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Abstract—The cell-free MIMO concept relying on hybrid
precoding constitutes an innovative technique capable of dra-
matically increasing the network capacity of millimeter-wave
(mmWave) communication systems. It dispenses with the cell
boundary of conventional multi-cell MIMO systems, while dras-
tically reducing the power consumption by limiting the number
of radio frequency (RF) chains at the access points (APs).
In this paper, we aim for maximizing the weighted sum rate
(WSR) of mmWave cell-free MIMO systems by conceiving a low-
complexity hybrid precoding algorithm. We formulate the WSR
optimization problem subject to the transmit power constraint
for each AP and the constant-modulus constraint for the phase
shifters of the analog precoders. A block coordinate descent
(BCD) algorithm is proposed for iteratively solving the problem.
In each iteration, the classic Lagrangian multiplier method and
the penalty dual decomposition (PDD) method are combined for
obtaining near-optimal hybrid analog/digital precoding matrices.
Furthermore, we extend our proposed algorithm for deriving
closed-form expressions for the precoders of fully digital cell-free
MIMO systems. Moreover, we present the convergency analysis
and complexity analysis of our proposed method. Finally, our
simulation results demonstrate the superiority of the algorithms
proposed for both fully digital and hybrid precoding matrices.

Index Terms—Cell-free MIMO, hybrid precoding, mmWave
communication.

I. INTRODUCTION

HE next-generation wireless communication systems

have an increasing demand for network capacity [1]. The
cell-free multi-input multi-output (MIMO) concept constitutes
a promising technique [2] of enhancing the capacity of wire-
less communication systems due to its capability of supporting
a large number of handsets, by relying on distributed access
points (APs) controlled by a central processing unit (CPU) [3].
The key advantage of the cell-free MIMO architecture is its
user-centric (UC) nature, where each user is collaboratively
served by all APs without cell boundaries [2], [4], [S]. In
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fact, typically a number of users form a UC cluster and they
are supported by a number of APs. When the user density
is high, more APs join the cluster with the objective of load
balancing, which leads to amorphous clusters of different sizes.
By cancelling the inter-user interference (IUI) using transmit
precoding (TPC), cell-free MIMO significantly improves the
network capacity of wireless communications [6].

Millimeter-wave (mmWave) solutions have been identified
as one of the key techniques for future wireless communication
systems as a benefit of their abundant bandwidth [7]-[10].
However, the extremely high path-loss of mmWave signals
has to be compensated [11]. Fortunately, thanks to the short
wavelength of mmWave carriers, a large number of antennas
can be packaged in a compact physical size [12]-[15]. The
high spatial gain of a high-dimensional antenna array is able
to overcome the severe path-loss [16]-[18]. Due to the sparsity
of mmWave channels, hybrid TPC has been proposed for
achieving high spatial gain despite using a reduced number of
radio frequency (RF) chains, which considerably reduces the
power consumption of mmWave systems [19]-[21]. Therefore,
the combination of hybrid TPC and cell-free MIMO has both
a high network capacity and a high energy efficiency [22],
[23].

A. Literature review

Some TPC techniques designed for cell-free MIMO net-
works have been reported in [2], [3], [24]-[28]. Ngo et al. [2]
propose to use a maximum ratio transmission (MRT)-based
TPC at the APs in the downlink (DL) and use a matched
filter at the users on the uplink (UL) for maximizing the
system throughputs. Bjornson and Sanguinetti [3] propose
to maximize the sum rate of the uplink in cell-free MIMO
by using the classical weighted minimum mean square error
(WMMSE) based TPC. Nayebi et al. [24] propose to employ
a zero-forcing (ZF) TPC on the DL of cell-free MIMO. Zhang
and Dai [25] propose to maximize the weighted sum rate on
the DL of cell-free MIMO by exploiting the recently proposed
fractional programming (FP) technique, where only one data
stream is considered for each user. Furthermore, some prior
treatises consider user scheduling in cell-free MIMO. Inter-
donato et al. [26] propose a pair of distributed TPC schemes
in cell-free MIMO, namely the local partial ZF TPC and the
local protective partial ZF TPC, which improve the spectral
efficiency with the aid of user grouping. Nguyen et al. [27]
propose to jointly optimize both the AP-user association and



TABLE 1
BOLDLY CONTRASTING OUR CONTRIBUTIONS TO THE RELEVANT LITERATURES

[ [ 1] 1] 221 ] [231 ] [241 ] [251 [ [26] | Proposed |
Hybrid Precoding v v v
Uplink v v v v
Downlink v v v v v v
Multiple antennas at each user v v v
Multiple data streams for each user v v
Sum rate v v v v v v

the AP selection for striking a trade-off between a network’s
spectral efficiency and energy efficiency for cell-free MIMO.
Wang et al. [28] consider both a ZF and a regularized ZF
(RZF) TPC and advocate a novel genetic algorithm based
user scheduling strategy (GAS) for alleviating the uplink-
to-downlink interference in cell-free MIMO. Moreover, since
numerous APs are deployed in cell-free networks, the energy-
efficient hybrid precoding structures have substantial benefits
in cell-free MIMO [22], [23], especially when sparse mmWave
channels are considered.

Hybrid TPCs have been widely studied both in single-
cell and multi-cell networks. El-Ayach et al. [29] propose
to design a hybrid TPC by using the popular orthogonal
matching pursuit (OMP)-based method. Alkhateeb and Heath
[30] conceive an efficient hybrid analog/digital codebook and
propose a codebook-based method for hybrid TPC designs
in wideband mmWave systems. Sohrabi and Yu [31], [32]
conceive an iterative TPC design method for finite resolu-
tion of phase shifters, which achieves near-optimal spectral
efficiency both in single-user and multi-user MIMO systems.
Furthermore, some low-complexity analog TPCs have also
been proposed. Yu et al. [33] design a switch-based network
for dynamically changing the connection between the phase
shifters, RF chains and antennas. Gao et al. [20] propose
a pioneering sub-array-connected phase-shifter architecture
and propose a successive interference cancelation (SIC)-based
hybrid TPC method attaining a near-optimal spectral efficiency
performance at a low complexity. Chen et al. [34] conceive
a randomized two-timescale hybrid TPC scheme for the DL
of multicell massive MIMO systems. Passive TPC structures
have also been proposed by researchers. Han et al. [35]
employ the so-called Butler matrices for enhancing discrete
fourier transform (DFT)-based systems. They also propose
a corresponding two-step hybrid TPC method for achieving
near-optimal performance at a significantly reduced computa-
tional complexity. Applying hybrid TPC structures in cell-free
MIMO is a promising but challenging field. The UC property
of cell-free MIMO, the power constraints imposed on each AP
and the constant-modulus constraints of analog TPC design
must be jointly considered. This motivates us to fill in this
knowledge-gap.

