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Abstract. Using the combinatorics of the underlying simplicial complex K, we give various

upper and lower bounds for the Lusternik-Schnirelmann (LS) category of moment-angle complexes

ZK . We describe families of simplicial complexes and combinatorial operations which allow for

a systematic description of the LS category. In particular, we characterise the LS category of

moment-angle complexes ZK over triangulated d-manifolds K for d ≤ 2, as well as higher dimension

spheres built up via connected sum, join, and vertex doubling operations. We show that the

LS category closely relates to vanishing of Massey products in H∗(ZK) and therefore to the

Golod property of the simplicial complex K. Through this connection we describe first structural

properties of Massey products in moment-angle manifolds. Some of further applications include

calculations of the LS category and the description of conditions for vanishing of Massey products

for moment-angle manifolds over fullerenes, Pogorelov polytopes and k-neighbourly complexes,

which double as important examples of hyperbolic manifolds.

1. Introduction

A covering of a topological space X is said to be categorical if every set in the covering is open

and contractible in X, that is, the inclusion map of each set into X is nullhomotopic. The Lusternik-

Schnirelmann category (or simply category) cat(X) of X is the smallest integer k such that X admits

a categorical covering by k + 1 open sets {U0, . . . , Uk}.
In general it is not easy to compute these invariants. Lusternik and Schnirelmann [47, 46] in-

troduced it initially in connection to variational problems. Poincaré studying dynamical systems

suggested that the existence and form of solutions of differential equations, that is, the complexity

of flows should be related to the topological complexity of the underlying manifold. In this context,

a first step was to estimate the number of invariant points for the particular case of gradient flows,

equivalently, to estimate the minimal number of critical points of functions on the manifold. The

Lusternik-Schnirelmann invariant, nowadays known as the LS category, gives a lower bound on the

number of critical points for any smooth function on the manifold. While this was analytical in na-

ture, there has been a host of useful applications in geometry and algebraic topology. For example,

G. Whitehead [54, page 464] showed that for a topological space X and a group-like space G, a

lower bound of the category of X is given in terms of nilpotency of the group of homotopy classes

of maps from X to G, that is, cat(X) ≥ nilp([X,G]). Here the nilpotency nilp(A) of a group A is

the smallest integer k such that all length k product are trivial.

In this paper, motivated by the study of the Lusternik-Schnirelmann category and related invari-

ants for polyhedral products of the form (X, ∗)K for certain nice spaces X in [21, 29], we are focusing

on the LS category of moment-angle complexes ZK which are a particular example of polyhedral

product (X,A)K for X = D2 and A = S1.

A large portion of the attention that moment-angle complexes have received has been due to their

relevance to algebraic and complex geometry, combinatorics and algebra, in particular homology of

local rings. The relation between cohomology of moment-angle complexes and homology of local
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rings can be seen through the notion of Golod rings. To a simplicial complex K on n vertices, the

Stanley-Reisner algebra R[K] = R[v1, . . . , vn]/IK , where R is a commutative ring with unit, can be

associated and there is a ring isomorphism H∗(ZK ;R) ∼= TorR[v1,...,vn](R[K], R). In particular, the

case of ZK being a co-H-space, that is, cat(ZK) = 1, is closely related to the Stanley-Reisner ring

R[K] being a Golod ring.

Let R be a commutative Noetherian local ring with maximal ideal m and residue field k = R/m.

Let M be a finitely generated module over R. The Poincaré series PRM (t) of M over R is a formal

power series in Z[|t|] defined as

PRM (t) =
∑
i≥0

βRi (M)ti ∈ Z[|t|]

where βRi (M) = dimk ToriR(M,k) denotes the i-th Betti number of M . In the 1950s Serre and

Kaplansky asked whether the Poincaré series PRk (t) is a rational function. This question ties in

closely with an analogous question in algebraic topology attributed to Serre on the rationality of the

Poincaré series of loop spaces of finite simply connected CW complexes (see [51]). Several authors

made an attempt to find an affirmative answer. However in 1982 Anick found a counterexample

answering the question in negative [1]. Research on this topic intensified since the appearance of

Anick’s example. The question of the Stanley-Reisner ring R[K] being Golod translates to cup

products and all higher Massey products vanishing in H∗(ZK). In fact, there is a fairly large

literature that is focused on determining those K for which the Stanley-Reisner ring R[K] is Golod

(see [5, 6, 32, 34, 33, 38, 7]).

Away from algebra, moment-angle complexes have found intimate connections and applications

to complex and symplectic geometry. For example, Bosio and Meersseman [9] studied a class of

complete intersections of real quadrics in Cn called links and showed that all links, after taking

products with circles in odd dimensional cases, can be given a complex-analytic structure. Some

of them are non-Kähler complex manifolds which generalise the class of Hopf and Calabi-Ekmann

manifolds. Crucially, Bosio and Meersseman established a connection between complex geometry

and toric topology by showing that links coincide with moment-angle manifolds ZP over a simple

polytope P . Deligne, Griffiths, Morgan and Sullivan [17] proved that compact Kähler manifolds are

formal. Therefore they have trivial Massey products with field coefficients. In this way, moment-

angle manifolds admitting non-trivial Massey products describe some of the few known explicit

families of complex manifolds beyond Kähler manifolds. This is one of the main motivations to

study Massey products and more generally topology of moment-angle manifolds.

The above two questions; Golodness of Stanley-Reisner rings and Massey products in complex

manifolds, provide a motivation to study the LS category and its relations to Massey products of the

large class of moment-angle complexes known as moment-angle manifolds. Moment-angle complexes

ZK take the form of topological manifolds when K is a simplicial sphere or equivalently when

moment-angle complexes are considered over simple polytopes. Their topology and cohomology is

very intricate, with many questions remaining open even for low dimensional K (see for example [13,

18, 27, 16, 48, 9, 44, 45]).

In Section 3 we describe filtrations of simplicial complexes K which imply lower bounds on the

LS-category of ZK . We continue by detecting combinatorial operations on simplicial complexes

which in contrast to filtrations imply upper bounds on cat(ZK). As specific applications of these

methods in Section 4, we characterise triangulations K of d-spheres where d ≤ 2 for which ZK has a

given category, and we build up higher dimensional spheres K for which we can calculate LS(ZK).

In Proposition 4.12 we further extend those results by calculating cat(ZK) for any triangulation

of a closed oriented surface K. Up to now only cat(ZK) = 1 has been considered.

Our further motivation is going back to the homology of rings and the study of a combinatorial

and algebraic characterisation of Golod complexes K and co-H-space (category ≤ 1) moment-angle
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complexes ZK given in [32] in the case of flag complexes K. The authors there showed that both of

these concepts are equivalent, and moreover, that they both coincide with chordality of the 1-skeleton

of K and the triviality of the multiplication on H∗(ZK ;R) ∼= Tor+
R[v1,...,vn](R[K], R) for R = Z or

R any field. An interesting consequence of this from the perspective of commutative algebra was

that for K flag the trivial multiplication on Tor+
R[v1,...,vn](R[K], R) implies that all higher Massey

products are also trivial. This depended on the general fact that the cohomology ring of a space of

category less than equal to 1 has trivial multiplication and Massey products vanish [26, 53]. It is

natural to ask what the corresponding statement is for spaces with larger category, more so, if the

characterisation for Golod flag complexes in [32] can be generalised in terms of Massey products.

An answer to the first question was given by Rudyak in [52], which inspired us to give the following

definition.

Definition 1.1. A simplicial complex K on vertex set [n] is m-annihilating over R if

(1) nill(TorR[v1,...,vn](R[K], R)) ≤ m+ 1;

(2) Massey products 〈v1, . . . , vk〉 vanish in Tor+
R[v1,...,vn](R[K], R) whenever vi = a1 · · · ami and

vj = b1 · · · bmj , andmi+mj > m for some odd i and even j and as, bt ∈ Tor+
R[v1,...,vn](R[K], R).

Proposition 1.2. If cat(ZK) ≤ m, then K is m-annihilating. �

Here the nilpotency nillA of a graded algebra A is the smallest integer k such that all length k

products in the positive degree part A+ vanish. Notice that K is (m+1)-annihilating whenever it is

m-annihilating, and 1-annihilating of K coincides with K being Golod [28], namely, that all products

and (higher) Massey products are trivial in Tor+
R[v1,...,vn](R[K], R). All of this can be restated equiv-

alently in terms of the cohomology of ZK due to an isomorphism of graded commutative algebras

H∗(ZK ;R) ∼= TorR[v1,...,vn](R[K], R) when R is a field or Z [4]. We shall consider (co)homology

with integer coefficients.

We note that the converse of Proposition 1.2 might not be true in general. For example, Iriye

and Yano in [41] constructed an example of a Golod complex K such that ZK is not a co-H-space.

Inequality (1) can also be strict (using a construction of Katthän [43] in Example 5.8). However,

we show the converse does hold (along with extension to larger LS-categories) for 1-spheres and

2-spheres, 2-dimensional closed oriented surfaces, as well as a natural class of higher dimensional

spheres, and that they can be characterised combinatorially.

Proposition 1.3. Let K be a triangulation of a closed oriented connected surface. Then

1 ≤ cup(ZK) = cat(ZK) ≤ 3.

Moreover, letting m := cat(ZK), we have:

(i) m = 1 iff K has no chordless cycles (equivalently K = ∂∆3)

(ii) m = 2 iff K has a chordless cycle, but none with more than 3 vertices

(iii) m = 3 iff K has a chordless cycle with at least 4 vertices. �

Theorem 1.4. If K is any triangulated d-sphere for d ≤ 2, or built up as a connected sum of joins

of one or more of such spheres (as long as spheres in the joins are not simplex boundaries, and

connected sums are over disjoint faces), then the following are equivalent:

(a) cat(ZK) ≤ k;

(b) K is k-annihilating;

(c) length k + 1 cup products of positive degree elements in H∗(ZK) vanish;

(d) there does not exist a spherical filtration of full subcomplexes of K of length more than k.

Moreover, k ≤ d+ 1. �

Dually, these operations on spheres can be stated in terms of simple polyotpes, that is, the join

of simplicial complexes corresponds to the product of simple polytopes, while the connected sum
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of simplicial complexes corresponds to taking the vertex cut of corresponding polytopes and then

gluing them along the new hyperplane which is subsequently removed.

As applications of the Theorem 1.4, we obtain the LS category of moment-angle manifolds over

important classes of simple 3-polytopes which contain fullerenes, Löbel, Pogorelov polytopes. The

moment-angle manifolds over these 3-polytopes have been of interest in various research areas, in

particular there is a direct relation to hyperbolic geometry [14].

The question of determining higher Massey products in H∗(ZK) is an important one but no-

toriously difficult and equally interesting for algebraist, topologists and geometers. Currently, a

systematic answer is known in the case of moment-angle complexes associated to one dimensional

simplicial complexes, and only for triple Massey products of three dimensional cohomological classes

(see [18, 31, 30]). Using the Lusternik-Schnirelmann category of moment-angle complexes, we give

the first structural results on higher Massey products in moment-angle complexes by considering

n-Massey products of decomposable classes of arbitrary dimensions. For instance, k is precisely 3

when K is the boundary of the dual of a fullerene P .

Theorem 1.5. For fullerenes P , cat(Z∂P∗) = 3 and ∂P ∗ is 3-annihilating. In particular, all Massey

products of decomposable elements in H+(Z∂P∗) must vanish. �

The last theorem can be generalised to any Pogorelov polytope.

