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Abstract

The bootstrap is shown to be inconsistent in spurious regression. The failure of the
bootstrap is spectacular in that the bootstrap effectively turns a spurious regression into
a cointegrating regression. In particular, the serial correlation coefficient of the residuals
in the bootstrap regression does not converge to unity, so the bootstrap is not even first
order consistent. The block bootstrap serial correlation coefficient does converge to unity
and is therefore first order consistent, but has a slower rate of convergence and a different
limit distribution from that of the sample data serial correlation coefficient. The analysis
covers spurious regressions involving both deterministic trends and stochastic trends.
Methods are developed for analyzing the asymptotic behavior of bootstrap techniques
with nonstationary time series and the results reinforce longstanding warnings about
routine use of the bootstrap with dependent data.
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1. Introduction

Concerns about the potential inadequacy of asymptotic methods in applied econometric work
prompted early research at the Cowles Commission in the 1940s on the exact and approximate
finite sample properties of econometric estimators and inferential procedures, evidenced by
the work of Anderson and Rubin (1949) and several papers published in the collected volume
edited by Koopmans (1950). Research by Quenouille (1949; 1956 ) and Kendall (1954) in the
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1950s had similar goals but focused on the use of moment expansions to elucidate estimation
bias and suggest approximate corrections. These goals became vigorously pursued in econo-
metrics following the pathbreaking work of Nagar (1959), Basmann (1961) and Bergstrom
(1962). Nagar’s paper had particular impact due to the generality of the moment expansion
approach, envisaged originally in Quenouille’s (1949, 1956) work, and his approach quickly
became known in econometrics by the eponymous description of Nagar moment expansions.’
Somewhat remarkably, such expansions maintain relevance in cases where the underlying fi-
nite sample moments may not be finite, in which case they may be interpreted as moments
of approximating distributions based on Edgeworth expansions (Phillips, 2003). Even sample
moments obtained by simulation experiments have interpretations in terms of such approxi-
mating moments with the number of replications underlying the experiments relating to the
number of terms in the approximants (Sargan, 1974, 1982; Sargan and Mikhail, 1971).

Following this foundational research, the goal of finite sample analysis was pursued with
vigor in the 1970s and early 1980s using both exact methods and asymptotic expansions
of both the distributions and the moments of econometric estimators with steadily increas-
ing degrees of generality and mathematical sophistication (Sargan, 1975, 1976, 1978, 1980;
Phillips, 1977a, 1977b, 1980a, 1980b, 1983a, 1984, 1985, 1986a). Overviews of various aspects
of this large literature are available in Phillips (1982, 1983b) and Ullah (2004). Subsequently
and concomitant with the enormous growth in computing power in the last few decades,
pure simulation methods and resampling methods like the bootstrap became popular tools
for inference in practical econometric work. Yet these methods in their turn are dependent
for their validity on first and higher order asymptotic theory.

The bootstrap, in particular, has now become a popular practical tool of inference in
econometric work. One aspect of its appeal is its wide applicability, enabling its use in many
different econometric models and allowing for both cross section and time dependent data. In
time series situations it is known to be important for the bootstrap to capture accurately the
temporal dependence properties of the original time series if it is to be a useful aid to infer-
ence. When temporal dependence and persistence characteristics of the data are unknown, as
is almost universally the case in practical work, this challenge has proved to be especially dif-
ficult because by its nature the bootstrap involves independent resampling methods. Several
approaches have been developed to address temporal dependence in bootstrap implementa-
tions: the sieve bootstrap (Kreiss, 1992, and Buhlmann, 1997, 1998, among others), where
a sequence of finite dimensional parametric models (like autoregressions) is used to remove
temporal dependence; block bootstrap methods (Carlstein, 1986, and Kiinsch, 1989) where
blocking techniques are used to deal with dependence; moving block and continuous block
bootstrap methods (Paparoditis and Politis, 1999, 2001, 2003, 2005; Phillips, 2010) that
re-initialize the independent moving block bootstrap draws to replicate ‘continuous’ paths

'Nagar’s (1959) approach was an inspiration to the present author beginning research in econometrics in
1969. A flurry of intellectual excitement accompanied the realization that asymptotic expansions provided
a door through which to explore difficult finite sample problems in econometrics largely untouched in the
research of the time. Rex Bergstrom, my mentor at the University of Auckland in New Zealand, had written
his 1962 Econometrica paper on the exact distribution of the marginal propensity to consume. I had also
seen Harald Cramér’s work on Edgeworth expansions. I did not know of Denis Sargan’s work in progress on
implementing these expansions in econometrics but learnt of it in 1971 when I went to the London School
of Economics. Finite sample theory and asymptotic expansions captured my imagination and I was soon to
pick up this mantle of the pioneers. The whole field was opening up as a new beach of fascinating technical
research to young scholars.
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that accord more closely to the character of persistent time series; various frequency domain
procedures based on discrete Fourier transforms that exploit asymptotic independence in the
frequency domain (Paparoditis and Politis, 1999; Hidalgo, 2003; Kim and Nordman, 2013;
Arteche Gonzélez, 2020), although such independence fails for persistent data (Phillips, 1999;
Corbae et al., 2002); and approaches to address the challenge of bootstrapping long memory
series (Kapetanious, 2010; Kapetanious et al., 2019). A short overview of some of these
bootstrap methods with a focus on long memory time series is given in Kim and Kim (2017).
If temporal dependence is poorly captured or ignored, then the bootstrap can not be
expected to perform well even asymptotically and it will often produce inconsistent estimates.
Horowitz (1999) warns of the difficulties of using the bootstrap with dependent data and
made uninformed applications of the bootstrap with dependent data one of his bootstrap
Don’ts. The present paper highlights these problems in a context of substantial econometric
interest. We show that in spurious regressions use of the crude bootstrap (where dependence is
ignored) produces a spectacular asymptotic failure. The crude bootstrap is shown to convert
spurious regressions of full rank integrated time series into cointegrating regressions and
spurious regressions of integrated times series on deterministic trends into trend stationary
time series. The paper proves these results using almost sure invariance principles and the
Karhunen Loéve (KL) representation of Brownian motion used in Phillips (1998) for studying
spurious regressions. These methods have been found to be useful in many other applications

involving nonstationary time series.
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Fig. 1 Spurious regression of I(1) data on a linear trend

Figs. 1 and 2 illustrate these effects with some sample data and bootstrap sample data.
In Fig. 1 the sample data {X; : ¢ = 1,...n} comprise n = 500 observations of a standard
Gaussian random walk which is shown against the fitted least squares regression line )?t =
bt. The random wandering characteristics about the regression line are apparent. From
traditional limit theory (Durlauf and Phillips, 1988) it is known that the regression coefficient
b —, 0 but is statistically significant with probability one as n — oo. The bootstrap sample
{X; :t=1,..n} is generated from X; = bt + u}, where {u} : t = 1,...,n} are random
draws with replacement from the empirical distribution of centred versions of the residuals
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{u, = Xy — “btit= 1,...,n}, that is from a crude application of the bootstrap. Fig. 2 shows a
typical set of bootstrap sample data generated in this way for the given data {Xi:t=1,..n}.
Included in Fig. 2 is the least squares regression line Xt* = b*t for the bootstrap sample. The
result is strikingly apparent - the bootstrap data now appear to be stationary, albeit widely
varying, about the trend function b*.
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Fig. 2: Spurious Regression of Bootstrapped Sample on a Linear Trend

In a similar way, Fig. 3 shows sample data crossplots for two independent standard
Gaussian random walks {Y;, X; : ¢t = 1,..n} together with the (spurious) regression line
Yt = bXt The random wandering behavior of the sample data around the line is clearly
evident. The bootstrap sample {Y;* : ¢ = 1,...n} is generated from Y* = = bX, + uy, where
{uj : t = 1,...,n} are random draws with replacement from the empirical distribution of
centred versions of the residuals {u; = Y; — bXt t = 1,...,n}, again a crude application
of the bootstrap. Fig. 4 shows bootstrap sample data generated in this way, together with
the least squares regression line }Aft* = b* X for this bootstrap sample. The result is again
striking. The bootstrap data {Y;*, X; : t = 1,...n} now appear to cointegrate about the fitted
regression line, albeit with wide variation.

This paper extends previous research primarily by developing methods for analyzing the
asymptotic properties of the bootstrap and block bootstrap on integrated time series. There
has been frequent speculation about the properties of such uses of the bootstrap (e.g., Li and
Maddala, 1996 & 1997, and Hinkley, 1997). Using these methods the paper shows that direct
application of the bootstrap converts integrated time series into asymptotically stationary
series, thereby fundamentally changing the nature of the series. The failure is a first order
inconsistency in that the serial correlation coefficients of a bootstrapped integrated process
do not tend to unity. The impact of the inconsistency is that the bootstrap converts spurious
regressions into cointegrating or trend stationary regressions. Unlike the bootstrap, the
block bootstrap is shown to be first order consistent, maintaining the feature of an integrated
process that its serial correlation coefficients tend to unity. However, the limit distribution of
the bootstrapped serial correlation coefficient differs from that of the sample serial correlation
coefficient, is no longer a unit root distribution and converges at a different rate.
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Fig. 3: Spurious Regression of I(1) Data on Independent I(1) Data
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Fig. 4: Bootstrapped Spurious Regression of independent I(1) Data

The paper is organised as follows. Section 2 gives some preliminary theory and then
develops bootstrap asymptotics for integrated time series, including direct bootstrap and
block bootstrap approaches. Section 3 provides results for the bootstrap and block bootstrap
in the prototypical spurious regression of an integrated process on a deterministic trend
and Section 4 does the same for spurious regressions among full rank integrated time series.
Implications of the results are considered in Section 5 and proofs are given in the Appendix
in Section 6. A notational table is provided at the end of the paper.

