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Sound field reproduction with a Cylindrical
Loudspeaker Array using first order wall reflections

Natsuko Maeda, Filippo Maria Fazi, and Falk-Martin Hoffmann

Abstract—Sound field reproduction is a promising technology
for reproducing a desired sound field over a specific area.
However, several practical challenges exist, such as the require-
ment for a large number of loudspeakers and the degradation
of spatial reproduction accuracy due to room reflections. This
work proposes a sound field reproduction method based on a
cylindrical loudspeaker array that is used to both radiate sound
directly towards the listener and take advantage of controlled
first-order reflections from the room’s walls. The sound field
corresponding to one or more virtual sound sources is created
by the combination of the direct and reflected sound at the
listener position. As long as the lateral walls generate well-
defined specular reflections, the simple model of the reverberant
field with the proposed formulation enables this method to work
without elaborate acoustical measurements. Two approaches with
different concepts of controlling the array are compared and their
mathematical equivalence is shown. To evaluate the performance,
both simulations and experiments were conducted, showing a
good agreement with theory.

Index Terms—Cylindrical Loudspeaker Array (CLA), wall
reflections, image source method, mode matching.

I. INTRODUCTION

SOUND field reproduction systems delivering immersive
sound experiences in home environments have gained new

relevance due to the rapid development and growth of stream-
ing services. The introduction of object-based audio contents
for rendering on systems such as Dolby Atmos, DTS:X, and
Sony’s 360 Reality Audio accelerate the development of the
technology that renders the spatial information describing the
sound scene.

Several technologies to reproduce the sound field using
multiple loudspeakers for generating spatial audio experience
over an extended listening area have been proposed over
the past few decades, such as Wave field synthesis (WFS)
and Higher Order Ambisonics (HOA) [1]–[5]. However, most
of these techniques are derived on the basis of the use of
loudspeakers, which can be regarded as monopole sound
sources in the free sound field with no adjacent reflecting
surfaces. These assumptions are not valid in practice and cause
impaired spatial reproduction.

There are two major approaches to reducing the influence
of the room on the reproduced sound field. One is active room
compensation that requires the knowledge of acoustic transfer
function between the loudspeaker and multiple control points.
The traditional approach has been to equalize the transfer
functions over multiple control points using least-squares
techniques, which has been widely introduced to consumer
audio products [6]–[9]. However, these approaches may result
in poor equalization between the control points [10]. Other

recent approaches for active room compensation are based
on WFS [11]–[13] or HOA [14]–[16]. These approaches can
control the sound field over an extended contiguous area but
may require considerable processing for the implementation
of a digital compensation system.

The alternative approach is to use directional sound sources
for limiting room reflections or exploiting the reflections to
create the desired sound field. Two types of directional sound
sources are proposed such as fixed directivity loudspeakers
[17] and variable directivity loudspeakers [18] to limit room
reflections. Fixed directivity loudspeakers such as cardioids
can reduce the sound wave radiated outside the area the
array encompasses [17]. The approach with variable directivity
loudspeakers is based on the Kirchoff-Helmholtz integral and
allows the complete cancellation of the externally radiating
sound [18]. However, these approaches require numerous
transducers to control over a wide range of frequencies.

The approach using steerable directional sound sources to
exploit room reflections is one of the promising ways that can
reduce the number of sources/loudspeakers when compared
with previous methods [19]–[24]. Many of these systems,
however, require measuring the acoustics transfer functions
between each directional sound source and each control point
or sound field mode at the listening point using a microphone
array. These acoustic transfer functions include higher-order
reflections from walls and both reflected and scattered sounds
from furniture in a room, which may reduce the system
robustness due to the time variability of said transfer functions.

Perceptual tests of the WFS in a reverberant sound field
by Erbes et al. [25] show that if the speakers are placed
closely together and the reverberation time is not too long, the
effect of reflected sound can be ignored due to the precedence
effect. While this is an interesting result, it suggests that
there are challenges in living room environments where the
reverberation time is long and many speakers cannot be placed.

In this work, we employ the concept of sound field repro-
duction with sound sources with adjustable directivity and
using specular reflections from walls that can reduce the
number of speakers to be installed in a room. To achieve
a robust sound field reproduction with limited knowledge of
the room, a new formulation is introduced by simplifying the
model with some approximations. The first simplification is
using only first-order reflections, which are strong enough
to reproduce the desired sound field. This simplification is
expected to be effective because only early reflections affect
the directional perception [26]. Hence, in contrast to some of
the existing approaches [14], [21], the proposed method does
not rely on a complete model of the reproduced sound field,
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but is based on a simplified model consisting of the direct
sound and several image sources associated to wall reflections.

The second simplification relies on the assumption that the
distance between the sound source and the listening position is
sufficiently large, with respect to the wavelength of the sound
to be reproduced. This allows for a simplified formulation.
Two mode-matching approaches with different concepts are
compared mathematically, one is a direct mode-matching
approach with the simplified model described above, and the
other is a beam steering approach similar to the concept
of Yamaha’s YSP series and previous work [22], [27]. For
this latter approach, the systems steers a beam towards the
listener and other sound beams towards the room’s walls.
These beams are delayed in such a way that the direct and
reflected waves reach the listener simultaneously, and their
relative amplitude generated the perception of a virtual sound
source, similarly to what happens with amplitude panning. One
of the contributions of this work is the proof that the presum-
ably more intuitive beam steering approach outlined above is
mathematically equivalent to the more complex direct mode-
matching approach, which is mathematically more involved
and does not explicitly include beamforming in its formulation.
This result, which is a consequence of the simplified sound
field model adopted in this work, sheds some light on the
physical phenomena underpinning the proposed method and
allows for a better understanding of its limitations.

Experiments are conducted to validate the effectiveness of
the proposed approach in real situations. We discuss how the
loudspeakers characteristics such as frequency response and
dynamic range and loudspeaker positioning errors affect the
accuracy of the sound field.