Theorem 1.6. For Pogorelov polytopes P , cat(Z∂P∗) = 3 and ∂P ∗ is 3-annihilating implying that

all Massey products of decomposable elements in H+(Z∂P∗) vanish.

Applying vertex doubling operations, the range of spheres in Theorem 1.4 can be extended.

Theorem 1.7. If K(J) is the simplicial wedge of K for some integer sequence J = (j1, . . . , jn),

then cat(ZK(J)) ≤ cat(ZK). �

Our methods also apply to compute tight bounds on the LS-category for other important classes

of simplicial complexes, for example, those that are graphs, and those that have the neighbourly

property.

Theorem 1.8. If G is a graph, cat(ZG) ≤ 2. Thus, G is at least 2-annihilating, and all Massey

products of decomposable elements in Tor+
Z[v1,...,vn](Z[G],Z)) vanish.

Theorem 1.9. If K is l-neighbourly, then cat(ZK) ≤ 1+dimK
l and K is

(
1+dimK

l

)
-annihilating. �

We close the introduction by noting that many of the results in this paper extend to polyhedral

products of the form (Cone(X), X)K in place of ZK = (D2, S1)K .

2. Preliminary

Recall the following concepts from [42, 15, 22, 25]. The geometric category gcat(X) of a space X

is the smallest integer k such that X admits a categorical covering {U0, . . . , Uk} of X with each Ui
contractible (in itself), and the category cat(f) of a map f : X −→ Y is the smallest k such that X

admits an open covering {V0, . . . , Vk} such that f restricts to a nullhomotopic map on each Vi. It is

easy to see that cat(X) = cat(1 : X −→ X),

(1) cat(f : X −→ Y ) ≤ min{cat(X), cat(Y )}

and cat(h ◦ h′) ≤ cat(h′). For path-connected paracompact spaces,

cat(f × g) ≤ cat(f) + cat(g)

which follows from the also well-known fact that cat(X × Y ) ≤ cat(X) + cat(Y ) together with the

preceding inequalities. Unlike cat(), gcat() is not a homotopy invariant, though one can obtain a

homotopy invariant from gcat() by defining the strong category

Cat(X) = min {gcat(Y ) | Y ' X} .
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In fact, the strong category satisfies Cat(X) − 1 ≤ cat(X) ≤ Cat(X) ≤ gcat(X). We shall let

cup(X) = nillH∗(X) − 1 denote the length of the longest non-zero cup product of positive degree

elements in H∗(X). The main use of this is the classical lower bound

cup(X) ≤ cat(X).

2.1. Some general bounds. We begin by giving upper bounds for the Lusternik-Schnirelmann

category of some general spaces.

Lemma 2.1. Let A be a subcomplex of X and S an open subset of A. Then S is a deformation

retract of an open subset U of X such that U ∩A = S.

Proof. Let Ij be an index set for the j-cells ejα of X − A, Φα : Dj −→ X its characteristic map,

and φα : ∂Dj ↪−→ Dj Φα−→ X its attaching map. Given a subset B ⊆ X, let Vα,B be the image of

φ−1
α (B)× [0, 1

2 ) ⊆ Dj ∼= (∂Dj× [0, 1])/(∂Dj×{1}) under Φα. Notice that Vα,B deformation retracts

onto a subspace of φα(∂Dj) ∩B, and if B ∩ ejα = ∅, B ∪ Vα,B deformation retracts onto B.

Construct Ri+1 ⊆ X such that Ri ⊆ Ri+1, Ri is a deformation retract of Ri+1, and Ri ∩X〈i〉 is

open in the i-skeleton X〈i〉, by letting R0 = S and Ri+1 = Ri ∪
⋃
α∈Ii+1

Vα,S . Then U =
⋃
i≥0Ri is

open in X, deformation retracts onto S, and U ∩A = S.

�

Lemma 2.2. Given a filtration X0 ⊆ · · · ⊆ Xm = X of subcomplexes of a CW -complex X, suppose

Xi+1 −Xi is contractible in X for each i. Then cat(X) ≤ cat(X0 ↪−→ X) +m ≤ cat(X0) +m.

Proof. Let k := cat(X0 ↪−→ X), and {U0, . . . , Uk} be a categorical cover of the inclusion X0 ↪−→ X.

Note that Vi = Xi+1 − Xi is open in Xi+1 since the subcomplex Xi is closed in Xi+1. Then

iterating Lemma 2.1, we have open subsets Ūi and V̄i that deformation retract onto each Ui and Vi,

respectively. Since the Ui’s and Vi’s cover X and are contractible in X, so do the Ūi’s and V̄i’s, thus

they form a categorical cover of X.

�

For any spaces X and Y , and a fixed basepoint ∗ ∈ X, we let X o Y := (X × Y )/(∗ × Y ) denote

the right half-smash of X and Y , and Y nX = (Y ×X)/(Y × ∗) the left half-smash.

Lemma 2.3. If X and Y are CW -complexes and X is path-connected, then cat(X o Y ) = cat(X).

Proof. Let X̃ be given by attaching the interval [0, 1] to X by identifying 0 ∈ [0, 1] with the basepoint

∗ ∈ X, and fix 1 ∈ X̃ to be the basepoint. Given k = cat(X̃) and {U0, . . . , Uk} a categorical cover of

X̃, take the open cover {U0 oY, . . . , Uk oY } of X̃ oY = (X̃ ×Y )/(1×Y ) (here UioY = Ui×Y if

1 /∈ Ui). Notice that the contractions of each Ui in X̃ can be taken so that 1 remains fixed if 1 ∈ Ui.
If Ui contracts to a point bi in X̃, Ui o Y deforms onto {bi}o Y in X̃ o Y , which in turn contracts

to the basepoint in X̃ o Y by homotoping the coordinate bi to 1. Therefore cat(X̃ o Y ) ≤ k, and

we have cat(X o Y ) ≤ k since X ' X̃ and X o Y ' X̃ o Y . Moreover, cat(X o Y ) ≥ k since X is

a retract of X o Y .

�

Let S be m copies of the interval [0, 1] glued together at the endpoints 1 in some order. Given a

collection of maps X
fi−→ Yi for i = 1, . . . ,m, the homotopy pushout P of the maps fi is the m-fold

mapping cylinder

P := (Y1 t · · · t Ym t (X × S)) / ∼

under the identification (x, t) ∼ fi(x) whenever t is in the ith copy of [0, 1] in S and t = 0.
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Lemma 2.4. Fix m ≥ 2. For i = 1, . . . ,m, let Ai and Ci be basepointed CW -complexes, Bi =∏
j 6=iAj, and E be a contractible space. Suppose Ai × E

fi−→ Ci are nullhomotopic maps, and P is

the homotopy pushout of the maps Ai × E ×Bi
fi×1Bi−→ Ci ×Bi for i = 1, . . . ,m. Then

cat(P ) ≤ max{1, cat(C1), . . . , cat(Cm)}.

Proof. We proceed by induction on m. Start with m = 2. By Lemma 7.1 in [34], there is a splitting

P ' (ΣA1 ∧A2) ∨ (C1 oA2) ∨ (C2 oA1). Thus using Lemma 2.3,

cat(P ) = max{cat(ΣA1 ∧A2), cat(C1 oA2), cat(C2 oA1)} = max{1, cat(C1), cat(C2)}.

The statement holds when m = 2.

Take B0 = ∗, B` =
∏
j≤`Aj , B

′
i =

∏
j 6=i,j<mAj , and Bi as basepointed subspaces of B =∏

j Aj . Let P ′ be the homotopy pushout of fi × 1B′i
for i = 1, . . . ,m − 1 (these are all maps

from E × Bm = E × Bm−1). Suppose the lemma holds whenever m < m′ for some m′ > 2. Let

m := m′. Then cat(P ′) ≤ max{1, cat(C1), . . . , cat(Cm−1)}. Notice that P is the homotopy pushout

of fm × 1Bm and the inclusion Am ×E ×Bm
1Am×g−→ Am × P ′, where g is the inclusion Wm−1 ⊂ P ′,

and W` = E × B` × {1}. We can deform W` into W`−1 in P ′ as follows. First deform W` onto

f`(A`×E)×B`−1 by moving it down the mapping cylinder M = ((E×Bm× [0, 1])t (C`×B`))/ ∼
of P ′ and onto the base C` × B`, then deform it onto ∗ × B`−1 in C` × B` using the nullhomotopy

of f`. Finally, move B`−1 back up towards the top of the mapping cylinder M and into W`−1.

Composing these deformations for ` = m − 1, . . . , 1 gives a contraction in P ′ of Wm−1 to a point.

Thus, g is nullhomotopic, as is fm. Since the lemma holds for the base case m = 2, cat(P ) =

max{1, cat(P ′), cat(Cm)} ≤ max{1, cat(C1), . . . , cat(Cm)}.
�

Lemma 2.5. Fix m ≥ 2, and for i = 1, . . . ,m, let Ai, Ci, E be basepointed CW -complexes,

E is path-connected, and let Bi :=
∏
j 6=iAj. Suppose Ai × E

fi−→ Ci are maps such that the

restriction (fi)|Ai×∗ of fi to Ai × ∗ is nullhomotopic, and P is the homotopy pushout of the maps

Ai × E ×Bi
fi×1Bi−→ Ci ×Bi for i = 1, . . . ,m.

(i) Then

cat(P ) ≤ max{1, cat(C1), . . . , cat(Cm)}+ Cat(E).

(ii) Moreover, if each Ci×Bi is a subcomplex of some CW -complex Xi such that Xi−Ci×Bi is

contractible in Xi, and P ′ is the homotopy pushout of the maps Ai ×E ×Bi
fi×1Bi−→ Ci ×Bi ↪−→ Xi

for i = 1, . . . ,m, then also

cat(P ′) ≤ max{1, cat(C1), . . . , cat(Cm)}+ Cat(E).

Proof. (i) Let B := A1 × · · · ×Am, and D =
∐
i=1,...,m(Ci ×Bi), and let St for t < 1 be m copies of

the interval [t, 1] glued together at the endpoints 1, and S ′t be its interior, namely, m copies of (t, 1]

glued at 1.

Let k := Cat(E) and take E′ ' E to be such that k = gcat(E′). Then P is homotopy equivalent

to the homotopy pushout Q of the maps Ai × E′ × Bi
f ′i×1Bi−→ Ci × Bi for i = 1, . . . ,m, where

Ai×E′
f ′i−→ Ci is the composite of fi with the homotopy equivalence Ai×E′

1Ai
×'
−→ Ai×E. Since E

is path-connected and gcat() is unaffected by attaching an interval [0, 1] to a space, we may assume

that the homotopy equivalence E′
'−→ E is basepointed for some ∗ ∈ E′.

Let U0, . . . , Uk be an open cover of E′ with each Ui a contractible subspace. Take Qj to be the

homotopy pushout of Ai × Uj × Bi
gi,j×1Bi−→ Ci × Bi for i = 1, . . . ,m, where gi,j is the restriction

of f ′i to Ai × Uj , and let Vj = Qj − D ∼= Uj × B × S ′0. Since gi,j × 1Bi restricts f ′i × 1Bi , Qj is a

subspace of Q and Vj is open in Q. Moreover, we may contract Vj in Q to a point as follows. Let

B0 := ∗ and B` =
∏
i≤`Ai ⊆ B, and take the subspace W` = ∗ × B` × {1} of E′ ×B × S ′0 ⊂ Q. We
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can deform W` into W`−1 in Q, first by deforming W` onto f ′`(A`×∗)×B`−1 by moving it down the

mapping cylinder M = ((E′ × B × [0, 1]) t (C` × B`))/ ∼ of Q and onto C` × B`, then deforming

it onto ∗ × B`−1 in C` × B` using the nullhomotopy of (f ′`)|A`×∗, and finally, moving B`−1 back up

towards the top of the mapping cylinder M and into E′ × B × {1}. Composing these deformations

of W` into W`−1 in Q for ` = m,m− 1, . . . , 1, and deforming Vj onto Wm using contractibility of Uj
and S ′0 (onto 1), gives our contraction of Vj in Q to a point.