2. Bootstrap Limit Theory for Integrated Time Series

(a) Preliminaries



The £— vector time series x; is a full rank unit root process assumed to be generated by
Ty = Ty—1 + Uy, (1)

with wu; a linear process that satisfies the following condition, where ||a|| = max;j |a;j| for
matrix a, and with initialization xg = O, (1) although this could be considerably weakened
(e.g.,Phillips and Magdalinos, 2009) at the expense of some further complications.

Assumption L For all t > 0, uy has Wold representation

u=C(L)es =Y cieej Y 5°llejll <oo, s>1,C(1) #0, (2)
§=0 j=0

with g, = 4id (0,%;) and with E(||e]|?) < oo, for some q > 4.

The summability condition in (2) is satisfied by a wide class of parametric and non-
parametric models for u;. In conjunction with the moment condition, (2) enables the use of
asymptotic techniques for nonstationary processes (Philllips, 1987; 1991; 1999; Phillips and
Solo, 1992) and almost sure invariance principles (IPs) for partial sums of u;. To perform the
latter, which are especially useful here, we expand the probability space as needed so that
the partial sum process S = Ele uz of uy can be represented up to a negligible error in
terms of a Brownian motion defined on the same space. An IP of this type for partial sums
of scalar linear processes was proved in Phillips (2007) and is straightforwardly extended to
the case ¢ > 1.

2.1 Lemma Let S, = Z?:l u; for k > 1, and So = 0, for k = 0, where u; satisfies
Assumption L. Then, the probability space on which the u; and Sy are defined can be expanded
in such a way that there is a process distributionally equivalent to Sy and a vector Brownian
motion B(-) with variance matriz Q = C (1) X.C (1) on the new space for which

Sk k

TEB()

provided E||u||? < oo for some q > 2p > 4.

1
= Oa.s( 11
n2 »p

)- 3)

sup
0<k<n

Since ¢ = St + Oq.5.(1), it follows from (3) that, after changing the probability space as

required, we have
1

= oas(—1

n2 r

Tt t
JeB() ) ()
We shall often proceed as if this change has been made without continually adding the
qualification and noting that in the original space this convergence translates into weak
convergence of measures.

We shall also make extensive use of the KL representation of the stochastic process B(r).
Let W(r) be {— vector standard Brownian motion. Over the interval r € [0, 1], the /— vector
process W (r) has KL representation (equation (4) of Phillips, 1998)

sup
0<t<n

b §)mr]

-7

W(r) = \/52 sin ([IE;
k=1
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which holds a.s. and uniformly in 7. For B(r) = Q%WO") we have the corresponding repre-
sentation

> sin[(k—%) 7Tr] B
B(r) = ﬁz - £ry &p = 1dN (0,Q). (5)
= (k-7
k=1 2
With this approximation in hand, we can develop some preliminary limit theory for applica-
tions of the bootstrap to integrated time series.

(b) Direct Bootstrap Limits for Integrated Processes

We use the following scheme and notation for bootstrap samples. Suppose we are given
data (e;)} or estimates of this data (e.g. from regression residuals) denoted (e;)} defined on
a probability space (2, F, P). Direct random resampling from the empirical distribution of
(er)} produces the crude bootstrap sample (e;)}. Here, each observation e} is drawn from
the population (€;)} and each point has equal probability, %, of being drawn. If we centre
the original observations and draw from the population (e; — % > oo 1 €)Y, then the bootstrap
sample is denoted (e;)}. Following convention, we let P* denote probability conditional on
the realized trajectory of the orginal data (€;)°. Expectation with respect to P* is denoted
E*, convergence in distribution (respectively, in probability) with respect to P* is denoted
— g+ (respectively, —,+) and when convergence occurs with P probability unity (i.e. for
almost all realizations of (e;)7°), we write —g+ a.s. (P) and —p a.s. (P).

Suppose we have data (z;)} generated as in (1) and let (z;)} and (z})} be crude bootstrap
samples constructed as above. We can write xj = x; where j is a random index drawn from
{1,2,...,n}. That is, j is uniform over the integers {1,2,...,n} with mass probability % on
each integer. Then, in view of Lemma 2.1 and (4), there exists a probability space in which
we can write

). ®

.., 1} for each j. Now, in a slight abuse of

> = B (Ryj) + 0a.s (

1
P

xy xj J 1
= — :B —
NN <n> ous (né;

1 2

n’n’

1
n2
where R,; = £ is uniformly distributed over {
notation, we can write

Rnj =i Rj, (7)

where R; has an independent continuous uniform distribution over [0, 1] for each j, written
as 14dU [0, 1] . The convergence (7) evidently also holds almost surely (P) . It follows by the
continuous mapping theorem that

T (R N T ' ®

Moreover, for j # k, R,; and R, are statistically independent and so the limit variates
R; and Ry, are also independent. It is therefore apparent from (5)-(8) that the standardized
bootstrap process n_%:c;f has an asymptotic representation in terms of a vector Brownian
motion evaluated at a random argument R; € [0, 1], viz.,

) o \/52 sin [ (k — 12) TR;]| & (9)
k=1 (kj_ 2)7T

L;fk B > sin [(k— %) ﬂan] 0
AP PR EE 5’“”'5(

1_1
n2 »
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Thus, just as z; is a random draw from the empirical distribution of (x4)7, the large sample
behavior of the standardized process n_%xz‘ is analogous to that of a random draw from the

trajectory of the Brownian motion limit of n_%mt. This notion is formalized in the following
lemma.

2.2 Lemma  Let (zf)} and (z})} be bootstrap samples from a unit root process (x4)}
generated as in (1) with u; satisfying Assumption L.

*

(@) L —4 B(R,) a.s.(P),

Tk

(b) Lﬁ] —a4 B(R,) — [} B(s)ds a.s.(P),

where {R, : r € [0,1]} is a family of independent uniform variates on [0, 1].

The bootstrapped process n_%:pfm] converges weakly to a randomly sampled version of
1 1
the Brownian motion B to which n™2zy,,] converges, and nfia:’[" ] converges to a randomly

sampled version of the corresponding demeaned Brownian motion B(r) fo
Unlike the Brownian motion process from which these draws are made, B (R ) is not pathvvlse
continuous and is not a separable process.

We proceed to find distributional limits of bootstrapped statistics in regressions involving
I(1) variables like x¢. These limits are useful in the regression theory of the following section.
In view of the different limit behavior of zf and zy, we continue to report results for both
versions of the bootstrap in what follows. Lemma 2.3 below gives some limit theory for
sample moments of the bootstrapped data and original sample data.

2.3 Lemma  Under the same conditions as Lemma 2.2:

(@) n"2 " af g folB(s) ds a.s.(P),

(b) N2 X, 3 =y fy B(s)ds =0 as.(P),

(c) n 231z} — g fol B(s)B(s) ds a.s.(P),

(d) n 230, HE —ar folﬁ(s)ﬁ(s)'ds a.s.(P),

(e) n™2 Y [ wjw) —ar (fo ds)

(F) 2520, &ap —a (fo B ds)

(g) n 2230 aft — g ( ) (fo 'l"dT’) a.s.(P),
_5/2 n ~x 1 1 o

(h) n=°/23" T &5t — g <f0 B (s) dr) (fo rdr) =0 a.s.(P).
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Evidently, the bootstrap sample moments n~ %32?:1 zy and n=2 Y 7 | z7z} have the same
limits as the corresponding sample averages n~2 Y, ; z; and n=?2 Yoy a:ta:;. Correspond-
ingly, sample moments of the centred bootstrap sample (z})} have limits that correspond
to those of the demeaned sample data. However, sample covariances between the bootstrap
data and the/ original sample, n=2Y"} | iz} and n=2Y ) | i), differ from the limit of
n=2 31, 2;x,; and the bootstrap covariances n /2 3" ¥t and n=>/2 3" T}t do not have the
same limits as n=%/2 37 a4t and n=%2 3"} (x4 — T) t, which are fol B(r)rdr and fol B(r)rdr.

Next, consider the scalar case and set £ = 1 in (1). In this case we shall use w? to denote the
variance of the Brownian motion B. Define the h’th order serial correlation of the data p;, =
S Texi—n/ > opp, 2, and the bootstrap serial correlations pj, = > 1, xizr , /S0, a2,
D= S BT S T2, and Py = i erer ./ Sor, €2, where ef =z} — T*.

2.4 Theorem Serial correlations of scalar bootstrap samples (z7)} and (z})} from a unit
root process satisfying the conditions of Lemma 2.2 have the following limits for h # 0 as
n— oo :

IREON
fol B(r)%dr
PhsPh —p 0 a.s.(P). (11)

P~ €, = as.(P), (10)

The limit variate §, in (10) evidently satisfies 0 < £, < 1, a.s.(P). Thus, the theorem
shows that the first order serial correlation coefficient of a crude bootstrap sample of an I(1)
process no longer has a probability limit of unity. Instead, p] converges weakly to a limit
random variable that is strictly less than unity, but also strictly positive. Since p;, —, 1 for
all h, the crude bootstrap pj is not even first order consistent. It follows that a unit root test
on the bootstrap sample (z;)7 that is based on p* will reject the null hypothesis almost surely

as n — o0o. Note that this is the case even though xfnr] is of order \/n and nféxrmn] tends
to a limiting stochastic process that is a randomized version of Brownian motion, as shown
in Lemma 2.3 (a). Further, all serial correlations p}, have the same limit £, as n — oo for
any h # 0. Thus, the bootstrap process z is strongly dependent with temporal dependence
characteristics analogous to those of a time series with a random fixed effect.

The serial correlation coefficients pj, for the centred bootstrap data are all zero in the limit.
Thus, differences between centred and uncentred bootstrap sampling persist in the limit
behavior of the serial correlations and the bootstrap sample (z})} behaves asymptotically
like an uncorrelated sequence. Again, unit root tests will reject the null hypothesis with
probability one as n — co. When the serial correlation coefficient pj is redefined in terms of
deviations from sample means, i.e. as py,, then (11) holds rather than (10). In all these cases,
crude bootstrap resampling turns an (1) series into one that is asymptotically stationary.

