LS-CATEGORY OF MOMENT-ANGLE MANIFOLDS AND HIGHER ORDER
MASSEY PRODUCTS

PIOTR BEBEN AND JELENA GRBIC

ABSTRACT. Using the combinatorics of the underlying simplicial complex K, we give various
upper and lower bounds for the Lusternik-Schnirelmann (LS) category of moment-angle complexes
Z. We describe families of simplicial complexes and combinatorial operations which allow for
a systematic description of the LS category. In particular, we characterise the LS category of
moment-angle complexes Zx over triangulated d-manifolds K for d < 2, as well as higher dimension
spheres built up via connected sum, join, and vertex doubling operations. We show that the
LS category closely relates to vanishing of Massey products in H*(Zx) and therefore to the
Golod property of the simplicial complex K. Through this connection we describe first structural
properties of Massey products in moment-angle manifolds. Some of further applications include
calculations of the LS category and the description of conditions for vanishing of Massey products
for moment-angle manifolds over fullerenes, Pogorelov polytopes and k-neighbourly complexes,
which double as important examples of hyperbolic manifolds.

1. INTRODUCTION

A covering of a topological space X is said to be categorical if every set in the covering is open
and contractible in X, that is, the inclusion map of each set into X is nullhomotopic. The Lusternik-
Schnirelmann category (or simply category) cat(X) of X is the smallest integer k such that X admits
a categorical covering by k + 1 open sets {Uyp,...,Ug}.

In general it is not easy to compute these invariants. Lusternik and Schnirelmann [47, 46] in-
troduced it initially in connection to variational problems. Poincaré studying dynamical systems
suggested that the existence and form of solutions of differential equations, that is, the complexity
of flows should be related to the topological complexity of the underlying manifold. In this context,
a first step was to estimate the number of invariant points for the particular case of gradient flows,
equivalently, to estimate the minimal number of critical points of functions on the manifold. The
Lusternik-Schnirelmann invariant, nowadays known as the LS category, gives a lower bound on the
number of critical points for any smooth function on the manifold. While this was analytical in na-
ture, there has been a host of useful applications in geometry and algebraic topology. For example,
G. Whitehead [54, page 464] showed that for a topological space X and a group-like space G, a
lower bound of the category of X is given in terms of nilpotency of the group of homotopy classes
of maps from X to G, that is, cat(X) > nilp([X, G]). Here the nilpotency nilp(A) of a group A is
the smallest integer k£ such that all length k product are trivial.

In this paper, motivated by the study of the Lusternik-Schnirelmann category and related invari-
ants for polyhedral products of the form (X, %)X for certain nice spaces X in [21, 29], we are focusing
on the LS category of moment-angle complexes Zx which are a particular example of polyhedral
product (X, A)X for X = D? and A = S'.

A large portion of the attention that moment-angle complexes have received has been due to their
relevance to algebraic and complex geometry, combinatorics and algebra, in particular homology of
local rings. The relation between cohomology of moment-angle complexes and homology of local
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rings can be seen through the notion of Golod rings. To a simplicial complex K on n vertices, the
Stanley-Reisner algebra R[K| = R|vy,...,v,]/Ik, where R is a commutative ring with unit, can be
v.] (R[KT], R). In particular, the
case of Zx being a co-H-space, that is, cat(Zx) = 1, is closely related to the Stanley-Reisner ring
R[K] being a Golod ring,.

Let R be a commutative Noetherian local ring with maximal ideal m and residue field £k = R/m.
Let M be a finitely generated module over R. The Poincaré series Pft(t) of M over R is a formal
power series in Z[|t|] defined as

associated and there is a ring isomorphism H*(Zf; R) = Torgy,,

.....

Pli(t) =Y BRAM)t € Z[t]

i>0

where (M) = dimy, Tor’, (M, k) denotes the i-th Betti number of M. In the 1950s Serre and
Kaplansky asked whether the Poincaré series P,f(t) is a rational function. This question ties in
closely with an analogous question in algebraic topology attributed to Serre on the rationality of the
Poincaré series of loop spaces of finite simply connected CW complexes (see [51]). Several authors
made an attempt to find an affirmative answer. However in 1982 Anick found a counterexample
answering the question in negative [1]. Research on this topic intensified since the appearance of
Anick’s example. The question of the Stanley-Reisner ring R[K] being Golod translates to cup
products and all higher Massey products vanishing in H*(Zk). In fact, there is a fairly large
literature that is focused on determining those K for which the Stanley-Reisner ring R[K] is Golod
(see [5, 6, 32, 34, 33, 38, 7]).

Away from algebra, moment-angle complexes have found intimate connections and applications
to complex and symplectic geometry. For example, Bosio and Meersseman [9] studied a class of
complete intersections of real quadrics in C" called links and showed that all links, after taking
products with circles in odd dimensional cases, can be given a complex-analytic structure. Some
of them are non-Kéahler complex manifolds which generalise the class of Hopf and Calabi-Ekmann
manifolds. Crucially, Bosio and Meersseman established a connection between complex geometry
and toric topology by showing that links coincide with moment-angle manifolds Zp over a simple
polytope P. Deligne, Griffiths, Morgan and Sullivan [17] proved that compact Kéhler manifolds are
formal. Therefore they have trivial Massey products with field coefficients. In this way, moment-
angle manifolds admitting non-trivial Massey products describe some of the few known explicit
families of complex manifolds beyond Kéahler manifolds. This is one of the main motivations to
study Massey products and more generally topology of moment-angle manifolds.

The above two questions; Golodness of Stanley-Reisner rings and Massey products in complex
manifolds, provide a motivation to study the LS category and its relations to Massey products of the
large class of moment-angle complexes known as moment-angle manifolds. Moment-angle complexes
Zk take the form of topological manifolds when K is a simplicial sphere or equivalently when
moment-angle complexes are considered over simple polytopes. Their topology and cohomology is
very intricate, with many questions remaining open even for low dimensional K (see for example [13,
18, 27, 16, 48, 9, 44, 45]).

In Section 3 we describe filtrations of simplicial complexes K which imply lower bounds on the
LS-category of Zi. We continue by detecting combinatorial operations on simplicial complexes
which in contrast to filtrations imply upper bounds on cat(Zk). As specific applications of these
methods in Section 4, we characterise triangulations K of d-spheres where d < 2 for which Zx has a
given category, and we build up higher dimensional spheres K for which we can calculate LS(Zk).

In Proposition 4.12 we further extend those results by calculating cat(Zg) for any triangulation
of a closed oriented surface K. Up to now only cat(Zx) = 1 has been considered.

Our further motivation is going back to the homology of rings and the study of a combinatorial
and algebraic characterisation of Golod complexes K and co-H-space (category < 1) moment-angle
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complexes Zy given in [32] in the case of flag complexes K. The authors there showed that both of
these concepts are equivalent, and moreover, that they both coincide with chordality of the 1-skeleton
of K and the triviality of the multiplication on H*(Zk; R) & Tor;[vhmwn](R[K], R) for R =Z or
R any field. An interesting consequence of this from the perspective of commutative algebra was
that for K flag the trivial multiplication on Tor;[vl’wvn](R[K |, R) implies that all higher Massey
products are also trivial. This depended on the general fact that the cohomology ring of a space of
category less than equal to 1 has trivial multiplication and Massey products vanish [26, 53]. Tt is
natural to ask what the corresponding statement is for spaces with larger category, more so, if the
characterisation for Golod flag complexes in [32] can be generalised in terms of Massey products.
An answer to the first question was given by Rudyak in [52], which inspired us to give the following
definition.

Definition 1.1. A simplicial complex K on vertex set [n] is m-annihilating over R if

(1) nill(Torgyy, .0, (RIK], R)) <m +1;

(2) Massey products (vy,...,v) vanish in Torg[ (R[K], R) whenever v; = aj - - - G, and

V1 yeenyUn]
vj = by - b, and m;+m; > m for some odd i and even j and as, b; € Torg[vlwﬂ)n](R[K}7 R).

Proposition 1.2. If cat(Zx) < m, then K is m-annihilating. O

Here the nilpotency nill A of a graded algebra A is the smallest integer k such that all length &
products in the positive degree part A* vanish. Notice that K is (m + 1)-annihilating whenever it is
m-annihilating, and 1-annihilating of K coincides with K being Golod [28], namely, that all products
and (higher) Massey products are trivial in Tor;[vh___,vn] (R[K], R). All of this can be restated equiv-
alently in terms of the cohomology of Zx due to an isomorphism of graded commutative algebras
H*(Z§; R) = Torgyy,,... v, (R[K], R) when R is a field or Z [4]. We shall consider (co)homology
with integer coefficients.

We note that the converse of Proposition 1.2 might not be true in general. For example, Iriye
and Yano in [41] constructed an example of a Golod complex K such that Zk is not a co-H-space.
Inequality (1) can also be strict (using a construction of Katthén [43] in Example 5.8). However,
we show the converse does hold (along with extension to larger LS-categories) for 1-spheres and
2-spheres, 2-dimensional closed oriented surfaces, as well as a natural class of higher dimensional
spheres, and that they can be characterised combinatorially.

Proposition 1.3. Let K be a triangulation of a closed oriented connected surface. Then
1 < cup(Zk) = cat(Zgk) < 3.

Moreover, letting m := cat(Zg), we have:

(i) m =1 iff K has no chordless cycles (equivalently K = 0A3)

(i1) m = 2 iff K has a chordless cycle, but none with more than 3 vertices

(#i1) m = 3 iff K has a chordless cycle with at least 4 vertices. O

Theorem 1.4. If K is any triangulated d-sphere for d < 2, or built up as a connected sum of joins
of one or more of such spheres (as long as spheres in the joins are not simplex boundaries, and
connected sums are over disjoint faces), then the following are equivalent:

(a) cat(Zk) < k;

(b) K is k-annihilating;

(c) length k + 1 cup products of positive degree elements in H*(Z) vanish;

(d) there does not exist a spherical filtration of full subcomplexes of K of length more than k.
Moreover, k < d+ 1. O

Dually, these operations on spheres can be stated in terms of simple polyotpes, that is, the join
of simplicial complexes corresponds to the product of simple polytopes, while the connected sum
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of simplicial complexes corresponds to taking the vertex cut of corresponding polytopes and then
gluing them along the new hyperplane which is subsequently removed.