The article is organized as follows. Section II describes the
sound field radiated from a Cylindrical Loudspeaker Array
(CLA). In Section III, the room reflections model is introduced
not only for a monopole sound source but also for a directional
sound source. We propose two approaches, namely direct
mode matching and beam steering approach, and demonstrate
their mathematical equivalence in Section IV. The obtained
experimental results are described and discussed in Section V,
which is followed by some concluding considerations in
Section VI.

II. LOUDSPEAKER ARRAY MODEL

This section describes the mathematical model for the sound
field radiated from a CLA. There are several articles and books
that deal with sound field reproduction using a CLA [28]–
[35]. In this work, we derive a simplified formula to expand the
model with room reflections later. The geometrical description
of this model is based on the cylindrical coordinate system
as shown in Figure 1. All considerations presented in the
following are in the frequency domain, and the dependency
on e−iωt and the parameter ω are omitted in all expressions
for reasons of brevity.
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Fig. 1: Reference geometry for the Cylindrical Loudspeaker
Array.

A. Sound field model for Cylindrical waves

The sound field generated by a cylinder vibrating in an
arbitrary fashion is given by the expression [35]

p(R,φ, z)

=

∞∑
µ=−∞

eiµφ
∫ ∞
−∞

iρck
Hµ (krR)

krH ′µ (kra)

1

2π
eikzzVµ (a, kz) dkz,

(1)

where ρ is the density of air, c is the sound speed of air, k
is the wave number, kr =

√
k2 − k2z , and Hµ(·) and H ′µ(·)

are the Hankel function of the first kind of order µ and its
derivative with respect to the function argument, respectively.
Vµ(a, kz) is the two-dimensional Fourier transform in φ and z
of the radial velocity v(a, φ, z) at r = a, which could also be
referred to as the helical wave spectrum of the radial velocity
and is given by

Vµ (a, kz) =
1

2π

∫ 2π

0

dφ

∫ ∞
−∞

v(a, φ, z)e−iµφe−ikzzdz

= FφFz[v(a, φ, z)].

(2)

Equations (1) and (2) show the relationship between the radial
velocity on the cylindrical baffle and an arbitrary radiated
pressure field.

B. Driving function of the loudspeakers on a rigid cylinder

Consider a cylindrical rigid baffle of radius a and infinite
extent in z, and assume the loudspeaker on the baffle as a
monopole sound source. The corresponding velocity profile of
the dth loudspeaker on the intersection of the cylinder surface
with the plane z = 0 is given by

v(a, φ, z) = vdδ(z)δ (φ− φd) . (3)

For an array of D monopole sound sources at angle φd with
d = 1 . . . D, the sum of all loudspeaker helical spectra is

Vµ (a, kz) =
1

2π

D∑
d=1

vde
−iµφd , (4)
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which corresponds to the spatial DFT of the velocity of the
loudspeakers vd if φd = 2πd

D . As the coefficients Vµ do
not depend on kz or on the cylinder radius a, we will omit
these variables in the notation of Vµ. Since an electrodynamic
loudspeaker operates largely in its mass-controlled region, the
electric driving signals are proportional to the mass accelera-
tion qd, given by

qd = ρv̇d = −iωρvd. (5)

We therefore define the mass acceleration spectrum, hereafter
referred to as the CLA angular spectrum or CLA modal
coefficients, as

Qµ = −iρωVµ. (6)

Replacing Vµ with Qµ yields the expression

p(R,φ, z) =

∞∑
µ=−∞

eiµφ
[
−
∫ ∞
−∞

Hµ (krR)

2πkrH ′µ (kra)
eikzzdkz

]
Qµ.

(7)

C. Far field approximation

When r is very large compared to the wavelength, the
Hankel function of the numerator in Equation (7) can be
replaced with the far field approximation (see Appendix)

Hµ(x) ≈
√

2

πx
ei(x−µπ/2−π/4). (8)

Since the integration over kz in Equation (7) is not trivial, we
apply the Stationary Phase Approximation [35] to simplify it
and obtain the following formula for the sound field repro-
duced by the CLA:

p (r, θ, φ) = G(r)D(θ, φ), (9)

where R = r sin θ and z = r cos θ,

G(r) =
eikr

4πr
(10)

is the free field Green’s function and D(θ, φ) is the directivity
function, given by

D(θ, φ) =

∞∑
µ=−∞

4(−i)µ−1

k sin θH ′µ(ka sin θ)︸ ︷︷ ︸
Rµ(θ)

eiµφ Qµ(a, k cos θ).

(11)
Note that, due to our choice of the velocity profile for our
loudspeaker defined in Equation (3), the stationary phase
approximation for the radiated pressure in Equation (9) shows
a radial decay with 1/r. This leads to our individual source
being similar to a point source on a cylindrical baffle, since
it does not assume the 1/

√
r decay inherent to the large

argument approximation of Hankel functions [35], which are
the radial functions of the expansion in Equation (1).
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Fig. 2: Reference geometry, with the Cylindrical Loudspeaker
Array and two vertical walls.

III. REFLECTION MODEL

In this section, the image source method is introduced and
used to model wall reflections. Figure 2 shows the reference
geometry and the definition of each parameter. Note that the
listening position o is chosen as the origin of the absolute
reference system.

The image source method is based on geometrical acoustics
and is widely used to model early reflections [36]–[41]. The
total sound pressure at point (r, θ, φ) in the vicinity of the
listening position can be modeled by summing the fields
generated by the actual sound source and by all the audible
image sources

p(r, θ, φ) =

L∑
l=0

pl(r, θ, φ), (12)

where L is the number of image sources, p0(r, θ, φ) is the
sound field created by the real sound source in the free field
(the direct sound), and pl≥1(r, θ, φ) is the sound field created
by the lth image source.

To further motivate the use of this model, Figure 3 shows
the impulse response measured in a typical listening room of
dimensions 4.2 m× 6.3 m× 2.5 m and of T60 approximately
0.36 s using 2-way active speaker as the sound source, and
simulation results under the same condition. The first order
reflections of the simulation are well-matched with the mea-
sured ones, while measured second or higher order reflections
are hard to distinguish.