There are very few contributions investigating hybrid TPC
techniques in cell-free MIMO. Femenias et al. [36] propose
to maximize the achievable max-min per-user rate in cell-
free MIMO relying on hybrid TPC structures. Nguyen et al.
[22] propose both centralized and semi-centralized hybrid TPC
algorithms for maximizing the achievable data rate in the UL
of cell-free MIMO. However, the derivation of hybrid TPC

matrices in the UL of cell-free MIMO cannot be directly
applied in the DL. Alonzo et al. [23] propose to decompose
the fully digital TPCs into hybrid ones by using a subspace
decomposition algorithm for the DL of cell-free MIMO.
Nevertheless, this subspace decomposition inevitably causes
some sum rate loss. Therefore, as seen from Table I, the
demand for a general framework of DL hybrid TPC with near-
optimal sum rate performance in cell-free MIMO attracts our
attention.

B. Contribution

Against this background, the main contributions of this

paper are summarized as follows:

1) We propose to maximize the weighted sum rate (WSR)
of the mmWave cell-free MIMO DL relying on hybrid
TPC structures, where multiple APs, multiple users and
multiple data streams per user are considered. We stip-
ulate a pair of constraints for our optimization problem,
namely the transmit power constraint of each AP and
the constant-modulus constraint imposed on each element
of the analog TPC matrices. Both the objective function
(OF) and the constant-modulus constraint are non-convex,
which make the problem formulated difficult to solve.
To deal with this issue, we first reformulate the OF into
an equivalent form by exploiting the WMMSE criterion
based upon the UC property of cell-free MIMO. Further-
more, we introduce auxiliary TPC matrices and propose
a low-complexity block coordinate descent (BCD) algo-
rithm for iteratively designing near-optimal hybrid TPC
matrices.

2) In each iteration of the proposed BCD algorithm, we
exploit the classic Lagrangian multiplier method com-
bined with the penalty dual decomposition (PDD) method
for designing the hybrid analog/digital TPC matrices of
the cell-free MIMO DL. Specifically, we first derive
the optimal closed-form Lagrangian multiplier-based so-
lutions for finding the auxiliary TPC matrices through
sophisticated matrix manipulations and transformations.
Subsequently, we optimize the penalty items by adopting
the classic least square (LS) method, which minimizes the
Euclidian distance between the auxiliary TPC matrices
and the hybrid analog/digital TPC matrices.

3) We further extend our proposed BCD algorithm to the
fully digital cell-free MIMO DL. In contrast to the hybrid
TPC scenario, there is no penalty item in the fully digital
TPC design, which leads to the difficulties of low-rank
matrix inversion for obtaining the optimal Lagrangian
multipliers. Therefore, we circumvent this problem by
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Fig. 1. Tllustration of the cell-free MIMO concept.

deriving the exact ranks of the key intermediate matrices,
which are used for calculating Lagrangian multipliers.
Our simulation results show that the proposed algorithm
can achieve better WSR performance than its conven-
tional counterparts.

The remainder of this paper is organized as follows. In
Section II, our system model, channel model and problem
formulation are introduced. In Section III, our BCD algorithm
proposed for mmWave cell-free MIMO hybrid TPC design
is presented. In Section IV, we extend our proposed BCD
algorithm to the mmWave cell-free MIMO DL relying on a
fully digital TPC structure. In Section V, our numerical results
are provided. Finally, our conclusions are drawn in Section V1.

Notation: Lower-case and upper-case boldface letters denote
vectors and matrices, respectively; ()T, (-)H, (:)=! and (-)f
denote the transpose, conjugate transpose, inverse and pseudo-
inverse of a matrix, respectively; ® denotes the Kronecker
product; Tr(-) presents the trace function; || - || denotes the
Frobenius norm of a matrix; |a| is the absolute value of a
scalar; |A] is the determinant of a matrix; Ap; ;) and Ay, j
represent the i-th row and j-th column of the matrix A,
respectively; Af,.p.) and A ..q) represent the sub-matrices of
the matrix A containing the a-th to the b-th rows and the c-
th to the d-th columns, respectively; Finally, I» denotes the
identity matrix of size P x P.

II. SYSTEM MODEL AND CHANNEL MODEL OF
CELL-FREE MIMO RELYING ON HYBRID PRECODING
STRUCTURES

In this section, we introduce the narrow-band mmWave cell-
free MIMO DL model, where hybrid TPCs are used at the
APs.

A. System Model of Cell-Free MIMO Relying on Hybrid
Precoding Structures

As shown in Fig. 1, there are B multiple-antenna APs rely-
ing on hybrid TPCs for supporting U multiple-antenna users
in the cell-free MIMO network. Each AP is equipped with IV,
transmit antennas (TAs) and Ngrr RF chains, Nrp < Ny,
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Fig. 2. Tllustration of the hybrid TPC structure at each AP.

as shown in Fig. 2. At each user, fully digital structures
are adopted, where N, receive antennas (RAs) are employed
for receiving N, data streams, Ny < N,. We assume that
UNs; < BNgr in our cell-free MIMO. For simplicity, we
define N; = {1,2,--- , Ny}, N, = {1,2,--- |N,.}, Nrr =
{1727"’ 7NRF}’ N@ = {1727 7Ns}7 u = {1723 7U}’
B=1{1,2,---,B}.