As applications of the Theorem 1.4, we obtain the LS category of moment-angle manifolds over
important classes of simple 3-polytopes which contain fullerenes, Lobel, Pogorelov polytopes. The
moment-angle manifolds over these 3-polytopes have been of interest in various research areas, in
particular there is a direct relation to hyperbolic geometry [14].

The question of determining higher Massey products in H*(Zk) is an important one but no-
toriously difficult and equally interesting for algebraist, topologists and geometers. Currently, a
systematic answer is known in the case of moment-angle complexes associated to one dimensional
simplicial complexes, and only for triple Massey products of three dimensional cohomological classes
(see [18, 31, 30]). Using the Lusternik-Schnirelmann category of moment-angle complexes, we give
the first structural results on higher Massey products in moment-angle complexes by considering
n-Massey products of decomposable classes of arbitrary dimensions. For instance, k is precisely 3
when K is the boundary of the dual of a fullerene P.

Theorem 1.5. For fullerenes P, cat(Zsp+) = 3 and OP* is 3-annihilating. In particular, all Massey
products of decomposable elements in H" (Zgp+) must vanish. ([l

The last theorem can be generalised to any Pogorelov polytope.

Theorem 1.6. For Pogorelov polytopes P, cat(Zsp+) = 3 and OP* is 3-annihilating implying that
all Massey products of decomposable elements in HY(Zgp~) vanish.

Applying vertex doubling operations, the range of spheres in Theorem 1.4 can be extended.

Theorem 1.7. If K(J) is the simplicial wedge of K for some integer sequence J = (j1,...,7n),
then cat(Zk(y)) < cat(Z2xk). O

Our methods also apply to compute tight bounds on the LS-category for other important classes
of simplicial complexes, for example, those that are graphs, and those that have the neighbourly
property.

Theorem 1.8. If G is a graph, cat(Zg) < 2. Thus, G is at least 2-annihilating, and all Massey
products of decomposable elements in Torz[ (Z|G],Z)) vanish.

V1 yeeesUn)

Theorem 1.9. If K is l-neighbourly, then cat(Zx) < HIE gnd K is (UL _annihilating. O

We close the introduction by noting that many of the results in this paper extend to polyhedral
products of the form (Cone(X), X)X in place of Zx = (D%, S1)X.

2. PRELIMINARY

Recall the following concepts from [42, 15, 22, 25]. The geometric category geat(X) of a space X
is the smallest integer k such that X admits a categorical covering {Uy, ..., U} of X with each U;
contractible (in itself), and the category cat(f) of a map f: X — Y is the smallest k such that X

admits an open covering {Vp, ..., Vi } such that f restricts to a nullhomotopic map on each V;. It is
easy to see that cat(X) = cat(1: X — X),
(1) cat(f: X — Y) < min{cat(X),cat(Y)}

and cat(h o h') < cat(h'). For path-connected paracompact spaces,

cat(f x g) < cat(f) + cat(g)

which follows from the also well-known fact that cat(X x Y) < cat(X) + cat(Y") together with the
preceding inequalities. Unlike cat(), geat() is not a homotopy invariant, though one can obtain a
homotopy invariant from gcat() by defining the strong category

Cat(X) = min {gcat(Y) | Y ~ X}.
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In fact, the strong category satisfies Cat(X) — 1 < cat(X) < Cat(X) < gcat(X). We shall let
cup(X) = nill H*(X) — 1 denote the length of the longest non-zero cup product of positive degree
elements in H*(X). The main use of this is the classical lower bound

cup(X) < cat(X).

2.1. Some general bounds. We begin by giving upper bounds for the Lusternik-Schnirelmann
category of some general spaces.

Lemma 2.1. Let A be a subcomplex of X and S an open subset of A. Then S is a deformation
retract of an open subset U of X such that UN A =S.

Proof. Let Z; be an index set for the j-cells €/, of X — A, ®,: DI — X its characteristic map,

and ¢n: 0DI — D7 Loy X its attaching map. Given a subset B C X, let V,, p be the image of
$51(B)x[0,%) € DI = (0D? x[0,1])/(0D? x {1}) under ®,. Notice that V, 5 deformation retracts
onto a subspace of ¢,(0D7) N B, and if BN el =, BUYV, p deformation retracts onto B.

Construct R;11 C X such that R; C R;11, R; is a deformation retract of R;;1, and R; N X @ ig
open in the i-skeleton X", by letting Ry = S and R;4; = R; U|J Va,s. Then U = J,~, R; is
open in X, deformation retracts onto S, and U N A = S. -

a€Zliq
O

Lemma 2.2. Given a filtration Xg C --- C X,,, = X of subcomplezxes of a CW -complexr X, suppose
X1 — X, is contractible in X for each i. Then cat(X) < cat(Xo — X) +m < cat(Xp) + m.

Proof. Let k := cat(Xo — X), and {Uy, ..., Ux} be a categorical cover of the inclusion Xy — X.
Note that V; = X,;;1 — X, is open in X;;; since the subcomplex X; is closed in X;;;. Then
iterating Lemma 2.1, we have open subsets U; and V; that deformation retract onto each U; and V;,
respectively. Since the U;’s and V;’s cover X and are contractible in X, so do the U;’s and V;’s, thus
they form a categorical cover of X.

|

For any spaces X and Y, and a fixed basepoint x € X, we let X xY := (X xY)/(x x Y) denote
the right half-smash of X and Y, and Y x X = (Y x X)/(Y X %) the left half-smash.

Lemma 2.3. If X and Y are CW-complexes and X is path-connected, then cat(X xY) = cat(X).

Proof. Let X be given by attaching the interval [0, 1] to X by identifying 0 € [0, 1] with the basepoint
¥ € X, and fix 1 € X to be the basepoint. Given k = cat(X) and {Up, ..., U} a categorical cover of
X, take the open cover {UyxY,...,UpyxY}of X 1Y = (X xY)/(1 xY) (here U; xY = U; x Y if
1 ¢ U;). Notice that the contractions of each U; in X can be taken so that 1 remains fixed if 1 € U;.
If U; contracts to a point b; in X, U; x Y deforms onto {b;} xY in X %Y, which in turn contracts
to the basepoint in X x Y by homotoping the coordinate b; to 1. Therefore cat(f( xY) <k, and
we have cat(X xY) < k since X ~ X and X xY ~ X x Y. Moreover, cat(X xY) > k since X is
a retract of X x Y.

O

Let S be m copies of the interval [0, 1] glued together at the endpoints 1 in some order. Given a
collection of maps X L> Y; for i =1,...,m, the homotopy pushout P of the maps f; is the m-fold
mapping cylinder

P=MU---UY,U(XxS8))/~

under the identification (x,t) ~ fi(x) whenever ¢t is in the i** copy of [0,1] in S and ¢ = 0.
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Lemma 2.4. Fizm > 2. Fori=1,...,m, let A; and C; be basepointed CW -complexes, B; =
Hj;éi Aj, and E be a contractible space. Suppose A; x E N C; are nullhomotopic maps, and P is

ix1p,
the homotopy pushout of the maps A; x E X B; fx—f’ Ci; x B; fori=1,...,m. Then
cat(P) < max{1,cat(C1),...,cat(Cp)}.

Proof. We proceed by induction on m. Start with m = 2. By Lemma 7.1 in [34], there is a splitting
P~ (XA; AN Ag) V (Cy x Ay) V (Cy x Ay). Thus using Lemma 2.3,

cat(P) = max{cat(XA; A Az),cat(Cy x Ag),cat(Cy x A1)} = max{1, cat(C), cat(Cs)}.

The statement holds when m = 2.

Take By = *, B, = ngeAjv B} = Hj7éi,j<m A;, and B; as basepointed subspaces of B =
[I; 4;. Let P’ be the homotopy pushout of f; x 1p; for i = 1,...,m — 1 (these are all maps
from E X B,, = E x B,,_1). Suppose the lemma holds whenever m < m' for some m’ > 2. Let
m :=m’'. Then cat(P’) < max{1l, cat(C}),...,cat(Cp—1)}. Notice that P is the homotopy pushout

of f, x 1, and the inclusion A,, X E x By, am x9 A,, x P', where g is the inclusion W,,,_1 C P,
and Wy, = E x By x {1}. We can deform Wy into W;_; in P’ as follows. First deform W, onto
fe(Ae x E) x By—1 by moving it down the mapping cylinder M = ((E x By, x [0,1]) U (C¢ x By))/ ~
of P’ and onto the base C; x By, then deform it onto * x By_1 in Cp x By using the nullhomotopy
of fy. Finally, move By_; back up towards the top of the mapping cylinder M and into W,_;.
Composing these deformations for £ = m —1,...,1 gives a contraction in P’ of W,,_1 to a point.
Thus, ¢ is nullhomotopic, as is f,. Since the lemma holds for the base case m = 2, cat(P) =
max{1, cat(P’), cat(Cy,)} < max{1,cat(C),...,cat(Cp)}.

|

Lemma 2.5. Fiz m > 2, and for i = 1,...,m, let A;, C;, E be basepointed CW -complexes,
E is path-connected, and let B; := H#i Aj. Suppose A; x E N C; are maps such that the
restriction (fi)|a,x= of fi to A; x % is nullhomotopic, and P is the homotopy pushout of the maps

A; x E x B; fix—lfi Ci x B; fori=1,...,m.
(i) Then
cat(P) < max{1,cat(Cy),...,cat(Cp,)} + Cat(E).
(i) Moreover, if each C; x B; is a subcomplex of some CW -complex X; such that X; — C; x B; is

. . . fixlp,
contractible in X;, and P’ is the homotopy pushout of the maps A; X E x B; X—;B” C; x B; — X;
fori=1,...,m, then also

cat(P") < max{1,cat(C}),...,cat(Cy,)} + Cat(E).

Proof. (i) Let B:= Ay x -+ x Ap,, and D =[[,_, .(Ci x B;), and let S; for t <1 be m copies of
the interval [t, 1] glued together at the endpoints 1, and S; be its interior, namely, m copies of (¢, 1]
glued at 1.