Room reflections of a directional sound source can be
modeled using an extension of the image source method.
Since the sound field generated by a CLA is expressed as the
product of the free field Green’s function and the directivity
function, as shown in Section II, each reflection generated by a
directional sound source and any vertical wall can be modelled
as

pl(r, θ, φ) = ξlG(r(l))D
(
θ(l), Tl[φ

(l)]
)
, (13)
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Fig. 3: Typical impulse response of listening room 4.2 m ×
6.3 m× 2.5 m.

where
(
r(l), θ(l), φ(l)

)
are the coordinates of a point (r, θ, φ)

expressed with respect to the reference system consistent with
the location of the lth image source (Figure 2) and ξl is
the accumulated reflection coefficient resulting from multiple
reflection off the walls corresponding to the lth image source.
Tl is the mirroring operators for the walls, which ensures that
the directivity pattern of the image source for a first order
reflection is given by the directivity function of the primary
source but mirrored with respect to the given wall [20].
Multiple mirroring operations are required for image sources
of higher order. The 0th image source corresponds to the direct
sound source, with ξ0 = 1 and T0[φ(0)] = φ(0).

If there are only two walls and they are parallel to the xz-
plane, the reflected sound created by the lth first-order image
source is

pl≥1(r, θ, φ) = ξl G(r(l)) D(θ(l),−φ(l)). (14)

In the case that a given vertical wall is not parallel to the xz-
plane but is rotated by an angle α with respect to that plane,
as shown in Figure 2, the mirroring operator becomes more
complex, with Tl[φ(l)] = −φ(l) + 2α.

Assuming that the real and image directional sound sources
are far away from the listening position and that the obser-
vation point (r, θ, φ) is close to the listening position, the
free field Green’s function in Equation (13) can be locally
approximated with a plane wave as

G(r(l)) ≈ G(r(l)o )e−ikl·x, (15)

where x = [r sin θ cosφ, r sin θ sinφ, r cos θ], kl is the wave
number vector, with length k and pointing in the direction of
the lth image source, and r(l)o is the distance of the lth source
from the listening position, as shown in Figure 2. Also, the
directivity function of Equation (11) can be approximated as

D(θ(l), φ(l)) ≈ D(θ(l)o , φ(l)o ), (16)

where the relative angular coordinates of the observation point
θ(l), φ(l) have been substituted with the relative angular coor-
dinates of the listener position θ(l)o , φ

(l)
o , under the assumption

that r(l) � r. Note that, based on the reference geometry
depicted in Figure 2, θ(l)o = π − θl and φ(l)o = π + φl.

In the light of these simplifications, the sound field repro-
duced by the CLA is given by

p(r, θ, φ) =

L∑
l=0

ξl G(r(l)o ) D
(
θ(l)o , Tl[φ

(l)
o ]
)
e−ikl·x. (17)

This means that the sound field in the vicinity of the listener
is represented by a superposition of plane waves e−ikl·x, each
of which corresponds to either the direct sound or to an image
source, and is scaled by the wall reflection coefficient ξl, by
the attenuation and delay factor G(r

(l)
o ), and by the associated

value of the CLA directivity D
(
θ
(l)
o , Tl[φ

(l)
o ]
)

.

IV. MODE MATCHING WITH A CLA USING WALL
REFLECTIONS

In this section, sound field reproduction with a CLA using
first-order reflections from two walls is discussed. Figure 3
indicates that higher-order reflections (second or higher order
in the case considered), with long paths, may be difficult to
control effectively for reproducing the desired sound field due
to sound absorption and diffusion by obstacles, as well as
the significant influence of temperature change that affects the
phase. For this reason, we will neglect higher-order reflections
and consider only first-order reflections (L = 2) from the two
walls. This will of course have an effect on the reproduced
sound field but it is expected that higher-order reflections will
give little contribution to sound localisation cues, since these
reflections will reach the listener at a later time than the direct
sound and first-order reflections (which will be time-aligned to
the direct sound, as shown later). Nevertheless, the theoretical
arguments presented in this section can be straightforwardly
extended to a greater reflection order or to a larger number of
walls.

Two approaches are proposed: the mode matching and the
beam steering approach. It will be shown later that the two
approaches are in fact equivalent.

A. Direct mode matching approach

The objective of this method is to match, in a least-squares
sense, the modal coefficients of the sound field reproduced by
the loudspeaker array with those of the desired sound field. By
“modes” we refer to a set of basis functions used to represent
the sound field. When the modes are spherical harmonic
functions, the area where accurate sound field control can
be achieved is a sphere, whose size is determined by the
frequency and the number (i.e. highest order) of the controlled
modes. Mode matching is directly related to HOA as shown
for example in references [2] [4]. In the proposed approach,
the modes of the reproduced sound field are expressed as a
function of the modal coefficients of the directivity function
of the CLA. Hence the mode matching approach provides the
directivity function modal coefficients that generate the desired
modal coefficients of reproduced field.
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The target sound field is chosen to be a plane wave arriving
from angles φD, and associated wave vector kD. Its spherical
harmonic expansion is [35]

pD(r, θ, φ) = e−ikD·x

= 4π

∞∑
n=0

n∑
m=−n

(−i)njn(kr)Y mn (θ, φ)Y mn (θD, φD)
∗
,

(18)

where jn(·) denotes the spherical Bessel function of order n.
The spherical harmonics are defined as [35]

Y mn (θ, φ) =

√
2n+ 1

4π

√
(n−m)!

(n+m)!
Pnm(cos θ)eimφ, (19)

where Pmn (·) is the associated Legendre function. As discussed
in Section III, the reproduced sound field generated by the
direct sound and two first-order wall reflections is given by
Equation (17), which combined with Equation (18) (with θl, φl
instead of θD, φD) gives

pR(r, θ, φ) =4π

∞∑
n=0

n∑
m=−n

(−i)njn(kr)Y mn (θ, φ)

×
2∑
l=0

ξlG
(
r(l)o

)
D
(
θ(l)o , Tl[φ

(l)
o ]
)
Y mn (θl, φl)

∗
.