We assume that all APs serve all users. Thus, all APs syn-
chronously transmit data symbol {s, }._,, where s, € CN+*x1
is the data symbols intended for the wu-th user. The transmitted
data symbols are assumed to have normalized power, i.e.,
E {susg} = In,, Vu € Y. The data symbols s, transmitted
from the b-th AP are first digitally precoded by Fgp,. €
CNrrxNs_ Then the analog TPC Frp ) € CNtXNrre relying
on phase shifters is applied. Therefore, the signals x; € CV¢*!
after hybrid precoding at the b-th AP are expressed by

U
xp = Frrp Z FBB,b,uSu- (1)
u=1

We define the mmWave channel between the b-th AP and
the u-th user as Hy ,, € CNrxNe Tt is assumed that the CSI
is perfectly known at all APs [37]-[39], noting that both the
accurate channel estimation and the robust TPC design relying
on partial CSI constitute rather different problems in cell-free
MIMO systems [40]-[42]. Given the strict length-limitation,
these have to be set aside for future research. Then the signals

yu € CN7*1 received at the u-th user are expressed by

B B
Yu = E Hy .xp = E Hy . Frr s FBB,b,uSu
b=1 b=1

desired signal of the u-th user

B U
+ E E H, . FrrFBB b, ;S; +14,
b=1j=1,j#u

U

2)
where the first item represents the desired signal of the wu-
th user, the second item stands for the IUI, and n, ~
CN (0,0%Iy,) € CNr*1 is the additive white Gaussian noise
(AWGN). We further reformulate (2) as

U
Yu = HuFHB,usu + Z HuFHB,ij + Ny, (3)
j=1j#u



where CNrxBN:

Hu = [Hl,u7 H2,ua te
_ H H H
FHB,u - [FHB,Luv FHB,2,uv e 7FHB,B,u

and Fup by = FrrpFBB pu € CVONs,

: aHB,u] He
} c CBNtXNS’

B. Narrow-band MmWave Channel Model

In this paper, we adopt the popular physical multi-path
mmWave channel model, where uniform planar arrays (UPAs)
of antennas are employed both at APs and users [29], [32],
[43]. Therefore, we can express the channel H; ,, between the
b-th AP and the u-th user by

NN,

Hb,u =

“)

where L denotes the number of paths, oy, ~ CN (0,1)
is the complex gain of the /-th path between the b-th AP

and the u-th user. The vectors ay <¢2bu792.b u) e CNext

and a, (qbzb w9 u) € CNr*! represent the antenna array
responses at the b-th AP and the wu-th user, which can be

expressed as

ag (d);,b,ua HE,b,u)

_ 1 {1’ o 7ej2T"d(msinqﬁ;,bmsin@f;‘b,u+ncos92b,u),
VN
Com ) ) T
, ejZTd((W—l)sm¢7§\b’usm0§7b$u+(H—1)cos€2byu):| , (5)

where ¢}, , and 6 , , denote the azimuth and elevation angle-
of-departure (AoD) from the b-th AP to the u-th user, A
represents the wavelength, and d is the antenna spacing. Fur-
thermore, m € {0,1,--- ,W —1} and n € {0,1,--- ,H — 1}
with W and H denoting the number of antennas in horizontal
and vertical directions. Similarly, a, ((bzbm,%b’u) can be
expressed in the same form as (5) by replacing ¢}, , and
0; 1., With the azimuth and elevation angle-of-arrival (AoA)

T r
®p.p and eé,b,u'

C. Problem Formulation

Again, we aim for maximizing the WSR of the mmWave
cell-free MIMO DL by designing the hybrid TPC matrices of
all B APs. We first present the achievable WSR expression of

U
R = Zwu log [In, +J,'H,Fup,.Fig HY|, (6)
u=1
where J,, = Zg:L#u H,Fup ;Fijp ;H} + 0’Ly, denotes

the interference-plus-noise item, and w, is the weighting
coefficient of the u-th user. The WSR maximization problem
of the mmWave cell-free MIMO DL relying on hybrid TPC

L
H t t
7 Z Qg bulr (¢2,b,uv %,b,u) =h (¢z,b,u»9e,b,u) )
=1

is formulated as

max R (7a)
FRF,FBB
U
s.1. Z Tr (FRF7bFBB’bqugB,b,quF,b) < Pb,max>
u=1

Vbe B, (7b)

|Frep (i,5)] = 1,Vi € Ny, Vi € Ngrp, Vb € B,
(7c)
where  Frrp = {Frrs|Vb € B}, Fap _

{FBB,p,ulVb € B,Yu € U}. The constraint of (7b) ensures
that the transmit power at the b-th AP is lower than the
maximum power Pj .. The constraint of (7c) is due to
the constant-modulus constraint of phase shifters used in the
analog TPCs. We observe that both of the OF (7a) and the
constraint (7c) are non-convex. Hence it is challenging to
solve the problem (7) directly.

III. PROPOSED HYBRID PRECODING ALGORITHM FOR
MMWAVE CELL-FREE MIMO

In this section, we propose a low complexity method for
solving the problem (7). Firstly, we transform the problem
into an equivalent form by exploiting the equivalence between
the sum rate and the WMMSE [44]-[47]. Then we propose
a BCD algorithm for solving the problem in an alternat-
ing optimization manner. The analog and digital TPCs are
alternately optimized by applying the Lagrangian multiplier
method combined with the PDD method, which is inspired by
[48]-[50].

A. Problem Transformation

On basis of the UC nature of the cell-free MIMO DL,
the problem (7) can be equivalently transformed into a
WMMSE problem by introducing a set of linear combiners
G ={G, € CN"Ns|Vy € U} and a set of arbitrary positive
definite weighting matrices W = {W, € CN*Ns|vy € i}
Specifically, the signals §, € CNs*! estimated by the u-th
user acquired with the aid of G, are expressed as

Then, we are ready to derive the MSE covariance matrix for
the u-th user as

E,=E {(éu - Su) (éu - Su)H]

= (GiH,Fup,. — In,) (GIH,Fup,u — In,)
+ GGy 9)

H

The problem (7) can be equivalently transformed into the
WMMSE problem, as detailed in [44]-[47]

U
w [log |W,, | — Tr (W,E,) + Tr (I
W,g}}gF}‘(;fBB ;w [Og| | I‘( ) I'( Ne):l

(10a)
(10b)

s.t. (7b), (7c).