Let k := Cat(FE) and take E' ~ E to be such that k = gcat(E’). Then P is homotopy equivalent

Ix1p,
to the homotopy pushout @ of the maps A; x E’ x B; flx—fl C; x B; for i = 1,...,m, where

A; x E' L,> C; is the composite of f; with the homotopy equivalence A; x E’ Lﬁ): A; x E. Since E
is path-connected and gcat() is unaffected by attaching an interval [0, 1] to a space, we may assume
that the homotopy equivalence E/ —» E is basepointed for some % € E.

Let Uy, ..., Uy be an open cover of E’ with each U; a contractible subspace. Take @, to be the

i,'X]l i . . . .
homotopy pushout of A; x U; x B; i C; x B; for ¢ = 1,...,m, where g; ; is the restriction

of f{ to A; x Uj, and let V; = Q; — D = U; x B x S). Since g; ; x 1p, restricts f/ x 1p,, Q; is a
subspace of () and Vj is open in ). Moreover, we may contract V; in @) to a point as follows. Let
By := * and By = Higz A; C B, and take the subspace W, = * x By x {1} of E' x B x S} C Q. We
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can deform W, into Wy_; in @, first by deforming W, onto f;(As X *) x By—1 by moving it down the
mapping cylinder M = ((E’ x B x [0,1]) U (Cy x By))/ ~ of @ and onto Cy X By, then deforming
it onto * x By_1 in Cy x By using the nullhomotopy of (f)4,x«, and finally, moving B,_; back up
towards the top of the mapping cylinder M and into E’ x B x {1}. Composing these deformations
of Wy into Wy_; in Q for £ =m,m—1,...,1, and deforming V; onto W,,, using contractibility of U;
and S} (onto 1), gives our contraction of V; in @ to a point.

Assume * € Up. Since Uy is contractible and (g;,0)j4,x« = (fi)|a,x« is nullhomotopic, g; o is also
nullhomotopic. Lemma 2.4 then applies to @y, namely, we have

cat(Qo) < max{1,cat(Cy),...,cat(Cp)}.

Let R := 8y =81 = [z, (0, 1)and R = Sy — S1 = [lisy, .m0 1), and consider the open
subspace Q) = Qo U (E' x B x R) of Q. Notice @, deformation retracts in the weak sense onto Qg
by deformation retracting the subspace of Qg

(E"xBxR)UD)/~

onto D, this being done by contracting each copy of [0, %) in the factor R to 0, at the same time
expanding (Uy x B) x S in Q{ by expanding each copy of [£,1] in the factor Sy outwards to [0, 1].
Then cat(Qp) = cat(Qo). So take k' = max{1,cat(C1),...,cat(Cp)} and {Ug,..., UL/} to be a
categorical cover for Q. Notice that U/ is open in @ since @ is, and Q = U?:o Q; =QyU U?=1 V.
As each Vj is open and contractible in @, then {Uy,...,U},,Vi,...,Vi} is a categorical cover of Q.
Therefore cat(P) = cat(Q) < k' + k.

(i) Since C; x B; is a subcomplex of X;, P is a subspace of P’ with

Pr-pP= J] (Xi-CixB),

i=1,....,m

so P’ — P is open and contractible in P’. Notice each V; is an open (and contractible) subset of P,
while S; = U;N([ ],

1=1,..., m

X;) is an open subset of D. By Lemma 2.1, there exists an open subset R;
is an opvé'r'l’ subset of P’ that deformation retracts onto U]’-7 thus is contractible in P’. Since P’ — P
and V; are both open in P’, and (P’ — P) NV, = (), then the subspace (P’ — P) UV} is contractible
in P’. We can therefore take {Ry, ..., R}, (ViU (P’ — P)),Va,...,Vi} as a categorical cover for P’,
so cat(P') < k' + k. O

3. MOMENT-ANGLE COMPLEXES
Given a simplicial complex K on vertex set [n] and a sequence of pairs of spaces
S = ((X1,41), ..., (Xn, An)),
A; C X;, the polyhedral product S¥ is the subspace of X *™ defined by

SK .= U Y7 x-oxY7,
ceK
where V7 = X, if i € o, or Y7 = A; if i ¢ o. If the pairs (X;, A;) are all equal to the same

pair (X, A), we usually write S¥ as (X, A)X. The moment-angle complex Zy is defined as the
polyhedral product (D?,0D?)X | and the real moment-angle complex RZy is the polyhedral product
(D', 0DY) K.

The join of two simplicial complexes K and L is the simplicial complex KxL = {oc U7 | 0 € K, 7 € L},
and one has |[K* L| & |K|x|L| ~ S|K|A|Ll and Zk.p 2 Zxx Z1. I C[n], K ={c € K | o C I}
denotes the full subcompler of K on vertex set I, in which case Zk, is a retract of Zx. Notice that
if K1 and L; are full subcomplexes of K and L, then K; * L; is the full subcomplex (K * L), of

K % L. As a convention, we let Zj := x when () is on empty vertex set.
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We let S° denote both the 0-sphere and the simplicial complex OA! consisting of only two vertices.
Generally, we assume our simplicial complexes (except }) are non-empty and have no ghost vertices,
unless stated otherwise.

3.1. The Hochster theorem. When R is a field or Z, it was shown in [12, 23, 4, 37] that there
are isomorphisms of graded commutative algebras

(2) H*(Zx; R) = Torgy,...., | (RIK], R) = @ H* (S K |; R).
IC[n]

The isomorphism on the left is induced by a quasi-isomorphism of DGAs between the Koszul complex
of the Stanley-Reisner ring R[K]| and the cellular cochain complex of Zx with coefficients in R. The
multiplication on the right is given by maps H*(K;)® H*(K ;) — H**1(K/_) that are zero when
INJ # (), otherwise they are induced by maps ¢1, 5 : |Krug| — | K*Ky| = | Kp|*|K | ~ 3| K|A| K|
geometrically realising the canonical inclusions K, ; — KK ;. One can iterate so that any length
¢ product ®f:1 H*(Kr,) — H***~Y(K7,0...u1,) is induced by the inclusion

U, 0y ¢ |K11U“'U1e| R— |K11 LR KI{,'
where the I;’s are mutually disjoint.

3.2. A necessary condition. The Hochster theorem lets us make statements about general bounds
on the category cat(Zg) in terms of combinatorics and topology of K and its full subcomplexes.
Suppose cat(Zx) < £ — 1, so cup products of length [ vanish in H*(Zg). Then in light of the
Hochster theorem, the inclusions ¢, . ;, must induce trivial maps on cohomology. In fact, their
suspensions must be nullhomotopic.

Proposition 3.1. If cat(Zx) < £ —1, then
Em—HLIl,m’U : ‘KHU'“UU,l — |K11 ook Kfe|
is nullhomotopic for all mutually disjoint I, ..., I, C [n].

Proof. Let §K = ZKK{(xl,...,a:n) € Zi |at least one z; = x}. Fixm = | U---UI, Y =
ZKioon, a0d Y = Zg, . Since Y is a retract of Zk, cat(Y) < £ — 1. Recall from [42]
that a path-connected basepointed CTW-complex such as Y satisfies cat(Y) < £ — 1 if and only if
there is a map Y R Wi(Y) such that the diagonal map Y 25 VX4 factors up to homotopy
as Y - FW,(Y) nelude yrxt - Here FWy(Y) = {(y1,...,y¢) € Y**| at least one y; = *} is the
fat wedge. This implies the reduced diagonal map A : Y -2 VX! — Y*(/FW,(Y) = YM s
nullhomotopic. Then sois (: Y Loy N; 2 K, — N, Z K;;» where the second last map is
the smash of the coordinate-wise projection maps onto each Zsza and the last map is the smash

of quotient maps. This last nullhomotopic map ¢ coincides with ¥ —%» LN A j 21(1]., where q
is the quotient map and ¢ is the inclusion given simply by rearranging coordinates. Moreover, ¢ is
homeomorphic to ¥™*1,;,  ;, and $q¢ has a right homotopy inverse (c.f. [2], and also the proof of
Proposition 2.5 and pg. 23 in [5]). It follows that ™17 is nullhomotopic.

|

3.3. Filtrations and lower bounds. To give combinatorial lower bounds for cat(Zx) we construct
cup products in cat(Zk) using information coming from the combinatorics of K. We state this in
terms of being able to construct certain filtrations of K of a bounded length. Let

K\L:={reK |o{rforanyoeL}.

denote the deletion of subcomplex L from K. Notice K\L and K\(K\L) are full subcomplexes of
K on complementary vertex sets: if K is on vertex set [n] and K\L is on vertex set I C [n], then
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K\(K\L) is on the same vertex set [n] — I as L, and we can take the canonical inclusion
K — K; % Kjp_y = (K\L) % K\(K\L).
If L itself is a full subcomplex, then L = K\(K\L).

Lemma 3.2. If K is a triangulated d-sphere on vertex set [n] and L is a full subcomplex that is a
triangulated (d — 1)-sphere, then |K\L| ~ |K|\|L| =~ |E1| U |E2| such that Ey and Es are disjoint
contractible subcomplezes of K.

More generally, if K is a triangulated closed d-manifold and L is a full subcomplex that is a
triangulated (d — 1)-sphere which bounds a triangulated d-disk in K, then at least one of Eq or Es
s contractible.

Proof. For the case |K| 22 S? since L and K are finite, the embedding of |L| in | K| can be thickened
on either side to an embedding of a thickened sphere. Thus by the generalised Schoenflies theorem ||
bounds two distinct d-disks (hemispheres) |D1| and [Dy| of the sphere | K|, and |Kp,)_7| = [E1|U|Es|
for full subcomplexes E; C D; obtained by deleting vertices from D; that are in L. Notice that |D;|
deformation retracts onto |E;| as follows. Take an open collar neighbourhood C := [0,1) x §9~!
of |L| in |D;| small enough such that the collar does not intersect |F;| (i.e. is contained only in
the d-faces that have vertices on the boundary |L| = 9|D;|), and deformation retract |D;| onto
|D;|\|C| by contracting the collar onto S9~!. Take a d-face o in D; with vertices on L, and write
o:={v1,..., 05, Ww1,...,W4—p} so that the v;’s are in L and w;’s are in F;. There must be at least
one of each type since L is a full subcomplex with no d-faces. For any point € |o| that is not on
the (d — 1)-face {vy,...,vx}, x lies on the line interpolating barycentric coordinates

(0,...,0,61,...7651,]@)

er+...+eq—k
in |o|, where (dy,...,dg,e1,...,eq—x) are the barycentric coordinates of z in |o|. When z € D;\C,
these lines end at t = 1 on a point in E; since at least one of e; > 0. Also, they vary continuously
as x varies, and they agree on shared boundaries of d-faces. Thus following these lines from ¢ = 0
to t = 1 defines a deformation retractions of |D;|\|C| onto |E;|, so |E;| ~ |D;|\|C| =~ |D;| ~ | | and
we are done. The argument when |K| is a d-manifold is similar. ]

l(t) = (1 —t)(dl,...,dk,el,...,ed,k) +1t

Lemma 3.3. If K is a triangulated d-sphere on vertex set [n] and L is a full subcomplex that is a
triangulated (d — 1)-sphere, then the inclusion

t: |K| — |[(K\L)* L| & |K\L| * |L|

is a homotopy equivalence S¢ — S<.