Assume ∗ ∈ U0. Since U0 is contractible and (gi,0)|Ai×∗ = (f ′i)|Ai×∗ is nullhomotopic, gi,0 is also

nullhomotopic. Lemma 2.4 then applies to Q0, namely, we have

cat(Q0) ≤ max{1, cat(C1), . . . , cat(Cm)}.

Let R := S ′0 − S 1
2

∼=
∐
i=1,...,m(0, 1

2 ) and R̄ = S0 − S 1
2

∼=
∐
i=1,...,m[0, 1

2 ), and consider the open

subspace Q′0 = Q0 ∪ (E′ × B ×R) of Q. Notice Q′0 deformation retracts in the weak sense onto Q0

by deformation retracting the subspace of Q0(
(E′ × B × R̄) t D

)
/ ∼

onto D, this being done by contracting each copy of [0, 1
2 ) in the factor R̄ to 0, at the same time

expanding (U0 ×B)×S 1
2

in Q′0 by expanding each copy of [ 1
2 , 1] in the factor S 1

2
outwards to [0, 1].

Then cat(Q′0) = cat(Q0). So take k′ = max{1, cat(C1), . . . , cat(Cm)} and {U ′0, . . . , U ′k′} to be a

categorical cover for Q′0. Notice that U ′i is open in Q since Q′0 is, and Q =
⋃n
j=0Qj = Q′0 ∪

⋃n
j=1 Vj .

As each Vj is open and contractible in Q, then {U ′0, . . . , U ′k′ , V1, . . . , Vk} is a categorical cover of Q.

Therefore cat(P ) = cat(Q) ≤ k′ + k.

(ii) Since Ci ×Bi is a subcomplex of Xi, P is a subspace of P ′ with

P ′ − P =
∐

i=1,...,m

(Xi − Ci ×Bi),

so P ′ −P is open and contractible in P ′. Notice each Vj is an open (and contractible) subset of P ′,

while Sj = U ′j∩(
∐
i=1,...,mXi) is an open subset of D. By Lemma 2.1, there exists an open subset Rj

of
∐
i=1,...,mXi that deformation retracts onto Sj such that Rj ∩D = Sj . Then R′j = Rj t (U ′j −Sj)

is an open subset of P ′ that deformation retracts onto U ′j , thus is contractible in P ′. Since P ′ − P
and Vj are both open in P ′, and (P ′ − P ) ∩ Vj = ∅, then the subspace (P ′ − P ) t Vj is contractible

in P ′. We can therefore take {R′0, . . . , R′k′ , (V1 t (P ′ −P )), V2, . . . , Vk} as a categorical cover for P ′,

so cat(P ′) ≤ k′ + k. �

3. Moment-Angle Complexes

Given a simplicial complex K on vertex set [n] and a sequence of pairs of spaces

S := ((X1, A1), . . . , (Xn, An)),

Ai ⊆ Xi, the polyhedral product SK is the subspace of X×n defined by

SK :=
⋃
σ∈K

Y σ1 × · · · × Y σn ,

where Y σi = Xi if i ∈ σ, or Y σi = Ai if i /∈ σ. If the pairs (Xi, Ai) are all equal to the same

pair (X,A), we usually write SK as (X,A)K . The moment-angle complex ZK is defined as the

polyhedral product (D2, ∂D2)K , and the real moment-angle complex RZK is the polyhedral product

(D1, ∂D1)K .

The join of two simplicial complexesK and L is the simplicial complexK∗L = {σ t τ | σ ∈ K, τ ∈ L},
and one has |K ∗L| ∼= |K|∗|L| ' Σ|K|∧|L| and ZK∗L ∼= ZK×ZL. If I ⊆ [n], KI = {σ ∈ K | σ ⊆ I}
denotes the full subcomplex of K on vertex set I, in which case ZKI is a retract of ZK . Notice that

if KI and LJ are full subcomplexes of K and L, then KI ∗ LJ is the full subcomplex (K ∗ L)ItJ of

K ∗ L. As a convention, we let Z∅ := ∗ when ∅ is on empty vertex set.
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We let S0 denote both the 0-sphere and the simplicial complex ∂∆1 consisting of only two vertices.

Generally, we assume our simplicial complexes (except ∅) are non-empty and have no ghost vertices,

unless stated otherwise.

3.1. The Hochster theorem. When R is a field or Z, it was shown in [12, 23, 4, 37] that there

are isomorphisms of graded commutative algebras

(2) H∗(ZK ;R) ∼= TorR[v1,...,vn](R[K], R) ∼=
⊕
I⊆[n]

H̃∗(Σ|I|+1|KI |;R).

The isomorphism on the left is induced by a quasi-isomorphism of DGAs between the Koszul complex

of the Stanley-Reisner ring R[K] and the cellular cochain complex of ZK with coefficients in R. The

multiplication on the right is given by maps H∗(KI)⊗H∗(KJ) −→ H∗+1(KI∪J) that are zero when

I∩J 6= ∅, otherwise they are induced by maps ιI,J : |KI∪J | −→ |KI∗KJ | ∼= |KI |∗|KJ | ' Σ|KI |∧|KJ |
geometrically realising the canonical inclusions KI∪J ↪−→ KI∗KJ . One can iterate so that any length

` product
⊗`

i=1H
∗(KIi) −→ H∗+`−1(KI1∪···∪I`) is induced by the inclusion

ιI1,...,I` : |KI1∪···∪I` | ↪−→ |KI1 ∗ · · · ∗KI` |

where the Ii’s are mutually disjoint.

3.2. A necessary condition. The Hochster theorem lets us make statements about general bounds

on the category cat(ZK) in terms of combinatorics and topology of K and its full subcomplexes.

Suppose cat(ZK) ≤ ` − 1, so cup products of length l vanish in H+(ZK). Then in light of the

Hochster theorem, the inclusions ιI1,...,I` must induce trivial maps on cohomology. In fact, their

suspensions must be nullhomotopic.

Proposition 3.1. If cat(ZK) ≤ `− 1, then

Σm+1ιI1,...,I` : |KI1∪···∪I` | ↪−→ |KI1 ∗ · · · ∗KI` |

is nullhomotopic for all mutually disjoint I1, . . . , I` ⊆ [n].

Proof. Let ẐK := ZK/ {(x1, . . . , xn) ∈ ZK | at least one xi = ∗}. Fix m = |I1 ∪ · · · ∪ I`|, Y =

ZKI1∪···∪I` , and Ŷ = ẐKI1∪···∪I` . Since Y is a retract of ZK , cat(Y ) ≤ ` − 1. Recall from [42]

that a path-connected basepointed CW -complex such as Y satisfies cat(Y ) ≤ ` − 1 if and only if

there is a map Y
ψ−→ FW`(Y ) such that the diagonal map Y

M−→ Y ×` factors up to homotopy

as Y
ψ−→ FW`(Y )

include−→ Y ×`. Here FW`(Y ) =
{

(y1, . . . , y`) ∈ Y ×`
∣∣ at least one yi = ∗

}
is the

fat wedge. This implies the reduced diagonal map M̄ : Y
M−→ Y ×` −→ Y ×`/FW`(Y )

∼=−→ Y ∧` is

nullhomotopic. Then so is ζ : Y
M̄−→ Y ∧` −→

∧
j ZKIj −→

∧
j ẐKIj , where the second last map is

the smash of the coordinate-wise projection maps onto each ZKIj , and the last map is the smash

of quotient maps. This last nullhomotopic map ζ coincides with Y
q−→ Ŷ

ι̂−→
∧
j ẐKIj , where q

is the quotient map and ι̂ is the inclusion given simply by rearranging coordinates. Moreover, ι̂ is

homeomorphic to Σm+1ιI1,...,I` and Σq has a right homotopy inverse (c.f. [2], and also the proof of

Proposition 2.5 and pg. 23 in [5]). It follows that Σm+1ιI1,...,I` is nullhomotopic.

�

3.3. Filtrations and lower bounds. To give combinatorial lower bounds for cat(ZK) we construct

cup products in cat(ZK) using information coming from the combinatorics of K. We state this in

terms of being able to construct certain filtrations of K of a bounded length. Let

K\L := {τ ∈ K | σ 6⊆ τ for any σ ∈ L} .

denote the deletion of subcomplex L from K. Notice K\L and K\(K\L) are full subcomplexes of

K on complementary vertex sets: if K is on vertex set [n] and K\L is on vertex set I ⊂ [n], then
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K\(K\L) is on the same vertex set [n]− I as L, and we can take the canonical inclusion

K ↪−→ KI ∗K[n]−I = (K\L) ∗K\(K\L).

If L itself is a full subcomplex, then L = K\(K\L).

Lemma 3.2. If K is a triangulated d-sphere on vertex set [n] and L is a full subcomplex that is a

triangulated (d − 1)-sphere, then |K\L| ' |K|\|L| ' |E1| t |E2| such that E1 and E2 are disjoint

contractible subcomplexes of K.

More generally, if K is a triangulated closed d-manifold and L is a full subcomplex that is a

triangulated (d − 1)-sphere which bounds a triangulated d-disk in K, then at least one of E1 or E2

is contractible.

Proof. For the case |K| ∼= Sd, since L and K are finite, the embedding of |L| in |K| can be thickened

on either side to an embedding of a thickened sphere. Thus by the generalised Schoenflies theorem |L|
bounds two distinct d-disks (hemispheres) |D1| and |D2| of the sphere |K|, and |K[n]−I | ∼= |E1|t|E2|
for full subcomplexes Ei ( Di obtained by deleting vertices from Di that are in L. Notice that |Di|
deformation retracts onto |Ei| as follows. Take an open collar neighbourhood C := [0, 1) × Sd−1

of |L| in |Di| small enough such that the collar does not intersect |Ei| (i.e. is contained only in

the d-faces that have vertices on the boundary |L| = ∂|Di|), and deformation retract |Di| onto

|Di|\|C| by contracting the collar onto Sd−1. Take a d-face σ in Di with vertices on L, and write

σ := {v1, . . . , vk, w1, . . . , wd−k} so that the vi’s are in L and wi’s are in Ei. There must be at least

one of each type since L is a full subcomplex with no d-faces. For any point x ∈ |σ| that is not on

the (d− 1)-face {v1, . . . , vk}, x lies on the line interpolating barycentric coordinates

l(t) := (1− t)(d1, . . . , dk, e1, . . . , ed−k) + t
(0, . . . , 0, e1, . . . , ed−k)

e1 + . . .+ ed−k

in |σ|, where (d1, . . . , dk, e1, . . . , ed−k) are the barycentric coordinates of x in |σ|. When x ∈ Di\C,

these lines end at t = 1 on a point in Ei since at least one of ei > 0. Also, they vary continuously

as x varies, and they agree on shared boundaries of d-faces. Thus following these lines from t = 0

to t = 1 defines a deformation retractions of |Di|\|C| onto |Ei|, so |Ei| ' |Di|\|C| ' |Di| ' | ∗ | and

we are done. The argument when |K| is a d-manifold is similar. �

Lemma 3.3. If K is a triangulated d-sphere on vertex set [n] and L is a full subcomplex that is a

triangulated (d− 1)-sphere, then the inclusion

ι : |K| ↪−→ |(K\L) ∗ L| ∼= |K\L| ∗ |L|

is a homotopy equivalence Sd −→ Sd.

