relationship between
daily return of WTT crude oil price and carbon future price, from 27th July
2015 to 15th May 2017 with 454 observations.

ARMA-GARCH models have been used to describe the oil price return in many
studies (Chang et al., 2010; Lee and Chiou, 2011; Zhang and Chen, 2011, 2014).
Therefore, we used the daily data of WTI crude oil price return to estimate the
model (3.4.3) with (3.4.4) and check whether the conditional variance follows the
GARCH process. The estimation results show in Table 3.1, which all the coeffi-

cients are statistically significant at 5% significance level except the intercept.

Table 3.2: Results of quantile prediction error for three methods

Methods 7=01 7=05 7=0.9
parametirc quantile regression 0.3937184 0.97913 0.4405764
local linear quantile regression 0.3806771 0.98394 0.4240236

nonlinear threshold quantile regression 0.3511665 0.97913 0.4210472

The leave-one-out cross-validation (Li and Racine, 2004) is used to choose the
optimal bandwidths, which are 1.30 (7 = 0.9), 3.03 (7 = 0.5), and 1.33 (7 =
0.1) for the conditional quantiles, respectively. Figure 3.5 shows the local linear
estimates of the conditional quantile regression at 0.1, 0.5 and 0.9 quantile levels,
respectively. From Figure 3.5, we can find that both the upper and lower quantiles

(e.g. 7=0.1 and 7 = 0.9) functions appear to be nonlinear.

To evaluate the local linear quantile method, we will compare the prediction of

different parametric forms of quantile regression. The first is a linear quantile
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function QY,(7]X;) = a? + a2X,, where a? and o are linear quantile coefficients
(Koenker, 2005). In general, nonparametric specification can help to explore the
possibly nonlinear relationship, but it may give poor prediction. Therefore, we
consider a parametric nonlinear threshold quantile model with the thresholds given
based on the nonparametric estimation results (Figure 3.5). Then, we construct

the nonlinear threshold functions as follow.

e For 7 =0.1

a(z) = {a +anz}Z(z < =3) + {aw + anr} Z(—-3 <z < 1.5)
+ {CL3O + CL31I}I(1.5 < a:)

e For 7 =0.5

(I(ZE) = Qq90 + a1 xr

e For 7 =0.9

a(z) = {aro +anz}Z(x < —4) +{ag + anzr} (-4 <z < -2)
+ {CLgo + CL31.I‘} I(—Q <z < 2) + {CL40 + CL41(L’}I<2 <z < 4)
+ {CL50 + CL51{L‘}I<4 S ZL’)

where I(-) is an indicator function, a;;(z), i = 1,2,...,5 and j = 0,1, are the

linear coefficients.

We use the first T = 404 as estimation sample to predict the last 50 quarters.
A quantile prediction error (QPE) of prediction result is computed for the lin-
ear quantile regression and nonlinear threshold quantile regression under different

quantiles. Here, we define QPE as:

QPEH() = 3 peldr(ws) = acla), (3:4.5)

where p-(y) = y(7 — Ify<0y) and 14 is the indicator function of set A. The results
show in Table 3.2. The QPE values are 0.3937184 and 0.3511665 for linear and
nonlinear threshold quantile regression in 10% quantile, respectively. Compared

with the linear quantile function, the threshold quantile regression outperforms
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in prediction, with a relative improvement of 11%. This result further illustrates
that local linear quantile regression can help to uncover the impact of WTT crude

oil price return on carbon futures price return, which is more complex than linear.

3.5 Conclusions

This chapter develops a theory for nonlinear modelling of the quantile regression
function in nonparametric way for econometric time series under NED condition,
which can extensively cover more kinds of processes in econometrics. We intro-
duce a local linear kernel method to estimate both the quantile regression and its
derivatives under NED condition, which extends the work of Welsh (1996) and
Yu and Jones (1998) under i.i.d. samples to time series. In addition, we establish
the asymptotic distribution for quantile regression estimators. A powerful tool of
Bahadur representation will be established in weak convergence sense, which gen-
eralizes Honda (2000) who obtained a Bahadur representation with rather strong
conditions. At last, we also apply the nonparametric quantile method to inves-
tigate the impact of crude oil futures price on the carbon futures price. The

empirical findings shows that this impact is more complex than linear.
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3.6 Appendix

Proofs of lemmata

Some basic lemmata are given in this section for later reference.

Lemma A.1 If X and Y are two random variables which are measurable with

respect to A and B, respectively, and there exist two constants Cy, Cy, such that
| X| < Ch, |Y] <Oy, as., then

|[EXY — EXEY| <4CCya(A, B), (A.1)
where A and B are two o—algebras generated, respectively, by X and Y, and

a(A, B)= sup |P(AB)— P(A)P(B)|.
A€A, BeB

Proof. See the appendix of Hall and Heyde (2014).

Lemma A.2 Let m = m, be a positive integer tending to co as n — oo. Then
under Assumptions A1(ii) and A2, if E]b(Xi(m))\ < 00 and h, — 0 as n — oo, for

any x € RP at which b(+) is continuous,

B BBV (2 — XY /hy) = b(z) fx (2) / K (u)du + O (hyPuy(m)) |
(A.2)

hPELX ™K ((x — X™) /hy) = b(z) fx (2) / K*(u)du + O (hy' vy (m))
(A.3)

asn — oo. fori # j,

Eb(X™ (XK (2 — X™) /ha) K (2 — X{™) /D)

J

= Eb(X:)b(X;)K ((z — X;)/ha) K ((z — X;) /) + O (hy, Pvi(m))  (A4)
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Furthermore, if Assumption Al(iv) also holds, then for j >0,

haP EK ((x = Xi™) /ha) K ((x = X[T1) [ha) = O3 + 0 (b vy (m))
(A.5)

where (A.4) holds uniformly for j > p.

Proof. The main idea of the proof is similar to that of Lemma A.2 of Lu and
Linton (2007), though details are different. We only briefly sketch it here.

To prove (A.2), note first that

Eb(X{™) K ((x — X!™)/hy)
= Eb(X,) K ((x — X{™)/ha) + B(b(X™) — b(X) K ((x — X™) /h)
= EW(X)K((x — X'™)/hy) + 617 (A.6)

Here, using the bounded property of the kernel function K(-),

(610] <E[B(X™) = b(X)| K((x — X™)/h,)

i

<CEB(X™) = b(X,))| < CE|IX{™ - Xi|| = O (vi(m)).

Next,

Eb(X) K ((x — X™)/hy)
= Eb(X) K ((x — X;)/hn) + Eb(X;) (K ((x — X{™) /b)) — K((& — Xi)/hn))
=: dor + I3,

Syr = EB(X)K (¢ — X) /) = W2b(a) fx (2) / Kwdi (A7)

owing to the Lipschitz continuity of the kernel function K(-),

|637] < Ep(X)] K ((x — X{™)/ha) — K ((x — X;) /)]
xMm - X,

7

<CFE
<C W

=0 (hy'vi(m)); (A.8)
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Then it follows from equations, we can get

Eb(X)K ((x — X'™)/hy) = h2b(z) fx (2) / K (u)du+ O (h;'vi(m)) . (A.9)

For (A.3), (A.4) and (A.5), it can be proved in an argument similar to that in the

above.

Lemma A.3 (Cross-term lemma) Let {(Y}(m),X;m)); 1 <j<q} bea sta-
tionary sequence with mixing coefficient

an(j) = sup { IP(AB)-P(A)P(B)| : A€ BUY,™, x\™}), B e BV, X))t}
Let (y,x) — B(y,x) be a bounded measurable function defined on R x RP. Set
n](-m) (x) = l;(Yj(m), Xj(m))f( ((x — X](m))/hn> , where K is a kernel function satisfy-
ing Assumption (A2), and A§m)(x) = n](m)(a:)—En(m)(x), R(z) = > i<ici<n EAEm) (x)

J

A§-m)(x). Then, under Assumptions A1, A2 and A3, there exists a constant C' > 0

such that
\R(z)| < Cnh? [jl(x) + jg(x)] . (A.10)

where Jy(z) := h? N, max {1, h;2>2Pvy(m)} and

Jo(x) == h? <Z am(j)> max {1, h,, > *vi(m)} .

J=Nn

Proof. The main idea of the proof is similar to that of Lemma A.2 of Lu and
Linton (2007), though details are different. We only briefly sketch it here. Writing
Z](-m) for l;(Yj(m), X](m)) : |Z](-m)| is bounded by some L > 0.

EAP ()2 () = {E (5™ @™ (@) — E (" @) ) E (o™ () }
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Then applying Lemma A.2,

E A @AM ()]

= [BZ:K((x = Xi) /M) Z; K (2 = X;) /1) = EZ K ((x = X3) [hn) EZ; K ((x = X;) /B )]
+ [O (R, *vi(m)) + O (h,'v1(m))] + 1% [O (h, v1(m))]
< ORP 1+ 0 (hy,* ?v1(m))] (A.11)
Therefore,
2": in: E [Agm)(:ﬂ)Agm)(m)} < Ch(nN,) max {1, h, " *vi(m)}
= nhP J,(x). (A.12)

where N, is a positive integer depending on n to be specified later. On the other
hand,

Z Z E [Agm)(:v)Agm)(x)} < ChZP (n Z am(j)> max {1, h,,**v;(m) }
= nhP Jy(z). (A.13)

Proofs for Section 3.3

The proofs of Lemmas 3.1 and 3.2 are similar. In this section, we will mainly focus

on the proof of 3.1. C' will denote a generic constant in the proof.

For convenience of the proof, we introduce some notations. Denote Xj; = (X; —
)/ s = (1 X' Ko = K (), XZ = (X" =) /by X5 = (1, XY
K™ = K(X,), Hy = v/nli, 0, = Hy (@ — 4 (), ha(@n — ()"’

9 = H, (a0 4.(x). ho(ar — ()Y B = Hy (a0 — 4.(z). ho(ar —d(x)y) where
(ag, @y, (ag, @y) € R'™P. Let Y;* be defined in Lemma 3.1, and set Y% (0) =
Y — 0 X/ Hy, Toi = (6(2)) Xnihn, Uni = Uni(0) = Toi + 0/ Xyi/ H,. *<m)(9) =
Y — 0 H, T = (4(2)) X b, USY = U (0) = T30 + 0 X7 [ H,,

n

The following properties are useful in the discussion.
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}/;*(m) = z' QT( ) m 7
Y5i(0) =Yi — ¢-(x) — Uni(0) = Y: — ao — a1 (X; — ), (A.15)
Y (6) = YJ"” —4r(2) = U (0) = Y = ag — o (X" — ).
Since K (-) is a bounded density function with a bounded support,
| Xnill < C, ||| < C when K; >0, (A.16)
and when ||0|| < M and K; > 0,
T0i| < Chyy Uil < Chy, +CH' — 0 as n — oo. (A.17)
It follows from (3.2.11 ) that
0, = argmingc g1y Z p- (Y (0))K; 2 argminge p11, G (0). (A.18)
i=1
Set
= H; ZwT N XK, (A.19)
Note that
Va(0) = Vo(0) =H, " > [0(Y, Ur (Y7)] X K
i=1
SHS Vu(0) (A.20)
i=1
Set Vii(0) = (V%(0), (VL(9))) and A; = Vi(0) — EV,i(0), where V() =
[ (Y,5(0))— wr(Y*)]K and V;;;(0) = [¢ ( Y (0 )) T(Y*)]XMK And set V" (0) =
(V™ (0), (V" (6))) and A = V" < = EV(0), where V2(6) = [, (V"
* m m 1(m * m (m m
B (YN and VA (6) = [ (Y 0)) - v, (VXK.

Lemma A.4 Let V,(7) be a vector function that satisfies

(i) —7'V, (A7) > —7'V,(7), A > 1,
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(i) Sup e <ar Vo (m) + frix (- (2)2) D7 — Apl| = 0p(1),
where ||A,|| = Op(1), 0 < M < o0, fyx(g-(x)|x) >0, and D is a positive-definite
matriz. Suppose that m, such that |V, (m,)|| = op(1). Then, |7,|| = Op(1) and

o = [fyix(g-(2)]2)] ' D™ Ay + 0p(1).

Proof. This is Lemma A.4 of Koenker and Zhao (1996).

The proof of Theorem 3.1 is based on the following lemmas in checking the con-

ditions of Lemma A.4. We first prove a lemma which will be applied repeatedly.

Lemma A.5 Under Assumptions Al(ii, 1) and A2 with n large enough,
Bl (Y,5(0)) — 7 (Y5(60))| K < CELy+ @) <clo-iym, Ki < Cll0 = 0|\h%/Hy,

By (Y,5(0)) — - (Vi (0) P K7 < CELjy- @y<cio—ilmy Ki < Cl10 — 0||h%/Hy,

B, (Y(0) = (V) PR (X —2) /hy) < CELy.

ni

m)2
@)|<Cl101l/Hy) K™ < Cllo|nn/H,.
for any 6, 6 € {6 : ||0]| < M}.
*(m m O
Bl (V3(0)) = ¥, (Vi O) K (X = ) /hn) < CL + Zva(m)
Bl (¥7) = (0 )R (X~ 2)/ha) < OL+ Son(m),
where L =L, — 0

Proof. From (A.16)

[0 (Y(0)) = 07 (Vi (O)| K = [y 0)<0r — Ly 3y<0y | K

= Wy @y<0-dyan,my — Lo @y<o) i < Ly @y<oo-a) ) Ko

We have

Epr (Yis(0)) — ¢ (Y,5(0))| K; < CEL y- g)<clo-d)/m,) K-
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From (A.15), there exists 0 < £ < 1 such that

Ely- @) <clo-ay/m,) i < CE[Fyx(¢-(x) + Uni(6) + Cl6 — 6]l /H,| X;)
— Fyix(g:(2) + Uni(0) = C|0 = 0]l / H, | Xi))
< CE[fyix(¢-(2) + Uni(0) = C||0 = 0|/ H,, + 26C||0 — 0]/ H,,) | X,]2C10 — 0|/ H,, KK,
< C||0 = ||, Efyx (¢- () + Uni(0) = Cl10 = 0|/ Hyy + 26C10 = 0|/ H,) | X, K.

for any 6, @ € {# : ||A|| < M}. Then using assumptions Al(iii) and A2 together
with (A.17) and Lemma A2 with n large enough, we have

B, (Y5(0)) — - (YVi5(0)| Ki < Cl0 — 0| Hy  El fyyx (¢-(2)| X)
X fyix (a0 (x) + Uni() — C10 — 01|/ Hy + 26C|10 — 0|/ Ho| X2) / frix (a- ()| X0)] K
< Cl0—0|H," [Efyix(g-(2)| Xi) K] = C||0 — 0]| O(h2H, ).

This is the first inequality of Lemma A5. The second one and third one can be

proved similarly. For the fourth inequality, we have

Bl (Y,5(0)) — ¢, (Y™ (0)) PR (X — ) /h)
=E|Liy;0)<0p — I{y;}m>(0)<o}|2K2((Xi(m) —a)/hn)

2 7.-(m)2
<E|livz <0y — 1 ol K

(¥ (0)<Y,5,(0) =Y, ™

<CEI? . Km)?
SCEL . v -y ep

<C{P(|Y;5(0)] < |Y;7:(0) = Y™ (0)],Y,5(0)] < L)
FP(|Y5(0)] < [Y5(0) — Y™ (0)],[Y5(0)] > L)}
<C{P([Y5(0)| < L) + P(|Y;5(0) — Y™ (0)| > L)}
<CL+ S B0 - ¥ 0)
<CL+ S{BY, - Y|+ BIX, - X))
<CL + gzjl(m),
L
where L = L,,.

Lemma A.6 Under the conditions of Lemma 3.1,

sup [|V,(6) = Va(0) = E(Va(60) — Va(0)[| = op(1). (A.21)

o<
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Proof. The proof is divided into two steps. First we prove that for any fixed
0: 110l <M,

[V (0) = Vo (0) = E(V(0) = Vi (0))[| = op(1). (A.22)

Then from (A.20), the left-hand side of (A.22) is bounded by
H' Y (V0) = BVO)] + H (| Y (Vi(8) = EVAO)I = Vi) + VL (A.23)

It follows from the stationarity and Lemma A.1 that

E(VY? = (nh?)~ {ZE (AN +2 > EAOAO}

1<i<j<n

= h,PE(A))” +2(nh)™ Y EAJAY = Ay + 24,5, (A.24)

1<i<j<n

In order to bound (A.24), we apply Lemma A.5 with 6 = 0; for ||| < M,
h,PE(AG)* < h,Pvar(Voy (0)) < h,PE(Vay)® = h,"El- (V5 (0) =0, (V) PK < CH,

Therefore, to complete the proof of this lemma, it suffices to show that A, — 0
as n — 0o. By noticing EAJAY = EA?(m)Ao(m + EAY™ (A — A N+ B(A? -
A?(m))A?, we can further separate Ags into three parts: A, = Anzl + Apoo+ Apas,

Apar o= (nh2)™ 3" BAT AT

1<i<j<n

< C(nhl{IT2/P)=12 1 ONg >~ a(j —m) = o(1) (A.25)

where N,, = h,"’?, and the equality is due to Lemma A.3 and A.5.
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Ap =(nh2)™" " EAJ™(A) — AT™)

1<i<j<n
1/2 1/2
<min)™ 3 {B@I2E T Bl - Al
1<i<j<n
_pyan(n—1) 0(m)y2 | /2 0 A0m)y2)
(i) R BAY)E LT B - AR (A2)

and as a result F (Ao(m )2 < Ch?H;' = o(1) and by using the Lipschitz continuity
and boundedness of the kernel K(-)

(

{15 0)) = 0e(07) = (Vo™ (0)) + 6, (07 K (XS = ) /)
ﬂmmmm—wmﬂmaaimww—K«ﬁm—mmmf

< 2{ B0, (5(0)) = v 007) = 0, (G (0) + 0, (0 O RRA(X™ = ) /h)
Bl (Y;5(0)) = 0o (7 PIK (X = ) /ha) = K((X™ = 2)/ha)]2}

< C Bl (Y5 (0)) = ve (V™ (O)PEA(X™ = ) /h)
T (V) = (V) PEA((X — 2) /)
HH BB fyx o (@)1 %) || X5 - x|

1
<C {L + Zvl(m) + Hnlhﬁlvl(m)} ,

we have

Anzz S(nhi’,,)‘l@ {E(A?(m))Q}l { (A9 — A% }1/2

<C(nh2) =32 [L+ v (m) L™ + Hoh2 oy (m)] 2 = 0(1),  (A.27)

where the equality is due to Assumption B2 and L = L,, = v;(m). And similarly
to A,99, it can be proved that

Apsg o= (k)™ Y~ B(A? = A)™)A? — 0.

1<i<j<n



Chapter 3 Local Linear Quantile Regression for Time Series under Near Epoch
Dependence 71

Therefore,

E(V2)? = A, + 24,5 = o(1), (A.28)

Similarly to E(V.?)?, we have
E(V1)? =o(1). (A.29)

Thus (A.21) follows from (A.23) together with (A.28) and (A.29).

The next step is to use standard chaining argument in Bickel (1975), see also He
et al. (1996). We only give a sketch here. Decompose {||0|| < M} into cubes based
on the grid (j17M, -+, jp1yM), j; =0, £1, - -+, £[1/9]+1, where [1/7] denotes
the integer part of 1/7, and v is a small positive number independent of n. Let
R(0) be the lower vertex of the cube that contains 6. Clearly, |R(0) — 0] < Cv
and the number of the elements of {R(f) : ||f|| < M} is finite. Then

sup |[Va(6) = Va(0) = E(Va(0) = V4 (0))[] < Viy + Vo + Vi, (A.30)
loll<sm
where it follows from (A.21) that V;; = supyg<ps [|Va(R(0)) =V (0)— E(V,.(R(0))—
Va(O)l = 0p(1), and Viiy = supygy<ar [[Va(0)=Va(R(0)) || and Vig = supygy<p [ E(Va(0)~
V,,(R(6)))|. Using (A.16) and for ||f|| < M, applying Lemma A.5 with § = R(6)

with n large, we have

Vos < CHy'nosup Bl (Y5(0)) — ¢ (Y (R(9)))] K

llof<m
< C sup [|0— RO < Cn. (A.31)
ol <M

Therefore letting n — oo and then v — 0 leads to V.55 = o(1).

Set BZ(G) = [(|Y;i(9)\<CW/Hn) ||Xm||Kz Then

Via < sup [V (0) = Vo(R(0)) < C sup H ZB (0)) < Bpi + Bua,
lol<m ol <M

(A.32)

where a similar argument to (A.31) leads to B, = C supyg<p H, ' Y1 EBi(R(0)) =
o(1), and similarly to (A.24) and (A.25), By = C'supygy<pr [H, ' 3212, (Bi(R()) —
EB;(R(#)))| = op(1). Thus, V%, = op(1). Finally (A.20) follows from (A.30).
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Lemma A.7 Under Assumptions Al(iii) and A2,

sup [|[E(V,(0) — Va(0)) + fyix(g-(2)]2) DO = o(1), (A.33)

l|<M
where D = fx(z)diag(1, [ uw/ K (u)du).

Proof. It follows from (A.22) and (A.14-A.17) that

E(Va(0) — Va(0)) H,"nE Iy <o) — Iy 9)<0) Xni K

= H,hiPE[F(g(2) + Tl Xi) — F(qr(2) + Uns(0)| X)) Xni K.