More generally, if K is a triangulated closed d-manifold and L is a full subcomplex that is a
triangulated (d — 1)-sphere which bounds a triangulated d-disk in K, then v induces an isomorphism
on degree d cohomology mapping a generator to the fundamental class of K.

Proof. For the case |K| = S by Lemma 3.2, |K\L| = |E;| U |Es| for some disjoint contractible
subcomplexes |F;| of |K|. Let

h: |K\L| % |L| — S°*|L| = 54

be the join of the identity map on the right factor with the map collapsing |E;| and |Es| to —1 and 1
in S° = {—1,1} on the right factor. Then h is a homotopy equivalence since each | E;| is contractible.
Likewise, h o ¢ is the quotient map that collapses each |E;| to a distinct point, so it is a homotopy
equivalence since the E;’s are disjoint contractible subcomplexes of K. Therefore, ¢ is a homotopy
equivalence.

To prove the general case, assume by Lemma 3.2 that F5 is contractible. Composing h with the
map ¢ that collapses the bottom hemisphere of S¢ to —1, we see that gohov is the map that collapses
everything outside the interior of d-disk D in K that bounds L to the point —1, and collapses the
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subcomplex Fs in the interior of D to the point 1. But since F» is contractible, go h ot is homotopy
equivalent to the map that simply collapses the everything outside the interior of D, which is the
quotient map of the top d-cell of the d-manifold K to a d-sphere. Since this induces a map on
cohomology that sends the fundamental class of S¢ to the fundamental class of K, we are done.

|

Definition 3.4. Given K is a triangulated closed connected d-manifold on vertex set [n], suppose
there is a sequence Iy C --- C I1 = [n] such that the filtration of full subcomplexes

K, - -CKp =K

satisfies

(1) Ky, is a triangulation of a (d + 1 — ¢)-sphere when ¢ > 2;
(2) Ky, bounds the triangulation of a d-disk in K = Kj, (i.e. there exists I[x C J C [n] such
that |K ;| = D9).

Then we say that this is a spherical filtration of K of length /.

Remark: Condition (2) is redundant when K is a triangulated d-sphere by the generalised Schoen-
flies theorem.

Definition 3.5. For any triangulated closed manifold K, define its full filtration length filt(K) to
be the largest integer ¢ such that K admits a spherical filtration of length /.

Proposition 3.6. If some full subcompler K; C K is a triangulated closed manifold with a spherical
filtration of length £, then ¢ < cup(Zk).

Proof. Let Ky, C --- C Ky, := K be a spherical filtration of Ky length ¢. Let J;41 = I; — I;1; for
i < £. By Lemma 3.3, each inclusion

Li - |]"(v[1

‘—)|K] * K.

i

+1| = ‘K1i+1| * |KJ

i+1 i+1|

is a homotopy equivalence when ¢ > 2. Take the composite of inclusions

L I o Uy
(3) |K]1|‘I—1> |K]2*KJ2|‘—2> |K]3*KJ3*KJ2|;J>""—1> |K[Z*K‘][*~-~*K‘]2|
where the " map (i > 2) in this composite

L{il|K1i*KJ,i*-~-*KJ2|‘—>|K] * Ky

i+1

« K, %% Kp,|

i+1

is the join of the homotopy equivalence ¢; and the identity |Kj, * - - * K, | Ly | K, %% K.
Since each |Kj,| ~ SO for j > 3, then 1; is homotopy equivalent to the identity S%2 1, gi2,
Each ¢; (and ¢;) is therefore a homotopy equivalence when ¢ > 2, and then so is the composite in (3)
of all the maps except possibly the first. The first map ¢; on the other hand induces a non-trivial
map to the fundamental class of K; by Lemma 3.3. Therefore (3) induces a non-trivial map on
cohomology mapping the fundamental class of S to the fundamental class of K, so the Hochster
theorem implies there is a non-trivial length ¢ cup product in H*(Zk, ). O

Corollary 3.7. If K is a triangulated closed connected manifold, then
filt(K) < cup(Zk) < cat(Zk).

More generally for any K, since each Zk, is a retract of Zi, then
filt(K) < cup(Zk) < cat(Zk)

whenever Ky is a triangulated closed connected manifold. O
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With some additional effort the statement in Lemma 3.3 can be generalized so that it does away
with the triangulated sphere needing to be a full subcomplex. In particular, Proposition 3.6 still
holds when we modify the definition of spherical filtration so that the second full subcomplex K7,
in the filtration is replaced with any triangulated (d — 1)-sphere L that is not necessarily a full
subcomplex, as long as it satisfies the hypothesis in Lemma 3.8 below. The proof of Proposition 3.6
then follows as before, this time using Lemma 3.8 in place of Lemma 3.3 for the map ¢;.

Lemma 3.8. Suppose K is a triangulated closed connected d-manifold, L C K s a triangulation
of a (d — 1)-sphere that bounds a triangulation of a d-disk D in K such that D\L is non-empty
and connected, and K\L consists of two non-empty disconnected components Ay and Ay. Then the
inclusion

v K [(K\L) x K\(K\L)|
induces an isomorphism on degree d cohomology, mapping the fundamental class of S to the fun-
damental class of K.

Proof. Denote A := Ag U A; := K\L and B := K\A, and let D C K be a choice of triangulated
d-disk that is bounded by the triangulated (d — 1)-sphere L. Notice that D cannot be a subcomplex
of B and all vertices of D not in L must all be in exactly one of Ag or Ay since D\L is non-empty
and connected.

Consider the inclusion g: L — B restricting to the identity on vertices. Topologically, the
inclusion g: |L| — |B| has a left homotopy inverse

r: |B| — |L| =81

by the following argument. Note that B has no faces above dimension d. Also, no d-faces can form
a cycle in the simplicial chain group Cy(B). If they did, then this would at the same time be a
cycle in Cy(K) that is distinct from the cycle € corresponding to the fundamental class of H*(K)
consisting of all d-faces of K (since K'\L has two non-empty disconnected components), and they
could not be homologous to themselves or zero since there are no (d + 1)-faces, meaning Hy(K) has
two Z generators, which contradicts Poincaré duality. Then H,(B) is trivial in degrees d and above,
implying B is homotopy equivalent to at most a (d — 1)-dimensional CW-complex, and so we can
quotient the (d — 2)-skeleton of B to obtain a map |B| — \/,, S?~! into a possibly empty wedge of
(d — 1)-spheres that induces a surjection on Hy—1. Thus, all that is left to show is that g induces a
non-trivial map on Hg_1. In this direction, take the cycle in Cyq_1 (L) consisting of all (d— 1)-faces of
L yielding its fundamental class, which is a cycle v in Cy_1(B) under the inclusion g. We are done if
we can show 7 is not a boundary in Cy_1(B). To see this, suppose conversely that 7 is a boundary
of an element a € Cy4(B) C C4(K). Since the d-disk D is bounded by L, « is also boundary of the
element b € Cy(K) consisting of the d-faces of D, and a # b since D is not a subcomplex of B. Then
a —bis a cycle in Cy(K) distinct from the cycle £ (since it does not contain those d-faces with a
vertex in one of Ag or A;), which contradicts Poincaré duality by the same argument as before.
Now consider the composite

FrlK| =5 |A% B 2 |A| % |B| Z5 |A] « 891 25 G0 4 gi—1 o= gd
where the last map ¢ * 1 collapses the components Ay and A; of A to either point of S°. Thus
f maps |Ag| and |A;]| to distinct hemispheres of S% = SO x S9=1 sharing the equator S¢~! ¢ S%.
In turn, f maps the pair (|D],|L|) to one of the hemispheres such that f restricts on |L| to r o g,
mapping |L| to the equator. In other words, f restricts to a map of pairs (|D|, |L|) AN (D?, 541,
which represents an element of 74(D?, S971) since (|D|,|L|) = (D9, S%1). Since the boundary map

7(D?, 8171) N 7q_1(S%71) is an isomorphism Z ~ Z in the homotopy long exact sequence of the
pair (D94, 891), and since 9([f’]) = [r o g] and 7 o g is homotopic to the identity, then f’ represents
the identity, meaning f’ is homotopic to a homeomorphism (|D|,|L|) — (D?,S%"!). Then using



12 PIOTR BEBEN AND JELENA GRBIC

the homotopy extension property, f is homotopic to a map that restricts to such a homeomorphism,
while still mapping everything outside | D| to the opposing hemisphere. Now collapsing the opposing
hemisphere to a point, f is homotopic to a map that collapses everything outside a d-disk in the
d-manifold K to a point. Namely, this is the map quotienting the d-cell of |K| to a sphere that
induces an isomorphism on degree d cohomology between their fundamental classes. Since f factors
through ¢, we are done.

|

3.4. Skeleta and suspension on coordinates. Let K be a simplicial complex on vertex set [n]
and let K denote the i-skeleton of K, and K- := (). An inclusion of simplicial complexes
L — K induces a canonical inclusion of C'W-complexes Z; — Zg. This gives Ziu and
Zg-n = (0D?)*" = (81)*" as CW-subcomplexes of Zx.