(c) Block Bootstrap Limits for Integrated Processes

A similar analysis can be performed for the block bootstrap. We will use Carlstein (1986)
blocking. Here, the data are subdivided into M successive blocks {A; : j =1,.., M} of equal

size m, with n = mM. Assume % + 7 — 0, so that ﬁ + % — 0 and then the size of each
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block as well as the number of blocks tend to infinity at a rate slower than n. With this
schematic, we can write observations as x; = T(s_1)m4, S0 that the ¢’th observation in the
sample appears as the k’th observation in the s’th block As.

Block bootstrap samples (z%*)} are constructed by randomly sampling the M blocks (with
replacement) and then arranging them end-to-end in the order in which they are sampled.
Call the sampled blocks {A% : j =1,..,M}. A typical block bootstrap observation can then
be written as a?* = T(j—1)ym+r Where j is a random index drawn from {1,2,..., M}. That
is, j is uniform over the integers {1,2,..., M} with mass probability Al/‘, on each integer. We
can construct centred block bootstrap samples (Z?*)7 in the same way. With some minor
changes in the proofs, all the results given below carry over to the moving block bootstrap
(Kiinsch, 1989). In this blocking scheme, we let Ny, ..., Ny be iid uniform random draws from
{0,1,2,...,n —m}. Then a typical moving block bootstrap observation is x?;b*l)m 4k = TNtk
forlgngandlgkgm.

As in the previous section, it follows from Lemma 2.1 that there exists a probability space
in which we can write

bx

T T(j—1)m+k (j—1)m+k 1 k 1
— =B (X" a.s =B | Ry, - a.s ’ 12
R e () o () 8w ) e () 0

where Ry = % is uniformly distributed over {0, Ao %} for each j. As n,M — o0,
with a slight abuse of notation, we have
RM] —d* R], (13)

where R; is itdU [0,1]. Similarly, for any r € [0, 1] there exist integers s, and k, for which

[nr] = (s, — 1)m + k, and we can write
k, 1
>:B<RM,T+>+OQ.S< 1 1>a
n n2 r

(14)
where J, is uniformly distributed over {1,2,...,M}, Ry, = J’}\Zl is uniformly distributed
over {0, 47, - M]\Z LY and Rys —g¢ Ry, where R, is uniform over [0, 1] for each r.

Block bootstrap versions of Lemmas 2.2 and 2.3 follow in a straightforward way and we
do not repeat them here. Instead, we give the main result, a block bootstrap version of
Theorem 2.4. The serial correlation coefficients 5, 7o*, and b are defined as in Section 2
(b) above using the block bootstrap data.

mb*
[nr] L(Jr—1)ym+k, (Jr—1)m+ky,

= =B(——F— a.s
Vn vn ( n ) + Ca. <

1_1
n2 »p

2.5 Theorem Serial correlations of scalar block bootstrap samples (x
a unit root process satisfying the conditions of Lemma 2.2 and with
following limits for all fired h # 0 as n — 00 :

)T and ( )P from
_I_

b
Ty
% — 0 have the

PP bh —ar 1 as.(P). (15)

Thus, the serial correlation coefficients of the block bootstrapped time series :cfg* converge

to unity, even though the standardized process n 230?*} converges weakly to a randomly
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sampled version of the Brownian motion B just as in the crude bootstrap (Lemma 2.2).
Hence, in contrast to the crude bootstrap, the block bootstrap serial correlation coeflicients
are first order consistent.

Some further analysis reveals that the distribution of the block bootstrap serial correlation
coefficient pY* is inconsistent for the unit root limit distribution of the first order serial
correlation coefficient of an integrated process. Its convergence rate O(n/M) is also slower
than the conventional order n rate for unit root distributions.

2.6 Theorem The first order serial correlation coefficient of a scalar block bootstrap sample
()7 from a unit root process satisfying the conditions of Lemma 2.2 and with % + 7 =0

has the following limit distribution as n — oo :

{ Jy B2 = (fy B(r)dr)Q}

n (/\b*
(5 —1)—>d*— <0 as. (P). 16
If centred bootstrap samples (55?*)? are used then the corresponding limit is
b
M(p? —1) =p =1 a.s.(P). (17)

The limit results (16) and (17) show that if a conventional unit root test were applied
to block bootstrapped sample data then the presence of a unit root would be rejected with
a probability approaching unity as n — oo. Conversely, if the bootstrap distribution of ’ﬁl{*
were used to construct critical values in inference based on p; about the presence of a unit
autoregressive coefficient in (1), then there would be a zero rejection rate asymptotically for
the unit root hypothesis.

The convergence rate of ﬁl{* is O (m), revealing that in the block bootstrap it is the
number of consecutive observations m in each block that determines the rate of convergence
of the serial correlation coefficient, not the number of blocks. In effect, each block is a small-
infinity-sized trajectory of a unit root process. However, since the expression for ﬁll’* involves
averages across blocks as well as within blocks, the limit of m(p}* — 1) is not a conventional
unit root distribution. Instead, as the proof of theorem 2.6 reveals, a bias term involving
averages of differences of Brownian motion across randomized blocks dominates the sample
covariance — > | x7_; Az} and gives rise to the limits in (16) and (17).

Fig. 5 graphs kernel estimates of the densities of the unit root distribution of p; against
those of the crude bootstrap estimate pj, the block bootstrap estimate ﬁl{* and the centred
bootstrap estimate pj. The simulation estimates used 10,000 replications, a sample size of 200
and block settings m = 10, M = 20. Apparently, the block bootstrap sampling distribution
is closer to that of the unit root distribution than the other estimates but is substantially
downward biased, consonant with the results in Theorem 2.6.
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Fig. 5: Kernel Estimates of Densities of 7 (mode close to unity), p% (mode close to 0.4), p5*
(mode close to 0.8), and pj.(mode close to 0).

3. Spurious Regression on a Deterministic Trend

We consider the prototypical spurious regresion of a scalar time series z; generated as in (1)
on a linear trend

T =bpt+uy, t=1,...,n. (18)
Regressions on higher order polynomials and other deterministic functions produce analogous
results and the simple regression (18) is chosen simply for convenience. Let 53, be the

standard error of by, ¢(by) be the corresponding ¢—statistic, and set p = Sy i1/ > 5 Uz
and DW = >"0(t; — tg—1)%/ > 5 47_1. As in Durlauf and Phillips (1988),

_5 < 1
N EDIE N - fo rB(r)

n—3 Z?:l 12 d fol 2 =¢, say, (19)
1 ) lA)n 5 < 01 T'2> 2

e (hBO )
and
., O'Z + 52

Jo (B(r) —&r)®

where B is scalar Brownian motion with variance w?. By changing the probability space as
discussed in the paragraph following Lemma 2.1, each of these convergences can be replaced
by a.s. convergence, and we shall commonly proceed below as if these changes have been
made.

p—pl, nDW (21)
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(a) Crude Bootstrapping of Residuals

Here bootstrap samples (u})} are formed by random sampling from (u;)} and bootstrap

data (z;*)} are generated according to
T =bpt+ul, t=1,..,n. (22)
Least squares produces the fitted regression
o = bt + (23)
which defines the residual process uj*. Let s**2 = 1370 2 et S5 and t(g;"l) be the
standard error and t-ratio of b¥ in (23), and let DW** be the DW ratio in (23). Denote serial

correlations by the notation 75" = S°1, ui*u*, /S uf*2 . The following results give the
limit behavior of these bootstrap statistics.

3.1 Theorem Let (z;*)] be bootstrap data generated from (22) using (uf)} where the orig-
inal data (z¢)} in the trend regression (18) is a unit root process (1) with u; satisfying
Assumption L.

. 1Y B(rydre L
(a) Vnb), —g- & = 20— —12= Jo Br)dr 558 a.s.(P),

fol r2

(b) Ls2 . a? — fol {B.(s)+ (£ — &) s}2dr a.s.(P),

D=

(&) i) —a ST 4,

(d) " —a- €09, €79 <1 a.s.(P), for all h # 0,
(€) DW** — 4 €79 >0 a.s.(P),

(f) R™2 —ge €759 <1, a.s.(P),

where By(s) = B(s) — s is detrended Brownian motion, Bf(s) = B.(s) + (§—&")s =
B(s) — £*s,

(fol B! (s)ds> ’

zreg = W S (0, 1) a.s.(P)
1 2
gireg — 2o Brls)7ds [1-&]>0 as(p)

2
T¢

and )
Ebr;g _1_ 9¢
R fol B (7“)2 dr
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3.2 Remarks

(i)

3.3

From (a), b* —p+ 0 and so the bootstrap estimate b is first-order consistent. By

a straightforward but lengthy calculation £* = N(0,v}) with vj = wQ%, whereas

& = N(0,vp) with v, = gw2. Evidently, the bootstrap statistic \/ﬁ?);‘; and \/ﬁl;n are not
asymptotically equivalent although the limit distribution N (0, v}) is close to the correct

limit (227 ~ 1.29 versus & = 1.20).

The reason for the inconsistency of the bootstrap statistic \/ﬁl;;‘L is that in the numer-
ator of this statistic n=%2 31 zft =, n=5/23 " x4t. In fact, from Lemma 2.3 (g) we
have n=%/2 3" ¥t — g4 (fol B(r)dr)(fo1 rdr) a.s.(P), whereas by standard methods
n 023 gyt —s g (fol B(r)rdr) as in (19).

o~

The bootstrap t— statistic ¢(b) diverges at the rate y/n, just as the regression t—

o~

statistic t(by), but t(b%)/\/n has a different limit distribution from #(b,,)/+/n, which by
standard methods is §(f01 r2dr)%/(f01 B,(s)ds).