More generally, if K is a triangulated closed d-manifold and L is a full subcomplex that is a

triangulated (d− 1)-sphere which bounds a triangulated d-disk in K, then ι induces an isomorphism

on degree d cohomology mapping a generator to the fundamental class of K.

Proof. For the case |K| ∼= Sd, by Lemma 3.2, |K\L| ∼= |E1| t |E2| for some disjoint contractible

subcomplexes |Ei| of |K|. Let

h : |K\L| ∗ |L| −→ S0 ∗ |L| ∼= Sd

be the join of the identity map on the right factor with the map collapsing |E1| and |E2| to −1 and 1

in S0 = {−1, 1} on the right factor. Then h is a homotopy equivalence since each |Ei| is contractible.

Likewise, h ◦ ι is the quotient map that collapses each |Ei| to a distinct point, so it is a homotopy

equivalence since the Ei’s are disjoint contractible subcomplexes of K. Therefore, ι is a homotopy

equivalence.

To prove the general case, assume by Lemma 3.2 that E2 is contractible. Composing h with the

map q that collapses the bottom hemisphere of Sd to −1, we see that q◦h◦ι is the map that collapses

everything outside the interior of d-disk D in K that bounds L to the point −1, and collapses the



10 PIOTR BEBEN AND JELENA GRBIĆ

subcomplex E2 in the interior of D to the point 1. But since E2 is contractible, q ◦h ◦ ι is homotopy

equivalent to the map that simply collapses the everything outside the interior of D, which is the

quotient map of the top d-cell of the d-manifold K to a d-sphere. Since this induces a map on

cohomology that sends the fundamental class of Sd to the fundamental class of K, we are done.

�

Definition 3.4. Given K is a triangulated closed connected d-manifold on vertex set [n], suppose

there is a sequence I` ( · · · ( I1 = [n] such that the filtration of full subcomplexes

KI` ( · · · ( KI1 := K

satisfies

(1) KIi is a triangulation of a (d+ 1− i)-sphere when i ≥ 2;

(2) KI2 bounds the triangulation of a d-disk in K = KI1 (i.e. there exists I2 ( J ( [n] such

that |KJ | ∼= Dd).

Then we say that this is a spherical filtration of K of length `.

Remark: Condition (2) is redundant when K is a triangulated d-sphere by the generalised Schoen-

flies theorem.

Definition 3.5. For any triangulated closed manifold K, define its full filtration length filt(K) to

be the largest integer ` such that K admits a spherical filtration of length `.

Proposition 3.6. If some full subcomplex KI ⊆ K is a triangulated closed manifold with a spherical

filtration of length `, then ` ≤ cup(ZK).

Proof. Let KI` ( · · · ( KI1 := KI be a spherical filtration of KI length `. Let Ji+1 = Ii − Ii+1 for

i < `. By Lemma 3.3, each inclusion

ιi : |KIi | ↪−→ |KIi+1 ∗KJi+1 | ∼= |KIi+1 | ∗ |KJi+1 |

is a homotopy equivalence when i ≥ 2. Take the composite of inclusions

(3) |KI1 |
ι1
↪−→ |KI2 ∗KJ2 |

ι′2
↪−→ |KI3 ∗KJ3 ∗KJ2 |

ι′3
↪−→ · · ·

ι′`−1

↪−→ |KI` ∗KJ` ∗ · · · ∗KJ2 |

where the ith map (i ≥ 2) in this composite

ι′i : |KIi ∗KJi ∗ · · · ∗KJ2 | ↪−→ |KIi+1 ∗KJi+1 ∗KJi ∗ · · · ∗KJ2 |

is the join of the homotopy equivalence ιi and the identity |KJi ∗ · · · ∗ KJ2 |
1i−→ |KJi ∗ · · · ∗ KJ2 |.

Since each |KJj | ' S0 for j ≥ 3, then 1i is homotopy equivalent to the identity Si−2 1−→ Si−2.

Each ι′i (and ιi) is therefore a homotopy equivalence when i ≥ 2, and then so is the composite in (3)

of all the maps except possibly the first. The first map ι1 on the other hand induces a non-trivial

map to the fundamental class of KI by Lemma 3.3. Therefore (3) induces a non-trivial map on

cohomology mapping the fundamental class of Sd to the fundamental class of KI , so the Hochster

theorem implies there is a non-trivial length ` cup product in H+(ZKI1 ). �

Corollary 3.7. If K is a triangulated closed connected manifold, then

filt(K) ≤ cup(ZK) ≤ cat(ZK).

More generally for any K, since each ZKI is a retract of ZK , then

filt(KI) ≤ cup(ZK) ≤ cat(ZK)

whenever KI is a triangulated closed connected manifold. �
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With some additional effort the statement in Lemma 3.3 can be generalized so that it does away

with the triangulated sphere needing to be a full subcomplex. In particular, Proposition 3.6 still

holds when we modify the definition of spherical filtration so that the second full subcomplex KI2

in the filtration is replaced with any triangulated (d − 1)-sphere L that is not necessarily a full

subcomplex, as long as it satisfies the hypothesis in Lemma 3.8 below. The proof of Proposition 3.6

then follows as before, this time using Lemma 3.8 in place of Lemma 3.3 for the map ι1.

Lemma 3.8. Suppose K is a triangulated closed connected d-manifold, L ( K is a triangulation

of a (d − 1)-sphere that bounds a triangulation of a d-disk D in K such that D\L is non-empty

and connected, and K\L consists of two non-empty disconnected components A0 and A1. Then the

inclusion

ι : |K| ↪−→ |(K\L) ∗K\(K\L)|
induces an isomorphism on degree d cohomology, mapping the fundamental class of Sd to the fun-

damental class of K.

Proof. Denote A := A0 t A1 := K\L and B := K\A, and let D ( K be a choice of triangulated

d-disk that is bounded by the triangulated (d− 1)-sphere L. Notice that D cannot be a subcomplex

of B and all vertices of D not in L must all be in exactly one of A0 or A1 since D\L is non-empty

and connected.

Consider the inclusion g : L −→ B restricting to the identity on vertices. Topologically, the

inclusion g : |L| −→ |B| has a left homotopy inverse

r : |B| −→ |L| ∼= Sd−1

by the following argument. Note that B has no faces above dimension d. Also, no d-faces can form

a cycle in the simplicial chain group Cd(B). If they did, then this would at the same time be a

cycle in Cd(K) that is distinct from the cycle ξ corresponding to the fundamental class of H∗(K)

consisting of all d-faces of K (since K\L has two non-empty disconnected components), and they

could not be homologous to themselves or zero since there are no (d+ 1)-faces, meaning Hd(K) has

two Z generators, which contradicts Poincaré duality. Then H∗(B) is trivial in degrees d and above,

implying B is homotopy equivalent to at most a (d − 1)-dimensional CW -complex, and so we can

quotient the (d− 2)-skeleton of B to obtain a map |B| −→
∨
α S

d−1 into a possibly empty wedge of

(d− 1)-spheres that induces a surjection on Hd−1. Thus, all that is left to show is that g induces a

non-trivial map on Hd−1. In this direction, take the cycle in Cd−1(L) consisting of all (d−1)-faces of

L yielding its fundamental class, which is a cycle γ in Cd−1(B) under the inclusion g. We are done if

we can show γ is not a boundary in Cd−1(B). To see this, suppose conversely that γ is a boundary

of an element a ∈ Cd(B) ( Cd(K). Since the d-disk D is bounded by L, γ is also boundary of the

element b ∈ Cd(K) consisting of the d-faces of D, and a 6= b since D is not a subcomplex of B. Then

a − b is a cycle in Cd(K) distinct from the cycle ξ (since it does not contain those d-faces with a

vertex in one of A0 or A1), which contradicts Poincaré duality by the same argument as before.

Now consider the composite

f : |K| ι−→ |A ∗B| ∼= |A| ∗ |B| 1∗r−→ |A| ∗ Sd−1 q∗1−→ S0 ∗ Sd−1 ∼= Sd

where the last map q ∗ 1 collapses the components A0 and A1 of A to either point of S0. Thus

f maps |A0| and |A1| to distinct hemispheres of Sd ∼= S0 ∗ Sd−1 sharing the equator Sd−1 ( Sd.

In turn, f maps the pair (|D|, |L|) to one of the hemispheres such that f restricts on |L| to r ◦ g,

mapping |L| to the equator. In other words, f restricts to a map of pairs (|D|, |L|) f ′−→ (Dd, Sd−1),

which represents an element of πd(D
d, Sd−1) since (|D|, |L|) ∼= (Dd, Sd−1). Since the boundary map

π(Dd, Sd−1)
∂−→ πd−1(Sd−1) is an isomorphism Z 7→ Z in the homotopy long exact sequence of the

pair (Dd, Sd−1), and since ∂([f ′]) = [r ◦ g] and r ◦ g is homotopic to the identity, then f ′ represents

the identity, meaning f ′ is homotopic to a homeomorphism (|D|, |L|) −→ (D2, Sd−1). Then using
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the homotopy extension property, f is homotopic to a map that restricts to such a homeomorphism,

while still mapping everything outside |D| to the opposing hemisphere. Now collapsing the opposing

hemisphere to a point, f is homotopic to a map that collapses everything outside a d-disk in the

d-manifold K to a point. Namely, this is the map quotienting the d-cell of |K| to a sphere that

induces an isomorphism on degree d cohomology between their fundamental classes. Since f factors

through ι, we are done.

�

3.4. Skeleta and suspension on coordinates. Let K be a simplicial complex on vertex set [n]

and let K(i) denote the i-skeleton of K, and K(−1) := ∅. An inclusion of simplicial complexes

L ↪−→ K induces a canonical inclusion of CW -complexes ZL ↪−→ ZK . This gives ZK(i) and

ZK(−1) = (∂D2)×n = (S1)×n as CW -subcomplexes of ZK .

Lemma 3.9 (Corollary 3.3 in [34]). If K is on vertex set [n] with no ghost vertices, then ZK(−1) =

(∂D2)×n is contractible in ZK . �

Lemma 3.10. If 0 ≤ l ≤ dimK, then ZK(`) −ZK(`−1) is contractible in ZK .

Proof. We have a decomposition

ZK(`) −ZK(`−1) =
∐

σ∈K, |σ|=`+1

Ỹ σ1 × · · · × Ỹ σn

where Ỹ σi = D2−∂D2 if i ∈ σ and Ỹ σi = ∂D2 if i /∈ σ. This being a disjoint union of open subspaces

of ZK(l) , each of which can be deformed into ZK(−1) in ZK by contracting Ỹ σi to a point in ∂D2

whenever i ∈ σ. Thus ZK(`) − ZK(`−1) can also be deformed into ZK(−1) . Then ZK(`) − ZK(`−1) is

contractible in ZK by Lemma 3.9.

�

Lemma 3.11. If −1 ≤ j ≤ dimK, then

cat(ZK) ≤ cat(ZK(j) ↪−→ ZK) + dimK − j.

In particular,

cat(ZK) ≤ dimK + 1.

and

cat(ZK) ≤ cat(ZK(j)) + dimK − j.