Then similar to the proof of Lemma A.5 with U,,; — T,,; = 0'&};/H,, and ||0|| < M,
there exists a 0 < £ < 1 such that

sup [|[E(Va(0) = Va(0)) + frix(g-(2)]2) DO

lle|<nm

= HSHUP | = R, PE[f(gr(2) + Thi + 0" Xni ) Hy | X;)10' X0iXni K + fyx (g-(2)|2) DO)|
0||<M

= HSHUP | = R PE[f(gr(2) + Toi + £0' X/ H | Xs) — f(qr ()| X3)]0 X0 X IS
0||<M

— E[h,? f(q:(2)| X)) XX K — frix (a-(2)|z) D)0
=¢ o< haP B f(qr () + T 4 €6 Xni ) Ho | X3) — f (g ()| X0) ]| Xni X | K
+ C||Elh,? f(g:(2)| X)) X X I — frix(g-(2)|2) D] = o(1),

where the last inequality follows from Assumptions Al(iii) and A2, (A.17) and
Lemma A.2.

Lemma A.8 Let 0, be the minimizer of the function defined in (A.18). Then

IV@)I| < dim() H,* mave | 2], ]

Proof. The proof follows from Ruppert and Carroll (1980).

Lemma A.9 Under Assumptions A1 and A2, ifa > 1 and h,, — 0, then
E(dV,(0) = EV,(0))* = 7(1 — 7) fx () /Kf(u)du

as n — 0o, where ¢ = (cg, ¢})' € R,
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Proof. Set v; = (V) K (X; — 2)/hy), v\™ = (V") K(X™ = 2)/hy),
and n; = v; — Bog,n\™ = o™ — Ev§m). A similar argument to (A.24-A.25) leads

K3 K3

to

E(<V,(0) = ¢ EV,(0))? = (nh?)~ {ZEanrQ > Enznj}

1<i<j<n

= h,PEn? + 2h,? Z Enin;

1<i<j<n
é Up1 + 2Un2 <A34)

Note that (A.2) and (A.3) of Lemma A.2 gives

Elyrco)K2((X1 — x)/hy) = EFyx(q:(2) + ¢: (X1 — 2)| X1) K2 (X1 — @) /hy)
() / K2(u)du

ElyscoyKc (X1 —2)/hyn) — TfX(x)/Kc(u)du
which lead to
h,PEv; = BT — 271 (yr <o) + Liyvr <o) K2 (X1 — ) /hn)

(1= 7)) [ KX,
and
e Evy = Elr — e col Ke(X3 = 0)/n) = (7 = 1)fx(a) [ Kewydu =
Then
vm = h=PEV? — h=?(Ev)? — (1 — 7) fx(2) / K2(u)du. (A.35)

Therefore, to complete the proof of this lemma, it suffices to show that v,o — 0

as n — oo. By noticing En;n; = En-(m)nj(»m) + En(m)(nj — n](m)) + E(n; — ngm))nj,

7 K3

we can further separate v,5 into three parts: v,s = v,21 + Un22 + Upna23,

Up21 : = (nhP)~ Z EnZ 77J ) < O(hy) + €O(RPA-Yay 4 ON© Z a(j—m)—=0
1<i<j<n Jj=Nn

(A.36)
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Take N, = eh,,*”/®, where ¢ is a small positive number, and a > 1.

Ungz =(nhy)” Z E777, (n; — 773(' ))

1<i<j<n

<(nhP)™! Z {E<771(m)) }1/2 {E(nj _nj(m))2}1/2
:mhz)lw {E("z(m))z}m {E(m - n§m))2}1/2 , (A.37)

and as a result E(ngm))2 < E(vgm))2 < Ch? = o(1) and by using the Lipschitz

continuity and boundedness of the kernel K,(+)

E
= B{[0r(7}) = r (Y, "NE(X™ — ) /B
e (OIEL(X; - x)/hn> KX ) /h)]}
_2{E[¢T<Yj> e (0 O PR(X™ = @) /)
B, (7 PIEA(X; = @) /) = (X" = @) 7))}
< C |l (Y}) = (¥ PR — 2)/h)

+h " EFyx (g-(2)] X)) ‘X — xm m

< C L+ L' (m) + h2 oy (m)]

we have

_nn—1 m 1/2 m 1/2
Unga <(nh?) 1%{13(775 ))2} {E(m—m(- ))2}

<C(nh2) Y2032 [L+ vy (m)L" + Hah2 oy (m)] 2 = 0(1),  (A.38)
and similarly to v,29, it can be proved that

Unzs : = (nhb)™! Z E(n; — 0™ )n; — 0.

1<i<j<n
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Therefore,
Un2 = Un21 + Una2 + Unaz = o(1), (A.39)

Finally the lemma follows from (A.35) and (A.39).

Proof of Theorem 3.1 We now check the conditions of Lemma A.4, Lemmas
A.6 and A.7 lead to (ii) of Lemma A.4 ||V,(6,)|| = op(1) follows from Lemma
A.8 together with Assumptions A2 and A3. Take A, = V,(0). It can be seen
from Lemma A.9 that A, = Op(1). Since ¥, (y) is an increasing function of y, the

function

—0Vu(A) = H, " Y (g7 — A0 X/ Hy ) (—0 X)) K
=1

is increasing as a function of A. Therefore, condition (i) of Lemma A.4 holds and

the result follows.

Proof of Theorem 3.2 Define 0, = H,(ay — ¢ (), h,a,), 0 = H,(ag —
¢-(z), hpay), and let Y;* be defined as in Lemma 3.2, that is Y;* = Y; — ¢.(x),
and Uy; = U,;(0) = 6’ X/ H,,. Then (A.15), (A.16) and (A.18) remain true, while
(A.14) and (A.17) are to be changed into Y* =Y; — ¢.(z) and |U,;| < CH,;' — 0
as n — 00, respectively. The argument to Lemma 3.2 is similar to that of Lemma
3.1 given in the above except that because now Y;* =Y; — ¢.(z), not as defined in

(A.14), all the T,,;’s in the proof of Lemma A.7 need to be canceled.

The proofs of Theorems 3.3-3.6 are based on the local Bahadur representation

given in Section 3.3.

Proof of Theorem 3.3 The arguments are similar. We only give the proof of
(3.3.3).

Lemma 3.1 entails that

G-(z) = gr(x) = (nh}) "o Z - (Vi) Ki + 0p(1/Hny)

= (nh8) ' br Y W (V) Ks = B (YK + (nhh) 7 b Y B (Y7 K, + op(1/Hy)

i=1 i=1
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Note that 7 = F(¢;(X;)|X;) and by (A.16) and Assumption A3 with v = 1 that
when K; > 0, there exists 0 < é < 1 such that

1A ()] 2 |6-(Xi) — ¢ (x) — Tl = |[¢(z + thihn) — ()] Xpihn| (A.41)
< Chhr. (A.42)

There exists a 0 < £ < 1 from (A.42) that,

|Qna| =|h, - E[T — Iy <o) Ki| = b, "o, E[F(q-(X3)|Xs) — F(gr () + Tl X3)] K.
=h, P E[f(q:(x) + Tni + EA(2)| X;) A () K|
<O(hVhP o E[f (g, (2) + Toi + E0,(2)| X)) K] = O(hLH), (A.43)

where the last inequality is derived from (A.17) and Assumption A1(iii).

On the other hand, it easily follows from Lemma A.9 with ¢ = (1, 0') € R'?
that,

EQy, = (nhy) " 97 E(c'V,(0) — ¢ EV,(0))* = Op((nh})™") = Op(H,*),

which entails Q,; = Op(H, ). The result of this theorem follows from (A.40).

Proof of Theorem 3.4 With the notations given in the proof of Theorem 3.2,

this theorem can be proved similarly to the proof of Theorem 3.3.

Proof of Lemma 3.1. Based on the Bhadur representation of Theorem 3.1, the
proofs are similar to the arguments in the corresponding proofs for mean regression
in Lu and Linton (2007) . We first derive the asymptotic variance and expectation,
with the Lemma A.3 replacing the corresponding Lemma A.3 in Lu and Linton
(2007). Suppose

Wno Xi—=x X, —x
Wn = 9 Wn nhp ’T Y* K )
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Denote by K;(z) = (x); K (z) Then it can be noted that

xm™ . X;—z
e (2222) oy, (52|
(m) o
i o oo (—Xh ) (1)
i=1 n n
(m)
*(m) A Xz i _ % ‘ Xi—l'
v (), (—hn ) oK (0 )‘

XM g

=0, (h;pvl (m)) +0, (h;p_lvl (m))
=0, (h," 'vi(m)) . (A.45)

E ‘ (W)

J

- (Wn)

J

n

(nh?) -1
=1

n

=h,’E

< B PE (V) = 4 (Y))

The usual Cramér-Wold device will be adopted. For all ¢ := (cg, ;)" € R'"?, let

K (i
Tp wa = o),

A= (b)) PEW, = 6o (a

with K.(u) defined in (3.2.6).

The expectation of the first term on right-hand side of (3.3.1) is as

(Fyx (a- (X0)[X3) — Fyix(g-(2) + (4-(2)) (Xi — 2)[X3)) <;> K(Xih; -

= (z)V/nhohPE
hn

(1+o0(1)) (ggg)] (A.46)

=+/nh},
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Based on Lemma A.9, the variance is as

Y := Var

1 < . 1 Xi—x

o
=Var (¢-(2)V,(0))

e B . [ K*(w)du [/ K?*(u)du
=¢2(z)7(1 — 7)fx () (quz(u)du fuu’K2(u)du> (A.47)

Then

lim Var[4,] = (¢-(2)) %S, (A.48)

n—oo

Proof of Lemma 3.2. The fundamental idea to prove the asymptotic normality
of W, (z) is to divide W, (x) into two parts: with m = m,, — oo (to be specified
later),

W, (z) = W™ (2) + [Wy(z) — W(2)] (A.49)
Then applying the approximation lemma 3.1,
(nhP)'/? (W (z) — WT(Lm)(x)} =0, (nl/Qh;I/Qp_lvl(m)) —p 0, (A.50)
following from Assumption B2; and similarly
(nh?)\*E (W (z) — W(m)(m)] — 0. (A.51)
Therefore, like Lu and Linton (2007), it suffices to prove that
(nhh) (W™ (z) — EW™(2)] /o)

is asymptotically standard normal as n — oo, which is the main effort we will

made in this paper. Define
(m) O Y-*(m) K X(m) _ h
mi(2) = (V) K (X — @) /),

¢ = 1 (n(m)(:v) — Ey{™ (x)), and let S := 5™ ¢ Then,

i %

20 = (nh) 2 (W (@) — EWS™ () = A — A,

n
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Then, we decompose n~/25™ into smaller pieces involving “large” and “small”

blocks. More specifically, consider

k(p*+q)+p*

U™ (1,n,z,k) := Z Q(lm)(x),
J=k(p*+q)+1
(k+1)(p"+q)

v n k)= Y. (),

J=k(p*+q)+p*+1

where p* = p and ¢ = ¢, are specified in Assumption B3. Without loss of
generality, assume that, for some integer r = r,,, n is such that n = r(p* +¢), with

r — 00. For each integer 1 < j < 2, define

[y

r—

T(m)(n,x,j) = U(m)(j,n,x,k).
0

£
Il

Clearly S — y(m) (n,z,1) + Y™ (n,z,2). Note that Y™ (n,z,1) is the sum of
the random variables Cq(gl) over "large” blocks, whereas Y™ (n, x,2) are sums over
“small” blocks. If it is not the case that n = r(p* + ¢) for some integer r, then an
additional term Y™ (n,z,3), say, containing all the Q(LT)’S that are not included
in the big or small blocks, can be considered. This term will not change the proof

much. The general approach consists in showing that, as n — oo,

r—1
Q'™ = |Bexpliu Y™ (n,z,1)] — H EexpliuU ™ (1,n,z,k)]| — 0,  (A.52)
=0
Q™ = n'E (T(m)(n,x,Q))2 — 0, (A.53)
r—1
Q" = 0> EU™ (1 n, 2 k)] — o, (A.54)
k=0
r—1
QY = 0D E(U™(L,n, 2, k)2I{U™ (10,2, k)| > eo n'/?}] — 0
k=0

(A.55)

for every € > 0. Note that

AP = BAD o = (nlg) 2 W () = EWI @) for = S0/ (0 )
=Y (n,z,1)/(c n*?) + T (n,x,2)/(c n'/?).

The term Y™ (n,z,2)/(c n'/?) is asymptotically negligible by (A.53). The ran-
dom variables U (m)(l, n, z, k) are asymptotically mutually independent by (A.52).
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The asymptotic normality of T (n,z,1)/(c n'/?) follows from (A.54) and the
Lindeberg-Feller condition (A.55). The lemma thus follows if we can prove (A.52)-
(A.55). This proof is similar to the arguments in the corresponding proofs for mean
regression in Lu and Linton (2007), with the different Lemma A.3 and (A.45) es-
tablished in the above.

Proof of (A.52) See the Proof of A.41 in appendix of Lu and Linton (2007).

Proof of (A.53). The proof follows exactly as in the corresponding proof for mean
regression in Lu and Linton (2007), with the Lemma A.3 and (A.45) replacing.
Here, we just briefly show the proof.

For notational simplicity, refer to the random variables U (m)(2, n,z, k), k=01,--+ r—
1, as (71, . ﬁr. We have
E[Y™ (n,z,2)] Z\/ar )+2 Z Cov( U, [7 = Vi +Vh, say. (A.56)
1<i<y<r
Since X, is stationary,
Var(0) z B(@@) ]+ X B[ @ @] =T+ T
1<i<j<q

From Lemma A.2 and the Lebesgue density theorem (see Chapter 2 of Devroye
and Gyorfi, 1985),

Tir = g Var{(P (@)} = 0 (7B (A7) )
<= a{hE (07K (@ - X)) }
< g {hPB (V) (& — X) /1) + Ol 7oy (m))}
= 0(q),

where the final equality follows from & '"Pv;(m) = o(1) by Assumption B2.
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We then need the cross lemma, Lemma A.3, for ‘712 and then taking N,, = q yields

Vio=h? Y B[AM @AM (@)

1<i<j<q

q+§imdﬂ]

t=q

< Oqhj,

= Cqm,.

It follows from Assumption B3 that 7, = O(1) and

177 _ -1 3 3 < -l < q ‘ ‘
0y =0l (VH + vm> < Coll 4 m) < CCZ)lm) (AST)
Similarly, we can obtain
Va| < Cnl2> " i (t). (A.58)

t=q

Condition B4 implies that gh?, = O(1) and 7, = O(1). Thus, from (A.56), (A.57),
and (A.58),

n B[ (n, z,2)]2 < o(p*Lw)u + ] + Ch? (f: am(t)) ,

which tends to zero by ¢/p* — 0 and condition (B4); (A.53) follows.

Proof of (A.54) and (A.55) The main idea of the proof is similar to the Proof in
appendix of Lu and Linton (2007). These easily follow by checking the conditions
and changing the Lemma A.3 and (A.45). The detail is omitted.

Proof of Theorems 3.5 and 3.6. Based on the Bhadur representation of
Theorem 3.1 and Theorem 3.2, the proofs of Theorems 3.5 and 3.6 are similar to
the arguments in the corresponding proofs for mean regression in Lu and Linton
(2007) and a-mixing condition in Hallin et al. (2009b).

Then consider (3.3.9). Set v; = [d1¢nVr (Y] (T1)) + dotr,¥ry (yf (1)) K, T =
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d1pr, 71 + dypr,my and (1) = Iy (r)<0). Here d; € R',7 = 1,2. A simple cal-

culation leads to
v} :{%2 = 27(dy¢or, Ii(1) + datpr, 1i(12)) + di 2, Ii(11)
+ 2dy¢r, dopr, Ii(T1) Li(T2) + d%qﬁi[i(ﬁ)}[(f. (A.59)
It follows from (3.3.7) that
m(dla}l(aﬁ)+dgfj}2 (z) —d1qy, (v) —dogr, () = H;,* ivi—l—ola(l) 2 D, +op(1).
i=1

Similar to (A.43),
ED, = H.'nEv, = H,(h;PEv,) = H,O(ht") = O((nh?+21+0)1/2) _ 0

as n — 0o. An analogous argument to (A.34) gives

E(Dn— EDy)? 2 vp1 + 2ups. (A.60)

Similar to the proof of (A.35), (A.59) together with Lemma A.2 ensures
Un1 = hy,PEvi — b, P(Ev;)?
— [%2 — 272 4 d%qﬁlﬁ + 2dy¢7, do,, min(Ty, To) + dg¢72_272]fx(1)) / KQ(u)du

= [d% 72_17'1 -+ 2d1¢¢1d2¢7-2 min(ﬁ, TQ) + d§¢327'2 — 7:2]](.)((1’) / K2(u)du
(A.61)

In addition, similar argument to (A.38) leads to
[Up2| — 0. (A.62)

Then the asymptotic variance for (3.3.9) follows from (A.60)-(A.62). The other

asymptotic variances in (3.3.10) and (3.3.12) can be obtained similarly.



Chapter 4

On Semiparametric Smoothing of
Dynamic Functional- coefficient
Autoregressive Models for
Location-wide Nonstationary

Spatio-Temporal Data

4.1 Introduction

Most of spatio-temporal models have been confined to linear and stationary (see
Cressie and Wikle, 2015), which may not be true for real spatial and temporal data.
For example, some nonlinear relationship between variables have often been found
in real estate markets, energy markets and environmental sciences. Moreover, the
price changes in regional real estate markets and energy markets may be location-
wide non-stationary processes, in the sense that the mean values and variances
of price changes in these markets may change with location. For instance, the
regional natural gas prices expected returns depend on the geographic location,
which means that they may vary from one location to another. So the model
parameters may depend on the locations. The analysis of nonlinear time series
data have been widely discussed in previous research (see, e.g., Robinson, 1983;
Tjostheim and Auestad, 1994; Masry and Fan, 1997; Cai et al., 2000; Fan and Yao,

2003). However, nonlinear modelling of spatio-temporal data is often a challenge

83
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with irregularly observed locations and location-wide non-stationarity (Al-Sulami
et al., 2017a).

In this chapter, a semiparametric family of Dynamic Functional-coefficient Auto-
regressive Spatio- Temporal (DyFAST) models will be proposed to address the
difficulty in modelling and analysis of our spatio-temporal data, Y(s;),t =1,...,T
and ¢ = 1,2,--- N, which are stationary along time but non-stationary over the
irregular locations in space. Nonlinear modelling of such spatio-temporal data
is often a challenge, with irregularly observed locations and location-wide non-
stationarity (c.f., Lu et al., 2009; Al-Sulami et al., 2017a).

The proposed DyFAST models at least own two significant features. The first
feature of the proposed models lies in functional (or varying) coefficient structures
with the autoregressive smooth coefficients depending both on concerned regime
variable and spatial location. Here the dynamic nature of spatio-temporal data is
characterised not only by the autoregressive structure but also by the functional
(or varying) coefficient structure, which are popular in traditional statistical anal-
ysis of i.i.d. or time series data. This kind of models can hence not only well
characterise the dynamic regime-switching nature but also overcome the location-
wide non-stationarity existent in spatio-temporal data. Our model is a useful
extension of spatial autoregressive models (Ord, 1975; Gao et al., 2006; Kelejian
and Prucha, 2010; Su and Jin, 2010) and varying coefficient models (Zhang and
Fan, 1999; Fan and Zhang, 2000; Zhang et al., 2002; Sun et al., 2007; Cheng et al.,
2009; Wang and Xia, 2009; Zhang et al., 2009; Li and Zhang, 2011; Hu and Xia,
2012).

To model the dynamic spatial neighbouring temporal-lagged effects with the ir-
regular locations, we consider using spatial weight matrix pre-specified either by
experts or by the prior information of spatial locations, which is popular in spatial
econometrics. Moreover, both one-step and two-step estimation methods are pro-
posed to estimate the functional coefficients in DyFAST models. In practice, such
spatial weight matrix can be pre-specified by the features of the data in many
different ways. Therefore, the idea of model selection can be applied to select
an optimal weight matrix among the candidates. Both theoretical properties and
Monte Carlo simulations are investigated. The empirical applications to energy

market data sets further illustrate the usefulness of the models.

In Section 4.2, the Dynamical Functional-coefficient Autoregressive Spatio-Temporal
(DyFAST) Models and adapt local linear regression technique for estimation will
be presented. Section 4.3 provides DyFAST models and the asymptotic properties



Chapter 4 On Semiparametric Smoothing of DyFAST for Location-wide
Nonstationary Spatio-Temporal Data 85

of the estimators. In Section 4.4, the discussion about the selection of the weight
matrix will also be provided. Section 4.5 investigates the finite-sample proper-
ties via a simulation study. In Section 4.6, the methodology is demonstrated to

investigate diesel prices in relation to crude oil price in the EU countries.

4.2 Dynamical Functional-coefficient Autoregres-
sive Spatio-Temporal (DyFAST) Models

Let Y;(s) be a spatio-temporal process observed at discrete time points, ¢ =
1,...,T and at irregularly positioned locations, s;, ¢ = 1,2,---, N, on a spa-
tial domain S C R?. In practice, the data are usually non-stationary across space,
such as certain changes of retail gasoline prices along time considered in the real
data section below. Here, along time, the considered quantity at a return level,
such as the log-return, that is the change of the logarithmic prices in a given hori-
zon of time, is often thought as stationary over time, while it is usually uneasy
to turn the data into stationary one along space. This chapter is therefore con-
cerned with modelling of the spatio-temporal data, Y;(s;), which are stationary
along time but non-stationary over the irregular locations in space. How to model
this kind of data that are with irregularly observed locations and of location-wide

non-stationarity is a challenge.