Most importantly, the bootstrap serial correlation pi* has a random limit fi’feg which
is strictly less than unity with probability one. It follows that unit root tests on the
residuals of (23) that are based on p7* will reject the null hypothesis of a unit root
and hence the null of a spurious regression. Thus, the original regression (18) and
the bootstrap regression (23) have fundamentally different characteristics — (18) is a
fitted trend with a significant coefficient and diagnostics that reveal the significance is
spurious, whereas (23) is a trend regression with a similarly significant coefficient and
diagnostics that do not invalidate the relationship asymptotically.

Theorem Let (x}*)} be bootstrap data generated from (22) using centred bootstrap

residuals (u;)} formed by random sampling from (u;)}, where the original data (x;)} in the
trend regression (18) is a unit root process (1) with u; satisfying Assumption L.

()
(b)
(c)

(d)
(e)

(f)

where By(s) = B(s) — {s= By (s) — |,

R**2 —q

\/ﬁl;;:l —>d* 6 CL.S.(P),
Lgm2 fol B,.(s)%dr a.s.(P),

1

~ 1.,.2)2
L(br) —g- _&or)” a.s.(P),
vittn) = (2 B, (5)2ds) (%)

pn—p 0, a.s.(P), for all h # 0,

DW** —,+ 2 a.s.(P),

&2 fol r2dr
* fol Er(s)zds+£2 fol r2dr

<1, a.s.(P),

1

o Br(s)ds.
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3.4 Remarks

(i) The bootstrap estimate b¥ is consistent and )[ﬁi)* has the same limit distribution as
/nby,. Similarly, the bootstrap t— statistic ¢(b;,) diverges at the rate \/n, just as the
regression t— statistic t(b ), but the limit distribution of ¢(b%)/+/n given in part (c) is
different from that of ¢(b,)/+/n (given in Remark 3.2(iii)).

(ii) According to parts (d) and (e), the residuals in the regression (23) are asymptotically
uncorrelated. This means that bootstrap observations (z}*)} generated from

2 = byt + U (24)

behave in the regression (23) as trend stationary data with white noise residuals,
whereas the orginal data (z;)} is I(1). Again, the original regression (18) and the
bootstrap regression (23) have fundamentally different characteristics.

(b) Block Bootstrapping of Residuals

Block bootstrap samples of residuals (u}*)} are constructed by randomly sampling M
blocks (with replacement) of the centred residuals (; —n =1 >0, us) from (18). A typical

block bootstrap residual can then be written as u?* = = U(j— 1)m+k “IS | U, where j is a
random index drawn from {1,2,..., M }. Block bootstrap data (x )1 are generated according
to

b** _ b t+u ~b* (25)

and least squares produces the fitted regression
= bt uf (26)

which defines the residual process u . Let s"*2 = %Z?Zl ult’**Q, let s and t** be the
standard error and ¢— ratio of b%* in (26), and let DW"** be the DW ratio in (26). Again, we
denote serial correlations by the notation ﬁlfl** The following results give the limit behavior
of these bootstrap statistics.

As in Section 2(c) and setting ¢ = (s — 1)m + k, there exists a probability space in which
we can write

x?** — \/>/b\ E u(js—l)m+k; - nil Z?:l as (27)
Vn n Vn
(s—1)m+k (js—1)m+k
= ws ()] —————— + B [ —~—— a.s
4 0us () 5P 4 B (B ) o
(s—1) k k
= —+—-|+B . +— a.s (1) 2
e[S B e (R + ) on ) (28)
where Ry, = % is uniformly distributed over {0, ﬁ, . %} for each s. As n, M — oo,

with a slight abuse of notation, we have

Ry, —a Ry,
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where R; is itdU [0,1]. Similarly, for any r € [0,1] there exist integers s, and k, for which
[nr] = (s, — 1)m + k, and we can write

b**
\[}g = &+ B, (Rary) + 0as (1), (20)
where Ry, = JT]V_[ is uniformly distributed over {0, < s %} and Ry, —q- Ry, where

R, is uniform over [0, 1] for each r.
We give a block bootstrap version of Theorem 3.3.

3.5 Theorem Let (z2**)7 be block bootstrap data gemerated from (25) with = + 2 — 0
and using centred block bootstrap residuals (u?*)} where the original data ()} in the trend
regression (18) is a unit root process (1) with u; satisfying Assumption L. Then:

(a) bl =g € a.s.(P),
(b) Lsbv2 .. fo s)2dr a.s.(P),
1
(c) = tb* 75(0 )’ - a.s.(P),
(fol B,.(s 2ds)j
(d) P =, 1, a.s.(P), for all h # 0,
() DW™* — .. 0 a.s.(P),

€2 [ r2dr
Jo B.(s)2ds+€2 [} r2dr

(f) R¥? — <1, a.s.(P).

3.6 Remarks

(i) The block bootstrap results for the regression coefficient bP*, t— ratio ¢** and R? are
the same as those for the centred bootstrap given in Theorem 3.3.

(ii) The serial correlation properties of the residuals in the block bootstrap regression are
different from those in Theorem 3.3. Just as in block bootstrapping I(1) data (Theorem
2.5), the residual serial correlation coefficients p>**, 5o —p+ 1 and the Durbin Watson
statistic DWWb** —p+ 0. Thus, these diagnostics are now ﬁrst order consistent in the
bootstrap regression (26). This regression is therefore spurious in the same sense as the
original trend regression (23).

(iii) However, neither of the limit distributions of p¢** and DW"* is consistent. As in
Theorem 2.6 we find that these bootstrap diagnostic statistics have different rates of
convergence and different limits from those of the original sample data. Theorem 3.7
below gives the result for p b** . Thus, bootstrapping these diagnostic statistics (or ver-
sions of them that are nuisance parameter free) will not produce an asymptotically
valid inference procedure.
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3.7 Theorem Under the same conditions as Theorem 3.5, ﬁl{** has the following limit as

n— 0o : n
i (ﬁl{** — 1) —p —1 a.s.(P).

4. Spurious Regression on Stochastic Trends

Let z be an (¢ + 1)— vector integrated time series generated as in (1) with Az = wuy
satisfying Assumption L and z; satisfying Lemma 2.1 with limiting Brownian motion B,
whose variance matrix is Q,, > 0. Partition z; = (y;, z})’ into the scalar y; and ¢— vector x¢
and let B, = (By, B,)’ be a conformable partition of B.. Run the (spurious) regression

Yo = by + Ty (30)

Let s; be the standard error ofgm, t; be the corresponding t—statistic, and set p = Y5 Uytiz—1/ > 5 Ur_4
and DW = >"0(u; — Ug—1)?/ > 5 47_;. As in Phillips (1986b),

by —a A;xlaxy =&y Y, (31)

1 lA)m . gym’

7tl 1 T~ gtiv
(ayyw [AML@) :

B
[
2|
N

and )
n' ..

Qyy.x

nDW —d

where, in conformable partitions, we define

!/

1
a a _ 1
/ B, (T) B; (T) dr = |: vy Aﬂﬁy :| sy Ayyao = Qyy — a/xyAq;xlaIEy7 n= |: _ Al :| >
0 TT x

Azy x aﬂ»’y

and X,, = F (u,u),). These convergences can be replaced by a.s. convergence after appro-
priate changes in the probability space as discussed earlier.

Application of bootstrap methods to the residuals in (30) leads to results that are similar
to those of the previous section. We therefore provide the main results here in brief. Bootstrap
samples (uy )} are formed by random sampling from centred versions of the residuals (u;)} in
(30), bootstrap data (y;*)} are generated according to

Yt = by + ) (32)
and least squares produces the fitted regression
yi* = b+, (33)

which defines the residual process u}*. Let s**? = %Z?:l uf*?, let s7 and t] be the standard
error and ¢t— ratio of b}, , and let DW** be the DW ratio. As earlier, denote serial correlations
by the notation py* = Y1, ui*ui*, / S°7  ui*2 . The following results give the limit behavior

of these bootstrap statistics. We confine the discussion to centred bootstrap samples.



18
4.1 Theorem Let (y;*)} be bootstrap data generated from (32) using (uy)} where the data
(ye, x)} in the sample regression (30) is generated as in (1) with increments Az = uy
satisfying L.
(a) b —a £y a.s.(P),

(b) 152 —g of (fol Ezﬁlz) n a.s.(P),

Eywi %
(€) -t —r e — & a.s.(P),
Ve (e BB ]}

(d) pp" —p+ 0, a.s.(P), for all h # 0,
(e) DW** —,x 2 a.s.(P),

f) R — g L : <1, as.(P).
( ) —d n/(folﬁzﬁ/z)n'i_g;z(folBZB/I)Eyz I CLS( )

The bootstrap regression coefficient in (33) is consistent for &y and the t— ratio {7 diverges
at the rate y/n just as in the spurious regresion (30), although the limit variate &; # £;;. More
importantly, however, the residuals in the regression (33) are asymptotically uncorrelated and
so the bootstrap regression is asymptotically a cointegrating regression.

Different results apply when we use the block bootstrap. Using the same notation as in
Section 3(c) with the affix b to signify use of the block bootstrap, we find the following limit
theory.

4.2 Theorem Let (y?**)} be bootstrap data generated from (32) using centred block bootstrap
residuals (uf*)} with L+ — 0 and where the original data (y;, )} in the sample regression
(30) is generated as in (1) with increments Az = uy satisfying L. Then:

(@) 08— €0 a.5(P),

(b) %Sb**Q —g (fol ﬁzﬁlz) n a.s.(P),
(€) Jntl —a- & as.(P),
(d) 20 —pe 1, a.s.(P), for all h #0,

() DW"* — . 0 a.s.(P),

f) RV -, e ' <1, as.(P).
( ) —d n/(folﬁzﬁ/z)n'i_é-;z(folBzBé)fy;p 9 a.s ( )

4.3 Theorem Under the same conditions as Theorem 4.2, ﬁl{** has the following limit as

n—oo:

T (e
i (pl{ — 1) —p —1 a.s.(P).