However, the problem (10) is still challenging to solve due
to the non-convex constraint of (7c). To deal with this prob-
lem, we introduce a set of auxiliary TPC matrices F =
{Fu c CBNthS
{Fup .|Vu € U}. Then, relying on the PDD method [48],
[49], we introduce a set of penalty parameters {p»|Vb € B}
and the corresponding penalty terms 2— IFb.. — Fusp u|| Iy
where Fp o = Fyjp_1)N,+1:0N,,] denotes the submatrix of
F.. By neglecting the constant term Tr (I, ), the problem
(10) is transformed into

U
- Nog [W,,| — T (Wuﬁu>]
W,QJEI,IJ'%;(F,]:BB uz::lw {Og| | !

B U 1
- — |Fyu — Fuppull> (11a)
523" 57 P~ Pl

b=1u=1
U
Z Tr (Fbqu%,u) < Pb,rnaX7Vb eB, (7c)
u=1
(11b)
where we have
E H
Eu = (GgHuFu - INQ) (Gl;HuFu — INs)
U
+ Y GUH,F,FIHIG, +0°GiG,.  (12)
7j=1,j#u

We observe that the problem (11) is more tractable because the
OF (11a) is a concave function with respect to W, G, and F,
provided that the other matrices are fixed. Hence the problem
(11) is a convex optimization problem. Moreover, the hybrid
analog/digital TPC matrices Frr and Fpp are only related to
the penalty terms in (11a). Therefore, we can derive the closed-
form solution of W, G, F, Frr and Fgp by exploiting the
BCD algorithm. Briefly, the key idea of the BCD algorithm
is to iteratively obtain one set of variables while keeping the
others fixed.

B. Optimization of G and W

The closed-form solutions of G and W can be acquired
by using the partial derivative method. Specifically, after
substituting (12) into (10a), we derive the partial derivative of
(10a) with respect to G,, and set it to zero. Then the optimal
solution of G,, for the u-th user is given by

-1

H,F..

U
G; =Y H,F;FH] + 0’1y,

j=1

(13)

Similarly, we can derive the optimal solution of W,, for the
u-th user as
W2

e D (14)

C. Optimization of Approximate Hybrid Precoding Matrices
f

Given both the linear combining matrices G, as well as the
weighting matrices W, and the analog TPC matrices Frr and

the digital TPC matrices Fpp, the subproblem with respect to
F is expressed as

(15a)

(15b)

which is transformed from the problem (11) by neglecting
the variables irrelevant to /. We can derive the closed-form
solutions of the problem (15) by applying the Lagrangian
multiplier method. Firstly, we transform the problem (15) into
an unconstrained form by introducing a set of Lagrangian
multipliers {\, > 0|Vb € B} as

U
{Abh%ie%},f ;w“ {Tr (W“E“)}
+Zzi||Fbu — Fuppulr
b=1u=1
*Z’\b

Z Tr (Fy, F1h )
u=1

By substituting (12) into (16), we further transform the prob-

lem (16) as follows

Pb,max . (16)

U
. H
(M IVOEB), F uzzl wy [Tr (Fy AuFy)]

U
=) w [Tr (FHIG,W,,)]

u=1

U
— Zwu [Tr
+ ZZ — ||Fbu - FHB,b,uHF

blul

(W,GIH,F,)]

+ Z Ab Z Tr (FI)71LFg7u) - Pb,max s o))

where A, = HI!G,W,GIH, € CBN:xBNt The derivation
of the closed-form F,, and {)\;};_, is more elaborate in our
mmWave cell-free MIMO scenario, since the last two items
of (17) are functions of Fy,, which are the submatrices
of F,. These two items are introduced for satisfying the
transmit power constraints of each AP and the constant-
modulus constrains of phase shifters. These two constrains
of our mmWave cell-free MIMO DL relying on hybrid TPC
structures differentiate our problem formulation from that of
the existing literatures [51], [52]. For solving this challenging
problem, we have the following proposition.

Proposition 1: We propose to iteratively update
{Fpu|¥b e B,Yu € U} in each iteration of the BCD
algorithm. Hence we recast problem (17) first.



Specifically, define A, =
Apy = A YD L AlLF, €
{f&b,u € CNexBNt|yp ¢ B} are a set of variables introduced

1 1\ H
we A2 (Aﬁ) and

CNexNs  where

-~ ~ ~ H
H H H
AT, Asu Ap,| - We

also introduce {Cy, € CN**N«|vb € B} for constructing
C, = w,HYG,W, = [Cl,,CY, .- .l 1" Then the
problem (17) can be characterized as

1
for constructing A; =

min
{Fy..|VbEBNVuel}

U
1
Z {Tr <F£Iu (Q;w + —1Iyn, + )\bINt> Fbuﬂ
— 2pp
B U 1
+ Z Z [Tr <FFu <2prNt + AbINf,) qu)]

where we have Qp ., = WuAb,uAi{u and My, = Cp, —

qub,u-
Proof: Please see Appendix A. ]

Then the optimal {Fy, ,,|Vb € B,Vu € U} can be determined
by deriving the partial derivative of (18) with respect to Fy ,,
and setting it to zero. Since Fy, is a function of )y, the
optimal Fy ,, (Ap) is expressed as

bu (Ab)
1

1 -1
= <Qb,u + —Iyn, + AbIN,,) (Mb,u + FHB,b,u> .
2pp 2pp
(19)

Let us now discuss the derivation of the Lagrangian multipliers
{A\u|Vb € B}. By substituting (19) into the power constraints

of (15b), we arrive at the following transformation

Tr ((Fi, )" Fi (W)

1 H
=Tr <(Mb,u =+ FHB,b,u)
2pp

1 AN
((Qb,u + 7INt + AbINt) >
2pp

—1
1 1
. (Qb,u +—1In, + >\bINt> (Mb,u + FHB,b,u>
2pp 2pp

(@) 1 "

a

=Tr <(Mb,u + FHB,b,u)
2pp

H —1
1
((Ub,uzb,uUEu + —1Iy, + AbIN,,) )
) QPb

1 —1
: <Ub,u2b,uU},{u Iy, + AbINt>
T 2pe

1
(Mb,u + 2FHB,b,u)>
Pb

—2
1
Oy, ((Eb,u + —In, + )\bINt) U}iu
b

2p
1 1 "
Mb,u + 7FHB,b,u Mb,u + 7FHB,b,u Ub,u
2pb 2Pb
© 1 -
C
=Ty (Eb,u—i—lz\rt +)\bINt) Py. |, (20)
2pp
where (a) holds by calculating the singular value

decomposition (SVD) as Quu = UpWuZpUp,. (b) is
due to the fact that Uy, is a unitary matrix, which has the
property of U, ! = UH and (c) holds by defining Py, =

bu

H
UL, (Mo + 55 Fusou) (Mo + 55 Fupow) Usa,
For the b-th AP, the transmit power is expressed as

i (e ((F5.. )" i W) )