Lemma 3.9 (Corollary 3.3 in [34]). If K is on vertex set [n] with no ghost vertices, then Zg (1) =
(OD?)*™ is contractible in Zj. O

Lemma 3.10. If0 <[ < dim K, then Zxw — Zx -1 is contractible in Zy .
Proof. We have a decomposition

ZKu) — ZK(Z—l) = H 1710 X e X Y/;f
€K, |o|=t+1
where Y7 = D> —9D?if i € o and Y;” = dD? if i ¢ . This being a disjoint union of open subspaces
of Zyw, each of which can be deformed into Zg(-1) in Zx by contracting Y;° to a point in 0D?
whenever ¢ € 0. Thus Zx ) — Zx«-1) can also be deformed into Zg(-1). Then Zp ) — Zxw-1) is

contractible in Zx by Lemma 3.9.
O

Lemma 3.11. If -1 < j < dim K, then
cat(Zk) < cat(Zgy) — Zk) +dim K — j.
In particular,
cat(Zxk) < dim K + 1.
and

cat(Zg) < cat(Zxy ) + dim K — j.

Remark: Lemma 3.10 and 3.11 can be generalised to any filtration L; C --- C Lj = K satisfying
0do C L; whenever o € L; 1 in place of the skeletal filtration.

Proof. The skeletal filtration KW c ... ¢ KWAmEK) — g induces a filtration of subcomplexes
Zri €+ C Zg, and for 0 < j < dim K, Zxu) — Zxi-1) is contractible in Zx by Lemma 3.10.
The result then follows using Lemma 2.2. In particular, when j = —1, we get cat(Zx) < dim K + 1
since cat(Zx(-1) — Zi) = 0 by Lemma 3.9. The last bound follows from equation 1. O

Proposition 3.12. Consider the sequences of pairs of spaces S = ((X1,A41),...,(Xn, An)) and
T =X, 2™ A),..., (8™ X,, X" A,)) for some integers m; and connected basepointed X;.
Then for any K with no ghost vertices,

cat(T5) < cat(SK).

Proof. Let K be on vertex set [n], k := cat(S¥), and take a categorical cover {Uy, ..., U} of SX.
For any open subset V of S¥, define the following open subset V! of T

Vl = {((t1,$1)7...,(tn,l’n)) S HZlel (xl,...,xn) S ‘/, ti € Dm‘} .

i=1
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In particular, 7% = (S¥)!. Then {U3,...,U}} is an open cover of TX. Since K has no ghost
vertices, A; C X;, and each X; is path-connected, then S¥ is path-connected. Since ¥™ X; is the
reduced suspension of the basepointed space X;, we have identifications (¢, %) ~ % € ™ X,;. Then
we can define a contraction of U} in T¥ by contracting U; in S¥ to a point p and homotoping p to
the basepoint (x,...,*) € SX. Therefore, {U},..., UL} is a categorical cover of TX.

O

Notice that the (i + 1)-skeleton (RZK)UH) of RZk is equal to RZp ) although this is not true
for the complex moment-angle complex Zj .

Corollary 3.13. For any K with no ghost vertices,

4) cat(Zk) < cat(RZk)

and if RZk is not contractible and i > 0, then

(5) cat(Zxy) < cat(RZxm)) < cat(RZk).

Proof. Inequality (4) and the first inequality in (5) follow from Proposition 3.12. By the main
corollary of Theorem 1 in [20], the i-skeleton X (1) of any connected non-contractible CW-complex
X satisfies that cat(X®) < cat(X). Since (RZK)(Hl) = RZg» holds for real moment-angle
complexes, the last inequality follows.

([l

It is plausible that the second bound can be strengthened to cat(Zxu)) < cat(Zk). In any case,
even if it is true, we will sometimes need a sharper bound.

Let X and Y be path-connected paracompact spaces, and U := {Uy, ..., Ux} and V := {Vy, ..., V;}
be categorical covers of X and Y, respectively. We recall James’ construction of a categorical cover
W= {Wy,...,Wgye} of X XY from the covers U and V (see [42], page 333).

Let {7;}jcqo,...ky be a partition of unity subordinate to the cover Y. For any subset S C
{0,...,k}, define

Wy(S) == {x € X | mj(x) > mi(x) for any j € S and i ¢ S},
and for any point p € X, let

Sulp) == {3 € {0,....k} | m;(p) > 0}.

Since the context is clear, let W(.S) := Wy(S) and S(p) = Sy(p). Then W(S) is an open subset
of X. Given z € X, x € W(S) where S = {i | m(x) = max{m (z),...,mx(z)} }), we have X =
|S] = |S’| and S # 5', and W (S) C U; whenever j € S. Therefore W (S) is contractible in X. Then
so is the disjoint union of open sets

(6) Ul = 11 W(S).
S=S(p) for some peX
|S|=i+1
Since W(S) = 0 when S # S(p) for every p € X, the set {Uj,...,U}} forms a categorical cover of
X. We obtain a categorical cover {Vj,...,V/} of Y from V by an analogous construction.
Now let U; := Uj_,U---UU}, and V] = Vg’fju~~~UVe', and for —1 < s<k-+/ let C_;:=0 and
CS = U Uz X ‘_G

1+j=s
i<k,j<t
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Take Wy := Cy — Cs_1. Notice that

(7) W, = H Ui x Vj.
1+j=s
i<k,j<t

This defines a categorical cover W of X x Y.
Given subcomplexes B C Y and A C X, consider the polyhedral product

X = X X BUsxp AXY

over the sequence X = ((X,A), (Y, B)), where S° is considered as a simplicial complex of two
disjoint points.

Lemma 3.14. If X — A is contractible in X and Y — B is contractible in Y, then
cat(XSU) < cat(A) + cat(B) + 1.

Proof. Suppose we have categorical covers { Ry, ..., Rx} and {S1,...,Se} of A, and B. By Lemma 2.1,
we have open subsets U; C X and V; C Y such that U; and V; deformation retract onto R; and .S;
respectively, and U; NA = R; and V;N B = S; for ¢ > 1. Then taking Uy := X — A and Vy :=Y — B,
U:={Uoy,..., Uy} and V := {V, ..., Vy} are categorical covers of X and Y.

Notice that

0

X XY —UyxVy=2&%,
and since Ry =U;NA=U; —Upand S; =V;NB=V; =V fori,5 > 1,
(8) Di,j = Ul'XVj*UoXVO = (Rix‘/j)URiij (UZXSJ)

Notice that D; ; is contractible in X s° by deformation retracting the factor U; onto R; and V; onto
S;, then contracting R; x S; in A x B.
Take the categorical cover W := {Wy, ..., Wiy} of X X Y constructed from ¢ and V as above.

By (7),

We—UpxVo= [ (Ul xV]-UsxW),

i+j=s
i<k,j<t
and by (6),
Ul x V] = Uy x Vo = 11 (Wi (S) x Wy(T) — U x Vp).

S=Su (p) for some peX
T:Sv(q) for some g€Y
|S|=i+1, |T|=j+1

These are disjoint unions of open subsets of X'S°. Since Wy, (S) is contained in some Uy and Wy, (T)
is contained in some Vj/, it follows that (Wi (S) x Wy (T) — Uy x V) is contained in Dy i/, so it
is contractible in x5, Therefore, so are the disjoint unions U/ x Vj’ — Uy x Vg and W, — Uy x V.
Moreover, since Wy, = U}, x V/, and U, = Wy, ({0,...,k}) and V,/ = W,({0,...,¢}) are contained
in Uy and Vs respectively for each ¢’ € {0,...,k} and j' € {0,...,¢}, Wiy — Uy x Vo = ). Then

{(WO — Uo X Vo), .y (Wk+g_1 — U() X Vo)}

. . 0
is a categorical cover of XS .

Corollary 3.15. Let K and L be simplicial complezes with d := dim K and d' := dim L. Then

cat(Z (d+d’)) < cat(ZKuq)) + cat(ZL(d/_l)) + 1.

(K*L)
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Proof. Recall that dim K * L = d + d’ + 1. Notice that

d+d' " B
(5 ) = (K L) U oy (KD 5 1),
ZK*L = ZK X ZL, SO
Z(K*L)(CHd/) = (ZK*L(dlfl)) UZ(K(dfl)*L(dlfl)) (ZK(dil)*L)

= (Zx X Z,(w-1)) Uzmd,l)sz(d/_l) (Zxa-vy x Z1),

and Zx — Zg -1 and Zp — ZL(d/,l) are contractible in Zx and Z; by Lemma 3.10. The result
follows by Lemma 3.14.
O

3.5. Missing face complexes. Take K on vertex set [n]. We fix the basepoint in the unreduced
suspension X|K| = (|K| x [0,1])/ ~ to be the tip of the double cone corresponding to 1 under the
identifications (x,0) ~ 0 and (z,1) ~ 1. Let MF(K) := {0 C [n] | 0 ¢ K, 00 C K} be the collection
of minimal missing faces of K. With this we can define a large class of category 1 moment-angle
complexes that include those over chordal graphs (this is a somewhat more flexible alternative to
the directed missing face complezes defined in [36]). By filtering through skeleta as in the previous
section, tight upper bounds can sometimes be obtained when the category of the moment angle
complex over the 1-skeleton is known to be small.

Definition 3.16. A simplicial complex K on vertex set [n] is called a homology missing face complex
(or HMF-complez) if for each non-empty I C [n], K is a simplex or there exists a subcollection
C; € MF(Kj) such that the wedge sum of suspended inclusions

v\ oo — DK
o€eCr

induces an isomorphism on homology. Consequently ~; is a homotopy equivalence since it is a map
between suspensions.

Remark 3.17. Given H,(K7) is torsion-free, since each X|0o| is a sphere, one needs only to find
~r that induces surjection on homology in order for K to be an HM F-complex.

Proposition 3.18. If K is an HM F-complex, then Zy is homotopy equivalent to a wedge of spheres
or is contractible. Therefore cat(Zx) < 1 and Cat(Zk) < 1.

Proof. For each I C [n], either K is a simplex, boundary of a simplex, or else for each o € Cy,
we can pick an i, € I such that do C K;_g; 3, so each inclusion |do| — |K7| factors through
inclusions |0o| — |K7_g; 1| — |K[|. Take the composite

-1
foSlE] s\ Sjo0] — \/ BIK ] — S|K|

o€eCr i€l

where 7]_1 is a homotopy inverse of ~;, the second last map includes the summand X|0c| into the
summand X|K;_g; 3], and the last map is the standard inclusion on each summand. Since the
composite of the last two maps is vy, f is a homotopy equivalence. Then K is an eztractible complex
as defined in [38]. Therefore Zk is homotopy equivalent to a wedge of spheres or contractible by
Corollary 3.3 therein. O
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3.6. Gluings and connected sums. Now we look at the effect on category of moment angle
complexes when two simplicial complexes are glued along a full subcomplex, or along a simplex with
interior then deleted (i.e. a connected sum). If L and K are simplicial complexes and C' is a full
subcomplex common to both L and K, then we obtain a new simplicial complex L Ugc K by gluing
L and K along C. One can always glue along simplices since they are always full subcomplexes.
When C =0, L Ug K is just the disjoint union L U K.