19

4.4 Final Remarks Although we have not done so, Figures similar to Figure 5 could
be produced to reveal the shape and location of the distributions of the various statistics
whose limit behavior has been reported in the theorems of Sections 3 and 4. Of particular
importance in showing the extent of the inconsistencies in the limit distributions of the
bootstrap statistics are the correlation coefficients and t-ratios. Such figures might be used
in conjunction with simulations designed to show the effectiveness of bootstrap tools such
as the continuous path block bootstrap (Paparoditis and Politis, 1999; Phillips, 2010) which
have been devised to treat nonstationary data and regression residuals.

5. Conclusions and Implications

This paper shows that mechanical application of both the bootstrap and block bootstrap
will give perverse results when they are used in residual based testing for unit roots to
distinguish spurious and cointegrating regressions or trend stationarity from integrated data.
Bootstrapping the residuals of such regressions turns spurious regressions into cointegrating
regressions and changes the character of the regressions in a fundamental way. While the
block bootstrap retains the I(1) feature of the regression residuals and has serial correlation
coefficients that tend to unity, their rate of convergence is slower than the O(n) rate of the
sample residual serial correlations. Serial correlations of the block bootstrap converge at the
rate O(m), where m is the block size and the limit is no longer of the unit root type. Thus,
the bootstrap and the block bootstrap both fail seriously in reproducing the properties of
spurious regressions and are unsuitable for residual based testing in this context.

All these findings serve to reinforce warnings given in earlier research about the difficulties
encountered by the bootstrap with dependent data (Horowitz, 1999, among others) and with
correlation coefficients (Hall, 1992, p.152). It seems that bootstrapping nonstationary data
exacerbates known problems of bootstrap inconsistency in unit root inference (e.g. Basawa
et. al. 1991), producing differences not only in the limit distributions between the bootstrap
and the original statistic but first order differences in the limits of the statistics in some cases.
The block bootstrap shows some robustness to nonstationarity in this regard, but as Hinkley
(1997) remarks, it too is unable to withstand the integrated model.

The results have direct implications for the use of the bootstrap in residual based cointe-
gration testing, where the null hypothesis is that the residuals in the regression are integrated.
Routine applications of the bootstrap in such situations should obviously be avoided. Various
other methods have been explored since the original version of this paper was written. But in
each case these depend on empirically uncertain conditions that underpin the precise proper-
ties of the data and the model being estimated. One alternative under the null hypothesis of
pure I(1) time series is to difference the residuals and apply sieve bootstrap methods (Kreiss,
1992, Buhlmann, 1997, 1998) on the differenced residuals and then bootstrap invariance prin-
ciples (Bickel and Buhlmann, 1999, and Park, 2002) to bootstrap the distribution of residual
based cointegration tests. Amnother is to estimate the memory properties of the data or to
pretest for the presence of a unit root in the residuals prior to the use of the bootstrap by
consistent methods of model selection (e.g. Phillips and Ploberger, 1996). Yet another is to
use the continuous path block bootstrap (Paparoditis and Politis, 1999) which is known to be
consistent for I(1) data (Phillips, 2010). Other approaches like hybrid resampling (Chuang
and Lai, 2000) and subsampling (Politis, Romano and Wolf, 1999) have been found to offer
improvements in some cases where the bootstrap performs poorly. Notwithstanding these
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improvements and alternative approaches, the primary lesson of the present work is that
temporal dependence inducing persistence in the data presents many potential pitfalls for
the use of standard bootstrap methods. So these methods need to be used with care when
the persistence properties in the data and in regression residuals are unknown or of uncertain
strength.
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6. Appendix

6.1 Proof of Lemma 2.1  This is a straightforward extension of lemma 3.1 of Phillips(1999).
Under L, the BN decomposition (Phillips and Solo, 1992) C' (L) = C (1) + C' (L) (L —1) is
valid, where C' (L) = Y72, & L7 with ¢; = 722 ¢ and 222 [|¢|| < co. Then,

Ut = C(l)z’ft —i-gt_l _gt = C(l) E%nt +gt_1 —gt,

and )
S;=C(1)X28, + €0 — &4,

where 7, is iid(0, 1), , = C (L) &, is stationary, and Syt = 23:1 n;. A strong approximation
to the partial sum process Sy of n; may be constructed componentwise as in lemma 3.1 of
Phillips (1999) leading to

1

sup ‘S’mk - Wl(kz)’ =045(na), i=1,..m (34)
0<k<n

giving a uniform approximation to Sy over 0 < k < n in terms of the vector standard
Brownian motion W = (W;). Then, setting B (r) = C (1) N2 W (r), we have

2 L

Sn»k k
3 _|1/Z .
) 0<k<n V1N

NZD n

sup
0<k<n

max sup
v 0<k<n

oo

= < HC(l)E%

as in lemma 3.1 of Phillips (1999).

T

6.2 Proof of Lemma 2.2 For r € [0,1], we can write zf, , = 2, where J, is uniform
over {1,2,...,n} for each r and then as in (6) we have the embedding

:L,*
[nr]  ZTg. & 1 _ 1
Vn _ﬁ‘B<n)+0‘“ <n%;>_B(R””‘)+O“‘S< ) (%)

1_1
n2 »r
where R,, , = % is uniformly distributed over {%, %, .., 1} for each r. Moreover, for r # s and
n large enough so that n|r — s| > 1, J, and J; are independent draws. Hence, R,, , and Ry, s
are statistically independent for large n for all r # s.
Substituting the KL representation (5) for B in (35) we get

J:Fm,]: 2°° sin [(k — 3) TRy, < 1 ) 36
a T e e ) o

Now Ry, —g+ Ry, a.s (P), where R, has a continuous uniform distribution over [0, 1] for
each 7. It follows by the continuous mapping theorem that

(b D) eh] s (k- D) on ] asir )
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Hence,

x\[/”g —a B(R,) a.s.(P). (38)

Since R, , and R, s are asymptotically independent for all r # s, it follows that R, and R,
are independent for r # s. Thus, {R, : r € [0,1]} is family of independent uniform variates
on [0,1].

In a similar way we write the centred bootstrap as zf = x; — 7, and then in the same

notation as (35)
it J, 1< t 1
[TLT] L, r
i - —B(Z) ==Y B( =) +ous
Jn Vn <n> n <n> oa. <n§—;

and the stated result follows from (38) and (39).

6.3 Proof of Lemma 2.3

Part (a) Using (9) we have
1< xy j
n Z Z 1 gk + 0q.s (
" t:l 5) T

and, in view of (8),

— Zsm [<k — ) anj] = :LG:sin [(k: - ;) wRJ] +0p- (1) (41)

- /01 sin Kk; - ;) nr] dr. (42)

" k
13 Zl’? 3 fo sin IEJ

= /OlB(r)dv",

the last line following by virtue of the uniform integrability of the KL series in this case.

It follows from (40) - (42) that

Part (b) In a similar fashion, we find

th — g / B(r)dr=0, a.s.(P).
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Part (c) Higher order sample moments are dealt with in the same way. Thus, for part (c)
we have

LS 1 & AT Rl
n k,m=1 ( )( 5)7(

and

1< 1 1
- 2 sin [(kz — 2) Wan:| sin [<m — 2> Wan:|

J

- B {sm [(k - ;) WRJ] sin [(m - ;) WRJ] } a.s.(P)
DR IR EER

Again, uniform convergence of the KL series implies that we can integrate term by term,
leading to the result

1

n . 1 1
Y a2 5o Josin[(k = 3) wr]sin [(m — ) mdr ) /0 B(r)B(r)dr a.s.(P).
t=1

k,m=1 ( _5)(m_§)ﬂ—2

Alternatively, by direct calculation we have

O O Y T -

k#m
k=m

Il
—N— N =
= O

and then

o0

1 = * k! 1 /
ngtzlxtwt —d* Zw§k§m7

which is a series representation of fol B (r) B (r) dr. Part (d) follows by a similar calculation.

Part (e) Using (4) and (6) we can write

= () ()




a i | (k=) e [ (e=5) =
el )2
et (1) o =B | (k=) e} (e 5)
- oful(- )l C
+%Z? in_<k—;>7er ~E n{{<k—;>ij}}} sin[(ﬂ—é)wi}—k (1)
= E{sin[(k—i)wR]}%Z"sn[(ﬁ—é)wj}—i—iZi%sn[(ﬁ—é)wi] (45)
_ /<jm<k;>m> [/0 n<€2>7rlsds+ (1)]—1—01,*(1) (46)

From 43) and (47) we deduce that
STCATEANEES, .6l "
nZI Vi) \vn k%—zl[(k_é)”(f_é)ﬁf—i_op()

- St B

k=1 [(k_%)7]2 k

- { /0 lB(r)dr} { /0 IB(TW}/,

giving result (e). Part (f) follows in a similar way.