Remark: Lemma 3.10 and 3.11 can be generalised to any filtration Lj ⊆ · · · ⊆ Lk = K satisfying

∂σ ⊆ Li whenever σ ∈ Li+1 in place of the skeletal filtration.

Proof. The skeletal filtration K(j) ⊆ · · · ⊆ K(dimK) = K induces a filtration of subcomplexes

ZK(j) ⊆ · · · ⊆ ZK , and for 0 ≤ j ≤ dimK, ZK(j) − ZK(j−1) is contractible in ZK by Lemma 3.10.

The result then follows using Lemma 2.2. In particular, when j = −1, we get cat(ZK) ≤ dimK + 1

since cat(ZK(−1) ↪−→ ZK) = 0 by Lemma 3.9. The last bound follows from equation 1. �

Proposition 3.12. Consider the sequences of pairs of spaces S := ((X1, A1), . . . , (Xn, An)) and

T := ((Σm1X1,Σ
m1A1), . . . , (ΣmnXn,Σ

mnAn)) for some integers mi and connected basepointed Xi.

Then for any K with no ghost vertices,

cat(T K) ≤ cat(SK).

Proof. Let K be on vertex set [n], k := cat(SK), and take a categorical cover {U0, . . . , Uk} of SK .

For any open subset V of SK , define the following open subset V 1 of T K

V 1 : =

{
((t1, x1), . . . , (tn, xn)) ∈

n∏
i=1

ΣmiXi

∣∣∣∣∣ (x1, . . . , xn) ∈ V, ti ∈ Dmi

}
.
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In particular, T K = (SK)1. Then {U1
0 , . . . , U

1
k} is an open cover of T K . Since K has no ghost

vertices, Ai ⊆ Xi, and each Xi is path-connected, then SK is path-connected. Since ΣmiXi is the

reduced suspension of the basepointed space Xi, we have identifications (t, ∗) ∼ ∗ ∈ ΣmiXi. Then

we can define a contraction of U1
i in T K by contracting Ui in SK to a point p and homotoping p to

the basepoint (∗, . . . , ∗) ∈ SK . Therefore, {U1
0 , . . . , U

1
k} is a categorical cover of T K .

�

Notice that the (i+ 1)-skeleton (RZK)
(i+1)

of RZK is equal to RZK(i) although this is not true

for the complex moment-angle complex ZK .

Corollary 3.13. For any K with no ghost vertices,

(4) cat(ZK) ≤ cat(RZK)

and if RZK is not contractible and i ≥ 0, then

(5) cat(ZK(i)) ≤ cat(RZK(i)) ≤ cat(RZK).

Proof. Inequality (4) and the first inequality in (5) follow from Proposition 3.12. By the main

corollary of Theorem 1 in [20], the i-skeleton X(i) of any connected non-contractible CW -complex

X satisfies that cat(X(i)) ≤ cat(X). Since (RZK)
(i+1)

= RZK(i) holds for real moment-angle

complexes, the last inequality follows.

�

It is plausible that the second bound can be strengthened to cat(ZK(i)) ≤ cat(ZK). In any case,

even if it is true, we will sometimes need a sharper bound.

LetX and Y be path-connected paracompact spaces, and U := {U0, . . . , Uk} and V := {V0, . . . , V`}
be categorical covers of X and Y , respectively. We recall James’ construction of a categorical cover

W := {W0, . . . ,Wk+`} of X × Y from the covers U and V (see [42], page 333).

Let {πj}j∈{0,...,k} be a partition of unity subordinate to the cover U . For any subset S ⊆
{0, . . . , k}, define

WU (S) := {x ∈ X | πj(x) > πi(x) for any j ∈ S and i /∈ S} ,

and for any point p ∈ X, let

SU (p) := {j ∈ {0, . . . , k} | πj(p) > 0} .

Since the context is clear, let W (S) := WU (S) and S(p) = SU (p). Then W (S) is an open subset

of X. Given x ∈ X, x ∈ W (S) where S = {i | πi(x) = max{π1(x), . . . , πk(x)} }), we have X =⋃
S⊆{0,...,k}W (S). Moreover, W (S′) ∩W (S) = ∅ when S * S′ and S′ * S, in particular, when

|S| = |S′| and S 6= S′, and W (S) ⊆ Uj whenever j ∈ S. Therefore W (S) is contractible in X. Then

so is the disjoint union of open sets

(6) U ′i :=
∐

S=S(p) for some p∈X
|S|=i+1

W (S).

Since W (S) = ∅ when S 6= S(p) for every p ∈ X, the set {U ′0, . . . , U ′k} forms a categorical cover of

X. We obtain a categorical cover {V ′0 , . . . , V ′` } of Y from V by an analogous construction.

Now let Ūi := U ′k−i ∪ · · · ∪U ′k and V̄j := V ′`−j ∪ · · · ∪V ′` , and for −1 ≤ s ≤ k+ `, let C−1 := ∅ and

Cs :=
⋃

i+j=s
i≤k, j≤`

Ūi × V̄j .
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Take Ws := Cs − Cs−1. Notice that

(7) Ws =
∐
i+j=s
i≤k, j≤`

U ′i × V ′j .

This defines a categorical cover W of X × Y .

Given subcomplexes B ⊆ Y and A ⊆ X, consider the polyhedral product

XS
0

:= X ×B ∪A×B A× Y

over the sequence X := ((X,A), (Y,B)), where S0 is considered as a simplicial complex of two

disjoint points.

Lemma 3.14. If X −A is contractible in X and Y −B is contractible in Y , then

cat(XS
0

) ≤ cat(A) + cat(B) + 1.

Proof. Suppose we have categorical covers {R1, . . . , Rk} and {S1, . . . , S`} ofA, andB. By Lemma 2.1,

we have open subsets Ui ⊆ X and Vi ⊆ Y such that Ui and Vi deformation retract onto Ri and Si
respectively, and Ui∩A = Ri and Vi∩B = Si for i ≥ 1. Then taking U0 := X−A and V0 := Y −B,

U := {U0, . . . , Uk} and V := {V0, . . . , V`} are categorical covers of X and Y .

Notice that

X × Y − U0 × V0 = XS
0

,

and since Ri = Ui ∩A = Ui − U0 and Sj = Vj ∩B = Vj − V0 for i, j ≥ 1,

(8) Di,j := Ui × Vj − U0 × V0 = (Ri × Vj) ∪Ri×Sj (Ui × Sj).

Notice that Di,j is contractible in XS0

by deformation retracting the factor Ui onto Ri and Vj onto

Sj , then contracting Ri × Sj in A×B.

Take the categorical cover W := {W0, . . . ,Wk+`} of X × Y constructed from U and V as above.

By (7),

Ws − U0 × V0 =
∐
i+j=s
i≤k, j≤`

(U ′i × V ′j − U0 × V0),

and by (6),

U ′i × V ′j − U0 × V0 =
∐

S=SU (p) for some p∈X
T=SV(q) for some q∈Y
|S|=i+1, |T |=j+1

(WU (S)×WV(T )− U0 × V0).

These are disjoint unions of open subsets of XS0

. Since WU (S) is contained in some Ui′ and WV(T )

is contained in some Vj′ , it follows that (WU (S) ×WV(T ) − U0 × V0) is contained in Di′,j′ , so it

is contractible in XS0

. Therefore, so are the disjoint unions U ′i × V ′j − U0 × V0 and Ws − U0 × V0.

Moreover, since Wk+` = U ′k × V ′` , and U ′k = WU ({0, . . . , k}) and V ′` = WV({0, . . . , `}) are contained

in Ui′ and Vj′ respectively for each i′ ∈ {0, . . . , k} and j′ ∈ {0, . . . , `}, Wk+` − U0 × V0 = ∅. Then

{(W0 − U0 × V0), . . . , (Wk+`−1 − U0 × V0)}

is a categorical cover of XS0

.

�

Corollary 3.15. Let K and L be simplicial complexes with d := dimK and d′ := dimL. Then

cat(Z
(K∗L)(d+d

′)) ≤ cat(ZK(d−1)) + cat(Z
L(d′−1)) + 1.
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Proof. Recall that dimK ∗ L = d+ d′ + 1. Notice that

(K ∗ L)(
d+d′) = (K ∗ L(d′−1)) ∪

(K(d−1)∗L(d′−1))
(K(d−1) ∗ L),

ZK∗L = ZK ×ZL, so

Z
(K∗L)(d+d

′) = (Z
K∗L(d′−1)) ∪Z

(K(d−1)∗L(d′−1))
(ZK(d−1)∗L)

= (ZK ×ZL(d′−1)) ∪Z
K(d−1)×Z

L(d′−1)
(ZK(d−1) ×ZL),

and ZK − ZK(d−1) and ZL − ZL(d′−1) are contractible in ZK and ZL by Lemma 3.10. The result

follows by Lemma 3.14.

�

3.5. Missing face complexes. Take K on vertex set [n]. We fix the basepoint in the unreduced

suspension Σ|K| = (|K| × [0, 1])/ ∼ to be the tip of the double cone corresponding to 1 under the

identifications (x, 0) ∼ 0 and (x, 1) ∼ 1. Let MF (K) := {σ ⊆ [n] | σ /∈ K, ∂σ ⊆ K} be the collection

of minimal missing faces of K. With this we can define a large class of category 1 moment-angle

complexes that include those over chordal graphs (this is a somewhat more flexible alternative to

the directed missing face complexes defined in [36]). By filtering through skeleta as in the previous

section, tight upper bounds can sometimes be obtained when the category of the moment angle

complex over the 1-skeleton is known to be small.

Definition 3.16. A simplicial complex K on vertex set [n] is called a homology missing face complex

(or HMF-complex ) if for each non-empty I ⊆ [n], KI is a simplex or there exists a subcollection

CI ⊆MF (KI) such that the wedge sum of suspended inclusions

γI :
∨
σ∈CI

Σ|∂σ| −→ Σ|KI |

induces an isomorphism on homology. Consequently γI is a homotopy equivalence since it is a map

between suspensions.

Remark 3.17. Given H∗(KI) is torsion-free, since each Σ|∂σ| is a sphere, one needs only to find

γI that induces surjection on homology in order for K to be an HMF -complex.

Proposition 3.18. If K is an HMF -complex, then ZK is homotopy equivalent to a wedge of spheres

or is contractible. Therefore cat(ZK) ≤ 1 and Cat(ZK) ≤ 1.

Proof. For each I ⊆ [n], either KI is a simplex, boundary of a simplex, or else for each σ ∈ CI ,
we can pick an iσ ∈ I such that ∂σ ⊆ KI−{iσ}, so each inclusion |∂σ| −→ |KI | factors through

inclusions |∂σ| −→ |KI−{iσ}| −→ |KI |. Take the composite

f : Σ|KI |
γ−1
I−→

∨
σ∈CI

Σ|∂σ| −→
∨
i∈I

Σ|KI−{iσ}| −→ Σ|KI |

where γ−1
I is a homotopy inverse of γI , the second last map includes the summand Σ|∂σ| into the

summand Σ|KI−{iσ}|, and the last map is the standard inclusion on each summand. Since the

composite of the last two maps is γI , f is a homotopy equivalence. Then K is an extractible complex

as defined in [38]. Therefore ZK is homotopy equivalent to a wedge of spheres or contractible by

Corollary 3.3 therein. �
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3.6. Gluings and connected sums. Now we look at the effect on category of moment angle

complexes when two simplicial complexes are glued along a full subcomplex, or along a simplex with

interior then deleted (i.e. a connected sum). If L and K are simplicial complexes and C is a full

subcomplex common to both L and K, then we obtain a new simplicial complex L ∪C K by gluing

L and K along C. One can always glue along simplices since they are always full subcomplexes.