Given o € K, define the deletion of the face o from K to be the simplicial complex given by

K\c:={reK|o¥ZT}.

If ¢ is a common face of L and K, define the connected sum L#,K to be the simplicial complex
(L\o) Ugs (K\0). In other words, L#, K is obtained by deleting o from L and K and gluing along
the boundary do. As a convention, we let Zp := * when () is on empty vertex set.

Proposition 3.19. If C is a (possibly empty) full subcomplex common to Ky, ..., K, then
cat(Zr,ue - Uok,,) < max{l,cat(Zg,),...,cat(Zk, )} + Cat(Z¢).

Moreover, if each K; is the (d; — 1)-skeleton of some d; dimensional simplicial compler K;, and C
is also a full subcomplex of each K;, then

cat(Zg, up..uck,,) < max{l,cat(Zxk,),...,cat(Zxk,, )} + Cat(Zc).

Proof. Let K; be on vertex set [n;], and C has £ vertices. If C is on vertex set [n;], possibly with

ghost vertices, the inclusion C' — K; induces a coordinate-wise inclusion (9D?)*™~* x Zq ci)
Zk,. By Lemma 3.9, f; is nullhomotopic when restricted to (9D?)*™ ¢ x . Let N; := ¥, 2n;.

Note Zx,uq--UcK,, 18 the pushout of (9D?)*"i=f x Zo x (9D?)*Ni—* ek Zg, x (0D*)*Ni=t for

i =1,...,m. Since each of these maps are inclusions of subcomplexes, Zx,u....uck,, 1S homotopy

equivalent to the homotopy pushout P of these maps. The first inequality therefore follows from
the first part of Lemma 2.5.
By Lemma 3.10, Zg, — Zk, is contractible in Zg,, so the second equality follows from the second

part of Lemma 2.5.
O

Example 3.20. In particular, when C' is a simplex cat(ZLu. k) < max{1,cat(Zy),cat(Zx)} and
cat(Zr,.x) < max{l,cat(Zr),cat(Zx)} since Z¢ is contractible. These also hold when C' is the
empty simplex and Z¢ = * in which case LUc K = LUK and LUc K = LU K. When C is the
boundary of a simplex, cat(Zry,x) < max{l,cat(Zy),cat(Zx)} + 1 since Z¢ here is a sphere.

The bound in Proposition 3.19 is not always optimal, sometimes far from it. If K and A"~ ! are on
vertex set [n] and L is formed by gluing A”~! and {n+1}xK along K, then ZJ, is a co- H-space by [38]
so cat(Zy) = 1. In fact, it is not difficult to directly show that Z; ~ %2Zx. On the other hand,
Proposition 3.19 gives cat(Z;) < max{1,cat(Zx)} + Cat(Zk) since Zp,1y.x = D? x Zg ~ Zg
and Zan is contractible.

Corollary 3.21. Suppose
K = Ll#dlLQ#Uz e #O’kflLk

where dim L; = d, 0; is a d-face common to L; and L1, and o; Noj = () when i # j. Then
cat(Zr) < max{l,cat(Zy @-1),...,cat(Zy @)} + 1.

Proof. Take the disjoint unions
C: =001 U---UJop_1

K, = |_| Laita

1<2i+1<k—1
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KQ = |_| Lgi

2<2i<k—1
and take the iterated face deletions K| := Kj\(oqy U --Uog_1) and K} := Ko\(oy U--- U og—_1).
Then C is a full subcomplex common to both K} and K}, and to both K{(dfl) and Ké(dfl).
Moreover, K{(d_l) = K, Y and Ké(d_l) = K, Y and K = K} Uc K}, so by the second part of
Proposition 3.19,

cat(Zx) < max{l,cat(Z, w-1),cat(Zx,w@-1)} + Cat(Zc).

It is clear that C' is an HM F-complex, so Z¢ is homotopy equivalent to a wedge of spheres and
Cat(Z¢) = 1. Alternatively, this follows from Theorem 10.1 in [33]. Moreover, we can think of
Z ¢, (a-1) as being built up iteratively by gluing |—|1§1Sj ZL2i+1(d—1) and ZL2j+3(d—1) along the empty
simplex, so iterating the first inequality in Example 3.20,

cat(Zy, -1) < max{ 1, cat(Zy @-), cat(Zp, a-n), ... }.

Likewise, cat(Zy,@-1) < max{1, cat(Zy,w-1), cat(Zy, wa-1), ... }. The inequality in the lemma
follows. ]

4. SOME SPECIFIC APPLICATIONS: TRIANGULATED SURFACES AND SPHERES

We now apply the general tools developed in the previous sections to compute exact values for
the LS-category of moment angle complexes over triangulated closed oriented surfaces and certain
classes of triangulated higher dimensional spheres that are dual to boundaries of polytopes built up
iteratively via vertex cuts and products.

4.1. Triangulated spheres. Let Cy := {S°}, C;, and Cy consist of all triangulated 0,1, and 2-
spheres, and for d > 3, let C4 be the class of triangulated d-spheres defined by K € Cy if

(1) K =Ly -x Ly for some L; € Cg,, d; <2,and dy +---+dp =d — k+1;

(2) K = Ki#o, - #0, K¢ where o0; is a d-face common to K; and K;; with o; No; = 0
when i # j, and each K; = Ly ; % --- x Ly, ; is of the form (1) such that each L;; is not the
boundary of a simplex.

Recall that the join L * L’ is the simplicial complex {oc U ¢’ | o € L, o’ € L'}, and the connected
sum K#,K' is given topologically by gluing triangulations K and K’ of S¢ along a common d-face
o, and deleting its interior.

Remark 4.1. If L and L' are boundaries 0P* and OP"* of the duals of simple polytopes P and
P’, then L * L’ is the boundary of (P x P’)*, while L#,L’ is the boundary of dual Q*, where @ is
obtained by taking the vertex cut at the vertices of P and P’ that are dual to o, gluing along the
new hyperplane and removing it after gluing.

Our goal in the next few subsections will be to show the following.

Theorem 4.2. If K on vertex set [n] = {1,...,n} is any triangulated d-sphere for d = 0,1,2, or
K € Cy for d > 3, then the following are equivalent.

(1) K is m-annihilating over Z;

(2) nill(Torgyy, ... v, (Z[K],Z)) <m+1 (equivalently cup(Zx) < m);

(3) for any filtration of full subcomplexes

OAt — K, CK;,  C---CK, =K

such that |Kr,| = S~ we have £ < m;
(4) cat(Zx) < m.
Moreover, 1 <m < d+ 1; that is, K satisfies any of the above for some m which cannot be greater
than d + 1. 0
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4.2. Filtration length on spheres. The simplest example is filt(OA9T1) = 1. Generally, there
are the following bounds with respect to joins, connected sums, and cup product length.

Lemma 4.3. If K and L are both triangulations of S, and o is a d-face common to K and L, then
filt(K#,L) > max{2, filt(K), filt(L)}.

Proof. A full subcomplex N7 of K#,L satisfying |[Nz| = S* for some k < d must either be a full
subcomplex of exactly one of K or L, or else Ny = Jo, otherwise Nz would have a (k — 1)-face
contained in three k-faces. Moreover, K#, L always has the length 2 spherical filtration 0o C K+#, L.
The lemma follows immediately. ]

Lemma 4.4. If K and L are any triangulated spheres, then
filt(K « L) > filt(K) + filt(L).

Proof. Let K and L be on vertex sets [n] and [m]. Let d := dim K, d’ := dim L/, £ := filt(K),
¢' = filt(L), and take K;, € --- C K;, = K and Ly, € --- C Lj, = L to be spherical filtrations of
K and L.

Since K7, * Ly,| 2 |Ky,| % |Ly,| = S4H1=0 §¢+1-7 = gd+d'=i=j43 and |Kp, « Ly,| is a full
subcomplex of K7y, * LJj/| when ¢ < 4’ and j < 5/, we have a length £ + ¢’ spherical filtration of
K« L

(Kfe *Lng) c--C (Kfe *LJz) - (KI( *LJl) - (Kfe—l *LJI) G- G (KII *LJl) =Kx*L.
Therefore filt(K « L) > £+ ¢'. O

4.3. Triangulated d-spheres for d = 0,1,2. The only triangulated O-sphere is S°, and the only
triangulated 1-sphere with n > 3 vertices is the n-gon, both of which have an LS-category that is
easy to characterize. For higher dimensional spheres the following definition will be useful.

Definition 4.5. We will say that C is a chordless cycle in K with m > 3 vertices if C is a full
subcomplex K of K, and C' is an m-gon for some m > 3. When K is a graph, this is the same
as C' being an induced cycle of K. A simplicial complex K is said to be chordal if it contains no
chordless cycles with 4 or more vertices.

Lemma 4.6. If K is a triangulation of S' on vertex set [n], then
(i) filt(K) > 2 whenever K has at least 4 vertices.
If K is a triangulation of S?, then

(i) filt(K) > 2 whenever K has a chordless cycle;
(iii) filt(K) > 3 whenever K has a chordless cycle with at least 4 vertices.

Proof. Let |K| = S'. If K has at least n > 4 vertices, then K being an n-gon means we can take
I' C [n], |[I'| = 2, such that |Kp/| = S°. Then S° C K is a length 2 spherical filtration of K.

Let |K| = S?, and C := K; be a chordless cycle for some I C [n]. We have |K;| = S and
K; = 0A% when K has 3 vertices, in which case K; C K is a length 2 spherical filtration. Otherwise,
when K has at least 4 vertices, filt(K) > 3 since there is a spherical filtration S° C K; C K by
part (7). O
Proposition 4.7. Let K be a triangulated d-sphere, d = 0,1,2. Then

1 <Afilt(K) = cup(Zk) = cat(Zx) < d + 1.
In particular, letting m = cat(Zk), when d = 1 we have:
(i) m =1 iff K = OA2
(ii) m =2 iff K has at least 4 vertices.