Part (g)

Ly zit  1g ‘ 1 J
E Zl ﬁﬁ = n]zl |:B(an) + 0a.s. (7’L1/2_1/17>:| E + Oa‘s.(l)
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_ Ll N
= nZIB(Rn])n—FOa'S'(l)'

Set a, = E [sin [(k — §) mR]] = 1/(k— 3)m, where R is uniformly distributed on [0, 1]. Then,
we have

I I N (SRS
G e
:\fz RS ed L Jan (k5 ) _aku}mpwl)
_ fz )

_ ,/‘13 P)dr + oy (1), (48)

1
/ rdr + op (1)
0

giving the stated result.
6.4 Proof of Theorem 2.4

Part (a) First consider p* = n™2Y ¢ zfz; /n 2> 1, z;?,. From Lemma 2.3 (c), the
denominator of p* has the following limit

1 n ok !
MzﬂﬁﬁﬁABm%jwﬂw (49)
Using (6), the numerator can be written as
1 no_x % 1 n Ty Ty
EZI TeXy1 = *21 <\/%> <\t/ﬁl)
= *Z )+ 0as (D [B(Bnj-1) + 0as.(1)]. (50)

Here, R,; and R, ;1 are independent draws from 1/n,...,1 and, in view of (7),
R, —a Rj, Rpj—1 —a Rj—1 a.s.(P),
where R; and R;j_; are independent draws from U [0, 1]. Thus, (50) is asymptotically equiv-

alent to
1 n
~ > B(R)B(S)), (51)
j=1

where R, S; are independent U [0,1]. Using the KL representation of B we therefore find

BB = 2wt 30 e B S i (k= ) A sin (- 1) 78]
j=1
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L2 Z 1)57’:5(2_ P s [ D) nRi ]} B fsin (0~ 3) nsi])

kél 2

= 20?2 Z )ilf(éﬁ — %) - /01 sin [(k — %) 7r7"] dr /01 sin [(6 — %) 7rs] ds

kél

- |/ 1<B<r>>dr]

It follows from (49)-(52) that

2

= 1

fo B(r)2dr
as stated.

Next consider pj, =n"2 > 1, xfa}_, /n~2> 1, }?,. The denominator has the same limit
as (49). The numerator, following (50), can be written as

222 vz, = izz(\%) (x&;)

_ % [B(Rnj) + 0as.(1)] [B(Rnjp) + 0as.(1)]
j=h

- %ZB(an)B(Rm 1) + 0as.(1)
j=h

Again, R,; and R,;_j, are independent draws from 1/n,...,1 and R,; —g+ R;, Rpj—p —a=
R;_, a.s.(P), where R; and R;_j, are independent U [0,1]. Thus, (50) is asymptotically
equivalent to (51), where R;, S; are independent U [0, 1] and independent over j. Thus, the
limit (52) applies and we deduce the stated result.

Part (b) First consider p* = n™2> 1| Z5zr_,/n 2> 1, 7;%,. From Lemma 2.3 (c), the
denominator of p* has the following limit

1 1
s ST e / B(r)%dr a.s.(P). (53)
0

Proceeding as in (50) and using (39), the numerator can be written as

=1 () (7)
— ;; [B(an)—/OIB(r)dT%—oa.S,(l)} [B(an1)—/01B(r)dr+oa.s.(1)], (54)

which is asymptotically equivalent to

45 [ o] sy [ o] - 152y

(52)
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where R;, S; are independent U [0, 1] . Calculations analogous to those leading to (52) show
that

1< !

—» B(R; N B(r)d 5. (P

2B | By asp).
which, in combination with (52), reveal that

" BUR)B(S) = 0 as.(P) (55)

We deduce that p* —,+ 0 a.s.(P) and the result for pj, follows in the same way.

Finally, if the serial correlation coefficient is redefined in terms of deviations from means
as pp =n"2Y 0, erer , /nT2 > " e;?, then the numerator n=2Y ) efe;_; evidently has the
same form as (54) above. Then (55) applies and we deduce that pj, —p« 0 a.s.(P).

6.5 Proof of Theorem 2.5 Take the serial correlation p** = n=2 Y20 | ab*al* | /n=2 5" 22,

In a manner analogous to the proof of Lemma 2.3 (c), the denominator of p* can be shown
to have the following limit

1 1
3 Sab? / B(r)%dr a.s.(P). (56)
0

Using (12), the numerator can be written as

Lo f: [B (RM]‘ + i) + oa.s_(l)} [B (RMj_l + %) + Oa.s.(l)} . (67

In (57), Ryj and Ryzj—1 are independent draws from 0, ﬁ, s % and, in view of (13),

RMj —d* Rj RMj—l —d* Rj_l a.s. (P),

where R; and R;_; are independent draws from U [0, 1]. Thus, (57) is asymptotically equiv-
alent to

s Bl + )+ 0 ()] [Bus + 2 0] on ()

M
M
= 3 [ Be a0, )
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— 0, (58) is

Sl

By virtue of the continuity of Brownian motion and the fact that % =
asymptotically equivalent to

LM
17 2 B (Bar)”
j:l

From (13), we have

1 1
sin [(kz - 2> 7TRMJ':| — g+ Sin [(kz - 2) ﬂ'Rj] a.s.(P),
as in (8), and

O [ o o

Then, as in the proof of Lemma 2.3 (c) we find that

M o0 1
1 2 2 §ée / . 1 . 1
— B (R — g 2w sin [(k— 5) 7r|sin (£ — 5) 7wr|dr
sz; ( Mj) d kgl(k_%)ﬂ(g_%)ﬂ 0 [( 2) ] [( 2) ]
1

= ; B(r)?dr. (59)

Combining (56)-(59) we deduce that
1 B 2
ot e D BEAT Ly,
fo B(r)%dr

as stated. Proofs for p ph and p p ¢ follow in a similar fashion.

6.6 Proof of Theorem 2.6 Write

]\72( —ZAm Ty 1/ 2233 (60)

The limit of the denominator is given in (56). For the numerator, the identity

n n n n
AZQEt ZA:Etxt —I—me{_le;‘ = 2fo_1Aa:Z +Z(Ax:)2
t=1 t=1 t=1 t=1

leads to

_ i T, 2_ln )2
B {ﬁ> nH(A”}
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1 2\ 1 L& s 1 )
- oM {([) mM ZZ L(js—V)m+k — L(js—1)m+k— 1) o (x(js—1)m+1*f(j5,1_1)m+m) }
s=1 k=2 s=1
1| (2Gy-1) 1 e L (TG mit — T, ) 2
JmM—1)m+m Jjs—1)m+ Js—1—1)m+m
= — — Ui, —1ym 61
i ()~ L a3 Vi G

where {js : s = 1,..., M} are independent uniform draws from 1, ..., M, and jo = 0. From (14)
and a block bootstrap version of Lemma 2.2, we find that

”“’Uj%“”m ¢ B(R) as.(P), (62)

where R is uniform over [0, 1]. Next, for all s
1 m
m Zu%js—l)m+k —pe 0 a5 (P) (63)
k=2
where 02 = E (u}) . Finally

M 2
i T(js—1)ym+1 — Lje_1m
M f N4

1 2
|:B(RMjs + a) - B(RMjs—l + %) + Oa.s.(l)

Il
SIS
NE

Il
R

S§= S

[B(Ruj,) — B(Ragj,_,)]” + 0as.(1)

Il
SIS
M:

s=1

. / / (8)2drds a.s.(P) (64)

where R and S are independent uniform variates on [0, 1]. Combining (61) - (64), we obtain
the following limit for the numerator of (60)

1 n
mZxﬁlAm;‘ — d*—// (s)]?drds a.s.(P)
t=1

= — {/OlB(r)2d7"— </01B(7")d7">2}

and the stated result follows. If centred bootstrap resampling is used, then small modifications
to the above argument reveal that

nMth AT — g —// (s))?drds a.s.(P)

. /0 B(r)2dr,

and then 7 (py — 1) =, —1.

6.7 Proof of Theorem 3.1
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Part (a) Since b, = by + S0 tuf/ S0, 12,
5
~ T\ L n_2 2?11 uz‘t
R h) =SSR

The bootstrap sample (uy)} is drawn randomly from the residuals (u; = x¢ —gnt)?. From (4)
and (19) we can write

U T ~ 1 t t
7% = 7% ~ Vb, =B <n) — (€ +0as (1) +0as (1),
which leads to the following representation for the bootstrap process uf
ar
\/% = B(an) — &R + 0as.(1), (65)

as in (6), where R,,; is uniformly distributed over {1, 2, ../ 1} for each j and satisfies (7). In

(65)
-1

Blltay) ~ Ry = B8y~ ([ erm) (/ ) Ruj = By (Rag),  (66)

where B, (s) = B(s) — (fol rB(r)dr)( 01 72)~1s is detrended Brownian motion. Then

R n i it 2 [B(Rag) — ERng + 00 (1)] (£
vn <b;kl - bn) - ”_3%;;:11 tg - j 3y it ( )
AN [B(Ruy) — ERuj + 00 (1)] ()
n Yy i '
As in (48)

and

It follows that
fol B, (s)ds fol sds 3 fol B(r)dr — 3¢

\/ﬁgfl—/l;n — g = a.s.(P),
(85— bu) —a T otar ; (P)
and so
1 1
~ . B, (s)ds [, sds
N :,5+f0 flﬂd{O (P) (67)
0
3 [ 1
= — [ B(r)dr+-
| B+ g

as required.
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Part (b) The standardized residual from the bootstrap regression (23) is

v N
-
- & NG (bn bn) - (68)
From (65), :;E = B(Ryj) —&Rnj+0as.(1), and from part (a) and (67) /n (B;"L —Bn) —gr £ —

¢, a.s.(P). It follows from (65)-(68) that the limit distribution of n=1s**2 = n=23"1 | uj*?
is the same as that of

Z{ s (Bog) + (€~ €) } ZB Pr2(e—€) ZB e -orly

j=1
(69)
As in Lemma 2.3 (c) and (g) we have

= 3 ) = 1 s)2ds a.s
nZBr(RnJ) y /OBT()d 5.(P), (70)

j 1 1 oo 1
—ZB ﬁ — g 2/0 B, (r)dr = ; B,,(s)al:s/0 sds a.s.(P). (71)

It follows that

1w — g /1 B,(s)%ds + (£ — ¢* /B ds/ sds + (& — 5)/Olsds a.s.(P)

n
= [Be )i =ct sy (72)
giving the stated result.