When C = ∅, L ∪C K is just the disjoint union L tK.

Given σ ∈ K, define the deletion of the face σ from K to be the simplicial complex given by

K\σ := {τ ∈ K | σ 6⊆ τ} .

If σ is a common face of L and K, define the connected sum L#σK to be the simplicial complex

(L\σ)∪∂σ (K\σ). In other words, L#σK is obtained by deleting σ from L and K and gluing along

the boundary ∂σ. As a convention, we let Z∅ := ∗ when ∅ is on empty vertex set.

Proposition 3.19. If C is a (possibly empty) full subcomplex common to K1, . . . ,Km, then

cat(ZK1∪C ···∪CKm) ≤ max{1, cat(ZK1), . . . , cat(ZKm)}+ Cat(ZC).

Moreover, if each Ki is the (di − 1)-skeleton of some di dimensional simplicial complex K̄i, and C

is also a full subcomplex of each K̄i, then

cat(ZK̄1∪C ···∪CK̄m) ≤ max{1, cat(ZK1), . . . , cat(ZKm)}+ Cat(ZC).

Proof. Let Ki be on vertex set [ni], and C has ` vertices. If C is on vertex set [ni], possibly with

ghost vertices, the inclusion C ↪−→ Ki induces a coordinate-wise inclusion (∂D2)×ni−` × ZC
fi
↪−→

ZKi . By Lemma 3.9, fi is nullhomotopic when restricted to (∂D2)×ni−` × ∗. Let Ni := Σj 6=inj .

Note ZK1∪C ···∪CKm is the pushout of (∂D2)×ni−` × ZC × (∂D2)×Ni−`
fi×1
↪−→ ZKi × (∂D2)×Ni−` for

i = 1, . . . ,m. Since each of these maps are inclusions of subcomplexes, ZK1∪C ···∪CKm is homotopy

equivalent to the homotopy pushout P of these maps. The first inequality therefore follows from

the first part of Lemma 2.5.

By Lemma 3.10, ZK̄i −ZKi is contractible in ZK̄i , so the second equality follows from the second

part of Lemma 2.5.

�

Example 3.20. In particular, when C is a simplex cat(ZL∪CK) ≤ max{1, cat(ZL), cat(ZK)} and

cat(ZL̄∪CK̄) ≤ max{1, cat(ZL), cat(ZK)} since ZC is contractible. These also hold when C is the

empty simplex and ZC = ∗ in which case L̄ ∪C K̄ = L̄ t K̄ and L ∪C K = L tK. When C is the

boundary of a simplex, cat(ZL∪CK) ≤ max{1, cat(ZL), cat(ZK)}+ 1 since ZC here is a sphere.

The bound in Proposition 3.19 is not always optimal, sometimes far from it. If K and ∆n−1 are on

vertex set [n] and L is formed by gluing ∆n−1 and {n+1}∗K along K, then ZL is a co-H-space by [38]

so cat(ZL) = 1. In fact, it is not difficult to directly show that ZL ' Σ2ZK . On the other hand,

Proposition 3.19 gives cat(ZL) ≤ max{1, cat(ZK)} + Cat(ZK) since Z{n+1}∗K ∼= D2 × ZK ' ZK
and Z∆n is contractible.

Corollary 3.21. Suppose

K = L1#σ1
L2#σ2

· · ·#σk−1
Lk

where dimLi = d, σi is a d-face common to Li and Li+1, and σi ∩ σj = ∅ when i 6= j. Then

cat(ZK) ≤ max{1, cat(ZL1
(d−1)), . . . , cat(ZLk(d−1))}+ 1.

Proof. Take the disjoint unions

C := ∂σ1 t · · · t ∂σk−1

K1 :=
⊔

1≤2i+1≤k−1

L2i+1
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K2 :=
⊔

2≤2i≤k−1

L2i

and take the iterated face deletions K ′1 := K1\(σ1 t · · · t σk−1) and K ′2 := K2\(σ1 t · · · t σk−1).

Then C is a full subcomplex common to both K ′1 and K ′2, and to both K ′1
(d−1)

and K ′2
(d−1)

.

Moreover, K ′1
(d−1)

= K1
(d−1) and K ′2

(d−1)
= K2

(d−1), and K = K ′1 ∪C K ′2, so by the second part of

Proposition 3.19,

cat(ZK) ≤ max{1, cat(ZK1
(d−1)), cat(ZK2

(d−1))}+ Cat(ZC).

It is clear that C is an HMF -complex, so ZC is homotopy equivalent to a wedge of spheres and

Cat(ZC) = 1. Alternatively, this follows from Theorem 10.1 in [33]. Moreover, we can think of

ZK1
(d−1) as being built up iteratively by gluing

⊔
1≤1≤j ZL2i+1

(d−1) and ZL2j+3
(d−1) along the empty

simplex, so iterating the first inequality in Example 3.20,

cat(ZK1
(d−1)) ≤ max{ 1, cat(ZL1

(d−1)), cat(ZL3
(d−1)), . . . }.

Likewise, cat(ZK2
(d−1)) ≤ max{ 1, cat(ZL2

(d−1)), cat(ZL4
(d−1)), . . . }. The inequality in the lemma

follows. �

4. Some Specific Applications: Triangulated Surfaces and Spheres

We now apply the general tools developed in the previous sections to compute exact values for

the LS-category of moment angle complexes over triangulated closed oriented surfaces and certain

classes of triangulated higher dimensional spheres that are dual to boundaries of polytopes built up

iteratively via vertex cuts and products.

4.1. Triangulated spheres. Let C0 := {S0}, C1, and C2 consist of all triangulated 0,1, and 2-

spheres, and for d ≥ 3, let Cd be the class of triangulated d-spheres defined by K ∈ Cd if

(1) K = L1 ∗ · · · ∗ Lk for some Li ∈ Cdi , di ≤ 2, and d1 + · · ·+ dk = d− k + 1;

(2) K = K1#σ1
· · ·#σ`−1

K` where σi is a d-face common to Ki and Ki+1 with σi ∩ σj = ∅
when i 6= j, and each Ki = L1,i ∗ · · · ∗ Lki,i is of the form (1) such that each Lj,i is not the

boundary of a simplex.

Recall that the join L ∗ L′ is the simplicial complex {σ t σ′ | σ ∈ L, σ′ ∈ L′}, and the connected

sum K#σK
′ is given topologically by gluing triangulations K and K ′ of Sd along a common d-face

σ, and deleting its interior.

Remark 4.1. If L and L′ are boundaries ∂P ∗ and ∂P ′∗ of the duals of simple polytopes P and

P ′, then L ∗ L′ is the boundary of (P × P ′)∗, while L#σL
′ is the boundary of dual Q∗, where Q is

obtained by taking the vertex cut at the vertices of P and P ′ that are dual to σ, gluing along the

new hyperplane and removing it after gluing.

Our goal in the next few subsections will be to show the following.

Theorem 4.2. If K on vertex set [n] = {1, . . . , n} is any triangulated d-sphere for d = 0, 1, 2, or

K ∈ Cd for d ≥ 3, then the following are equivalent.

(1) K is m-annihilating over Z;

(2) nill(TorZ[v1,...,vn](Z[K],Z)) ≤ m+ 1 (equivalently cup(ZK) ≤ m);

(3) for any filtration of full subcomplexes

∂∆d+2−` = KI` ( KI`−1
( · · · ( KI1 = K

such that |KIi | ∼= Sd+1−i, we have ` ≤ m;

(4) cat(ZK) ≤ m.

Moreover, 1 ≤ m ≤ d+ 1; that is, K satisfies any of the above for some m which cannot be greater

than d+ 1. �
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4.2. Filtration length on spheres. The simplest example is filt(∂∆d+1) = 1. Generally, there

are the following bounds with respect to joins, connected sums, and cup product length.

Lemma 4.3. If K and L are both triangulations of Sd, and σ is a d-face common to K and L, then

filt(K#σL) ≥ max{2,filt(K),filt(L)}.

Proof. A full subcomplex NI of K#σL satisfying |NI | ∼= Sk for some k < d must either be a full

subcomplex of exactly one of K or L, or else NI = ∂σ, otherwise NI would have a (k − 1)-face

contained in three k-faces. Moreover, K#σL always has the length 2 spherical filtration ∂σ ( K#σL.

The lemma follows immediately. �

Lemma 4.4. If K and L are any triangulated spheres, then

filt(K ∗ L) ≥ filt(K) + filt(L).

Proof. Let K and L be on vertex sets [n] and [m]. Let d := dimK, d′ := dimL′, ` := filt(K),

`′ := filt(L), and take KI` ( · · · ( KI1 = K and LJ`′ ( · · · ( LJ1 = L to be spherical filtrations of

K and L.

Since |KIi ∗ LJj | ∼= |KIi | ∗ |LJj | ∼= Sd+1−i ∗ Sd′+1−j ∼= Sd+d′−i−j+3, and |KIi ∗ LJj | is a full

subcomplex of |KIi′ ∗ LJj′ | when i ≤ i′ and j ≤ j′, we have a length ` + `′ spherical filtration of

K ∗ L

(KI` ∗ LJ`′ ) ( · · · ( (KI` ∗ LJ2) ( (KI` ∗ LJ1) ( (KI`−1
∗ LJ1) ( · · · ( (KI1 ∗ LJ1) = K ∗ L.

Therefore filt(K ∗ L) ≥ `+ `′. �

4.3. Triangulated d-spheres for d = 0, 1, 2. The only triangulated 0-sphere is S0, and the only

triangulated 1-sphere with n ≥ 3 vertices is the n-gon, both of which have an LS-category that is

easy to characterize. For higher dimensional spheres the following definition will be useful.

Definition 4.5. We will say that C is a chordless cycle in K with m ≥ 3 vertices if C is a full

subcomplex KI of K, and C is an m-gon for some m ≥ 3. When K is a graph, this is the same

as C being an induced cycle of K. A simplicial complex K is said to be chordal if it contains no

chordless cycles with 4 or more vertices.

Lemma 4.6. If K is a triangulation of S1 on vertex set [n], then

(i) filt(K) ≥ 2 whenever K has at least 4 vertices.

If K is a triangulation of S2, then

(ii) filt(K) ≥ 2 whenever K has a chordless cycle;

(iii) filt(K) ≥ 3 whenever K has a chordless cycle with at least 4 vertices.

Proof. Let |K| ∼= S1. If K has at least n ≥ 4 vertices, then K being an n-gon means we can take

I ′ ⊂ [n], |I ′| = 2, such that |KI′ | = S0. Then S0 ( K is a length 2 spherical filtration of K.

Let |K| ∼= S2, and C := KI be a chordless cycle for some I ⊂ [n]. We have |KI | ∼= S1 and

KI = ∂∆2 when KI has 3 vertices, in which case KI ( K is a length 2 spherical filtration. Otherwise,

when KI has at least 4 vertices, filt(K) ≥ 3 since there is a spherical filtration S0 ( KI ( K by

part (i). �

Proposition 4.7. Let K be a triangulated d-sphere, d = 0, 1, 2. Then

1 ≤ filt(K) = cup(ZK) = cat(ZK) ≤ d+ 1.

In particular, letting m := cat(ZK), when d = 1 we have:

(i) m = 1 iff K = ∂∆2

(ii) m = 2 iff K has at least 4 vertices.