To deal with the irregularly observed locations, a popular idea in spatial econo-
metrics (c.f., Anselin, 2013) is to model the spatial neighbouring effects in linear
modelling of Y;(s;) by using a spatial weight matrix W = (w;;) yxn, following Cliff
and Ord (1972) to define a spatial lag variable

N
Vi (si) = ) wiYils;),
j=1

where, as in the above mentioned literature, W is supposed to be row-wise stan-
dardised, which is satisfying w;; > 0 and Zjvzl w;; = 1. With a pre-specified
spatial weight matrix W either by experts knowledge or by using location-related

information, a linear spatio-temporal autoregressive model from the forecasting
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perspective can be formulated as follows:

Yi(si) = Bolsi) + D> Bi(s) V(i) + Y Bypa(si)Yica(si) + eulsi), (4.2.1)

j=1 =1

i=1,.,N, t=r+1,..T

This kind of autoregressive spatio-temporal model can well characterise the location-
wide non-stationarity existent in the data (c.f., Subba Rao, 2008). However, at

each location s;, it is still a constant coefficient linear time series model.

In the sequel, this study further considers the dynamic impact of a regime-switching
covariate variable X;(s) that denotes a spatio-temporal covariate vector of dimen-
sion d which may impact Y;(s). Without loss of generality, this study consider
only the case d = 1. For multivariate X;(s), the modelling procedure and the
related theory for the univariate case continue to hold, but further, more compli-
cated notations are involved. Assume that both processes are observed at the time
points t = 1,...,T and at N spatial locations s; = (u;,v;)’ € S fori =1,...,N
on a possibly irregular grid. By extending (4.2.1), a semiparametric class of Dy-
namical Functional-coefficient Autoregressive Spatio-Temporal (DyFAST) model

is therefore proposed in the form

Yi(si) = Bo(Xulsi), ) + Y Bi(Xe(s:), s) Y5 (s0) + D Bpra(Xe(si), 5:)Yei(s:) + (i),

j=1 =1

(4.2.2)
i=1,...,N, t=r+1,...,T,

where (;(x,s), j = 0,1,...,p+ ¢, are unknown functional coefficients that need

to be estimated.

This semiparametric family takes account of salient features of dynamic spatio-
temporal data. It covers a wide range of existent models in the literature. For ex-
ample, it extends, to the spatio-temporal network setting, the nonlinear functional-
coefficient autoregressive time series model at each fixed location s;, which is very
popular in the literature of time series data analysis (c.f., Chen and Tsay, 1993; Cai
et al., 2000). Our DyFAST family also extends the semiparametric spatio-temporal
models of Subba Rao (2008), Lu et al. (2009) and Al-Sulami et al. (2017a), among
others. For example, Subba Rao (2008) only considers the temporal lag effect
without taking the spatial neighbouring effects into account. Also, Lu et al. (2009)

only apply to the case when the data are observed regularly on a lattice with the
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same small number of neighbouring variables able to be well specified for each site,
which is impossible to be implemented with the irregularly positioned data con-
sidered in this paper. Furthermore, Al-Sulami et al. (2017a) is only a special case
of model (4.2.2) with the g coefficients (except ) depending on the location site
only, which actually forms a constant-coefficient time series model at each given
site s;, unable to capture the dynamic regime-switching effects in reality. Clearly,

our model (4.2.2) can well overcome all these shortcomings.

This proposed family of DyFAST models at least consists of two significant fea-
tures. (i) The functional (or varying) coefficient structures that are popular in
traditional statistical analysis of i.7.d. or time series data can be well used to char-
acterise not only the dynamic regime-switching nature but also the location-wide
non-stationarity in the autoregressive coefficients that depend on both the regime
variable and the spatial location. (ii) The spatial weight matrix pre-specified ei-
ther by experts or by the prior information of spatial locations is considered to
model the dynamic spatial neighbouring temporal-lagged effects with the irregular
locations, which is popular in spatial econometrics. Moreover, both one-step and
two-step estimation methods are proposed to estimate the functional coefficients in
DyFAST models. The idea of model selection can be applied to select an optimal

weight matrix among the different pre-specified spatial weight matrices.

4.3 Estimation

With a pre-specified spatial weight matrix W given, the dynamic functional-
coefficient spatio-temporal autoregressive model given in (4.2.2) can be rewritten

Yi(s:) = Zi(s:)' B(Xe(s:), 80) + e(8:), (4.3.1)

for t =r+1,...,T, with r = max{p, ¢}, and i = 1,..., N, where, through this

chapter, the notation A’ denotes the transpose of a vector or matrix A,
Zi(si) = (LY X (i), Y (s0), Yica (i), -, Yieg(s50))
denoting the vector of spatio-temporally lagged variables, and
B(x,s) = (Bolx,s), Bi(x,8), ..., Bp(x,8), Bpr1(x,8), ..., Bprg(z,s))

denotes the corresponding vector of functional autoregressive coefficients.
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4.3.1 One-step estimation method

We first need to estimate the coefficients §(-,-) in (4.3.1). Differently from the
two-step estimation procedure (c.f., Lu et al., 2009; Al-Sulami et al., 2017a) sep-
arating utilisation of spatial and temporal information into two steps, this study
proposes a one-step estimation procedure in the spatio-temporal setting by con-
sidering 3;(X¢(s;), s;) as a function of X;(s;) and s;. It can be seen as an extension
of the time series estimation of Cai et al. (2000). In this proposed procedure, all
the data across space and time are utilised together to estimate the coefficients

B(-,-) in one step.

By the idea of local linear fitting (c.f., Fan and Gijbels, 1996), we can approximate
the unknown function §;(X¢(s;),s;) by a local linear function. For a given s =
(u,v), we denote (98(x,s)/du,df(x,s)/dv) by B*(x,s), where 0B (x,s)/0u =
(0Bo(x,8)/0u, ..., 0Bprq(x,5)/0u)’. For any X;(s;) and s; in the neighbourhood

of x and s, we have

ﬁj(Xt(si)> Si) ~ 6]'(377 S) + B;C(‘Ta 3)(Xt(5i) - IL’) + ﬂ;(l‘, 5),<3i - 3)
= boj + b1 (Xi(ss) — @) 4 by (55 — ). (4.3.2)

Locally, estimating (3(z, s), 8%(x, s), 5*(x, s)') is equivalent to estimating (bo, by, b}).
This motivates us to define an estimator by setting Bj(x, s) = go,j, B;‘(x, s) = gl,j,

and ﬁj(x, s) = BQJ‘, which minimise

2

N T p+q
DD Yals) = Y {boy + bug(Xa(si) — @) + V(55— 5)} Zij(s:) | K,
i1 t=rt1 =0

(4.3.3)
with respect to by j, by ; and by j for j =0,1,--- , (p+¢q), where K;; = Kj, (Xi(s;) —
x) Ly, (si — s), K, () = hy 'K (x/h1), with K a kernel function on R! and h; > 0
a bandwidth, and Ly, (s) = hy 2L(s/hy) with L a kernel function on R? and hy > 0
another bandwidth.

4.3.2 Asymptotic property

We provide the asymptotic property for the estimator B(:v,s) in this subsec-
tion. Let Y = (Y,41(s1),...,Y7(s1),...,Yri1(sn), ..., Yr(sn)) denote a NTj-

dimensional vector, with T7g = T'— r. The local linear estimators can be expressed
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bo
hiby | = UppVirw,
hob
where
Ury = (NT) ' Z'W Z (4.3.4)
and
Vin = (NTy) ' Z'WY, (4.3.5)

where Z denotes an NTyx 4(p+q+1) matrix with <Zt(s,-)’, %Zf/(si)’, (22 ® Zt(si))’>

as its (¢ x To +t — r)th row, and
W :diag{Kh(Xr—l-l(sl) —x)Ly(s1—8),..., Kp(Xr(s1) — ) La(s1 — ),

. Kh(XT(SN) — JI)L]—L(SN — S)},

’ /
and Hy = (17 %il)*ﬂ’? (%) ) . Then,

N T
Ury = (ToN)~ ZZ wHl, @ Zy(5:)) Zy(5:) K, (4.3.6)
and

N T
Vin = (TyN)™ Z Z Hy @ Zy(5:)Yi(s:) Ky (4.3.7)

Thus, with e; = (1,0,0,0) ® diag(1,,, ), the local linear estimator of 3(z,s) is
given by

B(Q% s) = IA?O = €1UT711;VTN- (4.3.8)
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(bole,5) = bo(a5)) = (B, ) = Bl 5))

bo
=€1U;F]1; Vin — Urn | hiby
habs
::elUE]bWTN, (439)
N T
Wrng = (ToN)" D 0> (Hu); @ Y, (s0) Zi(s:) K, j=1,2,3,  (4.3.10)
=1 t=r+1

where Y/*(s;) := Yi(s;) — [a(z, s) + bi(x, $)(Xi(s;) — ) + ba(x, 8) (s; — 8)|' Zi(s;).

Lemma 4.1. Under Assumptions in Section 4.8,

Qz, s) 0 0
Urn U= fx(x,8)fs(s) 0 Qz, 5)py 0
0 0 k@ Q(z, s)

as To, N — oo, where fx(x,s) represents the marginal probability density function
of X given location s, fs(s) represents the sampling density function, Q(x,s) =
EIZ()Zu(s) ) Xals) = al, € = [ w9 K (u)du, ik = [ w' L(u)du.

Next, we consider the asymptotic behaviour of E[Wry].

Lemma 4.2. Under Assumptions in Section 4.8,

EWrni] = fx(z,5)fs(s)Q(z,5)By + o (b} + h3) (4.3.11)
NéiofgooE[WTN,j] =0, 7=273
where
h? h3
By = Elul(l',s) + ?2/@(% s);
826(1‘7 S) 2
wi(x,s) = W/u K(u)du,

e = ([P (i) [ Ponde) [yl

The following lemma provides the asymptotic variance of Wy ;.
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Lemma 4.3. Under Assumptions in Section 4.8,

VarWrw ] = (Tohi Nho®) ™ S1(1+ 0(1)) 4+ Ty ' Sa(1 + 0(1)), (4.3.12)
where (. 5)
51 = o) )JCX(M)/K du/L (2)dz,
Y (z,s,5) y
Yo =T(s,8)———= e s) q(z, x; ),
with Nz, s) = E[Z(s)Zi(s) | Xe(s) = a], Q*(x, si,85) = EZy(s:)Ze(s;) | Xe(s:) =

2, Xi(sj) = ], D(si,s5) = Eleu(siee(s;)| Xe(si) = 2, X(s;) = ) and 0%(s) =
Var(e(s)), q(-, +;s) defined in Assumption (A1).

We now turn to the main consistency and asymptotic normality result as follows.

Theorem 4.1. Let Assumptions in Section 4.8 hold. Then,
B(z,5) — B(z,5) — By = {(Tohlzvhf)*é o, + TO‘E@Q} n(s)(1+0,(1)), (4.3.13)

as Ty, N — 0o, where By is defined in Lemma 4.2, where n(s) is a p+ q + 1
random vector with zero mean and identity variance matriz, and ©1 and Oy are

two (p+q+ 1) X (p+ q+ 1) matrices, satisfying

@1@’1202()fs fX“/KQ du/LQ()d

QO Yz, 5)* (x,5,5)Q7 (x, 5)
fx(,9)

with Az, s) = E[Z,(5)Z(s) | Xi(s) = x|, Q(z, s4,8;) = E[Z(s:)Zi(s5)'| Xe(si) =

z, Xi(sj) = z], T(siys5) = E(e(si)ee(s;)| Xe(si) = 2, Xi(s;) = z) and o*(s) =

Var(g1(s)).

@26/2 - F(S,S) C](ZL‘,I’, S)

The proofs of the above lemmata and Theorem 4.1 will be given in Section 4.8.

Remark 1: For the one-step method, the optimal bandwidths for estimating
B;(x, s) can be obtained by minimizing the squared bias plus variance, which is as

follow.

min | (coh] + 03h2)2 “

—_— 4.3.14
hi,ho 2) + ToN hq h% ( )
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This leads to the optimal bandwidths
czcy 1 \7
h) = —=—=
! (4(;3 TON) ’

3 3
b 22¢5 ¢y
2 C§ TON )

where ¢y = laﬁ]“)fzﬂK )du, @z%“‘ﬁr{aﬁ]w)fzz dz} ||, and

=

=

2 Ox2

= K [ P

Remark 2: Based on the optimal bandwidths, we have hy Nh = O(N/(TyN)3/7) =
O((N*/T3)V™). Therefore, if hyNhy®> = O((N*/T3)V") — O(1) or hyNhy* =
O((N*/T3)Y/7) — o0, the rate of the convergence for 3(z, s) is T'2. Otherwise, the
rate of the convergence for 3(x, s) is (Tothh,gz)% = op(TO%).

4.3.3 Bandwidth and Order Selection

In the one-step estimation procedure above, there are two bandwidths (hy, hy) used
in model (4.3.3) and two orders (p, ¢) in model (4.2.2), which need to be selected
in application. For the bandwidths h; and hy, we will use the cross-validation
method (Li and Racine, 2004) to choose the optimal bandwidth in this study.

1 r N p+q 2
CV(h1, ha) = 7 > Z {Yt si) Zﬁj hhe(X_i, 8 i)Zm-(s,»)} . (4.3.15)
0

Then, we let

h}fi)pt = arg mln CV (hy, hy) (4.3.16)
for given hy. Thus, we can select hg op = argming, CV (h120pt7 h2) , and hyopr =
hfllZ ,opt

,opt *

Moveover, we suggest a procedure by extending the method proposed by Hurvich
et al. (1998) and Al-Sulami et al. (2017a) to develop the following nonparametric

version of the Akaike Information Criterion with correction (AICc) to determine
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the orders of temporally lagged variables, p and ¢,

1+ (TyN) *tr(H)

AICc<p7 q) = IOg(a-Q) + 1 — (TON>_1{tT(H) + 2}’

(4.3.17)

. 2
where 6% = (TyN)™! Z;‘FZTH SV {Yt(si) - Yt(si)} and the hat matrix H is an
NTy x NTy matrix, such that Y = HY with
Y H Y
(81) Hy  Hyp -+ Hin Y
(s2) Hy  Hy -+ Hoy Y

Y
Y

Y (sy) Hyi Hye -+ Hywn Y(sn)

Here, the Ty x Ty sub-matrix Hj, = 0 for ¢ # k, i,k = 1,..., N and Y(sl) =
H“Y(Sl), with Y(Sz) = (?}4_1(81‘), Ce ,yT(SZ')), and Y(Sl) = (Y,,H(si), e 7YT(SI'>)/.

. . -1
Here, (t—r)th row of H; is of the form ¢’ {Z(Xt(si), $i)W(Xe(s:), 81) Z (Xt (1), sz)}

Z(Xi(8i),81) W(Xe(s;),8:), fort =r+1,...,T.
We now outline the algorithm to select the order and bandwidth as follows:

Step 1: For given p and ¢, minimizing CV(hq, hs), giving the best selection of
bandwidth lAzLopt and ibgppt.

Step 2: Compare the AIC.(p, q) for different p and ¢ to find the minimum value.

4.3.4 Discussion on comparison with a two-step procedure

In the above estimation, all the data across space and time are used in one step,
which is hence called one-step estimation. Alternatively, we can develop a two-
step procedure for estimating the unknown function 5(-,-) as in Lu et al. (2009)

and Al-Sulami et al. (2017a), which is sketched for comparison as follows.

Step 1: (Time-series based estimation) This step just follows the estimation proce-
dure in Cai et al. (2000). For each location s;, the coeflicient functions ;(X¢(s;), s;)

are estimated by a local linear fitting method.
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At a fixed location s;, we estimate j3;(x,s;) for X;(s;) in the neighbourhood of z

as follows
Bi(Xi(s:), s1) = Bj(x, 5:) + Bj(w, ) (Xi(s:) — )

= a; + bj(Xyi(s;) — ). (4.3.18)

-~

Then, we define an estimator by setting Ej(aj, s;) = a; and fj(x,s;) = Zj , which

> |Yilsi) - Z {aj +b;(Xi(si) — )} Zij(si) | Ky (Xe(si) — ),  (4.3.19)

w.r.t. aj, by, j=0,1,...,p+q, where Ky, (z) = h{'K(x/h;), with K the kernel
function on R! and h; > 0 denoting the temporal bandwidth.

Then the local linear estimators can be expressed as
Bz, s;) = e(Ai(x) Bi(2) Ai () Ay (z) Bi(2) Y (s5), (4.3.20)

where € = (1,0) ® diag(1,1441). Ai(x) denotes an Ty x 2(p 4+ ¢ + 1) matrix with
(Zi(s:), (Xi(si) — ) Zy(s;)) as its t —r throw for t =r+1,...,T, and

Bz('r) :diag{Kh1(XT+l(Si) - [E), s 7Kh1 (XT(SZ) - .T)}

Step 2: (Spatial smoothing) The estimators based on Step-1 procedure can be im-
proved by pooling the information from neighbouring locations by spatial smooth-
ing (Lu et al., 2009). At a location s € S, where S has the spatial sampling
intensity function fs (c.f., Assumptions in 4.8), the spatial smoothing estimators
of (+) can be obtained by

N
Z z,8) Ly, (s), (4.3.21)

where E;“m (s) = & (C'"DC) ™" C"De; denotes a weight function on R?, which is a
local linear fitting equivalent kernel, where é; = (1,0,0) € R3, e; denotes a N x 1
unit vector with 1 at the i-th position, C' denotes an N x 3 matrix with the ¢th-row
(1,(s; —s)' /hs), and D = diag{Lp,(s; — s)}i]il with Ly, (-) = (he)2L(-/hy) and

L(-) a kernel function on R?.
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Theorem 4.2. Under Assumptions in Section 4.8, for s € S, as Ty, N — 00,

B, 5) =B, )L () L po(a,5) = { (T N8?) 5 €4 475 205} (o) (10,(1),

where 1(s) is a p + q + 1 random vector with zero mean and identity variance

matriz,

) = S8 [k,

s (tr{azgg—g;’,s)/zz’L@)dZ}w ,tr{%/zzm(zm})/,

and ©1 and O are two (p+q+ 1) X (p+ q+ 1) matrices, satisfying

I 2 Qz,s)7! 2 2

0,60, =0 (s)m/l{ (u)du/L (2)dz,

Qz,s) " (x, s, 5)Qx, s) "
fx(@,s)

with Q(z,s) = E[Zi(s)Z:(s) | Xi(s) = x], Q(x, 51, 85) = E[Zi(s:)Ze(s;) | Xe(s:) =

z, Xy(s;) = z], T(si,s85) = E(ei(si)er(s))| Xe(si) = 2z, Xi(s;) = x) and o*(s) =

Var(ey(s)).

@262/ = F(S,S) q(l’,l‘, 8)

Remark 1: The optimal bandwidth h; for time series estimation is similar to Cai
et al. (2000), which is h; = O <TJ 1 5). Then, by minimizing the squared bias plus
variance of 5(z, s), we can find hy = O ((NTy)~V/9).

Remark 2: If hyNhy? — O(1) or hiNhy*> — oo, the rate of the convergence for
~ 1 ~

B(z,s) is T¢ . Otherwise, the rate of the convergence for 3(z, s) is (ITphi Nho?)? =
0p(157 ).

N[

Remark 3: It is interesting to discuss the comparison between the one-step and
the two-step procedures. With the same bandwidths h; and hs, we can find that
the one-step and two-step methods have the same asymptotic bias and variances
in Theorems 4.1 and 4.2. However, the optimal bandwidths A; = O (To_l/ 5)
and hy = O ((NTp)~'/%) based on two-step method could not minimize the mean
squared estimation error of f(x,s). Compared with the two-step method, the
one-step method has a more direct estimation procedure and could also obtain
relatively efficient estimators for fixed 7" and infinite V. See the detail on the

comparison of both methods in the simulations of Section 4.5.



Chapter 4 On Semiparametric Smoothing of DyFAST for Location-wide
96 Nonstationary Spatio-Temporal Data

4.4 Discussion

In real applications, one can often specify different spatial weight matrices based
on different features of the real data, such as distance based spatial weight matrix
W, or contiguity based spatial weight matrix W, and so on (c.f., Anselin, 2013).
A significant problem is which spatial weight matrix should be used. Therefore,
the model selection procedures, using cross-validation method and Akaike Infor-
mation Criterion with correction (AICc)(Section 4.3.3), can be employed to select
an optimal weight matrix among the candidates. Moreover, we can also apply
the combination of spatial weight matrices and estimate the model based on the
procedure in Section 4.3. For simplicity, let us just look at two spatial weight
matrices W, and Wy well pre-specified (the case for more than two spatial weight
matrices is easily extended). We here develop a new spatial weight matrix (W) by
combining two individual row-wise standardised spatial weight matrices, W, and
Ws, say

W = a; Wy + a;Ws, (4.4.1)

with a; + as = 1 for identifiability.