Part (c) The bootstrap regression t-ratio is

. b b b
t b* — n — n — n
( n) ;. [s**2/ E'{L t2]1/2 \/ﬁ[%s*ﬁ/n—% 2711 t2]1/2
and then X
1 2 2
L &) e
—t(bF) =g+ = a.s.(P).
\/’TL ( n) d o \/30_5 ( )

Part (d) Write p™* = n™2Y 0 uf*uf* /n 2> 1 ui*2. As in (68)-(69) above, n_%u;"*
behaves asymptotically like B, (Ry;) + (£ —£*) 2 LTt follows that n=2 Y7 | uf*uj* | is asymp-
totically equivalent to

Z{ s (Bug) + (6~ €L }{ B, (Ruj1) + (€ - f)]_l}
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> 2B, (Ruj1) + (€ =€) > 5By (Ray)

P), (73)

) 0.5.(
o ([ o)

and then ,

1 1
*ZZu**u;‘*l —s g (/0 B,(s)ds + (£ — 5*)/0 sds> a.s.(P).
As in (72)
DY i / (Bo(s) + (6~ €)s)2ds = 02 as.(P). (75)
t=1
It follows that < )
Jo [Br(s) + (€ =€) s)d
fo {B +(€—¢€) 5} ds

as given in the theorem. The result for p;* follows in precisely the same manner (c.f. the
proof of part (a) of Theorem 2.4).

/p\** —y é-breg

Part () Write DW** = n=2 Y 0(A4*)?/n=2 0 02 where Awf* = Azt* — b = b, —
b¥ 4+ Adf from (22) and (23). Hence
12 w2 L up Uy 2
P = x| Mg
1 n
= n [(B(Rnj) — §Rnj) — (B(Rpj—1) — §(Rnj-1))]” + 0p=(1),
j=1
whose asymptotic behavior is the same as
1 n
*Z {B(R Rj)} —{B(S;) = €Sj})* = - 2 B (R)) — B:(8;))
j=1
1 n n 2 n
= n ZBT(RJ)2 + n ZBT(SJ)2 n ZBT(R])BT(SJ),



where R;, S; are independent iidU [0,1]. As in (70) and (73) above

so that
— S (Auf*)? — g 2/ B,(s)%ds — 2 (/ Br(s)ds> a.s.(P),
ne =2 0 0

which can be written in the form

1
2/013,45)2615 1—“ —2/ B, ( ds 5’;],

where

o Bi(5)is)

’ fol B, (s)%ds
From (75), the limit of the denominator of DW™** is

_QZU**Q _’d*/ {B,(s) + (£ - 5)5} dS—O'f a.s.(P),

and so

2 fol B.(s)?ds

DW™ . [1 . gg} a.5.(P).

2
%
Part (f) Write R*2=1—n"2Y 7 4;7*%/n 2> ] 2;7*2. We have x}* = =bnt + uf and so

li zi\? li \/m;z_'_uf ?
n =1 \V/n n = "n o yn)’

whose asymptotic behavior is the same as

1o 2
L5 (e ) —en,)
IPS SAVE/A S 22l S8 o

1o VP N S B
+26= 3 B(R))L —262= 3 R~ — 26— Y B(R;)R
n]; (B;) nj; i n; (Bj)R;

1 1 1
— d*EQ/ 7"2d7”+/ B(T)zdr—l-EQ/ r?dr a.s.(P)
0 0 0
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+2¢ / / rdr — 2¢2 / -2 / / rdr a.s.(P)
/0 B (r)?dr

It follows that

2 1 2
2 _, _ ¢ 1 fo {B(s) —&"s} ds s
e d fol B (r)*dr -1 fol B (r)*dr =(B).

6.8 Proof of Theorem 3.3 The proofs here and in later arguments are similar to what
has come before and so derivations henceforth are simply sketched.

Part (a) Since bf, = b, + Y0, tii;/ S0, 12,
5 _
Tk N . no2 Z?:l u;fkt
V) =R

The bootstrap sample (%})7} is drawn randomly from the centred residuals (i —n=1 > 1 | U =
x — T — by(t —¢))}. From (4) and (19) we can write

\r‘nlgi: ( )_/OlB(r)dr—(g+oa,s,(1)) <Z—/Olrdr> + 04 (1),

=1

which leads to the following representation for the bootstrap process u}
uf

vn

where r =r — fol rdr. Then, just as in part (a) of Theorem 3.1 we find that

= B(Rnj) = ERyj + 0as.(1) = B, (Rnj) + 0as.(1), (76)

~ = fol B,.(s)ds fol sds
N (bn _ bn) g o =0 as.(P), (77)

and so

Vbt =g € a.s.(P).

Parts (b) & (c) The standardized residual from the bootstrap regression (23) is

uy* _ fb*t bt—i—ut
Vi f Vi
R e N
o VY

It follows from (76) and (77) that the limit distribution of n™1s**? = n=23"" | u;*? is the
same as that of

\fb*

1 & 1
5 E’/‘(an)z —ar / BT(S)2dS CL.S‘(P),
=1 0
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using the same arguments as those in Lemma 2.3 (c). The bootstrap regression t-ratio is

. by b¥ nb
)= = =vn vo

t(by) =" = =
( n Sie [3**2/ 2711 t2]1/2 n[%s**z/n% Zfll 752]1/2
and then X
1 2
1 7% g( 0 7"2>
%t(bn) — g ) I a.s.(P).
(.f(] Er(3)2d8>

Part (d) Write p** =n =23 1 uf*ul* /n=2 Y0 ui*%. As in (68)-(69) above, n_%u’t“* be-
haves asymptotically like B, (Ry,;) = By(Ry;) — fol By(s)ds. It follows that n=2 Y"1 | uf*u;*,
is asymptotically equivalent to

1 n
- > B, (Ruj) B, (Ruj-1)
j=1

1 1 1 <&
B PP PTAVES S
j=1 0 J=1
1 1 n 1 2
—/0 Br(s)dsﬁ ;BT (Rnj) + (/0 Br(S)dS>
As in (73) we find
1 n 1 2
- ;Br (Rnj) Br (Rpj—1) — a* (/0 B,(s)ds) a.s.(P),

1< !
—> By (Rpj1) — a /Br(s)ds,
njzl 0

and then
n
n=2 Zu?*uﬁl —p 0 a.s.(P),
t=1

from which the result for p™* follows. The result for p;* follows in the same way.

Part () Write DW** = n 2 Y 0(A4*)?/n=2 0 02 where Awf* = Azt* — b = b, —
by + Auy from (22) and (23). Hence

EONCTRLEEDS



whose asymptotic behavior is the same as
R 5 s 1 5 2
S UB Ry~ Bo(S)P = - S BR)E S B8P - = ST BL(R)) B, (S)),
j=1 j=1 g=1
where Rj, S; are independent iidU [0,1]. As in (70) and (73) above

1

1 & 1
_ B )2 _ B 2 o / B 2 (P
n ;r(RJ) " Z—T(S]) d ; —r(s) ds a.s ( )’

n 1 2
%ZBT(R]-)BT(S]-) — g </ Br(s)ds) =0 a.s.(P),
=1 0
so that .
LS () 2/ B.(s)2ds a.s.(P).
ne =2 0

From this result and part (b) we deduce that DW** —« 2 a.s.(P), as stated.
Part (f) Write R*2=1—-n"23 7 a7*%/n 2> ] 2;7*2. We have x}* = but + u; and so

ACORE(CEREOR

whose asymptotic behavior is the same as

S(rmm) = 25 (1) + 1S mmprea

1
n

1
= / B, (s)*ds+&2 | r2dr.
It follows from this result and part (b) that

) B,(s)%ds 52 [ r2dr

R2 —)d* 1— 1 2 2
fo () ds+ & f r2dr fo ds—|—£ f r2dr

6.8 Proof of Theorem 3.5

Part (a) Start with the formula

Tbx 7T n 227& 11~J,b*t
R

and, as in (27)-27, for t = (s — 1)m + k we can write

~bx ~ —1 n -~

Uy UGy —1ymtk — T D g Us k

_— = = B R y - a.s 1 .
Vn Vn T(MJS+” +0as (1)

36

(78)
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Then, as in part (a) of Theorems 3.1 and 3.3 we find that

1
(B 5) o B2 I a0 ) "

and so /nb: —g € a.s.(P).
Parts (b) & (c) The standardized residual from the regression (26) is

bx b x ~bx
Uy Ty b*t bt + up* Sy b Uy b )

- AR e/ Sy A SN/l 7 B
s m v v v R CI AL P

It follows from (79) that n 2u§** is asymptotically equivalent to n~ 2ut Then, from (78)
and the continuity of B,.(s), the limit distribution of n=1s®**2 = n=23"" | u?**2 is the same
as that of

1
MZ (Rurj,)? —u /OBT(S)QdS a.s.(P), (81)

- compare the argument leading to (84) below. Part (c) follows directly.

Part (d) Take the serial correlation p7** = n=2 31" | ubul™ /n=2 327" | ub**2. The denom-
inator of p”** is covered in part (b). In view of (80) and (79), the numerator is asymptotlcally
equivalent to

- f: i [BT(RMJ'S + %) + Oa.SA(l):| [BT(RMJ-S + %) + oa,s,(l)}

L ]Zw: [Br <RMJ-5 n i) n oa.s_(l)} [ﬁr (RMjs_l + %) + oa.s.(l)} . (82)

In (82), Rarj, and Raj,—1 are independent draws from 0, 77, ..., % and, in view of (13),

Ryrj, —a- Ry,  Ruyj,—1 —a Rj-1 a.s.(P),

where R; and R;_; are independent draws from U [0, 1]. Thus, (82) is asymptotically equiv-
alent to

(D B, (R, + ) 4o (O] BB + 5 00| o ()

M

M R+ ) M R+ 5

S / B, () dr+ 00 (1) =3 / B, (2 dr + 0,5 (1). (83)
s=1 7 Rarjs+s s=17 Bajsty;



38

By virtue of the continuity of B,.(s) and the fact that 2 = 4 — 0, (83) is asymptotically
equivalent to M1 Zé\il B, (RMjS)2 . Then, just as in the proof of Theorem 2.3, we find that

M 1
1
27 2 B (Bary )P = [ By (84)
s=1
Combining these results for the numerator and denominator, we deduce that

2
(r)2dr
/p\g** g fO =1 a.s. (P)a

f() ET(T)2d7“

as stated. The proof for p5** follows in a similar fashion.