(20)

The system of equations for the mode matching problem is
obtained by combining Equations (11), (18), and (20), yielding

Y mn (θD, φD)∗ =
M∑

µ=−M

2∑
l=0

ξlG
(
r(l)o

)
Rµ

(
θ(l)o

)
Y mn (θl, φl)

∗
eiµTl[φ

(l)
o ] Qµ

(21)

for all n,m combinations. Note that, by design, the sum de-
scribing the directivity pattern of the array has been truncated
to the order M ≤ (D − 1)/2, relying on the assumption that
the array can generate an order-limited pattern only. This is
possible as long as spatial aliasing can be ignored, which is
true up to a given high-frequency limit, as demonstrated below
and discussed in reference [42]. This can be written in matrix
form as

b = Ψq, (22)

where the vector b contains the modal coefficients
Y mn (θD, φD)∗ of the desired sound field (up to a given trun-
cation order N ) and vector q the unknown modal coefficients
Qµ of the directional sound source. The elements of matrix Ψ
relating the sound field modal coefficients with indices n,m
to the CLA modal coefficient Qµ is given by1

Ψnm,µ =

2∑
l=0

ξl G
(
r(l)o

)
Rµ

(
θ(l)o

)
Y mn (θl, φl)

∗
eiµTl[φ

(l)
o ].

(23)

1Note that the matrix element indexing used here is not rigorous, as suitable
mapping between the coefficient indices n,m and µ and the indices of the
elements of the matrix would be required. For example, Ψζ,ν with ζ =
n2 + n+m+ 1 and ν = µ+M + 1. This has, however, been omitted to
simplify the notation.

This system of equations expresses the spherical harmonic
coefficients of the reproduced sound field as a function of
the CLA modal coefficients, which are the unknown of the
problem.

In the case that θ(l)o = π/2 for all sources and that the
vertical walls are parallel, the associated Legendre function in
the definition of the spherical harmonics as well as the terms
under square root in Equation (19) appear identically on both
sides of the mode matching equation and can therefore be
removed. Hence, the modal coefficients of the desired sound
field and the mode transfer matrix simplify as follows:

b =
[
e−iNφD , · · · , einφD , · · · , eiNφD

]T
, (24)

Ψn,µ = Rµ(π/2)

2∑
l=0

ξl G
(
r(l)o

)
e−inφl eiµTl[φ

(l)
o ] (25)

This also reduces the number of non-identical rows of Ψ from
(N + 1)2 to 2N + 1.

The CLA modal coefficients are obtained by minimizing
the squared error between the modal coefficients of the sound
field reproduced by the loudspeakers and those of the desired
sound field. In the case of an under-determined system, i.e.
when Ψ has more columns than linearly independent rows,
the solution is given by

q̃ = ΨH [ΨΨH ]−1b = Ψ†b. (26)

The proposed approach models the sound field as the superpo-
sition of three plane waves (direct sound and two wall reflec-
tions). Hence, even if a large number of directional sources
is used, the rank of the matrix Ψ is three and therefore we
cannot control more than three spherical harmonic coefficients
of the reproduced field.

This method is related to that proposed by Betlehem, Poletti,
and Abhayapala in [21] and [14], with two fundamental dif-
ferences: firstly, the proposed method only controls the room’s
first order reflections and does not attempt to completely
remove higher order reflections or to control late reverberation,
other than trying to minimise the overall acoustic energy
generated by the system. This avoids the robustness limitation
typical of dereverberation systems. Secondly, the CLA acousti-
cal transfer functions are not measured but are mathematically
modelled by means of images sources. This enables the direct
link to the beamforming approach discussed in the following
subsection, which provides a greater understanding of the
physics of the system and of its limitations.

B. Beam steering approach

The second approach is the beam steering method. In this
case the system is split into two sub-systems: an Ambisonic
decoder and a set of beamformers. Firstly, we assume that
the reproduced sound field is generated by three plane waves.
Their directions correspond to the angles of incidence from the
actual, physical source (i.e the CLA) and the two controlled
wall reflections. Furthermore, we assume that we can control
these plane waves independently in terms of their magnitude
and phase. We then create a first order Ambisonics decoder
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that provides the three plane wave gains required for the
reproduction of the desired field in the proximity of the
listener, expressed in terms of spherical harmonics coefficients.

The resulting Ambisonics decoding equation is

b = Y w, (27)

where b is the modal coefficient of the desired sound field as
shown in Equation (22), w = [w0, w1, w2]

T is the amplitude
of each synthesized plane wave and the 3D Ambisonics mode
transfer matrix is

Y =

 Y 0
0 (θ0, φ0)∗, Y 0

0 (θ1, φ1)∗, Y 0
0 (θ2, φ2)∗

...
...

...
Y NN (θ0, φ0)∗, Y NN (θ1, φ1)∗, Y NN (θ2, φ2)∗

 .
(28)

We have assumed here that both the target plane wave and the
three reproduced plane waves have zero phase at the listener
position, hence we expect the weights w to be real-valued and
therefore frequency-independent.

The second step is the creation of the beamformer. The
synthesized total directivity function D(θ, φ) is the linear
combination of three directivity functions for the CLA, each
of which aims to create a single plane wave at the listening
position, arriving from the direction of either the real source
or an image source, and scaled by the weight wl created in the
previous step. In practice, each directivity function creates a
sound beam in the direction of the listener (for the real source)
or of the image source and generates a null in the directivity
pattern in the other two directions.

To that end, the vector d is defined, which specifies the value
of the total directivity function in the three relevant directions,
namely

d = [D(θ0, φ0), D(θ1, T1[φ1]), D(θ2, T2[φ2])]T . (29)

We then impose that each element of this vector satisfies the
following equation

G(r(l)o )ξldl = wl, l = 0, 1, 2. (30)

This yields the matrix equation

w = Gd = G∆q, (31)

where matrix ∆ is such that d = ∆q and its terms are given
by Equation (11) and

G =

 G(r
(0)
o ) 0 0

0 ξ1G(r
(1)
o ) 0

0 0 ξ2G(r
(2)
o )

 (32)

The terms in matrix G are required to compensate for the
propagation delay and attenuation caused by the wave propa-
gation distance and by the wall reflections.