5 - 20
1
u=1ln=1 (zb,u (717 ”) + 3oy + )\b)

We observe that the transmit power is a monotonically de-
creasing function with respect to the Lagrangian multiplier
Ap. The upper bound on the transmit power of the b-th AP
can be derived by setting A\, = 0, which can be expressed as

> (7 (F5. )" Fi () )

(22)



For deriving the optimal );, we discuss the following two
cases:

Case 1: If the upper bound Zg L ZN‘ % <
Spu(n,n)+ 5 o
Py max, the power constraint (15b) for the b th AP
is naturally satisfied. Therefore, we set the optimal
Ap to 0.
Case 2: If the upper bound 23:1 S L RAGRL)

"= (Shlnn)tot )

search method is exe-
the optimal M\,. Specifi-
cally, A; is searched within the range )\; €
(Mb, Aub), where Ay, is initialized as 0 and

U
e Py (n,
Aub 1S initialized as 2 121; 1 Po.u(nn)
b,max
. U Ny
is due to » >t

Py o (n,n)
Z - Z Pb u(n ’IL) A

2
(Bo.u )+ 2k +Aun)
Once )} is obtained, the optimal Fgu

Py max, the Dbisection
cuted for determining

, Which

<

Pb max-

(Af) is expressed as

bu (AD)

<Qb u

The procedure for deriving the optimal F is summarized in
Algorithm 1.

—1
1
INt —+ )\*INt> (Mb,u + FHB,b,u> .
200 200
(23)

Algorithm 1 Lagrangian multiplier method and PDD method
for solving the problem (15)
Input:
W, Q, Frr, JFBB, the penalty parameters
{ Py = 100 L |Vh € B} initial F, Bisection search accuracy
€
Algorithm design:
Calculate Qp,, and My, Vb € B,u € U according to
Proposition 1.
2. forb=1:B do
Calculate the upper bound on transmit power for the
b-th AP according to (22);
4:  if Case 1 is satisfied then

Set A\j =0;
6: else
Initialize Ay, and A
8 Calculate )\, = 2uetdn.
H
r Tl (n ((Fz:,u ) L))

Py max, set A\l = Ap. Otherwise, set Ay, = Ap;

10: If [Aub — Ab| < € set Af = A\, and go to step 12.
Otherwise, go back to step 8;
end if
12:  Calculate Fy , (A;) according to (23) Vu € U.
end for
14: Caleulate F,, = [FY, FY ... Fi 1"

D. Designing the Analog and Digital Precoding Matrices Frr
and -FBB

We observe that only the  penalty terms
Zb 1Zu 1 2Pb ||Fbu *FHBbuHF of the OF (11a)
contain the analog TPC matrices Frr and the digital TPC
matrices Fpg. Moreover, we have obtained the solution of
the auxiliary TPC matrices . Therefore, given that the other
variables are fixed, we can derive the closed-form solution of
]:RF and -FBB-

For deriving Fpp, we divide the problem (11) into BU
subproblems. For the digital TPC matrix of the w-th user at
the b-th AP, the unconstrained subproblem is formulated by

min
FgB,b,u

IFp — FresFop s (24)

The optimal closed-form solution can be obtained by adopting
the well-known least square (LS) method. Hence we have

Fippu = FlTT{F,be,u (25)

For deriving Fry, we formulate the B subproblems, each
of which is expressed as

F,—F F 2
PLIQIFHI |Fo — FrrsFas bHF (26a)
st |Frep (i,§)] = 1,¥i € Ns,Vj € Nap,  (26b)
where F, = [Fp1,Fp2, -+ ,Fppy] and Fpp, =
[FBBJJ,L FBB,b,2a s 7FBB,b,U]~ We derive the optimal

closed-form update for each subproblem and we update each
element of Frr; relying on the classical LS method as [53]

Fhpy (i,5) = /9 Frpy (i, ), (27

— v /= AT
where & ; = 4{(FRFb(i 7)FeBy (4,1)) (Fb (4, 1)) }
with Z{-} denotes the function which extracts the phase,

Fb =F,— FR%(;CHFB]%?W
of Frp; with the j-th column removed and FBB’b
the submatrix of Fgp; with the j-th row removed.

Typically, infinite-resolution phase shifters with fully-
connected structure are considered in this paper. Note that
the LS method can be readily extended to other sub-
connected structures [50]. For instance, the LS method of
designing analog TPCs can be easily extended to structures
with other type of connections by updating Fiy , (i,7) for
{(#,4) |V (i,7) € D}, where D denotes the specific connection
set of phase shifters, namely those that are connected to
RF chains and antennas. For finite-resolution phase shifters,
we can extend the LS method by quantizing Fip , (4,5) =
Q [e7%iFRrp,, (i, )] during the update of analog TPCs, where
Q (+) stands for the quantization function.

with Fi; 3}0 denoting the submatrix

denoting

E. Overall Algorithm and Convergence Analysis

In this subsection, we will describe the overall algorithm.
Since our proposed method relies on the BCD algorithm,
an iterative update procedure is utilized. Specifically, we
iteratively calculate G, W, F, Fpp and Fgrr until convergence
is realized on basis of the aforementioned derivation. Now we
present the initialization of the algorithm. The set S derived



in the n-th iteration is denoted as S(™. Then the initialization
of }—(0)’ .7-"](3(2 and .FI(D\OF) is discussed as follows.

F©): We first calculate the SVD of all channels between
the b-th AP and the w-th user as Hy,, = Ub7u257uVEu.

Then FS)) of the wu-th user in F(© is set to F;O) =

[( 1(101)1) 7<Fg2>H R (F%))U)H} H, where Fgfi =
\/m%,u(:,uvs)
VEL
]-}({(2: each element in Fg)%ﬁb is set to e/PviJ with Do j
denoting random phases chosen from [—, 7], Vi € N}, V5 €
Ngr, Vb € B.
Fiih: recalling (25), the initial F{) , , is set to Fy, =
/Pomax (Fig2 b) F ’

©) (0 o |7
Frr, b(FRF,b) Fyo .

satisfies the power constraint (15b).