Part (e) Write DWW = n= 23 0(Aul™*)2/n=2 3 T ul**? where Aul™ = Axb* — bb* =
b, — b + ATY*. Using part (a) we have

n® (=2
2
g [a
= - - —+ 0y 1
ntg [\/ﬁ NG p(1)
LN~y k—1
= EZZ[BT(RMJS + ) E’/‘(RM]S + 7) + 04 4 (1)]2
s=1k=2
1 U ,
+mM; [Br <RMjs + ) - B, (RMyrl + ) + 04 (1)} + 0p+(1) (85)
Now
ﬁ ;;[BT(RMJS + ﬁ) B (RMJS + T)] = Op*(nl—é)’ 5 > 07 (86)

by virtue of the Holder continuity of B, and, as in (64) above,

j/zﬁB (Rass+ 1) = B (Ragsa + 2 ] o [ [ B0 - B s as(p)

(87)
Thus,

1 n %k
ﬁt;(AUt )2 —p« 0 a.s.(P).

It follows directly that DW®* —,. 0 a.s.(P), as stated.

Part (f) Write R**2 =1 —n=2 3T ul*2/n=2 37 222, We have x0** = byt +@* and from
(29), n~ 22 = & + B, (Rary) + 0a.s (1) . Then,
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whose asymptotic behavior is the same as

ZZ( M+ET(RM]-S + z))2

s=1 k=1

— g £2 /01 ridr + /01 B, (s)*ds + 2¢ </OlBT (r) dr) </01 rdr) a.s.(P)
= /13 (5) ds + & /1 r2dr.
o 0

It follows from this result and part (b) that

Jo B, (s)%ds 52 Jo rdr

R2 —d* 1— 1 5 2
Jy B () ds+ ¢ f r2dr fo ds+§ f r2dr

a.s.(P).

6.9 Proof of Theorem 3.7 Write

n

1
bk b** b**2
Auj 1/

nM

n .
- 1) =
t=1 t=1

The limit of the denominator is given in (81). Next, in view of (79) and (80), for ¢ =
(s —1)m + k, we can write

U™ = 0”3 4 0pe (1) = 0730, 1k + 0pr (1),
and, as in (85),
ANb* k k—1
\/ﬁ = BT(RMjs + ;) (RMja + T) + Oas. (1)

where {js : s = 1,..., M} are independent uniform draws from 1,..., M, and jo = 0. The
identity

n n n
2
Azuf*ﬁ — ZAUS**U?* + § : b** A bk 2Zub**A bk + Z (Aub**)
t=1 t=1 t=1 t=1

then leads to the representation

n 2 n 2
1 b b 1 ub** Au?**
- *k A wk n _ )
nM ; T oM { ( \/ﬁ> ; < Jn

From (85)-(86) we have

1
Aub** _ =
i SO = 5
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L1 i [ (RMJS ;) —- B, (RMjsfl + %) + Oa.s.(l)r + op(1),

s:l
and

1 M m k B 1 -
17 2 2B (Buj + ) = Bo(Bagj, + =) = 0p (), 0>0.
s=1 k=2

As in (87),

1\142[31“ (RMJ-S+:L>—BT (Rujoa+ 2 ] e / / B,(r) ~ B,(s)*drds a.s.(P),

from which we deduce that

*Z r Ay —// B,(r) — B,(s)]2drds a.s.(P)

It follows that

1 2
T b _ o Br(r)fdr
M(pl 1) — g fl B (rdr =-1 a.s.(P)

giving the stated result.
6.10 Proof of Theorem 4.1

Part (a) The estimation error is

b — by, = ( 223&:@) (;Z$t6:>
t=1

The bootstrap sample (uf)7 is drawn randomly from the centred residuals (i —n~1 > 7 4 =
Yyt — Y — bp(xy — 7))} and from (4) and (31) we can write (after appropriate redefinition of
the probability space)

A B[ moe- e () )
— B, (Z) T oua (1),

which leads to the following representation for the bootstrap process u;

ﬂ*
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1 . .
where B, = B, — fo B, and R,;, is uniform over %,%

we find

., 1. Then, as in earlier derivations

(o)l (o) ]
S /Olsm Kk - ;) m] ds/olsin Km - ;) m«] dr a.s.(P),

which in conjunction with the KL representation of B, leads to the following
L 1 -1 1 1
by, — by — g </ BIB_;> </ Bx> </ B;) n=0 a.s.(P). (90)
0 0 0
Thus, 3; —a §yp  a.5.(P), as stated.

Parts (b) & (c) The standardized residual from the bootstrap regression (33) is y;* =
by + uf*

Uit _ Y e T U @* 3 ) Tt
vnooyno e yn vn'
It follows from (89) and (90) that

U B (Rug) + 00 (1), (91)

and then the limit distribution of n™1s**? =n=23"1  u*? is the same as that of

1 ¢ !
B R B (R~ of ([ BB 0 (),
j=1

using arguments like those in Lemma 2.3 (c). Similarly, we find that the bootstrap regression
t-ratio is

and then
gyxi

1 * :
o (8 ) (1 mom) ]}

Parts (d) & (e) Writep™ =n"2 Y0 uj*ul*,/n~23 0 ui*3. Using (91) n 2 Y0, uj*ul™,
is asymptotically equivalent to

izz:ln’Bz(an)Bz(an_1)'n—>d* ([ Bas) ([ Boras) =0 asi),

and then n™2 Y"1 | uf*u*y —p« 0 a.s.(P), from which the result for p** follows. The result
for p;* follows in the same way. The result for DW** = n=2 > 2(Aa;*)? /n=2 3T 4*2 follows
as in Theorem 3.3 (e).
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~

Part (f) Write R2=1—n"2>74;*?/n"2> 7 y*2. We have y}* = b),z; + U} and so

() - e )

whose asymptotic behavior is the same as

L ’ ! ' / / ! /
" ; <§yxB < >+773z (an)> —gx 7 (/0 BZBZ>77+§W (/0 BxBx> §yo  a-5.(P).

It follows from this result and part (b) that

& (Jo B2BL) &,
o (Jy B.BL) n+ €, (fo BeBL) €

R? a.s.(P).

6.11 Proof of Theorem 4.2

Parts (a), (b) & (c) Start with the formula

gfl* —Zn = (7112 Z:L‘ﬂ%) ( 5 Z:ﬂf“) .

The block bootstrap sample (u? )1 is drawn by randomly selecting blocks from the centred
residuals (U —n 'Y} U=y — 7 — by (zy — T))}. Setting t = (s — 1)m + k and using the
representation (88) above, we can write

’LL?* _ a(js—l)m-i-k - n_l Z?:l ’l//:s — /B Rasi + ﬁ +o (1> (92)
\/ﬁ = \/ﬁ =N, Mjs n a.s
where Ry, is uniform over 0, ﬁ, s % Then, as in earlier derivations, we find

o)t (o)
S O [ P N [ T P

which leads to 3;; —g¢ &y a.5.(P), just as in part (a) of Theorem 4.1. Next,

uzl‘/)** yllf)** Tbx! xt 'LL? Tbx 7 J?t b*

so the limit distribution of n=1s?**2 = n=2 3"  uf**? is the same as that of

—Zn (s —a ol ([ B2 )0 asp) (94)

Parts (b) and (c) follow in a straightforward way.
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Parts (d) and (e) The denominator of 3" = n=2 37| ub™ul*s /n=2 37| ul2 is covered
by (93) and (94). The numerator is asymptotically equivalent to

= & 2.2 |:T],BZ(RM]5 + =) + Oas (1)} { (R, + L) 1+ Oas (1)}
+mlM§:1 {U’BZ <RM]S + i) + Oas (1)} [ (RMJS—I - ) N+ Oas (1)}
e /O BZB’Z> 0 as.(P), (95)

using the same arguments as those in the proof of Theorem 3.5. Combining (94) and (95) we
get
1
(BB

1
n (fo Ezﬁ’z) n

as stated. The proofs for pb** DW¥* and R"*? follow in a related fashion.

=1 as. (P),

6.12 Proof of Theorem 4.3. Write
T b 1 § b** b** § b**2

The limit of the denominator is given in (94). Next, using (92) and (88) and setting ¢ =
(s —1)m + k, we can write

- . k
Ry = 0B+ 0 (1) = 72, aymk + 0pe(1) = 1 B, (RMjs + n) + 0 (1),
and then )
Au* k k—1
= { Brass + 1) - Bl + D o),

where {js : s =1, ..., M } are independent uniform draws from 1, ..., M, and jo = 0. Proceeding
as in the proof of Theorem 3.7, we find that

Z b**A b**_ 1 u?l** 2_i Aug** ’
M “t 2 \\va) ~ &\ ’




44

from which we deduce that

1 = %k %k %k % 1
i uf_lAuf —g =1 </0 BZ(T')BZ(’I“),dT) n a.s.(P).
=1

It follows that

(B (r r)'dr
@Y —1) > — ! Efo B.(rB,r)d 3 =—-1 a.s.(P),

n
M
giving the stated result.

7. Notation

0a.s.(1)  tends to zero almost surely (P) g not asymptotically equivalent to
Ou.5(1)  bounded almost surely (P) (ef)7  direct bootstrap sample

—p convergence in P* probability ()]  centred bootstrap sample

—g* weak convergence (P*) (€)1 centred block bootstrap sample
— g+ a.s. weak convergence (P*), almost surely (P) (e¥*)7 block bootstrap sample

—p+ @.S. convergence in P* probability, almost surely (P) [] integer part

~ g* asymptotically distributed as
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