The Ambisonic decoding and the beamforming steps are
combined by substituting Equation (31) into Equation (27),
thus obtaining the following new equation

b = Y G∆q = Λq. (33)

As in the mode-matching case, the above formula expresses
the modal coefficients of the reproduced field, b, as functions

of the CLA modal coefficients, q. The elements of the mode
transfer matrix Λ are

Λnm,µ =

2∑
l=0

Y mn (θl, φl)
∗
ξl G

(
r(l)o

)
Rµ

(
θ(l)o

)
eiµTl[φ

(l)
o ].

(34)
Comparing Equation (23) with (34) shows that Λ = Ψ and
that the beamforming approach is indeed equivalent to the
direct mode-matching approach. It is interesting that also the
mode-matching approach relies, in practice, on the creation of
three (or more) sound beams, even if these are not explicitly
included in the formulation of this method. This aspect will
become very clear in the CLA radiation pattern simulations
discussed in the next section.

Equation (33) also shows that, since G is a 3 × 3 matrix,
the rank of Λ and of Ψ cannot be greater than 3, which also
implies that only 3 degrees of freedom of the sound field
can be independently controlled, as already discussed in the
previous sub-section. This would of course be different if a
greater number of reflections were considered in the problem.

V. EXPERIMENTS

To validate the performance of the proposed sound field re-
production method with a CLA and using first-order reflections
described in Section IV, numerical simulations were carried
out and a set of measurements were conducted in an anechoic
chamber, where two walls were installed. The experimental
setup is shown in Figure 4.

A. Experimental setup

1) Cylindrical loudspeaker array: The prototype of a CLA
with radius a = 0.25 m and L = 32 HiVi B1S full-
range loudspeakers [43] with a magnesium-aluminium alloy
diaphragm of 34 mm in diameter was located in the anechoic
chamber at the position shown in Figure 4. All loudspeakers
were calibrated relatively to a reference one.

2) Reflecting walls: Two wooden boards of 3.6 m×2.4 m
were arranged vertically to create specular wall reflections. To
obtain the reflection coefficient of the walls, the loudspeakers’
impulse responses were measured both with and without the
walls installed. The results revealed that the walls in the
anechoic chamber can be assumed almost perfectly rigid,
which results in ξ1 = ξ2 = 1 at all frequencies.

3) Sound field microphone: A Core Sound TetraMic [44]
was set at the control position to measure the sound field. The
microphone was mounted on a stand attached to an electronic
turntable and was facing the direction-of-arrival of the target
plane wave. This sensor was used to measure the 0th and
1st order terms of the spherical harmonic representation of
the reproduced field, also referred to as 1st order Ambisonic
B-format signal. The 0th order term, W corresponds to the
acoustic pressure, whilst the first order terms X,Y, and Z are
proportional to the three components of the particle velocity.

B. Design of Input filters

The 32 loudspeaker filters were computed in the frequency
domain with the method described in Section IV. These were
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Fig. 4: (a) Experimental setup: a Cylindrical loudspeaker array and a sound field microphone are placed between two walls in
an anechoic chamber. (b) Position of the CLA and two walls.

then used to filter a single input test signal (an exponential
sinusoidal sweep) and obtain the loudspeaker test signals.
The reproduced field was measured and the system impulse
responses were obtained by convolving the measured signals
with the inverse filter for the specific test signal used, as
defined by Farina in [45], [46]. It should be mentioned
that the direct inversion of the mode transfer matrix Ψ in
Equation (26) would have resulted in large signal amplification
at low frequencies, corresponding to a large amount of energy
required to generate the desired sound field while controlling
higher orders. Furthermore, this large amount of energy in
combination with small errors in the estimation of the CLA
and walls positions, of the wall reflection coefficient, or of
other parameters that contribute to the transfer functions may
have resulted in large differences between the desired sound
field and the reproduced one [21]. These effects were mitigated
by using the technique of normalized Tikhonov regulariza-
tion [47], also preventing distortion caused by extreme voice
coil and diaphragm excursions and ensuring robustness and
stability of the system.

The modal coefficients of the directional sound source were
thus obtained as

q̂ = ΨH [ΨΨH + βσ2I]−1b, (35)

where β is the regularisation parameter, σ is the largest
singular value of |Ψ| and I is the 3× 3 identity matrix. Note
that vector b includes only three elements, corresponding to
the coefficients of the spherical harmonics Y 0

0 , Y
−1
1 , and Y 1

1 .
Since the matrix Ψ is formed from the radial functions and
Green’s function, its elements depend on the wavenumber, k,
and thus on the speed of sound, c. The latter changes with
temperature, and therefore the loudspeaker signals must be
adjusted accordingly, should the temperature change, e.g. from
a lookup table. The ability to account for this makes the system

adaptable to temperature variations, as it can update the loud-
speaker signals from their analytical expressions accordingly.

Using Equation (35), different sets of filters for both differ-
ent target plane wave angles and beam pattern orders M = 2
and M = 7 were created and their performance compared.

As discussed in Section IV-B, the proposed method relies
on the creation of several sound beams, one for each image
source. This is the case also if the method is formulated as
direct mode matching (refer to Section IV-A), as the two
methods were shown to be equivalent. The gains wl of the
three beams as a function of the target plane wave direction
are reported in Figure 5. It is shown that when the beams
correspond to the direction of either the CLA or of an image
source (vertical dotted lines), as seen by the listener, only one
beam is generated. When the target angle is between the CLA
and an image source, the two beams corresponding to these
two directions are mainly active, whereas the third beam has
a very low and negative gain. When the target angle is outside
the span of the two image sources, all three beams are active.
The two image source beams have positive gains, whereas
the direct-sound beam has a negative gain, which indicates
the occurrence of strong destructive interference between the
beams at the listener position.