When d = 2 we have:

(i) m = 1 iff K has no chordless cycles of any length (equivalently K = ∂∆3)
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(ii) m = 2 iff K has a chordless cycle, but none with more than 3 vertices

(iii) m = 3 iff K has a chordless cycle with at least 4 vertices.

Proof. The case d = 0 is immediate since S0 is the only triangulated 0-sphere, and ZS0 ∼= S3. By

Lemma 3.11 and Corollary 3.7

1 ≤ filt(K) ≤ cup(ZK) ≤ cat(ZK) ≤ d+ 1,

so it remains to show that cat(ZK) ≤ filt(K).

Fix d = 1. Using Lemma 4.6, if K has at least 4 vertices, then filt(K) ≥ 2, so cat(ZK) ≤ filt(K)

since cat(ZK) ≤ d + 1 = 2. Otherwise, if K has 3-vertices, then K = ∂∆2 and ZK ∼= S5, so

filt(K) = cat(ZK) = 1.

Now fix d = 2. We break the argument up into three cases: K has no chordless cycles; K has only

chordless cycles of length no more than 3; and K has at least one chordless cycle of length 4 or more.

To start, by Lemma 4.6, filt(K) ≥ 3 whenever K has a chordless cycle with at least 4 vertices, so

cat(ZK) ≤ filt(K) since cat(ZK) ≤ d+ 1 = 3. On the other hand, suppose K has chordless cycles,

but none with more than 3 vertices. Then filt(K) = 2 by Lemma 4.6, and the 1-skeleton K(1) is

a chordal graph. The chordal property is closed under vertex deletion (taking full subcomplexes).

Moreover, recall from [24] that chordal graphs have a total elimination ordering, that is, they can

be built up one vertex v at a time in some order such that at each step the neighbours of v form

a clique. Inducting on this ordering, one sees that chordal graphs are HMF -complexes, therefore

cat(ZK(1)) ≤ 1 by Proposition 3.18 (this also follows the main result in [39]). Using Lemma 3.11,

we have cat(ZK) ≤ cat(ZK(1)) + 1 ≤ 2 = filt(K). Otherwise, K = ∂∆3 when K has no chordless

cycles at all, so we have ZK ∼= S7 and filt(K) = cat(ZK) = 1.

�

Lemma 4.8. Let K be a triangulated d-sphere, d = 1, 2. Then

cat(ZK(d−1)) ≤ max{1, cat(ZK)− 1} = max{1,filt(K)− 1}.

Proof. The last equality filt(K) = cat(ZK) is from the previous proposition. Let m := cat(ZK).

Using Proposition 4.7, the statement simplifies to cat(ZK(0)) ≤ 1 when d = 1, or d = 2 and m = 1.

This is true since ZK(0) has the homotopy type of a wedge of spheres by [35], or by Proposition 3.18

as K(0) is a collection of disjoint points. Fix d := 2. As in the proof of Proposition 4.7, cat(ZK(1)) ≤
1 < m when m = 2, since filt(K) = 2. This last inequality also holds when m = 3 since cat(ZK(1)) ≤
dimK(1) + 1 = 2 is always true by Lemma 3.11. �

4.4. Triangulated d-spheres for d ≥ 3.

Proposition 4.9. Suppose K ∈ Cd, d ≥ 0. Then

1 ≤ filt(K) = cup(ZK) = cat(ZK) ≤ d+ 1.

Proof. By Lemmas 3.11 and Corollary 3.7,

1 ≤ filt(K) ≤ cup(ZK) ≤ cat(ZK) ≤ d+ 1.

It remains to show that cat(ZK) ≤ filt(K). The d = 0, 1, 2 case is Proposition 4.7.

Suppose K = L1 ∗ · · · ∗ Lk ∈ Cd for some Li ∈ Cdi , di ≤ 2, and d1 + · · · + dk = d − k − 1. Then

ZK = ZL1
× · · · × ZLk , and so using Proposition 4.7 and iterating Lemma 4.4,

cat(ZK) ≤
∑

i=1,...,k

cat(ZLi) =
∑

i=1,...,k

filt(Li) ≤ filt(L1 ∗ · · · ∗ Lk) = filt(K).

Moreover, iterating Corollary 3.15, and using Lemma 4.8, when each Li 6= S0

cat(ZK(d−1)) ≤
∑

i=1,...,k

cat(Z
Li

(di−1)) + k − 1 ≤
∑

i=1,...,k

max{1,filt(Li)− 1}+ k − 1



20 PIOTR BEBEN AND JELENA GRBIĆ

and when each Li 6= ∂∆di+1, we have filt(Li) > 1, therefore

(9) cat(ZK(d−1)) ≤

 ∑
i=1,...,k

filt(Li)

− 1 ≤ filt(L1 ∗ · · · ∗ Lk)− 1 = filt(K)− 1

the second inequality by iterating Lemma 4.4.

Suppose K = K1#σ1 · · ·#σ`−1
K` where each Ki = L1,i ∗ · · · ∗ Lki,i is a join of the above form

such that each Lj,i is not the boundary of a simplex, and σi is a d-face common to Ki and Ki+1

with σi ∩ σj = ∅ when i 6= j. By Corollary 3.21 and inequality (9), we have

cat(ZK) ≤ max{1, cat(ZK1
(d−1)), . . . , cat(ZK`(d−1))}+ 1

≤ max{1,filt(K1)− 1, . . . ,filt(K`)− 1}+ 1

= max{2,filt(K1), . . . ,filt(K`)}
= filt(K1#σ1

· · ·#σ`−1
K`)

= filt(K)

where the second last inequality follows from iterating Lemma 4.3.

�

4.5. Proof of Theorem 4.2. The following is an immediate consequence of Theorem 4.4 in [52]

and the fact that category weight, cwgt as defined there is bounded below by 1, and linearly below

with respect to cup products.

Theorem 4.10 (Rudyak [52]). If cat(X) ≤ m, then

(1) cup(X) ≤ m;

(2) Massey products 〈v1, . . . , vk〉 vanish in H∗(X) whenever vi = a1 · · · ami and vj = b1 · · · bmj ,
and mi +mj > m, for some odd i and even j and as, bt ∈ H+(X). �

Then by our remarks in Section 3.1, and by definition cup(X) = nillH∗(X) − 1, we have a

condition for K to be m-annihilating.

Proposition 4.11. If cat(ZK) ≤ m, then K is m-annihilating. �

Now Theorem 4.2 follows from Propositions 4.7 and 4.9, and the fact that, cup(ZK) ≤ m when

K is m-annihilating.

4.6. Triangulated surfaces. We extend the characterization of the LS-category of 2-spheres to

closed connected 2-dimensional oriented surfaces. As before, the algebraic invariant that distin-

quishes between them is cup product length, though the combinatorial characerisation diverges.

The main difference is that spherical filtration length does not play a part for surfaces as it did for

spheres since the full subcomplex condition is a bit too strict here. Also, the different values for

the LS-category do not pigeonhole nicely in terms of length of chordless cycles. Note the case of

LS-category 1 has already been characterized in [40].

Proposition 4.12. Let K be a triangulation of a closed oriented connected surface. Then

1 ≤ cup(ZK) = cat(ZK) ≤ 3.

Moreover, letting m := cat(ZK), we have:

(i) m = 1 iff K has no chordless cycles (equivalently K = ∂∆3)

(ii) m = 2 iff K has a chordless cycle, but none with more than 3 vertices

(iii) m = 3 iff K has a chordless cycle with at least 4 vertices.
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Proof. For any vertex v, let Dv be the fan of 2-faces that contain v, and ∂Dv be its boundary, which

consists of all vertices adjacent to v. To see that Dv is a triangulation of a 2-disk, notice that a

small neighbourhood of v in |K| is homeomorphic to a 2-disk since |K| is a closed 2-manifold, so

the interior of |Dv| is an open 2-disk. At the same time the boundary ∂Dv has to be a triangulated

circle, otherwise we would have a pair of distinct edges between the same pair of vertices, namely,

vertex v and a vertex w in ∂Dv, which contradicts K being a triangulation.

Now we get to the heart of the proof. As in the proof of Proposition 4.7, we break the argument

up into three cases: (1) K has no chordless cycles of any length; (2) K has chordless cycles of length

no more than 3; and (3) K has at least one chordless cycle of length 4 or more.

The first difficulty extending to surfaces beyond 2-spheres is in case (3). Unlike the situation for

2-spheres, we cannot use a chordless cycle C of length ≥ 4 to obtain a length 3 spherical filtration

since C might not always bound a 2-disk in K. We search for filtrations derived from C instead.

Taking v to be a vertex on a chordless cycle C of length ≥ 4, since the vertices w0 and w1 that are

adjacent to v in C are in ∂Dv, we have a length 3 filtration of K in terms of triangulated spheres

E := {w0, w1} ( ∂Dv ( K

where |E| ∼= S0 , |∂Dv| ∼= S1, and |∂Dv| bounds the 2-disk |Dv|. Also, E is a full subcomplex of

K since there are no edges between w0 and w1 in C since they are both adjacent to v in C, and C

is chordless with at least 4 vertices. So there are no edges between them in K as well since C is a

full subcomplex of K by definition of chordless cycle. This then is almost a spherical filtration of

length 3; the only thing missing is that ∂Dv might not be a full subcomplex of K. However, ∂Dv

satisfies the hypothesis of Lemma 3.8. In particular, K\∂Dv has two disconnected components:

one containing v, and the other one containing another vertex w3 in C besides v, w0, or w1 which

must be disconnected from v in K since only w1 and w2 are adjacent to v in the full subcomplex C.

Then by the remarks preceding Lemma 3.8, 3 ≤ cup(ZK). Namely we have a length 3 cup product

induced by the composite of inclusions

K −→ ∂Dv ∗ (K\∂Dv) −→ E ∗ (∂Dv\E) ∗ (K\∂Dv).

Since cup(ZK) ≤ cat(ZK) ≤ 3 by Lemma 3.11, we are done.

The difficulty in case (2) is similar. We have cat(ZK) ≤ cat(ZK(1))+1 ≤ 2 by the same argument

as in Proposition 4.7, but again we cannot choose anly length 3 chordless cycle to form a length

2 spherical filtration. Instead, as in case (3), we look at Dv for some vertex v in a chordless cycle

C of length 3. Assume K is not a triangulated 2-sphere since that is addressed in Proposition 4.7.

Note ∂Dv must have a chordless cycle. If it did not then ∂Dv would bound a triangulated 2-disk

in D on the same vertex set as ∂Dv, and then |K| would have to be a 2-sphere since |D| ∪ |Dv| is

a 2-sphere. Also, since ∂Dv must have chordless cycles, then ∂Dv cannot have every vertex in K

beside v. Otherwise, embedding |K| in R3, we would have a path from v through the interior of

|K| and outside |K| through this chordless cycle, contradicting that |K| is a closed surface. Then

∂Dv satisfies the hypothesis of Lemma 3.8, and the filtration ∂Dv ( K gives a length 2 cup product

similarly as case (3). Thus 2 ≤ cup(ZK) ≤ cat(ZK) and we are done.