2

, which satisfies the power con-

U
u=1

straint for each AP.

Note that when the convergence condition is met, Fpp
may not satisfy the power constraint for each AP. Therefore,
we derive the final g, . Vb € B,u € U, as Fyp, , =

/P maxFisp b0 — [33], [43], [53]. The overall procedure
\/Z 1||FRF »FiB b‘u||F

is summarized in Algorithm 2, where R denotes the OF (11a).

Algorithm 2 Overall algorithm for hybrid precoding design
in cell-free MIMO
Input:
Initial fF({OF), }'](3(3, FO) jteration index n = 0, conver-
gency accuracy &;
Algorithm design:
while | (") — R0V > ¢ do
. n=n+1;
Calculate g™
fixed;
4:  Calculate W) according to (14) with other variables
fixed;
Calculate F(™) according to Algorithm 1 with other
variables fixed;
6:  Calculate fgg according to (25) with other variables

according to (13) with other variables

fixed;
Calculate .FF(:F) according to (27) with other variables
fixed;

8: end while )
U * *
If Zu:l HFRF,I)FBB,I),u F
v Pb [‘ndXFBB b,u
Noor

> Pp max, calculate F*BB’b,u

as Fgpp, = =, VuclU, Vb e B.

HFRF b BB b, uH

Next, we will demonstrate the convergence of our proposed
algorithm. According to the characteristics of the BCD algo-
rithm, when we derive one set of variables with the others
fixed, the OF (11a) increases or at least maintains its value.
Hence, the OF (l11a) is a non-decreasing function in our
design.

In order to demonstrate the convergence of the proposed
method, we still have to prove that the OF (11a) is upper-

bounded. We consider an ideal unconstrained cell-free MIMO
scenario, where there is no IUI. The TPC matrices of this
scenario can be directly obtained by the singular value de-
composition (SVD) for each user at each AP. Therefore, (11a)
can indeed achieve convergence. The proposed algorithm con-
verges to at least locally optimal solutions of the transformed
problem (11).

F. Complexity Analysis

During the design of F, the dominant complexity
contribution is that of c,ialculating the inverse matrix
(QM S IREY) INt> . Vb € B,Yu € U, which has
the complexity order of O (N?). The bisection search of
Ap for the b-th AP has to repeat the calculation 7, =
log (‘7)‘“’) times. Therefore, the complexity order of opti-
mizing F is O (BUTN}), where T = 33, Ty For design-
ing Frr and Fpp, the complexity order is O [B (N; NrpU N,
+N§F)]. If the number of iterations required for con-
vergence iS Npy.x, the total complexity order is given by
@ [Nmax (BUTNE’ +B (NtNRFUNS + NﬁF))]

Note that our proposed algorithm can be modified for the
cell-free MIMO DL, where fully digital TPC structures are
adopted. In the next section, we will design the fully digital
TPC matrices by modifying our proposed algorithm.

IV. MODIFIED ALGORITHM FOR FULLY DIGITAL
PRECODING IN CELL-FREE MIMO

In this section, we consider a scenario where each AP in
the cell-free MIMO DL is equipped with fully digital TPC.
The fully digital TPC matrices are designed by modifying the
algorithm proposed in Section III.

A. Problem Formulation

The set of fully digital TPC matrices is defined

by Frp = {Frp,u|Vu e} and Fpp, =

[FED,l,uv FgD,Q,u’ T ’FED,B,u]
problem is formulated by

. The WSR maximization

max Rpp (28a)
FD
U
s.t. Z Tr (Frp,uFip.u) < Pomax, Vb € B, (28b)
u=1

where R = Y20, wylog [Ly, + b HuFreo. Pl  HE
and Jpp = Y0y HuFpp jFi ; HY + 021y .

B. Modified Precoding Algorithm

Similar to the problem transformation from Section III-A
to Section III-C, we can obtain the unconstrained problem by
exploiting the equivalent WMMSE transformation and BCD
algorithm for the fully digital scenario. Specifically, we itera-
tively update the introduced linear combiners {G,|Vu € U}
in G, the introduced weighting matrices {W,|Vu € U} in
W and the fully digital TPC matrices {Fpp ,|Yu € U} in
Frp. During the update, G, and W, can be calculated by



exploiting the partial derivative based method, which is similar
to (13) and (14) in the hybrid TPC design. Then we propose to
design fully digital TPC matrices by exploiting the Lagrangian
multiplier method. The transformed unconstrained problem is
expressed by

(s IVHe B}, Fen ;w“ [Tr (Fip,, AuFrp )]

- Zwu [Tr (Fip ,HYG,W,)]

u=1

=) wy [Tr (WG H,Frp,., )]
u=1
U

+Zub > T

u=1

FFD b uFFD b u) Pb,max

(29)

where {y, > 0|Vb € B} is the set of Lagrangian multipliers
introduced. Since no inter-user interference exists in any of
the UC cluster, our problem formulation is different from that
of the existing literature [45]-[47]. Similar to Proposition 1,
stated for deriving the optimal Frp, we have the following
Proposition 2.

Proposition 2: We propose to iteratively update
{Frp,bu|Vb € B,Yu € U} in each iteration of the BCD
algorithm. The problem (29) can be rewritten as

min
{FFD,b,queB,VueL{}

U
Z [Tr (FgD,b,u (Quv,u + wIn,) Frppu)]
u=1
B U
+ Z Z[Tl"( vFED 5 o FrDisu)]
i=1,i7bu=1
U
= [T (ML FL)] = > [T (B, M )]
u=1 u=1
B U B U
- Y Y m(CLFL)] - > D [T (FLCiu)]
i=1,i#bu=1 i=1,i#bu=1
(30)

Proof: The proof is similar to that in Appendix A, except

that the penalty terms are eliminated. [ |

Based on Proposition 2, the optimal closed-form
Frp b (145) can be formulated as

(Qb,u + :U'bINt)T Mb,u~

The determination of the optimal Lagrangian multipliers
{s|Vb € B} is different from that of the hybrid TPC scenario
due to the fact that Qp, may be a low-rank matrix. For
obtaining the optimal Lagrangian multipliers, we have the
following Lemma concerning the rank of Q..
Lemma 1: rank (Qp ) = N;.
Proof: Please see Appendix B. [ |
For N; = N, the matrix Q. is of full rank, thus the
derivation for {u|vb € B} is the same as that of the hybrid