When d = 2 we have:
(i) m = 1 iff K has no chordless cycles of any length (equivalently K = 0A3)
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(19) m =2 iff K has a chordless cycle, but none with more than 3 vertices
(791) m = 3 iff K has a chordless cycle with at least 4 vertices.

Proof. The case d = 0 is immediate since S° is the only triangulated 0-sphere, and Zgo = S3. By
Lemma 3.11 and Corollary 3.7

1 <filt(K) < cup(Zgk) < cat(Zx) < d—+ 1,

so0 it remains to show that cat(Zx) < filt(K).

Fix d = 1. Using Lemma 4.6, if K has at least 4 vertices, then filt(K) > 2, so cat(Zx) < filt(K)
since cat(Zx) < d +1 = 2. Otherwise, if K has 3-vertices, then K = 9A? and Zx = S°, so
filt(K) = cat(Zx) = 1.

Now fix d = 2. We break the argument up into three cases: K has no chordless cycles; K has only
chordless cycles of length no more than 3; and K has at least one chordless cycle of length 4 or more.
To start, by Lemma 4.6, filt(K) > 3 whenever K has a chordless cycle with at least 4 vertices, so
cat(Zx) < filt(K) since cat(Zx) < d+ 1 = 3. On the other hand, suppose K has chordless cycles,
but none with more than 3 vertices. Then filt(K) = 2 by Lemma 4.6, and the 1-skeleton K1) is
a chordal graph. The chordal property is closed under vertex deletion (taking full subcomplexes).
Moreover, recall from [24] that chordal graphs have a total elimination ordering, that is, they can
be built up one vertex v at a time in some order such that at each step the neighbours of v form
a clique. Inducting on this ordering, one sees that chordal graphs are H M F-complexes, therefore
cat(Zxa)) < 1 by Proposition 3.18 (this also follows the main result in [39]). Using Lemma 3.11,
we have cat(Zk) < cat(Zxa)) + 1 < 2 = filt(K). Otherwise, K = A3 when K has no chordless
cycles at all, so we have Zx = ST and filt(K) = cat(Zx) = 1.

|

Lemma 4.8. Let K be a triangulated d-sphere, d = 1,2. Then
cat(Zxw-1) < max{l,cat(Zx) — 1} = max{1, filt(K) — 1}.

Proof. The last equality filt(K) = cat(Zk) is from the previous proposition. Let m := cat(Zk).
Using Proposition 4.7, the statement simplifies to cat(Zx ) < 1 when d =1, or d = 2 and m = 1.
This is true since Zx0) has the homotopy type of a wedge of spheres by [35], or by Proposition 3.18
as K(© is a collection of disjoint points. Fix d := 2. As in the proof of Proposition 4.7, cat(Zx))
1 < m when m = 2, since filt(K) = 2. This last inequality also holds when m = 3 since cat(Zxu))
dim KW 4+ 1 = 2 is always true by Lemma 3.11.

O IAIA

4.4. Triangulated d-spheres for d > 3.
Proposition 4.9. Suppose K € Cq, d > 0. Then
1 <Afilt(K) = cup(Zk) = cat(Zx) < d + 1.
Proof. By Lemmas 3.11 and Corollary 3.7,
1 <Afilt(K) < cup(Zk) < cat(Zg) < d+ 1.
It remains to show that cat(Zx) < filt(K). The d =0, 1,2 case is Proposition 4.7.
Suppose K = Ly % ---% Ly € Cq for some L; € Cyq,, d; < 2,and d; +---+dp =d—k — 1. Then
Zx =25, X -+ x Zr,, and so using Proposition 4.7 and iterating Lemma 4.4,
cat(Zx) < > cat(Zr) = Y Alt(L;) < Alt(Ly # - Ly) = filt(K).
i=1,...k i=1,....k
Moreover, iterating Corollary 3.15, and using Lemma 4.8, when each L; # S°

cat(Zga-) < D cat(Z, qn) +k—1< > max{lfilt(L;) — 1} +k—1
i=1,...k ) i=1,...k
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and when each L; # 0A%T! we have filt(L;) > 1, therefore
9) cat(Zga-1) < Z Al6(L;) | — 1 <filt(Ly -+ % Ly) — 1 = filt(K) — 1

the second inequality by iterating Lemma 4.4.

Suppose K = Ki#4, -+ #5,_, K¢ where each K; = Ly ; % --- % Ly, ; is a join of the above form
such that each L;; is not the boundary of a simplex, and o; is a d-face common to K; and K; 41
with o; No; = 0 when ¢ # j. By Corollary 3.21 and inequality (9), we have

cat(Zx) < max{l,cat(Zg, @-1),...,cat(Zy,w-n)} +1
< max{1,filt(Ky) —1,...,flt(Ky) — 1} + 1
= max{2, filt(K), ..., filt(K,)}
= filt(K1#o, - #o, 1 Kr)
= filt(K)

where the second last inequality follows from iterating Lemma 4.3.
|

4.5. Proof of Theorem 4.2. The following is an immediate consequence of Theorem 4.4 in [52]
and the fact that category weight, cwgt as defined there is bounded below by 1, and linearly below
with respect to cup products.

Theorem 4.10 (Rudyak [52]). If cat(X) < m, then

(1) cup(X) <m;
(2) Massey products (vy,...,vx) vanish in H*(X) whenever v; = ay -+ - am, and vj =by -+ by,
and m; +mj > m, for some odd i and even j and as,by € H(X). O

Then by our remarks in Section 3.1, and by definition cup(X) = nill H*(X) — 1, we have a
condition for K to be m-annihilating.

Proposition 4.11. If cat(Zx) < m, then K is m-annihilating. O

Now Theorem 4.2 follows from Propositions 4.7 and 4.9, and the fact that, cup(Zx) < m when
K is m-annihilating.

4.6. Triangulated surfaces. We extend the characterization of the LS-category of 2-spheres to
closed connected 2-dimensional oriented surfaces. As before, the algebraic invariant that distin-
quishes between them is cup product length, though the combinatorial characerisation diverges.
The main difference is that spherical filtration length does not play a part for surfaces as it did for
spheres since the full subcomplex condition is a bit too strict here. Also, the different values for
the LS-category do not pigeonhole nicely in terms of length of chordless cycles. Note the case of
LS-category 1 has already been characterized in [40].

Proposition 4.12. Let K be a triangulation of a closed oriented connected surface. Then
1 <cup(Zk) = cat(Zx) < 3.

Moreover, letting m := cat(Zg), we have:

(i) m =1 iff K has no chordless cycles (equivalently K = 0A3)

(i1) m = 2 iff K has a chordless cycle, but none with more than 3 vertices
(#31) m = 3 iff K has a chordless cycle with at least 4 vertices.
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Proof. For any vertex v, let D, be the fan of 2-faces that contain v, and dD,, be its boundary, which
consists of all vertices adjacent to v. To see that D, is a triangulation of a 2-disk, notice that a
small neighbourhood of v in |K| is homeomorphic to a 2-disk since |K]| is a closed 2-manifold, so
the interior of |D,| is an open 2-disk. At the same time the boundary 9D, has to be a triangulated
circle, otherwise we would have a pair of distinct edges between the same pair of vertices, namely,
vertex v and a vertex w in dD,,, which contradicts K being a triangulation.

Now we get to the heart of the proof. As in the proof of Proposition 4.7, we break the argument
up into three cases: (1) K has no chordless cycles of any length; (2) K has chordless cycles of length
no more than 3; and (3) K has at least one chordless cycle of length 4 or more.

The first difficulty extending to surfaces beyond 2-spheres is in case (3). Unlike the situation for
2-spheres, we cannot use a chordless cycle C' of length > 4 to obtain a length 3 spherical filtration
since C' might not always bound a 2-disk in K. We search for filtrations derived from C' instead.
Taking v to be a vertex on a chordless cycle C' of length > 4, since the vertices wg and w; that are
adjacent to v in C are in dD,,, we have a length 3 filtration of K in terms of triangulated spheres

E = {wo,wl} _g 6Dv g K

where |E| = S° | |0D,| = S1, and |0D,| bounds the 2-disk |D,|. Also, E is a full subcomplex of
K since there are no edges between wy and w; in C since they are both adjacent to v in C, and C
is chordless with at least 4 vertices. So there are no edges between them in K as well since C is a
full subcomplex of K by definition of chordless cycle. This then is almost a spherical filtration of
length 3; the only thing missing is that 0D, might not be a full subcomplex of K. However, D,
satisfies the hypothesis of Lemma 3.8. In particular, K\0D, has two disconnected components:
one containing v, and the other one containing another vertex ws in C' besides v, wg, or wi which
must be disconnected from v in K since only w; and wsy are adjacent to v in the full subcomplex C.
Then by the remarks preceding Lemma 3.8, 3 < cup(Zk). Namely we have a length 3 cup product
induced by the composite of inclusions

K — 0D, % (K\OD,) — E % (0D,\E) * (K\OD,)).

Since cup(Zk) < cat(Zx) < 3 by Lemma 3.11, we are done.

The difficulty in case (2) is similar. We have cat(Zx) < cat(Zxa))+1 < 2 by the same argument
as in Proposition 4.7, but again we cannot choose anly length 3 chordless cycle to form a length
2 spherical filtration. Instead, as in case (3), we look at D, for some vertex v in a chordless cycle
C of length 3. Assume K is not a triangulated 2-sphere since that is addressed in Proposition 4.7.
Note 0D, must have a chordless cycle. If it did not then dD, would bound a triangulated 2-disk
in D on the same vertex set as dD,,, and then |K| would have to be a 2-sphere since |D| U |D,| is
a 2-sphere. Also, since 9D, must have chordless cycles, then 0D, cannot have every vertex in K
beside v. Otherwise, embedding |K| in R3, we would have a path from v through the interior of
|K| and outside |K| through this chordless cycle, contradicting that |K| is a closed surface. Then
0D, satisfies the hypothesis of Lemma 3.8, and the filtration 0D, C K gives a length 2 cup product
similarly as case (3). Thus 2 < cup(Zk) < cat(Zk) and we are done.