As an example, Figure 6 shows the magnitude of the Fre-
quency Response Function (FRF) and the Impulse Response
(IR) of the filter associated to the 5th loudspeaker, with M = 2.
The three distinct pulses in Figure 6 (d) are required for
generating the three different sound beams, as above. The first
and second pulses are generating the sound associated to the
wall reflections, whilst the third pulse is for the beam directed
towards the listener (direct sound). This pulse is delayed with
respect to the other one to account for the path difference
between the direct and reflected sound.
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Fig. 5: Beam gains wl for varying target angle φD.

(a) (b)

(c) (d)

Fig. 6: Frequency response (a,b) and impulse response (c,d) of
the fifth loudspeaker’s filter with M = 2, with (a,c) φD = 0◦

and (b,d) φD = 30◦.

C. Beam Pattern

Figure 7 shows both the simulated and the measured beam
pattern. This is defined as the sound field generated by the
CLA in free field and in the absence of the walls, measured
on a 2 m-radius circle in the loudspeaker plane (z = 0) and
centred on the CLA axis. To measure the beam pattern, the
CLA was attached to a turntable and was rotated with steps
of 5°, and the radiated sound was recorded with a Brüel &
Kjær 1/2-inch free-field microphone set at 2 m distance. Each
column in Figure 7 corresponds to a different target source
direction, namely 0°, 45°, and 60°, respectively, as seen by
the listener. The first two rows report the magnitude spectra
of the simulated beam patterns for orders M = 2 and M = 7,
respectively. The third row reports the measured beam pattern
for M = 7, while the last row reports the simulated beam
pattern in the time domain, i.e. the impulse response as a
function of the radiation angle, for M = 7. In all figures, the
vertical axis represents the angle φ(0), the azimuth consistent
with the CLA reference system (refer to Figure 2). The listener

is at 180°, while the reflection points on the two walls are at
135° and 243°, respectively. A reflection point is defined as
the intersection between a wall and the line joining the listener
and the image source corresponding to that wall. The reflection
point angles, as seen by the listener, correspond to the image
source angles (45° and −63°).

With reference to Figure 7d, it can be observed that the
beam pattern shows three distinct frequency bands: a mid-
frequency band, between 1.25 kHz and 4.09 kHz (calculation
based on [32] and [19]), where the pattern is as desired and
clearly features a narrow main lobe and several side lobes; a
low frequency region, where the main beam gets progressively
broader because of the combined result of the array size
becoming small in comparison to the wavelength and of
regularisation; a high frequency region, where grating lobes of
similar magnitude to that of the main lobe appear as a result
of spatial aliasing. Comparison of the results corresponding
to M = 7 with the beam patterns for M = 2 (Figure 7a)
indicates that the main lobe of the 2nd order beam is much
broader than the 7th order one. Also, for the 2nd order beam,
the mid-frequency band described above ranges from 347 Hz
to 4.91 kHz and is therefore broader than for the 7th order. All
these results are well-known and consistent with the literature
(see for example [32], [34] and [19]).

The patterns in the first and second column correspond to
the case when the target source direction coincides with either
the real source (first column) or an image source (second
column). In these cases the simulated beam patterns clearly
show that, consistently with Figure 5, a single sound beam is
generated in the direction of either the listener (first column)
or of the reflection point (second column) and that nulls
are steered in the other two directions. The third column
corresponds to the case when the target source is out of the
angular span defined by the two image sources. In this case
three beams can be identified, as expected. Note that the beam
directions depend only on the system geometry and not on the
target plan wave angle, which affects only the beam amplitude.
The simulated beam patterns in the exact direction of either
the listener or the reflection points do not vary significantly
with frequency. On the contrary, the patterns show significant
frequency variations at angles between beams. These oscilla-
tions are informally referred to as comb-filter effects and are
caused by constructive and destructive interference between
the lobes of different beams. This phenomenon is much more
pronounced in the M = 2 case (Figure 7c) than for M = 7
(Figure 7f).

The experimental results in Figures 7g-i show very good
agreement with simulations in Figures 7d-f. The beam pattern
is obviously affected by the frequency response of the loud-
speakers. Their low-frequency roll-off is clearly observable
below 300 Hz. The narrow beams at the various angles are
clearly visible as well as the three frequency bands describe
above. Main and side lobes are less regular across frequency
than in simulations. This is most likely due to unwanted
reflections and diffraction due to the array supporting structure,
which are not present in simulations (note that the latter
assume a rigid cylindrical baffle of infinite length).

The time-domain beam pattern in Figures 7j-l show some
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noteworthy features. The beamforming focusing effect is
clearly visible, which causes all the loudspeaker wave fronts
to add-up constructively in the directions of the three beams.
The time delay between the three different beam signals is
also clearly visible. As already explained, this is required to
account for the path difference between direct and reflected
sounds, so that all three beam signals arrive simultaneously at
the listener position. The delay also contributes to the comb-
filtering effect caused by the interference between beams that
was discussed above. The multiple wave fronts generated by
the various loudspeakers are clearly observable. The nulls that
can be clearly identified in the mid-frequency region in the
frequency-domain plots cannot be easily recognised here. This
is probably due to the fact that the beam pattern appearance in
the time domain is strongly affected by high frequencies, and
spatial aliasing may therefore hide some of the features like the
beams’ nulls. A pre-ringing phenomenon can be observed at
angles distant from the beam steering direction. It is likely that
this is the time-domain representation of the low-frequency
beam widening effect caused by regularisation. It is in fact
known that Tikhonov regularisation may cause pre-ringing
artefacts as the β regularisation parameter is generally chosen
to be real-valued. Masiero and Vorländer proposed a method
to overcome this issue [48], but this was not implemented for
this work.