Fippu () = 3D

TPC design. Considering Ny < V¢, on the basis of Lemma 1,
the transmit power is modified according to

U

Z (Tr ((FED,b,u (Hb))H FED,b,u (Hb)))

u=1

Prp b (1,1)

G, (n,n)
= +Z Z 7FD’Z7’“2 L for py # 0,
u=1n=N,+1 Hy
U N,
~ Prppu (7,
ZZ FD,b,u (7 nz)’ for 11 = 0.
u=1n=1 (Eb u (n’n))
(32)
In contrast to the hybrid TPC algorithm, the
transmit power is not upper bounded by 25:1

H
(Tr <<F}D7b)u (0)) Fipbu (0))> Therefore, we adopt

the bisection search for deriving the optimal Lagrangian
multipliers {uj|Vb € B}. According to (32), since the transmit

pover T, (T ((Fio 0 () i () )

monotonically decreasing function for p; > 0, the optimal
Lagrangian multiplier 7 is sought within the range
i € (tp, pub) through the bisection search. During the
search, pp is initialized to a small positive value and pp

Zg=1 Eﬁll Prp,b,u(n,n)
Py max
Prp,b,u(n,n) Prpp.u(nn) A
Zu 1 Zn 1 W Zu 1 E L -
Py max. Then the optimal fully digital TPC matrlx "for the
u-th user at the b-th AP F} () is expressed as

Fipow (13) = (Qbu + Iy LY P

According to Section III-E, the convergence of the fully digital
TPC design can also be proved. In the next section, we
will demonstrate the superiority of our proposed algorithms
through simulation results.

is a

is initialized as , which is due to

(33)

V. NUMERICAL RESULTS

In our simulations, unless otherwise stated, there are B = 2
APs and U = 4 users in the cell-free MIMO DL considered.
Each AP has N; = 8 x 8 TAs and each user has N, = 2 x 2
RAs. The number of RF chains at each AP is set to Nrp = 8.
The number of data streams for each user is set to N, =
2. The weighting coefficients for the users are set to w; =

- = wy = 1. The maximum transmit power for the APs
i8S Pl max = *** = Ppmax = Pmax = 30dBm. The penalty
parameters introduced are set to p; = --- = pp = m [50].
The thresholds for Algorlthm 1 and Algorlthm 2 are set to
e =107% and ¢ = 10~%. The narrow-band mmWave channels
have L = 8 paths. The azimuth AoA ¢}, and AoD ¢} ,
are uniformly distributed in the interval (—,7], while the
elevation AoA 0{, ., and AoD F)}W are uniformly distributed in
the interval (—Z, Z] [54]. The noise power is set to o2 = 1.

In Fig. 3, we evaluate the validity of our convergence
analysis for both the hybrid and for the fully digital TPC
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Fig. 4. WSR v.s. transmit power at each AP.

design. It is shown that Np,,x = 100 iterations are enough
for achieving near-perfect convergence for both the hybrid and
for the fully digital TPC. This observation confirms the low
complexity of the proposed algorithm.

In Fig. 4, we characterize both the fully digital and the
hybrid TPC matrix design in the cell-free MIMO DL vs. the
maximum transmit power. Observe in Fig. 4 that the system’s
WSR is increased, when the transmit power increases from
10dBm to 40dBm. We also observe that as the the number
of RF chains is increased, the WSR also increases. When
the number of RF chains is Ngrr = 8, the cell-free MIMO
relying on hybrid TPC achieves a WSR very close to that of
fully digital TPC, which verifies the benefits of hybrid TPCs
in the cell-free MIMO DL. For verifying the superiority of
our proposed algorithm, we compare it to the algorithm of
[23], where the hybrid TPC matrices are obtained through
decomposing the fully digital TPC matrices derived into hybrid
ones through subspace decomposition. As shown in Fig. 4,
the proposed algorithm outperforms the algorithm of [23] in
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terms of the WSR performance. Moreover, the algorithm of
[23] has higher computational complexity primarily owing to
the iterative update of the analog and digital TPC matrices
during the hybrid TPC design.

In order to investigate the performance of hybrid TPCs, we
increase the number of RF chains from Ngp = 2 to Ngp =
64. Observe in Fig. 5 that the WSR of hybrid TPCs increases
with Nrr and a near-optimal WSR is attained for Ngr > 16.
We also observe that when the number of RF chains in the
hybrid TPC is equal to the number of antennas in the fully
digital TPC, the WSR of hybrid TPC becomes significantly
better when the number of RF chains is limited. This further
demonstrates the superiority of employing hybrid TPCs in the
cell-free MIMO DL.

In Fig. 6, we investigate the WSR vs. the number of APs
in the cell-free MIMO DL. In addition to the conclusion
drawn from the aforementioned simulations, we observe that
the WSR increases as the number of APs increases from 2
to 6. This means that a large number of APs deployed in the
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cell-free MIMO DL has the potential of drastically improving
the WSR performance.

Fig. 7 portrays the WSR vs. the number of users. Note
that the subspace decomposition algorithm cannot be executed
when UN; < Ngrr, hence we do not compare our proposed
algorithm to it in those scenarios. As illustrated in Fig. 7, when
the number of users increases from 2 to 8, the WSR increases
first and then decreases for Ngr = 8. This is due to the IUI,
which is increased with the number of users, while the number
of RF chains is low.

We then portray the WSR vs. the number of TAs in Fig.
8. As the number of TAs increases from N; = 4 x 4 = 16
to Ny = 10 x 10 = 100, the WSR is nearly doubled. This is
because more TAs are able to attain a higher TPC gain and
antenna diversity for the cell-free MIMO DL.