Therefore, we can extend model (4.2.2) withWW as follows:

Vils) =Bo(Xulsi), ) + D2 B(Xils0),50) (@Y (50) 4+ av P s,))

J=1

+ Z Bpri(Xi(54), 8i)Yii(si) + €i(s4), (4.4.2)

1=1
1=1,...Nt=r+1,..,T,

where 8;(z,s), 7 =0,1,---,p+ ¢, are unknown functional coeflicients as specified
in model (4.2.2), and

N
Y (s0) = > wiaYilsy), k=1,2,

Jj=1

with w;, is the (7, j)th component of the weight matrix Wy, satisfying w;;; > 0
and Zjvzl w;jr = 1 for k = 1,2. This idea of combining weight matrices, in our
setting of nonlinear modelling, is different from, and more convenient than, the
usual idea of spatial weights matrix selection and model averaging (c.f., Zhang
and Yu, 2018, in the linear model setting), which first need to establish different
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models with individual spatial weight matrix Wp, respectively. Clearly, this lat-
ter idea is more involved from the model selection perspective. Actually, in our
combining procedure, for example, if (a1, as) = (1,0), then the model with W is
automatically selected, while if (a1, a2) = (0,1), so is the model with W5. In the
usual case of 0 < ay,as < 1, then it indicates that combining different features in
Wy and W is important in our DyFAST models. We need to estimate the (a;, as)

based on the procedure in Section 4.3 as follows.

Step 1: We first consider the following model.

Yi(si) =Bo(Xi(s1), +Zﬁ (Xi(s1), 5:) Y, (s0)

+ZB sV, j (s +Zﬁp+l (Xe(si), 8:)Yei(si) + e(si),

=1

(4.4.3)
i=1,.,Nt=r+1,..T,

where ﬁj(-k)(Xt(si),si) = a,B;(Xi(si),s;) for k = 1,2. And we can follow the
one-step estimation procedure in Section 4.3 to get the estimation results of
B (Xi(si)ysi), §=0,p+a, k=1,2,i=1,., N, t =1 +1,...,T.

Step 2: As a; + ay = 1, based on (4.4.2) and (4.4.3), we have

Bi(Xi(5:), 8:) = B (Xi(50), 80) + B2 (Xi(50),80), 5 =12, ,p

p p

N T N T
ZZZ Xt 52 z = Qg ZZBJ
j=1

=1t 7j=1 i=1 t=r+41

and can hence obtain the estimation of a; by

N T 5k
i — ?:1 D i1 Dateri1 ﬁ]( )(Xt(si)> si)
k= 2 N T ~(
21:1 ?:1 Zi:l Zt:T—H BJ( )<Xt(5i)= 5;)

L k=1,2. (4.4.4)

Then, we can obtain a new spatial weight matirx W = a; W7 + ax.Ws.

Step 3: Based on model (4.4.2), 5;(z,s), j =0,1,--- ,p+q, can be estimated by
using the DyFAST in Section 4.3 and new spatial weight matirx V.

This procedure is an alternative model selection method to the cross-validation
method and Akaike Information Criterion with correction (AICc). In next section,

we will consider using the simulation to evaluate this combination procedure.



Chapter 4 On Semiparametric Smoothing of DyFAST for Location-wide
98 Nonstationary Spatio-Temporal Data

4.5 Simulation Study

In this section, we will study the finite-sample performance of our proposed method
in a simulation study. We will consider the spatial varying exogenous variable

X;(s;) in this section. For simplicity, we consider the following generative model:

Yy(s:) = Bo(Xu(sy), si +Z Bi(Xu(s:), 5:) Y, (1) + Ba(Xe(8), s1) Y1 () + e(sy),

(4.5.1)
where Y,%L(s;) = Zk L WirYi(sk), Wi from a pre-specified spatial weight matrix
W, satistying W;. > 0 and Zk:l i = 1. As in the Section 4.6 below, s; =
(u;,v;) is the centroid consisting of the latitude and longitude of the ith country,
i=1,---,23, in the EU. The covariate process X,(s;) follows X;(s;) = a(s;) X;_1+
ei(s:), where a(s;) = 0.9 + 0.05 x cos(u; x v;) for s; = (u;,v;)" is the latitude and
longitude of the i-th country, e;(s;) follows i.i.d. N(0, 1), innovation £.(s;) follows
i1d.N(0,1).

Bo(Xe(s:),8:) = 0.2+ 0.05 x Xy(s;) + b(s;)

Br(Xe(si),8:) = 0.2+ 0.1 x sin(Xy(s;) + 1) + b(s;)
Bo(Xi(si),8:) = 0.2+ 0.1 x cos(Xy(s;) — 1) + b(s;)
B3(X¢(si),8:) = 0.3+ 0.1 x cos(X;(s;) + 1) + b(s;)

(4.5.2)

where b(s;) = 0.05sin(u; x v;) for s; = (u;, v;)" is the latitude and longitude of the

i-th country.

We generate data from model (4.5.1) as follows. At each location s; for i =
1,...,23, the initial values of Yy(s;) are set to zero. Then we generate Y;(s;) for
t=1,2,...,T 4+ 50. The first 50 time points are discarded and the next 71" time
points are saved, denoted as {(Xy(s;), Yi(s;)) fort =1,..., T, and i =1,...,N}.
We consider three time series lengths: 7' = 200, 7" = 400 and 7" = 600. To assess
the estimate of the unknown functions B(x(s;), s;), we select 50 points of x from
(—2,2) (approximately 10th and 90th percentiles of the covariate X;(s;)). The
temporal bandwidth A; and the spatial bandwidth hs are 0.4 and 7, respectively.

The performance of estimation will be assessed by defining a squared estimation

error (SEE) as a measure of the accuracy of estimation at a location s (c.f., Lu
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et al., 2009). That is, for each location s, we define

50
. 1 . 2 .
SEE(B;(+, s)) = 0 Z {Bj(xk, s) — ,Bj(xk,s)} , 7=0,1,2,3 (4.5.3)
k=1
where z;, for K = 1,...,50 are 50 points that equally partition the interval between

(—2,2). Similarly, to measure the accuracy of estimation for j3;(-), we define

23 50
1
=1

SEE(3;(1)) = o5 D00 {Bj(xk, s1) — Bi(x, si)}Q, j=0,1,2,3, (4.5.4)
=1 k

where N, denotes the number of simulation times. We then consider the finite-
sample performance of our proposed method by using the spatial varying exoge-

nous variable X;(s;).
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Figure 4.1: Boxplots of 100 times squared estimation error (SEE) for the
estimation of §;(-), 7 = 0,1,2,3, for Two-step (left box) and One-step
(right box) with time series length 7" = 400 in each plot.

The most commonly used specifications are binary contiguity matrix (W;) and
distance function matrices (W) (LeSage and Pace, 2009). For W, units are
considered as w;; = 1/d,;, where d;; is the Euclidean distance between the centroids
of two countries s; and s;, and w;; = 0. Both spatial weight matrices are row-

standardized weights matrices.

Firstly, we want to compare the estimation results of 3;(-) by One-step estimation
and Two-step estimation procedures. We consider the spatial weight matrix as W;.
We repeat the simulation 100 times with time series length 7" = 400, and thus have
100 values for each SEE of 5;(-), j = 0,1,2,3, with the One-step and Two-step
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methods, summarized in the boxplots in Figures 4.1. The results show that the
One-step method has smaller SSE compared with Two-step method, indicating
that the One-step method can get more accurate estimation results than Two-

step method for large T" and small N.
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Figure 4.2: Boxplots of 100 times squared estimation error (SEE) for f;(-),
j = 0,1,2,3 by the DyFAST, and for 7" = 200 time points (left box),
T = 400 time series lengths (middle box) and 7" = 600 time series lengths
(right box) in each plot.
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Figure 4.3: Boxplots of 100 times estimation of the combining weight a for
T = 200 time points (left box), T' = 400 time series lengths (middle box)
and 7" = 600 time series lengths (right box) in each plot. The red dashed
line shows the true value a = 0.6.

Secondly, we then consider three time series lengths: T = 200, T" = 400, and
T = 600. We repeat the simulation 100 times, and thus obtain 100 values for each
SEE of §;(-) using the DyFAST with One-step estimation method, j = 0, 1,2, 3,
summarized in the boxplots in Figures 4.2. As the sample size increasing, the
accuracy of estimate for the 3;(-) by DyFAST method apparently improve, which

indicates the properties of estimators are asymptotic efficiency.



Chapter 4 On Semiparametric Smoothing of DyFAST for Location-wide
Nonstationary Spatio-Temporal Data 101

0.5
0.6
0.6
0.5

0.2 0.3 0.4
0.4
L
0.2 0.4
0‘.3 0.4

bO(x,s)
bi1(x,s)
0.2
b2(x,s)
b3(x.5)
0.2

0.1

0.0
0.1
L

0.0
L
0.0
L

0.0
L

-0.2

-0.2 -01
L L

-0.2
L
0.1

T T T T T T T T T T T T T T T T T T T T
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2

(a) T = 200

0.5
0.6
0.6
0.5

02 03 04
0.4
0.2 0.4
03 04

bO(x,s)
bi1(x,s)
0.2
b2(x,s)
b3(x.5)
0.2

0.1

0.0
0.1
L

0.0

0.0
L

-0.1
-0.2
0.0
L

-0.2

0.2

-0.1
L

T T T T T T T T T T T T T T T T T T T T
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2

(b) T = 400

0.5
0.6
0.6
0.5

03 04
0.4
:
0.4
03 04

bO(x,s)
0.2

bi(x,s)
0.2

b2(x,s)

0.2

b3(x.s)

0.2

0.1

0.0
0.0
0.1

0.0
L

-0.1
0.0
L

-0.2

-0.2
-0.2
L

0.1

(c) T = 600

Figure 4.4: Simulation results: the mean in 100 replications at location
i = 1 of the DyFAST with true spatial weight matrix (red lines) and with
combined spatial weight matrix (green lines) of the coefficient function
B;(+,s1), for j =0,1,2,3 under 7" = 200 time points (top plots), T = 400
time series lengths (middle plots) and 7" = 600 time series lengths (bot-
tom plots). In each plot, the solid line shows the true coefficient function.
Shaded areas correspond to 95% confidence intervals of estimation of Dy-
FAST with combined spatial weight matrix.
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Finally, we then show that the combination procedure of spatial weight matrices
in Section 4.4 is efficient and can be used to estimate the combinating weight a.
Here, we consider the true spatial weight matrix W = 0.6W; 4 0.4W5, and also
consider three time series lengths: 7" = 200, T" = 400, and T" = 600. Figure
4.3 shows the squared estimation error (SEE) for the estimation of a, in T =
200, T" = 400, and T" = 600 time points, which appears acceptable. Figure 4.5
displays the squared estimation error (SEE) of the DyFAST with real spatial
weight matrix and combined spatial weight matrix for the estimation of j;(-),
7 = 0,1,2,3 under T" = 400 time series length. Figure 4.4 presents the mean
estimated f;(-), j = 0,1,2,3 by DyFAST with true spatial weight matrix W and
combined spatial weight matrix (W7, W), compared with the true curves in solid
lines. We observe that our estimates 3;(-), 7 = 0,1,2,3 mimic the corresponding
true curves quite well. The estimation results indicate that with our combined
spatial weight matrix, our DyFAST method could still accurately estimate the
coefficient functions. Moreover, we want to show the efficiency of estimation with
the true spatial weight matrix containing negative combining weight (W = 1.2W;—
0.2W3). Figure 4.6 shows the squared estimation error (SEE) for the estimation
of a and 1 — a for T' = 400 time series lengths. These results indicate that the
proposed procedure could also accurately identify the negative combining weight
for the candidate spatial weight matrices. In sum, these findings indicate that our

proposed DyFAST method works very well.

4.6 Real Data Example

4.6.1 Background

Retail gasoline prices are considerably fluctuating over time and different across
countries within the Europe, due to many different factors, such as environmental
policy, cost of crude oil, and macroeconomics. Numerous studies have examined
the impact of crude oil price on retail gasoline prices, particularly focusing on the
asymmetries in price transmission (c.f. Wlazlowski et al., 2009; Clerides et al., 2010;
Blair et al., 2017; Bettendorf et al., 2009; Atil et al., 2014). The large majority
of these literature, however, has neglected the possible cross-market dependency
in retail gasoline markets (Wlazlowski et al., 2009). Note that the price dis-
equilibria of retail gasoline in neighbour countries can cause “fuel travels” and

create significantly cross-national spatial price spillovers in EU countries (Banfi
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et al., 2005; Wlazlowski et al., 2009). Negligence of the spatial dependency in
retail gasoline markets may cause the biased result in estimating the effect of crude
oil price on the retail gasoline prices. To better measure the price transmission of

retail gasoline in the EU, we will consider our DyFAST in this study.

4.6.2 Data

Table 4.1: Descriptive statistics for data.

Mean Stdev ADF

Austria 1074.374  67.7683  0.9048
Belgium 1129.325  65.8963  0.9163
Bulgaria 1038.685 107.6421 0.6884
Czech.Republic  1077.506  80.3771  0.8801
Germany 1130.429 73.153  0.9008
Denmark 1222.557  75.0411  0.9348
Estonia 1056.022  59.5608  0.5301
Spain 1065.106  76.8082  0.9051
Finland 1252.319  75.4393  0.9699
France 1127.715 60.0909  0.8572
Greece 1123.077  75.5325  0.8575
Hungary 1112.495 81.8031  0.9698
Italy 1342.72  82.5838  0.8749
Lithuania 1009.299 85.6321  0.6109
Luxembourg 971.863 70.1195  0.9667
Latvia 1004.726  76.0957  0.9289
Netherlands 1183.517  76.3279  0.8308
Poland 1008.342  88.1633  0.9015
Portugal 1159.995 56.5434  0.7757
Romania 1131.182  82.3587  0.8656
Sweden 1357.833  55.4936  0.7956
Slovenia 1125.709 72.286  0.7642
Slovakia 1084.011 73.062  0.7509
Brent oil 47.9548 8.4755  0.7826

Note: This table displays summary statistics
for weekly Brent crude oil price and regional
diesel prices. The sample period is from
26/01/2015 to 19/12/2016. ADF is the
p-value of augmented Dickey-Fuller test for
unit root, which alternative hypothesis is
stationary.

Our data consist of panel data of weekly spot prices for Brent crude oil price (X;)
and diesel prices (Y;;) in 23 European countries from 26/01/2015 to 19/12/2016.
The data are obtained from European Commission 3. All commodity prices are ex-

pressed in EUR and the diesel prices are inclusive of duties and taxes (Wlazlowski

3Source from: https://ec.europa.eu/energy/en/data-analysis/weekly-oil-bulletin
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et al., 2009). The descriptive statistics for the raw data are reported in Table
4.1. The ADF test results indicate that all series are nonstationary. Therefore, we
compute the Brent crude oil price return (X;) and the diesel prices return (Y;;) by

taking the difference in the logarithm of two consecutive weekly prices.

4.6.3 Result

In estimating the spatial neighbouring effect for diesel prices, there are different
weight matrices. In this study, for example, we consider pre-specified spatial
weight matrices W, and W,, two distance based spatial weight matrices. Let
centroid distances from each spatial unit ¢ to all other units j # ¢ be ranked as
follows:d;j1) < dijo) < -+ + < dijn—1), Where d;; is the Euclidean distance between
the centroids of two countries s; and s;. Then for each £k = 1,--- ,n — 1, the set
Ni(i) ={7(1),75(2),...,j(k)} contains the k closest units to i. Then for Wy, we
consider k = 2, and the set Ny(i) = {j(1),7(2)} contains the 2 closest units to .
The spatial weights are set as w;; = 1/d;;,j € Na(i), and w;; = 0 otherwise. For
W5, the elements are defined as w;; = 1/d;;, for j € Nay(i), and w;; = 0 otherwise.
All spatial weight matrices are row-standardized weights matrices. For the case
with more spatial weight matrices, we just need to combine our combined weight

matrix W = a; W, + aoWs with the new spatial weight matrices.

Table 4.2: Akaike Information Criterion with correction (AICc)

& 1 2 3 4 5
P

1 1.6994 1.6975 1.6980 1.6948 1.7195
2 1.6905 1.7061 1.7099 1.7082 1.7380
3 1.6970 1.6912 1.7104 1.7152 1.7444
4
)

1.6956 1.6990 1.7118 1.7237 1.7473
1.7360 1.7270 1.7377 1.7484 1.7546

First, we can use the DyFAST to estimate the spatial neighbouring effect for diesel
price returns. The DyFAST with Wy, W is as follow.

p p
Yi(se) =Bo(Xeosi) + Y Bi(Xe, s) Y50 (5:) + D By (X 50) Y4 (54)

j=1 j=1

+ Z Bop+1(Xe(si), 8i)Yimi(si) +ex(sq), (4.6.1)
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The orders of temporal lagged autoregressive effects and temporal lagged spatial
neighbouring effects are determined by Akaike Information Criterion with cor-
rection (AICc). Table 4.2 shows that p = 2 and ¢ = 1 are the optimal orders.
Moreover, the bandwidths are decided by cross validation, which are hy; = 3.23
and hy = 0.526, respectively. Figure 4.7 shows the results of model (4.6.1). We can
find that the top-middle (8;(X:(s;),s;)) and top-right (B2(X¢(s;),s;)) sub-figures
in Figure 4.7 fluctuate around zero. These findings indicate that the W; has much
less impacts compared with W5. Then, we would like to further verify that for two

pre-specified spatial weights matrices, which one is preferred?

Therefore, we will consider the DyFAST by combining spatial weight matrices W}
and Wy to see whether the combining weight a; is statistically significant from

zero. The DyFAST with combining spatial weight matrices is of the form:

Yi(si) =Bo(Xe(si), +Zﬂj (Xi(s4), 1) (ZakYt z)

7=1

) Bori(Xi(50), 50)Yaci(50) + €e(s1), (4.6.2)
=1

where a; and ay are two constants, satisfying a; + as = 1. Moreover, the band-
widths are decided by cross validation, which are h; = 3.294 and hy, = 0.378,
respectively. Then, we can obtain the combining weight vector (a; = —0.22 and
as = 1.22) and functional coefficients 5;(X¢(s;), s;), j = 0,1, 2 (Figure 4.8). To test
whether the a; is statistically significant, we will consider the bootstrap approach.
Given the observed sample {(X;(s;),Yi(s;)), t =1,...,T and i = 1,..., N}, the

method proceeds as follows:

Algorithm (Bootstrap for DyFAST).

1. Let B(X,(s;), s;) be defined as in (4.3.1), and obtain residuals &;(s;) = Y;(s;)—
Zi(s;) B(Xt(si),si) fori =1,...,N,t = r,...,T by DyFAST, where r =
max(p,q), W = Y p_, asWa, Zi(s:) = (LY (sy), ..., Y (s), Yica(si), .. .,
Y;_4(s;)) denoting the vector of spatio-temporally lagged variables, and
B(x,s) = (Bolx,s), Bi(x,s),...,0(x,s), Bpr1(x,8), ..., LBpiq(x,s)) is the cor-

responding vector of functional autoregressive coefficients.

2. Notice that the &;(s;) estimated by our sample data appear to be independent
across time but dependent across space. Therefore, we denote &; = (£,(s1),
,€:(sn)), and then generate bootstrap residuals €7, . . ., &5 randomly from

the elements of &;, t = r,...,T with replacement.
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Figure 4.7: The impacts of Brent crude oil price return on diesel price
returns in 23 EU countries by DyFAST with W and Ws.
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Figure 4.8: The impacts of Brent crude oil price return on diesel price
returns in 23 EU countries by DyFAST with combined weight matrix.
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3. Let the initial values of Y;*(s;), t = 1,...,r equal to the values of Y;(s;),
t =1,...,r. Then generate the bootstrap observation Y*, ; = (Y;* ;(s1),- -,
Yia(s ) "to Y7 = (Yi(s1), -+, Y7(sn)) through Y (s;) = Z7 (s:)' B(Xe(ss),

Yy, (s:)) by iteration.

4. Finally, construct the estimators 3 (X:(s4), si) and ay by using the bootstrap
sample {(X:(s;), Y;"(si)}.

By repeating above bootstrap method 1000 times, we can obtain the t-value for
a1 and as based on 1000 replications, which are —0.4956 and 2.7506, respectively.
This result shows that the a; is not statistically significant at 1% significance
level, which indicates that our method selects W5 as the optimal weight matrix
(a3 = 0 and ay = 1). The top-middle and top-right sub-figures in Figure 4.8
further describes that the aif1(X(s;),s;) and ay82(X¢(s;), s;) fluctuate around
zero. Therefore, we consider W5 to investigate the impacts of Brent crude oil price

return on diesel price returns in 23 EU countries, which is as follow.

Yi(s:) =Bo(Xy, si +ZBJ X4, 8i ( ;)
+ B3(X, Sz‘)Yt—l(Si) + (i), (4.6.3)

Figure 4.9 shows the local linear estimates of 5;(X, s;) as a function of the weekly
return of crude oil price for the ith country, where 7 = 0,1,2,3. We can find
varying coefficient with changing crude oil price return. In particular, for tem-
poral lag-1 of spatial neighbouring effect, the impacts are positive. And, based
on the temporal lag-2 of spatial neighbouring effect (52(X;(s;),s;)), we can di-
vide the countries into three groups, which is described in Table 4.3 and Figure
4.10. From Figure 4.10, we can find that the group 1 includes Belgium, Germany,
Denmark, Luxembourg, Netherlands, Portugal and Sweden, which are located in
North-Western Europe (except Portugal). The group 3 contains Bulgaria, Greece,
Hungary and Romania, which are located in Balkans. The temporal lag effects
in group 3 are positive and larger compared with group 1 and 2 (Figure 4.9).
Moreover, temporal lag effects are negative in group 2, and near zero in group 1.
These empirical findings can help governments and energy users to mitigate the
negative impacts from the expected or unexpected fluctuations in the oil and the
neighbouring retail gasoline markets and better manage energy risk. Moreover, lo-
cal state governments may formulate relevant energy policies on the basis of their

geographical location .