Case (1) is similar as for spheres. For any v, 0D, must have at least 3 vertices. In case (1) it
cannot have more than 3 as follows. Suppose it had 4 or more vertices. Since we assume K has no
chordless cycles, then the cycle 0D, must not be a full subcomplex. Namely, there must be an edge
{a, b} that is not in 4D, for two non-adjacent vertices a,b € dD,. But then (a,b,v) is a length 3
chordless cycle since o := {a,b,v} cannot be a 2-face of K. If it was a face in K then K would not
be a surface since {b, v} would be adjacent to three 2-faces: o and the other two in the triangulated
2-disk D, distinct from o since o ¢ D,,. Now since 0D, has 3 vertices, and 9D, cannot be a length
3 chordless cycle, that is, cannot be a full subcomplex, it must be the boundary of a 2-face J, so §
and D, form the boundary of a 3-simplex in K, implying K itself must be this boundary. ]
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5. FURTHER APPLICATIONS

5.1. Fullerenes and Pogorelov polytopes. A fullerene P is a simple 3-polytope all of whose
2-faces are pentagons and hexagons. These are mathematical idealisations of physical fullerenes -
spherical molecules of carbon such that each carbon atom belongs to three carbon rings, and each
carbon ring is either a pentagon or hexagon.

The authors in [19] have shown that the cohomology ring of moment-angle complexes is a complete
combinatorial invariant of fullerenes, while Buchstaber and Erokhovets [11, 10] show that the finer
details of their cohomology encode many interesting properties of fullerenes. For example, if P* is
the dual of P, then the bigraded Betti numbers of Zyp« count the number k-belts in P. Here, a
k-belt of a simple polytope such as P is a sequence of 2-faces (F},. .., F)) such that Fy N Fy # 0,
F,NF 1 #0forl <i<k-—1, and all other intersections are empty. Notice that the k-belts
of P correspond to full subcomplexes of JP* that are k-gons. But since fullerenes can have no
3-belts [11, 10], 9P* must only have n-gons as full subcomplexes for n > 4. Moreover, since OP* is a
triangulated 2-sphere that is not a boundary of the 2-simplex, it must have at least one such n-gon
as a full subcomplex. Thus, filt(0P*) = 3, and by Theorem 4.2, we can determine certain Massey
products in H*(Z5p-+).

Theorem 5.1. For fullerenes P, cat(Zgp«) = 3 and OP* is 3-annihilating. In particular, all Massey
products consisting of decomposable elements in HY(Zap~) must vanish. |

Pogorelov polytopes [49] can be seen as a generalisation of fullerenes. A Pogorelov polytope is a
combinatorial simple 3-polytope realisable in the Lobachevsky (hyperbolic) space as a bounded right-
angled polytope. These polytopes are exactly simple 3-polytopes with cyclically 5-edge connected
graphs. A Pogorelov polytope has no 3 and 4-gons and may have any prescribed numbers of k-gons,
k > 7. Any simple polytope with only 5-, 6 and at most one 7-gon is Pogorelov.

Since Pogorelov polytopes P have no 3 and 4-belts of facets, 0P* must only have n-gons as full
subcomplexes for n > 5. Now following the same proof as in the case of fullerenes, we have the
following statement.

Theorem 5.2. For Pogorelov polytopes P, cat(Zgp~) = 3 and OP* is 3-annihilating. In particular,
all Massey products consisting of decomposable elements in HY(Zgp~) must vanish. O

5.2. Neighbourly complexes. For any finite simply-connected CW-complex X, let

hd(X) := max{max {z H(X)®Q# 0} , max {z Torsion(H' "1 (X)) # 0} }

and

he(X) := min {2 ‘ HTYX) # 0} .
These coincide with the dimension and connectivity of X up to homotopy equivalence. It is well
known (c.f. [42]) that X satisfies

hd(X)
10 (X)) < ——t .
(10) catlX) < oy +1
A version of the Hochster formula also holds for real moment-angle complexes, namely,
(11) H*(RZk) = P H*(S|K]).
IC[n]
Thus,

hd(RZk) =1+ max{hd(|K;|) | IC[n]} < 1+dim K

and
he(RZk) =1+ min{he(|K;|) | I C[n]},
and using the inequality cat(Zg) < cat(RZk) from Corollary 3.13,
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Proposition 5.3. It holds that
hd(RZk)
tH(Z2r) < ———%.
at(Zx) < 1o RZ)

O

Comparing the Hochster formula for H*(RZk) to the Hochster formula for H*(Z ) in Section 3.1,
one sees that the inequality }ﬁggg‘;’: ; < }fﬁ((gj )) usually holds, with the disparity between these two
often being very large. In such case, the bound in Proposition 5.3 is an improvement over what one
would get by applying (10) directly to X = Z.

Consider, for instance, the case of k-neighbourly complexes. A simplicial complex K on vertex
set [n] is said to be k-neighbourly if every subset of k or less vertices in [n] is a face of K. In this case
H;(K;) =0 fori < k—2 and each I C [n], so hc(RZk) > k — 1. Therefore we have the following

result.

Theorem 5.4. If K is k-neighbourly, cat(Zx) < W. In particular, K is (M#)—anm'hilatmg. O

Example 5.5. Suppose K is [%—‘—neighbourly. If K # A" then dim K < n—2. Thus, cat(Zx) <

1 (Zk is a co-H-space) and K is l-annihilating.

5.3. Simplicial wedges. We recall the simplicial wedge construction defined in [50, 3]. Let K be
a simplicial complex on vertex set {vy, ..., v, }, and for any face o € K, define the link of o in K the
subcomplex of K given by

linkg(oc)={reK|tNo=0,7Uc € K}.
By doubling a vertex v; in K, we obtain a new simplicial complex K(v;) on vertex set

{’Ul7 ey Ui—1,041, 042, U1, - - - ,Un}
defined by
K (v;) = (vi1, vi2) * link e (v3) Ugo,, vio }olinkg (0) 101, Viz} % K\{vi},
where (v;1, v;2) is the 1-simplex with vertices {v;1,v;2}. One can of course iterate this construction
by reapplying the doubling operation to successive complexes, and the order of vertices on which this
is done is irrelevant. To this end, taking any sequence J = (j1,...,j,) of non-negative integers, let
u; be the jth vertex in the sequence vy, v12,...,015,,02, . ;Un,Vn2, ..., Vnj, and N = ji + -+ jy,
and define
K(J) =Ky

where K11 = K;(uj4+1) and Ky = K. In algebraic terms, the Stanley-Reisner ideal of K (J) is
obtained from the Stanley-Reisner ideal of K by replacing each vertex v; by v;1, vi2, ..., v;;, in each
monomial. This construction arises in combinatorics (see [50]) and has the important property
that if K is the boundary of the dual of d-polytope, then K(J) is the boundary of the dual of a
(d + N)-polytope.

Theorem 5.6. For any J, cat(Zk(s)) < cat(Zk).
Proof. Let (D”,S57) be the sequence of pairs ((D%1+2 §2ii+1) (DZn+2 §2int1)) By [3, 34],
there is a homeomorphism
Zx() = (D* YD = (D7, 87)F,

and by Proposition 3.12, cat((D”7, S7)%) < cat((D?, S1)K) = cat(Zk). O

This result becomes algebraically useful when a good bound on cat(Zk) is known. For instance,
there are many examples of complexes K for which cat(Z) = 1, duals of sequential Cohen Macaulay
and shellable complexes, and chordal flag complexes to name a few [32, 38]. In each of these examples

cat(Zx(ys)) < 1, so K(J) is Golod. Generally, K(J) is at least (1 4+ dim K)-annihilating since
cat(Zx) < 1+ dim K, even though dim K (J) — dim K can be arbitrarily large.
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Notice K(J) is a triangulation of a (d + N)-sphere whenever K is a triangulation of a d-sphere.
Combining Theorem 5.6 and Proposition 4.11, the range of spheres for which Theorem 4.2 holds
generalises as follows.

Corollary 5.7. Let K be be any triangulated d-sphere for d = 0,1,2, or K € C4 when d > 3, and
let m := filt(K) (equivalently m = cup(Z2g)). Then cat(Zx () < m and K(J) is m-annihilating. O

5.4. Examples of complexes for which the cup product length does not determine the
category. There are two examples of simplicial complexes that clearly stand out as they are coun-
terexamples to a conjecture and a theorem on the homotopy theoretical structures of moment-angle
complexes associated with Golod simplicial complexes. Using m-annihilating property, we shall prove
that in both cases the cup product length is strictly less than the category of these moment-angle
complexes.

Example 5.8. For some time it was thought that for any monomial ideal a in a polynomial ring
S = Kk[z1,...,x,] over some field k, the ring R = S/a is Golod if and only if the product in the
Koszul homology H,.(Kgr) of R is trivial [8]. Katthén [43] constructed a counterexample to this
statement. Let k be a field, S = k[x1,22,¥1,¥2, 2] and let a C S be the ideal with the following
generators:

(12) Mg = x1x§ Mab = T1T2Y1Y2 Mab#c = T1Y12
(13) my 1= ylyg Mpe 1= y%z2 Mpedta 1= x%y%z
(14) me = 2° Meq = 322

Then the product in H,(Kg/q) = Tor? (S/a, k) is trivial, but S/a is not Golod. More precisely, there
is a nonzero ternary Massey product.

The polarisation of this ideal is the Stanley-Reisner ideal of some simplicial complex K of dimen-
sion 5. By taking its 4-skeleton, one obtains an example of a 4-dimensional simplicial complex L,
such that k[L] is not Golod but has a trivial product in its Koszul homology. We shall show that

1=cup(ZL) < cat(ZyL).

As the cup product in H*(Zy) is trivial, cup(Zr) = 1. If cat(Z) = 1, then by Proposition 4.11 the
moment-angle complex Z;, would be Golod. Therefore, cat(Zr) > cup(ZL).

Example 5.9. In [5] the question whether Zf is a co-H-space for K Golod was studied and the
authors showed that these two notions, one coming from algebra and another from topology, are
very closely related. Recently, Iriye and Yano [41] described a Golod simplicial complex K for which
Zk is not a co-H-space. It is straightforward to see that for the simplicial complex K,

1 =cup(Zk) < cat(Zk)
as cat(Zx) # 1 since K is not Golod.
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