As illustrated in Fig. 9, our proposed fully digital TPC
shows a better WSR performance compared to its conventional
counterparts as the number of APs increases from 2 to 6.
For explicitly showing the relationships between our proposed

22

+ Fully Digital Precoding, Nr=4, Ns=1

20 b | === FP [25], Nr=4, Ns=1
Fully Digital Precoding, Nr=Ns=1
1g | [—+—2F [26], Nr=Ns=1

—E— MRT [26], Nr=Ns=1

WSR (bps/Hz)

4 I I I
2 3 4 5 6

Number of APs
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algorithm and its counterparts, we set Ny = 4 x 4 = 16 in
this figure. Furthermore, we set the number of data streams
for each user to Ny = 1, because the problem transformation
in [25] using FP is only suitable for such a case. We set
N, = Ny, = 1, when we compare our proposed algorithm to
the traditional ZF algorithm and to the MRT algorithm [26].
We observe that as the number of APs increases, the WSR
advantage of the proposed algorithm becomes higher.

We also show the performance comparisons of fully digital
TPC vs. the number of users in Fig. 10. We increase U from
2 to 8. It is shown in Fig.10 that the FP [25] method with
N, =4, Ny = 1 outperforms the proposed fully digital TPC
design when the number of users exceeds 6.

VI. SUMMARY AND CONCLUSION

A powerful hybrid TPC was conceived for the mmWave
cell-free MIMO DL. A WSR maximization problem was
formulated subject to a realistic power constraint for each AP
and the constant-modulus constraint for the phase shifters of



the analog TPCs. Then we transformed it into an equivalent
WMMSE problem by exploiting the UC nature of the cell-free
MIMO DL. We proposed a low complexity BCD algorithm
for iteratively solving the transformed problem. We then also
further extended our proposed algorithm to the fully digital
cell-free MIMO scenario. Additionally, the convergence and
computational complexity analysis of our proposed algorithm
were presented. Our simulation results demonstrated the supe-
riority of the proposed algorithms both in hybrid and in fully
digital TPCs.

APPENDIX A
PROOF OF PROPOSITION 1

In order to complete the proof, we rewrite the terms in (17)
as follows. The expression in the Tr(-) function of the first
term in (17) can be rewritten as

1 1\ H
FHA,F, =FHAZ (Aﬁ) F,

Al,u

A,

_ [pH H H d
- [Fl,u F2,u FB,u] .
AB,u

Fl,u

H

An, Am, .An ]|
1, 2,u B,u :
FBu

B
H A AH H R AH
:Fb,uAb’uAb,uFb,u + Fb,uAb,u E Ai,uFZ u

i=1,i#b
+ Z FiLA AllLF,,
i=1,i#b
B B N
+ > FLA L, > ALF, (34)
i=1,i%b i=1,i%b

Similar to (34), the expression in the Tr(-) function of the
second term in (17) can be rewritten as

B
1 1
FiHllG, W, = W—FECH =— > FLCou (39

The third term in (17) can be readily derived by calculating
the conjugate transpose of (35). Furthermore, we expand the
Frobenius norm in the fourth term in (17) as

¥y — Frisbull 3
=Tr (Fyu — Fuppa)" (Fou — Frnoa) )
=Tr (F} Fou — F}'  Fuppu —
“ngB,b’uFHB,b,u) .

Substituting (34)-(36) into (17) and neglecting the irrelevant
terms, we can prove Proposition 1.

FgB,b,uFbyu
(36)

APPENDIX B
PROOF OF LEMMA 1

Recalling the definition of Qp , = qub uAb . in Propo-
sition 1, the rank of Q, depends on Ab,u, which is
1

the submatrix of AZ. Therefore, we first invesltigatelth}(;,
rank of A,. We decompose W, as W, = W2 (WE )
and define the SVD of IiSGuWé as HEGHWE =
0.8V8 = O, T | VH ghee §, =
v OBN,—NHxN,|

diag (Mu.1,Mu.2, "+ s Nu.N,) € (CNbXNS is composed of all

non-zero singular values of HHG Wu since Wu is of size
Ny x Ng. Then we have

A, =H"G,W,GIH,
1 1\ H
—H!IG, W (Wu) GlH,

=0, %, 2Tul
= =T
:ﬂ-u DIND I OnN, x(BN,—N.) ﬂ-g’
OBN,—NHxN, O(BN,—N,)x(BN,—N,)
37
whose rank is N,. Afterwards, we have
Aé _ 0, { 3, ON, x(BN,—N.) ] o1
0BN,~N)xN, O(BN,—N.)x(BN,~N,)
(38)

where 33, = diag (\/Wi,h \/773,%"' ) WZ,NS) € CNsxNs,

Furthermore, we re-express (38) as
1
Az =
R [ 3. ON, x(N,—N.) ] Oy (B-1)N,
Uu [ [O(n,—N)xN,  O(N, =N, x(N,—N.)

O(B_1)N,x N, O(B_1)N,x(B-1)N,

U, (39)
and represent ﬁu as
ooy g ghs
U,.=| : SR I )
OBy B OEB)

where ﬁﬁf’j) € CNexNe, Upon combining (39) and (40), we
have

AZOD A0 AZOD)
1
Ai=] : R
AZED 3B ALEE)
where Aé(i’j) =o [ Z ON. (M=)
Ov,—nNyxN, O, —N,)x (N —N)

~( H —~
(USLJ ’1)) . Recalling the definition of A, ,, we can acquire



the expression of Kb,u from (41) as

Ay, = {A%(b,l) Aé(m)_“A%(b,B)}
:ﬁ(bJ){ 3. On, x (N, —N,) }
0N =Ny x N, O(N, =N x (N, —N,)
(o) ()" (@)’
A~ ~ ~
=A1AA3, (42)
where we  define 111 fjs}’l), 112 =

ON, x(N,—N.)
O(N,—N.) x (N~ )
(0)" (oe)" - (o]
Adopting the Sylvester inequality, i.e., rank (X) + rank (Y) —
Zeol < rank (XY) < min{rank (X),rank (Y)} with zc
denoting the number of columns in X [55], we have
rank (Amu) < rank (Ag) = N,. Moreover, we have

[ X ] and
O(N,—N,)x N,

A, -

rank (.&W) >rank (111) + rank (Kg]&g) — Ny

=Ny + rank (;&2113) — N,
>rank (;&2) + rank (;&3) — N
=N;+ N; — N

=N;. (43)

Then we have rank (.&,,u> = N,. Finally, by adopting the
property that rank (XXH") = rank (X) [55], we have

rank (Qp ) = rank (Kb,u_//i?’u) = rank (Kb,u) = N,. (44)

Hence we can prove the Lemma.
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