Si)
+er(sy), t =r+1,...,T, where Z}(s;) = (1, Y% (s;), ... ,KS_I;)*(SZ»), Y (si), .-

J
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Table 4.3: Country Groups

Group 1 Belgium Germany Denmark Luxembourg Netherlands Portugal Sweden

Group 2 Austria Czech.Republic Estonia Spain Finland France Italy Lithuania
Latvia Poland Slovenia Slovakia

Group 3 Bulgaria Greece Hungary Romania

Note: The groups are classified based on Figure 4.9.

To further evaluate our methods, we can compare the prediction performances of
linear model and DyFAST. In addition, due to the fact that nonparametric model
may not provide optimal prediction, we also consider the prediction results of 3
with nonlinear threshold forms. Therefore, based on the Figure 4.9 and 4.10, we
construct the nonlinear threshold functions of §;(z,s), j = 0,1,2,3 for 3 groups

as following.

e Group 1
Bo(x,s) = b(s) + b)(s)x
Bi(z, s) = {byo(s) + by (s)z} Z(x < —8) + {bhy(s) + by, (s)z} Z(—8 < )
Ba(z, s) = {bio(s) + b3, (s)z} Z(x < —5) + {b +b3,(s)z} I(—5 < )
Bs(z, s) = {b3y(s) + b3, (s)x} T(x < 8) + {b( b3 (s)z} Z(8 < z)
e Group 2
50( 3)250(3 +0 ( )z

biy(s)z} Z(x < —=7) 4+ {by(s) + b3y (s)x} I(—7 < < 0)

31(8)z} Z(0 < @ < 8) + {byo(s) + by (s)z} I(8 < x)
s) b1y (s)z} Z(z < =5) 4+ {b3g(s) + b3y (s)x} Z(=5 < < 5)

b (s)

{b (s) b1 (s)z} Z(z < =7) 4+ {b3o(s) + b3, (s)z} Z(—7 < = < 0)
+ {3 (s) + b3, ()2} Z(0 < = < 8) + {biy(s) + by (s)z} Z(8 < z)
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e Group 3

50(33 8) = by(s) + bi(s)z
= {blo(s) + b}y (s)x} T(z < —3) + {bho(s) + by (s)2} Z(—3 < x < 3)
+{b§0 ) 4 b, (s x}ISS:c), j=1,2
s) = {bly(s) + b}, (s)z} Z(z < 0) + {b3o(s) + b3,(s)z} Z(0 < )

where I(-) is an indicator function, b(s), I = 0,1,2,3, are the spatially-varying

linear coeflicients.

Table 4.4: Comparison of forecasting results [

Model (4.6.1) Model (4.6.2) Model (4.6.3)
T=15 1.649 1.570 1.566

Note: This table shows the mean squared prediction error (MSPE)
of the one-step ahead prediction for DyFAST with Wy, Wy (Model
(4.6.1)), DyFAST with combined spatial weight matrix (Model (4.6.2))
and DyFAST with W5 (Model (4.6.3)).

Table 4.5: Comparison of forecasting results II

Linear model Nonlinear threshold model

T =15 1.875 1.519

Note: This table shows the mean squared prediction error (MSPE)
of the one-step ahead prediction for traditional linear model and
DyFAST with nonlinear threshold functions.

We set aside the last 15 data for evaluation and use first 7' = 76 data as training
set. Then, we can obtain the mean squared prediction error (MSPE) of the one-
step ahead prediction for DyFAST with Wi, Wy (Model (4.6.1)), DyFAST with
combined spatial weight matrix (Model (4.6.2)) and DyFAST with W, (Model
(4.6.3)), which are 1.649, 1.570 and 1.566, respectively. Compared to the DyFAST
with W7, Wy, the performance under DyFAST with W5 outperforms in prediction,
with a relative improvement of 5%. This result also indicates that our method
can appropriately estimate the underlying relationships in empirical analysis by
selecting the optimal weight matrix. Moreover, the MSPE values for traditional
linear model and DyFAST with nonlinear threshold functions are 1.875 and 1.519,
respectively. The prediction result shows that the threshold parametrization of
B(x, s) performs the best in prediction, with a relative improvement of 19% com-
pared with traditional linear model. These results further illustrate that DyFAST

with model averaging can help to uncover the effect of crude oil price return on
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retail gasoline price returns, which is related to the crude oil market price fluctu-

ations.

4.7 Conclusions

In real estate markets, energy markets and environmental sciences, the real struc-
tures of some spatial and temporal data may not be linear and stationary. This
chapter proposes a semiparametric family of Dynamic Functional-coefficient Auto-
regressive Spatio- Temporal (DyFAST) models to overcome the difficulty in non-
linear modelling and analysis of spatio-temporal data with irregularly observed
locations and location-wide non-stationarity Moreover, both one-step and two-
step estimation methods are proposed to estimate the functional coefficients in
DyFAST models. Both theoretical properties and Monte Carlo simulations are
investigated. Our model is applied to investigate the spaital dependency in retail
gasoline markets in EU. The results illustrate that DyFAST can help to uncover
the effect of crude oil price return on retail gasoline price returns, which is more

complex than linear.
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4.8 Appendix

A1l: Regularity Conditions

Suppose that a spatial sampling locations set S = {s1,...,sy} has a sampling

density function fs(s) in the spatial domain S C R?.

For stationary process X; = (X;(s1),..., X¢(sn)), t =0,£1,£2, ... if

alk) = sup |P(A)P(B) — P(AB)| — 0, as k— oo
AeF° ,BeFe

where F/ is -algebra generated by {X;}i</<;. We call X, the a-mixing process.

)

In the following, we will first provide the regularity assumptions for Lemmata and

Theorems.

Assumption:

(A1) (i) For t =0,£1,42,..., X; = (Xi(s1), ..., Xi(sy)) is a-mixing process

(ii) For some real positive number ¢ > 2 and ¢ > 1 — 2/¢, the a-mixing

coefficient a(-) satisfies

lim k° Z{a ) =

k—o0
k=dpn

(ili) X;(s) and X,(s) have a joint probability density function p(wz;,z;;s),
which is continuous and bounded for all ¢ # j. For each t, the joint prob-
ability density function of X;(s1) and X;(s2) satisfies the following limit:
limg, 5,5 D(T1, 225 51, S2) = q (71, xa; 5), where ¢ (21, x9; $) is continuous and
bounded with respect to both x; andzs.

(iv) The marginal density of X given location s, fx(z,s), is continuous, and

0< fx(z,s) <M < .

(A2) The functions 5;(z,s),j =1,...,p+ ¢+ 1 are continuous at all  and twice
differentiable w.r.t. x and s € S.
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(A3) (i) At each location s € S, the innovations £;(s) are i.i.d. random variables
independent of {X;(s)}. Moreover, for each ¢t > r, {g:(s)},.q are inde-
pendent of {YtS_I;(s)}SeS fori =1,...,p, and {Y,_(s)},cq for I =1,...,q.
E [|e¢(s)[**] < oo and E [|Y;(s)|*™°] < oo, for some § > 2.

(ii) For each t > r, the spatial covariance function I'y(s;, si) = Cov[ei(s)), ¢(sk)]

is bounded over S x S.

(iii) For each t > r 4+ 1 and s € S,&4(s) = €14(5) + €24(5), where {e1.(s)}
and {e2.(s)} are two independent processes and both satisfy the condition
(A3)(i). Further, I'y; (s;, ;) = Cov [e14 (51) , €14 (52)] is continuous in (sy, $2)
and 'y (s1,52) = Cov [eoy (51),62¢ (s2)] = 0 if 51 # s9 and 'y (51, 52) =

o3 (s;) > 0 is continuous in s;.

(iv) For each t, the Q(x,s1,82) = E[Z;(s1) Zs (s2) 2] = Q1 (x,81,892) +
Qs (z, 81, 82) , where Q (x, s1, s9) is continuous in (s1, s9) , and Qs (x, $1, 59) =

0 if 51 # s9 and Qs (2, 51, 1) = Qs (2, 51) > 0. is continuous in s;.

(A4) For any measurableset A C S C R?, N~} Z;-V:lz(sj € A) — [, fs(s)ds, N —
00, where the density function f satisfies f > 0 in a neighbourhood of s € S.

(A5) (i) The kernel function K (-) is symmetric, uniformly bounded by some con-
stant, and integrable. Further, [ K(u)du =1 and [ «?K (u)du < co.

(ii) The kernel function L(-) is symmetric and satisfies [, L(z)dz = 1,
Jg2 2L(2)dz = 0 and [, 22'L(2)dz < co.

(A6) (i) The temporal bandwidth h; — 0 in such a way that Thohy — oo. The
spatial smoothing bandwidth hy — 0, Nh3 — oo, as N — oo.

(ii) There exists a sequence of positive integers gr such that ¢r — oo, ¢r =
0 ((T0h1)1/2> ,and (Ty/h1)"? a(qr) — 0, as Ty — oo.

(iii) Ty /204 pl/ ORI — (1) where 6% > 6 > 2.

(A7) Q(x,s) is positive definite and continuous in a neighbourhood of = and s.

Assumption (A1)(i)&(ii) assume that the process X;(s;) is @ -mixing, which is stan-
dard in nonlinear time series analysis. Assumption (A1)(iii) assumes the bound-
edness of the joint probability density functions, which can ensure the consistency
w.r.t. the different times and locations. Assumption (A1)(iv) assumes marginal
density of X;(s;). Assumption (A2) is a standard condition on the estimated
function in nonlinear modelling, which ensures the smoothness of the estimated

function. Assumption (A3) assumes the independence of innovation, boundedness
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of spatial covariance function, and the finite moment of Y;(s). Such moment condi-
tions are usually necessary for establishing asymptotic normality in nonparametric
modelling. See, for example, Assumption (C4) of Al-Sulami et al. (2017b). For
normal distributions (e.g., £.(s) ~ N(0, 1)) and ¢-distributions with v > 4 degrees
of freedom, these conditions can be satisfied. But if the errors have heavier tails,

say, Cauchy distributions with the probability density function f(z) = not

having any moments satisfying A3(i), or the density function f(z) =3 (2 + 2?)" 2
not having the fourth moment. Assumption (A4) assumes the spatial sampling
density, which is a standard condition in previous literature (e.g., Lu et al., 2009;
Al-Sulami et al., 2017a).This indicates that the asymptotics belong to the cate-
gory of the fixed-domain or in-fill asymptotics. Assumption (A5) assumes standard
conditions for the kernel functions, which are commonly used in nonparametric
kernel estimation. Assumption (A6)(i) assumes the conditions on the bandwidths
hi and ho, which are standard in nonparametric time series or spatial analysis. As-
sumption (A6)(ii)&(iii) are mainly required to establish the asymptotic normality.
Assumption (A7) is the necessary and sufficient condition to ensure that f(z, s) is
identified. These conditions imposed on the spatio-temporal series in (A1)—(A7)
are fairly mild and used in the literature (c.f. Cai et al., 2000; Fan and Yao, 2003;
Lu et al., 2009; Al-Sulami et al., 2017a).

A2: Proof for Section 4.3

Lemma A.1. (i) Let L,.(F) denote the class of F-measurable random variables
¢ satisfying ||€]], == (E|¢])Y" < 0o. Let X € L.(F1) and Y € L,(F,). Then, for
any 1 <r,s,h < oo such thatr ' +s 1 +ht=1,

E[XY] — EXIE[Y]| < O X[l [IY [ls[a(Fr, Fo)]'", (A.1)

where a(F1, Fa) = SUPacr, per, |P(AB) — P(A)P(B)|.

(i) If moreover |X| and |Y| are P-a.s. bounded, the right-hand side of (A.1) can
be replaced with Co(Fy, Fa).

Proof: This lemma is borrowed from Deo (1973), where we refer to for a proof.
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Lemma A.2. Under Assumptions (A4) and (A6), for any function ¢ (s1,ss) de-

fined on R? x R?, which is continuous at (g, S), we have

DD 9 (sii55) i (si = 50) Ly (55— 50) = N> (0, 50) £ (s0) (14 0(1))

i=1 j=1,#i

(A.2)

Proof: This lemma is borrowed from Lu et al. (2009), where we refer to for a

proof.

Proof of Lemma 4.1. This lemma easily follows from Lu (2001). The detail is

omitted.

Proof of Lemma 4.2.

We first consider the EWry ;.

N
1
E = Egi,
WTN,I Nhlh%izl Gil
where
Xi(s;) —x S$;i— S
i = Yy () 2 (i) K (A2 2 0y p 52 8
hq ho
and

Yi'(s:) =m (X1(si), Z1(si)) + €1(si),

m (X1(si), Z1(s4))
:%(Xl(si) - x)QZl(si)’M

22 + (Xi(s:) — ) Z1(s4)

1™ 028, (61, &)
T3 ;(Sz‘ —5) W(Si —5) 21,

/625(617 §2)
06,08,

(A.5)

(si—s)

(A.6)

where & = x +n; (X1(s;) — ) with |m] < 1 and & = s+ (s; — s) with |ny] < 1.



Chapter 4 On Semiparametric Smoothing of DyFAST for Location-wide
Nonstationary Spatio-Temporal Data 117

1 N
Nhyh3 4 Z Hen

Xi(si)—x, . 8 —s
Nh1h2 ZE lzl i)Y (s) K ( N JL(=; )}

1 i . si— 8\ Xilsi) —a
_W ;E _Zl(Si)Yl (Si)L( I )K( )]

1 S| si—s, - Xi(si) —x (1 B (&1, &)
W 2 B AR ><§<X1<Si> B -
0? ,
+ (X1(s:) — x)%(&)’%ﬁ(si —5)
NI H5),
+ - Z T%(Sz — S)ZL]‘ + 5t(3i)
:Io+f1+]2- (A.7)

By using Assumptions (A1) and (A5), we can obtain

Si— S Xl(Sz) —x. 1 /325(51,52)
Iy = Nhlh ;: _Zl(si)L( I K ( I )Q(Xl(sz)—x) Z1(si) 8—§%]
v B |z Z R L) e
=gt (o) 56100, 9) T [ R+ o). (A8)

Similarly, based on (A.7) and Assumptions (A1) and (A5) , we can obtain
I :O(h% + h%)v

I :%hgfx(x, s) fs(s)Q(z, s) (tr {% / ZZ/L(Z)dZ} S

tr {% / zz’L(z)dz} )l + o(h3). (A.9)
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Then, for Wrn ;, j = 2,3, based on Assumptions (A1) and (A5) and the symmetry

of kernel functions, we can get

Nljl“riloo E(WTN]) = 0, j = 2, 3.

The proof of the lemma is completed.

Proof of Lemma 4.3.
We now derive the asymptotic variance, let
Xi(si)—x, 8 —s

hl )L( Zh2 )
= ((Xu(50), Z(s0) + (o)) Zels KL=

= Qit1 + Qit2, (A.10)

Qi = Y (8i) Ze(s:) K (

and (i = Qi1 —EQir1, EQu2 =0, Ay = le\il Git +Eij\;1 Qit2 = Ay +Ayp. Then

Wrn,1 can be expressed as

Wrng = (ToNhih3)~ Z ZQm (A.11)
t=r+1 =1
and therefore
T
VarWry1) =(ToNhih3)™> Y~ E(AA]) +2(ToNhih3)™> ) E(AA))
t=r+1 r+1<i<j<T

=T5 ' (M Nh3)°E (A1 A))

T—r—1 .
+T5 (I Nh3) ™ Y (1 -7 - T) E(AAL) (A.12)

i=1
For the first part in (A.12), we have

E(AA)

TE (A 4 Ar2)(A 4+ Ar))

{E (A11A]) +2E (A11Ar2) + E (A1A7,) }

B (A1 AL + Ty (I NR3) TPE (A1AL,) - (A.13)

I

~

L
—~ o~~~

=

—

=

NN
\/\/\/\/
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First, we consider the second part in (A.13).

Ty ' (haNh3)7?E (A1 AL ,)

wonien((E) )

N N N
=Ty (hyNh3) ™2 Z E (Qi2Q)15) + Ty ' (hiNh3) > Z Z E (Qun2Q12)
=1 k=1,

(A.14)

By using the conditions in Assumption (A3), (A4) and (A5), we have

Ty (haNh3)~ ZE (Qi12Ql 2)

“L(hyNh3)~ ZE Z1(83) Z1(s:) e () K2 (&L

thh2 ZO‘ (s;)E

Zu(s:) 21 (52 | X ()] B2 (SR ) LA S)]

2

=To-1<h1Nh%>-2ZE[zl<si>zl<si>'|xJo2<si> JESE ;1 D) (i)

:(Tohl)’l(Nhg)‘QZQ(m,sl) 2(s,) fx(w, s:) L2 (22 /K2 )du(1 + o(1))

= (Toh1Nh3) UQ(S)Q([L',S)fx(I,S)/KQ(u)du/LQ(u)du(l—l—O(l)). (A.15)
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and, under Assumption (A1)(iii) and Lemma A.2,

T (mNB3) 2> 0 Y E(QnaQhs)
=1 k=1,#i
-1 2\—2 Sl / Xl(sl)—m S1— S
=Ty (M NB3) 2D~ > E|Zi(s1)Z1(sk) e1(s1)e1 (s1) K T VL( » )
I=1 k=1,#i
Xi(sk) —x, . sp—s
XK (SR )L )
=Ty (M NB3) 2~ > E{E 21(sl)Zl(sk)’al(sl)el(sk)|X1(sl),Xl(sk)]
I=1 k=1,#i

« (1) Ty o Xelsr) = x)}flflh_ =S

= Oil(Nh§)72Z Z‘F(Slask)E

Sk — S

ha ha

Z\(s)Z\(s)'|x, 96] q(z,2;5)(1+ o(1))

Z1(s1)Z1(sk)'| X1(s1) = @, X (sp) = x]

)(1+0o(1))

=T5 " f3(s) (s, 8) (5, 8)g(, 25 5)(1 + o(1)) (A.16)
Then, from above results, we can obtain the

Tofl(thhg)QVar (Al)
= (T(]Nhlh%)_1 o?(5)Qx, 8) fx(x,8) fs(s) /K2(u)du/L2(u)du(1 +0(1))
+T5  f3(s)D (s, 8)Q" (2, 5, 8)q(w, 235) (1 + o(1))
— (Tohi Nho?) "' S4(1 4 0(1)) + Ty ' Sa(1 + 0(1))
=3(1+o(1)) (A.17)

1

If Nhih3 — 0, then we have ¥ = (TohiNhy®) ¥y If Nhhi — O(1), then
S = (Tohy Nho?) ™' 2y + Ty 'Sy, If Nhyh2 — oo, then X = Ty ',
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Then, we consider the first part in (A.13). By Assumption (Al), (A5), and

Lemma 4.2, we have

Ty '(hiNh3)°E (A11A7,)

() (£2))

N N N
CH(NRS)T Y B (GiC) T (I NBS) 2 Y Y B ()
1=1

= =1 k=1,#

N
thh2 Z (Qir1 —EQi11)(Qirg — EQil,l)/)
- N N
thh2 -2 Z Z E(Qu1—EQuq1)(Qki1 — Eka)/)
I=1 k=1l

=15 (M Nh3)7*» E (Qil,lQ;Ll +EQin 1 EQj , — QuaEQj ; — EQimQ;Ll)

i1~

+ TO_l(h’lNh’g)_z E ((Qll,l - EQZl,l)(le,l - Ele,l)/)

-
WE

k=1,

(EQu, 1Q511 EQimEQ;Ll)

Mz

=Ty (hyNh3)™?

=1

N
thh2 -2 Z Z Qn 1@ 1) EQlLlEQ;cl,l)
I=1 k=1l

=(TyNh1h3) ' O(h} + 2h3h3 + hy) + Ty 'O(hT + 2h3h3 + hy) = o(X)  (A.18)

Next, we will consider the second part Ty ' (hiNh2) 23171 (1 — 75) E (AA7L)
n (A.12)

E (AlA/1+z’)
=B ((Al 1+ A 2)(A1+¢ 1+ A1+i,2)/)
B (A AL )+ E(AAL L) +E(AAL) +E(AAL,) . (AL9)

For E (A11A], ), based on Assumption (A1) and (A5), let dr be a sequence of

positive integers. Define

dp—1

Ji =T, (M Nh2)~ Z B (A AL
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and
T r—1
Jo =Ty (NE3)™> > |E(AAL,)]-
i=dp

For 1 <i <dr — 1, by Assumption (Al), (A3), (A5) and Lemma A.2, we have

‘E (Al 1A1+1 1) ‘

< Z Z B (1)

=1 k=1

N N
= Z Z |E ((Ql,l,l —EQi11) (Qri4i1 — Eka,l+i,1)/)’

=1 k=1

N N
- Z Z |EQl,171Q2,1+z‘,1 - EQl,l,lEQ;€71+i71‘

=1 k=1
(Nh1h3)*O(h] + 2h3h3 + hy)
(Nhyh3)?O(max(hy, hy)). (A.20)

Then, we can obtain
Ji < Ty tdrO(max(hi, by)).