Case (1) is similar as for spheres. For any v, ∂Dv must have at least 3 vertices. In case (1) it

cannot have more than 3 as follows. Suppose it had 4 or more vertices. Since we assume K has no

chordless cycles, then the cycle ∂Dv must not be a full subcomplex. Namely, there must be an edge

{a, b} that is not in ∂Dv for two non-adjacent vertices a, b ∈ ∂Dv. But then (a, b, v) is a length 3

chordless cycle since σ := {a, b, v} cannot be a 2-face of K. If it was a face in K then K would not

be a surface since {b, v} would be adjacent to three 2-faces: σ and the other two in the triangulated

2-disk Dv distinct from σ since σ /∈ Dv. Now since ∂Dv has 3 vertices, and ∂Dv cannot be a length

3 chordless cycle, that is, cannot be a full subcomplex, it must be the boundary of a 2-face δ, so δ

and Dv form the boundary of a 3-simplex in K, implying K itself must be this boundary. �
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5. Further Applications

5.1. Fullerenes and Pogorelov polytopes. A fullerene P is a simple 3-polytope all of whose

2-faces are pentagons and hexagons. These are mathematical idealisations of physical fullerenes -

spherical molecules of carbon such that each carbon atom belongs to three carbon rings, and each

carbon ring is either a pentagon or hexagon.

The authors in [19] have shown that the cohomology ring of moment-angle complexes is a complete

combinatorial invariant of fullerenes, while Buchstaber and Erokhovets [11, 10] show that the finer

details of their cohomology encode many interesting properties of fullerenes. For example, if P ∗ is

the dual of P , then the bigraded Betti numbers of Z∂P∗ count the number k-belts in P . Here, a

k-belt of a simple polytope such as P is a sequence of 2-faces (F1, . . . , Fk) such that Fk ∩ F1 6= ∅,
Fi ∩ Fi+1 6= ∅ for 1 ≤ i ≤ k − 1, and all other intersections are empty. Notice that the k-belts

of P correspond to full subcomplexes of ∂P ∗ that are k-gons. But since fullerenes can have no

3-belts [11, 10], ∂P ∗ must only have n-gons as full subcomplexes for n ≥ 4. Moreover, since ∂P ∗ is a

triangulated 2-sphere that is not a boundary of the 2-simplex, it must have at least one such n-gon

as a full subcomplex. Thus, filt(∂P ∗) = 3, and by Theorem 4.2, we can determine certain Massey

products in H∗(Z∂P∗).

Theorem 5.1. For fullerenes P , cat(Z∂P∗) = 3 and ∂P ∗ is 3-annihilating. In particular, all Massey

products consisting of decomposable elements in H+(Z∂P∗) must vanish. �

Pogorelov polytopes [49] can be seen as a generalisation of fullerenes. A Pogorelov polytope is a

combinatorial simple 3-polytope realisable in the Lobachevsky (hyperbolic) space as a bounded right-

angled polytope. These polytopes are exactly simple 3-polytopes with cyclically 5-edge connected

graphs. A Pogorelov polytope has no 3 and 4-gons and may have any prescribed numbers of k-gons,

k ≥ 7. Any simple polytope with only 5-, 6 and at most one 7-gon is Pogorelov.

Since Pogorelov polytopes P have no 3 and 4-belts of facets, ∂P ∗ must only have n-gons as full

subcomplexes for n ≥ 5. Now following the same proof as in the case of fullerenes, we have the

following statement.

Theorem 5.2. For Pogorelov polytopes P , cat(Z∂P∗) = 3 and ∂P ∗ is 3-annihilating. In particular,

all Massey products consisting of decomposable elements in H+(Z∂P∗) must vanish. �

5.2. Neighbourly complexes. For any finite simply-connected CW -complex X, let

hd(X) := max
{

max
{
i
∣∣∣ H̃i(X)⊗Q 6= 0

}
, max

{
i
∣∣∣ Torsion(H̃i−1(X)) 6= 0

}}
and

hc(X) := min
{
i
∣∣∣ H̃i+1(X) 6= 0

}
.

These coincide with the dimension and connectivity of X up to homotopy equivalence. It is well

known (c.f. [42]) that X satisfies

(10) cat(X) ≤ hd(X)

hc(X) + 1
.

A version of the Hochster formula also holds for real moment-angle complexes, namely,

(11) H∗(RZK) ∼=
⊕
I⊆[n]

H̃∗(Σ|KI |).

Thus,

hd(RZK) = 1 + max {hd(|KI |) | I ⊆ [n] } ≤ 1 + dimK

and

hc(RZK) = 1 + min {hc(|KI |) | I ⊆ [n] } ,
and using the inequality cat(ZK) ≤ cat(RZK) from Corollary 3.13,



LS-CATEGORY OF MOMENT-ANGLE MANIFOLDS 23

Proposition 5.3. It holds that

cat(ZK) ≤ hd(RZK)

hc(RZK)
.

�

Comparing the Hochster formula for H∗(RZK) to the Hochster formula for H∗(ZK) in Section 3.1,

one sees that the inequality hd(RZK)
hc(RZK) ≤

hd(ZK)
hc(ZK) usually holds, with the disparity between these two

often being very large. In such case, the bound in Proposition 5.3 is an improvement over what one

would get by applying (10) directly to X = ZK .

Consider, for instance, the case of k-neighbourly complexes. A simplicial complex K on vertex

set [n] is said to be k-neighbourly if every subset of k or less vertices in [n] is a face of K. In this case

Hi(KI) = 0 for i ≤ k − 2 and each I ⊆ [n], so hc(RZK) ≥ k − 1. Therefore we have the following

result.

Theorem 5.4. If K is k-neighbourly, cat(ZK) ≤ 1+dimK
k . In particular, K is

(
1+dimK

k

)
-annihilating. �

Example 5.5. Suppose K is
⌈
n
2

⌉
-neighbourly. If K 6= ∆n−1, then dimK ≤ n−2. Thus, cat(ZK) ≤

1 (ZK is a co-H-space) and K is 1-annihilating.

5.3. Simplicial wedges. We recall the simplicial wedge construction defined in [50, 3]. Let K be

a simplicial complex on vertex set {v1, ..., vn}, and for any face σ ∈ K, define the link of σ in K the

subcomplex of K given by

linkK(σ) = {τ ∈ K | τ ∩ σ = ∅, τ ∪ σ ∈ K} .

By doubling a vertex vi in K, we obtain a new simplicial complex K(vi) on vertex set

{v1, . . . , vi−1, vi1, vi2, vi+1, . . . , vn}

defined by

K(vi) = (vi1, vi2) ∗ linkK(vi) ∪{vi1,vi2}∗linkK(vi) {vi1, vi2} ∗K\{vi},
where (vi1, vi2) is the 1-simplex with vertices {vi1, vi2}. One can of course iterate this construction

by reapplying the doubling operation to successive complexes, and the order of vertices on which this

is done is irrelevant. To this end, taking any sequence J = (j1, . . . , jn) of non-negative integers, let

uj be the jth vertex in the sequence v1, v12, . . . , v1j1 , v2, . . . , vn, vn2, . . . , vnjn and N = j1 + · · ·+ jn,

and define

K(J) = KN

where Kj+1 = Kj(uj+1) and K0 = K. In algebraic terms, the Stanley-Reisner ideal of K(J) is

obtained from the Stanley-Reisner ideal of K by replacing each vertex vi by vi1, vi2, . . . , viji in each

monomial. This construction arises in combinatorics (see [50]) and has the important property

that if K is the boundary of the dual of d-polytope, then K(J) is the boundary of the dual of a

(d+N)-polytope.

Theorem 5.6. For any J , cat(ZK(J)) ≤ cat(ZK).

Proof. Let (DJ , SJ) be the sequence of pairs ((D2j1+2, S2j1+1), . . . , (D2jn+2, S2jn+1)). By [3, 34],

there is a homeomorphism

ZK(J) = (D2, S1)K(J) ∼= (DJ , SJ)K ,

and by Proposition 3.12, cat((DJ , SJ)K) ≤ cat((D2, S1)K) = cat(ZK). �

This result becomes algebraically useful when a good bound on cat(ZK) is known. For instance,

there are many examples of complexes K for which cat(ZK) = 1, duals of sequential Cohen Macaulay

and shellable complexes, and chordal flag complexes to name a few [32, 38]. In each of these examples

cat(ZK(J)) ≤ 1, so K(J) is Golod. Generally, K(J) is at least (1 + dimK)-annihilating since

cat(ZK) ≤ 1 + dimK, even though dimK(J)− dimK can be arbitrarily large.
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Notice K(J) is a triangulation of a (d + N)-sphere whenever K is a triangulation of a d-sphere.

Combining Theorem 5.6 and Proposition 4.11, the range of spheres for which Theorem 4.2 holds

generalises as follows.

Corollary 5.7. Let K be be any triangulated d-sphere for d = 0, 1, 2, or K ∈ Cd when d ≥ 3, and

let m := filt(K) (equivalently m = cup(ZK)). Then cat(ZK(J)) ≤ m and K(J) is m-annihilating. �

5.4. Examples of complexes for which the cup product length does not determine the

category. There are two examples of simplicial complexes that clearly stand out as they are coun-

terexamples to a conjecture and a theorem on the homotopy theoretical structures of moment-angle

complexes associated with Golod simplicial complexes. Usingm-annihilating property, we shall prove

that in both cases the cup product length is strictly less than the category of these moment-angle

complexes.

Example 5.8. For some time it was thought that for any monomial ideal a in a polynomial ring

S = k[x1, . . . , xn] over some field k, the ring R = S/a is Golod if and only if the product in the

Koszul homology H∗(KR) of R is trivial [8]. Katthän [43] constructed a counterexample to this

statement. Let k be a field, S = k[x1, x2, y1, y2, z] and let a ⊂ S be the ideal with the following

generators:

ma := x1x
2
2 mab := x1x2y1y2 mab#c := x1y1z(12)

mb := y1y
2
2 mbc := y2

2z
2 mbc#a := x2

2y
2
2z(13)

mc := z3 mca := x2
2z

2.(14)

Then the product in H∗(KS/a) = TorS∗ (S/a,k) is trivial, but S/a is not Golod. More precisely, there

is a nonzero ternary Massey product.

The polarisation of this ideal is the Stanley-Reisner ideal of some simplicial complex K of dimen-

sion 5. By taking its 4-skeleton, one obtains an example of a 4-dimensional simplicial complex L,

such that k[L] is not Golod but has a trivial product in its Koszul homology. We shall show that

1 = cup(ZL) < cat(ZL).

As the cup product in H∗(ZL) is trivial, cup(ZL) = 1. If cat(ZL) = 1, then by Proposition 4.11 the

moment-angle complex ZL would be Golod. Therefore, cat(ZL) > cup(ZL).

Example 5.9. In [5] the question whether ZK is a co-H-space for K Golod was studied and the

authors showed that these two notions, one coming from algebra and another from topology, are

very closely related. Recently, Iriye and Yano [41] described a Golod simplicial complex K for which

ZK is not a co-H-space. It is straightforward to see that for the simplicial complex K,

1 = cup(ZK) < cat(ZK)

as cat(ZK) 6= 1 since K is not Golod.

References

1. David J. Anick, A counterexample to a conjecture of Serre, Ann. of Math. (2) 115 (1982), no. 1, 1–33. MR 644015

2. A. Bahri, M. Bendersky, F. R. Cohen, and S. Gitler, The polyhedral product functor: a method of decomposi-

tion for moment-angle complexes, arrangements and related spaces, Adv. Math. 225 (2010), no. 3, 1634–1668.

MR 2673742 (2012b:13053)

3. , Operations on polyhedral products and a new topological construction of infinite families of toric mani-

folds, Homology Homotopy Appl. 17 (2015), no. 2, 137–160. MR 3426378

4. I. V. Baskakov, V. M. Bukhshtaber, and T. E. Panov, Algebras of cellular cochains, and torus actions, Uspekhi

Mat. Nauk 59 (2004), no. 3(357), 159–160. MR 2117435 (2006b:57045)
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