D. Impulse response at the listener’s position

This section reports the analysis of the sound field repro-
duced at the listener’s position and in the presence of the two
walls, as depicted in Figure 4. Figure 8 reports a short portion
of the measured impulse responses as a function of the target
angle φD (vertical axis in the figure), for expansion orders
M = 2 and M = 7 . The 0 of the time axis was chosen as
the time when the desired plane wave is expected to arrive.
It is clearly visible that a compact wave front arrives at that
time for all target directions. This is followed by smaller wave
fronts, occurring within 1.5 ms after the main wave front. This
corresponds to a path difference of less than 0.5 m, suggesting
that these reflections may be caused by scattering off the
array supporting structure (consider that the baffle is not an
infinitely long cylinder as in the theoretical model) or by some
of the non-ideal absorptive wedges arranged on the floor (see
Figure 4). Observing again the IR at exactly 0° , no pre-
ringing can be detected due to the fact that only the direct
beam is generated. On the other hand, the marked reflection
at 2.4 ms is mainly caused by grating lobes caused by spatial
aliasing and, to a lesser extent, by the broad main beam at low
frequencies, which are reflected by the closer wall and reach
the listener position after the main wave front. This hypothesis
is confirmed by the spectral analysis of that specific portion
of the IR (not reported in this paper). Also, a closer analysis
of these wavelets shows they are constituted by several pulses
arriving at different times instead of a single coherent wave
front. A similar group of reflections, caused by the farther
wall, occurs at 7.2 ms, but is not reported in the figure.

As the target direction progressively moves away from 0°,
other beams, aimed at the reflection points, are generated

(refer to Figure 5). These beams have grating lobes in the
listener direction, which arrive before the main wave front.
More specifically, the peaks at −2.4 ms correspond to the
beam associated to the image source at 45° ”leaking” into the
listener direction, whereas the peaks at −7.2 ms correspond to
the grating lobes of the beam directed toward the other wall,
with an image source at −63°. Again, the spectral analysis
of these portions of the IR confirm that these are caused
mainly by spatial aliasing. The peaks at −4.8 ms are due to
the beams of the −63° image source being reflected by the
opposite wall, corresponding to the 45° image source. The
comparison of Figure 8a and 8b clearly indicates that these
unwanted reflections are much more significant for the second
order filters.

Figure 9 reports a longer portion of the impulse response
than in Figure 8, for a single target angle φD = 30°, for
both M = 2 and M = 7. Besides the features described in
the previous paragraphs, these plots also show the higher order
reflections, not included in Figure 8. It can be clearly seen that
these are much more prominent for M = 2 than for M = 7,
consistently with the fact that the 7th order filters allow for a
much higher beam pattern directivity, and thus for a smaller
amount of acoustic energy being injected into the environment
and for a higher direct-to-reverberant sound ratio.

E. Reproduction error and angular error

The accuracy of the reproduced sound field is assessed by
means of the sound field reproduction error. For the purpose
of this work, this is computed as the squared l2-norm of
the difference between the vectors with the three desired and
reproduced spherical harmonic coefficients, normalised by the
energy of the target coefficient vector. Mathematically this is
defined as

Erep =
||b− bR||2

||b||2
, (36)

where b is the vector of target sound field coefficients, as
defined in Section IV, and bR is the vector of the coefficients
measured by the TetraMic [44].

In order to assess the directional accuracy of the reproduced
sound field, the active intensity and the angular error Eang of
the reproduced sound intensity are calculated as follows:

IR = Re [WX∗,WY ∗,WZ∗] , (37)

Eang = arccos
IT · IR
||IT || ||IR||

, (38)

where W,X, Y, Z are the B-format signals recorded by
TetraMic, IT is the target active sound intensity and IR
is the active intensity of the reproduced sound field at the
measurement position. A similar definition of angular error
was already used in previous work [49].

The reproduction error and the angular error of the sound
field reproduced by the CLA generating 2nd order and 7th order
beams are shown in Figure 10. The horizontal axis represents
frequency and the vertical axis represents the incident angle
φD of the target plane wave. A 30 ms Tukey window was
applied to the measured impulse responses to pick up only
early reflections and discard later reflections from both error
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

Fig. 7: Beam pattern. (a-f) simulated frequency-domain beam pattern with (a-c) M = 2 and (d-f) M = 7. (g-i) measured
frequency-domain beam pattern with M = 7. (j-l) simulated time-domain beam pattern with M = 7 . The target plane wave
directions are: (a,d,g,j) φD = 0° , (b,e,h,k) φD = 45° , and (c,f,i,l) φD = 60°.
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(a)

(b)

Fig. 8: Impulse response at the control position (a) M = 2.
(b) M = 7.

(a) (b)

Fig. 9: Impulse response at the control position for φD = 30°
(a) M = 2. (b) M = 7.

calculations. The reason for this choice is that, as mentioned
before, no attempt is made to control the reverberant field.
Furthermore, the computed error is expected to correlate to
human sound localisation cues, especially at high frequencies,
and these cues are not affected by late reflections [26].

The reproduction performance depends on the position of
the CLA, on the 1st order image sources, on the order of the
beams, and on the target angle. The error is smallest in the
direction of the CLA (0°) and of the image sources (45° and
−63°), where the CLA generates only one sound beam. For
directions within the image source span, the error is relatively
small. The 7th order filters allow for a lower error at high
frequencies, especially between −63° and 0° . For the out-of-
span angles ( φD > 45° and φD < −63°) the error increases

(a) (b)

(c) (d)

Fig. 10: Measured (a,b) reproduction error and (c,d) angular
error at the origin. (a,c) M = 2. (b,d) M = 7.

(a) (b)

Fig. 11: Array effort. (a) M = 2. (b) M = 7.

considerably, and the 2nd order filters seem to perform slightly
better than the 7th order ones. As explained above, this is
the region were significant destructive interference between
the three beams occurs (see Figure 5), and it can therefore
be expected that the system is more prone to errors such
as position inaccuracies, loudspeaker mismatches, changes of
temperature and humidity, presence of unwanted reflections,
etc. This reasoning is corroborated by the correlation between
the measured errors and the array effort, which evaluates the
loudspeaker energy required and is related to the robustness
of the system. It is defined as,

AE =

∑L
l=1 |ql|2

|qref|2
, (39)

where qref is the mass acceleration of a single monopole at
the centre of the CLA required to produce the same sound
pressure at the evaluation point. The AE reported in Figure
11 is a function of both frequency and target plane wave angle
and is very large when the latter is out of the image source
span. This correlation between the Erep, Eang and the array
effort indicates that reproducing out-of-span virtual sources
is both inefficient and less robust, and that small errors may
lead to large deviations from the target sound field. This is
consistent with what happens with the reproduction of out-
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of-span image sources with standard stereo and multi-channel
audio [50].