We next consider the upper bound of J,. By using Lemma A.1, we obtain, for
1> 1

‘E (AUA/HM)’

v x y
CZZ ) [E [O7%%Y } [E ’Qk,1+i,1|6:| : (A.21)

By Assumption (A1), (A3), (A5), we can obtain
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Xi(s) — - s)
hy ho
< Chyhi (B + hih + h3°) . (A.22)

B [lQual’] < 0 12160 Im(Xa ). Zi ) K L3

Then, a combination of above two equations leads to

Jo < CTy ' (h2)572 (02 4 B3hg + b)Y [ali)] =8

i=dp

< OTy  (hah3)**Pmax(hi, hy)de Y~ ila(i)]

i=dr

< CTy 'max(hihy®, h3hy ') (hah3)*~ dp > o)) /7. (A.23)

i=dr

Then, with Assumption (A1) and (A6), if Nhih3 - 0, it follows that

Ji+Jo

<C (ToldThlhgmax(hi’hZ?, h3hi') + Ty 'max(hhy ®, h3hy ) (hah3)*° = dpe Yy ~ i)'~

i=dyp

=0 (Tofl) . (A.24)

We can choose dr such that (hyh2)'=2/%d% — C, ¢ >1—2/6 and § > 2, satisfying
dThlh% — 0.

If Nhih2 — 0, by choosing dr such that dphih3 — 0, it follows that

Il <o(Tyt) <o ((ToNmn3) ™). (A.25)

Finally, by Assumption (A1), (A3) and (A5), E (A AL ;) =E (ApAL;) =0

)
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For E (A12A];,), by Assumption (A1), (A3) and (A5), we have
E (A1:2A/1+i,2)

N N
< Z Z |E (Ql,l,ZQ;c,H-i,Q) ‘

=1 k=1
N N

= CIE|Zi(s1)Z14i(sk) e1(s1)er+i(se)

Xi(s)) =z, 51— 5 Xipi(sg) =z, sp— s
) L (R S |

=0 (A.26)

X
=

The proof of the lemma is completed.

Proof of Theorem 4.1

To proof this Theorem, we use the small-block and large-block technique, parti-
tioning {1,...,70} into r(p + ¢) subsets for some integer r = rp — 0 with large
block of size p = pr € Z and small block of size ¢ = qr € Z.

First, we consider under the condition Nhyh3 - 0. There is a sequence of positive

constants vy — oo such that

yrqr = o(v/ Tohy)

and
v (To/h) " o (gr) — 0

Without loss of generality, let the large-block size pr by p = pr = {(Tohl)l/ 2/ ’YTJ
such that

qgr/pr — 0, T/pr — oo, Top;loz(qT) — 0. (A.27)

We now use the Cramér-Wold device to derive the asymptotic normality. For any

unit vector ¢ € NPT+ et

T
Sty = (T0)1/2C/ Wrn1 —EWrna) = (To)fl/2 Z D, (A.28)

t=r+1
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where ®, = (Nhyh2) "' ¢/A,. Then based on Lemma 4.3, we have
Var (®;) = X(1 4 o(1)),
where ¥ = (hyNhy?) ™ £y + %, when Nhyh2 — O(1), and X = 5y if Nhyh3 — oo.

> eov (@, @) = o(1).

r+1<i<j<T

Now, let us decompose Sy into smaller pieces involving “large” and “small”

blocks. More specifically, for 0 < 5 < r — 1, consider

J(p+a)+p

Ulj) = Y &, (A.29)
t=7(p+q)+1
(41D (p+9)

UR2j):= Y @ (A.30)

t=7(p+q)+p+1

Then

= — {TT,I + TT,Q} (A?)]_)

If it is not the case that Ty = r(p + ¢) for some integer r, then an additional term
T 13, say, containing all the ®,’s that are not included in the large or small blocks,
can be considered. This term will not change the proof much. Then we show that,
as Ty, N = o0
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1
=& [Y1a)* =0, (A.32)
0
rp—1
E [exp (iuYr1)] — [] E lexp (iul(1, j))]| -0 (A.33)
=0
1 rp—1
7 E(U*(1,5)) = % (A.34)
0 550
1 rp—1
=3 F [U(Lj)l {|U(1,j)] > 521/2\/T0}] =0 (A.35)
0 -
7=0

for every ¢ > 0. (A.32) implies that Tr5 is asymptotically negligible in prob-
ability. (A.33) indicates that U(1,7) are asymptotically mutually independent.
The asymptotic normality of Yr; follows from (A.34) and the Lindeberg-Feller
condition (A.35).

First, we proof (A.32).

rr— 1
E[Y72)? Zvar +2 ) cov(U(2.0),U(2,5))
0<i<j<rp—1

Based on the stationarity and Lemma 4.3, we have

Iy = rpvar (U(2,1)) = rpvar (qZT (I)j)

J=1

= rrqr X+ o(1)].

Next consider the second term Iy. Let p; =i (pr + gr) and pj = j (pr + qr), then
p; —p; = pr for all j > i, we thus have

qar
|]2| <2 Z Z Z ‘COV ( ; +PT i1 P *+pT+J2>

0<i<j<rr—1j1=1j2=1

To—pr

<2 ) Z |cov (®,,, ®;,)] .

J1=1 je=j1+pr
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By stationarity and Lemma 4.3, one obtains

To
LI <2Ty Y Jeov (@1, ;)] = o(Ty).

J=pr+1
Hence, we have

TioE Yraf? = O (reqrTy™) + o(1) = o(1).

For (A.34), by stationarity, (A.27), and Lemma 4.3, it is easily seen that

rp—1 pr
Ti > E(U(Ly) = FE (UA(11) = = LI (Z c1>j> =)
0 0

=0 o Pr =

For (A.33), using (A.27) and the Lemma 1.1 in Volkonskii and Rozanov (1959),

we have

7‘T—1

Elexp (iuY7,)] — H E [exp (iuU(1, 4))]

J=0

<16 (To/pr) o (qr) = 0 (A.37)

To establish (A.35), we use theorem 4.1 in Shao and Yu (1996) with ¢* > § and
Assumptions (A6) and obtain

Elu ) {v,j)l = ey} (A.38)

0

(A.39)

< o1 2E (U.)) < on ey {8 (| (hand) e

Following (A.22),

B (| ovmnd) " ¢ou]”)
<C (Nh1h§)_6* E (|C/Q11’5*>

< C(Nhyh2) ™" hyh

< CON (yh2)'™" (A.40)
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Thus, by (A.27) and Assumption (A6), we obtain

rp—1

= v {va. i) = ey

T “
7=0
< (JTOl_‘S/Zp(ST/Q_lN5/2N_5(h1h%)(l_‘s*)‘s/(‘s*)

B §/2—1 . .
< CTy PN (Toha) 2 fr] T (b0 o8

< OSSR S B 0 (A)

because v — oco. This completes the proof of the theorem.

Then, we consider under the condition Nh;h3 — 0. There is a sequence of positive

constants vy — oo such that

Yrdr = O(V T0h1>

and
vr (To/ln)? & (gr) — 0

Without loss of generality, let the large-block size pr by p = pr = {(T 0h1)1/ 2/ ’YTJ
such that

qr/pr — 0, To/pr — 0, Top}loz(qT) — 0. (A.42)

We now use the Cramér-Wold device to derive the asymptotic normality. For any

unit vector ¢ € NPT+ et

T
Sra = (ToNIh3)'/*c Wrny — EWrna) = (To) ™2 Y @, (A.43)

t=r+1
where ¢, = (Nhlhg)_l/2 c’A;. Then based on Lemma 4.3, we have
Var (®1) = 3(1 4+ o(1)),
with ¥ = ¥, and

> eov (@, @) = o(1).

rH1<i<j<T
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Now, let us decompose Sty into smaller pieces involving “large” and “small”

blocks. More specifically, for 0 < 5 < r — 1, consider

J(p+a)+p

Ulj)= Y &, (A.44)
t=j(p+q)+1
(G+1) (p+a)

URj):= Y @ (A.45)

t=j(p+q)+p+1
Then

= — {TT,l + TTQ} (A.46)
Ty

-

Then we show that, as Ty, N — o0

1

ITOE [TTQ]Q — 0, (A47)
E[exp (tuY71)] — H E [exp (iuU(l,j))]| —0 (A.48)
1 N E(U*(1,j)) = % (A.49)
To im0

%O :_0 E [U(Lj)f {|U(1,j)| > 521/2\/?)}] =0 (A.50)

for every € > 0.

The proofs for (A.47)-(A.50) are similar to the condition Nhih3 -+ 0. Here, we
just show the proof for (A.50).

To establish (A.50), we use theorem 4.1 in Shao and Yu (1996) with 6* > § and
Assumptions (A6) and obtain
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E [U(Lj)[ {\U(l,j)] > 521/2\/T0}] (A.51)
54N\ Y 0/6°
<CT,”""E <]U(1,j)\5) < CT,"P(prN )/ {E (‘ (Nhh3) ™ c’QH‘ )}
(A.52)

Following (A.22),

-
s (oma e
<C(Nmhd) " E (|c’QH\5*)
< C (Nhyh2) ™" hyh2

< ON2 (hyn3) 0 (A.53)

Thus, by (A.27) and Assumption (A6), we obtain
1 ’V‘Tfl

T
05

< CT&"S/prF/%lN‘S/zN"S/Z(hlhg)(z"s*)‘s/(%*)

E (v { U, = e i)

5/2—-1 ) .
< Ty [(@ha) 2 fye| (hah3) =700/

< Oy PP TR g (A.54)

because vy — o0.

Proof of Theorem 4.2.

For kernel function i’,‘m,i (s) in Section 4.3, it is straightforward to verify that,

under Assumption (A4),

ﬁ: <Sih_2 S) Lj,i(s) =0 (A.55)

and

Z (S"hj) (S"hj)/izw (s) — / 2 L(2)dz. (A.56)
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First, considering the time series estimation, for s; € .S, based on the Theorem 1
in Cai et al. (2000), for s; € S

@*(x73i) - B('ra Si)

_ ws) ¢ Xi(s:) —
= o) Ton t;I Zi(si)er(si) K ( 3 )
+§% / W2 K (u)du + 0,(h2). (A.57)
Then, it follows from (A.57) that, as Ty — oo,
3(w,s) = Blw,s)
N
:Z{ B (x,8,) — }L}m +Z{ﬁx3, B(x, )} Ly, (s)
i=1 _1 T X(s1) — o) -
= ot s 30, A (S B 0oty
N 2826 (x,$;) 9 =
#0010t}

+Z{B z,51) = B(w,5)} Ly, ; () {1+ o(1)}
=L{l+o1)} + L{1+o(1)} + I3{1 +0o(1)}, (A.58)

where

N
B h? 9%B(x, s;) 5 -,
I = ET/ K(u)duLy, ; (s)

2 g [ [t () somt )

= %% /uzK(u)du{l +o(1)}. (A.59)
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Also, from (A.55), (A.56), and by Taylor’s expansion, we have

1322{5(5U>5) B, S)}Lhzz( s)

i=1
al 85(%,8) al 3 Bo(x 8) o
N pe } !
Z(Si - S)/%(si —5)L}, (s))
i=1
= %22 (tr {8252(;8’/8) /zz'L(z)dz} oo, tr {%/zz L(z)d }) {1+0(1)}.
(A.60)
Further, E[I,] = 0 and
N Qx, 8:) Qx si)_l T , Xi(si) —x
Bl = () * 3 =55 t;mzxs@-)zt(si) £2(s) K (h—)
- 2 sl Q(z, 8) ' Qx, s) "
* 2 ) 21 )
X {th,i (S)} ] + (Tohl) = fX(Ia Si)fX($7 Sk)
X Z [Zi(s)eu(s0)e0(s8) Ze(sn) K (Xt(séi — x) K (Xt(s;;i — x) Ly, i (8) Ly i ()]
t=r+1
= I+ ho. (A.61)

In particular,

Q(z, )" Qz, 5:) 7 r o2(s: V7 (VX (50) —
i=1 (fx(z,5))° t;l (50)E[Z1(5:) Zi(5:) | Xi(81) = ]

=)t
:(Tohl)‘lzN; (2, S’ 5 /K2

x [{Nhffs ( )} {1+0(1

2 1 2 ( 2 2
 {Tohy N2y (s )W/K du/L (2)d={1 + o(1)}, (A.62)
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and, under Assumptions and Lemma A.2,

NN O s) 0 s) "t
Ly = (Tohy)™ ;l: > fX e fx(ﬂc o) t:rZ—HE[Zt(Si)gt(31)6t<3k)Zt(Sk>

r(F= K( 1= L 6) L )

e e Uws) (Mw

=T 22212# 3731)fx(37 Sk)

x E[Z(si) Zy(s1) ee(si)er(se)| Xe(s:) = 2, Xo(sr) = @q(@, x5 51, 55) L}, (5) L, 1 (5)

Qz, )" (x,s,5) ' Qx,s)”"
fx(x, )

=Ty 'T(s, ) q(z,z;5){1 + o(1)}. (A.63)

Thus, from (A.62) and (A.63), we have

(Tohi}" | o(s) thjﬁ ) / K2 (u)du / 17(2)dz

Q(x, )7 (x, 5,8) ' Qa,s)

f3 (@, s) {I+o(1)}.  (A64)

—|—th(8,8) Q(.T,x;S)

Together with (A.59) and (A.60), the proof for asymptotic variance and bias is
completed. Finally, the asymptotic normality follows from (A.58) by letting Ty —
oo first and then N — oo. The proof is completed.






Chapter 5

Semiparametric Dynamic Varying
Coefficients Spatio-temporal

Quantile Regression

5.1 Introduction

In Chapter 4, we proposed the dynamic functional-coefficient auto-regressive spatio-
temporal model, which permits flexibility in nonlinear modelling and analysis of
spatio-temporal data with irregularly observed locations and location-wide non-
stationarity. However, spatio-temporal data often do not comply with the nor-
mal distribution and have obvious peak and fat tails in practice. The classical
conditional mean regression, like the DyFAST, will hence yield poor and biased
estimation results. In time series case, to circumvent this difficulty, quantile re-
gression (Koenker and Bassett Jr, 1978) has been used in the literature. Compared
with the classical conditional mean regression, the quantile regression is more ro-
bust for the skewed data (see Yu et al., 2003, for a review). In addition, quantile
regression can be used to analyse the tail behaviour of distributions and character-
ize the entire conditional distribution, with no need of distributional assumptions
(Sherwood and Wang, 2016). Therefore, this chapter proposes a semiparametric
dynamic varying coefficients spatio-temporal quantile regression model to anal-
yse the nonlinear relationship in non-normal spatio-temporal data, which can be

flexibly applied in many research fields.

135
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This proposed model applies the quantile regression to estimate the varying co-
efficient structures with the autoregressive smooth coefficients depending both on
concerned regime variable and spatial location. Therefore, this model can hence
not only well characterise the entire conditional distribution of the dynamic regime-
switching nature but also overcome the location-wide non-stationarity existent in
spatio-temporal data. This model is a useful extension of DyFAST models and
varying coefficient quantile regression models (Honda, 2004; Cai and Xu, 2008).

Both theoretical properties and Monte Carlo simulations are investigated.

In empirical application, this model is applied to identify the price transmission of
retail gasoline in the EU. As argued by Banfi et al. (2005) and Wlazlowski et al.
(2009), the price dis-equilibria of retail gasoline in neighbour countries can cause
“fuel travels” and create significantly cross-national spatial price spillovers in EU
countries. Moreover, retail gasoline price returns data in some countries may be
non-Gaussian and have obvious peak and fat tails (Hung et al., 2008). Correctly
estimating the tail behaviour of distributions is of crucial importance in the energy
risk management and has policy implications. Therefore, this data set can be used

to further illustrate the usefulness of this proposed model.

5.2 Modelling Procedure

Let Y;(s) and X,(s) denote two spatio-temporal processes at discrete time points
t =—r,...,T, where r = max{p, ¢} ({p,q} will be defined later), and locations s
in a spatial domain S C R2. The relationship of between Y and X is of interest,
with Y denoting the response variable and X the covariate vector of dimension d,
respectively. Without loss of generality, we consider only the case d = 1. Assume
that both processes are observed at 1"+ r time points t = —r,...,T and at N
spatial sampling locations s; = (u;,v;)’ € S fori=1,..., N on a possibly irregular
grid. That is, the data comprise {(Y;(s;), X¢(s;)): t = —r,...,Tandi=1,...,N}.

Following Chapter 4, let define a spatial lag variable
N

Y (s1) = ) wiYilsy),
j=1

where W = (w;;)nxn is a pre-specified spatial weight matrix either by experts
knowledge or by using location-related information and row-wise standardised,
which is satisfying w;; > 0 and Zj\;l w;; = 1. Andlet Z,(s;) = (1,..., Y2, (s),. ..,
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Ve (5:),Yi1(si), - . ., Yig(s;)) denotes the vector of spatio-temporally lagged vari-
ables and [B(x,s;) = (g(z, i), ..., A(x,8:), .., \p(@,80), ar (2, 84), ..., og(s;)) de-
note the corresponding vector of functional coefficients. By extending the DyFAST
in Chapter 4, we therefore propose a class of location-dependent semiparametric

varying coefficients spatio-temporal quantile regression models in the form of

Qo) (T1Xe(30), YLy (50), oo, YL, (80), Yiea (80), oo, Yieg(50))

p

=g-(Xu(s1), 81) + D Arj(Xa(s1), 1)V +Zaﬂxt ),5:)Yisu(si), (5.2.1)
j=1
V(s kan sp), i=1,.. ,Nt=1 .T.

Model given in (5.2.1) can be rewritten as

G- (Xi(8i), Zi(5:)) = Zi(8:) Br (Xi(54), 54), (5.2.2)
wheret =1,....,Tandi=1,..., N.

For ease of notation, we may simply denote the 5, as 3 in the following. Then, we
are considering to estimate the unknown function 3(-) by a local linear fitting. For
a given s = (u,v)’, we denote Bz, s) = 0f(x,s)/0u and B”(aj, s) = 0p(x,s)/0v.

Then, for any X;(s;) and s; in the neighbourhood of x and s, we have

B(Xi(si), s) = B, 8) + B (2, 8)(Xiu(s1) — 2) + 5" (x, 8)(wi —w) + B°(x, 5) (v — v)
= ag + a1(Xy(si) — x) + ag(u; — u) + az(v; — v). (5.2.3)

Locally, estimating (6(x, s), 5%(x, s), 8*(x, s), 8°(x, s)) is equivalent to estimating
(ag, a1, as, az). This motivates us to define an estimator by setting B\(x, s) = ay,

—

Bﬂ”(x, s) = ay, 5“(3:, S) = @y, and B”(a:, s) = a3 and considering

. gucg . Z Z'OT Yi(si) — Zi(s:) (ap + a1(X¢(s;) — x) + as(u; — u) + az(v; — v)))

i=1 t=1

X Kpn(Xi(si) — x)Ly(s; — s), (5.2.4)

where Kj(z) = h™'K(z/h), K is a kernel function on R!, and A > 0 is the
bandwidth, and Ly(s) = b,%L(s/b,), L is a kernel function on R?  and b, > 0 is
the bandwidth. p,(y) = y(7 — 1,<0) is the traditional check function, 1, is the

indicator function of set A.
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Bandwidth Selection

Bandwidth selection is of great importance to weigh between reducing bias and
variancein nonparametric quantile regression (c.f., Yu and Jones, 1998; Cai and Xu,
2008). In this study, we will use the cross-validation method (Li and Racine, 2004)
to choose the optimal bandwidth. The leave-one-out cross-validation estimator

under 7-th quantile is

CV,(h,b,) = % > Z pr (Yi(si) — Zo(s:)' B(X -4, 5-4)) , (5.2.5)

where $(X_,, s_;) denotes the local linear estimator obtained from (5.2.4) without
(X¢(si),si) observation. We then select (hopt ,bopt) minimizing CV,(h,b,) over
h € [0, hy] and b, € [0,by], where 0 < hy and 0 < by are appropriately given.
Then, we let

bn __
hor, = arg 1<121g}1m CV, (h,by) (5.2.6)
and the corresponding minimum for CV; (hopt, b,). Thus we can select by, opr =
b ) and hopy = hb”"’p“, which are the optimal bandwidth

arg min; <, <p, CV (h " opt

opt?
at 7-th quantile.

Discussion

In real applications, one can often specify different spatial weight matrices based
on different features of the real data, such as distance based spatial weight matrix
W5 or contiguity based spatial weight matrix W5, and so on (c.f., Anselin, 2013). A
significant problem is which spatial weight matrix should be used. Therefore, the
model selection procedure, using cross-validation method (5.2.5), can be employed

to select an optimal weight matrix among the candidates.

5.3 Asymptotic Theory

In this section, we will provide the asymptotic property for the estimator B (z,s)
in Theorems 5.2 below. First, we use the local Bahadur representation to derive
an explicit expression. Let Y = (Yi(s1),...,Yr(s1),...,Yi(sxn),. .., Yr(sy)) de-
note a NT-dimensional vector. For convenience of the proof, we introduce some

notations, and we may simply denote the 3(z,s) as 3. Denote 6y = ay (8 — ag)
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with axr = (NThB2)™Y2, 6, = hayh (@'w - a1>, 0y = buayl, (6“ - aQ), 0; =
bna]_v%r (5” - CLS), then 8 = ag + anrb, 596 = ay + an7bi/h, 5“ = ay + anrbs /by,
and Y = as + anr03/b,. Define, Vi = Yi(s;) — Zi(s:)[B(x, 8) + (% (x, 8) (X, (s;) —
x) + ﬁ“(:c, s)(u; —u) + B”(:c, s)(v; —v)], H = diag{1, h, by, b, },

ﬁ — dp 1
- o
6 = ay,H gu “, and 6= ’;ﬁs) ,
— a2 bi
ﬁv — as ng

where
Xne(si) = (Xi(si) — ) /h, S = (u; —u)/b,, Sy = (v; —v)/by. (5.3.1)

Thus (5.2.4) can be represented by
N T
=3 (Vi — anr0"GZy(s:)) GZi(s:) K (Xne(s:) L(Shi).  (5.3.2)
=1 t=1
Then,
N N T
0 = argming » > p. (Vi — anr0"GZ(s:)) K(Xpu(s:))L(Sy) = argmin, ¥(6).

i=1 t=1

(5.3.3)

Now I define the vector function of 8 as follows
N T
Vvr(8) = anr > Y 0, (Y — anr0"GZi(s:)) K (Xni(s:))L(Sw),  (5.3.4)
i=1 t=1
where ¥, (y) = 7 — Ify<oy-

Theorem 5.1. Assume that Assumptions Al1— A7 in Section 5.7 are satisfied for
some a > 1, and that the quantile function B(x,s) is twice continuously differen-

tiable at x.

\/NTW(B( ) — Bz, S))

[ (=, .
«/NTthfX (z,5)fs(s ZI;w (Yir) Zi(si) K (Xni(5:)) L(Shi) + 0p(1), (5.3.5)
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as T — oo, where ;- (y) = 7 —Iy<oy, (2, 8) = E[Zi(5)Zi(s)' fr12,x(¢:(x, Ze(5)))]
Xi(s) = x|, fyizx(:) represents the conditional density of Y given Z and X,
fx(z, s) represents the marginal density of X given location s, and fs(s) represents

the spatial sampling density function.

Theorem 5.2. Under Assumptions of Theorem 5.1, we have the following asymp-

totic normality:
B(z,s) - B(z, s) — Bry = {(Tthﬁ)*% 61+ ()72 0 bn(s)(1+0,(1)), (5.3.6)

as T, N — oo, where

h? b2
Bry = ?ul(x s) + 5 —ha(, 8),
0*B(, s)
p(z,s) = W/UQK(UMU,

s (tr{ﬁzgg_g?s)/u%(z)dz}’... ’tr{W/zz’L(z)dZ}y,

n(s) is a p+ q + 1 random vector with zero mean and identity variance matriz,

and ©1 and Oy are two (p+q+ 1) X (p+ q+ 1) matrices, satisfying

T [ (x, 5)] 71 Q(z, 8)[Q*(x, 5)] 2 () du )

&0 =7l =7) fs(s) fx(z,s) /K d/L()d

[Q*(z, 8)]71Q(x, s, 5) [ (2, 5)]
fx(@,s)

with Q(z,s) = E[Z(s)Zi(s)'|Xi(s) = x], Qx, s, 85) = ElZi(s:)Zi(s5) | Xe(si) =

z, Xi(s;) = ], V(x,8) = E[Zt(S)Zt(S)/lez,X(QT(xaZt(s)))|Xt(s) = zl, fY\Z,X(')

represents the conditional density of Y given Z and X, fx(z,s) represents the

0,05 =7(1 —7) q(z,z;5)

marginal density of X given location s, and fs(s) represents the spatial sampling

density function.

Remark 1: Compared with the asymptotic results in Theorem 4.1 in Chapter 4,
we can find that the conditional quantile and conditional mean estimators have

the same asymptotic bias, but different asymptotic variances.

Remark 2: From Theorem 5.2, the asymptotic mean squared error (AMSE) of
Bi(x,s) is

/ !/ / !/

AMSE; = || Byw | + N2 -

(5.3.7)
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Then, the optimal bandwidths are made as follow.

. 2 Cy

This leads to the optimal bandwidths
po (G LY
dc5 TN

1

3 1

b (23022 4 )7

n 5 AT )
c2 TN

where ¢y = %Hazfgg’s) | [ K (u)du, ¢z = 3tr {828’8;5:;5) 1l zz’f)(z)dz} , and

i, e[ (, 5)] 71w, 5)[Q*(z, 5)] ey 20 du | 12(2)d>
cy =7(1 ) fs(s)fx(z,s) /K( )d /L ()d

Remark 3: Based on the optimal bandwidths, we have hNb2 = O(N/(TN)3/7) =
O((N*/T3)Y7).  Therefore, if hNb,> = O((N*/T%)Y") — O(1) or hNb,* =
O((N*/T3)Y7) = o0, the rate of the convergence for 5(z, s) is Tz. Otherwise, the

1

rate of the convergence for 3(z, s) is (ThNbNQ)% = 0,(T2).

5.4 Simulation Study

In this section, we will study the finite-sample performance of our proposed method
in a simulation study. For comparison, we consider the following generative model,

which is similar to Chapter 4.

2

Yi(si) = Bo(Xi(si), s:) + Z Bi(Xi(s4), S’L)YtSJ:]J(SZ) + B3(Xi(si), 5:)Yio1(si) + &e(s4),

(5.4.1)
where s; = (u;,v;) is the centroid consisting of the latitude and longitude of the ith
country, i = 1,---,23, in the EU. Y%L (s;) = Zgil Wi Yy(s1), Wy, from a distance-
function spatial weight matrix W, which units are considered as w;; = 1/d;;,
where d;; is the Euclidean distance between the centroids of two countries s; and
s;, and wj; = 0, satisfying Zgil Wix = 1. The covariate process X;(s;) follows
Xi(s;) = a(s;) X1 +e(s;), where a(s;) = 0.9+ 0.05 x cos(u; X v;) for s; = (uy, v;)’
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is the latitude and longitude of the i-th country, e;(s;) follows i.id. N(0,1).
Innovation e.(s;) = 0.1 x &(s;), where &(s;) follows i.i.d. t¢-distribution with 5

degrees of freedom, which is different from Chapter 4.

Bo(Xi(s:),8:) = 0.2+ 0.05 x Xy(s;) + b(s;)
B1(Xe(si),8:) = 0.2+ 0.1 x sin(X;(s;) + 1) + b(s;)
Ba(Xi(si),8:) = 0.2+ 0.1 x cos(Xy(s;)) + b(s;)
Bs(Xt(8:),8:) = 0.3+ 0.1 x cos(X¢(s;) + 1) + b(s;)

(5.4.2)

where b(s;) = 0.05sin(u; x v;) for s; = (u;,v;)" is the latitude and longitude of the

1-th country.

We generate data from model (5.4.1) as follows. At each location s; for i =
1,...,23, the initial values of Yy(s;) are set to zero. Then we generate Y;(s;) for
t=1,2,...,T 4+ 50. The first 50 time points are discarded and the next 7" time
points are saved, denoted as {(Xy(s;),Yy(s;)) fort =1,..., T, and i =1,...,N}.
We consider three time series lengths: 7' = 200, T" = 400 and 7" = 600. To assess
the median quantile estimators of the unknown functions 5(X;(s;), s;), we select 50
points of x from (—2,2) (approximately 10th and 90th percentiles of the covariate
Xi(s;)). The temporal bandwidth A is 0.5 for 7" = 200, 0.4 for T = 400, 0.35 for
T = 600, respectively and the spatial bandwidth b, is 7 at all time length.

The performance of estimation will be assessed by defining a squared estimation

error (SEE) as a measure of the accuracy of estimation at a location s, which is

similar to Chapter 4. That is, for each location s;, 1 = 1,...,23, we define
50
. 1 . 2 .
SEE(BJ(,Sz)) = %Z{BJ(ZEhSl) —ﬁj(xk,si)} s ] = 0,1,2,3 (543)
k=1
where z;, for £ = 1,...,50 are 50 points that equally partition the interval between

(—2,2). Similarly, to measure the accuracy of estimation for Bj('), we define

SEE(4;() = —— ZZ{Bj(xlmSi)—ﬁj<$k,8i)}2, j=0,1,2,3 (5.4.4)
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Figure 5.1: Boxplots of 100 times squared estimation error (SEE) for the
estimation of ;(-), for j = 0,1,2,3, and for conditional mean (left box)
and median quantile (right box) with time series length 7" = 400 in each
plot.

Firstly, we want to show that conditional median quantile estimation procedure
can provide more accurate estimations for f;(-) compared with the conditional
mean estimation procedure for non-normal data. We repeat the simulation 100
times with time series length 7" = 400, and thus have 100 values for each SEE
of (), 7 = 0,1,2,3, with conditional mean (DyFAST) and median quantile
methods, summarized in the boxplots in Figures 5.1. The results indicate that
the quantile method can get better estimation results than mean method for non-

normal data.
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Figure 5.2: Boxplots of 100 times estimation of conditional median quantile
estimation for 7' = 200 time points (left box), 7" = 400 time series lengths
(middle box) and 7" = 600 time series lengths (right box) in each plot.

Secondly, we consider three time series lengths: T = 200, T" = 400, and T =
600. Figure 5.2 shows the squared estimation error (SEE) for the median quantile
estimation of 3;(-), j =0,1,2,3, in T' = 200, 7" = 400, and 7" = 600 time points,
which appears acceptable. As the sample size increasing, the accuracy of estimate

for the ;(-) apparently improve, which indicates the properties of estimators are
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Figure 5.3: Simulation results: the mean of 100 replications at location
i = 1 of the conditional mean estimation (red lines) and median quantile
estimation (green lines) of the coefficient function 5;(-, s1), for j = 0,1,2, 3
under 7" = 200 time points (top plots), 7" = 400 time series lengths (middle
plots) and T' = 600 time series lengths (bottom plots). In each plot, the
solid line shows the true coefficient function. Shaded areas correspond to
95% confidence intervals of median quantile estimation.
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asymptotic efficiency. This shows that our method could accurately estimate the

coefficient functions for non-normal data.

Thirdly, to derive a more visible conception of the performance of the proposed
mean and median quantile estimators, we select its mean performance in 100
replications at location ¢ = 1. Figure 5.3 presents the mean of 100 estimated j;(-),
7 =10,1,2,3 by conditional mean and median methods, compared with the true
curves in solid lines. We observe that our estimators j3;(-), 7 = 0,1,2,3 mimic
the corresponding true curves quite well, which also implies that our quantile
method could find the true coefficient functions. Moreover, based on Figure 5.1
and Figure 5.3, we can also find that compared with conditional mean regression,
the conditional median quantile regression has the smaller variance for non-normal
data. In sum, these findings indicate that our proposed quantile method works

very well for non-normal spatial temporal data.

5.5 Real Data Example

In Chapter 4, we have empirically investigated the price transmission of retail
gasoline in the EU by our DyFAST. In this section, we want to verify whether
the semiparametric varying coefficients spatio-temporal quantile regression model
can provide more informations about the retail gasoline markets compared with
DyFAST. We first check whether the diesel price returns are normal distribution.
The data consist of weekly Brent crude oil price returns (X;) and diesel price re-
turns (Y};) in 23 European countries from 27/01/2015 to 19/12/2016, which has
been considered in Chapter 4. The normality tests for the data are reported in
Table 5.1. This table shows that most weekly diesel price returns are negatively
skewed and leptokurtic, indicating that it is more likely to observe large negative
price changes in the regional diesel markets. The Jarque-Bera test clearly shows
that many series depart from normality. These tests indicate the retail gasoline
price returns do not comply with the normal distribution. In this case, the classic
conditional mean regression will yield less informed results. Therefore, in this sec-
tion, we will use the semiparametric varying coefficients spatio-temporal quantile
regression model to investigate the dynamic linkages between retail gasoline prices
in the EU.

To estimate the spatial neighbouring effect for diesel prices, there are different

weight matrices. In this study, we employ the distance based spatial weight matrix
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Table 5.1: Normality Tests for data.

Skewness Kurtosis JB p-value

Austria 0.1552 -0.2073 0.7956
Belgium 0.0400 0.5886 0.4230
Bulgaria -2.8406 19.2411 0.0000
Czech.Republic  -0.1349 2.3092 0.0000
Germany -0.1070 0.1728 0.8168
Denmark -0.2566 0.5165 0.3050
Estonia 0.2733 1.0790 0.0415
Spain -0.2092 0.3335 0.5175
Finland -0.3137 1.2021 0.0191
France 0.3113 -0.0905 0.4672
Greece -0.6020 5.6492 0.0000
Hungary -0.3337 -0.0373 0.4171
Italy -0.4827 2.3879 0.0000
Lithuania -0.1864 -0.4265 0.5883
Luxembourg 0.2339 -0.2256 0.6190
Latvia 0.2690 4.1546 0.0000
Netherlands -0.2799 1.2166 0.0208
Poland -0.0459 -0.0074 0.9771
Portugal 0.2177 0.6072 0.2813
Romania -0.2918 -0.1013 0.5117
Sweden -0.1042 -0.2931 0.8289
Slovenia -0.2010 3.4215 0.0000
Slovakia -0.4554 1.3192 0.0044

Note: This table displays Skewness and Kurtosis
for weekly regional diesel price returns. The
sample period is from 27/01/2015 to 19/12/2016.
JB p-value is the p-value of empirical statistic of
the Jarque-Bera test for normality, which null
hypothesis is normal.

W, which has been selected as the optimal spatial weight matrix in Chapter 4.
Then, the semiparametric varying coefficients spatio-temporal quantile regression

model for price transmission of retail gasoline in the EU is as follow.

Qi (s (T1 X0, Y1 (50), o Y2 (80), Yica(80), ey Yie ()

2
=ao,(Xy, i) + Z aj- (X, SZ>Y;S_1](51) + a3+ (X, 81)Yi1(si), (5.5.1)

j=1
N
Yl (si) =Y WaYi(se), i=1,..,23t=1,.,89
k=1
where X; denotes the Brent crude oil price return at time ¢, Y;(s;) denotes the

return of diesel prices in country ¢ at time ¢, and a;.(-),j = 0, 1,2, 3 account for

the unknown varying coefficients.



Chapter 5 Semiparametric Dynamic Varying Coefficients Spatio-temporal
Quantile Regression 147

By using the cross validation method proposed in Section 5.2, we can obtain the
bandwidths for model (5.5.1), which are h = 3.36 and b, = 0.52, h = 2.46 and
b, = 0.54, h = 3.59 and b, = 0.66, h = 2.55 and b,, = 1.68, h = 9.39 and b,, = 3.12,
at 10th, 25th, 50th, 75th and 90th quantiles, respectively. Then, we can get the
local linear estimates of the semiparametric varying coefficients spatio-temporal
quantile regression at 10th, 25th, 50th, 75th and 90th quantiles, which are plotted
in Figure 5.4(a)-5.4(e), respectively.

Compared with the results by DyFAST in Chapter 4 (Figure 4.9), we can find that
although the varying trend of effects by the conditional mean and median quantile
(Figure 4.9 and 5.4(c)) are approximately similar, the extent of the influences are
slightly different. In addition, Figure 5.4(e) clearly shows that these relationships
are more than linear at 90th quantile level, which are different from the DyFAST.
To be specific, Figure 5.4(e) shows that as the crude oil price returns increase, the
temporal lag of spatial neighbouring effects of gasoline price returns decrease at
90th quantile level. These results indicate that the quantile method can provide
more robust and efficient estimation results for the non-normal data and reveal
the significant distributional (quantile) heterogeneities in the price transmission

of retail gasoline in the EU under different crude oil market conditions.

To further evaluate the semiparametric varying coefficients spatio-temporal quan-
tile regression model, we will compare the prediction with the parametric spatio-
temporal quantile regression. In addition, due to the fact that nonparametric
model may not provide optimal prediction, we also consider the prediction re-
sults of 8 with nonlinear threshold forms. Based on the Figure 5.4, we construct
the nonlinear threshold functions of a;(x,s), j =0, 1,2, 3 under different quantile

levels as follow.

e For 7 =0.1
ao(z, s) = ay(s) + aj(s)x
ar(z,s) = {aj(s) + ayy(s)z} Z(z < —8) + {aly(s) + ay (s)z} (-8 < x < 0)
+ {ayy(s) + az (s)z} Z(0 < & < 5) + {ag(s) + ajy (s)z} Z(5 < )
oal,) = {aa(s) + B (s)e} T(w < —3) + {@ls) + (o)} (-3 < )
as(z, s) = {ai’o(s) + ai’l(s)m}l( )+ {%0 ) + az (s) x}I (6 <)
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Figure 5.4: The results of semiparametric varying coefficients spatio-
temporal quantile regression for the price transmission of retail gasoline in
the EU at 10th, 25th, 50th, 75th and 90th quantiles.
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e For 7 =0.25,0.5,0.75

+ayy(s)z} I(x < —8) + {aly(s) + ay (s)z} (-8 < z < 0)
+ {ajy(s) + agz (s)z} Z(0 < & < 5) + {ag(s) + ajy(s)z} Z(5 < )
az(z,s) = {afy(s) + ai,(s)z} Z(z < 0) + {a3y(s) + a3y (s)z} Z(0 < z)
as(,5) = {ao(s) + aby(5)7} (o < —3) + {ady(s) + aa(s)} T(=3 < )

e For 7 =0.9

aj(z,s) = aj(s) +al(s)z, j=0,1,2,3

(5.5.2)

where I(-) is an indicator function, a'(s), [ = 0,1,2,3, are the spatially-varying

linear coefficients. Figure 5.5 represents the results of nonlinear threshold model

for the retail gasoline price returns in the EU at 50th quantile. These results

indicate that the spatial neighbouring effects of retail gasoline price returns are

more complex than linear.

a0(x,s)
-1.0 -05 0.0 0.5 1.0
. . .

al(x,s)
02 04 06 08 10 12
. . . . . .

a(x,s)
-03 -02 -01 00 01 02
| | | . . |

a2(x,s)
-0.1 00 01 0.2 03
\ . . .

-0.3
L

Figure 5.5: The results of nonlinear threshold model for the price trans-

mission of retail gasoline in the EU at 50th quantile.

We set aside the last 18 data for evaluation and use first 7' = 71 data as training

set. A quantile prediction error (QPE) of the prediction is computed for the two
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Table 5.2: Comparison of prediction results

Methods 7=01 7=025 7=05 7=07 7=09
Linear regression 0.231 0.408 0.503 0.402 0.237
Semiparametric regression 0.218 0.388 0.458 0.366 0.209

Nonlinear threshold regression 0.218 0.376 0.450 0.358 0.204

Note: This table shows the quantile prediction error (QPE) for linear model, semiparametric
varying coefficients spatio-temporal quantile regression and nonlinear threshold model. The band-
widths for nonlinear threshold model are 0.442, 0.625, 0.472, 0.380 and 0.306 at 10th, 25th, 50th,
75th and 90th quantiles, respectively.

models under pth quantile. Here, we define QPE as:

N T

QPE(Y:(-) =

(si) — Yru (si)), (5.5.3)

where p;(y) = y(7 —Iy<0y) and 14 is the indicator function of set A. Then, we can
obtain the corresponding quantile prediction error (QPE) of the one-step ahead
prediction, which are shown in Table 5.2. Overall, compared with the linear model,
the nonlinear threshold model outperforms in prediction. Especially, it offers a
13.9% performance increase compared the linear model at 90th quantile. In sum,
these results illustrate that semiparametric varying coefficients spatio-temporal
quantile regression can help to uncover the spatial neighbouring effects of retail
gasoline price returns, which are more complex than linear and different under

different situations of crude oil market.

5.6 Conclusions

This chapter proposes a semiparametric varying coefficients spatio-temporal quan-
tile regression to investigate the nonlinear relationship in non-normal spatio-temporal
data. Compared with DyFAST in Chapter 4, this approach is more explicable and
robust for the non-normal spatio-temporal data. Both theoretical properties and
Monte Carlo simulations are investigated. The proposed method is also applied
to empirically investigate the retail gasoline markets in the EU, which further

illustrates the usefulness of our models.
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5.7 Appendix

Regularity Assumptions

(A1) (i) Fort =0,4+1,£2,43,..., X; = (Xi(s1),..., Xi(sn)) is a-mixing process

(ii) For some real positive number ¢ > 2 and ¢ > 1 — 2/¢, the a-mixing

coefficient «a(-) satisfies

lim k° Z{a ) =

k—o0
k=dpn

(ili) X;(s) and X,(s) have a joint probability density function p(wz;,z;;s),
which is continuous and bounded for all i # j. For each t, the joint prob-
ability density function of X;(s1) and X;(s2) satisfies the following limit:
limg, 5,5 D(T1, 225 51, S2) = q (71, xa; 5), where ¢ (21, x9; $) is continuous and

bounded with respect to both x; andzs.

(iv) The marginal density of X given location s, fx(z,s), is continuous, and
0< fx(z,s) <M < .

(v) The conditional density of ¥ given X and Z, f,..(y), is bounded and

satisfies the Lipschitz condition.

(A2) The functions §;(z,s),j =1,...,p+ g+ 1 are continuous at all  and twice
differentiable w.r.t. x and s € S.

(A3) (i) At each location s € S, the innovations &;(s) are i.i.d. random variables
independent of {X;(s)}. Moreover, for each ¢t > 0, {g:(s)},.q are inde-
pendent of {Yts_lg(s)}ses fori =1,...,p, and {Y,_(s)},cqg for i =1,...,q.
E [|Z(s)]***] < oo, for some § > 2.

(ii) For each t > 0, the spatial covariance function I';(s;, si) = Covlei(s;), €¢(sk)]
is bounded over S x S.