The asymmetry of the errors in Figure 10 may be caused
by the fact that the wall generating the image source at −63°
is farther from the CLA than the wall of the 45° image source
(2 m versus 1 m). While increasing the distance between CLA
and wall allows for a wider in-span range for φD, it also seems
to increase the possibility of reproduction inaccuracies in that
range.

F. Comparison of filter order

The impact of the filter order on the performance of sound
field reproduction is discussed in the following, where the two
cases of M = 2 and M = 7 are considered. As shown
in Figure 10, the sound field reproduction using 7th-order
directional sources results in a better performance than that
with 2nd-order ones when the target plane wave arrives from
directions within the 1st-order image source span, especially
at high frequencies. On the other hand, the 2nd-order filters
seem to perform marginally better in the out-of-span region,
consistently with the array effort plot in Figure 11.

The most significant difference between the two filter orders
is illustrated by Figures 8 and 9. It can be observed that,
as a results of the poorer directivity of the 2nd-order filters,
these cause much more significant pre-ringing artefacts (see
explanation above) and late reflections. The poorer direct-
to-reverberant ratio makes the system with 2nd-order filters
more vulnerable to room reverberation. The presence of strong
pre-ringing artefacts is potentially concerning. The work by
Pastore & Braasch has shown that the precedence effect can be
overcome with a shift of localisation towards the source of the
lagging pulse for long-duration stimuli and for lagging pulses
exceeding the leading pulses by 10 dB or more in level [51].
Note that while their work only studied level differences up to
10 dB and lag times of up to 5 ms, their data still indicates a
trend that a yet larger difference would lead to a localisation
towards the source of the louder, lagging pulse. At the same
time, increased lag time works against this effect, so it remains
desirable to keep the lag time as short as possible.

This means that using 7th-order filters is likely to improve
localisation performance by reducing the possibility of the
listener perceiving the sound as coming directly from the
array. As pre-ringing artefacts may be stronger in certain
frequency ranges, it is likely that different parts of the source
spectrum may be associated to different angular directions.
This may then reduce the spatial accuracy and width of the
virtual source, effecting a source perceived as smeared across
space. These theoretical considerations would of course need
to be validated by subjective listener experiments, which are,
however, not included in this work.

G. Elevation

The focus of the experimental analysis has been on the case
of θD = θl = π/2, ∀l, which means that all loudspeakers lay
in the same plane as the listener (i.e. the center of the reference
system) and that the target plane wave is intended to also
travel in that plane. While this choice was made to simplify

the analysis of the system performance, it must be clarified
that the proposed method can account for situations when the
listener is not located in the same plane as the loudspeakers
and when the target plane wave has a different elevation angle.

Numerical simulations as well as intuitive considerations
suggest that the reproduction accuracy is higher when the wave
vector of the target plane wave lies in the same plane as all
sources and the listener. This plane always exists when two
vertical parallel walls are considered, as the two image sources
and the center of the CLA lie on the same straight line. When
the two walls are vertical but not parallel, as in the example
of Figure 2, the reproduction accuracy is highest when the
target wave vector lies in the plane containing the listener
position, the CLA, and one of the image sources, and points
in the direction between the CLA and the image source. As
the target plane wave direction moves away from this optimal
range, the accuracy of the reproduction progressively reduces.

VI. CONCLUSION

An approach for sound field reproduction with a Cylindrical
Loudspeaker Array (CLA) in a reverberant environment has
been presented in this paper. Two techniques, the sound-field-
focused direct mode matching and the more intuitive beam
steering, have been introduced and shown to be mathemat-
ically equivalent. These methods enable the reproduction of
a target sound field at a listener position by using little a-
priori knowledge of the room’s acoustic conditions, namely
the distance of the CLA to the surrounding walls and their
absorption coefficients, as well as their angles to the reference
coordinate system.

The method relies on a simplified acoustic model that
considers the radiation from a CLA and takes into account
early reflection of nearby walls. The overall pressure field at
the listener position can then be approximated in analytical
form. This has the advantage that the loudspeaker acoustic
transfer functions do not need to be measured at the listening
position. Also, to increase the system’s robustness, no direct
attempt is made to control late reverberation.

To evaluate the performance of this approach, simulations
and experiments with the CLA and two walls installed in an
anechoic chamber were conducted. The impact of the modal
order of the CLA, corresponding to maximum directivity of
the system, was investigated. Good results and high robustness
(i.e. low array effort) were obtained when reproducing a plane
wave coming from a direction that, from the listener’s perspec-
tive, lies between the two 1st-order image sources. Outside
these directions, performance is suffering from inaccuracies
in the position of the CLA and essential model parameters,
e.g. the speed of sound. Adding more CLAs around the
control point and measuring the temperature to adjust the
internal model parameters can then improve performance and
robustness.

An extension of this approach to 3D sound field repro-
duction and subjective tests to determine the minimum CLA
directivity required for perceptually robust localisation within
the in-span range of directions remain subjects of future
work. The behavior of the system and its robustness when
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walls absorption depends significantly on frequency or when
reflections are also diffuse remain aspects to be investigated,
as well as the possibility to compensate for this departure from
ideal conditions by means of a simple calibration process.

APPENDIX

In [35], Williams presented a generic formula for the SPA
of integrals with the form

I(R) =

∫ ∞
−∞

f (kz) e
iRg(kz)dkz (40)

that is given by

I(R) ≈ f (kz) e
iRg(kz)e−i

π
4

√
2π

R |g′′ (kz)|
, g′′ (kz) < 0 (41)

where kz denotes the stationary phase point that satisfies

dg (kz)

dkz

∣∣∣∣
kz=kz0

= 0 (42)

and g′′ (kz) is the second derivative of g with respect to kz .
If r → ∞, then the integral in Equation (7) can be rewritten
in the form in Equation (40) by replacing the Hankel function
by its large argument asymptote [35]

Hµ(x) ≈
√

2

πx
ei(x−µπ/2−π/4). (43)
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