(i) For each ¢ > 1 and s € S,e.(s) = e€14(s) + €24(s), where {e14(s)}
and {e94(s)} are two independent processes and both satisfy the condition
(A3)(i). Further, I'i; (s;, sx) = Cov [e1¢ (51) , €1, (52)] Is continuous in (s, s3)
and D'y (s1,52) = Cov [eay (51),624(52)] = 0 if 51 # s and 'y (51, 92) =

o3 (s;) > 0 is continuous in s;.
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(iv) For each t, the Q(x,s1,82) = E[Z;(s1) Zs (s2)|2] = Q1 (x,81,82) +
Oy (z, 81, $2) , where Q4 (x, s1, s9) is continuous in (s1, s9) , and Qy (x, $1, 59) =

0 if 57 # s9 and Qy (x, 51, 81) = Qo (2, 51) > 0. is continuous in s;.

(A4) For any measurableset A C S C R?, N~! ijle(sj € A) — [, fs(s)ds, N —
00, where the density function f satisfies f > 0 in a neighbourhood of s € S.

(A5) (i) The kernel function K (-) is symmetric, uniformly bounded by some con-
stant, and integrable. Further, [ K(u)du =1 and [u*K (u)du < co.

(ii) The kernel function L(-) is symmetric and satisfies [p, L(z)dz = 1,
Jgo 2L(2)dz = 0 and [5, 22/ L(z)dz < oo.

(A6) (i) The temporal bandwidth h — 0 in such a way that T'h — oco. The spatial
smoothing bandwidth b, — 0, Nb? — oo, as N — oo.

(ii) There exists a sequence of positive integers gr such that ¢r — oo, ¢r =
0 ((Th)l/Q) ,and (T/h)"* o (qr) = 0, as T — oo.

(iii) TV/2-8/4p3/8"=1/2-8/4p20/%" =0 O(1) where §* > § > 2, where J is given

in Assumption Al.

(A7) Q*(z,s) and Q(z, s) are positive definite and continuous in a neighbourhood

of z and s.

Assumption (A1)(i)&(ii) assume that the process X;(s;) is @ -mixing, which is stan-
dard in nonlinear time series analysis. Assumption (A1)(iii) assumes the bound-
edness of the joint probability density functions, which can ensure the consistency
w.r.t. the different times and locations. Assumption (A1)(iv) assumes marginal
density of X;(s;). Assumption (A2) is a standard condition on the estimated
function in nonlinear modelling, which ensures the smoothness of the estimated
function. Assumption (A3) assumes the independence of innovation, boundedness
of spatial covariance function, and the finite moment of Z;(s). Indeed, for indepen-
dent data nonparametric quantile estimation, there is no need to impose moment
condition for Y in general. However, in this study, both spatio-temporally lagged
and autoregressive variables have been contained in Z;(s), and Z;(s) should satisfy
the moment condition. Therefore, Assumptions (A3)(i) in Chapter 5 imposes mo-
ment condition for Z;(s), which is different from the mean regression (DyFAST)
in Chapter 4. Assumption (A4) assumes the spatial sampling density, which is a
standard condition in previous literature (e.g., Lu et al., 2009; Al-Sulami et al.,
2017a).This indicates that the asymptotics belong to the category of the fixed-

domain or in-fill asymptotics. Assumption (A5) assumes standard conditions for
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the kernel functions, which are commonly used in nonparametric kernel estima-
tion. Assumption (A6)(i) assumes the conditions on the bandwidths hy and hs,
which are standard in nonparametric time series or spatial analysis. Assumption
(A6)(ii)&(iii) are mainly required to establish the asymptotic normality. Indeed,
these assumptions are also imposed for the mean regression (DyFAST) in Chap-
ter 4. Assumption (A7) is the necessary and sufficient condition to ensure that
B(x,s) is identified. These conditions in (A1)—(A7) are fairly mild and used in the
literature (c.f. Zhang et al., 2003; Fan and Yao, 2003; Cai and Xu, 2008; Lu et al.,
2009; Al-Sulami et al., 2017a).

Some basic Lemmas

Lemma 5.1. Let Vyr(A) be a vector function that satisfies
(i) —A'VNr(AA) > —A'Vp(A), A > 1,

(i1) supyay<ar IVar(A) + DA — Axr|| = op(1),
where ||Anr|| = Op(1), 0 < M < 00, 0 < M < oo, and D is a positive-definite
matriz. Suppose that Ant such that |Vr(Ant)|| = op(1l). Then, ||Ant| =
Op(1) and

Ant = DA, +op(1).

Proof. The proof follows from Koenker and Zhao (1996) and Cai and Xu (2008).

Lemma 5.2. Under Assumptions (A4) and (A6), for any function ¢ (s, s2)

defined on R? x R?, which is continuous at (sg, so), we have

YD @lsivsg) Lo, (si = 0) Lo, (55— s0) = N0 (50, 50) £ (s0) (1 + 0(1))
i=1 j=1,#i

(A.1)

Proof: This lemma is borrowed from Lu et al. (2009), where we refer to for a

proof.

Lemma 5.3. Let B be the minimizer of the function

N T
Z Z wnrpr (Ynt — ZnrB(, 5)),

i=1 t=1
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where wyp > 0. Then,

N T
Z Z wnTZnTVr (YnT — ZNnpB (2, 9))

i=1 t=1

< dim(Zyr)  nax |lwnrZnr||

Proof. The proof follows from Ruppert and Carroll (1980).

To get the Bahadur representation for 8, we need to verify whether Vr(0) satisfies

Lemma 5.1.

Lemma 5.4. Under Assumptions in Theorem 5.1,

sup ||[Var(0) — Var(0) — E(Vyr(0) — Vnr(0))[| = op(1). (A.2)

loll<p

Proof. The proof is divided into two steps. First we prove that for any fixed
0: 116l <M,

[Var(0) — Var(0) — E(Vyr(0) — Vnr(0))|| = op(1). (A.3)

Note that

Vivr(0) = Vvr(0) = anz » > [ (Vi (0)) — - (Vi) Zo(s:) K (Xne (1)) L(Shi)

i=1 t=1

=anr Z Z L(Syi)Vie (0)

t=1 =1
T

ZCLTZVt(@)a (A‘4)

where Vi(8) = an 32,1, [ (Y5 (0)) =07 (Vi) Ze(:) K (Xpu(50)) L(Swi), ax = (Th) ™2,
any = (Nb2)~V2 and Y (0) = Y — ant0GZ(s;).

Then the left-hand side of (A.3) is bounded by

ar| > (Vi) — EVi(0))| = V. (A.5)
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Then considering the variance of Vi, we have

E(Vr)* = (Th)"'[Y_ var(Vi(6)) +2 i Z cov(Vi(6), Vi;(9))]

< pt

var(V1(0)) + 2 Z [cov(Vi(0), V1(0))]

+2 Z lcov(V4(0), V}H(@))’]

Jj=dr

- Jl + J2 -+ Jg, (AG)

where dr is a positive integer depending on 71" to be specified later. First, for Js,
with the Davydov’s inequality (see, Corollary A.2 of Hall and Heyde, 1980), one

can obtain

cov(Vi(6), Vi (6))] < Ca'~5(s) [Eva(o)*] " (A7)

EVA(O) < an ) Er(Yii(0) = o (Yi)” | Ze(s0)|” K (Xna(50)) L (Swi)

=1

< Cananr Y E [|0’GZt(si)\ 1Zy(5:)]° K‘S(Xht(si))L‘s(Sbi)]

=1

< CarF [|0GZy(50)| | Zu(s0)|’ K (Xia(50)) £(5)]

Then we have

Js < C(aT)Z/éhQ/(S—l Z [a(s)]l—Q/é
s=dr
< C(aT)2/6h2/571d;l Z sl[a(s)]l’%s (AQ)
s=dp
=0 ((aT)Z/éhz/‘s_ld;l) =o(1), (A.10)

by choosing dr such that dph!'=%/% = C.

For Js, using Lemma 5.2, we have
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Rt Z lcov(V1(0), Vj1(0))]

N N
<drh™'Ca3 > Y EZi(1) Zisa (i) | K (Xna (5:) K (X g (5:)) L(Sw) L(Suk) + Cdrh
=1 1£k=1

<Chdy = o(1). (A.11)

Last, we have

Ji=h7var(Vi(0)) < h'E(VA(0))* = O ((Th)™)) = o(1). (A.12)

Then, it follows that for any fixed 6 : ||0]] < M,

Var(0) = Vr(0) = E(Vir(0) — Vr(0))[| = op(1). (A.13)

The next step is to use Bickel (1975) standard chaining argument to show the
above result holds uniformly in 6 : ||0|| < M.

sup Var(0) = Vr(0) = E(Var(0) = Var(0))] = op(1). (A.14)
ol <M

Decompose {]|f|| < M} into cubes based on the grid (j1vM, -+, jprayM), ji =
0, £1, ---, £[1/79] + 1, where [1/7] denotes the integer part of 1/v, and 7 is a

small positive number independent of n. Let R(#) be the lower vertex of the cube
that contains 0. Clearly, ||[R(0) — || < Cv and the number of the elements of
{R(0) : ||0|| < M} is finite. Then

sup [|[Vr(0) — Vur(0) — E(Vyr(0) — Var(0)|| < Vi + V5 + V5, (A15)

lell<m

where Vi = supjg < [|Var(R(0)) — Vr(0) — E(Var(R(0)) — Var(0))[| = op(1),
Vo' = supgy<m [[Var(0) =Vr(R(9))]], and V3 = supyg <ps [|E(Var(0)=Var (R(0)))]]-

For V*, it follows easily from (A.3) that

sup [|[Vyr(R(0)) — Vnr(0) — E(Vnr(R(0)) — Var(0))]| = op(1).

lol<m
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For V', we have

sup ||Var(0) — Var(R(9))||

loll<r

=ant sup ||} Y [Wr(Yi(8)) — ¢r (Vi R(0)] Zu(s0) K (Xne(s:)) L(Swi)|

elN<m = =

N T
<Cy+any s ||ZZ vi RO <anrCy — By ro)<anrcn) Ze(si) K (Xpa(s:)) L(S) |
< —

(A.16)

Since the number of the elements in {R(6) : ||0]| < M} is finite, we can show that

N T
ant sup || ZZ [| 0)|<anyTCy — EIlY;;R(G)KaNTCw} Zi(si) K (Xn(:)) L(Spi)|| = 0p(1),

o<y = =
(A.17)
which is similar to the proof of (A.3). Then, let v — 0, we have
sup |[Vivr(0) — Vivr (R(6))]| = op(1). (A.18)
lol<n
Last, we will consider the V5.
sup [|E(Vyr(0) — Vvr(R(9)))]
llon<m
=NTanr sup ||[Ely:re)|<axroyZi(8i) K (Xnt(5:)) L(Sy) || < Cry. (A.19)

lol<M

Let v — 0, we have

sup || E(Vyr(0) = Vr(R(09)))] = op(1).

lol|<p

Finally, we have

S VT (0) — Var(0) — E(Var(8) — Vir(0)) ]| = 0,(1).

The proof of Lemma is complete.

Lemma 5.5. Under the above Assumptions,

P 1E(Var(0) = Vir(0)) + DOl = o(1),
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where D = Q*(x, s) fx(x, s) fs(s).

Proof. The proof follows from Xu (2005).

Proofs for theorems

Proof of Theorems 5.1 We now check the conditions of Lemma 5.1(ii) ||VNT(§) | =
op(1) follows from the Lemmata above together with Assumptions. Take Ayp =
Vnr(0). It can be seen that Ay = Op(1). Since 1, (y) is an increasing function

of y, the function

—0'Vnr(M0) = anr Z Z¢T * — Xanr0' GZy(5:))(—0'G Zy(5:)) I (Xt ) L(Si)

i=1 t=1

is increasing as a function of A. Therefore, condition (i) of Lemma 5.1 holds and

the result follows.
0 — D Ay + 0p(1)

S S ()G ) K (X0 L(S) + (1), (A.20)

B VNTRV fx(z,5)fs(s) i=1 t=1

Proof of Theorems 5.2 Let ¢;; = ¥, (Yi(s;) — Zi(si)'ap) . Then, E (g4) = 0, and
Var (¢;4) = 7(1 — 7). ep denotes a 4(p + g + 1) x 1 unit vector with 1 at the 1 to
p+ q + 1 th position.

N T

a-l o8~ [Q*(z, 5) ,

anrerd NTthfX(.I s)fs(s 221; vr (Vit) = eul Zi(0) K (X0) L{Sh)
N T

[Q*(z, )]
T NTRE fx (z, 5) fs( ZZ%Zt $i) K (Xt ) L(S4i)
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First, we calculate B and let M;; = ¥, (Y;5) Zy(8:) K (Xni(8:)) L(Ss)-

i\[: EM;,
= Z By (Yi)) Z1(5:) K(Xn1(8:)) L(Ses)
= Z E (7’ — I{Yi*1<0}> Z1(8:) K (Xp1(5:))L(Shi)

—ZE Fylza (Z1(51) (a0 + ar (X1 (s:) — @) + ag(ui — u) + ag(v; — v)) | X1(s), Zi(s4))]
x Z1(si) K (Xn1(s:))L(Ski)

= Z Efyza (‘Jr (z, Z1(5:0)) + Z1(8:) (a1 (X1 (s:) — 2) + as(u; — u) + as(v; — v))

=1

+ A | Xq(s4), Zl(si)> AZ1 () K(Xp1(s:))L(Sk), (A.22)

where with the Taylor expansion of ¢, (Xi(s;), Z1(s;)) at (x, s),

2 2
=150 x>221<si>'%§@ () = ) 2 T s
N PECAIH5),
T3 Z 32285,2 (si = 8) 21 (A.23)

with & =z + n; (Xi(s;) — x) with || < 1 and & = s+ 2 (s; — s) with || < 1.

Therefore, similar to the proof of Lemma 4.2, one can obtain

N
> EMq
=1

:% [h3NbifX(x,s)f5(s)Q*(x, S)W/uzl((u)du

+ANB fy (2, 8) fol(5) (2, ) (tr {%/zﬂ@dz} .

0?By1qa, , '
tr {% /zz L(z)dz} )

{1+o(1)}. (A.24)
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N

[Q*(z,s)] | . | .
NIB2 fx(,5) fs(5) ZZ [r (Yiy) Zi(s0) K (Xne(5:)) | X (80)] L(Sei) {1 + o(1) }

1], ,0° 02
=5 [hZ%/UQK(u)du%—bi(tr{%/zz%(z)dz},...’

0? x,s /
tr{%/zz%(z)dz})

E[B] =

{1+o0(1)}.

(A.25)

Since ¢ (Yiy) — i = I(Yi(s:) < Zi(si) [ao + ar(Xe(si) — ©) + az(u; — u) + az(v; —
v)]) = I (Yi(s;) < Zy(si) ap), then

WT (}/;:) - 5it]2 =1 (dlt <Yy <dyu),

where di; = min (¢y4, ¢o;) and doy = max (¢, cop) with ¢y = Zi(s;) [ag+ a1 (X (s;) —

x) + ag(u; — u) + asz(v; — v)] and coy = Z4(s;) ag. Further

E [{¢- (V) — e} K*(Xpu(s:)) L (S0i) Zi (1) Zo(s:)'] (A.26)
=FE [{Fys0 (dot) — Fypap (die) } K*(Xne(5:)) L (Si) Ze(55) Zi(5:)'] (A.27)
=0 (h°)) . (A.28)

Thus, Var (B) = o(1).

Similar to the proof of Theorem 4.1 in Chapter 4, considering the small-block and

large-block technique and the Cramér-Wold device, we can show that
_1 1
Ery = {(Tthf) Q) + ()7 @2} n(s)(1 + 0,(1)), (A.29)

where 7(s) is a p + ¢ + 1 random vector with zero mean and identity variance

matrix, and ©; and O, are two (p+ ¢+ 1) X (p+ ¢ + 1) matrices, satisfying

0,0 = (1 — LX) Oz, 5)[ 2 (2, 5)] /K2 du/L2( )dz,

fs(s)fx(z, )
0,05 =7(1 —71) [ (, )] S;E{U(j;) [ (z, )] q(z,z; 5).

This completes the proof of the theorem.



Chapter 6

Conclusion and Outlook

Spatio-temporal data analysis is important in reality such as in energy market
analysis. Most of the literature assume linearity in model structure or normality
for variables. However, the majority of real energy data may be non-Gaussian with
an obvious peak and fat tails (Hung et al., 2008), and the relationship between
different markets may be more complex than linear (Aloui et al., 2014). More-
over, the spatio-temporal data in energy market reality are often non-stationary
over irregular locations in space. Motivated by these drawbacks in the current
literature, this thesis sheds new light on both theoretical investigation into the
spatio-temporal model with varying coefficient structure and empirical applica-

tion to the complex dynamic nature of spatio-temporal data in energy market.

As a preliminary analysis, in Chapter 2, we empirically investigate the dynamic
integrations or linkages of the USA’s natural gas markets at the state level by
proposing a spatio-temporal network modelling from the perspective of quantile
analysis. This chapter empirically finds that spatial neighbouring effects signifi-
cantly exist among the natural gas markets, not only in the eastern and middle
states but also in some western and south-west states, and so do the dynamic link-
ages to the national crude oil market for the natural gas markets in the southern
and eastern states, which are heterogeneous at different quantile levels. As this
chapter considers parametric model, therefore there may be some shortcomings in
uncovering the underlying relationship for some states. This spurs us to further
develop the semiparametirc time series and spatio-temporal mean and quantile
models in the following chapters that will help to verify whether the relationships

in the energy market analysis are nonlinear or not.

161



162 Chapter 6 Conclusion and Outlook

In Chapter 3, we are mainly concerned with the nonlinear modelling of econo-
metric time series data from the view point of quantile regression. Specifically, we
consider quantile regression for a (strictly) stationary time series that is near epoch
dependent (NED). It is an extension of the work of Welsh (1996) and Yu and Jones
(1998) under i.i.d. samples to econometric time series. Our asymptotic normality
result generalizes Lu et al. (1998), Honda (2000) and Hallin et al. (2009a) who
obtained Bahadur representations with different conditions under alpha-mixing
dependence to a more widely applicable family of data generating processes of
near epoch dependence. This chapter lays a foundation for establishing asymp-
totic properties of nonlinear quantile modelling for time series and spatio-temporal

data analysis.

In Chapter 4, we develop a semiparametirc family of dynamic functional-coefficient
autoregressive spatio-temporal models to model the nonlinear structure in spatio-
temporal data. We model data that are non-stationary over irregular locations in
space, which appears generally in the real spatio-temporal data analysis. There-
fore, our proposed model not only well characterises the dynamic regime-switching
nature but also overcomes the location-wide non-stationarity existent in spatio-
temporal data. It is a useful extension and combination of spatial autoregressive
models (Ord, 1975; Gao et al., 2006; Kelejian and Prucha, 2010; Su and Jin, 2010)
and varying coefficient models (Zhang and Fan, 1999; Wang and Xia, 2009; Zhang
et al., 2009) as well as Al-Sulami et al. (2017a, 2019). To model the dynamic spa-
tial neighbouring temporal-lagged effects with the irregular locations, we consider
using spatial weight matrix pre-specified either by experts or by the prior informa-
tion of spatial locations, which is popular in spatial econometrics. Moreover, both
one-step and two-step estimation methods are proposed to estimate the functional
coefficients in DyFAST models. In practice, such spatial weight matrix can be
pre-specified by the features of the data in many different ways. Therefore, the
idea of weight matrix selection and combination is also discussed for an optimal

weight matrix among many candidates.

In Chapter 5, we propose a semiparametirc spatio-temporal quantile model, ex-
tending Chapter 4 to quantile regression analysis, to further study the dynamic
nature of non-normal spatio-temporal data. The quantile estimators are more
robust than the mean estimators considered in Chapter 4 for non-normal spatio-
temporal data. Moreover, this approach can provide more information about the
dynamic spatial effects at different quantile levels. The empirical results clearly
verify that the impacts of oil price return on the retail gasoline price returns in the

EU countries are more than linear, especially at middle and upper quantile levels.
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Both theoretical asymptotic properties and Monte Carlo simulations have been es-
tablished for our methodologies. Our empirical applications to energy market data
sets further illustrate the usefulness of these models. Application of our methods
to real energy market analysis can help relevant industry or governments to better
understand the energy markets, enabling to reduce the negative impacts from ex-
pected or unexpected price changes in the energy markets and enact appropriate

energy policies and investment decisions.

It must be acknowledged that this study does have some limitations. The DyFAST
model can not only well characterise the dynamic regime-switching nature with
spatio-temporal lag neighbouring effects considered for forecasting but also over-
come the location-wide non-stationarity existent in spatio-temporal data. How-
ever, this model does not consider contemporaneous spatial neighbouring effect
of endogenous nature (but not suitable for forecasting) in spatial econometrics,
which needs more investigation. Moreover, there may also exist spatial interaction
in errors, namely spatial error autocorrelation if the spatial neighbouring effect is

not fully or correctly taken account of.

There are possible directions for future research along this work. A further exten-
sion of the theoretical methodologies in Chapters 4 and 5 is to establish a penalised
method to identify the zero functional and constant coefficients, which could ac-
curately estimate the structural coefficients of the model covariates. Finaly, on
the empirical side, our model could be used to analyse the real estate markets and
the spatial dependency of environmental data such as carbon emission or PM2.5,

among others. These are all left for future investigations.
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